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The mechanical and hygroscopic properties of paper and board are factors affecting the whole life-
cycle of a product, including paper/board quality, production, converting, and material and energy
savings. The progress of shrinkage profiles, loose edges of web, baggy web causing wrinkling and
misregistration in printing are examples of factors affecting runnability and end product quality in
the drying section and converting processes, where paper or board is treated as a moving web. The
structural properties and internal stresses or plastic strain differences built up during production
also cause the end-product defects related to distortion of the shape of the product such as sheet
or box. The objective of this work was to construct a model capable of capturing the characteris-
tic behavior of hygroscopic orthotropic material under moisture change, during different external
in-plane stretch or stress conditions. Two independent experimental models were constructed: the
elasto-plastic material model and the hygroexpansivity-shrinkage model. Both describe the struc-
tural properties of the sheet with a fiber orientation probability distribution, and both are functions
of the dry solids content and fiber orientation anisotropy index. The anisotropy index, introduced
in this work, simplifies the procedure of determining the constitutive parameters of the material
model and the hygroexpansion coefficients in different in-plane directions of the orthotropic sheet.
The mathematically consistent elasto-plastic material model and the dry solids content dependent
hygroexpansivity have been constructed over the entire range from wet to dry. The presented elasto-
plastic and hygroexpansivity-shrinkage models can be used in an analytical approach to estimate
the plastic strain and shrinkage in simple one-dimensional cases. For studies of the combined and
more complicated effects of hygro-elasto-plastic behavior, both models were implemented in a fi-
nite element program for a numerical solution. The finite element approach also offered possibilities
for studying different structural variations of orthotropic planar material, as well as local buckling
behavior and internal stress situations of the sheet or web generated by local strain differences. A
comparison of the simulation examples presented in this work to results published earlier confirms
that the hygro-elasto-plastic model provides at least qualitatively reasonable estimates. The ap-
plication potential of the hygro-elasto-plastic model is versatile, including several phenomena and
defects appearing in the drying, converting and end-use conditions of the paper or board webs and
products, or in other corresponding complex planar materials.

Keywords: Elasto-plasticity, Hygroexpansivity, Anisotropy, Dry solids content, Shrinkage,
Paper, Fiber orientation, Deformations
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CHAPTER I

Introduction

1.1 Background

The mechanical properties of paper and board are factors affecting the whole life-cycle of a prod-
uct, including paper/board quality, production, converting, and material and energy savings. Paper
or board can be described as an elasto-visco-plastic continuum material including such rheologi-
cal behaviors as delayed strain recovery, stress relaxation, and creep (Skowronski and Robertson
(1986); Rance (1956); Steenberg (1947); Gates and Kenworthy (1963); Lyne and Gallay (1954)).
The hygroscopic nature of fibers results in dimensional changes caused by humidity changes or
treatments which involve water intake or drying (Rance (1954); Page and Tydeman (1962); Ue-
saka (1994); Nanko and Wu (1995)). Shrinkage during drying (Wahlström and Lif (2003); Hoole
et al. (1999); Nanri and Uesaka (1993); Kiyoaki (1987)) and hygro- and hydroexpansivity (Uesaka
(1991); Salmen et al. (1987); Larson and Wågberg (2008); Lif et al. (1995); Mendes et al. (2011))
are widely studied components of the sorption based dimensional instabilities of paper and board.
Natural fibers and their treatments, bonds between fibers, their orientation in the fiber network,
additives, and manufacturing conditions all affect dimensional instability and the mechanical prop-
erties of paper or board (Silvy (1971); Wahlström and Fellers (2000); Alava and Niskanen (2006);
Kouko et al. (2007); Nordman (1958); Fahey and Chilson (1963); Salmen et al. (1987); Uesaka et al.
(1992); Uesaka and Qi (1994); Mäkelä (2009); Lyne et al. (1996); de Ruvo et al. (1976); Manninen
et al. (2011); Setterholm and Kuenzi (1970); Glynn et al. (1961); Leppänen et al. (2008)).

In paper manufacturing or the web-fed printing process, the continuous, moving paper web has to
be transported from one paper/printing machine component to another. Tension is needed in the
web velocity direction (machine direction, MD) when the paper web is moved from one roll surface
to another. Within transportation from the press section to the drying section the dry solids content
of the paper web may be as low as 35%, while in other production stages it may increase up to
98%. The required web tension is generated by straining the web in MD and controlled by velocity
difference between supporting surfaces. When the generation and maintenance of suitable tension
is considered, the time-dependent stress-strain behavior of both the wet and dry web is an essential
parameter. This transport of the strain-controlled web also generates plastic deformations in the
paper. Plastic deformations may vary locally and in different directions, because of irregularity in
the paper structure and the processing conditions.

The structural anisotropy arises from the paper making process, which usually orients fibers to align
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14 1. Introduction

more along the MD than the transverse direction (cross direction, CD), so that fiber orientation
distribution is virtually always anisotropic. During drainage, orientated shear occurs between the
unformed suspension and the wire/fiber mat, which produces paper with an orientated structure.
If drainage has been proceed by filtration, each individual fiber layer is formed separately. The
orientated shear can be described by a simple theory of inclined filtration (Radvan et al. (1965);
Parker (1972); Meyer (1971)). By means of this theory the degree of fiber orientation anisotropy as
well as misalignment angle for each individual layer of paper, can be calculated by varying both the
shear and dewatering velocity of the suspension. In addition to fiber orientation anisotropy, the level
of mechanical anisotropy is affected by the paper making process in such a way that in the velocity
direction of the web (MD) the tension needed for stable transfer increases the elastic modulus and
decreases the breaking strain in that direction. In the transverse direction (CD), no external tension
is applied and the web can deform more freely at the edges, although in the middle of the web the
most shrinkage is prevented by internal forces.

Depending on changes in the temperature and on the relative humidity of the air, cellulosic fibers
absorb, adsorb or desorb water. Most of the hygroexpansivity of fibers takes place diametrically;
the changes in the length and cross sections are in the order of 1% to 2% and 20% to 50%, re-
spectively, over the range of relative humidity (RH%) (Page and Tydeman (1962)). The lateral
hygroexpansivity of the fibers is transferred to the macroscopic dimensional changes of the paper
sheet via inter-fiber bonding (Rance (1954); Page and Tydeman (1962); Uesaka (1994); Nanko and
Wu (1995)). The fiber composition, degree of refining, chemical modifications and restraints during
drying influence the dimensional stability of paper, while anisotropic fiber orientation generates the
anisotropic in-plane hygroexpansivity of the sheet together with the drying conditions (Stamm and
Beasley (1961); Page and Tydeman (1962); Fahey and Chilson (1963); Uesaka (1994); Lyne et al.
(1996); Li et al. (2009)).

Several models to predict in-plane mechanical and rheological properties, and shrinkage and hy-
groexpansivity have been introduced. Johnson and Urbanik (1984, 1987) provided a nonlinear
elastic model to study material behavior in stretching, bending and buckling of axially loaded pa-
perboard plates. The nonlinear elastic biaxial failure criteria were studied by Suhling et al. (1985)
and Fellers et al. (1983). The in-plane orthotropic elasto-plastic approaches have been presented in
order to estimate the tensile response and deformation of paper by Castro and Ostoja-Starzewski
(2003), Mäkelä and Östlund (2003) and Xia et al. (2002). The viscoelastic models have been used
extensively in studying the creep or relaxation behavior (Brezinski (1956); Lif et al. (1999); Lu and
Carlsson (2001); Pecht et al. (1984); Pecht and Johnson (1985); Rand (1995); Uesaka et al. (1980)).

The formula for the hygroexpansion of paper has been derived from the hygroexpansion of a sin-
gle fiber and the efficiency of the stress transfer between fibers by Uesaka (1994). In the study
of Lavrykov et al. (2004) the traditional theory for linear thermoelasticity was applied to estimate
hygroexpansion strains. Hygro-viscoelastic models have been used by Uesaka et al. (1989), Lif
et al. (2005) and Lif (2006) to estimate the history-dependent dimensional stability and hygroex-
pansivity. Mechano-sorptive creep has been modeled, for example, by Urbanik (1995), Strömbro
and Gudmundson (2008), Alftan (2004) and Haslach (1994). Wahlström et al. (1999) have pro-
posed an orthotropic hypoelastic constitutive model for studies of phenomena behind the shrinkage
profile. In the model, the total strain including a hygroscopic strain component and the elastic mod-
ulus dependent on the moisture ratio are described by an exponential relation. The relation between
strain history and tensile stiffness was assumed to be linear, and the model and isotropic inputs were
calibrated by laboratory scale experiments. Constantino et al. (2005) have presented an empirical
model to predict the change of shape of shrinkage profiles resulting from changes in raw material,
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running conditions or machine design. The measured moisture dependency of material constants
was utilized by Yeh et al. (1991) in the nonlinear elastic model to investigate the effect of moisture
on mechanical behavior. Carlsson et al. (1980) have derived an analytical equation for sheet curl
(curvature) resulting from the hygroexpansion coefficients and elastic properties of the plies us-
ing elastic lamination theory. Subsequently, Bloom and Coffin (2000), Leppänen et al. (2005) and
Kulachenko et al. (2005) have studied the hygroscopic out-of-plane deformations using the elas-
tic constitutive model, while the elasto-plastic model has been applied by Lipponen et al. (2008).
Hygroexpansion coefficients are independent of the moisture content in these models.

1.2 Objective

The ultimate purpose of this work is to contribute to the solution of several undesired phenomena
that can be considered to be connected to the hygroscopic and stress-strain behavior of paper or
similar material during production processes and in end-use. Examples of such phenomena are
the development of shrinkage profiles, loose edges of a web, a baggy paper web causing possible
wrinkling and misregistration in printing, or distortion in the shape of a product such as a sheet
or box. These defective events have been studied widely by different experimental and modeling
approaches, but there are still elements that remain unidentified.

The objective of this work is to construct a model to estimate the behavior of orthotropic planar
material under different moisture contents subjected to external stress, strain and moisture changes.
The contribution of this work to solving the ultimate purpose described above is to provide esti-
mates of plastic strain, internal stresses and deformations on a sheet or web due to these changes.
Two independent empirical models were constructed: the elasto-plastic material model and the
hygroexpansivity-shrinkage model. Both models are functions of the dry solids content and fiber
orientation anisotropy index and can be used in an analytical approach to estimate plastic strain
and in-plane deformations in simple one-dimensional cases. For studies of the combined and more
complicated effects of hygro-elasto-plastic behavior, these two models were implemented in a finite
element program for numerical solution of the sheet or web. The finite element approach also al-
lowed the possibility of studying different structural variations of an orthotropic sheet as well as the
buckling behavior and internal stress situations of sheets or webs caused by local or layered strain
differences. The time- or history-dependent phenomena were omitted from the analytical models at
this stage. Thus, the applicability of the model to studies of storage and multi-chained processes is
limited.
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CHAPTER II

Layered fiber orientation

A large number of different indirect measuring methods have been developed to determine the fiber
orientation or anisotropy of sheet. Several of them are based on measuring the anisotropy of me-
chanical properties, i.e. the angular variation of tensile strength, elastic modulus, zero-span tensile
strength (Kallmes (1969); Cowan and Cowdrey (1974); Fleischman et al. (1982)) or sonic modulus
(Craver and Taylor (1965); Mann et al. (1980)). The deformation of a sheet in heat shrinkage is also
an indicator of anisotropy and a misalignment angle (Koskimies (1986)). Generally, the mechanical
and deformation properties of sheet strongly depends on both drying restraint and fiber orientation.
Different applications using visible light or other radiation to determine structural orientation have
also been introduced, for example, laser light diffraction, diffusion and scattering (Rudström and
Sjölin (1970); Bauer and Stark (1988); Sadowsky (1979); Abe and Sakamoto (1991); Fiadeiro et al.
(2002)), polarized far infrared (Boulay et al. (1986); Drouin and Gagnon (1993)), X-ray diffrac-
tion (Ruck and Krässig (1958); Prud’homme et al. (1975); Yuhara et al. (1991)) or transmitted
microwave intensity (Habeger and Baum (1987); Osaki (1987)). In the first direct methods, the
distribution of the fiber orientation was measured from a sheet formed from a furnish containing a
small fraction of stained fibers. Both manual and digitized microscopic counting techniques have
been developed (Danielson and Steenberg (1947); Forgacs and Strelis (1963); Crosby et al. (1981)).
These methods measure the orientation of stained fibers only on the outer surfaces. The fiber orien-
tation distribution of surfaces is also measured by light diffraction by Fiadeiro et al. (2002) and light
reflection by Abe et al. (1995), Niskanen (1993), Enomae et al. (2004) and Takalo et al. (2014).

Usually, a technique to divide a paper sample into a number of distinct layers is needed to enable the
measurement of the variation of the fiber orientation structure in thickness direction (z-direction) of
the sample. In a Beloit sheet splitter, the wet paper sample is delaminated when both of its surfaces
are frozen in the nip onto the surfaces of rotating steel rolls, which are cooled below the freezing
point of water. The Beloit sheet splitter was developed by Parker and Mih (1964) and was used
by Kallmes (1969) to determine zero-span tensile strength anisotropy throughout the thickness of a
sheet. Waterhouse et al. (1987) and Östlund et al. (2004) removed layers by surface grinding to mea-
sure the z-directional variation of the internal stress of a sheet. Adhesive or lamination tape splitting
was applied by Abe and Sakamoto (1991), Erkkilä (1995), Lloyd and Chalmers (2001), Neagu et al.
(2005) and Hirn and Bauer (2007), as well as in Publication I, Publication II. In sectioning, some
damage to the fiber network is inevitable, and thus, Xu et al. (1999) and Enomae et al. (2008) have
proposed the non-destructive confocal laser scanning microscopy techniques to visualize the fibers
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18 2. Layered fiber orientation

within the structure. Determination of the three dimensional fiber segment orientation using X-ray
microtomography has been demonstrated for paper by Kondo and Aidun (2007) and for nonwovens
by Tausif et al. (2014). Images describing the mass density or reflection of a whole sample or an
individual layer and captured by soft X-ray, X-ray, radiography, light transmission, light reflection,
or optical or scanning electron microscopes are processed with several methods to determine the
characteristic parameters of the fiber orientation. The Fourier transform from surface optical micro-
graphs or scanning electron micrographs was used by Yuhara et al. (1991) and Enomae et al. (2004,
2008). The Hough transform was proposed by Xu et al. (1999) and Thorpe (1999). One of the most
widely used methods is based on local gradient determination (Erkkilä (1995); Scharcanski and
Dodson (1996); Publication I; Scharcanski and Dodson (2000); Publication II; Lloyd and Chalmers
(2001); Neagu et al. (2005)). A variogram based-method and segmentation by skeletonization have
been compared with the gradient method by Kärkkäinen et al. (2001) and Hirn and Bauer (2007). A
curvelet-based method for orientation estimation is studied by Sampo et al. (2014) and Takalo et al.
(2014).

Fibers are usually curled or kinked and may be more curly in the cross direction than those in the
machine direction due to the paper making process. Also the length and thickness of fibers varies
and the image of fibers may appear discontinuous as they overlap each others. The fiber orientation
distribution is defined in different ways when different image processing techniques or measuring
methods of structural properties are used (Niskanen and Sadowski (1989)). There is no common
consensus on how the contribution of each fiber to fiber orientation distribution should be weighted.

For this work, the fiber orientation parameters are measured using the layered fiber orientation
method developed by Erkkilä (Erkkilä (1995); Publication I; Publication II). The important features
of this method are that laminate tape splitting provides large analyzing areas, fairly low resolutions
can be used in digitizing, individual fibers do not needed to be identified in image processing by the
gradient method, and it is suitable for both measurements of global values and local variations. In
this method, the sample layers are placed against a black background, and an image of a suitable
area (for example, 192 mm × 192 mm) is captured by scanner from the fiber side (in contrast to
the tape side) with a 30 µm/pix resolution using reflective illumination. When analyzing the layer
images, the aim is to detect the edges of fibers or fiber bundles and to determine their orientations.
Fibers are distinguishable against a dark background as high intensity values.

The detection of edges is based on the computation of image gradients in every image element.
For a discrete digital image, the derivatives ∂f

∂x
and ∂f

∂y
can be approximated through a discrete

differentiation operator. The operator uses two kernels kx(i, j) and ky(i, j) that are convolved with
the original image f(x, y) to calculate approximations of the horizontal and vertical derivatives:

∂f(x, y)

∂x
≈ Dx(x, y) = (f ∗ kx)(x, y), (2.1)

∂f(x, y)

∂y
≈ Dy(x, y) = (f ∗ ky)(x, y), (2.2)

where ∗ denotes the 2-dimensional convolution operation. The coefficients of the kernels used are
based on the principle of binomial filter design (Publication II). The magnitude (length) |∇f(x, y)|
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and direction θf (x, y) of gradient vectors at each local image point are calculated by applying Equa-
tions 2.3 and 2.4:

|∇f(x, y)| =
√
D2
x +D2

y, (2.3)

θf (x, y) = tan−1
Dy

Dx

. (2.4)

The magnitude of gradient vector is directly related to the probability that the part of the image
examined represents the edge of the fiber. At the fiber edge the direction of gradient corresponds
with the direction normal to that segment of fiber edge. The discrete orientation distribution is
then formed as a weighted probability density function of the local orientations P (θP ), where the
weighting factor is the gradient magnitude |∇f(x, y)|. The direction histogram is

P (θP ) =
Σx,y

(
|∇f(x, y)| δθf(x,y),θP

)
Σx,y |∇f(x, y)|

(2.5)

where δθf(x,y),θP is Kronecker’s delta function and {θP , θf ∈ Z : 0 ≤ θP , θf < 360}. The main di-
rection of the orientation (orientation angle) θ is defined as the deviation of the longer symmetry
axis from the machine direction. The anisotropy of the fiber orientation distribution ξ is defined as
a ratio of the maximum distribution value P (θ) and the value in the perpendicular direction to the
maximum value P (θ + 90).

The elasto-plastic, hygroexpansivity and shrinkage parameters were fitted to the experimental val-
ues as a function of the anisotropy index in Publications III and IV; and the final models were
constructed from those fittings in Publication V. In order to derive the anisotropy index φ, two as-
sumptions were made: (1) the shape of the orientation distribution is elliptical and (2) the area of the
orientation distributions of different orientation levels and samples can be normalized to the same
constant value. For simplicity the area of orientation distribution is defined to be π. By means of
these assumptions the lengths of the minor and major semi-axes of the fiber orientation distribution
ellipse obtains the values 1/

√
ξ and

√
ξ, respectively. Then the equation for the anisotropy index φ,

describing the distance of ellipse point from the origin in the direction γ, can be written as

φγ =

√
1− ξ2

ξ + tan2 γ/ξ
+ ξ. (2.6)

when γ is the angle from the minor axis of the fiber orientation distribution.

The layered orientation measuring method, described above and presented in Publications I, II
and III, has been proved to be a valuable tool both for studying the paper forming conditions at
the wet end of the paper machine (Publication I; Erkkilä (1995); Erkkilä et al. (1999); Lindström
et al. (2009); Kiviranta and Pakarinen (2001)) and for estimating the structural based out-of-plane
deformation tendency of the paper sheet (Leppänen et al. (2006); Publication II; Kiviranta and
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Figure 2.1: Layered fiber orientation anisotropy (left) and angle (right) profiles at different jet-
to-wire speed ratio values. (Publication I)

Pakarinen (2001)). The velocity difference of the jet and the wire causes orientated shear between
the unformed suspension and the wire/fiber mat (Parker (1972)). The large speed difference gives
high fiber orientation anisotropy, while turbulence increases randomness and reduces the effect of
orientated shear. The misalignment angle (deviation of fiber orientation main axis from machine
direction) may occur if the orientated shear has a transverse component difference between the
wire and the suspension velocities. The fiber orientation in each layer of paper is governed by the
conditions of the flow field that were prevailing as that layer was drained. An example of a layered
fiber orientation structures with five different jet-to-wire speed ratio values is presented in Fig. 2.1
for fine paper sheets produced by hybrid forming.

The anisotropy of the fiber orientation is a significant factor for the anisotropic behavior of the
mechanical and the hygroexpansion parameters of the paper or board. In some applications these
anisotropic properties may be useful if the strength or dimensional stability is required in some
specific direction of the product, but several unwanted defects may arise from the two-sidedness
or other variations in the fiber orientation. For variation studies the layer images can be sectioned
for example to 2 mm × 2 mm subregions, and orientation distributions and parameters can be
calculated separately for all of these small regions. An example of the variation of fiber orientation
at the bottom side of a news sample is presented in Fig. 2.2 (below) using line segments to describe
the local anisotropy (the length of the line) and orientation angle (the direction of the line). In this
case the high correspondence between the fiber orientation variation and out-of-plane deformations
(cockling) (Fig. 2.2 (above)) can be detected even by visual comparison.
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Figure 2.2: News sample showing wavy cockling and fiber orientation structure. Example of
region of cockling topography (above) and orientation lines calculated for 2 mm × 2 mm subar-
eas from the bottom side layers from a corresponding region (below). The length and direction
of the orientation lines describes the anisotropy values and orientation angles, respectively. The
size of the region is 132 mm × 132 mm.
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CHAPTER III

Elasto-plastic material model

Several different approaches to characterize the mechanical properties of sheet materials from stress-
strain curves have been introduced (Hill (1944); Ludwik (1909); Prager (1942); Ramberg and Os-
good (1943); Swift (1952); Voce (1948)) and they are applied to paper or cellulosic materials, for
example, by Andersson and Berkyto (1951), Castro and Ostoja-Starzewski (2003), Johnson et al.
(1979), Mäkelä and Östlund (2003), Stenberg et al. (2001), Suhling et al. (1985) and Urbanik (1982).
These methods have been developed to model either the overall curve shape or the material param-
eters, such as elastic modulus, yield point, yield offset, proportional limit, and tensile strength. If
a material is considered as elasto-plastic, special interest is focused on the yield point and hard-
ening behavior. In Publication III several different models were studied to describe the uniaxial
stress-strain behavior of paper. These methods included commonly used approaches such as bi-
linear, hyperbolic, exponential, power law and Ramberg-Osgood approximations. In this research,
the target was to model a whole stress-strain curve and determine the material parameters: elastic
modulus, yield strain, yield stress, and stress and strain at failure. By exploiting information from
these approximations a modified approach to describe the whole stress-strain behavior of paper was
proposed.

The study of the proportional limit determination was based directly on the definition, that the pro-
portional limit is the point at which the load-elongation curve deviates from linearity. The general
idea was to determine the specific point of the stress-strain curve where the nonlinear model starts to
have a better fit to the data than the linear function fitted to the beginning of the stress-strain curve.
The aim was to fit a parabolic function only to the region where the stress-strain curve starts to de-
viate from the linear behavior, in order to guarantee a high goodness of fit around the proportional
limit. The goodness of fit of the two different functions fitted to the same measuring data has to be
equal at that infinitesimal position where those functions intersect. The intersection of the parabolic
fit and linear equation with a slope according to the elastic modulus E can be determined by the
equation:

εy =

{ (
−G2 + 1/E +

√
2G2 − 2/E − 4G1G3

)
/2G1 if 2G2 − 2/E − 4G1G3 ≥ 0

0.5(1/E −G2)/G1 otherwise
(3.1)

where the first equation calculates the intersection point and the second equation the point of the
equal tangents, which is used if no intersection occurs. The parameters G1, G2 and G3 are constants
of the parabolic dependency ε = G1σ

2 + G2σ + G3 fit to strain interval from 0.1% to 0.4%, and ε,
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Figure 3.1: The proportional limit (yield point) determination using the parabolic approach.
The yield point marked by the circle, measured data by the crosses and the linear fit having a
slope of the elastic modulus by the dashed line. Dry solids contents and anisotropy indexes are
in left Rsc = 56.8%, φ = 1.421, in the middle Rsc = 75.3%, φ = 1.421 and on the right
Rsc = 95.6%, φ = 0.704. (Publication III)

σ and εy are the strain, stress and the yield strain, respectively. Three examples of the determination
of the proportional limit (here considered equal with yield point) is presented in Fig. 3.1.

The following equation was concluded in Publication III to be suitable to describe all uniaxial
stress-strain relationships measured:

σ =

{
Eε if ε ≤ εy

Eεy − H
2E

+
√
H
(
H
4E2 + ε− εy

)
if ε > εy

(3.2)

where the elastic modulus E, yield strain εy and hardening constant H are fitting parameters. The
fitted material parameters for different dry solids contents (Rsc) and anisotropy index (φ) levels are
presented in Fig. 3.2. Stress-strain measurements used for these fittings were presented in Lipponen
et al. (2008) and in Publication III. To construct the material model the following equation was
presented in Publication V for fitting the parameters σy, εy and H as a function of Rsc and φ:

P = (A1 + A2φ+ A3Rsc)
1/n P = {σy, εy, H} (3.3)

where A1, A2, A3 and n are the fitting constants listed in Table 3.1. Table 3.1 also includes the
coefficient of determination r2 values between the measured parameters from Publication III and
their estimates according to Eq. (3.3). The elastic modulus is determined byE = σy/εy (r2 = 0.985).

Table 3.1: The fitting parameters of Eq. (3.3) and the coefficients of determination r2 for the
yield stress σy, the yield strain εy and the hardening constant H . (Publication V)

A1 A2 A3 n r2

σy -5.9030 (Pan) 3.1959 (Pan) 18.3077 (Pan) 0.1760 (-) 0.965
εy 380.4181 (-) 14.3408 (-) -269.8327 (-) -0.7720 (-) 0.816
H -0.6021 (Pa2n) 4.0423 (Pa2n) 11.3795 (Pa2n) 0.0715 (-) 0.890
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Figure 3.2: Material parameters as a function of the anisotropy index φ and dry solids content
Rsc, determined from measured uniaxial stress-strain curves. The surfaces are interpolant of
material parameter data. (Publication III)

The material model parameters as a function of φ and Rsc are presented in Fig. 3.3. The functions
fitted according Eq. (3.3) behave monotonically. This allows a reasonable amount of extrapolation,
which may be needed, for example, if the local variation of fiber orientation is considered. The
model has a lower limit for dry solids content, i.e. the model is valid if Rsc > 0.3; the parenthetical
expression of Eq. (3.3) reach negative values for yield stress σy with low dry solids content and if the
anisotropy index is also simultaneously low. The material model can be used directly to calculate the
in-plane material parameters of an orthotropic sample in any direction or at any dry solids content
over 30%. The determined plastic strain dependence on the dry solids content and anisotropy index,
as a consequence of 0.3% or 1% strain, is presented in Fig. 3.4.

In the continuum mechanical model plane stress is assumed and dependence between stress σ =
(σ1, σ2, σ12)

> and strain ε = (ε1, ε2, ε12)
> is defined by the generalized Hooke’s law as

σ = Cε (3.4)

whereC is the constitutive matrix. Hill’s yield function (Hill (1948)) was used to describe the yield
surface. Hill’s yield function is commonly used for paper and paperboard although there are known
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Figure 3.3: Material parameters as a function of anisotropy index φ and dry solids content Rsc
according to Eq. (3.3) and Table 3.1. (Publication V)

limitations related to it, for example, the origin symmetry of the Hill’s yield surface does not gener-
ally hold for paper or paperboard. An essential factor supporting the usage of Hill’s yield function
is the relatively simplicity of the parameter definition; in the case of paper the measurements needed
for the determination of more exact yield surface are very complicated. According to Hoffman’s
approximation as found in Lipponen et al. (2008) the yield function has the form

f(σ) =

√
σ2
1 − σ1σ2 +

(
σy,1
σy,2

)2

(σ2
2 − σ2

12) +

(
2σy,1
σy,45◦

)2

σ2
12 (3.5)

where σ1, σ2 and σ12 are the components of the stress tensor and σy,1, σy,2 and σy,45◦ are the yield
stresses in the main direction, the cross direction, and in the direction deviating 45 degrees from the
main direction, respectively. Elastic moduli are defined for directions 1, 2 and 45◦ as:

Ei =
σy,i
εy,i

(3.6)
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Figure 3.4: Plastic strains induced by 0.01 strain (left) and 0.003 strain (right) as a function of
orientation index φ and dry solids content Rsc. (Publication V)

where εy,i is the yield strain in the direction specified by the subscript i. All in-plane stress and
strain parameters are defined by Eq. (3.3). Other details of numerical simulations are described in
Publication V.

