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Abstract

Gasper Godson Mwanga
Lappeenranta University of Technology
MATHEMATICAL MODELING AND OPTIMAL CONTROL OF MALARIA
Lappeenranta, 2014
95 p.
Acta Universitatis Lappeenrantaensis 620
Diss. Lappeenranta University of Technology
ISBN 978-952-265-719-0, ISBN 978-952-265-720-6 (PDF), ISSN 1456-4491, ISSN-L 1456-4491

Malaria continues to infect millions and kill hundreds of thousands of people worldwide each year,
despite over a century of research and attempts to control and eliminate this infectious disease.
Challenges such as the development and spread of drug resistant malaria parasites, insecticide resis-
tance to mosquitoes, climate change, the presence of individuals with subpatent malaria infections
which normally are asymptomatic and behavioral plasticity in the mosquito hinder the prospects
of malaria control and elimination. In this thesis, mathematical models of malaria transmission
and control that address the role of drug resistance, immunity, iron supplementation and anemia,
immigration and visitation, and the presence of asymptomatic carriers in malaria transmission are
developed. A within-host mathematical model of severe Plasmodium falciparum malaria is also
developed.

First, a deterministic mathematical model for transmission of antimalarial drug resistance parasites
with superinfection is developed and analyzed. The possibility of increase in the risk of superinfec-
tion due to iron supplementation and fortification in malaria endemic areas is discussed. The model
results calls upon stakeholders to weigh the pros and cons of iron supplementation to individuals
living in malaria endemic regions.

Second, a deterministic model of transmission of drug resistant malaria parasites, including the
inflow of infective immigrants, is presented and analyzed. The optimal control theory is applied to
this model to study the impact of various malaria and vector control strategies, such as screening
of immigrants, treatment of drug-sensitive infections, treatment of drug-resistant infections, and the
use of insecticide-treated bed nets and indoor spraying of mosquitoes. The results of the model
emphasize the importance of using a combination of all four controls tools for effective malaria
intervention.

Next, a two-age-class mathematical model for malaria transmission with asymptomatic carriers is
developed and analyzed. In development of this model, four possible control measures are analyzed:
the use of long-lasting treated mosquito nets, indoor residual spraying, screening and treatment of
symptomatic, and screening and treatment of asymptomatic individuals. The numerical results show
that a disease-free equilibrium can be attained if all four control measures are used.

A common pitfall for most epidemiological models is the absence of real data; model-based conclu-
sions have to be drawn based on uncertain parameter values. In this thesis, an approach to study the
robustness of optimal control solutions under such parameter uncertainty is presented. Numerical
analysis of the optimal control problem in the presence of parameter uncertainty demonstrate the
robustness of the optimal control approach that: when a comprehensive control strategy is used the



main conclusions of the optimal control remain unchanged, even if inevitable variability remains
in the control profiles. The results provide a promising framework for the design of cost-effective
strategies for disease control with multiple interventions, even under considerable uncertainty of
model parameters.

Finally, a separate work modeling the within-host Plasmodium falciparum infection in humans is
presented. The developed model allows re-infection of already-infected red blood cells. The model
hypothesizes that in severe malaria due to parasite quest for survival and rapid multiplication, the
Plasmodium falciparum can be absorbed in the already-infected red blood cells which accelerates
the rupture rate and consequently cause anemia. Analysis of the model and parameter identifiability
using Markov chain Monte Carlo methods is presented.

Keywords: Malaria, Antimalarial drug resistance, Superinfection, Asymptomatic, MCMC, Op-
timal control
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PART I: OVERVIEW OF THE THESIS





CHAPTER I

Introduction

Mathematical models provide descriptions of the behavior of physical systems using mathematical
language and concepts. For instance, in disease modeling, mathematical models can include several
known clinical, biological or epidemiological phenomena in a simplified manner to explain the
dynamics of a disease. Such models enable clinicians, epidemiologists and policymakers to draw
objective conclusions when evaluating the consequences of available strategies for dealing with a
disease. In this thesis, the focus is on the development and analysis of mathematical models of
malaria transmission and control.

Malaria is a parasitic infection transmitted by a bite of the Anopheles mosquito. Malaria transmis-
sion continues to affect 99 countries and territories around the world, inflicting the highest burden
in sub-Saharan Africa (WHO, 2012). Since the discovery of malaria, much effort has been invested
to reduce the disease burden with the aim of maintaining it at a reasonably low level, and ultimately
to eliminate and eradicate it. Challenges to the achievement of these goals include the development
and spread of drug resistant malaria parasites, mosquito resistance to insecticides, climate change,
the presence of asymptomatic infected individuals and behavioral plasticity in the mosquito. In
this thesis, the role of drug-resistant parasites, immunity, iron supplementation and anemia, human
migration, and the presence of asymptomatic carriers in malaria transmission are emphasized.

Malaria is often referred to as the disease of the poor with slogans like, “where malaria prospers
most, human societies have prospered least” (Sachs and Malaney, 2002). Therefore, most malaria
and vector control programs rely on donor resources such as funding and experts. In this situation
proper allocation of the resources to achieve the maximum effect on the malaria and vector control is
of paramount importance. Despite its importance, the inclusion of financial or operation constraints
in mathematical models of malaria has received limited attention (Reiner et al., 2013). In this thesis,
optimal control theory is applied to malaria models to study the impact of different combinations of
malaria and vector intervention tools on the control of malaria transmission while minimizing the
costs of the control program.

In the optimal control problem, given the control measures, the aim is to minimize the burden of
disease in the predefined time interval subject to the dynamical model and constraints for the input
controls. In this thesis, the dynamical models are governed by systems of ordinary differential
equations (ODEs) and hence Pontryagin’s maximum principle is used in the optimal control theory
to find the best possible control measure.

15



16 1. Introduction

A common shortcoming of many mathematical models, is the absence of measured data to calibrate
the parameters. Therefore, conclusions based on mathematical models depend upon the choice
of parameters from literature. However, the values of these parameters are not exactly known,
hence the impact of their uncertainty needs to be quantified. Instead of using traditional parameter
variation methods that might lead to spurious parameter combinations (e.g., Latin Hypercubes),
this thesis proposes to map the incompletely known but “typical” disease dynamics into a parameter
uncertainty distribution by using Markov chain Monte Carlo (MCMC) methods. The MCMC results
are then used in the computation of optimal control solutions.

This thesis comprises scientific work from six papers published by the author. The papers can be
summarized as follows:

In Paper I, a deterministic mathematical model of antimalarial drug resistance parasite transmission
with superinfection is developed and analyzed. A new way of modeling the superinfection is given
by describing primary and secondary stages of malaria infection. In addition, this model is extended
to study the role of iron supplementation in malaria superinfection.

In Paper II, a deterministic mathematical model that describes the dynamics of the spread of anti-
malarial drug resistance in the presence of infective immigrants is developed and analyzed. Optimal
control theory is applied to study the level of effort needed to control the spread of malaria using
four controls: screening of immigrants, treatment of drug sensitive infections, treatment of drug
resistance infections, and insecticide treated bed nets (ITNs) and indoor residual spraying (IRS).
To quantify the cost-effectiveness of different malaria and vector control strategies analyzed in this
paper the Incremental Cost-Effective Ratio (ICER) is used

Paper III presents a deterministic mathematical model for the spread of antimalarial drug resis-
tance when the disease control involves the use of treated bed nets, indoor residual spraying and
the treatment of symptomatic individuals. Numerical techniques for incorporating model param-
eter uncertainties in the optimal control problem are discussed. Using numerical simulations the
robustness of the optimal control solutions under such parameter uncertainties is studied.

In Paper IV, a deterministic mathematical model for the transmission of malaria that includes
asymptomatic carriers and two age classes in the human population is developed and analyzed.
Optimal control theory is applied to the model using four control measures: the use of long-
lasting treated mosquito nets, indoor residual spraying, screening and treatment of symptomatic,
and screening and treatment of asymptomatic individuals. The analysis is extended to study the
robustness of the optimal control in the presence of the model parameter uncertainties.

In Paper V, the mathematical model developed in Paper IV is used to study the impact of parameter
uncertainty in the optimal control problem. The more exhaustive numerical analysis of the optimal
control in the presence of model parameter uncertainty is presented.

In Paper VI, a deterministic mathematical model of the within-host Plasmodium falciparum infec-
tion in humans is developed and analyzed. Among other features, the model developed in this paper
allows the re-infection of already-infected red blood cells. The MCMC method is used to estimate
the uncertainty of the parameters of this model.

In summary the contributions of this thesis are five-fold: (1) Development and analysis of mathe-
matical models for malaria transmission with different biological and epidemiological complexities.
(2) Application of optimal control theory to malaria models to quantify the cost-effectiveness of dif-
ferent malaria control strategies. (3) To study model parameter identifiability using MCMC method.
(4) To provide some insight into how the model parameter uncertainties can be incorporated in the
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optimal control problems. (5) To study the impact of model parameter uncertainties in the optimal
control solutions.

The introductory part of this thesis contains six chapters. Chapter II presents a literature review,
discussing background information about malaria and mathematical modeling of malaria transmis-
sion. In Chapter III, the mathematical model for transmission of antimalarial drug resistance with
superinfection is discussed. Chapter IV concentrates on the application of optimal control to malaria
models presented in Papers II and IV. In Chapter V, discussion of the optimal control problem un-
der model parameter uncertainty and parameter identifiability of the within-host malaria infection
is presented. Chapter VI provides the summary and conclusion of the thesis.
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CHAPTER II

Mathematical Modeling of Malaria Transmission

Malaria is a parasitic disease of humans and other animals caused by a protozoan parasite of the
genus Plasmodium. It is transmitted by the bite of an infected female mosquito of the Anophe-
les species. There are about 200 species of malaria-transmitting eukaryotic parasitic protozoa that
belong to the suborder Haemosporina, order Eucoccidiida, subclass Coccidia, class Sporozoea of
the phylum Apicomplexa and new species are still being discovered (Sallares, 2002). Most of these
species infects other human primates, rodents, bats, reptiles and birds (Sallares, 2002). The five
species of Plasmodium that are known to infect humans are: Plasmodium falciparum, Plasmodium
vivax, Plasmodium ovale, Plasmodium malariae and Plasmodium knowlesi. Plasmodium falci-
parum is the commonest and causes the most severe malarial infection.

2.1 Malaria Transmission, a Historical Note

Malaria infection in humans is a widely studied infectious disease with rich history that features in
documents as far back as 2700 BC (Chinese document), 2000 BC (tablets from Mesopotamia), 1570
BC (Egyptian papyri) and 600 BC (Hindu texts) (Cox, 2010). The word ‘malaria’ is an Italian word
(mal’aria) originally signifying bad or spoiled air. It was believed that malaria fevers were caused by
miasmas or noxious vapor rising from swamps. This notion persisted until the discovery of parasitic
protozoans as the cause of malaria by Charles Louis Alphonse Laveran in 1880 (Bruce-Chuvatt,
1981). Ronald Ross, while working at the Indian Medical Service in 1897, became the first person
to trace the life cycle of a human malaria parasite through a mosquito (Ross, 1897, 1905, 1910).
The following year, 1898, Giovanni Battista incriminated mosquitoes as the primary vector for
avian malaria (Cox, 2010). The genomes of the Anopheles mosquito and the parasite Plasmodium
falciparum were sequenced in 2002 (Holt et al., 2002; Gardner et al., 2002).

2.2 Malaria Life Cycle

The life cycle of malaria parasites involves two hosts: humans and female Anopheles mosquitoes.
The female Anopheles mosquito ingests the parasites (gametocytes) from a malaria infected person
during blood feeding needed to nurture its eggs. The parasites develop and reproduce inside the
mosquito gut and are later transferred into the mosquito salivary glands (Sinden and Billingsley,

19



20 2. Mathematical Modeling of Malaria Transmission

2001). When an infected mosquito takes a subsequent blood meal, the parasites (sporozoites) are
injected into the blood stream of the person via the saliva (0 to 1297 sporozoites per blood meal
(Medica and Sinnis, 2005)). In humans, the parasites grow and multiply first in the liver cells and
later invade the red blood cells where they duplicate non-sexually (Sherman, 1998). Thereafter,
the red blood cell ruptures due to infection and thousands of parasite forms called merozoites are
released into the bloodstream and infect other naïve red cells. During the blood stage infection,
some merozoites differentiate into gametocytes, male (microgametocytes) and female (macrogame-
tocytes), ready to be taken by a malaria naïve mosquito during the blood meal and this completes
the malaria life cycle. A more detailed depiction of the malaria life cycle is given in Figure 2.1.

Figure 2.1: Malaria life cycle (Source: Klein (2013))

2.3 Malaria and Vector Control

Vector control and effective treatment of malaria patients are of paramount importance in global
malaria control programs. Intensive vaccine research has been conducted for over 40 years, yet
there is no effective vaccine for malaria despite development of a malaria vaccine being a research
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priority (Schwartz et al., 2012). Vector control tools such as larvicide for larva control, insecticide
treated nets (ITNs) or long-lasting insecticide treated nets (LLINs), insecticides for house spraying
(IRS) and space spraying have been widely used as means for adult mosquito control (WHO, 2011).
During the WHO Global Malaria Eradication Program (GMEP), 1955 -1969, dichloro-diphenyl-
trichloroethane (DDT), the first synthetic organic insecticide, was widely used and managed to
eradicate malaria in some parts of the world although it was halted when it became evident that erad-
ication was not possible with the means available (Nájera et al., 2011). Other vector control tools
include chemical repellants (Ogoma et al., 2012) and biological control such as entomopathogenic
fungi (cf. Okumu et al., 2010; Scholte et al., 2005), bacterial agents (Fillinger et al., 2003), and lar-
vivorous fish (Rupp, 1996). It is worth mentioning that the antimalarial drugs such as chloroquine,
quinine, artemisinin-based combination therapy, etc., are available. The use of these intervention
tools has resulted in a substantial reduction of the malaria burden in several malaria endemic regions
(WHO, 2011; Aregawi et al., 2009; Jaenisch et al., 2010; Mmbando et al., 2010; Chizema-Kawesha
et al., 2010). The prospect of global malaria elimination and eradication is threatened by emergence
of drug resistant parasites to nearly all the available antimalarial drugs (cf. Dondorp et al., 2009;
Van Tyne et al., 2013). Mosquitoes are also becoming resistant to insecticides chemical, pyrethroid
which is commonly used in ITNs and IRS (cf. Protopopoff et al., 2013; Song et al., 2010).

2.4 Birth of a Mathematical Theory of Malaria

The birth of disease modeling (mathematical epidemiology) dates back to the works of Sir Donald
Ross and his collaborators in the beginning of the twentieth century (cf. Fine, 1975; Smith et al.,
2012). Ross developed his first malaria model in 1904 to describe the mosquito movement that artic-
ulated “the centripetal law of random wandering” (Ross, 1905). This model showed how the control
of mosquitoes in one area affects the mosquito density in neighboring areas (Ross, 1905). He, also
developed several other models from simple arithmetic product expression, to difference equations
to differential equations (Ross, 1910, 1908, 1915, 1916; Ross and Hudson, 1917). Although Ross
is considered as the founding father of quantitative theory of epidemic systems, he was not the first
to model disease dynamics. In 1766, Daniel Bernoulli used an alternative form of the logistic equa-
tion to calculate the gain in life expectancy at birth if smallpox were eliminated as a cause of death
(Dietz and Heesterbeek, 2002). P.D. En’ko, between 1873 and 1894, fitted the discrete time model
to several epidemics of measles which he observed in boarding-schools in St. Petersburg (Dietz,
1988). There are several other individuals who contributed to the birth of mathematical modeling of
malaria (see, e.g., Waite, 1910; Lotka, 1912; Davey and Gordon, 1933; Macdonald, 1957; Anderson
et al., 1992).

Since the inception of the quantitative theory of the study of disease, thousands of mathematical
models have been published capturing various aspects of malaria transmission. Briefly, common
types of these malaria transmission models are described. First, within-host models; these models
are dedicated to study of the interaction of the parasite with immune cells (see, e.g., Li et al., 2011;
Recker et al., 2004; Bell et al., 2006, and Paper VI ), the parasite and antimalarial drugs (see, e.g.,
Chiyaka et al., 2008), interactions between the immune response and parasites with different geno-
types (see, e.g., Hellriegel, 1992; Demasse and Ducrot, 2013), and genetic evolution and selection
pressure of parasite (see, e.g., Mackinnon and Marsh, 2010). Second, individual-based models of
malaria transmission, which consider the variability in individual hosts (humans or vectors) (see,
e.g., Gu et al., 2003). Other types of mathematical models of malaria include: habitat-based models
(see, e.g., Gu and Novak, 2005), and climate-based model (see, e.g., Hoshen and Morse, 2004; Craig
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et al., 1999). This thesis uses a popular disease modeling approach called “compartmental model-
ing”, which is based on the subdivision of the human and vector population into epidemiologically
distinct compartments. Compartmental modeling is suitable for modeling parasitic infection due to
the shortness of the duration of the infection compared to the life span of the host (Capasso, 2005).

2.5 Compartmental Mathematical Models

From a pioneering work of Kermark and Mckendrick (1927) individuals in the population can be
classified according to their infection status using standard notations S-E-I-R. The susceptible class,
S consists of the fraction of the population that is not infected but is at risk of contracting pathogens.
The exposed class, E consists of individuals in the population who are infected by pathogens but
are not capable of transmitting the infection. The third class, I is the fraction of the population that
is infectious and can transmit the infection when in contact with the members of susceptible class.
Class R is the fraction of the population that recovered from infection and have temporary or per-
manent immunity against re-infection. From different meaningful combinations of these notations,
eight classes of the compartmental models can be formed; SI, SIS, SEI, SEIS, SIR, SIRS, SEIR and
SEIRS (Hethcote, 1994). In between-host malaria transmission models, these compartments apply
to both human and vector (mosquito) populations.

The first deterministic compartmental model was developed by Ross (1915), where the human and
mosquito (vector) populations are modeled as SIS and SI respectively. The model assumes that
the human population is at equilibrium and thus remains constant (i.e the recruitment rate is equal
to the death rate) and infection in humans confers negligible immunity and does not lead to death
or isolation. The normalized (i.e. subpopulation scaled with the total population) mathematical
dynamics for the infected human Ih and vector Iv population is governed by the following system.

dIh
dt

=abmIv(1− Ih)− rIh,

dIv
dt

=acIh(1− Iv)− µvIv,

(2.1)

where the parameters are defined in Table 2.1.

Another important historical compartmental mathematical model for malaria transmission was de-
veloped by Macdonald (1957). Macdonald modified the Ross model (2.1) by adding an exposed
class, Ev in the mosquito population to capture the time taken from ingestion of gametocytes to the
development of sporozoites in the mosquito saliva glands (see Figure 2.1). Thus, the vector popu-
lation is modeled as SEI. A schematic diagram of the Macdonald model is shown in Figure 2.2 and
the resulting normalized mathematical model is given by the system (2.2).

dIh
dt

=abmIv(1− Ih)− rIh,

dEv

dt
=acIh(1− Ev − Iv)− acIh(t− τ)[1− Ev(t− τ)− Iv(t− τ)]e−µvτ − µvEv,

dIv
dt

=acIh(t− τ)[1− Ev(t− τ)− Iv(t− τ)]e−µvτ − µvIv.

(2.2)

The model parameters are described in Table 2.1.
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Figure 2.2: Schematic diagram of the Macdonald model (Macdonald, 1957). The human pop-
ulation is assumed to be constant. Dashed arrows represents infection while the full arrows
represents the constant transition rates between the different compartments.

Table 2.1: Descriptions of the parameters for the malaria models (2.1) and (2.2).
Parameter Description
a Mosquito biting rate.
b Probability that a bite results in transmission of sporozoites from an in-

fected mosquito to a susceptible human.
c Probability that a bite results in transmission of gametocytes from an in-

fected human to a susceptible mosquito.
m Number of female mosquitoes per human host.
r Recovery rate of humans.
µv Mosquito mortality rate.
τ Extrinsic incubation period.

The Ross model (2.1) was an a priori description of the prevalence of infection based on the number
of mosquitoes and humans. The main conclusion from his model was that there is a relationship
between the ratio of mosquitoes to humans and the number of infected humans, hence it is not neces-
sary to kill every mosquito to end transmission (Smith et al., 2012). Based on his conclusion, there
is a critical number above which transmission is sustained, otherwise transmission ceases (Smith
et al., 2012). Here Ross made an intuitive interpretation of what is now known as the reproduction
number or ratio R0, which is a key concept in epidemiology. R0 is defined as the number of sec-
ondary cases (infections) produced in a completely susceptible population, by a typical infectious
individual during its entire infectious period (Diekmann et al., 1990). Interesting discussion about
the reproduction number for deterministic models of infectious disease can be found in (Simon and
Jacquez, 1992; Van den Driessche and Watmough, 2002; Heesterbeek, 2002; Dietz, 1993; Jacquez
et al., 1991; Kamgang and Sallet, 2005, and the references therein).
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The R0 for the Ross model (2.1) is given as

R0 =
ma2bc

rµv

, (2.3)

while the R0 for the Macdonald model (2.2) is given as

R0 =
ma2bce−µvτ

rµv

. (2.4)

In malaria transmission,R0 estimates the number of new infections in the next generation of humans
caused by one infectious human through a generation of infections in mosquitoes. Thus, the number
of human infections caused by one infectious mosquito is given as Rhv

0 = mab/r for both the Ross
model and the Macdonald model, and the number of mosquito infections caused by one infectious
human is given by Rvh

0 = ac/µv for the Ross model and Rvh
0 = ace−µvτ/µv for the Macdonald

model. Therefore, according to Diekmann et al. (1990), the actual reproduction number is: R0 =√
Rhv

0 R
vh
0 .

Macdonalds’ work laid the mathematical foundation for the launching of the Global Malaria Elimi-
nation Program (GMEP) in 1950s (Macdonald, 1957). While Ross emphasized larva control, Mac-
donald focused on attacking adult mosquitoes with pesticides such as DDT to reduce the transmis-
sion of malaria. An interesting review of these two basic models and the birth of the quantitative
theory of malaria epidemiology can be found in (Smith et al., 2012).

The use of different malaria and vector control tools, affects different terms in the R0 expression.
Thus, to determine how best to control and reduce the disease in a community, it is necessary to
know the relative importance of different factors responsible for the transmission and prevalence of
the disease. One of the method of identifying the relative importance of each term in the R0 expres-
sion is to derive its sensitivity indices. For the reproduction number R0 and the input parameter pi,
the normalized sensitivity index at a fixed point p0i is computed as follows (Chitnis et al., 2008).

ΨR0
pi

=
∂R0

∂pi
× pi
R0

∣∣∣
pi=p0i

. (2.5)

As a result of improved knowledge of the biology and epidemiology of malaria, a vast number
of malaria models have been developed. Many models have extended the two basic models (2.1
and 2.2) by incorporating different factors to make them biologically more realistic in explaining
and predicting the prevalence of disease. Such features include: the age structure in the human
population (see, e.g., Filipe et al., 2007; Demasse and Ducrot, 2013; Hancock et al., 2009, and
Paper IV), immigration and visitation (see, e.g., Torres-Sorando and Rodríguiz, 1997; Chitnis et al.,
2006; Tumwiine et al., 2010, and Paper II ), the spatial heterogeneity of hosts (see, e.g., Smith et al.,
2004; Lutambi et al., 2013), immunity and different infectious status of individuals (see, e.g., Filipe
et al., 2007; Mandal et al., 2013, and Paper IV), host immunity, antimalarial drug resistance, and
superinfection (see, e.g., Koella and Antia, 2003; Pongtavornpinyo et al., 2008; Klein et al., 2012,
and Paper I). For a detailed review of deterministic models for malaria transmission the reader is
refereed to (Mandal et al., 2011).



CHAPTER III

Model for Antimalarial Drug Resistance with Superinfection

One of the major obstacles to the control of malaria has been the spread of resistance to almost
all front-line antimalarial drugs. For instance, Plasmodium falciparum resistance to chloroquine,
which was introduced in 1945, was observed in the late 1950s in parts of Asia, Papua New Guinea,
and South America (Wootton et al., 2002). By the 1980s, chloroquine resistance had spread to
many African countries south of the Sahara Desert (Campbell et al., 1979; Sansonetti et al., 1985;
Oduola et al., 1987). With the spread of chloroquine resistance many malaria endemic countries
adopted sulfadoxine-pyrimethamine (SP) as the first-line antimalarial treatment (WHO, 2003). The
resistance to SP spread even faster than chloroquine and in the Southeast Asia its use was aban-
doned 5 years after its introduction (see, e.g., Nzila et al., 2000; Wootton et al., 2002; Travassos
and Laufer, 2009). In 2001, World Health Organization (WHO, 2001) recommended artemisinin-
based combination therapies (ACTs) as the first-line treatment for malaria to replace slow acting
antimalarials such as lumefantrine, amodiaquine and mefloquine. Resistance to ACTs was first re-
ported in Southeast Asia on the Cambodia-Thailand boarder (Dondorp et al., 2009; Phyo et al.,
2012), and resistance to ACTs has been reported as having spread to the Myanmar–Thailand and
China–Myanmar borders and one province in Vietnam (WHO, 2010; Phyo et al., 2012).

Definition 3.1 (Drug resistance) WHO defined drug resistance as the ability of a parasite strain
to survive or multiply despite the administration and absorption of a drug given in doses equal to
or higher than those usually recommended but within the tolerance of the subject.

Definition 3.1, was given by WHO (WHO, 1973), but was was later modified to specify that the
drug in question must gain access to the parasite or the infected red blood cell for the duration of
the time necessary for its normal action (Bruce-Chwatt et al., 1986).

There is a rich collection of mathematical models for the transmission of antimalarial drug resistance
(see. e.g., Koella and Antia, 2003; Tchuenche et al., 2011a; Aneke, 2002; Esteva et al., 2009;
Bacaër and Sokhna, 2005; Chiyaka et al., 2009; Klein et al., 2008; Artzy-Randrup et al., 2010;
Klein et al., 2012, and the reference therein). Just to review few; a deterministic compartmental
model by Tchuenche et al. (2011a) modeled malaria transmission with treatment including three
levels of resistance in human (RI, RII, RIII). They observed that increase in drug treatment has
limited benefits in the populations with resistant strains, especially in high transmission settings.
Klein et al. (2008) developed a Susceptible-Infected-Susceptible (SIS) compartmental model with
two stages of immunity (non-immune and clinically immune) which assumes that individuals build
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up clinical immunity after 10 years of continued exposure to malaria infections. The model, showed
in particular that clinical immunity can act as a refuge for drug sensitive wild-type parasites and in so
doing, combat the emergence of drug resistant parasites at high transmission areas. Artzy-Randrup
et al. (2010) extended the Klein et al. (2008) model by constructing a multiclass SIS model that
considered n immunity stages to study the influence of climate change on malaria transmission.

Superinfection is defined as the simultaneous infection of a single host with two or more genetically
distinct pathogen strains of the same pathogen species. It is of interest to study the role of super-
infection in the evolution and spread of drug resistant malaria parasites. Longitudinal molecular
analysis of the composition of malaria parasites infecting humans has demonstrated that individuals
living in malaria endemic areas are chronically infected with multiple genotypes (Marfurt et al.,
2010). Concerted effort on the development of quantitative theory of the effect of superinfection on
the evolution and spread of antimalarial drug resistance is still lacking. The first attempt in this area
was made by Koella and Antia (2003). In their model they allow superinfection of hosts, assuming
that sensitive and drug resistant parasites develop independently within their host. This problem is
also investigated by Klein et al. (2012), where they observed that within host competition between
drug-resistant and drug-sensitive parasites has a significant role in the spread of resistance in high
transmission settings.

The model developed in Paper I, which is summarized in the following sections, combines the work
of Klein et al. (2008) to model resistance and findings by Portugal et al. (2011) to model superin-
fection. Portugal et al. (2011) showed in a mouse model that ongoing blood-stage infections, above
a minimum threshold, impair the growth of subsequently inoculated sporozoites. These sporozoites
become growth arrested in liver hepatocytes and fail to develop into blood-stage parasites, hence
reducing the possibility of superinfection. In the model developed in Paper I and summarized in
this chapter, malaria infected individuals who are below this parasite density threshold are termed
“primary infectious”, while those above the threshold are “secondary infectious”.

3.1 Description of the Model

In the model developed in Paper I, the human dynamics is modeled as SIS (Susceptible-Infectious-
Susceptible) and the mosquito dynamics is introduced in the model through the non-constant hap-
penings rate h. The model assumes that individuals can be infected with a drug-sensitive parasite
(subscript w), a resistant parasite (subscript r) or a mixture of the two (subscript rw). The human
individual can be either in the susceptible class (S), the primary infectious class (Y ) or in the sec-
ondary infectious class (I). Individuals are further classified into non-immune (subscript 1 ) and
clinically immune (subscript 2) groups. Thus, the total human population is

Nh =
2∑

i=1

Si + Yw,i + Yr,i + Iw,i + Ir,i + Irw,i. (3.1)

The happening rate is given as h = bV P/(1 + sP ). Here b is the infectivity rate, V is the vectorial
capacity (see Definition 3.2), s is the stability index, which refers to the number of bites on a human
per vector per life time (s = a/g), and P is the fraction of bites on humans that infect a mosquito,
which depends on the transmission probability of the different immunity stages, c1 and c2, and the
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fraction of the infected host in each immunity stage, so that,

P =
2∑

i=1

ci(Yw,i + Yr,i + Iw,i + Ir,i + Irw,i). (3.2)

The vectorial capacity is given as V = ma2 exp(−gη)/g, where g and η are as defined in Table 3.1.
The happenings rates for drug-sensitive and drug-resistant infections are then written as, hw = hFw

and hr = hFr, respectively; where Fw =
∑2

i=1 ci(Yw,i + Iw,i + Irw,i)/P is the fraction of infections
that are drug-sensitive and Fr =

∑2
i=1 ci(Yr,i + Ir,i + Irw,i)/P is the fraction that is drug resistant.

Definition 3.2 (Vectorial capacity) Vectorial capacity (V) is defined as the daily rate at which fu-
ture inoculations could arise from a currently infected individual provided that all the vectors biting
that individual become infected.

Definition 3.2, was given by Dye (1986) but this concept evolved from the work of Ross (1910) and
Macdonald (1957). The mathematical formulation of the vectorial capacity was given by Garrett-
Jones (1964).

The dynamic model for transmission of malaria presented in Paper I is developed based on the
following assumptions:

A1: The humans are in a closed population (i.e. neither immigration nor emigration occurs).

A2: The human population is normalized to one, and the birth rate (B) is equal to the per capita
death rate (µ) so that the total population size remains constant.

A3: Infection does not lead to death or isolation.

A4: Individuals acquire dual infection only through superinfection.

A5: Individuals in the secondary infectious stage are completely protected from superinfection.

A6: Individuals with mixed infection can eliminate less-fit parasites through competition.

Based on the above discussions and the presented assumptions, the model (??) consists of a system
of ordinary differential equations in two classes.
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Class 1 (non-immune) :

Ṡ1 =B − S1(hw + hr + µ) + Yw,1κw + Iw,1(ρ1 + κw) + κr(Yr,1 + Ir,1) + S2γ,

Ẏw,1 =S1hw − Yw,1(hr + χ1 + κw + µ),

Ẏr,1 =S1hr − Yr,1(hw + χ1 + κr + µ),

İw,1 =Yw,1χ1 + Irw,1κr − Iw,1(ρ1 + κw + µ+ θ), (3.3)

İr,1 =Yr,1χ1 + Irw,1(ρ1 + κw)− Ir,1(κr + µ+ θ),

İrw,1 =Yw,1hr + Yr,1hw − Irw,1(ρ1 + κw + κr + µ+ θ).

Class 2 (immune) :

Ṡ2 =− S2(hw + hr + µ+ γ) + Yw,2κw + Iw,2(ρ2 + κw) + κr(Yr,2 + Ir,2),

Ẏw,2 =S2hw − Yw,2(hr + χ2 + κw + µ),

Ẏr,2 =S2hr − Yr,2(hw + χ2 + κr + µ),

İw,2 =Yw,2χ2 + Irw,2κr + Iw,1θ − Iw,2(ρ2 + κw + µ),

İr,2 =Yr,2χ2 + Irw,2(ρ2 + κw) + Ir,1θ − Ir,2(κr + µ),

İrw,2 =Yw,2hr + Yr,2hw + Irw,1θ − Irw,2(ρ2 + κw + κr + µ),

(3.4)

where the descriptions of model parameters are as given in Table 3.1.

Using the next generation matrix approach of Van den Driessche and Watmough (2002), the basic
reproduction number is computed for the systems (3.3) and (3.4). The parasite fitness calculated as
the basic reproductive number (R0) when the population is completely non-immune (subscript 1)
and fully clinically immune (subscript 2) is given by the following equations:
for drug sensitive parasites,

R0,w1 =
bV

χ1 + κw + µ

[
c1 +

χ1

ρ1 + κw + µ+ θ

(
c1 + c2

θ

ρ2 + κw + µ

)]
,

R0,w2 =
bV c2

χ2 + κw + µ

(
1 +

χ2

ρ2 + κw + µ

)
.

(3.5)

and for resistant strains,

R0,r1 =
bV

χ1 + κr + µ

[
c1 +

χ1

κr + µ+ θ

(
c1 + c2

θ

κr + µ

)]
,

R0,r2 =
bV c2

χ2 + κr + µ

(
1 +

χ2

κr + µ

)
.

(3.6)

To find which parasite strain out-competes the other the effective reproductive ratio of the drug
sensitive wild-type and the drug resistant parasites was computed as follows. Let ζ be the fraction
of the population that is immune (i.e. in stage two of immunity).
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Then the effective reproductive number for the drug sensitive strain will be:

Rw = (S1 + S2){(1− ζ)R0,w1 + ζR0,w2}, (3.7)

and for the drug resistant strain:

Rr = (S1 + S2){(1− ζ)R0,r1 + ζR0,r2}, (3.8)

where S1 + S2 is the total number of susceptible individuals. When Rr > Rw and Rr > 1 the
resistant parasite will spread throughout the population while the sensitive parasite will disappear
and vice versa (Koella and Antia, 2003). In this case, the fraction of immune individuals will
increase as the transmission rate increases. This in turn reduces the overall drug intake in the
population thereby abrogating the spread of drug resistant parasites. See Paper I for more detailed
analyzes of the model (3.3) and (3.4).

Table 3.1: Parameters for the transmission model given by systems (3.3) and (3.4). These values
are adopted from Klein et al. (2008); Artzy-Randrup et al. (2010) and are used in the numerical
simulations.

Parameter Description Value
B, µ Natural human birth and death rate 1/60/year
γ Loss of clinical immunity 1/2/year
θ Acquisition of clinical immunity 1/10/year
c1 Transmission probability in class 1 0.7
c2 Transmission probability in class 2 0.5
ψ Resistant parasite fitness cost 0.6
κw Natural clearance rate of wild-type infection 1/150
κr Natural clearance rate of drug resistant infection κw(1 + ψ)
a Human feeding rate 0.3
b Infectivity rate 0.8
g Instantaneous death rate of mosquitoes 1/10
η Number of days required for sporogony 10
ρ1 Rate at which the existing infections are cleared by drugs in

immunity class 1
1/200

ρ2 Rate at which the existing infections are cleared by drugs in
immunity class 2

1/500

χ1 Transition rate from primary infection to secondary infection
in non-immune individuals

Assumed

χ2 Transition rate from primary infection to secondary infection
in clinically immune individuals

Assumed
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3.2 Effect of Iron Supplementation

Iron supplementation regulates a host hormone called hepcidin (Ganz, 2006) and leads to redistri-
bution of iron in the liver. As previously discussed, iron deficiency can protect a host with chronic
malaria from superinfection (Portugal et al., 2011). Thus, the model given in systems (3.3) and (3.4)
is extended to study the effect of iron supplementation in malaria superinfection. For simplicity, it
is assumed that the whole population is enrolled in the iron supplementation program regardless of
their level of immunity to reduce the possibility of developing anemia. In the modeling perspec-
tive, it is assumed that individuals in the secondary stage of malaria infection return to the primary
infectious stage at a constant rate β. Systems (3.3) and (3.4) can then be rewritten as:

Class 1 (non-immune) :

Ṡ1 =B − S1(hw + hr + µ) + Yw,1κw + Iw,1(ρ1 + κw) + κr(Yr,1 + Ir,1) + S2γ,

Ẏw,1 =S1hw + Iw,1β − Yw,1(hr + χ1 + κw + µ),

Ẏr,1 =S1hr + Ir,1β − Yr,1(hw + χ1 + κr + µ),

İw,1 =Yw,1χ1 + Irw,1κr − Iw,1(ρ1 + κw + β + µ+ θ), (3.9)

İr,1 =Yr,1χ1 + Irw,1(ρ1 + κw)− Ir,1(κr + β + µ+ θ),

İrw,1 =Yw,1hr + Yr,1hw − Irw,1(ρ1 + κw + κr + µ+ θ).

Class 2 (immune) :

Ṡ2 =− S2(hw + hr + µ+ γ) + Yw,2κw + Iw,2(ρ2 + κw) + κr(Yr,2 + Ir,2),

Ẏw,2 =S2hw + Iw,2β − Yw,2(hr + χ2 + κw + µ),

Ẏr,2 =S2hr + Ir,2β − Yr,2(hw + χ2 + κr + µ),

İw,2 =Yw,2χ2 + Irw,2κr + Iw,1θ − Iw,2(ρ2 + κw + β + µ),

İr,2 =Yr,2χ2 + Irw,2(ρ2 + κw) + Ir,1θ − Ir,2(κr + β + µ),

İrw,2 =Yw,2hr + Yr,2hw + Irw,1θ − Irw,2(ρ2 + κw + κr + µ).

(3.10)
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3.3 Numerical Simulations and Discussion

In this section the models given by systems (3.3) and (3.4), and (3.9) (3.10) are analyzed numer-
ically. The parameter values used in numerical computation are given in Table 3.1. Note, the
prevalence rate in Figures 3.1 to 3.3 is arrived by comparing the number of people found to have
certain condition (e.g, P.falcipurum infection) with the total number of people studied in a given
period of time. From the numerical simulations (see Paper I for details) the following observations
were made:

R1: Regardless of the length of time individuals spent in the primary infectious stage and the pro-
portion of individuals who received iron supplements, individuals reside in the lower immu-
nity class in the areas of low malaria transmission intensity. These individuals shift to the
higher immunity class as the transmission intensities increase (see Figures 3.1a and 3.3a).

R2: The fraction of the population with malaria infections increases extremely rapidly as transmis-
sion intensities increases (see Figure 3.2).

R3: When the time spent by a non-immune individual in the primary infectious stage (1/χ1) is
short, the dominant parasite strain infecting the human follows the trend that the drug re-
sistant parasite is favored at low transmission intensities and the drug sensitive wild-type is
favored at the intermediate and high transmission intensities (Figure 3.1b). When the duration
of the primary infectious stage is prolonged, the pattern of the dominant parasites infecting
humans changes to favor the drug sensitive wild-type parasite at the low and higher level of
transmission intensities while the drug resistant is favored at the intermediate level of trans-
mission (see Figure: 3.2b).

R4: When 1/χ1, 1/χ2 and β are 20 days, 40 days and 2% respectively, it is observed that individuals
living in areas with high malaria transmission intensity are infected with multiple parasite
strains (Figure 3.3b). This observation is coherent with field studies (see, e.g., Paul et al.,
1998; Marfurt et al., 2010, and the references therein).

R5: As postulated by Portugal et al. (2011) and observed in a randomized clinical trial in Pemba,
Zanzibar (Sazawal et al., 2006), this study also observed a tremendous impact on the dynam-
ics of parasites infecting hosts if iron supplements are given to individuals living in malaria
endemic regions (Figures 3.3b and 3.4). An increase in the proportion of individuals who
receive iron supplements increases the risk of malaria superinfection (Figure 3.4).
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Figure 3.1: Panel (a) shows the proportion of the population in the different immunity classes
as a function of vectorial capacity. Panel (b) shows the dynamics of infecting parasites strains.
At low vectorial capacity, the resistant parasite strain dominates while at intermediate and high
vectorial capacity the drug-sensitive wild type dominates. Here, χ1 = 1

10 and χ2 = 1
40 (per

day). Figure (b) is taken from Paper I.
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Figure 3.2: Panel (a) shows the fraction of the infected population in the different immunity
classes as a function of vectorial capacity. The proportion of individuals with P. falciparum in-
fection increases rapidly as vectorial capacity increases, but there is a large difference between
non-immune and clinically immune individuals. Panel (b) shows the dynamics of infecting par-
asite strains. As the vectorial capacity increases, the dominant parasite strain in the population
follows the trend of drug-sensitive wild type, to drug resistant, and then drug-sensitive wild type.
Here, χ1 =

1
20 and χ2 =

1
40 (per day). The Figure is taken from Paper I.
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Figure 3.3: Panel (a) shows the proportion of the population in the different immunity classes
as a function of vectorial capacity. Panel (b) shows the dynamics of infecting parasite strains. At
high malaria transmission intensity the individuals in the community are infected with multiple
parasite strains. Here, χ1 = 1

10 and χ2 = 1
40 (per day), and β = 2%. Figure (b) is taken from

Paper I.
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Figure 3.4: The effect of iron supplementation in malaria superinfection. Each line represent
the proportion of individual with P. falciparum dual infection any at time t with fixed χ1 = 1

10

and χ2 =
1
40 (per day) and variable β values. Iron supplementation increases the risk of malaria

superinfection.
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CHAPTER IV

Optimal Control Theory Applied to Malaria Models

In 1998, the World Health Organization (WHO) identified malaria as a key priority and launched a
program called Roll Back Malaria (RBM) campaign which focuses on the reduction of malaria en-
demicity, specifically in high transmission areas of sub-Saharan Africa (SSA) (Nabarro and Tayler,
1998; Goodman et al., 2000; WHO, 2008). The initiative dramatically increased funds from donors
and increased political commitment in malaria inflicted countries to fight the disease (Eisele et al.,
2010; Hanefeld, 2011). Investment in the RBM campaign focuses on both antimalarial drugs and
vector control tools. Examples of malaria and vector control tools include insecticide treated bed
nets (ITNs), now known as long-lasting insecticide-treated nets (LLINs), indoor residual spraying
(IRS), insecticide repellants, larvicide, use of drug treatments, intermittent preventive treatment in
children (IPTc) and in pregnant women (IPTp). For malaria prevention and control, WHO is em-
phasizing the use of integrated vector management (IVM). IVM encourages the use of combinations
of a range of intervention tools rather than a single tool (WHO, 2004). Assessment of the impact
and quantification of the cost associated with single or combinations of these control measures has
a profound influence on malaria control. However, mathematical models of malaria transmission
that include both control and financial or operation constrains are rather rare (Reiner et al., 2013).
This thesis studies the impact of different combinations of malaria intervention tools on the control
of malaria transmission while minimizing the costs of the control program. To attain these goals,
optimal control theory is applied to malaria models (see Papers II to V).

Recently, there has been growing interest in as well as practical use of optimal control theory in epi-
demic systems modeling. Optimal control theory has been used to study the dynamics of transmis-
sion and treatment of diseases such as malaria (Okosun et al., 2011; Makinde et al., 2011; Agusto
et al., 2012; Okosun and Makinde, 2012; Ghosh et al., 2013; Okosun et al., 2013), Chikunganya
fever (Moulay et al., 2012), dengue fever (Caetano and Yoneyama, 2001; Aldila et al., 2013), West
Nile virus (Blayneh et al., 2010), HIV (Joshi, 2002; Kirschner et al., 1997; Felippe de Souza et al.,
2000; Radisavljevic-Gajic, 2009; Adams et al., 2004; Fister et al., 1998), influenza (Tchuenche
et al., 2011b; Lee et al., 2010) and mycobacterium tuberculosis (Jung et al., 2002; Hattaf et al.,
2009). In the next section, the optimal control theory is briefly reviewed. Thereafter, optimal con-
trol algorithms for optimal control problems governed by the system ordinary differential equations
(ODEs) are discussed.

35
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4.1 Optimal Control Theory

Consider a dynamical system given by G(x(t), u(t), t), where, x(t) is a state variable at time t,
and u(t) is another variable which can be controlled from outside. In malaria models, the variable
u(t) represents the amount of effort used in applying a specific malaria or vector control tool to
reduce the intensity of malaria transmission. The way in which u(t) is controlled to maximize or
minimize the predefined goals while satisfying any constraints on the motion of the system, give
rise to what is called an optimal control theory. Based on the type of the state, the dynamical system
G(x(t), u(t), t), can be classified as continuous, if the state takes values in Euclidean space Rn, (i.e.
x ∈ Rn, n ∈ N), as discrete, if it takes values from a countable or finite set, or as hybrid if part of
the state takes values in Rn while the other part takes the value in a finite set. The models developed
in this thesis are continuous dynamical systems where the system is governed by a set of ordinary
differential equations (ODEs). In this chapter, the notation ẋ is used to represent the derivative of x,
i.e. dx/dt, also Hu is used to represent a partial derivative of H, i.e. ∂H /∂u.

