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Numerical simulation of plasma sources is very important. Such models allows to vary dif-
ferent plasma parameters with high degree of accuracy. Moreover, they allow to conduct
measurements not disturbing system balance.Recently, the scientific and practical interest in-
creased in so-called two-chamber plasma sources. In one of them (small or discharge chamber)
an external power source is embedded. In that chamber plasma forms. In another (large or
diffusion chamber) plasma exists due to the transport of particles and energy through the
boundary between chambers.In this particular work two-chamber plasma sources with ar-
gon and oxygen as active mediums were constructed. This models give interesting results in
electric field profiles and, as a consequence, in density profiles of charged particles.
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1 Introduction

Advances in technology are inherently associated with the use of plasma. Its unique properties
make it possible to implement more extreme conditions and more flexible control parameters in
comparison with the rest of the three states of matter. One can control various characteristics
of the plasma by varying: duration of active phase and duty factor of a discharge, input
power and other parameters of discharges [1]-[9]. Herewith, it is important to control electron
temperature, fluxes and concentration of charged and exited particles.

Such distribution of the parameters is often beneficial for utilizing in plasma technologies.
For example, we can consider the microelectronic industry where plasma discharge is used for
carrying out processes of etching, deposition, polymerization, and many other [1]-[2]. Another
well-known application is use as a source of negative ion beam for nuclear fusion [3].

The demand for precise and predictable management of the plasma parameters distribu-
tion for technological applications makes it relevant to study new plasma sources for further
development and improvement of the parameters of industrial processes. At the same time
the variety of possible input parameters, such as the input power, active medium, pressure,
the particular configuration of the discharge volume, as well as the relatively high cost and, in
some cases, the complexity of the experimental studies, puts the use of numerical simulation
to the fore.

Recently, the scientific and practical interest increased in the so-called two-chamber (or
tandem) sources, which characteristic feature is the presence of two interconnected chambers
of different sizes. In one of them (usually small in size, also called the discharge chamber)
the power from an external source (usually rf field) is embedded, here plasma forms. In the
second (usually larger, also called diffusion chamber) the plasma exists mainly due to the
transport of particles and energy from the discharge chamber.

Operating mode of such device in the active phase is characterized by the distribution of
the plasma parameters, which are defined both by the place of localization of the input energy
and its redistribution in the bulk. Typically, such discharges are characterized by high values
of concentration of charged particles and the electron temperature in the discharge chamber
and by their smooth decay in the transition to the diffusion chamber.

When one uses a two-chamber plasma sources there are various physical effects that do
not have direct analogies in conventional geometries. For example: series of articles of French
researchers [11]-[13] which describes the formation of double layers in the diffusion volume
of the two-chamber inductively coupled plasma source with electronegative gases; series of
articles of Bulgarian researchers [14]-[16] which describes the creation and analysis of two-
dimensional model of the two-chamber plasma source, etc. (see, for example [17]-[20]).

At the same time in all known manuals and textbooks on plasma physics and technology
the simplest geometry is considered (plane-parallel, cylindrical, etc.). Unfortunately, the
effects and phenomena that occur in the traditional geometry cannot be directly extrapolated
to the two-chamber design. It should be noted that the creation of an adequate model
of the two-chamber discharge is not a trivial task. The complex shape of the discharge
geometry determines its complexity for such sources. Particularly, the longitudinal particle
and energy fluxes, which are usually neglected in models with stationary discharge in tubes
with constant cross section [21], play a crucial role here and as a result make the task at least
two-dimensional. Thus, it is interesting to study the characteristics of such discharges, and

1



to carry out a detailed analysis of the involved physical processes, which may provide a new
technological and research perspectives.

A variety of two-chamber designs are used in different works, often very different in
size and conditions under which experiments are conducted. In this regard, the choice of
settings for modeling are determined by the possibility of access to the experimental data
for comparison with the results of numerical simulations, as well as the possibility of joint
research. In particular, such studies were performed in joint work of scientists from St.
Petersburg State University and Air Force Research Laboratory, Wright-Patterson, Dayton,
Ohio, United States (see., For example, [22]-[25]).

The aim of this work is to study features of the distribution of electrokinetic and optical
characteristics of the plasma discharge in a low-pressure two-chamber plasma sources and the
development of physical principles to predict their properties in a variety of conditions.

2 Model Description

2.1 General Equations

The model includes balance equations for electron density ne, electron energy density nε =
3
2neTe, densities of the heavy particles and the Poisson equation for the electric potential ϕ.

Balance equations for the electron density and electron energy density are following:

∂ne
∂t

+∇ · Γe =
∑

k

Rkck, (1)

∂nε
∂t

+∇ ·Q + E · Γe =
3

2
δN0kelasticne(Te − Tg) + εexckexcN0ne

+εikiN0ne +Q0,
(2)

where E = −∇ϕ is electric field vector, ck is the number of burned electrons in a the reaction,
Rk is the reaction rate, kelastic, kexc and ki are the rate constants of elastic collisions, excitation
and ionization, respectively, Tg is the gas temperature, Te is the electron temperature, N0 is
the density of neutral atoms, Q0 is the external energy source, δ = 2m/M , where m and M
are the electron and atom masses, Γe and Q are the fluxes of electrons and electron energy,
respectively; they are presented in drift-diffusion form.

Γe = −De∇ne − µeEne, (3)

Q = −Dε∇nε − µεEnε, (4)

where De and µe are coefficients of electron diffusivity and mobility, respectively. These
transport coefficients are calculated from following relationships:

µe =
e

mνea
=

e

mN0kelastic
(5)

De = Teµe, Dε = 5
3De, D+ = Tµ+, D− = Tµ−. (6)

The ion mobilities were assumed to be constants: µ+ = 9.85 · p0/p and µ− = 13.93 · p0/p in
m2/(V · s) units, where p is the gas pressure in Torr units and p0 is the gas pressure used in
article [26] from which these values were taken.
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For heavy particles the same balance equations were used:

∂nk
∂t

+∇Γk = Sk, (7)

Γk = −Dk∇nk + zkµkEnk. (8)

At the axis of symmetry (r = 0), the following boundary conditions are specified:

n •Q = 0, n • Γe = 0, n • Γk = 0, n •E = 0, (9)

where n is the outward normal to the boundary, k is the kind of heavy particles.

