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Abstract
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This thesis is concerned with the state and parameter estimation in state space models. The estima-
tion of states and parameters is an important task when mathematical modeling is applied to many
different application areas such as the global positioning systems, target tracking, navigation, brain
imaging, spread of infectious diseases, biological processes, telecommunications, audio signal pro-
cessing, stochastic optimal control, machine learning, and physical systems. In Bayesian settings,
the estimation of states or parameters amounts to computation of the posterior probability density
function. Except for a very restricted number of models, it is impossible to compute this density
function in a closed form. Hence, we need approximation methods.

A state estimation problem involves estimating the states (latent variables) that are not directly ob-
served in the output of the system. In this thesis, we use the Kalman filter, extended Kalman filter,
Gauss–Hermite filters, and particle filters to estimate the states based on available measurements.
Among these filters, particle filters are numerical methods for approximating the filtering distribu-
tions of non-linear non-Gaussian state space models via Monte Carlo. The performance of a particle
filter heavily depends on the chosen importance distribution. For instance, inappropriate choice of
the importance distribution can lead to the failure of convergence of the particle filter algorithm.
In this thesis, we analyze the theoretical Lp particle filter convergence with general importance
distributions, where p≥ 2 is an integer.

A parameter estimation problem is considered with inferring the model parameters from measure-
ments. For high-dimensional complex models, estimation of parameters can be done by Markov
chain Monte Carlo (MCMC) methods. In its operation, the MCMC method requires the unnormal-
ized posterior distribution of the parameters and a proposal distribution. In this thesis, we show how
the posterior density function of the parameters of a state space model can be computed by filter-
ing based methods, where the states are integrated out. This type of computation is then applied
to estimate parameters of stochastic differential equations. Furthermore, we compute the partial
derivatives of the log-posterior density function and use the hybrid Monte Carlo and scaled conju-
gate gradient methods to infer the parameters of stochastic differential equations.

The computational efficiency of MCMC methods is highly depend on the chosen proposal distribu-
tion. A commonly used proposal distribution is Gaussian. In this kind of proposal, the covariance
matrix must be well tuned. To tune it, adaptive MCMC methods can be used. In this thesis, we pro-
pose a new way of updating the covariance matrix using the variational Bayesian adaptive Kalman
filter algorithm.



Keywords: Parameter and state estimation, stochastic differential equations, adaptive Markov
chain Monte Carlo, linear and nonlinear filters, Lp particle filter convergence
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PART I: OVERVIEW OF THE THESIS





CHAPTER I

Introduction

Data analysis for real life problems often involves estimating unknown quantities given partial or
noisy measurements. For instance, the estimation problem of the state and parameters of a stochastic
system, given noisy measurements, is of central importance in engineering, telecommunication, nat-
ural science, epidemiology, signal processing, finance, to mention a few. As pointed out by Särkkä
(2013), applications of such estimation can be found in global positioning systems, target tracking,
navigation, brain imaging, spread of infectious diseases, biological processes, telecommunication,
audio signal processing, stochastic optimal control, learning, and physical systems.

In the state estimation task, when parameters are known, the conditional probability density function
of the state, given all measurements up to time step k, is of interest. We denote this density function
as p(xk | y1:k), where xk is the state at k and y1:k = (y1,y2, . . . ,yk) are the measurements up to
step k. Usually, the measurements arrive sequentially in time and, thus, the conditional probability
density function is computed recursively in time, leading to a Bayesian filtering problem (see, e.g.,
Jazwinski, 1970). For a few models, like in linear Gaussian systems, it is possible to evaluate
p(xk | y1:k) analytically. However, in most cases, p(xk | y1:k) is intractable, hence approximation
methods, such as the extended Kalman filter, Gaussian filters, and particle filters, are needed. In this
thesis, we review some Bayesian filters and also analyze the Lp-convergence of particle filters in the
case of a general important distribution with bounded and unbounded importance weights, where
p≥ 2 is an integer.

In the parameter estimation task, the conditional probability density function of parameters, given
all measurements up to the time step k, is of interest. We denote this density function as p(θ | y1:k),
where θ is a parameter vector. Given p(θ | y1:k), the estimation of parameters can be done by
either point estimation methods (like maximum a posteriori) or interval estimation methods (like
Markov chain Monte Carlo (MCMC)) (see, e.g., Gelman et al., 2004). In this thesis, we mainly
deal with interval estimation, particularly MCMC methods. Note that, in most cases, p(θ | y1:k) is
intractable, hence approximation methods are needed. We propose new ways of evaluating p(θ |
y1:k) by Kalman filter for linear models, and approximating p(θ | y1:k) by non-linear filters for non-
linear models. For computational efficiency of the MCMC algorithm, we propose a new adaptation
of the Gaussian proposal distribution, where the covariance matrix is computed by the variational
Bayesian adaptive Kalman filter algorithm.

Generally, we can summarize the main contributions of this thesis as follows.

13



14 1. Introduction

1. Parameter estimation of stochastic differential equations (SDEs). As stated, the estimation of
parameters requires p(θ | y1:k) which is intractable. Most of the existing methods for parame-
ter estimation of SDEs suffer from invertability of diffusion coefficient and high computational
expense (see Chapter V for details). In this thesis, we propose the computation of

(a) Marginal likelihood by linear and non-linear Kalman filter. In Paper I, we propose the
efficient computation of the marginal likelihood function by the Kalman filter (for linear
SDEs) and extended Kalman filter (for non-linear SDEs). For gradient based parameter
estimation methods, we also compute the gradients of the marginal likelihood functions.

(b) Marginal likelihood by sigma-point based approximations. In Paper II, the approximation
of the marginal likelihood function for parameter estimation of SDEs is done by sigma-
point methods like the 3rd order spherical cubature rule or Gauss–Hermite quadratures.

2. Adaptive Markov chain Monte Carlo. The efficiency of MCMC algorithms depends on the cho-
sen proposal distribution. In most cases the chosen proposal distribution is Gaussian, in which
the covariance matrix needs to be well tuned. We have applied the adaptive MCMC methods in
Papers II and VII to estimate parameters. In Paper IV, we propose a new way of tuning (updat-
ing) the covariance matrix for Gaussian proposal distribution by a variational Bayesian adaptive
Metropolis algorithm.

3. Theoretical convergence of the particle filter. The existing convergence proofs of particle filters
have mainly been considered for bootstrap filters, particularly for the Lp-convergence mode. In
this thesis (see Chapter III), we extend some of the existing proofs to more general cases. That
is:

(a) In Paper III, we prove the L4 particle filter convergence for unbounded test functions with
general importance distributions, where the importance weights are assumed to be bounded.
This proof is an extension of the existing proof of (Hu et al., 2008), who dealt with bootstrap
importance distribution only.

(b) In Paper V, we extend the L4 particle filter convergence results of Paper III to the case of
potentially unbounded importance weights. This paper addresses the fact that there exists
importance distributions which do not ensure that the importance weights are uniformly
bounded. In such cases, we need further assumptions on the weights, for instance, the
seventh moments of the importance weights can be assumed to be bounded.

(c) In Paper VI, for bounded test functions, we prove the L2 and L4 particle filter convergence
for the filtering posterior distribution of the current state of the particle filter. We also
provided the empirical convergence of probability measure where the importance weights
are assumed unbounded.

(d) We provide a full detailed Lp particle filter convergence proof for the case of unbounded
importance weights and bounded test functions.

The work is organized as follows. Chapter II gives an overview of how linear and non-linear filter-
ing problems are solved. The chapter reviews some of Bayesian filters like Kalman filter, extended
Kalman filter, Gaussian filter with Gauss–Hermite cubature and sequential importance resampling.
Chapter III deals with the theoretical Lp-convergence results for particle filters with general impor-
tance distributions where the importance weights are assumed bounded and also unbounded. Adap-
tive Markov chain Monte Carlo methods are discussed in Chapter IV. It is in this chapter where our
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proposed method called variational Bayesian adaptive Metropolis method is discussed. Chapter V
discusses stochastic differential equations (SDEs) and existing methods for estimating parameters
in SDEs. The chapter includes the proposed filtering based likelihood methods for estimating the
parameters of linear and non-linear SDEs. Chapter VI concludes the thesis.
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CHAPTER II

Linear and Non-linear Filtering Techniques

2.1 State Space Models

In order to analyze deterministic and stochastic systems that are observed through a stochastic pro-
cess, one can use state space models. State space models (SSMs) are widely used in a range of
fields, including economics, finance, environmental science, natural science, medicine and engi-
neering (Liu, 2002; Cappé et al., 2005; Petris et al., 2009). They describe the probabilistic de-
pendence between two stochastic processes: dynamic and measurement (observation) processes
(Jazwinski, 1970). The aim of state space modeling is often to estimate the state of the dynamic
process given the measurements. The general discrete dynamic and measurement processes in time
are often written, respectively, in probabilistic form as

xk ∼ p(xk | xk−1,θ),

yk ∼ p(yk | xk,θ); for k = 1,2,3, . . . ,M,
(2.1)

where xk ∈ Rn is the state, θ ∈ Φ ⊆ Rd are parameters and yk ∈ Rm is the measurement. In this
chapter, we assume that the parameters are known and, for notational convenience, we drop them.
For instance, we write p(xk | xk−1) for p(xk | xk−1,θ). Also, we assume that the SSM is Markovian,
that is, the dynamic states satisfy the Markov property and the measurements are conditionally
independent (Jazwinski, 1970).

The corresponding continuous-discrete processes of (2.1) are given in Definitions 2.1.2 and 2.1.4.
Discrete SSMs imply that both dynamic and measurement processes are discrete processes in time,
while continuous-discrete SSMs imply that the dynamic process is a continuous process in time, and
a measurement process is a discrete process in time. The SSMs are grouped into linear SSMs and
non-linear SSMs, depending on the structure of dynamic and measurement processes. The simplest
SSM is a linear Gaussian model whose dynamic and measurement processes are defined as follows.

Definition 2.1.1 (Discrete linear SSM). The discrete dynamic and measurement models are respec-
tively written as

xk = Ak−1 xk−1 +qk−1,

yk = Hk xk + rk,
(2.2)

17



18 2. Linear and Non-linear Filtering Techniques

where Ak−1 is the transition matrix of the dynamic process, qk−1 ∼ N(0, Qk−1) is the dynamic
process noise with covariance Qk−1, Hk is the measurement model matrix, rk ∼ N(0, Rk) is the
measurement noise with covariance Rk, and the initial condition x0 is normally distributed with
mean m0 and covariance P0.

Definition 2.1.2 (Continuous–discrete linear SSM). The continuous dynamic and discrete measure-
ment models are respectively written as

dx(t) = F(t)x(t)dt +L(t)dB(t),
yk = Hk x(tk)+ rk,

(2.3)

where F : [0,∞)→Rn×n and L : [0,∞)→Rn×s are matrix valued functions, B(t) is an s-dimensional
Brownian motion process with spectral density Qc ∈ Rs×s, Hk is a measurement model matrix and
rk ∼ N(0,Rk) is the measurement noise with covariance Rk. Brownian motion is discussed in
Chapter V. Note that x(tk) and x(tk−1) can be written as xk and xk−1 respectively.

Practically there are few linear Gaussian phenomena but their filtering distributions can be solved
analytically with the Kalman filter algorithm discussed in Section 2.3. Most of the real systems are
non-linear with dynamic and measurement processes defined as follows.

Definition 2.1.3 (Discrete non-linear SSM). The discrete dynamic and measurement models are
respectively written as

xk = f(xk−1)+qk−1,

yk = h(xk)+ rk,
(2.4)

where f : Rn→Rn is the dynamic model function, h : Rn→Rm is the measurement model function,
and qk−1 and rk are noises which can be Gaussian or non-Gaussian.

Example 2.1.1 (Non-linear state space model). A concrete example of a discrete non-linear SSM is
a non-linear time series model defined as follows (Gordon et al., 1993).

xk =
xk−1

2
+25

xk−1

1+ x2
k−1

+8cos(1.2k−1)+uk,

yk =
x2

k
20

+ vk, (2.5)

where uk ∼ N(0,10) and vk ∼ N(0,1). Equation (2.5) can be written in probabilistic form as

p(xk | xk−1) = N

(
xk |

xk−1

2
+25

xk−1

1+ x2
k−1

+8cos(1.2(k−1)),10

)
,

p(yk | xk) = N
(

yk |
x2

k
20

,1
)
.

(2.6)

Let x0 = 0.1. Then Equation (2.5) can be numerically simulated and the results are shown in Figure
2.1. The figure shows the states and the measurements for 100 step realizations. If the states
x1,x2, . . . are unknown, there are a number of methods that can be used to estimate them, given
measurements y1,y2, . . .. These methods, particularly Kalman filter based methods and particle
filters, are discussed in this thesis.
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Figure 2.1: 100-point realizations of states and measurements of Equation (2.5).

Definition 2.1.4 (Continuous–discrete non-linear SSM). The continuous dynamic and discrete mea-
surement models are respectively written as

dx(t) = f(x(t), t)dt +L(x(t), t)dB(t),
yk = h(x(tk))+ rk,

(2.7)

where f : Rn× [0,∞)→ Rn is the non-linear dynamic model function, L : Rn× [0,∞)→ Rn×s is
the matrix valued function, B(t) is the Brownian motion process, h : Rn→ Rm is the measurement
model function, and rk is the Gaussian or non-Gaussian noise.

When we integrate the continuous dynamic process (2.7) from initial time t0 to final time t we get
the following

xi(t)− xi(t0) =
∫ t

t0
fi(x(τ),τ)dτ +

∫ t

t0

m

∑
j=1

Li j(x(τ),τ)dB j(τ); i = 1, . . . ,n, (2.8)

where the first integral on the right hand side is a Lebesgue integral (Chung, 2001) while the second
integral is an Itô integral (Karatzas and Shreve, 1991; Øksendal, 2003). Therefore, the continu-
ous dynamic process is an Itô stochastic differential equation (SDE) (Jazwinski, 1970). SDEs are
differential equations with random noises and their solutions have non-differentiable sample paths
(Kloeden and Platen, 1999). The history of SDEs starts from a paper by Einstein (1905), who gave a
mathematical connection between microscopic random motion of particles (microscopic motion of
Brownian particles) and the macroscopic diffusion equation. Currently, SDEs have attracted a lot of
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attention, due to physical processes in real life systems experiencing random forcing and stochastic
inputs that cannot be captured by ordinary differential equations. For example, the SDEs are com-
monly used to model the diverse phenomena in neural networks, ecosystem dynamics, population
genetics, macroeconomics, and physical systems.

Given measurements y1,y2, . . . ,yM, the estimation of xk is called filtering if k = M, smoothing if
k < M and prediction if k > M. This thesis deals mainly with the filtering problem whose complete
solution is the conditional probability density function of xk given all measurements up to k (Jazwin-
ski, 1970). It is difficult to compute this function although, for linear SSMs, it is possible because
the function is characterized by mean vectors and covariance matrices. In the following section, we
review the Bayesian filtering approach which is used to evaluate the conditional probability density
function recursively.

2.2 Bayesian Optimal Filter

Given a state space model, we are often interested in estimating the parameters θ and the state vec-
tor at time k, given all the measurements up to k. However, if it happens that θ is known then the
remaining task of estimating xk becomes easier, and reduces to approximation of the marginal poste-
rior distribution of states p(xk | y1, . . . ,yk). The computation of p(xk | y1, . . . ,yk) is done recursively
since the measurements are received sequentially. This recursive computation leads to a Bayesian
optimal filter. The recursive process is initialized by the probability density associated with prior
information of states to any observations. The computation of posterior density for one iteration in
this Bayesian recursive procedure is shown in Figure 2.2, and in algorithmic form is described in
Algorithm 2.1 (Jazwinski, 1970; Särkkä, 2013).

Figure 2.2: Recursive Bayesian posterior density estimation procedure for one iteration.

In most cases, the integrals in the Bayesian optimal filter algorithm are intractable. This problem
is of great interest as it has lead to the invention of a great number of different approximations
of the filter. The filters can be grouped into linear filters for linear SSM problems and non-linear
filters for non-linear SSM problems. In the following sections, we briefly describe the Kalman filter,
extended Kalman filter, Gaussian filter with Gauss–Hermite quadrature and sequential importance
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Algorithm 2.1 Bayesian optimal filter

i. Initialization: start from the prior p(x0).

ii. for k = 1,2, . . . perform the following.

• Prediction step: the prediction distribution of the state xk can be computed by

– for the discrete case: the Chapman-Kolmogorov equation:

p(xk | y1, . . . ,yk−1) =
∫

p(xk | xk−1) p(xk−1 | y1, . . . ,yk−1)dxk−1 (2.9)

– For the continuous-discrete case: integrate the Fokker–Planck equation (FPE):

∂ p
∂ t

=−
n

∑
i=1

∂ [p fi]

∂xi
+

1
2

n

∑
i, j=1

∂ 2[(LQc LT)i j p]
∂xi ∂x j

, (2.10)

where p , p(x, t | y1, . . . ,yk−1), fi , fi(x, tk), and L , L(x, tk).
• Update step: Given the next measurement yk, the predictive distribution above is updated

to a posterior distribution by the Bayes’ rule as

p(xk | y1, . . . ,yk) =
p(yk | xk) p(xk | y1, . . . ,yk−1)∫

p(yk | xk) p(xk | y1, . . . ,yk−1)dxk
. (2.11)

resampling (particle filter) which have been used in this research. For each section, the prediction
steps for filters are presented in discrete and continuous-discrete cases. However, note that in most
cases, for instance linear SSMs, it is possible to discretize the continuous dynamic system exactly.

2.3 Kalman Filter

The breakthrough of the filter theory started from the work of Peter Swerling (1958) and Rudolf
Kalman (1960). For instance, Kalman (1960b) solved Equations (2.2) and (2.3) in linear case,
which led to Kalman filter. The Kalman filter (KF; Kalman, 1960b) is an optimal recursive data
processing algorithm for estimating the dynamic state from noisy measurements in linear Gaussian
SSMs. It operates by propagating the mean and covariance of the state through time.

Suppose m0 and P0 denote the prior mean and covariance which are used to define the prior distri-
bution of x0. Algorithm 2.2 is the KF algorithm which provides a recursive efficient computation
of the mean and covariance of the dynamic states x1,x2, . . . ,xM. For the derivation of the filtering
steps for KF algorithm see, for instance, Särkkä (2013).

From Algorithm 2.2, m−k is a priori state estimate, mk is a posteriori state estimate, P−k is a pri-
ori estimate error covariance and Pk is a posteriori estimate error covariance. Note that, for the
continuous-discrete case, m−(tk) and P−(tk) are written as m−k and P−k respectively. The differen-
tial equations for the continuous-discrete prediction step can be solved by any numerical scheme,
such that Runge–Kutta scheme (Butcher, 2003) or matrix fraction decomposition (see. e.g., Grewal
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and Andrews, 2001, and Paper I). The initial conditions are m−k (tk−1) = mk−1, P−k (tk−1) = Pk−1,
and the prediction result is given as m−k , m−k (tk), P−k , P−k (tk).

Algorithm 2.2 Kalman filter

i. Initialize the mean m0 and covariance P0.

ii. For k = 1,2, . . ., perform the following.

• Prediction step:

– for the discrete case;
m−k = Ak−1 mk−1,

P−k = Ak−1Pk−1AT
k−1 +Qk−1.

(2.12)

– for the continuous-discrete case, solve

dm−k (t)
dt

= F(t)m−k (t),

dP−k (t)
dt

= F(t)P−k (t)+P−k (t)FT(t)+L(t)Qc LT(t).
(2.13)

• Update step:
Sk = Hk P−k HT

k +Rk,

Kk = P−k HT
k S−1

k ,

mk = m−k +Kk
(
yk−Hk m−k

)
,

Pk = P−k −Kk Sk KT
k .

(2.14)

The existence of the filtering solution depends on the controllability and observability properties
of the SSM (Jazwinski, 1970; Grewal and Andrews, 2001). These two properties were originally
introduced by Kalman (1959, 1960a). Since then, the two concepts have received strong attention
when designing a filter. Roughly speaking, the SSM is said to be controllable if, by altering the
inputs, the state vector can be made to go to zero from any initial condition (Grewal and Andrews,
2001). The SSM is said to be observable if the unknown initial condition can be computed given the
history of inputs and outputs (Grewal and Andrews, 2001). In a stochastic context, controllability
with respect to noise ensures that the prior distribution defined in the SSM is nonsingular whereas
observability ensures that the variance is finite. There are various ways of testing whether the SSM
is controllable and observable (see Kailath et al., 2000).

Consider the discrete SSM (2.2). In order to be able to estimate the state of the dynamic system,
the controllabilty and information matrices must be positive definite. These matrices are defined as
follows.

Definition 2.3.1 (Controllabilty matrix). The controllability matrix i is defined as (Jazwinski, 1970)

i(M,M0) =
M

∑
k=M0

Φ(M,k)Qk Φ
T(M,k), (2.15)

where Φ(M,k) = AM−1 AM−2 AM−3 · · · Ak+1 Ak Ak−1 for k ≤M. The SSM is said to be completely
controllable if i(M,1)> 0.
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Definition 2.3.2 (Information matrix). The information matrix z is defined as (Jazwinski, 1970)

z(M,M0) =
M

∑
k=M0

Φ
T (k,M)HT

k Σ
−1
k Hk Φ(k,M), (2.16)

where Φ(k,M) = A−1
k−1 A−1

k A−1
k+1 · · · A−1

M−2 A−1
M−1 for k ≤ M. The SSM is said to be completely

observable if z(M,1)> 0.

In Paper IV, we proposed variational Bayesian adaptive Metropolis (VBAM) algorithm as one of
the adaptive Markov chain Monte Carlo methods. To study the validity of VBAM algorithm, we
required the boundedness of the mean and covariance of Kalman filter. For that case the SSM must
be uniformly completely controllable and observable (Jazwinski, 1970).

Definition 2.3.3 (Uniform complete controllability). A system (2.2) is uniformly completely con-
trollable if there exist a positive integer L, and constants β1,β2 > 0 such that for all M ≥ L we
have

β1 I≤ i(M,M−L)≤ β2 I, (2.17)

where I is an identity matrix.

Definition 2.3.4 (Uniform complete observability). A system (2.2) is uniformly completely observ-
able if there exist a positive integer L, and constants β1,β2 > 0 such that for all M ≥ L we have

β1 I≤z(M,M−L)≤ β2 I. (2.18)

The complete analogous definitions for the continuous linear SSM (2.3) are found in (Jazwinski,
1970). For the case of non-linear SSMs, the controllability and observability are discussed, for
instance in (Hermann and Krener, 1977; Hangos et al., 2004).

The Kalman filter can only be used when the SSM is linear and the noise is Gaussian. When the
assumption of linearity is violated, the KF cannot be used and hence non-linear filters such as the
extended Kalman filter, unscented Kalman filter, ensemble Kalman filter, quadrature Kalman filter,
and particle filters (Jazwinski, 1970; Julier and Uhlmann, 2004; Evensen, 2003; Doucet et al., 2001;
Ito and Xiong, 2000) are used instead. In the next section, the extended Kalman filter (used in Paper
I) is discussed.

2.4 Extended Kalman Filter

The extended Kalman filter (EKF) forms a Gaussian approximation to distribution of states and
measurements using a Taylor series expansion (Jazwinski, 1970; Grewal and Andrews, 2001). The
idea is that the non-linear SSM is linearized with the Taylor series expansion and then the KF is
applied. The estimation of states is thus done recursively as shown in Algorithm 2.3. For the
derivation of the filtering steps for the EKF algorithm see, for instance, Särkkä (2013).

In Algorithm 2.3, Fx(x, t) is the Jacobian matrix of f(x, t) and Hx(x) is the Jacobian matrix of
h(x). In the continuous-discrete case, the initial conditions are m−k (tk−1) = mk−1, P−k (tk−1) = Pk−1,
and the prediction result is given as m−k , m−k (tk), P−k , P−k (tk). Note that the accuracy of EKF
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depends on how severe the SSM non-linearities are (Jazwinski, 1970). For high dimension models,
the linearization of the dynamic model can lead to poor error covariance evolution which, in some
models, leads to unstable error covariance growth (Evensen, 2009). As pointed out by Särkkä
(2013), the EKF is simple to implement though it requires the dynamic and measurement function
to be differentiable which can be impossible in some cases. Improving the EKF performance can be
done by retaining higher order terms of the Taylor series expansion. However, the computations of
the resulting Jacobians and Hessians are often numerically unstable and intensive. Similarly, models
with abruptly changing behavior do not have derivatives. To avoid such problem of differentiability,
a gradient free filter is needed, for example, Gaussian filter based on Gauss–Hermite integration
(used in Paper II).

Algorithm 2.3 Extended Kalman filter

i. Initialize the mean m0 and covariance P0.

ii. For k = 1,2, . . ., perform the following.

• Prediction step:

– for the discrete case;

m−k = f(mk−1),

P−k = Fx(mk−1)Pk−1 FT
x (mk−1)+Qk−1.

(2.19)

– for the continuous-discrete case, solve

dm−k (t)
dt

= f(m−k (t), t),

dP−k (t)
dt

= Fx(m−k (t), t)P−k (t)+P−k (t)FT
x (m

−
k (t), t)

+L(m−k (t), t)Qc LT(m−k (t), t).

(2.20)

• Update step:
Sk = Hx(m−k )P−k HT

x (m
−
k )+Rk,

Kk = P−k HT
x (m

−
k , t)S−1

k ,

mk = m−k +Kk
(
yk−h(m−k )

)
,

Pk = P−k −Kk Sk KT
k .

(2.21)

2.5 Gaussian Filter with Gauss–Hermite Cubature

In this section, the non-linear filter problem is solved by Gaussian assumed density approxima-
tions (Maybeck, 1982; Ito and Xiong, 2000; Särkkä, 2013), where the mean and covariance are
approximated by Gaussian moment matching. The prediction and update steps for general additive
Gaussian filter are given in Algorithm 2.4. The algorithm involves Gaussian integrals which, in most
cases, are analytically intractable. Thus numerical methods for evaluating such integrals are needed.
In this section the Gauss–Hermite integration method (Abramowitz and Stegun, 1964; Cools, 1997;



2.5 Gaussian Filter with Gauss–Hermite Cubature 25

Ito and Xiong, 2000; Wu et al., 2006; Arasaratnam, 2009) is discussed. In the one-dimensional
case, the Gauss–Hermite integration is called quadrature while for higher dimensional cases it is
cubature. There exist other integration techniques that have been used to approximate the Gaussian
integrals in Algorithm 2.4 (see Arasaratnam and Haykin, 2009; Wu et al., 2006).

Algorithm 2.4 Gaussian filter

i. Initialize the predictive mean m0 and covariance P0.

ii. For k = 1,2, . . ., perform the following.

• Prediction step:

– for the discrete case;

m−k =
∫

f(xk−1)N(xk−1 |mk−1,Pk−1)dxk−1

P−k =
∫ [

f(xk−1)−m−k
] [

f(xk−1)−m−k
]T N(xk−1 |mk−1,Pk−1)dxk−1

+Qk−1

(2.22)

– for the continuous-discrete case, solve

dm−k
dt

=
∫

f(x, t)N(x |m−k (t),P−k (t))dx,

dP−k
dt

=
∫
(x−m−k (t)) fT(x, t)N(x |m−k (t),P−k (t))dx

+
∫

f(x, t)(x−m−k (t))
TN(x |m−k (t),P−k (t))dx

+
∫

L(x, t)Qc LT(x, t)N(x |m−k (t),P−k (t))dx.

(2.23)

• Update step:

µk =
∫

h(xk)N(xk |m−k ,P−k )dxk,

Sk =
∫

[h(xk)−µk] [h(xk)−µk]
T N(xk |m−k ,P−k )dxk +Rk,

Ck =
∫ [

xk−m−k
]
[h(xk)−µk]

T N(xk |m−k ,P−k )dxk,

Kk = Ck S−1
k ,

mk = m−k +Kk [yk−µk] ,

Pk = P−k −Kk Sk KT
k .

(2.24)

Let φ(x) be a function of interest. Then the unit Gauss–Hermite quadrature is defined as

∫
φ(x)N(x | 0,1)dx≈

p

∑
i=1

wi φ(xi), (2.25)
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where xi are the sample points and wi are the associated weights. The sample points are the p roots
of (probabilists) Hermite polynomials defined as (Särkkä, 2013)

Hp(x) = (−1)p exp(x2/2)
dp

dxp exp(−x2/2), (2.26)

and the weights are

wi =
2p p!

√
π

2p2 (Hp−1(xi))2 . (2.27)

The same weights and sample points can be used to compute a non-unit Gauss–Hermite quadrature
as ∫

φ(x)N(x | m,P)dx≈
p

∑
i=1

wi φ(P1/2
ξ

i +m), (2.28)

where ξ i are the unit sample points computed as the roots of Hermite polynomial. Computing the
quadrature points using root-finding method may be difficult in some cases (Arasaratnam et al.,
2007). Instead, a better approach which exploits the relationship between orthogonal polynomials
and tridiagonal matrices can be used (Golub and Welsch, 1969).

For the case of multidimensional problems, the Gauss–Hermite cubature is defined as

∫
φ(x)N(m,P)dx≈

p

∑
i=1

wi1,...,in φ(m+
√

Pξ
(i1,...,in)), (2.29)

where ξ
(i1,...,in) are multidimensional unit sample points which are Cartesian product of univariate

sample points and wi1,...,in are multidimensional weights which are products of univariate weights.
When using the Gauss–Hermite integration, the resulting Gaussian filter is named the Gauss–
Hermite Kalman filter (Ito and Xiong, 2000; Särkkä, 2013) or quadrature Kalman filter (Arasarat-
nam et al., 2007).

The Kalman filter based methods discussed above have storage and computational problems (Evensen,
2009; Jia et al., 2011). Also, the filters assume that the noises are Gaussian. To cope with such prob-
lems, the particle filters are used. Particle filters are Monte Carlo based approximation filters whose
history can be traced back to the work of Handschin and Mayne (1969) and Handschin (1970).
They approximate the distribution of states using particles that are re-weighted according to their
likelihoods (Doucet et al., 2001; Gordon et al., 1993; Ristic et al., 2004). There are several versions
of particle filters: sequential importance resampling, auxiliary particle filter, marginalized particle
filter, regularized auxiliary particle filter, and Rao-Blackwellized particle filter, to name a few (Gor-
don et al., 1993; Pitt and Shephard, 1999; Ristic et al., 2004; Cappé et al., 2007). In the next section
the basic particle filtering algorithm based on sequential importance sampling (used in Paper VI),
for the discrete case, is discussed.

To understand the particle filter theory, one has to understand the basic Monte Carlo methods like
Monte Carlo integration, importance sampling, and sequential importance sampling, which requires
basic knowledge of applied mathematics and probability (which can be found in Gelman et al., 2004;
Ross, 2010; Chung, 2001).



2.6 Sequential Importance Resampling 27

2.6 Sequential Importance Resampling

In Bayesian inference (Bernardo and Smith, 1994; Gelman et al., 2004), the estimation of the
state xk at time step k amounts to computation of its posterior distribution p(xk | y1:k), where
y1:k = {y1, . . . ,yk} are the observed measurements. The posterior distribution can be computed
with Bayes’ rule as

p(xk | y1:k) =
p(y1:M | xk) p(xk)∫
p(y1:k | xk) p(xk)dxk

. (2.30)

Here p(y1:k | xk) is the observation model and p(xk) is the prior distribution of states. The posterior
distribution can be used to compute the moments, quantiles, highest posterior density regions, etc.
These quantities can be expressed as a conditional expectation of function φ of state xk:

E[φ(xk) | y1:k] =
∫

φ(xk) p(xk | y1:k)dxk. (2.31)

To estimate xk, it is often enough to evaluate (2.31) for φ(xk) = xk where the integration amounts to
finding the mean of samples. One of the difficulties of using Bayes’ formula is that it is impossible
to find the closed-form solutions of integrals (2.30) and (2.31). There are approximation methods to
solve the problem of such intractability of the integrals. For instance, the quadrature methods and
other numerical integration schemes have been used to approximate the integrals, but they perform
badly in higher dimensional problems. For higher dimensional problems, one can use, for example,
Monte Carlo methods to approximate the integrals. Monte Carlo based methods are largely applied
in stochastic non-linear dynamic systems in physics, biology, chemistry, computational finance, to
mention but a few (Lemieux, 2009; Dimov, 2008; Gilks et al., 1996; Robert and Casella, 2004).

Suppose it is possible to sample from p(xk | y1:k), then Monte Carlo integration (see., e.g. Liu,
2002) is a simple and easy method that can be used to approximate the integrals in Equations (2.30)
and (2.31) by drawing samples from the distribution, and computing sample averages. If it is im-
possible to sample from p(xk | y1:k) then one can use, for example, rejection sampling, which uses a
new distribution called the proposal distribution from which N samples x(1)k ,x(2)k , · · · ,x(N)

k are gener-
ated (von Neumann, 1951; Liu, 2002; Koop et al., 2007; Lemieux, 2009; Gilks et al., 1996; Gelman
et al., 1996; Bishop, 2006) or importance sampling which is related to rejection sampling, except
that here all generated samples from proposal distribution are used in approximations (Liu, 2002;
Koop et al., 2007; Lemieux, 2009; Gilks et al., 1996; Gelman et al., 1996; Bishop, 2006). When
importance sampling is performed sequentially for SSMs, it leads to sequential importance sam-
pling (Doucet et al., 2001), which generates the importance sampling approximations to filtering
distributions of (2.1) from which at time step k, the approximation to the expectation of a function
can be calculated as the weighted sample average (Doucet et al., 2001; Särkkä, 2013):

E[φ(xk) | y1:k]≈
N

∑
i=1

w̃(i)
k φ(x̃(i)k ), (2.32)

where w̃(i)
k is the normalized importance weight computed by Equation (2.34) and x(i)k is a particle

generated from the importance distribution q(x(i)k | x(i)0:k−1,y1:k). If the model is Markovian, the

importance distribution can be selected as q(x(i)k | x
(i)
0:k−1,y1:k) = q(x(i)k | x

(i)
k−1,y1:k) which implies

that only xk−1 should be stored. One problem encountered by the sequential importance sampling
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is the degeneracy problem where almost all the particles have zero or nearly zero weights. Thus,
the distribution of the importance weights becomes more skewed and this results in most of the
particles carrying very insignificant weights, whereas most weights are carried by a few particles
(Doucet et al., 2000, 2001; Ristic et al., 2004; Cappé et al., 2007). To measure the degeneracy
problem, Kong et al. (1994) introduced an effective sample size Ne f f defined in Equation (2.33).
Ristic et al. (2004) observed that the smaller the value of Ne f f , the more severe the degeneracy
problem.

Ne f f =
1

∑
N
i=1

(
w(i)

k

)2 , where 1≤ Ne f f ≤ N. (2.33)

To avoid the problem of degeneracy, one can introduce a resampling step in the sequential impor-
tance sampling, leading to the sequential importance resampling (SIR) 1 algorithm described in
Algorithm 2.5 (Gordon et al., 1993; Kitagawa, 1996; Doucet et al., 2000, 2001; Ristic et al., 2004;
Cappé et al., 2007). Intuitively, the idea of introducing this step is to eliminate particles with low
importance weights and replicate particles with higher importance weights. The resampling step
is not necessarily performed at every time step, but only when it is needed. For instance, it can
be performed when Ne f f is too small, say Ne f f < N/10 (Särkkä, 2013). Different unbiased resam-
pling schemes (for example systematic resampling, residual resampling, adaptive resampling, and
multinomial resampling) have been proposed in literature (Kitagawa, 1996; Hol et al., 2006).

Algorithm 2.5 Sequential importance resampling

• At k = 0, for i = 1, . . . ,N, sample x(i)0 ∼ p(x0), where p(x0) is the prior distribution.

• At k = 1,2,3, . . ., perform the following.

– Sample x̃(i)k ∼ q(xk | x(i)k−1,y1:k), for i = 1, . . . ,N.

– Calculate the unnormalized weights by

w(i)
k =

p(yk | x̃(i)k ) p(x̃(i)k | x
(i)
k−1)

q(x̃(i)k | x
(i)
k−1,y1:k)

, for i = 1, . . . ,N. (2.34)

– Normalize the weights by w̃(i)
k =

w(i)
k

∑
N
i=1 w(i)

k

.

– Compute Ne f f and if it is too low, perform resampling.

The SIR Algorithm 2.5 is a generic particle filter from which a large number of variations and
extensions have been developed. The performance of any particle filter depends heavily on the
choice of importance distribution which determines the efficiency and complexity of the filter (Guo
et al., 2005; Doucet et al., 2000). There are no universal criteria used to choose a good importance
distribution. However, one has to study the structure of the SSM and choose the importance dis-
tribution that gives appropriate theoretical and numerical approximations which converge to a true
distribution.

1SIR is also often referred to as sampling importance resampling or sequential importance sampling resampling
(Särkkä, 2013).
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The one-step posterior importance distribution is the (conditionally) optimal importance distribution
that minimizes the variance of the importance weights (Doucet et al., 2000; Kong et al., 1994; Chen
and Liu, 1996, 2000). It is defined as

q(xk | xk−1,y1:k) = p(xk | xk−1,yk).

In order to use the posterior importance distribution, one requires the ability to sample from p(xk |
xk−1,yk). Despite these difficulties, researchers have been approximating p(xk | xk−1,yk) with sub-
optimal approaches like Markov chain Monte Carlo (Doucet et al., 2000; Hürzeler and Künsch,
1998; Tanizakia and Mariano, 1998; Künsch, 2005). To avoid sampling and computation problems
experienced in the posterior importance distribution, the prior importance distribution (Handschin
and Mayne, 1969; Handschin, 1970; Gordon et al., 1993; Tanizakia and Mariano, 1998; Doucet
et al., 2000) can be used. It is defined as

q(xk | xk−1,y1:k) = p(xk | xk−1).

The prior importance distribution is simple to use as one can easily sample from prior densities
and compute the weights. However this is sometimes inefficient since it does not consider infor-
mation from the current measurement. To incorporate the more recent observations, the posterior
importance distribution can be approximated using a Kalman based filter leading to the Gaussian
importance distribution which takes the following form

q(xk | xk−1,y1:k) = N(xk |mk|k,Σk),

where mk|k and Σk are Gaussian distribution parameters. The two parameters can be computed using
non-linear Kalman filters (Doucet et al., 2000; Van der Merwe et al., 2000; Guo et al., 2005). The
Gaussian importance distribution should have heavier tails than p(xk | xk−1,yk) with Σk bounded
below. These restrictions can be resolved by replacing the Gaussian importance distribution with a
Student’s t-distribution (Cappé et al., 2005). The effect of importance distribution is described in the
following example (taken from Paper III) where two scaled distributions (Gaussian and Student’s
t) are used.

Example 2.6.1 (Linear Gaussian random walk model2). Consider the following SSM.

xk = xk−1 +qk−1, where qk−1 ∼ N(0,Q), (2.35)
yk = xk + rk, where rk ∼ N(0,R), (2.36)

with the optimal Gaussian importance distribution N(xk | mk,Pk) where mk and Pk are given as

mk = xk−1 +
Q

Q+R
(yk− xk−1), and P = Q− Q2

Q+R
.

The importance distribution is replaced by N(xk |mk,cPk) where c is a positive integer. It is observed
that for c < 1, the weights become unbounded and thus the particle filter approximation is not
guaranteed to converge.

For simulation purposes, the initial value x0 is set to 0 and the values for Q and R are 1 and
0.5 respectively. The c-values are chosen to be 0.1, 0.5, 1, 2, and 5 while degree of freedom (for

2We are grateful to Juho Kokkala for the numerical experiments.
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Figure 2.3: Illustration of the effect of importance distribution. Left: the Gaussian importance
distribution. Right: Student’s t-importance distribution. The scaling of variance significantly affects
the performance of the particle filter with a Gaussian importance distribution while the effect to a
Student’s t-distribution based particle filter is smaller. The figures are taken from Paper III.

Student’s t-distribution) is 3. Figure 2.3 illustrates the effect of the value c to the estimates of
the fourth order central moment of the filtering distribution for M = 24 with varying number of
particles. The analytical value for fourth order central moment is 0.4. It can be seen that scaling
of the variance in Gaussian importance distribution affects the convergence of the fourth moment
estimate whereas the effect is smaller for the Student’s t-distribution .



CHAPTER III

Theoretical Results for Particle Filters

In Chapter II, we saw that particle filters are powerful methods for approximating Bayesian filter-
ing distributions in non-linear non-Gaussian state space models by forming a weighted set of Monte
Carlo samples {(x̃(i)k , w̃(i)

k ) : i = 1, . . . ,N}, where {x̃(i)k : i = 1, . . . ,N} denotes the particles and

{w̃(i)
k : i = 1, . . . ,N} the importance weights. Different statistics, such as the posterior expecta-

tion E[φ(xk) | y1:k] of a test function φ can be approximated from the formed weighted set with
Equation (2.32). As pointed out by Hu et al. (2008), it is very important to address the conver-
gence of particle filter approximation to the true solution and state the assumptions which allow the
convergence to exist. A particle filter converges if, in a suitable sense, Equation (2.32) becomes
exact as N→ ∞. There exist a vast amount of literature for convergence of particle filter algorithms
(Crisan and Doucet, 2002; Douc et al., 2009; Douc and Moulines, 2008; Van der Merwe et al., 2000;
Del Moral and Guionnet, 2001; Del Moral, 2004; Hu et al., 2008, 2011; Crisan and Míquez, 2014).
The mode of convergence presented in the aforementioned references include, among others, the
Lp-convergence, where p≥ 2.

In the existing literature, the proposed Lp-convergence results for the case of unbounded test func-
tions have been mainly restricted to the bootstrap filter (a bootstrap filter is a particle filter with prior
importance distribution (Gordon et al., 1993)). Also, the unbounded importance weights have not
been considered in either bounded or unbounded test function cases. To fill these gaps, we have
extended the existing L4-convergence results of Hu et al. (2008) to the case of general importance
distributions with bounded importance weights (see Paper III) and with unbounded importance
weights (see Paper V). Similarly, we have extended the mean square convergence, L4-convergence,
and empirical measure convergence results for bounded test functions to the case of unbounded
importance weights (see Paper VI).

In this chapter we briefly review the results from Papers III, V and VI and provide the detailed
proof for the Lp-convergence of particle filters with bounded test function. For theoretical analysis,
we write Equation (2.1) in the following form

xk ∼ fk(xk | xk−1),

yk ∼ gk(yk | xk).
(3.1)

Here fk(xk | xk−1) is the transition probability density modeling the dynamics of the system, and
gk(yk | xk) is the conditional probability density of measurements modeling the distribution of mea-

31
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surements. Also, we rewrite Algorithm 2.5 as Algorithm 3.1 to include measures that are used in
the proofs.

Algorithm 3.1 Standard particle filter

• At k = 0, for i = 1, . . . ,N, sample x(i)0 ∼ π0|0(dx0).

• At k ≥ 1,

– Sample x̃(i)k ∼ q(xk | x(i)k−1,y1:k), for i = 1, . . . ,N.

– Calculate the unnormalized weights by

wk(x̃
(i)
k ,x(i)k−1) =

gk(yk | x̃(i)k ) fk(x̃
(i)
k | x

(i)
k−1)

q(x̃(i)k | x
(i)
k−1,y1:k)

, (3.2)

for i = 1, . . . ,N, and define unnormalized empirical measure π̂N
k|k as

π̂
N
k|k =

1
N

N

∑
i=1

wt(x̃
(i)
k ,x(i)k−1)δ

x̃(i)k
, (3.3)

where δx denotes a Dirac delta measure concentrated at x.

– Normalize the weights by w̃(i)
k =

w(i)
k

∑
N
i=1 w(i)

k

, where w(i)
k = wk(x̃

(i)
k ,x(i)k−1), and define empir-

ical probability measure π̃N
k|k as

π̃
N
k|k =

N

∑
i=1

w̃(i)
k δ

x̃(i)k
. (3.4)

– Do resampling to obtain the resampled particles x(i)k , and define empirical probability
measure πN

k|k, which is the approximation to the filtering distribution, as

π
N
k|k =

1
N

N

∑
i=1

δ
x(i)k

. (3.5)

– k← k+1

Let Fk−1 be the σ -field generated by the particles {x(i)k−1}N
i=1, πk|k−1 the measure corresponding to

the probability density p(xk | y1:k−1) and πk|k the measure corresponding to the density p(xk | y1:k).
If we denote g , gk and f , fk, Then the Bayesian filtering equations (2.9) and (2.11), for (3.1),
can be written as (see, e.g., Del Moral, 2004; Hu et al., 2008, 2011, and Papers III, V and VI)

(πk|k−1,φ) = (πk−1|k−1, f φ),

(πk|k,φ) =
(πk|k−1,φ g)
(πk|k−1,g)

,
(3.6)
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where (πk,φ),
∫

φ dπk, and f φ(x),
∫

f (z | x)φ(z)dz. However, to cope with general impor-

tance distribution, the Bayesian filtering equations (3.6) are written in such a way that the prediction
and update steps are combined, resulting to (see Papers III, V and VI)

(πk|k,φ) =
(πk−1|k−1, f φ g)
(πk−1|k−1, f g)

=
(π̂k|k,φ)

(π̂k|k,1)
, (3.7)

where π̂k|k(dxk) = (
∫

wk(xk,xk−1)q(xk | xk−1,y1:k)dπk−1|k−1)dxk. In order to establish the theo-
retical convergence results, we need some assumptions to the state space model (3.1), probability
measures, and importance weights. Also, the derivations require the use of some mathematical
results, such as the Minkowski inequality, Hölder’s inequality, Jensen’s inequality, Markov inequal-
ity, Borel-Cantelli argument, and Cauchy–Schwarz inequality which can be found for instance in
(Chung, 2001).