Following example is presented to demonstrate the elasto-plastic model in a stretching situation
without dry solids content changes. For the finite element numerical study, anisotropic sheet having
two 100 mm wide anisotropy streaks, but otherwise homogeneous structure, was set up, see Fig.
3.5 and Publication V. The sheet thickness used in the simulations was 0.1 mm. The 1% MD strain
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Figure 3.5: The anisotropy streaks setup for the numerical simulations.
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Figure 3.6: Simulated out-of-plane deformations (left) and CD profile of MD strains (right) after
the sample is stretched to 0.01 strain in the MD and released. Dry solids content Rsc = 0.60.
In the streaks the fiber orientation anisotropy ξ = 2.2, in the surrounding ξ = 1.8. The right-
hand figure shows: the in-plane deformation of the simulated sample in MD (solid thick line),
the MD strain determined using integrated MD length of the simulated sample (solid narrow
line), and the plastic strain determined using the analytical one-dimensional model (dashed line).
(Publication V)

was applied to the sheet having dry solids content Rsc = 60%, while the CD was unconstrained. The
simulated MD stress in the streaks and in other positions were equal to the MD stress determined an-
alytically from the one-dimensional material model (Publication V). By uniform stretching a higher
tension was arisen in the streaks where the anisotropy is higher. After release of the stretching, the
stress drops back to zero and only some minor disturbance was detected near the interfaces between
regions with different anisotropies (Publication V). The out-of-plane deformations, presented in Fig.
3.6 (left), appeared after unloading. The out-of-plane deformations are small compared to the in-
plane dimensions of the simulated sample and for examination of topography the z-axis is zoomed.
The MD in-plane and strain deformations of the sample in finite element simulations and plastic
strain determined analytically using one-dimensional material model (Eq. (3.3)) are presented in
Fig. 3.6 (right). The plastic strain differences between streaks and surrounding caused the tight
streaks and buckling in the slack surrounding region of the sheet. Buckling is highly dependent on
boundary conditions, element size, disturbance etc. and the topography result can only be consid-
ered as indicative. For visual appearance the MD gradient image of a similar simulation at Rsc =
90% is presented in Fig. 3.7. The gradient image approximates the inclined illuminated situation,
but in reality, the visual appearance of out-of-plane deformation depends on illumination and detec-
tion angle, the glossiness of the paper surface, and the ratio of wavelength and detection distance.
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Figure 3.7: Gradient presentation for visualizing the out-of-plane deformation after the sample
was stretched to 0.01 strain in the MD and released. Dry solids contentRsc = 0.90. In the streaks
the fiber orientation anisotropy ξ = 2.2, in the surrounding ξ = 1.8. (Publication V)
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CHAPTER IV

Hygroexpansivity-shrinkage model

This chapter introduces a hygroexpansivity-shrinkage model that is a function of the dry solids con-
tent and fiber orientation anisotropy index. The relation of the dry paper hygroexpansion coefficient
to the anisotropy index and drying shrinkage was determined empirically from oriented laboratory
sheets made from two different pulps and their mixture in Publication IV. Usually, the hygroex-
pansivity, which estimates the change in dimensions of a dry paper subject to the relative humidity
change, has been considered to be constant i.e. independent of the moisture content level. However,
here the dry solids content dependent hygroexpansivity is introduced over the entire range from wet
to dry. The drying shrinkage strain as a function of the dry solids content is constructed with an ex-
ponential formula based on the measurements provided by Ivarsson (1954), Kijima and Yamakawa
(1978) and Tydeman et al. (1966) and summarized by Wahlström et al. (1999) and Wahlström
(2004). The relation between the hygroexpansivity and the solids content is derived from the drying
shrinkage strain function in Publication V. The hygroexpansivity-shrinkage model is incorporated
into the continuum mechanical model as a hygroscopic strain. Numerical simulations are used to
estimate the drying strains in moisture and anisotropy streak examples, and the results are compared
with analytical one-dimensional solutions.

The derived hygroexpansivity-shrinkage model is based on the measured relationships between dry
paper hygroexpansivity βd and anisotropy index φ

βd = kφv (4.1)

and between the drying strain εd and the dry paper hygroexpansivity

εd = −1

a
βd +

b

a

(
1− exp

(
−100

βd
a

))
(4.2)

where k, v, a and b are fitted constants for freely dried (fd) and restraint-dried (rd) samples made
of softwood (SW) or thermomechanical pulp (TMP), or a mixture of those (MIX) displayed in
Table 4.1. The measured data and relationships are presented in Fig. 4.1 and in Fig. 4.2; the fitting
procedures are described in Publications IV and V.

Based on the exponential drying shrinkage strain relationship presented in Wahlström et al. (1999)
and Wahlström (2004), the following equation for hygroexpansion coefficient can be obtained by
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Table 4.1: The fitting parameters of Eq. (4.1) and Eq. (4.2) in the case freely dried (fd) and
restraint-dried (rd) samples made of SW, TMP and MIX pulp. Values are from Publication IV.

k (-) v (-) a (-) b (-)
SW fd 0.1557 -0.9809 2.6599 0.0244
SW rd 0.0535 -0.4987 2.6599 0.0244
TMP fd 0.1037 -1.3436 2.9596 0.0249
TMP rd 0.0687 -0.9002 2.9596 0.0249
MIX fd 0.1098 -1.3015 2.5054 0.0250
MIX rd 0.0439 -0.9015 2.5054 0.0250

deriving the drying shrinkage strain function with respect to dry solids content Rsc:

β =
βd
R2
sc

exp

(
βd
εd

(
1

Rsc

− 1

))
(4.3)

where βd is defined by Eq. (4.1) and εd by Eq. (4.2). The hygroscopic shrinkage strain in the dry
solids content interval [Rsc1Rsc2] can be expressed as an integral

εh = −
Rsc2∫
Rsc1

βdRsc. (4.4)

In the continuum mechanical model the equilibrium strain is shifted by the hygroscopic strain εh
i.e. Eq. (3.4) takes the form

σ = C (ε− εh) . (4.5)

In the case of the isotropic sheet, β and εh for interval [0, Rsc] as a function of Rsc are presented in
Fig. 4.3 for freely and restraint dried SW, TMP and MIX samples. The dependency of β on φ and
Rsc for freely and restraint-dried MIX samples is presented in Fig. 4.4.
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Figure 4.1: Fitted curves for dry paper hygroexpansion coefficient βd as a function of fiber
orientation anisotropy index φ. Fittings and measured data from Publication IV.
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Figure 4.3: Hygroexpansion coefficent β (left) and cumulative drying shrinkage strain εh (right)
of an isotropic sheet as a function of solids content Rsc. (Publication V)

Even when the purpose is solely to study the effects of hygroexpansivity through finite element
simulations, the results are not independent of the material model. However, the one-dimensional
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analytical results can be solved directly without any material model using Eq. (4.4). The effect of
moisture streaks applied to structurally homogeneous MD orientated sheet were studied using the
setup presented in Fig. 4.5. The sample was dried from dry solids content 90% to 91% except in MD
streaks, in which no changes were applied i.e. the solids content at those streaks remained at 90%.
The drying was performed under MD restraint with unconstrained CD. After drying, the sample
was released and left to deform freely. The fitting parameters of the restraint-dried MIX sheet was
used in these simulations (see Table 4.1 and Eqs. 4.1 and 4.2). The gradient and topography images,
and MD strain profiles are presented in Fig. 4.6. The shrinkage of the dried areas was almost equal
between the finite element simulations and the results of the one-dimensionall hygroexpansivity-
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Figure 4.5: The moisture streaks setup for the numerical simulations.
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shrinkage model. If in the following step the streak areas are dried equivalently from 90% to 91%,
all out-of-plane deformations disappear, the internal stresses are reduced to zero at every position,
and the amount of shrinkage is equal everywhere (Fig. 4.6). No plastic deformations arose under
such a small stress difference of 808 kPa (tension = 80.8 N/m) in the restraint sample or due to
minor shrinkage differences (only 0.022% between the surrounding region and streaks).
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Figure 4.6: Simulated out-of-plane deformations when in the first step the surrounding of the
streaks was dried from dry solids contentRsc = 0.90 toRsc = 0.91 under MD constraint and then
released (upper figures). In the second step the drying is performed to streaks (right below). CD
profiles of MD strain after first step are presented in bottom left figure: the in-plane deformation
of the simulated sample in MD (solid thick line), the MD strain determined using integrated MD
length of the simulated sample (solid narrow line), and the shrinkage strain determined using
the analytical one-dimensional model (dashed line). Homogeneous MD oriented structure with
anisotropy ξ = 2. (Publication V)
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Figure 4.7: Out-of-plane deformations (left) and the CD profile of MD strain (right) after the
whole sample was dried from dry solids contentRsc = 0.60 toRsc = 0.65. In the streaks the fiber
orientation anisotropy ξ = 2.2 and in the surrounding regions ξ = 1.8. In the figure on the right:
the in-plane deformation of the simulated sample in MD (solid thick line), the MD strain deter-
mined using integrated MD length of the simulated sample (solid narrow line), and the shrinkage
strain determined using the analytical one-dimensional model (dashed line). (Publication V)

Also, anisotropy affects hygroexpansivity, which influence can be illustrated by the following sim-
ulation example: a sheet with anisotropy streaks (the setup according to Fig. 3.5) was dried from
60% to 65% dry solids content without any constraints in MD or CD. The out-of-plane deformation
and CD profile of the MD shrinkage strains are presented in Fig. 4.7. The higher orientation streaks
shrunk less than other areas in the MD, but the strain difference is very small, only 0.0041%. To
study the behavior of hygroscopic model without the interference of plasticity, the studied moisture
changes were kept low, and all simulated results corresponded well with the result of the one-
dimensional hygroexpansivity-shrinkage model.



CHAPTER V

Hygro-elasto-plastic model

The finite element simulation examples, presented in previous chapters, demonstrates the behavior
of the material model and the hygroexpansivity-shrinkage model separately, although the finite el-
ement simulations of hygroscopic deformations are nevertheless not independent from the material
model. To study the combined and interactive phenomena including both the hygroexpansivity and
elasto-plasticity, factors of drying and draw, a few examples are presented in this chapter.

Starting with a baseline anisotropy streak case as presented in Chapter III (having dry solids con-
tent 60 % and stretched with 1% strain), the different drying conditions was applied in a second
step. In the first drying case, the 1% draw was released and the sheet was dried freely from solids
content 60% to 65%. This second step was fundamentally equivalent to the anisotropy streak case
in Chapter IV, except there are initial plastic strain differences and minor internal stresses at the

Figure 5.1: Simulated out-of-plane deformation. In the first step the sample was stretched to
0.01 strain in the MD. The strain was released and in the second step sample was freely dried
from dry solids content Rsc = 0.60 to Rsc = 0.65 (left) or from dry solids content Rsc = 0.60 to
Rsc = 0.75 (middle). In the figure on the right, in the second step the sample was dried under MD
restraint (0.01 strain) from dry solids content Rsc = 0.60 to Rsc = 0.65, and then released. In the
streaks the fiber orientation anisotropy ξ = 2.2 ; in the surrounding areas ξ = 1.8. (Publication
V)
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Figure 5.2: CD profiles of MD strains for cases depicted in Fig. 5.1 and in Publication V (FEA).
Analytical one-dimensional result corresponding of Fig. 5.1 (left) presented by thick dashed line
(1D).

streak boundaries. The deformation occurring after this second step is presented in Fig. 5.1 (left).
By adding up the CD profile of MD strain solved by one-dimensional approach of the first step (Fig.
3.6, right) and the second step (Fig. 4.7), an equivalent profile is achieved when compared to the
finite element solution, as can be seen from Fig. 5.2 (0.65 fd 1D vs. 0.65 fd FEA). When the drying
in the second step was continued to a solids content of 75%, almost all deformations arising from
streaks disappear (Fig. 5.1 middle), since the MD shrinkage is lower in the streaks having higher
anisotropy. A significant change of deformations can be detected if the 1% draw is not released
before second step drying. The drying shrinkage increases the MD tension further, resulting in an
increase in the plastic strain level, as well as in the difference between the streaks and surrounding
in the MD (Fig. 5.2, Fig. 5.1 and Table 5.1). According to a laboratory study by (Land et al. (2008),

Table 5.1: The strains in the streaks and surrounding region from Fig. 5.2. (Publication V)

Streak (%) Surrounding (%) Difference (%)
65 fd 0.4075 0.4213 0.0138
75 fd 0.3543 0.3551 0.0008
65 rd 0.4475 0.4647 0.0173
75 rd 0.4609 0.4771 0.0161

One-dimensional 0.4097 0.4225 0.0128
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the permanent strain differences arising from moisture streaks are also significantly dependent on
the stage of drying in which the tension is released.

In the second example, the homogeneous sample (ξ = 2) was dried freely from a solids content
of 80% to 90% or 95%, so that in the first step solids content profiles in the thickness direction
were applied through the sample as is presented in Fig. 5.3. The profiles used are roughly based
on Östlund’s simulations for symmetric convective drying, for details see Östlund (2006). Only
the high solids content profile (mean Rsc ≈ 0.85) was used. In the second step, the whole paper
achieved a uniform solids content of 90% or 95%. According to the simulations of this study (Fig.
5.3) every tested solids content profile generated the plastic strain differences between layers. The
simulated stresses (Fig. 5.3) are same order of magnitude as measured results in Östlund et al. (2004)
despite of the different material parameters etc. between the studies. The plastic strains of the layers
in the MD and in the CD are presented in Table 5.2. The higher plastic strain in the CD than in the
MD resulted from the higher shrinkage tendency and from the different plasticity properties in the
CD than in the MD in the anisotropic sheet.

Both examples presented in this chapter were capable of qualitatively estimating the behaviors ob-
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Figure 5.3: The MD and CD stress of different layers, when in the first step different through-
thickness solids content profiles (top-left) are applied. In the initial situation solids content
trough the sample is Rsc = 0.80 and in the second step every layer is dried either to Rsc = 0.90
(solids content profile 1) or Rsc = 0.95 (solids content profiles 2 and 3). (Publication V)
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Table 5.2: The plastic strains in the layers from Fig. 5.3. (Publication V)
Profile 1 Profile 2 Profile 3

Layer MD (%) CD (%) MD (%) CD (%) MD (%) CD (%)
1 and 8 0.0068 0.0418 0.0160 0.0838 0.0084 0.0497
2 and 7 0 0 0 0 0 0
3 and 6 -0.0084 -0.0607 -0.0313 -0.1966 -0.0061 -0.0437
4 and 5 -0.0084 -0.0607 -0.0313 -0.1966 -0.0152 -0.1028

served in experimental studies (Land (2008) and Östlund et al. (2004)). The complexity of the
simultaneous effects of the plastic and hygroscopic deformations is clearly demonstrated by these
simple examples.



CHAPTER VI

Discussion and future prospects

There are several undesired phenomena that are connected to the hygroscopic and stress-strain be-
havior of paper or board material during production, converting and printing processes, and in end-
use. Under these conditions the paper or board may be treated as a moving web under MD tension,
roll, single or bound sheets, boxes, bags, cups, trays, etc. Several defective events concerning these
conditions have been studied widely by different experimental and modeling approaches, but still
include features that are not known.

The objective of this work was to construct a model capable of capturing the characteristic behavior
of hygroscopic orthotropic planar material under moisture content change during different external
in-plane stretch or stress conditions. Two independent empirical models were first constructed: the
elasto-plastic material model and the hygroexpansivity-shrinkage model. Both models describe the
structural properties of the paper or board sheet in terms of fiber orientation probability distribu-
tion, and both are functions of the dry solids content and fiber orientation anisotropy index. The
anisotropy index, introduced in this work, simplifies the procedure of determining the constitutive
parameters of the material model and hygroexpansion coefficients in different in-plane directions
of the orthotropic planar material. The mathematically consistent elasto-plastic material model was
achieved for a wide range of anisotropies and dry solids contents, even though the bonding mech-
anisms and rheological behavior in wet and dry paper is different. Usually, the hygroexpansion
coefficient has been considered to characterize the deformation of a dry paper subject in a moisture
change, independently from the moisture content level, although some stress relaxation and mois-
ture history dependence may have been involved (Uesaka et al. (1992)). In this study, the dry solids
content dependent hygroexpansivity, over the entire range from wet to dry, has been proposed. A
few different parameters depending on the pulp type of the sample and on the free or restrained
drying conditions can be selected for the hygroexpansivity-shrinkage model.

The presented elasto-plastic and hygroexpansivity-shrinkage models, can be used in an analytical
approach to estimate the plastic strain and shrinkage in simple one-dimensional cases. For studies
of the combined and more complicated effects of hygro-elasto-plastic behavior these two models
are implemented in a finite element program for numerical solution of the web or sheet. The finite
element approach also included possibilities to study different structural variations of the orthotropic
sheet as well as buckling behavior and internal stress situations of a planar sample caused by local
or layered strain differences.

A few simulated examples of the effect of anisotropy and moisture streaks on strain differences and
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local buckling were presented. In addition, the internal stresses caused by the drying process with
different layers drying at different stages, was demonstrated. Very small plastic strain differences
may cause local buckling, but how visually disturbing these out-of-plane deformation defects are,
depends on the paper or board grade and their usage. The buckling streakiness is considered a defect
often called bagginess of the paper web. The baggy paper web may cause the risk of wrinkling,
which is reported to increase if the strain difference is higher than 0.1%, although for some thin
papers a strain difference of only 0.01% was enough to cause problems (Roisum (1996)). In the
examples of this work the strain differences were more in the order of 0.01% than 0.1%. The
simulation cases were kept simple and the stretching and dry solids content changes were selected
to be small compared to the real total drying process of a paper machine. This enabled to observe
the hygroexpansion and plastic strains separately, to compare the analytical and numerical in-plane
deformations and to understand the phenomena comprehensively.

The complexity of the interactive and simultaneous behavior of hygroexpansivity and plasticity was
revealed even with the simple simulation examples of this study. For example, the streaks having
higher anisotropy than their surrounding appear as tight streaks after stretching in MD because of
the lower plastic strain in that direction. The free drying performed subsequently to the stretching-
releasing procedure may compensate the differences in the plastic strains, because the MD shrinkage
tendency of high anisotropy streaks is lower than the surrounding areas. However, if the sample is
dried under restraint the lower shrinkage tendency of the streaks may even further increases the
plastic strain difference between the streaks and surrounding region. Land’s (Land et al. (2008))
experimental study on the effect of the moisture streaks on permanent strain differences also showed
that releasing of tension in different stages of drying is a significant factor.

According to the simulation results of this study, both the anisotropy and moisture streaks are capa-
ble of making the buckling of the sample visible, and may cause baggy webs and wrinkling. The
more challenging task is to determine in which cases the generated strain differences remain as
permanent plastic strain differences, perhaps even over the subsequent converting processes; and
even further, in which cases they will cause problems during paper making, during the converting
processes, or in end-use. Permanency of these defects is highly dependent on several process stages
and tension conditions affecting the plastic deformations and their variations in the sheet or web.
Some problems related to moisture streaks arising from the drying section may well vanish in the
coating or calendaring processes, where moisture or heat is brought to the paper web. Structural
streaks, such as anisotropy or basis weight streaks, stay in the paper once formed, and may cause
problems at any stage of the paper life cycle.

The application targets of the model can be considered to include several different phenomena in
paper or board production processes and in end-use. In the drying section and converting processes,
where the paper or board is treated as a moving web, the development of shrinkage profiles, loose
edges of web, baggy paper web causing possible wrinkling, and misregistration in printing are
examples of factors affecting runnability and end product quality. The structural properties and in-
ternal stresses or plastic strain differences which build up during production also cause end-product
defects related to distortion of the shape of the product such as sheet or box. Applying the hygro-
elasto-plastic model to studies of several of these phenomena can be seen as a natural continuation
of research. Some possible simulation cases of the presented model could (and should) be also
subjected to the experimental evaluation.

It is challenging to properly define and measure plasticity and viscosity and their interaction as well
as their history dependency in paper or a similar material. It is well known that when the loading of



43

paper is released, both immediate elastic and delayed strain recovery will take place (Rance (1956),
Gates and Kenworthy (1963), Skowronski and Robertson (1986)). Nevertheless, the division of
total strain into elastic and plastic components is considered to be time-dependent (Skowronski
and Robertson (1986), Alava and Niskanen (2006)). The remaining plastic strain depends on the
degree of stress, strain rate and time under loading. If all these components are taken into account
the amount of parameters and variables which should be determined for a mechanical model is
excessive. Moreover, if hygroscopic deformations occur, for example, in a simple moisture change
cycle, the definitions of the plastic strain and model will become even more complicated. When
complex material such as paper or a similar is studied, the choice of test conditions often determines
which interpretations are available in terms of a simple model.

Without the time-dependent behaviors implemented on this hygro-elasto-plastic model either the
creep or stress relaxation was not included and in some cases the tensions may increase too high if
several process steps are linked consecutively. A part of this problem can be indirectly eliminated
by using the hygroexpansivity function for the restraint-dried sheets, which will decrease the stress
level because of the lower shrinkage tendency during drying. The objective of a further work could
be the expansion of the application possibilities of the model for storage and multi-chained processes
by implementing viscoelastic properties and improving history-dependency.

The use of the anisotropy index might bring new possibilities to expand the model for new materials
in simple way by using the geometric mean of elastic modulus as a scaling factor for orientation
distribution. The application potential of hygro-elasto-plastic model introduced in this study is
versatile and includes several phenomena and defects appearing in drying, converting and end-use
conditions of paper or board webs or products, or in other corresponding complex plates.
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ABSTRACT

Cockling and curling are unwanted phenomena that occur
already in the manufacturing process and continue through the
end use of paper due to moisture content changes. This paper
compares the effects of different in-plane tensions and through-
thickness drying profiles during the drying process on cockling
and curling by means of finite element simulations. In this study,
paper is treated as a heterogeneous orthotropic elasto-plastic
material. The results predict that finding the optimal way to dry
paper is not straightforward; it also depends on fiber orientation
structure. On the other hand, defects in the fiber orientation
structure of paper can be redressed at some level by drying the
paper appropriately.

Keywords: Cockling; Curling; Drying; Paper; Layered fiber
orientation; Finite element analysis; Elasto-plasticity
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1 INTRODUCTION

Paper goes through a significant metamorphosis between the headbox and
reel, changing its state from a wet dilute suspension to a dry end product. The
total magnitude of change in the dry solids content of paper approaches one
hundred percentage points on a paper-making line, and the change occurring
at the dryer section may exceed fifty percent. Due to its heterogeneous nature,
paper exhibits non-uniform local moisture expansion behaviour, and there-
fore also significant cockling and curling tendencies during and after drying.

Drying-related out-of-plane deformations of paper, especially cockling
and curling phenomena, have been studied for decades; see e.g. [1, 2, 3, 4].
Although a great amount of research has concentrated on studying the rela-
tionship between drying and out-of-plane deformations, the direct effect of
through-thickness drying conditions on cockling and curling phenomena has
remained unknown. The method presented by Lipponen et al. in [5, 6, 7]
provides a basis for analyzing how drying and out-of-plane behaviour relate
to each other.

Other factors affecting the paper cockling phenomenon have also been
widely studied, and especially local inhomogeneity [8], fiber orientation [8, 9],
formation [10, 11], bending stiffness [2] and temperature [2, 12] have been
noted to affect cockling. However, this study concentrates purely on model-
ling the shared effects of in-plane tensions during drying, through-thickness
drying profile (based on profiles simulated at VTT (Technical Research
Centre of Finland)), and sheet fiber orientation structure (measured by
Metso Paper, Inc., see Section 2). Besides these issues, the remoisturizing
phenomenon (to study how harmful curling can be straightened out after the
dryer section) and sensitivity analysis of some parameters are also
considered.

The fiber orientation measurements underlying the modelling are
described in Section 2. Section 3 presents the modelling approach. This
section also includes the drying profiles and CD tensions used in simula-
tions. The numerical implementation of the modelling approach, as well as
the boundary conditions used, is discussed in Section 4. Numerical simula-
tions performed are presented in Section 5. A sensitivity analysis on a few
primary parameters is also briefly discussed in Section 5. Discussion and
concluding remarks concerning the model, and the findings are provided in
Section 6.

390 Session 3: Transport and Moisture Interactions

P. Lipponen, A.-L. Erkkilä, T. Leppänen and J. Hämäläinen



2 LAYERED FIBER ORIENTATION MEASUREMENTS

The layered fiber orientation measuring method used has been proved to be
valuable tool both for the study of paper forming conditions at the wet end of
a paper machine [13, 14] and for estimating the structure based cockling
tendency of paper sheet [15]. Since the measuring technique is introduced
only briefly in references [13, 14], in this paper the layered orientation measur-
ing method is presented in more detail, including the latest improvements in
digitizing and sheet splitting techniques.

The method employed is based on sheet splitting and image analysis of the
resulting layers. Good tape stripping requires uniform and appropriate tape
adhesion. Splitting quality is also affected by the pressure applied during
bonding and ambient air conditions. Furthermore, the tape applied should be
non-stretching. The cockling simulation approach used benefits the analysis
of at least almost size A4 sheet. The equipment used for measurement in this
case consists of Brother LC-9L2R 23 cm × 20 m cold laminating tape and a
GBC 3500 Pro Series laminating machine, although some other tape and
laminator combination might has satisfied the above requirements as well.

Samples are conditioned and the whole splitting procedure is carried out
under standard atmospheric conditions (RH = 50% ± 2%, T = 23°C ± 1°C).
The tape splitting process starts with cutting and weighing the sheet (in this
case 210 mm × 210 mm in size). The tape is always bonded to the sample with
the help of the laminating machine. The laminating tape is first attached to
the bottom side of sample and trimmed to match the cut sample sheet, at
which point a scale is tared (set to zero) with the combined weight of the tape
and sample resting on it. Another piece of tape is placed on the top side of
the sample, and the sample is stripped in half. The bottom side, together with
the tape, is weighed to determine the mass of the removed top side. The scale
is now tared again using the bottom side half. Then the tape is attached to the
middle layers side of the bottom half. The bottom half is split in two, whereby
the new layer from the middle of the sheet is typically directly suitable (suit-
able basis weight) for orientation analysis. The remaining bottom half is
weighed again and then used to tare the scale. Stripping continues from the
middle to the bottom side until there is only one layer left (basis weight
< 20 g/m2). The same procedure is carried out on the top-side half. The result-
ing layers can be split further if they are too heavy, but this is needed only
rarely (mainly with multilayer board samples). The splitting procedure is also
illustrated in Table 1.

Samples can be digitized using either a camera or a scanner, but when the
areas analyzed are as large as in this case, scanning is the easier alternative.
For this research paper, digitizing was done using an UltraScan 5000 flatbed
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scanner. The sample layers were placed against a black background, and a
192 mm × 192 mm area was scanned from the fiber side (in contrast to the
tape side) with 30 μm/pix resolution using reflective illumination. The exact
alignment of layers is important.

In analyzing scanned layer images, the aim is to detect the edges of fibers or
fiber bundles and to determine their orientations. Fibers are distinguishable
against a dark background as high intensity values. It is also assumed that
there are no other edges than those belonging to fibers. The detection of
edges is based on the computation of image gradients in every image element.
The gradient of the image intensity function f(x,y) at position (x,y) is
represented by the vector

At each image point the gradient vector points in the direction of the largest
possible intensity increase, and the length of the gradient vector indicates the
rate of change in that direction. Thus the magnitude (length) of gradient
vector is directly related to the probability that the part of the image
examined represents the edge of fiber. At the fiber edge the direction of the
gradient corresponds with the direction normal to the fiber edge segment in

question. For a discrete digital image, the derivatives 
∂f

∂x
 and 

∂f

∂y
 can be

Table 1. Paper sheet tape splitting procedure.

1st splitting 2nd splitting 3rd splitting 7th splitting final layers

Whole
Bottom side

37 g/m2

Bottom side
29.8 g/m2

Bottom side
23.3 g/m2

. . .

BS, Layer 1, 6.7 g/m2

Layer 2, 2.5 g/m2

Layer 3, 3.5 g/m2

Layer 4, 4.7 g/m2

Layer 5, 5.9 g/m2

sheet, Layer 6, 6.5 g/m2 Layer 6, 6.5 g/m2

70.5 Layer 7, 7.2 g/m2 Layer 7, 7.2 g/m2 Layer 7, 7.2 g/m2

g/m2

Top side
33.5 g/m2 . . .
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approximated through a discrete differentiation operator. The operator uses
two kernels kx(i,j) and ky(i,j) that are convolved with the original image f(x,y)
to calculate approximations of the horizontal and vertical derivatives:

where * denotes a 2-dimensional convolution operation. The coefficients of
the kernels used are based on the principle of binomial filter design. This
ensures that no pass-band ripples are present in the Fourier transformation
[16, 17]. The separable kernels designed use layer image intensity values
within a 5 pixel × 5 pixel region around each image point to approximate the
corresponding image gradient

With the digitizing resolution used this means a 150 μm × 150 μm region,
within which 90 μm × 90 μm is pronouncedly weighted.

The magnitude |∇f(x,y)| and direction θf (x,y) of gradient vectors at each
local image point are calculated applying equations (6) and (7)

An orientation distribution is then computed as a weighted probability
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density function of local orientations H(θH), where the weighting factor is
gradient magnitude |∇f(x,y)|. The direction histogram is

where δθ f (x,y),θH
 is Kronecker’s delta function (δθ f (x,y),θH

= 1 if θf = θH and
0 otherwise) and, {θH, θf ∈ X : 0 ≤ θH, θf < 360}, where X is a discrete space (a
space of isolated angles) and θH and θf are in degrees (rather than radians).

An example of a small layer image region together with an illustration of
its local gradient magnitude is presented in Fig. 1. The image analysis algo-
rithm presented does not try to recognize individual fibers but is based on the
premise that all edges showing in a layer image are the edges of fibers or fiber
bundles. These fiber edges are detected from point to point with the degree of
resolution used in image acquisition. This means that long fibers give several
inputs to the fiber orientation distribution while short fibers only give a few.
There is thus no need for any more sophisticated weighting of fiber lengths.
The influence of fiber curvature on the distribution is directly included
through the point by point calculations.

Discrete fiber orientation distribution examples with one degree bins are
presented in Figs. 1 and 2. The main direction of orientation (orientation
angle) θ is defined as the deviation of the longer symmetry axis from machine
direction. Anisotropy ξ is defined as the ratio of the distribution value of the
main direction and its normal: ξ = H(θ)/H(θ + 90). This ratio can also be
calculated using a mean of distribution values around the main and the
normal directions within certain interval (in this study the mean values are
calculated from 10° (θ ± 5°) interval). Mean values are used to reduce the
effect of roughness of distribution occurring in small subareas. For out-of-
plane simulations layer images are sectioned to 2 mm × 2 mm squares, and
orientation distributions and parameters are calculated for all of these small
regions (Fig. 3).