On the absorbing walls the following boundary conditions are specified:

−n • Γe =
1

2
νthne − 2(1− α)

∑
pγk(Γk • n), (10)

−n •Q =
5

6
νthnε − 2(1− α)

∑
pγkεk(Γk • n), (11)

n • Γk =
1

4
νthnk + zkαkE • n, (12)

where α =

{
1, if E • n > 0

0, if E • n ≤ 0
and αk =

{
1, if zkE • n > 0

0, if zkE · n ≤ 0
, γk is the secondary emission

coefficient, εk is the mean energy of emitted electrons, νth =
√

8eTe/(πme) is the average
thermal velocity of electrons and zk is the electric charge (in units of elemental charge). Such
boundary conditions are appropriate due to the fact that the concentration of O2 molecule is
calculated from mass constraint: ∑

k

wk = 1 (13)

where wk is mass fraction of k-th kind of heavy particles.

The electric potential was calculated from Poisson equation:

4ϕ = ∇ •∇ϕ = −
e

(∑
k

n+
k +

∑
k

n−k − ne
)

ε0
, (14)

where n+
k , n

−
k is the concentration of positive and negative ions, respectively and ε0 = 8.854×

10−12F/m is vacuum permittivity.

The following boundary conditions for electric potential were specified:

ϕ′(0) = 0, ϕ(L) = 0. (15)

Some rate constants were determined by a convolution of the Maxwellian electron distribution
function (EDF) with a corresponding cross section.

k =

√
2e

m

∞∫
0

f0(w)σ(w)wdw, (16)

where σ(w) is the cross section and f0(w) is the EDF. It is assumed that f0(w) is normalized
to one

∞∫
0

f0(w)
√
wdw = 1. (17)
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2.2 Plasmachemical reactions for argon

In this plasma-chemical model of argon there are three effective excited atomic levels and
three kinds of ions. The data of the correct particles types are shown in Table 1. Molecular
argon was not considered in our case due to low-pressure regime. One can find all presented
energy levels on Fig.1. The list of reactions is presented in Table 2. Reactions with molecular
argon were not used in our model.

Table 1: List of argon particles in the model.

# symbol energy (eV ) components of the effective level
0 Ar 0 2p1S0

1 Ar∗ 11.578 4s[3/2]2, 4s′[1/2]0
2 Ar∗r 11.726 4s[3/2]1, 4s[1/2]1

3 Ar∗∗ 13.171
4p[1/2]1, 4p[5/2]3, 4p[5/2]2, 4p[3/2]1, 4p[3/2]2,

4p[1/2]0, 4p′[3/2]1, 4p′[3/2]2, 4p′[1/2]1, 4p′[1/2]0
4 Ar+ 15.76 Ar+ (ground state)

5 Ar∗2 12.2 Ar2(3
+∑
u

), Ar2(1
+∑
u

)

6 Ar∗∗2 13.42 union of many repulsive and weakly related terms
7 Ar+2 14.53 Ar+2 (ground state)
8 Ar+3 14.53 Ar+3 (ground state)

Figure 1: Grotrian diagram for argon.
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Table 2: List of argon plasmachemical reactions in the model.

# reaction formula rate constant comment
1 e + Ar → e + Ar convolution EDF with cross section elastic scattering

2 e + Ar ↔ e + Ar∗ convolution EDF with cross section excitation of
the metastable level

3 e + Ar ↔ e + Ar∗r convolution EDF with cross section excitation of
the resonance level

4 e + Ar ↔ e + Ar∗∗ convolution EDF with cross section excitation
5 e + Ar ↔ 2e + Ar+ convolution EDF with cross section direct ionization
6 e + Ar∗ ↔ e + Ar∗∗ convolution EDF with cross section stepwise ionization
7 e + Ar∗ ↔ 2e + Ar+ convolution EDF with cross section stepwise ionization
8 e + Ar∗r ↔ 2e + Ar+ convolution EDF with cross section stepwise ionization
9 e + Ar∗∗ ↔ 2e + Ar+ convolution EDF with cross section stepwise ionization

10 e + Ar → e + Ar, convolution EDF with cross section

the remainder of
∆ε = 13.91eV the total excitation

(included only in
equation of the

electron energy balance)
11 Ar + Ar∗∗ → Ar + Ar∗ k11 = 4× 10−11 cm3s−1 De-exitation by atomic kick
12 e + Ar∗ → e + Ar∗r k12 = 2× 10−7 cm3s−1 mixing

13 e + Ar∗2 ↔ e + Ar∗∗2 convolution EDF with cross section stepwise excitation
of ecximer level

14 Ar+2 + e→ Ar + Ar∗∗ k14 = 1.1× 10−7 × T
− 1

2
e cm3s−1 recombination

15 Ar+3 + e→ 2Ar + Ar∗∗ k15 = 2.1× 10−7 × T
− 1

2
e cm3s−1 recombination

16 2Ar + Ar+ → Ar + Ar+2 k16 = 2.5× 10−31 cm6s−1 ion conversion
17 2Ar + Ar+2 → Ar + Ar+3 k17 = 6× 10−32 cm6s−1 ion conversion
18 Ar + Ar+3 → 2Ar + Ar+2 k18 = 10−12 cm3s−1 ion conversion
19 Ar + Ar∗∗2 → 2Ar + Ar∗ k19 = 10−12 cm3s−1 conversion
20 2Ar + Ar∗ → Ar + Ar∗2 k20 = 10−32 cm6s−1 conversion in ecximer
21 2Ar∗ → Ar + Ar+ + e k21 = 1.2× 10−9 cm3s−1 penning ionization
22 2Ar∗∗ → Ar + Ar+ + e k22 = 1.2× 10−9 cm3s−1 penning ionization
23 2Ar∗r → Ar + Ar+ + e k23 = 1.2× 10−9 cm3s−1 penning ionization
24 Ar∗ + Ar∗∗ → Ar + Ar+ + e k24 = 1.2× 10−9 cm3s−1 penning ionization
25 Ar∗ + Ar∗r → Ar + Ar+ + e k25 = 1.2× 10−9 cm3s−1 penning ionization
26 Ar∗ + Ar∗2 → 2Ar + Ar+ + e k26 = 1.2× 10−9 cm3s−1 penning ionization
27 Ar∗r + Ar∗2 → 2Ar + Ar+ + e k27 = 1.2× 10−9 cm3s−1 penning ionization
28 2Ar∗2 → 2Ar + Ar+2 + e k28 = 1.2× 10−9 cm3s−1 penning ionization
29 Ar∗2 → 2Ar k29 = 3.8× 106 s−1 emitting
30 Ar∗∗2 → Ar + Ar∗ k30 = 1011 s−1 emitting
31 Ar∗∗ → Ar∗ k31 = 3× 107 s−1 emitting
32 Ar∗∗r → Ar k32 = 3.33× 108 s−1 emitting
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As mentioned above some reactions are calculated through the convolution of the EDF
with a corresponding cross section. The data for reactions 1-10, which were used in our model,
is presented on Fig.2.