3.1 Mean Square Error Convergence for Unbounded Importance Weights

The mean square error convergence is attained by computing the bound for E
[
|(πN

k|k,φ)− (πk|k,φ)|2
]
,

where E[φ(xk) | y1:k] ≈ (πN
k|k,φ). For bounded test functions φ ∈ B(Rn), where B(Rn) is the set of

bounded Borel measurable functions on Rn, most of the proofs of convergence of the mean square
error have assumed that the importance weights are bounded. However, there are importance dis-
tributions which can lead to unbounded importance weights. In Example 3.1.1, we show such
importance distribution that produce unbounded importance weights.

Example 3.1.1 (Unbounded importance weights). Suppose a priori dynamics of the state in the
Cox process is modelled as x(τ) , η1/2 |B(τ)|, where B(τ) is a standard Brownian motion. If
measurements are Poisson distributed with an intensity parameter λ (τ) = cx(τ), where c > 0 is a
constant, then the density f (xk | xk−1) with respect to the Lebesgue measure and the density g(yk | xk)
with respect to the counting measure are defined as (see Paper VI)

f (xk | xk−1) =
1√

2π η

[
e−

(xk−xk−1)
2

2η + e−
(xk+xk−1)

2

2η

]
,

g(yk | xk) =

{
limxk→0+ g(yk | xk), if xk = 0,
(cxk)

yk exp(−cxk)
yk! , otherwise.

If we select a Gamma distribution with constant parameters α,β > 0 as the importance distribution
for a particle filter, then the importance sampling density (with respect to the Lebesgue measure) is

q(xk) =
β α

Γ(α)
xα−1

k exp(−β xk).

Clearly, for α > 1, the importance weight

w(xt ,xt−1) =
1√

2π η

exp(−cxt)

[
e−

(xt−xt−1)
2

2η + e−
(xt+xt−1)

2

2η

]

β α

Γ(α) xα−1
t exp(−β xt)

,

becomes unbounded at origin, because q(0) = 0.
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From Example 3.1.1, based on existing proofs (see. e.g., Crisan and Doucet, 2000; Doucet et al.,
2001; Crisan and Doucet, 2002) we can conclude that the convergence of classical particle filter
Algorithm 3.1 is not guaranteed because the weights are unbounded. In this section, we impose
assumptions which lead to the guarantee of the convergence of the particle filter regardless of the
unboundedness of the weights. Particularly, we briefly give the proofs for the mean square con-
vergence, L4-convergence and empirical measures convergence of Algorithm 3.1 in the case of
potentially unbounded importance weights.

In order to prove the mean square convergence, we impose the following assumptions (see Paper
VI).

Assumption 3.1. The measurement model gk is bounded, that is, there exist a constant cg < ∞ such
that ∀k ∈ N, ∀x ∈ Rn, and ∀y ∈ Rm we have gk(y | x)≤ cg < ∞.

Assumption 3.2. The resampling procedure satisfies (see, e.g., Crisan and Doucet (2000, 2002) for
the sufficient conditions for this):

E
[∣∣∣(πN

k|k,φ)− (π̃N
k|k,φ)

∣∣∣
2
]
≤Ck

‖φ‖2

N
, (3.8)

where Ck is the constant and ‖φ‖, supx∈Rn |φ(x)|.

Assumption 3.3. Let wk(xk,xk−1) be the unnormalized importance weight function. There exists a
constant Cw < ∞ such that ∀k ∈ N and ∀xk−1 ∈ Rn, we have E[(w(i)

k )2(xk,xk−1) | xk−1] ≤Cw, with
the expectation taken over q(xk | xk−1,y1:k).

Having the above assumptions, we prove the following main theorem for the mean square error
convergence, which shows that the mean square error introduced by sampling is of the order 1/N.

Theorem 3.4. Provided that Assumptions 3.1, 3.2 and 3.3 hold for all k ≥ 0, then there exist a
constant ck such that, for any φ ∈ B(Rn)

E
[∣∣∣(πN

k|k,φ)− (πk|k,φ)
∣∣∣
2
]
≤ ck
‖φ‖2

N
. (3.9)

Proof. For each step (initialization, prediction-update and resampling steps) of Algorithm 3.1, we
compute the bound for the mean square error.

− At k = 0, since the particles are independent and identically distributed variables, then

E
[∣∣∣(πN

0|0,φ)− (π0|0,φ)
∣∣∣
2
]
≤ c0
‖φ‖2

N
. (3.10)

− For k ≥ 1, the result follows by proving the following Lemmas 3.5 and 3.6.



3.1 Mean Square Error Convergence for Unbounded Importance Weights 35

Lemma 3.5. Let us assume that for φ ∈ B(Rn) and Assumptions 3.1, 3.2 and 3.3 hold, we have

E
[∣∣∣(πN

k−1|k−1,φ)− (πk−1|k−1,φ)
∣∣∣
2
]
≤ ck−1

‖φ‖2

N
. (3.11)

Then

E
[∣∣∣(π̃N

k|k,φ)− (πk|k,φ)
∣∣∣
2
]
≤ c̃k
‖φ‖2

N
. (3.12)

Proof. For the proof of this lemma, see Paper VI. However, the idea of the proof starts by defining

(π̃N
k|k,φ)− (πk|k,φ)≤

‖φ‖
(π̂k|k,1)

[
(π̂k|k,1)− (π̂N

k|k,1)
]
+

1
(π̂k|k,1)

[
(π̂N

k|k,φ)− (π̂k|k,φ)
]
, (3.13)

and split (π̂N
k|k,φ)−(π̂k|k,φ)=Π1+Π2, where Π1 =(π̂N

k|k,φ)−E[(π̂N
k|k,φ) |Fk−1] and Π2 =E[(π̂N

k|k,φ) |
Fk−1]− (π̂k|k,φ). Using the boundedness of φ , Assumption 3.3 and Equation (3.11), we can eas-
ily show that E[|Π1|2 | Fk−1] ≤ c̄1 ‖φ‖2/N and E[|Π2|2 | Fk−1] ≤ c̄2‖φ‖2/N, where c̄1 and c̄2 are
the constants. Also, using Minkowski inequality, we can show that E[|(π̂N

k|k,φ)− (π̂k|k,φ)|2] ≤
ĉk‖φ‖2/N, from which, further computations complete the proof.

Lemma 3.6. Assume that Assumptions 3.1, 3.2 and 3.3 hold and that

E
[∣∣∣(π̃N

k|k,φ)− (πk|k,φ)
∣∣∣
2
]
≤ c̃k
‖φ‖2

N
.

Then

E
[∣∣∣(πN

k|k,φ)− (πk|k,φ)
∣∣∣
2
]
≤ ck
‖φ‖2

N
. (3.14)

Proof. See Paper VI for the proof.

The application of the assumption imposed to guarantee the convergence of particle filter with un-
bounded importance weights can be seen in Example 3.4.1 by setting p = 2. Note that, the mean
square convergence results can be generalized to L4-convergence and empirical measure conver-
gence (see Paper VI). To guarantee the L4-convergence results, we use Assumption 3.1 together
with the following assumptions.

Assumption 3.7. The resampling procedure satisfies the condition (Crisan and Doucet, 2000):

E
[∣∣∣(πN

k|k,φ)− (π̃N
k|k,φ)

∣∣∣
4
]
≤Ck

‖φ‖4

N2 . (3.15)

Assumption 3.8. There exists a constant Cw < ∞ such that ∀k ∈ N and ∀xk−1 ∈ Rn, we have
E[(w(i)

k )4(xk,xk−1) | xk−1]≤Cw, with the expectation taken over q(xk | xk−1,y1:k).

Using Assumptions 3.1, 3.7 and 3.8, we can prove the following L4-convergence theorem.

Theorem 3.9. Provided that Assumptions 3.1, 3.7 and 3.8 hold for all k≥ 0, then for φ ∈ B(Rn) we
have

E
[∣∣∣(πN

k|k,φ)− (πk|k,φ)
∣∣∣
4
]
≤ ck
‖φ‖4

N2 . (3.16)
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Proof. See Paper VI.

The generalization of L4-convergence results to Lp-results, for bounded test functions, is possible.
This is done in Section 3.4 below, where we give a complete proof, showing all intermediate details
needed to establish the Lp-convergence results of particle filter with unbounded importance weights.
Also, the L4-convergence results can be used to deduce the empirical measure convergence given in
the following theorem which shows that, almost surely, limN→∞ πN

k|k = πk|k.

Theorem 3.10. Provided that Assumptions 3.1, 3.7 and 3.8 hold for all k≥ 0, then we have, almost
surely,

lim
N→∞

π
N
k|k = πk|k. (3.17)

Proof. See Paper VI.

3.2 Convergence Results with Bounded Weights for Unbounded Test Func-
tions

In this section, we provide the L4-convergence results for the case where the test function is not
bounded. To guarantee the convergence of particle filter with unbounded test function, Hu et al.
(2008) modified the standard particle filter algorithm. The modified particle filter Algorithm 3.2
is constructed such that we always have ((πN

k−1|k−1,wk q),1) ≥ γk > 0, where γk > 0 is a chosen
threshold (Hu et al., 2008). The choice of γk is described in (Hu et al., 2008). However, choosing
γk can be a challenging task since it is compared with the term ((πN

k−1|k−1,wk q),1) which involves
particles and measurements.

The L4-convergence results of Hu et al. (2008) covers only bootstrap type of importance distribu-
tions with bounded importance weights. In Paper III, we extended the Hu et al. (2008) convergence
proof to cover a general importance distribution with bounded importance weights. To get the re-
sults, we imposed the following assumptions.

Assumption 3.11. For any given y1:s, we have ((πs−1|s−1,ws−1 q),1)> 0, where s = 1, . . . ,k.

Assumption 3.12. The dynamic model f , and measurement model g, are bounded.

Assumption 3.13. The importance weights are bounded.

Assumption 3.14. The function φk(·) satisfies supxs
|φ(xs)|4g(ys | xs)<C(y1:s).

Using Assumptions 3.11, 3.12, 3.13 and 3.14, we briefly discuss the convergence results by proving
the following main convergence theorem.

Theorem 3.15. Suppose Assumptions 3.11, 3.12, 3.13 and 3.14 hold. Then we have the following.

i. For a sufficiently large N, Algorithm 3.2 will not run into an infinite loop.
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Algorithm 3.2 Modified Particle Filter

• Initialize the particles {x(i)0 }N
i=1 ∼ π0(dx0), where i = 1,2, . . . ,N

• For k = 1,2, . . ., perform the following.

– Draw samples x̄i
k ∼ ∑

N
j=1 α i

j q(xk | x j
k−1,yk), where α

j
i are non-negative weights such

that

N

∑
j=1

α
i
j = 1,

N

∑
i=1

α
i
j = 1 and

1
N

N

∑
i=1

N

∑
j=1

α
i
j q(xk | x j

k−1,yk) =
1
N

N

∑
j=1

q(xk | x j
k−1,yk).

– If ((πN
k−1|k−1, w̄

(i)
k q̄),1) ≥ γk, proceed to the next step otherwise return to the previous

step. Note that w̄k and q̄ are the values evaluated at x̄(i)k .

– Rename x̃(i)k = x̄(i)k , and compute the importance weights by

w(i)
k =

g(yk | x̃k) f (x̃k | xk−1)

q(x̃k | xk−1,y1:k)
, for i = 1,2, . . . ,N.

– Normalize the weights as done in Algorithm 3.1.

– Perform resampling.

ii. Let L4
k(g) be the class of functions satisfying Assumption 3.14. For any φ ∈ L4

k(g), there exists
a constant Ck|k, independent of N such that

E
[∣∣∣(πN

k|k,φ)− (πk|k,φ)
∣∣∣
4
]
≤Ck|k

‖φ‖4
k,4

N2 , (3.18)

where ‖φ‖4
k,4 is defined as (Hu et al., 2008)

‖φ‖k,4 = max
{

1,(πs|s, |φ |4)1/4, s = 0,1, . . . ,k
}
. (3.19)

Proof. The proof of Theorem 3.15, is found in Paper III. As a briefly, from Equation (3.13), we
compute the bounds for E[|(π̂N

k|k,φ)− (π̂k|k,φ)|4] and E[(π̂N
k|k, |φ |4)]. Again, we denote Fk−1 the

σ -algebra generated by x(i)k−1 and split (π̂N
k|k,φ)− (π̂k|k,φ) = Π1 +Π2 +Π3, where

Π1 = (π̂N
k|k,φ)−

1
N

N

∑
i=1

E[φ(x̃(i)k )ρ(x̃(i)k ,xk−1) | Fk−1],

Π2 =
1
N

N

∑
i=1

E[φ(x̃i
k)wk(x̃

(i)
k ,xk−1) | Fk−1]−

1
N

N

∑
i=1

(πN,αi
k−1|k−1, f φ g),

Π3 =
1
N

N

∑
i=1

(πN,αi
k−1|k−1, f φ g)− (π̂k|k,φ).

(3.20)
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Using Lemmas 7.1, 7.2, 7.3, 7.4, and 7.5 from Hu et al. (2008), we can easily deduce E[|Π1|4 |
Fk−1]≤ C̃Π1

‖φ‖4
k−1,4

N2 , E[|Π2|4 | Fk−1]≤ C̃Π2

‖φ‖4
k−1,4

N2 and E[|Π3|4 | Fk−1]≤ C̃Π3

‖φ‖4
k−1,4

N2 , which can be
combined by Minkowski’s inequality, to get

E
[∣∣∣(π̂N

k|k,φ)− (π̂k|k,φ)
∣∣∣
4
]
≤ Ĉk|k

‖φ‖4
k−1,4

N2 . (3.21)

Similarly, we can show that

E
[∣∣∣(π̂N

k|k, |φ |4)
∣∣∣
]
≤Mk|k||φ ||4k−1,4. (3.22)

Using Equations (3.21) and (3.22), with φ = 1, as well as Minkowski’s inequality, the results of the
theorem follow.

3.3 Convergence Results with Unbounded Weights for Unbounded Test Func-
tions

As pointed out in the preceding section, there exist importance distributions which do not ensure that
the importance weights are uniformly bounded. For example, the importance weights can become
infinite in isolated points provided that the required expectations of them remain bounded (see Paper
III). In Paper V, we provide the convergence results of the modified particle filter algorithm 3.2
with the assumption that the importance weights are not bounded. The idea in Paper V is to prove
Theorem 3.15 by computing the bounds for E[|Π1|4 | Fk−1], E[|Π2|4 | Fk−1] and E[|Π3|4 | Fk−1],
where Π1, Π2 and Π3 are defined as Equations (3.20). To establish the convergence results, we use
Assumptions 3.11, 3.12, and 3.14, together with the following

Assumption 3.16. For any potentially unbounded importance weights wk(xk,xk−1) defined as

wk(xk,xk−1) =
g(yk | xk) f (xk | xk−1)

q(xk | xk−1,yk)
, (3.23)

the seventh order moment E[(w(i)
k (xk,xk−1))

7 | xk−1] is finite, where the expectation is over q(.).

Therefore, using Assumptions 3.11, 3.12, 3.14, and 3.16 as well as Lemmas 7.1, 7.2, 7.3, 7.4 and
7.5 from Hu et al. (2008), we can prove Theorem 3.15 for the case of unbounded importance weight
(see Paper V for the proof).

3.4 General Particle Filter Convergence Results for Bounded Test Functions

As mentioned in Section 3.1, the L4-convergence results of the particle filter Algorithm 3.1 with
unbounded importance weights to the case of bounded test functions can be generalized to general
Lp-convergence results. In order to obtain such results, we use Assumption 3.1 and impose the
following assumptions.
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Assumption 3.17. The resampling procedure satisfies (see, e.g., Crisan and Doucet, 2000, for the
sufficient conditions for this):

E
[∣∣∣(πN

k|k,φ)− (π̃N
k|k,φ)

∣∣∣
p]
≤Ck

‖φ‖p

N p/2 , (3.24)

where ‖φ‖, supx∈Rn |φ(x)|.

Assumption 3.18. The importance density q satisfies the following condition. Let

wk(xk,xk−1) =
g(yk | xk) f (xk | xk−1)

q(xk | xt−1,y1:k)
,

be the unnormalized importance weight function. There exists a constant Cw < ∞ such that ∀k ∈ N
and ∀xk−1 ∈ Rn, we have E[(w(i)

k )p(xk,xk−1) | xk−1] ≤ Cw, with the expectation taken over q(xk |
xk−1,y1:k).

Given the assumptions above, we are now in the position to prove the following theorem.

Theorem 3.19. Provided that Assumptions 3.1, 3.17 and 3.18 hold for all k ≥ 0, then there exist a
constant ck such that, for any φ ∈ B(Rn) and p≥ 2 we have

E
[∣∣∣(πN

k|k,φ)− (πk|k,φ)
∣∣∣

p]
≤ ck
‖φ‖p

N p/2 . (3.25)

Proof. We give a detailed proof of this theorem for each particle filter algorithm steps as follows.

− For k = 0 (the initialization step), the result follows because the N-particles from prior distribu-
tion are assumed to be independent and identically distributed variables. That is,

E
[∣∣∣(πN

0|0,φ)− (π0|0,φ)
∣∣∣

p]
≤ c0
‖φ‖p

N p/2 .

− For k≥ 1 (the prediction-update and resampling steps), the results follow by proving the follow-
ing Lemmas 3.20 and 3.24, which correspond to the prediction-update step and resampling
step, respectively.

Lemma 3.20. Assume that Assumptions 3.1, 3.17 and 3.18 hold. For any φ ∈ B(Rn), and

E
[∣∣∣(πN

k−1|k−1,φ)− (πk−1|k−1,φ)
∣∣∣

p]
≤ ck−1

‖φ‖p

N p/2 , (3.26)

then

E
[∣∣∣(π̃N

k|k,φ)− (πk|k,φ)
∣∣∣

p]
≤ c̃k
‖φ‖p

N p/2 . (3.27)

Proof. In order to prove this lemma, we impose the following auxiliary lemmas (see, Hu et al.,
2011, for their proofs).
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Lemma 3.21. Let p ≥ 2 and {ξi, i = 1, . . . ,N} be conditionally independent random variables
given σ -algebra G such that E[ξi|G ] = 0 and E[|ξi|p|G ]< ∞. Then

E

[∣∣∣
N

∑
i=1

ξi

∣∣∣
p
| G
]
≤ C(p)




N

∑
i=1

E[|ξi|p | G ]+

(
N

∑
i=1

E[|ξi|2 | G ]

)p/2

 ,

where C(p) is the constant that grows exponentially or polynomially (Härdle et al., 1998; Kantas
et al., 2009).

Lemma 3.22. If E[|ξ |p] < ∞, then E
[∣∣∣ξ −E[ξ ]

∣∣∣
p]
≤ 2p E[|ξ |p], for p≥ 1.

Having the above auxiliary lemmas, we proceed with the proof of Lemma 3.20 as follows. Let Fk−1

be the σ -field generated by {x(i)k−1}N
i=1. Then

E[(π̂N
k|k,φ) | Fk−1] = E

[
(πN

k−1|k−1,φ wk) | Fk−1

]
= (πN

k−1|k−1, f φ g). (3.28)

From Assumption 3.18, we can show the boundedness of E[(w(i)
k )p | Fk−1] as follows

Remark 3.23. Provided that E[(w(i)
k )p | xk−1] is bounded, then E[(w(i)

k )p | Fk−1] is bounded as well.

This can easily be shown as

E[(w(i)
k )p | Fk−1] = E

[
1
N

N

∑
i=1

(
w(i)

k

)p
| xk−1

]
≤ E

[
sup

i=1,...,N

(
w(i)

k

)p
| xk−1

]

≤ sup
x0:k

(
E
[(

w(i)
k

)p
| xk−1

])
≤ sup

x0:k

cw ≤Cp
w.

Using Equation (3.7), we can simplify (π̃N
k|k,φ)− (πk|k,φ) as follows.

(π̃N
k|k,φ)− (πk|k,φ)

=
(π̂N

k|k,φ)

(π̂N
k|k,1)

−
(π̂k|k,φ)

(π̂k|k,1)
=

(π̂N
k|k,φ)(π̂k|k,1)− (π̂k|k,φ)(π̂N

k|k,1)

(π̂N
k|k,1)(π̂k|k,1)

=
(π̂N

k|k,φ)(π̂k|k,1)− (π̂N
k|k,φ)(π̂

N
k|k,1)

(π̂N
k|k,1)(π̂k|k,1)

+
(π̂N

k|k,φ)(π̂
N
k|k,1)− (π̂k|k,φ)(π̂N

k|k,1)

(π̂N
k|k,1)(π̂k|k,1)

=
(π̂N

k|k,φ)

(π̂N
k|k,1)(π̂k|k,1)

[
(π̂k|k,1)− (π̂N

k|k,1)
]
+

(π̂N
k|k,1)

(π̂N
k|k,1)(π̂k|k,1)

[
(π̂N

k|k,φ)− (π̂k|k,φ)
]

=
(π̃N

k|k,φ)

(π̂k|k,1)

[
(π̂k|k,1)− (π̂N

k|k,1)
]
+

1
(π̂k|k,1)

[
(π̂N

k|k,φ)− (π̂k|k,φ)
]

≤ ‖φ‖
(π̂k|k,1)

[
(π̂k|k,1)− (π̂N

k|k,1)
]
+

1
(π̂k|k,1)

[
(π̂N

k|k,φ)− (π̂k|k,φ)
]

(3.29)

From Equation (3.29), we see that to prove Equation (3.27) we need to evaluate the bounds for the
terms E[|(π̂N

k|k,φ)− (π̂k|k,φ)|p] and E[|(π̂N
k|k,1)− (π̂k|k,1)|p]. However, we only need to evaluate the
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bound for the former term. The bound for the latter term follows by setting φ = 1 to the former term.
Thus, consider the expression (π̂N

k|k,φ)− (π̂k|k,φ), which can be written as (π̂N
k|k,φ)− (π̂k|k,φ) =

Π1 +Π2, where

Π1 = (π̂N
k|k,φ)−E[(π̂N

k|k,φ) | Fk−1] and Π2 = E[(π̂N
k|k,φ) | Fk−1]− (π̂k|k,φ).

To evaluate the bound for E[|(π̂N
k|k,φ)− (π̂k|k,φ)|p], we need to compute E[|Π1|p] and E[|Π2|p] as

follows.

E
[∣∣∣(π̂N

k|k,φ)−E[(π̂N
k|k,φ) | Fk−1]

∣∣∣
p
| Fk−1

]

= E

[∣∣∣ 1
N

N

∑
i=1

φ(x(i)k )w(i)
k −E

[
1
N

N

∑
i=1

φ(x(i)k )w(i)
k | Fk−1

]∣∣∣
p
| Fk−1

]

=
1

N p E

[∣∣∣
N

∑
i=1

(
φ(x(i)k )w(i)

k −E
[
φ(x(i)k )w(i)

k | Fk−1

])∣∣∣
p
| Fk−1

]

≤ C(p)
N p

N

∑
i=1

E
[∣∣∣φ(x(i)k )w(i)

k −E
[
φ(x(i)k )w(i)

k | Fk−1

]∣∣∣
p
| Fk−1

]

+
C(p)
N p

(
N

∑
i=1

E
[∣∣∣φ(x(i)k )w(i)

k −E
[
φ(x(i)k )w(i)

k | Fk−1

]∣∣∣
2
| Fk−1

])p/2

Lemma 3.21

≤ 2pC(p)
N p




N

∑
i=1

E
[∣∣∣φ(x(i)k )w(i)

k

∣∣∣
p
| Fk−1

]
+

(
N

∑
i=1

E
[∣∣∣φ(x(i)k )w(i)

k

∣∣∣
2
| Fk−1

])p/2

 Lemma 3.22

=
2pC(p)

N p




N

∑
i=1

E
[∣∣∣φ(x(i)k )

∣∣∣
p∣∣∣w(i)

k

∣∣∣
p
| Fk−1

]
+

(
N

∑
i=1

E
[∣∣∣φ(x(i)k )

∣∣∣
2∣∣∣w(i)

k

∣∣∣
2
| Fk−1

])p/2



≤ 2pC(p)‖φ‖p

N p




N

∑
i=1

E
[∣∣∣w(i)

k

∣∣∣
p
| Fk−1

]
+

(
N

∑
i=1

E
[∣∣∣w(i)

k

∣∣∣
2
| Fk−1

])p/2

 because |φ |p ≤ ‖φ‖p

≤ 2pC(p)‖φ‖p

N p




N

∑
i=1

Cp
w +

(
N

∑
i=1

C2
w

)p/2

 By Remark 3.23

=
2pC(p)‖φ‖p

N p

(
NCp

w +N p/2Cp
w

)
=

2pC(p)‖φ‖p

N p/2

(
Cp

w

N p/2 +Cp
w

)
≤ 2pC(p)‖φ‖p

N p/2 (Cp
w +Cp

w)

=
2pC(p)Cp

w‖φ‖p

N p/2 = c̃1
‖φ‖p

N p/2 . (3.30)
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E
[∣∣∣E[(π̂N

k|k,φ) | Fk−1]− (π̂k|k,φ)
∣∣∣

p
| Fk−1

]

= E
[∣∣∣(πN

k−1|k−1, f φg)− (πk−1|k−1, f φg)
∣∣∣

p
| Fk−1

]
By Equation (3.28)

≤ ck−1
‖ f φ g‖p

N p/2 ≤ ck−1
‖φ g‖p

N p/2 By Equation (3.26) and ‖ f φ‖ ≤ ‖φ‖

= ck−1 ‖g‖p‖φ‖p

N p/2 = c̃2
‖φ‖p

N p/2 . (3.31)

We combine Equations (3.30) and (3.31), by Minkowski inequality, to have

(E[|(π̂N
k|k,φ)− (π̂k|k,φ)|p])

1
p ≤

(
c̃1
‖φ‖p

N p/2

) 1
p

+

(
c̃2
‖φ‖p

N p/2

) 1
p

=

(
c̃

1
p
1 + c̃

1
p
2

) ‖φ‖
N1/2 = c̃

1
p
k1
‖φ‖
N1/2 ,

which implies

E[|(π̂N
k|k,φ)− (π̂k|k,φ)|p]≤ c̃k1

‖φ‖p

N p/2 , (3.32)

and, for φ = 1, we have

E[|(π̂N
k|k,1)− (π̂k|k,1)|p]≤

c̃k1

N p/2 . (3.33)

Introduce the Minkowski inequality to (3.29), we have
(

E
[∣∣∣(π̃N

k ,φ)− (πk,φ)
∣∣∣

p])1/p

≤
∣∣∣ ‖φ‖
(π̂k|k,1)

∣∣∣
(

E
[∣∣∣(π̂N

k|k,1)− (π̂k|k,1)
∣∣∣

p])1/p
+
∣∣∣ 1
(π̂k|k,1)

∣∣∣
(

E
[∣∣∣(π̂N

k|k,φ)− (π̂k|k,φ)
∣∣∣

p])1/p

≤
∣∣∣ ‖φ‖
(π̂k|k,1)

∣∣∣
(

c̃k1
1

N p/2

)1/p

+
∣∣∣ 1
(π̂k|k,1)

∣∣∣
(

c̃k1
‖φ‖p

N p/2

)1/p

=
∣∣∣ ‖φ‖
(π̂k|k,1)

∣∣∣c̃1/p
k1

1
N1/2 +

∣∣∣ 1
(π̂k|k,1)

∣∣∣c̃1/p
k1
‖φ‖
N1/2

=

(∣∣∣ 1
(π̂k|k,1)

∣∣∣c̃1/p
k1 +

∣∣∣ 1
(π̂k|k,1)

∣∣∣c̃1/p
k1

)
‖φ‖
N1/2 = c̃1/p

k
‖φ‖
N1/2 . (3.34)

Therefore

E
[∣∣∣(π̃N

k ,φ)− (πN
k ,φ)

∣∣∣
p]
≤ c̃k
‖φ‖p

N p/2 .

Lemma 3.24. Let us assume that for any φ ∈ B(Rn), we have

E
[∣∣∣(π̃N

k ,φ)− (πN
k ,φ)

∣∣∣
p]
≤ c̃k
‖φ‖p

N p/2 . (3.35)

Then

E
[∣∣∣(πN

k|k,φ)− (πk|k,φ)
∣∣∣

p]
≤ ck
‖φ‖p

N p/2 . (3.36)
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Proof. Define (πN
k|k,φ)−(πk|k,φ)= (πN

k|k,φ)−(π̃N
k|k,φ)+(π̃N

k|k,φ)−(πk|k,φ). Then, using Minkowski
inequality together with Assumption 3.17 and Equation (3.35) we have

(
E
[∣∣∣(πN

k|k,φ)− (πk|k,φ)
∣∣∣

p])1/p

≤
(

E
[∣∣∣(πN

k|k,φ)− (π̃N
k|k,φ)

∣∣∣
p])1/p

+
(

E
[∣∣∣(π̃N

k|k,φ)− (πk|k,φ)
∣∣∣

p])1/p

≤
√

Ck
‖φ‖
N1/2 +

√
c̃k
‖φ‖
N1/2 =

√
ck
‖φ‖
N1/2 ,

which implies that

E
[∣∣∣(πN

k|k,φ)− (πk|k,φ)
∣∣∣

p]
≤ ck
‖φ‖p

N p/2 .

Example 3.4.1 (Continuation of Example 3.1.1). If we select some α ∈ (1,∞)\Z and β ∈ (0,4c/3),
then it is now easy to show that even when yk = 0, we have

∫
∞

0
(w(xk,xk−1))

p q(xk)dxk ≤ cw < ∞, for p≥ 1. (3.37)

Hence according to the present theory the particle filter converges in Lp sense for bounded Borel
functions regardless the unboundedness of importance weights (see Paper VI for numerical results).
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CHAPTER IV

Markov Chain Monte Carlo

The Markov chain Monte Carlo (MCMC) approach is a Monte Carlo sampling technique which
utilizes Monte Carlo integration and Markov chains (Gilks et al., 1996). It was first introduced by
Metropolis et al. (1953) as a simulation method of energy levels of atoms in a crystalline structure
and later on, Hastings (1970) applied the idea to statistical problems. The main idea in many MCMC
methods is first to draw samples from a proposal distribution. The proposal distribution can depend
on the current value, thus forms a Markov chain. Secondly, a specifically constructed accept/reject
mechanism is used to correct the arbitrary proposal mechanism and simulate from the invariant
distribution of interest called the target distribution. At the end, a sequence of samples is obtained
from which the distribution or integrals can be approximated.

There are various MCMC methods, some of the most well-known are the Metropolis algorithm,
Metropolis–Hastings, Gibbs sampler, hybrid Monte Carlo, reversible jump Monte Carlo (see Gilks
et al., 1996; Neal, 2011; Gelman et al., 2004). In this chapter, Metropolis–Hastings algorithm,
adaptive MCMC algorithms, and hybrid Monte Carlo are discussed. These are the only MCMC
methods that have been used in this work (see Papers I, II, IV and VII)

4.1 Metropolis–Hastings Algorithm

The impossibility of sampling from the posterior distribution p(x | y1, . . . ,yM) is one of the limi-
tations, which leads to indirect sampling. To circumvent this problem, sampling techniques, like
rejection and importance sampling, are used (Liu, 2002). These techniques require a new distri-
bution called a proposal distribution, from which samples are generated. We denote the proposal
distribution as q(x∗ | xi), where x∗ is a candidate point and xi is the current sample at iteration i.
The rejection and importance sampling techniques require that the proposal and posterior distribu-
tions should be similar. In the large and complex problems, it is difficult to come-up with proposal
distribution with such property. To solve this problem, the Metropolis–Hastings method, which in
principle can use any form of proposal distribution which depends on the current sample xi, can be
used. The algorithmic version of the Metropolis–Hastings method is shown in Algorithm 4.1 (Gilks
et al., 1996). Note that if the proposal distribution is symmetric such as Gaussian, the Metropolis–
Hastings algorithm reduces to Metropolis algorithm, where q(xi−1 | x∗) = q(x∗ | xi−1).

The proposal distribution is the crucial ingredient affecting the Metropolis–Hastings performance
as it explores the intractable distribution and ensures that irreducibility holds at each iteration. Ir-
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Algorithm 4.1 Metropolis–Hastings

i. Draw the starting point, x0, from an initial distribution p0(x).

ii. For i = 1,2, . . ., perform the following.

• Sample a candidate point x∗ from the proposal distribution q(x∗ | xi−1).

• Accept the candidate point and set xi = x∗ with the probability given by:

α(xi−1,x∗) = min
{

1,
p(x∗ | y1, . . . ,yM)q(xi−1 | x∗)

p(xi−1 | y1, . . . ,yM)q(x∗ | xi−1)

}
. (4.1)

This random acceptance is done by generating u from a standard uniform distribution,
u∼ U [1, 0], and accepting x∗ if u≤ α(xi−1,x∗).

reducibility is a property of Markov chain to reach all interesting parts of the state space model
(SSM) (Gilks et al., 1996). In general, the proposal distributions used should result in good mixing
of samples and in a suitable acceptance rate. Determining which proposal distribution is best for a
particular target distribution is very important, but also a difficult task, because it involves a lot of
trial and error. In the next section, the adaptive MCMC method, which addresses solve this problem,
is discussed.

4.2 Adaptive Markov Chain Monte Carlo

The Metropolis–Hastings algorithm converges reasonably well when the proposal distribution is
well tuned. In most cases the tuning is done by hand, that is, the tuning is a trial-error technique.
For instance, Gelman et al. (1996) and Roberts et al. (1997) proposed a method to monitor the
acceptance rate and scale the proposal distribution manually. To avoid the trial-error tuning, adaptive
Markov chain Monte Carlo algorithms can be used. The idea behind the adaptive MCMC algorithms
is that the proposal distribution is tuned automatically during the MCMC run (Gilks et al., 1996;
Haario et al., 1999, 2006; Cai et al., 2006; Laine, 2008; Andrieu and Thoms, 2008; Liang et al., 2010;
Barber et al., 2011; Rosenthal, 2011; Vihola, 2012). There are many adaptive MCMC algorithms
proposed by different authors but they can be categorized, into six classes:

1) Stochastic approximation-based adaptive algorithms. This class contain all adaptive MCMC
algorithms that require the diminishing adaptation property (Andrieu and Thoms, 2008; Liang
et al., 2010).

2) Adaptive independent Metropolis–Hastings algorithms. In this class the proposal is updated with
past samples, avoiding the requirement of diminishing adaptation (Keith et al., 2008; Holden
et al., 2009; Liang et al., 2010).

3) Regeneration-based adaptive algorithms. The algorithms in this class are designed on a basic
property of the Markov chain, whose future outputs become independent of the past after each
regeneration point (Gilks et al., 1998; Liang et al., 2010).
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4) Population-based adaptive algorithms. Here, the algorithms work on an enlarged state space,
which allow the practitioners to design adaptive proposals and to incorporate sophisticated com-
putational techniques (Liang and Wong, 2000, 2001; Liang et al., 2010).

5) Differential evolution adaptive MCMC. In this class, the algorithms permit proper accounting of
all sources of simulation error, including parameter, model structural and forcing data uncertainty
(Ter Braak, 2006).

6) Filtering adaptive MCMC. This is a new adaptive MCMC where the adaptation of the proposal
distribution is done by the variational Bayesian adaptive Kalman filters (see Paper IV). This
algorithm may also fall to the first category above because it has diminishing adaptation property.

In this thesis, we have used the stochastic approximation-based adaptive algorithm (Papers II and
VII) and developed the filtering adaptive MCMC called variational Bayesian adaptive Metropolis
algorithm (Paper IV). Thus, only these adaptive versions are discussed in the following sections.

4.2.1 Stochastic Approximation-Based Adaptive Algorithms

The Gaussian distribution is often used as a proposal distribution. Thus, it is the covariance matrix
that needs to be well tuned for a good acceptance rate and mixing of the samples. Under certain
settings, Gelman et al. (1996) showed that the optimal covariance matrix is λΣ, where Σ is the n×n
covariance matrix of the target distribution and λ is the proposal covariance scaling factor which
optimizes the mixing property of the MCMC algorithm. When the proposal and target distributions
are both Gaussian, the value of λ is 2.382/n (Gelman et al., 1996).

In the adaptive Metropolis algorithm of Haario et al. (2001), the covariance matrix Σ is learned “on
the fly”, that is, Σ is computed from the empirical distribution of the available generated MCMC
samples by using the following formula.

Σi = cov(x0,x1, . . . ,xi)+ ε In. (4.2)

Here, In is an n× n identity matrix, ε is a small positive value whose role is to make sure that Σi
is not singular (Haario et al., 1999, 2001). At the initial step, i = 0, the initial covariance Σ0 is
initialized depending on prior information available. If the initial guess of the covariance is poor, it
may hinder the learning of the target distribution in the initial stages of the algorithm. Similarly, if
λΣi is too large in some directions or too small in all directions, the algorithm will have a very small
or very large acceptance probability, which will result in very slow learning of the target distribution
covariance (Andrieu and Thoms, 2008). These problems have motivated the use of delayed rejection
technique (Haario et al., 2006) or, for large dimension (say n ≤ 1000), the adaptation is performed
component by component (Haario et al., 2005; Andrieu and Thoms, 2008; Liang et al., 2010).
Alternatively, simultaneous adaptation of λ and Σ forces the acceptance probability to a sensible
value (Andrieu and Thoms, 2008; Liang et al., 2010). The adaptation of λ can be done by Robbins–
Monro recursion as (Robbins and Monro, 1951)

logλi+1 = logλi + γi+1
[
α(xi,x∗)− ᾱ∗

]
, (4.3)

where ᾱ∗ is the targeted acceptance rate, for instance, ᾱ∗ = 0.234 (Roberts and Rosenthal, 2001),
α(xi,x∗) is the acceptance probability defined as (4.1) and γi+1 is a gain factor sequence satisfying
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the following conditions (Andrieu and Thoms, 2008; Liang et al., 2010):

∞

∑
i=1

γi = ∞ and
∞

∑
i=1

γ
1+δ

i < ∞, for some δ ∈ (0,1].

A good example of the algorithm, where the aim is to attain ᾱ∗, is the robust adaptive Metropolis
Algorithm 4.2 proposed by (Vihola, 2012).

Algorithm 4.2 Robust adaptive Metropolis

i. Draw x0 from an initial distribution and initilize Σ0.

ii. For i = 1,2, . . ., perform the following.

• Compute xi = xi−1 +Si−1Ui, where Σi−1 = Si−1S
T
i−1 and Ui ∼ q is an independent ran-

dom vector sampled from spherically symmetric proposal distribution q.

• Accept xi+1 = xi with the probability

α(xi−1,xi) = min
{

1,
p(xi | y1, . . . ,yM)

p(xi−1 | y1, . . . ,yM)

}
. (4.4)

Otherwise the proposal is rejected and xi+1 = xi−1.

• Compute Σi from

Σi = Si−1

(
Id +ηi (αi− ᾱ∗)

UiUT
i

‖Ui‖2

)
ST

i−1,

where ηi is adaptation step size sequence.

Example 4.2.1 (Blood stage malaria with double infection). In Paper VII, the classical models of
blood stage malaria are reviewed and a new model, which incorporates double infection is pro-
posed. The proposed model is (see Paper VII for more details)

dx
dt

= Λ−µx−β1xm,

dy1

dt
= β1xm−υ1y1−δ1y1−β2y1m, (4.5)

dy2

dt
= β2y1m−υ2y2−δ2y2,

dm
dt

= r1δ1y1 + r2δ2y2−νm−β1xm−β2y1m,

where x is the concentration of uninfected RBCs, y1 and y2 are the infected RBCs, and m is the num-
ber of free malaria parasites. Here, we need to fit R1 = r1δ1, σ1 = υ1+δ1, R2 = r2δ2, σ2 = υ2+δ2,
β1 and β2 using adaptive MCMC approach. Due to absence of data, the model was numerically
simulated and 10000 MCMC samples were generated. Figures 4.1 and 4.2 show the autocorrela-
tion functions and marginal distributions of MCMC samples. It can be concluded that the MCMC
samples converge to the target distribution, hence the parameters are identifiable (see Paper VII for
more analytical and numerical analysis of the model (4.5)).
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Figure 4.1: Autocorrelation functions of MCMC parameter samples. The autocorrelation coeffi-
cients (x-axis) decay toward zero, and stabilize around zero as the number of lags (y-axis) increases.
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Figure 4.2: Marginal distribution plot together with mean of MCMC samples (green) and the origi-
nal parameter values (black).
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4.2.2 Variational Bayesian Adaptive Metropolis Algorithm

It is possible for the covariance matrix of the Gaussian proposal for Metropolis algorithm to be
updated using adaptive Kalman filter based on variational Bayesian approximation. The resulting
algorithm is called variational Bayesian adaptive Metropolis algorithm (see Paper IV). The idea of
the algorithm starts by allowing the unknown measurement noise covariance to vary at every time
step. That is, we define the linear state space model as

xk ∼ N(Ak xk−1,Qk−1),

yk ∼ N(Hkxk,Σk),

Σk ∼ p(Σk | Σk−1),

(4.6)

where Ak, Qk−1 and Hk are known matrices and are as defined in Definition 2.1.1. In Equation (4.6),
the first two equations are uniformly completely controllable and observable with any bounded se-
quence of Σk. The last equation defines the Markovian dynamic model for the unknown measure-
ment noise covariance. To get a proposal covariance matrix for the Metropolis algorithm, we need
to approximate Σk. The approximation starts by defining the joint filtering distribution of the state
and covariance matrix, which is denoted as p(xk,Σk | y1:k) and, in most cases, intractable (Särkkä
and Nummenmaa, 2009; Särkkä and Hartikainen, 2013). Thus, we approximate it by variational
Bayesian (VB) method (cf. Šmídl and Quinn, 2006). The idea of the VB method is to approximate
p(xk,Σk | y1:k) in terms of approximate marginals Qx(xk) and QΣ(Σk), that is

p(xk,Σk | y1:k)≈ Qx(xk)QΣ(Σk).

Next, we have to compute the Qx(xk) and QΣ(Σk) using Kullback–Leibler divergence equation and
the methods from calculus of variations (for more details see, e.g,. Särkkä and Nummenmaa, 2009).
The computations result in

Qx(xk) = N(xk |,mk,Pk) and QΣ(Σk) = IW(Σk | νk,Vk),

where mk and Pk are given by the standard Kalman filter, and νk and Vk are the parameters of the
inverse Wishart (IW) distribution. The proposal covariance can, for example, be computed as the
mean of the inverse Wishart distribution (see, e.g,. Särkkä and Nummenmaa, 2009):

Σk =
1

νk−n−1
Vk. (4.7)

The computation of the covariance Σk is done recursively by variational Bayesian adaptive Kalman
filter Algorithm 4.3 (See Paper IV). Thus, we can present the adaptive Metropolis algorithm where
the proposal covaraince is updated by (4.7). Suppose m0 and P0 are the initial states parameters for
the Gaussian distribution and ν0 and V0 are initial parameters for the inverse-Wishart distribution.
Then, the variational Bayesian adaptive Metropolis algorithm (VBAM) is performed recursively as
shown in Algorithm 4.4. To check the convergence of VBAM algorithm, it is enough to prove the
following theorem (see Paper IV).

Theorem 4.1. Suppose that the target density π(x) = p(x | y1, . . . ,yM) is bounded and has a
bounded support. Furthermore, suppose that ∑k≥1 k−1γk < ∞. Then, for bounded functions φ ,
the strong law of large numbers holds, that is,

1
Nsamp

Nsamp

∑
k=1

φ(xk)
a.s.−−→

∫

Rd
φ(x)π(x)dx,
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Algorithm 4.3 variational Bayesian adaptive Kalman filter

• Initialize ν0, m0, P0 and Σ0.

• For k = 1,2, . . .

– Prediction: compute the parameters of the predicted distribution:

m−k = Ak−1 mk−1,

P−k = Ak−1 Pk−1 AT
k−1 +Qk−1,

ν
−
k = ρ(νk−1−n−1)+n+1,

Σ
−
k = BΣk−1 BT ,

where ρ is a real number 0 < ρ ≤ 1 and B is a matrix 0 < |B| ≤ 1.

– Update: set νk = ν
−
k +1 and Σ

(1)
k = Σ

−
k . Iterate the following until the convergence (say,

c times for j = 1, . . . ,c):

S( j+1)
k = Hk P−k HT

k +Σ
( j)
k ,

K( j+1)
k = P−k HT

k

(
S( j+1)

k

)−1
,

m( j+1)
k = m−k +K( j+1)

k

(
yk−Hk m−k

)
,

P( j+1)
k = P−k −K( j+1)

k S( j+1)
k

(
K( j+1)

k

)T
,

Σ
( j+1)
k =

(
νk−1−n−1
νk−n−1

)
Σ
−
k +

(
1

νk−n−1

)
Hk P( j+1)

k HT
k

+

(
1

νk−n−1

)(
yk−Hk m( j+1)

k

)(
yk−Hk m( j+1)

k

)T
. (4.8)

– Set Σk = Σ
(c)
k , mk = m(c)

k and Pk = P(c)
k .
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Algorithm 4.4 Variation Bayesian adaptive Metropolis

• Initialize x0, Σ0, m0, P0, ν0, and λ0.

• For i = 1,2, . . .

– Sample a candidate from the Gaussian proposal distribution x∗ ∼ N(xi−1,λi−1 Σi−1).

– Calculate the acceptance probability α(xi−1,xi) using Equation (4.4)

– Set

xi =

{
x∗ if u < α(xi−1,xi), where u∼ U(0,1)
xi−1 Otherwise.

– Update the proposal covariance matrix by Algorithm 4.3, where xi is the measurement
at i. Check that Σi > µ1In and Σi < µ2In, where µ1 and µ2 are predefined constants.
If this is not true, set Σi = Σi−1 and do a single iteration update step (ignoring the last
equation) of Algorithm 4.3 to compute the updated mean and covariance corresponding
to this noise covariance.