3 MODELLING

Two different through-thickness dry solids content profiles and several other
drying parameters were applied to measured fiber orientation structures in
order to study the effect of drying on the initial cockling and curling of paper
after the paper machine dryer section. For out-of-plane simulations the dryer
section was subdivided into seven sections. After that there was one extra step
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where external MD and CD tensions were removed (in the following this step
is called drying phase 8). Fixed dry solids contents were given for different
layers at each step of drying as direct inputs. Inputs were estimated using
simulations of the drying model described in [18, 19]. The drying model uses
such input parameters as cylinder diameter, dryer geometry, steam tempera-
ture, air humidity and temperature, etc. to calculate the sheet moisture
content and drying rate along the length of the dryer section. The two
through-thickness drying profiles selected for single-tier (st) and double-tier
(dt) configurations are presented in Fig. 4. The simplified drying profiles used

Figure 1. A small region of newsprint layer image (top left); corresponding
magnitude of gradient (top right) and orientation distribution (bottom).
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in modelling are presented in Fig. 5. These simplified profiles were obtained
by first averaging layers 1, 2 and 3, which form surface 2 (st and dt), and
layers 3, 4 and 5, which form surface 1 (st and dt), and then fitting a 5th
degree polynomial to the averaged drying profiles. The polynomials yield the
dry solids content of the paper surfaces at 7 locations along the dryer section.

To examine the effect of CD tension (together with the through-thickness
drying profile), four different tension levels were studied. From the initial dry
solids content to 63.9% dry solids content, CD tensions remained low due the
fact that the paper web is very weak at high moisture contents and will
therefore not allow high tensions at that stage [20]. After that CD shrinkage
was adjusted by applying CD tensions that grew linearly to 0 N/m, 130 N/m
or 260 N/m. The development of CD tension as a function of dry solids
content is presented in Fig. 6. In all simulations (except the totally free drying

Figure 2. Examples of fiber orientation distributions calculated for areas measuring
368.64 cm2 (above left), 9 cm2 (above right), 0.04 cm2 (below left), and 0.01 cm2 (below

right).
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Figure 3. Example region of one layer image (top) and corresponding orientation
lines (bottom) calculated for a 2 mm × 2 mm subarea. The length and direction of

orientation lines describe anisotropy values and orientation angles, respectively.
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case) MD tension follows CD tension, which grows to 260 N/m. The com-
parison of different tension levels is essential due to the fact that the paper
web tends to demonstrate fairly high middle-to-edge shrinkage differences
even while the total amount of shrinkage may be quite low, see e.g. [21, 22].

Although paper can be considered an elasto-visco-plastic material, the vis-
cous nature of paper is ignored in our modelling approach. Had the viscous
nature (i.e. the relaxation phenomenon in the stress-strain behaviour of
paper) been included, the uncertainty of the input parameters would have
increased greatly. Hence, the orthotropic elasto-plastic material model was
used to investigate the effects of different drying configurations on the cock-
ling of paper. At high enough tension levels paper crosses the border between
the elastic and plastic domains and plastic (irreversible) deformation occurs.

Figure 4. Simulated through-thickness drying profiles for two drying configurations.
Asymmetric drying profile for a single-tier (st) drying configuration (top) and almost

symmetric drying profile for a double-tier (dt) drying configuration (bottom).
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The model (which is detailed in [6]) taking into account the plastic aspects is
essential when trying to capture the response from the dryer section of a
paper machine. However, ignoring the viscous nature of paper affects dryer
section tension levels, for example, meaning that the values obtained for the
internal tension difference between the top and bottom layers of paper may
increase above realistic levels. In the elasto-plastic approach used in this
study, stress-strain behaviour of material is divided into elastic and plastic
parts (see Fig. 7) where the yield point defines the border between the elastic
and the plastic domain. The dependence used for yield stress and yield strain
on dry solids content and anisotropy is based on measurements [6] and can be
seen in Fig. 8 for direction 1. Direction 1 is the direction of the local fiber
orientation, direction 2 runs perpendicular to that direction, and direction

Figure 5. Simplified through-thickness drying profiles (used in modelling) for single-
tier (top) and double-tier (bottom) configurations based on simulated drying profiles.
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Figure 6. CD tension development to final values of 0 N/m, 130 N/m and 260 N/m
for single-tier and double-tier drying configurations.

Figure 7. The yield point separates the elastic and plastic parts of materials. The
yield point presented here is based on the material model used in direction 1, with

anisotropy of 2 and 80% dry solids content.
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45° is in the middle between these directions. For more information on how
local fiber orientation is treated in the model, see Section 4. The dependences
of yield stress σy and yield strain εy on dry solids content β and anisotropy ξ
was obtained by fitting the non-linear functions

Figure 8. Example of dependence of yield stress σy (top) and yield strain εy (bottom)
on anisotropy ξ and dry solids content (DSC) of paper in the elasto-plastic modelling

approach in direction 1.
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to the measurement-based yield points. The values of coefficients Ai and Bi

for all directions can be found in reference [6].
The yield surface, which determines whether yield is occurring, is defined

by Hill’s yield function

where parameters F, G, H and N depend on yield stresses as follows

when parameter H for the biaxial stress state is approximated by Hoffman’s
approximation (G = H), the suitability of which for paper is tested in [23].
Strain hardening determines the stress-strain behaviour of materials when
yield occurs. The strain hardening used is defined as in reference [6].

The construction of the elastic domain used in the model is based on the
determination of yield points. The elastic moduli of paper in directions 1, 2
and 45° are defined as

According to [24], shear modulus G12 can be approximated as
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where ν12 is Poisson’s ratio. Poisson’s ratios are computed as follows

The behaviour of ν12 is based on experimental data presented in reference
[25], and ν21 is simply obtained by applying a Maxwell relation. The depend-
ence of moisture expansion coefficients on anisotropy is taken into account
by quoting the work of Uesaka, see [26]. Therefore, the local moisture
expansion coefficients and can be written as

4 BOUNDARY CONDITIONS AND NUMERICAL SOLUTION

In finite element analysis paper samples are divided into 2 mm × 2 mm elem-
ents. Each element is divided into several layers in the thickness direction.
Every layer of each element has its individual material parameters defined
by the measured fiber orientation parameters (θi, ξi), see Fig. 9. In the

Figure 9. Cross-section of the element used in the numerical simulation. Nodes A
and B form a pair, as do nodes C and D.
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simulations, the tensions presented in the previous section affect the edges of
the paper sheet at the dryer section. One more simulation step is carried out
after the dryer section. During this step, all external tensions affecting the
paper sheet are removed and displacement results are gathered.

The model is solved using ABAQUS/Standard software and element type
SC8R. Element SC8R is based on first-order shear deformation theory in
which the hypotheses of the classical laminated plate theory are relaxed by
removing the requirement that the normal of the reference surface should
remain perpendicular to the deformed reference surface. Element SC8R uses
linear interpolation and reduced integration. Reduced integration means that
an integration scheme one order below the full scheme is used to integrate the
element’s internal forces and stiffness. Reduced integration has been proven
to have many advantages. For example, it could be used to avoid numerical
problems and for decreasing computing time. The element used accounts for
finite membrane strains and arbitrary large rotations, and it also includes the
effect of thickness changes. These features make the element suitable for
large-strain analysis. Unlike more commonly used shell elements, SC8R dis-
cretizes an entire 3D body. Its eight nodes are located at the corners of the top
and bottom surfaces (see Fig. 9), and it has degrees of freedom only for
displacements. Full details can be found in [27, 28].

Two different displacement constraints were used in the simulations de-
pending on the phenomenon considered. The rigid body motions of the paper
sheet were removed by constraining the displacements of three nodes to study
curling. These nodes belong to the bottom node layer and are located in the
middle of the sheet. This location allows curling fully, i.e. curling is not con-
strained in any direction. In one of these constrained nodes displacement is set
to zero for all directions (MD, CD, z), in the second node MD and z displace-
ment are set to zero, and in the third node only z displacement is set to zero.
MD and CD displacement constraints are placed so that in-plane shrinkage
between nodes is not constrained. When cockling is considered, more dis-
placements are constrained. In addition to the nodes constrained in curling
simulations, the z displacement of the bottom node layer at the sheet edges is
set to zero. The displacement ui of nodes in every pair of nodes (see Fig. 9) is
also connected at the edges of the sample through the equation constraint

where direction i is MD or CD depending on the sheet edge in question. If a
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pair of nodes is located at the edge perpendicular to the MD, the MD dis-
placements of the node pair are identical. The CD displacements of a pair of
nodes are equal if the nodes are located at the edge perpendicular to the CD.
This connection between node pair displacements removes the oscillation of
stresses that appears near the edges of the sheet. This enables the use of the
whole simulated area when cockling results are analyzed. Together with the z
displacement constraints at the sheet edges this connection also efficiently
prevents large scale out-of-plane deformations.

When the model is solved, the shear deformation capability of the element
is ignored by using huge values for parameters that affect shear deformation.
The effect of this approach on the solution of the model has been tested
extensively. This testing has affirmed that shear deformation can be ignored
when the model is solved. Numerical aspects related to the solution have in
general been considered extensively inter alia due to the following facts:

• Automatic addition of volume-proportional damping [27, 28] is used at the
final step of the simulation (when external tensions do not affect the sheet).
Volume-proportional damping is accomplished by adding small viscous
forces to the equilibrium equations. This stabilization helps to avoid
numerical problems that may arise from local instabilities.

• Cockling is a small-scale phenomenon and full certainty of the correctness
of the solution has to be obtained, i.e. the possibility of numerical error has
to be eliminated.

• In the case of curling, out-of-plane deformations are large and geometrical
nonlinearity plays a large role in the solution.

Fig. 10 presents the effects of the automatic addition of volume-
proportional damping on the simulated cockling. The strength of damping is
controlled through damping factor c which defines how strong viscous forces
are used in stabilization. Smaller coefficient c values signify weaker stabiliza-
tion. Image (a) shows a whole CD cross-section (from the middle of the
sheet) for one cockling simulation, while (b) provides a more detailed view of
the same cross-section. As can be seen, the effect of damping on the solution
is minor when the damping factor is 10−7 or smaller. When damping factors
10−9 and 10−12 are used, the simulated cross-sections are identical. Fig. 11
shows the effect of damping on the standard deviation of the simulated
cockling. Standard deviation (SD) is used to estimate the intensity of cock-
ling. Results presented in Fig. 11 show that the SD of the simulated cockling
is not affected by damping when damping factor 10−9 or smaller is used. In
this study, the Taylor microscale [29] is used to describe the average in-plane
size of cockles. It is one of the three standard turbulence length scales. It is
usually calculated from an autocorrelation function of the fluctuating
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velocity by fitting parabola (paraboloid in two-dimensional cases) around the
zero-shift point at the origin and by solving the radius of the parabola. In the
case of cockling, instead of fluctuating velocity, the autocorrelation is applied
to the height map of cockling in spatial coordinates. The Taylor microscale is
also used to characterize paper formation [29]. Fig. 12 presents how the
damping factor affects MD and CD microscales. As in the case of SD, Taylor
microscales are not affected by stabilization when damping factor 10−9 or
smaller is used. Due to these observations and other numerical testing,
damping factor 10−9 is used when cockling is considered.

Unlike cockling, curling is large-scale out-of-plane deformation. Due
to this, geometrical nonlinearity plays a large role in the solution, and

Figure 10. Effect of damping factor c on the simulated cockling. In (a), whole CD
cross-section from the middle of the sheet and in (b), detail from the same cross-

section.
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stabilization has a greater effect on the solution, see Fig. 13. Chart (a) shows a
CD cross-section (from the middle of the sheet) for the simulated curling
affected by non-symmetric drying. The results in (a) suggest that the damping
factor does not affect the simulated curling when factor c is 10−11 or smaller.
However, when small detail of the simulated curling presented in (a) is exam-
ined in (b), it can be seen that stabilization has a much stronger effect on the
simulated curling than cockling. By comparing cases where damping factors
are 10−14 and 10−15, it can be seen that the difference between the cases is
minor. Due to this and other testing, damping factor 10−15 is used when
curling is considered.

5 RESULTS

The fiber orientation structures of ten different paper samples from ten dif-
ferent production machines were measured (see Section 2) to provide distinct
base paper structures for drying simulations. A few examples of fiber orienta-
tion anisotropy structures through the thickness of paper from the bottom
side to the top side are shown in Fig. 14. The effect of drying conditions on
simulated out-of-plane deformations was studied through several simula-
tions. The primary parameters studied were in-plane tensions during drying
and the through-thickness drying profile. In the following, where cockling

Figure 11. Standard deviation of the simulated cockling as a function of the
damping factor c.
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results are considered, the height map is filtered using a second-order classical
IIR Butterworth filter with 50 mm cutoff wavelength. Further, where surface
tensions are discussed, simulated stress is converted into N/m using the
thickness of the layers employed in the simulations.

The results presented were simulated through the model introduced in the
previous sections. As mentioned earlier, some of the model’s inputs are
measured and some are simulated by means of another model. It has to be
kept in mind that the elasto-plastic approach used in the simulations requires
the determination of a yield point (and whole yield surface). The quantifica-
tion of the yield point and its dependence on anisotropy and the dry solids
content of paper is based on the measurements presented in reference [6].

Figure 12. MD (a) and CD (b) Taylor microscales for the simulated cockling as a
function of the damping factor c.
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However, because it is commonly known that determining the yield point is a
difficult task in the case of many materials, and especially for such aniso-
tropic materials as paper (see e.g. [30, 31, 32]), a parametric study concerning
the effect of the yield point location on results is reasonable. Moreover, the
effect of temperature on yield point is ignored in the model although it prob-
ably also carries its own significance as in the case of Young’s modulus [33].
Fig. 15 shows two potential yield point variations. Fig. 15 shows only direc-
tion 1 yield point variation but all directions (the whole yield surface) have
received similar treatment. In Fig. 15 (a) Young’s modulus remains
unchanged while the yield point varies, whereas in (b) Young’s modulus var-
ies while yield strain remains constant. Fig. 16 shows the effect of the vari-
ation presented in Fig. 15 (a) on simulated cockling. As can be seen in Fig. 16,

Figure 13. Effect of damping factor c on simulated curling. In (a) whole CD cross-
section from the middle of the sheet and in (b) detail from the same cross-section.
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the location of the yield point has a great effect on the SD of the simulated
cockling. This is quite natural, because the decrease in yield strain means that
the paper enters the plastic domain earlier and more plastic deformation
occurs before the release of external tensions. However, the effect seems to be
very linear in nature. Meaning that the results are quite sensitive to the quan-
tification of the yield points, but SDs still change very systematically. There-
fore, when comparing the SDs of the simulated cockling of different samples,
the difference between the SDs of the samples could be assumed to remain at
the same level if the yield point of different samples is changed equally in the
way presented in Fig. 15 (a). At the same time, the effect of a decrease in yield
point on MD and CD Taylor microscales, see Fig. 16 (in the right) is not as
notable as in the case of SD of cockling.

The effect of a decrease in Young’s modulus, see Fig. 15 (b), can be seen in
Fig. 17. As Young’s modulus decreases, so does the SD of cockling. The same
effect was also noticed in the case of a decreasing yield point (with constant
Young’s modulus, in Fig. 16), but now the effect is less significant. That is due
to the fact that now only the yield stress decreases while the yield strain
remains the same. As the behaviour of the SD is very linear when moving
from a decrease of 15% towards a decrease of 60%, SD suddenly drops quite
considerably when a 75% decrease in Young’s modulus is introduced. The
steepest change in MD and CD Taylor microscales (Fig. 17) also occurs
between 60% and 75%.

In conclusion, it can be said that although determining the yield surface of
paper is challenging, and it also seems to have a notable effect on the results,

Figure 14. Fiber orientation anisotropy as a function of basis weight from bottom
side to top side for different paper machine samples.
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the effect of yield surface variations on the results is quite systematic and
linear. A drop in the yield point increases plastic deformation in relation to
elastic deformation. This type of a change reduces the SD of cockling, as can
be observed in both of these cases.

It is widely known that through-thickness moisture gradients during the
drying process represent an important factor in the curling phenomenon. Fig.
18 presents the simulated internal tension development of surfaces 1 and 2
during dt (double-tier) and st (single-tier) drying process for sample Hybrid
A. As can be seen, an asymmetric drying process generates a large internal
tension difference between the surfaces. In the case of a symmetric drying

Figure 15. Example of yield point alteration (in direction 1, anisotropy 2, dry solids
content 80%): in (a) decreasing yield strain and yield stress while Young’s modulus
remains the same, and in (b) decreasing Young’s modulus while yield strain remains

constant.
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process, the small internal tension difference between the surfaces comes from
the two-sided structure of the sample.

The internal tension difference between the surfaces strongly determines
the magnitude and also the axis of curling. This can be seen in Figs. 19 and
20, where the internal tension difference between the surfaces and corres-
ponding simulated curling in remoisturizing are presented for an almost
homogeneous simplified sample. Remoisturizing is applied to a surface first
dried in inverted st drying (surface 1 in Fig. 5) keeping the external tensions at
drying phase 7 constant during remoisturizing. After moisture is applied to
the sheet, dry solids content balance is restored at the sheet surfaces and
external tensions affecting the sheet are subsequently removed. As can be
seen in Fig. 19, minor remoisturizing reduces the tension difference between

Figure 16. Effect of decreasing yield strain and yield stress on the SD of cockling
and MD and CD Taylor microscales. Dt drying with tensions 260 N/m and 130 N/m

in the MD and CD, respectively, is used in the simulations.

412 Session 3: Transport and Moisture Interactions

P. Lipponen, A.-L. Erkkilä, T. Leppänen and J. Hämäläinen



the surfaces. When a certain limit is reached in remoisturizing, the tension
difference between the surfaces changes its sign and the absolute value of
difference starts to increase again.

Although the internal tension difference between the surfaces strongly
affects the curling tendency of the sample, see Fig. 20, it alone does not define
the axis of curling. When the internal tension difference between the surfaces
is sufficiently low, the structure of the sample also has an effect on curling.
This can be seen in Figs. 19 and 20, where 6% remoisturizing is applied to the
sheet. Although the tension difference between the surfaces is higher in the
MD, curling occurs around the MD axis. This stems from the fact that
the sample has higher bending stiffness in the MD than CD.

Figure 17. Effect of decreasing Young’s modulus on the SD of cockling and MD
and CD Taylor microscales. Dt drying with tensions 260 N/m and 130 N/m in MD

and CD, respectively, is used in the simulations.
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Remoisturizing also affects simulated cockling. The direction of the effect
of remoisturizing on cockling depends strongly on the external tensions used
during the remoisturizing process. As an example, the standard deviation of
simulated cockling of one sample without remoisturing when external ten-
sions of 260 N/m in MD and 130 N/m in CD are used is 119.0 μm. If 5%
remoisturizing is applied using the same external tensions during remoistur-
izing as at drying phase 7, the standard deviation of simulated cockling
decreases to 113.2 μm. However, if external tensions in the MD and CD are
released before the remoisturizing process, the SD of cockling increases to
value 126.2 μm.

Figure 18. Internal tension (mean of surfaces) development during dt (top) and st
drying (bottom) with 130 N/m CD tension for sample Hybrid A. The boundary
conditions for cockling simulations are used, i.e. the sheet is not allowed to curl at

drying phase 8.
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The local internal tension variation of the bottom and top layers for dt, st
and inverted st (ID) drying with zero CD and MD external tensions during
drying is presented in Fig. 21. The local tension maps simulated with bound-
ary conditions used in the cockling studies are from drying phase 8. In
inverted st drying, the drying order of the two sides of paper is changed, i.e.
the surface of paper that is dried last changes. With symmetric dt drying the
mean levels of internal tension are almost equal, so that the difference of
mean tensions between the top and bottom layers is −6.6 N/m in the cross
direction and −5.8 N/m in the machine direction. If curl were not restricted

Figure 19. Internal tension difference between the surfaces before removing external
tensions (top) and absolute internal tension difference between the surfaces before
removing external tensions (bottom) as a function of remoisturizing for an almost
homogeneous sample. The maximum values of the external tensions used are 260 N/m
in the MD and 130 N/m in the CD, see Section 3. Corresponding simulated curling is

presented in Fig. 20.
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by means of boundary conditions, this tension difference would curl the
sample so that the CD edges would rise upwards when the sample is viewed
from the bottom side, i.e. the curl tendency is toward bottom side. In a
non-constrained situation this curling would minimize the internal tension
two-sidedness of the sample.

Figure 20. Simulated curling when remoisturizing 0% (top left), 3% (top right), 6%
(middle left), 7% (middle right), 9% (bottom left) and 12% (bottom right) is applied to

the sheet.
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The tension difference between the two sides of the sheet in symmetric
drying arises directly from the anisotropy two-sidedness and elasto-plastic
behaviour of its inhomogenous structure. The bottom side of the sample
tends to shrink more than the top side in the CD due to the higher anisotropy
of the bottom than top side layers (Fig. 14 sample Hybrid A). The anisotropy
difference between the top and bottom sides is ξtop30% − ξbottom30% = −0.15 (the
subscript means that average values for the bottom and top sides are calcu-
lated from 30% z-direction portions of the basis weight). However, curling is
prevented by the boundary conditions, which leads to a situation where the
bottom side is constrained to a stretched state and top side to a compressed
state in the CD. When a sample is dried in asymmetric drying (st), the tension
levels of the bottom and top sides change violently (Fig. 21). In the st drying
case the tension difference between the top and bottom sides increases as high
as −74.3 N/m in the CD and −71.1 N/m in the MD. In this st drying the top
layer (surface 2 in Fig. 5) is dried first and the bottom layer second. The result
is a high curling tendency toward the bottom side. If the drying order is
inverted (bottom layer is dried first), the tension differences are 66.8 N/m and
63.1 N/m in the CD and MD respectively, indicating a curling tendency
toward the top side. The opposite-signed high tensions generated by two-
sided dryings suppress most of the structural curling tendency arising from
anisotropy two-sidedness.

The variation of bottom and top layer tensions changes only slightly when
the two-sidedness of drying is inverted. Changes in the simulated cockling
height maps (Fig. 21) are also minor. Only few local area alterations can be
detected in out-of-plane deviations. The spectra of the cockling simulations
shown in Fig. 21 are presented in Fig. 22. For this sample Hybrid A, a
variance of small-scale cockling increases slightly for asymmetric drying
cases and total variance is higher for the inverted st drying case than for dt
and st drying. The deformation of cockling for all 10 samples measured due
to different drying two-sidedness is presented in Figs. 23 and 24. The stand-
ard deviation of cockling generally increases but it can also decrease when
drying two-sidedness is altered from symmetric to asymmetric. The scale of
cockling oftentimes changes toward smaller cockles as the two-sidedness of
drying increases. If the standard deviations of two cockling maps are equal,
the visual appearance of the sample containing smaller cockles is worse.
Overall, these results indicate that changes in both the nature and amplitude
of cockles are minor and the directions of local curling (cockles) are mainly
defined by fiber orientation two-sidedness irrespective of the drying gradient.
However, small differences exist between the cockling maps, which can ori-
ginate only from different ratios of elastic and plastic stresses and strains in
local areas on the two sides of the sheet arising from different surface stress
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levels between drying arrangements (dt, st or inverted st). When these simu-
lated cockling results are considered, suitably arranged asymmetric drying
may be beneficial with certain layered orientation structures.

A small region from the bottom side CD tension map (Fig. 21) and corres-
ponding local orientation lines for the bottom side layer and cockling of
symmetric drying are presented in Fig. 25. The texture of local variations in
bottom side local tension clearly correlates with corresponding height vari-
ations in the cockling image. Since local anisotropy differences constitute the
only input that brings local variations to simulations, there must be some
correspondence between local orientation lines and the tension map. Some
correspondences can obviously be detected, but the interdependence is not
straightforward. Streak-like MD structures are also seen in the tension map.
High anisotropy streaks indicate negative tensions, while low anisotropy
streaks correspond with positive tensions. However, in the high orientation
area it would be expected that the area would tend to shrink more than the
surrounding and corresponding area on the other side of the sample. If that
is true, the CD tension of high orientation streaks should be positive. Simul-
taneously there is also a band of high anisotropy values going in the CD
direction around y-axis position 130 mm. For this high orientation area ten-
sion is positive, agreeing with the presumption discussed above. High orienta-
tion streaks tend to curl locally toward the bottom side while low orientation
streaks begin to curl toward the top side. A high orientation CD band tends
to concurrently compress the structure not only at positions of high orienta-
tion streaks but also at positions with low orientation streaks. This means
that the CD band forces the MD streaks to bend with higher amplitude waves
than would be their natural tendency. In this case the CD bands can therefore
explain the reversed tensions at these streak positions.

The simulation cases studied so far were dried without any constraints in
the machine and cross directions. The remarkable effect of external MD and
CD tensions on paper cockling is presented for sample Hybrid A in Fig. 26.
The spectra in Fig. 27 show the frequency response of cockling. In the CD,
the change of MD tension from free to 260 N/m during drying decreases
mostly large scale variation. In the MD, a decrease in variation influences all
cockling scales. If the CD tension, along with MD, is also included (0 N/m →
130 N/m), the variations of small and middle scale cockles also decrease in
the CD. No clear changes are detected in the MD. Figs. 28, 29 and 30 show
how the cockling parameters of all of the samples studied depend on the CD
tension used.

If drying two-sidedness is changed in a situation of restricted drying (dry-
ing tensions 260 N/m in the MD and 130 N/m in the CD), the response to this
change is even lower than in the free drying case described earlier. The
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cockling maps in Fig. 31 and spectra in Fig. 32 and Fig. 33 show no signifi-
cant change in cockling tendency. Fig. 34 illustrates that this behaviour can be
applied to all 10 production machine samples. Now, in contrast to free drying
(see Fig. 23), the asymmetry of drying decreases (although only slightly) the
SD of cockling in almost all cases when 260 N/m MD tension is applied.
Although in st and dt drying cases the external tension introduced is equal for
the same average dry solids content values (average between the top and
bottom surfaces), the internal stress generated when paper dries is different in
these two cases; in st drying the drier side of the paper develops higher
internal stress values than either of the sides in dt drying.

With the boundary conditions used, the curl tendency of paper can be

Figure 22. MD (top) and CD (bottom) spectra (from the cockling simulations shown
in Fig. 21) for completely free single-tier and double-tier drying for sample Hybrid A.
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estimated on the basis of the tension difference between the two sides of the
paper sheet as discussed earlier. The CD and MD tension differences of the
top and bottom sides caused by different external drying tension and drying
symmetry simulations are presented in Fig. 35. Symmetric dt drying shows a
small negative difference in free drying and absolute value of this difference
increases only slightly when drying is restricted. In symmetric drying this
negative CD internal tension correlates with a negative anisotropy difference
between the top and bottom sides. Both anisotropy and internal tension two-
sidedness show rather low structural curl tendency for sample Hybrid A.
Two-sided drying (st and inverted st) shows notably higher tension two-
sidedness and thus higher curl tendency. In st drying external restrictions in
the MD increases only slightly the absolute values of tension differences (CD
and MD tension differences are −75.9 N/m and −73.6 N/m, respectively), and
adding CD restrictions to drying lower the absolute values of internal ten-
sions, but only slightly (CD: −66.3 N/m, MD: −63.6 N/m). In inverted st
drying the internal tension difference behaves almost symmetrically
when compared to st drying. Based on these simulations drying restrictions
cannot reduce the extreme curl arising from two-sided drying to an
acceptable level.

Figure 23. Standard deviation of simulated cockling in the case of completely free
drying. Sample numbers 1, 2, 4, 5, 6, 8 and 9 corresponds formers gap A – G,
respectively, sample number 7 correspond Fourdrinier, and sample numbers 3 and 10

corresponds hybrid A and B, respectively.
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6 DISCUSSION AND CONCLUSIONS

Two different out-of-plane phenomena, the cockling and curling of paper,
were examined in this study through simulations. In order to take into
account the effects of the whole drying process and fiber orientation vari-
ations, an elasto-plastic material model was used despite the customary view
that paper is an elasto-visco-plastic material. The viscous nature of paper
means that the relaxation phenomenon in the stress-strain behaviour of the

Figure 24. Taylor microscale in MD (top) and CD (bottom) in the case of completely
free drying. Sample numbers 1, 2, 4, 5, 6, 8 and 9 corresponds formers gap A – G,
respectively, sample number 7 correspond Fourdrinier, and sample numbers 3 and 10

corresponds hybrid A and B, respectively.
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sheet might also play a role in out-of-plane deformations arising at the dryer
section, or at least the tensions during drying are strongly affected by relax-
ation. However, there is huge lack of measurement results and detailed data
on the viscous phenomena taking place during the drying process. This has
forced the exclusion of this viscous component from the model presented as
the number of undetermined inputs would have increased to an uncontrol-
lable level. More detailed measurement data would be needed, not only to
facilitate viscous modelling but also to take full advantage of the elasto-
plastic model. It should also be remembered that only one structural
variation, i.e. the variation of fiber orientation, is taken into account in

Figure 25. Small part (from sample Hybrid A) of bottom side CD tension map (top
left), corresponding local orientation lines of bottom side layer (top right), and
simulated cockling (bottom) when completely free dt drying is used. The vertical

distance between black and white in the cockling figure is 1 mm.
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modelling. Many other structural variations, for example in basis weight and
filler content, certainly play their own important part in out-of-plane
deformations. Regardless of the absence of viscous phenomena and some
other detailed information of processes for inputs, the elasto-plastic model
was able to produce reasonable simulation results to reveal the interactive
effects of sheet structure and drying parameters on the cockling and curling
of paper.