Consider an epidemic optimal control problem:

MinimizeJ (u, x) =

∫ tf

t0

g(x(t), u(t), t)dt, (4.1)

subject to: 
ẋ(t) = m(x(t), u(t), t), t ∈ [t0, tf ],

x(t0) = x0, x(tf ) free,
r(u) ∈ U .

(4.2)

Here, equation (4.1) is called the objective (or cost) functional, x is the state, u is the time depen-
dent control, r(u) is the control constraint, U is a subset of the Euclidean space which is closed and
convex, and tf can be considered as a planning horizon. A suitable method for solving such an op-
timization problem (4.1) – (4.2) (i.e. an optimization problem whose dynamical model is governed
by a system of ODEs) is Pontryagin’s Maximum Principle (PMP). The next section provides a brief
review of PMP, the information from Lenhart and Workman (2007), and Aniţa et al. (2011) unless
otherwise stated.

4.2 Pontryagin’s Maximum Principle

In 1956, Russian mathematician, Lev Semenovich Pontryagin and his student formulated and proved
what now is called Pontryagin Maximum Principle (PMP) for control systems on Rn (Pontryagin
et al., 1962). Pontryagin introduced the concept of an ‘adjoint’ function to append the differential
equation to the objective functional. The PMP provides a set of necessary conditions that an optimal
control and the corresponding state must satisfy. A version of PMP which is suitable for the types of
problems discussed in this thesis is presented. The necessary conditions of the PMP are summarized
in Theorem 4.1.

Theorem 4.1 Suppose g(x(t), u(t), t) and m(x(t), u(t), t) from equation (4.1) and (4.2) are both
continuously differentiable functions in their three arguments, and u ∈ U, is a piecewise continuous
control and x is the solution of system (4.2) corresponding to u. Suppose further that u∗ ∈ U is an
optimal control for problem (4.1) with the associated state solution x∗ (i.e. J (u, x) ≥ J (u∗, x∗)).
Then there exist an adjoint (or costate) trajectory p(t) for all t0 ≤ t ≤ tf such that:
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(i) The Hamiltonian H is defined as,

H(x(t), u(t), p(t), t) = g(x(t), u(t), t) +m(x(t), u(t), t)p(t).

(ii) The flow Hamiltonian vector fields are given by ẋ = Hp and ṗ = −Hx with initial condition
x(t0) , x0 and a transversality condition p(tf ) = 0 respectively.

(iii) H(x(t), u(t), p(t), t) ≥ H(x∗(t), u∗(t), p(t), t).

(iv) Hu(x
∗(t), u∗(t), p(t), t) = 0.

(v) Huu(x
∗(t), u∗(t), p(t), t) > 0.

Proof: For the proof of this Theorem see (Pontryagin et al., 1962; Schńttler and Ledzewicz, 2012)
�

In this thesis, ẋ(t) is called a state system and ṗ(t) is called a costate system and U is a closed
convex subset of the Euclidean space.

Having stated the necessary conditions for optimal control using PMP (Theorem 4.1), it is further
required to check the existence and uniqueness of the optimal control. The conditions for the exis-
tence and uniqueness of the optimal control are summarized in the following theorem (cf. Blayneh
et al., 2009).

Theorem 4.2 The optimal control problem must satisfy the following conditions to guarantee the
existence and uniqueness of an optimal control:

(i) The set of controls and the corresponding state is not empty.

(ii) The control subset U, is convex and closed.

(iii) The right hand of the state system is bounded by a linear function in state and in control.

(iv) The integrand of the objective functional, g(x(t), u(t), t) is convex on u ∈ U and there exist

constant c1, c2 > 0 and β > 1 such that g(x(t), u(t), t) ≥ c1

(∑
i

|ui|2
)β

2

− c2.

Proof: See (Fleming and Rishel, 1975, Theorem 4.1, pages 68–69). �

The admissible pair (x∗, u∗) is seldom obtained analytically, hence the numerical scheme is re-
quired. In the next section two algorithms for solving such a problem are briefly discussed.

4.2.1 Numerical Approximation of Optimal Control Problems

Solving the optimality system, which is the state, costate and optimal control, requires an iterative
scheme. In this thesis the Forward-Backward Sweep method (FBSM) and Gradient Based Meth-
ods (GBMs) are presented. These methods use Runge-Kutta method of order four (RK4) in the
integration.
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FORWARD-BACKWARD SWEEP METHOD

The forward-backward sweep method (FBSM) is a simple indirect method for solving numerically
the differential equations arising from PMP. For specific optimal control problems, the implementa-
tion of FBSM is simple and its convergence is easy to check (McAsey et al., 2012). Algorithm 4.1
summarizes the FBSM for the optimal control problem stated in Equations (4.1) and (4.2).

Algorithm 4.1: Forward-Backward Sweep method
Input: Piecewise-constant control u(t), t ∈ [tj, tj+1], where j = 0, 1, · · · , N − 1, N is the

number of time instants
Output: State and control optimal trajectory
while Error in terminal condition is larger than specified tolerance do

− Solve ẋ(t) = m(x(t), u(t), t), t ∈ [t0, tf ], using forward RK4 with initial condition
x(t0) , x0 and control vector u(t) .

− Solve ṗ(t) = −gx(x(t), u(t), t)−mx(x(t), u(t), t)p(t), t ∈ [t0, tf ], using backward RK4
with state vector x(t), the transversality condition p(tf ) = 0 and control vector u(t).

− Compute the new control uk+1(t) by solving the characterization equation :
gu(x(t), u(t), t) +mu(x(t), u(t), t)p(t) = 0.

−Compute error in terminal conditions.

Using the relative error:
‖xk+1 − xk‖

‖xk+1‖
< ε and/or

‖uk+1 − uk‖
‖uk+1‖

< ε or using

absolute error. Here, k stands for the kth iteration and ε is the tolerance level.

− Update control using a convex combination of the current and previous control.

end

GRADIENT-BASED METHODS

For more complex optimal control problems where the optimal control cannot be easily computed
explicitly from solving Hu = 0, gradient-based methods (GBMs) can be used. GBMs are iterative
methods where the current value of the objective functional is improved by making a local search at
each iteration. In GBMs, an initial guess of the control vector u ∈ U is made. At the kth iteration,
wk = Hu(u

k) is computed to obtain a descent direction and a step length αk. As pointed out by
Rao (2009), the search direction provides a direction in Rn along which to change the current value
uk, while the step length provides the magnitude of the change to uk+1. Algorithm 4.2 summarizes
the technique for approximating the admissible pair (x∗, u∗) using the GBM to an optimal control
problem stated in Equations (4.1) and (4.2).
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Algorithm 4.2: Gradient-based method
Input: Initial control vector u(t) ∈ U
Output: State and control optimal trajectory
while Error in terminal condition is larger than specified tolerance do

− Solve ẋ(t) = m(x(t), u(t), t), t ∈ [t0, tf ], using forward RK4 with initial condition
x(t0) , x0 and control vector u(t) .

− Solve ṗ(t) = −gx(x(t), u(t), t)−mx(x(t), u(t), t)p(t), t ∈ [t0, tf ], using backward RK4
with state vector x(t), the transversality condition p(tf ) = 0 and the control vector u(t).

− Compute the gradient ω from the formula:
ω = gu(x(t), u(t), t) +mu(x(t), u(t), t)p(t).

− Compute the direction of search either by steepest descent or conjugate gradient method.

− Compute the step length α such that:
J (Proj(u+ αω)) = min

α≥0
J (Proj(u+ αω)), where Proj is the projection operator.

− Update the control: unew = Proj(u+ αω)
set uk+1 := unew.

− Compute error in the terminal conditions
‖uk+1 − uk‖ < ε and / or |J (xk+1, uk+1, t)− J (xk, uk, t)|< ε or using the relative error.
Here, k stands for the kth iteration and ε is the tolerance level.

end

For lengthy discussion of the optimal control method applied to biological models and numerical
approximation of the optimal control the reader is referred to (Lenhart and Workman, 2007; Aniţa
et al., 2011; Rao, 2009; Kirk, 2012; Evans, 1983).

4.3 Malaria Model with Infective Immigrants

Chapter III discussed how the spread of antimalarial drug resistance threatens global efforts to
control and eliminate the disease. This section summarizes the analysis of the mathematical model
for antimalarial drug resistance transmission with population immigration presented in Paper II.

Human migration is inevitable especially during this era of globalization. Motivations for human
migration may be voluntary, driven by tourism, regional trade, or the search for good jobs and
education, or forced, a result of war, famine, drought, flooding and major environmental catastrophe.
The increase in human migration plays a significant role in the spread of antimalarial drug resistance,
with the international transportation of artemisinin-resistant parasites being the greatest threat (cf.
Lindsay and Martens, 1998; Lynch and Roper, 2011; Wesolowski et al., 2012; Talisuna et al., 2012;
Pindolia et al., 2013; Buckee et al., 2013).

To investigate the quantitative and qualitative impact of human immigration in the transmission
of malaria, a deterministic mathematical model developed in Paper II allows the immigrants to
be either susceptible, infected with a drug sensitive wild-type parasite or a drug resistant malaria
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parasite. The PMP is then applied using screening of the immigrants, treatment of drug sensitive
infections, treatment of drug resistant infections, and use of ITNs and IRS as the control variables.

4.3.1 Model Description and Analysis

The human population is modeled as SIR while the mosquito (vector) population is modeled as SI.
The total human population at any time t, denoted as Nh, is divided into: susceptible individuals
(Sh) , individuals infected with drug sensitive wild-type parasites (Ihw), individuals infected with
drug resistant parasites (Ihx), and recovered individuals with temporary immunity (Rh). Thus,Nh =
Sh+ Ihw+ Ihx+Rh. The total mosquito (vector) population at any time t, denoted as Nv, is divided
into: susceptible mosquitoes (Sv), mosquitoes with wild-type parasites (Ivw), and mosquitoes with
drug resistant parasites (Ivx). Thus, Nv = Sv+ Ivw+ Ivx. The rates of transfer between the different
compartments and their literature value used in the simulation are as given in Table 4.1.

Table 4.1: Description of parameters for the transmission model. References:[1] = Chitnis
et al. (2006), [2] = Agusto et al. (2012), [3] = Mukandavire et al. (2010), [4] = Menach et al.
(2005), [5] = Gu et al. (2003), [6] = Smith and McKenzie (2004), [7] = Klein et al. (2008), [8] =
Pongtavornpinyo et al. (2008). The parameter values with no references are assumed

Par. Description Est.val Ref.
χ1 Proportion of immigrants with wild-type infection 0.3
χ2 Proportion of immigrants with drug resistant infection 0.2
a Mosquito biting rate per unit time 0.3 [2]
βvh Probability that a bite results in transmission of gametocytes

from an infected human to a susceptible mosquito
0.09-0.5 [1,2,4,5,6]

βhv Probability that a bite results in transmission of sporozoites
from an infected mosquito to a susceptible human

0.03-0.5 [2,4,5,6]

γ Rate of loss of temporary immunity 0.0146 [1]
κw Natural clearance rate of wild-type infection 0.005 [2]
ψ Cost of resistance 0.1-0.5 [7]
κx Natural clearance rate of drug resistant infection ((1 + ψ)κw)
ρ Antimalarial clearance rate of existing infections 1/500 -1/80 [7,8]
µh Death and emigration rate for humans 0.00004 [1]
δ Disease induced death rate for humans 0.0003454 [1]
µv Mosquito mortality rate 0.04 [2]
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The model is defined by the following set of non-linear ordinary differential equations:

dSh

dt
=(1− χ1 − χ2)µhNh + γRh − amβhv

(
Ivw
Nv

+
Ivx
Nv

)
Sh − µhSh,

dIhw
dt

=χ1µhNh + amβhv
Ivw
Nv

Sh − (ρ+ κw + δ + µh)Ihw,

dIhx
dt

=χ2µhNh + amβhv
Ivx
Nv

Sh − (κx̃ + δ + µh)Ihx,

dRh

dt
=(ρ+ κw)Ihw + κx̃Ihx − (γ + µh)Rh,

dSv

dt
=µvNv − aβvh

Ihw
Nh

Sv − aβvh
Ihx
Nh

Sv − µvSv,

dIvw
dt

=aβvh
Ihw
Nh

Sv − µvIvw,

dIvx
dt

=aβvh
Ihx
Nh

Sv − µvIvx.

(4.3)

Converting model (4.3) into fractional quantities by scaling each subpopulation with the total pop-
ulation at any time t gives to the following system:

dsh
dt

=(1− χ1 − χ2)µh + γrh − amβhv(ivw + ivx)sh − µhsh + δ(ihw + ihx)sh,

dihw
dt

=χ1µh + amβhvivwsh − (ρ+ κw + δ + µh)ihw + δ(ihw + ihx)ihw,

dihx
dt

=χ2µh + amβhvivxsh − (κx̃ + δ + µh)ihx + δ(ihw + ihx)ihx,

drh
dt

=(ρ+ κw)ihw + κx̃ihx − (γ + µh)rh + δ(ihw + ihx)rh,

dsv
dt

=µv − aβvhihwsv − aβvhihxsv − µvsv,

divw
dt

=aβvhihwsv − µvivw,

divx
dt

=aβvhihxsv − µvivx,

(4.4)

where m is the number of female mosquitoes per human (Nv/Nh). The positivity and uniqueness
of the solution of system (4.4) are summarized in Theorem 4.3.

Theorem 4.3 Assuming that all the initial conditions describing the model (4.4) lie in Ω = Ωh ∪
Ωv ⊂ R4

+ × R3
+, then the system of equations (4.4) has a unique solution. Furthermore, the region

Ω is positive invariant and all solutions starting in Ω approach, enter or stay in Ω.

Proof: The first part of the theorem can be easily shown using the Picard-Lindelöf theorem; since
the right hand side of the system of equations (4.4) is continuous with continuous partial derivatives
in Ω, the system has a unique solution. The positivity of the system (4.4) can be proved as follows.
Suppose 0 < τ < ∞ then we are required to show that, sh(τ) ≥ 0, · · · , ivx(τ) ≥ 0. Note that
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since the initial values of the state variables are in the first orthant then sh(0) ≥ 0, · · · , ivx(0) ≥ 0.
Considering the first equation of (4.4), then

sh(τ) =sh(0) exp[−(amβhv(ivw + ivx) + µh − δ(ihw + ihx))τ ] +

exp[−(amβhv(ivw + ivx) + µh − δ(ihw + ihx))τ ]×∫ τ

0

((1− χ1 − χ2)µh + γrh) exp[(amβhv(ivw + ivx) + µh − δ(ihw + ihx))z]dz ≥ 0.

The same analysis can be carried out for the rest of the system to guarantee the positivity of the
solution. For the last part of the theorem, adding the first four equations of system (4.4), and adding
the last three equations of the same system, the following Equations are obtained.

dNh

dt
= µh − µhNh − (1−Nh)δ(ihw + ihx) ≤ µh − µhNh, (4.5)

dNv

dt
= µv − µvNh. (4.6)

Simplification of Equations (4.5) and (4.6) (using Lemma 2 from Birkhoff and Rota, 1989, page 27)
leads to lim sup

t→∞
Nh(t) ≤

µh

µh

and lim sup
t→∞

Nv(t) ≤
µv

µv

, implying that Ω is invariant and attracting.

�

Further analysis of model (4.4), as discussed in Paper II, reveals the following:

1: For a positive recruitment rate of infective individuals through immigration (χ1 > 0 and χ2 > 0)
the model does not have a disease free equilibrium, hence the system has multiple endemic
equilibriums.

2: If the recruitment rate of infective individuals and disease-induced mortality rate are ignored
(χ1 = 0, χ2 = 0, and δ = 0), the reproduction number can be easily computed using the
next generation matrix approach (Van den Driessche and Watmough, 2002). The dominant
parasite strain in the population will be the one with the highest reproduction number (i.e.
R0 = max{Rw

0 , R
x
0}) (Koella and Antia, 2003), where

Rw
0 =

√
ma2βhvβvh

µv(ρ+ κw + µh)
and Rx

0 =

√
ma2βhvβvh
µv(κx̃ + µh)

.

3: Consider the case when only the drug-sensitive wild type parasite persists in the population.
Depending on the value of the recruitment rate of infective immigrants, the analysis of the en-
demic equilibrium of system (4.4) exhibits three threshold-like behaviors for small δ (Brauera
and van den Driessche, 2001) as follows:

1. If χ1 = 0 the reproduction number is Rw
0 .

2. If χ1 is sufficiently close to zero and Rw
0 > 1 then îhw ≈ Φ

z
+
µvµh

Φ
χ1.

3. If χ1 is sufficiently close to zero and Rw
0 < 1 then îhw ≈ µvµh

|Φ|
χ1.

Here, z = aβvh(ρ+ κw + µh) and Φ = ma2βhvβvhŝh − µv(ρ+ κw + µh).
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4.3.2 Application of Optimal Control Theory

Model (4.4) was extended to include four time dependent controls: screening of immigrants u1(t),
treatment of drug sensitive infections u2(t), treatment of drug resistant infections u3(t), and use of
indoor residual spraying (IRS) and insecticide treated bed nets (ITNs) with lethal chemicals u4(t).
It should be noted that effective treatment of drug-resistant infection requires early case detection,
intensive case investigation and monitoring of drug compliance (Khamsiriwatchara et al., 2012).
For the analysis presented in Paper II, all control variables are constrained between zero and one
(i.e. 0 ≤ uj(t) ≤ 1, for j = 1, 2, 3, 4). When the control is set to zero it means that there is no effort
invested and when it is one the maximum control effort is invested. The system is governed by the
following set of non-linear ODEs.

dsh
dt

= (1− (χ1 + χ2)(1− u1))µh + γrh − amβhv(ivw + ivx)sh − µhsh (4.7)

+δ(ihw + ihx)sh,

dihw
dt

= χ1(1− u1)µh + amβhvivwsh − (α1u2 + κw + δ + µh)ihw + δ(ihw + ihx)ihw,

dihx
dt

= χ2(1− u1)µh + amβhvivxsh − (α2u3 + (1 + τψ)κw + δ + µh)ihx + δ(ihw + ihx)ihx,

drh
dt

= (α1u2 + κw)ihw + (α2u3 + (1 + τψ)κw)ihx − (γ + µh)rh + δ(ihw + ihx)rh,

dsv
dt

= µv − aβvhihwsv − aβvhihxsv − (µv + α3u4)sv, (4.8)

divw
dt

= aβvhihwsv − (µv + α3u4)ivw,

divx
dt

= aβvhihxsv − (µv + α3u4)ivx.

The objective is to minimize the number of humans infected with drug sensitive (ihw) and/or drug
resistant parasites (ihx) while keeping the cost of the control as low as possible. If we denote
B1, B2, A1, A2, A3, A4 as the relative weights, then the optimal control problem is stated as

J = min
u∈U

∫ tf

t0

{
B1 ihw +B2 ihx + A1 u

2
1 + A2 u

2
2 + A3 u

2
3 + A4 u

2
4

}
dt; (4.9)

subject to the state system given by (4.8) and the control set

U = {uj given that uj(t) is Lebesgue measurable ; 0 ≤ uj(t) ≤ 1, t ∈ [t0, tf ]} (4.10)

Here,B1 ihw and B2 ihx are the costs (social costs) associated with drug sensitive and drug resistance
infections respectively, while A1u

2
1, A2u

2
2, A3u

2
3 and A4u

2
4, are costs associated with each control

measure. Thus we seek the optimal control u∗1, u
∗
2, u

∗
3, u

∗
4, such that

J (u∗1, u
∗
2, u

∗
3, u

∗
4) = min

u∈U
{J (u1, u2, u3, u4)}. (4.11)

It is easy to prove the existence of an optimal control by checking each condition in Theorem 4.2.
Now using necessary conditions of PMP provided in Theorem 4.1, the Hamiltonian H is given as

H = B1ihw +B2ihx + A1u
2
1 + A2u

2
2 + A3u

2
3 + A4u

2
4

+ λsh
dsh
dt

+ λihw
dihw
dt

+ λihx
dihx
dt

+ λrh
drh
dt

+ λsv
dsv
dt

+ λivw
divw
dt

+ λivx
divx
dt

,
(4.12)
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where the λsh , λihw , λihx , λrh , λsv , λivw , and λivx are the adjoint variables. The costate is then
given as

dλsh
dt

=amβhv[ivw(λsh − λihw) + ivx(λsh − λihx)] + λsh [µh − δ(ihw + ihx)],

dλihw
dt

=−B1 − λshδsh + λihw [α1u2 + κw + δ + µh − δ(2ihw + ihx)]− λihxδihx

−λrh(α1u2 + κw + δrh) + aβvhsv(λsv − λivw),

dλihx
dt

=−B2 − λshδsh + λihx [α2u3 + (1 + τψ)κw + δ + µh − δ(2ihx + ihw)]

−λihwδihw − λrh [α2u3 + (1 + τψ)κw + δrh] + aβvhsv(λsv − λivx),

dλrh
dt

=− λshγ + λrh(γ + µh − δ(ihw + ihx)),

dλsv
dt

=aβvh[ihw(λsv − λivw) + ihx(λsv − λivx)] + λsv(µv + α3u4),

dλivw
dt

=amβhvsh(λsh − λihw) + λivw(µv + α3u4),

dλivx
dt

=amβhvsh(λsh − λihx) + λivx(µv + α3u4),

(4.13)

with transversality conditions

λsh(tf ) = λihw(tf ) = λihx(tf ) = λrh(tf ) = λsv(tf ) = λivw(tf ) = λivx(tf ) = 0. (4.14)

Finally, the characterization equations on the interior of the control set U are given as:

u∗1 =max

{
0,min

{
1,
χ1µh(λihw − λsh) + χ2µh(λihx − λsh)

2A1

}}
,

u∗2 =max

{
0,min

{
1,
α1i

∗
hw(λihw − λrh)

2A2

}}
,

u∗3 =max

{
0,min

{
1,
α2i

∗
hx(λihx − λrh)

2A3

}}
,

u∗4 =max

{
0,min

{
1,
α3(s

∗
vλsv + i∗vwλivw + i∗vxλivx)

2A4

}}
.

(4.15)

NUMERICAL ANALYSIS OF THE OPTIMAL CONTROL

Using the Forward-Backward Sweep method described in Algorithm 4.1 (see detailed Algorithm in
Paper II) several control strategies can be studied. Here, three strategies are presented: (i) when
treatment of drug sensitive wild-type infections control (u2) was optimized while the other controls
were set to zero, (ii) the combination of treatment of drug sensitive wild-type infections (u2) and the
use of IRS and ITN (u4) controls were optimized while u1 and u3 were set to zero, and (iii) when
both controls were optimized.

For the simulation, the weights are chosen to be B1 = 50, B2 = 200, A1 = 60, A2 = 100, A3 =
150 and A4 = 80, while the efficacy parameters are α1 = 0.5, α2 = 0.1, α3 = 0.15, βhv = 0.3,
βvh = 0.4 and ψ = 0.3. Note, the weights are chosen according to their relative importance and the
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associated costs of each control tool. All other parameter values of the model are as given in Table
4.1.

Strategy i: Only treatment control (u2) is optimized while other three controls are set to zero. With
this control strategy, the number of humans and mosquitoes infected with drug sensitive parasites
reduces while the number of those infected with drug resistant parasites increases compared to the
case when no control is used (Figures 4.1 (a), (b) and (c)). This result implies that the use of
antimalarial drugs to which parasite have already developed resistance will lead to a widespread
occurrence of the resistant parasite strain in that community. In this scenario the control u2 is
maintained at 100% for the first 98 days before being reduced to the lower bound (Figure 4.1 (d)).
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Figure 4.1: Only control on the treatment of drug sensitive infections is used. Figures (a) –(c)
are the time series of different population with optimal control uc and without control uo, where
uc = {u1 = 0, u2 6= 0, u3 = 0, u4 = 0} and uo = {u1 = 0, u2 = 0, u3 = 0, u4 = 0}. Figure
(d) is the optimal control profile. The figure is taken from Paper II.
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Figure 4.2: The use of treatment of drug sensitive infections and, ITN and IRS controls. Figures
in panel (a) – (c) are the time series of different population with optimal control uc and without
control uo, where uc = {u1 = 0, u2 6= 0, u3 = 0, u4 6= 0} and uo = {u1 = 0, u2 = 0, u3 =

0, u4 = 0}. Figure in panel (d) is the optimal control profile. The figure is taken from Paper II.

Strategy ii: Treatment of drug sensitive infection (u2) and vector control using IRS and ITNs
(u4) are optimized, while u1 and u3 are set to zero. Using this control strategy, the transmission
of wild-type infections in the community is suppressed (Figures 4.2 (a) and (c)). The number of
humans and vectors with drug resistant infection is also reduced but does not reach zero (Figures
4.2 (b) and (c)). It can be concluded that a successful malaria control program must include control
measures for drug-resistant infections and the influx of infective immigrants. The control profile for
this strategy is shown in Figure 4.2 (d).

Strategy iii: All controls are optimized. With this control strategy, the number of infected humans
and vectors is reduced to zero at the final time of the control program (Figures 4.3 (a) – (c)). The
control profile in Figure 4.3 (d) shows that the control u1 starts at about 24%, then increases to 50%
after 100 days, and thereafter reduces to the lower bound, while u2, u3 and u4 remain at the upper
bound for 30, 86 and 43 days respectively, before dropping gradually to the lower bound.
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Figure 4.3: The use of all four control measures. Figures in panel (a) – (c) are the time series of
different population with uc and without uo control, where uc = {u1 6= 0, u2 6= 0, u3 6= 0, u4 6=
0} and uo = {u1 = 0, u2 = 0, u3 = 0, u4 = 0}. Figure in panel (d) is the optimal control
profile. The figure is taken from Paper II.

COST-EFFECTIVENESS ANALYSIS

Quantification of the cost-effectiveness of any disease intervention program is of paramount im-
portance. In Paper II, cost-effectiveness analysis is done using a method called the Incremental
Cost-Effective Ratio (ICER). In ICER, when comparing two competing intervention strategies, one
intervention is compared with the next less effective alternative (Okosun et al., 2013). The ICER
formula used is given by

ICER =
Difference in intervention costs

Difference in the total number of infections averted
. (4.16)

The total number of infections averted is computed by taking the difference between the total num-
ber of new infection cases without the control and the total number of new infection cases with the
control. ICER shows that the use of ITNs and IRS is the best control strategy although it requires
100% application throughout the intervention period. This is however too ambitious. Thus the con-
clusion from this study is that the second best cost-effective control strategy that combine all four
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control measures is recommended (see Paper II for details).

4.4 Two-Age-Classes Malaria Model with Asymptomatic Carriers

Clinical manifestation of malaria varies over a spectrum, ranging from severe and complicated to
mild and uncomplicated to asymptomatic (Marsh et al., 1995; Babikera et al., 2013). Asymptomatic
malaria (cf. Babikera et al., 2013) can be defined as a case where an individual harbors the parasite
capable of transmitting the disease but without exhibiting symptoms. It exists in individuals with
between 50 and 200 parasites per microliter (µL) of blood, which is lower than the detectable
threshold of microscopic analysis. Asymptomatic P. falciparum carriers are observed both in areas
with high-intensity (see. eg. Eke et al., 2006; Dal-Bianco et al., 2007) and those with low-intensity
(see. eg. Roshanravan et al., 2003; Harris et al., 2010) malaria transmission. Understanding the
dynamics of asymptomatic P. falciparum is crucial in the control and elimination of malaria as well
as in the reduction of maternal illnesses and deaths (cf. Douamba et al., 2012; Khan et al., 2014).

This section summarizes discussion of the optimal control problem proposed in Paper IV in connec-
tion with a mathematical model of malaria transmission that includes among its key epidemiological
features two-age-classes (juvenile and adult) and asymptomatic carriers. The division of the human
population into two major classes, juveniles and adults, is crucial in the study of the optimal con-
trol practices since the two groups have different transmission rates due to different physiological
make-ups and living habits.

4.4.1 Model Description and Analysis

The model developed in Paper IV is SIS in the human population and SI in the mosquito (vec-
tor) population. The mosquito population is assumed to be comprised of only female Anopheles
mosquitoes. It is assumed that there are enough male mosquitoes for successful mating with fe-
males. The adult female mosquitoes are categorized into uninfected (susceptible) mosquitoes Sv

and infected mosquitoes Iv, so that the total mosquito population, Nv = Sv + Iv. The human
population is classified according to their infectious status into susceptible children (X), suscepti-
ble adults (Y ), asymptomatic infected children (X1), symptomatic infected children (X2), asymp-
tomatic infected adults (Y1) and symptomatic infected adults (Y2). Hence the total human popula-
tion, Nh = X + X1 + X2 + Y + Y1 + Y2. The compartmental mathematical model for malaria
transmission is represented by the following system of non-linear ordinary differential equations
(Equation (4.17)).
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dX

dt
= ηhNh + νx̃X1 + φrx̃X2 − λhX − (g + µh)X,

dX1

dt
= (1− fx̃)λhX + (1− φ)rx̃X2 − (g + νx̃ + µh)X1,

dX2

dt
= fx̃λhX − (g + rx̃ + µh + δx̃)X2,

dY

dt
= gX + νỹY1 + φrỹY2 − λhY − µhY,

dY1
dt

= (1− fỹ)λhY + (1− φ)rỹY2 + gX1 − (νỹ + µh)Y1,

dY2
dt

= fỹλhY + gX2 − (rỹ + µh + δỹ)Y2,

dSv

dt
= ηvNv − λvSv − µvSv,

dIv
dt

= λvSv − µvIv,

(4.17)

where λh = baIv/Nh is the transmission rate from infected mosquitoes to susceptible humans and
λv = ac(X1 + X2 + Y1 + Y2)/Nh is the transmission rate from infected humans to susceptible
mosquitoes. Descriptions of the parameters of the model and the literature values used in the simu-
lations are outlined in Table 4.2. Note that the subscript h is associated to humans, v is associated
to vectors, x̃ is associated to children, and ỹ is associated to adults.

QUALITATIVE ANALYSIS OF THE MODEL

To study the qualitative behavior of system (4.17), a homogeneous human population in terms of age
(i.e. single age structure) was assumed by letting Y = Y1 = Y2 = 0 and δỹ = g = 0. Converting the
resulting system into fractional quantities by scaling each subpopulation with the total population
at any time t, the following system is obtained.

dx

dt
= ηh(1− x) + νx̃x1 + φrx̃x2 − bamivx+ δx̃xx2,

dx1
dt

= (1− fx̃)bamivx+ (1− φ)rx̃x2 − νx̃x1 − ηhx1 + δx̃x1x2,

dx2
dt

= fx̃bamivx− (rx̃ + δx̃)x2 − ηhx2 + δx̃x
2
2,

dsv
dt

= ηv(1− sv)− ac(x1 + x2)sv,

div
dt

= ac(x1 + x2)sv − ηviv.

(4.18)

Taking into account that x + x1 + x2 = 1, sv + iv = 1; and denoting y = x1 + x2, system (4.18)
can be reduced to

dy

dt
≤ bam(1− y))iv − ηhy + δx̃y

2,

div
dt

= acy(1− iv)− ηviv.

(4.19)
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Table 4.2: The descriptions of the parameters for the malaria model (4.17). For parameter values
given in range, the fixed value in the bracket is used for simulation. References:[1] = Chitnis
et al. (2006), [2] = Agusto et al. (2012), [3] = Dietz et al. (1974), [4] = Menach et al. (2005), [5] =
Gu et al. (2003), [6] = Smith and McKenzie (2004), [7] = Blayneh et al. (2009), [8] = Macdonald
(1957), [9] = Shim et al. (2012). The parameter values with no references are assumed.

Par. Description Values Ref.
a Mosquito biting rate 0.2− 0.5 (0.4) [2,3,6]
b Probability that a bite results in transmission of sporo-

zoites from an infected mosquito to a susceptible hu-
man

0.03− 0.5 (0.265) [4,5,6]

c Probability that a bite results in transmission of ga-
metocytes from an infected human to a susceptible
mosquito

0.09− 0.5 (0.295) [1,4,6]

fx̃ Proportion of symptomatic infection in children 0.4
fỹ Proportion of symptomatic infection in adults 0.6
νx̃ Natural recovery rate from asymptomatic infection

for children
1/(180)

νỹ Natural recovery rate from asymptomatic infection
for adults

1/(365)

rx̃ Natural recovery rate from symptomatic infection for
children

0.01− 0.05 (0.02) day−1 [4,6,8]

rỹ Natural recovery rate from symptomatic infection for
adults

0.02− 0.1 (0.035) day−1

φ Modification parameter for recovery rate from symp-
tomatic infection

0.2

g Human maturity rate 1/(12× 365)
µv Mosquito natural mortality rate 0.04− 0.5 (1/16) [4,5,8]
µh Human natural mortality rate 1/60× 365 [7,9]
δỹ Disease induced mortality rate in adults 50/1000× 365
δx̃ Disease induced mortality rate in children 70/1000× 365
ηh Per capita birth rate of humans Equals to µh

ηv Per capita birth rate of mosquitoes Equals to µv

Consider now
dω

dt
= bam(1− ω)χ− ηhω + δx̃ω

2,

dχ

dt
= acω(1− χ)− ηvχ.

(4.20)

By introducing the mapping f : R2
+ → R2

+ with inputs (ω, χ) and the vectors z = (y, iv) and
z = (ω, χ), taking into account that m ≥ 0, we may state that

dz

dt
≤ f(z) and

dz

dt
= f(z). (4.21)

It is clear that f(ω, χ) is a quasimonotone function. Then, by the Theorem A.32 from Capasso
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(2005) it can be stated that if at time t = 0, z(0) = z(0), then at any time t > 0, z(t) ≤ z(t).
Computing the Jacobian matrix of the function f(ω, χ) at ω = 0 and χ = 0, we obtain

Jf(0,0) =

(
−ηh bam
ac −ηv

)
. (4.22)

Solving for the eigenvalues λ± of Jf(0,0) and for ∆ = ηh ηv − (abm)(ac) we get

λ± =
1

2

(
−(ηh + ηv)±

√
(ηh + ηv)2 − 4∆

)
. (4.23)

Equation (4.23) shows that both eigenvalues are real; moreover for ∆ > 0 both eigenvalues are real
and strictly negative. Finally, the results can be summarized in the following threshold theorem.

Theorem 4.4 Let R0 :=
ma2bc

ηh ηv
. If R0 < 1, then the trivial solution of the system is locally asymp-

totically stable, i.e. small epidemic outbreaks will tend to extinction.

Using numerical simulations the necessary condition to have a full threshold theorem can be shown.
Simulations of the system (4.20) (Figure 4.4) and system (4.18) (Figure 4.5) show that if we start
close to zero (R0 < 1) the disease goes to extinction, conversely if R0 > 1 the disease persists in
the population with a unique endemic equilibrium.
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Figure 4.4: Figures in panel (a) and (b) are phase plot and the vector fields demonstrating
the monotonicity of one age class population using the upper bound system (4.20). (a) R0 =

R1R2 < 1 and (b) R0 = R1R2 > 1. R1 := mab/ηh and R2 := ac/ηv. The figure is taken from
Paper IV.



52 4. Optimal Control Theory Applied to Malaria Models

0 0.1 0.2 0.3 0.4
0

0.05

0.1

0.15

0.2

x
1
+x

2

i v

(a) R0<1,R
1
<1 & R

2
<1

0.2 0.4 0.6 0.8
0.2

0.4

0.6

0.8

x
1
+x

2

i v

(b) R0>1, R
1
 > 1 & R

2
 > 1

0.1 0.2 0.3 0.4

0.05

0.1

0.15

0.2

x
1
+x

2

i v

(c) R0<1, R
1
 > 1 & R

2
 < 1

0.1 0.2 0.3 0.4
0.2

0.3

0.4

0.5

x
1
+x

2

i v

(d) R0>1, R
1
 < 0 & R

2
 > 1

Figure 4.5: Phase plots for one age class population given in system (4.18). Figures in panel
(a) and (c) show the extinction when R0 = R1R2 < 1, and Figures in panel (b) and (d) show
the existence of a unique endemic equilibrium when R0 = R1R2 > 1. R1 = mab/ηh and
R2 := ac/ηv. The figure is taken from Paper IV.

4.4.2 Application of Optimal Control Theory

For analysis of the optimal level of effort needed to control the spread of malaria, four control
measures are taken into account: the use of LLINs to protect individuals from mosquito bites
(u1), treatment of symptomatic individuals with antimalarial drugs (u2), screening and treatment
of asymptomatic infective individuals (u3), and mosquito adulticiding by applying IRS (u4). Thus
the following parameters of the system (4.17) are modified accordingly:

λx̃ =
(1− αx̃u1)baIv

Nh

, λỹ =
(1− αỹu1)baIv

Nh

, λv =
ac[(1− αx̃u1)(X1 +X2) + (1− αỹu1)(Y1 + Y2)]

Nh

,

κx̃ = rx̃ + u2(t)ρ, %x̃ = νx̃ + u3(t)ρ, κỹ = rỹ + u2(t)ρ, %ỹ = νỹ + u3(t)ρ and dv = µv + αvu4(t).
Here, αx̃ and αỹ represent the measure for the effectiveness of LLINs in protecting children and
adults respectively, ρ is the effectiveness of the antimalarial drugs and αv is the efficacy of IRS. The
optimal control problem is stated as follows:

Minimize the number of infected humans (X1, X2, Y1 and Y2) within the time horizon T (i.e. t ∈
[0, T ]) given by

J = min
u∈U

∫ T

0

F (t, u, q) + h(t, u)dt; (4.24)
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subject to the state system:

dX

dt
= ΛhNh + %x̃X1 + φκx̃X2 − λx̃X − (g + µh)X,

dX1

dt
= (1− fx̃)λx̃X + (1− φ)κx̃X2 − (g + %x̃ + µh)X1,

dX2

dt
= fx̃λx̃X − (g + κx̃ + µh + δx̃)X2,

dY

dt
= gX + %ỹY1 + φκỹY2 − λỹY − µhY,

dY1
dt

= (1− fỹ)λỹY + (1− φ)κỹY2 + gX1 − (νỹ + %ỹ + µh)Y1,

dY2
dt

= fỹλỹY + gX2 − (κỹ + µh + δỹ)Y2,

dSv

dt
= ΛvNv − λvSv − dvSv,

dIv
dt

= λvSv − dvIv,

(4.25)

and the control constrain:

U = {uj given that uj(t) is Lebesgue measurable; 0 ≤ uj(t) ≤ 1, for j = 1, 2, 3, 4} (4.26)
0 ≤ t ≤ T (4.27)

where,

F (t, u, q) = A1(X1+Y1)+A2(X2+Y2)+Cpu1Nh+Cd1u2(X2+Y2)+Cd2u3(X1+Y1), (4.28)

h(t, u) =
1

2

4∑
i=1

Wiui(t)
2, (4.29)

and q is the solution of the state system (4.25). Cd1, Cd2 andCp are the individual costs for treatment
of symptomatic individuals, screening and treatment of asymptomatic individuals, and use of LLINs
respectively, whileA1,A2,W1,W2,W3 andW4 are the relative weights. F (t, u, q) defines the actual
or practical costs while h(t, u) defines the absolute or background costs (such as ordering, shipment
and distribution, and storage.).

Then, applying the necessary conditions from PMP (Theorem 4.1) the following costate system is
obtained (Equation (4.30)):
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Ż1 =− Cpu1 − λx̃(x̂− 1)[Z1 − (1− fx̃)Z2 − fx̃Z3] + (m+ µh − Λh)Z1 −mZ4

− λỹŷ[Z4 − (1− fỹ)Z5 − fỹZ6] + λmSv[Z8 − Z7],

Ż2 =− A1 − Cpu1 − Cd2u3 − λx̃x̂[Z1 − (1− fx̃)Z2 − fx̃Z3]− ηxZ1 + θ1Z2

− λỹŷ[Z4 − (1− fỹ)Z5 − fỹZ6]−mZ5 + [Z7 − Z8]Sv(θvx − λm),

Ż3 =− A2 − Cpu1 − Cd1u2 − κx̃[φZ1 + (1− φ)Z2] + θ2Z3 −mZ6

− λx̃x̂[Z1 − (1− fx̃)Z2 − fx̃Z3]− λỹŷ[Z4 − (1− fỹ)Z5 − fỹZ6]

+ [Z7 − Z8]Sv(θvx − λm), (4.30)

Ż4 =− Cpu1 − λx̃x̂[Z1 − (1− fx̃)Z2 − fx̃Z3] + (µh − Λh)Z4 + λmSv[Z8 − Z7]

− λỹ(ŷ − 1)[Z4 − (1− fỹ)Z5 − fỹZ6],

Ż5 =− A1 − Cpu1 − Cd2u3 − λx̃x̂[Z1 − (1− fx̃)Z2 − fx̃Z3]− ηyZ4 + θ3Z5

− λỹŷ[Z4 − (1− fỹ)Z5 − fỹZ6] + [Z7 − Z8]Sv(θvy − λm),

Ż6 =− A2 − Cpu1 − Cd1u2 − κỹ[φZ4 + (1− φ)Z5] + [Z7 − Z8]Sv(θvy − λm)

+ θ4Z6 − λx̃x̂[Z1 − (1− fx̃)Z2 − fx̃Z3]− λỹŷ[Z4 − (1− fỹ)Z5 − fỹZ6],

Ż7 =λv[Z7 − Z8] + (dm − Λv)Z7,

Ż8 =θvxX[Z1 − (1− fx̃)Z2 − fx̃Z3] + θvyY [Z4 − (1− fỹ)Z5 − fỹZ6] + (dm − Λv)Z8,

with Zi(T ) = 0, i = 1, 2, . . . 8. Here, λm = βv[(1 − αx̃u1)(x1 + x2) + (1 − αỹu1)(y1 + y2)],
θ1 = m+ηx+µh−Λh, θ2 = m+rx̃+u2ρ+µh+δx̃−Λh, θ3 = ηy+µh−Λh, θ4 = rỹ+u2ρ+µh+δỹ−Λh,
κx̃ = rx̃+u2ρ, κỹ = rỹ+u2ρ, ηx = νx̃+u3ρ, ηy = rỹ+u3ρ, θvx = (1−αx̃u1)βv, θvy = (1−αỹu1)βv,
dm = µv + αvu4 and x̂ = X/Nh, x1 = X1/Nh, x2 = X2/Nh, ŷ = Y/Nh, y1 = Y1/Nh, y2 = Y2/Nh.
The characterization equation from PMP is given by

u∗j = max{0,min(1, ζj)}, j = 1, 2, 3, 4 (4.31)

where

ζ1 =
CpNh + βhIv(Vx̃ + Vỹ) + βvSv(Z7 − Z8)[αx̃(X1 +X2) + αỹ(Y1 + Y2)]

−W1

, (4.32)

ζ2 =
Cd1(X2 + Y2) + ρ{X2[φZ1 + (1− φ)Z2 − Z3] + Y2[φZ4 + (1− φ)Z5 − Z6]}

−W2

, (4.33)

ζ3 =
Cd2(X1 + Y1) + ρ[X1(Z1 − Z2) + Y1(Z4 − Z5)]

−W3

, (4.34)

ζ4 =
αv[SvZ7 + IvZ8]

W4

, (4.35)

with, Vx̃ = αx̃X(Z1 − (1− fx̃)Z2 − fx̃Z3) and Vỹ = αỹY (Z4 − (1− fỹ)Z5 − fỹZ6).

NUMERICAL ANALYSIS

As in Section 4.3.2, the Forward-Backward Sweep method described in Algorithm 4.1 is applied
here too. Three malaria intervention strategies are investigated. These include:

Strategy S1: Combination of LLINs and treatment of symptomatic infective individuals.
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Strategy S2: Combination of LLINs, IRS and treatment of symptomatic infective individuals.

Strategy S3: Combination of LLINs, IRS, and treatment of both symptomatic and asymptomatic
infective individuals.

For the numerical simulation the following weight factors of the objective functional are used: Cp =
5/T , Cd1 = 10/T , Cd2 = 30/T , W1 = 100, W2 = 60, W3 = 120, W4 = 150, A1 = 50/T and
A2 = 500/T , T = 400 days. Other parameter values are given in Table 4.2.

Strategy S1 is the most widely used malaria intervention approach. It is observed in Figure 4.6
that the number of mosquitoes and infected humans in the community is reduced compared to the
uncontrolled case. However, it is noted that until the final time of the control program there are
significant numbers of infected humans and mosquitoes. From this result (see Figure 4.6) it can be
concluded that is not possible to achieve malaria elimination using only LLINs and drug treatment of
symptomatic individuals. Figure 4.7 shows the optimal control results for Strategy S2, which is the
second most widely used malaria intervention approach. Using the optimal Strategy S2, the number
of mosquitoes and humans with symptomatic malaria infection approach zero as the effectiveness of
the IRS in killing mosquitoes increases (Figure 4.7 (c) to (f)). The results of the optimal Strategy S2
agree with field observation (see. eg., Bousema et al., 2013, and references therein) that a significant
number of asymptomatic individuals remain in the population (Figure 4.7 (a) and (b)) and these may
seed more infection in the event of reduction in the intensity of the malaria control campaign or its
cessation. The most effective approach is to use Strategy S3, since this approach leads to a reduction
of all infections in the community (Figure 4.8). Detailed analysis of different malaria intervention
strategies and assessment of their cost-effectiveness is presented in Paper IV.