– Optionally, update λi using Equation (4.3). If λi /∈ [δλ ,δ
−1
λ

], then force it to the interval
[δλ ,δ

−1
λ

].

where Nsamp is the number of samples, and x1, . . . ,xNsamp are VBAM generated samples assuming the
uniform complete controllability and observability properties of the state space model are satisfied.

Proof. For full derivation of the convergence of the VBAM algorithm see Paper IV. However, here
we briefly give hints on the main issues.

Using uniform complete observability and uniform complete controllability properties for the first
two equations of (4.6), the sequence of mk and Pk produced by Algorithm 4.3 are bounded. To
check this, one needs to use Lemmas 7.1 and 7.2, and Theorem 7.4 from Jazwinski (1970). Note
that the measurements are bounded because they are sampled from a compactly supported target dis-
tribution. The boundedness of mk and Pk, together with the assumption that νk−n−1 > 0, guaran-
tees that the sequence Ω = {Σ(1)

k ,Σ
(2)
k , . . . ,Σ

(c−1)
k ,Σ

(c)
k ,Σ

(c+1)
k , . . .}, produced by Algorithm 4.3 con-

verges. Using the boundedness of mk and Pk, we can find an appropriate bound for ‖Σk−Σk−1‖F ,
where ‖ · ‖F is the Frobenius norm, and the bound for the difference of transition probabilities.

Next we show how the VBAM algorithm works in the following 2-dimensional banana–shaped
distribution example. For more examples, we refer the reader to Paper IV, from where the VBAM
and classical adaptive MCMC results are compared.

BANANA–SHAPED DISTRIBUTION EXAMPLE

This example constructs a non-Gaussian target distribution by twisting a 2-dimensional Gaussian
distribution. The Gaussian distribution has unit component variances and the correlation between
the components equals to 0.9. This “banana”-shaped distribution example is often used as an exam-
ple to study the adaptive MCMC algorithm performance (see, e.g., Haario et al., 1999; Roberts and
Rosenthal, 2001; Haario et al., 2001; Bornkamp, 2011).
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Figure 4.3: Trace plots for x-samples and y-samples. Mixing of the samples in both coordinates is
relatively good, which means that the covariance matrix of the proposal distribution can be adapted
using VBAKF algorithm.

The Gaussian coordinates x and y are twisted with a banana function to produce more non-linear
target. As the determinant of the transformation is 1, we calculate the probability regions of the
nonlinear target and study the trace and scatter plots of generated samples. The banana function
f (x,y), its inverse g(x,y) and the unnormalized probability density function (banana distribution)
p(x,y) are defined as follows:

f (x,y) =
[

ax
y
a −b((ax)2 +a2)

]
,

g(x,y) =
[ x

a
ya+ab(x2 +a2)

]
,

p(x,y) = exp
(
−g(x,y)C−1g(x,y)T

2

)
, where C =

[
1 0.9

0.9 1

]
.

With a = b = 1, we generated 20000 samples using the following VBAKF initial parameters: Q =
0.12In, ν = n2 and the initial covariance is 5In. The trends of the samples, for each coordinate, are
shown in Figure 4.3. It is observed that each chain mixes well though the x-samples mix better than
the y-samples.

Figure 4.4 shows the scatter plot, contours with 50% and 95% regions and the percentages of sam-
ples that lie inside the regions. In this type of example, we expect that the scatter plot should show
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Figure 4.4: Scatter plot: the relationship between the x-samples and y-samples. The distribution
is a "banana shaped". Percentages in the title represents the number of samples that lie inside the
regions.

a banana-like shape. This is depicted in Figure 4.4, which implies that VBAM works. The mixing
of the chain can be analyzed by counting the number of samples that are inside the 50% and 95%
probability regions, respectively. From the title of Figure 4.4, R1 (for red contour) and R2 (for green
contour) represent the percentage of samples present in the 50% and 95% contour regions. From
the figure it can be seen that there is a right proportion of samples accepted in the regions R1 and
R2, which means that the method gives promising results.

4.3 Hybrid Monte Carlo

Most of MCMC algorithms discussed above are not suitable for strong multi-modal targets, and they
suffer from random walk behavior. To avoid random walk behavior, we can use another sampling
technique called hybrid Monte Carlo. We have used this type of MCMC in Paper I to estimate
parameters of the SDEs.

The hybrid Monte Carlo (HMC, Duane et al., 1987; Neal, 2011) is an efficient gradient based
MCMC method which combine MCMC and molecular dynamics approaches. It is based on uti-
lization of the gradient information together with the plain density values. It avoids the random
walk behavior typically encountered in Metropolis-Hastings method (Beskos et al., 2013; Neal,
2011). Instead of the posterior probability density function, the HMC algorithm uses a Hamiltonian
function defined as

H(x,ρ) = ϕ(x)+
1
2

ρ
T

ρ, (4.9)
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where ρ is the momentum of the particle and ϕ(x) = − ln p(x | y1, . . . ,yM)− p(x) is the negative
logarithm of the unnormalized posterior distribution. If the system evolves in fictious time τ , the
particle coordinates and momenta will change according to the following Hamiltonian dynamics
equations which are approximated by Leapfrog method (Birdsall and Langdon, 2004),

dx
dτ

=
∂H
∂ρ

= ρ,

dρ

dτ
=−∂H

∂x
=−∂ϕ(x)

∂x
.

(4.10)

From Equation (4.10), we see that the HMC method requires the partial derivative of ϕ(x). Due
to this, if the derivatives do not exist then the HMC method can not be used. In Chapter V, we
propose the computation of ϕ(x) and its partial derivative by using Kalman filter algorithm (for
linear system) and extended Kalman filter (for non-linear system).

Suppose the configuration at ith iteration is (xi, ρi), the next state is generated in HMC Algorithm
4.5.

Algorithm 4.5 Hybrid Monte Carlo

• Generate new momenta ρi as follows:

ρi← α ρi +ξ

√
1−α2, where α ∈ [0,1] and ξ ∼ N(0,I). (4.11)

• Run Leapfrog algorithm for L steps with step size ε and then let the final configuration be
(x∗, ρ∗). The choice of ε , L and α is a hard task, but the mechanisms of tuning can be found
in (Neal, 2011; Beskos et al., 2013; Chen et al., 2001; Holder et al., 2001).

• Accept (xi+1,ρi+1) = (x∗,−ρ∗) with acceptance probability

α
(
(xi, ρi),(x∗, ρ∗)

)
= min{1,exp

(
−H(x∗, ρ∗)+H(xi, ρi)

)
}, (4.12)

otherwise let (xi+1,ρi+1) = (xi, ρi).
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CHAPTER V

Parameter Estimation in Stochastic Differential Equations

5.1 Stochastic Differential Equations

In Chapter II, we saw that it is possible to estimate the states of state space models (SSMs) provided
that the measurements and parameters are known. However, in many physical problems, the param-
eters are not always known. In this chapter, we describe how the parameters of the continuous-
discrete SSMs can be estimated. For the discrete SSMs, the parameter estimation is covered in
Särkkä (2013). If θ ∈ Φ ⊆ Rd are the parameters to be estimated, to include these parameters, the
non-linear continuous dynamic process Equation (2.7) can be written as

dx(t) = f(x(t), t,θ)dt +L(x(t), t,θ)dB(t), (5.1)

where f :Rn× [0,∞)×Φ→Rn is a dynamic model function called drift coefficient, L :Rn× [0,∞)×
Φ→ Rn×s is a matrix-valued function called diffusion coefficient (Kloeden and Platen, 1999; Øk-
sendal, 2003) and B(t) is a Brownian motion. As stated in Chapter II, Equation (5.1) is called Itô
stochastic differential equation (SDE). We assume that the global Lipschitz and growth conditions
are satisfied to ensure the existence and uniqueness of solutions of the SDEs (Karatzas and Shreve,
1991; Øksendal, 2003). However note that, the exact solutions of most SDEs are difficult to obtain.
For that case, the solution of the SDE (5.1) needs to be approximated by, for example, Taylor-based
approximation methods (see Peter E. Kloeden, 1991; Kloeden and Platen, 1999; Shoji and Ozaki,
1997) or Gaussian approximation based methods (Jazwinski, 1970; Särkkä, 2006).

A Brownian motion B(t) is a process that represents the evolution of some random value or system
over time, whose value at time t is a vector of s independent Brownian motions, that is,

B(t) =
(

B1(t), . . . ,Bs(t)
)
,

where {B j(t) : j = 1, . . . ,s} is a one-dimensional Brownian motion. Suppose 0≤ t1 < t2 ≤ t3 < t4.
Then some of the properties of the Brownian motion are: B(0) = 0, the increments B(t2)−B(t1),
and B(t4)−B(t3) are the independent random variables while the increment B(t2)−B(t1) is a normal
random variable with zero mean and variance t2− t1 (Karatzas and Shreve, 1991; Øksendal, 2003).
Figure 5.1 shows a few example paths of a one-dimensional standard Brownian motion generated
from the same initial point. As seen from the figure, each trajectory has its own path even if they
are generated using the same initial and parameter values.

57
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Figure 5.1: Five trajectories of one-dimensional sampled standard Brownian motions.

A comprehensive review and evaluation of existing methods for estimating the SDEs parameters
have been surveyed in Young (1980); Shoji and Ozaki (1997); Nielsen et al. (2000); Singer (2004);
Jensen and Poulsen (2002); Jeisman (2005); Iacus (2007). In general, the estimators can be grouped
into two classes, namely likelihood based estimators and non-likelihood estimators. The difference
between the two classes is based on the use of the likelihood functions, that is the latter class does
not use likelihood function whereas the former class uses. In this chapter, only likelihood based
estimators are discussed.

If the likelihood function is known, one can use Bayesian methods such as maximum likelihood
method or Markov chain Monte Carlo (MCMC) method to get the estimates of parameters. Un-
fortunately, the likelihood function of most SDEs can not be computed in a closed form. Thus,
approximate methods are needed. The methods are grouped into non-filtering likelihood based
methods and filtering likelihood based methods.

5.2 Non-filtering Likelihood Based Methods

Suppose that x(t0),x(t1), . . . ,x(tM) are points of the random variable x(t) obtained from solving
Equation (5.1). If p(x(t0) | θ) is the density of the initial state and p(x(tk) | x(tk−1),θ) is the tran-
sition probability density function (TPDF) from x(tk−1) to x(tk), then the negative log–likelihood
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function is (Dacunha-Castelle and Florens-Zmirou, 1986; Kim and Nelson, 1999)

L(θ) =− log(p0(x(t0) | θ))−
M

∑
k=1

log(p(x(tk) | x(tk−1),θ)) . (5.2)

If the states are observed and p(x(tk) | x(tk−1),θ) is known, then θ can be estimated, for instance,
by the exact maximum–likelihood estimation, which is given by minimizing the function (5.2) with
respect to the parameters (Iacus, 2007). However, most of the SDEs do not have a closed form
solution for p(x(tk) | x(tk−1),θ). Their transition density functions need to be approximated. Some
of the methods used to approximate the TPDF are as follows.

Solution of Fokker–Planck equation provides the TPDF of the SDE. The evolution of the TPDF is
described by a Fokker–Planck Equation (FPE) (Jazwinski, 1970; Øksendal, 2003). There exist SDEs
where the solutions of their corresponding FPEs can be obtained analytically. Some of the SDEs
have FPEs which are solved numerically, for instance, by finite difference methods (Poulsen, 1999;
Jensen and Poulsen, 2002) or spectral approximation (Hurn and Lindsay, 1999). Such numerical
approximations are only possible for low dimensional SDEs.

In the discrete maximum likelihood (or pseudo-likelihood) methods, the problem of unknown TPDF
is solved by discretizing the SDE using numerical schemes (Elerian, 1998; Kloeden and Platen,
1999), or by approximating the SDE with linear SDE via local linearization (Shoji and Ozaki, 1997,
1998). For example, Euler–Maruyama scheme is the simplest numerical scheme derived from Itô-
Taylor expansion, where the TPDF is approximated as a Gaussian density function (Iacus, 2007;
Sørensen, 2004, 1997; Pedersen, 1995). Such stochastic Itô–Taylor schemes, in terms of multiple
Wiener integrals, do not give the exact solutions and, also, they do not always preserve the qualita-
tive characteristics of the exact solutions (Ozaki, 1992; Biscay et al., 1996). These limitations lead to
the invention of local linearization methods (Ozaki, 1985, 1992, 1993; Biscay et al., 1996; Shoji and
Ozaki, 1997, 1998; Jiménez et al., 1999) which require the diffusion coefficients to be invertible.
The linearization is done either deterministically, which leads to Ozaki scheme or stochastically,
leading to Shoji–Ozaki scheme. In both cases, the TPDFs are approximated as Gaussian (Shoji and
Ozaki, 1997, 1998).

Unlike the classical numerical schemes for simulating SDEs, which all involve some kind of dis-
cretization errors, the exact algorithm is constructed in such a way that the discretization errors
are avoided (Beskos and Roberts., 2005; Beskos et al., 2006a, 2008). The exact algorithm uses
rejection sampling on two probability measures for random paths retrospectively. It requires the
unitary diffusion coefficient, hence for non-unitary diffusion, which are invertible, one needs to use
Lamperti transformation (see,e.g., Møller, 2010, for Lamperti transformation). After simulating the
SDE exactly, an unbiased TPDF is derived (Beskos et al., 2006b).

The simulated maximum likelihood method was proposed independently by Pedersen (1995); Brandt
and Santa–Clara (2002) and later Hurn et al. (2003) gave an alternative algorithm. The idea behind
this is to obtain an estimate of the TPDF by kernel estimate method, Monte Carlo-simulation based
estimate method or by importance sampling based estimate method (for review of these methods
see Jeisman, 2005; Iacus, 2007). However, the simulated maximum likelihood methods are compu-
tationally very expensive.

Aït-Sahalia (2002, 2008) constructed an explicit sequence of approximations to the TPDF using
the Hermite polynomials, which resulted in Hermite Polynomial Expansion Approaches. For the
univariate SDE, Aït-Sahalia (2002), with the use of the Hermite polynomial, proposed the approxi-
mation of the TPDF via transformations. His method has been extended to univariate models driven
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by Lévy processes (Schaumburg, 2001), univariate time inhomogeneous diffusion models (Egorov
et al., 2003), Bayesian setting (DiPietro, 2001), damped diffusion (Li, 2010), and regime-switching
univariate diffusion models for the short-term interest rate (Choi, 2010). However, the Hermite
series expansion coefficients cannot be computed explicitly but could be replaced by analytical ap-
proximations in terms of the infinitesimal generator.

For the multivariate SDEs, Aït-Sahalia (2008) classified the SDEs into reducible and irreducible.
For the reducible SDEs, the multivariate Hermite expansions coefficients are used to compute the
TPDF. For the irreducible SDEs, Aït-Sahalia (2008) discusses how to handle the irreducibility by
postulating the form of the density expansion, and then using the Kolmogorov equations to get
the partial differential equations that are solved by Taylor expansion approximations. This method
has been applied to stochastic volatility and affine term structure models (Aït-Sahalia and Kimmel,
2007, 2010; Egorov et al., 2011). Note that the computation of the expansion coefficients required
by this method quickly becomes tedious for higher dimensional SDEs. Also, in the irreducible SDE
case, an additional Taylor expansion approximation is required.

The above methods do not consider measurement noise in the likelihood computation. To incorpo-
rate measurement noise in estimation process, the idea is to consider the given SDE (5.1) and in-
troduce the measurement model. For the linear SDEs, the likelihoods are computed by the Kalman
filter, while in the non-linear SDEs, the likelihoods are computed by the non-linear filters like ex-
tended Kalman filter (EKF). In the following sections, we discuss the computation of likelihoods
and their partial derivatives. For more details, and numerical examples see Papers I and II.

5.3 Evaluation of Marginal Likelihood and its Derivatives by Kalman Filter

Bayesian estimation of the unknown parameters θ in Itô linear SDEs is the process of modeling the
parameters as random variables in the following model:

dx(t) = F(t,θ)x(t)dt +L(t,θ)dB(t),
yk = Hk x(tk)+ rk.

(5.3)

Here F : [0,∞)×Φ→ Rn×n is the drift coefficient and L : [0,∞)×Φ→ Rn×s is the diffusion coef-
ficient. The definitions of B(t), Hk, and rk are the same as in previous chapters. Due to the Markov
properties of the dynamics, we can compute the joint probability of measurements and states, given
parameters as

p(y1, . . . ,yM,x0, . . . ,xM | θ) = p(x0)
M

∏
k=1

p(yk | xk)p(xk | xk−1,θ). (5.4)

If we integrate out the states from Equation (5.4), we get the marginal likelihood of the measurement
defined as

p(y1, . . . ,yM | θ) =
∫
· · ·
∫

p(x0)
M

∏
k=1

p(yk | xk)p(xk | xk−1,θ)dx0 · · ·dxM. (5.5)

If we know the prior distribution of parameters, θ∼ p(θ), then, using Bayes rule, we can form the
posterior distribution of the parameters as

p(θ | y1, . . . ,yM) ∝ p(y1, . . . ,yM | θ) p(θ). (5.6)
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The Bayesian solution to parameter estimation in the SDE models of the form (5.3) is given by
Equations (5.5) and (5.6). Different point estimate methods can be used provided (5.5) and (5.6) are
known. For instance, the maximum a posteriori (MAP) estimate maximizes (5.6) and the maximum
likelihood (ML) estimate maximizes (5.5). In this thesis, we assume that the prior distribution for
the parameters is flat or is uniform within some bounds. Thus ML and MAP coincide.

We have used the Kalman filter algorithm to estimate states of the linear SSMs provided parameters
are known. Similarly, the Kalman filter can be used to compute the marginal likelihood for param-
eter estimation in (5.3) (Schweppe, 1965; Singer, 2004, and Paper I). In this situation the Kalman
filter Algorithm 2.2 remain the same but the matrices now depend on parameters, that is, here we
have, for instance, F(t,θ), m−k (θ), P−k (θ), Sk(θ), and Kk(θ) instead of F(t), m−k , P−k , Sk, and Kk
respectively. The Kalman filter computes the likelihood in terms of Gaussian distribution, where
the computation is done recursively (Jazwinski, 1970). The idea behind is that the Kalman filter is
recursively run through the data and the following distributions are obtained (See Paper I),

p(xk | y1:k−1,θ) = N(xk |m−k (θ),P−k (θ)),
p(xk | y1:k,θ) = N(xk |mk(θ),Pk(θ)),

p(yk | y1:k−1,θ) = N(yk |Hk m−k (θ),Sk(θ)),

(5.7)

where m−k (θ), mk(θ), P−k (θ), Pk(θ), and Sk(θ) are computed from Algorithm 2.2. From the
distributions (5.7), it becomes easy to compute the marginal likelihood of the measurements given
θ, that is (cf. Singer, 2002, 2011; Särkkä, 2013, and Paper I),

p(y1, . . . ,yM | θ) =
M

∏
k=1

p(yk | y1:k−1,θ) =
M

∏
k=1

N(yk |Hk m−k (θ),Sk(θ)). (5.8)

For simplicity, we denote ϕ(θ) as a negative log-marginal likelihood (sometimes called Energy
function (Särkkä, 2013)). Thus

ϕ(θ) =− log p(y1, . . . ,yM | θ). (5.9)

With (5.9), we can use any gradient free methods (like ML, MAP, MCMC) to estimate parameters.
However, for gradient based methods (like HMC, conjugate gradient) the derivative of (5.9), defined
as ∂ϕ(θ)/∂θ , must be known. If we take the partial derivative of (5.9), the resulting derivative has
two partial derivative terms: ∂m−k /∂θi and ∂Sk/∂θi. The two partial derivatives are derived by
taking the derivative of the Kalman filter prediction and update equations. The evaluation of partial
derivatives results in so called sensitivity equations (Gupta and Mehra, 1974). The computations of
partial derivatives of m−k (t) and Kalman filter update equations are straightforward. However, the
computation of P−k (t) and its partial derivatives ∂P−k (t)/∂θi is more tedious, but can be done by
the matrix fraction decomposition if drift and diffusion coefficients do not depend on time (see, e.g,
Grewal and Andrews, 2001, and Paper I). The idea of the matrix fraction decomposition is to express
P−k (t) as a fraction decomposition of auxiliary matrices C(t,θ) and D(t,θ). The auxiliary matrices
are solutions of a two differential equations which are solved by matrix exponential function (see
Paper I). The results from the matrix fraction decomposition are shown in Algorithm 5.1, which are
taken from Paper I.

Suppose we define n−k (t) = ∂m−k (t)/∂θi, G(t,θ) = ∂F(t,θ)/∂θi, B−k (t) = ∂P−k (t)/∂θi, W(t,θ) =
∂ (L(t,θ)Qc LT(t,θ))/∂θi, X(t,θ) = ∂C(t,θ)/∂θi, Y(t,θ) = ∂D(t,θ)/∂θi, and ∆tk = tk− tk−1,
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where i= 1,2, . . . ,d. Using matrix fraction decomposition, the computation of ϕ(θ) and ∂ϕ(θ)/∂θ

can be done in algorithmic form as shown in Algorithm 5.1 (see Paper I). Note that the initial condi-
tions for ordinary differential equations are m−k (tk−1) = mk−1, P−k (tk−1) = Pk−1, and the prediction
result is given as m−k , m−k (tk), P−k , P−k (tk).

Algorithm 5.1 Evaluation of likelihood and its derivative by Kalman filter

i. Initialize m0, P0, ϕ0(θ) = 0, and ∂ϕ0(θ)/∂θi = 0.

ii. For each measurement yk ∈ {y1, . . . ,yM}, perform the following

• Prediction step:
[

m−k (tk)
n−k (tk)

]
= exp

([
F(θ) 0
G(θ) F(θ)

]
∆tk

)[
m−k (tk−1)
n−k (tk−1)

]
,




C−k (tk)
D−k (tk)
X−k (tk)
Y−k (tk)


= exp







F(θ) Σ(θ) 0 0
0 −FT(θ) 0 0

G(θ) W(θ) F(θ) Σ(θ)
0 −GT(θ) 0 −FT(θ)


∆tk







P−k (tk−1)
I

B−k (tk−1)
0


 .

• Update step: evaluate the Kalman filter continuous-discrete update equation (2.14) and
the following

∂Sk

∂θi
= HkB−k (tk)H

T
k +

∂Rk

∂θi
,

∂Kk

∂θi
= B−k (tk)H

T
k S−1

k −P−k (tk)H
T
k S−1

k
∂Sk

∂θi
S−1

k ,

nk(tk) = n−k (tk)+
∂Kk

∂θi

(
yk−Hkm−k

)
−KkHkn−k (tk),

Bk(tk) = B−k (tk)−
∂Kk

∂θi
SkKT

k −Kk
∂Sk

∂θi
KT

k −KkSk

(
∂Kk

∂θi

)T

.

• Evaluate the new negative log-marginal likelihood and its partial derivative.

ϕk(θ) = ϕk−1(θ)+
1
2

M

∑
k=1

ln |2πSk|+
1
2

M

∑
k=1

(yk−Hkm−k )
TS−1

k (yk−Hkm−k ),

∂ϕk(θ)

∂θi
=

∂ϕk−1(θ)

∂θi
+

1
2

M

∑
k=1

(
Tr
(

S−1
k

∂Sk

∂θi

))
− 1

2

M

∑
k=1

(yk−Hkm−k )
TS−1

k Hkn−k (tk)

− 1
2

M

∑
k=1

(
yk−Hk m−k

)T S−1
k

∂Sk

∂θi
S−1

k (yk−Hk m−k )

− 1
2

M

∑
k=1

(
Hk n−k (tk)

)TS−1
k (yk−Hkm−k ).

From Algorithm 5.1, the dependence on parameters for some terms, for example Sk, has been
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dropped out for notational convenience. Algorithm 5.1 gives the negative log-marginal likelihood
and its derivative for the linear SDEs. For the non-linear SDEs, whose dynamic and measurement
functions derivatives exist, the extended Kalman filter algorithm is used to compute the negative
log-marginal likelihood and its partial derivative.

5.4 Approximation of Marginal Likelihood and its Derivatives by Extended
Kalman Filter

The continuous-discrete extended Kalman filter Algorithm 2.3 has been used to approximate the
states of the non-linear SSM (2.7) where the parameters are known. If the non-linear SSM de-
pends on unknown parameters and the derivatives of the dynamic and measurement functions exist,
we can use the extended Kalman filter algorithm to approximate the marginal likelihood. If the
measurement noises are additive, then the non-linear SDEs can be stated as follows.

dx(t) = f(x(t), t,θ)dt +L(x(t), t,θ)dB(t),
yk = h(xk)+ rk.

(5.10)

The extended Kalman filter is recursively run through the measurements and the following distribu-
tions are approximated as the Gaussian approximations,

p(xk | y1:k−1,θ)≈ N(xk |m−k (θ),P−k (θ)),
p(xk | y1:k,θ)≈ N(xk |mk(θ),Pk(θ)),

p(yk | y1:k−1,θ)≈ N(yk | h(m−k ),Sk(θ)).

(5.11)

The marginal likelihood of the measurements is thus Gaussian defined as

p(y1, . . . ,yM | θ) =
M

∏
k=1

p(yk | y1:k−1,θ)≈
M

∏
k=1

N(yk | h(m−k ),Sk(θ)). (5.12)

We again define ϕ(θ) as an approximation of negative log-marginal likelihood whose partial deriva-
tive is ∂ϕ(θ)/∂θ . The terms for ∂ϕ(θ)/∂θ are obtained by taking partial derivatives of the ex-
tended Kalman filter equations. If G(x(t), t,θ) = ∂ f(x(t), t,θ)/∂θi, n−k (t) = ∂m−k (t)/∂θi, B−k (t) =
∂P−k (t)/∂θi, W(θ) = ∂ (L(x(t), t,θ)Qc LT(x(t), t,θ))/∂θi, Ex(t) = ∂Fx(m−k ,θ, t)/∂x and the ini-
tial conditions are m−k (tk−1) = mk−1, P−k (tk−1) = Pk−1, and the prediction results are m−k = m−k (tk),
P−k = P−k (tk), then the computation of ϕ(θ) and ∂ϕ(θ)/∂θ can be done in algorithmic form as
shown in Algorithm 5.2 (see Paper I for details).

5.5 Approximation of Marginal Likelihood by Gaussian Cubature Filters

In Chapter II, we saw that the extended Kalman filter does not work if the derivatives of dynamic
and/or measurement functions do not exist. The same limitation applies to the computation of
marginal likelihood, that is, we can not compute the marginal likelihood for non-linear SDEs us-
ing Algorithm 5.2 if the derivatives of dynamic and/or measurement functions do not exist. In that
situation, the Gaussian quadrature filters can be used instead. In estimating parameters of the SDE
(5.10) in Paper II, we used the 3rd order spherical cubature rule and Gauss–Hermite filters to ap-
proximate the marginal likelihood p(y1, . . . ,yM | θ). The approximation of this marginal likelihood
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Algorithm 5.2 Approximation of likelihood and its derivative by extended Kalman filter

i. Initialize ϕ0(θ), m0, P0, ϕ0(θ) = 0 and ∂ϕ0(θ)/∂θi = 0.

ii. For each measurement yk ∈ {y1, . . . ,yM}, perform the following.

• Integrate the EKF continuous-discrete prediction equations (2.20) and the following

dn−k (t)
dt

= Fx(m−k ,θ, t)n
−
k j(t)+G(m−k , t,θ)

dB−k (t)
dt

= P−k

(
n

∑
j=1

Em−k j
(t)n−k j(t)+Eθi(t)

)T

+

(
n

∑
j=1

Em−k j
(t)n−k j(t)+Eθi(t)

)
P−k

+B−k (t)F
T
x (m

−
k ,θ, t)+Fx(m−k ,θ, t)B

−
k (t)+W(θ).

• Evaluate the EKF continuous-discrete update equations (2.21) and the following

∂Sk

∂θi
= Hk B−k (t)HT

k +
∂Rk

∂θi

∂Kk

∂θi
= B−k (t)HT

x (m
−
k , t)S−1

k +P−k

(
n

∑
j=1

(
n−k j(t)

∂Hx(m−k , t)
∂m−k j

))T

S−1
k

−P−k HT
x (m

−
k , t)S

−1
k

∂Sk

∂θi
S−1

k

∂mk

∂θi
=

∂m−k
∂θi

+
∂Kk

∂θi

(
yk−h(m−k )

)
−Kk

∂h(xk)

∂θi

Bk(t) = B−k (t)−
∂Kk

∂θi
SkKT

k −Kk
∂Sk

∂θi
KT

k −KkSk

(
∂Kk

∂θi

)T

.

• Compute new negative log-marginal likelihood function and its derivative.

ϕk(θ) = ϕk−1(θ)+
1
2

M

∑
k=1

ln |2πSk|+
1
2

M

∑
k=1

(
yk−h(m−k )

)TS−1
k

(
yk−h(m−k )

)

∂ϕk(θ)

∂θi
=

1
2

M

∑
k=1

Tr
(

S−1
k

∂Sk

∂θi

)
− 1

2

M

∑
k=1

(
yk−h(m−k )

)TS−1
k

∂h(xk)

∂θi

+
∂ϕk−1(θ)

∂θi
− 1

2

M

∑
k=1

(
∂µk

∂θi

)T

S−1
k

(
yk−h(m−k )

)

− 1
2

M

∑
k=1

(
yk−h(m−k )

)TS−1
k

∂Sk

∂θi
S−1

k

(
yk−h(m−k )

)
.
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Algorithm 5.3 Approximation of likelihood by Gaussian Cubature filter

i. Initialize ϕ0(θ) = 0, m0, and P0.

ii. For each measurement yk ∈ {y1, . . . ,yM}, evaluate the likelihood function as follows.

• Run Algorithm 2.4 using Equation (2.29).

• Compute negative log-marginal likelihood function as

ϕk(θ) = ϕk−1(θ)+
1
2

M

∑
k=1

ln |2πSk|+
1
2

M

∑
k=1

(
yk−h(m−k )

)TS−1
k

(
yk−h(m−k )

)
.

Note that it is possible to compute the gradient of the negative marginal likelihood func-
tion (Särkkä, 2013).

is Gaussian and is defined as (5.12). In algorithmic form, the approximation is recursively done as
shown in Algorithm 5.3.

The likelihood computations using Algorithms 5.1, 5.2, and 5.3 assume that the noise is Gaus-
sian. Thus, for non-Gaussian noise, the algorithms can not be used. Instead, the likelihood can be
computed using particle filter, for instance, the one discussed in Section 2.6. This is done simply
by running the particle filter algorithm and, at each time step, computing an approximation to the
marginal likelihood p(y1, . . . ,yM | θ) as (Andrieu et al., 2010)

p(y1, . . . ,y1 | θ)≈ p(y1 | θ)
M

∏
k=2

(
1
N

N

∑
i=1

w(i)
k

)
. (5.13)

5.6 Particle Marginal Metropolis–Hastings Algorithm

We have seen that the MCMC method is a powerful computational tool for analysis of complex
statistical problems. However, in practice there are two major problems of MCMC: how to get
efficient proposal distribution, and how to compute the marginal likelihood. These problems can
be solved by combining the MCMC and particle filter algorithms resulting to a particle Markov
chain Monte Carlo (PMCMC) algorithms. The PMCMC methods are algorithms which use parti-
cles from the particle filter algorithm to construct a proposal distribution and likelihood for MCMC.
They are used to sample from a high dimensional probability distribution where neither particle
filter method nor MCMC method can sample satisfactorily. In general, PMCMC can be thought of
as approximations to MCMC. Andrieu et al. (2010) proposed three kinds of PMCMC: particle inde-
pendent Metropolis–Hastings sampler, particle marginal Metropolis–Hastings sampler, and particle
Gibbs sampler. In this chapter, we only discuss the particle marginal Metropolis–Hastings algo-
rithm, where both parameters θ and states x1, . . . ,xM are simultaneously estimated. We have used
this type of PMCMC in Paper II.

In particle marginal Metropolis–Hastings (PMMH) sampler, the particle filter is used to construct
the Monte Carlo estimate of likelihood, used in the acceptance probability (4.1), for marginal
Metropolis–Hastings algorithm. The new values for θ are first sampled from the proposal density
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q(θ∗ | θ) while those of x1, . . . ,xM are sequentially sampled from p(x1, . . . ,xM | θ∗,y1, . . . ,yM).
If the conventional Metropolis–Hastings algorithm is used in the state space model and the prior
distribution of parameter is not flat, then acceptance probability can be written as

min
{

1,
p(θ∗,x∗1, . . . ,x

∗
M | y1, . . . ,yM)q(θ,x1, . . . ,xM | x∗1, . . . ,x∗M,θ∗)

p(θ,x1, . . . ,xM | y1, . . . ,yM)q(θ∗,x∗1, . . . ,x
∗
M | x1, . . . ,xM,θ)

}
, (5.14)

where the proposal distribution q(θ∗,x∗1, . . . ,x
∗
M | x1, . . . ,xM,θ) and p(θ,x1, . . . ,xM | y1, . . . ,yM) can

be factored as

q(θ∗,x∗1, . . . ,x
∗
M | x1, . . . ,xM,θ) = q(θ∗ | θ) p̂(x∗1, . . . ,x

∗
M | y1, . . . ,yM,θ∗),

p(θ,x1, . . . ,xM | y1, . . . ,yM) = p(θ | y1, . . . ,yM) p(x1, . . . ,xM | y1, . . . ,yM,θ).
(5.15)

Here p̂(x∗1, . . . ,x
∗
M | y1, . . . ,yM,θ∗) is a Monte Carlo estimate of p(x∗1, . . . ,x

∗
M | y1, . . . ,yM,θ∗) com-

puted from particle filter algorithm. If (5.15) and (5.6) are substituted to (5.14), then

min

{
1,

p̂(y1, . . . ,yM | θ∗) p(θ∗)q(θi−1 | θ∗)
p̂(y1, . . . ,yM | θi−1)p(θi−1)q(θ∗ | θi−1)

}
. (5.16)

The particle marginal Metropolis–Hasting algorithm is shown in Algorithm 5.4. Note that each iter-

Algorithm 5.4 Particle marginal Metropolis–Hastings

i. Initialization, i = 0

• Set θ0 arbitrarily

• Run the particle filter algorithm to sample x0
1, . . . ,x

0
M ∼ p̂(x1, . . . ,xM | y1, . . . ,yM,θ0)

and let p̂(y1, . . . ,yM | θ0) be the marginal likelihood estimate.

ii. For i = 1,2, . . . perform the following

• Sample θ∗ ∼ q(θ∗ | θi−1)

• Run the particle filter algorithm to sample x∗1, . . . ,x
∗
M ∼ p̂(x1, . . . ,xM | y1, . . . ,yM,θ∗)

and let p̂(y1, . . . ,yM | θ∗) be the marginal likelihood estimate.

• With probability (5.16), set

θi = θ∗, xi
1, . . . ,x

i
M = x∗1, . . . ,x

∗
M, and p̂(y1, . . . ,yM | θi) = p̂(y1, . . . ,yM | θ∗);

otherwise set

θi = θi−1, xi
1, . . . ,x

i
M = xi−1

1 , . . . ,xi−1
M and p̂(y1, . . . ,yM | θi) = p̂(y1, . . . ,yM | θi−1)

ation of MCMC part in the PMMH algorithm requires an estimate of marginal likelihood computed
from the output of particle filter method. Consequently, the PMMH method can be computationally
extremely intensive. This is because a fairly high number of particles is required in the underlying
particle filter samplers to obtain reasonable mixing of the resulting MCMC likelihood functions,
which are stochastic (Andrieu et al., 2010). The efficiency of PMCMC depends on the number of
particles that are used. Doucet et al. (2012) proposes how to choose the number of particles.



CHAPTER VI

Conclusion and Discussion

The main purpose of this thesis work was to develop methods to estimate the states and parameters
of stochastic state space models, given the measurements. We saw that the estimation process
requires a posterior distribution function which is analytically intractable.

When parameters are known, for linear state space models, we have used Kalman filter to approxi-
mate the posterior distribution of a state given all measurements whereas, for non-linear state space
models, we have used non-linear Kalman filters (Gaussian filters) and particle filters. We have also
analyzed the theoretical Lp-convergence of particle filters with general importance distributions by
finding the appropriate bounds of the pth moment of the condition mean error.

We have used the Markov chain Monte Carlo (MCMC) methods to estimate the parameters of the
Itô stochastic differential equations (SDEs). Since, before this work, most of the existing likelihood
parameter estimation methods for SDEs suffered from invertability of diffusion coefficients and
computational time, we have proposed the filtering likelihood based method which solves these
problems. The idea of the method is to use the Kalman filter, for linear SDEs, to evaluate the
filtering distributions which are used to compute the marginal likelihood. Similarly, we computed
the marginal likelihood, for non-linear SDEs, using non-linear Kalman filter (extended Kalman
filter). Also, we approximated the marginal likelihood using sigma-point methods, in particular we
used 3rd order spherical cubature and Gauss–Hermite quadrature methods. Having the marginal
likelihood functions, we were able to derive the corresponding partial derivatives which were used
in gradient based methods (hybrid Monte Carlo and scaled conjugate gradient methods).

One of the main ingredients of the MCMC methods are the proposal distributions. To cope with
proposal distribution, adaptive MCMC methods, which tune the parameters of proposal distribu-
tion automatically, were used. We have reviewed some of the adaptive MCMC methods which use
Gaussian distribution as a proposal distribution, from which the covariance matrix was automati-
cally updated. Apart from reviewing adaptive MCMC methods, we proposed a new adaptation of
covariance matrix by a variational Bayesian adaptive Kalman filter. We proved that the proposed
adaptive MCMC method is valid as the samples produced satisfied the strong law of large numbers
and also the empirical results agreed with other MCMC methods.

For future research, we intend to apply these proposed methods to real life problems. For instance,
we have started applying the filtering methods to modelling EBOLA disease. Here the idea is to
analyze the parameters, initial population of the infected, and other compartments of the epidemic

67
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model. The analysis is done in both a deterministic and a stochastic context. We also expect to
form other adaptive Metropolis algorithms which utilize different kinds of filters in the proposal
adaptation. We for instance propose replacing the linear Kalman filter (in VBAM) with non-linear
Kalman filters such as the extended Kalman filter, a sigma-point (unscented) filter, or even particle
filters. The study of theoretical convergence of particle filter with respect to dimensionality of a
model is another topic for future work.
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1 Introduction

Stochastic differential equations (SDEs, Karatzas and Shreve 1991; Øksendal 2003),
are non-deterministic equations which can be used for modeling uncertain dynamic
phenomena in various applications such as navigation, telecommunications, control
engineering, biology, finance, and natural sciences. In these applications, the dynam-
ical system or the physical phenomenon can often be modeled as an SDE which is
observed at discrete instants of time either directly or with certain physical sensors.
The sensors may not measure the whole state of the SDE directly and the measure-
ments can also contain errors, which needs to be taken into account in modeling. From
the modeling point of view SDEs can be considered as extensions of ordinary differ-
ential equations, where the driving force is a non-deterministic stochastic process.
The mathematical theory of SDEs is called Itô calculus or stochastic calculus (see,
e.g., Karatzas and Shreve 1991; Øksendal 2003) which is an extension of the classical
differential and integral calculus to stochastic processes.

Although often it is easy to form a stochastic differential equation which mod-
els the dynamic phenomenon in hand, in practice, the parameters of the SDE model
remain uncertain or completely unknown. The parameters may be, for example, phys-
ical constants related to the environment or densities of fluctuations (noise variances,
volatilities) in the phenomenon. Therefore parameter estimation in SDE models is a
crucial area in many applications where SDEs are used.

The objective of this paper is to estimate the parameters of linear and non-linear
SDEs. The linear SDEs have the following form:

dx(t) = F(t, θ) x(t) dt + L(t, θ) dB(t), (1)

where x(t) ∈ Rn is the state of the SDE, θ ∈ Φ ⊆ Rd is the vector of parameters to
be estimated, F : [0,∞) × Φ → Rn×n and L : [0,∞) × Φ → Rn×s are matrix
valued functions, and t �→ B(t) is s-dimension Brownian motion with diffusion
matrix Qc ∈ Rs×s . In most cases (especially in physical models) the matrix L(t, θ)
has less columns than rows, which implies that the SDE is irreducible.

The measurement yk ∈ Rm at time tk for k = 1, . . . , M is

yk = Hk x(tk)+ rk, (2)

where x(tk) is the state at time tk , rk ∼ N(0, Rk) is the Gaussian measurement noise
with Rk ∈ Rm×m being the covariance matrix of the measurement error at tk , and Hk

is the measurement model matrix. At time t0 the state is assumed to have the prior
distribution p(x(t0)) = N(x(t0) |m0, P0).

For non-linear SDEs we consider the following:

dx(t) = f(x(t), t, θ) dt + L(x(t), t, θ) dB(t) (3)

yk = h(x(tk))+ rk, (4)

where f : Rn ×[0,∞)×Φ → Rn is the dynamic model function, L : Rn ×[0,∞)×
Φ → Rn×s is a matrix valued function, and h : Rn → Rm is the measurement model
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function. Again, most of the models that we consider are irreducible models, that is,
have non-square L.

The key quantity for the computation of the likelihood function to the models of
the above form is the transition probability density p(x(tk) | x(tk−1), θ) which is the
solution of the Kolmogorov forward equation or Fokker–Planck partial differential
equation (see, e.g., Jazwinski 1970; Øksendal 2003). For example, the Kolmogorov
forward equation corresponding to the non-linear SDE (3) is the following:

∂p(x, t, θ)

∂t
= −

∑

i

∂

∂xi
( fi (x, t, θ) p(x, t, θ))

+1

2

∑

i j

∂2

∂xi ∂x j

([
L(x, t, θ)Qc(t)LT (x, t, θ)

]

i j
p(x, t, θ)

)
, (5)

where the boundary condition is given as p(x, tk−1, θ) = δ(x−x(tk−1)), where δ(·) is
the Dirac delta distribution. The transition density is then given as p(x(tk) | x(tk−1), θ)

� p(x, tk, θ). If we define the measurement model density as p(yk | xk) =
N(yk |h(xk), rk), where xk � x(tk), then due to the Markov properties of the dynam-
ics the joint distribution of all the measurements, the states at the measurement times,
and the initial state, given the parameters can be written as

p(y1, . . . , yM , x0, . . . , xM | θ) = p(x0)

M∏

k=1

p(yk | xk)p(xk | xk−1, θ). (6)

Integrating out the states gives the marginal likelihood of the measurement:

p(y1, . . . , yM | θ) =
∫
· · ·
∫

p(x0)

M∏

k=1

p(yk | xk)p(xk | xk−1, θ)dx0 · · · dxM . (7)

Using the Bayes rule we can then form the posterior distribution of the parameters:

p(θ | y1, . . . , yM ) = p(y1, . . . , yM | θ) p(θ)∫
p(y1, . . . , yM | θ) p(θ) dθ

. (8)

The Bayesian solution to parameter estimation in SDE models of the form (1) and (3)
is, in principle, given by the Eqs. (5), (7), and (8). However, none of these equations
can be evaluated in closed form except for a few special cases; the transition density
is not known, because the forward Kolmogorov Equation (5) does not have a closed
form solution, and the integrals over the states in Eq. (7) are intractable, as well as
the numerator integral in Eq. (8). In practical computations, the intractable integral
in the numerator is less of a problem, because it is not needed in the most Bayesian
computational methods. In the case of linear Gaussian models the first two of the
equations can be solved and the Kalman filter provides computationally efficient means
for evaluating the likelihood. In the case of non-linear models we need to approximate
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the integrals over the states as well as the transition densities, and forming these
approximations is a central problem in parameter estimation in non-linear SDEs.

Various methods for coping with these problems and for estimating the parameters
of linear and non-linear SDEs have been studied in literature. However, most of the
methods have originally been developed for scalar models and the extension to mul-
tidimensional models—which is our main concern here—has been done separately.
Due to this, the methods often use the Lamperti transform, which causes a problem
in multidimensional case, because it requires the SDE to be reducible. Unfortunately,
physics based SDEs are almost always non-reducible, which makes the usage of these
methods challenging. These methods also rarely consider the case of noisy or partial
observation of the state. In the case of physical models, it is quite rare to observe the
full state of the system and there always is some noise in the measurements as well.
Furthermore, the sensor readings often are non-linear transformations of the state,
which cannot be handled with these methods.

In discrete maximum likelihood (or pseudo-likelihood) methods the problem of
unknown transition density is solved by discretizing the SDE using some numerical
method such as in (Elerian 1998; Kloeden and Platen 1999; Shoji and Ozaki 1998)
and the discrete likelihood is used in the place of the actual likelihood. Non-linear
Kalman filtering based approximations to the likelihood (Singer 2002, 2011) use
the extended Kalman filter (EKF) and other types of Gaussian approximations for
approximating the transition densities and the integrals. Local linearization (Shoji and
Ozaki 1998) can be seen as a simple approximation to the EKF approach, where the
linearization is done only once in the beginning of each discretization interval (Singer
2002). According to Singer (2002) the performance of EKF and local linearization
is very similar and the usage of other non-linear Kalman filters instead of EKF was
proposed by Singer (2011). The advantage of the non-linear Kalman filtering approach
over the local linearization and SDE discretization based approaches is that it can
easily cope with partial state measurements, measurement noise and non-linearities
in the measurement model. Although Singer (2002, 2011) only considered the usage
of the likelihood approximation in maximum likelihood estimation of parameters, the
likelihood approximations can also be used in maximum a posterior estimates and in
Bayesian MCMC computations. This is the route that we take in this article.