The simulation results presented in this paper indicate that the in-plane
internal tensions occurring at different positions and layers of paper vary in a

Figure 26. Simulated cockling (st drying) of sample Hybrid A in the case of
completely free drying (top left), with 260 N/m MD and 0 N/m CD drying tensions
(top right), and with 260 N/m MD and 130 N/m CD drying tensions (bottom). The

vertical distance between black and white in the cockling figures is 1 mm.
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pronounced manner depending on the two-sidedness and tension conditions
of drying together with the sheet’s fiber orientation structure. Drying two-
sidedness is a principal factor with respect to the average internal tension
levels of different paper sides, but only a minor factor in terms of tension
variations within paper layers. This means that drying two-sidedness defines
mainly the curling tendency of paper but has only a limited effect on cockling
observed immediately after the drying process. Independently of the external
MD and CD tensions used in simulation, highly asymmetric drying always
leads to high two-sidedness of internal tension and thus to high curl ten-
dency. Curling can be controlled during and after drying by adjusting this

Figure 27. MD (top) and CD (bottom) spectra for single-tier drying for sample
Hybrid A.
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internal tension two-sidedness of paper arising from drying conditions. The
simulations presented in this paper show how remoisturizing and drying cycle
can decrease the two-sidedness of internal tensions (and curl as well) to zero,
or even force it to reverse its sign both in the MD and CD directions. This is

Figure 28. SD of cockling for single-tier (top) and double-tier (bottom) drying
configuration in case of 0 N/m, 130 N/m and 260 N/m cross-machine tensions for ten
paper samples. MD tension applied at 260 N/m. The dotted (diagonal) line is only

used to facilitate comparison of the results.
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also true in real life: the curl tendency of asymmetric single-tier drying is
always adjusted in subsequent processing of the paper web including some
remoisturizing and subsequent drying or heating (e.g. remoisturizing, coating
or calendering processes).

Figure 29. CD Taylor microscale of cockling for single-tier (st) and double-tier (dt)
drying configurations in the case of 0 N/m, 130 N/m and 260 N/m cross-machine
tensions for ten paper samples. MD tension applied at 260 N/m. The dotted (diagonal)

line is only used to facilitate comparison of the results.
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Based on the simulation results obtained, the asymmetry of drying has
only limited ability to alter cockling tendency. Only a paper sheet with
extreme two-sided variation in its fiber orientation structure can benefit from
a change in the drying order of the paper surfaces. Additionally, the direction

Figure 30. MD Taylor microscale of cockling for single-tier (st) and double-tier (dt)
drying configurations in the case of 0 N/m, 130 N/m and 260 N/m cross-machine
tensions for ten paper samples. MD tension applied at 260 N/m. The dotted (diagonal)

line is only used to facilitate comparison of the results.
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of local curls (cockles) appears to be quite stable. However, the amplitude of
cockling decreases significantly if external tensions (during drying) are
applied to simulated samples. The nature of cockling (such as waviness or the
roundish shape of cockles) is highly influenced by the relative magnitude of
MD and CD external tensions during drying, while local orientation struc-
ture defines the difference between samples taken from different production
machines. The importance of drying restraints on cockling can be under-
stood by comparing two parallel sheets, one of which is dried freely and the
other totally constrained. Drying tension has to be taken into account not

Figure 31. Cockling maps (tensions 260 N/m in the MD and 130 N/m in the CD
used during drying) simulated with dt (top left), st (top right) and inverted st drying
(bottom) for sample Hybrid A. Vertical distance between black and white is 1 mm for

all cockling figures.
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only at the dryer section of a paper machine but also in the finishing, convert-
ing and conditioning of paper. If high tensions are maintained at each pro-
cess stage, the risk of wasting the valuable strain potential and runnability of
the paper web increases. A tension strain controlled processes might facilitate
the optimization of restraints, in contrast to the straight strain (velocity)
controlled drying processes typically used nowadays.

The controlling possibilities of paper machine processes concerning ten-
sions and fiber orientation, the factors important for paper cockling, are
currently inadequate. Although the profile and large-scale variations of fiber

Figure 32. MD (top) and CD (bottom) spectra for dt, st and inverted st drying for
sample Hybrid A with drying tensions 260 N/m and 130 N/m in the MD and CD,

respectively.

14th Fundamental Research Symposium, Oxford, September 2009 431

Shrinkage and Moisture Gradient During Drying on Cockling and Curling



orientation are reasonably well controllable, controlling variations and the
structure of local fiber orientation is not well understood. Precise tension
levels, both MD and CD, are also impossible to adjust and control at every
stage where the sheet undergoes some drying during its journey from the
paper making to end use. The model presented in this paper provides a new
tool for increasing general understanding of the importance of the various
factors behind cockling and curl, and the simulations presented and future
work with the model introduced will hopefully lead to improved process
control possibilities and novel paper machine construction solutions.

Figure 33. MD (left) and CD (right) spectra for dt, st and inverted st drying for
sample Hybrid A when the CD is completely free during drying.
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a b s t r a c t

The rheological nature of paper or board is usually treated either as elasto-plastic or as viscoelastic
depending on the studied paper making process or behavior in converting and end use. In this paper
we study several stress–strain curve models and the determination of material parameters from an elas-
to-plastic point of view. Finally, a suitable approach for all stress–strain curves measured from 180 strips
is constructed using a linear function for an elastic region and a nonlinear function for a strain hardening
region. This model determines a proportional limit (elastic limit) and gives fairly elegant dependencies
between material/fitting parameters and two important factors of mechanical properties of paper: dry
solids content and anisotropy. In this paper the dependency of a plastic strain on dry solids content
and anisotropy is estimated using the introduced stress–strain curve model. Correspondingly, the model
can be used to estimate many other mechanical behaviors, for example, the tension differences arising
from non-uniform moisture content of the paper web profile. However, the main target of this study is
to produce competent parameters based on modeled stress–strain curves for further construction of a
material model. This elasto-plastic material model will be utilized in out-of-plane deformation and frac-
ture models.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Mechanical properties of paper and board are important factors
affecting the whole life-cycle of a product, including paper/board
quality, production, converting and material and energy savings.
Paper and board are mainly composed of natural fibers and their
fragments, natural starch and mineral fillers and coatings. These
components form an anisotropic and heterogeneous network,
which mechanical properties are complicated result of the
mechanical properties of raw materials, the bonds between fibers
and network properties on the microscopic level (Niskanen,
1998). On the macroscopic level, paper can be described as elas-
to-visco-plastic nonlinear continuum material (Skowronski and
Robertson, 1986). The mechanical properties of paper depend on
several factors, which are common for most materials, such as
temperature (Caulfield, 1990), production history (Silvy, 1971;
Wahlström and Fellers, 2000) and anisotropy (Xia et al., 2002),
but also factors that are typical for natural materials such as dry
solids content (Kouko et al., 2007; Uesaka et al., 1989; Yeh et al.,

1991) and the variation of raw material properties (Alava and
Niskanen, 2006).

In paper manufacturing or the web-fed printing process, the
continuous, moving paper web has to be transported from one pa-
per/printing machine component to another. Tension is needed in
the web velocity direction (machine direction, MD) when the paper
web is moved from one roll surface to another. Within transporta-
tion from press section to drying section the dry solids content
(DSC) of the paper web may be as low as 35%, while in other pro-
duction stages it may increase up to 98%. The needed web tension
is generated by straining the web in MD and controlled by velocity
difference between supporting surfaces. When the generation and
maintenance of suitable tension is considered, the time-dependent
stress–strain behavior of both the wet and dry web is an essential
factor. This strain controlled web transporting also generates plas-
tic deformations on paper. Plastic deformations may vary locally
and in different directions, because of irregularity in paper struc-
ture, anisotropy and processing conditions. These variations may
contribute to several functionality or quality problems from roll
defects to out-of-plane deformations like curl or cockling (see
Fig. 1). Depending on application, mechanical behavior of paper
is modeled as elastic (Johnson and Urbanik, 1984; Leppänen
et al., 2005; Mann et al., 1979; Ostoja-Starzewski and Stahl,

0020-7683/$ - see front matter � 2013 Elsevier Ltd. All rights reserved.
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2000; Uesaka et al., 1979; Yeh et al., 1991), elasto-plastic (Castro
and Ostoja-Starzewski, 2003; Lipponen et al., 2008b; Mäkelä and
Östlund, 2003; Ostoja-Starzewski and Castro, 2003; Stenberg
et al., 2001; Xia et al., 2002), viscoelastic (Brezinski, 1956; Lif
et al., 2005; Lu and Carlsson, 2001; Steenberg, 1947; Uesaka
et al., 1980, 1989) or sometimes even as viscoplastic (Coffin, 2008).

The ductile (or brittle) nature as well as material parameters of
paper depends highly on fiber properties and their treatments, the
paper making process (Setterholm and Chilson, 1964), paper struc-
ture anisotropy and ambient conditions such as humidity and tem-
perature. Different paper grades, such as magazine, tissue,
greaseproof or sac paper, are designed to fulfill the purpose of
use. The testing of wet (DSC below about 65%) paper is challenging
and only a few empirical studies of machine made papers with
anisotropic structure are reported (Kouko et al., 2007). The
‘‘semi-wet’’ (DSC about from 70% to 85%) is an even more rarely
studied area although many important mechanical and shrinkage
phenomena are at their most intense phase at those dry solid con-
tents (Land et al., 2010; Nanko and Wu, 1995). The stress–strain
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Fig. 1. Examples of out-of-plane deformations of paper: (a) measured cockling of newspaper sample, (b) simulated cockling, (c) picture of fine paper curl and (d) simulated
curl. Simulations performed using model presented in Ref. Lipponen et al. (2008b).
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Fig. 2. Orientation distributions for anisotropy values (a) 1.20, (b) 1.51 and (c) 2.02. Twelve different / values are shown in the distributions.
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with fitted results for every fitting approach are presented in appendixes.

2152 A.-L. Erkkilä et al. / International Journal of Solids and Structures 50 (2013) 2151–2179



curve of paper contains a smooth transition from linear to non-
linear behavior so that the well-defined yield point (elastic limit)
does not exist. The difficulty of determining the paper’s yield
point is emphasized by such a rheological property of paper that,
in addition to a time-independent component, the deformation
has a time-dependent component, which may be observed as a
delayed strain recovery at zero stress (Skowronski and Robert-
son, 1986).

The structural anisotropy arises from the paper making process,
which usually orients fibers to align more along the machine direc-

tion than the transverse direction (cross direction, CD), so that fiber
orientation distribution is virtually always anisotropic. In addition
to fiber orientation anisotropy the level of mechanical anisotropy is
affected by the paper making process in such a way that in the
velocity direction of the web (MD) the tension needed for stable
transfer increases the elastic modulus and decreases the breaking
strain in that direction. In the transverse direction (CD) no external
tension is applied and the web can deform more freely at the
edges, although in the middle of the web the most shrinkage is pre-
vented by internal forces.
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Fig. 4. Measured (marked by crosses) and fitted stress–strain curves (solid line) when different one region models are used. The offset point is marked with a square and the
failure point with a triangle. If the model in question estimates the elastic modulus or finite slope at zero strain, it is drawn as a dashed line starting from the origin of the
stress–strain diagram. Dry solids contents is 75.3% and anisotropy index / ¼ 1:421. The models considered are (a) hyperbolic (r2 ¼ 0:9807), (b) exponential (r2 ¼ 0:9952), (c)
power law (r2 ¼ 0:9988), (d) Ramberg–Osgood with fixed E (r2 ¼ 0:9967) and (e) Ramberg–Osgood with three free parameters (r2 ¼ 0:9988).
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Fig. 5. The 0.01%, 0.05%, 0.1% and 0.2% offset lines have been drawn to different stress–strain diagrams. In (a) DSC = 96.4% and / ¼ 0:814 while in (b) DSC = 66.3% and
/ ¼ 0:704. The fitting using Hill’s expression (Eq. (6)) is applied to the sample presented in (b) with different offset strains. Offset strains in (c) are 0.01% and 0.2%, in (d) 0.01%
and 2% and in (e) 0.2% and 2%. Measured data points are marked with crosses, offset points with squares and failure points with triangles.
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In this study the main objective is to find a procedure to process
experimental data of load-elongation tests into such a data set of
material parameters, which can be utilized in construction of elas-
to-plastic material model and in structure and process based sim-
ulations of out-of-plane deformations (Lipponen et al., 2008a,b,
2009a) and fracture. The following requirements were set as tar-
gets for the approach:

1. The same fitting procedure (model) is capable of describing all
measured cases from low DSC to high DSC as well as from
low anisotropy to high anisotropy.

2. The yield point equal with the proportional limit can be defined
and the elastic part (e < ey) has to behave linearly. (The yield
point, elastic limit and proportional limit are considered to be
equal in this study.)

3. Modeled material parameters should behave as monotonic
functions of DSC and anisotropy.

The determination of the plastic behavior is essential when the
process induced phenomena are studied. An orthotropic elasto-
plastic continuum mechanical model requires definition of yield
point for the construction of suitable yield function. Such models
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Fig. 6. Coefficient of determination r2 in different DSC levels between measured and fitted curves when (a) hyperbolic, (b) exponential, (c) power law, (d) Ramberg–Osgood
with fixed elastic modulus and (e) Ramberg–Osgood with three free fitting parameters is used.
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Fig. 7. Coefficient of determination r2 in different anisotropy index levels between measured and fitted curves when (a) hyperbolic, (b) exponential, (c) power law, (d)
Ramberg–Osgood with fixed elastic modulus and (e) Ramberg–Osgood with three free fitting parameters is used.
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usually require linearity of the elastic region. The first and the third
requirement arise from studied phenomena (for example cockling)

where the local variation of the material properties and the condi-
tions has to be covered simultaneously by the material model. The
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Fig. 8. Error in stress at failure between measured and fitted curves when (a) hyperbolic, (b) exponential, (c) power law, (d) Ramberg–Osgood with fixed elastic modulus and
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third requirement is demanding or even impossible to satisfy if the
true physical behavior of paper as a function of studied properties
is not monotonic but still highly desirable, since the material mod-
el should be well-behaving also when it is subjected to extrapola-
tion in deformation or fracture models. For example a high degree
polynomial fitting is excluded as a possibility, since it usually goes
wild at the edges and outside of region of the original data.

The empirical data consists of a large amount of uniaxial, load-
elongation tests executed at different in-plane directions and ap-
plied to papers having a large variety of dry solids content and fiber
orientation anisotropy. The tensile test material used in this study
has been presented earlier and partly used in Ref. Lipponen et al.
(2008b). In this current work the whole testing material of 180 ten-
sile tests are used without any rejection or averaging processes.
Several different single curve or two-segment stress–strain models

are fitted to every load-elongation test separately. The goodness of
fit as well as dependency of fitted material parameters on DSC and
anisotropy is presented. Finally, a proposal of yield point determi-
nation is introduced and the chosen stress–strain model formu-
lated in two regions is evaluated.

2. Nonlinear empirical stress–strain curve models

Several different approaches to characterize mechanical proper-
ties of sheet materials from stress–strain curves have been intro-
duced in references (Hill, 1944; Ludwik, 1909; Prager, 1942;
Ramberg and Osgood, 1943; Swift, 1952; Voce, 1948) and are ap-
plied to paper or cellulosic materials, for example, in references
(Andersson and Berkyto, 1951; Castro and Ostoja-Starzewski,
2003; Johnson et al., 1979; Mäkelä and Östlund, 2003; Stenberg

0 2 4 6 8 10 12
0

100

200

300

400

500

600

700

ε (×10−3)

σ 
(N

/m
)

(a)

0 2 4 6 8 10 12
0

100

200

300

400

500

600

700

ε (×10−3)

σ 
(N

/m
)

(b)

Fig. 10. Examples of measured (marked by crosses) and fitted stress–strain curves (solid line) when (a) bilinear (r2 ¼ 0:9907) and (b) linear-power law models (0.9992) are
used. The yield point is marked with a circle and the failure point with a triangle. Dry solids content is 75.3% and anisotropy index / ¼ 1:421.
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et al., 2001; Suhling et al., 1985; Urbanik, 1982). These methods
have been developed to model either the overall curve shape or
the material parameters, such as elastic modulus, yield point, yield
offset, proportional limit, and tensile strength. If a material is con-

sidered as elasto-plastic, special interest is focused on yield point
and hardening behavior.

The whole stress–strain curve and the transition from the elas-
tic to plastic can be approximated by single continuous functions
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Fig. 12. Yield stress and strain as a function of DSC and anisotropy index when bilinear ((a) and (c)) and linear-power law ((b) and (d)) models are used.
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Fig. 13. Yield stress and strain determined by model. In (a)–(c) bilinear model and in (d)–(f) linear-power law model is used. In (a) and (d) DSC ¼ 56:8%; / ¼ 1:421, in (b) and
(e) DSC ¼ 75:3%; / ¼ 1:421 and in (c) and (f) DSC ¼ 95:6%; / ¼ 0:704.
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Fig. 14. Yield point determination using Ramberg–Osgood ((a)–(c)), power law ((d)–(f)) and parabolic ((g)–(i)) approach. Yield point marked by circle, measured data by
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Fig. 15. Yield point determination using power law ((a)–(c)) and parabolic ((d)–(f)) approach. Yield point marked by circle, measured data by crosses and fe by dashed line.
Dry solids contents and anisotropy indexes are in (a) and (d) DSC ¼ 95:8%; / ¼ 0:913, in (b) and (e) DSC ¼ 57:7%; / ¼ 0:960 and in (c) and (f) DSC ¼ 56:7%; / ¼ 0:992.
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such as hyperbolic, exponential or power law models. For nearly
ideally plastic material the hyperbolic dependency between stress
r and strain e in the form

r ¼ c1 tanh
c2

c1
e

� �
ð1Þ

was introduced by Prager (1942) and also used directly or in mod-
ified form for the modeling of tension tests and edge-wise compres-
sion of paper or board (Andersson and Berkyto, 1951; Johnson et al.,
1979; Urbanik, 1982). In Eq. (1) c1 and c2 are parameters to be
determined from the data, c2 is the initial slope of curve agreeing
with elastic modulus and c1 is the stress level which the curve ap-
proaches in an asymptotic manner.

The exponential function introduced by Voce (1948)

r ¼ rs þ ðr0 � rsÞe�ae ð2Þ

where rs; r0 and a are empirical parameters, is often applied for
strain hardening, but in some cases also for total strain.

In its simplest form the power law proposed by Ludwik (1909)
can be written as

r ¼ Ken ð3Þ

where K and n are parameters depending on the material. Eq. (3)
predicts an infinite initial slope, but it can be used if the contribu-
tion of the elastic strain to the total strain is negligible. To accom-
modate the elastic range in the model the fitting of the power law
may be applied only to strain hardening or some modified forms
are used. The more generalized form of the power law is (Swift,
1952)

r ¼ KðC þ eÞn ð4Þ
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Fig. 16. Yield strain ((a)–(c)) and yield stress ((d)–(f)) as a function of DSC and anisotropy index. (a) and (d) estimated using Ramberg–Osgood, (b) and (e) by power law and
(c) and (f) by parabolic approach.
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Fig. 17. Yield stress (a) and yield strain (b) determined by parabolic method (values given in horizontal axes) compared to power law method (dots) and parabolic method
with specific fitting intervals (cross: 0.1–0.35, circle: 0.1–0.45, triangle: 0–0.45) (values given in vertical axes).

A.-L. Erkkilä et al. / International Journal of Solids and Structures 50 (2013) 2151–2179 2159



where C is an additional material dependent parameter. The
Ramberg–Osgood relation (Ramberg and Osgood, 1943), which is
a frequently used modification of the power law for ductile
materials and sometimes also applied to paper (Mäkelä and
Östlund, 2003), can be given in the form

e ¼ r
E
þ r

E0

� �n

ð5Þ

where E0 and n are the hardening modulus and the hardening expo-
nent. The fitting of the Ramberg–Osgood model is regularly applied
using Hill’s (1944) expression

e ¼ r
E
þ e2

r
r2

� �n

ð6Þ

where

n ¼ lnðe2=e1Þ
lnðr2=r1Þ

: ð7Þ

In Eq. (6) the modulus parameter E is determined a priori and only
two offset points at offset strains e1 and e2 are needed for fitting.
The corresponding offset stresses r1 and r2 are determined by
the stress corresponding to the intersection of the stress–strain
curve and a line parallel to the elastic part of the curve offset by a
specified strain. This approach enables to estimate stress–strain
relationship even in cases where only E and two offset points are
available instead of whole stress–strain curve.

Even a good fit of a single continuous function on stress–strain
data does not usually facilitate the determination of a yield point, if
a yield point is not easily definable based on the shape of the
stress–strain curve. The yield strength arbitrarily approximated
by an offset method is commonly used for design and specification
purposes because it avoids the practical difficulties of measuring
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Fig. 18. Examples of measured (marked by crosses) and fitted stress–strain curves (solid line) when (a) exponential (r2 ¼ 0:9205), (b) parabolic (r2 ¼ 0:9906) and (c) power
law (r2 ¼ 0:9917) models at the strain hardening region are used. Yield point is marked with circle, 0.2% offset point with square and failure point with triangle. Dry solids
content is 75.3% and anisotropy index / ¼ 1:421.
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Fig. 19. Fitted strain hardening parameters for (a) exponential, (b) parabolic and (c) power law approach as a function of DSC and anisotropy.

50 60 70 80 90 100
0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

DSC [%]

r2

(a)

50 60 70 80 90 100
0.93

0.94

0.95

0.96

0.97

0.98

0.99

1

DSC [%]

r2

(b)

50 60 70 80 90 100
0.93

0.94

0.95

0.96

0.97

0.98

0.99

1

DSC [%]

r2

(c)

Fig. 20. Coefficient of determination as a function of DSC. Whole model with strain hardening region determined by (a) exponential, (b) parabolic, (c) power law functions.
Coefficient of determination as a function of anisotropy index and errors related to failure point for (b) and (c) are presented in Fig. C.5.

2160 A.-L. Erkkilä et al. / International Journal of Solids and Structures 50 (2013) 2151–2179



the elastic limit or proportional limit. The offset strain is commonly
selected to be a 0.1% or 0.2% for metals and 2% for plastics.

In some cases, the elasto-plastic analysis can be considerably
simplified by using the stress–strain relation including two or
more regions. The bilinear model can be used also as an approxi-
mation of the general nonlinear shapes of the stress–strain rela-
tions. In the bilinear model (Lipponen et al., 2008b; Ng et al.,
2005; Saliklis et al., 2003; Stenberg et al., 2001) the two straight
lines are joined at the yield point and the strain hardening is de-
scribed with a linear function. The bilinear curve can be defined
by the pair of equations

r ¼
Ee if e 6 ey

ry þ Eh e� ey
� �

if e > ey

(
ð8Þ

where ry and ey are the yield stress and the yield strain, E is the
Young’s modulus and Eh is the slope after the yield point.

The power law curve with its initial part replaced by a line of
slope equal to E can be represented by the equation

r ¼
Ee if e 6 ey

Eey e=ey
� �n if e > ey

(
ð9Þ
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Fig. 21. Three fitting parameters of final model as a function of DSC and anisotropy index, when power law function is used in strain hardening region.
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Fig. 22. Stress and strain at failure determined from measured ((a) and (b)) and modeled ((c) and (d)) stress–strain curves.
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Both of these models constructed by two segments have strictly de-
fined yield point and linear elastic behavior, but the slope at the
yield point is discontinuous.

3. Samples, variables and methods

The fine paper samples with three different fiber orientation
anisotropy levels were produced by Metso Paper’s pilot machine
2. The dry solids contents varied from 53% to 56% at initial stage.
This was the lowest achievable dry solids content level with the
used pulp and minimum drying in the pilot machine process. The

basis weight of samples were from 77 g/m2 to 80 g/m2. The
stress–strain curves were measured from paper strips (width
20 mm) with a span length of 180 mm. Strips were cut from the
long side along four different in-plane directions c: 0�, 45�, 70�
and 90� in relation to CD perpendicular to paper making direction
(MD). The samples were dried in a tensile test machine to five tar-
get DSC levels: 55%, 65%, 75%, 85% and 95%. However, the mea-
sured DSC values during each measurement were read and used
in studies instead of target DSC values. Drying shrinkage was pre-
vented in the loading direction. The tensile stress caused by re-
strained shrinkage was, however, released by unloading a tensile
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Fig. 23. The plastic strain as a function of DSC and anisotropy index (a) with elongation 0.3% determined from measured data using Eq. (22). In (b)–(d) plastic strain is
estimated from modeled stress–strain curves (b) with elongation 0.3% (c) 0.8% and (d) 2%.
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test specimen before the load-elongation measurement was
started. The three repetitions of measurements on each anisotropy,
cutting direction and dry solids content combinations were per-
formed. The description of the measuring method is presented in
Ref. Lipponen et al. (2008b). In this study also the parallel results
were used as individual test points so that the total amount of data
in the fitting procedure was 180 individual stress–strain curves. At
the initial stage, the apparent thickness of a paper sheet can be
measured according to the standard ISO 534:2005 and the effective
thickness using, for example, the methods presented in Refs.
Setterholm (1984) and Schultz-Eklund et al. (1992). Still the non-
uniformity, compressibility and porous structure of paper make
the thickness of paper difficult to define. Hence, in the field of
paper technology, it is rather common to express stress in the units
that ignore the thickness of paper. For clarity this approach is
also employed in this work i.e. the stress (load) is presented in
units N/m instead of the load per unit cross-sectional area as
reported for most materials. Obviously, the true stress during
load-elongation test is practically indefinable.

For the determination of elastic modulus, E, the maximum slope
of the linear function was determined by fitting lines on the data
within constant elongation intervals:

E ¼max SðDeÞ; De ¼ ðe� L=2; eþ L=2Þ ð10Þ

where S is the slope fitted to strain interval De. The length of the
strain interval used in this study is L ¼ 0:1%. With 180 mm distance
of loading jaws, 10 mm/s straining speed and 0.8 kHz sampling fre-
quency, it corresponds to about 15 measuring points.

The methods of linear and non-linear least squares are used to
find solutions for fittings of stress–strain data with all different
models. Because most fittings were nonlinear the goodness of fit
is estimated using the general form of coefficient of determination
defined by the equation

r2 ¼ 1�
P

restimated � rmeasuredð Þ2P
rmeasured � rmeasuredð Þ2

ð11Þ

When this definition is used, negative values of r2 may also occur in
cases where the mean of the measured data provides a superior fit
when compared to the estimate of the model.

To estimate the failure point location on a fitted stress–strain
curve, the strain energy at failure is first determined from the mea-
sured curve. The measured stress–strain curve is approximated by
seventh degree polynomial and strain energy at failure, Hf , is calcu-
lated from integral
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Fig. A.1. Examples of measured and fitted stress–strain curves when hyperbolic approach is used. The offset point is marked with a square, the failure point with a triangle
and elastic modulus is shown with a dashed line. Dry solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9975 (b)
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9763 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9807 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9370 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9994 (f)
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9995.
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Hf ¼
Z ef

0
rde ð12Þ

Then the fitted failure point ðrfit
f ; e

fit
f Þ is defined to be that point on

the fitted curve where strain energy calculated from the fitted curve
equals with the measured strain energy at failure. The accuracy of
the estimated tension and strain at failure is evaluated by the rela-
tive error defined by fitted�measuredð Þ=measured.

The fiber orientation distribution of paper is often approxi-
mated by elliptical distribution, the main direction of which usu-
ally coincides or deviates only a few degrees from the MD. The
fiber orientation of samples were measured by the layered fiber
orientation measurement method presented in Erkkilä et al.
(1998) and Lipponen et al. (2009b). The anisotropy of fiber orienta-
tion distribution n is defined as a ratio of the maximum distribu-
tion value b and value in perpendicular direction to the
maximum value a. In the layered fiber orientation method the pa-
per is sectioned usually 8 to 15 paper layers from which the aniso-
tropies are measured. These results of layers are averaged since, in
this study, the anisotropy of whole sheet thickness is wished to be
described. The measured averaged anisotropy values of the studied
samples were 1.20, 1.51 and 2.02.

Now, there are three variables – DSC, anisotropy and loading
direction – whose relations to material parameters are of interest.
To reduce the amount of variables anisotropy index / is introduced
in this study. The anisotropy index is calculated for every strip
depending on the mean of layered fiber orientation anisotropy
n ¼ b=a and the direction c of which the sample strip is cut and
strained. Two assumptions are made: first the shape of orientation
distribution is elliptical and secondly the area of orientation distri-
butions of different orientation levels and samples can be normal-
ized to the same constant value. For simplicity the area of
orientation distribution is defined to be p. By these assumptions
the semi-axes of the fiber orientation distribution ellipse will have
values a ¼ 1=

ffiffiffi
n
p

and b ¼
ffiffiffi
n
p

. Then the equation for anisotropy in-
dex / describing the distance of ellipse point from the origin in
the direction c can be written as

/c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

nþ tan2 c=n
þ n

s
ð13Þ

When four cutting/straining directions are measured from sam-
ples having three different anisotropy levels, in total 12 different
anisotropy index / values are obtained, see Fig. 2. Now the results
of fitted material parameters can be presented as a function of only
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Fig. A.2. Examples of measured and fitted stress–strain curves when exponential approach is used. The offset point is market with a square, the failure point with a triangle
and slope at zero strain is shown with a dashed line starting from origin. Dry solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421, r2 ¼ 0:9961 (b)
DSC ¼ 60:0%; / ¼ 0:704, r2 ¼ 0:9951 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9952 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9820 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9976 (f)
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9980.
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two parameters, DSC and /. The dependency of material parame-
ters and fitted parameters as a function of DSC and anisotropy in-
dex is visualized as a surface formed from scattered data using
linear interpolation.