It should be noted that in the legend of Figure 4.7 and 4.8 the notation µ−1
v − d means that when the

control effort using IRS is at maximum it reduces the natural mosquito life span (µ−1
v ) by d days.

Similarly, in the legend of Figure 4.6, αx̃%,ỹ% stands for percentage coverage of LLINs in children
(subscript x̃) and adults (subscript ỹ).



56 4. Optimal Control Theory Applied to Malaria Models

0 100 200 300 400
0

1000

2000

3000

4000

5000
(a) Asymptomatic children

0 100 200 300 400
0

1000

2000

3000

4000

5000

6000

7000
(b) Asymptomatic adults

0 100 200 300 400
0

500

1000

1500
(c) Symptomatic children

0 100 200 300 400
200

400

600

800

1000

1200

1400

1600

1800

days

(d) Symptomatic adults

0 100 200 300 400
0

500

1000

1500

days

(e) Susceptible Vectors

0 100 200 300 400
200

400

600

800

1000

1200

1400

1600

1800

days

(f) Infectious Vectors

 

 

α
40,10

α
50,30

α
80,40

α
80,60 No control

Figure 4.6: Comparison of state solutions for different LLINs effectiveness constant (αx%,y%)
for optimal control Strategy S1 (u1 6= 0, u2 6= 0, u3 = 0, u4 = 0) and for the case with no
control (u1 = 0, u2 = 0, u3 = 0, u4 = 0). The figure is taken from Paper IV.
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Figure 4.7: Comparison of state solutions for different mortality rates of mosquitoes due to the
use of IRS in control strategy S2 (u1 6= 0, u2 6= 0, u3 = 0, u4 6= 0). The LLINs effectiveness
constant is assumed to be α60%,40%. The figure is taken from Paper IV.
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Figure 4.8: State solutions for different mortality rates of mosquitoes due to the use of IRS in
control strategy S3 (u1 6= 0, u2 6= 0, u3 6= 0, u4 6= 0). The LLINs effectiveness constant is
assumed to be α60%,40%. The figure is taken from Paper IV.



CHAPTER V

Parameter Uncertainties of Malaria Models using MCMC

Previous chapters presented analysis of various malaria models under the assumption that all pa-
rameter values are known. However, in most cases these parameter values are not known due to, for
instance, differences in the parasites involved in the malaria infection, variation in mosquito species,
environmental variability, changes in ecological systems, design and set-up of field experiments, etc.
This chapter presents a summary of the malaria models discussed in Papers III to VI in which the
model parameter values are uncertain. Bayesian methods, in particular the Markov chain Monte
Carlo (MCMC) method, are used in assessment of the impact of parameter uncertainty. In addition,
the chapter discusses the application of optimal control theory to malaria models with uncertainties
in parameter values.

5.1 Markov Chain Monte Carlo Method

Consider the parameter estimation problem where a model for the observations y is given by

y = f(s, θ) + ε. (5.1)

In Equation (5.1), s is the vector of the state variables, θ is the vector of the model parameters in the
parameter space Θ which need to be estimated, and ε is the error term. The task of estimating θ can
be done in several ways, for example, using a least squares method, which gives a point estimate. In
Bayesian parameter estimation, θ ∈ Θ is taken as a random variable and the goal is to explore the
entire posterior distribution π(θ|y). Using Bayes’ formula, the posterior distribution is given by

π(θ|y) = p(y|θ)p(θ)
p(y)

, (5.2)

where p(y) =
∫
Θ
p(y|θ)p(θ)dθ is the normalizing constant, p(θ) is prior distribution and p(y|θ) is

the likelihood. The prior distribution, p(θ) contains the previous knowledge about the parameter
before any empirical evidence. The prior distribution can be incorporated in Equation (5.2) using
simple bounds, positivity conditions, etc. In most cases, the uninformative flat prior is used, hence
p(θ) = 1. The likelihood specifies the plausibility of data given the model parameter. From Equa-
tion (5.1), if C is the covariance matrix and ε ∼ N (0, C) is Gaussian measurement error for the

59
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observation y1···n, then the likelihood is given by

p(y1···n|θ) ∝
n∏

i=1

p(yi|θ) ∝ exp

(
−1

2

n∑
i=1

[yi − f(si, θ)]
TC−1[yi − f(si, θ)]

)
. (5.3)

For higher dimensional nonlinear problems, it is not possible to compute the closed form solution
of Equation (5.2), hence an approximation method is needed. In Bayesian parameter estimation,
the Markov chain Monte Carlo (MCMC) methods are often used since they do not require the
computation of the normalizing constant p(y). Most of MCMC methods are based on drawing the
parameter points from the proposal distributions and then correcting those draws to approximate the
target posterior distribution π(θ|y) (Gelman et al., 2004). The MCMC method takes into account all
the uncertainties in the data and produces a sample of the whole posterior distribution of parameters
instead of only producing a point estimate. Examples of MCMC methods are: Metropolis algorithm,
Metropolis–Hastings algorithm, Gibbs sampling, and adaptive MCMC. (cf. Metropolis et al., 1953;
Gelman et al., 2004; Andrieu and Thoms, 2008; Liang and Wong, 2001; Gilks et al., 1996; Haario
et al., 2001). The Metropolis algorithm and adaptive MCMC methods are next briefly discussed.

5.1.1 Metropolis Algorithm

The Metropolis algorithm (Metropolis et al., 1953) is a classical MCMC method that works by
drawing a candidate parameter point θ∗ from a symmetric proposal distribution q(.|θ), then with
some probability, the candidate is either accepted or rejected. The Metropolis algorithm is illustrated
in Algorithm 5.1.

Algorithm 5.1: Metropolis algorithm
Input: Initial parameter θ1 , proposal distribution q(.|θ), chain length N
Output: Posterior parameter samples {θk}Nk=1

while the number of iteration is less than the chain length do
− Sample a new candidate point: θ∗ ∼ q(θ∗|θk)

−compute α(θ∗, θk) = min

(
1,
π(θ∗|y)
π(θk|y)

)
− Sample a random variable r from a standard uniform distribution

if r ≤ α(θ∗, θk) then
Accept: set θk+1 = θ∗

else
Reject: set θk+1 = θk

end
end

5.1.2 Adaptive MCMC Methods

For the Metropolis algorithm to work efficiently, it requires a careful choice of the proposal dis-
tribution. This normally requires a lot of manual tuning of the proposal distribution which is very
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challenging (see, e.g, Haario et al., 2001, and the references therein). Adaptive MCMC methods
help to tune the proposal “on-line” as the sampling proceeds. For example, in an adaptive Metropo-
lis (AM) algorithm developed by Haario et al. (2001), the proposal distribution is Gaussian centered
at the current point and the proposal covariance matrix is computed from the chain history as illus-
trated in Algorithm 5.2.

Algorithm 5.2: Adaptive Metropolis algorithm
Input: Initial parameter θ1, initial covariance matrix C1, chain length N
Output: Posterior parameter samples {θk}Nk=1

while the number of iteration is less than the chain length do
− Sample a new candidate point: θ∗ ∼ N (θk, Ck)

−compute α(θ∗, θk) = min

(
1,
π(θ∗|y)
π(θk|y)

)
− Sample a random variable r from a standard uniform distribution

if r ≤ α(θ∗, θk) then
Accept: set θk+1 = θ∗

else
Reject: set θk+1 = θk

end
Update Covariance: Ck+1 = sdCov(θ1, · · · , θk) + sdωId.

end

In Algorithm 5.2, d is the dimension of θ, sd is the scaling factor, Id is a d×d identity matrix, and ω
is the diagonal regularization weight that ensures the positivity of the covariance matrix. Adaptation
of the covariance matrix in AM Algorithm 5.2, can be done in several ways. The covariance matrix
can be computed from the whole chain or by an increasing part of it. The covariance matrix can
also be computed after a certain number of steps instead of at every step.

Different variants of AM algorithm are available, e.g. the delayed rejection adaptive Metropolis
(DRAM) by Haario et al. (2006). DRAM combines AM with the delayed rejection (DR) method of
Mira (2001). In the DRAM method, when the proposed candidate is rejected in the AM algorithm,
a second sampling attempt is made around the current point possibly using a different proposal
distribution. This second stage draw depends on the current candidate point and the rejected point.
For details of the DRAM algorithm, see (Haario et al., 2006). In this thesis, the DRAM algorithm is
used in Papers III to VI. For numerical simulation, the MCMC toolbox 1 developed by Laine (2008)
is used.

The next section summarizes application of the optimal control to malaria models whose parameter
values are uncertain. The optimal control algorithm is run using MCMC parameter samples. Details
are given in Papers III to V.

1The MCMC toolbox can be accessed freely from http://helios.fmi.fi/~lainema/mcmc/
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5.2 Antimalarial Drug Resistance Model with Parameter Uncertainties

In the compartmental mathematical model developed in Paper III, the dynamics of humans and
mosquitoes are modeled as SIS and SI respectively. Two malaria parasite strains are considered,
drug sensitive wild-type parasites (denoted by subscript w) and drug resistant parasites (denoted by
subscript x). Thus, the total human population Nh = Sh+Ihw+Ihx, and the total mosquito (vector)
population Nv = Sv + Ivw + Ivx. S represents the susceptible subpopulation and I represents the
infected subpopulation. Furthermore, the model includes three time dependent control measures:
the use of insecticide treated nets (ITNs) to protect individuals from mosquito bites, u1(t); treatment
for drug sensitive infections, u2(t); and mosquito adulticiding by applying indoor residual spraying
(IRS), u3(t). The state system in this modeling scenario is given by:

dSh

dt
=Bh + (rw + u2(t)ρ)Ihw + rxIhx − (1− α1u1(t))σb(Ivw + Ivx)Sh − µhSh,

dIhw
dt

=(1− α1u1(t))σbIvwSh − (rw + u2(t)ρ+ µh + δ)Ihw,

dIhx
dt

=(1− α1u1(t))σbIvxSh − (rx + µh + δ)Ihx,

dSv

dt
=Bv − (1− α1u1(t))σc(Ihw + Ihx)Sv − (µv + α2u3(t))Sv,

dIvw
dt

=((1− α1u1(t))σcIhwSv − (µv + α2u3(t))Ivw,

dIvx
dt

=(1− α1u1(t))σcIhxSv − (µv + α2u3(t))Ivx.

(5.4)

Descriptions of the model parameters and the values used for simulation are given in Table 5.1. It
can be seen from the Table 5.1 that there is considerable variability in the parameter values given
in the literature. These differences in model parameter values have direct consequences on any
conclusions drawn from numerical simulation. Paper III has two main goals, first to show how
these parameter uncertainties can be incorporated in analysis of the optimal control problems and
second, to asses the robustness of the optimal control under such parameter uncertainties.

Real data is needed to estimate model parameters. It is quite common in epidemiology, however,
that no data is available for directly fitting the model responses against measurements. Instead, one
has to use generic parameter values from literature, as obtained from various previous studies. Here
we study the uncertainty of the optimal control solutions in such a situation. We make the assump-
tion that the typical dynamics of the disease is roughly known. In our case, we select a ‘default’
parameter value inside the bounds given by literature, see Table 5.1. We then add noise to the simu-
lation given by the default model parameter, so that the noisy synthetic measurements are postulated
to cover the uncertainty of the dynamics of the disease (e.g., see Figure 3 in Paper III and Figure
10 in Paper IV). In a real situation, one would like to carefully consult experts of the respective
disease here. Next, we map this uncertainty of the model behavior onto the uncertainty of the model
parameters. This can be done by MCMC sampling of the parameters. It is worth noting that MCMC
methods are preferred over other parameter variation methods like Latin Hypercubes, since such
methods do not take any model structure into account and hence might easily give parameter com-
binations that lead to unrealistic disease simulations. In the contrary, the parameter values sampled
as above correspond to the known or postulated variability of the model dynamics.

To get synthetic data, model (5.4) is first simulated using literature value given in Table 5.1 and
initial state variable Sh = 2000, Ihw = 200, Ihx = 100, Sv = 10000, Ivw = 3000, Ivx = 2000 to get



5.2 Antimalarial Drug Resistance Model with Parameter Uncertainties 63

Table 5.1: Parameters for the transmission model. References: [1] = Chitnis et al. (2006), [2] =
Macdonald (1957), [3] = Dietz et al. (1974), [4] = Menach et al. (2005), [5] = Gu et al. (2003),
[6] = Smith and McKenzie (2004), [7] = Klein et al. (2008), [8] = Pongtavornpinyo et al. (2008),
[9] = Agusto et al. (2012), [10] = Smith et al. (2010). The parameters with no references are
assumed.

Par. Description Est.val Ref.
Bh Per capita birth and immigration rate of human 100
Bv Recruitment of mosquitoes 1000
a Mosquito biting rate per unit time 0.2 - 5.0 (0.4) [2,3,6]
c Probability that a bite results in transmission of ga-

metocytes from an infected human to a susceptible
mosquito

0.09 - 0.71 (0.5) [1,2,4,5,6,10]

b Probability that a bite results in transmission of
sporozoites from an infected mosquito to a suscep-
tible human

0.03 - 0.71 (0.4) [2,4,5,6 10]

rw Natural clearance rate of wild-type infection 0.01 - 0.05 (0.02) [2, 5, 6]
ψ Cost of resistance 0.1-0.5 (0.2) [7]
rx Natural clearance rate of drug resistant infection ((1 + ψ)rw)
ρ Antimalarial clearance rate of existing infections 1/500 -1/80 [7,8]
µh Death and emigration rate for humans 0.00004 [1]
δ Disease induced death rate for humans 0.0003454 - 0.009 [1,3]
µv Death rate for mosquitoes 0.04-0.5 (1/13) [2,4,5]
α1 Efficacy of ITNs 0.6
α2 Efficacy of IRS 0.15 [9]
σ a/Nh variable

a ‘typical’ disease dynamics. As the aim is to characterize the internal uncertainty structure of the
model parameters, the controls are set to zero. The synthetic data is generated by adding a Gaussian
noise to the model response. The DRAM algorithm is then applied to map the uncertainty in the
model response to the model parameter values.

In Paper III as an example, the independent model parameters, b, c, µv, rw and ψ were estimated
while the rest of the parameters were kept fixed. The parameter posterior distributions estimated by
MCMC are illustrated in Figure 5.1.
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Figure 5.1: 2D and 1D pairwise marginal posterior distribution plot for the fitted parameters.
The red line represent the 95% and 50% confidence regions. Note muv , µv and psi , ψ.

5.2.1 Application of Optimal Control Theory

The goal is to minimize the number of humans infected with drug sensitive wild-type (Ihw) and drug
resistant parasites (Ihx) while keeping the cost of control as low as possible within the time horizon
tf (i.e. t ∈ [t0, tf ]) given by

J = min
u1,u2,u3

∫ tf

t0

{
B1Ihw +B2Ihx +

1

2

(
A1u

2
1 + A2u

2
2 + A3u

2
3

)}
dt; (5.5)

subject to the state system (5.4) and the control set,

U = {uj given that uj(t) is Lebesgue measurable; 0 ≤ uj(t) ≤ 1, for i = 1, 2, 3}, (5.6)
t0 ≤ t ≤ tf , (5.7)

where B1Ihw and B2Ihx are the costs associated with drug sensitive and drug resistance infections
respectively and A1, A2 and A3 are the relative cost weights for each individual control measure.
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Using the necessary conditions for the PMP stated in Theorem 4.1, the costate system can be written
as follows.

dZSh

dt
= (1− α1u1)σb[Ivw(ZSh

− ZIhw) + Ivx(ZSh
− ZIhx)] + µhZSh

,

dZIhw

dt
= (rw + u2ρ)(ZIhw − ZSh

) + (µh + δ)ZIhw + (1− α1u1)σcSv(ZSv − ZIvw)−B1,

dZIhx

dt
= rx(ZIhx − ZSh

) + (µh + δ)ZIhx + (1− α1u1)σcSv(ZSv − ZIvx)−B2,

dZSv

dt
= (1− α1u1)σc[Ihw(ZSv − ZIvw) + Ihx(ZSv − ZIvx)] + (µv + α2u3)ZSv ,

dZIvw

dt
= (1− α1u1)σbSh(ZSh

− ZIhw) + (µv + α2u3)ZIvw ,

dZIvx

dt
= (1− α1u1)σbSh(ZSh

− ZIhx) + (µv + α2u3)ZIvx ,

(5.8)

with transversality conditions

ZSh
(tf ) = ZIhw(tf ) = ZIhx(tf ) = ZSv(tf ) = ZIvw(tf ) = ZIvx(tf ) = 0; (5.9)

and the characterization equations as

u∗1 =max

{
0,min

{
1,
P1

A1

}}
,

u∗2 =max

{
0,min

{
1,
ρIhw(ZIhw − ZSh

)

A2

}}
,

u∗3 =max

{
0,min

{
1,
α2(SvZSv + IvwZIvw + I∗vxZIvx)

A3

}}
,

(5.10)

where,

P1 = α1bσSh(Ivw(ZIhw −ZSh
) + Ivx(ZIhx −ZSh

)) + cα1σSv(Ihw(ZIvw −ZSv) + Ihx(ZIvx −ZSv).

NUMERICAL ANALYSIS

This section summarizes the two optimal control strategies discussed in Paper III. The two strategies
are:

S1: Optimal use of ITNs and treatment of infectious individuals.

S2: Optimal use of ITNs, IRS and treatment of infectious individuals.

The optimal control Algorithm 4.1, is modified to include the MCMC parameter samples as shown
in Algorithm 5.3. In Algorithm 5.3, U∗ is the set of the optimal control vectors (i.e. U∗ =
{u∗1, u∗2, u∗3}) and V ∗ is the optimal solution of the state system (5.4).

Algorithm 5.3 illustrates how the MCMC output can be incorporated in the optimal control algo-
rithm. Two approaches are discussed in Paper III. The first approach is to run the optimal control
algorithm using the whole MCMC parameter samples or using a randomly selected MCMC param-
eter samples. This approach (randomly selected subset of MCMC chain) is used to run Algorithm
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Algorithm 5.3: Forward-Backward Sweep method using MCMC samples
Input: MCMC parameter samples, initial control vector.
Output: Matrices of the optimal trajectories: {U∗

j}Nj=1 and {V ∗
j }Nj=1.

for iteration count less or equal to the chain length do
Select θj from the sampled MCMC chain
Run the optimal control Algorithm 4.1

end

5.3 for the optimal control results shown in Figures 5.2 (for strategy S1) and 5.3 (for strategy S2).
The second approach, which aim to minimize the CPU time, is to run the optimal control algorithm
using a few ‘extreme’ points of the MCMC posterior distribution extracted by the principal com-
ponent analysis (PCA) method. PCA is used in such a way that the first points are at the tails of
the sampled parameter distribution along the first principal axes, which captures the largest possible
parameter variance. The next pair of points is taken from the tails of the succeeding principal com-
ponent that has the highest variance possible in a direction orthogonal to the first axes. Figure 5.4
shows an example of ψ and c extreme parameter values extracted from the MCMC samples using
the PCA method. For comparison, the optimal control results computed using these two approaches
are shown in Figures 5.5 and 5.6. The predictive distribution of the state variables and the optimal
control calculated using extreme values encloses those which used the randomly selected parameter
samples from the MCMC posterior distribution (see Figures 5.5 and 5.6).

Numerical simulation results for strategy S1 show that the model response is sensitive to the uncer-
tainties in the model parameter values (see Figure 5.2). The same observations were made when
fewer than three controls are used in combination. When a combination of all three control mea-
sures (strategy S2) is used to optimize the objective functional, the solutions of the state variables
(i.e. predictive distribution of state variables) remain approximately unchanged even though the
control profile depicts considerable uncertainties (see Figures 5.3, 5.5 and 5.6). These numerical
simulation results demonstrate the robustness of the approach: given an effective control strategy,
the main conclusions of the optimal control remain unchanged, even if inevitable variability remains
in the control profiles.

In the optimal control problem, the uncertainty can also occur in the weights of the objective func-
tional. In most cases, the values of these weights are seldom known. The uncertainties in the weights
(W ) of the objective functional can be introduced by using either random numbers,

W = W0 +W0ε, where ε ∼ U [−1, 1] ( see, Paper IV), (5.11)

or using the method of the design of experiment,

W = W0 +W0ηD, (see, Paper III). (5.12)

Here, U is uniform distribution, η is the noise level, D is the design matrix, and W0 is the original
(central) weights replicated to the size of ε or D.

The analysis of the control results discussed above remains the same even with uncertainties in the
weights value or in both the weights and the model parameter values (see Papers III to V for details).
For example, in the model presented in Paper IV, when all four control measures (the use of long-
lasting treated mosquito nets, indoor residual spraying, screening and treatment of symptomatic, and
screening and treatment of asymptomatic individuals) are used to optimize the objective functional,
the robustness of the optimal control approach is observed (see Figures 5.7 and 5.8).
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Figure 5.2: Predictive posterior distribution of state variables calculated from a randomly se-
lected subset of MCMC samples (light gray) and by MAP estimate (bold line) for u1 6= 0,
u2 6= 0 and u3 6= 0. The figure is taken from Paper III.
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Figure 5.3: Predictive posterior distribution of state variables and control profiles calculated
from a randomly selected subset of MCMC samples (light gray) and by MAP estimate (bold
line) when u1 6= 0, u2 6= 0 and u3 = 0. The figure is taken from Paper III.
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Figure 5.4: 2D and 1D marginal distribution plot for parameters c and ψ (yellow points) and the
extreme values extracted from the MCMC samples using PCA for parameter ψ (blue circle) and
c (red circle).
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Figure 5.5: The predictive posterior distribution of state variables using a subset of a randomly
selected parameter posterior distribution calculated from MCMC (light gray) and by extreme
values (dashed lines) when u1 6= 0, u2 6= 0 and u3 6= 0. The figure is taken from Paper III.
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Figure 5.6: Control profiles using a subset of a randomly selected parameter posterior distribu-
tion calculated from MCMC (light gray) and by extreme values (dashed lines) when u1 6= 0,
u2 6= 0 and u3 6= 0. The figure is taken from Paper III.
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Figure 5.7: Predictive posterior distribution of state variables calculated from MCMC plus the
variability in weights values of the objective functional (light gray) and by MAP estimate (bold
line) when all controls are used. Note, the uncertainties are assumed to occur in the weights of
the objective functional and in the model parameter values. In this case, the model response is
insensitive to the uncertainties in the weights and parameter values. The figure is taken from
Paper IV.
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Figure 5.8: Control profiles using parameter posterior distribution calculated from MCMC plus
the variability in weights values of the objective functional (light gray) and by MAP estimate
(bold line) when all controls are used. Note, the uncertainties are assumed to occur in the weights
of the objective functional and in the model parameter values. In this case the control profiles
depicts considerable uncertainty while states are controlled with high certainty, see Figure 5.7.
The figure is taken from Paper IV.

5.3 Within-host Mathematical Model of Severe P. falciparum Malaria

The life cycle of the malaria parasites (P. falciparum) as discussed in Chapter II involves humans
and Anopheles mosquitoes. In humans, the P. falciparum grow and multiply in the red blood cells
(RBCs). Approximately 48 hours from infection, the RBCs infected with P. falciparum rupture and
release thousands of merozoites, which can re-enter naïve RBCs and begin the erythrocytic cycle
anew (see Figure 2.1).

Malaria parasites often have a mechanism which regulates parasite load according to parasite density
(Ginsburg and Hoshen, 2002). Although this auto-regulation is not fully understood, it maintains
an equilibrium between activated specific and non-specific host defense processes, sensitivity of
RBCs to invasion and the virulence of the parasite (Ginsburg and Hoshen, 2002; White and Ho,
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1992). Understanding of this auto-regulation would be facilitated by the development of a suitable
mathematical model. Several attempts have been made to generate mathematical models of the pro-
cess of malaria infection in non-immune individuals (Gravenor and Kwiatkowski, 1998; Gravenor
et al., 1998; Hetzel and Anderson, 1996; Gupta et al., 1994, and the references therein) with mixed
results. The model developed in Paper VI extends the basic within-host malaria model (see e.g.,
Anderson et al., 1989; Hetzel and Anderson, 1996) by allowing the merozoites to enter both healthy
and infected RBCs. The model is developed under the assumption that the availability of uninfected
RBCs for merozoites invasion is restrained when total clogging of venules occurs in severe malaria
(see e.g., Ginsburg and Hoshen, 2002, and the references there in).

5.3.1 Descriptions of the Mathematical Models

The basic within-host model developed by Anderson et al. (1989) is Susceptible-Infected (SI) in hu-
man RBCs with an additional compartment for the free merozoites. In this section, the concentration
of the healthy RBCs are denoted by x, the infected RBCs is denoted by y and the concentration of
free merozoites is denoted by m. These quantities denote the total abundance (cells or merozoites)
of the given population per milliliter (mL) of blood. The mathematical model is given by the system
of differential equations (5.13). Descriptions of the model parameters and their values are given in
Table 5.2.

dx

dt
= Λ− µx− βxm,

dy

dt
= βxm− υy − δy,

dm

dt
= rδy − νm− βxm.

(5.13)

Table 5.2: Model parameter values and their dimensions. References: [1] = Hetzel and An-
derson (1996), [2] = Saul (1998), [3] = Anderson et al. (1989), [4] = Thibodeaux (2010), [5] =
Cuadros and García-Ramos (2012) and [6] = Nova Science in the News (2012 (accessed June
14 2012).

Parameter Description Value Dimension Source
Λ Rate at which new RBCs - - -
- are formed 2.5 ×108 cells/ml/day [1,2,4]
µ Per capita death rate for non infected - - -
- RBCs 0.0083 /day [1,3]
δ Differentiation rate of merozoites 0.5 /day [3,5]
υ Natural death rate of infected red - - -
- blood cells 0.025 /day [3,5]
ν Per capita death rate for free - - -
- merozites 48 /day [3,5]
β Infection rate of non infected red - - -
- blood cells by merozoites 2.5× 10−10 /merozoite/day [3]
r Merozoite production rate 16-20, 32 /day [6]
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The endemic equilibrium state is obtained by setting the left hand-side of expressions in Equation
(5.13) to zero to obtain the solution set Ẽ1 = {x̃, ỹ, m̃} given as

Ẽ1 =

{
rνδΛ

(δ(r − 1)− υ)(βΛ + νµ)R01

,
(βΛ + νµ)(R01 − 1)

β(δ(r − 1)− υ)
,
(βΛ + νµ)(R01 − 1)

νβ

}
, (5.14)

where
R2

01 =
rδβΛ

(δ + υ)(βΛ + νµ)
(5.15)

is the basic reproductive number for the infection. To get the critical number (rc) of released mero-
zoites per rupture of an infected RBC, we set R01 = 1. Thus

rc =
(δ + υ)(βΛ + νµ)

δβΛ
. (5.16)

Therefore, the uninfected steady state exists if r < rc whereas the endemic equilibrium exists
otherwise.

The stability of the disease-free equilibrium is investigated using Theorem 5.1.

Theorem 5.1 (i) If all parameter values of model (5.13) are positive, then disease-free state
E0 =

(
Λ
µ
, 0, 0

)
exists and is globally asymptotically stable when R01 ≤ 1 and unstable when

R01 > 1.

(ii) If R01 > 1, solutions to the system (5.13) starting close to E0 move away from E0, except for
those starting close to the invariant x-axis, which approach E0 along this axis.

(iii) If R01 > 1, system (5.13) has a unique endemic equilibrium Ê1 = (x̂, ŷ, m̂) and its coordi-
nates are given by Equation (5.14).

Proof: See Paper VI for proof. �

If we consider the possibility of P. falciparum re-entering an infected RBC that is about to rupture,
then this assumption leads to an additional subgroup y2, and rates β2, υ2, and δ2 with the same
descriptions as those in the basic model (5.13). On the other hand, the newly infected RBCs die off
at a rate υ1, differentiate at a rate δ1 and release r1 new merozoites upon rupture. The model is given
in Equation (5.17).

dx

dt
= Λ− µx− β1xm,

dy1
dt

= β1xm− υ1y1 − δ1y1 − β2y1m,

dy2
dt

= β2y1m− υ2y2 − δ2y2,

dm

dt
= r1δ1y1 + r2δ2y2 − νm− β1xm− β2y1m.

(5.17)

The reproduction number for the within-host model described by system (5.17) is given by

R2
02 =

r1δ1β1Λ

(υ1 + δ1)(β1Λ + νµ)
. (5.18)

Note that whether the value of R01 (Equation (5.15)) is bigger than R02 (Equation (5.18)) depends
on the magnitude of the differences between δ, υ, β, r and δ1, υ1, β1, r1 respectively. For further
analysis of this model see Paper VI.
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5.3.2 Parameter Identifiability using MCMC Method

Model (5.17) introduced new set of equations with different parameters from that of the basic model
(5.13). In this section we study how well these parameters can be identified while preserving the
known oscillation of the within-host malaria infection. First, model (5.17) is simulated with the
following parameter values: β1 = 2.5× 10−10, β2 = 2.0× 10−10, δ1 = δ1 = 0.5, υ1 = 0.025, υ2 =
0.1, r1 = 32, r2 = 28 and other parameter values are as given in Table 5.2. Second, the synthetic
data is generated by adding a Gaussian noise to the simulated model results. The DRAM algorithm
is then applied to estimate the parameters R1 = r1δ1, σ1 = υ1 + δ1, R2 = r2δ2, σ2 = υ2 + δ2, β1
and β2 while the rest of the parameters are fixed.

Figure 5.9 shows the trend of the MCMC generated samples. All samples ‘mix well’ although at
first the mixing is not good in some of the parameters (for instance R2, σ1 and β1). This is typically
caused by a poor initial covariance matrix which is later adapted.

Figure 5.10 shows the marginal densities of the MCMC samples together with the sample means and
original parameters. The Kurtosis coefficients for all sample parameters are approximate to three,
which implies that the marginal densities of all MCMC samples are close to normal distribution. As
seen from Figure 5.10, the sample mean for R1, σ1, R2, σ2, β1 and β2 are 15.8962, 0.5241, 13.8188,
0.6014, 2.5119 × 10−10 and 2.0108 × 10−10 respectively. For the fixed value of δ1 = δ2 = 0.5,
these mean estimates give r1 = 31.7924, υ1 = 0.0241, r2 = 27.6375 and υ2 = 0.1014. For detailed
explanations of these results see Paper VI.
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CHAPTER VI

Summary and Conclusions

Malaria is a parasitic infection transmitted by Anopheles mosquitoes. Despite decades of malaria
intervention and control, the disease continues to claim the lives of millions of people around the
world. The pioneering works of Ronald Ross and George Macdonald paved the way for thousands
of different mathematical models describing various aspects of malaria transmission and control.
Indeed, different mathematical models are required in order to produce outputs that could reasonably
help to understand the disease and guide policymakers towards effective control and elimination. In
this thesis, three mathematical models for the transmission of antimalarial drug-resistant parasites
were developed. Furthermore, an age-structured mathematical model for malaria transmission that
includes asymptomatic carriers was proposed.

Spread of antimalarial drug resistance and superinfection poses a serious threat to the efficacy of
most commonly available antimalarial drugs. In this thesis, a deterministic mathematical model for
the spread of drug-resistant parasites in a human population was developed. The model included a
novel approach to incorporate malaria superinfection by dividing malaria infected individuals into
primary and secondary infectious stages depending on the parasite density in their bloodstream.
Analysis of the model showed that the duration of infected individuals in these infection stages
affects malaria superinfection. Furthermore, it was also shown that iron supplementation for indi-
viduals living in malaria endemic areas increases the risk of acquiring malarial superinfection.

Human migration plays a significant role in the spread of antimalarial drug resistance, with the
international transportation of artemisinin-resistant parasites being the greatest threat. In this thesis,
a deterministic mathematical model of malaria transmission that allows the immigrants to be either
susceptible, infected with drug sensitive wild-type or drug resistant malaria parasite was developed
and analyzed. Conditions for the existence of disease free and endemic equilibria including various
threshold theorems for the model were discussed. Optimal control theory was applied to the model
to study the level of effort needed to control the spread of malaria using four controls. Numerical
study of the optimal control for the model suggest that the use of a combination of all four malaria
and vector control tools is the most cost-effective approach.

The presence of a large proportion of asymptomatic infections with low and sub-microscopic para-
site densities in both low and high malaria transmission setting, poses a serious challenge in malaria
control and elimination. Furthermore, behavioral change in malaria mosquito populations to avoid
contact with insecticide treated bed nets (ITNs) by feeding outdoors in the early evening and early
morning can lead to different degrees of mosquito exposure between children and adults. A mathe-

79
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matical model of malaria transmission and control including among its key epidemiological features
two-age-classes (juvenile and adult) and asymptomatic carriers was developed. Qualitative analysis
of the mathematical model was discussed and the threshold theorem deduced. The optimal control
method was applied to this model using long-lasting treated mosquito nets (LLINs), treatment of
symptomatic individuals, screening and treatment of asymptomatic infective individuals, and in-
door residual spraying (IRS) as the control variables. The numerical results of the optimal control
showed that the disease can be brought to a stable disease free equilibrium when all four controls
are used. Thus, the importance of screening and treatment of asymptomatic infective individuals in
effective control of malaria is emphasized.

In addition to developing the mathematical models and applying the optimal control theory, this
thesis dealt with how uncertainty in the model parameters affects the optimal control results. The
Markov chain Monte Carlo (MCMC) method was used to map the uncertainty in the disease dynam-
ics to uncertainty in the parameter values of the mathematical model. An optimal control algorithm
which takes the MCMC samples as the input was developed. This optimal control algorithm can
be run using the entire MCMC samples or a subset of randomly selected samples. Running the
optimal control algorithm using the entire MCMC samples is CPU intensive, an alternative way
is to use extreme parameter values from the MCMC sample distribution extracted by the use of
principle component analysis (PCA). Various numerical simulation results of the optimal control in
the presence of parameter uncertainty have shown that there exist a best combination of the malaria
and vector control tools that leads to robustness of the optimal control: the main conclusions of the
optimal control remain unchanged, even if inevitable variability occurs in the control profiles.

Finally, a within-host model of Plasmodium falciparum infection in humans is presented. It is
hypothesized that in severe malaria the Plasmodium falciparum can be absorbed in already-infected
red blood cell, due to parasite quest for survival and rapid multiplication. The study extended
the basic within-host malaria model to incorporate double infection. Analysis of the model and
estimation of the uncertainty of model parameters using MCMC method were presented.

To sum up, the thesis developed various mathematical models of malaria transmission that captures
different aspects of the biology and epidemiology of the disease. The thesis also includes applica-
tion of optimal control theory to the malaria models to evaluate the cost-effectiveness of different
malaria intervention strategies to guide the policymakers and medical practitioner on the choice of
the available control measures. In fact different strategies can be evaluated much more rapidly when
using mathematical models than is possible through trial and error in the field. One of the pitfalls
of this modeling process is an unavailability of data to estimate the parameters of the model. Using
synthetic data, the thesis showed how the parameter uncertainty can be incorporated in the optimal
control problem and quantified the impact of these uncertainties in the optimal control solutions. If
detailed data on malaria transmission is available, (such as the vector life cycle and behavior, sen-
sitivity of malaria parasites to antimalarial drugs, human population behavior, the acquisition and
decay of immunity, heterogeneity in transmission intensity, age profiles of clinical and subclinical
infection) it can be used to estimate the parameter of the models that can then be used to design
control strategies.

Malaria transmission can be affected by multiple or hidden factors, making it difficult to timely
and accurately predict the impact of control and elimination. One of the possible extension of
the models discussed in this thesis, is to develop the model that use malaria surveillance data in
attempt to identify the factors responsible for malaria transmission as timely as possible to enable
the stakeholders to modify and implement control strategies for preventing further transmission.
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The models developed in this thesis can further be extended to include other factors responsible for
malaria transmission such as the effect of climate change, heterogeneous mosquito biting, human
and vector population patterns, and behavioral resilience and resistance in malaria vectors.
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Abstract

Spread of antimalarial drug resistance and superinfection poses a
serious threat in the efficacy of most available antimalarial drugs. In
this paper, a deterministic mathematical model for the spread of drug
resistance malaria in human population is presented. A new way of mod-
eling the superinfection is given by describing primary and secondary
stages of malaria infection. The model also enables us to study the
role of iron supplementation in superinfection. The effect of prolonging
the primary infectious period and supplementation of iron in malaria
superinfection and acquisition of temporal immunity are investigated.
Numerical simulation results show that the duration of individuals in
the primary infectious stage and iron supplements have no effect on the
acquisition of immunity. Increasing the duration of primary infection
period increases the risk of superinfection, and also effects the pattern of
dominant parasite strains over different levels of transmission intensity.
The model further shows that increasing the rate of iron supplemen-
tation increases superinfection with increase in transmission intensity.
This finding has negative implications on the efficacy of antimalarial
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drugs. The major conclusion of this study is for decision makers to
weigh the pros and cons of iron supplementation to individuals living in
malaria endemic regions.

Mathematics Subject Classification: 34D20

Keywords: Antimalarial drug resistance, Superinfection, Immunity, Iron
supplementation, Stability

1 Introduction

Malaria remains a major public health problem and is a leading cause of disease
and death among children and pregnant women in many Sub-Saharan African
countries [49]. Despite the enormous effort invested in controlling and rolling
back the rate of malaria infection in the world, the development of resistance to
nearly all the available anti-malarial drugs poses a major obstacle and hinders
the achievement of desired outcomes [37, 33, 50]. In 1997, the world health
organisation (WHO) defined drug resistance as the ability of parasite strain to
survive or multiply despite the administration and absorption of a drug given
in doses equal to or higher than those usually recommended but within the
tolerance of the subject [50, 51]. The definition was later modified to specify
that the drug in question must gain access to the parasite or the infected
red blood cell for the duration of the time necessary for the normal action
[29]. Chloroquine and increasingly, sulphadoxine pyrimethamine (SP), have
become largely ineffective as monotherapy for the treatment of Plasmodium
falciparum malaria in the large part of the world [31]. WHO has recommended
artemisinin-based combination therapy (ACT) as the first-line treatment for
uncomplicated P.falciparum malaria since 2001 [50]. During the past decade,
most malaria-endemic countries shifted their national treatment policies to
ACT [50]. Recently P.falciparum resistance to ACT was reported on the
Cambodia-Thailand boarder [50, 14]. An increase in the proportion of patients
who were still parasitaemic on the third day indicated change in the pattern of
parasite susceptibility to ACT. This was reported on the Myanmar–Thailand
and China–Myanmar borders and in one province of Vietnam [50, 4].

Low transmission settings are the primary origin of drug resistance [13].
This may be due to the fact that in these areas, most malaria infections are
symptomatic and therefore proportionally more people receive treatment pro-
viding the parasite with more selection advantages [13]. In areas with higher
transmission intensity, the emergence of drug resistance is low because most
malaria infections are asymptomatic and hence relatively low number of indi-
viduals takes drugs. This reduces the selective advantage of resistant parasites
[34]. The individuals in the higher transmission settings gradually acquire
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partial immunity due to repeatedly infection. This is capable of reducing host
susceptibility to infection [22, 44], level of parasitemia [11], likelihood of fever
[40, 41], treatment failure rate for a particular level of antimalarial drug resis-
tance [30, 10] and in increasing the recovery rate of an established infection
[12].

Several authors have already developed mathematical models for transmis-
sion of antimalarial drug resistance [40, 41, 30, 10, 12, 26, 45, 32, 8, 9, 20, 21,
16, 28, 54, 23, and the reference therein]. In 2008, Klein et al. [16] developed a
Susceptible-Infected-Susceptible (SIS) compartmental model with two stage of
immunity (nonimmune and clinically immune) which assumes that individu-
als build up clinical immunity after 10 years of continued exposure to malaria
infections. In particular, they showed that clinical immunity can act as a
refuge for the drug sensitive wild-type, and in so doing, oppose the emergence
of drug resistant parasites at high transmission areas for which population
structure shifts towards providing such refuge. their model was extended by
Artsy-Randrup et al. (2010) [54], who constructed multi-class SIS model which
considered n immunity stages.

The model designed in this paper re-examines the role of acquired immu-
nity in the spread of drug resistant parasites. Our focus is on the effect of
superinfection. Superinfection presents an increased risk of hyperparasitemia
and death in nonimmune individuals [46]. Longitudinal molecular analysis
of the composition of malaria parasites infecting humans has demonstrated
that individuals living in malaria endemic areas are chronically infected with
multiple genotypes [27]. We therefore extend the Klein et al. [16] model to
include the dual infectious compartment. In addition, unlike in [17, 23] whose
there model allow superinfection regardless of the patient disease status, our
model allows the superinfection only on primary infectious individuals while
individuals in the secondary stage of infection remain completely protected
from superinfection. This approach stems from recent work by Portugal et
al. [46] which showed that the ongoing blood-stage infections, above a mini-
mum threshold, impair the growth of subsequently inoculated sporozoites such
that they become growth arrested in liver hepatocytes and fail to develop into
blood-stage parasites and hence reduce the possibility of superinfection. Thus
we define the individuals who are below that parasite density threshold as pri-
mary infectious while those above the threshold as secondary infectious. Our
model also focuses on the role of iron supplementation in the malaria superin-
fection. Since prior research has also shown that iron deficiency can protect a
host with chronic malaria from superinfection [46]. Thus our model explores
the possibility of increase in malaria superinfection with administration of iron
supplements.
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2 Materials and Methods

2.1 Human Dynamics

The model developed in this paper is an SIS (Susceptible-Infectious-Susceptible)
which assumes six possible individual states in each immunity stage namely:
susceptible individuals (Si), individuals in the primary (Yw,i) and secondary
(Iw,i) drug sensitive wild-type malaria infection, individuals in the primary
(Yr,i) and secondary (Ir,i) drug resistant-type malaria infection, and individu-
als infected with the mixture of wild-type and resistant parasites (Irw,i). The
subscripts i = 1, 2 denote the immunity stage (i = 1 stand for nonimmune
and i = 2 stand for clinically immune); while w, r and rw denotes an infection
with a wild-type, resistant and the mixture of resistant and wild-type parasites
respectively. The population is normalized to one and the birth rate (B) is
assumed to be equal to the per capita death rate (μ) of the human population
so that the total population size remains constant.

2.2 Malaria Superinfection and Parasite Clearance

The model assumes that individuals acquire dual infection only through su-
perinfection. Thus, an individual cannot be infected simultaneously with both
strains. They can be infected with either wild or resistant type, followed by the
other. This results in dual infection Irw,i, in the ith immunity stage. The model
further assumes that individuals with mixed infection (Irw,i) can clear the less-
fit parasites through competition. Thus the more virulent a clone is relative to
its competitor, the more likely it will survive the competition [19, 42]. We as-
sume that in the absence of drug pressure the resistant genotype will be less-fit
and will be cleared at the faster rate κr due to the cost of resistance while the
wild type will be cleared at the slow rate κw (i.e. κr > κw ). Similarly in the
presence of drug pressure the wild-type genotype will be less-fit and will be
cleared at the faster rate κw + ρi as compared to the resistant genotype which
will be cleared at the slow rate κr (i.e. κr < κw + ρi ). Here, ρi is the rate
at which the existing infections are cleared by the drugs at the ith immunity
stage. The natural clearance rate for wild-type and resistant type are related
by the equation κr/κw = 1 + ν, where ν is the fitness cost of the resistant par-
asite. We assume that the individuals with primary infections (Ywi and Yri)
spend an average time 1/χi in ith immunity stage, before crossing the minimum
parasite density threshold of ongoing blood stage infection so that they can
be protected from superinfection. The model further assumes that after time
1/χi if they remain infectious, infected individuals develop secondary infection
(Iwi or Iri) such that they are completely protected from superinfection.
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2.3 Vectorial Capacity

As in [16, 18, 15] we denote m as the number of mosquitoes per human
and a the human feeding rate (i.e. the number of bites on humans per
mosquito per day). We define g as the instantaneous death rate whereby
e−g is the probability of a mosquito surviving one day. Let η be the num-
ber of days required for sporogony. The vectorial capacity defined as the
number of infectious bites by mosquito over its lifetime is then given by
V = ma2e−gη/g. The fraction P of bites on humans that infect a mosquito
depends on the transmission probability of the different immunity stages, c1

and c2, and the fraction of infected host in each immunity stage, therefore,
P = c1(Yw,1+Yr,1+Iw,1+Irw,1+Ir,1)+c2(Yw,2+Yr,2+Iw,2+Irw,2+Ir,2). The frac-
tion of infectious mosquitoes or the sporozoite rate is given by aPe−gη/(g+aP ).
The entomological inoculation rate (EIR), gives the number of infectious bites
per person per day. This is calculated as the product of the human bit-
ing rate, ma and the sporozoite rate. The force of infection, or happenings
rate, h, is given by the product of the infectivity rate b and the EIR. Thus,
h = bV P/(1+sP ), where s = a/g is the stability index, defined as the number
of bites on a human per vector per life time. The fraction of infections that
are wild-type is given by Fw =

∑2
i=1 ci(Yw,i + Iw,i + Irw,i)/P and the fraction

that is drug resistant by Fr =
∑2

i=1 ci(Yr,i + Ir,i + Irw,i)/P . Happenings rates
for drug-sensitive and drug-resistant infections are hw = hFw and hr = hFr,
respectively.

