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Abstract

David Koloseni
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Diss. Lappeenranta University of Technology
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The objective of this thesis is to develop and generalize further the differential evolution based data
classification method. For many years, evolutionary algorithms have been successfully applied to
many classification tasks. Evolution algorithms are population based, stochastic search algorithms
that mimic natural selection and genetics. Differential evolution is an evolutionary algorithm that
has gained popularity because of its simplicity and good observed performance. In this thesis a
differential evolution classifier with pool of distances is proposed, demonstrated and initially evalu-
ated.

The differential evolution classifier is a nearest prototype vector based classifier that applies a global
optimization algorithm, differential evolution, to determine the optimal values for all free parameters
of the classifier model during the training phase of the classifier.

The differential evolution classifier applies the individually optimized distance measure for each
new data set to be classified is generalized to cover a pool of distances. Instead of optimizing a
single distance measure for the given data set, the selection of the optimal distance measure from a
predefined pool of alternative measures is attempted systematically and automatically. Furthermore,
instead of only selecting the optimal distance measure from a set of alternatives, an attempt is made
to optimize the values of the possible control parameters related with the selected distance measure.
Specifically, a pool of alternative distance measures is first created and then the differential evolution
algorithm is applied to select the optimal distance measure that yields the highest classification
accuracy with the current data. After determining the optimal distance measures for the given data
set together with their optimal parameters, all determined distance measures are aggregated to form
a single total distance measure. The total distance measure is applied to the final classification
decisions.

The actual classification process is still based on the nearest prototype vector principle; a sample
belongs to the class represented by the nearest prototype vector when measured with the optimized
total distance measure. During the training process the differential evolution algorithm determines
the optimal class vectors, selects optimal distance metrics, and determines the optimal values for
the free parameters of each selected distance measure.

The results obtained with the above method confirm that the choice of distance measure is one of
the most crucial factors for obtaining higher classification accuracy. The results also demonstrate
that it is possible to build a classifier that is able to select the optimal distance measure for the given
data set automatically and systematically. After finding optimal distance measures together with
optimal parameters from the particular distance measure results are then aggregated to form a total



distance, which will be used to form the deviation between the class vectors and samples and thus
classify the samples.

This thesis also discusses two types of aggregation operators, namely, ordered weighted averaging
(OWA) based multi-distances and generalized ordered weighted averaging (GOWA). These aggre-
gation operators were applied in this work to the aggregation of the normalized distance values.
The results demonstrate that a proper combination of aggregation operator and weight generation
scheme play an important role in obtaining good classification accuracy.

The main outcomes of the work are the six new generalized versions of previous method called dif-
ferential evolution classifier. All these DE classifier demonstrated good results in the classification
tasks.

Keywords: differential evolution, optimal distances, parameter study, classification, OWA oper-
ator, GOWA operator, weight generation, multi-distance
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CHAPTER I

Introduction

Distance based classifiers depend on the used distance function. Some of these distance functions
contain parameters and optimal parameter values are not known beforehand. For instance, the
Minkowski distance measure has a parameter that needs to be optimized for best classification ac-
curacy. Evolutionary algorithm (EA) methods can be applied to optimize these parameters. EAs
analogize the evolution process of a biological population as it adapts to changing environments in
the process of finding the optimum of the optimization problem through evolving a population of
candidate solutions. One of the most recently developed methods in evolutionary algorithm (EA)
approaches is the differential evolution (DE) algorithm. The DE algorithm is a simple, stochastic,
population based search strategy and is a powerful EA for global optimization problems arising in
many fields of science, engineering and business (Price et al., 2005).

DE algorithm uses distance and direction information from the current population to guide its fur-
ther search. It is capable of handling non-differentiable, non-linear, single and multi-modal objective
functions. DE algorithm typically requires few easily chosen control parameters such as mutation
factor, crossover and the size of the population. Since the inception of DE it has been noted that
different choices of behavioural parameters cause it to perform worse or better on a particular prob-
lem. The selection of appropriate parameters is thus a challenge (Storn, 1996; Liu and Lampinen,
2002). The DE algorithm has been applied to different classification models to improve classifica-
tion accuracy (Ilonen et al., 2003; Yiqun et al., 2012; Victoire and Sakthivel, 2011). The DE global
optimization algorithm is combined with a nearest prototype classification model and all the param-
eters needed for classification are optimized. The process is done in order to achieve the highest
classification accuracy.