4. Results and discussion

In this section several different models to describe the stress–
strain behavior of paper are studied. These methods include com-
monly used approaches such as bilinear, hyperbolic, exponential,
power law and Ramberg–Osgood approximations. By exploiting
information from these approximations a modified approach to de-
scribe whole stress–strain behavior of paper is suggested. The tar-
get is to model a whole stress–strain curve and determine material
parameters: elastic modulus, yield strain, yield stress and stress
and strain at failure. Because with some stress–strain models the
yield point as proportional limit has no expression, the yield offset
0.2% is also determined.

In Fig. 3 examples of different stress–strain curves of studied
paper strips are presented to demonstrate the variety in behavior
of elastic and strain hardening regions. The shape of the strain
hardening region can vary from almost linear to non-linear. The
drying history (restrained drying) has affected highly on the behav-

ior of dry samples. At wet samples the nonlinear descending is in
some cases observed at the end part of stress–strain curve, which
may be considered as an indication of ‘‘necking’’, where at some
location of the strip some portion of fiber–fiber bonds are already
broken. This phenomenon is not accommodated to the model in
this study.

4.1. Fittings using single continuous function

Examples of fitted curves and estimated material parameters of
different one region models are presented in Fig. 4 and in Appendix
A Figs. A.1–A.5.

In hyperbolic model (Eq. (1)) the parameter c2 gives the slope of
the curve at zero stress, and it is considered as an estimate of elas-
tic modulus. The slope c2 is also drawn in Figs. 4(a) and A.1 as a
dashed line. The exponential relation and power law model were
fitted to a whole load-elongation curve, although some samples in-
clude a significant elastic region. The exponential function has ini-
tial stress r0 and initial slope �aðr0 � rsÞ at zero strain. This slope
of zero strain is drawn as a dashed line starting from origin of
stress–strain diagrams in Figs. 4(b) and A.2. The power law model
does not provide elastic modulus (slope at zero stress is infinite
when 0 < n < 1) and there is no approximation to a yield point,
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Fig. A.3. Examples of measured and fitted stress–strain curves when power law approach is used. The offset point is marked with a square and the failure point with a
triangle. Dry solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9886 (b) DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9967 (c)
DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9988 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9919 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9815 (f) DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9751.
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but a stress at 0.2% strain is marked in examples presented at
Figs. 4(c) and A.3.

The fitting of Ramberg–Osgood (R–O) model using Hill’s expres-
sion (Eq. (6)) eliminates the possible convergence problems arising
in R–O model fitting with three free parameters. By using the esti-
mated elastic modulus (Eq. (10)) the required two offset points can
be determined from the measured data. However, the usage of con-
stant offset strains for the studied material is not straightforward,
because of high diversity in stress–strain behavior between sam-
ples, which can be observed from examples presented in Fig. 5.
The model fitted using Hill’s expression goes exactly through the
used offset stresses, which does not, however, guarantee a good
fit over the whole stress–strain curve. In this study the direct least
square curve fitting, using expression of Eq. (5), was preferred for
fittings to find out how well the Ramberg–Osgood model approxi-
mates the whole stress–strain relationship.

Ramberg–Osgood fittings were first performed with two free
parameters, n and E0, and the elastic modulus E was determined
according to Eq. (10). Good correspondences between fit and mea-
sured relationships were achieved this way, see for example
Figs. 4(d) and A.4. These fitted parameters were used as initial esti-

mates, when fittings with all three free parameters, E;n and E0,
were performed (examples in Figs. 4(e) and A.5). Now the conver-
gence problems were confronted and with some samples the ulti-
mate minimum was not achieved. It became evident that with
some stress–strain relations the elastic modulus parameter E
shows a tendency to grow to some very high value or even toward
infinity. The increase of slope of elastic modulus can be observed
comparing Fig. 4(d) and (e), where the slope is visualized as a
dashed line. If E grows to infinity the Ramberg–Osgood equation
returns to a simple power law model. This might be considered
to be an indication that there is no linear elastic part existing at
stress–strain curve in the consideration, or that the linear part is
insignificant. By examining the measured data presented at Fig. 4
the short but distinguishable linear part at the beginning of the
loading measurement can be observed.

The coefficient of determination r2 between measured and fit-
ted stresses are presented for all reference methods as a function
of dry solids content of the sample strip during stress–strain mea-
surement (Fig. 6) and anisotropy index (Fig. 7). For all continuous
single function models all r2 values are quite high (r2 is always over
0.93). However the r2 ¼ 0:93 may already signify quite a consider-

0 5 10 15 20
0

50

100

150

200

250

300

350

ε (×10−3)

σ 
(N

/m
)

(a)

0 10 20 30 40
0

20

40

60

80

100

120

ε (×10−3)

σ 
(N

/m
)

(b)

0 2 4 6 8 10 12
0

100

200

300

400

500

600

700

ε (×10−3)

σ 
(N

/m
)

(c)

0 5 10 15 20 25
0

50

100

150

200

250

300

ε (×10−3)

σ 
(N

/m
)

(d)

0 1 2 3 4 5 6
0

500

1000

1500

ε (×10−3)

σ 
(N

/m
)

(e)

0 2 4 6 8
0

200

400

600

800

ε (×10−3)

σ 
(N

/m
)

(f)

Fig. A.4. Examples of measured and fitted stress–strain curves when Ramberg–Osgood approach with fixed elastic modulus and two free parameters is used. The offset point
is marked with a square, the failure point with a triangle and elastic modulus is shown with a dashed line. Dry solids contents, orientation levels and r2 values are (a)
DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9920 (b) DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9956 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9967 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9923 (e)
DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9991 (f) DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9995.

2166 A.-L. Erkkilä et al. / International Journal of Solids and Structures 50 (2013) 2151–2179



able deviation of estimate from the measured behavior, see for
example Fig. A.1(d). The DSC has more significant effect on good-
ness of fit than anisotropy index level in case of all studied models.

A relative error of stress at failure is presented as a function of
DSC in Fig. 8. With every model the error is always between �0.1
and 0.15. The behavior of elastic modulus estimated by Eq. (10),
hyperbolic, exponential and Ramberg–Osgood approaches are
visualized in Fig. 9 as a function of DSC and anisotropy index.
The elastic modulus has some equality in trend between hyper-
bolic, exponential and maximum slope (Eq. (10)) approaches. The
Ramberg–Osgood model gives a few extremely high values as
was demonstrated above. The behavior of other fitted parameters
are presented in Fig. A.6.

The Ramberg–Osgood model gives a good fit for every measured
stress–strain cases. The problems arise more from the fitting pro-
cedure itself and the tendency of the model to approach a simple
power law expression if the elastic range is small compared with
the strain hardening region of the stress–strain curve. The insuper-
able fact is that as well as hyperbolic, exponential and power law
model, the Ramberg–Osgood stress–strain curves are continuously
curved, i.e., no definitive linear elastic region exists followed by a
well-defined yield stress. This means that none of these models

is directly appropriate for our requirements. When the focus of
study is on plasticity the power law and exponential models are of-
ten applied only to the strain hardening region and several ap-
proaches with two or more regions’ stress–strain curve models
(Nadai, 1931; Hoffman and Sachs, 1953; Jones, 2009; Lipponen
et al., 2008b; Ng et al., 2005; Saliklis et al., 2003; Stenberg et al.,
2001) are presented. With the groundwork presented in this sub-
section, two segment models, with special focus in estimation of
proportional limit, are discussed in the next two subsections.

4.2. Elasto-plastic stress–strain models including two regions

In the viewpoint of further modeling the advantageous charac-
ter of two segment models are that they define the exact yield
point (proportional limit). The unfavorable facet is that the amount
of fitting parameters of the model increases with complicity. To
start with the most simple alternatives, the bilinear and linear-
power law combinations, are studied in this subsection.

Although there might have been some more optimal way to
progress with the bilinear method when the measured material
of this study is considered, the method presented by Stenberg
et al. (2001) is followed faithfully. The first linear part was fit to
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Fig. A.5. Measured and fitted stress–strain curves when Ramberg–Osgood approach is used. The offset point is marked with a square, the failure point with a triangle and
elastic modulus is shown with a dashed line. Dry solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9966 (b)
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9967 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9988 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9964 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9994 (f)
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9996.
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data between zero load and 20% of maximum load. In reference the
upper limit was expected to be well below the yield point which is
certainly true for the compressive tests of Ref. Stenberg et al.
(2001), but this may not always be true for the in-plane tensile
tests of the wet samples studied in this work. Then the fitted elastic
part is removed from the data and the second line is fitted to strain
interval 0 and 0.005 in this modified stress–strain curve. The esti-
mate of the elastic limit is obviously now in the interception of
these two lines, the dependence of which on DSC and anisotropy
index are shown in Fig. B.1.

The linear-power law combination (Eq. (9)) is formed by substi-
tuting the beginning of the power law curve fitted in the previous
subsection by line with slope E determined using Eq. (10) until the
line intersects the power law curve. The strain at intersection i.e.
estimated yield strain can be directly calculated by the equation

ey ¼
E
K

eðn�1Þ�1 ð14Þ

The examples of fittings of models according to Eqs. (8) and (9)
are presented in Figs. 10, B.2 and B.3. The coefficient of determina-
tion r2 as function of DSC and anisotropy index are presented in
Fig. 11. The bilinear model has a few negative r2 values in semi-
wet samples indicating that the mean of measured stress values
would have been better estimate than fitted result (see f.ex.
Fig. B.2(d)). The substitution of the beginning of the power law fit-
ting by linear component increases the r2 values when compared
to the simple power law model (Figs. 6 and 7). The improvement
is emphasized with dry samples, the linear regions of which are
longer than wet samples.

The dependency of yield stress and yield strain on DSC and
anisotropy index are presented in Fig. 12. The difference in yield
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Fig. A.6. Dependences of fitted parameters on DSC and anisotropy index when one region models are used: (a) hyperbolic c1, (b) exponential rs , (c) power law K, (d) power
law n, (e) R–O with fixed E E0, (f) R–O with fixed E n, (g) R–O with three free parameters E0 and (h) R–O with three free parameters n.
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Fig. B.1. Elastic modulus (a) and slope of the yield hardening (b) as a function of DSC and anisotropy index when Stenberg’s bilinear approach is used.
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point behavior between models is noticeable when the yield strain
surfaces are studied. Both methods estimate the yield strain to be
the lowest with semi-wet samples. The increasing tendency of the
yield strain when DSC decreases is against the general assump-
tions. For a closer investigation of the yield point determination,
a few examples are presented in Fig. 13. The quality of the fits is
unsatisfactory at the area of interest, which is the main reason
for the unreliable yield point results. The overall goodness of fit
of the bilinear model would have been improved by fitting the sec-
ond line to the whole strain hardening region but this would have
further decreased the fitting quality at the proportional limit re-
gion. The linear power law combination, however, shows some
promising results. In the next subsection the determination of
the proportional limit is studied more closely.

4.3. Yield point and model

The proportional stress is sometimes determined by using the
intersection of the stress–strain curve and offset line or by line
which slope is reduced from initial inclination by some percent va-
lue. With offset approaches, the goodness of fit of the initial line or
elastic modulus and noisiness of the measurement data has a dev-
astating effect on reliability; there are also opinions that for stress–

strain curves such as those studied in this work the determination
of the proportional limit always creates controversies because the
deviation from linear dependency begins so gradually that the ex-
act stress at which the line begins to curve cannot be determined.
Obviously any offset method cannot give a true proportional limit
and the high variety of load-elongation curves processed in this
study makes it even more difficult to find reliable estimate of the
proportional limit in every case by systematic way.

In this subsection the studies of proportional limit determina-
tion are based directly on the definition of proportional limit, that
is, the proportional limit is the point at which the load-elongation
curve deviates from linearity. The general idea is to determine that
specific point of the stress–strain curve where the nonlinear model
starts to have a better fit to the data than the linear function fitted
to the beginning of the stress–strain curve. This point is then de-
fined as the proportional limit. For nonlinear function fittings the
three candidates were tested: the fittings of the Ramberg–Osgood
model with three free parameters presented in the previous sub-
section, and power law and parabolic fittings on the proportional
limit region.

The Ramberg–Osgood model proved previously to have high
goodness of fitting. The sum of squared residuals between mea-
sured data and Ramberg–Osgood model, SSRiðfROÞ, and between
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Fig. B.2. Measured and fitted stress–strain curves when Stenberg’s bilinear approach is used. The yield point is marked with a circle and the failure point with a triangle. Dry
solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9374 (b) DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:7108 (c)
DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9907 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ �0:0777 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9935 (f) DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9954.
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measured data and linear fitting with slope E (Eq. (10)), SSRiðfeÞ,
were calculated at all data points i using interval ði� 2; iþ 2Þ.
The maximum position i, were the SSRiðfeÞ is still lower than
SSRiðfROÞ was determined as location of proportional limit in
stress–strain curve.

The aim was to fit the power law and parabolic fittings only to
the region where the stress–strain curve starts to deflect from lin-
ear behavior to guarantee a high goodness of fittings around the
proportional limit. The power law function of the form of Eq. (3)
and parabolic dependency of the form

e ¼ C1r2 þ C2rþ C3 ð15Þ

where C1; C2 and C3 are fitted constants, were fit to strain interval
from 0.1% to 0.4%. This interval may be expected to comprise pro-
portional limit according preliminary study of previous subsection
(see Fig. 12).

The goodness of fitting of two different functions fitted to same
measuring data has to be equal at that infinitesimal position where
those functions intersect. This intersection point can then be di-
rectly used as a proportional limit estimate when the power law
or parabolic approaches are considered. The intersection of power
law and linear equation can be simply calculated using Eq. (14). In
a few cases of parabolic fittings no intersection between linear and

parabolic fitting occurred. At these cases that point at which the
tangents of linear and parabolic fittings are equal was used as a
proportional limit. Hence the proportional limit using parabolic fit-
ting was determined using the pair of equations

ey ¼

�C2 þ 1=Eþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2C2 � 2=E� 4C1C3

p� �
=2C1

if 2C2 � 2=E� 4C1C3 P 0
0:5ð1=E� C2Þ=C1

otherwise

8>>>><
>>>>:

ð16Þ

where the first equation calculates the intersection point and the
second equation the point of the equal tangents which is used if
no intersection occurs.

Three examples of proportional limit determination of each
studied method are presented in Fig. 14. Although all Ramberg–Os-
good fittings have high values of coefficient of determination they
do not, in most cases, guarantee adequate fitting quality in that
important region where the stress–strain curve starts to deflect
from linear behavior. On the other hand, in some cases of dry sam-
ples where Ramberg–Osgood fits perfectly at the beginning of the
stress–strain curve, it behaves so linearly in that area that the com-
parison of the linear and R–O fit gives random results, which are
mostly sensitive to measurement inaccuracy (see Fig. 14(c)).
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Fig. B.3. Measured and fitted stress–strain curves when power law fit for the strain hardening region is used. The yield point is marked with a circle and the failure point with
a triangle. Dry solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9888 (b) DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9967 (c)
DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9992 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9972 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9881 (f) DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9849.
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The power law and parabolic methods give equivalent results
for the proportional limit in several cases. Again the challenge with
dry samples is the long linear part where the deviation begins so
gradually from the linear behavior that the result is very sensitive
to the fitting quality of both linear and nonlinear parts. The power
law model, which is forced to go through the origin, does not fit
perfectly on those cases and may underestimate the proportional
limit (see Fig. 14(f)). The semi-wet and wet samples appear to have
a more definite location where the linear part connects to the non-
linear part, but with the wet samples the challenge is arising from
very short linear part and high noisiness of stress data. The appar-
ent advance of power law and parabolic fittings is that they aver-
age smoothly the trend through noisiness.

Three more examples of two promising methods (power law
and parabolic) are presented in Fig. 15. A risk of parabolic fitting
is that the trend bends too fast and the intersection of parabolic
and linear functions occurs at too low a stress level. This depends
also on the interval of which set of data points the parabolic fitting
is performed. Interestingly, if the slope of the measured curve
starts to increase again after the proportional limit, the parabola
may turn to open down (left) (see Fig. 15(f)).

The yield stress and yield strain as a function of DSC and anisot-
ropy index is presented in Fig. 16. The surface of the yield strain
estimated using the Ramberg–Osgood method has some similar
irregularity as was studied in the previous subsection (Fig. 12).
However, the estimates of the yield stress using the power law
and parabolic methods form fairly smooth surfaces. The power
law method estimates lower yield strains of dry samples than
the parabolic method, because the quality of the power law fit is
not excellent for those samples as was discussed earlier. This is
the main reason why in the next fittings the yield point estimated
by the parabolic method (see Fig. C.1) is used. To test the robust-
ness of the parabolic method, the fitting intervals were varied.
The results are presented in Fig. 17, showing that the determina-
tion of the proportional limit is quite insensitive to small variations
of fitting interval and suggesting that it may be utilized with a high
variety of samples.

The model function fh fitted to the strain hardening section has
to go through the proportional limit. Here an additional condition
is set for the model: the slope f 0h (first degree derivative) has to be
continuous at the connection point (proportional limit) of the
functions. If the strain hardening model has three unknown

0 1 2 3
x 10−3

0

20

40

60

80

100

ε

σ 
[N

/m
]

(a)

0 1 2 3
x 10−3

0

5

10

15

20

25

ε

σ 
[N

/m
]

(b)

0 1 2 3
x 10−3

0

50

100

150

200

250

300

ε

σ 
[N

/m
]

(c)

0 1 2 3
x 10−3

0

20

40

60

80

100

120

ε

σ 
[N

/m
]

(d)

0 1 2 3
x 10−3

0

200

400

600

800

1000

1200

1400

ε

σ 
[N

/m
]

(e)

0 1 2 3
x 10−3

0

100

200

300

400

500

600

ε

σ 
[N

/m
]

(f)

Fig. C.1. Focusing into yield point determination when linear part and parable are fitted. The yield point is marked with a circle. Whole curves utilizing this determination are
shown in Figs. C.2, C.3 and C.4. Dry solids contents and orientation levels are (a) DSC ¼ 56:8%; / ¼ 1:421 (b) DSC ¼ 60:0%; / ¼ 0:704 (c) DSC ¼ 75:3%; / ¼ 1:421 (d)
DSC ¼ 77:4%; / ¼ 0:704 (e) DSC ¼ 96:1%; / ¼ 1:421 (f) DSC ¼ 95:6%; / ¼ 0:704.
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parameters, the two of them can be fixed using a pair of equations
based on conditions

fhðeyÞ ¼ Eey

f 0hðeyÞ ¼ E

	
ð17Þ

By starting with exponential function (2) and inserting it to Eq. (17)
the form

r ¼ Eey þ
E
a

1� e�aðe�eyÞ
� �

ð18Þ

can be solved. Equivalently for parabolic Eq. (15) the form

r ¼ Eey �
C
2E
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C

C

4E2 þ e� ey

� �s
ð19Þ

and for power law Eq. (4) the form

r ¼ Eey
n� 1

n
þ e

ney

� �n

ð20Þ

can be solved. All these equations include only one additional fitting
parameter, constant a in exponential, C in parabolic and n in power
law model. The examples of the fitting results are presented in
Fig. 18. The one fitting parameter ensures the simplicity of fitting
procedure, but does not assure that fitted parameter has monotonic
dependency of DSC and anisotropy index (see Fig. 19). The goodness
of fit of the whole stress–strain curve model utilizing either Eq. (18),
(19) or (20) model at strain hardening is presented in Fig. 20. The

exponential approach (example curves in Fig. C.2) is not acceptable
either according to the fitting quality or behavior of parameter a.
The power law and parabolic (example curves in Figs. C.3 and C.4)
fittings are quite even in goodness of fit and the surfaces of the
parameters in Fig. 19 are both moderately smooth although clearly
different in character. Both models including either the power law
or parabolic form for strain hardening may be good alternatives
for further material modeling.

If the power law function to describe the strain hardening is
chosen as is done in the next studies, the final model can be sum-
marized to be in the form

r ¼
Ee if e 6 ey

Eey
n�1

n þ e
ney

� �n
if e > ey

8<
: ð21Þ

where E; ey and n are three parameters, which are fitted by follow-
ing procedure:

1. The elastic modulus, E, is maximum slope determined using Eq.
(10).

2. The yield strain, ey, is determined using Eq. (16), which param-
eters C1; C2 and C3 are determined by fitting parabolic depen-
dency (Eq. (15)) around the yield strain region of measured
stress–strain curve.

3. The strain hardening exponent n is determined by fitting the
second equation of Eq. (21) to the strain interval [ey; ef ] of the
measured data.
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Fig. C.2. Example curves (Fig. 3) when two region approach with exponential function for strain hardening is applied. The yield point is marked with a circle, the offset point
with a square and the failure point with a triangle. Dry solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9694 (b)
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:7602 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9205 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:8670 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9994 (f)
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9997.
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3D surfaces of these three fitted parameters as a function of DSC
and anisotropy index are collected in Fig. 21 and values are given in
Tables D.1–D.3 for every single load-elongation test sample. The
stress and strain at failure are determined from modeled stress–
strain curves using strain energy (Eq. (12)) of measured data. The
failure results determined directly from measured stress–strain
curves and from modeled curves can be visually compared at
Fig. 22. The measured and modeled results are fairly similar.

Land et al.’s study(2010) is one of the rare published studies
where elastic and plastic strain of wet and semi-wet samples are
studied empirically by load-unload tests. To test the model pre-
sented in this paper, the estimated plastic strain results are com-
pared with Land’s measurements. Land performed load-unload
tests for handsheet sample strips using different strain levels
0.3%, 0.8%, 2%, 2.8% and 4%. The basis weight of handsheets were
about 145 g/m2 and the raw material consists of bleached soft-
wood kraft pulp (flash dried). The sheet forming and pressing were
performed according to ISO 5269-1 and the drying was done by
leaving the samples on drying plates for specified times at 23 �C,
50%RH. There are several differences of testing materials between
our study and Land’s study, including pulp quality, basis weight,
paper forming, pressing and drying conditions. One clear indication

of different quality of pulp and pressing/drying conditions is that
all of Land’s samples have been strained even up to 4% strain level,
while dry paper sheets in our study never hold out even 0.5% strain
without failure. By using the model presented in this paper the
higher strain levels can, however, be extrapolated.

At the lowest applied strain level 0.3% the plastic strain can be
estimated directly from measured data by subtracting elastic strain
from the applied strain using the determined elastic modulus:

ep ¼ e� r
E

ð22Þ

In higher strain levels, where the failure has already occurred in
several dry samples, the determination can only be done by using
a model of each stress–strain curve. The estimate of plastic strain
applied by strain levels 0.3%, 0.8% and 2.0% are presented in
Fig. 23 as a function of DSC and anisotropy index. Since the hand-
sheets of Land’s study are approximately isotropic, the plastic
strains at specific anisotropy level 1.0 were taken from interpolated
surfaces with equal loading levels for comparison presented in
Fig. 24. Land’s results show negative plastic strain values for 0.3%
strain. The discussion section of Ref. Land et al. (2010) suggests
explanations including measuring error or some physical explana-
tion possibly related to the release of dried-in strains. If the offset
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Fig. C.3. Example curves (Fig. 3) when two region approach with power law fit for strain hardening is applied. The yield point is marked with a circle, the offset point with a
square and the failure point with a triangle. Dry solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9903 (b)
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9921 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9917 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9978 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9962 (f)
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9936.
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of Land’s results are taken account the plastic strain levels of these
two studies would be quite similar. Although the curves of Land’s
work and our studies are not exactly the same by shape, it is
remarkable to realize that, according to both studies, for isotropic
samples the maximum plastic strain is attained for semi-wet sam-
ples around DSC 70% to 80%. The lower plastic strain of wet samples
compared to semi-wet samples is against the general assumptions
and should be verified further. The differences of plastic strain at
different studied DSC levels are however so small that sample han-
dling and measurement method will arise in an extremely signifi-
cant role. The variation of plastic strain as a function of DSC
attained by these two different studies is low in contrast to what
may have been expected, when different types of curves are studied
(see for example Fig. 3) or the behavior of elastic modulus, yield
stress and strain, and exponent of yield hardening section
(Fig. 16(f) and (21)) are considered. In fact, the plastic strain deter-
mined using Eq. (22) does not depend directly on yield point but
rather on the ratio of elastic modulus and slope of strain hardening.
The wet samples have low elastic modulus and, especially in the
samples with high anisotropy indices, the strain hardening section
has only slightly lower slope than elastic modulus (see for example
Fig. C.3(a)). Furthermore, it would have been valuable to include

even wetter samples (DSC below 55%) to study, but this was not
possible with the used sample producing method. The problem
with extrapolated results calculated from the model is confronted
with dry samples, since in some cases the strain hardening region
is short. Thus the amount of data points used in nonlinear function
fittings is small, which suggests that the slope may be deflected
from reality when high strain levels are studied by extrapolating.

5. Conclusions

The model of stress–strain curves presented in this paper is de-
signed to be suitable for material model utilized in out-of-plane
deformation and fracture models of paper. Although the mechani-
cal behavior of wet and dry papers is different the goal was to mod-
el all samples equally to achieve a consistent fitting procedure and
fitting parameter data for a mathematically consistent material
model. The studied material included 180 uniaxial stress–strain
curves measured from paper strips, the DSC of which varied from
55% to 98%. The pilot machine was used to produce three different
anisotropy levels for wet (press dry) paper sheets from which the
strips were cut at four different directions. The generated
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Fig. C.4. Example curves (Fig. 3) when two region approach with parable for strain hardening is applied. The yield point is marked with a circle, the offset point with a square
and the failure point with a triangle. Dry solids contents, orientation levels and r2 values are (a) DSC ¼ 56:8%; / ¼ 1:421; r2 ¼ 0:9900 (b)
DSC ¼ 60:0%; / ¼ 0:704; r2 ¼ 0:9881 (c) DSC ¼ 75:3%; / ¼ 1:421; r2 ¼ 0:9906 (d) DSC ¼ 77:4%; / ¼ 0:704; r2 ¼ 0:9962 (e) DSC ¼ 96:1%; / ¼ 1:421; r2 ¼ 0:9960 (f)
DSC ¼ 95:6%; / ¼ 0:704; r2 ¼ 0:9931.
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three-parameter stress–strain curve model is formulated as a pair
of equations. The characteristics of the model are: the elastic area
behaves linearly, the yield point (elastic limit) is equal with the
proportional limit and the strain hardening region is described
using monotonic nonlinear function which first derivative at the
yield point is equal with the elastic modulus. The three fitted
parameters are elastic modulus E determined as the maximum
slope of specific small interval in stress–strain curve, yield strain
ey determined as the point where nonlinear (parabolic) function
has better goodness of fit than linear function and exponent n
determined by fitting of power law function on strain hardening
region.

In an attempt to unify all the results of samples cut in different
directions, a new anisotropy index parameter was introduced. This
gave a possibility to visualize the behavior of parameters as a 3D-
surface simultaneously as a function of DSC and anisotropy index.
This approach also guarantees that a further material model will
give equivalent results if the MD and CD parameters of the isotro-
pic sheet are modeled. This is, of course, true only if the sample has
been treated equivalently in MD and CD both during production
and in measurement. In this study, in the stress–strain curve mea-
surements the strips cut from different directions were treated
equivalently by preventing shrinkage during drying, but the pro-
duction of wet sheets at Metso Paper’s pilot machine did not han-

dle MD and CD equivalently. Even then the fitted parameters of the
constructed stress–strain curve model were able to form fairly
monotonic surfaces also as a function of the anisotropy index.
Because the shrinkage of both CD and MD strips were restrained
during drying the results are more suitable to describe the
phenomena at the middle section of cross profile web. The result
of this study is large and consistent data set of elasto-plastic
material parameters of fine paper. This data set can be used
directly or with simple interpolations to estimate the effect of
anisotropy, DSC and loading direction on the elasto-plastic
variables. However, in the future the processing of the data will
continue with fittings of material parameter surfaces and by
implementing that material model in out-of-plane deformation
and fracture models.

The data set of elasto-plastic parameters determined by the
introduced stress–strain curve model was used directly to estimate
plastic strains at different anisotropy and DSC levels. As a verifica-
tion, the plastic strain estimates were compared to load-unload
measurements of handsheets carried out by Land et al. (2010).
Although the pulp quality, sheet forming and drying conditions
were different between these studies several resemblances were
observed. The levels of plastic strain values were comparable be-
tween Land’s study and our results. Both studies also suggest that
the highest plastic strains are attained with dry solids contents
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Fig. C.5. r2 values ((a) and (b)) as a function of anisotropy index, error in strain at failure ((c) and (d)) as a function of DSC and error in stress at failure ((e) and (f)) as a function
of DSC when two region models where strain hardening is described by power law ((a), (c) and (e)) and parable ((b), (d) and (f)) are used.
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between 70% and 80%. This is against the general assumption that
plastic strain increases if DSC decreases. Actually, the yield stress
and strain, according to the results of this study, decreases with
decreasing DSC, but the location of the yield point is not the most
important factor of plastic strain; the elastic modulus and its rela-
tion to the slope of the strain hardening function defines the plastic
strain calculated from the stress–strain curve. A great benefit from
the paper maker’s point of view is that the variation of plastic
strain appears to be low even with such a high difference of DSC
and anisotropy levels as is studied here. Unfortunately, even very

small variations in strain levels can make problems during paper
making and converting. The 0.1% variations in plastic strain along
the paper web profile may cause problems such as wrinkling and
baggy profiles (Land et al., 2010; Roisum, 1996), while a high curl
appearing as a half-circle shape of paper strip with a length of
210 mm (equivalent with length of short side of A4 sheet) and a
thickness of 0.1 mm (the typical thickness of copy paper sheet) is
theoretically an expression of only 0.15% strain difference in the
two sides of the paper strip. If such a small plastic strain differ-
ences are detected or simulated from dry paper samples or from

Table D.1
The fitting parameters for every sample having anisotropy level 1.20. Elastic modulus E, yield strain ey and exponent n of the final model (Eq. (21)). Corresponding yield stress ry

and stress at failure rf are also included. Parameter C is constant of parabolic approach according Eq. (19).