2.4 Immunity Acquisition

The model assumes that if the duration of infection within a given class is
relatively short, individuals recover and return to the susceptible state within
their immunity class. When the duration of infection for nonimmune individu-
als is extensive and/or if the infections are repeatedly acquired spending longer
time in the infected state, they acquire clinical immunity at rate θ and move
to the immunity class (that is, from class 1 to class 2). However, if individuals
in an immunity stage 2 remain susceptible for a long duration of time without
renewed infection, they lose their immunity at rate γ and return to the immune
stage one. The structure of the model captures the idea that acquired immu-
nity gradually weakens in the absence of exposure to infection, but strengthens
itself if there is additional exposure within a given time frame from the pre-
vious infection as discussed in [44, 24, 25]. The schematic illustration of the
model dynamics is shown in Figure 1. Based on the outlined description and
assumptions, the model is defined by the following set of non-linear ordinary
differential equations (1);
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Class 1 :

Ṡ1 = B − S1(hw + hr + μ) + Yw,1κw + Iw,1(ρ1 + κw) + κr(Yr,1 + Ir,1) + S2γ,

Ẏw,1 = S1hw − Yw,1(hr + χ1 + κw + μ),

Ẏr,1 = S1hr − Yr,1(hw + χ1 + κr + μ),

İw,1 = Yw,1χ1 + Irw,1κr − Iw,1(ρ1 + κw + μ + θ),

İr,1 = Yr,1χ1 + Irw,1(ρ1 + κw) − Ir,1(κr + μ + θ),

İrw,1 = Yw,1hr + Yr,1hw − Irw,1(ρ1 + κw + κr + μ + θ).

Class 2 : (1)

Ṡ2 = −S2(hw + hr + μ + γ) + Yw,2κw + Iw,2(ρ2 + κw) + κr(Yr,2 + Ir,2),

Ẏw,2 = S2hw − Yw,2(hr + χ2 + κw + μ),

Ẏr,2 = S2hr − Yr,2(hw + χ2 + κr + μ),

İw,2 = Yw,2χ2 + Irw,2κr + Iw,1θ − Iw,2(ρ2 + κw + μ),

İr,2 = Yr,2χ2 + Irw,2(ρ2 + κw) + Ir,1θ − Ir,2(κr + μ),

İrw,2 = Yw,2hr + Yr,2hw + Irw,1θ − Irw,2(ρ2 + κw + κr + μ).

3 Equilibria of the Model

Analysis of the system (1) has two steady states, namely disease free equilib-
rium (DFE) and endemic equilibrium. The DFE is obtained by setting all the
infectious compartments to zero while the endemic equilibrium is obtained by
setting the right hand side of system (1) to zero and solve the resulting system
of equations. We analyze these two steady states in the proceeding sections.

3.1 Existence of Disease Free Equilibrium

Disease free equilibrium (DFE) points of the disease model are its steady-state
solutions where the population is entirely free of infections. Let the DFE
be denoted by E0 = [S0

1 , Y
0
w,1, Y

0
r,1, I

0
w,1, I

0
r,1, I

0
rw,1, S

0
2 , Y

0
w,2, Y

0
r,2, I

0
w,2, I

0
r,2, I

0
rw,2].

Then at this point the population will be entirely of nonimmune (i.e. stage
one of immunity). Hence, E0 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

3.1.1 Reproductive Number (R0)

The basic reproduction number is an important epidemiological dimensionless
parameter. It gives the basis for determining the global stability of the epi-
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Figure 1: The schematic diagram illustrating the dynamics of malaria with
superinfection in humans. The dotted lines represent non-constant infection
rates while the continuous lines represent the constant transition rates between
different compartments. The birth rate B, and natural mortality rate μ are
not shown in this figure. Details of the model are explained in the material
and method sections.

demiological models. The basic reproduction number is defined as the number
of secondary cases (infections) produced in a completely susceptible popula-
tion, by a single infectious individual (human or mosquito) [36]. Using the next
generation approach as illustrated in [38] we compute the basic reproduction
number for our model. The parasite fitness calculated as the basic reproductive
number (R0) when the population is completely näıve (subscripted by 1) and
fully clinically immune (subscripted by 2) is given by the following equations:
For drug sensitive parasites,

R0,w1 =
bV

χ1 + κw + μ

[
c1 +

χ1

ρ1 + κw + μ + θ

(
c1 + c2

θ

ρ2 + κw + μ

)]
, (2)

R0,w2 =
bV c2

χ2 + κw + μ

(
1 +

χ2

ρ2 + κw + μ

)
,
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and for the resistant strains,

R0,r1 =
bV

χ1 + κr + μ

[
c1 +

χ1

κr + μ + θ

(
c1 + c2

θ

κr + μ

)]
, (3)

R0,r2 =
bV c2

χ2 + κr + μ

(
1 +

χ2

κr + μ

)
.

Where, 1/(χi + κw + μ) is the average duration of the wild-type infectious
lifetime in primary infectious individuals in immune stage i; χ1/(ρ1 + κw +
μ + θ) is the probability that the human will survive the primary wild-type
infectious stage to become secondary wild-type infectious at immune stage one;
θ/(ρ2 + κw + μ) is the probability that a human will survive the stage one of
infections to become infectious with wild-type parasites at immune stage two;
χ2/(ρ2 + κw + μ) is the probability that the human will survive the primary
wild-type infectious stage to become secondary wild-type infectious at stage
two of immunity; 1/(χi + κr + μ) is the average duration of drug resistant-
type infectious lifetime in primary infectious individuals in immune stage i;
χ1/(κr + μ + θ) is the probability that the human will survive the primary
drug resistant-type infectious stage to become secondary drug resistant-type
infectious at immune stage one; θ/(κr +μ+ θ) is the probability that a human
will survive the stage one of infections to become infectious with drug resistant-
type parasites at immune stage two and χ2/(κr +μ) is the probability that the
human will survive the primary drug resistant-type infectious stage to become
secondary drug resistant-type infectious at stage two of immunity.

To find which parasite strain out-competes the other we compute the effec-
tive reproductive ratio of the drug sensitive wild-type and the drug resistant
parasites. Let ζ be the fraction of the population which is immune (i.e. in
stage two of immunity). Then the effective reproductive number for sensitive
strain will be:

Rw = (S1 + S2){(1 − ζ)R0,w1 + ζR0,w2}, (4)

and for drug resistant strain:

Rr = (S1 + S2){(1 − ζ)R0,r1 + ζR0,r2}, (5)

where S1+S2 is the sum of susceptible individuals in stage 1 and 2 of immunity.
Thus when Rr > Rw and Rr > 1 the resistant parasite will spread throughout
the population while the sensitive parasite will disappear and vice versa. In
this case, the fraction of immune individuals will increase as the transmission
rate increases. This in turn reduces the overall drug intake in the population
thereby abrogating the spread of drug resistant parasites.
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3.1.2 Global Stability Analysis of the Disease Free Equilibrium

The global asymptotic stability (GAS) of the disease free equilibrium of model
(1) is investigated by using the theorem given by C. Castillo-Chavez et al. [6].
To apply the theorem, we rewrite model as:

dX

dt
= F (X, Z),

dX

dt
= G(X, Z), G(X, 0) = 0,

where X = (S1, S2) ∈ R2 the number of susceptible individuals and Z =
(Yw,1, Yr,1, Iw,1, Ir,1, Irw,1, Yw,2, Yr,2, Iw,2, Ir,2, Irw,2) ∈ R10 is the number of in-
fected individuals. The DFE is given by

E0 = (X�, 0) = (1, 0).

The conditions in equations (6) must be fulfilled to guarantee local asymptotic:

dX

dt
= F (X, 0), X� is globally asymptotically stable (g.a.s), and

G(X, Z) = AZ − Ĝ(X, Z), Ĝ(X, Z) ≥ 0 for(X, Z) ∈ Ω,

where, A = DZG(X�, 0) is an M-matrix (the off diagonal elements of A are
non-negative); and Ω is the region where the model makes biological sense. If
the system (6) satisfies the condition stated in (6) then the following theorem
holds:

Theorem 3.1 The fixed point E0 = (X�, 0) is a globally asymptotic stable
(g.a.s) equilibrium of system (6) provided that R0 < 1 (l.a.s) and that assump-
tions in (6) are satisfied.

Proof: Our system (1) written in the form given in equation (6), is equiv-
alent to

F (X, 0) =

(
B − μS1

0

)
, and

G(X, Z) = AZ − Ĝ(X, Z),

where

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p1 − m1 0 p1 0 p1 p2 0 p2 0 p2

0 p1 − m2 0 p1 p1 0 p2 0 p2 p2

χ1 0 −m3 0 κx 0 0 0 0 0
0 χ1 0 −m5 m4 0 0 0 0 0
0 0 0 0 −m6 0 0 0 0 0
0 0 0 0 0 −m7 0 0 0 0
0 0 0 0 0 0 −m8 0 0 0
0 0 θ 0 0 χ2 0 −m9 0 κx

0 0 0 θ 0 0 χ2 0 −m11 m10

0 0 0 0 θ 0 0 0 0 −m12

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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and

Ĝ(X, Z) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ĝ1(X, Z)

Ĝ2(X, Z)

Ĝ3(X, Z)

Ĝ4(X, Z)

Ĝ5(X, Z)

Ĝ6(X, Z)

Ĝ7(X, Z)

Ĝ8(X, Z)

Ĝ9(X, Z)

Ĝ10(X, Z)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Yw,1hr + hw(1 + sP )
(
1 − S1

1+sP

)
Yr,1hw + hr(1 + sP )

(
1 − S1

1+sP

)
0
0

−(Yw,1hr + Yr,1hw)
Yw,2hr − S2hw

Yr,2hw − S2hr

0
0

−(Yw,2hr + Yr,2hw)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

with m1 = χ1 +κw +μ, m2 = χ1 +κr +μ, m3 = ρ1 +κw +μ+ θ, m4 = ρ1 +κw,
m5 = κr + μ + θ, m6 = ρ1 + κw + κr + μ + θ, p1 = bV c1 and p2 = bV c2.
From matrix A we require p1 < m1 and p1 < m2 to satisfy condition one
of (6) but since Ĝ5(X, Z) < 0 and Ĝ10(X, Z) < 0 the second condition in
(6) is not satisfied, so E0 may not be globally asymptotic stable. However,

Ĝi(X, Z) = 0, for i = 1, 2, · · ·10, if and only if hw = hr = 0. But hw = hFw

and hr = hFr with, h = bV P/(1 + sP ) and V = ma2e−ηg/g. The only way
for hr = 0 and hw = 0 is if V = 0 (i.e m = a = 0) or b = 0 and or Fw = 0
or Fr = 0. This translates into no infectious bites in the population since
there are no mosquitoes or the infectivity rate is zero since the mosquitoes
available in the population are not capable of transmitting infections and or
no infectious individual in the population. Then for this case the DFE is GAS.

3.2 Endemic Equilibrium of the Model

The disease is said to be endemic in a population if it persist in that population.
We study the endemic equilibrium of the model using the Center Manifold
Theorem given by Castillo-Chavez and Song [7]. The system of differential
equations (1) can be re-written as a general system of ODEs with a parameter
V as:

df

dt
= f(x, V ), f : R

n × R → R
nandfεC(Rn × R), (6)

where V is the bifurcation parameter, f(0, V ) ≡ 0 for all V and 0 is DFE.
To analyze the dynamical system (1), we compute the Jacobian of system (6)
around the DFE (i.e A = Dxf(0, 0)). It can be shown that the matrix A has
a right eigenvector given by
ω = (w1, w2, w3, w4, w5, w6, w7, w8, w9, w10, w11, w12)

T with; w6 = w8 =

w9 = w12 = 0, w1 = p1w2+p3(w3−w5)+p5w4+γw7+p8(w10+w11)
μ

, w2 = m3w4

χ1
, w3 =
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m5w5

χ1
, w4 = w4 > 0 w5 = w5 > 0, w7 = w7 > 0, w10 = p2w2+p6w4

p8
, w11 =

maw7−m10w10

κr
. The matrix A has left eigenvector given by

ϑ = (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10 v11, v12) with; v1 = 0, v2 = v2 >

0, v3 = −p2v2

χ1
, v4 = p6v2+θv10

m3
, v5 = p6v3θv11

m5
, v6 = p6(v2+v3)+κrv4m4v5+θv12

m6
, v7 =

0, v8 = −p8v2+χ1v10

m7
, v9 = −p8v3+χ2v11

m8
, v10 = −p8v2

m9
, v11 = −p8v3

m11
,

v12 = −p8(v2+v3)+κrv10m10v11

m12
, where; p1 = −bV c1 + kw, p2 = bV c1 − m1, p3 =

bV c1 + kr, p4 = bV c1 − m2, p5 = −bV c1 + m0, p6 = bV c1, p7 = −2bV c1,
p8 = −bV c2. and m0 = ρ1+κw, ma = μ+γ, m7 = χ2+κw+μ, m8 = χ2+κr+μ,
m9 = ρ2 + κw + μ, m10 = ρ2 + κw, m11 = κr + μ, m12 = ρ2 + κw + κr + μ.
The rate constants mi are as defined in section 3.1.2. Let V = V ∗ be the
bifurcation parameter. Then setting R0,r1 = R0,w1 = 1 we obtain

V = V ∗ =
m1m3m9

b[(m3 + χ1)m9c1 + c2χ1θ]
. (7)

Let fk be the kth component of f and

y∗ =

n∑
k,i,j=1

vkwiwj
∂2fk

∂xi∂xj
(0, 0),

z∗ =

n∑
k,i=1

vkwi
∂2fk

∂xi∂φ
(0, 0). (8)

(9)

Taking the partial derivatives of the model (1) and simplifying, then gives

y∗ = 2bV [v2(A1 − A2) + v3(A3 − A4) + v6A5 + v8A6], and (10)

z∗ = v2b(c1(w2 + w4) + w10c2) + v3b(c1(w3 + w5) + w11c2). (11)

Where

A1 =w1(c1(w2 + w4) + w10c2),

A2 =c1c2s(w10(w5 + 2w4 + 2w2 + w3) + w11(w4 + w2)) + c2
1s(w4(w5

+ 2w2 + 2w3 + w4) + w2(w3 + w5 + w2)) + c2(w11(w10c2s + w2) + w2
10c2s)

+ c1w2(w5 + w3),

A3 =w1(w11c2 + c1(w3 + w5),

A4 =c2
1(s(w3(w2 + w3 + w4) + w5(w5 + w2 + w4)) + 2w5w3)

+ c2sc1(w10(w3 + w5) + w11(2w5 + 2w3 + w2 + w4)) + w10w3c2

+ c1w3(w2 + w4) + c2
2sw11(w11 + w10),

A5 =c1(w2(2w3 + w5) + w4w3) + c2(w11w2 + w10w3),

A6 =w7(c1(w4 + w2) + w10c2), and

A7 =w7(w11c2 + c1(w3 + 2w5)).

(12)
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For the model to be biologically meaningful the vectorial capacity V must be
greater or equal to zero. Therefore, with positive V and parameter values
defined in Table 1, Figure 2 is plotted which show that y∗ is a strictly positive
increasing function of V while z∗ is a strictly negative decreasing function of
V . Since y∗ > 0 and z∗ < 0 then there exist unstable endemic equilibrium
when R0 < 1 and asymptotically stable endemic equilibrium when R0 > 1.
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Figure 2: The graphs of z∗ and y∗ for the positive vectorial capacity

4 Malaria Model with Iron Supplementation

As discussed in the previous sections the iron deficiency can protect the host
from superinfection [46]. Thus by enrolling the individuals with chronic malaria
in a program for iron supplements the risk of developing anemia is reduced [52].
This provides conducive environment for malaria superinfection. To include
this effect in our model, we assume that the community is in an iron supple-
mentation program that alleviates the possibility of developing anemia. Thus
individuals in the secondary stage of malaria infection return to the primary
stage at a constant rate β, in both stages of immunity. This is possible since it
has been observed that this interaction acts independently of and in addition
to acquired immunity [46]. Then model (1) can be rewritten as:
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Class 1 :

Ṡ1 = B − S1(hw + hr + μ) + Yw,1κw + Iw,1(ρ1 + κw) + κr(Yr,1 + Ir,1) + S2γ,

Ẏw,1 = S1hw + Iw,1β − Yw,1(hr + χ1 + κw + μ),

Ẏr,1 = S1hr + Ir,1β − Yr,1(hw + χ1 + κr + μ),

İw,1 = Yw,1χ1 + Irw,1κr − Iw,1(ρ1 + κw + β + μ + θ),

İr,1 = Yr,1χ1 + Irw,1(ρ1 + κw) − Ir,1(κr + β + μ + θ),

İrw,1 = Yw,1hr + Yr,1hw − Irw,1(ρ1 + κw + κr + μ + θ).

Class 2 : (13)

Ṡ2 = −S2(hw + hr + μ + γ) + Yw,2κw + Iw,2(ρ2 + κw) + κr(Yr,2 + Ir,2),

Ẏw,2 = S2hw + Iw,2β − Yw,2(hr + χ2 + κw + μ),

Ẏr,2 = S2hr + Ir,2β − Yr,2(hw + χ2 + κr + μ),

İw,2 = Yw,2χ2 + Irw,2κr + Iw,1θ − Iw,2(ρ2 + κw + β + μ),

İr,2 = Yr,2χ2 + Irw,2(ρ2 + κw) + Ir,1θ − Ir,2(κr + β + μ),

İrw,2 = Yw,2hr + Yr,2hw + Irw,1θ − Irw,2(ρ2 + κw + κr + μ).

We analyse this model as in the previous section.

4.1 Reproductive Number (R0)

Similarly as in model (1), we compute the basic reproduction number using the
next generation approach as illustrated in [38]. The Parasite fitness calculated
as the basic reproductive number (R0) when the population is completely näıve
(subscripted by 1) and fully immune (subscripted by 2) for the model with iron
supplementation will be. The R0-values of the sensitive parasites are:

R′
0,w1 =

bV

K1K2 − χ1β

[
c1K3 +

c2θχ1K4

K5K6 − βχ2

]
,

R′
0,w2 =

bV c2K7

K5K6 − βχ2

,

(14)

and the R0-values of the resistant strains are:

R′
0,r1 =

bV

H1H2 − χ1β

[
c1H3 +

c2θχ1H4

H5H6 − βχ2

]
,

R′
0,r2 =

bV c2H4

H5H6 − βχ2

,

(15)
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where; K1 = χ1+κw+μ, K2 = ρ1+β+θ+κw +μ, K3 = χ1+ρ1+β+θ+κw +μ,
K4 = β + χ2 + κw + μ, K5 = χ2 + κw + μ, K6 = ρ2 + κw + β + μ, K7 =
χ2+ρ2+β+κw+μ, H1 = χ1+κr+μ, H2 = β+θ+κr+μ, H3 = χ1+β+θ+κr+μ,
H4 = β + χ2 + κr + μ, H5 = χ2 + κr + μ, and H6 = κr + β + μ. Then the
effective reproductive number for sensitive strain will be:

Řw = (S1 + S2){(1 − ζ)R′
0,w1 + ζR′

0,w2}, (16)

and for drug resistant strain:

Řr = (S1 + S2){(1 − ζ)R′
0,r1 + ζR′

0,r2}. (17)

Comparing equation (2) and (14) also (3) and (15) it can be deduced that
R0,w1 < R′

0,w1, R0,r1 < R′
0,r1, R0,w2 < R′

0,w2 and R0,r2 = R′
0,r2. This result

implies that the iron supplementation increases the rate of malaria infection
in agreement with [47].

4.2 Numerical Simulations

In this paper we have developed a model similar to those in [54, 16]. Our model
supports a recent call to merge the population dynamics and the population
genetics in the spread of malaria [2]. Parameter values used are shown in Ta-
ble 1. On simulation of the model (1) and (13) we observed that regardless of
the values of χi and β, in the areas of low intensity of malaria transmission
individuals reside in lower immunity class (i.e they do not acquire immunity)
but as the transmission intensity increases the large proportion of the popu-
lation shifts to the higher immunity class (see Figures 3 to 8)a. In model (1)
we observed that when the time nonimmune individual spend in the primary
infectious stage (1/χ1) is short, the dominant parasite strain infecting human
follow this trend; the drug resistant parasites favored at low transmission in-
tensities and the drug sensitive wild-type are favored at intermediate and high
transmission intensities (see Figure 3b). When the values for 1/χ1 and 1/χ2

are increased, this pattern of dominant parasites changes to favor the drug sen-
sitive wild-type parasite at very low and higher level of transmission intensities
while the drug resistant are favored at the intermediate level of transmission
(see Figure: 4b).

The simulation of model (13) reveals a tremendous impact on the dynamics
of parasites infecting hosts when there is iron supplementation. Iron supple-
mentation regulates the host hormone hepcidin [48], and lead to redistribution
of iron in the liver. This increases the chance for superinfection. When small
percentage of chronically infected malaria individual are given iron supple-
ments (assume β ≥ 1%), high proportion of infected hosts in areas of high
transmission are infected with dual parasite strains (Figure 5 to 8)b. This
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agrees with the finding of the data from Zanzibar which showed that chil-
dren who were administered zinc supplements to reduce iron deficiency and
anemia were associated with increased risk of hospitalization and mortality
primarily due to malaria [47]. This observation is important since it has neg-
ative impact on the antimalarial drug efficacy. A study done at seven sites
in Uganda with varying transmission intensity found that, a malaria patient
infected with more than three parasite strains had a 3-fold higher chances of
treatment failure compared to those infected with a single parasite strain [43].

When β = 1%, the simulation of system (13) shows a non-monotonic pat-
tern of the dominant parasite strain infecting the human population. The drug
sensitive wild-type are favored in areas with very low transmission intensity
while the drug resistant are favored in areas with intermediate transmission
intensity. In areas with high transmission intensity individuals are infected
with dual parasite strains (Figure 5 and 6)b. The observed pattern may be
due to the high selective advantage on the resistant parasites since there is
high rate of drug intake in areas with moderate or unstable transmission. This
is confirmed by a follow-up study done in Uganda which observed the highest
proportion of patients reporting previous malaria admissions came from the
area with moderate transmission [39]. When iron supplementation is higher,
the drug sensitive wild-type are favored in areas with low transmission inten-
sities while areas with intermediate and high intensities, large proportional of
individuals in the population are infected with dual parasite strains (Figure 7
and 8)b.
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Parameter Description Value
B, μ: Natural human birth and death rate 1/60/year
γ: Loss of clinical immunity 1/2/year
θ: Acquisition of clinical immunity 1/10/year
c1: Transmission probability 0.7
c2: 0.5
υ: Fitness cost 0.6
κw: Natural clearance rate of wild-type infection 1/150
κr: Natural clearance rate of drug resistant infec-

tion
κw(1 + ν)

a: Human feeding rate 0.3
b: Infectivity rate 0.8
g: Instantaneous death rate of mosquitoes 1/10
η: Number of days required for sporogony 10
ρ1: Rate at which the existing infections are cleared

by drugs in immunity class 1
1/200

ρ2: Rate at which the existing infections are cleared
by drugs in immunity class 2

1/500

χ1, χ2: Transition rates from primary infection to sec-
ondary infection

Assumed

β: Transition rate from secondary infection to pri-
mary infection due to iron supplementation

Assumed

Table 1: Description of parameters for the transmission model. These values
are adopted from [16, 54]
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Figure 5: Immunity acquisition (a) and infecting parasites strain (b) χ1 = 1
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and χ2 = 1
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(per day) β = 1%
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Figure 6: Immunity acquisition (a) and infecting parasites strain (b) χ1 = 1
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5 Discussion and Conclusions

Two versions of a deterministic model for the dynamics of transmission of
drug resistant malaria in the population under different levels of transmis-
sion intensities and immunity are presented. Models with and without iron
supplementations ware studied. Unlike the mathematical models for malaria
superinfection presented in [17, 23], the model developed and analysed in this
paper allow the superinfection on the primary infectious individuals while the
individuals in the secondary stage of infection are completely protected from
superinfection. The designed model also tried to capture the effect of acqui-
sition of immunity by stratifying the population in two stages ’nonimmune’
(stage one) and ’clinically immune’ (stage two). The acquisition and loss of
immunity depends on the extent of exposure to new infections. The effective
reproductive ratio is computed for both models. The model analysis show that
the disease free equilibrium may not be globally asymptotically stable when-
ever the reproduction number in less than unity. It is shown that the DFE is
GAS if and only if there are no mosquitoes (vectors) or the infectivity rate is
zero. Furthermore, using the center manifold theorem it was shown that the
model have unstable endemic equilibrium when reproduction rate is less than
a unity and asymptotically stable otherwise. Numerical simulations show that
there are different dominant parasite patterns depending on the values of 1/χi

(the average time infected individual spends in the primary infectious state)
and β (the rate at which the secondary infectious individual returns to primary
infectious stage upon administration of iron supplements) with different levels
of transmission intensity. These different patterns are also observed in other
mathematical models relating the spread of resistance parasites with different
levels of transmission intensities [54].
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The model developed in this paper was intended to investigate the out-
come of competition of the two parasite strains (drug sensitive and resistant
parasites) once they are present in a population under different levels of trans-
mission intensities. We also focused on the effect of the duration an infected
individual spends in the primary infectious stage and the role of iron supple-
ments in malaria superinfection as stated in [46]. This paper assumed that
the infectious period for individuals in the population is the same across all
age profiles. Some studies observed the inverse relationship between the age
and duration of infection [1] while others observed that there are considerable
variation in duration of infection with age but no general age trend [53].

Numerical simulation of the model with the component of iron supple-
mentation reveals that, increasing the rate at which secondary infectious in-
dividuals returns to primary infectious stage upon supplementation of iron,
drastically increases the proportion of individuals with superinfection. This is
consistent with the observation made by [46, 47]. Our observation has serious
consequences on the whole issue of antimalarial drug efficacy in the areas of
higher malaria transmission where anemia and iron deficiency is likely to hap-
pen. The major conclusion from this study is for decision makers to weigh the
pros and cons of iron supplementation to curb iron deficiency to individuals
living in malaria endemic regions.
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Abstract. Emergence of multi-drug resistant malaria parasites has repeatedly cur-

tailed the lifespan of each developed and deployed antimalarial drug. This is not helped
by increase in population movement that promotes further spread. In this paper, a deter-

ministic model that describes the dynamics of spread of antimalarial drug resistance in

presence of infective immigration is developed and analyzed. The epidemic threshold and

existence of equilibriums are investigated. Optimal control theory is applied to study the

level of effort needed to control the spread of malaria using four controls: screening of im-

migrants, treatment of drug sensitive infections, treatment of drug resistance infections,

and use of insecticide treated bed nets (ITNs) and indoor spraying of mosquitoes (IRS).

Results show that in the absence of control measures, infective immigrants have a deci-

sive impact on the dynamics of the transmission of infection. It is further observed that

having control only in the treatment of drug sensitive infections leads to a wide spread of

drug resistant infections in the community. Incremental Cost-Effectiveness Ratio (ICER)

shows that use of ITNs and IRS is the best control strategy although it requires 100% ap-

plication throughout the intervention period. This is however too ambitious. The major

conclusion from the study is therefore that the second best cost-effective control strategy

that combines four controls should be enforced.

Keywords: Malaria; Antimalarial drug resistance; Infective immigrants; Stability; Opti-

mal control.
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1. Introduction

Malaria remains a major public health problem in less developed countries, specifi-

cally, in Sub-Saharan Africa. According to the World Malaria Report 2011, it killed

an estimated 655,000 people in 2010, the majority of whom were young children

and pregnant women [53]. Despite the enormous effort invested in controlling and

rolling back the rate of malaria infection, the development of resistance to available

antimalarial drugs poses a major obstacle and hinders prospects for elimination and

eradication of malaria [8, 50, 52]. In 1965, the World Health Organization (WHO)

defined drug resistance as the ability of a parasite strain to survive or multiply de-

spite the administration and absorption of a drug given in doses equal to or higher

than those usually recommended but within the tolerance of the subject [51, 52]. The

definition was later modified to specify that the drug in question must gain access

to the parasite or the infected red blood cell for the duration of the time necessary

for normal action [10]. Chloroquine and, increasingly, sulphadoxine pyrimethamine

(SP) have become largely ineffective as monotherapies for the treatment of Plas-

modium falciparum (P. falciparum) malaria in large parts of the world [2]. Since

2001 WHO has recommended artemisinin-based combination therapy (ACT) as the

first-line treatment for uncomplicated P. falciparum malaria [52]. During the past

decade, most malaria-endemic countries have shifted their national treatment poli-

cies to ACT [52]. However, recent reports indicate P. falciparum resistance to ACT

along the Cambodia-Thailand border [52, 54]. Further, an increase in the propor-

tion of patients who are still parasitaemic on the third day after commencement

of treatment with ACT also has been reported for the Myanmar–Thailand and

China–Myanmar borders and in one province of Vietnam [41, 52].

Several authors have developed mathematical models for transmission of anti-

malarial drug resistance [4–6, 13, 14, 16, 20, 21, 25, 26, 29, 34, 44, 46, 47, and

the references therein], but to the best of our knowledge none of the model have

investigated the effect of infective immigrants on the presence of drug resistant

strains. The mathematical models developed in [9, 33, 48] also include a constant

flow of immigrants who are infective but they do not differentiate between those

who are infected with drug sensitive and drug resistant parasites. The International

Organization for Migration (IOM) has recognized population movement as being of

major significance when confronting the global health challenge of malaria [43]. Mo-

tivations for population movement may be voluntary driven by tourism, regional

trade, or the search for good jobs and education. The population movement can

also be forced, a result of war, famine, drought, flooding and major environmental

catastrophe. A study done in Kenya show that malaria transmission in highlands

were initiated by soldiers returning from World War I [28]. Migrants who move

from areas where the resistant strains of the parasites have been identified will in-

troduce these strains to areas where resistance has not yet developed. This may

partly explain the findings of a follow-up study conducted from 2001 to 2010 on

the Thailand-Myanmar (Burma) border which observed that treatment failure rates
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with artesunate and mefloquine combinations had increased on the north-western

border of Thailand, 800 km from western Cambodia where artemisinin resistance

had been identified [41].

Malaria is prevalent in tropical and subtropical regions and following the fail-

ure of several attempts to eliminate and eradicate malaria, the most plausible al-

ternative is to control the mortality and morbidity rate [49]. There are several

malaria control tools available such as, insecticide treated bed nets, drug treatment

for both symptomatic and asymptomatic individuals, indoor residual spray, use of

chemical repellants, larvicide to mention but a few. The assessment of the impact

and quantification of the cost associated to single or combination of these con-

trol tools towards malaria transmission and infection is of great importance [32].

In the same spirit this paper applies the optimal control technique to asses the

cost-effectiveness of the commonly available tools directed towards controlling the

spread of antimalarial drug resistant parasites in the community. There are several

other studies which applied optimal control to study the transmission dynamics and

control of malaria. Okosun et al. [36] carried a detailed optimal control analysis of

malaria disease transmission model which includes treatment and vaccination with

waning immunity. Kong et al. [27] and Blayneh et al. [7] applied optimal control to

vector-host epidemic models. Okosun and Makinde [37] applied optimal control on

a drug resistant malaria model with susceptible individuals without access to basic

amenities. Other studies in [1, 3, 22, 38, 40, 55, and the references therein] have all

applied optimal control on numerous infectious diseases with interesting results.

This study presents an approach that could be applied in operational practice, if

sufficient field data is available. A mathematical model is designed and analyzed for

antimalarial drug resistance transmission that includes immigration and variable

size of human population. To investigate the quantitative and qualitative impact of

immigration, we allow the immigrants to enter as a susceptible, infected with drug

sensitive wild-type or drug resistant malaria parasites. Various equilibriums of the

model are examined and the threshold expressions for the disease are derived. Us-

ing the optimal control approach, the effect of various intervention tools commonly

used to control the transmission of malaria are analyzed. These intervention tools

includes, treatment of symptomatic individuals, use of insecticide treated bed nets

(ITNs), indoor residual spraying (IRS) and screening of immigrants. The Pontrya-

gin’s Maximum Principle is used to find the optimal level of effort which gives the

required control of the disease at little cost as possible. To investigate which control

strategy is the most cost-effective, the Incremental Cost-Effectiveness Ratio (ICER)

is used.

2. Model Formulation

The model developed in this paper is SIR for the human population and SI for the

mosquito (vector) population. The total human population at any time t, denoted as

Nh, is subdivided into four subpopulations: susceptible individuals (Sh) , individuals
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infected with drug sensitive wild-type parasites (Ihw), individuals infected with

drug resistant parasites (Ihx), and recovered humans with temporary immunity

(Rh). We assume that the subpopulation Rh comprises of the individuals with mild

asymptomatic infections and therefore neither infect mosquitoes nor suffer disease

induced mortality. Thus,

Nh = Sh + Ihw + Ihx +Rh.

The total mosquito (vector) population at any time t, denoted as Nv, is subdivided

into three subpopulations: susceptible mosquitoes (Sv), mosquitoes with wild-type

parasites (Ivw), and mosquitoes with drug resistant parasites (Ivx). Thus,

Nv = Sv + Ivw + Ivx.

The rates of transfer between the different compartments are as defined in Table 1.

Table 1: Description of parameters for the transmission model

Parameter Description

χ1: proportion of immigrants with wild-type infection

χ2: proportion of immigrants with drug resistant-type infection

a : mosquito biting rate per unit time

βvh: probability that a bite results in transmission of gametocytes

from an infected human to a susceptible mosquito

βhv: probability that a bite results in transmission of sporozoites

from an infected mosquito to a susceptible human

m: number of female mosquitoes per human (Nv/Nh)

γ: per capita loss of clinical immunity, thus 1/γ is the average

duration of the immune period if there is no further exposure

to the new infections

κw: natural clearance rate of wild-type infection

ψ: the cost of resistance

κx: natural clearance rate of drug resistant infection (κx = (1 +

ψ)κw)

ρ: per capita rate at which the existing infections are cleared by

drugs

µh: death and emigration rate for humans

δ: disease induced death rate for humans

µv: death rate for mosquitoes

The model is defined by the following set of non-linear ordinary differential
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equations:

dSh

dt
= (1− χ1 − χ2)µhNh + γRh − amβhv

(
Ivw
Nv

+
Ivx
Nv

)
Sh − µhSh,

dIhw
dt

= χ1µhNh + amβhv
Ivw
Nv

Sh − (ρ+ κw + δ + µh)Ihw,

dIhx
dt

= χ2µhNh + amβhv
Ivx
Nv

Sh − (κx + δ + µh)Ihx, (2.1)

dRh

dt
= (ρ+ κw)Ihw + κxIhx − (γ + µh)Rh,

dSv

dt
= µvNv − aβvh

Ihw
Nh

Sv − aβvh
Ihx
Nh

Sv − µvSv,

dIvw
dt

= aβvh
Ihw
Nh

Sv − µvIvw,

dIvx
dt

= aβvh
Ihx
Nh

Sv − µvIvx.

Note that in the absence of infection we have

dSh

dt
= µhNh − µhSh = 0,

so the population remains constant. By describing the birth and immigration rate as

µhNh the infective immigration is modeled as the fractions χ1µhNh and χ2µhNh for

Ihw and Ihx respectively. The horizontal transmission is modeled using the standard

incidence term aβhvIvjSh/Nh, which stands for the rate at which susceptible hu-

mans (Sh) are infected by infectious mosquitoes with parasite strain of type j (Ivj)

and aβvhIhjSv/Nh, which refers to the rate at which the susceptible mosquitoes

(Sv) are infected by an infectious human with parasite strain of type j (Ihj).

Converting model (2.1) into fractional quantities by scaling each subpopula-

tion with the total population at any time t as sh(t) = Sh(t)/Nh(t), ihw(t) =

Ihw(t)/Nh(t),· · · , ivx(t) = Ivx(t)/Nv(t) so that by differentiating with respect to

time t

dsh
dt

=
1

Nh

(
dSh

dt
− sh

dNh

dt

)
, · · · ,

divx
dt

=
1

Nv

(
dIvx
dt

− ivx
dNv

dt

)
, (2.2)
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and substituting (2.2) into the system (2.1) we obtain

dsh
dt

= (1− χ1 − χ2)µh + γrh − amβhv(ivw + ivx)sh − µhsh + δ(ihw + ihx)sh,

dihw
dt

= χ1µh + amβhvivwsh − (ρ+ κw + δ + µh)ihw + δ(ihw + ihx)ihw,

dihx
dt

= χ2µh + amβhvivxsh − (κx + δ + µh)ihx + δ(ihw + ihx)ihx, (2.3)

drh
dt

= (ρ+ κw)ihw + κxihx − (γ + µh)rh + δ(ihw + ihx)rh,

dsv
dt

= µv − aβvhihwsv − aβvhihxsv − µvsv,

divw
dt

= aβvhihwsv − µvivw,

divx
dt

= aβvhihxsv − µvivx.

Note here that sh + ihw + ihx + rh = 1. Similarly, sv + ivw + ivx = 1. Therefore,

letting rh = 1− (sh + ihw + ihx) and sv = 1− (ivw + ivx) modifies equation (2.3) to

dsh
dt

= (1− (χ1 + χ2))µh + γ(1− (sh + ihw + ihx))− amβhv(ivw + ivx)sh

− µhsh + δ(ihw + ihx)sh,

dihw
dt

= χ1µh + amβhvivwsh − (ρ+ κw + δ + µh)ihw + δ(ihw + ihx)ihw,

dihx
dt

= χ2µh + amβhvivxsh − (κx + δ + µh)ihx + δ(ihw + ihx)ihx, (2.4)

divw
dt

= aβvhihw(1− (ivw + ivx))− µvivw,

divx
dt

= aβvhihx(1− (ivw + ivx))− µvivx.

We can now proceed to the analysis of the model.

2.1. Positivity and uniqueness of solutions

Since the malaria model (2.3) describes the human and mosquitoes (vector) pop-

ulation its solution is required to be non-negative at all time t. Thus the malaria

model (2.3) is epidemiologically and mathematically well posed in the domain

Ω = Ωh ∪ Ωv ⊂ R
4
+ × R

3
+ (2.5)

where,

Ωh = {(sh, ihw, ihx, rh) ∈ R
4 : sh + ihw + ihx + rh = 1}

and Ωv = {(sv, ivw, ivx) ∈ R
3 : sv + ivw + ivx = 1}.
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Theorem 2.1. Assuming that all the initial conditions describing the model (2.3)

lie in Ω as defined in Equation (2.5) (i.e. sh(0) ≥ 0, ihw(0) ≥ 0, ihx(0) ≥

0, rh(0) ≥ 0, sv(0) ≥ 0, ivw(0) ≥ 0 and ivx(0) ≥ 0), the system of equations

for the malaria model (2.3) has a unique solution. Furthermore, the region Ω is

positive invariant and all solutions starting in Ω approach, enter or stay in Ω.

Proof. It is clear that the right hand side of the system of equations (2.3) is

continuous with continuous partial derivatives in Ω, so by Picard-Lindelöf theorem,

system (2.3) has a unique solution.

Then we proceed to show that the region Ω remains positive at all time t > 0

for the given positive values for all subpopulations at t = 0. Thus we show that

if 0 < t1 < ∞ then sh(t1) ≥ 0, ihw(t1) ≥ 0, ihx(t1) ≥ 0, rh(t1) ≥ 0, sv(t1) ≥

0, ivw(t1) ≥ 0 and ivx(t1) ≥ 0 noting that χ1 +χ2 < 1. Consider the first equation

of (2.3), that

dsh
dt

= (1− χ1 − χ2)µh + γrh − amβhv(ivw + ivx)sh − µhsh + δ(ihw + ihx)sh,

⇔
d

dt
{sh(t) exp[(amβhv(ivw + ivx) + µh − δ(ihw + ihx))t]} =

((1− χ1 − χ2)µh + γrh) exp[(amβhv(ivw + ivx) + µh − δ(ihw + ihx))t],

⇔ sh(t1) exp[(amβhv(ivw + ivx) + µh − δ(ihw + ihx))t1]− sh(0) =∫ t1

0

((1− χ1 − χ2)µh + γrh) exp[(amβhv(ivw + ivx) + µh − δ(ihw + ihx))z]dz,

and hence,

sh(t1) =sh(0) exp[−(amβhv(ivw + ivx) + µh − δ(ihw + ihx))t1] +

exp[−(amβhv(ivw + ivx) + µh − δ(ihw + ihx))t1]×∫ t1

0

((1− χ1 − χ2)µh + γrh) exp[(amβhv(ivw + ivx) + µh − δ(ihw + ihx))z]dz ≥ 0,

Similarly,

sv(t1) =sv(0) exp[−(aβvh(ihw + ihx + µv))t1] + exp[−(aβvh(ihw + ihx + µv))t1]

×

∫ t1

0

µv exp[(aβvh(ihw + ihx + µv))z]dz ≥ 0.

Following the same analysis it can be shown that sh(t) ≥ 0, ihw(t) ≥ 0, ihx(t) ≥ 0,

rh(t) ≥ 0, sv(t) ≥ 0, ivw(t) ≥ 0 and ivx(t) ≥ 0. Then Nh = sh + ihw + ihx + rh > 0

and Nv = sv + ivw + ivx > 0 for all time t > 0.

Finally, we proceed to show that the domain Ω is positive invariant and attract-

ing. Adding the first four equations and the last three equations of the malaria
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model (2.3) gives

dNh

dt
= µh − µhNh − (1−Nh)δ(ihw + ihx) ≤ µh − µhNh,

dNv

dt
= µv − µvNh. (2.6)

It then follows that
dNh

dt
< 0 if Nh(t) >

µh

µh
. Also,

dNv

dt
< 0 if Nv(t) >

µv

µv
.

Thus, lim sup
t→∞

Nh(t) ≤
µh

µh
and lim sup

t→∞

Nv(t) ≤
µv

µv
, implying that Ω is invariant and

attracting and completes the proof.

3. Equilibriums of the Model

Models which incorporate a positive level of infective immigrants are expected not

to have the disease-free equilibrium. Assuming Ê = (ŝh, îhw, îhx, îvw, îvx) is an

equilibrium point of malaria model (2.4). It can be seen that îhw = 0, îhx = 0, îvx =

0, and îvx = 0 do not satisfy equation (2.4) for χ1 > 0, χ2 > 0 and χ1 + χ2 < 1

since µh > 0. Thus, the system (2.4) does not have the disease free equilibrium.

Next we investigate the equilibrium states of the system (2.4) when only the

drug sensitive wild-type parasite exists, denoted as Êw, and when only the drug

resistant parasite exists, denoted by Êx. Thus, we have

Êw = (ŝh, îhw, îhx, îvw, îvx), where îhx = îvx = 0, and (3.1)

Êx = (ŝh, îhw, îhx, îvw, îvx), where îhw = îvw = 0. (3.2)

The algebraic expression for Êw when there is no disease induce death (δ = 0) will

be

ŝh =
(1− χ1)µh + γ(1− îhw)

γ + µh + amβhv îvw
,

îhw =
χ1µh + amβhv îvwsh

ρ+ κw + µh,

îvw =
aβvhîhw

aβvhîhw + µv

. (3.3)

Eliminating the ivw in the second equation of (3.3) by substituting the expression

for ivw from the third equation gives a quadratic equation

̥1î
2
hw +̥2îhw − χ1ζvµh = 0, (3.4)

with ̥1 = aβvh(ρ+κw+µh) and ̥2 = µv(ρ+κw+µh)−χ1µhaβvh−ma
2βhvβvhsh.

Clearly, when there are no infective immigrants (i.e. χ1 = 0), ihw = 0 is a

root of (3.4) which is the disease-free equilibrium Ew
0 = (1, 0, 0, 0, 0) of the sys-

tem (2.4). The other root of (3.4) when χ1 = 0 gives the endemic equilibrium
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Ěw = (šh, ǐhw, ǐhx, ǐvw, ǐvx) for ǐhx = ǐvx = 0, with coordinates

šh =
µh + γ(1− ǐhw)

γ + µh + amβhv ǐvw
,

ǐhw =
ma2βhvβvhšh − µv(ρ+ κw + µh)

aβvh(ρ+ κw + µh)
,

ǐvw =
aβvhǐhw

aβvhǐhw + µv

. (3.5)

The disease will persist in the population when Φ = ma2βhvβvhšh − µv(ρ + κw +

µh) > 0. From this we deduce the reproductive number Rw
0 , for drug sensitive

wild-type parasites as

Rw
0 =

√
ma2βhvβvh

µv(ρ+ κw + µh)
. (3.6)

The basic reproduction number is defined as the number of secondary cases (in-

fections) produced in a completely susceptible population by a single infectious

individual (human or mosquito) [15]. Consider the case when χ1 > 0, equation

(3.4) will be rewritten as

̥1î
2
hw − [Φ + χ1aµhβvh ]̂ihw − χ1µvµh = 0, (3.7)

The quadratic equation (3.7) has two roots: a positive and a negative root. The

negative root has no biological meaning. The positive root will be analyzed here

and is given by (3.8).