Figure 2: Cross section data for the reactions from 1 to 10 [27]-[28].

2.3 Plasmachemical reactions for oxygen

Another constructed model were based on oxygen as active medium. This model accounts
for 9 reactions (Table 3) and 5 sorts of heavy particles: O2, O, O∗2, O

+
2 , O−, where O∗2 is the

lowest excited singlet level of the oxygen molecule.

Table 3: List of oxygen plasmachemical reactions in the model.

# reaction formula rate constant comment
1 e + O2 → e + O2 convolution EDF with cross section elastic scattering
2 e + O2 → 2e + O+

2 k2 = 2.25× 10−10T 2
e exp(− 12.6

Te
) cm−3s−1 direct ionization

3 e + O+
2 → 2O k3 = 2× 10−7T−1

e cm−3s−1 dissociative recombination
4 e + O+

2 → O + O− k4 = 3.4× 10−11exp(− 4.4
Te

) cm−3s−1 dissociative recombination
5 O− + O+

2 → O + O2 k5 = 2× 10−7 cm−3s−1 ion-ion recombination
6 e + O2 → 2O k6 = 7.1× 10−9exp(− 8.6

Te
) cm−3s−1 dissociation

7 O− + O → O2 + e k7 = 3.467× 10−9T−0.5 cm−3s−1 detachment
8 e + O2 → e + O∗2 k8 = 1.7× 10−9exp(− 3.1

Te
) cm−3s−1 excitation of singlet

9 O− + O∗2 → O2 + O + e k9 = 5.2× 10−9T−0.5 cm−3s−1 detachment
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Figure 3: Cross section data for the reaction #1 [29].

2.4 Surface reactions

The boundary conditions are represented in the models by adding surface reactions (Table
4) with corresponding rate constants:

ksurfj =
2 · γstickj

2− γstickj

· νth
4
, (18)

νth =

√
8RT

πM
, (19)

M = 1/(

N∑
k=1

ωk
Mk

), (20)

where ωk and Mk are mass fraction and molecular weight of kth kind of heavy particles
respectively.
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Table 4: List of surface reactions for both models.

medium reaction formula sticking coefficient (γstickj )

Argon

Ar+ → Ar 1
Ar∗ → Ar 1
Ar∗∗ → Ar 1
Ar∗r → Ar 1

Oxygen

O+
2 → O2 1

O− → 0.5O2 1
O → 0.5O2 1
O∗2 → 0.5O2 1

2.5 Two-chamber construction

A series of simulations of inductively coupled discharges (ICP) were conducted in the two
chamber design. The chamber consists of two coaxial cylinders: the small chamber with
radius R1 = 5.15 cm and length L1 = 8 cm and the large chamber with radius R2(R2 > R1)

and length L2(L2 > L1). The scheme of this construction is presented in Figure 4. In the

Figure 4: Scheme of the two-chamber design of ICP discharge. The heat source of electron
gas is focused in gray area.

small chamber plasma is produced by an induced vortex electric field, while the great chamber
plays the role of a ballast volume. Real coils produce magnetic field and the corresponding
induced vortex electric field. In our calculations, for simplicity, we replaced the modeling of
the coils by specifying a model of the electron gas heat source. Namely, we assumed that the
heat source in the energy balance equation of electrons has the form Qex = Q0 if z < R1/10

and Qex = 0 otherwise, where Q0 = 3 × 106 W/m3. All the walls, for simplicity, were
assumed to be metal. That is, the electric potential were set to zero ϕ = 0. The simulation
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was conducted at a pressure of p = 3 mTorr. The results presented below are for the case
when R2 = 4R1 and L2 = 3L1. For the comparison calculations for a single-chamber model
with radius R1 and length L1 are performed also. So that the small chamber size is the same
in both cases.

3 Results

3.1 Model with argon

Calculations showed that at pressure p = 3 mTorr a space charge layer which forms close to
the wall is sufficiently narrow and quasi-neutrality is performed in almost all the discharge
volume with a high degree of accuracy. Therefore, the two dimensional z − r graphs of Ar+

ion density are not presented, because it almost coincides with the density of electrons.

The main plasma parameters for two-chamber and one-chamber designs at equal condi-
tions are presented on Fig. 5-18. Axial and radial profiles of the main plasma parameters are
presented on Fig. 19-26. On Fig. 17-18 the electron and ion (Ar+) densities are presented. It
is seen that despite the relatively low plasma density quasineutrality ne = n+ holds with high
accuracy so that the density profiles of electrons and ions is practically merged into one line
and the difference between them can be seen only close to the wall where the space charge
layer forms. Radial profiles of the electron density (Fig. 18) have a diffusion form (similar in
appearance to the zero order Bessel function).

Figure 5: z − r profile of the electron density in two-chamber design. Isolines (15 isolines in
total) correspond to values from 0 to a maximum value ne =7.47 cm−3 at regular intervals.
The isoline corresponding to the maximum value is shrunk to a point.
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Figure 6: z−r profile of the electron temperature in two-chamber design. Isolines (14 isolines
in total) correspond to values from minimum 5.27 eV to maximum 28.34 eV values at regular
intervals; the maximum and minimum values are achieved on the walls and contours for them
not represented.