Sample DSC (%) y (�) n uc E (kN/m) ey (%) ry (N/m) n rf (N/m) C (MN/m)

1 57.07 90 1.199 1.095 19.73 0.062 12.3 0.760 190.9 3.63
2 57.54 90 1.199 1.095 20.47 0.117 24.0 0.655 189.5 2.84
3 56.40 90 1.199 1.095 21.16 0.102 21.7 0.65 177.2 2.58
4 56.97 70 1.199 1.068 21.24 0.075 15.9 0.623 154.1 1.67
5 56.46 70 1.199 1.068 18.83 0.102 19.1 0.642 157.4 1.94
6 55.67 70 1.199 1.068 19.39 0.063 12.3 0.68 156.8 1.87
7 55.86 45 1.199 0.992 15.61 0.096 14.9 0.633 130.4 1.19
8 55.46 45 1.199 0.992 14.70 0.083 12.2 0.618 125.3 0.86
9 56.68 45 1.199 0.992 18.23 0.088 16.1 0.547 131.3 0.83

10 56.52 0 1.199 0.913 8.58 0.112 9.6 0.635 100.7 0.45
11 55.35 0 1.199 0.913 10.29 0.092 9.4 0.606 101.2 0.43
12 55.89 0 1.199 0.913 11.08 0.085 9.4 0.588 106.9 0.41
13 63.65 90 1.199 1.095 31.58 0.066 20.9 0.668 266.2 4.75
14 63.65 90 1.199 1.095 30.15 0.088 26.6 0.63 239.5 4.05
15 63.14 90 1.199 1.095 31.09 0.107 33.1 0.595 267.2 4.04
16 62.36 70 1.199 1.068 25.51 0.103 26.2 0.621 233.2 3.17
17 61.79 70 1.199 1.068 28.21 0.086 24.3 0.678 242.8 4.90
18 61.25 70 1.199 1.068 27.12 0.106 28.9 0.648 222.2 4.26
19 60.73 45 1.199 0.992 18.93 0.111 21.1 0.608 169.5 1.70
20 60.84 45 1.199 0.992 22.80 0.102 23.2 0.555 187.9 1.58
21 61.03 45 1.199 0.992 19.42 0.074 14.3 0.646 197.2 1.75
22 64.85 0 1.199 0.913 20.03 0.069 13.7 0.573 163.6 0.99
23 64.64 0 1.199 0.913 18.38 0.109 20.1 0.524 170.8 0.88
24 65.16 0 1.199 0.913 22.53 0.073 16.5 0.554 176.8 1.13
25 75.94 90 1.199 1.095 88.73 0.088 78.3 0.498 463.2 13.56
26 73.91 90 1.199 1.095 76.69 0.076 58.3 0.550 385.2 12.64
27 71.96 90 1.199 1.095 75.48 0.092 69.8 0.500 378.4 10.49
28 71.01 70 1.199 1.068 62.03 0.100 61.9 0.537 361.5 9.80
29 73.56 70 1.199 1.068 59.73 0.100 59.7 0.528 354.6 8.58
30 71.28 70 1.199 1.068 60.63 0.083 50.4 0.548 346.6 8.53
31 70.94 45 1.199 0.992 48.30 0.117 56.7 0.484 306.8 4.89
32 70.90 45 1.199 0.992 48.48 0.114 55.2 0.495 307.3 5.15
33 71.74 45 1.199 0.992 45.67 0.114 52.3 0.504 292.7 4.89
34 71.22 0 1.199 0.913 41.92 0.098 41.1 0.459 242.8 2.53
35 72.93 0 1.199 0.913 42.49 0.110 46.9 0.437 242.9 2.51
36 76.99 0 1.199 0.913 58.91 0.101 59.3 0.424 281.9 4.06
37 81.06 90 1.199 1.095 161.49 0.117 188.4 0.478 612.3 53.58
38 84.42 90 1.199 1.095 171.69 0.115 197.2 0.497 606.9 66.72
39 85.47 90 1.199 1.095 174.96 0.112 195.9 0.496 563.0 67.21
40 80.29 70 1.199 1.068 122.29 0.138 168.3 0.460 538.6 32.46
41 82.02 70 1.199 1.068 120.50 0.151 181.3 0.418 463.4 27.39
42 79.33 70 1.199 1.068 121.63 0.120 145.5 0.479 468.8 31.50
43 80.58 45 1.199 0.992 95.42 0.126 120.0 0.453 445.3 17.12
44 78.80 45 1.199 0.992 97.24 0.132 128.4 0.446 435.4 17.99
45 77.60 45 1.199 0.992 106.25 0.136 144.5 0.440 457.3 21.43
46 82.36 0 1.199 0.913 95.38 0.127 120.8 0.431 381.3 15.22
47 82.11 0 1.199 0.913 90.61 0.128 115.9 0.425 362.3 13.32
48 83.22 0 1.199 0.913 92.88 0.127 117.5 0.425 376.7 13.78
49 95.35 90 1.199 1.095 317.87 0.155 493.3 0.473 1192.6 272.86
50 95.62 90 1.199 1.095 317.41 0.176 557.7 0.437 1105.5 257.27
51 94.20 90 1.199 1.095 305.15 0.180 549.4 0.399 1036.8 200.87
52 94.84 70 1.199 1.068 295.76 0.190 561.0 0.491 1404.7 317.24
53 95.17 70 1.199 1.068 296.38 0.189 559.7 0.411 1161.5 208.52
54 95.48 70 1.199 1.068 298.08 0.194 577.9 0.309 988.6 123.47
55 94.80 45 1.199 0.992 257.90 0.198 510.0 0.357 904.7 125.97
56 94.87 45 1.199 0.992 253.39 0.210 531.1 0.267 864.5 74.12
57 94.54 45 1.199 0.992 253.24 0.204 515.8 0.298 806.1 91.20
58 95.25 0 1.199 0.913 209.46 0.207 433.1 0.419 965.9 117.89
59 95.88 0 1.199 0.913 214.31 0.197 422.6 0.359 773.8 86.74
60 95.81 0 1.199 0.913 212.67 0.209 444.9 0.383 924.3 101.07
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a dry paper web, the relevance of variation might be directly
detected. In the wet sample, the corresponding variation brings
up several questions, such as how this difference affects subse-
quent paper making processes and is the difference still observable
from dried paper which has undergone different tension conditions
and shrinkage tendencies until it is finally dry. In any case, the
small differences required for the estimation of runnability and
the quality of the paper web or sheet makes the measurement
and simulation of these properties demanding. The simulation of,
for example, the correct amplitude of curl may be an elusive goal,

but the correct tendencies and importance of the different
phenomena can possibly still be studied.

Appendix A

See Figs. A.1–A.6.

Appendix B

See Figs. B.1–B.3.

Table D.2
The fitting parameters for every sample having anisotropy level 1.51. Elastic modulus E, yield strain ey and exponent n of the final model (Eq. (21)). Corresponding yield stress ry

and stress at failure rf are also included. Parameter C is constant of parabolic approach according Eq. (19).

Sample DSC (%) c (�) n uc E (kN/m) ey (%) ry (N/m) n rf (N/m) C (MN/m)

61 58.66 90 1.508 1.228 27.37 0.108 29.7 0.704 262.4 6.63
62 57.86 90 1.508 1.228 24.68 0.107 26.5 0.704 255.9 5.48
63 58.07 90 1.508 1.228 28.16 0.087 24.5 0.677 255.7 4.98
64 58.14 70 1.508 1.146 29.04 0.081 23.4 0.598 223.9 2.82
65 56.31 70 1.508 1.146 22.85 0.090 20.6 0.652 203.6 2.80
66 57.07 70 1.508 1.146 23.61 0.083 19.5 0.656 209.1 2.91
67 57.25 45 1.508 0.960 15.40 0.078 12.0 0.638 147.8 1.07
68 57.72 45 1.508 0.960 15.16 0.092 14.0 0.612 146.5 0.99
69 57.83 45 1.508 0.960 13.10 0.085 11.1 0.675 146.8 1.12
70 56.98 0 1.508 0.814 9.86 0.100 9.8 0.576 104.9 0.35
71 56.63 0 1.508 0.814 10.60 0.113 11.9 0.538 99.2 0.33
72 56.90 0 1.508 0.814 8.46 0.063 5.3 0.692 109.2 0.45
73 63.11 90 1.508 1.228 40.23 0.097 39.0 0.638 337.5 8.21
74 63.35 90 1.508 1.228 36.59 0.097 35.4 0.650 309.3 7.38
75 62.80 90 1.508 1.228 41.26 0.073 29.9 0.657 327.1 7.82
76 63.43 70 1.508 1.146 34.73 0.094 32.8 0.581 291.4 4.11
77 64.45 70 1.508 1.146 35.37 0.097 34.3 0.554 263.2 3.55
78 64.91 70 1.508 1.146 35.86 0.096 34.5 0.562 263.7 3.83
79 61.17 45 1.508 0.960 23.21 0.072 16.7 0.576 187.6 1.40
80 62.95 45 1.508 0.960 22.20 0.107 23.8 0.528 192.3 1.30
81 62.45 45 1.508 0.960 22.72 0.092 20.9 0.539 182.8 1.27
82 62.88 0 1.508 0.814 19.87 0.072 14.3 0.538 157.0 0.77
83 62.85 0 1.508 0.814 17.71 0.089 15.7 0.515 142.0 0.62
84 63.15 0 1.508 0.814 17.94 0.084 15.0 0.522 136.2 0.63
85 75.95 90 1.508 1.228 112.50 0.112 125.5 0.509 514.5 29.81
86 75.11 90 1.508 1.228 93.38 0.097 90.2 0.545 494.0 22.53
87 74.80 90 1.508 1.228 91.73 0.113 103.8 0.538 546.4 24.36
88 74.89 70 1.508 1.146 85.00 0.074 63.1 0.524 370.8 12.64
89 74.18 70 1.508 1.146 82.31 0.078 64.5 0.513 400.2 11.57
90 72.12 70 1.508 1.146 76.92 0.075 57.7 0.496 319.0 8.62
91 72.73 45 1.508 0.960 52.94 0.108 57.1 0.475 301.6 5.06
92 73.37 45 1.508 0.960 54.60 0.105 57.6 0.476 317.5 5.29
93 70.93 45 1.508 0.960 54.58 0.097 52.7 0.450 287.9 3.96
94 75.24 0 1.508 0.814 46.64 0.106 49.3 0.405 217.5 2.32
95 73.78 0 1.508 0.814 43.73 0.106 46.5 0.440 249.5 2.62
96 74.05 0 1.508 0.814 41.65 0.087 36.1 0.459 203.8 2.23
97 84.34 90 1.508 1.228 227.89 0.123 280.9 0.534 1049.6 156.73
98 88.69 90 1.508 1.228 243.18 0.128 310.4 0.522 1008.7 170.96
99 86.92 90 1.508 1.228 218.11 0.164 357.2 0.479 1025.4 138.49

100 86.38 70 1.508 1.146 164.69 0.129 211.8 0.419 618.5 43.37
101 84.70 70 1.508 1.146 173.86 0.110 190.7 0.459 595.9 52.53
102 83.59 70 1.508 1.146 175.45 0.108 190.1 0.487 666.4 61.82
103 84.42 45 1.508 0.960 123.66 0.150 185.4 0.406 503.3 26.43
104 84.73 45 1.508 0.960 131.71 0.121 159.7 0.469 503.1 35.11
105 84.22 45 1.508 0.960 118.09 0.126 148.9 0.452 420.9 26.82
106 84.50 0 1.508 0.814 105.72 0.121 128.4 0.417 342.3 16.87
107 85.76 0 1.508 0.814 111.87 0.108 120.3 0.430 381.6 17.66
108 86.17 0 1.508 0.814 107.95 0.131 141.5 0.428 420.9 19.92
109 96.96 90 1.508 1.228 367.32 0.178 654.8 0.541 1924.0 602.82
110 98.05 90 1.508 1.228 378.36 0.182 686.8 0.549 2200.6 686.73
111 97.63 90 1.508 1.228 354.10 0.186 657.5 0.490 1488.7 444.84
112 95.89 70 1.508 1.146 310.67 0.195 606.2 0.467 1633.8 314.48
113 95.91 70 1.508 1.146 314.37 0.195 580.5 0.434 1286.7 258.73
114 96.30 70 1.508 1.146 323.13 0.180 580.1 0.394 1160.6 214.71
115 96.92 45 1.508 0.960 250.75 0.185 464.9 0.482 1313.0 211.90
116 96.88 45 1.508 0.960 243.96 0.199 484.6 0.400 995.4 139.97
117 96.79 45 1.508 0.960 241.59 0.198 479.3 0.378 1000.4 119.74
118 95.61 0 1.508 0.814 185.15 0.211 391.5 0.446 766.6 111.33
119 96.40 0 1.508 0.814 179.77 0.206 370.4 0.312 532.2 53.21
120 95.14 0 1.508 0.814 191.92 0.203 390.5 0.426 822.5 102.48

A.-L. Erkkilä et al. / International Journal of Solids and Structures 50 (2013) 2151–2179 2177



Appendix C

See Figs. C.1–C.5.

Appendix D

See Tables D.1–D.3.
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SUMMARY: Dimensional instability and more 

particularly its component hygroexpansivity are factors 

that may cause problems in any process or end-use 

situation in which paper or board is in contact with water 

or subject to changes in ambient relative humidity. 

Misregistration in printing, curl during copying and 

calender wrinkles are examples of such defects. In this 

paper, the in-plane hygroexpansivity of oriented 

laboratory sheets involving three set of samples with 

different pulps is studied. In each case they were dried both 

freely and under restraint. The relation of hygroexpansion 

coefficient on the elastic modulus, elastic modulus 

anisotropy, drying shrinkage, fiber orientation anisotropy 

and anisotropy index is considered. A linear relationship 

between the drying shrinkage and hygroexpansion 

coefficient of freely dried laboratory sheets having 

different fiber orientation anisotropies, was observed. 

Regardless of both the measurement direction (MD or CD) 

and the drying options (freely or restraint) all 

hygroexpansion coefficient values of each pulp type fell 

quite well on one single power curve as a function of the 

elastic modulus. Fiber orientation is considered via two 

different approaches: using fiber orientation anisotropy 

and using directional variable named as anisotropy index. 

When the anisotropy index is used, the MD and CD 

hygroexpansivity or the MD and CD drying shrinkage can 

be fit on a single curve, while the freely dried and restraint-

dried sheets evidently need two different fitting curves. 

Between the hygroexpansion coefficient and the 

anisotropy index, a simple power law relationship, with 

two fitting parameters depending on pulp and drying 

restraints, is introduced. 
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The term ‘dimensional instability’ of paper or board refers 

to dimensional changes resulting from a change in the 

conditions of ambient air or from moisture exchange in 

converting processes. Dimensional instability manifests 

itself as length, width and thickness changes and as out-of-

plane deformations. The latter is induced by 

inhomogeneity in dimensional changes arising from 

variations in the structure and composition of the paper or 

board. Dimensional instability causes problems in the 

paper or board during drying, converting, printing, 

copying, storage and end-use, referring to such phenomena 

as curl, cockling, wrinkles, creasing, wavy edges, 

misregistration, stack lean, shrinkage, surface roughening, 

grainy edges, deformation of boxes and mechano-sorptive 

creep. 

Depending on changes in the temperature and on the 

relative humidity of the air, fibers of lignocellulosic 

materials absorb, adsorb or desorb water. Most of the 

hygroexpansivity of fibers takes place diametrically; the 

changes in the length and cross sections are on the order of 

1% to 2% and 20% to 50%, respectively, over the range of 

relative humidity (RH%) (Page, Tydeman 1962). The 

lateral hygroexpansivity of the fibers is transferred to the 

macroscopic dimensional changes of the paper sheet via 

inter-fiber bonding (Rance 1954; Page, Tydeman 1962; 

Uesaka 1994; Nanko, Wu 1995). The fiber composition, 

degree of refining and chemical modifications influence 

the dimensional stability of paper, while anisotropic fiber 

orientation generates the anisotropic in-plane 

hygroexpansivity of the sheet (Stamm, Beasley 1961; 

Page, Tydeman 1962; Fahey, Chilson 1963; Uesaka 1994; 

Lyne et al. 1996; Li et al. 2009). Hygroexpansivity and its 

anisotropy are also highly dependent on the hygroscopic, 

thermal and mechanical history of the sheet (Nordman 

1958; Fahey, Chilson 1963; Salmén et al. 1987a; Uesaka 

et al. 1992; Uesaka, Qi 1994). 

In this paper, the in-plane hygroexpansivity of oriented 

laboratory sheets made from two different pulps and their 

mixture is studied. The oriented laboratory samples are 

formed by using a dynamic sheet former and dried either 

freely or under restraint. Samples from a production 

machine are used for comparison purposes. The relation of 

the hygroexpansion coefficient on the elastic modulus, 

elastic modulus anisotropy, drying shrinkage, fiber 

orientation anisotropy and anisotropy index is considered.  

Some of the observed dependencies, together with the 

experimental stress-strain curve parameters presented in 

Erkkilä et al. (2013), have been incorporated as a part of 

the continuum mechanical modeling approach presented in 

Lipponen et al. (2009) and Erkkilä et al. (2015). 

Samples and measurements 
The two pulps used in this study were bleached softwood 

kraft pulp made from pine (SW) and thermomechanical 

pulp (TMP). The mixture (MIX) of these contained 71% 

TMP and 29% SW. Drainability (Canadian Standard 

Freeness (CSF)) determined according to ISO 5267-

2:2001 standard was 592 ml for SW, 57 ml for TMP and 

112 ml for MIX pulp. The average fiber lengths were 

measured on a Kajaani FS300 fiber analyzer. The length-

weighted values were 2.41 mm for SW, 1.46 mm for TMP 

and 1.82 mm for MIX pulp. The production machine (PM) 

samples taken from middle and edge areas of the cross 



profile had a fiber composition corresponding to the MIX 

pulp samples. 

The oriented laboratory sheets were formed using a 

dynamic sheet former. The target basis weight was 65 

g/m2. At the dynamic sheet former, the stock is sprayed 

against a wire of the rotating drum by the traversing 

nozzle. The water of the fiber suspension is drained away 

by centrifugal dewatering pressure, forming a wet sheet on 

the fabric (for a detailed description of the process, see e.g. 

Norman (1989)). The adjustable velocity difference 

between the jet and the drum wall allowed for varying 

degrees of fiber orientation in the sheet. The jet speed 

varied from 800 m/min to 1020 m/min, and the wire speed 

from 700 m/min to 1200 m/min resulting in speed 

differences of the jet and wire from -400 m/min to 320 

m/min. The sheets were wet-pressed according to 

ISO5269-1:2005, and then were either air-dried freely on 

a flat teflon covered plate or under restraint in standard 

atmosphere conditions (23C; 50% RH).  The elastic 

modulus (or tensile stiffness) and thickness of single sheet 

were measured following ISO 1924-2:1994 and ISO 

534:2005 standards, respectively. 

The procedure for the hygroexpansivity measurements 

followed the general guidelines stated in ISO 8226-1:1994 

for maximum relative humidity up to 68%. The samples 

were conditioned under zero load at least 8 hours in 

RUMED Climatic Test Cabinets Type 4201, with the 

constant atmosphere in accordance with the DIN 50015. 

The changes in the MD and CD lengths of the sample were 

measured using the image analysis-based determination. 

The round sample with constant diameter was marked with 

crosshairs at center lines and scanned. During scanning a 

round metal weight was used to hold the sample in plane 

with constant pressure. The coordinates of the sample’s 

peripheral were determined via image analysis to obtain 

the machine direction (MD) and cross machine direction 

(CD) lengths of round paper samples at 33% RH and 66% 

RH. According to ISO 8226-1:1994, the hygroexpansive 

strain 𝑋 is 

  

𝑋 =
𝑙66−𝑙33

𝑙50
× 100    [1] 

 

where l is the length in the specific RH% indicated by the 

subscript. However, the hygroexpansion coefficient 

𝛽 (%/%), defined as  

 

𝛽 =
𝑋

∆𝑀
      [2] 

 

where ∆𝑀 (%) is the moisture content change, was used in 

this study. At least seven parallel samples were measured 

in each anisotropy level. The same image analysis-based 

method was also applied in determining the drying 

shrinkage 𝑆 of freely dried samples as a percent relative in-

plane dimensional change (%) during drying. Sheet 

forming and measurements of hygroexpansivity as well as 

drying shrinkage are described in detail in Hii (2008). 

The fiber orientation anisotropy was measured using the 

method presented in Erkkilä et al. (1998) and Lipponen et 

al. (2009). The measurement is based on layering the 

sample by tape ripping and image gradient analysis of the 

layers. Mass-weighted averages of the MD/CD ratios of 

the layers are used to describe the fiber orientation 

anisotropy of the entire thickness. The anisotropy index 

 introduced by Erkkilä et.al. (2013) is defined by 

 


𝛾

= √
1−2

+tan2𝛾/
+     [3] 

 

where  is the fiber orientation anisotropy and 𝛾 is the 

direction in which the anisotropy index is determined. For 

the semi-axes of the orientation distribution, the anisotropy 

indices can be solved from Eq 3 to be 
90

= √ and 
0

=

1/√. If the orientation angle coincides with the machine 

direction, 
90

 corresponds to the machine and 
0

 to the 

cross direction anisotropy index values.  

The goodness of fit is estimated using the general form 

of the coefficient of determination defined by the equation 

 

𝑟2 = 1 −
∑(𝜎𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑−𝜎𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑)2

∑(𝜎𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑−𝜎𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)2.  [4] 

 

Negative results of the coefficient of determination 𝑟2are 

also possible, indicating that the mean of the measured 

results would have provided an estimate preferable when 

compared to the fitting under consideration. 

Results and discussion 
The relationship between elastic modulus and fiber 
orientation 
Wahlström et al. (2005) suggest that for restraint-dried (rd) 

and freely dried samples (fd) the following relationships 

between elastic modulus anisotropy (or tensile stiffness) 

and fiber orientation anisotropy hold: 

 
𝐸𝑟𝑑,1

𝐸𝑟𝑑,2
=     and    

𝐸𝑓𝑑,1

𝐸𝑓𝑑,2
= 2 − 1  [5] 

 

where 𝐸 is the elastic modulus (or tensile stiffness) and 

subscript indices 1 and 2 refer to MD and CD, respectively. 

These equations are used for comparing the elastic 

modulus anisotropy and the fiber orientation anisotropy 

results of this study (see Fig 1). As can be expected, the 

PM samples, which are outside the scope of Eq 5, deviate 

clearly from the diagonal in Fig 1. Otherwise, the sheets 

produced by the dynamic laboratory sheet former and 

dried either freely or under restraint follow the diagonal 

line reasonably well, although some nonlinearity may be 

observed. 

Earlier observations indicate that under equal drying 

conditions, the geometric mean of MD and CD tensile 

stiffness remains constant with varying anisotropy levels 

(Schrier, Verseput 1967; de Ruvo et al. (1976); Htun, 

Fellers 1982). The relation between the tensile stiffness of 

the isotropic sheet and the geometric mean value may be 

written separately for the restraint and the free drying as 

 

𝐸𝑖𝑠𝑜 = 𝐸𝑔𝑒𝑜𝑚 = √𝐸1𝐸2    [6]  

 

where subscripts iso refers to the isotropic, and subscript 

geom refers to the geometric mean. 



The geometric mean of the elastic modulus of the 

samples studies is presented in Fig 2 as a function of the 

anisotropy of the elastic modulus (E1/E2). The geometric 

mean of the elastic modulus of freely dried samples is 

roughly equal for all the suspensions studied (SW, TMP 

and MIX). For the SW samples, restraint during drying 

increases the elastic modulus by four times, while for the 

TMP samples, the level is doubled. The geometric means 

of the front-side and middle samples taken from the cross 

profile of the production machine differ from each other 

because of the different CD restraints prevailing during 

drying. 

In different studies, the parameter E found in Eqs 5 and 6 

refers to the tensile stiffness, tensile stiffness index or 

elastic modulus. If the basis weight and the thickness of 

comparable samples are equal, these equations are equally 

accurate, independent of which of the three parameter 

referents is used. If Eqs 5 and 6 are valid, then the 

geometric mean of the elastic modulus (or the elastic 

modulus of the isotropic sheet) and the fiber orientation 

anisotropy can be used to predict the MD and CD values 

of the elastic modulus of an anisotropic sheet, both for free 

and restraint drying conditions: 

 

𝐸𝑓𝑑 = 𝐸𝑔𝑒𝑜𝑚(2 − 1)𝑠    [7] 

𝐸𝑟𝑑 = 𝐸𝑔𝑒𝑜𝑚 𝑠     [8] 

  

where s is 0.5 for the direction 1 (MD) and -0.5 for the 

direction 2 (CD). Fairly good predictability can be 

observed from Fig 3 (colored lines). The geometric mean 

values (averaged over different anisotropies) and 

coefficients of determination (𝑟2) can be seen from Table 

1. 

 
Fig 1. The elastic modulus anisotropy as a function of fiber 
orientation anisotropy according to Eq 5. Eq 5 for restraint drying 
(rd) is used for production machine (PM) samples. 

 

 

 

 

 

 
 

Table 1. Geometric mean values of the elastic modulus and 

coefficient of determination 𝑟2, when Eqs 7 and 8 are applied. 

Pulp and drying  
𝑬𝒈𝒆𝒐𝒎 

(GPa)  
𝒓𝟐 (MD) 𝒓𝟐 (CD) 

SW fd 1.165 0.582 0.542 

SW rd 4.074 0.396 0.344 

TMP fd 1.105 0.797 0.741 

TMP rd 1.959 0.881 0.887 

MIX fd 1.115 0.767 0.798 

MIX rd 2.595 0.782 0.721 

 
Fig 2. Geometric mean of the elastic modulus vs. the anisotropy 
of the elastic modulus for freely dried (fd), restraint-dried (rd) and 
production machine (PM) samples 
  

If the orientation angle is zero, such as in the case of the 

laboratory sheets under consideration, the anisotropy 

index  (Eq 3) has the value √ for the machine direction 

and 1/√ for the cross direction. Then, by using the 

anisotropy index, Eq 8 can be simplified to 

 

 𝐸𝑟𝑑 = 𝐸𝑔𝑒𝑜𝑚.     [9] 

  

Eq 9 is applicable to all in-plane directions. The elastic 

modulus of both the freely and restraint-dried samples as a 

function of the anisotropy index is presented in Fig 4. 

Parameters 𝑘1 and q of the equation 

  

𝐸 = 𝑘1
 𝑞

     [10] 

  

are fitted separately to the results of the freely dried and 

restraint-dried samples. The fitting parameters are 

presented in Table 2. The power q for the restraint-dried 

samples is moderately close to one which is expected 

because of the fairly good correlations when Eq 8 is 

employed. For freely dried samples, the power q is over 1, 

compensating the term (2 − 1) in Eq 7. The constants 𝑘1 

are virtually equal to the geometric mean values (see Table 

1). Eq 10 can be written as a function of anisotropy 

 

𝐸 = 𝑘1
 𝑞×𝑠 ≈ 𝐸𝑔𝑒𝑜𝑚 𝑞×𝑠

   [11] 

 

where s is 0.5 for MD and -0.5 for CD. The fittings of Eq 

10, but with the change of variable according to Eq 11, are 

plotted in Fig 3 as black lines. The power 𝑞 × 𝑠 and 

coefficient of determination r2 are presented separately for 

the MD and CD relationships in Table 3. 



 
Fig 3. Measured elastic modulus E as a function of fiber 

orientation anisotropy . The colored lines are relationships 
predicted by applying Eqs 7 and 8. The black lines are fittings of 
Eq 10 as converted according to Eq 11.  

 
Table 2. Fitted parameters (Eq 10, Fig 4) and the coefficient of 
determination. 

Pulp and drying  𝒌𝟏 (GPa) 𝒒 𝒓𝟐 

SW fd 1.165 1.283 0.969 

SW rd 4.073 0.729 0.953 

TMP fd 1.103 1.362 0.968 

TMP rd 1.964 0.935 0.980 

MIX fd 1.062 1.603 0.964 

MIX rd 2.591 0.917 0.979 

 

Table 3. Fitted parameters (Eq 11, Fig 3) and the coefficient of 
determination (r2). 

Pulp and 
drying  

𝒌𝟏 
(GPa) 

MD  
𝒒 × 𝒔  

CD  
𝒒 × 𝒔  

MD  

𝒓𝟐  

CD 

 𝒓𝟐 

SW fd 1.165 -0.642 0.642 0.939 0.766 

SW rd 4.073 -0.365 0.365 0.905 0.750 

TMP fd 1.103 -0.681 0.681 0.892 0.842 

TMP rd 1.964 -0.467 0.467 0.914 0.900 

MIX fd 1.062 -0.801 0.801 0.856 0.369 

MIX rd 2.591 -0.458 0.458 0.866 0.797 

 
Fig 4. The elastic modulus E as a function of fiber orientation 

index . The colored lines are fittings according to Eq 10.  
 

 
Fig 5. Drying shrinkage anisotropy vs. the inverse of fiber 
orientation anisotropy. The diagonal line is based on Eq 12.  