îhw =
Φ+ χ1aµhβvh +

√
(Φ + χ1aµhβvh)2 + 4̥1χ1µvµh

2̥1
. (3.8)

Note that if

lim
χ1→0

îhw =
Φ+ |Φ|

2̥1
=

{
0 if Φ < 0
Φ
̥1

if Φ > 0.
(3.9)

That is, when χ1 = 0 is the threshold, there is a basic reproduction number defined

in equation (3.6). When χ1 is sufficiently close to zero, we use the approximation

(1 + x)1/2 ≈ 1 + x/2 (see [9]) and obtain

2̥1îhw ≈ Φ+ |Φ|

(
1 +

2̥1χ1µvµh

Φ2

)
. (3.10)

Considering the case when Φ > 0 (that is Rw
0 > 1) leads to

îhw ≈
Φ

̥1
+
µvµh

Φ
χ1, (3.11)

when Φ < 0 (that is Rw
0 < 1) leads to

îhw ≈
µvµh

|Φ|
χ1. (3.12)
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Let us now consider a similar case when only drug resistant parasites exists

(that is when ihw = 0 and ivw = 0). The system (2.4) when χ2 = 0 and δ = 0

has disease free equilibrium Ex
0 = (1, 0, 0, 0, 0) and the endemic equilibrium Ěx =

(šh, ǐhw, ǐhx, ǐvw, ǐvx) with coordinates

šh =
µh + γ(1− ǐhx)

γ + µh + amβhv ǐvx
,

ǐhx =
µv(κx + µh)[(R

x
0)

2 − 1]

aβvh(κx + µh)
,

ǐvx =
aβvhǐhx

aβvhǐhx + µv

, (3.13)

where,

Rx
0 =

√
ma2βhvβvh
µv(κx + µh)

. (3.14)

Furthermore, if Φ2 = ma2βhvβvh−µv(κx+µh) and ̟2 = aβvh(κx+µh), a threshold

is established for χ2 > 0 but sufficiently close to zero. When Φ2 > 0, Rx
0 > 1, and

we obtain

îhx ≈
Φ2

̟2
+
µvµh

Φ2
χ2. (3.15)

When Φ2 < 0, Rx
0 < 1, and this leads to

îhx ≈
µvµh

|Φ2|
χ2. (3.16)

The next question is whether the equilibrium points exist.

3.1. Existence of endemic equilibrium

If sh = 1− (rh + ihw + ihx) and sv = 1− (ivw + ivx) is substituted to system (2.3)

then the following equation is obtained

dihw
dt

= χ1µh + amβhvivw(1− (rh + ihw + ihx))− (ρ+ κw + δ + µh)ihw

+ δ(ihw + ihx)ihw,

dihx
dt

= χ2µh + amβhvivx(1− (rh + ihw + ihx))− (κx + δ + µh)ihx

+ δ(ihw + ihx)ihx,

drh
dt

= (ρ+ κw)ihw + κxihx − (γ + µh)rh + δ(ihw + ihx)rh,

divw
dt

= aβvhihw(1− (ivw + ivx))− µvivw, (3.17)

divx
dt

= aβvhihx(1− (ivw + ivx))− µvivx.
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The coordinates of the endemic equilibrium is then obtained by setting the LHS of

equation (3.17) to zero and solve for the state variables resulting to

i∗vw =
aβvhi

∗

hwµv

(aβvhi∗hw + µv)(aβvhi∗hx + µv)− a2β2
vhi

∗

hwi
∗

hx

,

i∗vx =
aβvhi

∗

hxµv

(aβvhi∗hw + µv)(aβvhi∗hx + µv)− a2β2
vhi

∗

hwi
∗

hx

,

r∗h =
(ρ+ κw)i

∗

hw + κxi
∗

hx

γ + µh − δ(i∗hw + i∗hx)
. (3.18)

It can be seen that the endemic equilibrium satisfies the following polynomial,

Ai∗3hx +Bi∗2hx + Ci∗hx +D = 0, (3.19)

where,

A = a0i
∗

hw,

B = b0i
∗2
hw + b1i

∗

hw + b2,

C = c0i
∗3
hw − c1i

∗2
hw + c2i

∗

hw + c3,

D = d0i
∗4
hw + d1i

∗3
hw + d2i

∗2
hw + d3i

∗

hw. (3.20)

Here;

a0 = Rv
0µ

2
vδ

2, b0 = 3a0, b1 = Rv
0µ

2
vδ(γ − (ρ+ κw + δ))

b2 = Rv
0µ

2
vδ(χ1µh − amβhv), c0 = 3Rv

0µ
2
vδ, c1 =

2µ2
vδ(ρ+ κw + δ + µh)

2

maβvh
R2

w,

c2 = 2δχ1µhµ
2
vR

v
0 −

µ2
v(γ + µh)(ρ+ κw + δ + µh)

2

maβhv
R2

w − δ, d0 = a0,

c3 = χ1µhµ
2
v(γ + µh)R

v
0 , d1 =

µ2
vδ

ma
(ma(γ + µh)R

v
0 − (ρ+ κw + δ + µh)

2R2
w),

d2 = δχ1µhµ
2
vR

v
0 −

µ2
v(γ + µh)(ρ+ κw + δ + µh)

2

maβhv
R2

w, d3 = µ2
v(γ + µh)χ1µhR

v
0 ;

with, Rv
0 =

aβvh
µv

, Rh
0w =

maβvh
ρ+ κw + δ + µh

and R2
w = Rv

0R
h
0w. (3.21)

Equations (3.19) and (3.20) shows that there exist a non-linear relationship between

i∗hw and i∗hx. Therefore, the system (2.3) exhibits multiple endemic equilibria [37].

We can now summarize our results as follows:

• For all χ1 > 0 and χ2 > 0 the model does not have a disease free equilibrium

and so system (2.3) has multiple endemic equilibriums.
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• If χ1 = 0, χ2 = 0, and δ = 0, the reproduction number can be computed

and the dominant parasite strain in the population will be the one with the

highest reproduction number (i.e. R0 = max{Rw
0 , R

x
0}) [47].

• Equations (3.11 and 3.12) and (3.15 and 3.16) show that at least for

χ1 and χ2 close to zero and δ = 0, the model (2.4) has threshold-like be-

havior [9].

In the next section model (2.3) is modified to determine the best control strategy

to control the spread of antimalarial drug resistance in the community.

4. Analysis of Optimal Control

For analysis of the optimal level of effort needed to control the spread of malaria,

system (2.3) is modified by introducing the time dependent controls u1(t), for the

screening of immigrants, u2(t), for the treatment of drug sensitive infections, u3(t),

for the treatment of drug resistant infections and u4(t), for the use of indoor residual

spraying (IRS) and insecticide treated bed nets (ITNs) with lethal chemicals as given

in the following system

dsh
dt

= (1− (χ1 + χ2)(1− u1))µh + γrh − amβhv(ivw + ivx)sh − µhsh + δ(ihw + ihx)sh,

dihw
dt

= χ1(1− u1)µh + amβhvivwsh − (α1u2 + κw + δ + µh)ihw + δ(ihw + ihx)ihw,

dihx
dt

= χ2(1− u1)µh + amβhvivxsh − (α2u3 + (1 + τψ)κw + delta+ µh)ihx

+ δ(ihw + ihx)ihx,

drh
dt

= (α1u2 + κw)ihw + (α2u3 + (1 + τψ)κw)ihx − (γ + µh)rh + δ(ihw + ihx)rh,

dsv
dt

= µv − aβvhihwsv − aβvhihxsv − (µv + α3u4)sv,

divw
dt

= aβvhihwsv − (µv + α3u4)ivw,

divx
dt

= aβvhihxsv − (µv + α3u4)ivx. (4.1)

Since ui(t), for i = 1, 2, 3, 4, have now defined the controls, it is clear what each

control does. The screening control u1(t) works at reducing the number of immi-

grants with malaria infections in a new population. This can be achieved by having

a policy of screening and quarantine for all immigrants who are carrying malaria

parasites before entering the new population, thus 0 ≤ u1 ≤ 1. The treatment con-

trol u2(t) models the efforts required to treat symptomatic individuals with drug

sensitive wild-type infections. Since malaria treatment outcome is determined by

the quality of antimalarial drugs and patient adherence; it is assumed that a pro-

portion α1 of individuals infected with drug sensitive parasites clear infection after
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treatment. Furthermore, we let 0 ≤ u2 ≤ 1. The third control u3(t) models the ef-

fort required to reduce the spread of drug resistant parasites. It can be achieved by

making sure that individuals with drug resistant parasites are treated and cleared

the infections. This requires, early case detection, intensive case investigation and

monitoring drug compliance [24]. Here, we assume that α1 > α2 and 0 ≤ u3 ≤ 1,

where α1u2 and α2u3 are the rate at which individuals with drug sensitive and drug

resistant infections are treated under control. Let us assume that in the presence

or absence of treatment for the individuals with drug resistant infections, τ = 0 or

τ = 1, respectively. Therefore, in the absence of drug concentration in the blood

stream, the resistant parasites are cleared at a faster rate (1+ψ)κw, due to the cost

of resistance (ψ), while in the presence of drug concentration, the resistant parasites

are cleared at a slower rate κw. The fourth control u4(t) models the effort directed

to reduce or eliminate the mosquitoes by killing the adult mosquitoes seeking blood

meal. This includes the use of ITNs and IRS It is assumed that a proportion α3 of

mosquitoes are killed by these interventions, and that 0 ≤ u4 ≤ 1. Note that, in all

cases when the control is set to zero it mean there is no any effort invested (i.e. no

control) and when it is one, there is maximum control invested.

The objective now is to minimize the number of humans infected with drug

sensitive (ihw) and/or drug resistant parasites (ihx) while keeping the costs as low

as possible. To achieve this objective we must incorporates relative costs associated

with each policy (control) or combination of policies directed towards controlling

the spread of malaria. We then define the objective function J over a feasible set of

controls u1, u2, u3 and u4 applied over the pre-defined finite time interval [t0, tf ]

given by

J = min
u1,u2,u3,u4

∫ tf

t0

{B1ihw +B2ihx +A1u
2
1 +A2u

2
2 +A3u

2
3 +A4u

2
4}dt; (4.2)

where, B1ihw and B2ihx are the costs associated with drug sensitive and drug re-

sistance infections respectively, while A1, A2, A3 and A4, are relative cost weights

for each control measure. The true value of weights is not well known since they

require extensive field work and data mining. The weights used here are intended

only for theoretical purposes to investigate the effect of various control practices.

The choice of quadratic cost on the controls is done in a similar way as in other

epidemiological models with controls [1, 11, 30, 35].

The target is to minimize the objective function (J) defined in equation (4.2).

Therefore we are required to find numerically the optimal controls u∗1, u
∗

2, u
∗

3, u
∗

4,

such that

J(u∗1, u
∗

2, u
∗

3, u
∗

4) = min
u1,u2,u3,u4∈U

J(u1, u2, u3, u4), (4.3)

for U = {(u1, u2, u3, u4) such that u1, u2, u3, u4 are measurable with 0 ≤ u1 ≤

1, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 1, and 0 ≤ u4 ≤ 1, for t ∈ [t0, tf ]}.

Theorem 4.1. Consider the control problem with system equations (4.1). There
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exist ~u∗ = (u∗1, u
∗

2, u
∗

3, u
∗

4) ∈ U such that

min
u1,u2,u3,u4∈U

J(u1, u2, u3, u4) = J(u∗1, u
∗

2, u
∗

3, u
∗

4).

Proof. The proof given in [18] is valid here as such: The control set U is closed

and convex. The integrand of the objective function (4.2) is convex on the control

set U. The model (4.1) is linear in control variables and is bounded by a linear

system in the state variables. So the conditions for existence of an optimal control

are satisfied.

Pontryagin’s Maximum Principle [42] provides the necessary conditions for an

optimal control problem. This Principle converts equations (4.1), (4.2) and (4.3)

into the problem of minimizing a Hamiltonian H, with respect to the controls

u1, u2, u3, u4,

H = B1ihw +B2ihx +A1u
2
1 +A2u

2
2 +A3u

2
3 +A4u

2
4

+ λsh{(1− (χ1 + χ2)(1− u1))µh + γrh − amβhv(ivw + ivx)sh − µhsh

+ δ(ihw + ihx)sh}

+ λihw
{χ1(1− u1)µh + amβhvivwsh − (α1u2 + κw + δ + µh)ihw + δ(ihw + ihx)ihw}

+ λihx
{χ2(1− u1)µh + amβhvivxsh − (α2u3 + (1 + τψ)κw + δ + µh)ihx

+ delta(ihw + ihx)ihx}

+ λrh{α1u2 + κw)ihw + (α2u3 + (1 + τψ)κw)ihx − (γ + µh)rh + δ(ihw + ihx)rh}

+ λsv{µv − aβvhihwsv − aβvhihxsv − (µv + α3u4)sv}

+ λivw
{aβvhihwsv − (µv + α3u4)ivw}

+ λivx
{aβvhihxsv − (µv + α3u4)ivx}, (4.4)

where the λsh , λihw
, λihx

, λrh , λsv , λivw
, and λivx

are the adjoint variables or co-

state variables. Applying Pontryagin’s Maximum Principle [42] and the existence

results for the optimal control from [18], the following preposition is obtained,

Proposition 4.2. For the optimal control u∗1, u
∗

2, u
∗

3 and u∗4 that minimizes

J(u1, u2, u3, u4) over U, there exist adjoint variables

λsh , λihw
, λihx

, λrh , λsv , λivw
, λivx

satisfying
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dλsh
dt

= amβhv[ivw(λsh − λihw
) + ivx(λsh − λihx

)] + λsh [µh − δ(ihw + ihx)],

dλihw

dt
= −B1 − λshδsh + λihw

[α1u2 + κw + δ + µh − δ(2ihw + ihx)]− λihx
δihx

− λrh(α1u2 + κw + δrh) + aβvhsv(λsv − λivw
),

dλihx

dt
= −B2 − λshδsh + λihx

[α2u3 + (1 + τψ)κw + δ + µh − δ(2ihx + ihw)]

− λihw
δihw − λrh [α2u3 + (1 + τψ)κw + δrh] + aβvhsv(λsv − λivx

),

dλrh
dt

= −λshγ + λrh(γ + µh − δ(ihw + ihx)),

dλsv
dt

= aβvh[ihw(λsv − λivw
) + ihx(λsv − λivx

)] + λsv (µv + α3u4),

dλivw

dt
= amβhvsh(λsh − λihw

) + λivw
(µv + α3u4),

dλivx

dt
= amβhvsh(λsh − λihx

) + λivx
(µv + α3u4), (4.5)

with transversality conditions

λsh(tf ) = λihw
(tf ) = λihx

(tf ) = λrh(tf ) = λsv (tf ) = λivw
(tf ) = λivx

(tf ) = 0.

(4.6)

The following characterization holds on the interior of the control set U

u∗1 = max

{
0,min

{
1,
χ1µh(λihw

− λsh) + χ2µh(λihx
− λsh)

2A1

}}
,

u∗2 = max

{
0,min

{
1,
α1i

∗

hw(λihw
− λrh)

2A2

}}
,

u∗3 = max

{
0,min

{
1,
α2i

∗

hx(λihx
− λrh)

2A3

}}
, (4.7)

u∗4 = max

{
0,min

{
1,
α3(s

∗

vλsv + i∗vwλivw
+ i∗vxλivx

)

2A4

}}
,

where λsh , λihw
, λihx

, λrh , λsv , λivw
and λivx

are solutions of (4.5).

Proof. The form of adjoint (or costate) system (4.5) and transversality conditions

(4.6) are standard results from Pontryagin’s Maximum Principle [42]. To obtain

the costate system (4.5), the partial derivatives of the Hamiltonian (H) (4.4) with
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respect to each state variable are computed as follows

dλsh
dt

= −
∂H

∂sh
; λsh(tf ) = 0,

...
dλivx

dt
= −

∂H

∂ivx
; λivx

(tf ) = 0. (4.8)

The optimality equations (4.7) are obtained by finding the partial derivative of the

Hamiltonian equation (H) (4.4) with respect to each control variable and solving

for u∗i (optimal control) where the derivative vanishes. That is,

∂H

∂ui

∣∣∣∣∣
u∗

i

= 0, for i = 1, 2, 3, 4. (4.9)

Solving for u∗1, u
∗

2, u
∗

3 and u∗4, subject to the constraints, gives the characterization

equations (4.7).

Note that the state system (4.1) has initial time conditions and the costate

system (4.5) has final time conditions. It is important to note here that there is a

restriction on the length of the time interval in order to guarantee the uniqueness

of the optimality system (see [22]). For the model presented in this paper, t0 = 0

and tf = 180 days. Since the state (4.1) and costate (4.5) systems are bounded and

satisfy Lipschitz condition, the uniqueness of the optimal control can be obtained

by following techniques in references [17, 22].

5. Numerical Simulation and Discussions

In this section, various forms of optimal control strategies that can be applied to

control the spread of malaria in the community are studied. State system, costate

system and the optimal characterization in Equations (4.1), (4.5) (4.7) respectively,

are solved numerically in an algorithmic form as elaborated in Algorithm 1.
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Algorithm 1 : Optimal control

(1) Subdivide the time interval [t0, tf ] into N equal subintervals. Set the state

variable at different time as ~x = x(t) and assume a piecewise-constant control

u
(0)
j (t), t ∈ [tk, tk+1], where k = 0, 1, · · · , N − 1 and j = 1, 2, 3, 4.

(2) Apply the assumed control u
(0)
j (t) to integrate the state system with an initial

condition ~x(t0) = {sh(0), ihw(0), ihx(0), rh(0), sv(0), ivw(0), ivx(0)} forward

in time [t0, tf ] using the fourth-order Runge-Kutta method.

(3) Apply the assumed control u
(0)
j (t) to integrate the costate system with transver-

sality condition

~λ(tf ) = {λsh(tf ), λihw
(tf ), λihx

(tf ), λrh(tf ), λsv (tf ), λivw
(tf ), λivx

(tf )}

backward in time [tf , t0] using the fourth-order Runge-Kutta method.

(4) Update the control by entering the new state and costate solutions ~x and ~λ

respectively through the characterization equation (4.7).

(5) STOP the algorithm if
‖~xi+1 − ~xi‖

‖~xi+1‖
< ε (see [23]); otherwise update the control

using a convex combination of the current and previous control and GO to

Step 2. Here, ~xi is the ith iterative solution of the state variable and ε is the

arbitrarily small positive quantity.

From various combinations of the controls, five strategies are formed and studied

numerically. These include:

Strategy I: Spraying mosquitoes (IRS) and use of treated bed nets (ITNs) (u1 =

0, u2 = 0, u3 = 0, u4 6= 0).

Strategy II: Treating only drug sensitive wild-type infections (u1 = 0, u2 6=

0, u3 = 0, u4 = 0).

Strategy III: Combination of treatment of drug sensitive wild-type infections and

the use of IRS and ITN (u1 = 0, u2 6= 0, u3 = 0, u4 6= 0).

Strategy IV: Combination of treatment of all infections and the use of IRS and

ITN (u1 = 0, u2 6= 0, u3 6= 0, u4 6= 0).

Strategy V: Using all four control measures (u1 6= 0, u2 6= 0, u3 6= 0, u4 6= 0).

In the numerical simulations, the weights are assumed to follow the order

A1 < A4 < A2 < A3 associated with the controls u1, u4, u2 and u3 respectively.

This assumption is based on the fact that the costs associated with u3 include inten-

sive case examinations, antimalarial drugs with good efficacy, and monitoring drug

compliance which mostly require hospitalization. The costs associated with control

u2 include clinical examination and antimalarial drugs, while those associated with

control u4 include the cost of IRS and ITNs. For control u1 the costs of screening

and quarantine of infective immigrants are included. The weights are therefore cho-

sen to be B1 = 50, B2 = 200, A1 = 60, A2 = 100, A3 = 150 and A4 = 80. The
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initial state variables are sh = 0.7576, ihw = 0.1515, ihx = 0.0909, rh = 0, sv =

0.5172, ivw = 0.2759, and ivx = 0.2069, while the efficacy parameters are α1 = 0.5,

α2 = 0.1, α3 = 0.25, βhv = 0.3, βvh = 0.4, ψ = 0.3. All other parameter values of

the model are as given in Table 2.

Table 2: Parameter values for the malaria transmission model (4.1).

Par Est.val Reference Par Est.val Reference

ζh 0.00011 [1] ζv 0.051 [1]

χ1 0.3 Assumed χ2 0.2 Assumed

βhv 0.03− 0.5 [1, 19, 31, 33, 45] βvh 0.09− 0.5 [1, 12, 19, 31, 33, 45]

a 0.3 [1] µv 0.04 [1, 30]

µh 0.00004 [12] δ 0.0003454 [12]

κw 0.005 [1] ψ 0.1− 0.5 [25]

γ 0.0146 [12]
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Fig. 1: Strategy I: Only the use of ITN and IRS control (u0 = {u1 = 0, u2 =

0, u3 = 0, u4 = 0} and uc = {u1 = 0, u2 = 0, u3 = 0, u4 6= 0})

Strategy I: Only the control of the mosquito population (u4) is used to optimize

the objective function J ; while the rest of the controls are set to zero. The numerical

simulation results indicate that for this control strategy, the number of susceptible

humans (sh) increases, while the number of susceptible mosquitoes (sv) decreases
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compared to the case with no control (Figure not shown). Results also shows that,

there is a significant decrease in the number of infected humans and mosquitoes in

the community (Fig. 1 a, b, and c). For the case with no control, the of number

infected humans and mosquitoes increases (Fig. 1 a, b and c). Figure 1 d shows the

control profile for the use of ITNs and IRS (u4) which is at the upper bound until the

final time of the simulation. This strategy fails to reduce the number both infectious

humans and mosquitoes to zero (see Fig. 1 a and b). The cost of implementing this

strategy is $39, 600 as shown in Table 3.

Strategy II: The treatment of drug sensitive infections control (u2) is used

to optimize the objective function J ; while other three controls are set to zero.

Results shows that the number of humans and mosquitoes infected with drug sen-

sitive parasites in the community decreases significantly, while number of humans

and mosquitoes in the community infected with drug resistant parasites increases

compared to the case with no control (Fig. 2 a, b and c). The control profile is

shown in Fig. 2 d. Here it can be seen that the control u2 is maintained at 100% for

the first 98 days before reducing to the lower bound. This strategy is not feasible

in the current situation because P. falciparum has developed resistance to nearly

all available anti-malarial drugs. This strategy shows that using antimalarial drug

which has already developed resistance to some individuals in the community as the

only intervention tool, will lead to a wide spread of the resistant parasite strain in

that community (see Table 3 and Fig. 2 b). The cost of implementing this strategy

is $39, 463 (see Table 3).
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Fig. 2: Strategy II: The effect of treating only drug sensitive infections (u0 = {u1 =

0, u2 = 0, u3 = 0, u4 = 0} and uc = {u1 = 0, u2 6= 0, u3 = 0, u4 = 0})

Strategy III: Treatment of drug sensitive infections control (u2), and IRS and

ITNs control (u4) are used to optimize the objective function J ; while screening

of immigrants control (u1) and treatment of drug resistant infections control (u3)

are set to zero. The number of susceptible humans in the community significantly

increases, while the number of humans infected with wild-type parasites (ihw) and

the number of mosquitoes infected with both wild-type (ivw) and drug resistant

(ivx) parasites decreases to the lowest level compared to the case with no controls

(see Fig. 3 a and c ). It is further observed in Fig. 3 b, that the number of humans

with drug resistant infection (ihx) also decreases but do not reach zero for the

controlled case. As seen in Fig. 3 d, using this control strategy requires to maintain

the control u4 at 100% for 173 days while u2 is at the maximum for the first 20

days and maintained at a stable effort of 63% between day 25 and 174 before finally

dropping to its lower bound. These simulation results show that it is not sufficient

to eliminate malaria in the community by ignoring the control of the drug resistant

infections. The cost of implementing this strategy is $61, 948 as shown in Table 3.
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Fig. 3: Strategy III: The use of treatment of drug sensitive infections and, ITN and

IRS controls (u0 = {u1 = 0, u2 = 0, u3 = 0, u4 = 0} and uc = {u1 = 0, u2 6=

0, u3 = 0, u4 6= 0})

Strategy IV: All controls except the screening of immigrants are used to op-

timize the objective function J (that is, u1 = 0, u2 6= 0, u3 6= 0, and u4 6= 0 ).

This control strategy leads to a significant decrease in the number of humans and

mosquitoes infected with drug resistant and drug sensitive wild-type parasites in

the community (see Fig. 4 a, b and c). The control profile is shown in Fig. 4 d. It

is seen that u2, u3 and u4 remain at the upper bound for 20, 74 and 22 days re-

spectively before dropping to the lower bound. This strategy produces good results

since it managed to control the spread of malaria but does not eliminate malaria

in the community since the susceptible mosquitoes at final time of the simulation

are still about half of the total initial mosquito population. These results show the

need of other control measures which target infective immigrants and/or mosquitoes

that rests and feed outdoor. Furthermore, the cost of implementing this strategy is

$88, 589 which is higher than all control strategies as seen Table 3.
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Fig. 4: Strategy IV: Optimal treatment of all infections and use of ITN and IRS

(u0 = {u1 = 0, u2 = 0, u3 = 0, u4 = 0} and uc = {u1 = 0, u2 6= 0, u3 6= 0, u4 6= 0})

Strategy V : All controls (u1, u2, u3 and u4) are used to optimize the objective

function J . With this strategy, a significant decrease in the number of humans and

mosquitoes infected with both drug resistant and drug sensitive wild-type parasites

as seen in Fig. 5 subplot a, b and c, is observed. The number of susceptible human

and mosquitoes both increases (Figure not shown). At the final time of the simu-

lation the number of susceptible mosquitoes (sv) reaches about half of the initial

number of mosquito population. The control profile in Fig. 5 d, shows that the

control u1 starts at about 24% then increases to 50% after 153 days and thereafter

reduces to the lower bound, while u2, u3 and u4 remain at the upper bound for 20,

73 and 23 days respectively, before dropping gradually to the lower bound. This

strategy produces similar results to strategy IV but with lesser cost of implemen-

tation, $80, 023 (see Table 3).
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Fig. 5: Strategy V: The use of all four control measures (u0 = {u1 = 0, u2 = 0, u3 =

0, u4 = 0} and uc = {u1 6= 0, u2 6= 0, u3 6= 0, u4 6= 0})

Note that in all cases the control profiles typically show a fast transient close

to final time, as they drop to zero. This is due to the transversality conditions of

the Pontryagin method, and might be ignored in an interpretation for a real-life

situation. Indeed, setting the final time larger would move the fast transient of the

control profiles respectively.

5.1. Cost-effectiveness analysis

In order to quantify the cost-effectiveness of different control strategies analyzed

in this paper the Incremental Cost-Effective Ratio (ICER) is used. In ICER, when

comparing two competing intervention strategies, one intervention is compared with

the next less effective alternative [39]. The ICER formula used is given by

ICER =
difference in intervention costs

difference in the total number of infection averted
. (5.1)

The total number of infection averted is computed by taking the difference between

the total number of new infection cases without control and the total number of

new infection cases with control. Strategy II is not used in the computation of

ICER since it is not a viable control strategy as the number of new infection cases

increases as compared to the case without control as seen in Table 3.



July 12, 2014 7:33 WSPC/INSTRUCTION FILE
Malaria˙Model˙with˙imigration

24 G.G. Mwanga, H. Haario & B.K. Nannyonga

Table 3: Ranking control strategies in order of increasing effectiveness

Strategy: Total infection averted Total costs ($) ICER

Strategy II -115.93 39,463 Not feasible

No Strategy 0 0 –

Strategy I 333.20 39600 118.8475

Strategy III 338.94 61948 3893.4

Strategy IV 343.15 88589 6328.09

Strategy V 343.27 80023 -71383.33

ICER(I) =
39, 600

333.2
= 118.8475, ICER(III) =

61, 948− 39, 600

338.94− 333.2
= 3893.4,

ICER(IV) =
88, 589− 61, 948

343.15− 338.94
= 6328.09, ICER(V) =

80, 023− 88, 589

343.27− 342.85
=

−71383.33.

Comparison between strategy I and III, shows that strategy III is more costly and

less effective than strategy I as ICER(I) < ICER(III). Therefore, Strategy III is

excluded and re-compute the ICER as shown in Table 4.

Table 4 shows that strategy IV costs higher as compared to strategy I. Therefore,

Table 4: Computation of ICER after excluding Strategy III

Strategy: Total infection averted Total costs ($) ICER

Strategy I 333.20 39,600 118.8475

Strategy IV 343.15 88,589 4923.5175

Strategy V 343.27 80,023 −71383.33

strategy IV is eliminated and re-compute the ICER as shown in Table 5.

Table 5: Computation of ICER after excluding Strategy IV

Strategy: Total infection averted Total costs ($) ICER

Strategy I 333.20 39,600 118.8475

Strategy V 343.27 80,023 4014,20

From Table 5, we conclude that strategy I (Use of Insecticide treated bed nets

(ITNs) and indoor residue spraying (IRS)) is more cost-effective than strategy V

(combination of all four controls).

6. Conclusion

This paper designed and analyzed a deterministic model of antimalarial drug resis-

tance transmission with immigration. The immigrants may be susceptible, infected
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with drug sensitive wild-type or drug resistant parasites. Results show that, for a

positive level of infective immigrants, the model does not have a disease free equilib-

rium. When all immigrants are susceptible, the model has a disease free equilibrium.

Reproduction number for the drug sensitive (Rw
0 ) and drug resistant parasites (Rx

0)

were explicitly computed. Results further showed that when the rates of flow of

infective immigrants in the population nears zero, the model exhibit a threshold

like behavior. When these rates are bigger than zero the model has only endemic

equilibriums. The condition for existence of multiple endemic equilibrium was es-

tablished.

This paper also analyzed the optimal control using Pontryagin’s Maximum Prin-

ciple where five control strategies were numerically studied. Our numerical simula-

tion results show that controlling only treatment of drug sensitive infections (strat-

egy II) is detrimental, since it leads to an increase in the number of new infection

cases in the community as compared to the case with no control. Therefore, Strat-

egy II is not suitable approach to control malaria in this era where P. falciparum

has developed resistance to almost all available antimalarial drugs. Using ICER,

we found that using ITNs and IRS to control malaria is the most cost-effective

approach which costs $39, 600. This strategy requires 100% effort in use of these

malaria intervention tools throughout the control period. To achieve 100% use of

ITNs and IRS in the whole community is over ambitious target which may be dif-

ficult to reach. On the other hand, the combination of all four intervention tools

(strategy V) which costs $80, 023, found to be the second best cost-effective control

strategy in controlling malaria infections. The third best cost-effective strategy is

the use of ITNs and IRS, and treating all infectious individuals (strategy IV) which

costs $88, 589. Strategy 1V produces the same results as strategy V in terms of the

total number of infection averted. However, this strategy requires unnecessary addi-

tional cost. Thus according to our model and analysis done in this paper, the use of

the combination of all four control tools (ITNs and IRS, treating drug sensitive and

drug resistant infections, and screening of the immigrants) is the most cost-effective

strategy.

The challenges of implementing the optimal control strategies analyzed in this

paper are not to be underestimated. These include the world economic crisis, which

has led to cuts in donor funds to subsidize ITNs, IRS, and antimalarial drugs, and

a lack of funds for research. Furthermore, the development of insecticide resistance

and changes in the mosquito feeding behavior pose a serious threat to the malaria

elimination and eradication campaign. To achieve malaria elimination and eradica-

tion goal there is need to also target the outdoor feeding mosquitoes by employing

other control measures like spatial repellents and spraying domestic animals with

insecticide chemicals. The major conclusion in this paper is that, policy makers and

donor funders should invest more effort in elimination and eradication of malaria

using a combination of multiple malaria control measures rather than using a single

control measure.
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Abstract

Plasmodium falciparum malaria has developed resistance to almost
all available antimalarial drugs despite controlled antimalarial drug use.
This study presents a mathematical model of spread of antimalarial
drug resistance with control using treated bed nets, indoor residual
spraying and treatment of symptomatic individuals. A common pitfall
for such epidemiological models, however, is the absence of real data;
model-based conclusions have to be based on uncertain parameter val-
ues. Here we present an approach to study the robustness of optimal
control solutions under such parameter uncertainty. For a given model
simulation we create synthetic noisy data so that a plausible variability
of the epidemiological dynamics is covered. By Markov chain Monte
Carlo (MCMC) simulations this variability is mapped to model param-
eter distributions. The optimal control algorithm is then run using
different parameter values sampled from the MCMC parameter poste-
rior. Moreover, the uncertainty of the cost function weights is accounted
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for by similar sampling. Numerical simulation results demonstrate the
robustness of the approach: given the effective control strategy, the
main conclusions of the optimal control remain unchanged, even if in-
evitable variability remains in the control profiles. The results provide
a promising framework for the designing of cost-effective strategies for
disease controls with multiple interventions, even under considerable
uncertainty of model parameters and control costs.

Mathematics Subject Classification: 49K15, 92B05, 93A30, 93C15

Keywords: Antimalarial drug resistance, Uncertainties, MCMC, Stability,
Optimal control

1 Introduction

Malaria is a parasitic infection caused by Plasmodium. The female anopheles
mosquito ingests the parasites (gametocytes) from a malaria infected person
during blood feeding. The parasites develop inside the mosquito and are later
transferred into mosquito salivary glands. When this infected mosquito takes
a second blood meal, it injects the parasites (sporozoites) into the human and
this completes the malaria life cycle. Malaria is still wide spread in tropical
and subtropical regions in a broad band around the equator including much
of sub-Saharan Africa, Asia and America [38]. Despite relentless efforts in
malaria research, no effective malaria vaccine exists, but several medications
are available although resistance to these drugs has developed over the years.
In addition to antimalarial drugs, other methods are used to prevent the spread
of malaria and these include insecticide treated bed nets (ITNs), indoor resid-
ual spraying (IRS), larvicides, repellents to mention but a few.

In 2011 the World health Organization (WHO) reported a decline in the
number of malaria infection cases [48]. This reduction led to a decrease in
the number of malaria-related deaths by up to 50% in several African coun-
tries which were highly inflicted by malaria [51]. These areas include Eritrea,
Rwanda, Zanzibar [33], Pemba [44], Tanzania mainland [3], Kenya [3] and
Zambia [10]. The decline has been partly contributed to a wide distribution
and use of insecticide treated nets (ITNs) [see. eg. [7]]. It is worth mention-
ing that, in some malaria endemic regions mass administration of artemisinin
based combination therapy (ACT) that kills parasites quickly has also been
practiced [25]. The prospect of malaria elimination and eradication in the
world is threatened by emergence of drug resistant parasites to nearly all the
available antimalarial drugs. The mosquitoes are also becoming resistant to
insecticides used in ITNs and in indoor residual sprays (IRS) [see. eg. [35, 25]].
These findings highlight the need for optimal use of malaria intervention tools
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so as to combat malaria while prevent further development of resistance to
drugs and insecticide chemicals.

Mathematical models of Mosquito-borne pathogen transmission originated
in the early twentieth century with the work of Ronald Ross [40, 41]. Since
his work, several models have been developed to provide insights into effective
eradication of malaria. In the 1950s, MacDonald [17] analyzed an updated ver-
sion of Ross model. In the model, he highlighted that increasing the mortality
of adult mosquito is more significant in the control effort of malaria transmis-
sion [17, 15]. The Macdonald model influenced the decision of WHO to launch
the Global Malaria Eradication Programme (GMEP, 1955 -1969) [15, 16, 18].
The GMEP involved a massive spraying of dichloro-diphenyl-trichloroethane
(DDT) [24]. Although it successfully eradicated malaria in some parts of the
world, the campaign was discontinued fourteen years later when it was recog-
nized that eradication was not achievable with the available means in many
areas [24]. The lesson learned from the GMEP, 1955 -1969 was that no single
strategy can be sufficient to eradicate malaria in all areas [24].

Reiner et al. [39] reviewed mathematical models of mosquito-borne pathogen
transmission from 1970 to 2010. Their review showed that although mosquito
borne pathogen transmission is inherently an applied field, of the 373 mod-
els reviewed only 102 considered control of malaria. Furthermore, 73% of the
102 models considered a single strategy [39]. They also noted that only 13
models took the financial or operation constrains into account. To bridge this
knowledge gap, this study will consider the financial constraint in the control
of the spread of antimalarial drug resistant infections in a human population.
The model developed will use three possible control parameters which are, in-
secticide treated bed nets, treatment of symptomatic individuals and spraying
of the adult mosquito. The Pontryagin’s Maximum Principle will be used to
find the optimal level of effort that gives the required control of the disease at
minimum cost.

Optimal control has been used to study the dynamics of transmission and
treatment of diseases such as malaria [see. eg. [13]], Chikunganya fever [8],
dengue fever [6], West Nile virus [29], HIV [ see. eg. [21]], influenza [26], cancer
[46] and mycobacterium tuberculosis [28]. For review of the optimal control
method and various numerical examples, the reader is referred to [42, 43].

Epidemiological models are often plagued with poorly known parameter
values. Moreover, the financial costs of the different control measures might
be difficulty to estimate. The objective of the current work is to provide an ap-
proach to study combinations of different control strategies, together with an
uncertainty quantification of the results. Instead of using traditional param-
eter variation methods (e.g., Latin Hypercubes, that might lead to spurious
parameter combinations) we propose to map the incompletely known but ”typ-
ical” disease dynamics into a parameter uncertainty distribution by Markov
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chain Monte Carlo (MCMC) methods.
Firstly, we formulate a simple deterministic model of transmission of an-

timalarial drug resistant parasites and carry out detailed analysis. Next, the
model and parameter uncertainties are analyzed using MCMC simulations. Fi-
nally, we study the robustness of optimal control in the presence of parameter
uncertainties. We run the optimal control algorithm several times for different
parameter values sampled from the MCMC posterior. Another option, aimed
at minimizing the CPU costs, is to run the optimal control algorithm using a
few ’extreme’ points of the parameter posterior distribution extracted by the
principal component analysis (PCA) method.

2 Model Formulation

The model developed in this paper follows the Ross-Lotka model [1] where
both human and mosquito (vector) population are modeled as Susceptible /
Infected (SI). Thus the model assumes that the entire human population is in
the same stage of immunity and hence due to the shortness of control period
(typically one year), humans remain in the same immunity stage. This as-
sumption is viable since individuals require about five to ten years of exposure
to malaria infection to acquire immunity [see. eg. [22]]. In the model, the
total human population at any time t, denoted as Nh is subdivided into three
distinct epidemiological subpopulation namely susceptible (Sh), individuals
infected with drug sensitive wild-type parasites (Ihw) and individuals infected
with drug resistant parasites (Ihx). This implies that Nh = Sh+Ihw+Ihx. The
mosquito (vector) population denoted by Nv is subdivided into three subpop-
ulations namely, the susceptible (Sv), infectious with drug sensitive wild-type
parasites (Ivw) and the infectious with drug resistant parasites (Ivx). Thus,
Nv = Sv + Ivw + Ivx. Therefore, this model assumes that the two parasite
strains (drug sensitive and drug resistant) they persist in the population thus
only the primary infection with the resistant strain is represented. The model
flow diagram is shown in Figure 1.

Susceptible humans are recruited at a constant rate Bh and acquire drug
sensitive and drug resistant infections at rate Zhw and Zhx respectively upon
contact with infected mosquitoes. These rates are defined by Zhw = (1 −
α1u1(t))σbIvwSh and Zhx = (1− α1u1(t))× σbIvxSh where, σ = a/Nh is a rate
of mosquito bites (a) per humans, b is the probability that a mosquito bite
leads to the transmission of sporozoites from infected mosquito to susceptible
human. α1u1(t) is the time dependent effort of control the number of mosquito
bites using insecticide treated nets (ITNs) where α1 is efficacy of ITNs. Thus
1 − α1u1(t), describes the failure rate of prevention efforts and u1(t) ∈ [0, 1].
The natural and disease induced mortality rates of humans are µh and δ re-
spectively. Infected humans recover at rate rw + u2(t)ρ from drug sensitive
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Figure 1: The flux diagram illustrating the transmission of drug sensitive wild-
type (subscript w), drug resistant (subscript x) malaria parasites in humans
(subscript h) and mosquitoes (subscript v). The dotted lines represent infec-
tion while the continuous lines represent the constant transition rates between
different compartments.

infection and rate rx = (1+ ψ)rw from drug resistant infection. Here, ψ is the
cost of resistance, u2(t)ρ is the time dependent treatment effort where, ρ is the
drug efficacy parameter and u2(t) ∈ [0, 1].

Similarly, susceptible mosquitoes are recruited at a constant rateBv and be-
come infected at a rate Zvw with drug sensitive and rate Zvx with drug resistant
parasites. Here, Zvw = (1 − α1u1(t))σcIvwSv and Zvx = (1 − α1u1(t))σcIvxSv

where, c is the probability that the mosquito bite leads to the transmission
of gametocytes from infected human to a susceptible mosquito. Mosquitoes
are assumed to suffer death due to natural causes at a rate µv and due to
chemical spraying (IRS) at a rate α3u3(t); where α3 > 0 is a rate constant and
u3(t) ∈ [0, 1]. Note, in this paper, 0 ≤ ui ≤ 1, for i = 1, 2, 3 means that when
the control is zero there is no any effort invested (i.e. no control) and when it
is one, the maximum control effort is invested. Furthermore, in this work each
control is coupled with effectiveness parameter for the intervention tool.

These definitions give the following system of ordinary differential equa-



2706 G. G. Mwanga, H. Haario, B. K. Nannyonga

tions:

dSh

dt
= Bh + (rw + u2(t)ρ)Ihw + rxIhx − (1− α1u1(t))σb(Ivw + Ivx)Sh − µhSh,

dIhw
dt

= (1− α1u1(t))σbIvwSh − (rw + u2(t)ρ+ µh + δ)Ihw,

dIhx
dt

= (1− α1u1(t))σbIvxSh − (rx + µh + δ)Ihx, (1)

dSv

dt
= Bv − (1− α1u1(t))σc(Ihw + Ihx)Sv − (µv + α2u3(t))Sv,

dIvw
dt

= ((1− α1u1(t))σcIhwSv − (µv + α2u3(t))Ivw,

dIvx
dt

= (1− α1u1(t))σcIhxSv − (µv + α2u3(t))Ivx.

3 Mathematical analysis of the malaria model

Throughout this section the control variables u1(t), u2(t) and u3(t) are as-
sumed to be constant (that is the controls are time independent, u1(t) =
u1, u2(t) = u2 and u3(t) = u3). Thus the malaria model (1) will be an au-
tonomous system.

3.1 Invariance of the region, positivity and boundedness
of the solution

The malaria model in system (1) is epidemiologically and mathematically well
posed in the domain

Ω = Ωh ∪ Ωv ⊂ R
3
+ × R

3
+, (2)

where, Ωh = {(Sh, Ihw, Ihx) ∈ R
3
+ : Sh + Ihw + Ihx ≤

Bh

µh

,

and Ωv = {(Sv, Ivw, Ivx) ∈ R
3
+ : Sv + Ivw + Ivx ≤

Bv

µv

.

To determine the positivity and boundedness of the solution of the system
in Equation (1) the following theorem is used.

Theorem 3.1 If Sh(0), Ihw(0), Ihx(0), Sv(0), Ivw(0), Ivx(0) are non-negative,
then so are Sh(t), Ihw(t), Ihx(t), Sv(t), Ivw(t), Ivx(t) for all time t > 0. Fur-

thermore,
Bh

µh + δ
≤ lim

t→∞
supNh(t) ≤

Bh

µh

and
Bv

µv + α3u3
≤ lim

t→∞
supNv(t) ≤

Bv

µv

with Nv = Sv + Ivw + Ivx and Nh = Sh + Ihw + Ihx.
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Proof: For the first part of the theorem it is enough to show that

dxi
dt

∣∣∣
xi=0

≥ 0 where xi is the state variable.