In simulated maximum likelihood methods the idea is to simulate trajectories from
the transition density of the SDE (Pedersen 1995; Brandt and Santa-Clara 2002; Hurn
et al. 2003), which typically only works with fully observed state and no measurement
noise. Markov chain Monte Carlo (MCMC) methods (Jones 1998; Elerian et al. 2001;
Eraker 2001; Golightly and Wilkinson 2006, 2008; Stramer et al. 2010; Stramer and
Bognar 2011) draw samples from the joint Bayesian posterior distribution of states
and parameters or calculate maximum likelihood or Bayesian estimates using Exact
Algorithm based Monte Carlo sampling (Beskos et al. 2006, 2009). These methods
are also typically suitable only for reducible models, but some methods for irreducible
models exist as well (Stramer et al. 2010; Stramer and Bognar 2011). Furthermore,
sampling the state means Monte Carlo sampling in a very high-dimensional space.

When the likelihood is computed with the non-linear Kalman filtering approach of
Singer (2002, 2011), the method can be seen as an approximately Rao-Blackwellized
(Berger 1985; Doucet et al. 2000) version of a full MCMC sampling of the state and
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the parameters. The approximate Rao-Blackwellization approach has also turned out
to be useful in target tracking applications (Särkkä et al. 2007). Thus the MCMC
algorithms developed in this article can be seen as Rao-Blackwellized versions of the
full MCMC approaches. Furthermore, this way we can also consider the usage of the
HMC algorithm, which would not be possible without the Rao-Blackwellization.

Partial differential equation (PDE) based methods approximate solutions to the
Fokker–Planck equations (Hurn and Lindsay 1999; Jensen and Poulsen 2002; Jeis-
man 2005), for example, by using Hermite expansions (Aït-Sahalia 2002, 2008) or
other PDE methods in (Jensen and Poulsen 2002). Other possible approaches are, for
example, the generalized method of moments, indirect estimation, characteristic func-
tions, estimating functions, matching to marginal density (see Young 1980; Nielsen
et al. 2000; Singer 2004; Sørensen 2004; Jeisman 2005). These methods are different
in the sense that they are not based on approximating the likelihood at all. One more
general approach is to simply discretize the SDE using methods in Kloeden and Platen
(1999), and then use discrete-time parameter estimation methods (see, e.g., Cappé et
al. 2005; Ninness and Henriksen 2010; Andrieu et al. 2010).

In this article, we develop a new parameter estimation method for SDEs which
is based on the powerful MCMC method called Hamiltonian Monte Carlo (HMC,
Duane et al. 1987; Neal 2011). We use the approach of Singer (2002, 2011) and
utilize (extended) Kalman filters for evaluating the (approximate) marginal likelihood
of the parameters. We show how derivatives of the energy function (negative log-
likelihood) can be computed in a computationally efficient manner using a Kalman
filter kind of recursion. This enables the use of HMC, as well as various gradient based
optimization methods. In this paper, we also develop parameter estimation methods for
SDEs based on the Metropolis–Hastings (MH) method and we compare the MCMC
results to maximum a posteriori (MAP) estimates computed with the scaled conjugate
gradient method (see, e.g., Bishop 1996).

2 Bayesian parameter estimation in statistical models

2.1 Maximum a posteriori

The maximum a posteriori (MAP) estimate (see, e.g., Gelman et al. 2004) of the
parameter θ is given by the minimum of the (unnormalized) negative log-posterior
(energy function) of the observed data:

θ̂ = arg min
θ

ϕ(θ), (9)

where the energy function is defined as

ϕ(θ) = − ln p(y1, . . . , yM | θ)− ln p(θ). (10)

The moments can be then approximated with point-wise evaluations as follows:

E[g(θ) | y1, . . . , yM ] ≈ g(θ̂). (11)
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In this article, we use a gradient based optimization method called scaled conjugate
gradient (SCG) method (see, e.g., Bishop 1996) for finding the minimum of the energy
function. But, in principle, any optimization method could be used.

2.2 Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) methods (Gilks et al. 1996; Gelman et al. 2004)
are numerical methods for computing multidimensional integrals of the above form by
using Monte Carlo. The idea is to draw samples θ

(1), θ
(2), . . . , θ

(N ) from the posterior
distribution p(θ | y1, . . . , yM ) and approximate the expectation as the sample average

E[g(θ) | y1, . . . , yM ] ≈ 1

N

N∑

i=1

g(θ
(i)). (12)

One difficulty in drawing samples from the posterior distribution is that even for the
evaluation of the posterior probability density, we would need to be able to evaluate
the normalization constant integral in (8). MCMC methods are a class of Monte Carlo
methods which can draw the samples without the knowledge of the normalization
constant. These methods are based on simulating a multidimensional Markov chain
which has been constructed such that it has the posterior distribution as its stationary
distribution. In the simulation of the Markov chain we only need to evaluate the ratios
of posterior probability densities and thus the evaluation of the normalization constant
is not required.

The most well-known MCMC methods are the Metropolis, Metropolis–Hastings
and Gibbs sampler algorithms (see, e.g., Gilks et al. 1996; Gelman et al. 2004). In this
article, we are going to use the Metropolis–Hastings algorithms which require the use
of a good proposal distribution which can be hard to find. The Metropolis–Hastings
(MH) algorithm works by sampling a candidate point θ

∗ from a proposal distribution
q(θ
∗ | θ) and then accepting the proposal with a suitable acceptance probability (Gilks

et al. 1996). In general, the proposal distributions used in MCMC algorithms should
result in well mixing of chains and in a suitable acceptance rate. Determining which
proposal distribution is the best one for a particular target distribution is a very impor-
tant, but also a difficult task, because it involves much trial and error. The most used
proposal distribution is the Gaussian distribution, due to its attractive computational
and theoretical properties. However, in general, we do not know how to obtain a suit-
able covariance matrix for a Gaussian proposal distribution. One way to overcome this
problem is to use adaptive MCMC, where the proposal distribution is automatically
adapted during the MCMC run (for surveys of Adaptive MCMC algorithms see Liang
et al. 2010; Andrieu and Thoms 2008).

2.3 Hamiltonian Monte Carlo

The Hamiltonian Monte Carlo1 (HMC, Duane et al. 1987; Neal 2011) is a gradi-
ent based MCMC method which combines the molecular dynamics approach from

1 Originally called hybrid Monte Carlo (see, Neal 2011).
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statistical physics with MCMC. HMC is based on utilization of gradient information
and therefore it is capable of avoiding the random walk behavior typically encountered
in Metropolis–Hastings methods (Beskos et al. 2010; Neal 2011).

Consider a unit mass m = 1 particle, whose generalized coordinates are given by the
parameter vector θ ∈ Rd . Let the corresponding momentum of the particle be ρ ∈ Rd .
Assume that the potential energy of the system is given by the negative logarithm of the
(unnormalized) posterior distribution ϕ(θ) = − ln p(θ | y1, . . . , yM )−ln p(θ) and that
the kinetic energy is given by the usual formula T (ρ) = ρT ρ/2. The corresponding
Hamiltonian function is then given as

H(θ,ρ) = ϕ(θ)+ 1

2
ρT ρ. (13)

Assuming a suitable temperature of the system, the joint probability density of a
particle system with the Hamiltonian function above is now given as

p(θ,ρ) = 1

Z H
e−H(θ,ρ)

= p(θ | y1, . . . , yM ) N(ρ | 0, I), (14)

that is, the marginal distribution of θ will be the posterior distribution and the marginal
of ρ is a unit Gaussian distribution.

If we now let the system evolve in fictious time τ , the particle coordinates and
momenta will change according to the Hamiltonian equations

dθ

dτ
= ∂ H

∂ρ
= ρ

dρ

dτ
= −∂ H

∂θ
= −∂ϕ(θ)

∂θ
. (15)

Note that θ and ρ are functions of time τ . It can be shown (Neal 2011) that these
equations keep the Hamiltonian constant, preserve the volume of the phase space
and are time-reversible. From these properties it follows that the joint distribution of
θ and ρ will always be p(θ,ρ) = p(θ | y1, . . . , yM ) N(ρ | 0, I). That is, by letting
the particles evolve in time, the distribution of generalized coordinate θ will be the
posterior distribution p(θ | y1, . . . , yM ).

In practice, the Hamiltonian dynamics cannot be simulated exactly, but we need to
use a numerical differential equation solver with a finite step size ε for solving them.
A useful method for doing that is the leapfrog method which has the fortunate property
that it also has the volume-conservation and time-reversibility properties (Neal 2011).

Due to the finite discretization step, the Hamiltonian H does not stay exactly con-
stant, but this can be taken into account in the MCMC method by adding a Metropo-
lis accept/reject step after each simulation of a trajectory, which leads to the HMC
algorithm.

The HMC algorithm has two main steps in each iteration. The first step deals with
ρ only, where the momentum values are randomly drawn. We could simply draw the
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momenta from Gaussian distribution with mean zero and unit variance, but here we
present a more general method which uses momentum persistence, where the old
momenta are replace only partially. The momentum persistence or partial momentum
refreshment (see, e.g., Neal 2011) can be used for avoiding random walk behavior
in HMC when L is small. The persistence is controlled by the parameter α ∈ [0, 1],
where the value α = 0 corresponds to no persistence at all. The second step deals with
Metropolis updates, where the new state is proposed by Hamiltonian dynamics that
are simulated by L leapfrog steps. At the end of the L-step trajectory, the momentum
variables are negated that makes the Metropolis proposal symmetrical. The two steps
leave the distribution of position and momentum invariant (Neal 2011).

Suppose the configuration at the nth iteration is (θ
(n),ρ(n)), the next state is gener-

ated in HMC as follows:

– Generate new momenta ρ(n) as follows:

ρ(n)← α ρ(n) + ξ
√

1− α2, (16)

where α ∈ [0, 1] and ξ ∼ N(0, I).
– Run the leapfrog algorithm for L steps with step size ε. Let the final configuration

be (θ
∗,ρ∗).

– Accept (θ
(n+1),ρ(n+1)) = (θ

∗,−ρ∗) with acceptance probability

A
(
(θ

(n),ρ(n)), (θ
∗,ρ∗)

)
= min

{
1, e−H(θ

∗,ρ∗)+H(θ
(n),ρ(n))

}
, (17)

otherwise let (θ
(n+1),ρ(n+1)) = (θ

(n),ρ(n)).

The generated sequence of random samples θ
(1), θ

(2), . . . will now be approximately
distributed according to the posterior distribution p(θ | y1, . . . , yM ). Note that for
the evaluation process the gradient is needed in the Hamiltonian equations, and for
the acceptance probability we do not need to know the normalization constant of the
posterior distribution.

The choice of the leapfrog step size ε, the number of leapfrog steps L , and the
momentum persistence parameter α is a hard task. One way of tuning the HMC
parameters is to run the HMC algorithm for different values of ε, L and α, monitor
the acceptance rates, and do visual inspection of the convergence using trace plots,
scatter plots, and by investigating the autocorrelation function (Neal 2011). From the
plots and the acceptance rates, one should choose the values of ε, L and α that give
the best results. For more details on mechanisms to tune the HMC parameters, see
Neal (2011), Beskos et al. (2010), Chen et al. (2001), Holder et al. (2001).

3 Parameter estimation in linear SDEs

3.1 Continuous-discrete-time Kalman filter

The continuous-discrete-time Kalman filter (see, e.g., Grewal and Andrews 2001) is
an algorithm which can be used for computing the exact posterior distribution of the
state in linear Gaussian state space models of the following form (cf. Sect. 1):

123



Parameter estimation in SDEs with MCMC and non-linear KF

dx(t) = F(t, θ) x(t) dt + L(t, θ) dB(t) (18)

yk = Hk x(tk)+ rk . (19)

Parameter estimation of linear SDEs could also be recast as parameter estimation in
discrete-time Gauss–Markov models by forming the equivalent discrete-time system
by using the well known results from linear systems theory (see, e.g., Grewal and
Andrews 2001; Särkkä 2006). However, this will lead to problems in computation
of the gradient of the energy function, because it would require computation of the
gradients of the discretization matrices, for which there does not exist a simple formula
(cf. Najfeld and Havel 1995). Instead of discretizing (solving) the dynamic model it is
advantageous to use the continuous-discrete formulation explicitly. The continuous-
discrete Kalman filter is the following:

1. Prediction step:

dm−k (t)

dt
= F(t, θ)m−k (t) (20)

dP−k (t)

dt
= F(t, θ)P−k (t)+ P−k (t)FT (t, θ)+	(t, θ), (21)

where 	(t, θ) = L(t, θ) Qc LT (t, θ) and the initial conditions are m−k (tk−1) =
mk−1, P−k (tk−1) = Pk−1, and the prediction result is given as m−k �
m−k (tk), P−k � P−k (tk).

2. Update step:

Sk = HkP−k HT
k + Rk (22)

Kk = P−k HT
k S−1

k (23)

mk = m−k +Kk
(
yk −Hkm−k

)
(24)

Pk = P−k −KkSkKT
k . (25)

Note that the predicted and updated means and covariances together with Sk and Kk

above depend on the parameter θ, but the dependency has been dropped for notational
convenience. By running the Kalman filter through the data with fixed parameters, θ
we get the following distributions

p(xk |y1:k−1, θ) = N(xk |m−k (θ), P−k (θ))

p(xk |y1:k, θ) = N(xk |mk(θ), Pk(θ))

p(yk |y1:k−1, θ) = N(yk |Hk m−k (θ), Sk(θ)).

From these results we can now easily compute the marginal likelihood of the
measurements given θ as follows (cf. Singer 2002, 2011; Särkkä 2006):

p(y1, . . . , yM | θ) =
M∏

k=1

N(yk |Hk m−k (θ), Sk(θ)), (26)

and hence the energy function from Eq. (10) can be written as
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ϕ(θ) =
M∑

k=1

1

2
ln |2πSk(θ)| + 1

2

M∑

k=1

(yk −Hkm−k (θ))
T S−1

k (θ)(yk −Hkm−k (θ)).

(27)

3.2 Energy function derivative

The MCMC methods utilize the energy function ϕ(θ) during the sampling process,
and in the case of Metropolis–Hastings this is indeed all that we need. However, in the
gradient based optimization methods for finding the MAP estimate and in the HMC
we also need the derivative of the energy function. We can now formally differentiate
the energy function in Eq. (27) as follows:

∂ϕ(θ)

∂θi
= 1

2

M∑

k=1

(
Tr

(
S−1

k
∂Sk

∂θi

))
− 1

2

M∑

k=1

(
Hk

∂m−k
∂θi

)T

S−1
k (yk −Hkm−k )

−1

2

M∑

k=1

(
yk −Hkm−k

)T
S−1

k
∂Sk

∂θi
S−1

k (yk −Hkm−k )

−1

2

M∑

k=1

(yk −Hkm−k )T S−1
k Hk

∂m−k
∂θi
− ∂(ln(p(θ)))

∂θi
, (28)

where we have used the chain rule to account for the implicit dependence of m−k and
Sk on the parameter θ. From Eq. (22) we get that the derivative of Sk can be expressed
as ∂Sk/∂θi = Hk ∂P−k /∂θi HT

k . Next we need to derive equations for computing the
two unknown values ∂m−k /∂θi and ∂P−k /∂θi .

3.3 Kalman filter prediction step derivatives

In principle, it is possible to compute ∂m−k /∂θi and ∂P−k /∂θi from discrete Kalman
filter prediction equations however, it is not easy to calculate the resulting partial
derivatives of Ak and Qk , because there exist no simple formula for such calculation (cf.
Najfeld and Havel 1995). To solve this problem we use the continuous-discrete-time
Kalman filter prediction Eqs. (20) and (21). The partial derivatives of the differential
Eqs. (20) and (21) are

∂

∂θi

(
dm−k (t)

dt

)
= ∂F(t, θ)

∂θi
m−k (t)+ F(t, θ)

∂m−k (t)

∂θi

∂

∂θi

(
dP−k (t)

dt

)
= ∂F(t, θ)

∂θi
P−k (t)+ F(t, θ)

∂P−k (t)

∂θi

+∂P−k (t)

∂θi
FT (t, θ)+ P−k (t)

(
∂F(t, θ)

∂θi

)T

+ ∂	(t, θ)

∂θi
. (29)
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For the purposes of simplifying the notation, we define n−k (t) = ∂m−k (t)/∂θi ,
G(t, θ) = ∂F(t, θ)/∂θi , B−k (t) = ∂P−k (t)/∂θi , and W(t, θ) = ∂	(t, θ)/∂θi . Note
that n−k (t) and B−k (t) depend on θ since the predicted and updated mean and covari-
ance depend on the parameter θ, but the dependency has been dropped for notational
convenience.

The Eqs. (20), (21) and (29) form the following set of differential equations:

dm−k (t)

dt
= F(t, θ)m−k (t)

dn−k (t)

dt
= G(t, θ)mk−1(t)+ F(t, θ)n−k (t)

dP−k (t)

dt
= F(t, θ)P−k (t)+ P−k (t)FT +	(t, θ)

dB−k (t)

dt
= G(t, θ)P−k (t)+P−k (t)GT (t, θ)+F(t, θ)B−k (t)+B−k (t)FT (t, θ)+W(t, θ).

(30)

The above differential equations are used to compute the values m−k (t) and P−k (t)
as well as the derivatives ∂m−k (t)/∂θi and ∂P−k (t)/∂θi given that the quantities
mk−1, Pk−1, ∂mk−1/∂θi , and ∂Pk−1/∂θi from the previous step are known.

The differential equations above can now be integrated using any ODE numerical
integration method such as the Runge–Kutta method (see, e.g., Butcher 2003). This
is the only practical way in the general case, where the matrices depend on time.
However, if the matrices are time independent, we can use the so-called matrix fraction
decomposition for much more computationally efficient solving of the equations.

3.4 Matrix fraction decomposition based computation of derivatives

This section deals with the computation of the values m−k (t) and P−k (t) as well as their
derivatives ∂m−k (t)/∂θi and ∂P−k (t)/∂θi which are used in the numerical computation
of energy function and its derivative. In this section, matrices F and 	 do not depend
on t .

To compute m−k (t) and ∂m−k (t)/∂θi , we solve the first two equations of Eq. (30)
and the resulting solution is

[
m−k (t)
n−k (t)

]
= exp

([
F(θ) 0
G(θ) F(θ)

]
�tk

)[
mk−1
nk−1

]
, (31)

where n−k (t) = ∂m−k (t)/∂θi , nk = ∂mk/∂θi , and �tk = tk − tk−1.
To compute P−k (t) and ∂P−k (t)/∂θi , we solve the third and fourth differential equa-

tions of Eq. (30). This computation is not as straight forward as for m−k (t) and
∂m−k (t)/∂θi , but it can be done by using the matrix fraction decomposition (see,
e.g., Grewal and Andrews 2001). We start by assuming that
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P(t, θ) = C(t, θ)D−1(t, θ), (32)

where C(t, θ) and D(t, θ) are auxiliary matrices differentiable with respect to t . The
matrix product is called matrix fraction and the representation of the matrix P(t, θ) is
called a fraction decomposition of P(t, θ) (Grewal and Andrews 2001). In the following
we shall define P−k (t) � P(t, θ). To get the value of P(t, θ) we need to compute C(t, θ)
and D(t, θ) and use Eq. (32). If we assume that C(t, θ) and D(t, θ) are solutions of
the following differential equations:

dC(t, θ)

dt
= F(θ)C(t, θ)+	(θ)D(t, θ) (33)

dD(t, θ)

dt
= −FT (θ)D(t, θ), (34)

then by taking time derivative of the Eq. (32), and substituting Eqs. (33) and (34) to
the right hand side of (32), and then simplifying, we get the following:

dP(t, θ)

dt
= F(θ)P(t, θ)+ P(t, θ)FT (θ)+	(θ). (35)

Because Eqs. (33) and (34) form a system of linear time invariant differential equations,
they could be easily solved by using the matrix exponential function:

[
C(t, θ)
D(t, θ)

]
= exp

([
F(θ) �(θ)

0 −FT (θ)

]
�tk

)[
Pk−1

I

]
, (36)

where the initial values for C and D have been set to Pk−1 and I, respectively. Hence,
we are in the position of finding P−k (t) � P(t, θ) using Eqs. (32) and (36). But we
have to keep in mind that we also need to compute the partial derivative of P(t, θ). If
we take the partial derivative of Eq. (32) with respect to θi we get the following:

∂P(t, θ)

∂θi
= ∂C(t,θ)

∂θi
D−1(t, θ)− C(t, θ)D−1(t, θ) ∂D(t,θ)

∂θi
D−1(t, θ) (37)

The next task is to find the partial derivative of P(t, θ) from Eq. (37). The computa-
tion of ∂P(t, θ)/∂θi needs ∂C(t, θ)/∂θi and ∂D(t, θ)/∂θi which can be computed by
differentiating Eqs. (33) and (34) with respect to θi :

∂

∂θi

(
dC(t, θ)

dt

)
= ∂F(θ)

∂θi
C(t, θ)+ F(θ)

∂C(t, θ)

∂θi
+ ∂	(θ)

∂θi
D(t, θ)+	(θ)

∂D(t, θ)

∂θi

(38)

∂

∂θi

(
dD(t, θ)

dt

)
= −

(
∂F(θ)

∂θi

)T

D(t, θ)− FT (θ)
∂D(t, θ)

∂θi
. (39)

The initial values for ∂C(t, θ)/∂θi and ∂D(t, θ)/∂θi are ∂Pk−1/∂θi and 0, respectively.
For notational convenience, we set X(t, θ) = ∂C(t, θ)/∂θi and y(t, θ) = ∂D(t, θ)/∂θi .
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Hence Eqs. (33), (34), (38) and (39) form a system of differential equations which has
the following solution:

⎡

⎢⎢⎣

C(t, θ)
D(t, θ)
X(t, θ)
y(t, θ)

⎤

⎥⎥⎦ = exp

⎛

⎜⎜⎝

⎡

⎢⎢⎣

F(θ) �(θ) 0 0
0 −FT (θ) 0 0

G(θ) W(θ) F(θ) �(θ)

0 −GT (θ) 0 −FT (θ)

⎤

⎥⎥⎦�tk

⎞

⎟⎟⎠

⎡

⎢⎢⎣

Pk−1
I

∂Pk−1
∂θi

0

⎤

⎥⎥⎦ , (40)

from which ∂P(t, θ)/∂θi can easily be computed using Eq. (37). Therefore we have
computed ∂m−k (t)/∂θi and ∂P−k (t)/∂θi and the next step is the computation of their
measurement update from the Kalman filter update equation.

3.5 Kalman filter update step derivatives

By differentiating Eqs. (23), (24) and (25), we get the following equations for updating
n−k (t) = ∂m−k (t)/∂θi and B−k (t) = ∂P−k (t)/∂θi into nk(t) = ∂mk(t)/∂θi and Bk(t) =
∂Pk(t)/∂θi :

∂Kk

∂θi
= B−k (t)HT

k S−1
k − P−k (t)HT

k S−1
k

∂Sk

∂θi
S−1

k (41)

nk(t) = n−k (t)+ ∂Kk

∂θi

(
yk −Hkm−k

)−KkHkn−k (t) (42)

Bk(t) = B−k (t)− ∂Kk

∂θi
SkKT

k −Kk
∂Sk

∂θi
KT

k −KkSk

(
∂Kk

∂θi

)T

, (43)

which completes the derivative recursion. Thus the energy ϕ(θ) and its derivative can
be sequentially computed along the Kalman filtering.

4 Parameter estimation in non-linear SDEs

4.1 Continuous-discrete extended Kalman filter

The continuous-discrete extended Kalman filter (EKF) is a Taylor series expansion
based approximation of the general Bayesian continuous-discrete filter (Jazwinski
1970). It is an extension of the continuous-discrete Kalman filter to non-linear optimal
filtering problems (Jazwinski 1970; Grewal and Andrews 2001). If the measurement
noises are additive then the non-linear continuous discrete filtering problem can be
stated as Eqs. (3) and (4). The prediction and update steps of the (first order) additive
noise continuous-discrete extended Kalman filter are:

1. Prediction step:

dm−k (t)

dt
= f(m−k (t), t, θ) (44)
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dP−k (t)

dt
= Fx (m

−
k (t), t, θ)P−k (t)+ P−k (t)FT

x (m−k (t), t, θ)+	(m−k (t), t, θ),

(45)

where 	(m, t, θ) = L(m, t, θ) Qc LT (m, t, θ) and Fx (x, θ, t) is the Jacobian
matrix of f(x, θ, t) with respect to x. The initial conditions are m−k (tk−1) = mk−1,
P−k (tk−1) = Pk−1, and the prediction result is given as m−k � m−k (tk), P−k �
P−k (tk).

2. Update step:

μk = h(m−k , t) (46)

Sk = Hx (m
−
k , t)P−k HT

x (m−k , t)+ rk (47)

Kk = P−k HT
x (m−k , t)S−1

k (48)

mk = m−k +Kk
(
yk − μk

)
(49)

Pk = P−k −KkSkKT
k , (50)

where Hx (x, t) is the Jacobian matrix of h(x, t).

In the case of non-linear filtering model it is not possible to write down the energy
function in closed form. However by using the Gaussian approximation of the pos-
terior distribution computed by the continuous-discrete EKF, we can write down the
approximate energy function as follows:

ϕ(θ) =
N∑

k=1

1

2
ln |2πSk | + 1

2

N∑

k=1

(
yk − μk

)T S−1
k

(
yk − μk

)− ln p(θ). (51)

4.2 Extended Kalman filter energy function derivative

The energy function derivative needed by the HMC and SCG methods can be derived
in analogous manner to the linear case (see Sect. 3.2):

∂ϕ(θ)

∂θi
= 1

2

N∑

k=1

Tr

(
S−1

k
∂Sk

∂θi

)
− 1

2

N∑

k=1

(
∂μk

∂θi

)T

S−1
k

(
yk − μk

)

− 1

2

N∑

k=1

(
yk − μk

)T S−1
k

∂Sk

∂θi
S−1

k

(
yk − μk

)

− 1

2

N∑

k=1

(
yk − μk

)T S−1
k

∂μk

∂θi
− ∂(ln(p(θ)))

∂θi
. (52)

The computation of the energy gradients needs the partial derivatives ∂Sk/∂θi and
∂μk/∂θi which can be computed by differentiating the continuous-discrete extended
Kalman filter Equations (46) and (47) as follows:
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∂μk

∂θi
= Hx(m

−
k , t)

∂m−k j

∂θi
(53)

∂Sk

∂θi
=

n∑

j=1

(
∂m−k j

∂θi

∂Hx (m
−
k , t)

∂m−k j

)
P−k HT

x (m−k , t)+Hx (m
−
k , t)

∂P−k
∂θi

HT
x (m−k , t)

+Hx (m
−
k , t)P−k

⎛

⎝
n∑

j=1

(
∂m−k j

∂θi

∂Hx (m
−
k , t)

∂m−k j

)⎞

⎠
T

. (54)

4.3 Continuous-discrete extended Kalman filter prediction derivatives

If we compute the partial derivatives of the Eqs. (44) and (45), we get the following
differential equations:

d

dt

(
∂m−k
∂θi

)
= Fx (m

−
k , θ, t)

∂m−k j

∂θi
+ ∂f(m−k , θ, t)

∂θi
(55)

d

dt

(
∂P−k
∂θi

)
= ∂P−k

∂θi
FT

x (m−k , θ, t)+ P−k

⎛

⎝
n∑

j=1

(
∂Fx (m

−
k , θ, t)

∂m−k j

∂m−k j

∂θi

)

+∂Fx (m
−
k , θ, t)

∂θi

)T

+
⎛

⎝
n∑

j=1

(
∂Fx (m

−
k , θ, t)

∂m−k j

∂m−k j

∂θi

)
+ ∂Fx (m

−
k , θ, t)

∂θi

⎞

⎠P−k

+ Fx (m
−
k , θ, t)

∂P−k
∂θi
+ ∂	(θ, t)

∂θi
. (56)

The above equations, together with the prediction Eqs. (44), (45) can now be used to
compute the prediction mean m−k (t) and covariance P−k (t) as well as their derivatives
∂m−k (t)/∂θi and ∂P−k (t)/∂θi . As the differential equations are non-linear, they need
to be integrated with a numerical ODE solution method such as Runge–Kutta.

4.4 Continuous-discrete extended Kalman filter update derivatives

To complete the recursion for the non-linear case, we still need to differentiate the
Eqs. (48), (49) and (50), which gives:

∂Kk

∂θi
= ∂P−k

∂θi
HT

x (m−k , t) S−1
k + P−k

⎛

⎝
n∑

j=1

(
∂m−k j

∂θi

∂Hx (m
−
k , t)

∂m−k j

)⎞

⎠
T

S−1
k
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− P−k HT
x (m−k , t)S−1

k
∂Sk

∂θi
S−1

k (57)

∂mk

∂θi
= ∂m−k

∂θi
+ ∂Kk

∂θi

(
yk − μk

)−Kk
∂μk

∂θi
(58)

∂Pk

∂θi
= ∂P−k

∂θi
− ∂Kk

∂θi
SkKT

k −Kk
∂Sk

∂θi
KT

k −KkSk

(
∂Kk

∂θi

)T

. (59)

5 Numerical results

In this section we apply the HMC, MH and MAP methods to parameter estimation of
linear and non-linear SDEs. The main objective of this section is to assess the accuracy
and performance of the three estimation methods. In the MAP case, the point estimate
is all that we have. In the MCMC methods we can also compute the credible intervals
of the parameters which are the most probable intervals where the true parameter
should be. If the credible interval contains the parameter, the result can still be as good
as the model and data allows, even when the point estimates are far away from the true
values. But although the results of the methods are important, they do not tell much
about the methods itself.

In MCMC methods the main interest is how the MCMC sampling is performing.
For that purpose we have used the following assessment methods:

– The autocorrelation function measures how well the MCMC sampler is performing
by measuring the dependence of the adjacent samples. Given a set of samples
x1, x2, x3, . . . , xN , an estimate of the autocorrelation function can be computed
as

φs ≈ 1

σ̂ 2

1

N

N−s∑

i=1

(
xi − μ̂

) (
xi+s − μ̂

)
,

where μ̂ is the average of the samples, and σ̂ 2 is the sample variance. If the samples
were completely independent, we would have φ0 = 1 and φs = 0 for s > 0. In
general, smaller values in φs , for s > 0 indicate better mixing of the Markov chain
in the MCMC sampler.

– The autocorrelation time is the minimum distance of uncorrelated samples in
MCMC samples. It can be used as a measure of total dependency in the samples
and thus it summarizes the whole autocorrelation function into a single number.
The autocorrelation time can be defined as

τ = 1+ 2
∞∑

s=1

φs,

where φs is the autocorrelation function. There are many ways to estimate the
autocorrelation time from a finite set of samples and here we have used the method
proposed by Geyer (1992). The smaller the value of τ , the less dependent the
samples are, and better the method is doing.
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There are three examples studied in this section: the first two are linear SDEs models
and the third example is non-linear. All computations were done in Matlab.2 The
models can be summarized as follows:

1. The first one is the classical Ornstein–Uhlenbeck process model which is a one-
dimensional linear reducible SDE, and the SDE is directly measured at discrete
instants of time. The parameters of the simulation have been selected such that
the posterior distribution has quite complicated form. Because the model is linear,
we can compute its likelihood exactly and a very computationally efficient way of
doing this is the Kalman filter approach presented in this article. The derivatives of
the energy function can also be exactly computed with the methods presented in
this article. The purpose of this simple example is to show that the present method
produces meaningful results and demonstrate the usage of the assessment criteria.

2. The second example is a multidimensional linear SDE model, where the main
difficulty comes from the higher number of parameters. Although we can reduce
the number of samples parameters from 10 to 7 by including the linear parameters
as parts of the state, we still need to sample 7 of them. This example shows the
advantage of HMC over MH and also demonstrates the advantage of reporting
credible intervals of MCMC methods instead of the plain point estimates.

3. The third example is a multidimensional non-linear irreducible SDE with a
non-linear measurement model. There do not exist many methods for estimat-
ing parameters in this class of models. Furthermore, even with known parameters
the corresponding state estimation problem is strongly non-linear. This example
demonstrates that the present methods can be practically applied to this class of
non-linear irreducible SDE models and they produce good results.

5.1 Ornstein–Uhlenbeck model

In this section we demonstrate how to estimate the parameters λ and α of linear
reducible SDE called the Ornstein–Uhlenbeck process (Ornstein and Uhlenbeck 1930)
defined as:

dx(t) = −λ x(t) dt + α dB(t), (60)

where α is the degree of volatility caused by shocks and λ is the rate by which these
shocks dissipate and the variable reverts towards zero mean. The Ornstein–Uhlenbeck
process has many applications such as in financial mathematics where it is used in
modeling interest rates, currency exchange rates, as well as prices for commodities.
The parameters λ and α are strictly positive.

We simulated 100 observations using λ = 4, α = 2, a sampling period of 0.1
and the measurement equation yk = x(tk), that is, x(tk) is measured perfectly. We
generated 10,000 samples from the posterior distribution of λ and α using Hamiltonian
Monte Carlo (HMC) and Metropolis–Hastings (MH), and computed the maximum a
posteriori (MAP) estimates of the parameters using the scaled conjugate gradient

2 The Matlab codes can be obtained from the corresponding author on request.
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Fig. 1 Ornstein–Uhlenbeck model: trace plots for λ and α samples simulated from HMC and MH sampling
techniques. For both methods, the samples have relatively good mixing

(SCG) optimization. In HMC sampling we used 0.01 for the leapfrog step size, 50
leapfrog steps at each iteration and we had no momentum persistence in use. In MH, we
used a symmetric Gaussian distribution with standard deviation 0.35 as the proposal
distribution, which gave the acceptance rate of 18 %.

For the purpose of studying the performance of MCMC simulations, we examined
the trends and autocorrelations of samples. The trends of the parameter samples are
shown in Fig. 1, where the vertical axes represent the sample values. It is observed that
the parameters have relatively good mixing for both methods HMC and MH though
HMC mixes a bit better. The MH sample trends show a slight slow periodic movement
especially for the case of λ samples.

The autocorrelation functions of HMC and MH samples are shown in Fig. 2. The
autocorrelation functions of HMC decay to zero much earlier than the autocorrelation
functions of MH. For instance, HMC samples for α have the autocorrelation function
that drops to zero around lag 8, while for MH samples the autocorrelation function
drops to zero around lag 35, and does not stabilize to zero throughout the lags. The
same conclusion can be drawn for λ samples, although the exact lags are different.
Table 1 shows the autocorrelation times for HMC and MH samples. As it is seen, the
MH samples have greater autocorrelation times than HMC samples. Thus it can be
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Fig. 2 Ornstein–Uhlenbeck model: the autocorrelation functions of HMC and MH samples computed
up to lag 20. The HMC simulations have lower autocorrelations than MH simulations with the HMC
autocorrelations stabilizing around zero after decay. The HMC autocorrelation times are lower than MH
autocorrelation times, which means that HMC simulations mix better

Table 1 Ornstein–Uhlenbeck model: the autocorrelation times for HMC and MH samples

Parameter HMC method MH method

λ 1.04 25.91

α 2.62 15.10

The better mixing of HMC is implied by the lower autocorrelation times of the samples

concluded that HMC has better mixing than MH with this model, and it is in that sense
performing better.

We computed the mean and median of the HMC samples and MH samples and
then compared them to the MAP estimates and original values. The mean, median
and MAP estimates are displayed in Table 2, together with the original values of λ

and α. The HMC sample median for λ is close to the original value compared to the
other λ estimates. For the case of α, the MH sample mean estimate is better than other
methods. To check the consistency of the uncertainty estimates in parameters, we
computed the 95 % credible intervals corresponding to the 2.5 and 97.5 % quantiles as
shown in Table 3 for each parameter. It is observed that the original values are within
the range.
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Table 2 Ornstein–Uhlenbeck model: the original parameters values, HMC mean and median, MH mean
and median, and MAP estimates

Parameter Original values HMC mean HMC median MH mean MH median MAP

λ 4.00 4.52 4.44 4.64 4.59 4.63

α 2.00 1.82 1.80 1.83 1.82 1.81

The estimates of the parameters are indeed close to the true values

Table 3 Ornstein–Uhlenbeck model: the credible intervals for HMC and MH samples showing the quantiles
corresponding to 2.5 and 97.5 %

Parameter Original values HMC 2.5 % HMC 97.5 % MH 2.5 % MH 97.5 %

λ 4.00 3.59 7.41 2.28 7.27

α 2.00 1.70 2.20 1.53 2.16

The original values are shown to be within the credible interval, which means that the methods perform
well

Figure 3 shows the scatter plots for HMC and MH samples together with the original
values of λ and α marked by a star and the MAP estimates marked by a circle. In each
method, we found that the original values are among the sample points and also the
MAP estimates are within the samples.

The above results are for 100 observations. However the results in Table 2 show
that there seems to be a bias: for example the HMC means seem to differ much
from the original values. However, because the true values are inside the credible
intervals, this bias is not actually statistically significant and is only caused by the low
number of observations. And we should expect the bias to decrease when the number
of observations is increased. We studied the behavior of the method with increasing
number of observations by computing the estimates based on the range of 100–2000
observations. At each number of observations, the number of HMC samples produced
was 1000 using 50 leapfrog steps of size 0.01, and then the HMC mean, median and
credible intervals of samples were computed. From Fig. 4 we can generally conclude
that as the number of observations increases, the HMC means approach the true value,
which demonstrates the fact that the bias was only due to the low number of noisy
observations.

5.2 Stochastic biochemical oxygen demand model

Biochemical oxygen demand (BOD) model is a model for the concentration of oxygen
needed by aerobic microorganisms. The concentration is purposely for stabilization
of waste water organic matters. The water quality in bodies of water is generally
measured by BOD and oxygen concentration. Let b, o and n be the concentration
levels, measured in mg/l, for Carbonaceous Biochemical Oxygen Demand (CBOD),
Dissolved Oxygen (DO) and Nitrogenous Biochemical Oxygen Demand (NBOD)
respectively (Berg et al. 2006). The CBOD, DO and NBOD are defined by the following
differential equations:
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Fig. 3 Ornstein–Uhlenbeck model: the scatter plots, original parameter values (star) and the MAP estimates
(circle). The samples enclose the original values and MAP estimates. There exist correlation between the
parameters
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Fig. 4 Ornstein–Uhlenbeck model: the plots of HMC mean, HMC median and credible intervals (2.5 and
97.5 CI) for parameters λ and α respectively. As the number of observations increases, the HMC mean
estimates approach the true values

db

dt
= −kbb + s1

do

dt
= −kcb − k2o− knn + s∗2

dn

dt
= −knn + s3, (61)

where kb = kc+ k3, s∗2 = k2ds+ p0−r0+ s2, kc is the reaction rate coefficient, k2 is
the reaeration rate coefficient, k3 is the sedimentation and adsorption loss rate for CBO
kn is the decay rate of NBOD, p0 is photosynthesis of oxygen, r0 is the respiration
of oxygen, ds is the saturation concentration of oxygen, s1 is the independent source
for CBOD, s3 is the independent source for OD, and s3 is the independent source for
NBOD. The BOD is an environmental model, thus uncertainties are unavoidable. To
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take into account the uncertainties, the differential Eq. (61) is transformed to SDE by
adding white noise processes. The resulting linear SDE is:

⎡

⎣
dB
dO
dN

⎤

⎦ =
⎡

⎣
−kb 0 0
−kc −k2 −kn

0 0 −kn

⎤

⎦

⎡

⎣
B
O
N

⎤

⎦ dt +
⎡

⎣
s1
s∗2
s3

⎤

⎦ dt +
⎡

⎣
σB 0 0
0 σO 0
0 0 σN

⎤

⎦ dB, (62)

where σB, σO , and σN are diffusion coefficients in the noises of CBOD, OD and
NBOD respectively. dB = [dB1 dB2 dB3

]T is the vector of Brownian motion process
increments. We are interested only in estimating the parameters of the BOD model,
for more information about this model see Berg et al. (2006).

If we define the state x = [ B O N s1 s∗2 s3
]T , we can write the Eq. (62) and the

measurement model for the noisy values of B, O, N in the form

dx = Fx dt + L dB

y = H x + r, (63)

where

F =

⎡

⎢⎢⎢⎢⎢⎢⎣

−kb 0 0 1 0 0
−kc −k2 −kn 0 1 0
0 0 −kn 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤

⎥⎥⎥⎥⎥⎥⎦
, L =

⎡

⎢⎢⎢⎢⎢⎢⎣

σB 0 0
0 σO 0
0 0 σN

0 0 0
0 0 0
0 0 0

⎤

⎥⎥⎥⎥⎥⎥⎦
, H =

⎡

⎣
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

⎤

⎦ ,

and r ∼ N(0, 0.01 I), where I is the identity matrix. The task is to estimate the
parameters kc, k2, k3, kn, s1, s∗2 , s3, σB, σO , and σN . In this model HMC, MH and
MAP were used on the parameters kc, k2, k3, kn , σB, σO and σN while the Kalman
filter produced the estimates for s1, s∗2 and s3. The simulation of data was done by
considering the typical values of the parameters used in Berg et al. (2006). These
values (the original values) are shown in Tables 5 and 7.

We generated 10,000 samples with HMC and MH sampling methods. For MH,
we used Gaussian distribution with covariance matrix 0.152I as the proposal distri-
bution. The acceptance rate was found to be 20.43 %. In HMC, the step adjustment
used in leapfrog scheme was 0.1 and the leapfrog trajectory length was 100. The auto-
correlation times of the samples are shown in Table 4, where it can be seen that the
autocorrelation times for HMC are smaller than those of MH samples. Thus, the HMC
samples are statistically less dependent than MH samples.

The means, medians and MAP estimates of the parameters (excluding s1, s∗2 and
s3) together with the original values are shown in Table 5. It can be seen that all the
estimates are fairly close to the true parameters values and thus all the methods work
quite well. To check the consistency of the uncertainty estimates in parameters, we
computed the 95 % credible intervals corresponding to 2.5 and 97.5 % quantiles as
shown in Table 6 for each parameter. It is observed that the original values are within
the ranges.
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Table 4 BOD model: the autocorrelation times for HMC and MH samples

Method kc k2 k3 kn σ 2
B σ 2

O σ 2
N

HMC 0.55 0.51 0.97 1.09 2.41 16.89 3.17

MH 124.43 54.39 125.22 106.12 31.73 36.94 37.56

The HMC samples are statistically less dependent and converge better than MH samples as they have lower
values of autocorrelation times

Table 5 BOD model: the original parameter values, means and medians of HMC and MH sampling
methods and MAP estimates

Parameter Original values HMC mean HMC median MH mean MH median MAP

kc 0.76 0.70 0.70 0.71 0.71 0.71

k2 4.25 4.32 4.31 4.32 4.31 4.31

k3 0.25 0.19 0.19 0.18 0.18 0.18

kn 0.98 0.75 0.75 0.73 0.73 0.74

σ 2
B 1.50 1.55 1.53 1.54 1.53 1.50

σ 2
O 1.50 1.41 1.39 1.44 1.41 1.37

σ 2
N 1.00 1.03 1.01 1.03 1.02 0.10

The means, medians and MAP estimates for all the parameters are fairly close to the original values

Table 6 BOD model: the credible intervals for HMC and MH samples showing the quartiles corresponding
to 2.5 and 97.5 %

Parameter Original values HMC 2.5 % HMC 97.5 % MH 2.5 % MH 97.5 %

kc 0.76 0.40 1.01 0.38 1.06

k2 4.25 4.08 4.56 4.05 4.57

k3 0.25 −0.21 0.60 −0.25 0.62

kn 0.98 0.32 1.17 0.27 1.20

σ 2
B 1.50 1.12 2.12 1.07 2.09

σ 2
O 1.50 1.03 1.90 0.99 1.91

σ 2
N 1.00 0.73 1.42 0.72 1.41

The original values are within the credible intervals, which means that the methods perform well

The parameters s1, s∗2 , and s3 were treated as states in the recursive Kalman filter,
and hence the last step results of the filters give the estimates and their covariances
(at each Monte Carlo sample). Table 7 shows the results. At the first glance it might
seem that the estimates of s1 and s3 are biased. We also computed the 95 % credible
intervals corresponding to 2.5 and 97.5 % quantiles as shown in Table 8 for each
parameter. It is observed that the original values are within the ranges and thus the
MCMC results are good in that sense. Thus the apparent biases in fact indicate the
corresponding posterior distribution is asymmetric, and thus the point estimates do
not well summarize the posterior distribution. In the MAP case, the original value of
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Table 7 BOD model: the original parameter values and their estimates

Parameter Original values HMC-KF MH-KF MAP-KF

s1 3.00 2.29 2.27 2.27

s∗2 42.03 42.12 42.13 42.12

s3 0.00 -0.37 -0.37 -0.37

Table 8 BOD model: the original parameter values, HMC, MH and MAP credible intervals

Par. Orig. HMC 2.5 % HMC 97.5 % MH 2.5 % MH 97.5 % MAP 2.5 % MAP 97.5 %

s1 3.00 1.21 3.40 1.19 3.39 1.56 2.98

s∗2 42.03 40.16 44.11 40.24 44.13 41.43 42.81

s3 0.00 -0.98 0.22 -0.97 0.22 -0.96 0.22

In HMC and MH cases the intervals enclose the original values, but in MAP case not

Fig. 5 Illustration of the
re-entry vehicle tracking. The
dashed line shows the velocity
of a radar
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s1 is not inside the credible interval, which is most likely due to the fact that the MAP
estimate ignores the parameter uncertainty in computation of the credible interval.