The starting point for this thesis was an idea about how the differential evolution based classifier
(Luukka and Lampinen, 2010) could be extended further to cover optimization of proper selection
of a distance measure from a predefined pool of distances. The classification runs were done and
tested by the author of this thesis and it was found that experimental results of the DE based classifi-
cation with pool of distance measures provides good classification accuracy. Other issues that were
studied included: optimization of parameters and aggregation operators. The results of the initial in-
vestigation in which vector based distance measures were applied were published in (Koloseni et al.,
2012). In (Koloseni et al., 2013), the differential evolution classifier applied featurewise distance
measures in classification of a data set and different approaches of parameter optimization schemes
were utilized. The ordered weighted averaging based multi-distance measure and generalized or-

17



18 1. Introduction

dered weighted averaging in Publications III and IV respectively were applied in aggregation of the
normalized distance values. The developed differential evolution classifier versions showed good
accuracies compared to other classification methods.

The developed differential evolution classifier versions started from generalizing the basic DE clas-
sifier (Luukka and Lampinen, 2010) and progressed by one generalization at a time by concentrat-
ing on distances and aggregation operators. Additionally the DE algorithm optimized one prototype
vector for each class. The idea of optimizing several prototypes for each class is introduced in
(Luukka and Lampinen, in press). Through these modifications, some cases record small improve-
ments in accuracy, small improvements in accuracy can make a huge difference in reality, like saving
human’s life. For example, when considering Parkinsons Data set (Little et al., 2007), which is a
medical data set is aiming to assist in discrimination of healthy people from those with Parkinson’s
disease, if the small change in accuracy is ignored, it is very possible to declare a person as healthy
when the person has developed the disease and thus incur greater medical expenses or early loss of
life.

1.1 Scope of the Thesis

This study aims to apply the DE based nearest prototype classification method in optimization of
the selected distance measures and their respective parameters, aggregation of distance values and
classification of data sets in order to obtain best classification accuracy.

The DE algorithm, differential evolution classifier and aggregation operators used in fuzzy theory
are discussed in the thesis and applied to real life and artificial data sets for classification. Many
global optimization methods exist that can be used in optimization of parameters for classification
purposes e.g., genetic algorithm, particle swarm optimization and evolutionary programming. Clas-
sification consists of predicting a certain outcome based on a given input. In order to predict the
outcome (class), the algorithm processes a training set containing a set of samples and the respective
outcome, called the class label. The algorithm tries to discover relationships between the features
that enable the outcome to be predicted. Next, the algorithm is given a previously unseen data set,
called the prediction (testing) set, which contains the same set of features, except for the class label,
which is not yet known. The algorithm analyzes the input and produces a prediction. The prediction
accuracy is one of the measures for goodness of fit. For example, in a medical database the train-
ing set would have relevant patient information recorded previously, where the prediction feature
is whether or not the patient had a heart problem before surgery was performed or medicine ad-
ministered. In addition to parameters optimization, proper aggregation of information into a single
meaningful value is very important, in order to ensure higher accuracy.

This thesis contributes to discussion of the appropriateness of a classification method used in a
number of related settings, presents the development of a new method, and enhances the application
of classification method.

In this thesis, the distance measures are optimized for vector based distances and at feature level.
Furthermore if any of the determined distance measures include one or more free parameters, these
values are optimized as well. After determining the optimal distance measures and before combin-
ing them to obtain the total distance measure, the values of individual distance measures are first
normalized, and the aggregation operator is then applied to all the normalized distance measures.
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1.2 Structure of the Thesis

This thesis is made up of three parts. In Part I, there are two chapters. The first chapter comprises
an introductory part, the scope and structure of the work, while the second chapter provides an
overview of classification, a brief summary of the global optimization algorithm, differential evo-
lution, which is the branch of evolutionary algorithms is discussed. The DE algorithm as applied
in Publications I to IV is presented in Part I. The chapter also provides a literature review of some
applications of the DE algorithm with other classifiers. In the classification the DE algorithm is
applied to optimization of parameters related to the particular classifier studied in order to improve
the performance of the classifier. An overview of the types of distance measures applied in distance
based classifiers is given and how these distances are incorporated into the classifier is discussed.
The second chapter also includes general discussion of the DE based classification method and how
it can be applied to objects and also the discussion of some aggregation operators.