Figure 7: z − r profile of the electric potential ϕ in two-chamber design. Isolines correspond
to ϕ: 10, 20, 30, 35, 40, 44, 44.8, 47 V . Isolines are selected so that better reflect the potential
distribution in the plasma. The isoline corresponding to ϕ = 44.8 V splits into two lines.
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Figure 8: z− r profile of Ar∗ in two-chamber design. Isolines (15 isolines in total) correspond
to values from 0 to a maximum value 16.62 × 1010 cm−3 at regular intervals. The isoline
corresponding to the maximum value is shrunk to a point.

Figure 9: z− r profile of Ar∗r in two-chamber design. Isolines (15 isolines in total) correspond
to values from 0 to a maximum value 6.89 × 106 cm−3 at regular intervals. The isoline
corresponding to the maximum value is shrunk to a point.
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Figure 10: z−r profile of Ar∗∗ in two-chamber design. Isolines (15 isolines in total) correspond
to values from 0 to a maximum value 7.18 × 107 cm−3 at regular intervals. The isoline
corresponding to the maximum value is shrunk to a point.

Figure 11: z − r profile of the electron density in one-chamber design. Isolines (15 isolines in
total) correspond to values from 0 to a maximum value 6.47× 107 cm−3 at regular intervals.
The isoline corresponding to the maximum value is shrunk to a point.
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Figure 12: z−r profile of the electron temperature in one-chamber design. Isolines (14 isolines
in total) correspond to values from minimum 21.18 eV to maximum 33.79 eV values at regular
intervals; the maximum and minimum values are achieved on the walls and contours for them
not represented.

Figure 13: z− r profile of the electric potential ϕ in one-chamber design. Isolines correspond
to values from 0 to a maximum value 96.89 V at regular intervals. The isoline corresponding
to the maximum value is shrunk to a point.
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Figure 14: z−r profile of Ar∗ in one-chamber design. Isolines (15 isolines in total) correspond
to values from minimum 3.15× 1010 cm−3 (achieved on the wall and isoline for it is absent)
to maximum 18.46× 1010 cm−3 values at regular intervals. The isoline corresponding to the
maximum value is shrunk to a point.

Figure 15: z−r profile of Ar∗r in one-chamber design. Isolines (15 isolines in total) correspond
to values from minimum 1.89 × 105 cm−3 (achieved on the wall and isoline for it is absent)
to maximum 1.95 × 107 cm−3 values at regular intervals. The isoline corresponding to the
maximum value is shrunk to a point.
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Figure 16: z−r profile of Ar∗∗ in one-chamber design. Isolines (15 isolines in total) correspond
to values from minimum 9.4 × 105 cm−3 (achieved on the wall and isoline for it is absent)
to maximum 1.41 × 108 cm−3 values at regular intervals. The isoline corresponding to the
maximum value is shrunk to a point.

Figure 17: Axial concentration profiles of electrons and ions in two-chamber design. Profiles
almost merge into one line and the difference between them can be seen only close to the
walls. The vertical dashed line shows the boundary between the small and large chambers.
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Figure 18: Radial concentration profiles of electrons and ions in two-chamber design for
different axial coordinates: z1 = L1/2(1), z2 = L1(2), z3 = 16.8 cm and z4 = L1 + L2/2.
Profiles almost merge into one line and the difference between them can be seen only close to
the walls. The vertical dashed line shows the boundary between the small and large chambers.

Figure 19: Axial profiles of electron temperature in two-chamber (1) and one-chamber (2)
designs. The vertical dashed line shows the boundary between the small and large chambers.
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Figure 20: Radial profiles of electron temperature in two-chamber design for different axial
coordinates: z1 = L1/2(1), z2 = L1(2), z3 = 12 cm and z4 = L1 + L2/2. The dashed curves
1’ and 2’ represents the corresponding radial profiles of electron temperature in one-chamber
design for z1 and z2. The vertical dashed line shows the boundary between the small and
large chambers.

Figure 21: Axial profiles of the electric potential in two-chamber design for different radial
coordinates: r1 = 0(1), r2 = 0.4L1, r3 = 0.6L1 and r4 = 0.8L1. The vertical dashed line
shows the boundary between the small and large chambers.
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Figure 22: Radial profiles of the electric potential in two-chamber design for different axial
coordinates: z1 = L1/2(1), z2 = L1(2), z3 = 16.8 cm and z4 = L1 +L2/2. The vertical dashed
line shows the boundary between the small and large chambers.

Figure 23: Axial profiles of excited argon atoms Ar∗(1), Ar∗r(2) and Ar∗∗(3) in two-chamber
design. The vertical dashed line shows the boundary between the small and large chambers.
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Figure 24: Axial profiles of axial selfconsistent electric field Ez(1) and its components
−Te(dn/dz)/n(2) and −dTe/dz(3) in two-chamber design. The vertical dashed line shows
the boundary between the small and large chambers.

Figure 25: Axial profiles of axial selfconsistent electric field Ez(1) and its components
−Te(dn/dz)/n(2) and −dTe/dz(3) in one-chamber design. It can be seen that −dTe/dz is
small in comparison with −Te(dn/dz)/n and Ez increases monotonically and has only one
root.
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Figure 26: Radial profiles of the axial component of electron energy flux at z1 = 0.97L1 for
two-chamber (1) and one-chamber (2) designs. The point z1 = 0.97L1 is selected that the
values of the flow (2) were introduced for all the values of radius 0 ≤ r ≤ R1, since one-
chamber design has rounded. It is seen that the total energy flux in the ballast volume in
two-chamber design is greater than the energy flow on the walls in one-chamber design.

3.2 Model with oxygen

The same figures as for the model with argon were received for the oxygen as active
medium in the two-chamber design (Fig. 27-33).
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Figure 27: z − r profile of the electron density in two-chamber design. Isolines (15 isolines in
total) correspond to values from 0 to a maximum value at regular intervals.

Figure 28: z−r profile of the electron temperature in two-chamber design. Isolines (15 isolines
in total) correspond to values from minimum 6.25 eV to maximum 31.14 eV values at regular
intervals; the maximum and minimum values are achieved on the walls and contours for them
not represented.
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Figure 29: z− r profile of the electric potential ϕ in two-chamber design. Isolines are selected
so that better reflect the potential distribution in the plasma.