Consider the first equation in the system (1). If Sh = 0 then

dSh

dt
=Bh + (rw + u2ρ)Ihw + rxIhx

=Bh + rw(Nh + ψIhx) + u2ρ(Nh − Ihx) ≥ 0

since rx = (1 + φ)rw, φ ≥ 0, u2ρ ∈ [0, 1], Nh ≥ Ihx and Nh is bounded and
positive (see the last part of the proof). If we consider the fourth equation in

the system (1) and set Sv = 0 it follows that
dSv

dt
= Bv ≥ 0. Similarly it can

be shown that
dIhw
dt

≥ 0,
dIhx
dt

≥ 0,
dIvw
dt

≥ 0, and
dIvx
dt

≥ 0 for all t > 0. In

the second part of the proof the humans subpopulations in Equation (1) are
added together to obtain dNh/dt. Similarly for the mosquito subpopulations
in Equation (1) are added to get dNh/dt. Thus we have

dNh

dt
= Bh − µhNh − δ(Ihw + Ihx),

dNv

dt
= Bv − (µv + α3u3)Nv. (3)

Since Ihw + Ihx ≤ Nh and α2u3 ∈ [0, 1], then

Bh − (µh + δ)Nh ≤
dNh

dt
≤ Bh − µhNh and

Bv − (µv + α3u3)Nv ≤
dNv

dt
≤ Bv − µvNv. (4)

It then follows that

Bh

µh + δ
≤ lim sup

t→∞

Nh(t) ≤
Bh

µh

and
Bv

µv + α3u3
≤ lim sup

t→∞

Nv(t) ≤
Bv

µv

(5)

as required. �

To prove that the region Ω defined in (2) is positive, invariant and attracting
the following Lemma is stated and proved.

Lemma 3.2 Ω = {(Sh, Ihw, Ihx, Sv, Ivw, Ivx) ∈ R
6
+ : Nh ≤

Bh

µh

, Nv ≤
Bv

µv

is

positive invariant and attracting.
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Proof: From equation (3) we have

dNh

dt
≤ Bh − µhNh,

dNv

dt
≤ Bv − µvNv. (6)

Using the results of Lemma 2 on page 27 by [14], we get

Nh ≤ Nh(0)e
−µht +

Bh

µh

(1− e−µht) and Nv ≤ Nv(0)e
−µvt +

Bv

µv

(1− e−µvt).

Thus in particular, Nh(t) ≤
Bh

µh
and Nv(t) ≤

Bv

µv
if Nh(0) ≤

Bh

µh
and Nv(0) ≤

Bv

µv

respectively. Therefore, Ω is invariant and attracting. �

3.2 Equilibria of the model

For the analysis of the equilibria of the model we rewrite the system (1) as

dSh

dt
= Bh + (rw + u2ρ)Ihw + rxIhx − (λhw + λhx)Sh − µhSh,

dIhw
dt

= λhwSh − (rw + u2ρ+ µh + δ)Ihw,

dIhx
dt

= λhxSh − (rx + µh + δ)Ihx, (7)

dSv

dt
= Bv − (λvw + λvx)Sv − (µv + α2u3)Sv,

dIvw
dt

= λvwSv − (µv + α2u3)Ivw,

dIvx
dt

= λvxSv − (µv + α2u3)Ivx,

where λhw = (1 − α1u1)σbIvw, λhx = (1 − α1u1)σbIvx, λvw = (1 − α1u1)σcIhw
and λhx = (1 − α1u1)σcIhx are the rates of infection. This model is analyzed
for the existence of disease free and endemic equilibria.

Firstly, the model behavior is studied when there are no infectious humans
or mosquitoes in the population. Then a disease free equilibrium, ε0 is given
by

ε0 =
(
S0
h, I

0
hw, I

0
hx, S

0
v , I

0
vw, I

0
vx

)
=

(
Bh

µh

, 0, 0,
Bv

µv + α2u3
, 0, 0

)
, (8)

Next the basic reproduction number is determined using the next generation
matrix operator approach [37]. This method gives the reproduction number
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Rw and Rx for drug sensitive and drug resistant parasites infections as

Rw =

√(
(1− α1u1)cσ̂Bv

(µv + α2u3)2

)(
(1− α1u1)bσ̂Bh

µh(rw + u2ρ+ µh + δ)

)
and

Rx =

√(
(1− α1u1)cσ̂Bv

(µv + α2u3)2

)(
(1− α1u1)bσ̂Bh

µh(rx + µh + δ)

)
, (9)

with σ̂ = a/N0
h and N0

h = Bh/µh. The basic reproduction number is de-
fined as the number of secondary cases (infections) produced in a completely
susceptible population, by a single infectious individual (human or mosquito)
[36]. The square root shows that there are two stages of infection. The first
stage a single infectious mosquito with either drug sensitive or drug resistant
parasites successfully infects Bhbσ̂(1− α1u1) humans per unit time during its
infectious period 1/(µv + α2u3). The second stage, a single infectious human
infects Bvcσ̂(1 − α1u1) mosquitoes per unit time during the infectious period
1/(rw + u2ρ + µh + δ) for drug sensitive or 1/(rx + µh + δ) for drug resistant
infections to complete one cycle of disease transmission. It is clear that in-
creasing the coverage and efficacy rate of ITNs (α1u1), and IRS (α2u3) lowers
the reproduction number of both drug sensitive and drug resistant infections.
Since drug resistant parasites are not affected by drugs, then increase in the
effort of treating symptomatic infections (u2ρ) reduces only the reproduction
number of drug sensitive infections.

Koella and Antia [23] stated that due to natural selection the parasite strain
with dominant reproduction number will invade populations of parasites with
lower reproduction numbers. Thus, R0 = max{Rw, Rx}. As in Theorem 2
page 33 of [37], the following result holds.

Lemma 3.3 The disease free equilibrium ε0 given in Equation (8) of the
malaria model (7) is locally asymptomatic stable (l.a.s) if R0 < 1 and un-
stable if R0 > 1.

To prove the global asymptomatic stability (GAS) of the disease free equi-
librium (ε0) the model is required to have constant population (see. eg. [12]).
Thus we prove the GAS of ε0 for a specific case when the disease induce mor-
tality rate is ignored (δ = 0). Under this small requirement the GAS result of
ε0 can be established by following the approach given in [4]. Firstly, we rewrite
system (7) in the form:

dX

dt
= F (X, I),

dI

dt
= G(X, I), G(X, 0) = 0,

(10)
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whereX = {(Sh, Sv) ∈ R
2} and I = {(Ihw, Ihx, Ivw, Ivx) ∈ R

4}. The following
two conditions must be satisfied to guarantee the global stability of ε0:

dX

dt
= F (X, 0), X∗ is g.a.s (11)

G(X, I) = AZ − Ĝ(X, I), Ĝ(X, I) ≥ 0for(X, I) ∈ Ω,

where X∗ = (Bh/µh, Bv/κv) and A = DIG(X
∗, 0) is an M-matrix (off diagonal

elements are nonnegative) obtained by computing the Jacobian of G(X, I)
taken in I and evaluated at (X∗, 0). Then, from the model given in system (7)
we have

F (X, 0) =

(
Bh −µhSh

Bv −κvSv

)
and

A =




−κw 0 unab 0
0 −κx 0 unab

uvac 0 −κv 0
0 uvac 0 −κv


 ,




Ĝ1(X, I)

Ĝ2(X, I)

Ĝ3(X, I)

Ĝ4(X, I)


 =




unabIvw

(
1−

Sh

Nh

)

unabIvx

(
1−

Sh

Nh

)

unacIhw
S∗
v

N∗
h

(
1−

SvN
∗
h

NhS∗
v

)

unacIhx
S∗
v

N∗
h

(
1−

SvN
∗
h

NhS∗
v

)




where, N∗
h = Bh/µh, S

∗
v = Bv/κv, κv = µv + α2u3, κw = rw + u2ρ + µh,

κx = rx + µh, un = (1− α1u1) and uv = (1− α1u1)(S
∗/N∗

h). It is obvious that

X∗ is the g.a.s of dX
dt

= F (X, 0). Furthermore, Ĝ1(X, I) ≥ 0 and Ĝ2(X, I) ≥ 0
since Nh = Sh + Ihw + Ihx. It is also true that Sv ≤ S∗

v in domain Ω defined in

Eqn. (2). If the human population is at equilibrium, then Ĝ3(X, I) ≥ 0 and

Ĝ4(X, I) ≥ 0. Then according to [4] the following theorem is established

Theorem 3.4 Suppose the human population described in malaria model (7)
is at equilibrium. If R0 < 1, then the disease free equilibrium (ε0) given in
Equation (8) of system (7) is globally asymptotically stable.

Finally we determine the endemic equilibrium point and study the stability.
To find the point where the disease will persist in the population, the left
hand side of system (7) is set to zero and solve for the state variables. Then
the coordinates of the endemic equilibrium Υe = (S∗

h, I
∗
hw, I

∗
hx, S

∗
v , I

∗
vw, I

∗
vx) are
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given as

S∗
h =

Bhκwκx
κwκx(λ∗hw + λ∗hx + µh)− L1λ∗hw − L2λ∗hx

,

I∗hw =
Bhκxλ

∗
hw

κwκx(λ∗hw + λ∗hx + µh)− L1λ∗hw − L2λ∗hx
,

I∗hx =
Bhκwλ

∗
hx

κwκx(λ
∗
hw + λ∗hx + µh)− L1λ

∗
hw − L2λ

∗
hx

,

S∗
v =

Bv

λ∗vw + λ∗vx + κV
, (12)

I∗vw =
Bvλ

∗
vw

κv(λ∗vw + λ∗vx + κv)
,

I∗vx =
Bvλ

∗
vx

κv(λ∗vw + λ∗vx + κv)
,

where λ∗hj =
(1− α1u1)abI

∗
vj

N∗
h

, λ∗vj =
(1− α1u1)acI

∗
hj

N∗
h

, j = x, w,

L1 = κx(rw + u2ρ) and L2 = κwrx. It is easy to see that;

I∗hw
N∗

h

=
κxλ

∗
hw

κw(κx + λ∗hx) + κxλ
∗
hw

and
I∗hx
N∗

h

=
κwλ

∗
hx

κw(κx + λ∗hx) + κxλ
∗
hw

.

Thus, λ∗vw =
(1− α1u1)acκxλ

∗
hw

κwκx + κxλ
∗
hw + κwλ

∗
hx

and λ∗vx =
(1− α1u1)acκwλ

∗
hx

κwκx + κxλ
∗
hw + κwλ

∗
hx

.

Then λ∗hw is given by the following equation,

λ∗hw =

(
(1− α1u1)abBv[κwκx(λ

∗
hw + λ∗hx + µh)− L1λ

∗
hw − L2λ

∗
hx]

Bh(κwκx + κxλ∗hw + κwλ∗hx)

)
×

(
λvw

κv(λ∗vw + λ∗vx + κv)

)
.

But
λvw

κv(λ∗vw + λ∗vx + κv)
=

(1− α1u1)acκxλ
∗
hw

κv(κxλ
∗
hw + κwλ

∗
hx)[(1− α1u1)ac+ κv] + κ2vκxκw

.

Then this results to the following polynomial

P (λ∗hw) = Aw[λ
∗
hw]

2 + Ax[λ
∗
hx]

2 +Bwλ
∗
hw +Bxλ

∗
hx + Cwxλ

∗
hxλ

∗
hw +D, (13)

where

Aw = Bh(µv + α2u3)((1− α1u1)ac + κv)κ
2
x,

Ax = Bh(µv + α2u3)((1− α1u1)ac+ κv)κ
2
w,

Bw = Bhκwκ
2
xκv((1− α1u1)ac+ κv)

[
2 + R2

w

rw + u2ρ+ κw
µh

]
,

Bx = Bhκ
2
wκx((1− α1u1)ac + κv) + κ2vBhκ

2
wκx

[
1−R2

w

µh + δ

µhκx

]
,

Cwx = 2Bh((1− α1u1)ac+ κv)κvκxκw,

D = Bhκ
2
wκ

2
xκ

2
v[1− R2

w].
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Since there exist a non-linear relationship between λ∗hw and λ∗hx then the poly-
nomial P in Equation (13) has many solution and hence the malaria model (7)
exhibits multiple endemic equilibria.

If the mosquito and human populations are only infected with drug sensitive
parasites (that is, λ∗hx = 0) the malaria model (7) resembles that given by [12].
Then Eqn. (13) reduces to

P (λ∗hw) = aw[λ
∗
hw]

2 + bwλ
∗
hw + cw, (14)

with

aw =Bh((1− α1u1)ac+ κv)L3,

bw =Bhκw[κ
2
v + κv + (1− α1u1)ac]− (1− α1u1)

2a2bcBv(µh + δ),

cw =Bhκ
2
w(µv + α2u3)

2[1− R2
w].

Equation (14) is similar to Equation (9) in [12]. Thus, the following theorem
holds.

Theorem 3.5 If only drug sensitive parasites exists in the population, for a
given constant controls u1, u2 and u3 the malaria model (7) has

(i) strictly one unique endemic equilibrium if cw < 0 or Rw > 1,

(ii) strictly one unique endemic equilibrium if bw < 0, and either cw = 0 or
b2w − 4awcw = 0,

(iii) two endemic equilibrium if cw > 0, bw < 0 and b2w − 4awcw > 0,

(iv) no endemic equilibrium otherwise.

In the proceeding section, the model sensitivity to the parameter uncertainties
and optimal control analysis are presented.

4 Analysis of optimal control and parameter

identifiability

4.1 Model sensitivity using MCMC

To study the model sensitivity, the Markov chain Monte Carlo (MCMC)
method is used. The MCMC method takes into account all the uncertainties
in the data and give out all the parameterization of the model that statistically
fit the data ’equally well’. That is, MCMC gives the distribution of parameter



Optimal control under parameter uncertainty 2713

values instead of a single point estimate as is traditionally done using max-
imum a posteriori estimation method (MAP) like least square method. For
review of the MCMC method [see. eg. [49]].

To use MCMC we need model observation (that is, data) to estimate
parameters. To get model observation, we simulate model (1) using litera-
ture value given in Table 1 and initial state variable Sh = 2000, Ihw = 200,
Ihx = 100, Sv = 10000, Ivw = 3000, Ivx = 2000. As the aim is to characterize
the internal uncertainty structure of the model parameters, the controls are
set to zero. The synthetic data is then created by adding noise to the model
response. In synthetic data generation the relative Gaussian noise with stan-
dard deviation σ = 0.5 is added to each component. For the MCMC sampling
an adaptive MCMC method called Delayed Rejection Adaptive Metropolis
(DRAM) algorithm is used [20]. The DRAM algorithm is run for 30,000 it-
erations. The independent model parameters b, c, µv, rw and ψ are estimated
while the rest of the parameters are fixed.

The parameter posterior distribution (or the chain) and the predictive dis-
tribution of state variables for the case of zero controls, are plotted in Figures
2 and 3 respectively. Figure 2 shows that all samples mixes well from the be-
ginning to the end of the simulation runs. Therefore, the parameter samples
’mixes well’. Furthermore, all the parameter distributions tends to a Gaussian
distribution and hence, the parameters are ’well’ identified (Figure not shown).
Figure 3 shows that in the absence of any control measure, the disease is en-
demic in the community as the number of humans and mosquitoes infected
with both drug sensitive and drug resistance parasites persist in the commu-
nity. The light gray part shows the predictive distributions for state variables
calculated from MCMC samples and the bold line shows a single prediction
estimated by the Least Square Method (MAP) (see Figure 3).

Table 1: Parameter values for the malaria transmission model (1).
Par Est.val Ref. Par Est.val Ref.
ρ 1/500 - 1/200 [11] α2 0.15 [13]
δ 0.0003454− 0.009 [34, 5] µh 0.00004 [34]
b 0.03− 0.5 [50, 2, 9] Bh 100 assumed
c 0.09− 0.5 [34, 2, 50, 9] Bv 1000 assumed
a 0.2− 0.5 [19, 30, 9] ψ 0.1− 0.5 [11]
µv 0.04− 0.5 [5, 19, 2]
rw 0.01− 0.05 [19, 2, 9] α1 0.6 assumed
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Figure 2: The plot of the chain for the fitted parameters for 30,000 samples
shows that each chain mixes well. The vertical axis represents the parameter
distribution and the horizontal axis is the number of simulation runs. Note
muv = µv and psi = ψ.
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Figure 3: The predictive posterior distribution of infectious state variables
calculated from MCMC (light gray) and a single prediction by MAP estimate
(bold line) for the case with no controls ccc.

4.2 Analysis of optimal control

The objective is to minimize the number of humans infected with drug sensitive
wild type (Ihw) and drug resistant parasites (Ihx) while keeping the cost of
control as low as possible. To achieve this objective the relative costs associated
with each control or combination of the controls intended to reduce the spread
of disease are incorporated in the model. The objective function J defined
over a feasible set of control u1, u2 and u3 applied over a finite time interval
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[t0, tf ] is given by

J = min
u1,u2,u3

∫ tf

t0

{B1Ihw +B2Ihx +
1

2
(A1u

2
1 + A2u

2
2 + A3u

2
3)}dt; (15)

where, B1Ihw and B2Ihx are the costs associated with drug sensitive and drug
resistance infections respectively and, A1, A2 and A3, are the relative cost
weights for each individual control measure. In this work as in other epi-
demiological models with controls [see. eg. [13]] the quadratic cost on the
controls is chosen. Numerically, we are required to find the optimal controls
uopt1 , uopt2 , uopt3 , which minimize the objective function (J) such that

J(uopt1 , uopt2 , uopt3 ) = min
u1,u2,u3∈U

J(u1, u2, u3), (16)

for U = {(u1, u2, u3) such that u1, u2, u3 are measurable with 0 ≤ u1 ≤ 1, 0 ≤
u2 ≤ 1and 0 ≤ u3 ≤ 1, for t ∈ [t0, tf ]}. Then we state the following theorem.

Theorem 4.1 Consider the control problem with system equations (1). There
exist ~uopt = (uopt1 , uopt2 , uopt3 ) ∈ U such that

min
u1,u2,u3∈U

J(u1, u2, u3) = J(uopt1 , uopt2 , uopt3 ).

Proof: The proof given in [47] is valid here as such: The control set U is
closed and convex. The integrand of the objective function in Equation (15) is
convex on the control set U. The system (1) is linear in control variables and
is bounded by a linear system in the state variables. Therefore, the conditions
for existence of an optimal control are satisfied. �

Following the Pontryagin’s Maximum Principle theorem [32], equations (1),
(15) and (16) are converted into the problem of minimizing a Hamiltonian H
defined as

H = B1Ihw +B2Ihx + A1
u21
2

+ A2
u22
2

+ A3
u23
2

+ ZSh

dSh

dt
+ ZIhw

dIhw
dt

+ ZIhx

dIhx
dt

+ ZSv

dSv

dt
+ ZIvw

dIvw
dt

+ ZIvx

dIvx
dt

, (17)

where the ZSh
, ZIhw , ZIhx, ZSv

, ZIvw , and ZIvx are the adjoint variables or co-
state variables. Applying Pontryagin’s Maximum Principle [32] and the exis-
tence of results for the optimal control from [47], the following theorem is state
and proved:

Theorem 4.2 For the optimal control uopt1 , uopt2 and uopt3 that minimizes J(u1, u2, u3)
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over U, there exist adjoint variables ZSh
, ZIhw , ZIhx, ZSv

, ZIvw , ZIvx satisfying

dZSh

dt
= (1− α1u1)σb[Ivw(ZSh

− ZIhw) + Ivx(ZSh
− ZIhx)] + µhZSh

,

dZIhw

dt
= (rw + u2ρ)(ZIhw − ZSh

) + (µh + δ)ZIhw + (1− α1u1)σcSv(ZSv
− ZIvw)− B1,

dZIhx

dt
= rx(ZIhx − ZSh

) + (µh + δ)ZIhx + (1− α1u1)σcSv(ZSv
− ZIvx)− B2,

dZSv

dt
= (1− α1u1)σc[Ihw(ZSv

− ZIvw) + Ihx(ZSv
− ZIvx)] + (µv + α2u3)ZSv

,

dZIvw

dt
= (1− α1u1)σbSh(ZSh

− ZIhw) + (µv + α2u3)ZIvw ,

dZIvx

dt
= (1− α1u1)σbSh(ZSh

− ZIhx) + (µv + α2u3)ZIvx,

with transversality conditions

ZSh
(tf) = ZIhw(tf ) = ZIhx(tf ) = ZSv

(tf) = ZIvw(tf ) = ZIvx(tf ) = 0. (18)

Furthermore, in the interior of the control set U, the optimal control uopt1 ,uopt2

and uopt3 are given by

uopt1 = max

{
0,min

{
1,
P1

A1

}}
,

uopt2 = max

{
0,min

{
1,
ρIopthw (ZIhw − ZSh

)

A2

}}
,

uopt3 = max

{
0,min

{
1,
α2(S

opt
v ZSv

+ Ioptvw ZIvw + Ioptvx ZIvx)

A3

}}
.

where, P1 = α1bσS
opt
h (Ioptvw (ZIhw−ZSh

)+Ioptvx (ZIhx−ZSh
))+cα1σS

opt
v (Iopthw (ZIvw−

ZSv
) + Iopthx (ZIvx − ZSv

) and ZSh
, ZIhw , ZIhx , ZSv

, ZIvw and ZIvx are solutions
of Equation (18).

Proof: To obtain the costate system (18), the partial derivative of the Hamil-
tonian (H) (17) with respect to each state variable is computed. Thus,

dZSh

dt
= −

∂H

∂Sh

; ZSh
(tf) = 0,

...
dZIvx

dt
= −

∂H

∂Ivx
; ZIvx(tf) = 0.
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The optimality equations (19) are obtained by finding the partial derivative of
the Hamiltonian (H) (17) with respect to each control variable and solving for
uopti (optimal control) where the derivative vanishes. Thus

∂H

∂ui

∣∣∣
u
opt
i

= 0; for i = 1, 2, 3, (19)

and solving for uopt1 , uopt2 and uopt3 subject to the constraints of the control
parameters, the characterization equations (19) are obtained.

Since the state (1) and costate (18) systems are bounded and satisfy Lips-
chitz condition, the uniqueness of the optimal control can obtained by following
techniques in [21, 31]. �

In the next section, the numerical results for optimal control in the presence
of parameter uncertainties are discussed.

5 Numerical results and discussion

Various forms of control strategies that can be applied to control the spread of
malaria in the community are studied. State system (1), costate system (18)
and the optimal characterization (19) are solved numerically in an algorithmic
form as given in Algorithm 1.

Algorithm 1 : Optimal control using MCMC samples

1: Take a model parameter from the MCMC subchain selected for control
runs.

2: Subdivide the time interval [t0, tf ] into N equal subintervals. Set the state
variable at different time as ~x = x(t) and assume a piecewise-constant

control u
(0)
j (t), t ∈ [tk, tk+1], where k = 0, 1, · · · , N − 1 and j = 1, 2, 3.

3: Apply the assumed control u
(0)
j (t) to integrate the state system with an

initial condition forward in time [t0, tf ] using the fourth-order Runge-Kutta
method.

4: Apply the assumed control u
(0)
j (t) and state solution (~x) from step 3 to

integrate the costate system with transversality condition backward in time
[tf , t0] using the fourth-order Runge-Kutta method.

5: Update the control by entering the new state and costate solutions ~x and
~Z respectively through the characterization equations (19).

6: STOP the algorithm if
‖~xi+1 − ~xi‖

‖~xi+1‖
< ǫ [45]; otherwise update the control

using a convex combination of the current and previous control and GO
to Step 2. Here, ~xi is the ith iterative solution of the state system and ǫ is
an arbitrarily small positive quantity.

7: Repeat Step 1 to 6 until all parameter samples selected from the MCMC
chain are treated.
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The Algorithm 1 combines the usual Pontryagin iteration with repeated
parameter selections from the sampled chain. Different ways to make the
selection are discussed below.

Since it is unethical not to treat symptomatic individuals, we simulate three
different scenarios when there is at least one preventive control (ITNs or IRS)
combined with treatment control as discussed in the following subsections.

5.1 Optimal use of ITNs, IRS and treatment of infec-

tious individuals

The use of ITNs (u1), IRS (u3) and treatment of infectious individuals (u2)
controls are used to optimize the objective function J in Equation (15). Figure
4 subplots (a, b) and (c, d) shows the predictive distribution calculated from
MCMC (gray region) and MAP estimate (bold line) for infectious humans and
mosquitoes respectively. Figure 5 subplots (a - c) shows the optimal predictive
distribution for the control variables. It can be seen that, a single prediction
by MAP and predictive distribution calculated from MCMC samples coincide
in Figure 4 subplot c and d but there are clear uncertainties in the predictive
distribution calculated from MCMC samples for the state variables shown in
Figure 4 (a, b) and in all control profiles shown in Figure 5 subplots (a - c).

The number of humans and mosquitoes infected with drug sensitive para-
sites tends to zero at time t = 100 days (see Figure 4 subplot a and c), while
the number of those with drug resistant infections decreases to zero after about
1 year of intervention (Figure 4 subplot b and d). The optimal control pro-
files estimated from MAP shows that the control effort must be maintained
at maximum for 297, 90 and 185 days for the use of ITNs (u1), treatment
(u2), and IRS (u3) respectively before reducing to their lower bound (Figure 5
subplots a - c). While the optimal predictive control profiles calculated from
MCMC samples shows that u1, u2 and u3 are at 100% for 240 to 363 days
with mean of 297 days, 87 to 92 days with mean of 90 days and 151 to 223
days with mean of 185 days respectively (Figure 5 subplots a - c). Note, in
this control strategy the uncertainty in the model parameter does not affect
the model response (see Figure 4) which imply the robustness of the optimal
control approach.

5.2 Optimal use of ITNs and treatment of symptomatic
individuals

We use two controls u1 and u2 to optimize the objective function J (15),
while u3 = 0. With this optimal control strategy the human and mosquito
population infected with drug sensitive parasites nears zero after 200 days of
intervention (Figure 6 a and c). While at the end of intervention period (540
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days) the number of humans and mosquitoes with drug resistant infections
estimated fromMCMC samples are between 22 to 189 (Figure 6 b) and between
6 to 47 (Figure 6 d) respectively. Optimal control profiles are shown in Figure
7 subplot (a) and (b). Figure 7 (a) shows that the effort of using ITNs is
maintained at the maximum effort for entire control period. The predictive
MAP estimate shows that the drug treatment control (u2) is maintained at
100% for 212 days before gradually dropping to zero while the analysis of
MCMC samples shows that u2 is maintained at the maximum value for 200 to
231 days with mean of 213 days before it declines to zero (Figure 7 b). Note,
in this control strategy the uncertainty in the model parameter affects both
the model response and the optimal control profiles (see Figures 6 and 7).

5.3 Optimal use of insecticide spraying and treatment
of symptomatic individuals

In this scenario the combination of IRS (u3) and treatment (u2) controls are
used to optimize the objective function J (15) while the control on the use of
ITNs is set to zero. The number of humans and mosquitoes with drug sensitive
infections tends to zero after the first 100 days of intervention (Figure 8 a and
c). On the other hand the number of humans and mosquitoes infected with
drug resistant parasites also decreases (Figure 8 b and d). At day 540 the
predictive MAP estimate shows that 6 humans and no mosquitoes will still be
infected with resistant parasites, while analysis of MCMC samples shows that
between 0 to 35 humans and 0 to 5 mosquitoes has drug resistant infections
(Figure 8 b and d).

The control profiles showing a single prediction by MAP and the predictive
distribution calculated from MCMC samples for u2 and u3 are shown in Figure
9 subplot (a) and (b) respectively. The predictive MAP estimate shows that
u2 and u3 are at maximum for 136 and 505 days respectively before dropping
gradually to their lower bound. While the predictive control calculated from
MCMC samples shows that u2 and u3 are maintained at 100% for 133 to
142 days with mean of 137 days (Figure 9 a) and for 431 to 530 days with
mean of 502 days (Figure 9 b) respectively. Note, in this control strategy the
uncertainty in the model parameter affects both the model response and the
optimal control profiles (see Figures 8 and 9).



2720 G. G. Mwanga, H. Haario, B. K. Nannyonga

0 100 200 300 400 500

100

200

300

400

(a) Drug sensitive

H
um

an
s

0 100 200 300 400 500

100

200

300

400

(b) Drug resistant

H
um

an
s

0 100 200 300 400 500

1000

2000

3000
(c) Drug sensitive

days

M
os

qu
ito

es

0 100 200 300 400 500

500

1000

1500

2000
(d) Drug resistant

days

M
os

qu
ito

es

Figure 4: The predictive posterior distribution of state variables calculated
from MCMC (light gray) and by MAP estimate (bold line) for u1 6= 0, u2 6= 0
and u3 6= 0.
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Figure 5: Control profiles using parameter posterior distribution calculated
from MCMC (light gray) and by MAP estimate (bold line) when u1 6= 0,
u2 6= 0 and u3 6= 0.
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Figure 6: The predictive posterior distribution of state variables and control
profiles calculated from MCMC (light gray) and by MAP estimate (bold line)
when u1 6= 0, u2 6= 0 and u3 = 0.
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Figure 7: The control profiles using parameter posterior distribution calculated
from MCMC (light gray) and by MAP estimate (bold line) when u1 6= 0, u2 6= 0
and u3 = 0.
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Figure 8: The predictive posterior distribution of state variables and control
profiles calculated from MCMC (light gray) and by MAP estimate (bold line)
when u1 = 0, u2 6= 0 and u3 6= 0.
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Figure 9: The control profiles (c and d) using parameter posterior distribution
calculated from MCMC (light gray) and by MAP estimate (bold line) when
u1 = 0, u2 6= 0 and u3 6= 0.

5.4 Uncertainty in the weights of the cost functional

In most cases the value of the weights A1, A2 and A3 associated with con-
trols u1, u2 and u3 respectively are not well known. To study the effect of
uncertainty in the value of the weights of objective functional in the optimal
control results; instead of random sampling we choose the value of the weights
deterministically by using the method of Design of Experiment. The formula
W = W0 + W0ηD is used. Here D is the design matrix obtained by using
central composite design (CCD) with omitted repeated points, η is the uncer-
tainty measure and W0 is the original (central) weights replicated to the size
of D. Figures 10 and 11 illustrate the effect of uncertainty in the value of the
weights of objective function J (15). Figure 10 shows a negligible uncertainties
in the state solutions while Figure 11 shows high uncertainties in the optimal
control profiles as the consequence of changing the uncertainty measure η. The
uncertainties observed in the optimal control profiles affects the total cost of
objective function J (15). These results shows that if the best control strategy
(in this case, all three controls) is used to optimize the objective functional J
(15), the solutions of the state variables approximately remain unchanged even
though the control profiles depicts high uncertainties. That is, the total cost of
objective functional varies with respect to the uncertainty in the weight value;
however the final aim of controlling disease is rather insensitive with respect
to the exact control profile.

5.5 Optimal control using extreme values

To reduce the computation cost of running an optimal control for all parameter
estimates from MCMC, the extreme values of the posterior distribution of
parameters (MCMC chain) may be used. To extract the extreme values from
the MCMC chain the Principal Component Analysis (PCA) is used. The
PCA is used in such a way that the first points are at the tails of the sampled
parameter distribution along the first principal axes, which captures the largest
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Figure 10: The predictive posterior distribution of state variables using mean
of MCMC chain and different weights: η = 0.1 (darker gray), η = 0.3 (dark
gray) and η = 0.6 (light gray). The solid line is when the original weight (W0)
is used. The control strategy is u1 6= 0, u2 6= 0 and u3 6= 0.
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Figure 11: Distribution of control profiles using mean of MCMC chain and
different weights: η = 0.1 (darker gray), η = 0.3 (dark gray) and η = 0.6 (light
gray). The solid line is when the original weight (W0) is used. The control
strategy is u1 6= 0, u2 6= 0 and u3 6= 0.

possible parameter variance. The next pair of points is taken from tails of the
succeeding principal component which has the highest variance possible in a
direction orthogonal to the first axes. If all parameters are ’well’ identified
the shape of the posterior distribution of the parameter will be an ellipsoid.
Therefore, the extreme values extracted from the MCMC chain using PCA;
will be at the end points of the major axes of the ellipse. Here, we present the
optimal control algorithm (Algorithm 1) using four extreme values given by the
two first principal axes, when all three controls are used (that is, u1 6= 0, u2 6= 0
and u3 6= 0). Figures 12 and 13 shows that the predictive estimate of state
and controls variables respectively. It can be seen that the predictive value of
states and controls calculated by extreme values encloses those estimated from
a subset of parameter samples randomly chosen from the MCMC chain.
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Figure 12: The predictive posterior distribution of state variables using a sub-
set of a randomly selected parameter posterior distribution calculated from
MCMC (light gray) and by extreme values (dotted lines) when u1 6= 0, u2 6= 0
and u3 6= 0.
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Figure 13: The control profiles using a subset of a randomly selected parameter
posterior distribution calculated from MCMC (light gray) and by extreme
values (dotted lines) when u1 6= 0, u2 6= 0 and u3 6= 0.

6 Conclusion

A mathematical model for transmission of antimalarial drug resistance in the
community is presented. In the model, control of malaria by use of treated
bed nets (ITNs), indoor spraying of adult mosquitoes (IRS) and treatment
of symptomatic individuals is analyzed. The detailed analysis of the model
is carried out. Computation of the basic reproduction number for both drug
sensitive and drug resistant parasites using next generation matrix approach is
done. Results from analysis shows that if the human population is at equilib-
rium and the dominant reproduction number is below unity, then the disease
free equilibrium is globally asymptomatic stable. Furthermore, the model ex-
hibits multiple endemic equilibriums if there is coexistence of two parasite
strains. However, if only drug sensitive wild-type parasite strain is present in
the community, the model has at most two endemic equilibriums.
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The analysis of the effect of parameter uncertainty to the model response is
presented using Markov chain Monte Carlo (MCMC) method. For the MCMC
sampling the Delayed Rejection Adaptive Metropolis (DRAM) algorithm is
used. Three MCMC diagnostic tests which are trace plots, scatter plots in both
1 and 2 dimension, and the predictive distribution of the state variables were
used. Five parameters of the model are well identified. It is therefore concluded
that the use of MCMC in parameter estimation supersedes the use of a point
estimate like least square method as the MCMC provide the distribution of all
possible parameter values that statistically fit the data equally well.

The analysis of optimal control in the presence of model parameter uncer-
tainties using Pontryagins Maximum Principle is presented. Numerical sim-
ulation was carried out to determine the best combination of three controls
which provides the best strategy to control the transmission of malaria in a
community. It was observed that combination of three controls provides the
best control compared to the use of one preventive control (ITNs or IRS)
and the treatment of symptomatic individuals. It is further observed that us-
ing one preventive control (ITNs or IRS) and the treatment of symptomatic
individuals requires the maintenance of the preventive control at maximum
throughout the entire period of intervention. This intervention requirement
is too ambitious and may not be achieved. This highlights the importance
of using combination of more than one preventive control such as ITNs, IRS,
repellents, just to mention but a few in addition to treatment of symptomatic
individuals to have a good malaria control strategy. This is paramount es-
pecially in this era where Plasmodium falciparum has developed resistance to
almost all available antimalarial drugs.

Finally, the effect of parameter uncertainties to the optimal control output
is presented by running the optimal control algorithm with different sampled
parameters calculated from the MCMC. It is observed that the uncertainty in
the model parameter values leads to uncertainties in the optimal control. Thus
using a point estimate like least square method (MAP), can provide only the
mean value of the expected costs of the controls. The optimal control results
which rely on MAP estimates may lead to underestimation of the real costs
of the disease control. It is observed that even if different parameters selected
from the parameter distribution lead to different optimal controls in the details,
the practically relevant overall recipe for control remains the same provided
that one has the best control strategy. Furthermore, we showed that there
is need of careful choice of the weight values for the controls in the objective
functional to avoid over-estimation of the total costs of disease control. Finally,
it was shown that to reduce the CPU computation time instead of executing
the optimal control algorithm using all MCMC samples, the extreme parameter
values computed by the method of principal component analysis (PCA) may
be used.
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lessons for the future from the Global Malaria Eradication Programme
(1955–1969), PLoS medicine, 8 2011.

[25] J. Song, D. Socheat, B. Tan, P. Dara, C. Deng, S. Sokunthea, S. Seila,
F. Ou, H. Jian, G. Li, et al, Rapid and effective malaria control in Cam-
bodia through mass administration of artemisinin-piperaquine, Malaria
Journal, 9 (2010), 57.

[26] J. Tchuenche, S. Khamis, F. Agusto, and S. Mpeshe, Optimal control and
sensitivity analysis of an influenza model with treatment and vaccination,
Acta Biotheoretica, 59 (2011), 1–28.

[27] K. Blayneh, Y. Cao, and H.-D. Kwon, Optimal control of vector-borne
diseases: treatment and prevention, Discrete Contin. Dyn. Syst., Ser. B,
11 (2009) 587–611.

[28] K. Hattaf, M. Rachik, S. Saadi, Y. Tabit, and N. Yousfi, Optimal con-
trol of tuberculosis with exogenous reinfection, Applied Mathematical
Sciences, 3 (2009), 231–240.

[29] K. W. Blayneh, A. B. Gumel, S. Lenhart, and T. Clayton, Backward
bifurcation and optimal control in transmission dynamics of West Nile
virus, Bulletin of mathematical biology, 72 (2010), 1006–1028.

[30] K. Dietz, L. Molineaux, and A. Thomas, A malaria model tested in the
African savannah, Bulletin of the World Health Organization, 50 1974.

[31] K. R. Fister, S. Lenhart, and J. S. McNally, Optimizing chemotherapy
in an HIV model, Electronic Journal of Differential Equations, 32 (1998)
1 – 12.

[32] L. Pontryagin, V. Boltyanskii, R. Gamkrelidze, and E. Mishchenko, The
Mathematical Theory of Optimal Process, Wiley, New York, 1962.

[33] M. Aregawi, R. E. Cibulskis, M. Otten, and R. Williams, World malaria
report 2009, World Health Organization, 2009.



Optimal control under parameter uncertainty 2729

[34] N. Chitnis, J. Cushing, and J. Hyman, Bifurcation analysis of a mathe-
matical model for malaria transmission, SIAM Journal on Applied Math-
ematics, 67 (2006), 24–45

[35] N. Protopopoff, J. Matowo, R. Malima, R. Kavishe, R. Kaaya, A. Wright,
P. A. West, I. Kleinschmidt, W. Kisinza, F. W. Mosha, and M. Row-
land, High level of resistance in the mosquito Anopheles gambiae to
pyrethroid insecticides and reduced susceptibility to bendiocarb in north-
western Tanzania, Malaria Journal, 12 (2013), 149.

[36] O. Diekmann, J. Heesterbeek, and J. Metz, On the definition and the
computation of the basic reproduction ratio R0 in models for infectious
diseases in heterogeneous populations, Journal of mathematical biology,
28 (1990), 365–382.

[37] P. Van den Driessche and J. Watmough, Reproduction numbers and sub-
threshold endemic equilibria for compartmental models of disease trans-
mission, Mathematical biosciences, 180 (2002), 29–48.

[38] R. Carter and K. N. Mendis, Evolutionary and historical aspects of the
burden of malaria, Clinical Microbiology Reviews, 15 (2002), 564–594.

[39] R. C. Reiner, T. A. Perkins, et al., A systematic review of mathematical
models of mosquito-borne pathogen transmission: 1970–2010, J R Soc
Interface, 10 2013.

[40] R. Ross, Report on the Prevention of Malaria in Mauritius, Dutton &
Company, New York, 1908.

[41] R. Ross, Some quantitative studies in epidemiology, Nature, 87 (1911),
466–467.

[42] S. Anita, V. Arnauto, and V. Capasso, An Introduction to Optimal
Control Problems in Life Scieces and Economics, Birkhauser, 2011.

[43] S. M. Lenhart and J. T. Workman, Optimal Control Applied to Biological
Models, CRC Press, 2007.

[44] T. Jaenisch, D. J. Sullivan, A. Dutta, S. Deb, M. Ramsan, M. K. Oth-
man, R. Gaczkowski, J. Tielsch, S. Sazawal, et al., Malaria incidence
and prevalence on Pemba Island before the onset of the successful control
intervention on the Zanzibar archipelago, Malaria Journal, 9 (2010).

[45] T. Kar and B. Ghosh, Sustainability and optimal control of an exploited
prey predator system through provision of alternative food to predator,
Biosystems, 109 (2012), 220 – 232.



2730 G. G. Mwanga, H. Haario, B. K. Nannyonga

[46] U. Ledzewicz, H. Schaettler, M. R. Gahrooi, and S. M. Dehkordi, On the
mtd paradigm and optimal control for multi-drug cancer chemotherapy,
Mathematical Biosciences and Engineering, 10 (2013), 803–819.

[47] W. H. Fleming and R. W. Rishel, Deterministic and Stochastic Optimal
Control, Springer New York, 1975.

[48] Newman, Robert D, World Malaria Report 2011, 2012.

[49] W. R. Gilks, S. Richardson, and D. J. Spiegelhalter, Markov chain Monte
Carlo in Practice. Chapman and Hall/CRC, 1996.

[50] W. Gu, G. F. Killeen, C. M. Mbogo, J. L. Regens, J. I. Githure, and
J. C. Beier, An individual-based model of Plasmodium falciparum malaria
transmission on the coast of Kenya, Transactions of the Royal Society of
Tropical Medicine and Hygiene, 97 (2003), 43–50.

[51] W. P. O’Meara, J. N. Mangeni, R. Steketee, and B. Greenwood, Changes
in the burden of malaria in sub-Saharan Africa, The Lancet infectious
diseases, 10 (2010), 545–555.

Received: March 21, 2014



PUBL. IV

Gasper G. Mwanga, Heikki Haario and Vincenzo Capasso. Optimal control problems of epi-
demic systems with parameter uncertainties: Application to a two-age-classes model for malaria
transmission with asymptomatic carriers. Accepted in Mathematical Biosciences.

Reprinted, with the permission of Elsevier
from the journal of Mathematical Biosciences.
c© Elsevier Publishing Company.





Optimal control problems of epidemic systems with parameter
uncertainties: Application to a malaria two-age-classes

transmission model with asymptomatic carriers

Gasper G. Mwangaa,∗, Heikki Haarioa, Vicenzo Capassoa,b,

aDepartment of Mathematics and Physics, Lappeenranta University of Technology, P.O.Box 20, FI-53851
Lappeenranta, Finland

b Gregorio Millan Institute Fluid Dynamics, Nanoscience and Industrial Mathematics Escuela Politecnica Superior
Universidad Carlos III de Madrid Av. de la Universidad, 30 28911 Leganes, Spain.

Abstract

The main scope of this paper is to study the optimal control practices of malaria, by discussing
the implementation of a catalogue of optimal control strategies in presence of parameter uncer-
tainties, which is typical of infectious diseases data. In this study we focus on a deterministic
mathematical model for the transmission of malaria, including in particular asymptomatic car-
riers and two age classes in the human population. A partial qualitative analysis of the relevant
ODE system has been carried out, leading to a realistic threshold parameter. For the determin-
istic model under consideration, four possible control strategies have been analyzed: the use of
Long-lasting treated mosquito nets, indoor residual spraying, screening and treatment of symp-
tomatic and asymptomatic individuals. The numerical results show that using optimal control the
disease can be brought to a stable disease free equilibrium when all four controls are used. The
Incremental Cost-Effectiveness Ratio (ICER) for all possible combinations of the disease-control
measures are determined. The numerical simulations of the optimal control in the presence of
parameter uncertainty demonstrate the robustness of the optimal control: the main conclusions
of the optimal control remain unchanged, even if inevitable variability remains in the control
profiles. The results provide a promising framework for the designing of cost-effective strategies
for disease controls with multiple interventions, even under considerable uncertainty of model
parameters.

Keywords: Malaria, nonlinear ODE models, Optimal control, Parameter uncertainty, MCMC

1. Introduction

Malaria is a serious parasitic disease in less developed countries, specifically, in Sub-Saharan
Africa, causing high morbidity and mortality. It is estimated that nearly 300 to 400 million
malaria cases occur worldwide, out of which 1.5 to 2 million die every year. Five species
of Plasmodium can infect humans: P.falciparum, P.vivax, P.ovale, P.malariae and P.Knowlesi.
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P.falciparum is the commonest and causes the most severe malarial infection. The female
anopheles mosquito is the primary vector of malarial parasite. The clinical manifestation of
malaria disease varies over a spectrum, ranging from severe and complicated to mild and un-
complicated to asymptomatic [1, 2]. Due to the increase in use of more sensitive molecular
diagnostic methods such as, Polymerase Chain Reaction (PRC) and Loop-Attenuated Isothermal
Amplification (LAMP) it is now known that the prevalence of asymptomatic malaria is higher
than previously thought [2, 3]. Asymptomatic malaria can be defined as a case where an individ-
ual harbors the parasite capable of transmitting the disease, but without exhibiting symptoms; it
exists between 50 and 200 parasites per µL of blood which is low than detectable threshold of
microscope [2]. The increase in the number of asymptomatic P. falciparum carriers is observed
in both areas with high intensity (see. eg. [4, 5]) as well as low intensity (see. eg. [6, 7])
malaria transmission. This high prevalence of asymptomatic carriers, poses a serious danger to
the current success gained in control of malaria in the most of malaria endemic countries.

In this paper a catalogue of possible optimal control strategies have been proposed in con-
nection with a conceptual mathematical model of malaria transmission including among its key
epidemiological features two-age-classes (child and adult) and asymptomatic carriers. Based on
various epidemiological issues taken from current literature (cf. [2, 8]) the proposed model de-
scribes the interaction of the human host population and the vectorial population according to
Figure 1.