 
Drying shrinkage anisotropy 
Wahlström (2004) and Wahlström and Mäkelä (2005) 

proposed the following relationship between drying 

shrinkage anisotropy and fiber orientation anisotropy: 

 

𝑆1 𝑆2 = 1 ⁄⁄       [12] 

 

where 𝑆 is the drying shrinkage and subscript indices 1 and 

2 refer to MD and CD, respectively. According to the 

results of this study, presented in Fig 5, 1 ⁄  is not directly 

suitable for predicting the drying shrinkage anisotropy. 

The linear fitting yields 𝑆1/𝑆2 = 1.53/ − 0.37, and 

𝑟2 = 0.948. Certain factors, such as pressing conditions or 

the method for measuring fiber orientation, may have 

caused the deviation from earlier observations. 

 

Relationship between drying shrinkage and 
hygroexpansivity 
In his studies, Nordman (1958) found a linear relationship 

between drying shrinkage and hygroexpansivity; and that 

this is independent of pulp, beating or degree of restraining 

during drying. Similar correlations have also been found 

in other studies (Fahey, Chilson 1963; Manninen et al. 

2011). Nordman stated, however, that in simulations of 

machine direction conditions by the uniaxial stretching of 

strips, the linear relationship no longer holds. Freely dried 

unbeaten pulp samples, having very low drying shrinkages 

(S < 3%), also fell from the linear fit. Salmén et al. (1987b) 

found that the changes in the degree of wet pressing have 

an effect on the relationship. Nanri and Uesaka (1993) also 

showed that the correlation between the drying shrinkage 

and hygroexpansion coefficient is not particularly high 

(𝑟2 = 0.618) for freely-dried laboratory sheets of different 

pulps. A better correlation was achieved by comparing the 

drying shrinkage with the difference in hygroexpansion 

coefficients between freely dried and restraint-dried 

sheets. 

A good correlation between the drying shrinkage and 

hygroexpansion coefficient of the freely dried samples can 

be observed from the results of this study in Fig 6. The 

relationship is quite linear over the range of anisotropies 

measured, but between the different pulps, some slight 



differences in the slopes are detected. The fitting constants 

and coefficient of determination (𝑟2) values are presented 

in Table 4. The results presented in Nanri and Uesaka’s 

(1993) study are plotted in red in Fig 7 and labeled 

“Reference”. Although in principle the data points of 

Reference follow the trend of the results of this study, the 

scattering of different pulp samples clearly deviates from 

the slope of fitted line. The correlations of the results of 

this study do not improve if the difference in the 

hygroexpansion coefficients between freely dried and 

restraint-dried sheets is used instead, as can be seen from 

Fig 8 and from the 𝑟2 values in Table 4. 

These results indicate, at least for some limited cases, that 

both the hygroexpansion coefficient of freely dried sheets 

and the difference of the hygroexpansion coefficients have 

a linear dependence on drying shrinkage, and that this 

relationship is valid for samples having different fiber 

orientation anisotropies. If this result is combined with 

Nordman’s (1958) observation that the linear relationship 

is also valid for samples having different degrees of 

restraining during drying, it leads to an assumption that if 

an appropriate degree of restraining (or stretching) during 

drying results in a situation where no shrinkage has 

occurred (𝑆 = 0), the hygroexpansion coefficient of all 

samples would be independent of the anisotropy and 

measuring direction (MD or CD). Then this zero shrinkage 

hygroexpansion coefficient should be the crossing point of 

the y-axis of the fittings of Fig 6, which is approximately 

𝑏 = 𝛽0 ≈ 0.025 %/% for all the pulps studied. To take the 

assumption even further, the fittings of Fig 6 predict that 

the hygroexpansion coefficient may be zero if the 

permanent strain of the sheet, due to the appropriate degree 

of stretching during drying, is roughly b/a ≈ 1% (a and b 

are the fitting constants from Table 4). 

The measured hygroexpansion coefficients are used to 

predict the drying shrinkage (𝑆𝑒𝑠𝑡) of restraint-dried 

laboratory sheets and production machine samples 

according to the assumption depicted above. The resulting 

estimates are presented in Fig 9 as a function of fiber 

orientation anisotropy. The estimated MD values of MIX 

samples with high fiber orientation anisotropy approach 

zero percent shrinkage (𝛽 ≈ 𝛽0). For the TMP sheets, 

both the MD and CD values are higher, even rising to an 

estimated drying shrinkage of 3% in the case of the highly 

anisotropic CD samples. This high level of shrinkage 

seems unrealistic, although a certain amount of stress 

build-up during restraint drying (Wahlström, Fellers 

(1999)) might not have been relaxed before release, and 

thus the strain recovery may have decreased the 

dimensions of these sheets. Delayed strain recovery has 

also been detected by Skowronski and Robertson (1986). 

By examining the results of Nordman (1958), Nanko and 

Wu (1995) and Larsson and Wågberg (2008), it can be 

estimated that drying shrinkage of a totally restrained 

isotropic sheet may be on the order of 0.5%. 

 

 

 

 

Table 4. The fitted constants (𝛽 = 𝑎𝑆 + 𝑏 or 𝛽𝑓𝑑 − 𝛽𝑟𝑑 =

𝑎𝑆 + 𝑏) related to Figs 6-8 and the coefficient of determination. 

Fig, samples 𝒂 (1/%) 𝒃 (%/%) 𝒓𝟐 

6, SW 0.026 0.024 0.997 

6, TMP 0.030 0.025 0.995 

6, MIX 0.025 0.025 0.996 

7, SW+TMP+MIX 0.026 0.028 0.979 

7, Reference 0.015 0.057 0.618 

8, SW+TMP+MIX 0.020 -0.006 0.947 

8, Reference 0.014 -0.003 0.976 

 
Fig 6. Relationship between the drying shrinkage S and the 
hygroexpansion coefficient 𝛽. 

 
Fig 7. Results of this study from Fig 6 are indicated by black 
markers. Reference results from Nanri and Uesaka’s (1993) 
study are plotted in red. 

 
Fig 8. Difference between freely dried and restraint-dried 
samples in the moisture expansion coefficient 𝛽 vs. the drying 
shrinkage S. Results of this study are in black; the reference 
results from Nanri and Uesaka’s (1993) study are in red. 



 
Fig 9. Estimated shrinkage 𝑆𝑒𝑠𝑡  as a function of fiber orientation 
anisotropy. 
 

The estimated MD shrinkage 𝑆𝑒𝑠𝑡  of the production 

machine samples is negative for all positions (Middle: -

0.15% and -0.22%, FS: -0.31%), indicating a slight 

elongation in the MD. The estimated CD shrinkage 𝑆𝑒𝑠𝑡  of 

the PM samples for the middle is 2.72% and 2.33%, and 

for the front-side, 5.36%. Based on wire marking 

frequency detection, the shrinkage difference between the 

middle and front-side samples was about 5.5%. However, 

an accurate shrinkage value of the edge-position sample is 

difficult to determine, since the shrinkage difference 

between the left and right edges of the front side A4 sample 

was high, about 4%. The MD and CD results of the middle 

samples seem reasonable, but the estimated CD shrinkage 

of the front-side sample is probably lower than the correct 

value. In uniaxial stretching, the detectable shrinkage 

includes not only hygroscopic shrinkage but also 

narrowing due to the MD stretching, which may be one 

reason why the assumption is not valid for the production 

machine samples. 
 

The relationship between the elastic modulus and 
hygroexpansivity 
The hygroexpansivity of an anisotropic sheet has been 

previously presented as a function of tensile stiffness or 

elastic modulus anisotropy (Uesaka 1994; Lyne et al. 

1996). The hygroexpansion coefficient for equally wet-

pressed and dried sheets is studied herein as a function of 

the elastic modulus, as introduced in Fig 10. The simple 

power law fittings are applied separately for the different 

pulps: 

 

𝛽 = 𝑘2𝐸𝑝     [13] 

  

where  𝑘2 and p are the fitting parameters presented in 

Table 5.  

 

Table 5. Fitted parameters of Eq 13. 

Pulp 𝒌𝟐 ((%/%)GPa−𝒑) 𝒑 𝒓𝟐 

SW 0.172 -0.795 0.977 

TMP 0.120 -0.854 0.956 

MIX 0.117 -0.987 0.979 

 

Table 6. Fitted parameters of Eq 14. 𝑝 × 𝑠 gets negative values 
for MD and positive for CD. 

Pulp and 
drying 

𝒌𝟐𝑬𝒈𝒆𝒐𝒎
𝒑

 

(%/%) 
|𝒑 × 𝒔| 

MD 

𝒓𝟐 

CD 

𝒓𝟐 

SW fd  0.153 0.397 0.703 0.876 

SW rd  0.056 0.397 -1.405 0.150 

TMP fd  0.110 0.427 0.789 0.945 

TMP rd  0.067 0.427 0.895 0.752 

MIX fd  0.105 0.493 0.301 0.969 

MIX rd  0.046 0.493 0.190 0.827 

 

Table 7. Fitted parameters of Eq 15. 

Pulp, drying and 
direction 

𝒌𝟑 (%/%) 𝒕 𝒓𝟐 

SW fd MD 0.155 -0.344 0.821 

SW fd CD 0.152 0.408 0.877 

SW rd MD 0.050 -0.153 0.385 

SW rd CD 0.053 0.394 0.734 

TMP fd MD 0.101 -0.452 0.969 

TMP fd CD 0.107 0.464 0.959 

TMP rd MD 0.063 -0.371 0.951 

TMP rd CD 0.073 0.407 0.912 

MIX fd MD 0.096 -0.321 0.904 

MIX fd CD 0.113 0.433 0.989 

MIX rd MD 0.038 -0.269 0.688 

MIX rd CD 0.038 0.648 0.933 

 
Fig 10. Moisture expansion coefficient 𝛽 as a function of the 
elastic modulus E and fitted curves (Eq 13) for different pulp 
types. 
 

The unique fitting can be extended to both freely and 

restraint-dried samples of same pulp. Even the production 

machine samples fit quite well in the MIX pulp curve, with 

the exception of CD results of the front-side sample. In that 

case, the elastic modulus, the hygroexpansivity or both are 

higher than expected, according to the laboratory sheet 

measurements. Eq 13 can be used to determine individual 

equations for MD and CD as a function of the geometric 

mean and elastic modulus anisotropy 

 

𝛽 = 𝑘2𝐸𝑔𝑒𝑜𝑚
𝑝 (𝐸1/𝐸2)𝑝×𝑠.   [14] 

 

The constant 𝑘2𝐸𝑔𝑒𝑜𝑚
𝑝

, power p×s and coefficient of 

determination (𝑟2) are listed in Table 6. The fittings of Eq 

13 with the change of variables according to Eq 14 are 



presented in Fig 11 as colored lines. The direct fittings are 

made using power equation 

 

𝛽 = 𝑘3(𝐸1/𝐸2)𝑡.    [15] 

  

Fitting parameters 𝑘3 and t are presented in Table 7, and 

the fitted curves are plotted as black lines in Fig 11. The 

poor 𝑟2 of the fittings of the SW-rd-MD samples are also 

an indication of the almost nonexistent anisotropy 

dependency not being able to exceed the measuring 

inaccuracy. In that case, the average of the hygroexpansion 

values of the SW-rd-MD samples provides an equally 

good estimate as the power law fitting. Accordingly, 

Uesaka (1994) concluded that particularly for restraint-

dried, low-density sheets, the MD hygroexpansivity does 

not show significant dependence on the elastic stiffness 

ratio.  

 

 
Fig 11. Hygroexpansion 𝛽 as a function of the elastic modulus 

anisotropy 𝐸. The fittings of Eq 13 converted according to Eq 14 
are depicted by colored lines, and the fittings of Eq 15 by black 
lines. The error bars indicate the 95% confidence intervals. 

 

The relationship of hygroexpansivity and drying 
shrinkage to fiber orientation 
The fiber orientation anisotropy  can be transformed into 

a directional parameter by using the anisotropy index . 

The hygroexpansion coefficient 𝛽 and drying shrinkage S 

as a function of , is presented in Fig 12. The parameters 

𝑘4 and v of the power fittings 

 

𝛽 = 𝑘4
 𝑣

  or  𝑆 = 𝑘4
 𝑣

    [16] 

 

and the coefficient of determination 𝑟2 are presented in 

Table 8.  
Both the MD and CD of one pulp treated under an 

equivalent degree of restraint during drying are fitted in a 

single power curve. The restraining decreases the absolute 

value of power v and factor 𝑘4, indicating that both the 

hygroexpansivity level and the variability due to the 

anisotropy and the measuring direction decrease when 

drying shrinkage is prevented. If the assumption of the 

linear relationship would hold, the appropriate amount of 

stretching during drying (given zero drying shrinkage) 

would result in a power equal to 0, and dependency of 

hygroexpansivity on anisotropy would disappear. 

However, in every case the drying shrinkage has slightly 

higher powers than that of hygroexpansion coefficient of 

freely dried sheets, indicating that the relationship between 

hygroexpansivity and drying shrinkage is not strictly 

linear. 

The change of the variable from the anisotropy index to 

fiber orientation anisotropy can be performed using Eq 17: 

 

𝛽 = 𝑘4 𝑣×𝑠      [17] 

 

The results are presented in Fig 13. The coefficient of 

determination 𝑟2 values calculated individually for 

samples SW-rd-MD and MIX-rd-MD (Table 9) are poor, 

but low values for those samples are also observed when 

direct power law fittings (Table 10) are employed. This 

could be indication of the low dependency of 

hygroexpansion on anisotropy as well as an indication of 

poor fitting quality. 

 
Table 8. Fitted parameters of Eq 16. 

Pulp and drying 
or  drying 
shrinkage 

𝒌𝟒 (%/%) 𝒗 𝒓𝟐 

SW fd 𝛽 0.156 -0.981 0.961 

SW rd 𝛽 0.053 -0.499 0.863 

SW fd 𝑆 4.973 -1.164 0.965 

TMP fd 𝛽 0.104 -1.343 0.982 

TMP rd 𝛽 0.069 -0.900 0.986 

TMP fd 𝑆 2.527 -1.734 0.970 

MIX fd 𝛽 0.110 -1.302 0.995 

MIX rd 𝛽 0.044 -0.901 0.956 

MIX fd 𝑆 3.164 -1.710 0.995 

 



 

 

 
Fig 12. Fitted curves (Eq 16) for hygroexpansion 𝛽 and drying 

shrinkage 𝑆 as a function of the fiber orientation index 𝜙. 
 

 

Table 9. Fitted parameters of Eq 17. 𝑣 × 𝑠 gets negative values 
for MD and positive for CD. 

Pulp, drying 
and direction 

𝒌𝟒 
(%/%) 

|𝒗 × 𝒔| 
MD 

𝒓𝟐 

CD 

𝒓𝟐 

SW fd  0.156 0.490 0.847 0.895 

SW rd  0.053 0.249 0.074 0.679 

TMP fd  0.104 0.672 0.910 0.933 

TMP rd  0.069 0.450 0.947 0.917 

MIX fd  0.110 0.651 0.881 0.972 

MIX rd  0.044 0.451 0.300 0.813 

     

 
Fig 13. Hygroexpansion coefficient 𝛽 as a function of fiber 

orientation anisotropy 𝜉. The fittings of Eq 16 converted 
according to Eq 17 are shown with colored lines, and the direct 
power law fittings with the black lines. 
 

Although SW pulp has both the highest shrinkage 

potential and the steepest slope of anisotropy dependency 

of the freely dried samples, it also has the lowest 

hygroexpansivity when SW restraint-dried samples are 

compared with TMP and MIX samples. In accordance 

with this phenomenon, Nanri and Uesaka (1993) found 

indications that the effect of drying restraint on 

hygroexpansivity for chemical pulps is higher than that for 

mechanical pulps, because of the higher drying shrinkage 

potential of the chemical pulps.  The restraint-dried SW 

samples show only a weak dependence on anisotropy 



when compared to the TMP and MIX pulps. Restrain or 

stretching narrows the hygroexpansivity differences 

between different pulps or other treatments, as has been 

observed in several studies (Fahey, Chilson 1963; 

Nordman 1958; Stamm, Beasley 1961; Salmén et al. 

1987b). Stretching during drying decreases the MD 

hygroexpansivity of the production machine samples 

under the curve of the restraint-dried laboratory samples. 

The CD hygroexpansivity of the production machine 

samples falls between the restraint-dried and freely dried 

laboratory sheet results. 

Conclusions 
A considerably linear relationship between the 

hygroexpansion coefficient of freely dried sheets and 

drying shrinkage from press-dry to equilibrium conditions 

was observed for laboratory sheets having different fiber 

orientation anisotropies. The corresponding linear 

relationship had earlier been observed to be valid for 

equally pressed samples dried freely or under different 

degree of restraining (Nordman 1958). In this study, some 

deviations were noted to arise due to the different pulp or 

in cross directional values of cross profile edge samples 

produced under uniaxial draw of the production machine. 

Based on the linearity of relationship, the following 

assumption was made: an adequate degree of restraint may 

remove the anisotropy dependency of the hygroexpansion 

coefficient. However, in reality, neither the linearity is 

complete nor the degree of restraint (or stretching) could 

be arranged in such a way that would subsequently lead to 

a situation in which the permanent strain is zero for all 

directions of an anisotropic sheet.  Nevertheless, a very 

low dependency of the hygroexpansion coefficient on 

anisotropy was achieved with the restraint-dried samples, 

providing a way to minimize problems coming from local 

or two-sided variation of hygroexpansivity, for example. 

Condebelt drying is an excellent example of the effect of 

restraint drying on improving dimensional stability 

(Retulainen, Hämäläinen (2000)) and suppressing 

cockling tendency. Irreversible hygroexpansion behavior 

and recoverable strain due to humidification may, 

however, change the hygroexapnsion behavior, but those 

phenomena did not fall within the scope of this research. 

 

Table 10. Direct power law fittings (𝛽 = 𝑘5
 𝑤) presented in Fig 

13. 

Pulp, drying and 
direction 

𝒌𝟓 (%/%) 𝒘 𝒓𝟐 

SW fd MD 0.163 -0.542 0.895 

SW fd CD 0.141 0.663 0.965 

SW rd MD 0.051 -0.132 0.353 

SW rd CD 0.050 0.362 0.752 

TMP fd MD 0.115 -0.755 0.959 

TMP fd CD 0.092 0.795 0.952 

TMP rd MD 0.067 -0.411 0.956 

TMP rd CD 0.068 0.465 0.918 

MIX fd MD 0.106 -0.573 0.932 

MIX fd CD 0.099 0.761 0.992 

MIX rd MD 0.040 -0.293 0.656 

MIX rd CD 0.033 0.754 0.963 

It is interesting to note that independently both the 

measurement direction (MD and CD) and drying option 

(freely and restraint) all hygroexpansion coefficient values 

of a particular pulp fall on a single power curve when 

studied as a function of elastic modulus. This relationship 

does not necessarily imply causation, but both properties, 

hygroexpansion coefficient and elastic modulus, depend 

on anisotropy and drying restraint. Using the anisotropy 

index, the fiber orientation anisotropy was converted into 

a directional variable. When anisotropy index is used, the 

MD and CD hygroexpansion coefficient may also be fitted 

on a single curve, while the freely and restraint-dried 

sheets evidently require two different fitting curves. An 

equivalent power law fitting can also be used when the 

relationship between the drying shrinkage and the 

anisotropy index are studied. These fittings can be restored 

as a function of the anisotropy of the elastic modulus or the 

anisotropy of fiber orientation with a simple change of the 

variable.  

The fittings of the hygroexpansion coefficient as a 

function of the anisotropy index and the relationship 

between drying shrinkage and hygroexpansivity will be 

used in construction of a hygroexpansivity-shrinkage 

model. This hygroexpansivity-shrinkage model together 

with an elasto-plastic material model based on the 

experimental stress-strain curve parameters presented in 

Erkkilä et al. (2013), have been incorporated as a part of 

the continuum mechanical modeling approach presented in 

Lipponen et al. (2009) and Erkkilä et.al. (2015). 
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a b s t r a c t

An in-plane elasto-plastic material model and a hygroexpansivity-shrinkage model for paper and board
are introduced in this paper. The input parameters for both models are fiber orientation anisotropy and
dry solids content. These two models, based on experimental results, could be used in an analytical
approach to estimate, for example, plastic strain and shrinkage in simple one-dimensional cases, but
for studies of the combined and more complicated effects of hygro-elasto-plastic behavior, a numerical
finite element model was constructed. The finite element approach also offered possibilities for studying
different structural variations of an orthotropic sheet as well as buckling behavior and internal stress
situations under local strain differences. A few examples are presented of the effect of the anisotropy
and moisture streaks under stretching and drying conditions on strain differences and buckling. The
internal stresses were studied through a case in which the drying of different layers occurred at different
stages. Both the anisotropy and moisture streaks were capable of rendering the buckling of the sample
visible. The permanency of these defects highly depends on several process stages and tension conditions
of the sheet, as demonstrated in this paper. The application possibilities of the hygro-elasto-plastic model
are diverse, including investigation into several phenomena and defects appearing in drying, converting
and printing process conditions.
� 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://

creativecommons.org/licenses/by/4.0/).

1. Introduction

Paper and board have elasto-visco-plastic properties, exhibiting
such rheological behaviors as delayed strain recovery, stress relax-
ation and creep (Skowronski and Robertson, 1986; Rance, 1956;
Steenberg, 1947; Gates and Kenworthy, 1963; Lyne and Gallay,
1954). The hygroscopic nature of the pulp fibers causes dimen-
sional changes in the paper or the board when subject to influences
of humidity changes or treatments which involve water intake or
drying (Rance, 1954; Page and Tydeman, 1962; Uesaka, 1994;
Nanko and Wu, 1995). Shrinkage during drying (Wahlström and
Lif, 2003; Hoole et al., 1999; Nanri and Uesaka, 1993; Kiyoaki,
1987) and hygro- and hydroexpansivity (Uesaka, 1991; Salmen
et al., 1987; Larsson and Wagberg, 2008; Lif et al., 1995; Mendes
et al., 2011) are widely studied components of sorption based
dimensional instabilities. Natural fibers and their treatments,
bonds between fibers and their orientation in the fiber network,
additives and manufacturing conditions all affect dimensional
instability and mechanical properties of paper or board (Silvy,
1971; Wahlström and Fellers, 2000; Alava and Niskanen, 2006;

Kouko et al., 2007; Nordman, 1958; Fahey and Chilson, 1963;
Salmen et al., 1987; Uesaka et al., 1992; Uesaka and Qi, 1994;
Mäkelä, 2009; Lyne et al., 1996; de Ruvo et al., 1976; Manninen
et al., 2011; Setterholm and Kuenzi, 1970; Glynn et al., 1961;
Leppänen et al., 2008).

Several models to predict in-plane mechanical and rheological
properties, shrinkage and hygroexpansivity have been introduced
in the literature. Johnson and Urbanik (1984) and Johnson and
Urbanik (1987) have provided a nonlinear elastic model to study
material behavior in stretching, bending and buckling of axially
loaded paperboard plates. Nonlinear elastic biaxial failure criteria
have been studied by Suhling et al. (1985) and Fellers et al.
(1983). In-plane orthotropic elasto-plastic approaches to estimate
the tensile response and deformation of paper have been presented
by Castro and Ostoja-Starzewski (2003), Mäkelä and Östlund
(2003) and Xia et al. (2002). Viscoelastic models have been used
extensively in studying creep or relaxation behavior (Brezinski,
1956; Lif et al., 1999; Lu and Carlsson, 2001; Pecht et al., 1984;
Pecht and Johnson, 1985; Rand, 1995; Uesaka et al., 1980).

A formula for the hygroexpansion of paper relating to the
hygroexpansion of a single fiber and the efficiency of the stress
transfer between fibers has been derived by Uesaka (1994). The
traditional theory of linear thermoelasticity was applied to
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estimate hygroexpansion strains in the study of Lavrykov et al.
(2004). Hygro-viscoelastic models have been applied to estimate
history dependent dimensional stability and hygroexpansivity by
Uesaka et al. (1989), Uesaka (1991), Lif et al. (2005) and Lif
(2006). Mechano-sorptive creep has been studied, for example,
by Urbanik (1995), Strömbro and Gudmundson (2008), Alfthan
(2004) and Haslach (1994). Shrinkage profiles have been modeled
by Wahlström et al. (1999) and Constantino et al. (2005). The mea-
sured moisture dependency of material constants has been
employed within the nonlinear elastic model for an investigation
of the effect of moisture on mechanical behavior by Yeh et al.
(1991). Hygroscopic out-of-plane deformations, such as curling
and buckling, have been studied, using elastic constitutive models,
by Bloom and Coffin (2000), Leppänen et al. (2005) and Kulachenko
et al. (2005); while an elasto-plastic model has been introduced in
Lipponen et al. (2008, 2009). The hygroexpansion coefficients are
independent of moisture content in these models.

In this paper, an in-plane elasto-plastic material model and a
hygroexpansivity-shrinkage model that are functions of the dry
solids content and fiber orientation anisotropy index are intro-
duced. The elasto-plastic model is based on fittings of the uni-axial
stress–strain curves presented by Lipponen et al. (2008) and
Erkkilä et al. (2013). The dependency of the dry paper hygroexpan-
sion coefficient on the anisotropy index was determined using the
measurement results presented in Erkkilä et al. (submitted for
publication). The drying shrinkage strain as a function of the dry
solids content was constructed with an exponential formula based
on the measurements provided by Ivarsson (1954), Kijima and
Yamakawa (1978) and Tydeman et al. (1966) and summarized by
Wahlström et al. (1999) and Wahlström (2004). The relation
between the hygroexpansivity and the solids content was derived
from the drying shrinkage strain function. Usually, the hygroex-
pansivity has been considered to be constant (i.e. independent of
the moisture content level), which estimates the change in dimen-
sions of a dry paper subject to the relative humidity change.
However, in this paper, the dry solids content dependent hygroex-
pansivity, over the entire range from wet to dry, has been intro-
duced. These two models, the elasto-plastic material model and
the hygroexpansivity-shrinkage model, were exploited when
numerical solutions were obtained with the finite element method.
The use of the anisotropy index instead of that of traditional fiber
orientation anisotropy simplified the handling of different in-plane
directions in the case of the anisotropic sheet and, for instance, the
determination of Hill’s yield surface for the finite element
approach is straightforward. Analytical one-dimensional solutions
were used to estimate plastic and hygroscopic strains in simple
cases and the results were compared with numerical simulations.

2. Models

In this section, the one-dimensional elasto-plastic material
model (Section 2.1) and the hygroexpansivity-shrinkage model
(Section 2.2) are presented. The continuum mechanical model is
constructed in Section 2.3 and the numerical solution approach is
described in Section 2.4.

2.1. Elasto-plasticity

The stress–strain measurements, used here as the basic data for
constructing the material model, were presented in Lipponen et al.
(2008) and Erkkilä et al. (2013). The stress–strain curve fittings for
the determination of the elastic modulus, yield strain, yield stress
and function for the strain hardening behavior were discussed in
detail in Erkkilä et al. (2013). The following equation was

considered suitable for describing all the uniaxial stress–strain
relationships studied:

r ¼
Ee if e 6 ey

Eey � H
2Eþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H H

4E2 þ e� ey

� �r
if e > ey

8<
: ð1Þ

where r is the stress and e is the strain; the elastic modulus E, the
yield strain ey and the hardening constant H are the fitting parame-
ters. The fitting parameters were determined for different dry solids
contents (Rsc) and anisotropy index (/) levels from the materials
measured in Erkkilä et al. (2013). To construct the material model,
the following equation was used to fit the parameters ry; ey and H
as functions of Rsc and /:

P ¼ A1 þ A2/þ A3Rscð Þ1=n P ¼ ry; ey;H
� �

ð2Þ

where A1; A2; A3 and n are the fitting constants listed in Table 1. In
Erkkilä et al. (2013) the anisotropy index was defined as:

/ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

nþ tan2 c=n
þ n

s
ð3Þ

where n is the fiber orientation anisotropy and c is the angle from the
minor axis of the fiber orientation distribution. The anisotropy index
in the main direction and cross direction (direction perpendicular to
the main direction) obtain values of

ffiffiffi
n
p

and 1=
ffiffiffi
n
p

, respectively.
Table 1 also includes the coefficient of determination r2 values
between the measured parameters from Erkkilä et al. (2013) and
their estimates according to Eq. (2). The elastic modulus is deter-
mined by E ¼ ry=�y, with r2 = 0.985. The material model parameters
as a function of / and Rsc are presented in Fig. 1. Since the functions
fitted according Eq. (2) behave monotonically a reasonable amount
of extrapolation is permitted. This may be needed, for example, if
the local variation of the fiber orientation is considered. The model
has a lower limit for solids content; i.e., it is valid if Rsc > 0:3; the
parenthetical expression of Eq. (2) reaches negative values for yield
stress ry with low solids content if the anisotropy index is also
simultaneously low. The material model can be used directly to cal-
culate the material parameters of the orthotropic sample in any in-
plane direction or at any solids content level. Examples of the
determination of plastic strain as a consequence of stretching either
0.3% or 1% and releasing afterwards are presented in Fig. 2.

2.2. Hygroexpansivity and shrinkage

The hygroexpansivity-shrinkage model is based on the mea-
sured relationships between the dry paper hygroexpansivity bd

and anisotropy index /

bd ¼ k/v ð4Þ

and between the drying strain eds and the dry paper
hygroexpansivity

eds ¼ �
1
a

bd þ
b
a

ð5Þ

where k; v; a and b are fitted constants for freely-dried (fd) and
restraint-dried (rd) samples made of either softwood pulp (SW),
thermomechanical pulp (TMP) or a mixture of those (MIX); see

Table 1
The fitting parameters of Eq. (2) and the coefficients of determination r2 for the yield
stress ry , the yield strain ey and the hardening constant H.