Figure 30: z−r profile of O+
2 in two-chamber design. Isolines (15 isolines in total) correspond

to values from 0 to a maximum value 2.12 × 1016 cm−3 at regular intervals. All isolines are
splitting into two lines.
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Figure 31: z−r profile of O− in two-chamber design. Isolines (15 isolines in total) correspond
to values from 0 to a maximum value 1.91 × 1016 cm−3 at regular intervals. All isolines are
splitting into two lines.

Figure 32: z − r profile of O in two-chamber design. Isolines (15 isolines in total) correspond
to values from 0 to a maximum value 7.47× 1017 cm−3 at regular intervals.
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Figure 33: z− r profile of O∗2 in two-chamber design. Isolines (15 isolines in total) correspond
to values from 0 to a maximum value 1.98× 1017 cm−3 at regular intervals.

Figure 34: Axial profiles of electron temperature in two-chamber design.
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Figure 35: Axial profiles of electric potential in two-chamber design.

Figure 36: Radial distribution of the concentrations of electrons in oxygen at pressure of
3mTorr in two-chamber design for different axial coordinates: z1 = L1/2 (1), z2 = L1 +L2/2
(2).The vertical dashed line shows the boundary between the small and large chambers.
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Figure 37: Radial distribution of the concentrations of negative ions in oxygen at pressure of
3mTorr in two-chamber design for different axial coordinates: z1 = L1/2 (1), z2 = L1 +L2/2
(2).The vertical dashed line shows the boundary between the small and large chambers.

Figure 38: Radial distribution of the concentrations of positive ions in oxygen at pressure of
3mTorr in two-chamber design for different axial coordinates: z1 = L1/2 (1), z2 = L1 +L2/2
(2).The vertical dashed line shows the boundary between the small and large chambers.
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Figure 39: Radial profiles of electron temperature in two-chamber design for different axial
coordinates: z1 = L1/2 (1), z2 = L1 + L2/2 (2).The vertical dashed line shows the boundary
between the small and large chambers.

Figure 40: Radial profiles of the electric potential in two-chamber design for different axial
coordinates: z1 = L1/2(1), z2 = L1 + L2/2 (2). The vertical dashed line shows the boundary
between the small and large chambers.
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3.3 Discussion of the results

It is known that in double-constructs at high pressures the plasma density maximum is
located in the small chamber, while at lower pressure it moves into a large chamber (ballast
volume) [30]. This is due to the fact that at low pressures the length of the thermal con-
ductivity determines the electron temperature decline, which is high at low pressures. Thus,
the electron temperature in the ballast volume is sufficiently large. On the other hand, the
diffusion length is greater in the large chamber. Accordingly, the time of the diffusion loss of
charged particles τap = Λ2/Dap is also greater. Therefore, despite the fact that the ionization
rate νi in the small volume is greater than in the large, the balance of birth and diffusion
death of charged particles provides a greater plasma density in the ballast volume.

On the other hand, when the size of the ballast volume is further increasing, the tem-
perature of the electrons and thus the ionization rate in the large chamber falls to a such
low values that the increase of the diffusion length is no longer able to maintain a sufficient
plasma density and its maximum is again moved back to a small chamber, as shown in Fig.
41.

Figure 41: z − r profile of the electron density in two-chamber design when volume is big.
Isolines (15 isolines in total) correspond to values from 0 to a maximum value at regular
intervals. The isoline corresponding to the maximum value is shrunk to a point.

Let us consider the balance of charged particles in the large chamber. The changing in
the number of charged particles can be caused by:

1. the ionization processes in the ballast volume;

2. the flow of particles through the boundary between the chambers;

3. death of this kind of particles on the walls.

Let us consider the steady-state balance equation for positive ions which takes into account
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only the direct ionization process, and the flow is determined by an ambipolar diffusion:

∇ · Γ+ = ∇ · (−Dap∇n+) = νine = νin+. (21)

Here, in the last equality, the fact of quasi-neutrality of the plasma were used: n+ = ne.

Note that in more than one-dimensional case the flow of electrons can not be represented
in the form Γe = −Dap∇ne, since eddy currents are always present in the plasma in the
multidimensional case even in absence of a magnetic field. This result is shown in [31]. In
this work it is shown that a simple plasma flow of positive ions can always be represented
in the ambipolar form Γ+ = −Dap∇n+ because ion flux is determined by the drift in the
ambipolar electric field. Fig. (5-16) demonstrate that in all our simulations the eddy currents
are presented in the plasma also, this means that the electron flux is nonambipolar. Therefore,
to obtain estimates of the formula, we need to continue to consider it positive ions.

Let us integrate equation (21) in the ballast volume using Gauss theorem:∫
∂V

Γ+ · dn =

∫
V

νin+dV, (22)

here n is an outward normal vector to the boundary ∂V in the area V . Further, the boundary
of the ballast volume is divided into two parts: interface between small chamber and ballast
volume (i.e., the set of points {(z, r)|z = L1, 0 ≤ r ≤ R1}) and other boundaries.

Γ̃ = 2π

R1∫
0

Γ+,z(L1, r)rdr, (23)

here Γ+,z is the z-component of the ion flux Γ+. Equation (23) represents the total number of
ions which are crossing the border between the small and large chambers and it has dimension
s−1. We denote the absorbing boundaries of the ballast volume as ∂V1. Then, considering
the ionization frequency as constant and taking into account the definition (23), we obtain a
new form of equation (22):

Γ̃ +

∫
∂V1

Γ+ · dn = νi

∫
V

n+dV. (24)

It is well known that the diffusion death of charged particles (in this case the positive ions) on
absorbing walls is represented in the form of approximation of the diffusion length. I.e. the
part ∇ ·Γ in the balance equation for this sort of particles is replaced by the expression n/τd
where τd is a diffusion time of death, which is expressed through the diffusion coefficient and
the corresponding diffusion length [32]. The approximation of the diffusion length arises from
the following reasons. In the case of the diffusion equation in a rectangular two-dimensional
region Ω = {(x, y)|0 ≤ x ≤ L1, 0 ≤ y ≤ L2}:

∇ · (−D∇n) = −D∆n = −D
(
∂2n
∂x2

+ ∂2n
∂y2

)
= νn, n|∂Ω = 0, (25)

here coefficients D and ν are constants. The solution is:

n(x, y) = n0sin (πx/L1) sin (πy/L2) , (26)

provided that D/Λ2 = ν, where Λ =
π
√
L2
1+L2

2

L1L2
is the diffusion length. Then the following

equation holds for the solution (26) at all points of the area Ω:

∇ · (−D∇n) =
(
D/Λ2

)
n = n/τd, (27)
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here τd = Λ2/D. Similarly, for the diffusion equation in the two-dimensional cylindrical area
Ω = {(z, r)|0 ≤ z ≤ L, 0 ≤ r ≤ R}:

∇ · (−D∇n) = −D
(
∂2n
∂z2

+ 1
r
∂
∂r

(
∂n
∂r

))
= νn, n|∂Ω = 0, (28)

where the coefficients D and ν are constants. The solution is:

n (x, y) = n0sin (πz/L) J0 (ar/R) , (29)

here J0 is zero order Bessel function and a = 2.404 . . . is its first root provided that D/Λ2 = ν,
where Λ is the diffusion length which is defined by the equality:

1

Λ2
=
(π
L

)2
+
( a
R

)2
. (30)

Then, also for all points of the area Ω will be performed equation (27), but only has to be
determined by the formula (30). Similar expressions can be specified for other geometries (the
two-dimensional and three-dimensional cases) [32].

An advantage of the diffusion length method is that it removes from the balance equations
derivatives of the spatial coordinates. The disadvantage of this method is that it assumes that
the concentration profiles have quite regular, "diffusion", form.

Since equation (27) is satisfied at all points of the area, introducing the notation

N =

∫
Ω

ndV, (31)

which defines the hole number of particles in the volume Ω, the integration of the equation
27 gives: ∫

∂Ω

Γ · dn =

∫
Ω

(∇Ω) dV =

∫
Ω

(n/τd) dV =

∫
Ω

ndV

 /τd = N/τd. (32)

Equation (32) shows that for the solutions (26) and (29) the total flux at the boundary of the
region Ω is the ratio of total number of particles in the area to a time of the diffusion death
τd.

Now let us simplify the equation (25) using the approximation of the diffusion length
for the flux on the boundary ∂V1. For a sufficiently large amount of ballast volume, surface
area of the interface between small chamber and ballast volume is small in comparison with
the total surface area of the walls of the ballast volume. This means that the zero boundary
conditions for the concentration are performed at a greater part of the boundary of the ballast
volume. Then, the diffusion length and, accordingly, the time of the diffusion death of charges
on the wall for the ballast volume will be approximately the same as for the cylinder with the
appropriate sizes:

τd ≡ τap =
1

νap
=

Λ2

Dap
=

Λ2

µ+Te
, (33)

where µ+ is the mobility of positive ions which is constant in our case. Then providing
N+ =

∫
V

n+dV and considering (32) the equation (23) can be written as:

Γ̃ +N+/τap = νiN+. (34)
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If Γ̃� νine (in the ballast volume) it is possible to estimate the temperature of the electrons
in a large chamber from the following considerations.Assuming that the electron temperature
in the ballast volume is constant, we will reach the following relation:

νiτap = N0ki (Te) · τap = 1. (35)

Often the dependence of the ionization constant from the electron temperature is well ap-
proximated by the Arrhenius formula:

ki (Te) = A · Te · exp (−εi/Te) . (36)

In this case equation (34) can be rewritten as:

N0Aexp (−εi/Te) Λ2/µ+ = 1. (37)

Then
−εi/Te = ln

(
µ+

Λ2N0A

)
(38)

and respectively

Te = −ε/ln
(

µ+

Λ2N0A

)
. (39)

Note that although our estimates are based on a number of assumptions they nevertheless
allow qualitatively explain why in two-chamber design strong gradient of the electron tem-
perature Te can occur. From the equation (39) it follows that for a fixed gas density N0

the smaller the size of the cylindrical chamber, the larger the electron temperature Te in it.
Therefore, in the case when the small chamber is connected to the large chamber the flow Γ̃

is small in comparison with the flows on the absorbing walls (or at least comparable), (see
Figures (5-26)), the decline of Te should be expected from the values typical for the small
chamber to the values typical for the ballast volume, estimate for it is given by (39). I.e., an
axial temperature gradient of electrons should be in the two-chamber design.

Figures (21) and (22) shows that the two-chamber design does have a strong axial gradient,
which is considerably larger than in the one-chamber design of the same size and that the
radial profiles of Te are almost flat for both one-chamber and two-chamber constructions.
Figure (21) also shows that almost all drop of Te to values typical for the ballast volume
is distributed in the small chamber. Accordingly, figure (26) shows that the energy flux of
electrons through the border between the small and the large chambers is much greater than
the energy flux of electrons on the border in the one-chamber design.

Such character of the axial profile of Te can be explained from the analysis of the energy
balance equation of electrons in the two-chamber design.

Since the pressure in our case is very low, p = 3 mTorr, the energy balance equation is
mainly determined by the transport while inelastic losses are small. The Joule heating is also
small, since we are dealing with inductive discharge where the field is ambipolar and orders of
magnitude smaller than the field in the cathode layer in a glow discharge. Then the stationary
electron energy balance equation can be approximately represented as:

∇ ·Q =
∂Qz
∂z

+
1

r

∂

∂r
(rQr) = Qex(z), (40)

here Qex(z) is the profile of the external heating source of the electron gas (Qex(z) = Q0 if
z ≤ L1/10 and 0 otherwise).
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Let us multiply the received equation (40) by 2πr and integrate radially from 0 to R(z):

2π

R(z)∫
0

∂Qz
∂z

rdr + 2π

R(z)∫
0

(
1

r

∂

∂r

)
rdr = 2π

R(z)∫
0

Qex(z, r)rdr. (41)

We introduce the notation Q̃(z) = 2π
R(z)∫
0

Qex(z, r)rdr. Since

∂

∂z

 R(z)∫
0

Qz(z, r)rdr

 =

R(z)∫
0

(
∂Qz
∂z

)
rdr +

dR(z)

dz
Qz (z,R(z))R(z), (42)

the equation (41) can rewritten in the following form:

2π
∂

∂z

 R(z)∫
0

Qz(z, r)rdr

−
2π
dR(z)

dz
Qz (z,R(z))R(z)+

2π

R(z)∫
0

∂

∂r
(rQr(z, r)) dr = Q̃(z).