5.3 Re-entry vehicle tracking

As the non-linear example, we consider the re-entry vehicle tracking problem which
has been used as an example of highly non-linear tracking problem in (Julier and
Uhlmann 2004; Särkkä 2006, 2007). In the problem, a high-speed vehicle is doing
a re-entry to Earth’s atmosphere and we wish to estimate its trajectory from radar
measurements (see Fig. 5). Here we assume that the drag parameter is unknown, but
instead of including it as an additional state variable as in (Julier and Uhlmann 2004;
Särkkä 2006, 2007), we consider it as a parameter of the model. We shall also assume
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that the process noise spectral densities are unknown. With these modifications the
model can be written into the following form (Särkkä 2006):

R(t) =
√

x2
1 (t)+ x2

2 (t)

V (t) =
√

x2
3 (t)+ x2

4 (t)

D(t) = b0 θ1 exp

(
R0 − R

H0

)
V (t)

G(t) = − Gm0

R3(t)
dx1 = x3 dt

dx2 = x4 dt

dx3 = D(t) x3 dt + G(t) x1 dt + dB1(t)

dx4 = D(t) x4 dt + G(t) x2 dt + dB2(t) (64)

where x1(t) and x2(t) are positions of the body, x3(t) and x4(t) are velocities of the
body, D(t) is part of the drag-related force term, G(t) is part of the gravity-related
force term, R(t) is the distance from the center of Earth, V (t) is the speed, and B(t) =
(B1(t), B2(t)) is a Brownian motion with diffusion matrix Qc = diag(θ2, θ3). The
known parameters are b0 = −0.59783, H0 = 13.406, Gm0 = 3.9860 × 105, R0 =
6374, and θ1, θ2 and θ3 are the unknown parameters to be estimated. The state is
measured by a radar which produces range and bearings measurements as follows:

dk =
√

(x1(tk)− xr )2 + (x2(tk)− yr )2 + rd
k

θk = tan−1
(

x2(tk)− yr

x1(tk)− xr

)
+ ra

k , (65)

the location of the radar is (xr , yr ) = (R0, 0). The standard deviations of the mea-
surements were chosen to be 10 times the ones used in (Julier and Uhlmann 2004):
σr = 10−2 km, σa = 1.7 mrad. The initial distribution of the state is assumed to be
multidimensional Gaussian with mean and covariance:

m0 =

⎡

⎢⎢⎣

6500.4
349.14
−1.8093
−6.7967

⎤

⎥⎥⎦ , P0 =

⎡

⎢⎢⎣

10−6 0 0 0
0 10−6 0 0
0 0 10−6 0
0 0 0 10−6

⎤

⎥⎥⎦ . (66)

We simulated the trajectory only for the first 100 s to induce some additional uncer-
tainty to the parameters. The sampling period was �t = 2 seconds. In the simu-
lations we used the following diffusion matrix for the Brownian motion: Qtrue

c =
diag

[
2.4064× 10−4, 2.4064× 10−4

]
, and the true value of the drag parameter was

θ1 = 2.
The autocorrelation times for HMC and MH samples are shown in Table 9 and

they show that the mixing is much better in HMC samples than in MH samples. The
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Table 9 Re-entry tracking: the autocorrelation times for HMC and MH samples

Parameter HMC method MH method

θ1 0.78 8.75

θ2 0.60 83.64

θ3 1.38 89.74

The autocorrelation times of HMC are lower than of MH

Table 10 Re-entry tracking: the original parameters values, HMC mean and median, MH mean and median,
and MAP estimates

Parameter Original HMC mean HMC median MH mean MH median MAP

θ1 2.00 2.07 2.07 2.07 2.08 2.07

θ2 2.4×10−4 3.8×10−4 3.5×10−4 3.8×10−4 3.6×10−4 3.4×10−4

θ3 2.4×10−4 1.4×10−4 1.3×10−4 1.4×10−4 1.3×10−4 1.2×10−4

All the estimates can be seen to be fairly close to the true values

Table 11 Re-entry tracking: the credible intervals for HMC and MH samples showing the quantiles cor-
responding to 2.5 and 97.5 %

Parameter Original HMC 2.5% HMC 97.5% MH 2.5% MH 97.5%

θ1 2.00 1.66 2.20 1.69 2.12

θ2 2.4×10−4 0.0×10−4 6.4×10−4 3×10−8 1.2×10−3

θ3 2.4×10−4 1.5×10−4 7.8×10−4 3×10−5 7.7×10−4

The parameter estimates are observed to be within the ranges

mean, median and MAP estimates are shown in Table 10 and the credible intervals in
Table 11. The first parameter θ1 is well estimated in both MCMC sampling methods
with the estimates being close to the true parameter value. The MAP estimates can
be seen to be closer to the true values than the mean and median, which might be
due to the particular form of the posterior distribution. In the parameters θ2 and θ3
there appears to be a bias when looking at the point estimates. One explanation to
the bias in these process noise parameters is that the linearization error causes them
to be overestimated. However, because the true values are indeed inside the credible
intervals, this can also be the result of their posterior distribution being asymmetric.

6 Conclusion and discussion

In this paper we have presented parameter estimation methods for linear and non-linear
stochastic differential equations (SDE). We have shown how linear and non-linear
(extended) Kalman filtering can be used for computationally efficient implementation
of a Metropolis–Hastings based Markov chain Monte Carlo (MCMC) algorithm for
parameter estimation. We have also derived a recursive algorithm for computation
of the energy function parameter gradients needed by the Hamiltonian Monte Carlo
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(HMC) based MCMC and gradient based optimization methods. In the linear time-
invariant case the differential equations involved in the recursive algorithm can be
solved in a very computationally efficient manner using an extension of the matrix
fraction decomposition and in general case using a numerical differential equation
solver such as Runge–Kutta.

The performance of the methods was illustrated in simulated linear and non-linear
examples. For linear SDE examples, we applied the methods to a classical Ornstein–
Uhlenbeck process and the stochastic biochemical oxygen demand model. The results
show that the methods are able to estimate the model parameters and their posterior
uncertainties accurately. As a non-linear example we used a re-entry vehicle tracking
problem which has previously been used as an example of demanding non-linear
tracking problem. The SDE in the model is multivariate, non-linear and irreducible,
and the measurement model is non-linear. There exists only a few methods which
can be used for parameter estimation in this type of models and as shown by the
results, the present method gives good estimates of the parameters and their posterior
uncertainties.

We also evaluated the accuracies and performances of the MAP, MH and HMC
based estimates. The relative performances (speed of mixing) of MH and HMC were
evaluated by using autocorrelation functions and autocorrelation times. The relative
merits of the evaluated optimization and MCMC based methods can be summarized
as follows:

– The scaled conjugate gradient (SCG) based MAP estimation is quite computa-
tionally efficient method to get a rough estimate of the model parameters. With
the presented recursive algorithm the computation of gradients is computationally
efficient enough to favor gradient based optimization over non-gradient based.
However, the optimization only provides a point estimate and no uncertainty esti-
mates at all.

– The Metropolis–Hastings (MH) based MCMC method turned out to be quite com-
putationally efficient in the simulated examples. However, the tuning of the pro-
posal density can be hard and the performance of the method is likely to be worse
in higher-dimensional problems. Adaptive MCMC methods could be used for
dealing with the tuning problem.

– The Hamiltonian Monte Carlo (HMC) based MCMC had quite much the same
performance as MH based MCMC. Although the autocorrelation lengths of the
MCMC samples of HMC were much shorter than those of MH, the required
computations during the Hamiltonian simulation were quite high, especially
when Runge–Kutta integration of differential equations was used. The tuning
of the leapfrog steps counts and lengths turned out to be quite challenging
as well.

Acknowledgments We would like to acknowledge Aki Vehtari, Antti Solonen, Jouni Hartikainen, and
Arno Solin for their contributions. We thank the Department of Mathematics and Physics in Lappeenranta
University of Technology, the Department of Biomedical Engineering and Computational Science in Aalto
University and the Academy of Finland for their financial support.

123



I. S. Mbalawata et al.

References

Aït-Sahalia Y (2002) Maximum likelihood estimation of discretely sampled diffusions: a closed-form
approximation approach. Econometrica 70(1):223–262

Aït-Sahalia Y (2008) Closed-form expansion for multivariate diffusions. Ann Stat 36(2):906–937
Andrieu C, Thoms J (2008) A tutorial on adaptive MCMC. Stat Comput 18(4):343–373
Andrieu C, Doucet A, Holenstein R (2010) Particle Markov chain Monte Carlo methods. R Stat Soc Ser B

Stat Methodol 72(3):269–342
Berg EVD, Heemink AW, Lin HX, Schoenmakers J (2006) Probability density estimation in stochastic

environmental models using reverse representations. Stoch Environ Res Risk Assess 20(1–2):126–139
Berger JO (1985) Statistical decision theory and Bayesian analysis. Springer, Berlin
Beskos A, Papaspiliopoulos O, Roberts G, Fearnhead P (2006) Exact and computationally efficient

likelihood-based estimation for discretely observed diffusion processes (with discussion). J R Stat Soc
Ser B Stat Methodol 68(3):333–382

Beskos A, Papaspiliopoulos O, Roberts G (2009) Monte Carlo maximum likelihood estimation for discretely
observed diffusion processes. Ann Stat 37(1):223–245

Beskos A, Pillai NS, Roberts GO, Sanz-Serna JM, Stuart AM (2010) Optimal tuning of the hybrid Monte
Carlo algorithm (submitted)

Bishop CM (1996) Neural networks for pattern recognition. Oxford University, Oxford
Brandt M, Santa-Clara P (2002) Simulated likelihood estimation of diffusions with an application to

exchange rate dynamics in incomplete markets. J Financ Econ 63(2):161–210
Butcher JC (2003) Numerical methods for ordinary differential equations. Wiley, New York
Cappé O, Moulines E, Rydén T (2005) Inference in Hidden Markov models. Springer, Berlin
Chen L, Qin Z, Liu JS (2001) Exploring hybrid Monte Carlo in Bayesian computation. In: Proceedings of

ISBA
Doucet A, Godsill SJ, Andrieu C (2000) On sequential Monte Carlo sampling methods for Bayesian filtering.

Stat Comput 10(3):197–208
Duane S, Kennedy AD, Pendleton BJ, Roweth D (1987) Hybrid Monte Carlo. Phys Lett B 195(2):216–222
Elerian O (1998) A note on the existence of a closed form conditional transition density for the Milstein

scheme. Working paper, Nuffield College, Oxford University
Elerian O, Chib S, Shephard N (2001) Likelihood inference for discretely observed non-linear diffusions.

Econometrica 69(4):959–993
Eraker B (2001) MCMC analysis of diffusion models with application to finance. J Bus Econ Stat 19(2):177–

191
Gelman A, Carlin JB, Stern HS, Rubin DB (2004) Bayesian data analysis. CRC/Chapman and Hall, London
Geyer CJ (1992) Practical Markov chain Monte Carlo. Stat Sci 7(4):473–483
Gilks WR, Richardson S, Spiegelhalter DJ (1996) Markov chain Monte Carlo in practice. Chapman and

Hall/CRC, London
Golightly A, Wilkinson DJ (2006) Bayesian sequential inference for nonlinear multivariate diffusions. Stat

Comput 16(4):323–338
Golightly A, Wilkinson DJ (2008) Bayesian inference for nonlinear multivariate diffusion models observed

with error. Comput Stat Data Anal 52(3):1674–1693
Grewal MS, Andrews AP (2001) Kalman filtering, theory and practice using MATLAB. Wiley-IEEE Press,

New York
Holder T, Leimkuhler B, Reich S (2001) Explicit variable step-size and time-reversible integration. Appl

Numer Math 39(3–4):367–377
Hurn AS, Lindsay KA (1999) Estimating the parameters of stochastic differential equations. Mathe Comput

Simul 48(4–6):373–384
Hurn AS, Lindsay KA, Martin VL (2003) On the efficacy of simulated maximum likelihood for estimating

the parameters of stochastic differential equations. J Time Ser Anal 24(1):45–63
Jazwinski AH (1970) Stochastic processes and filtering theory. Academic Press, Edinburgh
Jeisman J (2005) Estimation of the Parameters of stochastic differential equations. Doctoral dissertation,

Queensland University of Technology
Jensen B, Poulsen R (2002) Transition densities of diffusion processes: numerical comparison of approxi-

mation techniques. J Deriv 9(4):18–32
Jones CS (1998) A simple Bayesian method for the analysis of diffusion processes. Working paper, Uni-

versity of Pennsylvania

123



Parameter estimation in SDEs with MCMC and non-linear KF

Julier SJ, Uhlmann JK (2004) Unscented filtering and nonlinear estimation. Proc IEEE 92(3):401–422
Karatzas I, Shreve SE (1991) Brownian motion and stochastic calculus. Springer, Berlin
Kloeden PE, Platen E (1999) Numerical solution to stochastic differential equations. Springer, Berlin
Liang F, Liu C, Carroll RJ (2010) Advanced Markov chain Monte Carlo methods: learning from past

samples. Wiley, Chichester
Najfeld I, Havel TF (1995) Derivatives of the matrix exponential and their computation. Adv Appl Math

16(3):321–375
Neal RM (2011) MCMC using Hamiltonian dynamics. In: Brooks S, Gelman A, Jones GL, Meng XL (eds)

Handbook of Markov chain Monte Carlo, chap 5. Chapman & Hall/CRC, London
Nielsen JN, Madsen H, Young PC (2000) Parameter estimation in stochastic differential equations: an

overview. SIAM J Numer Anal 24:83–94
Ninness B, Henriksen S (2010) Bayesian system identification via Markov chain Monte Carlo techniques.

Automatica 46(1):40–51
Øksendal B (2003) Stochastic differential equations: an introduction with applications. Springer, Berlin
Ornstein LS, Uhlenbeck GE (1930) On the theory of the Brownian motion. Phys Rev 36(5):823–841
Pedersen AR (1995) A new approach to maximum likelihood estimation for stochastic differential equations

based on discrete observations. Scand J Stat 22(1):55–71
Särkkä S (2006) Recursive Bayesian inference on stochastic differential equations. Doctoral dissertation,

Helsinki University of Technology
Särkkä S (2007) On unscented Kalman filtering for state estimation of continuous-time nonlinear systems.

IEEE Trans Autom Control 52(9):1631–1641
Särkkä S, Vehtari A, Lampinen J (2007) Rao-Blackwellized particle filter for multiple target tracking. Inf

Fusion J 8(1):2–15
Shoji I, Ozaki T (1998) Estimation for nonlinear stochastic differential equations by a local linearization

method. Stoch Anal Appl 16(4):733–752
Singer H (2002) Parameter estimation of nonlinear stochastic differential equations: simulated maximum

likelihood versus extended Kalman filter and Itô-Taylor expansion. J Comput Graph Stat 11(4):972–995
Singer H (2004) A survey of estimation methods for stochastic differential equastions. In: Proceedings of

6th international conference on social science methodology, Amsterdam
Singer H (2011) Continuous-discrete state-space modeling of panel data with nonlinear filter algorithms.

AStA Adv Stat Anal 95(4):375–413
Sørensen H (2004) Parametric inference for diffusion processes observed at discrete points in time: a survey.

Int Stat Rev 72(3):337–354
Stramer O, Bognar M (2011) Bayesian inference for irreducible diffusion processes using the pseudo-

marginal approach. Bayesian Anal 6(2):231–258
Stramer O, Bognar M, Schneider P (2010) Bayesian inference for discretely sampled Markov processes

with closed-form likelihood expansions. J Financ Econ 8(4):450–480
Young P (1980) Parameter estimation for continuous-time models: a survey. Automatica 17(1):23–39

123



PUBL. II

Simo Särkkä, Jouni Hartikainen, Isambi S. Mbalawata and Heikki Haario, Posterior Inference
on Parameters of Stochastic Differential Equations via Non-Linear Gaussian Filtering and Adaptive
MCMC, Statistics and Computing

c© 2014 Statistics and Computing. All rights reserved.

Reprinted, with the permission of Statistics and Computing





Stat Comput
DOI 10.1007/s11222-013-9441-1

Posterior inference on parameters of stochastic differential
equations via non-linear Gaussian filtering and adaptive MCMC

Simo Särkkä · Jouni Hartikainen ·
Isambi Sailon Mbalawata · Heikki Haario

Received: 13 November 2012 / Accepted: 26 November 2013
© Springer Science+Business Media New York 2013

Abstract This article is concerned with Bayesian estima-
tion of parameters in non-linear multivariate stochastic dif-
ferential equation (SDE) models occurring, for example, in
physics, engineering, and financial applications. In particu-
lar, we study the use of adaptive Markov chain Monte Carlo
(AMCMC) based numerical integration methods with non-
linear Kalman-type approximate Gaussian filters for param-
eter estimation in non-linear SDEs. We study the accuracy
and computational efficiency of gradient-free sigma-point
approximations (Gaussian quadratures) in the context of pa-
rameter estimation, and compare them with Taylor series
and particle MCMC approximations. The results indicate
that the sigma-point based Gaussian approximations lead to
better approximations of the parameter posterior distribution
than the Taylor series, and the accuracy of the approxima-
tions is comparable to that of the computationally signifi-
cantly heavier particle MCMC approximations.

Keywords Stochastic differential equation · Parameter
estimation · Gaussian approximation · Non-linear Kalman
filter · Adaptive Markov chain Monte Carlo

1 Introduction

This article is concerned with the use of non-linear Kalman-
type approximate Bayesian filters in adaptive Markov chain
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Monte Carlo (AMCMC) estimation of the unknown param-
eters θ ∈ Rd in Itô stochastic differential equations (SDEs,
see, e.g., Øksendal 2003) of the form

dx= f(x, t; θ)dt +L(x, t; θ)dW, (1)

where x(t) ∈ Rn, and W(t) is an s-dimensional vector of
independent standard Wiener processes. Above, f(·) is the
non-linear drift function and L(·) is the dispersion matrix of
the SDE. The assumed model for the measurements yk ∈Rm

is linear Gaussian:

yk =H(θ)x(tk)+ rk, rk ∼N
(
0,R(θ)

)
, (2)

where the matrices H(θ) and R(θ) are deterministic func-
tions of the parameters and the measurement are sampled at
given time steps t1, . . . , tM . The generalization to non-linear
Gaussian measurement models is straightforward.

The central difficulty in the parameter estimation prob-
lem is that the transition density of the SDE in Eq. (1)
cannot be evaluated in closed form. There exists a wide
range of methods for estimating parameters of SDE mod-
els, which circumvent this problem. These include simu-
lated maximum likelihood based methods (Pedersen 1995;
Brandt and Santa-Clara 2002; Hurn et al. 2003), MCMC
based methods (Jones 1998; Elerian et al. 2001; Eraker
2001; Golightly and Wilkinson 2006, 2008; Stramer et al.
2010; Stramer and Bognar 2011) as well as Exact Algorithm
based methods (Beskos et al. 2006, 2009). It is also possible
to directly approximate the solutions of the Fokker–Planck–
Kolmogorov (FPK) equation by using standard numerical
methods for solving PDEs (Hurn and Lindsay 1999; Jensen
and Poulsen 2002; Jeisman 2005) such as Hermite expan-
sions (Aït-Sahalia 2002, 2008). An overview of other meth-
ods can be found in Sørensen (2004).
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In this article, we study another class of methods, which
is based on forming a Gaussian (process) approximation to
the parameter conditioned diffusion process. This approach
is connected to the Taylor series approximations used in the
extended Kalman filter (EKF, Jazwinski 1970) which is a
widely used approach in guidance, control, target tracking,
and other applications (see, e.g., Bar-Shalom et al. 2001).
Given the Gaussian approximation, it is possible to evalu-
ate the corresponding marginal likelihood of the parameters
and further the (approximate) unnormalized marginal pos-
terior density by using so-called prediction error decompo-
sition (Schweppe 1965). Similar approximations have also
been proposed in the context of linear noise approximations
(LNA) of jump Markov processes and the related master
equations (Kurtz 1970, 1971; Van Kampen 2007; Ferm et al.
2008; Komorowski et al. 2009; Ross et al. 2009).

Although the idea of using Gaussian approximations of
diffusion processes is old (see, e.g., Kushner 1967; Jazwin-
ski 1970), in recent years, new filtering and smoothing algo-
rithms based on Gaussian quadrature integration and sigma-
point methods have been developed (Singer 2008b; Särkkä
2006, 2007, 2010; Arasaratnam et al. 2010; Archambeau
and Opper 2011; Särkkä and Sarmavuori 2013). These new
methods are more accurate than the classical Taylor series
based EKF methods.

Using Gaussian approximations in the context of maxi-
mum likelihood estimation of parameters in SDEs was stud-
ied by Singer (2002), who compared simulated maximum
likelihood, Itô–Taylor series, and Taylor series based EKF
approximations in maximum likelihood (ML) estimation of
parameters. Singer (2011) extended the results and proposed
the use of numerical integration and quadrature type of ap-
proximations instead of the Taylor series based EKF approx-
imation. The use of Markov chain Monte Carlo (MCMC)
methods instead of the ML estimates in the EKF based
SDE parameter estimation framework was recently inves-
tigated by Mbalawata et al. (2013). To improve the perfor-
mance of the basic Metropolis–Hastings based MCMC sam-
pling, Mbalawata et al. (2013) proposed the use of Hamil-
tonian Monte Carlo (HMC) method. Maximum likelihood
estimation in SDE models using Gauss–Hermite quadrature
approximations of diffusions was also recently studied by
Hurn et al. (2013).

In this article, the aim is to study the accuracy and com-
putational requirements of Gaussian approximation based
parameter estimation methods when they are combined with
MCMC methods, and in particular, with adaptive MCMC
methods. More specifically, we study the use of the recently
developed Gaussian quadrature (sigma-point) based Gaus-
sian approximations developed for continuous-discrete fil-
tering and smoothing in the SDE parameter estimation prob-
lem. We evaluate the effect of the Gaussian state approx-
imations on the parameter posterior distributions by com-
paring them to the grid based “exact” solutions, previously

proposed Taylor series (or LNA) based approximations, and
to particle MCMC approximations (Andrieu et al. 2010; Go-
lightly and Wilkinson 2011).

2 Adaptive Markov chain Monte Carlo methods

Markov chain Monte Carlo (MCMC) methods (see, e.g., Liu
2001) are powerful methods for approximate computation of
expectation integrals of the form

E
[
g(θ)|YM

]=
∫

Rd

g(θ)p(θ |YM)dθ , (3)

where the posterior distribution p(θ |YM) ∝ p(YM |θ)p(θ)

is known only up to a normalization constant. This kind of
integrals typically arises in the context of Bayesian com-
putations (Gelman et al. 2004; Bernardo and Smith 1994).
Above, p(YM |θ) is the marginal likelihood of the measure-
ments YM = {y1, . . . ,yM} and p(θ) is the prior distribution
of the parameters θ ∈Rd .

The sampling properties of MCMC heavily depend on
the choice of the proposal distribution and unfortunately,
choosing a suitable one is hard (see, e.g., Liu 2001). In
the Metropolis algorithm, a Gaussian distribution is often
used, in which case the covariance matrix of the Gaus-
sian proposal distribution needs to be well tuned. If the co-
variance is too small or too large, the Markov chains in
MCMC will be highly correlated and hence the estimators
will have a large variance (Andrieu and Thoms 2008). To
overcome this problem we can use adaptive Markov chain
Monte Carlo (AMCMC) methods where the covariance of
the Gaussian proposal in the Metropolis algorithm is au-
tomatically adapted during the MCMC run (Haario et al.
1999, 2001, 2006; Liang et al. 2010; Andrieu and Thoms
2008; Roberts and Rosenthal 2007, 2009; Fort et al. 2011;
Andrieu and Moulines 2006; Atchade and Rosenthal 2005;
Vihola 2012).

In this article, we use the robust adaptive Metropolis
(RAM) algorithm introduced by Vihola (2012), where the
adaptation method is an extension of the algorithm of Haario
et al. (2001). The RAM algorithm of Vihola (2012) is similar
to the adaptive Metropolis algorithm of Haario et al. (2001)
except that the adaptation of the covariance Σ i is done in
a slightly different way. RAM also has an additional mech-
anism to reach a given target acceptance rate, for example,
the rate ᾱ∗ = 0.234, which can be shown to be optimal un-
der certain (ideal) conditions (Roberts and Rosenthal 2001).
The RAM algorithm can be found in the supplementary ma-
terial of this article.
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3 Posterior inference via Bayesian filtering and
smoothing

To estimate the parameters with MCMC methods, we now
want to find a way to evaluate the marginal posterior proba-
bility density of the parameters p(θ |YM) ∝ p(YM |θ)p(θ)

up to a normalization constant. The prior is usually easy
to evaluate, but in the case of SDE parameter estimation
the difficult part is the evaluation of the marginal likelihood
p(YM |θ), where the states have been integrated out. One
generally applicable approach is to approximate this likeli-
hood by using particle filtering, which leads to so-called par-
ticle Markov chain Monte Carlo (PMCMC) methods (An-
drieu et al. 2010). However, their disadvantage is that they
tend to require a high amount of computational resources as
we will see later in this article.

The marginal likelihood p(YM |θ) can be, in principle,
computed efficiently as follows. The classical filtering the-
ory (Jazwinski 1970) states that we can compute the pre-
diction densities p(x(tk)|Yk−1, θ) and the filtering densities
p(x(tk)|Yk, θ) for k = 1, . . . , T via the following recursive
algorithm:

– Start from the prior p(x(t0)|θ)≡ p(x(t0)|Y0, θ).
– For each measurement yk for k = 1, . . . ,M do:

1. Prediction step: Integrate the FPK equation from the
initial condition p(x(tk−1)|Yk−1, θ) to time tk , which
results in the predicted density p(x(tk)|Yk−1, θ).

2. Update step: Use Bayes’ rule for computing the filter-
ing density for step k:

p
(
x(tk)|Yk, θ

)= p(yk|x(tk), θ)p(x(tk)|Yk−1, θ)
∫

p(yk|x(tk), θ)p(x(tk)|Yk−1, θ)dx(tk)
.

(4)

The filtering results can be used for constructing an expres-
sion for the marginal likelihood as follows. The marginal
likelihood can be factored as:

p(YM |θ)=
M∏

k=1

p(yk|Yk−1, θ). (5)

Given the filtering solution, the terms in the product can be
computed recursively as

p(yk|Yk−1, θ)=
∫

p
(
yk|x(tk), θ

)
p
(
x(tk)|Yk−1, θ

)
dx(tk).

(6)

Once we have obtained the expression for the marginal like-
lihood, we can easily evaluate the posterior distribution up
to the normalization constant, which is all we need for the
implementation of MCMC sampling.

Sometimes we also want to generate samples from the
posterior distribution of the states. Due to the Markov prop-
erties of the state, the conditional distribution of the state
given all the measurements obeys the following backward-
simulation (smoothing) recursion (cf. Godsill et al. 2004):

p
(
x(tk)|x(tk+1),YM, θ

)

= p(x(tk+1)|x(tk), θ)p(x(tk)|Yk, θ)

p(x(tk+1)|Yk, θ)
, (7)

where the right hand side only involves results from filtering.
Thus once we have computed the filtering distributions, we
can simulate posterior trajectories x(t0), . . . ,x(tM) using the
above recursion. Although we have formulated the above re-
cursion only for the states at the measurement times, we can
easily augment additional times to the trajectory and obtain
samples from them as well.

Multiplying the above equation with p(x(tk+1)|YM, θ)

and integrating over x(tk+1) gives the following backward
Bayesian optimal smoothing recursion (Kitagawa 1987):

p
(
x(tk)|YM, θ

)

= p
(
x(tk)|Yk, θ

)

×
∫

p(x(tk+1)|x(tk), θ)p(x(tk+1)|YM, θ)

p(x(tk+1)|Yk, θ)
dx(tk+1),

(8)

which can be used for computing the posterior marginals
of x(tk) (i.e., the smoothing distributions) for k =M − 1,

. . . ,0.

4 Gaussian filtering and smoothing based
approximation

In this section, we show how to form Gaussian approxima-
tions to the general recursion equations given in the previous
section using the recent numerical approximation methods
developed for state estimation (e.g., Särkkä and Solin 2012;
Särkkä and Sarmavuori 2013). We derive the approxima-
tions directly using results from Itô calculus which makes
the underlying approximations more explicit than the typ-
ical Euler–Maruyama discretization based derivation (e.g.,
Singer 2011). We also derive equations for sampling trajec-
tories from the approximate full smoothing posterior.

Assume that after the step k − 1 at time tk−1 we have a
Gaussian approximation to the filtering distribution as fol-
lows:

p
(
x(tk−1)|Yk−1, θ

)≈N
(
x(tk−1)|m(tk−1),P(tk−1)

)
, (9)

with some mean m(tk−1) and covariance P(tk−1). We are
now interested in what happens to this distribution in the
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evolution from time tk−1 to time tk . Because we are inter-
ested in forming a Gaussian approximation, we are specifi-
cally interested in knowing the mean and covariance of the
resulting distribution. Note that the mean and covariance are
actually functions of the parameter θ as well, but we have
dropped that dependence for notational convenience.

By using the generator of the SDE (e.g., Øksendal 2003)
we get the following identity of an arbitrary function g:

E

[
dg

dt

∣∣Yk−1, θ

]

= E

[∑

j

∂g

∂xj

fj (x, t)|Yk−1, θ

]

+ 1

2
E

[∑

ij

[
L(x, t; θ)LT (x, t; θ)

]
ij

∂2g

∂xi∂xj

∣∣Yk−1, θ

]
.

(10)

We are interested in the mean and covariance of the solu-
tion and so we first set g(x) = xi , giving rise to a solution
mi , and then set g(x) = (xi − mi)(xj − mj), which leads
to the following ordinary differential equations (ODEs) for
the conditional mean m(t) = E[x(t)|Yk−1, θ ] and covari-
ance P(t)= E[(x(t)−m(t))(x(t)−m(t))T |Yk−1, θ ]:
dm(t)

dt
= E

[
f(x, t; θ)|Yk−1, θ

]

dP(t)

dt
= E

[(
x−m(t)

)
fT (x, t; θ)|Yk−1, θ

]

+ E
[
f(x, t; θ)

(
x−m(t)

)T |Yk−1, θ
]

+ E
[
L(x, t; θ)LT (x, t; θ)|Yk−1, θ

]
.

(11)

Note that the expectations above are taken with respect to the
conditional distribution of the state p(x(t)|Yk−1, θ). Thus
the equations are not true ODEs in the sense that they cannot
be solved without first solving the full FPK partial differen-
tial equation (Jazwinski 1970).

We now employ a simple but widely used approximation
of x(t) as a Gaussian process such that at every time step
t ∈ [tk−1, tk) we have:

p
(
x(t)|Yk−1, θ

)≈N
(
x(t)|m(t),P(t)

)
, (12)

where m(t) and P(t) are the mean and covariance of the
process x(t), respectively. That is, we replace the expected
values with respect to the true distribution of x(t) with ex-
pectations over the Gaussian approximation. The approxi-
mations to the mean and covariance integrals can then be
evaluated numerically. One way is to use Taylor expansions
as in extended Kalman filter (EKF) (Jazwinski 1970):

f(x, t; θ)≈ f(m, t; θ)+ Fx(m, t; θ)(x−m)

L(x, t; θ)≈ L(m, t; θ),
(13)

where Fx is the Jacobian matrix of the mapping x �→
f(x, t; θ), which gives the Taylor series or LNA approxima-
tions (e.g., Mbalawata et al. 2013; Singer 2002; Ferm et al.
2008):

dm
dt
= f(m, t; θ)

dP
dt
= PFT

x (m, t; θ)+ Fx(m, t; θ)P

+L(m, t; θ)LT (m, t; θ).

One particularly useful class of methods are Gaussian
quadrature methods, also called sigma-point methods, which
approximate the Gaussian integrals in the following way:

∫
g(x)N(x|m,P)dx≈

Nξ∑

i=1

W(i)g
(
m+√Pξ (i)

)
, (14)

where ξ (i) are a suitable set of method specific unit sigma
points and W(i) are some deterministic weights. The ma-

trix square root is any matrix, which satisfies
√

P
√

P
T = P.

With this approximation the mean and covariance equations
become (Särkkä and Sarmavuori 2013):

dm
dt
=

∑

i

W (i)f(m+√Pξi, t; θ)

dP
dt
=

∑

i

W (i)f(m+√Pξi, t; θ)ξT
i

√
P

T

+
∑

i

W (i)
√

PξifT (m+√Pξi, t; θ)

+
∑

i

W (i)L
(
m+√Pξ (i), t; θ)

LT
(
m+√Pξ (i), t; θ)

.

One useful sigma-point method is the 3rd order spherical cu-
bature rule (“cubature” is just another term for multidimen-
sional quadrature) used in the cubature Kalman filter (CKF)
of Arasaratnam et al. (2010), which uses Nξ = 2n unit sigma
points defined as

ξi =
{√

nei , i = 1, . . . , n

−√nei−n, i = n+ 1, . . . ,2n,
(15)

where ei denotes the unit vector to the direction of coordi-
nate axis i, and the weights are defined as W(i) = 1/(2n) for
i = 1, . . . ,2n. The 3rd order spherical cubature rule can be
seen as a special case of the unscented transform used in the
unscented Kalman filter (UKF) (Julier et al. 2000; Särkkä
2007). The third order here means that it integrates correctly
any linear combination of up to third order monomials (e.g.,
x1x2x3, x2

1x2, x3
1 ).
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One may also form the rule (14) as a Cartesian product of
Gauss–Hermite quadratures as is done in the Gauss–Hermite
filters (Ito and Xiong 2000; Singer 2008b). This leads to
methods which are able to integrate linear combinations of
higher order polynomials correctly.

By integrating the mean and covariance equations from
the initial conditions m(tk−1) and P(tk−1) to time tk , we get
the following Gaussian approximation to the solution of the
FPK equation:

p
(
x(tk)|Yk−1, θ

)≈N
(
x(tk)|m

(
t−k

)
,P

(
t−k

))
. (16)

Above, the results of prediction are denoted as m(t−k ),
P(t−k ), where the minus at superscript means “infinitesi-
mally before the time tk”. We use this notation to distinguish
these from m(tk), P(tk), which denote the mean and covari-
ance of the Gaussian approximation to p(x(tk)|Yk, θ).

Because of the Gaussianity of the above distribution and
the measurement model, Bayes’ rule in Eq. (4) gives

p
(
x(tk)|Yk, θ

)≈N
(
x(tk)|m(tk),P(tk)

)
, (17)

where the mean m(tk) and covariance P(tk) are given by the
standard Kalman filter update equations (see the supplemen-
tary material).

The conditional marginal likelihood in Eq. (6) is also
Gaussian and can be evaluated simply as:

p(yk|Yk−1, θ)≈N
(
yk|H(θ)m

(
t−k

)
,Sk

)
, (18)

where Sk =H(θ)P(t−k )HT (θ)+R(θ). The prediction error
decomposition (5) then gives:

p(YM |θ)≈
M∏

k=1

N
(
yk|H(θ)m

(
t−k

)
,Sk

)
. (19)

For the smoothing recursions, we can utilize the results de-
rived by Särkkä and Sarmavuori (2013), who give the equa-
tions for the approximate means ms(tk) and covariances
Ps(tk) of the (marginal) smoothing distributions in Eq. (8).
The equations can be found in the supplementary material.
Thus we approximately have

p
(
x(tk)|YM, θ

)≈N
(
x(tk)|ms(tk),Ps(tk)

)
. (20)

The backward-simulation recursion in Eq. (7) can be ob-
tained by formally setting m(tk+1) ← x(tk+1) and
P(tk+1)← 0 in the smoothing recursions, which gives:

p
(
x(tk)|x(tk+1),YM, θ

)

≈N
(
x(tk)|m(tk)+Gk+1

[
x(tk+1)−m

(
t−k+1

)]
,

P(tk)−Gk+1P
(
t−k+1

)
GT

k+1

)
. (21)

5 Experimental evaluation

5.1 Ginzburg–Landau double well potential

As the first numerical example we consider a diffusion pro-
cess in a double well potential, described by the Ginzburg–
Landau equation, which is a popular benchmark model for
comparing different approximation schemes (e.g., Singer
2002). The Ginzburg–Landau equation reads

dx =−(
αx + βx3)dt + σdW, (22)

where θ = (α,β,σ ) are the parameters to be estimated from
data. The Ginzburg–Landau model corresponds to a diffu-
sion at the double-well potential Φ(x, θ)= α

2 x2+ β
4 x4, with

minima at ±√−α/β when α is negative. We measure the
equation with a sampling period �t from the model

yk = x(tk)+ rk, rk ∼N(0,R). (23)

We aim to compare the performance of Taylor series,
3rd order spherical cubature rule, Gauss–Hermite quadra-
ture in forming the Gaussian state approximation, and com-
bine them with the adaptive MCMC method (RAM) of (Vi-
hola 2012). As the particle MCMC method we use the parti-
cle marginal Metropolis–Hastings (PMMH) (Andrieu et al.
2010) with 5000 particles, which we also combine with the
RAM adaptation method. This number of particles was cho-
sen on the basis that the method of Doucet et al. (2012) (with
the parameters fixed to true ones) suggests that 500 particles
should be enough for this model—we chose still to multiply
this number by ten. In the particle filter of PMMH we use
the dynamic model as the importance distribution, which has
the advantage that this way the evaluation of the transition
density is not needed (Golightly and Wilkinson 2011). The
trajectories of the SDE were simulated using the stochas-
tic Runge–Kutta method (Kloeden and Platen 1999; Rößler
2006).

For comparison, we also implemented a benchmark fil-
tering and smoothing solution, where the transition density
is numerically solved from the FPK by using finite differ-
ences method on a relatively dense grid (the range [−7,7]
with �x = 1/10), and the Bayesian filtering and smoothing
equations were approximated on the same grid via direct nu-
merical integration. This provides a quite accurate “ground
truth” solution.

We simulated a state trajectory with this model using
the parameters θ = (−1,0.1,2) on time interval t ∈ [0,40]
and generated observations every �t = 2 with variance R =
0.12. With these parameter settings the potential has min-
ima at ±√10, which are also the modes of the stationary
(bi-modal) state distribution.

To evaluate the accuracies of different approximations in
estimating the posterior distributions of the parameters we



Stat Comput

Fig. 1 Ginzburg–Landau: conditional posteriors of each parameter.
Here, light gray shade denotes the true distribution (FP-based solu-
tion), black line the particle MCMC estimate, light gray line the Tay-
lor series-based estimate, dotted line Gauss–Hermite quadrature and

dashed line spherical cubature. As can be seen, Taylor series-based
method is clearly inconsistent with the true posterior, while the other
methods are slightly off, but still much closer to the truth

calculated the conditional posterior distribution of each pa-
rameter in a one-dimensional grid while keeping the other
parameters fixed to true values. These are plotted in Fig. 1,
where we have also plotted the estimate provided by the par-
ticle MCMC method. As can be seen in the figure, the con-
ditional distribution approximations provided by the Taylor
series approach are quite far away from the true posteri-
ors. The approximations are somewhat sensitive to particu-
lar realization of the state trajectory and measurements, but
a similar phenomenon is observed each time. With the other
methods the distribution approximations are much closer to
the true ones although they also differ slightly from the true
distribution. From the figure one can also see the stochastic-
ity of the particle MCMC estimate, which is on average the
same as the one provided by the numerical FPK solution.

We ran MCMC sampling with RAM algorithm on the un-
known parameters while using the spherical cubature, Tay-
lor series and particle MCMC based approximations. Esti-
mates of the parameters are visualized in Fig. 2 as pair-wise
marginal distributions. The FPK method was not used, be-
cause its computational requirements are far too huge to
be used in MCMC sampling. As was the case with con-
ditional distributions above, Taylor series-based method is
not able to approximate the parameter posterior distribution
correctly. Even though the parameter posteriors are heav-
ily non-Gaussian, the cubature based method approximates
the shape of true posterior distribution surprisingly well (as-
suming that PMCMC is close to the truth). The figure also
shows the maximum a posteriori (MAP) estimates of param-
eters obtained with each of the methods separately, as well
as the PMCMC-based MAP estimate, which can assumed to
be close to the exact MAP estimate.

5.2 Van der Pol oscillator

As a higher dimensional non-linear example we consider pa-
rameter estimation in the Van der Pol oscillator model (see,
e.g., Kandepu et al. 2008), which is described by the second

order non-linear ODE

d2x(t)

dt2
−μ

(
1− εx2(t)

)dx(t)

dt
+ω2x(t)= f (t), (24)

where the coefficients μ and ε as well as the angular velocity
ω are unknown parameters. Above, we have also included an
additional unknown forcing term f (t).

We model the forcing term f (t) as a sum of white noise
and a stochastic resonator c(t), which is formed as a sum of
N harmonic components cn(t), n= 1, . . . ,N :

d2cn(t)

dt2
=−(nωc)

2cn(t)+ σnεn(t), (25)

where ωc is the angular velocity of the force process, σn the
strength of the noise process driving the nth harmonic, and
εn(t) is a white noise process. For simplicity, we assume
here that σn = σc for all n = 1, . . . ,N . Thus, the param-
eter vector θ = (ε,μ,ω,σ,ωc, σc) is six dimensional, and
the state variable x = (x, ẋ, c1, ċ1, . . . , cN , ċN ) has 2+ 2N

components. The full SDE model is of the form

dx(t)= ẋ(t)dt

dẋ(t)= μ
(
1− εx2(t)

)
ẋ(t)dt −ω2x(t)dt

+ (
c1(t)+ · · · + cN(t)

)
dt

dcn(t)= ċn(t)dt

dċn(t)=−(ωc)
2cn(t)dt + σcdWn(t), n= 1, . . . ,N.

(26)

The measurement is the state of the Van der Pol oscillator
plus noise:

yk = x(tk)+ rk, rk ∼N(0,R), (27)

which corresponds to H= (1 0 . . . 0) in Eq. (2).
We simulated the system with parameters

θ = (1,1/2,1,1/100,π/5,1/100)

on the time interval t ∈ [0,40] and generated observations
with sampling period �t = 1 and variance R = 1/102. We
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Fig. 2 Ginzburg–Landau: MCMC estimates of parameters. The pan-
els show the pair-wise marginal distributions of α,β and σ . The results
for β and σ are shown in log-space since that was used in sampling.

Crosses (×) in the panels denote the MAP-estimates obtained from
PMCMC (which should be close to the true MAP-estimates) while
pluses (+) denote the MAP estimates of each of the methods

used N = 2 harmonic components in the resonator c(t).
Given the simulated measurements, we ran MCMC sam-
pling with the RAM algorithm on the parameters with
spherical cubature, Taylor series, and particle filter (parti-
cle MCMC) with 5000 particles approximating the marginal
likelihood. This number of particles was chosen using the
criterion proposed by Doucet et al. (2012). We did not test
the Gauss–Hermite quadrature based method, because of
its high computational requirements due to the exponential
scaling of the number of computations in the state dimen-
sionality (i.e., 7th order method would need 76 = 117649
sigma-points). The FPK method is not feasible either, be-
cause it scales exponentially in the state dimensions and as
stated in the previous section, it is too expensive for MCMC
even in one dimension.

Figure 3 shows the pair-wise marginals of each of the
parameters. It can be seen that the parameters ε and μ are

highly correlated with each other. The parameters ω and
ωc seem to be quite well identified with all the methods,
while the parameters σ and σc do not identify as well. The
posterior approximation of the latter parameters also shows
the MCMC method has difficulties in sampling of these pa-
rameters under the Gaussian approximations. However, the
shapes of all the parameter posteriors are still well captured
by all the methods.

5.3 Computational requirements

In this section, we evaluate the computational requirements
of the methods used in the Van der Pol example with varying
number of oscillator components N . The computational re-
quirements of the different methods in parameter estimation
heavily depend on the underlying algorithm used for eval-
uation of the marginal likelihood. They in turn depend on
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Fig. 3 Van der Pol Oscillator: MCMC estimates of parameters. The
panels show the pair-wise marginal distributions of the parameters pro-
vided by the spherical cubature, Taylor series, and PMCMC methods.

Crosses (×) in the panels denote the MAP-estimates obtained from
PMCMC (assumed to be close to the true MAP-estimates) and pluses
(+) denote the MAP estimates of each of the methods

the number of evaluation points (i.e., the number of sigma-
points in the cubature method and particles in the particle
filter), which in turn depends on the dimensionality of the
state. The scaling of all the methods with the state dimen-
sionality is roughly quadratic and they scale roughly linearly
in the number of evaluation points. However, the overhead
and the proportionality constants are quite different in each
of the methods.

We start by investigating the number of evaluation points
needed in each of the methods. We used the criterion of
Doucet et al. (2012) for determining the number of particles
for PMCMC (the likelihood were evaluated at the true pa-
rameter values). These and the number of evaluation points
for the cubature method are shown in Table 1. The corre-
sponding number of evaluations for the Taylor series is one
although the proportionality constant is quite high. This re-
veals one challenge in PMCMC—the required number of
particles seems to grow exponentially with the state dimen-

Table 1 The number of evaluation points needed in the Van der Pol
oscillator model as function of oscillator components N

N PMCMC particles Cubature sigma-points

0 500 4

1 2000 8

2 5000 12

3 50000 16

4 100000 20

sion, which indeed is a well-known problem in the context of
particle filtering (Snyder et al. 2008). In contrast, the number
of evaluations need by the cubature method grows linearly
with the number of dimensions.

The numbers of evaluation points in Table 1 do not di-
rectly give the computation time needed by the methods. To
evaluate the practical speed we measured the times need for
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Fig. 4 Computation times as function of the number of oscillator com-
ponents in the Van der Pol model. The computational requirements
of the particle approximation (PMCMC) are significantly higher than
those of cubature and Taylor series approximations

a single evaluation of the likelihood function with each of
the methods. It is worth noting that as the evaluation time
was measured using MATLAB, due to implementation de-
tails, the results slightly favor the particle filter. This would
change if, for example, a C++ implementation were used.

The measured times of the likelihood evaluations are
shown in Fig. 4. It can be seen that the computation time
required by the particle-based method in PMCMC is much
higher than the computation times of the cubature and Tay-
lor based methods—despite the fact that the implementation
favors the particle-based method. The steep scaling of the
computational requirements in the particle approximation is
mainly due to the almost exponential growth of the required
number of particles (given in Table 1). However, without
increasing the number of particles with the state dimension-
ality the PMCMC would not give a reasonable result at all.