A1 A2 A3 n r2

ry �5.9030 (Pan) 3.1959 (Pan) 18.3077 (Pan) 0.1760 (–) 0.965
ey 380.4181 (–) 14.3408 (-) �269.8327 (–) �0.7720 (–) 0.816
H �0.6021 (Pa2n) 4.0423 (Pa2n) 11.3795 (Pa2n) 0.0715 (–) 0.890
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Table 2. The measurements and fitting procedures were presented
in Erkkilä et al. (submitted for publication). In addition to the
freely-dried sheets, the linear relationship between the drying
shrinkage strain and hygroexpansion coefficient (Eq. (5)) can also
be applied to restraint-dried sheets, but its validity does not extend
to the sheets dried under additional stretch (Nordman, 1958). If
bd ¼ 0, the eds is estimated to have a positive strain (stretch) equal
to b/a. The stretch component is subtracted from the term b/a by
approximating the dry sample strain ed with the following equation

ed ¼ �
1
a

bd þ
b
a

1� exp �100
bd

a

� �� �
: ð6Þ

Fig. 1. Material parameters as a function of the anisotropy index / and solids content Rsc .

Fig. 2. Plastic strains induced by 0.01 stretching (left) and 0.003 stretching (right) as a function of the anisotropy index / and solids content Rsc .

Table 2
The fitting parameters of Eq. (4)–(6) in the cases freely dried (fd) and restraint-dried
(rd) samples made of SW, TMP or MIX pulp.

k (–) v (–) a (–) b (–)

SW fd 0.1557 �0.9809 2.6599 0.0244
SW rd 0.0535 �0.4987 2.6599 0.0244
TMP fd 0.1037 �1.3436 2.9596 0.0249
TMP rd 0.0687 �0.9002 2.9596 0.0249
MIX fd 0.1098 �1.3015 2.5054 0.0250
MIX rd 0.0439 �0.9015 2.5054 0.0250
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Now if the hygroexpansion coefficient of the dry sample is bd ¼ 0,
then the shrinkage of sample from wet to dry is ed ¼ 0. The effect
of the modification on the MIX pulp can be seen in Fig. 3. The mea-
sured data points from Erkkilä et al. (submitted for publication) are
also presented.

Wahlström et al. (1999) and Wahlström (2004) introduced a
function for the development of drying shrinkage strain eh0 from
wet to moisture ratio M:

eh0 ¼ ed exp B�Mð Þ ð7Þ

where M is the moisture ratio and B is the fitting constant. For the
freely-dried sheet, the value �2.6 was fitted for B by Wahlström
(2004). As a function of solids content Rsc , Eq. (7) may be written
in the form

eh0 ¼ ed exp B
1

Rsc
� 1

� �� �
: ð8Þ

Assuming that the hygroscopic strain behaves reversibly in
infinitesimal solids content changes, the hygroexpansion coefficient
can be approximated as a negative derivative of eh0 with respect to
solids content Rsc:

b ¼ � @eh0

@Rsc
¼ B

R2
sc

ed exp B
1

Rsc
� 1

� �� �
: ð9Þ

If the requirement b Rsc ¼ 1ð Þ ¼ bd is set, the parameter B can be
solved as

B ¼ bd

ed
: ð10Þ

Lastly, the following equation for the hygroexpansion coefficient as
a function of solids content can be derived:

b ¼ bd

R2
sc

exp
bd

ed

1
Rsc
� 1

� �� �
; ð11Þ

where bd is defined by Eq. (4), and ed by Eq. (6). The hygroscopic
shrinkage strain in the dry solids content interval ½Rsc1Rsc2� can be
expressed as an integral

eh ¼ �
Z Rsc2

Rsc1

bdRsc: ð12Þ

In the case of the isotropic sheet, the hygroexpansivity b as a func-
tion of Rsc and eh for interval ½0;Rsc� are presented in Fig. 4 for freely
and restraint dried SW, TMP and MIX pulp samples. The depen-
dency of b on / and Rsc for freely and restraint dried MIX samples
is presented in Fig. 5.

2.3. Continuum mechanical model

In the continuum mechanical model plane stress is assumed
and the dependence between stress r ¼ ðr1;r2;r12Þ> and strain
e ¼ ð�1; �2; �12Þ> is defined by the generalized Hooke’s law as

r ¼ C e� ehð Þ ð13Þ

where C is the constitutive matrix and eh is the hygroscopic strain
defined as

eh ¼ �
b1

b2

0

0
B@

1
CADRsc ð14Þ

where DRsc is the solids content change and b1 and b2 are the
hygroexpansion coefficients in the main direction and cross direc-
tion, respectively. Hygroexpansivities b1 and b2 and their depen-
dence on / and Rsc are defined by Eq. (11). Hill’s yield function
(Hill, 1948) is used to describe the yield surface. Hill’s yield function
is commonly used for paper and paperboard although there are
known limitations related to it, for example, the origin symmetry
of Hill’s yield surface does not generally hold for paper or paperboard.
An essential factor supporting the usage of Hill’s yield function is the
relatively simplicity of the parameter definition; in the case of paper
the measurements needed for the determination of more exact yield

Fig. 3. The relationship between drying shrinkage strain e and hygroexpansion
coefficient b of the dry sample. Measured results of MIX samples are shown for
cross direction in (CD) (with full dots), the machine direction (MD) (with open
dots), the linear fitting Eq. (5) (with a dashed line) and relationship according to Eq.
(6) (with a solid line).

Fig. 4. Hygroexpansion coefficient b (left) and cumulative drying shrinkage strain eh (right) of an isotropic sheet as a function of solids content Rsc .
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surface are very complicated. According to Hoffman’s approximation
as found in Lipponen et al. (2008) the yield function has the form

f ðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

1 � r1r2 þ
ry;1

ry;2

� �2

r2
2 � r2

12

	 

þ 2ry;1

ry;45�

� �2

r2
12

s
ð15Þ

where r1; r2 and r12 are the components of the stress tensor and
ry;1; ry;2 and ry;45� are the yield stresses in the main direction, cross
direction and the direction deviating 45� from the main direction,
respectively. The elastic modulus is defined for directions 1, 2 and
45� as

Fig. 5. The dependence of hygroexpansion coefficient b on anisotropy index / and solids content Rsc for restraint dried (left) and freely dried (right) MIX samples.

Fig. 6. The sample setup for the numerical simulations. The locations of the anisotropy (left) and moisture (right) streaks.

Fig. 7. Examples of discretized stress–strain relationships. The three solids content Rsc levels are 0.60, 0.75 and 0.90, and the anisotropy n = 2.0. Whole stress–strain curves
(left), and the beginning of the curves of the left-hand figure (right).
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Ei ¼
ry;i

ey;i
; ð16Þ

where ey;i is the yield strain in the direction specified by the sub-
script i. All in-plane stress and strain parameters are defined by
Eq. (2). The shear modulus is approximated as in Gibson (1994):

G12 ¼
1

4
E45�
� 1

E1
� 1

E2
� 2m12

E1

� � ; ð17Þ

where m12 is Poisson’s ratio defined as

m12 ¼ 0:015 1� Rscð Þ þ 0:15ð Þ/1; ð18Þ

where /1 is the anisotropy index of the main direction. The depen-
dence of m12 on the anisotropy index and solids content is roughly
based on the results presented in Yeh et al. (1991). By Maxwell’s
relation Poisson’s ratio m21 is defined as m21 ¼ m12E2=E1.

2.4. Sample setup and numerical solution

For the simulation examples, the finite element method (FEM)
was used to obtain the numerical solution. Simulations were per-
formed using ABAQUS/standard and shell element S4R with

Fig. 8. MD stress (left) and CD stress (right) under 0.01 strain. Solids content Rsc = 0.9.

Fig. 9. CD profile of MD stress. The solids content Rsc = 0.9. Stress under 0.01 strain:
the numerical result (solid narrow line), the one-dimensional analytical result
(dashed line). The numerical result after release of the stretching (solid thick line).

Fig. 10. Simulated out-of-plane deformations after the sample was stretched to 0.01 strain in the MD and released. In the streaks, the fiber orientation anisotropy n ¼ 2:2 and
in the surrounding areas n = 1.8. Solids content Rsc = 0.9.
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composite structure; see ABAQUS (2013). The sample size was
1500 mm in the machine direction (MD) and 750 mm in the cross
machine direction (CD); see Fig. 6. The thickness of the sample was
0.1 mm. The element size in both MD and CD was 10 mm, and in
the thickness direction, the element was divided into eight layers
of equal thickness. Since there were eight material layers, the
solids content was defined by nine equally spaced interfaces in
the thickness direction. In all simulations, except for the case
where the thickness directional solids content variation was stud-
ied, the solids content was the same in eight of the interfaces. The
solids content of the top surface was 0.5% lower than in other

interfaces. This approach was used to eliminate the symmetry of
the sample, enabling the potential out-of-plane deformation.

In the numerical solution approach, the anisotropy, solids con-
tent, and stress–strain curve is discretized. When solids content
and stress–strain space are considered, a linear behavior between
defined points is assumed. In the case of anisotropy, the anisotropy
is rounded to the nearest discrete value. The anisotropy was dis-
cretized with 0.1 intervals covering anisotropies between 1.0 and
6.0. The solids content dependence of the elastic properties, isotro-
pic hardening, Hill’s yield surface and moisture expansion coeffi-
cient was discretized with a resolution of 1%, covering the solids
content values from 55% to 100%. The stress–strain curve was dis-
cretized into 29 unequal intervals; see Fig. 7. The first point from
the origo is the yield point defining the borderline between elastic
and plastic behavior. Higher resolution was used with small plastic
strains, as can be seen from Fig. 7.

The sample may have one of three different anisotropy-solids
content-structures (Fig. 6), contingent on the simulation case
scenario:

1. The solids content is constant throughout the sample, while the
anisotropy has two 100 mm through-thickness MD streaks.
Within the streaks, the anisotropy n is 2.2, while in the sur-
roundings, anisotropy n is 1.8.

2. The anisotropy is constant throughout the sample (n ¼ 2), while
the solids content has two through-thickness MD streaks.

3. The anisotropy is constant throughout the sample (n ¼ 2), while
the solids content varies in the thickness direction.

Fig. 11. Gradient representation of the out-of-plane deformation map in Fig. 10.

Fig. 12. The CD profile of the MD plastic strains (left), and the MD profile of the CD plastic strain (right) after the sample was stretched to 0.01 strain in the MD and released.
The in-plane deformation of the simulated sample (solid thick line), the strain determined using integrated length of the simulated sample (solid narrow line) and the plastic
strain using analytical one-dimensional model (dashed line). Solids content Rsc = 0.9.

Fig. 13. MD out-of-plane profile from the middle of the sample when different number of equal sized elements are used in the numerical solution procedure (left). In the right
figure, result obtained from this normal simulation setup (11250 elements) is compared with case where out-of-plane displacement and rotations are restricted in the vertical
edges (CD = 0 mm and CD = 750 mm), see Fig. 6.
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One or several boundary conditions were used during the sim-
ulation, depending on the case in question. However, throughout
every simulation the following boundary conditions are used:

1. The MD and CD displacement of the middle node
(MD = 750 mm, CD = 370 mm, see Fig. 6) of the sample was
restricted.

Fig. 14. Local MD and CD stresses after the sample was stretched to 0.01 strain in the MD and released. The bottom side MD stress (left), the top side MD stress (middle) and
the bottom side CD stress (right). Dry solids content Rsc = 0.9.

Fig. 15. Simulated out-of-plane deformations after the sample was stretched to 0.01 strain in the MD and released. The solids content Rsc = 0.75 (left) and solids content
Rsc = 0.60 (right). In the streaks, the fiber orientation anisotropy n ¼ 2:2; in the surrounding area n = 1.8.

Fig. 16. CD profile of the MD plastic strains after the sample was stretched to 0.01 strain in the MD and released. The solids content Rsc = 0.75 (left), and the solids content
Rsc = 0.60 (right). The in-plane deformation of the simulated sample (solid thick line), the strain determined using integrated length of the simulated sample (solid narrow
line) and the plastic strain using analytical one-dimensional model (dashed line).
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2. The out-of-plane displacement and rotations of the nodes
located at the horizontal edges (MD = 0 mm and
MD = 1500 mm, see Fig. 6) were restricted.

3. The numerical simulations and one-dimensional analytical
results

3.1. Elasto-plastic deformation

In this section, some examples using elasto-plastic model in
stretching conditions without solids content changes are pre-
sented. In the first case, the sample with the anisotropy streaks
depicted in Fig. 6 had a solids content of 90%. In the simulation,
1% MD stretching was applied to the sheet, while the CD was
unconstrained. The MD and CD stress prevailing during the
stretching is presented in Fig. 8. The simulated MD stresses in
the streaks and other positions were equivalent to MD stresses
determined analytically from the one-dimensional material model,
as can be seen from the CD profiles of the MD stress from Fig. 9.

Through uniform stretching higher tension was created in the
streaks where the anisotropy is higher. After release of the stretch-
ing, the stress dropped back to zero, and only some minor distur-
bance could be detected in the boundary areas of the streaks
(Fig. 9). The out-of-plane deformations appeared after the stretch
was released; see Fig. 10. The out-of-plane deformations were
small compared to the in-plane dimensions of the simulated sam-
ple. For topography examination, the z-axis will henceforth be
zoomed in on, as in Fig. 10 (right). For visual inspection, the MD
gradient image is presented in Fig. 11. The gradient image simu-
lates the inclined illuminated situation and may reveal some
small-scale sharp details that are normally quelled by the higher
amplitude of long wavelengths in the topography map detection.
In reality, the visual appearance of an out-of-plane deformation
depends highly on illumination and the detection angle, the glossi-
ness of the surface and the ratio of the wavelength to detection
distance.

The in-plane deformation and strain in MD and CD are pre-
sented in Fig. 12. The strain of the deformed sample was deter-
mined by discrete integration. The plastic MD strain determined
analytically using a one-dimensional material model (Eq. (2)) is
drawn as dashed line in Fig. 12. The narrowing of CD (see
Fig. 12) was determined by Poisson’s ratio. The plastic strain differ-
ences between the streaks and other areas caused the tight streaks
and buckling in the slack surrounding areas of sheet, as is pre-
sented in Fig. 10. Buckling is highly dependent on boundary condi-
tions, element size, disturbance, etc., so the topography result can
only be considered as approximate or suggestive, see Fig. 13. Local
stresses of the bottom and top sides could be detected, as could be
expected, as being negative to each other: the local curl caused
shrinkage in the concave surface and positive strain in the convex
surface of the local buckle (see Fig. 14). The total stress, however,
reached zero, leaving no global internal stresses, except some dis-
turbances near the interfaces between regions with different ani-
sotropies (as shown in Fig. 9).

For the 75% and 60% solids contents, simulations with 1%
stretching were performed. In the case of 60% solids content, the
decreased stiffness caused a higher frequency in waviness when
compared to 75% or 90% solids contents; see Fig. 15. As can be
expected, the stress applied by the 1% stretching did increase
toward higher dry solids content (Fig. 17). The highest plastic
strain at the middle solids content (75%) results from elasto-plastic
material model, see Fig. 2. This is also consistent with Land’s study
(Land et al., 2008). However, higher plastic strain level did not
increase the plastic strain difference of the streaks and surrounding
areas significantly (see Figs. 16 and 17). In any case, all plastic
strain differences were small, below 0.02%, but buckling behavior
was estimated by the simulations.

1% stretching or even more stretching of a wet sheet is common
when the web is transferred from the press section to the drying
section of a paper machine. In other stages, when the dry solids
content of sheet is higher, a 1% stretch is unusual, since the tension
needed for web runnability rises due to the drying shrinkage. To
clarify the phenomena occurring in these examples, the anisotropy
difference between streaks and other areas was higher than is usu-
ally found in machine made papers. Anisotropy profiles of three
production machine samples – newsprint (News), light weight
coated (LWC) and coated wood free (CWF) – are presented in
Fig. 18. These profiles were measured by layered fiber orientation
measurement (Lipponen et al., 2009) and the anisotropy values
were averaged over the layers. The samples were 192 mm �
192 mm, and the fiber orientation was determined from 20 adja-
cent areas each having a length of 192 mm in the MD and a width
of 192/20 mm in the CD. In these three samples the deviation
(max–min) of the profile was approximately 0.2, while in sim-
ulations, the used difference of anisotropies between streaks and

Fig. 17. Stress, r, under 0.01 strain and the plastic strain, e, after release.

Fig. 18. Measured fiber orientation anisotropy CD profiles for News, LWC and CWF
samples.
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surrounding areas was 0.4. However, it should be noted that aniso-
tropy variations are often clearly higher if different layers or local
deviations are studied (Erkkilä et al., 1998; Lipponen et al., 2009).

3.2. Hygroscopic deformations

In this section, simple examples of the effect of moisture
changes on dimensional deformations using the hygroexpansiv-
ity-shrinkage model are presented. Obviously, even when the pur-
pose is solely to study the effects of hygroexpansivity through finite
element simulations, the results are not independent of the mate-
rial model. However, using Eq. (12), the one-dimensional analytical
results may indeed be solved directly without a material model. In

the first example of this section, the moisture streaks of a struc-
turally homogeneous anisotropic sheet (n = 2) were arranged as
illustrated in Fig. 6. The sample was dried rendering a solids content
change of 90% to 91%, except in the areas of the 100 mm wide
streaks, in which no changes were applied; i.e. the solids content
in those streaks remained at 90%. The drying was performed either
under MD restraint with unconstrained CD, or under no constraint
for both MD and CD, so that the sample was free to deform during
the drying in all directions. The MD restraint sample was released
after drying and allowed to deform freely. The fitting parameters
of the restraint-dried MIX sheet were used in these simulations
(see Table 2 and Eqs. (4) and (6)). The gradient and topography
images are presented in Fig. 19. Freely and restraint-dried cases

Fig. 19. Simulated out-of-plane deformations when the surroundings of the streaks are dried from solids content Rsc = 0.90 to Rsc = 0.91. In the upper row the gradient images
and in lower row topography pictures. In the left column the sample has been unconstrained during drying while in right column the MD shrinkage is restricted during
drying. Homogenous structure with anisotropy n ¼ 2.

Fig. 20. CD profiles of MD shrinkage strains when the surroundings of the streaks are dried from dry solids content Rsc = 0.90 to Rsc = 0.91. The in-plane deformation of the
simulated sample (solid thick line), the strain determined using integrated length of the simulated sample (solid narrow line) and the hygroscopic strain using analytical one-
dimensional model (dashed line). Unconstrained drying (left) and MD shrinkage is restricted during drying (right).
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were almost identical when the average CD profiles of the MD
shrinkage strain were compared and furthermore were congruent
with the analytical one-dimensional results; see Fig. 20. Visually,
the biggest difference could be detected in the buckling behavior.
The overall low frequency bending of the freely dried sheet lowered
the frequency of waviness in the streaks and smoothed the tensions
slightly in the streak boundaries (the maximum-minimum differ-
ence was 232 kPa for the freely dried sample and 244 kPa for the
MD restraint-dried sample). If in the following step the streak areas
are dried equivalently from 90% to 91% (Fig. 21), all out-of-plane
deformations disappear, the internal stresses are reduced to zero
at every position, and the amount of shrinkage is equal everywhere
and congruent with the one-dimensional hygroexpansivity model.
No plastic deformations arose either in restraint-dried or freely

dried cases under such a small stress difference (808 kPa
(tension = 80.8 N/m) in the restraint sample) or due to shrinkage
differences, only 0.022% between the surrounding and streak areas.

Also, anisotropy affects hygroexpansivity. A sheet with aniso-
tropy streaks was dried from 60% to 65% solids content without
any constraints in the MD nor CD. The out-of-plane deformation
and CD profile of the MD shrinkage strains are presented in
Fig. 22. The streaks having higher anisotropy levels shrunk less
than the other areas. The strain difference is very small, only
0.0041%. In order to more purely study the behavior of the hygro-
scopic model without the interference of plasticity, the studied
moisture changes were kept low, and all simulation results corre-
sponded well with the results of the one-dimensional hygroexpan-
sivity model.

Fig. 21. Simulated out-of-plane deformations when in the first step the surround-
ing areas of the streaks were dried from the solids content Rsc = 0.90 to Rsc = 0.91,
and in the second step equal drying was performed for the streaks. Homogenous
structure with anisotropy n ¼ 2.

Fig. 22. The out-of-plane deformation (left), and the CD profile of MD hygroscopic strains (right) after the sample containing anisotropy streaks was dried from solids content
Rsc = 0.60 to Rsc = 0.65. In the right-hand figure, the in-plane deformation of the simulated sample (solid thick line), the strain determined using integrated length of the
simulated sample (solid narrow line) and the hygroscopic strain using analytical one-dimensional model (dashed line).

Fig. 23. Simulated out-of-plane deformation. In the first step, the sample was
stretched to 0.01 strain in the MD and released, and in the second step, it was freely
dried from solids content Rsc = 0.60 to Rsc = 0.65. In the streaks, the fiber orientation
anisotropy n ¼ 2:2; in the surrounding areas n = 1.8.
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3.3. Brief study of interactions between moisture changes and
stretching

The aim in the previous sections was to demonstrate the behavior
of the material model and the hygroexpansivity model separately,
although the finite element simulations of hygroexpansivity are
not independent of the material model in any case. To study
simultaneous and interactive phenomena, including factors of dry-
ing and draw from both the hygroexpansivity model and the mate-
rial model, a few examples are presented here.

Starting with a baseline anisotropy streak case (as presented in
Section 3.1) having a solids content of 60%, the different drying
conditions could be applied. The first step was thus a draw of 1%
in the MD. In the second step, the draw was released, and then
the sheet was dried freely from a solids content of 60% to 65%.
The second step was fundamentally the same as the anisotropy
streak case of Section 3.2, excepting for initial plastic strain

differences and minor internal stresses at the streak boundaries.
The deformation occurring after this second step is presented in
Fig. 23. After adding up the CD profiles of MD strain solved by
the one-dimensional approach of the first step (Fig. 16, right) and
the second step (Fig. 22), an equivalent profile was achieved as that
of the finite element simulation; see Fig. 26. When the drying in
the second step were continued to a solids content of 75%, almost
all deformations arising from the streaks disappeared (Fig. 24),
since the shrinkage amount is lower in the streak areas. A signifi-
cant change in deformations can be detected if the 1% draw is
not released before the second step drying. The drying shrinkage
increases the MD tension further, resulting in an increase in the
plastic strain level as well as in the difference between the streaks
and surrounding areas in the MD (Figs. 25, 26 and Table 3).

In the second example, the anisotropic homogeneous sample
(n = 2) was freely dried from a solids content of 80% to 90% or
95%, so that in the first step solids content profiles in the thickness
direction were applied through the sample as is presented in
Fig. 27. The profiles used are roughly based on Östlund’s sim-
ulations for symmetric convective drying. The sample with basis
weight 300 g/m2 was dried symmetrically from Rsc = 0.435 to
Rsc = 0.997, for details see Östlund (2006). Only the high solids con-
tent profile (mean Rsc � 0:85) was used. In the second step, the
whole paper would finally achieve a uniform solids content of
90% or 95%. According to the simulations of this study (Fig. 27)
every tested solids content profile generates plastic strain differ-
ences between layers. The simulated stresses (Fig. 27) are same
order of magnitude as measured results in Östlund et al. (2004)
despite of the different material parameters etc. between the stud-
ies. The plastic strains of the layers in the MD and in the CD are
presented in Table 4. The higher plastic strain in the CD than in
the MD resulted from the higher shrinkage tendency and from
the different plasticity properties in the CD than in the MD in the
anisotropic sheet.

Fig. 24. Simulated out-of-plane deformation. In the first step, the sample was
stretched to 0.01 strain in the MD and released, and in the second step, it was freely
dried from solids content Rsc = 0.60 to Rsc = 0.75.

Fig. 25. Simulated out-of-plane deformation. In the first step, the sample was stretched to 0.01 strain in the MD, and in the second step, it was dried under MD restraint from
solids content Rsc = 0.60 to Rsc = 0.65 (left), and from solids content Rsc = 0.60 to Rsc = 0.75 (right).

Table 3
The strains in the streaks and surrounding areas from Fig. 26.

Streak (%) Surrounding (%) Difference (%)

65 fd 0.4075 0.4213 0.0138
75 fd 0.3543 0.3551 0.0008
65 rd 0.4475 0.4647 0.0173
75 rd 0.4609 0.4771 0.0161
One-dimensional 0.4097 0.4225 0.0128
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4. Conclusions

The hygro-elasto-plastic model introduced herein offers the
possibility to study several complex phenomena of such orthotro-
pic planar materials as board or paper. The elasto-plastic model
and hygroexpansivity-shrinkage model based on experimental
results can be solved analytically and separately in one dimension,
but the full potential of these models is achieved through the

Fig. 26. CD profiles of MD deformations for the cases depicted in Figs. 23–25. The analytical one-dimensional result corresponding to the case of Fig. 23 is presented by a thick
dashed line.

Fig. 27. The MD and CD stress of different layers, when in the first step different through-thickness solids content profiles (top-left) are applied. In the initial situation solids
content trough the sample is Rsc = 0.80 and in the second step every layer is dried either to Rsc = 0.90 (solids content profile 1) or Rsc = 0.95 (solids content profiles 2 and 3).

Table 4
The plastic strains in the layers from Fig. 27.

Profile 1 Profile 2 Profile 3

Layer MD (%) CD (%) MD (%) CD (%) MD (%) CD (%)

1 and 8 0.0068 0.0418 0.0160 0.0838 0.0084 0.0497
2 and 7 0 0 0 0 0 0
3 and 6 �0.0084 �0.0607 �0.0313 �0.1966 �0.0061 �0.0437
4 and 5 �0.0084 �0.0607 �0.0313 �0.1966 �0.0152 �0.1028
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numerical solution of a continuum mechanical model. With finite
element analysis, the simultaneous and interactive situations com-
bining these two separate models as well as the effect of plastic
and hygroscopic strains on the buckling behavior of a sheet or
web can be simulated. The time- or history-dependent behaviors
are not implemented on the introduced hygro-elasto-plastic
model. Thus, the applicability of the model on studies of storage
and multi-chained processes is limited. The input parameters of
the model are the fiber orientation anisotropy index (Erkkilä
et al., 2013), the dry solids content, the external strain or stress
and the change in the dry solids content. The use of the anisotropy
index instead of that of traditional fiber orientation anisotropy
simplified the handling of different in-plane directions. Usually,
the hygroexpansion coefficient has been considered to characterize
the deformation of a dry paper subject to a moisture change,
independently of the moisture content level, although some stress
relaxation and moisture history dependence may have been
involved (Uesaka et al., 1992). In this study, the dry solids content
dependent hygroexpansivity, over the entire range from wet to dry,
has been suggested. A few different parameters to model hygroex-
pansivity depending on the pulp type of the sample and on the free
or restrained drying conditions can be selected.

With the use of the finite element method, different sheet struc-
tures and dimensions can be applied, such as sheets or webs
including anisotropy, basis weight or moisture content variation
in-plane and throughout the different layers. The application
possibilities are versatile for studies on paper web or sheet behav-
ior in drying, converting, printing or copying processes. The
corresponding defects may include, for example, shrinkage pro-
files, misregistration in printing, deformation of boxes, different
buckling phenomena such as cockling, curling and heatset web off-
set fluting, internal stresses build up due to the two sidedness of
different processes and the streakiness of the web.

To demonstrate the model responses, a few examples of the
effect of anisotropy and moisture streaks of otherwise homoge-
nous anisotropic sheets on strain differences and buckling have
been presented. Also, the internal stresses caused by the drying
process with different layers drying at different stages have been
discussed. Very small plastic strain differences may cause buckling,
but how visually disturbing these out-of-plane deformation
defects are depends on paper or board grade and usage. This kind
of buckling streakiness is considered as a defect, and is often called
the bagginess of a paper web. The baggy paper web brings up the
risk of wrinkling, which is reported to increase if the strain differ-
ence is higher than 0.1%, although for some thin papers, a strain
difference of only 0.01% is enough to cause noticeable problems
(Roisum, 1996). In the examples of this work, the strain differences
have been more on the order of 0.01% than 0.1%. The simulation
cases were kept simple and the stretching and dry solids content
changes were selected to be small compared to the real total dry-
ing process of a paper machine. This enables to observe the
hygroexpansion and plastic strains separately, to compare the ana-
lytical and numerical in-plane deformations and to understand the
phenomena comprehensively.

The complexity of the interactive and simultaneous behavior of
hygroexpansivity and plasticity was revealed even with the simple
examples presented in this paper. For example, the streaks having
a higher anisotropy level than in the surrounding areas appeared as
tight streaks after stretching in the MD because of the lower plastic
strain in the MD. The free drying performed subsequently to the
stretching-releasing procedure may compensate for the difference
in the plastic strains, because the MD shrinkage tendency of the
high anisotropy streaks is lower than that of the surrounding areas.
However, if drying is done under restraint, the lower shrinkage of
the streaks may even further increase the plastic strain difference
between the streaks and surrounding areas. Land’s experimental

study (Land et al., 2008) of the effect of the moisture streaks on
permanent strain differences also showed that the releasing of ten-
sion at different stage of drying is a significant factor.

According to the simulation results of this study, the buckling
could be caused by both the anisotropy and the moisture streaks.
The more challenging task is to determine in which cases the gen-
erated buckling and strain differences remain as permanent plastic
strain differences, perhaps over subsequent converting processes;
and even further, in which cases they cause problems during paper
making and converting processes. Some problems of moisture
streaks arising from the drying section may well vanish in the coat-
ing or calendaring processes, where moisture or heat is brought to
the paper web. Structural streaks, such as anisotropy or basis
weight streaks, stay in the paper once formed, and may create
problems at any stage of the paper life cycle.
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