(43)

Then we calculate the last integral in the left side of the equation (43) and group the
terms:

2π
∂

∂z

 R(z)∫
0

Qz(z, r)rdr

−
2πR(z){R′(z)Qz (z,R(z))−Qr (z,R(z))} = Q̃(z).

(44)

Note that the vector t(z) = (1, R′(z)) is the tangent vector to the surface of the wall
{(z,R(z)) |0 ≤ z ≤ L1 + L2} of the plane (z, r) and unit outward normal vector is

n(z) =
(−R′(z), 1)√

1 +R′(z)2
. (45)

Then the equation (44) can be written in vector form:

2π
∂

∂z

 R(z)∫
0

Qz(z, r)rdr

+

2πR(z)
√

1 +R′(z)2n(z) ·Q (z,R(z)) = Q̃(z).

(46)

Further we use the relationship between the electron and the electron energy on the
absorbing walls [33]:

Q · n =

(
5

2

)
TeΓe · n. (47)
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The equation (47) has a clear physical meaning. It says that the energy is transferred to the
wall by the flow of particles. The difference of the multiplier

(
5
2

)
Te from the average electron

energy ε̄ =
(

3
2

)
Te is caused by the different weight factors in the expression for the fluxes

of particles and energy through the f1 component in the electron distribution function (see
[34]). The ratio in (47) should be modified. In the equation (40) we assumed that the Joule
heating is small and we can neglect it. It is indeed true in the plasma volume. However, it
is not true in the boundary layer and we should add the term with Joule heating (cooling)
in our equations. Losses of the electron energy in the boundary layer goes on the maintain
of the ambipolar field. The following expression is derived for the effective ratio of flows of
energy and particles for the electrons on the walls [34]:

(Q · n) / (Γe · n) = Te

(
2 +

e∆ϕl
Te

(
2 + ln

√
m+

me

))
, (48)

here ∆ϕl is the potential drop in the boundary layer. This equation is received not from the
balance equations but through the direct calcuation of the energy flow for the Maxwellian
EDF. Since the multiplier 5/2 becomes 2, the following estimate holds for the potential drop
in the layer: e∆ϕl ∼ 5Te [34]. Then, equation (47) becomes:

Q · n =

(
2 + 5

(
2 + ln

[
m+

me

]))
TeΓe · n = ATeΓe · n. (49)

Let us substitute (49) to (46):

2π
∂

∂z

 R∫
0

Qz(z, r)rdr

+

A2πR
√

1 +R′(z)2Te (z,R)n(z) · Γe(z, r) = Q̃(z),

(50)

here, for brevity, we write R instead R(z). For further simplification of the equation (50) we
need to introduce additional assumptions.

Let us consider the equation for the electron energy flux:

Q = −5

3
De∇nε −

5

3
µeEnε =

−5

3
De∇

(
3

2
neTe

)
− 5

3
µeE

(
3

2
neTe

)
=

−5

2
DeTe∇ne −

5

2
Dene∇Te −

5

2
µeEneTe =

5

2
Te (−De∇ne − µeEne)−

5

2
neDe∇Te =

5

2
TeΓe −

5

2
neDe∇Te.

(51)

Since the absolute value of the electron flux is much less than its diffusion component:
|Γe| � |De∇ne| (this fact means that electron density has Boltzmann distribution) we can
write:

TeΓe −Dene∇Te = TeΓe −De∇ (neTe) + DeTe∇ne =

Te (Γe + De∇ne)−De∇ (neTe) ≈
TeDe∇ne −De∇ (neTe) = −Dene∇Te.

(52)
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Then only the term with the thermal conductivity will be left in the equation for the
electron energy flux is:

Q = −5

2
Dene∇Te. (53)

The following relation usually holds in plasma [34]:

|∇Te/Te| � |∇ne/ne|. (54)

Thus, the electron energy flux is defined by the gradient of the electron temperature (53)
although the profile of the electron temperature is almost flat (in comparison with the profile
of the electron density).

Let us further transform the equation (50). We introduce the notations:

Ne(z) = 2π

R(z)∫
0

ne(z, r)rdr, (55)

T̃ (z) =
2

R2

R(z)∫
0

Te(z, r)rdr, (56)

here T̃ is the radially average value of the electron temperature at given z. We also set
D̃e = De(T̃ ) (recall that the diffusion coefficient in our model depends only on the electron
temperature). Then substituting (53) into (50) and considering the fact that at z radial
profiles Te and De are almost flat and can be removed from the integral and replaced by
radially averaged values T̃ and D̃e we obtain:

−5

2

d

dz

(
D̃eNe

dT̃

dz

)
+A2πR

√
1 +R′(z)2Ten(z) · Γe (z,R) = Q̃(z). (57)

Note that the partial derivatives ∂/∂z in (57) have replaced with ordinary. It was noted above
that we have considered two-chamber discharge with metal walls. In this case, the equality of
electron and ion fluxes (in the case of a simple plasma) on the walls (as well as in the interior)
is not obliged to comply. The fluxes of electrons and ions in the case of dielectric wall on the
walls should be equal:

Γ+ · n = Γe · n. (58)

Otherwise, the walls would be continuously charged. In the case of metal walls the failure of
the equation (51) would mean that the currents in plasma are closed through the metal walls
(this is consistent with our calculations). However, even in the case of metal walls, the integral
flux of electrons and ions on the wall should be equal. Otherwise, the plasma is charged by
some sign. Therefore, we substitute (57) in equation (58) (ion flux is ambipolar):

Γ+ = −Dap∇np = −Dap∇ne. (59)

According to the equation (32) the total ion flux on the absorbing walls can be approximated
in the diffusion approximation. In the case of the one-dimensional cylindrical geometry in
which all quantities depend only on the radial coordinate r (0 ≤ r ≤ R), the equation (32)
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for the volume Ω = {(z, r)|0 ≤ r ≤ R, z1 ≤ z ≤ z2} which is limited by the radius R and axial
coordinates z1, z2 takes the form:

2πR(z2 − z1)Γ+ · n =

(
1

τd

)
(z2 − z1)2π

R∫
0

n+(r)rdr. (60)

Then, reducing the common factor and taking into account the quasi-neutrality, we obtain:

2πRΓ+ · n =
Ne

τd
=

Ne

Λ2/Dap
=

a2

R2
µ+NeT̃, (61)

here a = 2.404 . . . is the first root of the zero order Bessel function. We now make the
assumption that the energy flux on the side wall 2πR

√
1 +R′(z)2Γe · n in (57) is defined

by the equation (61). Appearance of the multiplier
√

1 +R′(z) reflects the fact that in the
case of the inclined surface R(z) a lateral surface area {(z,R(z)) |z1 ≤ z ≤ z1 + dz} is
2πR

√
1 +R′(z)dz instead of 2πRdz (the case of the cylinder). At the same time the full flux

on the surface which is defined by the right side of the equation (61) remains constant. Then
(57) takes the form:

−5

2

d

dz

(
D̃eNe

dT̃

dz

)
+A

a2

R2
µ+NeT̃

2 = Q̃(z). (62)

Further, assuming in (62) that the source equals zero and taking into account the Einstein
relation D̃e = T̃ µe(T̃ ) ≡ T̃ µ̃e we receive:

−5

2

d

dz

(
µ̃eNeT̃

dT̃

dz

)
= A

a2

R(z)2
µ+NeT̃

2. (63)

Thus, we obtain an ordinary differential equation for which the axial profile of the electron
temperature T̃ (z) must satisfy in the case of variable radius R(z) in the absence of sources.
It turns out that the coefficient of the electron thermal conductivity depends on the density
of electrons Ne(z), so the equation (63) can not be solved analytically. Therefore, to obtain
an analytical expression for estimating of the recession profile, we set the electronic thermal
conductivity constant:

λ ≡ DeNe = T̃ µeNe = const. (64)

Then we can rewrite the equation (62) in the form:

−5

2

d

dz

(
λ
dT̃

dz

)
+A

a2

R2

(
µ+

µe

)
λT̃ = Q̃(z). (65)

In the absence of a source (Q̃ = 0) and considering that λ = const, we will receive the
equation:

d2T̃ (z)

dz2
= A

a2

R(z)2

(
µ+

µe

)
T̃ (z). (66)

This equation can be solved analytically. In the case when R(z) = const its decreasing partial
solution at increasing z is

T̃ (z) = Cexp

(
−
√
A
µ+

µe

az

R

)
, (67)
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where C is positive constant. We chose a particular decreasing solution, because it is seen
from physical considerations that T̃ (z) should decrease with increasing distance from heat
source. If we substitute µ and λ of detailed calculations (from COMSOL) in the equation
(65) then we can see from the figures (Fig. 42, Fig. 43) how the detail and analytical solutions
are related.

Figure 42: Axial distribution of the electron temperature in two-chamber design for the model
with argon as an active medium, where 1 corresponds to the analytical solution and 2 to the
detail solution. The vertical dashed line shows the boundary between the small and large
chambers.

Figure 43: Axial distribution of the electron temperature in one-chamber design for the model
with argon as an active medium, where 1 corresponds to the analytical solution and 2 to the
detail solution.

Adding to the boundary conditions:(
dT̃ /dz

)
|z=0 =

(
dT̃ /dz

)
|z=L1+L2 , (68)
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one can obtain the analytical solution of (65) with respect to the source (since we know its
form). In that case it is additionally necessary to require the continuous profile of T̃ (z) in
the point z = L1, where R(z) has a gap. However, this solution is quite cumbersome. At the
same time, a simple equation (67) allows us to see the simple regularity which we found as a
result of detailed numerical simulations: the decline of the electron temperature is inversely
proportional to R. Accordingly, in a small cell, where the radius is less, the smaller its radius
in comparison with the radius of the ballast volume the greater the rate of decline of T̃ (z).

Thus, we have the following picture for the Te in two-chamber design. The electron
temperature in the large and small chambers are separately determined by the equation (39).
This fact means that Te declines in the small chamber from the values received using equation
(39) for this chamber to the values received using the same equation for the ballast volume.
Whereas, the electron temperature stays almost constant in the ballast volume. It is seen
from the axial profiles shown in Fig. 19.

Excluding the gradient of the electron temperature, the electric field in the plasma (which
is a quasineutral environment) is given by

E = −Te
∇n
n
, (69)

where n = n+ = ne is the plasma density. If there is a gradient in the electron temperature
we will have:

E = −Te
∇n
n
−∇Te = −Te

(
∇n
n

+
∇Te
Te

)
. (70)

It can be seen from Fig. 25 that, in one-chamber design, the term −∇Te does not contribute
significantly to the profile Ez. At the same time, in the two-chamber design, the axial profile
−∇Te has a significant gradient, and essentially determines the axial profile Ez. In particular,
the profile Ez changes its sign (Fig. 24). Thus, the additional potential is formed on the
potential profile. In the case of argon, this causes an inflection in the axial profile of the plasma
density (Fig. 17). However, in this case, the general character (increasing and decreasing) of
the profile varies slightly.

In the case of oxygen, due to the presence of the negative ions which can not overcome this
potential well, the plasma splits into "two plasmons". Such profiles of positive and negative
ions in this case have two distinct maximum (see Fig. 44).
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Figure 44: Axial distribution of the concentrations of charged particles in oxygen at pressure of
3 mTorr in two-chamber design (red line is concentration of electrons, blue line is concentration
of O+

2 , magenta line is concentration of O−).

4 Conclusion

As a result of this work three models were created. Two of them are with argon as an active
medium in two-chamber and one-chamber designs. One model is with oxygen as an active
medium in two-chamber design. For each of these models variety of characteristics were
obtained (such as: densities of the charged and neutral particles, electric potential, electron
temperature, electron energy flux). However, the most interesting result is detected potential
well in both environments (Fig. 21 and Fig. 35) which causes inflection in the concentration
of charged particles in the case of argon (Fig. 17) and separation into two peaks in the case
of oxygen (Fig. 44);

In practice, it is very difficult to choose all the parameters correctly. Such models can be
used for detailed analysis of these parameters. Which in turn allows one to create complex
experimental setups.
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