6 Conclusion and discussion

In this article, we have studied the use of quadrature or
sigma-point based non-linear Kalman-type Gaussian filters
with adaptive Markov chain Monte Carlo (AMCMC) meth-
ods in approximate full Bayesian estimation of parameters
in partially observed non-linear stochastic differential equa-
tions (SDEs). In particular, we have tested the accuracy
and computational requirements of sigma-point based ap-
proximation methods against Taylor series, grid, and parti-
cle MCMC based methods. The results indicate that sigma-
point based Gaussian approximations provide a surprisingly
accurate approximation of the parameter posterior distribu-
tion, while the methods are computationally light-weight.

The advantage of the Gaussian approximation based
methods over many other methods is that although the model
family is quite general, due to the utilization of the Gaus-
sian state approximations, the required computations remain

light. The computations are order of magnitude lighter when
compared to, for example, the particle MCMC method. The
use of sigma-point methods makes the method black-box in
the sense that to implement the method, we do not need
to compute derivatives, closed form expectations or any
other such quantities—being able to evaluate the drift, dif-
fusion and measurement model functions is sufficient. Fur-
thermore, the sigma-point approximations are more accurate
than Taylor series approximations, and the use of AMCMC
makes the manual tuning of proposal distributions unneces-
sary.

The main weakness of the methods is that they use a
Gaussian approximation for the state and thus might not
produce accurate results when the state posterior is strongly
non-Gaussian. However, as the our experiments show, the
results can be accurate even when the SDE is strongly non-
linear. The non-Gaussianity of the parameter posterior is not
a problem as such (cf. Fig. 2), because it is approximated
using the MCMC method. The method also works well with
the multivariate non-linear Van Der Pol SDE model. The
results are also in good agreement with PMCMC method
which produces an asymptotically exact Monte Carlo ap-
proximation of the parameter posterior, but often requires
a large number of particles.

An important point to note is that the analysis of com-
putational requirements in Sect. 5.3 is based on the implicit
assumption that the accuracy of the spherical cubature rule
remains the same regardless of the state dimensionality, pro-
vided that we add sigma-points with the linear rule. It is pos-
sible (and likely) that this is not strictly true. Although Gaus-
sian approximations tend to be robust to the state dimension-
ality, it is possible that in some cases the exponential scaling
of the space causes the integration rule to become inaccu-
rate. However, theoretical analysis of this phenomenon is
hard and heavily depends on the problem at hand.

Another thing affecting the computational requirements
in practice is also the speed of mixing of the MCMC sam-
pling. This is turn also depends on the target acceptance rate
which is used in the AMCMC algorithm. For (A)PMCMC
it is likely that the choice ᾱ∗ = 0.234 which we used is not
optimal. However, this choice does not affect the efficiency
comparisons here.

The Gaussian approximation based methods presented in
this article could be easily extended to non-linear measure-
ment models simply by replacing the update step with the
non-linear Gaussian filter update step (Ito and Xiong 2000;
Wu et al. 2006; Särkkä and Sarmavuori 2013). Instead of the
first order Taylor series (or LNA) it would also be possible
to use higher order expansions (see, e.g., Jazwinski 1970;
Maybeck 1982; Ferm et al. 2008), which might sometimes
work better than the first order expansion. However, unlike
the sigma-point methods, they require closed form evalua-
tion of the derivatives of the functions and thus are not black-
box in that sense. It would also be possible to use more than
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the first two moments in the SDE approximation (cf. Jazwin-
ski 1970; Maybeck 1982; Socha 2008; Singer 2008a).

7 Supplementary materials

Supplementary materials are available. Appendix A contains
the full RAM algorithm, and the Kalman filter update and
non-linear continuous-discrete Gaussian smoothing equa-
tions are given in Appendix B.
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A RAM Algorithm

If we let ϕ(·) be the negative logarithm of the unnormalized posterior probability density:

ϕ(θ) =− ln p(YM |θ)− ln p(θ), (1)

then the RAM algorithm of Vihola (2012) can be written in the following form:

1. Drawθ0 from an initial distributionp0(θ), and initializeS0 to be the lower-triangular Cholesky factor
of the initial covarianceΣ0. Then seti = 1.

2. Sample a candidate point byθ∗ = θi−1+Si−1 r i, wherer i ∼ N(0, I).
3. Compute the acceptance probability

αi = min{1, exp(ϕ(θi−1)−ϕ(θ∗))} . (2)

4. Sample a uniform random variableu from the uniform distribution U(0,1).

5. If u≤ αi, setθ(i) = θ∗. Otherwise setθ(i) = θ(i−1)

6. Compute a lower-triangular matrixSi with positive diagonal elements satisfying the equation

Si ST
i = Si−1

(
I +ηi (αi− ᾱ∗)

r i rT
i

||r i||2
)

ST
i−1, (3)

where{ηi}i≥1 ⊂ (0,1] is an adaptation step size sequence decaying to zero. Although any such se-
quence will do, Vihola (2012) suggestsηi = i−γ with a suitable exponentγ ∈ (1/2,1].

7. Seti← i+1 and go to step 2 until the desired number of samples has been generated.

Note that the general RAM algorithm (Vihola, 2012) allows for the usage of more general symmetric
distributionq(r) = q(||r ||) instead of the unit Gaussian distribution N(0, I) above.
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P.O.Box 12200, FI-00076 Aalto, Finland
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2 Simo S̈arkkä et al.

B Kalman Filter and RTS Smoother Equations

The Kalman filter update equations (see, e.g., Bar-Shalom etal, 2001) are:

Sk = H(θ)P(t−k )HT (θ)+R(θ)

K k = P(t−k )HT (θ)S−1
k

m(tk) = m(t−k )+K k (yk−H(θ)m(t−k ))

P(tk) = P(t−k )−K k Sk KT
k .

(4)

Note that in the above equations, all the means and covariances as well as the termsSk andK k implicitly
depend on the parametersθ, but we have dropped this dependence for notational convenience.

The approximate smoothed meansms(tk) and covariancesPs(tk) can be computed as follows (Särkkä
and Sarmavuori, 2013):

dCk(t)
dt

= Ck(t)P−1(t)
∫

f(x, t;θ)(x−m(t))T N(x |m(t),P(t))dx

Gk+1 = Ck(t
−
k+1)P−1(t−k+1)

ms(tk) = m(tk)+Gk+1 [m
s(tk+1)−m(t−k+1)]

Ps(tk) = P(tk)+Gk+1 [P
s(tk+1)−P(t−k+1)]G

T
k+1,

(5)

where the differential equation forC should be integrated from the initial conditionC(tk) = P(tk) to time
tk+1 (which is denoted ast−k+1 for consistency).
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ON THE L4 CONVERGENCE OF PARTICLE FILTERS
WITH GENERAL IMPORTANCE DISTRIBUTIONS
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ABSTRACT
In this paper we extend the L4 proof of Hu et al. (2008) from
bootstrap type of particle filters to particle filters with gen-
eral importance distributions. The result essentially shows
that with general importance distributions the particle filter
converges provided that the importance weights are bounded.
By numerical simulations we also show that this condition is
often also a practical requirement for a good performance of
a particle filter.

Index Terms— Particle filter; convergence; importance
distribution; unbounded function

1. INTRODUCTION

Particle filters [1, 2, 3] are powerful methods for approximate
Bayesian filtering in state space models of the form

xt ∼ f(xt | xt−1), yt ∼ g(yt | xt), (1)

where xt ∈ Rn is the state of the system, yt ∈ Rm is the
measurement, f(xt | xt−1) is the transition probability den-
sity (w.r.t. Lebesgue measure) modeling the dynamics of the
system, and g(yt | xt) is the conditional probability density
of measurements modeling the distribution of measurements.

Particle filters form a weighted set of Monte Carlo sam-
ples {(xi

t, w
i
t) : i = 1, . . . , N} such that the posterior ex-

pectation of a test function φ(·) can be approximated as

E[φ(xt) | y1:t] ≈
N∑

i=1

wi
t φ(x

i
t). (2)

A particle filter converges if, in a suitable sense, the above
approximation becomes exact when N → ∞.

Various types of convergence result for particle filters with
general importance distributions, but with bounded test func-
tions can be found in the survey article [4]. Long-term sta-
bility results and central limit theorem type of convergence
theorems for particle filters (also for unbounded functions),
can be found in [5, 6, 7, 8] and references therein. L4 type

This work was supported by the Academy of Finland (266940, 273475).
We are grateful to Juho Kokkala for the numerical experiments.

of convergence results for the unbounded case have recently
been studied in [9, 10], but only in the case of bootstrap type
of importance distributions.

In this paper, we extend the proof of Hu et al. (2008) [9] to
the case of general importance distributions. The results show
that the boundedness of importance weights (along with the
model densities) is a sufficient condition for the convergence
also in the case of unbounded test functions, which is also a
sufficient condition in the bounded case [4]. We also discuss
the practical implications of the condition to certain impor-
tance distributions proposed in literature.

2. PARTICLE FILTERING

Recall that the Bayesian filter for the state space model in (1)
can be written in the abstract form [9]:

(πt|t−1, φ) = (πt−1|t−1, f φ), (3)

(πt|t, φ) =
(πt|t−1, φ g)

(πt|t−1, g)
, (4)

where we have defined

(π, φ) =

∫
φ(x)π(dx), f φ =

∫
f(xt | xt−1)φ(xt) dxt.

With this notation, we obtain the bootstrap filter simply by
replacing the measures π with their finite-sample approxima-
tions and by introducing an additional resampling step. This
was the starting point of the analysis in [9].

However, here we wish to analyze the convergence of
the more general particle filter which does not correspond
to a direct finite-sample approximation of the prediction and
update steps above. Instead of sampling from the dynamic
model distribution we sample from an importance distribu-
tion q(xt | xt−1, yt) and then compute weights for the sam-
ples. For this purpose it is convenient to rewrite the Bayesian
filter as a single step

(πt|t, φ) =
((πt−1|t−1, ρ q), φ)

((πt−1|t−1, ρ q), 1)
, (5)

where we have defined the importance weights

ρ(xt, xt−1) =
g(yt | xt) f(xt | xt−1)

q(xt | xt−1, yt)
. (6)
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As in [9, 10], to be able to cope with unbounded functions, we
need to use a slightly modified version of the standard parti-
cle filter in order to guarantee the convergence. The mod-
ified particle filter is constructed such that we always have
((πN

t−1|t−1, ρ q), 1) ≥ γt > 0, where γt > 0 is a chosen
threshold [9]. The modified algorithm is the following.

Algorithm 2.1 (General Modified Particle Filter). The algo-
rithm is similar to [9], but includes importance distributions.

1. Initialize the particles, {xi
0}Ni=1 ∼ π0(dx0)

2. Draw samples according to x̄i
t ∼ ∑N

j=1 α
i
j q(xt |

xj
t−1, yt), where αj

i are non-negative weights such that∑N
j=1 α

i
j = 1,

∑N
i=1 α

i
j = 1, and

1

N

N∑

i=1

N∑

j=1

αi
j q(xt | xj

t−1, yt) =
1

N

N∑

j=1

q(xt | xj
t−1, yt).

3. If ((πN
t−1|t−1, ρ̄ q̄), 1) ≥ γt, proceed to step 4 otherwise

return to step 2. Note that ρ̄ and q̄ are the values eval-
uated at x̄i

t.

4. Rename x̃i
t = x̄i

t, and compute and normalize the
weights wi

t = ρ(x̃i
t, x

i
t−1), w̃

i
t = wi

t/
∑N

j=1 w
j
t .

5. Resample, xi
t ∼ π̃N

t|t(dxt) =
∑N

i=1 w̃
i
t δx̃i

t
(dxt)

6. Set t = t+ 1 and repeat from step 2).

3. CONVERGENCE WITH GENERAL
IMPORTANCE DISTRIBUTION

To prove the convergence of the particle filter, we need to
impose the following conditions (cf. [9]).

• H0: For any given y1:s, we have ((πs−1|s−1, ρ q), 1) >
0, where s = 1, . . . , t.

• H1: The dynamic model f , measurement model g,
and the importance weights ρ(xt, xt−1) are bounded.
That is, there exist constants Cf , Cg , and Cρ such that
‖f‖ ≤ Cf , ‖g‖ ≤ Cg , and ‖ρ‖ ≤ Cρ, where the first
norm is an operator norm induced by the supremum
norm, and the second two are supremum norms of the
functions.

• H2: The function φ(·) satisfies supxs
|φ(xs)|4g(ys |

xs) < C(y1:s).

The main convergence theorem is the following.

Theorem 3.1. Consider the general modified particle filter
algorithm and suppose that the conditions H0, H1, and H2
above hold. Then we have the following.

1. For a sufficiently large N , the algorithm will not run
into an infinite loop on steps 2-3.

2. Let L4
t (g) be the class of functions satisfying H2. For

any φ ∈ L4
t (g), there exists a constant Ct|t, indepen-

dent of N such that

E
[∣∣∣(πN

t|t, φ) − (πt|t, φ)
∣∣∣
4
]

≤ Ct|t
||φ||4t,4
N2

, (7)

where ||φ||4t,4 is defined as [9]

||φ||t,4 = max
{
1, (πs|s, |φ|4)1/4, s = 0, 1, . . . , t

}
. (8)

Proof. The proofs for initialization and resampling steps are
the same as in [9]. Thus, here, we only prove the convergence
of the (combined) prediction and update steps. That is, we
prove the convergence of the following:

(πN
t|t, φ) − (πt|t, φ) =

(π̂N
t|t, φ)

(π̂N
t|t, 1)

− (π̂t|t, φ)

(π̂t|t, 1)
, (9)

where π̂N
t|t = (πN

t−1|t−1, ρ q
N ) and π̂t|t = (πt−1|t−1, ρ q). It

is now enough to study the bounded for the following terms:

E
[∣∣∣(πN

t|t, φ) − (πt|t, φ)
∣∣∣
4
]

and E[(πN
t|t, |φ|4)]. (10)

At t = 0, we have the initialization step for which the proof
can be found in [9]. Next, we assume that there exist constants
Ct−1|t−1 and Mt−1|t−1 such that the following is true:

E
[∣∣∣(πN

t−1|t−1, φ) − (πt−1|t−1, φ)
∣∣∣
4
]

≤ Ct−1|t−1

||φ||4t−1,4

N2
,

(11)
and

E
[∣∣∣(πN

t−1|t−1, |φ|4)
∣∣∣
]

≤ Mt−1|t−1||φ||4t−1,4. (12)

To study the boundedness of (10), we start by studying
the numerator terms in (9). We first derive the bound for
E[|(π̂N

t|t, φ) − (π̂t|t, φ)|4] and then for E[(π̂N
t|t, |φ|4)].

Let Ft−1 be the σ-algebra generated by xi
t−1. Then we

can write (π̂N
t|t, φ) − (π̂t|t, φ) = Π1 +Π2 +Π3, where

Π1 = (π̂N
t|t, φ) − 1

N

N∑

i=1

E[φ(x̃i
t) ρ(x̃

i
t, xt−1) | Ft−1], (13)

Π2 =
1

N

N∑

i=1

E[φ(x̃i
t) ρ(x̃

i
t, xt−1) | Ft−1]

− 1

N

N∑

i=1

(πN,αi

t−1|t−1, f φ g), (14)

Π3 =
1

N

N∑

i=1

(πN,αi

t−1|t−1, f φ g) − (π̂t|t, φ). (15)
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We treat the terms of Π1, Π2 and Π3 separately and, in each
case, we assume that ‖ρ‖ ≤ Cρ, and that ‖f‖ and ‖g‖ are
bounded by some constants. Let x̄i

t ∼ (πN,αi

t−1|t−1, q), then

E[φ(x̄i
t) ρ(x̄

i
t, x

i
t−1) | Ft−1] = (πN,αi

t−1|t−1, f φ g),

(πN
t−1|t−1, f φ g) =

1

N

N∑

i=1

(πN,αi

t−1|t−1, f φ g).

(16)

The probability of the threshold γt corresponds to event At

defined as At = {(πN
t−1|t−1, f g) ≥ γt}, where, by (16), we

have

E

[
1

N

N∑

i=1

ρ(x̄i
t, x

i
t−1) | Ft−1

]
= (πN,αi

t−1|t−1, f g). (17)

Suppose ‖f‖ and ‖g‖ are bounded, and H0 holds. Then, using
Markov’s inequality and (11), it implies that

P

[
1

N

N∑

i=1

ρ(x̄i
s, x

i
s−1) < γt

∣∣∣Ft−1

]
≤ Ct−1|t−1‖f‖4 ‖g‖4

N2
∣∣∣γt − (πt|t−1, g)

∣∣∣
4

=
C̃γt

N2
= ε. (18)

To bound (13), we use Lemmas 7.1, 7.2, 7.3, and 7.5 from
[9], (16), and (12), which leads to

E[|Π1|4 | Ft−1]

≤ 24

N4

[
N∑

i=1

E
[
|φ(x̄i

t) ρ(x̄
i
t, x

i
t−1)|4|Ft−1

]

1 − ε

]

+
24

N4

⎡
⎣
(

N∑

i=1

E
[
|φ(x̄i

t) ρ(x̄
i
t, x

i
t−1)|2|Ft−1

]

1 − ε

)2
⎤
⎦

≤ 24

(1 − ε)2

⎡
⎣C3

ρ

(
πN
t−1|t−1, f |φ|4 g

)

N2

⎤
⎦

+
24

(1 − ε)2

⎡
⎣C2

ρ

(
πN
t−1|t−1, f |φ|2 g

)

N2

⎤
⎦

≤ 25C̃ρ

(1 − ε)2

[
Mt−1|t−1‖φ‖4t−1,4

N2

]
= C̃Π1

‖φ‖4t−1,4

N2
. (19)

For the bound of (14), we use Lemmas 7.3 and 7.5, from [9],
Eqs. (12), (16), and (18), as well as Jensen’s inequality, which

leads to

E
[∣∣∣Π2

∣∣∣
4

| Ft−1

]

≤ 24ε2C2
ρ

(1 − ε)4N2
E
[
E
[
(N (πN

t−1|t−1, f |φ|2 g))2
]]

≤ 24ε2

(1 − ε)4N2
C2

ρ‖f‖2 ‖g‖2
(
πN
t−1|t−1, |φ|4

)

≤ C̃Π2

‖φ‖4t−1,4

N2
. (20)

For the bound of (15), we use (11), which gives:

E
[∣∣∣Π3

∣∣∣
4

| Ft−1

]

≤ ||f ||4||g||4E
[∣∣∣(πN

t−1|t−1, φ) − (πt−1|t−1, φ)
∣∣∣
4
]

≤ C̃t−1|t−1

‖f‖4‖g‖4‖φ‖4t−1,4

N2
= C̃Π3

‖φ‖4t−1,4

N2
. (21)

By combining Eqs. (19), (20), and (21) via Minkowski’s in-
equality, we get

E
[∣∣∣(π̂N

t|t, φ) − (π̂t|t, φ)
∣∣∣
4
] 1

4

≤
(
C̃

1/4
Π1

+ C̃
1/4
Π2

+ C̃
1/4
Π3

) ‖φ‖t−1,4

N1/2
= Ĉ

1/4
t|t

‖φ‖t−1,4

N1/2
,

which implies

E
[∣∣∣(π̂N

t|t, φ) − (π̂t|t, φ)
∣∣∣
4
]

≤ Ĉt|t
‖φ‖4t−1,4

N2
. (22)

The bound for E[(π̂N
t|t, |φ|4)] can be derived using the same

technique as above, which leads to

E
[∣∣∣(π̂N

t|t, |φ|4)
∣∣∣
]

≤ Mt|t||φ||4t−1,4. (23)

Note that if we set φ = 1 in (22) and (23), we get similar
bounds for the difference of the denominators.

We finally study the boundedness of (10). For E[|(πN
t|t, φ)−

(πt|t, φ)|4], we use (22) and (23) with φ = 1 along with
Minkowski’s inequality, to get

E
[∣∣∣(πN

t|t, φ) − (πt|t, φ)
∣∣∣
4
] 1

4

≤
∣∣∣∣∣
(π̂N

t|t, φ)Ĉ
1/4
t|t

γt(π̂t|t, 1)

∣∣∣∣∣

(
1

N2

) 1
4

+

∣∣∣∣∣
Ĉ

1/4
t|t

(π̂t|t, 1)

∣∣∣∣∣

(
‖φ‖4t−1,4

N2

) 1
4

≤ 1

N1/2
C

1
4

t|t‖φ‖t−1,4,

which thus gives

E
[∣∣∣(πN

t|t, φ) − (πt|t, φ)
∣∣∣
4
]

≤ Ct|t
‖φ‖4t−1,4

N2
.
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For E[(πN
t|t, |φ|4)], we similarly get

E
[
(πN

t|t, |φ|4) − (πt|t, |φ|4)
]

≤ M̄t|t‖φ‖4t−1,4, (24)

which thus completes the proof.

4. PRACTICAL IMPLICATIONS

Our result states that provided that ||f ||, ||g||, and ||ρ|| are
bounded, we can ensure the convergence. The boundedness
of f and g is indeed quite natural, but let’s take a closer look
at the boundedness of the term ρ, which we defined in (6), on
some commonly used importance distributions.

• The optimal importance distribution [2] q(xt | xt−1, yt) =
p(xt | xt−1, yt) leads to ρ(xt, xt−1) =

∫
g(yt |

xt) f(xt | xt−1) dxt which is guaranteed to be bounded
provided that f and g are bounded.

• In the bootstrap filter [1, 9] we select q(xt | xt−1, yt) =
f(xt | xt−1), which gives ρ(xt | xt−1) = g(yt | xt)
and thus is ensured to be bounded.

• Using non-linear Kalman filters to approximate the op-
timal importance distribution [2, 11, 12] gives q(xt |
xt−1, yt) = N (xt | mt, Pt) were, mt and Pt are mean
and covariance computed by the Kalman filter. We
can now assure convergence only if the ratio of the
optimal importance distribution and its approximation
p(xt | xt−1, yt)/N (xt | mt, Pt) is bounded. This re-
quires that the tails of p(xt | xt−1, yt) are not heavier
than the tails of the Gaussian distribution and that the
covariance Pt is bounded from below.

• We can also use a multivariate Student’s t-distribution
with the parameters mt and Pt above instead of the
Gaussian distribution [13]. If we choose the degrees
of freedom in the Student’s t-distribution to be low
enough, then ρ can be assured to be bounded.

Example 4.1 (Linear Gaussian state space model). Consider
the one-dimensional Gaussian random walk model

xt = xt−1 + qt−1, qt−1 ∼ N (0, Q), (25)
yt = xt + rt, rt ∼ N (0, R). (26)

The optimal importance distribution is now Gaussian N (xt |
mt, Pt) with mt = xt−1 + Q/(Q+R) [yt − xt−1], P =
Q− Q2

/
(Q+R) . If we replace the importance distribution

with N (xt | mt, c Pt) where c < 1, then the weights become
unbounded and thus the particle filter is not guaranteed to
converge.

Figure 1 illustrates the effect of the value c to the estimates
of the fourth order central moment of the filtering distribution
at t = 24 with varying number of particles with the param-
eter values Q = 1, R = 1/2, and x0 = 0. It can be seen
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Fig. 1. Illustration of the effect of scaling the importance dis-
tributions with c in linear Gaussian example. Left: Gaussian
distribution. Right: Student’s t-distribution with ν = 3 de-
grees of freedom. The scaling of variance significantly af-
fects the performance of the particle filter with a Gaussian
importance distribution whereas the effect to a Student’s t-
distribution based particle filter is smaller.

that scaling of the variance in Gaussian importance distri-
bution affects the convergence of the fourth moment estimate
whereas with the Student’s t-distribution the effect is smaller.

Example 4.2 (Non-linear state space model). A typically used
example of a non-linear model is the following system (see,
e.g., [2]):

xt =
1

2
xt−1 + 25

xt−1

1 + (xt−1)2
+ 8 cos(1.2t) + qt−1, (27)

yt =
x2
t

20
+ rt, (28)

where qt−1 ∼ N (0, 10) and rt ∼ N (0, 1). It is now easy to
show that the ratio of the optimal importance distribution and
any Gaussian distribution will be uniformly bounded. Thus
using a non-linear Kalman filter based Gaussian importance
distribution leads to a converging particle filter provided that
we do not allow the Gaussian distribution to become singular.

5. CONCLUSION

In this paper, we extended the proof of Hu et al. (2008) [9] to
the case of general importance distributions. Our proof shows
the L4 convergence of the particle filter estimates for a general
class of unbounded functions provided that the importance
weights are bounded. This also implies the probability-one
convergence of the estimates [9]. We have analyzed the con-
ditions set by the proof on importance distributions proposed
in literature and tested them numerically.
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a b s t r a c t

Markov chainMonte Carlo (MCMC)methods are powerful computational tools for analysis
of complex statistical problems. However, their computational efficiency is highly depen-
dent on the chosen proposal distribution, which is generally difficult to find. One way to
solve this problem is to use adaptiveMCMCalgorithmswhich automatically tune the statis-
tics of a proposal distribution during the MCMC run. A new adaptive MCMC algorithm,
called the variational Bayesian adaptive Metropolis (VBAM) algorithm, is developed. The
VBAM algorithm updates the proposal covariance matrix using the variational Bayesian
adaptive Kalman filter (VB-AKF). A strong law of large numbers for the VBAM algorithm is
proven. The empirical convergence results for three simulated examples and for two real
data examples are also provided.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Markov chain Monte Carlo (MCMC) methods (Brooks et al., 2011) are an important class of numerical tools for approxi-
matingmultidimensional integrals over complicated probability distributions in Bayesian computations and in various other
fields. The computational efficiency of MCMC sampling depends on the choice of the proposal distribution. A challenge of
MCMC methods is that in complicated high-dimensional models it is very hard to find a good proposal distribution.

The Gaussian distribution is often used as a proposal distribution due to its theoretical and computational properties.
However, the Gaussian proposal distribution needs a well tuned covariance matrix for optimal acceptance rate and good
mixing of theMarkov chain. If the covariancematrix is too small, too large or has improper correlation structure, theMarkov
chains will be highly positively correlated and hence the estimators will have a large variance. Because manual tuning is la-
borious, several adaptive MCMC algorithms have been suggested (Haario et al., 1999, 2001, 2006; Vihola, 2012; Andrieu
and Thoms, 2008; Roberts and Rosenthal, 2007, 2009; Atchadé and Rosenthal, 2005; Gelman et al., 1996) to update the
covariance matrix during the MCMC run.

In this article, we propose a new adaptive Metropolis algorithm, where we update the covariance matrix of the Gaus-
sian proposal distribution of the Metropolis algorithm using the variational Bayesian adaptive Kalman filter (VB-AKF) pro-
posed by Särkkä and Nummenmaa (2009) and Särkkä and Hartikainen (2013). The idea of the classical Metropolis algorithm
(Haario et al., 1999) is essentially to empirically estimate the covariance of the samples and use this estimate to construct
the proposal distribution. However, as we point out here, such a covariance estimation problem can also be formulated

∗ Corresponding author.
E-mail address: Isambi.Mbalawata@lut.fi (I.S. Mbalawata).
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as an instance of recursive Bayesian estimation, where the term used for this kind of recursive estimation is Bayesian fil-
tering (Särkkä, 2013). This reinterpretation allows one to construct alternative and potentially more effective adaptation
mechanisms by utilizing the various Bayesian filtering algorithms developed over the years for doing the covariance esti-
mation. The aim of this article is to propose a practical algorithm which is constructed from this underlying idea, prove its
convergence, and test its performance empirically.

The structure of this article is the following: in Section 2 we review the existing adaptive MCMC methods. Section 3 is
dedicated to our new adaptiveMetropolis algorithm. Theoretical validity of the proposed algorithm is shown in Section 4 by
proving a strong law of large numbers. In Section 5, we study the empirical convergence of the method in three simulated
examples and then apply the method to two real data examples.

2. Adaptive Markov chain Monte Carlo methods

Markov chain Monte Carlo (MCMC) methods are widely used algorithms for drawing samples from complicated mul-
tidimensional probability distributions. For example, in Bayesian analysis (Gelman et al., 2013), we are often interested in
computing the posterior expectation of a function g(θ) given the measurements z1, . . . , zM :

E[g(θ) | z1, . . . , zM ] =


Rd

g(θ) p(θ | z1, . . . , zM) dθ. (1)

We can use MCMC methods to approximate the expectation by drawing samples from the posterior distribution
θ1, θ2, . . . , θn ∼ p(θ | z1, . . . , zM), (2)

and then by employing the approximation

E[g(θ) | z1, . . . , zM ] ≈
1
n

n
i=1

g(θi). (3)

A common construction for MCMC uses a random walk that explores the state space through local moves. The most well-
known traditionalMCMCmethod is theMetropolis algorithm. In theMetropolis algorithmwe draw a candidate point θ∗ from
a symmetric proposal distribution q(θ∗ | θ) and use an accept/reject rule to accept or reject the sampled point (Gilks et al.,
1996; Gelman et al., 2013; Brooks et al., 2011).

The efficiency of an MCMC algorithm can be improved by carefully tuning the proposal distribution. Adaptive MCMC
methods are a family of algorithms, which take care of the tuning automatically. This proposal is often chosen to be a Gaus-
sian distribution, inwhich case it is the covariancematrix that needs to be tuned. Under certain settings Gelman et al. (1996)
show that the optimal covariance matrix for an MCMC algorithm with Gaussian proposal is λ Σ, with λ = 2.382/d, where
d is the dimension and Σ is the d × d covariance matrix of the target distribution.

In the adaptive Metropolis (AM) algorithm by Haario et al. (2001), the covariance matrix Σk−1 for the step k is estimated
as follows:

Σk−1 = cov(θ0, θ1, . . . , θk−1) + εI, (4)
where I is the d×d identitymatrix and ε is a small positive valuewhose role is tomake sure thatΣk−1 is not singular (Haario
et al., 1999, 2001). The AM algorithm of Haario et al. (2001) can be summarized as follows:
• Initialize θ0, Σ0.
• For k = 1, 2, 3, . . .

– Sample a candidate point θ∗ from a Gaussian distribution
θ∗ ∼ N(θk−1, λ Σk−1). (5)

– Compute the acceptance probability

αk = min

1,

p(θ∗ | z1, . . . , zM)

p(θk−1 | z1, . . . , zM)


. (6)

– Sample a random variable u from the uniform distribution U(0, 1).
– If u < αk, set θk = θ∗. Otherwise set θk = θk−1.
– Compute the covariance matrix Σk using Eq. (4).
Different adaptive algorithms have been proposed as improved versions of the AMalgorithm above. Good surveys of such

algorithms are found in Andrieu and Thoms (2008) and Liang et al. (2010), where the authors present ways to implement
the algorithms and then show why the algorithms preserve the correct stationary distributions. For instance, apart from
updating the covariance alone, one can adapt λ using the following Robbins–Monro algorithm, which alleviates the problem
of Σk being systematically too large or too small (Andrieu and Thoms, 2008; Atchadé and Fort, 2010; Vihola, 2011):

log(λk) = log(λk−1) + γk (αk − α). (7)
In Eq. (7), α is the target acceptance rate which is commonly set to 0.234 and γk is a gain factor sequence satisfying the
following conditions:

∞
k=1

γk = ∞ and
∞
k=1

γ 1+δ
k < ∞ for some δ ∈ (0, 1].
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In a recent paper, Vihola (2012) introduced the robust adaptiveMetropolis (RAM) algorithmwith an online rule for adapting
the covariance matrix and a mechanism for maintaining the mean acceptance rate at a pre-determined level. Holden et al.
(2009) describe an adaptive independent Metropolis–Hastings algorithm, where the proposal is adapted with past samples.
The limitation of this adaptation is that the information gained from doing the local steps cannot be used, so the algorithm
iterations do not improve the proposal (Holden et al., 2009; Liang et al., 2010). Gilks et al. (1998) proposed regeneration-
based adaptive algorithms, where after each regeneration point the proposal distribution is modified based on all the past
samples and the future outputs become independent of the past. In the population-based adaptive algorithms the proposal
distributions are designed such that computational techniques are incorporated into simulations and the covariance matrix
is adapted using a population of independent and identically distributed samples from the adaptive direction sampler (Gilks
et al., 1994) or the evolutionary Monte Carlo (Ren et al., 2008).

Another type of adaptive MCMC is proposed by Vrugt et al. (2009) and Vrugt and Braak (2011), where they integrate the
MCMC algorithm and differential evolution. This type of algorithm generates multiple different chains simultaneously for
global exploration, and automatically tunes the scale and orientation of the proposal distribution in randomized subspaces
during the search. One way of adapting theMCMC proposal distribution is by usingmultiple copies of the target density and
Gibbs sampling (Cai et al., 2006; Griffin and Walker, 2013). The idea is that a product of the proposal density and copies of
the target density is used to define a joint density which is sampled by Metropolis–Hastings-within-Gibbs algorithm.

When constructing an adaptive algorithm one should be sure that the conditions for ergodicity are satisfied to ensure
that the algorithm converges to the target distribution (Andrieu andMoulines, 2006; Roberts and Rosenthal, 2007; Saksman
and Vihola, 2010; Atchadé and Fort, 2010; Bai et al., 2011). One way to ensure the ergodicity property of adaptive MCMC
is in terms of the two general conditions (Bai, 2009; Bai et al., 2011): diminishing adaptation and containment condition.
However, these conditions are not necessary and there exist valid adaptation mechanisms that do not have these proper-
ties. In our proposed algorithm, to ensure ergodicity, we impose slightly stronger conditions that imply the diminishing and
containment conditions. The imposed conditions also imply a strong law of large numbers rather than just a weak law of
large numbers.

3. Adaptive metropolis algorithm with variational Bayesian adaptive Kalman filter based covariance update

In this section, we first briefly review the noise adaptive Kalman filter (Särkkä and Hartikainen, 2013) which is used
to adapt the covariance matrix of the proposal distribution, and then present the proposed variational Bayesian adaptive
Metropolis (VBAM) algorithm.

3.1. Kalman filter

Kalman filter (Kalman, 1960) is the classical algorithm for estimation of the dynamic state from noisy measurements in
linear Gaussian state space models. In probabilistic terms the model can be expressed as (Jazwinski, 1970; Särkkä, 2013)

xk ∼ N(Ak−1 xk−1,Qk−1),

yk ∼ N(Hk xk, Σk),

where N(·) denotes the multivariate Gaussian distribution, xk ∈ Rn is the dynamic state, Ak−1 is the dynamic model matrix,
Qk−1 is the process noise covariance, yk ∈ Rd is themeasurement,Hk is themeasurementmatrix, andΣk is themeasurement
noise covariance matrix. Here, xk is an unknown variable and yk is an observed variable, whereas the matrices Ak−1, Qk−1,
Hk, and Σk are assumed known. We further assume that x0 ∼ N(m0, P0), where m0 and P0 are the known prior mean and
covariance. The estimation of states is recursively performed using two Kalman filter steps:

1. Prediction step:

m−

k = Ak−1 mk−1,

P−

k = Ak−1 Pk−1 AT
k−1 + Qk−1.

(8)

2. Update step:

Sk = Hk P−

k HT
k + Σk,

Kk = P−

k HT
k S

−1
k ,

mk = m−

k + Kk

yk − Hk m−

k


,

Pk = P−

k − Kk Sk KT
k ,

(9)

wherem−

k is the a priori state mean,mk is the a posteriori state mean, P−

k is the a priori state covariance, and Pk is the a pos-
teriori state covariance. In Bayesian sense the Kalman filter computes the statistics for the following conditional distribution
of the state given the measurements:

p(xk | y1:k) = N(xk | mk, Pk). (10)
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If Ak−1 = I and the process noise is zero Qk−1 = 0, the Kalman filter reduces to the so called recursive least squares (RLS)
algorithm which solves a general multivariate linear estimation (regression) problem recursively. The matrices Ak−1 and
Qk−1 can be used for modeling the dynamics of the state when it is not assumed to be static (as in RLS).

3.2. Variational noise adaptation

In the Kalman filter discussed above, the model matrices in the state space model are assumed to be known. The varia-
tional Bayesian adaptive Kalman filter (VB-AKF, Särkkä and Nummenmaa, 2009 and Särkkä and Hartikainen, 2013) is con-
sidered with the case where the noise covariance Σk is unknown. The model is assumed to be of the form:

xk ∼ N(Ak−1 xk−1,Qk−1), (11)

yk ∼ N(Hkxk, Σk), (12)
Σk ∼ p(Σk | Σk−1), (13)

where Eq. (13) defines the Markovian dynamic model prior for the unknown measurement noise covariances. If we were
able to implement the optimal (non-Gaussian) Bayesian filter for this model, it would compute the distribution

p(xk, Σk | y1:k). (14)

Recall that the Kalman filter can be considered as a generalization of the RLS algorithm. In the samewaywe can consider the
Bayesian filter for the above model as a generalization of the RLS algorithm where the noise variance is estimated together
with the linear regression solution. We can also interpret the AM covariance adaption rule in Eq. (4) as a simple linear re-
gression problem where we estimate the noise covariance together with the linear regression solution. However, in AMwe
throw out the linear regression solution and only retain the covariance.

Because the above model is a generalization of RLS with covariance estimation, it can be seen to provide a recursive so-
lution for estimation of the covariance in Eq. (4) as a special case. This is the idea of our method. However, there is no reason
to only use the parameters which reduce the Bayesian filter to the RLS, but one can use the full state space model and the
corresponding filter to construct an adaptive Metropolis algorithm.

Unfortunately, the exact Bayesian filter for the above model is computationally intractable. However, the joint filtering
distribution of the state and covariance matrix can be approximated with the free-form variational Bayesian approximation
as follows (Särkkä and Nummenmaa, 2009; Särkkä and Hartikainen, 2013):

p(xk, Σk | y1:k) ≈ Qx(xk)QΣ(Σk), (15)

where Qx(xk) and QΣ(Σk) are unknown approximating densities formed by minimizing the Kullback–Leibler (KL) diver-
gence between the true distribution and the approximation:

KL [Qx(xk)QΣ(Σk) | |p(xk, Σk | y1:k)] =


Qx(xk)QΣ(Σk) log


Qx(xk)QΣ(Σk)

p(xk, Σk | y1:k)


dx dΣk. (16)

The KL divergence above can beminimizedwith respect toQx(xk) andQΣ(Σk) using themethods from calculus of variations,
which results in the following approximations (Särkkä and Nummenmaa, 2009; Särkkä and Hartikainen, 2013):

Qx(xk) ∝ exp


log p(xk, Σk | y1:k)QΣ(Σk) dΣk


, (17)

QΣ(Σk) ∝ exp


log p(xk, Σk | y1:k)Qx(xk) dxk


. (18)

Solving the above equations leads to the following approximation (Särkkä and Nummenmaa, 2009; Särkkä and Hartikainen,
2013):

p(xk, Σk | y1:k−1) ≈ N(xk |,mk, Pk) IW(Σk | νk,Vk), (19)

where mk and Pk are given by the standard Kalman filter, and νk and Vk are the parameters of the inverse Wishart (IW)
distribution. The proposal covariance can, for example, be computed as the mean of the inverse Wishart distribution:

Σk =
1

νk − d − 1
Vk. (20)

The dynamicmodel p(Σk | Σk−1)needs to be chosen such that it produces inverseWishart distribution on the Bayesian filter
prediction step. As pointed out by Särkkä and Nummenmaa (2009), this kind of dynamical model is hard to construct explic-
itly, and hence they proposed heuristic dynamics for the covariances, which was then extended by Särkkä and Hartikainen
(2013). The following dynamic model is obtained:

ν−

k = ρ(νk−1 − d − 1) + d + 1,

Σ−

k = BΣk−1 BT ,
(21)
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where ν−

k and Σ−

k are prior parameters, ρ is a real number 0 < ρ ≤ 1 and B is a matrix 0 < |B| ≤ 1. Here the parameter ρ
controls the forgetting of the previous estimates of the covariance matrix by decreasing the degrees of freedom exponen-
tially. The matrix B can be used to model the deterministic dynamics of the covariance matrix.

For our purposes, it is useful to write the VB-AKF algorithm in a slightly modified form from Särkkä and Hartikainen
(2013), such that it involves the covariance matrix in (20) explicitly. The result is Algorithm 1. Note that in the algorithm,
the matrices Ak, Qk and Hk are defined by the selected state space model, and their use in VBAM will be shown in the nu-
merical examples section.

Algorithm 1 VB-AKF algorithm
• Initialize ν0, m0, P0 and Σ0.
• For k = 1, 2, . . .

– Prediction: compute the parameters of the predicted distribution:

m−

k = Ak−1 mk−1,

P−

k = Ak−1 Pk−1 AT
k−1 + Qk−1,

ν−

k = ρ(νk−1 − d − 1) + d + 1,

Σ−

k = BΣk−1 BT ,

– Update: set νk = ν−

k + 1 and Σ
(1)
k = Σ−

k . Iterate the following until the convergence (say, N times for j = 1, . . . ,N):

S(j+1)
k = Hk P−

k HT
k + Σ

(j)
k ,

K(j+1)
k = P−

k HT
k


S(j+1)
k

−1
,

m(j+1)
k = m−

k + K(j+1)
k


yk − Hk m−

k


,

P(j+1)
k = P−

k − K(j+1)
k S(j+1)

k


K(j+1)

k

T
,

Σ
(j+1)
k =


νk−1 − d − 1
νk − d − 1


Σ−

k +


1

νk − d − 1


Hk P

(j+1)
k HT

k

+


1

νk − d − 1

 
yk − Hk m

(j+1)
k

 
yk − Hk m

(j+1)
k

T
. 22

– Set Σk = Σ
(N)
k ,mk = m(N)

k and Pk = P(N)
k .

In Algorithm 1, the choice of the number of iterations N depends on the problem at hand. However, in the numerical
examples we tested, we found out that the algorithm requires only a few iterations to converge (we used N = 5). However,
it would also be possible to use a stopping criterion which determines a suitable time to stop by monitoring the changes in
the estimates at each iteration. In the next section we will use the above algorithm to compute the covariance matrix Σk for
a proposal distribution.

3.3. Variational Bayesian adaptive metropolis algorithm

We are now ready to describe the variational Bayesian adaptive Metropolis (VBAM) algorithm where the covariance
matrix is updated with VB-AKF. The idea is simply to replace the covariance computation in Eq. (4) with the estimate of
covariance computed by VB-AKF Algorithm 1. However, to ensure the convergence of the method, we need the following
restrictions (see Section 4):

1. The state space model in Eqs. (11) and (12) needs to be uniformly completely controllable and observable with any
bounded sequence of Σk. This is quite natural, because otherwise the state estimation problemwould not make sense as
such. For the definitions of uniformly completely controllable and observable models, see Definitions 4 and 5.

2. We need to have ρ = 1 and B = I in our dynamic model for the covariance matrix. This is needed to enforce diminishing
adaptation of the covariance matrix.

3. The target distribution needs to be compactly supported. In principle, this is a restriction on the application domain of the
method, but in practice, we can imagine to truncate the distribution at some value which exceeds to maximum floating
point number that can be represented in the computer system.

4. We need to force uniform lower and upper bounds for the covariancesΣk and therefore we need to include an additional
boundary check to the method. For that purpose, we fix some constants 0 < µ1 ≤ µ2 < ∞ determining the feasible
values for Σk, and enforce by projection whenever necessary that µ1 I ≤ Σk ≤ µ2 I. In practice, we can set µ1 to be very
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small and µ2 very high so that we practically never hit the boundaries. Note that for two matrices A and B, the ordering
A ≤ B here means that B − A ≥ 0 is positive semidefinite.

5. We also ensure that the values λk stay within [δλ, δ
−1
λ ] for some constant δλ ∈ (0, 1] by using a truncation procedure.

The following Algorithm 2 is the variational Bayesian adaptive Metropolis (VBAM) algorithm.

Algorithm 2 Adaptive Metropolis algorithm with VB-AKF algorithm
• Initialize θ0, Σ0,m0, P0, ν0, and λ0. The choice of initial parameters depends on the problem at hand. However, note that

m0 = 0, P0 = I, λ0 = 2.382/d and ν0 = d + 2 are often used.
• For k = 1, 2, . . .

– Sample the candidate from the Gaussian proposal distribution θ∗ ∼ N(θk−1, λk−1 Σk−1) or from a Student’s
t-distribution with location θk−1 and scale λk−1 Σk−1.

– Calculate the acceptance probability:

αk = min

1,

p(θ∗ | z1, . . . , zM)

p(θk−1 | z1, . . . , zM)


.

– Generate u ∼ U(0, 1)
– Set

θk =


θ∗ if u < αk,
θk−1 Otherwise.

– Update the proposal covariance matrix by computing it with the VB-AKF Algorithm 1 where yk = θk. Check that
Σk > µ1I and Σk < µ2I. If this is not true, set Σk = Σk−1 and do a single iteration of the VB-AKF update step
(ignoring the last equation) to compute the updated mean and covariance corresponding to this noise covariance.

– Optionally, update λk using Eq. (7). If λk /∈ [δλ, δ
−1
λ ], then force it to the interval [δλ, δ

−1
λ ].

4. Proof of convergence of VBAM

In this sectionwe show the convergence of our variational Bayesian adaptiveMetropolis algorithm (VBAM) using the law
of large numbers.We consider two variants of the algorithm,with andwithoutλk, simultaneously. To prove the convergence
of our proposed VBAM algorithm, it is enough to prove the following theorem.