The total mosquito population is divided into two compartments, the uninfected susceptible
subpopulation, and the infected subpopulation, capable of transmitting the disease to humans via
bites. Since the interest of the model is to study the effect of various interventions to control the
spread of malaria, we assume that the vector population is comprised of only female Anopheles
mosquitoes. It is assumed that there are enough male mosquitoes for successful mating with
females.

On the other hand the total human population is divided into two major classes, juveniles and
adults, in order to take into account different transmission rates, due to different living habits.
Each class is then divided into three compartments, specifically susceptibles, asymptomatic in-
fectives and symptomatic infectives. Finally, vital dynamics of both mosquitoes and humans is
taken into account, via differentiated birth and death rates for humans and mosquitoes; we have
assumed that human newborns go into the juvenile class. Relevant parameters are listed in Table
1.

Most malaria endemic countries have successfully reduced the burden of malaria due to scale
up of interventions. In this situation targeting asymptomatic malaria carrier is important. Few
authors have developed mathematical models for malaria transmission which includes an asymp-
tomatic infectious class. Filipe et al. [8] developed an age structured model of malaria transmis-
sion where infectious class is divided into, severe disease, asymptomatic patent infection and
infected with undetectable parasite density. Mandal et al. [9] extended the Filipe et al. [8] model
by introduction of environmental variability. Águas et al. [10] also developed an age structured
model with asymptomatic carriers under the assumption that only immune individuals are capa-
ble of acquiring asymptomatic infection.

Mathematical modeling can play a crucial role in the evaluation of the impact and the cost
effectiveness of different control measures needed during the control and pre-elimination stage
of malaria. To the best of our knowledge no paper have applied an optimal control approach
to study the role of asymptomatic carriers in the onwards transmission of malaria. Four con-
trol strategies have been implemented here (in parentheses ui’s denote the respective quantita-
tive efforts); the use of Long-lasting treated mosquito nets (LLINs) to protect individuals from
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mosquito bites (u1); treatment of symptomatic individuals with antimalarial drugs (u2); screen-
ing and chemotherapy treatment of asymptomatic infective individuals (u3); and finally killing
mosquitoes by Indoor Residual Spraying (IRS) (u4). The impact of the control measures such as
LLINs differ across the age profile, which again motivates our choice of an age structured model
[11, 12].

A common shortcoming of many epidemiological models, is the absence of real data. There-
fore, conclusions based on mathematical models depend upon the choice of different parameters
from literature. In this paper we face the problem on how robust are optimal control strategies
based on models whose parameters carry uncertainties derived from various sources. Indeed, the
variability in the parameters may be due to the differences in parasites involved in infection, vari-
ation in mosquito species, environmental variability, changes in ecological systems, design and
set-up of field experiments just to mention but a few. In this paper we consider as a case study a
conceptual mathematical model for malaria; we present a Markov chain Monte Carlo (MCMC)
method according to which we can map the uncertainty in the disease dynamics to uncertainty in
the parameter values of the supporting mathematical model. We use then the MCMC approach
to study the model sensitivity and robustness of a catalogue of possible optimal control strategies
in presence of model parameters uncertainties.

The results obtained in Section 6 of this paper show that for an effective control strategy
the main conclusions of the optimal control remain unchanged, even if inevitable variability
remains in the control profiles. This numerical simulation results demonstrate the robustness of
the optimal control approach.

This paper is organized as follows. In Section 2, the descriptions of the parameters and
variables, and the assumptions they satisfy and model formulation are done. In Section 3, via
monotone methods for the qualitative analysis of ODE systems, we identify a realistic threshold
parameter for a reduced model, which may offer an insight for the full system. In Section 4, we
give a detailed analysis of the optimal control. In Section 5, we carry-out the numerical analysis
of an optimal control and discussion including the analysis of the cost-effectiveness of different
malaria intervention scenarios. In Section 6, we present the analysis of the robustness of an
optimal control problem using the MCMC method. In Section 7, we give a brief summary and
make conclusions.

2. Description of the model

The model developed in this paper both human and mosquito (vector) population are mod-
eled as Susceptible / Infected (SI). The adult female mosquitoes are categorized into uninfected
(susceptible) mosquitoes, S v and the infected mosquitoes, Iv. Therefore the total mosquito pop-
ulation Nv = S v + Iv.

The model stratifies the total human population Nh into six classes according to their age and
disease status, namely: susceptible children (X), susceptible adults (Y), asymptomatic infected
children (X1), symptomatic infected children (X2), asymptomatic infected adults (Y1) and symp-
tomatic infected adults (Y2). Hence, Nh = X + X1 + X2 + Y + Y1 + Y2. The schematic diagram
1, summaries the dynamics of malaria transmission. The parameters of the model are outlined in
Table 1.

In the mathematical model as is done in other models (see. eg. [13] ) we have denoted by λv

the infection rate, due to the infective humans, acting on each susceptible mosquito, while by λh

we have denoted the infection rate, due to the infective mosquitoes, acting on each susceptible
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Figure 1: The flux diagram illustrating the transmission of malaria parasites in humans and mosquitoes. X and Y repre-
sents susceptible child and adult humans respectively while subscript 1 and 2 represents asymptomatic and symptomatic
infection respectively. S v and Iv denotes susceptible and infectious mosquitoes respectively. The continuous line rep-
resents nonlinear transmission rate of infection while the dash line represents the constant transition between different
compartments.

human individual. It is assumed that the individuals in the adult subpopulation have acquired an
immunity and hence they are able to clear fast the infections (ry > rx), have prolonged period of
asymptomatic P. falciparum infection (1/νy > 1/νx) and suffers less disease induced mortality
(δx > δy) compared to children.

The compartmental mathematical model for malaria transmission is represented by the sys-
tem of non-linear ordinary differential equations (1).

dX
dt

= ηhNh + νxX1 + ϕrxX2 − λhX − (g + µh)X,

dX1

dt
= (1 − fx)λhX + (1 − ϕ)rxX2 − (g + νx + µh)X1,

dX2

dt
= fxλhX − (g + rx + µh + δx)X2,

dY
dt

= gX + νyY1 + ϕryY2 − λhY − µhY,

dY1

dt
= (1 − fy)λhY + (1 − ϕ)ryY2 + gX1 − (νy + µh)Y1,

dY2

dt
= fyλhY + gX2 − (ry + µh + δy)Y2, (1)

dS v

dt
= ηvNv − λvS v − µvS v,

dIv

dt
= λvS v − µvIv.

λh =
baIv

Nh
and λv =

acIh

Nh
, with Ih = X1 + X2 + Y1 + Y2.
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Table 1: The descriptions of the parameters for the malaria model (1).
ηh: Per capita birth rate of humans.
ηv: Per capita birth rate of mosquitoes.
a: Mosquito biting rate.
b: Probability that a bite results in transmission of sporozoites from an infected mosquito

to a susceptible human.
c: Probability that a bite results in transmission of gametocytes from an infected human

to a susceptible mosquito.
fx: Proportion of symptomatic infection in children.
fy: Proportion of symptomatic infection in adults.
νx: Natural recovery rate from asymptomatic infection for children.
νy: Natural recovery rate from asymptomatic infection for adults.
rx: Natural recovery rate from symptomatic infection for children.
ry: Natural recovery rate from symptomatic infection for adults.
ϕ: Modification parameter for recovery rate from symptomatic infection.
g: Human maturity rate.
µv: Mosquito natural mortality rate.
µh: Human natural mortality rate.
δy: Disease induced mortality rate in adults.
δx: Disease induced mortality rate in children.

From equation (1) the total human and mosquito population can be given as

dNh

dt
= ηhNh − µhNh − δxX2 − δyY2,

dNv

dt
= ηvNv − µvNv. (2)

3. Basic analysis of the model

In this section we investigate the basic properties of an autonomous system (1). Firstly,
we converting model (1) into fractional quantities by scaling each subpopulation with the total
population at any time t as x(t) = X(t)/Nh(t), y(t) = Y(t)/Nh(t),· · · , iv(t) = Iv(t)/Nv(t) and
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defining Nv/Nh = m, then the system (1) will be written as

dx
dt

= ηh(1 − x) + νxx1 + ϕrxx2 − bamivx − gx + x(δxx2 + δyy2),

dx1

dt
= (1 − fx)bamivx + (1 − ϕ)rxx2 − (g + νx)x1 − ηhx1 + x1(δxx2 + δyy2),

dx2

dt
= fxbamivx − (g + rx + δx)x2 − ηhx2 + δxx2

2 + δyx2y2,

dy
dt
= gx + νyy1 + ϕryy2 − bamivy − ηhy + y(δxx2 + δyy2),

dy1

dt
= (1 − fy)bamivy + (1 − ϕ)ryy2 + gx1 − νyy1 − ηhy1 + y1(δxx2 + δyy2),

dy2

dt
= fybamivy + gx2 − (ry + δy)y2 − ηhy2 + δxx2y2 + δyy2

2,

dsv

dt
= ηv(1 − sv) − ac(x1 + x2 + y1 + y2)sv,

div
dt

= ac(x1 + x2 + y1 + y2)sv − ηviv. (3)

For simplicity, we carry a qualitative analysis for a reduced model, including a single age struc-
ture. To obtain a single age structure for human population from equation (3), we set the state
variables, y = y1 = y2 = 0 and the model parameter δy = g = 0 which leads to the following
system

dx
dt

= ηh(1 − x) + νxx1 + ϕrxx2 − bamivx + δxxx2,

dx1

dt
= (1 − fx)bamivx + (1 − ϕ)rxx2 − νxx1 − ηhx1 + δxx1x2,

dx2

dt
= fxbamivx − (rx + δx)x2 − ηhx2 + δxx2

2,

dsv

dt
= ηv(1 − sv) − ac(x1 + x2)sv,

div
dt

= ac(x1 + x2)sv − ηviv. (4)

Since x+x1+x2 = 1 and sv+iv = 1; then the system (4) can be reduced by making the substitution
x = 1 − (x1 + x2) and sv = 1 − iv to obtain

dx1

dt
= (1 − fx)bam(1 − (x1 + x2))iv + (1 − ϕ)rxx2 − νxx1 − ηhx1 + δxx1x2,

dx2

dt
= fxbam(1 − (x1 + x2))iv − (rx + δx)x2 − ηhx2 + δxx2

2,

div
dt

= ac(x1 + x2)(1 − iv) − ηviv. (5)

By adding the first two equations in system (5) and denote y = x1 + x2 we obtain

dy
dt
= bam(1 − y))iv − (ϕrx + δx)x2 − νxx1 − ηhy + δxx2y,

div
dt

= acy(1 − iv) − ηviv, (6)
6



by eliminating some terms in system (6) will lead to

dy
dt
≤ bam(1 − y))iv − ηhy + δxy2,

div
dt

= acy(1 − iv) − ηviv. (7)

Consider now

dω
dt

= bam(1 − ω)χ − ηhω + δxω
2,

dχ
dt

= acω(1 − χ) − ηvχ. (8)

If we introduce the vector function f : R2
+ → R2

+ defined as

f (ω, χ) =
(
bam(1 − ω)χ − ηhω + δxω

2,
acω(1 − χ) − ηvχ

)
(9)

and the vectors z = (y, iv) and z = (ω, χ) we may state that

dz

dt
≤ f (z) (10)

dz
dt
= f (z), (11)

by taking into account that m ≥ 0.
Since f is a quasimonotone function, thanks to the comparison Theorem A.32 in [14] we

may state that if at time t = 0 z(0) = z(0), then at any time t > 0 it will be z(t) ≤ z(t).
The Jacobi matrix of the function f is

J f (ω,χ) =

(
−(bamχ + ηh − δxω) bam(1 − ω),

ac(1 − χ) −(acω + ηv)

)
(12)

So that at (0, 0) it becomes

J f (0,0) =

(
−ηh bam,
ac −ηv

)
(13)

For this matrix the Perron-Frobenius theory applies, so that the leading eigenvalue is real. In this
simple (two dimensional) case, we may compute directly the eigenvalues λ± of J f (0,0) and for
∆ = ηh ηv − (abm)(ac) to obtain

λ± =
1
2

(−(ηh + ηv) ±
√

(ηh + ηv)2 − 4∆), (14)

which shows that both eigenvalues are real; moreover for ∆ > 0 both eigenvalues are real and
strictly negative. We may finally state the following sufficient condition.

Theorem 3.1. Let R0 :=
(abm)(ac)
ηh ηv

. If R0 < 1, then the trivial solution of system is locally

asymptotically stable; i.e. small epidemic outbreaks will tend to extinction.
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Unfortunately we have not been able to prove yet that this condition is also necessary, so to
have a full threshold theorem. Anyhow, a set of numerical simulations show that if we start
close to zero (R0 < 1) the disease goes to extinction conversely if R0 > 1 the disease persists in
the population with unique endemic equilibrium (see Figures 2 and 3). In the figures we have

denoted by R1 :=
(abm)
ηh

and R2 :=
(ac)
ηv
.
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Figure 2: The phase plot and vector fields to show monotonicity of one age class population using the upper bound
function (9). (a) R0 = R1R2 < 1 and (b) R0 = R1R2 > 1

4. Application of optimal control to the model

Four time dependent controls are introduced:

1. The use of LLINs control (u1(t)) protects the user from mosquito bites. Thus we modify

the infection terms as follows λx =
(1 − αxu1)baIv

Nh
,

λy =
(1 − αyu1)baIv

Nh
and λv =

ac[(1 − αxu1)(X1 + X2) + (1 − αyu1)(Y1 + Y2)]
Nh

. αx and αy

measures the effectiveness of LLINs in protecting children and adults respectively.
2. Screening and treatment effort for symptomatic infected individuals. Thus we modify the

recovery rate such that κi = ri+u2(t)ρ and i = x, y. ρ is the effectiveness of the antimalarial
drugs.

3. Screening and treatment effort for asymptomatic infected individuals. Hence the natural
recovery rate from asymptomatic infection is modified to ϱi = νi + u3(t)ρ.

4. Mosquitoes adulticiding effort by using Indoor Residual Spraying (IRS) with killing ef-
ficacy αv . Thus this control increases the mosquito natural mortality rate such that,
dv = µv + αvu4(t).

Note, in this paper, 0 ≤ ui ≤ 1, for i = 1, 2, 3, 4 means that when the control is zero there is no
any effort invested (i.e. no control) and when it is one, the maximum control effort is invested.
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Figure 3: The phase plot for one age class population given in system (4). (a) and (c) shows the extinction when
R0 = R1R2 < 1, and (b) and (d) shows the existence of endemic equilibrium when R0 = R1R2 > 1

Thus the state system will be written as

dX
dt

= ΛhNh + ϱxX1 + ϕκxX2 − λxX − (g + µh)X,

dX1

dt
= (1 − fx)λxX + (1 − ϕ)κxX2 − (g + ϱx + µh)X1,

dX2

dt
= fxλxX − (g + κx + µh + δx)X2,

dY
dt

= gX + ϱyY1 + ϕκyY2 − λyY − µhY,

dY1

dt
= (1 − fy)λyY + (1 − ϕ)κyY2 + gX1 − (ϱy + µh)Y1,

dY2

dt
= fyλyY + gX2 − (κy + µh + δy)Y2, (15)

dS v

dt
= ΛvNv − λvS v − dvS v,

dIv

dt
= λvS v − dvIv.

The objective of control is to minimize the number of humans infected with malaria (that
is, to reduce subpopulations X1, X2, Y1 and Y2) while keeping the costs of the control as low as
possible. To achieve this objective we must incorporate the relative costs associated with each
policy (control) or combination of policies directed towards controlling the spread of malaria.
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We define the objective function as

J = min
u∈C

∫ T

0
G(t, u, v)dt; (16)

where v is the solution of state system (15) computed at u. In precise we define

G(t, u, v) = g1(t, v) + g2(t, u, v) + h(t, u). (17)

The use of LLINs protects both infected and susceptible humans while the treatment effort u2(t)
acts on symptomatic individuals who normally reports at the healthy facilities and the control
effort u3(t) acts on reducing the number of infected individuals by using a diagnostic approach
capable to detect low infection and treat them. Let Cd1, Cd2 and Cp be the individual costs of
treatment of symptomatic individuals, screening and treatment of asymptomatic individuals, and
using LLINs respectively. Furthermore, let A1 and A2 be the relative weights of asymptomatic
and symptomatic infections respectively then we write g1(t, v) and g2(t, u, v) as follows;

g1(t, v) = A1(X1 + Y1) + A2(X2 + Y2), (18)

g2(t, u, v) = Cpu1Nh +Cd1u2(X2 + Y2) +Cd2u3(X1 + Y1). (19)

The function h(t, u) defines the absolute or background costs (such as, ordering, shipment and
distribution, storing, etc.) which generally can be given as

h(t, u) =
1
γ

4∑
i=1

Wiui(t)γ, (20)

where γ can be 1/2, 1, 2, . . . n and Wi is relative cost weight associated with the control measure
ui. Here the increment of the cost of the controls is given by

△h(u) ≈ 1
γ

4∑
i=1

Wi
∂h(u)
∂ui
△(ui). (21)

The formula (21) evidences the additional cost of going from the specific point u to the point
u + △u. In this paper h(t, u) is chosen to have a quadratic cost on the controls (γ = 2).

If we write the state system (15) as v̇ = M(t, u, v) together with equations (16) to (20), the
Hamiltonian functionH can be written as

H(t, v, u, z) =G(t, u, v) + M(t, u, v)Z, (22)

where Z is the adjoint variable.
Note that the first order optimality condition for optimization problem state that ∂zH =

∂vH = ∂uH = 0 (see. eg. [15, 16, 17]) where z is the solution of the costate system (24). Taking
the negative derivative of a Hamiltonian functionH with respect to the state variables results to
a costate (or adjoint) system. Thus

Ż = −Hv(t, v, u, z); with transversality condition, Z(T ) = 0. (23)
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In the case of system (15) and (22) we obtain the following costate system

Ż1 = −Cpu1 − λx(x − 1)[Z1 − (1 − fx)Z2 − fxZ3] + (m + µh − Λh)Z1 − mZ4

− λyy[Z4 − (1 − fy)Z5 − fyZ6] + λmS v[Z8 − Z7],
Ż2 = − A1 −Cpu1 −Cd2u3 − λxx[Z1 − (1 − fx)Z2 − fxZ3] − ηxZ1 + θ1Z2

− λyy[Z4 − (1 − fy)Z5 − fyZ6] − mZ5 + [Z7 − Z8]S v(θvx − λm),
Ż3 = − A2 −Cpu1 −Cd1u2 − κx[ϕZ1 + (1 − ϕ)Z2] + θ2Z3 − mZ6

− λxx[Z1 − (1 − fx)Z2 − fxZ3] − λyy[Z4 − (1 − fy)Z5 − fyZ6]
+ [Z7 − Z8]S v(θvx − λm), (24)

Ż4 = −Cpu1 − λxx[Z1 − (1 − fx)Z2 − fxZ3] + (µh − Λh)Z4 + λmS v[Z8 − Z7]
− λy(y − 1)[Z4 − (1 − fy)Z5 − fyZ6],

Ż5 = − A1 −Cpu1 −Cd2u3 − λxx[Z1 − (1 − fx)Z2 − fxZ3] − ηyZ4 + θ3Z5

− λyy[Z4 − (1 − fy)Z5 − fyZ6] + [Z7 − Z8]S v(θvy − λm),
Ż6 = − A2 −Cpu1 −Cd1u2 − κy[ϕZ4 + (1 − ϕ)Z5] + [Z7 − Z8]S v(θvy − λm)

+ θ4Z6 − λxx[Z1 − (1 − fx)Z2 − fxZ3] − λyy[Z4 − (1 − fy)Z5 − fyZ6],
Ż7 =λv[Z7 − Z8] + (dm − Λv)Z7,

Ż8 =θvxX[Z1 − (1 − fx)Z2 − fxZ3] + θvyY[Z4 − (1 − fy)Z5 − fyZ6] + (dm − Λv)Z8

with Zi(T ) = 0, i = 1, 2, . . . 8. Here λm = βv[(1 − αxu1)(x1 + x2) + (1 − αyu1)(y1 + y2)], θ1 =
m+ ηx +µh −Λh, θ2 = m+ rx + u2ρ+µh + δx −Λh, θ3 = ηy +µh −Λh, θ4 = ry + u2ρ+µh + δy −Λh,
κx = rx + u2ρ, κy = ry + u2ρ, ηx = νx + u3ρ, ηy = ry + u3ρ, θvx = (1 − αxu1)βv, θvy = (1 − αyu1)βv,
dm = µv + αvu4 and x = X/Nh, x1 = X1/Nh, x2 = X2/Nh, y = Y/Nh, y1 = Y1/Nh, y2 = Y2/Nh.

Applying the first order optimality condition for optimization problem,Hu(t, v, u∗, z) = 0, u∗

is the optimal control. Then this lead to a linear equation which can be solved for u∗i ; afterward
the control constraint, 0 ≤ u∗j ≤ 1 is applied to obtain the following characterization equation,

u∗j = max{0,min(1, ζ j)}, j = 1, 2, 3, 4 (25)

where ζ1 =
CpNh + βhIv(Vx + Vy) + βvS v(Z7 − Z8)[αx(X1 + X2) + αy(Y1 + Y2)]

−W1

ζ2 =
Cd1(X2 + Y2) + ρ{X2[ϕZ1 + (1 − ϕ)Z2 − Z3] + Y2[ϕZ4 + (1 − ϕ)Z5 − Z6]}

−W2

ζ3 =
Cd2(X1 + Y1) + ρ[X1(Z1 − Z2) + Y1(Z4 − Z5)]

−W3
, ζ4 =

αv[S vZ7 + IvZ8]
W4

.

with Vx = αxX(Z1 − (1 − fx)Z2 − fxZ3) and Vy = αyY(Z4 − (1 − fy)Z5 − fyZ6).

5. Numerical results and discussion

In this section, a catalogue of possible optimal control strategies that can be applied to control
the spread of malaria in the community are studied. The state system (15), costate system (24)
and the optimal characterization in equations (25), are solved numerically using the Forward-
Backward Sweep method in an algorithmic form as elaborated in Algorithm 1. The parameter
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values and the fixed cost coefficients of the objective functional (16) used in the simulation are
given in Table 2.

Four malaria control strategies are studied numerically: strategy I, involves the combination
of the use of LLINs and treating symptomatic individuals; strategy II involves the combination
of the use of LLINs, IRS and treating symptomatic individuals; strategy III, involves the com-
bination of the use of LLINs and treating both symptomatic and asymptomatic individuals; and
strategy IV, involves the combination of the use of LLINs, IRS and treating both symptomatic
and asymptomatic individuals.

Algorithm 1 : Optimal control
1. Subdivide the time interval [0, T ] into N equal subintervals. Set the state variable at dif-

ferent time as v⃗ = v(t) and assume a piecewise-constant control u(0)
j (t), t ∈ [tk, tk+1], where

k = 0, 1, · · · , N − 1 and j = 1, 2, 3, 4.
2. Apply the assumed control u(0)

j (t) to integrate the state system with an initial condition
forward in time [0, T ] using the fourth-order Runge-Kutta method.

3. Apply the assumed control u(0)
j (t) and state solutions from Step 2 to integrate the costate

system with transversality condition backward in time [T, 0] using the fourth-order Runge-
Kutta method.

4. Update the control by entering the new state and costate solutions v⃗ and z⃗ respectively
through the characterization equation (25).

5. STOP the algorithm if
∥⃗vi+1 − v⃗i∥
∥⃗vi+1∥ < ϵ (see. eg. [18]); otherwise update the control using a

convex combination of the current and previous control and GO to Step 2. Here, v⃗i is the
ith iterative solution of the state variable and ϵ is the arbitrarily small positive quantity.

In the legend of figure 5, 7 and 8, the notation µ−1
v − d means that when the control effort on

using IRS is at maximum it reduces the natural mosquito life span (µ−1
v ) by d days. Similarly, in

the legend of figure 4 and 6, αx%,y% stands for effectiveness of LLINs (in percentage) to protect
children (subscript x) and adults (subscript y) against mosquito bites.

We have chosen the weight factors of the objective functional (16) as follows: Cp = 5/T ,
Cd1 = 10/T , Cd2 = 30/T , W1 = 100, W2 = 60, W3 = 120, W4 = 150, A1 = 50/T and
A2 = 500/T . The control period, T = 400 days. The parameter values are given in table 2.
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Table 2: Parameter values for the dynamical systems. For the parameter given in range the fixed value in the bracket is
used for simulation.

Par. Values Ref. Par Values Ref.
µh 1/(60 × 365) day−1 [19, 20] Λh µh

rx 0.01 − 0.05 (0.02) day−1 [21, 22, 23] fy 0.6
b 0.03 − 0.5 (0.265) [24, 22, 23] fx 0.4
c 0.09 − 0.5 (0.295) [25, 22, 23] ϕ 0.2
a 0.2 − 0.5 (0.4) day−1 [26, 27, 23] νy 1/(365)
µv 0.04 − 0.5 (1/16) day−1 [28, 21, 22] νx 1/(180)
m 1/(12 × 365) day−1 [29] Λv 1/16
δx 70/(1000 × 365) day−1 ρ 1/80 day−1 [30]
δy 50/(1000 × 365) day−1

ry 0.02 − 0.1 (0.035) day−1

Strategy I: Optimal use of LLINs and treatment of symptomatic infective

We optimize the objective function using LLINs control (u1) and treatment of symptomatic
infective control (u2) while treatment of asymptomatic infective control (u3) and the use of IRS
control (u4) are set to zero. We observed in Figure 4a and b that when the proportion of LLINs
usage is above 50% and 30% for children and adults respectively, this optimal strategy gives
lower number of asymptomatic infective compared to the case with no control. Similarly, with
this optimal strategy we observed a significant decrease in the number of symptomatic infective
(Figure 4c and d). The results show that it is not possible to eliminate malaria infection using
only these two control measures since at final time of control period there are still significant
number infected humans and mosquitoes.

Strategy II: Optimal use of LLINs, IRS and treatment of symptomatic infective

We optimize the objective functional using LLINs control (u1), treatment of symptomatic
infective control (u2) and the use of IRS control (u4) while the treatment of asymptomatic infec-
tive control (u3) is set to zero. Due to the control strategy the number of mosquito population
decreases (Figure 5e and f) compared to the case with no control. Figure 5a and b show that the
number of asymptomatic infective children and adults also decreases but does not reach zero at
final time of control period. In this optimal strategy when the mosquitoes life span is reduced to
over 3 days by application of IRS, the number of mosquitoes and symptomatic infective persons
(children and adults) nears zero at the final time of the control period. The results in this scenario
shows that if there is mosquito resurgence after stopping the control programme will lead to
rebound of malaria infection in the controlled community due to the presence of asymptomatic
infective individuals.

Strategy III: Optimal use of LLINs and treatment of symptomatic and asymptomatic infective

The LLINs (u1), treatment of symptomatic infective (u2) and asymptomatic infective (u3)
controls are used to optimize the objective functional while the IRS control (u4) is set to zero.
This optimal strategy produce similar results in patterns and effects as strategy I ( see Figure
6). The results in this optimal strategy suggests that a successful malaria control program must
include a control component which disrupt mosquito ecology.
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Strategy IV: Optimal use of LLINs, IRS and treatment of both symptomatic and asymptomatic
infective

All four control measures: use of LLINs (u1), IRS (u4), treatment of symptomatic infective
(u2) and treatment of asymptomatic infective (u3) are used to optimize the objective functional.
We observe in Figure 7 that due to the control strategy when the mosquitoes life span is reduced
to more than 3 days by application of IRS, the number of mosquitoes and infective humans
(symptomatic and asymptomatic) nears zero at the end of the control period. The optimal control
profiles for different mosquito mortality rates due to the use of IRS for this optimal control
strategy is as shown in Figure 8. These results thus demonstrates that in this modeling scenario,
it is possible to suppress malaria infection to very low level when the combination of all four
controls is used.
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Figure 4: The Figure shows the comparison of states solution for different LLINs effectiveness constant (αx%,y%) for
optimal control strategy I (u1 , 0, u2 , 0, u3 = 0, u4 = 0) and for the case with no control.

Comparison of the effectiveness of different intervention strategies

To compare the effectiveness of different intervention strategies we use results shown in Table
3. In terms of the total number of persons at final time of the control period; strategy I and III
shows that the number of asymptomatic infective children and adults are in order of thousands
while symptomatic infective are in the order of hundreds except strategy III for α80%,60% . For
the optimal strategy II, at final time we still observed a significant number of individuals with
asymptomatic infection regardless of the level of mortality rate of mosquito, but there are few
individuals with symptomatic infections (see Table 3). The optimal strategy IV out-compete the
rest of the control strategies since there is significantly few individuals with both asymptomatic
and symptomatic infection as the effectiveness of IRS in killing mosquitoes increases (see Table
3).

To compare different health intervention benefits we use Incremental Cost-Effectiveness Ra-
tio (ICER). The ICER allows us to compare the cost-effectiveness of the combination of at least
two of the control strategies. Two competing intervention strategies are compared incrementally
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Figure 5: State solution for different mortality rates of mosquitoes due to the use of IRS and α60%,40% for control strategy
II: u1 , 0, u2 , 0, u3 = 0, u4 , 0.
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Figure 6: The Figure shows the comparison of states solution for different LLINs effectiveness constant (αx%,y%) for
optimal control strategy III (u1 , 0, u2 , 0, u3 = 0, u4 = 0) and for the case with no control.

by comparing one intervention with next-less-effective alternative [31]. The following ICER
formula is used

ICER =
difference in intervention costs

difference in the total number of infection averted
. (26)

The total number of infection averted is computed by taking the difference between the total
number of new infection cases without control and the total number of new infection cases with
control. The ICER ranking is as shown in Table 3.
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Figure 7: State solution for different mortality rates of mosquitoes due to the use of IRS and α60%,40% for control strategy
IV: u1 , 0, u2 , 0, u3 , 0, u4 , 0.
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Figure 8: Optimal balance of multiple controls for different mortality rates of mosquitoes due to the use of IRS control
and α60%,40%for control strategy IV: u1 , 0, u2 , 0, u3 , 0, u4 , 0. Changing the effectiveness of IRS in killing
mosquitoes affect the optimal duration of all controls.

16



Table 3: Comparison of the effectiveness of different intervention strategies

Strategy Population size at final time (T ) Averted Cost ICER
X1 X2 Y1 Y2 S v Iv ×107 ×105 No.

I

α40,10 4554 495 5806 413 4244 7255 0.0631 0.7306 15
α50,30 4091 548 5395 429 4974 6525 0.3531 1.3492 13
α80,40 2557 469 4765 380 6806 4693 0.8971 1.3149 9
α80,60 1724 360 3134 306 8524 2976 1.3399 1.2889 8

II

µ−1
v − 1 2080 253 2731 192 1561 976 1.0045 1.8216 11
µ−1

v − 3 607 20 569 10 81 15 1.5308 1.3272 5
µ−1

v − 4 429 5 356 2 24 3 1.6389 1.3222 3
µ−1

v − 6 287 0 207 0 4 0 1.7505 1.3173 1

III

α40,10 4554 496 5806 414 4245 7255 0.0543 0.7596 16
α50,30 4057 561 5387 429 4997 6503 0.2687 1.5754 14
α80,40 948 452 2882 483 8413 3087 0.9516 2.2984 12
α80,60 238 153 562 135 10731 769 1.5703 1.8779 7

IV

µ−1
v − 1 318 140 547 97 2348 294 1.1415 2.5728 10
µ−1

v − 3 47 4 48 2 179 2 1.5922 1.6135 6
µ−1

v − 4 42 1 36 0 64 0 1.6724 1.5799 4
µ−1

v − 6 45 0 31 0 11 0 1.7607 1.5489 2

6. MCMC Sensitivity analysis

A common shortcoming of many epidemiological models, is the absence of real data. There-
fore, the model conclusions depends on the choice of different parameters from the literature as is
done in the previous section. The variability in the parameter used in different models may be due
to the differences in parasites involved in infection, variation in mosquito species,environmental
variability, changes in ecological systems, design and set-up of field experiments just to mention
but a few. Furthermore, in most cases the value of the weights of the objective functional (in our
modeling scenario, A1, A2, Cp, Cd1, Cd2, W1, W2, W3, W4) in equation (16) are not well known.

In this section we present a Markov chain Monte Carlo (MCMC) method which map the un-
certainty in the model to the parameter values. We use the MCMC to study the model sensitivity
and robustness of the optimal control in the presence of such model parameter uncertainty. We
first simulate model (15) for the case with no controls (that is, u1 = 0, u2 = 0, u3 = 0 and u4 = 0
) since the aim is to characterize the internal uncertainty structure of the model parameters, us-
ing literature value given in Table 2, and initial state variable X = 5000, X1 = 400, X2 = 500,
Y = 5500, Y1 = 600, Y2 = 500, S v = 10000, Iv = 1500 to produce the approximately known
dynamics of malaria disease. Note, for the parameters given in range, the middle value is used
(see Table 2 ). The synthetic data is then generated by adding a relative Gaussian noise to the
model response to cover the plausible variability of the epidemiological dynamics of malaria.
This variability is mapped to the parameter uncertainty by MCMC. For the MCMC sampling
the Delayed Rejection Adaptive Metropolis (DRAM) algorithm is used [32]. The independent
model parameters b, c, µv, rx, ry, νx, and νy are estimated while the rest of the parameters are
fixed.

The trace plot for the MCMC chain and the predictive distribution of state variables for the
case of zero controls, are plotted in Figures 9 and 10 respectively. We observed that parameter
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c and µv are highly correlated, which means neither of the parameter can be identified by itself,
hence the fraction w = c/µv is identified (Figure 9 ). Figure 9 shows that all samples mixes well
from the beginning to the end of the simulation runs. Figure 10 shows that the community is
not disease-free, but there is stable endemic situation which is sensitive to the uncertainty in the
model parameter values. The light gray part shows the predictive distributions for state variables
calculated from MCMC samples, the bold line shows a single prediction estimated by the Least
Square Method (MAP) and the red circles are synthetic data (Figure 10).
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Figure 9: The trace plot for the fitted parameters for 30,000 samples shows that each chain mixes well. The vertical axis
represents the parameter distribution and the horizontal axis is the number of simulation runs.

For the numerical solution of the optimal control in the presence of parameter uncertainty the
Algorithm 1 is modified as shown in Algorithm 2.

Algorithm 2 : Optimal control with model parameter uncertainty

S1: Take a model parameter from the MCMC subchain selected for control runs.

S2: Go to step 1 to 5 in Algorithm 1 for all weights values, W of the objective functional.
W = W0 +W0ξ, where ξ ∼ U[−1, 1] and W0 is the original (fixed) weights.

S3: Repeat Step S1 and S2 until all parameter samples selected from the MCMC chain are
treated.

We compare the predictive distribution of state variables when no control is used (Figure 10),
strategy I is used (Figure 11) and an effective control, strategy IV is used (Figure 12). Figure
11 shows that when strategy I is used the state variables are very sensitive to the variability in
the model parameter values and the weights values of the objective functional. Contrary to this,
Figure 12 shows that when strategy IV is used the observed uncertainty in Figures 10 and 11
fade away. The uncertainties remain only in the optimal control profiles (Figure 13). These
results show that for an effective control strategy the main conclusions of the optimal control
remain unchanged, even if inevitable variability remains in the control profiles. This numerical
simulation results demonstrate the robustness of the optimal control approach.
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Figure 10: The predictive posterior distribution of state variables calculated from MCMC (light gray) and a single
prediction by MAP estimate (blue bold line) for the case with no controls. The red circles are synthetic data.
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Figure 11: The predictive posterior distribution of state variables calculated from MCMC plus the variability in weight
values of the objective functional (light gray) and by MAP estimate (bold red line) for strategy I: u1 , 0, u2 , 0, u3 = 0
and u4 = 0.
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Figure 12: The predictive posterior distribution of state variables calculated from MCMC plus the variability in weights
values of the objective functional (light gray) and by MAP estimate (bold red line) for strategy IV: u1 , 0, u2 , 0, u3 , 0
and u4 , 0 .

7. Conclusion

In this paper, we study the effect of disease control practices using four controls measures,
taking into account possible uncertainties on the parameters. As a case study, a lumped age
structured mathematical model for the transmission of malaria in a large community has been
presented. A specific feature of the model consists of classifying the infected individuals in
symptomatic and asymptomatic compartments. The qualitative analysis of a reduced model has
been carried out evidencing a threshold parameter for the local stability of the trivial solution,
i.e. for the extinction of the epidemic.

We derived and analyzed the necessary conditions for the optimal control of the disease. The
numerical results show that using optimal control the disease can be brought to a stable disease
free equilibrium when all four controls are used. We also investigated the cost-effectiveness of
the controls to determine the most effective strategy for controlling the spread of malaria in the
community with minimum costs.

Finally, we discussed a way to incorporate parameter uncertainty into an optimal control
problem. The approach utilizes the output from MCMC methods which is becoming popular in
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Figure 13: The control profiles using parameter posterior distribution calculated from MCMC plus the variability in
weights values of the objective functional (light gray) and by MAP estimate (bold red line) for strategy IV: u1 , 0,
u2 , 0, u3 , 0 and u4 , 0.

statistical model fitting problems. In the absence of real data we first simulated the basic dynam-
ics of the model with no controls using parameter values from the literature. We then generated
the synthetic data by adding relatively large Gaussian noise to the model response to cover the
plausible variability of the epidemiological dynamics of malaria. This uncertainty is mapped to
model parameter posteriors by using adaptive MCMC methods. We then study the robustness of
various disease control measures by running the optimal control algorithm several times using
the MCMC parameter samples and different weights values of the control cost function. We
observed that the optimal model response is sensitive to the uncertainty in the model parameter
values and weights values of the control cost function when the combination of the control is
less than four. However, we show that if all four controls are used the disease is suppressed with
very small model response uncertainty, even with quite different model parameter and cost func-
tion weights values. The numerical simulations demonstrate the robustness of such an optimal
control approach.
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E. Oñate, J. Oliver and A. Huerta (Eds)

OPTIMAL CONTROL OF TWO AGE STRUCTURED
MALARIA MODEL WITH MODEL PARAMETER

UNCERTAINTY

GASPER G. MWANGA† AND HEIKKI HAARIO∗

† Department of Mathematics and Physics
Lappeenranta University of Technology (LUT)
Box 20, FIN-53851, Lappeenranta, Finland

e-mail: mwanga.gasper@gmail.com
∗ Department of Mathematics and Physics

Lappeenranta University of Technology (LUT)
Box 20, FIN-53851, Lappeenranta, Finland

e-mail: heikki.haario@lut.f

Key words: Malaria, asymptomatic malaria, Optimal control, Parameter uncertainty.

Abstract. Mathematical models usually involve parameters which are to be estimated
from noisy measurements. Furthermore, a common pitfall for many epidemiological mod-
els is the absence of real data; model-based conclusions have to be based on uncertain
parameter values, often available from literature only, without reliable uncertainty quan-
tification. These uncertainties propagate into any conclusions based on modeling. Here
we study the robustness of optimal control under such parameter uncertainty, using a
two-age-classes mathematical model of malaria transmission with asymptomatic malaria
carriers. The model incorporates four controls: the use of Long Lasting Insecticide Nets,
indoor residual spraying, treatment of symptomatic and asymptomatic individuals. For a
given model simulation we generate the synthetic noisy data so that a plausible variabil-
ity of the epidemiological dynamics is covered. By Markov chain Monte Carlo (MCMC)
simulations this variability is mapped to model parameter distributions. The optimal
control algorithm is then run using different parameter values sampled from the MCMC
parameter posterior. Here we study different ways of implementing this approach and
demonstrate by numerical simulations the robustness of control: the main conclusions of
the optimal control remain unchanged, even if inevitable variability remains in the control
profiles provided that there is effective control scenario. The results provide a promising
framework for the designing of cost-effective strategies for disease controls with multiple
interventions, even under considerable uncertainty of model parameters.
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1 INTRODUCTION

This paper propose a two-age-classes (child and adult) model of malaria transmis-
sion with asymptomatic carrier to study the effect of different control practices using an
optimal control approach. Contrast from other existing papers which applied optimal
control to malaria transmission models (see., e.g, [1]), we use an age structured model
since disease morbidity, mortality, and severity of infections differ across the age profile.
Furthermore, the control policies and the impact of the control measure which may be
optimal for a specific age group may not necessarily be directly applicable to the other age
group. Nevertheless, epidemiological models are often plagued with poorly known param-
eter values. The objective of the current work is to apply an optimal control approach to
study combinations of different control strategies to prevent and control malaria, together
with an uncertainty quantification of the optimal control results.

We first start with the formulation of the mathematical model. Secondly, we present
the analysis of the parameter uncertainties using Markov chain Monte Carlo (MCMC)
method. Finally, we study the robustness of optimal control in the presence of parameter
uncertainties. We run the optimal control algorithm several times for different parameter
values sampled from the MCMC posterior. Another option, aimed at minimizing the
CPU costs, is to run the optimal control algorithm using a few ’extreme’ points of the
parameter posterior distribution extracted by the principal component analysis (PCA)
method.

2 DESCRIPTION OF THE MODEL

Figure 1: The flux diagram illustrating the transmission of malaria parasites in humans and mosquitoes.
X and Y represents susceptible child and adult humans respectively while subscript 1 and 2 represents
asymptomatic and symptomatic infection respectively. Sv and Iv denotes susceptible and infectious
mosquitoes respectively. The dotted line represents infection while the continuous line represents the
constant transition rates between different compartments.
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The model developed in this paper combines two sub-models, the vectorial dynamics
and the human host dynamics. The adult female mosquitoes are categorized into unin-
fected (susceptible) mosquitoes, Sv and the infected mosquitoes, Iv. Therefore the total
mosquito population Nv = Sv + Iv. Since the interest of the model is to study the ef-
fect of various interventions to control the spread of malaria, we assume that the vector
population is comprised of only female Anopheles mosquitoes.

The total human populationNh is divided into six classes: susceptible children (X), sus-
ceptible adults (Y ), asymptomatic infected children (X1), symptomatic infected children
(X2), asymptomatic infected adults (Y1) and symptomatic infected adults (Y2). Hence,
Nh = X+X1+X2+Y +Y1+Y2. The human hosts are recruited in the susceptible children
subpopulation at a density dependent birth rate Bh = ΛhNh. Thus, we assume there is no
immigration of humans in the population. The malaria transmission rate from infected
mosquitoes to susceptible human is defined as, λi = (1 − αiu1)βhIv and from infected
humans to susceptible mosquitoes as λv = βv[(1− αxu1)(X1 +X2) + (1− αyu1)(Y1 + Y2)]
where i = x, y denoting children and adults respectively. βh = ba/Nh where, a denotes the
rate of mosquito bites and b denotes the probability that an individual acquire infection
from a bite. u1(t) ∈ [0, 1] is the time dependent control effort for the use of Long Lasting
Insecticide Nets (LLINs) to protect individuals from mosquito bites and αi is the measure
of the effectiveness of LLINs in protecting children (i = x) and adults (i = y). βv = ca/Nh

where c is the probability that a mosquito acquire malaria parasite (gametocytes) from
biting an infectious individual.

The model further assumes that upon infection a proportion, fi, of infected human are
symptomatic and the remain proportion, 1− fi are asymptomatic. The natural mortality
rate of humans is denoted by µh. The disease induced death rate for symptomatic indi-
viduals is denoted as δi. In addition regardless of the infection status the rate of progress
from childhood to adulthood is assumed to be m.

The model further assumes that the individuals in the symptomatic infectious state
clears malaria parasite to enter susceptible class at the rate ϕκi and the remaining fraction
(1− ϕ)κi enters the asymptomatic class. Here κi = ri + u2(t)ρ, where ri is the naturally
clearance rate and u2(t)ρ is the clearance rate after taking chemotherapy. u2(t) ∈ [0, 1]
is the time dependent treatment effort of symptomatic individuals with drugs of efficacy
ρ. It is assumed that due to the fact that adult individuals living in malaria endemic
regions acquires immunity which is capable of clearing the infections then rx < ry. The
asymptomatic individual clears infection at the rate ηi = νi + u3(t)ρ, where 1/νi is the
longevity of asymptomatic infection ( 1/νy > 1/νx , due to acquisition of immunity)
and u3(t) ∈ [0, 1] is the time dependent control for screening and treating asymptomatic
infected individuals.

Finally, the life expectancy of the mosquitoes is given as 1/dm. dm = µv + αvu4(t)
where, u4(t) ∈ [0, 1] is the mosquito adulticide effort using Indoor Residual Spraying
(IRS) with killing efficacy αv; and µv is the natural mortality rate of the mosquitoes.