Theorem 1. Suppose that the target density π(θ) = p(θ | z1, . . . , zM) is bounded and has a bounded support. Furthermore,
suppose that


k≥1 k

−1γk < ∞. Then, for bounded functions f , the strong law of large numbers holds,

1
n

n
k=1

f (θk)
a.s.
−→


Rd

f (θ)π(θ)dθ,

where θ1, . . . , θn are VBAM generated samples assuming the uniform complete controllability and observability properties
(see Definitions 4 and 5) of the state space model are satisfied.

Before proving Theorem1,we introduce some concepts in the filtering theory and some supporting lemmas that are used
in the proof. We briefly introduce the concepts of information matrix and controllability matrix, as well as the concepts of
uniform complete observability and uniform complete controllability in terms of them. These concepts are very well known
in the field of statistical estimation and filtering of stochastic processes (Jazwinski, 1970), and they ensure the conditions
that the prior distribution is non-degenerate and that the posterior covariance of the state is bounded and hence computing
an estimate of the state is possible in statistical sense.

Definition 2 (Information Matrix). The information matrix z is defined as (Jazwinski, 1970)

z(M,M0) =

M
k=M0

ΦT (k,M)HT
k Σ−1

k Hk Φ(k,M), (23)

where Φ(k,M) = A−1
k−1 A

−1
k A−1

k+1 . . .A−1
M−2 A

−1
M−1, for k ≤ M .

Definition 3 (Controllability Matrix). The controllability matrix i is defined as (Jazwinski, 1970)

i(M,M0) =

M
k=M0

Φ(M, k)Qk ΦT (M, k), (24)

where Φ(M, k) = AM−1 AM−2 AM−3 . . .Ak+1 Ak Ak−1, for k ≤ M .
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The state spacemodel (11) and (12) is said to be completely observable ifz(M, 1) > 0. Similarly, it is completely control-
lable ifi(M, 1) > 0.Wenow introduce the concepts of uniformcomplete observability anduniformcomplete controllability
as defined by Jazwinski (1970). These concepts are required in Lemma 6.

Definition 4 (Uniform Complete Observability). A system is uniformly completely observable if there exist a positive integer
L, and constants β1, β2 > 0 such that for allM ≥ Lwe have

β1 I ≤ z(M,M − L) ≤ β2 I. (25)

Definition 5 (Uniform Complete Controllability). A system is uniformly completely controllable if there exist a positive
integer L, and constants β1, β2 > 0 such that for allM ≥ Lwe have

β1 I ≤ i(M,M − L) ≤ β2 I. (26)

Having introduced the two important concepts for the proof, we next state and prove the lemma which shows the
boundedness of mk and Pk. After that we state and prove the lemma for diminishing of the difference of VBAM covariance
matrices. Lemmas 6 and 8 are required in the proof of Theorem 1.

Lemma 6. Assume that the state space system defined by Eqs. (11) and (12) is uniformly completely observable and uniformly
completely controllable for any sequenceΣk which is bounded below byµ1I and above byµ2I. If P0 > 0, thenmk andPk produced
by the VBAM are uniformly bounded.

Proof. The sequence Σk produced by VBAM algorithm is always bounded below by µ1I and above by µ2I by construction.
Given the bounded sequence Σk, the computation of the means mk and covariances Pk reduces to conventional Kalman
filtering. Because the state space model is uniformly completely observable and controllable, by Lemmas 7.1 and 7.2, and
Theorem 7.4 in Jazwinski (1970), the mean and covariance sequences are uniformly bounded provided that the measure-
ments are bounded. The measurements are the samples from the target distribution which is assumed to be compactly
supported and thus are bounded. �

The VB-AKF algorithm itself contains a fixed point iteration and for the VBAM algorithm to converge to something sen-
sible, we need this iteration to converge. This is ensured by Theorem 7 which is proved below.

Theorem 7. The sequence {Σ
(1)
k , Σ

(2)
k , . . . , Σ

(j−1)
k , Σ

(j)
k , Σ

(j+1)
k , . . .} produced by the VB-AKF algorithm iteration converges to

a below and above bounded matrix Σ
(j)
k → Σk with j → ∞ provided that the system is uniformly completely observable and

controllable, νk − d − 1 > 0, mk−1, Pk−1, and Σk−1 are bounded from above and below.

Proof. Recall (Särkkä and Nummenmaa, 2009; Särkkä and Hartikainen, 2013) that Eqs. (17) and (18) actually arise in the
solution to the minimization of the KL divergence functional

J [Qx,QΣ] = KL [Qx(xk)QΣ(Σk) | |p(xk, Σk | y1:k)] ,

=


Qx(xk)QΣ(Σk) log


Qx(xk)QΣ(Σk)

p(xk, Σk | y1:k)


dx dΣk,

under the constraints that Qx and QΣ integrate to unity. The minimization with respect to Qx then gives (17) and the min-
imization with respect to QΣ gives (18).

The fixed point iteration in VB-AKF is just an implementation of the following coordinate descend iteration with j =

1, 2, 3, . . .:

Q (j+1)
x = argmin

Qx
J [Qx,Q

(j)
Σ ],

Q (j+1)
Σ = argmin

QΣ

J [Q (j+1)
x ,QΣ].

It is now easy to show that J is a convex functional in both the arguments and hence the coordinate descend is guaran-
teed to converge (Luenberger and Ye, 2008). When the probability density of a Gaussian distribution converges, its mean
and covariance converge as well. Similarly, the convergence of the probability density of an inverse-Wishart distribution
implies that its parameters converge as well. The given conditions on the means and covariances ensure that the posterior
distribution is well-behaved, which further ensures that the limiting approximating distributions and their statistics are
well-behaved (finite and non-zero) as well. Hence the result follows. �

Next we will show that Σk − Σk−1 converges to zero provided that we have ρ = 1 and B = I. Intuitively, the selection
ρ = 1 ensures that ak = 1/(νk − d − 1) converges to zero and B = I ensures that the prediction step does not alter the
converged covariance matrix.
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Lemma 8. The sequencesmk and Pk produced by the VBAM satisfy

∥Σk − Σk−1∥F ≤ c ak,

where c is a constant and ∥ · ∥F is the Frobenius norm.

Proof. Wewill start by considering the case where in Algorithm 2, we have resorted to truncation and have set Σk = Σk−1.
Because this implies that ∥Σk − Σk−1∥F = 0, the condition is trivially satisfied. In the case that the truncation is not done
we proceed as follows.

Let us denote Ξk = yk − Hmk. Since by Lemma 6, Σk, mk and Pk are bounded, we have ∥Σk∥F ≤ cΣ , ∥Ξk Ξ T
k ∥F ≤ cΞ

and ∥Hk Pk HT
k∥F ≤ cP for some constants cΣ , cΞ and cP. According to Theorem 7 the iteration in VB-AKF converges and thus

we can assume Σk is the solution to the fixed point equation. If we set B = I, Eq. (22) then gives

∥Σk − Σk−1∥F = ∥ − ak Σk−1 + ak Ξk Ξ T
k + ak Hk Pk HT

k∥F ,

≤ ak

∥Σk∥F + ∥ΞkΞ

T
k ∥F + ∥HkPkHT

k∥F

,

≤ ak(cΣ + cΞ + cP). �

Next we state and prove the lemma which shows the boundedness of the difference of transition probabilities. Let us
denote by Πλ,Σ the Markov transition probability of a random-walk Metropolis algorithm with the increment proposal
distribution N(0, λΣ).

Lemma 9. For the VBAM algorithm, there exists a constant cD < ∞ such that

∥ΠλkΣk − Πλk−1Σk−1∥ := sup
θ

sup
|f |≤1

|ΠλkΣk f (θ) − Πλk−1Σk−1 f (θ)| ≤ cD (ak + γk),

where ΠλΣf (θ) :=

f (θ ′) ΠλΣ(θ, dθ ′), and the latter supremum is taken with respect to measurable functions.

Proof. By construction, the eigenvalues of λk Σk are bounded and bounded away from zero, uniform in k. Therefore, Propo-
sition 26(i) of Vihola (2011) implies the existence of a constant c∆ < ∞ such that

|Πλk Σk f (θ) − Πλk−1 Σk−1 f (θ)| ≤ c∆∥λk Σk − λk−1 Σk−1∥F ,

= c∆∥(λk − λk−1) Σk + λk−1 (Σk − Σk−1)∥F ,

≤ c∆|λk − λk−1| ∥Σk∥F + λk−1 ∥Σk − Σk−1∥F .

Both ∥Σk∥F andλk−1 are bounded, and an easy computation shows that |λk−λk−1| ≤ cλγk for some constant cλ = cλ(β0, β1)
< ∞, because (λk)k≥1 is bounded. The proof is concluded by applying Lemma 8 to bound ∥Σk − Σk−1∥F . �

Finally, we give the proof of Theorem 1.

Proof of Theorem 1. We use Corollary 2.8 in Fort et al. (2011), with Θn = λn Σn, V ≡ 1 and πΘn = π . We need to check
that the conditions (A3)–(A5) are satisfied. It is easy to show that (A3) holds for example with λΘ = bΘ = 1/2, because
the eigenvalues of feasible covariance matrices Θ are bounded and bounded away from zero by construction, and one can
find δΘ ≥ δ > 0 (see Theorem 7 in Vihola, 2011). Therefore, supΘ LΘ < ∞ and (A5) holds trivially. For (A4), it is enough to
observe that

∞
k=1

k−1
∥ΠΘk − ΠΘk−1∥ ≤

∞
k=1

k−1cP

γk + ak


< ∞,

where we have used Lemma 9, our assumption on γk and the fact that supk≥1 k ak < ∞, because νk increases linearly if we
select ρ = 1 which gives νk = ν0 + k. �

Remark 10. We note that our result generalizes immediately if we replace the Gaussian proposal distribution with a multi-
variate Student’s t-distribution. It is possible to elaborate our result by omitting the bounds for the scaling adaptation by ad-
ditional regularity conditions onπ . This can be achievedby showing first the stability of the scaling adaptation (Vihola, 2011).

5. Numerical results

In this section, the convergence of the algorithm is assessed empirically.1 We first present three simulated examples
which are often used in literature to study the performance and convergence of adaptive MCMC algorithms. In the first
example, we compare our proposed VBAM algorithm with the AM algorithm proposed by Haario et al. (1999, 2001) using
an example from the articles. We use a Gaussian random walk model as the state space model in the VBAM. In the second

1 The Matlab codes can be obtained from the corresponding author on request.
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Fig. 1. Left column: the upper plot is the adaptive Metropolis (AM) density and the lower plot is the variational Bayesian adaptive Metropolis (VBAM)
density. The dashed line shows the true density while the black line shows the approximated density from samples. Right column: the upper plot shows
the AM density difference between the true and approximated densities while the lower plot shows the density difference for the VBAM method. The
density difference for the VBAM algorithm fluctuates around zero while the AM density difference does not. Therefore VBAM algorithm performs better
than AM.

example, we apply AM and VBAM to the 100-dimensional example fromRoberts and Rosenthal (2009). In the third example,
we apply VBAM to a well-known benchmark of sampling from a 20-dimensional banana shaped distribution and compare
the empirical results with the AM results of Roberts and Rosenthal (2009). Finally, we apply the VBAM algorithm to two real
data examples. In those examples we analyze the chemical reaction model found in Himmelblau (1970) and the bacteria
growth model found in Berthouex and Brown (2002).

5.1. One-dimensional projection of the density function

In this example, we consider a one-dimensional projection of the density function similar to that of Haario et al. (2001).
We aim to sample from a densityπ on the rectangle R = [−18, 18]×[−3, 3] ⊂ R2 as follows. Let S = [−0.5, 0.5]×[−3, 3]
and set

π(x) =


1, if x ∈ S,
36, if x ∈ R \ S.

For the AM algorithm, we initialized the proposal covariance as Σ0 = I and updated it using Eq. (4) with the values of ε
and λk set to 0.0001 and 2.8322, respectively. For the VBAM algorithm we used a random walk model defined as

xk = xk−1 + qk−1,

yk = xk + rk,
(27)

where A = I andQ = 0.0012 I,H = I. It is easy to show that this model is uniformly completely observable and controllable
for any bounded sequence of Σk. We initialized the prior mean and covariance as m0 =


0 0

T and P0 = I while we set
ν0 = 4.

To compare the performance of AM and VBAM algorithms, we generated 106 samples from each algorithm. As in Haario
et al. (2001), the comparison is done through computing the density differences of each method and the results are shown
in Fig. 1. The left column plots show the empirical densities produced by the adaptive Metropolis (AM) algorithm and
the proposed variational Bayesian adaptive Metropolis (VBAM) algorithm, respectively. The right column shows, for each
method, the difference between the real target density and the empirical densities. The VBAM algorithm indeed seems to
give samples that followwell the true distribution, that is, the empirical density approximateswell the true density. Because
the density differences are around zero the results show the VBAM algorithm performs better than the AM algorithm.

5.2. 100-dimensional Gaussian target distribution

In this example, we consider a high-dimensional Gaussian target distribution as discussed by Roberts and Rosenthal
(2009). Here, the target distribution isN(0,MMT ), where the entries of the d×dmatrixM are generated from unit Gaussian
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Fig. 2. First coordinate of the MCMC chains in the 100-dimensional Gaussian target distribution example.

distributions (Roberts and Rosenthal, 2009).We compare our resultswith a version of the AMalgorithmconsidered in the ar-
ticle using the C-language implementation (adaptchol.c) provided by the authors. For the experiment we also implemented
a C-language version of our VBAM adaptation so that the only difference in the runs is the covariance adaptation.

In the AM algorithm of Roberts and Rosenthal (2009), at iteration k, the proposal distribution is defined as

qk(θ∗ | θ) =


N


θ,

0.12

d
I


, if k ≤ 2d,

(1 − β)N


θ,
2.382

d
Σk


+ β N


θ,

0.12

d
I


, if k > 2d,
(28)

where Σk is the current empirical covariance and β is a small positive constant. In the numerical experiment, we chose the
dimensionality to be d = 100 and β = 0.05 following Roberts and Rosenthal (2009). For the VBAM algorithm, the state
spacemodel used is the Gaussian randomwalkmodel (27)withA = I,H = I, andQ = 10−9 I, andλk is updated using Eq. (7).
We initialized λ0 = 2.382/2, the value of α was 0.234 and we used the following γk (Liang et al., 2010):

γk =
k0

max{k0, kτ }
,

where k0 > 1 is the pre-specified value and τ ∈ (1/2, 1]. The used values for k0 and τ were 1000 and 0.99, respectively.
Trace plots of the first coordinate of the AM and VBAM chains are shown in Fig. 2. It can be seen that the VBAM seems

to stabilize to the stationary distribution a bit faster than the AM algorithm. This is confirmed by the suboptimality factors
(Roberts and Rosenthal, 2009) shown in Fig. 3. In this examples, the suboptimality factor of VBAM reaches the value of
around one faster than AM which implies that its adaptation works faster.

5.3. 20-dimensional banana-shaped distribution

In this example, we consider a banana-shaped distribution which is also often used as an example to study the perfor-
mance of adaptiveMCMC algorithms (Haario et al., 1999; Roberts and Rosenthal, 2009; Haario et al., 2001; Bornkamp, 2011).
The banana-shaped distribution density function is given as

f(x1, x2, . . . , xd) ∝ exp


−
x21
200

−
1
2
(x2 + B x21 − 100 B)2 −

1
2
(x23 + x24 + · · · + x2d)


,

where B > 0 is the ‘bananicity’ constant.
Weused theVBAMalgorithm to sample from this distribution and compared the resultswith theAMalgorithmof Roberts

and Rosenthal (2001) whose proposal distribution was (28). The VBAM state space model was the randomwalk model (27)
with A = I, H = I and Q = 10−9 I. As in Roberts and Rosenthal (2001), we set d = 20 and B = 0.1 and ran the AM and
VBAM algorithms for 106 iterations. Fig. 4 shows the trace plots for the first components x1 and x2. It can be observed that
the AM and VBAM algorithms both mix with an approximately same speed.
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Fig. 3. Suboptimality factors in the Gaussian target distribution example.

Fig. 5 shows the scatter plots for AM and VBAM algorithms. As can be seen, the shapes of the plots indeed have a banana-
like shape and they cover the support of the distribution well. In this example we did not find any significant difference
between AM and VBAM, but still it shows that also the VBAM algorithm works well in this challenging sampling problem.

5.4. Chemical reaction model

As the first real data example2 we analyze a chemical reaction model studied in the book by Himmelblau (1970). The
model found on pp. 326–327 (Himmelblau, 1970) is a result of deterministic modeling of chemical reactions which involve
six species (A, B, C , D, E and F ) and three type of reactions.

The chemical reactions are

A + B
k1
−→ C + F ,

A + C
k2
−→ D + F ,

A + D
k3
−→ E + F ,

(29)

and they are modeled with the differential equations

dA
dt

= −k1A B − k2A C − k3AD,

dB
dt

= −k1A B,

dC
dt

= k1A B − k2A C,

dD
dt

= k2A C − k3AD,

dE
dt

= k3AD.

(30)

The task is to estimate the parameters k1, k2 and k3 from experimental data having the initial values given as C(0) = D(0) =

0, A(0) = 0.02090 mol/l and B(0) = A(0)/3. The data are shown in Fig. 6.
The reported parameter values were k1 = 14.7, k2 = 1.53 and k3 = 0.294 (Himmelblau, 1970). We applied the VBAM

algorithm to sample the parameters and then compared the results with the reported ones. We used the randomwalk state
space model (27) with Ak = I, Hk = I and Qk = 10−9I.

2 Both the real data models can also be found in http://helios.fmi.fi/~lainema/mcmc/examples.html, where the author analyzes them using MCMC.
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Fig. 4. Trace plots of the first component of the banana distribution. The first row is the AM plot and the second is for VBAM. The mixing of the samples
in both AM and VBAM is good.

Fig. 5. Scatter plots for the first two components in the banana example. The first plot is for AM, the second plot is for VBAM.

Fig. 6. Experimental data for concentration of A in the chemical reaction model.
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Fig. 7. Marginal distributions for parameters k1 , k2 , and k3 in the chemical reaction model estimated from the samples of VBAM plotted together with the
sample means, maximum a posterior (MAP) estimates, and reported parameter values (RPV) in the chemical reaction model. Here, the gray lines denote
the distributions, the black dotted lines the sample means, the light dotted lines the RPV, and the black lines the MAP estimates.

Fig. 8. VBAM scatter plots for the chemical reaction model. It is observed that there is some correlation between the parameters.

The marginal distribution plots estimated from 100,000 VBAM samples are shown in Fig. 7. In the figure, it can be seen
that the estimates are well consistent with the reported parameter values. The scatter plots for VBAM samples are shown
in Fig. 8. It is observed that there exists correlation between parameters, for example, k2 and k3 seems to have negative
correlation. However, the correlation is not particularly strong and hence the parameters are quite well identifiable from
the data.

5.5. Monod model

As the second real data example, we analyze the bacteria growth models studied in the book by Berthouex and Brown
(2002). The estimation of the parameters of the Monod model has been studied for instance, in Chapter 35 of the book
(Berthouex and Brown, 2002), where the authors used the experimental data shown in Fig. 9. The data were obtained by
operating a continuous flow biological reactor at steady-state conditions and the following Monod model was proposed to
fit the data:

y =
θ1 x

θ2 + x
+ ε. (31)

In Eq. (31), y is the growth rate expressed per hour and is obtained at substrate concentration x, θ1 is the maximum growth
rate expressed per hour, θ2 is the saturation constant, and ε is a Gaussian noise (Berthouex and Brown, 2002). In Berthouex
and Brown (2002), the parameters were estimated to be θ1 = 0.153 and θ2 = 55.4.

We estimated these parameters using the VBAM algorithm. We used the random walk state space model (27) for VBAM
algorithm, where Ak = I, Hk = I and Qk = 10−9I.

The marginal distribution estimates computed from 100,000 VBAM samples together with the sample means, MAP
estimates, and reported parameter values as well as the scatter plot are shown in Fig. 10. The plots show that the reported
parameter values are well within the estimated parameter distribution and that there exists strong correlation between the
parameters.
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Fig. 9. Data for the bacteria growth (Monod) model.

Fig. 10. The first two plots from left show the marginal distributions for parameters θ1 and θ2 in the Monod model estimated from the samples of VBAM,
plotted along with the samplemeans, MAP, and reported parameter values (RPV). The gray lines denote the distributions, the black dotted lines the sample
means, the light dotted lines the RPV, and the black lines the MAP estimates. As can be seen, the parameter estimates are consistent with RPV. The plot on
the right shows the scatter plot. The parameters θ1 and θ2 seem to have a strong positive correlation.

6. Conclusion and discussion

In this paper, we have proposed a new adaptive Markov chain Monte Carlo (MCMC) method called variational Bayesian
adaptive Metropolis (VBAM) algorithm, which adapts the covariance matrix of the Gaussian proposal distribution in the
Metropolis algorithm with the variational Bayesian adaptive Kalman filter (VB-AKF, Särkkä and Hartikainen, 2013). We
have shown that the method is indeed a valid adaptive MCMC method in the sense that it samples from the correct target
distribution by proving a strong law of large numbers for it. We have numerically tested the performance of the method in
widely used examplemodels and compared it to two other adaptiveMCMC schemes. In the first two simulated experiments,
ourmethod turned out to performbetter than the AMalgorithmof Haario et al. (1999, 2001). In the third simulated example,
the performance was similar to the performance of the AM algorithm of Roberts and Rosenthal (2001). In the two real data
examples, VBAM also produced results which are consistent with results reported in the literature.

The advantage of the proposed method is that it has more parameters to tune, which gives more freedom. In particular,
the tight relationshipwith the linear systems theory andKalman filtering allows one to borrowgood state spacemodels from
target tracking literature (Jazwinski, 1970; Bar-Shalom et al., 2004) and use them as the models in VBAM. The correctness
of the method can be easily verified by checking that the resulting state space model is uniformly completely observable
and controllable, which is a standard step in building state space models. Sometimes, however, the freedom of choosing
algorithm parameters can be seen as a disadvantage, because manual tuning of the VB-AKF model parameters can turn out
to be challenging. Fortunately, in many cases a simple Gaussian random-walk state space model is a good default choice.

The computational requirements of the VBAM method are typically O(d3), where d is the parameter dimensionality,
while the complexity of a usual implementation of AM is O(d2). This is because the VB-AKF step is needed, which amounts
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to a (constant) number of Kalman filter updates at each iteration and these operations are computationallymore demanding
than what is needed in the standard AM. However, these operations are still quite cheap and when the model is complex
enough to require MCMC sampling, the evaluation of the distribution can be expected to dominate the computation time
anyway. Furthermore, these operations can be typically optimized for a given state spacemodel. For example, in the random
walk model we do not actually need to perform all the matrix operations in full generality, because the model matrices are
diagonal. Even though the basic implementation of the method is straightforward and not significantly harder than imple-
mentation of an AM algorithm, developing an optimized version of the VBAM method for a particular type of state space
model can be more complicated.

An advantage of the method is that it can also easily be generalized in various ways. For example, we could extend
it by replacing the linear Kalman filter with non-linear Kalman filters such as the extended Kalman filter, a sigma-point
(unscented) filter, or even particle filters (Särkkä, 2013). In fact, provided that we can ensure that the mean and covariance
of the corresponding non-linear Kalman filter remain bounded, replacing the linear VB-AKF with a non-linear one (Särkkä
and Hartikainen, 2013) should lead to a valid VBAM algorithm as well. Similarly, a (Rao–Blackwellized) particle filter could
be used for estimating the noise covariance (Särkkä, 2013) and provided that the adaptation can be shown to diminish in
time. However, with non-linear state spacemodel it will be hard to find good state spacemodels for the algorithm. This path
is interesting though, because it can lead to a completely new family of adaptive MCMC algorithms, which utilize different
kinds of filters in the proposal adaptation.
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ABSTRACT

Particle filters are important approximation methods for solv-
ing probabilistic optimal filtering problems on nonlinear
non-Gaussian dynamical systems. In this paper, we derive
novel moment conditions for importance weights of sequen-
tial Monte Carlo based particle filters, which ensure the L4

convergence of particle filter approximations of unbounded
test functions. This paper extends the particle filter conver-
gence results of Hu & Schön & Ljung (2008) and Mbalawata
& Särkkä (2014) by allowing for a general class of potentially
unbounded importance weights and hence more general im-
portance distributions. The result shows that provided that the
seventh order moment is finite, then a particle filter for un-
bounded test functions with unbounded importance weights
are ensured to converge.

Index Terms— Particle filter convergence, unbounded
importance weights, moment conditions

1. INTRODUCTION

Dynamic state estimation problems are of great interest in
many real life applications such as navigation, target tracking,
brain imaging, spread of infectious diseases, biological pro-
cesses, telecommunication, audio signal processing, stochas-
tic optimal control, machine learning, and physical systems
[1]. In these problems, the state vector at time t is represented
by xt ∈ Rn and satisfies the stochastic equation

xt ∼ f(xt | xt−1), (1)

where f(xt | xt−1) is the transition probability density of
the corresponding Markovian stochastic process modeling the
dynamics of the system. At each time step twe get a measure-
ment yt ∈ Rm from the measurement model

yt ∼ g(yt | xt), (2)

This work was supported by the projects 266940 and 273475, and the
Finnish Centre of Excellence on Inverse Problems Research of the Academy
of Finland.

where g(yt | xt) is a conditional probability density modeling
the distribution of measurements.

The Bayesian approach to dynamic state estimation prob-
lem involves the construction of the probability density func-
tion of xt, given y1:t , (y1, y2, . . . , yt) [2]. This problem
is known as the Bayesian filtering problem. If we denote the
probability density function of xt given y1:t by p(xt | y1:t),
then the construction of p(xt | y1:t) can be recursively done
using the Bayesian filtering equations [1]

p(xt | y1:t−1) =

∫
f(xt | xt−1) p(xt−1 | y1:t−1) dxt−1,

p(xt | y1:t) =
g(yt | xt) p(xt | y1:t−1)∫
g(yt | xt) p(xt | y1:t−1) dxt

,

(3)

where the first step is often referred to as the prediction step
(or time update) and the second step is the measurement up-
date step (or correction step).

In this paper, we aim to analyze the theoretical conver-
gence properties of particle filters. In such theoretical analy-
sis, it is convenient to rewrite the Bayesian filtering equations
in terms of probability measures as follows (see., e.g, [3–6]).
Let ν be a measure and φ be a measurable function. Then we
denote

(ν, φ) ,
∫
φdν, and f φ(x) ,

∫
f(dz | x)φ(z). (4)

Let πt|t−1 denote the measure corresponding to the probabil-
ity density p(xt | y1:t−1) and πt|t the measure correspond-
ing to the density p(xt | y1:t), then, using notations (4), the
Bayesian filtering equations (3) can be written as

(πt|t−1, φt) = (πt−1|t−1, f φt),

(πt|t, φt) =
(πt|t−1, φt g)

(πt|t−1, g)
.

(5)

2. PARTICLE FILTERING

In the most practical cases, especially in nonlinear or non-
Gaussian models, the closed form solution of (3) or (5) is in-
tractable. Thus, several approximate methods have been pro-
posed and the most used classes of approximate methods are



Gaussian approximation based extended/non-linear Kalman
filters (e.g., [1,2]), and sequential Monte Carlo based particle
filters (e.g., [1, 7, 8]). In this paper we study particle filters,
where the main idea is to approximate πt|t by a weighted set
of Monte Carlo samples {(xit, wit) : i = 1, . . . , N}, and,
based on these samples, we can approximate the statistics of
the distribution via (weighted) sample averages.

Given a set of assumptions, it is sometimes possible to
show that a particle filter converges to the exact filtering dis-
tribution, when the number of particlesN tends to infinity [9].
Typically, a particle filter is said to convergence if the expec-
tations of a suitable class of test functions φ(.) converges in
this limit in some suitable topology:

lim
N→∞

(
N∑

i=1

wit φ(xit)

)
= E[φ(xt) | y1:t]. (6)

General convergence results for particle filters for test bounded
functions have been given, for example, in references [3, 9–
15] while for unbounded test functions, results can be found
in [4–6].

3. MODIFIED PARTICLE FILTER

The L4-convergence of particle filter in the paper [4] required
the modification of standard bootstrap filter algorithm to cope
with unbounded test functions. The convergence results were
obtained by computing the bounds for the conditional expec-
tation of the fourth power of error (L4) in the test function
estimates.

These results of [4] were extended in the paper [6] to
the case of more general importance distributions q(xt |
xt−1, y1:t). The results of [6] showed that with general im-
portance distributions the (modified) particle filter converges
provided that the importance weights are bounded.

The modified particle filter algorithm as presented in [6]
is given in Algorithm 1. The modified particle filter is con-
structed such that we always have

(πt|t−1, wt) ≈ (π̃Nt|t−1, wt) =
1

N

N∑

i=1

w
(i)
t ≥ γt > 0, (8)

where γt > 0 is a chosen threshold [4, 6].
In this paper, we extend the L4 particle filter convergence

proof of [6] to the case of (potentially) unbounded importance
weights. We use the same techniques and some assumptions
from [6], but impose a weaker assumption that the seventh
order moment is finite.

4. CONVERGENCE RESULT

The convergence proof of Algorithm 1 with bounded impor-
tance weights is found in the paper [4] for bootstrap type of

Algorithm 1 General Modified Particle Filter

1. Initialize the particles, {x(i)
0 }Ni=1 ∼ π0(dx0)

2. Predict the particles by drawing independent samples ac-
cording to

x̄
(i)
t ∼

N∑

j=1

αij q(xt | xt−1, yt),

where αi = (α1
1, α

2
2, . . . , α

i
N ) are the weights such that

αij ≥ 0,
N∑

j=1

αij = 1,
N∑

i=1

αij = 1,

and

1

N

N∑

i=1

N∑

j=1

αij q(xt | x(j)
t−1, yt) =

1

N

N∑

j=1

q(xt | x(j)
t−1, yt)

(7)

3. If (1/N)
∑N
i=1 w̄t ≥ γt, proceed to step 4 otherwise re-

turn to step 2. Note that w̄t is the value computed at x̄(i)
t .

4. Rename x̃(i)
t = x̄

(i)
t , and compute the importance weights

{w(i)
t }Ni=1 at x̃it, and then normalize them.

5. Resample, x(i)
t ∼ π̃Nt|t(dxt) =

∑N
i=1 w̃

(i)
t δx̃i

t
(dxt)

6. Set t = t+ 1 and repeat from step 2).

importance distributions and in the paper [6] for general im-
portance distributions. Here we follow a similar path as in
the proof in [6], but modify it such that we can replace the
assumption on the boundeness of the important weights with
a moment condition.

To guarantee the convergence, we impose the following
assumptions.

Assumption 4.1. For any given y1:s we have (πs|s−1, gs) >
γs > 0, where s = 1, . . . , t.

Assumption 4.2. The dynamical model density f and mea-
surement model density g are bounded, that is, there exists
constants cf and cg such that ‖f‖ ≤ cf and ‖g‖ ≤ cg , where
‖ · ‖ denotes the supremum norm.

Assumption 4.3. The test function of interest φ(·) satisfies
supxs

|φ(xs)|4g(ys | xs) < C(y1:s).

Assumption 4.4. For any potentially unbounded importance
weights wt(xt, xt−1) defined as

wt(xt, xt−1) =
g(yt | xt) f(xt | xt−1)

q(xt | xt−1, yt)
, (9)

the seventh order moment E[(wt(xt, xt−1))7 | xt−1] is finite,
where the expectation is over q(.).



We now present the following convergence theorem,
which shows the bound for error of the fourth moment condi-
tional mean.

Theorem 4.5. Consider the modified particle filter in Algo-
rithm 1 and suppose that Assumptions 4.1–4.4 are satisfied.
Then

i. For sufficiently large N , the algorithm will not run into
an infinite loop in steps 2-3.

ii. Let L4
t (g) be the class of functions satisfying Assumption

4.3. For any φ ∈ L4
t (g), there exists a constant ct|t,

independent of N such that

E

[∣∣∣(πNt|t, φ)− (πt|t, φ)
∣∣∣
4
]
≤ ct|t

||φ||4t,4
N2

, (10)

where

‖φ‖t,4 = max
{

1, (πs|s, |φ|4)1/4, s = 0, 1, . . . , t
}
.

Proof. The proofs for initialization and resampling steps are
the same as in [4]. Therefore, here, we only prove the conver-
gence of the (combined) prediction and update steps as in [6].
That is, we prove the convergence of

(πNt|t, φ)− (πt|t, φ) =
(π̂Nt|t, φ)

(π̂Nt|t, 1)
− (π̂t|t, φ)

(π̂t|t, 1)
, (11)

where π̂Nt|t = (πNt−1|t−1, w q
N ) and π̂t|t = (πt−1|t−1, w q).

This is attained by finding the bounds for the following terms:

E

[∣∣∣(πNt|t, φ)− (πt|t, φ)
∣∣∣
4
]

and E[(πNt|t, |φ|4)]. (12)

As in [6], it is enough to find the bounds for the following
terms:

E

[∣∣∣(π̂Nt|t, φ)− (π̂t|t, φ)
∣∣∣
4
]

and E
[
(π̂Nt|t, |φ|4)

]
, (13)

and

E

[∣∣∣(π̂Nt|t, 1)− (π̂t|t, 1)
∣∣∣
4
]

and E
[
(π̂Nt|t, 1)

]
. (14)

We only study the boundedness of (13). The bounds for (14)
are obtained by setting φ = 1 in (13). We denote Ft−1 as the
σ-algebra generated by xit−1. We write (π̂Nt|t, φ)− (π̂t|t, φ) as
Π1 + Π2 + Π3, where

Π1 = (π̂Nt|t, φ)− 1

N

N∑

i=1

E[φ(x̃it)w(x̃it, xt−1) | Ft−1], (15)

Π2 =
1

N

N∑

i=1

E[φ(x̃it)w(x̃it, xt−1) | Ft−1]

− 1

N

N∑

i=1

(πN,αi

t−1|t−1, f φ g), (16)

Π3 =
1

N

N∑

i=1

(πN,αi

t−1|t−1, f φ g)− (π̂t|t, φ). (17)

Let x̄it ∼ (πN,αi

t−1|t−1, q), then

E[φ(x̄it)w(x̄it, x
i
t−1) | Ft−1] = (πN,αi

t−1|t−1, f φ g). (18)

We next compute the bounds for E[|Π1|4, E[|Π2|4 and
E[|Π3|4, as in [6]. For E[|Π1|4, we use Lemmas 7.1, 7.2,
7.3, 7.4 and 7.5 from [4] and Equation (18) to get

E[|Π1|4|Ft−1]

≤ 24

N4

N∑

i=1

E



∣∣∣∣∣φ(x̃it)w(x̃it, x

i
t−1)

∣∣∣∣∣

4

| Ft−1




+
24

N4




N∑

i=1

E



∣∣∣∣∣φ(x̃it)w(x̃it, x

i
t−1)

∣∣∣∣∣

2

| Ft−1






2

≤ 24

N4(1− ε)2

N∑

i=1

E
[
|φ(x̄it)w(x̄it, x

i
t−1)|4|Ft−1

]

+
24

N4(1− ε)2

(
N∑

i=1

E
[
|φ(x̄it)w(x̄it, x

i
t−1)|2|Ft−1

]
)2

.

From Assumption 4.4, we can deduce the following.

Lemma 4.6. Provided that E[(wt(x̄
i
t, x

i
t−1))7 | xt−1] is

bounded, then E[(wt(x̄
i
t, x

i
t−1))7 | Ft−1] is bounded too.

Proof.

E[(wt(x
(i)
t , xt−1))7 | Ft−1]

≤ sup
x0:t

(
E

[(
wt(x

(i)
t , xt−1)

)7

| xt−1

])
≤ sup

x0:t

c7w ≤ C7
w.

Remark 4.7. If the seventh moment is finite then the lower
moments are finite too.

Proof. Results are easily obtained from Hölder’s and Jensen’s
inequalities,

With Lemma 4.6 and the Cauchy–Schwarz inequality, we
get

E
[
|φ(x̄it)w(x̄it, x

i
t−1)|4|Ft−1

]

≤
√

E
[
φ8(x̄it)w(x̄it, x

i
t−1) | Ft−1

]

×
√

E
[
w7(x̄it, x

i
t−1) | Ft−1

]

≤ C7/2
w

√
E
[
φ8(x̄it)w(x̄it, x

i
t−1) | Ft−1

]
.

E
[
|φ(x̄it)w(x̄it, x

i
t−1)|2|Ft−1

]

≤
√

E
[
φ4(x̄it)w(x̄it, x

i
t−1) | Ft−1

]

×
√

E
[
w3(x̄it, x

i
t−1) | Ft−1

]

≤ C3/2
w

√
E
[
φ4(x̄it)w(x̄it, x

i
t−1) | Ft−1

]
.



Thus

E[|Π1|4|Ft−1]

≤ 24C
7/2
w

N4(1− ε)2

N∑

i=1

√
E
[
φ8(x̄it)w(x̄it, x

i
t−1) | Ft−1

]

+
24C3

w

N4(1− ε)2

(
N∑

i=1

√
E
[
φ4(x̄it)w(x̄it, x

i
t−1) | Ft−1

]
)2

.

But

N∑

i=1

√
E
[
φ8(x̄it)w(x̄it, x

i
t−1) | Ft−1

]

≤ N +
N∑

i=1

E
[
φ8(x̄it)w(x̄it, x

i
t−1) | Ft−1

]

(
N∑

i=1

√
E
[
φ4(x̄it)w(x̄it, x

i
t−1) | Ft−1

]
)2

≤ (1 +N)
N∑

i=1

E
[
φ4(x̄it)w(x̄it, x

i
t−1) | Ft−1

]
.

Then

E[|Π1|4|Ft−1]

≤ 24C
7/2
w

N2(1− ε)2
+

24C
7/2
w ‖f‖‖g‖

N2(1− ε)2
Mt−1|t−1‖φ‖8t−1,4

+
24C3

w‖f‖‖g‖
N2(1− ε)2

Mt−1|t−1‖φ‖4t−1,4

+
24C3

w‖f‖‖g‖
N2(1− ε)2

Mt−1|t−1‖φ‖4t−1,4

=

(
c1

‖φ‖4t−1,4

+ c2‖φ‖4t−1,4 + c5

)
‖φ‖4t−1,4

N2

= C̃Π1

‖φ‖4t−1,4

N2
. (19)

The computation of bounds for E[|Π2|4 and E[|Π3|4 is the
same as in [6]. Therefore

E

[∣∣∣Π2

∣∣∣
4

| Ft−1

]
≤ C̃Π2

‖φ‖4t−1,4

N2
. (20)

E

[∣∣∣Π3

∣∣∣
4

| Ft−1

]
≤ C̃Π3

‖φ‖4t−1,4

N2
. (21)

By combining Equations (19), (20), and (21) via Minkowski’s
inequality, we get

E

[∣∣∣(π̂Nt|t, φ)− (π̂t|t, φ)
∣∣∣
4
] 1

4

≤ Ĉ1/4
t|t
‖φ‖t−1,4

N1/2
,

which implies

E

[∣∣∣(π̂Nt|t, φ)− (π̂t|t, φ)
∣∣∣
4
]
≤ Ĉt|t

‖φ‖4t−1,4

N2
. (22)

From [6], the bound for E[(π̂Nt|t, |φ|4)] is

E
[∣∣∣(π̂Nt|t, |φ|4)

∣∣∣
]
≤Mt|t||φ||4t−1,4. (23)

Note that if we set φ = 1 in (22) and (23), we get bounds for
(14). Hence the remaining task is to find the bounds for (12),
which is done exactly the same way as in [6]. Thus

E

[∣∣∣(πNt|t, φ)− (πt|t, φ)
∣∣∣
4
]
≤ Ct|t

‖φ‖4t−1,4

N2
,

E
[
(πNt|t, |φ|4)− (πt|t, |φ|4)

]
≤ M̄t|t‖φ‖4t−1,4,

which complete the proof of Theorem 4.5.

5. NUMERICAL EXAMPLE

A relevant question is now that what is the actual benefit of the
current extension in practical particle filtering models. The
clear benefit is that it extends the class of allowed importance
distributions to the class which does not ensure that the im-
portance weights are uniformly bounded. For example, the
weights might become infinite in isolated points provided that
the required expectations of them remain bounded.

However, to get an idea what kind of importance weights
have this kind of property, consider

v(x) = |x|−1/2 exp(−|x|). (24)

Clearly this function is everywhere positive, but it also con-
tains an infinite value at x = 0, and hence it is not bounded.
However, its integral is finite, which can be seen by comput-
ing its integral by reducing it into the definition of the Gamma
function:

∫ ∞

−∞
|x|−1/2 exp(−|x|) dx = 2

√
π. (25)

The function defined by (24) is thus an example of a positive
function which is unbounded, but has a bounded integral (see
Figure 1). It is now easy to see that it is possible to construct
models for which the importance weights are point-wise un-
bounded but still satisfy Assumption 4.4. Examples of practi-
cal models which lead to this kind of importance weights will
be considered in future work.

6. CONCLUSION

In this paper, we have extended the L4 particle filter conver-
gence proof of [6] to the case of potentially unbounded impor-
tance weights, by replacing the boundedness condition with



Fig. 1. Example of a point-wise unbounded function with a
finite integral over (−∞,∞).

finiteness of conditional weight moments. Our proof shows
that provided that the seventh order moment is finite, then a
particle filter for unbounded test functions with unbounded
importance weights are ensured to converge.
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Abstract

In this paper, we derive moment conditions for particle filter importance weights, which ensure that the particle filter estimates of
the expectations of bounded Borel functions converge in mean squareandL4 sense, and that the empirical measure of the particle
filter converges weakly to the true filtering measure. The result extends the previously derived conditions by not requiring the
boundedness of the importance weights, but only boundedness of second or fourth order moments. We show that the boundedness
of the second order moments of the weights implies the convergence of theestimates bounded functions in the mean square sense,
and theL4 convergence as well as the empirical measure convergence are assured by the boundedness of the fourth order moments
of the weights. We also present an example class of models and importance distributions where the moment conditions hold, but
the boundedness does not. The unboundedness in these models is caused by point-singularities in the weights which still leave the
weight moments bounded. We show by using simulated data that the particle filter for this kind of model also performs well in
practice.

c© 2011 Published by Elsevier Ltd.

Keywords: Particle filter, convergence, unbounded importance weights, moment condition.

1. Introduction

Particle filters are sequential Monte Carlo based methods for numerically solving Bayesian filtering problems by

approximating the filtering distribution using a weighted set of Monte Carlo samples{(x̃(i)
t , w̃

(i)
t ) : i = 1, . . . ,N} (see,

e.g., [1, 2]). They approximate the filtering probability measure as a linear combination of delta measures located at

the particles ˜x(i)
t with the weights given by ˜w(i)

t .

In probabilistic sense, the Bayesian estimation problem can be expressed as state inference in a state space model

∗Corresponding author
Email addresses:Isambi.Mbalawata@lut.fi (Isambi S. Mbalawata),Simo.Sarkka@aalto.fi (Simo S̈arkkä)
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of the form

x0 ∼ f0(x0),

xt ∼ ft(xt | xt−1),

yt ∼ gt(yt | xt),

(1)

wheret = 0,1,2, . . ., xt ∈ Rn is the state of the system,yt ∈ Rm is the measurement,f0(x0) is the prior probability

distribution of x0 at initial time stept = 0, ft(xt | xt−1) is the transition probability density modeling the dynamics

of the system, andgt(yt | xt) is the conditional probability density of measurements modeling the distribution of

measurements. In applications, the densities are usually with respect to the Lebesgue measure or the counting measure,

but other reference measures are possible as well.

An important feature of any particle filter algorithm is thatit should converge to the correct distribution as the

number of particlesN→ ∞. This property of particle filters is well studied and there exists a number of convergence

results for particle filters (see, e.g., [3, 4, 5, 6, 1, 7, 8, 9,10, 11, 12, 13, 14, 15, 16] and references therein). However,the

effect of importance distribution on the convergence is less studied and it is typical either to assume that the dynamic

model is used as the importance distribution, leading to so called bootstrap filter, or that the unnormalized importance

weights are point-wise bounded. Although in central limit theorem type analysis of particle filters this point-wise

boundedness is not always assumed (see, e.g., [7]), it is a standard assumption inLp-type analysis of particle filters

[5, 1, 6].

In [16], we derived novel moment conditions for importance weights which ensured theL4-convergence of the

modified particle filter of [11] for the case of unbounded testfunctions. Unfortunately, the results in [16] are not

directly applicable to standard particle filters. In this paper, we give the proofs for the mean square convergence,

L4-convergence, and the empirical measure convergence for the standard particle filter in the case of potentially

unbounded importance weights and bounded test function. This enlarges the class of state space models in which

particle filters are ensured to converge. Our proof follows the spirit and many of the ideas of the proofs in [5, 6]

although the assumptions and the main results are different.

2. Particle Filtering

Particle filters are related to the Bayesian filtering problem, which refers to the construction of the filtering prob-

ability density functionp(xt | y1:t). The construction ofp(xt | y1:t) is done recursively by Bayesian filtering equations

(see, e.g., [2]). LetB(Rn) be the set of bounded Borel measurable functions onRn, φ ∈ B(Rn), πt|t−1 the measure

corresponding to the probability densityp(xt | y1:t−1), andπt|t the measure corresponding to the densityp(xt | y1:t).

Then the Bayesian filtering equations for state space model (1) can be written as

(πt|t−1, φ) = (πt−1|t−1, ft φ),

(πt|t, φ) =
(πt|t−1, φgt)

(πt|t−1,gt)
,

(2)

2
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where (π, φ) ,
∫
φdπ, f φ(x) ,

∫
f (z | x) φ(z) dν f (z), andν f is the reference measure used for the densityf .

We assume that the state-space model satisfies the sufficient conditions for the Bayesian filtering equations to have

solutions which are regular densities with respect to the chosen reference measure. For existence of solution to (2),

we have to require that (πt|t−1,gt) > 0.

Due to intractability of Equations (2), for most state spacemodels, we usually need to approximate them. A

particle filter for approximating the solutions of (2) is given in Algorithm 1. In this paper, we provide the mean

square,L4, and empirical measure convergence results for general importance distributionq(xt | xt−1, y1:t), regardless

of the boundedness of the importance weights.

Algorithm 1 Standard particle filter

• At t = 0, for i = 1, . . . ,N, samplex(i)
0 ∼ π0|0(dx0).

• At t ≥ 1,

– Sample ˜x(i)
t ∼ q(xt | x(i)

t−1, y1:t), for i = 1, . . . ,N.

– Calculate the unnormalized weights by

wt(x̃
(i)
t , x

(i)
t−1) =

gt(yt | x̃(i)
t ) ft(x̃

(i)
t | x(i)

t−1)

q(x̃(i)
t | x(i)

t−1, y1:t)
, (3)

for i = 1, . . . ,N, and define unnormalized empirical measure ˆπN
t|t as

π̂N
t|t =

1
N

N∑

i=1

wt(x̃
(i)
t , x

(i)
t−1) δx̃(i)

t
, (4)

whereδx denotes a Dirac delta measure concentrated atx.

– Normalize the weights by ˜w(i)
t =

w(i)
t∑N

i=1 w(i)
t

, wherew(i)
t = wt(x̃

(i)
t , x

(i)
t−1), and define empirical probability

measure ˜πN
t|t as

π̃N
t|t =

N∑

i=1

w̃(i)
t δx̃(i)

t
. (5)

– Do resampling to obtain the resampled particlesx(i)
t , and define empirical probability measureπN

t|t, which

is the approximation to the filtering distribution, as

πN
t|t =

1
N

N∑

i=1

δx(i)
t
. (6)

– t ← t + 1

3
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3. Convergence of Mean Square Error

In this section, we derive a novel mean square convergence theorem for particle filters. For the Theorem 3.4, we

impose the following assumptions.

Assumption 3.1. The measurement model gt is bounded, that is, there exist a constant cg < ∞ such that∀t ∈ N,

∀x ∈ Rn, and∀y ∈ Rm we have gt(y | x) ≤ cg < ∞.

Assumption 3.2. The resampling procedure satisfies (see, e.g., [5, 6] for thesufficient conditions for this):

E
[∣∣∣∣(πN

t|t, φ) − (π̃N
t|t, φ)

∣∣∣∣
2] ≤ Ct

‖φ‖2
N
, (7)

where‖φ‖ , supx∈Rn |φ(x)| and Ct < ∞ is a constant.

Assumption 3.3. The importance density q is satisfies the following condition. Let

wt(xt, xt−1) =
g(yt | xt) f (xt | xt−1)

q(xt | xt−1, y1:t)
(8)

be the unnormalized importance weight function,∀t ∈ N and xt−1 ∈ Rn. ThenE[w2
t (xt, xt−1) | xt−1] ≤ Cw < ∞, with

the expectation taken over q(xt | xt−1, y1:t).

Theorem 3.4. Provided that Assumptions 3.1, 3.2 and 3.3 hold for all t≥ 0, then there exist a constant ct < ∞ such

that, for bounded functionφ ∈ B(Rn)

E
[∣∣∣∣(πN

t|t, φ) − (πt|t, φ)
∣∣∣∣
2] ≤ ct

‖φ‖2
N
. (9)

Using Assumptions 3.1, 3.2 and 3.3, we now aim to prove Theorem 3.4, for the case where the importance weights

are not necessarily (point-wise) bounded. In the followingwe use the notationg , gt, f , ft andwt , wt(xt, xt−1).

Additionally, Ft−1 denotes theσ-field generated by the particles{x(i)
t−1}Ni=1 and π̃t|t the empirical measure before the

resampling step.

Proof. For each step (initialization, prediction, update and resampling step) of Algorithm 1, we compute the bound for

mean square error. However, to cope with general importancedistribution as in [15, 16], we combine the prediction

and update steps, hence the Bayesian filtering equations (2)can be re-written as

(πt|t, φ) =
(πt−1|t−1, f φg)

(πt−1|t−1, f g)
=

(π̂t|t, φ)
(π̂t|t,1)

, (10)

whereπ̂t|t(dxt) = (
∫

wt(xt, xt−1) q(xt | xt−1, y1:t) dπt−1|t−1) dxt.

At initial step,t = 0, we have E
[∣∣∣∣(πN

0|0, φ) − (π0|0, φ)
∣∣∣∣
2] ≤ c0

‖φ‖2
N , because theN particles from the prior distribution

(πN
0|0) are assumed to be independent and identically distributed. We now aim to prove the corresponding result for all

t ≥ 1, by using an induction argument. The result follows by proving Lemma 3.5 (for combined prediction-update

steps) and Lemma 3.7 (for resampling step).

4
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Lemma 3.5. Let us assume that forφ ∈ B(Rn) and Assumptions 3.1, 3.2 and 3.3 hold, we have

E
[∣∣∣∣(πN

t−1|t−1, φ) − (πt−1|t−1, φ)
∣∣∣∣
2] ≤ ct−1

‖φ‖2
N
. (11)

Then

E
[∣∣∣∣(π̃N

t|t, φ) − (πt|t, φ)
∣∣∣∣
2] ≤ c̃t

‖φ‖2
N
. (12)

Proof. GivenFt−1, theσ-field generated by{x(i)
t−1}Ni=1, then

E[(π̂N
t|t, φ) | Ft−1] = (πN

t−1|t−1, f φg) (13)

and, from Assumption 3.3, we can easily show the boundednessof E[(w(i)
t )2 | Ft−1]:

Remark 3.6. Provided thatE[(w(i)
t )2 | xt−1] is bounded, thenE[(w(i)

t )2 | Ft−1] is bounded as well.

We know that

(π̃N
t|t, φ) − (πt|t, φ) ≤ ‖φ‖

(π̂t|t,1)

[
(π̂t|t,1)− (π̂N

t|t,1)
]

+
1

(π̂t|t,1)

[
(π̂N

t|t, φ) − (π̂t|t, φ)
]
, (14)

where (π̂t|t,1) = (πt|t−1,g) > 0 by our assumptions. To prove Equation (12), we need to evaluate the bounds for

E[|(π̂N
t|t, φ) − (π̂t|t, φ)|2] and E[|(π̂N

t|t,1) − (π̂t|t,1)|2]. We first evaluate the bound for the former expression, fromwhich

the latter will follow by settingφ = 1. We define (ˆπN
t|t, φ) − (π̂t|t, φ) = Π1 + Π2, where

Π1 = (π̂N
t|t, φ) − E[(π̂N

t|t, φ) | Ft−1],

Π2 = E[(π̂N
t|t, φ) | Ft−1] − (π̂t|t, φ).

We compute E[|Π1|2] and E[|Π2|2] as follows. Using the boundedness ofφ, Equation (13) and Remark 3.6, we get

E
[∣∣∣∣Π1

∣∣∣∣
2 | Ft−1

]
≤ 1

N
E


1
N


N∑

i=1

φ(x(i)
t ) w(i)

t


2

| Ft−1



≤ ‖φ‖
2

N2

N∑

i=1

E
[
|w(i)

t |2 | Ft−1

]
≤ c̃t1

‖φ‖2
N
. (15)

For the second part, using Equations (11) and (13) as well as‖ fφ‖ ≤ ‖φ‖, we get

E
[∣∣∣∣Π2

∣∣∣∣
2 | Ft−1

]

= E
[∣∣∣∣(πN

t−1|t−1, fφg) − (πt−1|t−1, fφg)
∣∣∣∣
2 | Ft−1

]

≤ ct−1
‖φ‖2 ‖g‖2

N
= c̃t2

‖φ‖2
N
. (16)

Using Minkowski inequality, we combine (15) and (16) to get

E
[∣∣∣∣(π̂N

t|t, φ) − (π̂t|t, φ)
∣∣∣∣
2] ≤ ĉt

‖φ‖2
N
, (17)

5
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which, withφ = 1, implies E
[∣∣∣∣(π̂N

t|t,1)− (π̂t|t,1)
∣∣∣∣
2] ≤ ĉt

1
N . Using these results and the Minkowski inequality to (14):

(
E

[∣∣∣∣(π̃N
t|t, φ) − (πt|t, φ)

∣∣∣∣
2])1/2

≤
(

1
(π̂t|t,1)

√
ĉt +

1
(π̂t|t,1)

√
ĉt

) ‖φ‖
N1/2

=
√

c̃t
‖φ‖
N1/2
,

which completes the proof of Lemma 3.5.

Lemma 3.7. Assume that Assumptions 3.1, 3.2 and 3.3 hold and that

E
[∣∣∣∣(π̃N

t|t, φ) − (πt|t, φ)
∣∣∣∣
2] ≤ c̃t

‖φ‖2
N
.

Then

E
[∣∣∣∣(πN

t|t, φ) − (πt|t, φ)
∣∣∣∣
2] ≤ ct

‖φ‖2
N
. (18)

Proof. If we define (πN
t|t, φ)− (πt|t, φ) = (πN

t|t, φ)− (π̃N
t|t, φ)+ (π̃N

t|t, φ)− (πt|t, φ), then, using Minkowski inequality together

with Assumption 3.2 and results of Lemma 3.5 we have

(
E

[∣∣∣∣(πN
t|t, φ) − (πt|t, φ)

∣∣∣∣
2])1/2

≤
√

Ct
‖φ‖
N1/2

+
√

c̃t
‖φ‖
N1/2

=
√

ct
‖φ‖
N1/2
,

hence, the result follows.

4. The L4 and Empirical Measure Convergence

In this section we generalize the aboveL2-convergence results toL4-convergence and empirical measure conver-

gence.

4.1. The L4-Convergence

To guarantee theL4-convergence results, we use Assumption 3.1 together with the following assumptions.

Assumption 4.1. The resampling procedure satisfies the condition [5]:

E
[∣∣∣∣(πN

t|t, φ) − (π̃N
t|t, φ)

∣∣∣∣
4] ≤ Ct

‖φ‖4
N2
. (19)

Assumption 4.2.Let wt(xt, xt−1) be the unnormalized importance weight function defined in(8), ∀t ∈ N and xt−1 ∈ Rn,

thenE[w4
t (xt, xt−1) | xt−1] ≤ Cw < ∞, with the expectation taken over q(xt | xt−1, y1:t).

Remark 4.3. Provided thatE[(w(i)
t )4 | xt−1] is bounded, thenE[(w(i)

t )4 | Ft−1] is bounded as well.

For theL4-convergence, we need to prove the following theorem.
6
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Theorem 4.4. Provided that Assumptions 3.1, 4.1 and 4.2 hold for all t≥ 0, then forφ ∈ B(Rn) we have

E
[∣∣∣∣(πN

t|t, φ) − (πt|t, φ)
∣∣∣∣
4] ≤ ct

‖φ‖4
N2
. (20)

Proof. Certainly, this is true fort = 0 and the cases fort ≥ 1 result follows from Lemmas 4.5 and 4.6 below together

with an induction argument.

Lemma 4.5. Assume Assumptions 3.1, 4.1 and 4.2 hold and we have

E
[∣∣∣∣(πN

t−1|t−1, φ) − (πt−1|t−1, φ)
∣∣∣∣
4] ≤ ct−1

‖φ‖4
N2
. (21)

Then

E
[∣∣∣∣(π̃N

t|t, φ) − (πt|t, φ)
∣∣∣∣
4] ≤ c̃t

‖φ‖4
N2
. (22)

Proof. Recall that we have defined (˜πN
t|t, φ) − (πN

t|t, φ) in Equation (14) and consider

(π̂N
t|t, φ) − (π̂t|t, φ) =

[
(π̂N

t|t, φ) − E[(π̂N
t|t, φ) | Ft−1]

]
+

[
E[(π̂N

t|t, φ) | Ft−1] − (π̂t|t, φ)
]
. Using Lemmas 7.1 and 7.2 from [11]

together with Remark 4.3, we can easily deduce

E
[∣∣∣∣(π̂N

t|t, φ) − E[(π̂N
t|t, φ) | Ft−1]

∣∣∣∣
4 | Ft−1

]

≤ 16‖φ‖4
N4


N∑

i=1

C4
w +


N∑

i=1

C2
w


2 = c̃1

‖φ‖4
N2
. (23)

Proceeding as in (16) we get that

E
[∣∣∣∣ E[(π̂N

t|t, φ) | Ft−1] − (π̂t|t, φ)
∣∣∣∣
4 | Ft−1

]
≤ c̃2

‖φ‖4
N2
. (24)

The result follows by combining (23) and (24) with Minkowski’s inequality.

Lemma 4.6. Assume Assumptions 3.1, 4.1 and 4.2 hold and we have

E
[∣∣∣∣(π̃N

t|t, φ) − (πt|t, φ)
∣∣∣∣
4] ≤ c̃t

‖φ‖4
N2
. (25)

Then

E
[∣∣∣∣(πN

t|t, φ) − (πt|t, φ)
∣∣∣∣
4] ≤ ct

‖φ‖4
N2
. (26)

Proof. Proceeding as the proof of Lemma 3.7 but using Assumption 4.1and Lemma 4.5, the results follows.

4.2. Empirical Measure Convergence

In this section, we use theL4-results to deduce the empirical measure convergence givenin the following theorem.

Theorem 4.7. Provided that Assumptions 3.1, 4.1 and 4.2 hold for all t≥ 0, then we have, almost surely,

lim
N→∞
πN

t|t = πt|t. (27)

Proof. Using theL4-convergence results, then the result follows by using the Markov inequality and Borel-Cantelli

argument [5].

7
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5. Analytical and Numerical Example

Assume that we have a Cox process, where the a priori dynamicsof the state can be modeled as a reflected

Brownian motionx(τ) , η1/2 |W(τ)|, whereW(τ) is a standard Brownian motion, and the measurements are Poisson

distributed with an intensity parameterλ(τ) = c x(τ), wherec > 0 is a constant, and the measurements are obtained

at discrete timest ∈ {1,2,3,4, . . .}. The model can now be formulated as a discrete-time model forthe measurement

times:

f (xt | xt−1) =
1√
2π η

[
e−

(xt−xt−1)2

2η + e−
(xt+xt−1)2

2η

]
,

g(yt | xt) =



limxt→0+ g(yt | xt), if xt = 0,

(c xt)yt exp(−c xt)
yt !

, otherwise,

wheref (xt | xt−1) is a density with respect to the Lebesgue measure andg(yt | xt) with respect to the counting measure.

Above, we require thatxt ≥ 0 for all t. The purpose of includingxt = 0 as the special case ing is to ensure that it is

continuous and bounded in the domainxt ≥ 0.

Let us now select a Gamma distribution with constant parametersα, β > 0 as the importance distribution for a

particle filter. Thus the importance sampling density (w.r.t. the Lebesgue measure) is

q(xt) =
βα

Γ(α)
xα−1

t exp(−β xt). (28)

At some point of time we eventually reach a zero measurementyt = 0. In this case we have forxt > 0

w(xt, xt−1) =
1√
2π η

exp(−c xt)

[
e−

(xt−xt−1)2

2η + e−
(xt+xt−1)2

2η

]

βα

Γ(α) xα−1
t exp(−β xt)

. (29)

Let us assume thatα > 1. It is now easy to show that for any (finite) selection ofxt−1 we have

lim
xt→0+

w(xt, xt−1) = ∞. (30)

This happens, becauseq(0) = 0, but the numerator is nonzero. Thus according to the classical result for particle filters

[5, 1, 6] the particle filter is not guaranteed to converge in mean square,L4, or empirical measure sense.

By using f ≤ 1/
√

2π η and combining terms gives

w(xt, xt−1) ≤ Γ(α)√
2π η β−α

exp((β − c) xt) x−α+1
t . (31)

Thus we have

E[wp(xt, xt−1) | xt−1] =
∫ ∞

0
w2(xt, xt−1) q(xt) dxt

≤ β
α

Γ(α)


Γ(α)√

2π η β−α


p

×
∫ ∞

0
exp([(p− 1)β − p c] xt) x(1−p)α+p−1

t .

(32)

8
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Provided that (p−1)β−p c< 0, the above expression is just a constant times the gamma function valueΓ((1−p)α+p).

Recalling that the gamma function is finite for negative arguments other than integers, we can now deduce that even

whenyt = 0, we have forp = 2,4:

∫ ∞

0
(w(xt, xt−1))p q(xt) dxt ≤ cw < ∞ (33)

provided thatβ < c p/(p− 1),α > 1, and (1− p)α+ p is not a negative integer. Thus, according to the present theory,

the particle filter converges in mean square andL4 sense for bounded Borel functions, and its empirical measure

converges.

[Figure 1 about here.]

[Figure 2 about here.]

Because this model is single-dimensional, we can use numerical integration (naive Riemann sum in this case) to

approximate the filtering solution in a dense grid. The result of applying the grid filter to a simulated process with

c = 1/2, q = 1/10, x0 = |ξ|, whereξ is unit Gaussian, is shown in Figure 1 on the left. The right hand side of Figure 1

shows the result of a particle filter with 10000 particles andwith the importance distribution parametersα = 1.5 and

β = 0.5. For visualization the number of particles is reduced to 100 per time step. As can be seen, the result is well in

line with the grid based result. Figure 2 shows the filtering distribution approximations at stept = 11, wherey11 = 0

and hence the importance weight is unbounded. The particle filter result is well in line with the grid based result

despite the unboundedness of the weight.

6. Conclusion and Discussion

We have derived moment conditions for importance weights ofparticle filters, which ensure that the particle filter

estimates of the expectations of bounded Borel functions converge in mean square andL4 sense, and that the empirical

measure of the particle filter converges weakly to the true filtering measure. The novel result is that the importance

weights do not need to be point-wise bounded. We have also provided an example of a model and a particle filter for

which the present theory guarantees the particle filter convergence although the previously developed particle filter

theory does not.

The numerical example showed an example situation when the weight moments can be bounded when the weights

are not point-wise bounded. Similar phenomenon is possiblewhenever there are point-singularities in the weights

caused by nulls in the importance distribution. An advantage of the moment conditions is that when the importance

distribution is constructed indirectly (as in, e.g., [17]), the weight moment condition can be easier to check than the

point-wise boundedness.

9
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[12] X. Hu, T. B. Scḧon, L. Ljung, A general convergence result for particle filtering, IEEE Transactions on Signal Processing 59 (7).

[13] P. Del Moral, Mean field simulation for Monte Carlo integration, Chapman & Hall/CRC, 2013.

[14] N. Whiteley, Stability properties of some particle filters, The Annals of Applied Probability 23 (6) (2013) 2161–2603.
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a  b  s  t  r  a  c  t

Numerous  studies  have  been  carried  out  on  within-host  Plasmodium  falciparum  malaria  with varying
results.  Some  studies  have  suggested  over  estimation  of parasite  growth  within  an  infected  host  while
others  stated  that  evolution  of  parasitaemia  seems  to  be quelled  by parasite  load.  Various  mathematical
models  have  been  designed  to  understand  the dynamics  of  evolution  of  within-host  malaria.  The  basic
ingredient  in  most  of  the models  is  that  the  availability  of uninfected  red blood  cells  (RBCs)  in  which
the  parasite  develops  is  a limiting  factor  in the  propagation  of  the  parasite  population.  We  hypothesize
that  in  severe  malaria,  due  to  parasite  quest  for survival  and  rapid multiplication,  the vicious malaria
parasite  is sophisticated  and  can  be  absorbed  in  an  already  infected  RBC  and  speeds  up  rapture  rate.  The
study  reviews  the  classical  models  of blood  stage  malaria  and  proposes  a new  model  which  incorporates
double  infection.  Analysis  of the  model  and  parameter  identifiability  using  Markov  chain  Monte  Carlo
(MCMC)  are  presented.  MCMC  uses  distribution  of parameters  to study  the model  behavior  instead  of
single points.  Results  indicate  that  most  infected  RBCs  rupture  quickly  due  to  the disease  instead.  This
may  explain  anemia  in  malaria  patients  and  lack  of uniformity  of oscillations  in within-host  malaria.
Therefore,  more  needs  to be  done  as far  as  within-host  malaria  is concerned,  to  provide  step  by  step
evolution  of  malaria  within  a host.

©  2014 Elsevier  Ireland  Ltd.  All  rights  reserved.

1. Introduction

Malaria is a tropic disease caused by a Plasmodium, which is a
genus of parasitic protozoa. The symptoms of an individual with
a malaria episode include high fevers, shaking chills and anemia
(Krogstad, 2012). It is a major threat to the lives and health of
millions of people living in the tropics and subtropics (Marsh, 2012).
Millions of episodes of the disease and deaths of more than a million
people each year are reported, many of them children in sub-
Saharan Africa. Of the four species of malaria parasite that infect
humans, severe disease and deaths are overwhelmingly attributed
to Plasmodium falciparum.  It is this species, specifically the dynam-
ics within its host that is the center of our study. The life cycle
of the human-infecting Plasmodium species can be broken down
into the vector (mosquito) stage and the host (human) stage. The
sexual stage of the parasite takes place in the female mosquito
of the genus Anopheles and the asexual stage in humans. Malaria
transmission occurs when a female mosquito vector takes a blood

∗ Corresponding author. Tel.: +256 772 347347.
E-mail addresses: bnk@cns.mak.ac.ug, bnk@cns.mak.ac.ugy (B. Nannyonga).

meal from an infected human host. During a subsequent blood
meal, the mosquito injects between 10 and 100 sporozoites into
the blood stream of the human via saliva (Ponnudurai et al., 1982;
Rosenberg et al., 1990). Once inside the human host, the sporo-
zoites travel to liver cells, and this marks the beginning of the
exo-erythrocytic phase of the malaria parasite. Within the liver,
the parasites change form again into trophozoites, beginning the
pre-erythrocytic stage (Krier and Baker, 1980). The trophozoite
duplicates asexually producing thousands of merozoites. These fill
the tissue of the trophozoite cell which ruptures when fully devel-
oped. The merozoites then flood the surrounding tissue and enter
the blood stream, although some of them re-enter the liver cells for
a secondary pre-erythrocytic stage (Bruce-Chwatt, 1980; Garnham,
1966).

The development of P. falciparum malaria is a complex process
(Hoshen et al., 2000) involving multiple stages. It is characterized
by an exponential growth in the number of infected erythro-
cytes, followed by oscillations with a period of 48 h, which are
eventually dampened. An inherent feature of infection is syn-
chronicity, which is irrespective of the duration of merozoite
release from the liver, causing periodic symptoms in the infected
human. The malaria parasite is a unicellular organism belonging

http://dx.doi.org/10.1016/j.biosystems.2014.09.009
0303-2647/© 2014 Elsevier Ireland Ltd. All rights reserved.
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to the phylum Apicomplexa. Development of new approaches to
control malaria through prevention and treatment is dependent
on thorough understanding of how the malaria parasite interacts
with the human host causing its damage (Marsh, 2012). All Plas-
modium species take up cell cytoplasm by feeding on hemoglobin
in the red blood cells (RBCs) or erythrocytes of their host (Slater and
Cerami, 1992). For untreated P. falciparum malaria, large number of
infected RBCs rupture every 48 h (Medical Biology-diseases, 2012),
releasing fever-causing chemicals into the blood at regular inter-
vals (Marsh, 2012; Malaria, 2012a). The released merozoites can
either re-enter a naive erythrocyte and begin a new erythrocytic
cycle, or become a gametocyte, remaining inactive in the blood-
stream of the human host. It begins to differentiate if taken up
by a mosquito and this starts the whole cycle again. Whether the
late relapses of malaria episodes are caused by a dormant primary
pre-erythrocytic parasite or a clinically undetectable secondary
pre-erythrocytic system (Bruce-Chwatt, 1980) is not known. The
cycle for the pre-erythrocytic stage is two weeks at most (Clyde,
1987), but individuals go without symptoms for decades between
the time of primary infection, first exposure to the parasite, and a
relapse.

Parasite load is regulated according to parasite density
(Ginsburg and Hoshen, 2002). The autoregulation maintains an
equilibrium between activated host defense processes, the sensitiv-
ity of the erythrocytes to invasion and the degree of pathogenicity
of the parasite (White and Ho, 1992). Developing a suitable mathe-
matical model is imperative to understanding such auto-regulation.
Numerous mathematical models have been designed to under-
stand the process of malaria infection in non-immune individuals
(Gravenor and Kwiatkowski, 1998; Gravenor et al., 1998, 1995;
Gupta et al., 1994; Hetzel and Anderson, 1996; Saul, 1998) with
mixed results. Such models are essential since the malaria para-
sites cannot be seen at some stages within-host. It is obvious
that the models could disclose the significance of antigenic vari-
ation to the evolution of malaria (Ginsburg and Hoshen, 2002) at
cellular and population levels. Studies such as those in Okosun
et al. (2011, 2013) and Makinde and Okosun (2011) have modeled
optimal control strategies and analyzed cost effectiveness of the
disease. Okosun et al. (2011) studied optimal control analysis of a
malaria disease transmission model that includes treatment and
vaccination with waning immunity, while Makinde and Okosun
(2011) looked at the impact of chemotherapy on optimal con-
trol of malaria disease with infected immigrants. These studies
model malaria control at population level. More often than not,
the impact of a disease at population level may  or may not be
driven by the cellular level dynamics of the infected individ-
uals. Understanding within-host dynamics of malaria may  provide
needed information on such studies of malaria at population
level.

A lot of study has been done on blood-stage malaria with inter-
esting results (Hetzel and Anderson, 1996; Saul, 1998; Achcar et al.,
2011; Johnston et al., 2014; Dondorp et al., 2000; Thibodeaux,
2010). In this study, a new approach that perhaps makes it pos-
sible for P. falciparum malaria to multiply rapidly within the host
(Slater and Cerami, 1992) is suggested. First, the basic within-host
model by Hetzel and Anderson (1996) and Dondorp et al. (2000)
is analyzed, and steady states together with conditions for their
existence and persistence explored. The results are compared to
those from the Saul (1998) model, although not shown in the paper.
Until recently, malaria parasites were considered to prefer new
cells to already infected ones. Here, it is hypothesized that mero-
zoites do enter infected red cells due to restriction of blood flow
(see Ginsburg and Hoshen, 2002 and the references there in). This
is based on an assumption that availability of uninfected RBCs to
merozoites is restrained when total clogging of venules occurs in
severe malaria. Although the situation in severe malaria may be

much more complex (Dondorp et al., 2000), the possibilities that
could lead to anemia are explored.

The hypothesis is studied from a mathematical point of view and
an attempt to answer the following questions is made: In cases of
severe malaria and restricted supply of uninfected RBCs, is it plausi-
ble that merozoites get absorbed in infected cells? If so how would
such dynamics affect the entire blood stage malaria infection pro-
cess? Does it have any marginal effect on persistence within-host?
To answer these questions the basic model by Hetzel and Anderson
(1996) and Dondorp et al. (2000) is analyzed and results compared
with the case of additional infection. The rupture function by Saul
(1998) is used for comparison to the known dynamics of malaria.

2. Model formulation

Three models based on earlier work such as in Hetzel
and Anderson (1996), Saul (1998), Dondorp et al. (2000) and
Thibodeaux (2010) and more recently, Cuadros and García-Ramos
(2012) are used. The models designed are susceptible-infective (SI),
in the human host and an additional compartment for the malaria
parasites. In the first model, malaria parasites are attacking non
infected RBCs and then after a given time, rupture to release more
merozoites and the infection process continues. In this case, the
number of merozoites released are dependent on the number of
red cells destroyed. Upon rupture, r merozoites are released. In the
proposed model, similar assumptions as in the first model are made.
The difference arises out of the hypothesis that merozoites can be
absorbed in an already infected RBC. More details about this process
are given in the proceeding sections.

2.1. Original model

In this section, a mathematical model of blood stage infec-
tion with a single strain of malaria is investigated. Emphasis is to
study the cell population dynamics to determine the parameters
for a successful invasion and persistence of the parasite. Important
parameters in the invasion/persistence, and whether the density
of susceptible erythrocytes is an important determinant of the ini-
tial pattern of infection in vivo are studied. The basic model of
blood-stage malaria dynamics implemented here has three vari-
ables: x, the concentrations of uninfected RBCs, y, the infected RBCs,
and m, the free malaria parasites (Hoshen et al., 2000; Hetzel and
Anderson, 1996; Dondorp et al., 2000). These quantities denote the
total abundance (cells or parasites) of the given population per
milliliter (mL) of blood, and their dynamics are described in Fig. 1.

Fig. 1A shows the known biological dynamics of malaria within
a host; extracted from Nature, see Winzeler (2008). Fig. 1B is the
mathematical translation of these dynamics within the RBCs. In
the study we model the asexual cycle c. The mathematical transla-
tion of stage c is described by the following system of differential
equations:

dx

dt
= � − �x − ˇxm;

dy

dt
= ˇxm − �y − ıy;

dm

dt
= rıy − �m − ˇxm. (2.1)

In the model, � is the rate at which new red cells are formed
(cells/ml/day), �, � and � are the death rates of uninfected red
cells, infected red cells and merozoites, respectively (/day). Let ı be
the differentiation rate of merozoites. The rate at which merozoites
invade red cells (/cell/ml/day) is  ̌ while r is the number of mero-
zoites released per rupturing schizont. All parameters of the model
are non negative. The magnitudes, dimensions and sources of these
parameters are summarized in Table 1, and a compartmentalized
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Fig. 1. Compartmentalized diagram of the basic malaria model.

Table 1
Parameter values and their dimensions.

Parameter Description Value Dimension Source

� The rate at which new RBCs are formed 2.5 × 108 cells/ml/day Hetzel and Anderson (1996), Saul (1998) and Thibodeaux (2010)
� The per capita death rate for non infected RBCs 0.0083 /day Hetzel and Anderson (1996) and Dondorp et al. (2000)
ı Differentiation rate of merozoites 0.5 /day Dondorp et al. (2000) and Cuadros and García-Ramos (2012)
� Natural death rate of infected red blood cells 0.025 /day Dondorp et al. (2000) and Cuadros and García-Ramos (2012)
� The per capita death rate for free merozites 48 /day Dondorp et al. (2000) and Cuadros and García-Ramos (2012)

 ̌ Infection rate of non infected red blood cells by
merozoites

2.5 × 10−10 /merozoite/day Dondorp et al. (2000)

r Merozoite production rate 16–20, 32 /day Malaria (2012b)

diagram in Fig. 1. From this system of differential equations, it is
possible to determine the concentration of the malaria parasite
population at equilibrium. Setting all the infected classes, that is,
y = 0 = m,  and solving the resulting system at this steady state gives
the disease-free equilibrium DFE, as E1(0) = (�/�, 0, 0).

The endemic equilibrium state is obtained by setting the left
hand-side of expressions in Eq. (2.1) to zero to obtain the following
solution set:

Ẽ1 = {x̃, ỹ, m̃}  =
{

r�ı�

(ı(r − 1) − �)(ˇ� + ��)R01
,

(ˇ� + ��)(R01 − 1)
ˇ(ı(r − 1) − �)

,
(ˇ� + ��)(R01 − 1)

�ˇ
, (2.2)

where

R01 = rıˇ�

(ı + �)(ˇ� + ��)
, (2.3)

is the basic reproductive number for the infection. Note that when
R01 = 1, we have

rc = (ı + �)(ˇ� + ��)
ıˇ�

.  (2.4)

This is the critical number of released merozoites per rupturing
infected erythrocyte above which the infection persists. Therefore,
the uninfected steady state exists if r < rc whereas the endemic equi-
librium exists otherwise.

Stability of the disease-free state is investigated using the fol-
lowing theorem:

Theorem 1.

(i) The disease-free state E0 = (�/�, 0, 0) exists for all non-negative
values of its parameters and is globally asymptotically stable when
R01 ≤ 1 and unstable when R01 > 1.

(ii) If R01 > 1, solutions to the system (2.1) starting closely to E0
move away from E0 except those starting close to the invariant
x-axis which approach E0 along this axis.

(iii) If R01 > 1, system (2.1) has a unique endemic equilibrium Ê1 =
(x̂, ŷ, m̂)  and its coordinates are given by Eq. (2.2).

The proof of this theorem follows from a Lyapunov function
L = (ˇ� + ��)y + ˇ�m, which can be shown that L → ∞ as t→ ∞
(Hale, 1969; Hsu, 2005; Khalil, 2002). The derivative of L along the
solutions to system (2.1) is

L′  = (ˇ� + ��)y′ + ˇ�m′ = (ˇ� + ��)(ˇxm − �y − ıy) + ˇ�(ıry − �m − ˇxm),

=  rıˇ�y − ��ˇxm − (ˇ� + ��)(ı + �)y − �ˇ� ≤
[

rıˇ�−(ˇ� + ��)(ı + �)
]

y,

=  (ˇ� + ��)(ı + �)

[
rıˇ�

(ˇ� + ��)(ı + �)
− 1

]
y,

= (ˇ� + ��)(ı + �)[R01 − 1]y.

Then L′ ≤ 0 if R01 ≤ 1. In addition, L′  = 0 only if y = m = 0 . Thus,
the maximum invariant set in {(x, y, m)  : L′ = 0} is the singleton
E1(0).

To study the stability of the endemic equilibrium, system (2.1)
is linearized. The Jacobian matrix of the system is given by

J1 =

⎡
⎣

−� − ˇm̃ 0 −ˇx̃

ˇm̃ −ı − � ˇx̃

−ˇm̃ rı −� − ˇx̃

⎤
⎦ . (2.5)

Note that Jacobian (2.5) has negative trace. For stability, the
determinant det(J1) > 0. The determinant of the matrix det(J1) is
given by det(J1) = r�ıˇx̃ − (ı + �)(�� + �ˇx̃ +  �ˇm̃). Let us fur-
ther simplify the determinant using the equilibrium condition (2.2).
This implies that

det(J1) > 0 ⇒ r2��ı2ˇ�

(ı(r − 1) − �)(ˇ� + ��)R01
> (ı + �)

(
�� + r��ıˇ�

(ı(r − 1) − �)(ˇ� + ��)R01
+ (ˇ� + ��)(R01 − 1)

)
.

Simplifying this expression implies that

det(J1) > 0 if and only if
ı + �

ı(r − 1) − �
> �� + (ˇ� + ��)(R01 − 1).

(2.6)
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Thus the determinant is positive if the relation in Eq. (2.6) is
satisfied. Since the trace is negative, the steady states are asymp-
totically stable.

2.2. Proposed model

In this model, in addition to the assumptions made in the pre-
vious model in Eq. (2.1), it is hypothesized that merozoites can be
absorbed in an already infected RBC at a rate ˇ1y1m.  It is important
to note that P. falciparum possesses a rapid reproduction rate and
not preferential for what age of the erythrocyte it infects (Clyde,
1987). It is proposed therefore, that the plasmodium parasite is
sophisticated in that it prefers an infected RBC that is about to
rupture in order to multiply faster. This assumption leads to an
additional subgroup y2, and rates ˇ2, �2, and ı2 with the same
descriptions as those in the referenced equations above. On the
other hand, the newly infected RBCs die off at a rate �1, differenti-
ates at a rate ı1 and release r1 new merozoites upon rupture. The
model is given in Eq. (2.7). Note here that when there is no second
infection the system returns the standard models in Eq. (2.1). These
modification lead to the following systems of equations:

dx

dt
= � − �x − ˇ1xm;

dy1

dt
= ˇ1xm − �1y1 − ı1y1 − ˇ2y1m;

(2.7)

dy2

dt
= ˇ2y1m − �2y2 − ı2y2;

dm

dt
= r1ı1y1 + r2ı2y2 − �m − ˇ1xm − ˇ2y1m,

The basic reproductive ratio for Eq. (2.7) as in the previous model
is computed for comparison to prior results. This is given by

R2
02 = r1ı1ˇ1�

(�1 + ı1)(ˇ1� + ��)
. (2.8)

Note that whether this value of R02 is larger than R01 depends
on the magnitude of the differences between ı, �, ˇ, r and ı1, �1, ˇ1,
r1 respectively. The square sign signifies double infection of x and y1
by the merozoites. Comparison will be made later using numerical
simulations. When R2

02 = 1, the critical value of r1, which gives the
minimum number of merozoites below which malaria would not
prevail in this case is obtained. This is given by

rc
1 = (�1 + ı1)(ˇ� + ��)

ı1ˇ1�
. (2.9)

The disease-free equilibrium state is obtained by setting
y1 = y2 = m = 0 in system (2.7) to obtain E2(0) = (�/�,  0, 0, 0) . At
endemic equilibrium the right hand side of Eq. (2.7) is set to zero
and the resulting system solved at the point E∗

2 = (x̃, ỹ, m̃) gives  the
following relations,

x̃ = �

� + ˇ1m̃
,  (2.10)

ỹ1 = �ˇ1m̃

(� + ˇ1m̃)(�1 + ı1 + ˇ2m̃)
,  (2.11)

ỹ2 = �ˇ1ˇ2m̃2

(� + ˇ1m̃)(�1 + ı1 + ˇ2m̃)(�2 + ı2)
, (2.12)

0 = [Am̃2 + Bm̃ + C]m̃, (2.13)
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with

A = �ˇ1ˇ2(�2 + ı2), B = (�2 + ı2)[�ˇ1ˇ2 + �ˇ1(�1 + ı1)
+��ˇ2] − �ˇ1ˇ2r2ı2,

C = (�2 + ı2)[(�1 + ı1)(�ˇ1 + ��)  − �ˇ1r1ı1].

(2.14)

It is easily seen that A > 0 for positive parameter values. There-
fore, there exists two distinct positive roots of Eq. (2.13) if B < 0,

C > 0 and
√

B2 − 4AC > 0 given by

m̃∞
1,2 = −B  ±

√
B2 − 4AC

2A
. (2.15)

These two roots are bifurcation points of system (2.7). Stability
and existence of equilibrium states is done using numerical simula-
tion. The steady state not shown here, is a spiral point. This implies
that the system has complex eigenvalues with non-zero real part.
This point is unstable if the real part is positive and asymptotically
stable if the real part is negative. Therefore, either all the trajecto-
ries will move in toward the equilibrium point as time increases,
or move away from the point.

As mentioned in preceding sections, the model in Eq. (2.7) is
now fit using the known parameter values. In the fitting, �,  �, �,
and ı and are fixed because they are known. The parameters to be
fitted are R1 = r1ı1, �1 = �1 + ı1, R2 = r2ı2, �2 = �2 + ı2, ˇ1 and ˇ2.

3. Numerical results

In this section, simulation and parameter identifiability of the
proposed model in (2.7) is carried using delayed rejection adap-
tive Markov chain Monte Carlo (DRAM) method as in Haario et al.
(2001) and Marko (2008). To generate Fig. 2, first, data was  simu-
lated using the literature values from Table 1 using the basic model.
Fig. 2a, c and e shows the simulated data in logarithmic scale, from
which it is observed that the typical oscillations known for within
host malaria as in Hetzel and Anderson (1996) and Dondorp et al.
(2000) are preserved, but with different merozoite growth rates.
In this figure, both the basic and proposed models are plotted to
highlight the change in disease dynamics in presence of double
infection. Fig. 2b and d shows differences between the healthy
and infected RBCs in the proposed and basic model, while Fig. 2f
shows the differences in the merozoite abundance when a dou-
ble infection is assumed. From these differences, it is observed that
the model over estimates the rupture rate and number of infected
RBCs.

For parameter identifiability, using DRAM algorithm, the simu-
lated data are corrupted with Gaussian noise. The MCMC  samples
are analyzed using scatter plots and autocorrelation. The scat-
ter plot shows the correctness of the chain and hence, one can
determine the goodness of performance of the MCMC  method.
Fig. 3 shows the trend of the generated samples. All sam-
ples mix  well though at the beginning in some of the plots
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Fig. 5. MCMC  trace plots. The vertical axis represent samples and the horizontal axis represent number of iterations. The fitted parameters oscillate within their confidence
interval and show a strong correlation.
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Fig. 6. Marginal distribution plot together with mean of MCMC  samples (green) and the original parameter values (black). (For interpretation of the references to color in
this  figure legend, the reader is referred to the web version of the article.)

(for instance R1, �1 and ˇ1), the mixing is not good. This
might be caused by poor initial covariance matrix which is
later updated. The parameters are well correlated as depicted in
Fig. 4.

The MCMC  samples converge to a right distribution as shown in
Fig. 5 where the autocorrelation coefficients drop to and stabilizes
around zero.

Fig. 6 shows the marginal distribution together with the sam-
ple means and original parameters. It is observed that all marginal
distributions (except that of ˇ1) are skewed to the right. The Kur-
tosis coefficients for all sample parameters are approximate to
three, which means their marginal distributions are close to nor-
mal  distribution. As seen from Fig. 6, the sample mean for R1 = r1ı1,
�1 = �1 + ı1, R2 = r2ı2, �2 = �2 + ı2, ˇ1 and ˇ2 are 15.8962, 0.5241,
13.8188, 0.6014, 2.5119 × 10−10 and 2.0108 × 10−10 respectively.
These mean estimates give r1 = 31.7924, �1 = 0.0241, r2 = 27.6375
and �2 = 0.1014. From these results, if, as stated by Ginsburg and
Hoshen (2002), the uninfected RBCs are restricted due to capillary
logging, then two merozoites may  enter the uninfected red blood
cells and release the maximum possible number of new mero-
zoites (equal to 32 (Malaria, 2012b)). In this case, the infected
RBCs will die due to infection at the same rate as that known
from prior studies (≈0.025 (Dondorp et al., 2000; Cuadros and

García-Ramos, 2012)). If the merozoites enter already infected RBC,
they produce more merozoites in the 48 h cycle, outside the range
(16–20 (Cuadros and García-Ramos, 2012)) as determined from
prior studies. Therefore, there is increased chance of more infection
in this case. Further, from the results, �2 = 0.1006, which is higher
than in usual cases (Dondorp et al., 2000; Thibodeaux, 2010). This
implies that fewer infected RBCs die off due to the disease (from 40
(Dondorp et al., 2000; Cuadros and García-Ramos, 2012) to approx-
imately 8 per day). This result signifies that more infected red cells
rupture due to infection instead of simply dying off. This stresses
increased chances of anemia in the host. It may  also indicate why
there is lack of uniformity of the oscillations in malaria mod-
els in contrast to what literature suggests (48 h rupture (Medical
Biology-diseases, 2012) at regular intervals (Marsh, 2012; Malaria,
2012a)).

From the results, it can therefore be suggested that in case of
additional infection, more merozoites are released and this may
result in anemia of the host especially since at this time malaria
is severe and there is restricted abundance of uninfected RBCs.
This leads to reduction in the number of infected RBCs destroyed
naturally. Thus, most of the infected RBCs rupture due to infec-
tion. In this fitting, it was assumed that merozoites do not freely
attack RBCs and therefore ˇ1 and ˇ2 were fixed. If one of the
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parameters (ˇ1) was fixed and ˇ2 fit, correlation of parameters
is not as much as when both are fixed. Thus, it can be concluded
that during within-host episodes of malaria, there are restrictions
on how the merozoites attack RBCs. Understanding the underly-
ing mechanisms of such attacks can best be explained by clinical
experiments.

4. Discussion and conclusions

This paper studies mathematical models for within-host malaria
with different mechanisms of parasite growth. It shows how a
model can be fit to data and parameter variation and distribution
studied using the Markov chain Monte Carlo (MCMC) algorithm.
Two models were used; the first, a basic malaria model where the
life of an infected red cell is assumed to follow an exponential decay,
with an average span equal to the parasite growth cycle (Hetzel and
Anderson, 1996; Dondorp et al., 2000). This model describes the
population at discrete times in terms of the multiplication factors
which occur between different stages and the probability of surviv-
ing from one time point to the next and the size of the population
at a previous time. The second model hypothesizes a case of severe
malaria where there is limited supply of uninfected RBCs such that
parasites, in their quest for survival and to multiply faster, get
absorbed in already infected RBCs. Using the two  models, reliable
parameter distributions were obtained. From these, the likelihood
of double infection was provided. The parasite growth rate in the
case of exponential growth was found to be highest when there
is double infection, signifying an increased rupture rate that may
happen before 48 h. This is also explained by the increased oscilla-
tions in this model, more than that in the discrete case. The rate
at which infected RBCs die off was lowered in the case of dou-
ble infection. This means that more infected red cells rupture to
release new merozoites for more infection. Most of the fit param-
eters were shown to be highly correlated. However, in all cases, r
and ı were found to be extremely correlated with each other and
this made it hard to estimate them separately and thus were fit
together.

We  also considered effect of additional infection at population
level. Assuming that double infection increases parasite load in an
individual, the population attributes constant was  estimated to be
44%. This would imply that increase in parasite load within a host
may  affect the outcome of between-hosts at population level. This
result is possible in cases of severe malaria where there is limited
supply of uninfected RBCs (Ginsburg and Hoshen, 2002). Prior study
such as that of Saul (1998) have indicated over estimation of the
well known and widely used models of within-host malaria. His
suggested function of merozoite growth showed loss of the known
periodicity in malaria within a host and needs further analysis. His
results have since been criticized by other researchers and a better
approaches suggested.

A possible way that could provide best estimates for para-
site growth within a host may  be using a discrete approach.
The results in this study provide good insights into the complex
system of malaria and may  vary based on numerous factors, how-
ever, they are speculative and actual experiments would give a
better phenomenon of what happens within a host in cases of
severe malaria. It is important to note however that the dynam-
ics of the infection changed greatly in this setting and that calls
for in-depth research of the phenomenon. Our results highlight
the well known fact that within-host malaria infection is a com-
plex system that may  never be fully understood. This is greatly
due to the complicated life cycle and behavior of the plasmod-
ium parasite. Controlling malaria within a host may  save the
host, and also reduce on the between-host transmission. How-
ever, these results are from a mathematical perspective and clinical

research may  provide a better description of such a complex sys-
tem.
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