The compartmental mathematical model for malaria transmission and control is rep-
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resented by the following system of non-linear ordinary differential equations:

dX

dt
= ΛhNh + (νx + ρu3)X1 + ϕ(rx + u2ρ)X2 − λxX − (m+ µh)X,

dX1

dt
= (1− fx)λxX + (1− ϕ)(rx + u2ρ)X2 − (m+ νx + u3ρ+ µh)X1,

dX2

dt
= fxλxX − (m+ rx + u2ρ+ µh + δx)X2,

dY

dt
= mX + (νy + u3ρ)Y1 + ϕ(ry + u2ρ)Y2 − λyY − µhY,

dY1

dt
= (1− fy)λyY + (1− ϕ)(ry + u2ρ)Y2 +mX1 − (νy + u3ρ+ µh)Y1,

dY2

dt
= fyλyY +mX2 − (ry + u2ρ+ µh + δy)Y2, (1)

dSv

dt
= ΛvNv − λvSv − (µv + αvu4)Sv,

dIv
dt

= λvSv − (µv + αvu4)Iv.

3 APPLICATION OF OPTIMAL CONTROL TO THE MODEL

The goal of the application of optimal control is to minimize the number of humans
infected with malaria while keeping the costs of control as low as possible. To achieve
this objective we must incorporates relative costs associated with each policy (control) or
combination of policies directed towards controlling the spread of malaria. We define the
objective function as

J = min
u∈Γ

∫ T

0

G(t, u, v)dt; (2)

subject to the state system defined in equation (1). Here v is the solution of state system
(1) computed at a control value u. In precise we define G(t, u, v) = g(t, u, v)+h(t, u). The
use of LLINs control protects both infected and susceptible humans while the treatment
effort u2(t)ρ acts on symptomatic individuals who normally reports at the healthy facili-
ties and the control effort u3(t)ρ focuses on the screening and treatment of asymptomatic
individual. Let Cd1, Cd2 and Cp be the individual costs of treatment of symptomatic
individuals, screening and treatment of asymptomatic individuals, and using LLINs re-
spectively. Furthermore, let A1 and A2 be the relative weights of asymptomatic and
symptomatic infections respectively. Then g(t, u, v) is written as follows;

g(t, v, u) = A1(X1+Y1)+A2(X2+Y2)+Cpu1Nh+Cd1u2(X2+Y2)+Cd2u3(X1+Y1). (3)

The function h(t, u) is chosen to have a quadratic cost on the controls as is done in
other epidemiological models with controls (see., e.g, [1]). Thus,

h(t, u) =
1

2

4∑
j=1

Wjuj(t)
2, (4)
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where, Wj is the weight constant associated with the control measure uj. Our goal is to
find the optimal controls u∗

1, u
∗
2, u

∗
3, u

∗
4 such that

J(u∗
1, u

∗
2, u

∗
3, u

∗
4) = min

u1,u2,u3,u4∈Γ
J(u1, u2, u3, u4), (5)

for Γ = {(u1, u2, u3, u4) such that u1, u2, u3, u4 are measurable with 0 ≤ uj ≤ 1, for t ∈
[0, T ], j = 1, 2, 3, 4} subject to the state system given in equation (1). If we write the
state system (1) as v̇ = M(t, u(t), v(t)) together with equations (2) to (4); following the
Pontryagings Maximum Principle [2], the Hamiltonian function H is written as

H(t, v, u, z) =G(t, u, v) +M(t, u, v)Z, (6)

where Z is the adjoint variable.
Hence, taking the negative derivative of a Hamiltonian function H with respect to the

state variables results to a costate (or adjoint) system. That is, from Eqn (6)

Ż = −Hv(t, v, u, z); Z(T ) = 0. (7)

Thus we obtain the following costate system

Ż1 =− Cpu1 − λx(x− 1)[Z1 − (1− fx)Z2 − fxZ3] + (m+ µh − Λh)Z1 −mZ4 (8)

− λyy[Z4 − (1− fy)Z5 − fyZ6] + λmSv[Z8 − Z7],

Ż2 =− A1 − Cpu1 − Cd2u3 − λxx[Z1 − (1− fx)Z2 − fxZ3]− ηxZ1 + θ1Z2

− λyy[Z4 − (1− fy)Z5 − fyZ6]−mZ5 + [Z7 − Z8]Sv(θvx − λm),

Ż3 =− A2 − Cpu1 − Cd1u2 − κx[ϕZ1 + (1− ϕ)Z2] + θ2Z3 −mZ6

− λxx[Z1 − (1− fx)Z2 − fxZ3]− λyy[Z4 − (1− fy)Z5 − fyZ6]

+ [Z7 − Z8]Sv(θvx − λm),

Ż4 =− Cpu1 − λxx[Z1 − (1− fx)Z2 − fxZ3] + (µh − Λh)Z4 + λmSv[Z8 − Z7]

− λy(y − 1)[Z4 − (1− fy)Z5 − fyZ6],

Ż5 =− A1 − Cpu1 − Cd2u3 − λxx[Z1 − (1− fx)Z2 − fxZ3]− ηyZ4 + θ3Z5

− λyy[Z4 − (1− fy)Z5 − fyZ6] + [Z7 − Z8]Sv(θvy − λm),

Ż6 =− A2 − Cpu1 − Cd1u2 − κy[ϕZ4 + (1− ϕ)Z5] + [Z7 − Z8]Sv(θvy − λm)

+ θ4Z6 − λxx[Z1 − (1− fx)Z2 − fxZ3]− λyy[Z4 − (1− fy)Z5 − fyZ6],

Ż7 =λv[Z7 − Z8] + (dm − Λv)Z7,

Ż8 =θvxX[Z1 − (1− fx)Z2 − fxZ3] + θvyY [Z4 − (1− fy)Z5 − fyZ6] + (dm − Λv)Z8

with transversality condition Zi(T ) = 0, i = 1, 2, . . . 8, where λm = βv[(1 − αxu1)(x1 +
x2) + (1 − αyu1)(y1 + y2)], θ1 = m + ηx + µh − Λh, θ2 = m + rx + u2ρ + µh + δx − Λh,
θ3 = ηy + µh − Λh, θ4 = ry + u2ρ + µh + δy − Λh, κx = rx + u2ρ, κy = ry + u2ρ,

5
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ηx = νx + u3ρ, ηy = ry + u3ρ, θvx = (1−αxu1)βv, θvy = (1−αyu1)βv, dm = µv +αvu4 and
x = X/Nh, x1 = X1/Nh, x2 = X2/Nh, y = Y/Nh, y1 = Y1/Nh, y2 = Y2/Nh.

Finally, we obtain the gradient formula by taking the derivative of the Hamiltonian
function H Eqn (6) with respect to the controls (see. eg. [3])

∇J(u(t)) = Hu(t, v, u, z). (9)

Applying the first order optimality condition for optimization problem, Hu(t, v, u
∗, z) =

0, u∗ is the optimal control. Then this lead to a linear equation which can be solved
for u∗

i ; afterward the control constraint, 0 ≤ u∗
i ≤ 1 is applied to obtain the following

characterization equation,

u∗
j = max{0,min(1, ζj)}, j = 1, 2, 3, 4 (10)

where ζ1 =
CpNh + βhIv(Vx + Vy) + βvSv(Z7 − Z8)[αx(X1 +X2) + αy(Y1 + Y2)]

−W1

ζ2 =
Cd1(X2 + Y2) + ρ{X2[ϕZ1 + (1− ϕ)Z2 − Z3] + Y2[ϕZ4 + (1− ϕ)Z5 − Z6]}

−W2

ζ3 =
Cd2(X1 + Y1) + ρ[X1(Z1 − Z2) + Y1(Z4 − Z5)]

−W3

, ζ4 =
αv[SvZ7 + IvZ8]

W4

.

with Vx = αxX(Z1 − (1− fx)Z2 − fxZ3) and Vy = αyY (Z4 − (1− fy)Z5 − fyZ6).

4 NUMERICAL RESULTS AND DISCUSSION

For the numerical simulation we use the following model parameter and weights values.
µh = 1/(60×365) [4, 5], ry = 0.01−0.05 [6, 7], rx = 0.5ry, fx = 0.4, fy = 0.6, b = 0.03−0.5
[6, 7, 8], c = 0.09−0.5 [6, 7, 9], ϕ = 0.8, a = 0.2−0.5, [1, 7, 10], νx = 1/(180), νy = 1/(365),
µv = 0.04− 0.5 [6, 12], m = 1/(12× 365) [11], Λh = µh, Λv = 1/16, δx = 70/(1000× 365),
δy = 50/(1000×365), ρ = 1/80 [5], αx = 0.6, αy = 0.4 and αv = 1/12. T = 400, Cp = 5/T ,
Cd1 = 10/T , Cd2 = 30/T , W1 = 100, W2 = 60, W3 = 120, W4 = 150, A1 = 50/T and
A1 = 500/T .

4.1 Model sensitivity using MCMC

To study the model sensitivity, the Markov chain Monte Carlo (MCMC) method is
used. The MCMC method takes into account all the uncertainties in the data and give
out all the parameterization of the model that statistically fit the data ’equally well’. That
is, MCMC gives the distribution of parameter values instead of a single point estimate
as is traditionally done using maximum a posteriori estimation method (MAP) like least
square method. To use MCMC we need model observation (that is, data) to estimate
parameters. Since we do not have real data, we generate the synthetic data. We first
simulate model (1) using literature value given above, and initial state variable X = 5000,
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X1 = 400, X2 = 500, Y = 5500, Y1 = 600, Y2 = 500, Sv = 10000, Iv = 1500 to produce
the approximately known dynamics of malaria disease. For those parameters given in
ranges, the middle value is used. Note, since the aim is to characterize the internal
uncertainty structure of the model parameters, during this process all control variables
are set to zero. Then the synthetic data is created by adding a relative noise to the model
response to cover the plausible variability of the epidemiological dynamics of malaria.
For the MCMC sampling an effective adaptive MCMC method called Delayed Rejection
Adaptive Metropolis (DRAM) algorithm is used [13]. Note further that for the MCMC
sampling flat priors in the ranges given above is used. The DRAM algorithm is run for
30,000 iterations. For the purpose of studying the effect of parameter uncertainty in an
optimal control problem, the independent model parameters b, c, µv, rx, ry, νx, and νy
are estimated while the rest of the parameters are fixed.

The parameter posterior distribution (or chain) and the predictive distribution of state
variables for the case of zero controls, are plotted in Figures 2 and 3 respectively. Figure
2 shows that all samples mixes well from the beginning to the end of the simulation runs.
Furthermore, the MCMC results revealed a strong correlation between parameters c and
µv, which means neither of the parameter can be identified by itself, hence the fraction
w = c/µv is identified (Figure 2 ). Figure 3 shows that the community is not disease-free,
but there is stable endemic situation which is sensitive to the uncertainty in the model
parameter values. The light gray part shows the predictive distributions for state vari-
ables calculated from MCMC samples, the bold line shows a single prediction estimated
by the Least Square Method (MAP) and the red circles are synthetic data (Figure 3).
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Figure 2: The plot of the chain for the fitted parameters for 30,000 samples shows that each chain mixes
well. The vertical axis represents the parameter distribution and the horizontal axis is the number of
simulation runs. Due to correlation between c and µv, w = c/µv is estimated.

From various combinations of the controls, three strategies are formed and studied numer-
ically. Strategy I, consists of the use of LLINs and treatment of symptomatic individuals,
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Figure 3: The predictive posterior distribution of state variables calculated from MCMC (light gray)
and a single prediction by MAP estimate (blue bold line) for the case with no controls. The red circles
are synthetic data

Strategy II combines the use of LLINs, IRS and treatment of symptomatic individuals
and Strategy III combines all four controls, the use of LLINs, IRS and treatment of both
symptomatic and asymptomatic individuals.

4.2 Numerical simulation: Optimal control with parameter uncertainty

We solve the optimality system, consisting of 16 ordinary differential equations from the
state (1) and costate (8) equations, coupled with four control characterizations equations
(10) in the presence of model parameter uncertainty in an iterative scheme as follows:
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Algorithm 1 : Optimal control with model parameter uncertainty

S1: Take a model parameter from the MCMC sub-chain selected for control runs.

S2: Assume a piecewise-constant control.

S3: Given initial condition of the state variables, simulate the state system (1) forward
in time using Runge-Kutta of fourth order.

S4: Using transversality condition (Zi(T ) = 0, i = 1, 2, . . . , 8), simulate the costate
system (8) backward in time using Runge-Kutta of fourth order

S5: Update the control by entering the new state and costate solutions v⃗ and z⃗ respec-
tively through the characterization equations (10).

S6: Check the stopping condition ∥v⃗i+1−v⃗i∥
∥v⃗i+1∥ < ϵ if is attained; otherwise update the control

using a convex combination of the current and previous control and return to S3.
Here, v⃗i is the ith iterative solution of the state variable and ϵ is the arbitrarily small
positive quantity.

S7: Repeat Step S1 to S6 until all parameter from the MCMC sub-chain are treated.

Selection of the parameter sample in step S1 (Algorithm 1 ) is rather a challenging task.
The entire MCMC posterior parameter sample is required to reveal how model responds
to the uncertainties in the parameters but this approach is expensive in terms of CPU
running time. One can reduce the CPU cost by running the optimal control algorithm
several times by using randomly selected parameter values from the MCMC posterior (see
the gray region in Figures 4–8). To reduce further the CPU cost this paper presents an
alternative approach of creating the MCMC sub-chain by using few ’extreme’ points of
the MCMC posterior distribution extracted by the Principal Component Analysis (PCA)
method (see the dash lines in Figures 4–8). The PCA is used in such a way that the first
points are at the tails of the sampled parameter distribution along the first principal axes,
which captures the largest possible parameter variance. The next pair of points is taken
from tails of the succeeding principal component which has the highest variance possible
in a direction orthogonal to the first axes.

In Figures 4 – 8, the predictive state and control profiles calculated from the MAP
estimate (solid line), randomly selected parameters (gray region) and deterministically
chosen extreme points using PCA (red dash lines) from the MCMC posterior under dif-
ferent control strategies are compared.

Strategy I: The objective function is optimized by the use of LLINs control (u1)
and treatment of symptomatic individuals (u2) only. The simulation results show that
the disease persist in the community as the number of asymptomatic individuals increases
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with time even though the controls are maintained at 100% throughout the control period
(Figure 4). Figure 4 shows that in this control strategy, the model response is sensitive
to the parameter uncertainties. This simulation results show that the use of strategy I to
control malaria is not beneficial to the community.

Strategy II: The objective function is optimized by the use of LLINs control (u1),
IRS (u4) and treatment of symptomatic individuals (u2). With this optimal control strat-
egy the number of mosquitoes and human with symptomatic infection decreases to zero
after about 150 days of the control program but humans with asymptomatic infections
persists in the community (Figure 5). The predictive distribution of state variables for
asymptomatic children (Figure 5a) and adults (Figure 5b), and control profiles (Figure
7), are sensitive to the model parameter uncertainties. The results in this control sce-
nario shows that if there is mosquito resurgence after stopping the control program will
lead to rebound of malaria infection in the controlled community due to the presence of
individuals with asymptomatic infection.

Strategy III: The objective function is optimized by the use of all four control mea-
sures: LLINs (u1), treatment of symptomatic individuals (u2), treatment of asymptomatic
individuals (u3) and use of IRS (u4). In Figure 6, we observe that the control strategy
resulted in a total decrease in the number of infected humans (X1, X2, Y1 and Y2) and
mosquitoes (Sv and Iv) to zero at the final time of the control program. In this control
strategy, the model response is insensitive to the uncertainties in the model parameters
(Figure 6). The uncertainties remains only in the control profiles (Figure 8). This control
strategy produces the desired objective of the control program.
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Figure 4: The predictive posterior distribution of state variables calculated from MCMC (light gray),
by MAP estimate (bold line) and by using extreme points (dashed red line) for strategy I: u1 ̸= 0, u2 ̸= 0,
u3 = 0 and u4 = 0
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Figure 5: The predictive posterior distribution of state variables calculated from MCMC (light gray), by
MAP estimate (bold line) and by using extreme points (dashed red line) for strategy II: u1 ̸= 0, u2 ̸= 0,
u3 = 0 and u4 ̸= 0
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Figure 6: The predictive posterior distribution of state variables calculated from MCMC (light gray), by
MAP estimate (bold line) and by using extreme points (dashed red line) for strategy III: u1 ̸= 0, u2 ̸= 0,
u3 ̸= 0 and u4 ̸= 0

The same observation as in strategy III is made for the case of uncertainties in the
weights value (Cp, Cd1, Cd2, W1, W2, W3, W4, A1 and A1) for the fixed model parameter
values.
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Figure 7: The control profiles using parameter posterior distribution calculated from MCMC (light
gray), by MAP estimate (bold line) and by using extreme points (dashed red line) for strategy II: u1 ̸= 0,
u2 ̸= 0, u3 = 0 and u4 ̸= 0
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Figure 8: The control profiles using parameter posterior distribution calculated from MCMC (light
gray), by MAP estimate (bold line) and by using extreme points (dashed red line) for strategy III:
u1 ̸= 0, u2 ̸= 0, u3 ̸= 0 and u4 ̸= 0

5 CONCLUSION

In this article, a two age-stage model of malaria transmission which incorporates asymp-
tomatic malaria carriers together with four control mechanisms is presented. The article
discussed a way to incorporate parameter uncertainty into an optimal control problem.
The approach utilizes the output from MCMC methods which is becoming popular in
statistical model fitting problems. Numerical simulation was carried out to determine the
best combination of four controls which provides the best strategy for malaria control in a
community. It was observed in this scenario that combination of all four controls provides
the best malaria control measure. It is further observed that the optimal model response
is sensitive to the parameter uncertainty when the combination of the control is less than
four. Analysis of numerical results revels further that even if different parameters are se-
lected from the parameter posterior distribution lead to different optimal control profiles,
the model response remains the same provided that the best control strategy is used.
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a  b  s  t  r  a  c  t

Numerous  studies  have  been  carried  out  on  within-host  Plasmodium  falciparum  malaria  with  varying
results.  Some  studies  have  suggested  over  estimation  of parasite  growth  within  an  infected  host  while
others  stated  that  evolution  of  parasitaemia  seems  to be quelled  by  parasite  load.  Various  mathematical
models  have  been  designed  to  understand  the dynamics  of  evolution  of  within-host  malaria.  The  basic
ingredient  in  most  of  the models  is  that  the  availability  of uninfected  red blood  cells  (RBCs)  in  which
the  parasite  develops  is  a limiting  factor  in the propagation  of  the  parasite  population.  We  hypothesize
that  in  severe  malaria,  due  to  parasite  quest  for  survival  and  rapid multiplication,  the  vicious malaria
parasite  is sophisticated  and  can  be  absorbed  in  an  already  infected  RBC  and  speeds  up  rapture  rate.  The
study  reviews  the  classical  models  of blood  stage  malaria  and  proposes  a new  model  which  incorporates
double  infection.  Analysis  of the  model  and  parameter  identifiability  using  Markov  chain  Monte  Carlo
(MCMC)  are  presented.  MCMC  uses  distribution  of parameters  to study  the model  behavior  instead  of
single points.  Results  indicate  that  most  infected  RBCs  rupture  quickly  due  to  the disease  instead.  This
may  explain  anemia  in  malaria  patients  and  lack  of uniformity  of  oscillations  in within-host  malaria.
Therefore,  more  needs  to  be  done  as far  as  within-host  malaria  is concerned,  to  provide  step  by  step
evolution  of  malaria  within  a host.

©  2014 Elsevier  Ireland  Ltd.  All  rights  reserved.

1. Introduction

Malaria is a tropic disease caused by a Plasmodium, which is a
genus of parasitic protozoa. The symptoms of an individual with
a malaria episode include high fevers, shaking chills and anemia
(Krogstad, 2012). It is a major threat to the lives and health of
millions of people living in the tropics and subtropics (Marsh, 2012).
Millions of episodes of the disease and deaths of more than a million
people each year are reported, many of them children in sub-
Saharan Africa. Of the four species of malaria parasite that infect
humans, severe disease and deaths are overwhelmingly attributed
to Plasmodium falciparum.  It is this species, specifically the dynam-
ics within its host that is the center of our study. The life cycle
of the human-infecting Plasmodium species can be broken down
into the vector (mosquito) stage and the host (human) stage. The
sexual stage of the parasite takes place in the female mosquito
of the genus Anopheles and the asexual stage in humans. Malaria
transmission occurs when a female mosquito vector takes a blood

∗ Corresponding author. Tel.: +256 772 347347.
E-mail addresses: bnk@cns.mak.ac.ug, bnk@cns.mak.ac.ugy (B. Nannyonga).

meal from an infected human host. During a subsequent blood
meal, the mosquito injects between 10 and 100 sporozoites into
the blood stream of the human via saliva (Ponnudurai et al., 1982;
Rosenberg et al., 1990). Once inside the human host, the sporo-
zoites travel to liver cells, and this marks the beginning of the
exo-erythrocytic phase of the malaria parasite. Within the liver,
the parasites change form again into trophozoites, beginning the
pre-erythrocytic stage (Krier and Baker, 1980). The trophozoite
duplicates asexually producing thousands of merozoites. These fill
the tissue of the trophozoite cell which ruptures when fully devel-
oped. The merozoites then flood the surrounding tissue and enter
the blood stream, although some of them re-enter the liver cells for
a secondary pre-erythrocytic stage (Bruce-Chwatt, 1980; Garnham,
1966).

The development of P. falciparum malaria is a complex process
(Hoshen et al., 2000) involving multiple stages. It is characterized
by an exponential growth in the number of infected erythro-
cytes, followed by oscillations with a period of 48 h, which are
eventually dampened. An inherent feature of infection is syn-
chronicity, which is irrespective of the duration of merozoite
release from the liver, causing periodic symptoms in the infected
human. The malaria parasite is a unicellular organism belonging

http://dx.doi.org/10.1016/j.biosystems.2014.09.009
0303-2647/© 2014 Elsevier Ireland Ltd. All rights reserved.
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to the phylum Apicomplexa. Development of new approaches to
control malaria through prevention and treatment is dependent
on thorough understanding of how the malaria parasite interacts
with the human host causing its damage (Marsh, 2012). All Plas-
modium species take up cell cytoplasm by feeding on hemoglobin
in the red blood cells (RBCs) or erythrocytes of their host (Slater and
Cerami, 1992). For untreated P. falciparum malaria, large number of
infected RBCs rupture every 48 h (Medical Biology-diseases, 2012),
releasing fever-causing chemicals into the blood at regular inter-
vals (Marsh, 2012; Malaria, 2012a). The released merozoites can
either re-enter a naive erythrocyte and begin a new erythrocytic
cycle, or become a gametocyte, remaining inactive in the blood-
stream of the human host. It begins to differentiate if taken up
by a mosquito and this starts the whole cycle again. Whether the
late relapses of malaria episodes are caused by a dormant primary
pre-erythrocytic parasite or a clinically undetectable secondary
pre-erythrocytic system (Bruce-Chwatt, 1980) is not known. The
cycle for the pre-erythrocytic stage is two weeks at most (Clyde,
1987), but individuals go without symptoms for decades between
the time of primary infection, first exposure to the parasite, and a
relapse.

Parasite load is regulated according to parasite density
(Ginsburg and Hoshen, 2002). The autoregulation maintains an
equilibrium between activated host defense processes, the sensitiv-
ity of the erythrocytes to invasion and the degree of pathogenicity
of the parasite (White and Ho, 1992). Developing a suitable mathe-
matical model is imperative to understanding such auto-regulation.
Numerous mathematical models have been designed to under-
stand the process of malaria infection in non-immune individuals
(Gravenor and Kwiatkowski, 1998; Gravenor et al., 1998, 1995;
Gupta et al., 1994; Hetzel and Anderson, 1996; Saul, 1998) with
mixed results. Such models are essential since the malaria para-
sites cannot be seen at some stages within-host. It is obvious
that the models could disclose the significance of antigenic vari-
ation to the evolution of malaria (Ginsburg and Hoshen, 2002) at
cellular and population levels. Studies such as those in Okosun
et al. (2011, 2013) and Makinde and Okosun (2011) have modeled
optimal control strategies and analyzed cost effectiveness of the
disease. Okosun et al. (2011) studied optimal control analysis of a
malaria disease transmission model that includes treatment and
vaccination with waning immunity, while Makinde and Okosun
(2011) looked at the impact of chemotherapy on optimal con-
trol of malaria disease with infected immigrants. These studies
model malaria control at population level. More often than not,
the impact of a disease at population level may or may not be
driven by the cellular level dynamics of the infected individ-
uals. Understanding within-host dynamics of malaria may provide
needed information on such studies of malaria at population
level.

A lot of study has been done on blood-stage malaria with inter-
esting results (Hetzel and Anderson, 1996; Saul, 1998; Achcar et al.,
2011; Johnston et al., 2014; Dondorp et al., 2000; Thibodeaux,
2010). In this study, a new approach that perhaps makes it pos-
sible for P. falciparum malaria to multiply rapidly within the host
(Slater and Cerami, 1992) is suggested. First, the basic within-host
model by Hetzel and Anderson (1996) and Dondorp et al. (2000)
is analyzed, and steady states together with conditions for their
existence and persistence explored. The results are compared to
those from the Saul (1998) model, although not shown in the paper.
Until recently, malaria parasites were considered to prefer new
cells to already infected ones. Here, it is hypothesized that mero-
zoites do enter infected red cells due to restriction of blood flow
(see Ginsburg and Hoshen, 2002 and the references there in). This
is based on an assumption that availability of uninfected RBCs to
merozoites is restrained when total clogging of venules occurs in
severe malaria. Although the situation in severe malaria may be

much more complex (Dondorp et al., 2000), the possibilities that
could lead to anemia are explored.

The hypothesis is studied from a mathematical point of view and
an attempt to answer the following questions is made: In cases of
severe malaria and restricted supply of uninfected RBCs, is it plausi-
ble that merozoites get absorbed in infected cells? If so how would
such dynamics affect the entire blood stage malaria infection pro-
cess? Does it have any marginal effect on persistence within-host?
To answer these questions the basic model by Hetzel and Anderson
(1996) and Dondorp et al. (2000) is analyzed and results compared
with the case of additional infection. The rupture function by Saul
(1998) is used for comparison to the known dynamics of malaria.

2. Model formulation

Three models based on earlier work such as in Hetzel
and Anderson (1996), Saul (1998), Dondorp et al. (2000) and
Thibodeaux (2010) and more recently, Cuadros and García-Ramos
(2012) are used. The models designed are susceptible-infective (SI),
in the human host and an additional compartment for the malaria
parasites. In the first model, malaria parasites are attacking non
infected RBCs and then after a given time, rupture to release more
merozoites and the infection process continues. In this case, the
number of merozoites released are dependent on the number of
red cells destroyed. Upon rupture, r merozoites are released. In the
proposed model, similar assumptions as in the first model are made.
The difference arises out of the hypothesis that merozoites can be
absorbed in an already infected RBC. More details about this process
are given in the proceeding sections.

2.1. Original model

In this section, a mathematical model of blood stage infec-
tion with a single strain of malaria is investigated. Emphasis is to
study the cell population dynamics to determine the parameters
for a successful invasion and persistence of the parasite. Important
parameters in the invasion/persistence, and whether the density
of susceptible erythrocytes is an important determinant of the ini-
tial pattern of infection in vivo are studied. The basic model of
blood-stage malaria dynamics implemented here has three vari-
ables: x, the concentrations of uninfected RBCs, y, the infected RBCs,
and m, the free malaria parasites (Hoshen et al., 2000; Hetzel and
Anderson, 1996; Dondorp et al., 2000). These quantities denote the
total abundance (cells or parasites) of the given population per
milliliter (mL) of blood, and their dynamics are described in Fig. 1.

Fig. 1A shows the known biological dynamics of malaria within
a host; extracted from Nature, see Winzeler (2008). Fig. 1B is the
mathematical translation of these dynamics within the RBCs. In
the study we model the asexual cycle c. The mathematical transla-
tion of stage c is described by the following system of differential
equations:

dx

dt
= � − �x − ˇxm;

dy

dt
= ˇxm − �y − ıy;

dm

dt
= rıy − �m − ˇxm. (2.1)

In the model, � is the rate at which new red cells are formed
(cells/ml/day), �, � and � are the death rates of uninfected red
cells, infected red cells and merozoites, respectively (/day). Let ı be
the differentiation rate of merozoites. The rate at which merozoites
invade red cells (/cell/ml/day) is ˇ while r is the number of mero-
zoites released per rupturing schizont. All parameters of the model
are non negative. The magnitudes, dimensions and sources of these
parameters are summarized in Table 1, and a compartmentalized
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Fig. 1. Compartmentalized diagram of the basic malaria model.

Table 1
Parameter values and their dimensions.

Parameter Description Value Dimension Source

� The rate at which new RBCs are formed 2.5 × 108 cells/ml/day Hetzel and Anderson (1996), Saul (1998) and Thibodeaux (2010)
� The per capita death rate for non infected RBCs 0.0083 /day Hetzel and Anderson (1996) and Dondorp et al. (2000)
ı Differentiation rate of merozoites 0.5 /day Dondorp et al. (2000) and Cuadros and García-Ramos (2012)
� Natural death rate of infected red blood cells 0.025 /day Dondorp et al. (2000) and Cuadros and García-Ramos (2012)
� The per capita death rate for free merozites 48 /day Dondorp et al. (2000) and Cuadros and García-Ramos (2012)
ˇ Infection rate of non infected red blood cells by

merozoites
2.5 × 10−10 /merozoite/day Dondorp et al. (2000)

r Merozoite production rate 16–20, 32 /day Malaria (2012b)

diagram in Fig. 1. From this system of differential equations, it is
possible to determine the concentration of the malaria parasite
population at equilibrium. Setting all the infected classes, that is,
y = 0 = m, and solving the resulting system at this steady state gives
the disease-free equilibrium DFE, as E1(0) = (�/�, 0, 0).

The endemic equilibrium state is obtained by setting the left
hand-side of expressions in Eq. (2.1) to zero to obtain the following
solution set:

Ẽ1 = {x̃, ỹ, m̃} =
{

r�ı�

(ı(r − 1) − �)(ˇ� + ��)R01
,

(ˇ� + ��)(R01 − 1)
ˇ(ı(r − 1) − �)

,
(ˇ� + ��)(R01 − 1)

�ˇ
, (2.2)

where

R01 = rıˇ�

(ı + �)(ˇ� + ��)
, (2.3)

is the basic reproductive number for the infection. Note that when
R01 = 1, we have

rc = (ı + �)(ˇ� + ��)
ıˇ�

. (2.4)

This is the critical number of released merozoites per rupturing
infected erythrocyte above which the infection persists. Therefore,
the uninfected steady state exists if r < rc whereas the endemic equi-
librium exists otherwise.

Stability of the disease-free state is investigated using the fol-
lowing theorem:

Theorem 1.

(i) The disease-free state E0 = (�/�, 0, 0) exists for all non-negative
values of its parameters and is globally asymptotically stable when
R01 ≤ 1 and unstable when R01 > 1.

(ii) If R01 > 1, solutions to the system (2.1) starting closely to E0
move away from E0 except those starting close to the invariant
x-axis which approach E0 along this axis.

(iii) If R01 > 1, system (2.1) has a unique endemic equilibrium Ê1 =
(x̂, ŷ, m̂) and its coordinates are given by Eq. (2.2).

The proof of this theorem follows from a Lyapunov function
L = (ˇ� + ��)y + ˇ�m, which can be shown that L → ∞ as t→ ∞
(Hale, 1969; Hsu, 2005; Khalil, 2002). The derivative of L along the
solutions to system (2.1) is

L′ = (ˇ� + ��)y′ + ˇ�m′ = (ˇ� + ��)(ˇxm − �y − ıy) + ˇ�(ıry − �m − ˇxm),

= rıˇ�y − ��ˇxm − (ˇ� + ��)(ı + �)y − �ˇ� ≤
[

rıˇ�−(ˇ� + ��)(ı + �)
]

y,

= (ˇ� + ��)(ı + �)

[
rıˇ�

(ˇ� + ��)(ı + �)
− 1

]
y,

= (ˇ� + ��)(ı + �)[R01 − 1]y.

Then L′ ≤ 0 if R01 ≤ 1. In addition, L′ = 0 only if y = m = 0 . Thus,
the maximum invariant set in {(x, y, m) : L′ = 0} is the singleton
E1(0).

To study the stability of the endemic equilibrium, system (2.1)
is linearized. The Jacobian matrix of the system is given by

J1 =

⎡
⎣−� − ˇm̃ 0 −ˇx̃

ˇm̃ −ı − � ˇx̃

−ˇm̃ rı −� − ˇx̃

⎤
⎦ . (2.5)

Note that Jacobian (2.5) has negative trace. For stability, the
determinant det(J1) > 0. The determinant of the matrix det(J1) is
given by det(J1) = r�ıˇx̃ − (ı + �)(�� + �ˇx̃ + �ˇm̃). Let us fur-
ther simplify the determinant using the equilibrium condition (2.2).
This implies that

det(J1) > 0 ⇒ r2��ı2ˇ�

(ı(r − 1) − �)(ˇ� + ��)R01
> (ı + �)

(
�� + r��ıˇ�

(ı(r − 1) − �)(ˇ� + ��)R01
+ (ˇ� + ��)(R01 − 1)

)
.

Simplifying this expression implies that

det(J1) > 0 if and only if
ı + �

ı(r − 1) − �
> �� + (ˇ� + ��)(R01 − 1).

(2.6)
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Thus the determinant is positive if the relation in Eq. (2.6) is
satisfied. Since the trace is negative, the steady states are asymp-
totically stable.

2.2. Proposed model

In this model, in addition to the assumptions made in the pre-
vious model in Eq. (2.1), it is hypothesized that merozoites can be
absorbed in an already infected RBC at a rate ˇ1y1m. It is important
to note that P. falciparum possesses a rapid reproduction rate and
not preferential for what age of the erythrocyte it infects (Clyde,
1987). It is proposed therefore, that the plasmodium parasite is
sophisticated in that it prefers an infected RBC that is about to
rupture in order to multiply faster. This assumption leads to an
additional subgroup y2, and rates ˇ2, �2, and ı2 with the same
descriptions as those in the referenced equations above. On the
other hand, the newly infected RBCs die off at a rate �1, differenti-
ates at a rate ı1 and release r1 new merozoites upon rupture. The
model is given in Eq. (2.7). Note here that when there is no second
infection the system returns the standard models in Eq. (2.1). These
modification lead to the following systems of equations:

dx

dt
= � − �x − ˇ1xm;

dy1

dt
= ˇ1xm − �1y1 − ı1y1 − ˇ2y1m;

(2.7)

dy2

dt
= ˇ2y1m − �2y2 − ı2y2;

dm

dt
= r1ı1y1 + r2ı2y2 − �m − ˇ1xm − ˇ2y1m,

The basic reproductive ratio for Eq. (2.7) as in the previous model
is computed for comparison to prior results. This is given by

R2
02 = r1ı1ˇ1�

(�1 + ı1)(ˇ1� + ��)
. (2.8)

Note that whether this value of R02 is larger than R01 depends
on the magnitude of the differences between ı, �, ˇ, r and ı1, �1, ˇ1,
r1 respectively. The square sign signifies double infection of x and y1
by the merozoites. Comparison will be made later using numerical
simulations. When R2

02 = 1, the critical value of r1, which gives the
minimum number of merozoites below which malaria would not
prevail in this case is obtained. This is given by

rc
1 = (�1 + ı1)(ˇ� + ��)

ı1ˇ1�
. (2.9)

The disease-free equilibrium state is obtained by setting
y1 = y2 = m = 0 in system (2.7) to obtain E2(0) = (�/�, 0, 0, 0) . At
endemic equilibrium the right hand side of Eq. (2.7) is set to zero
and the resulting system solved at the point E∗

2 = (x̃, ỹ, m̃) gives the
following relations,

x̃ = �

� + ˇ1m̃
, (2.10)

ỹ1 = �ˇ1m̃

(� + ˇ1m̃)(�1 + ı1 + ˇ2m̃)
, (2.11)

ỹ2 = �ˇ1ˇ2m̃2

(� + ˇ1m̃)(�1 + ı1 + ˇ2m̃)(�2 + ı2)
, (2.12)

0 = [Am̃2 + Bm̃ + C]m̃, (2.13)
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Fig. 2. Simulation of the proposed basic model in Eq. (2.7). The horizontal axis represent the time (days) while the vertical axis represent compartments in logarithmic scale.
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with

A = �ˇ1ˇ2(�2 + ı2), B = (�2 + ı2)[�ˇ1ˇ2 + �ˇ1(�1 + ı1)
+��ˇ2] − �ˇ1ˇ2r2ı2,

C = (�2 + ı2)[(�1 + ı1)(�ˇ1 + ��) − �ˇ1r1ı1].

(2.14)

It is easily seen that A > 0 for positive parameter values. There-
fore, there exists two distinct positive roots of Eq. (2.13) if B < 0,

C > 0 and
√

B2 − 4AC > 0 given by

m̃∞
1,2 = −B ±

√
B2 − 4AC

2A
. (2.15)

These two roots are bifurcation points of system (2.7). Stability
and existence of equilibrium states is done using numerical simula-
tion. The steady state not shown here, is a spiral point. This implies
that the system has complex eigenvalues with non-zero real part.
This point is unstable if the real part is positive and asymptotically
stable if the real part is negative. Therefore, either all the trajecto-
ries will move in toward the equilibrium point as time increases,
or move away from the point.

As mentioned in preceding sections, the model in Eq. (2.7) is
now fit using the known parameter values. In the fitting, �, �, �,
and ı and are fixed because they are known. The parameters to be
fitted are R1 = r1ı1, �1 = �1 + ı1, R2 = r2ı2, �2 = �2 + ı2, ˇ1 and ˇ2.

3. Numerical results

In this section, simulation and parameter identifiability of the
proposed model in (2.7) is carried using delayed rejection adap-
tive Markov chain Monte Carlo (DRAM) method as in Haario et al.
(2001) and Marko (2008). To generate Fig. 2, first, data was simu-
lated using the literature values from Table 1 using the basic model.
Fig. 2a, c and e shows the simulated data in logarithmic scale, from
which it is observed that the typical oscillations known for within
host malaria as in Hetzel and Anderson (1996) and Dondorp et al.
(2000) are preserved, but with different merozoite growth rates.
In this figure, both the basic and proposed models are plotted to
highlight the change in disease dynamics in presence of double
infection. Fig. 2b and d shows differences between the healthy
and infected RBCs in the proposed and basic model, while Fig. 2f
shows the differences in the merozoite abundance when a dou-
ble infection is assumed. From these differences, it is observed that
the model over estimates the rupture rate and number of infected
RBCs.

For parameter identifiability, using DRAM algorithm, the simu-
lated data are corrupted with Gaussian noise. The MCMC samples
are analyzed using scatter plots and autocorrelation. The scat-
ter plot shows the correctness of the chain and hence, one can
determine the goodness of performance of the MCMC method.
Fig. 3 shows the trend of the generated samples. All sam-
ples mix well though at the beginning in some of the plots
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interval and show a strong correlation.



82 B. Nannyonga et al. / BioSystems 126 (2014) 76–84

0.515 0.52 0.525 0.53
0

100

200

300

σ
1

15.4 15.6 15.8 16 16.2 16.4
0

100

200

300

R
1

13 13.5 14 14.5
0

100

200

300

400

500

R
2

0.59 0.595 0.6 0.605 0.61
0

100

200

300

σ
2

2.45 2.5 2.55 2.6

x 10
−10

0

50

100

150

200

250

β
1

1.9 1.95 2 2.05 2.1 2.15

x 10
−10

0

100

200

300

400

β
2

Fig. 6. Marginal distribution plot together with mean of MCMC samples (green) and the original parameter values (black). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of the article.)

(for instance R1, �1 and ˇ1), the mixing is not good. This
might be caused by poor initial covariance matrix which is
later updated. The parameters are well correlated as depicted in
Fig. 4.

The MCMC samples converge to a right distribution as shown in
Fig. 5 where the autocorrelation coefficients drop to and stabilizes
around zero.

Fig. 6 shows the marginal distribution together with the sam-
ple means and original parameters. It is observed that all marginal
distributions (except that of ˇ1) are skewed to the right. The Kur-
tosis coefficients for all sample parameters are approximate to
three, which means their marginal distributions are close to nor-
mal distribution. As seen from Fig. 6, the sample mean for R1 = r1ı1,
�1 = �1 + ı1, R2 = r2ı2, �2 = �2 + ı2, ˇ1 and ˇ2 are 15.8962, 0.5241,
13.8188, 0.6014, 2.5119 × 10−10 and 2.0108 × 10−10 respectively.
These mean estimates give r1 = 31.7924, �1 = 0.0241, r2 = 27.6375
and �2 = 0.1014. From these results, if, as stated by Ginsburg and
Hoshen (2002), the uninfected RBCs are restricted due to capillary
logging, then two merozoites may enter the uninfected red blood
cells and release the maximum possible number of new mero-
zoites (equal to 32 (Malaria, 2012b)). In this case, the infected
RBCs will die due to infection at the same rate as that known
from prior studies (≈0.025 (Dondorp et al., 2000; Cuadros and

García-Ramos, 2012)). If the merozoites enter already infected RBC,
they produce more merozoites in the 48 h cycle, outside the range
(16–20 (Cuadros and García-Ramos, 2012)) as determined from
prior studies. Therefore, there is increased chance of more infection
in this case. Further, from the results, �2 = 0.1006, which is higher
than in usual cases (Dondorp et al., 2000; Thibodeaux, 2010). This
implies that fewer infected RBCs die off due to the disease (from 40
(Dondorp et al., 2000; Cuadros and García-Ramos, 2012) to approx-
imately 8 per day). This result signifies that more infected red cells
rupture due to infection instead of simply dying off. This stresses
increased chances of anemia in the host. It may also indicate why
there is lack of uniformity of the oscillations in malaria mod-
els in contrast to what literature suggests (48 h rupture (Medical
Biology-diseases, 2012) at regular intervals (Marsh, 2012; Malaria,
2012a)).

From the results, it can therefore be suggested that in case of
additional infection, more merozoites are released and this may
result in anemia of the host especially since at this time malaria
is severe and there is restricted abundance of uninfected RBCs.
This leads to reduction in the number of infected RBCs destroyed
naturally. Thus, most of the infected RBCs rupture due to infec-
tion. In this fitting, it was assumed that merozoites do not freely
attack RBCs and therefore ˇ1 and ˇ2 were fixed. If one of the
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parameters (ˇ1) was fixed and ˇ2 fit, correlation of parameters
is not as much as when both are fixed. Thus, it can be concluded
that during within-host episodes of malaria, there are restrictions
on how the merozoites attack RBCs. Understanding the underly-
ing mechanisms of such attacks can best be explained by clinical
experiments.

4. Discussion and conclusions

This paper studies mathematical models for within-host malaria
with different mechanisms of parasite growth. It shows how a
model can be fit to data and parameter variation and distribution
studied using the Markov chain Monte Carlo (MCMC) algorithm.
Two models were used; the first, a basic malaria model where the
life of an infected red cell is assumed to follow an exponential decay,
with an average span equal to the parasite growth cycle (Hetzel and
Anderson, 1996; Dondorp et al., 2000). This model describes the
population at discrete times in terms of the multiplication factors
which occur between different stages and the probability of surviv-
ing from one time point to the next and the size of the population
at a previous time. The second model hypothesizes a case of severe
malaria where there is limited supply of uninfected RBCs such that
parasites, in their quest for survival and to multiply faster, get
absorbed in already infected RBCs. Using the two models, reliable
parameter distributions were obtained. From these, the likelihood
of double infection was provided. The parasite growth rate in the
case of exponential growth was found to be highest when there
is double infection, signifying an increased rupture rate that may
happen before 48 h. This is also explained by the increased oscilla-
tions in this model, more than that in the discrete case. The rate
at which infected RBCs die off was lowered in the case of dou-
ble infection. This means that more infected red cells rupture to
release new merozoites for more infection. Most of the fit param-
eters were shown to be highly correlated. However, in all cases, r
and ı were found to be extremely correlated with each other and
this made it hard to estimate them separately and thus were fit
together.

We also considered effect of additional infection at population
level. Assuming that double infection increases parasite load in an
individual, the population attributes constant was estimated to be
44%. This would imply that increase in parasite load within a host
may affect the outcome of between-hosts at population level. This
result is possible in cases of severe malaria where there is limited
supply of uninfected RBCs (Ginsburg and Hoshen, 2002). Prior study
such as that of Saul (1998) have indicated over estimation of the
well known and widely used models of within-host malaria. His
suggested function of merozoite growth showed loss of the known
periodicity in malaria within a host and needs further analysis. His
results have since been criticized by other researchers and a better
approaches suggested.

A possible way that could provide best estimates for para-
site growth within a host may be using a discrete approach.
The results in this study provide good insights into the complex
system of malaria and may vary based on numerous factors, how-
ever, they are speculative and actual experiments would give a
better phenomenon of what happens within a host in cases of
severe malaria. It is important to note however that the dynam-
ics of the infection changed greatly in this setting and that calls
for in-depth research of the phenomenon. Our results highlight
the well known fact that within-host malaria infection is a com-
plex system that may never be fully understood. This is greatly
due to the complicated life cycle and behavior of the plasmod-
ium parasite. Controlling malaria within a host may save the
host, and also reduce on the between-host transmission. How-
ever, these results are from a mathematical perspective and clinical

research may provide a better description of such a complex sys-
tem.
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