Part II summarizes the work done in Publications I to IV. This part is divided into four chapters.
Chapter 3 gives a summary of the work done in Publication I. In this chapter the DE algorithm is
extended to cover the optimized distance measures for vectors. The vector based distance measures
are employed in Publication I. Chapter 4 summarizes the work in Publication II, where the DE
classifier algorithm was extended to cover optimized distance measures for the features in the data
sets. In Publication II, the emphasis is on the optimized distance for each feature in the data set.
This chapter also discusses three different optimization techniques for the free parameters of the
distance measures. Classification accuracy results are presented for each technique. Chapter 5
provides a summary of Publication III. In Publication III the OWA operator is applied in a multi-
distance function for aggregation. Chapter 6 summarizes the work done in Publication IV, where
the DE classifier with feature based pool of distances applied a GOWA operator in aggregation of
the distance values. A discussion of the results obtained in the thesis, fulfillment of the goals of the
work and future prospects follows in Chapter 7.

Part III consists of four publications co-authored by the author of the thesis.



CHAPTER II

Background and Related Studies

This chapter presents an overview of classification and evolutionary algorithms together with strate-
gies that are used in differential evolution algorithms and differential evolution with different clas-
sifiers and distance measures. In addition, aggregation methods and the concept of multi-distances
are discussed.

2.1 Classification Overview

Classification is one of the most frequently occurring tasks of human and machine decision mak-
ing in real life applications where both accuracy and understandability are required. Examples of
classification in real life applications include: classification and detection of diabetic retinopathy
(Azar and Balas, 2013), score-card evaluation of outstanding loans (Hand and Henley, 1997), fore-
casting stock market movement direction (Huang et al., 2005), text classification (Tong and Koller,
2002), medical diagnosis (Wolberg and Mangasarian, 1990; Khan et al., 2001), image classification
(Camps-Valls and Bruzzone, 2005; Boiman et al., 2008), internet traffic classification (Erman et al.,
2007) and determining clusters of parishes that exhibit similarities in terms of verse meter (Riid and
Sarv, 2013).

The main idea of a classification technique (or classifier) is to systematically build classification
models from an input data set. A classifier employs a learning algorithm to identify a model that
best fits the relationship between the sample and class label of the input data. The model generated
by a learning algorithm should fit the input data well and correctly predict the class labels of objects
(records) it has never seen before. Therefore, a key objective of the learning algorithm is to build
models with good generalization capability, that is, models that accurately predict the class labels
of previously unknown records. The classification task involves the assignment of objects to a
predefined class label based on its similarity to previous examples of other objects (Duda et al.,
2012; Hand, 1981).

2.1.1 Supervised and Unsupervised Learning Methods

Machine learning techniques consider a training sample that consists of a set of all attributes (fea-
tures) and either a class label (in classification) or a real number (in regression). There are two
categories of machine learning, i.e., supervised and unsupervised learning methods. Supervised

20



2.1 Classification Overview 21

learning is the process of learning a set of rules from objects (examples in a training set) or, more
generally speaking, creating a classifier that can be used to generalize from new objects. The goal
of the machine is to learn to produce the correct output given a new input. This output could be a
class label (in classification) or a real number (in regression). For some examples the correct results
(targets) are known and are given as input to the model during the learning process. These methods
are usually fast and accurate. Supervised learning methods are able to give the correct results when
new data are given as input without knowing a priori the target.

In unsupervised learning algorithms, the model captures regularities in the data for the purpose of
restoring corrupted data or for extracting representations of the data that can be potentially used for
tasks such as density estimation, data compression, pre-processing steps for supervised learning,
dimensionality reduction or visualization of the data. Unsupervised learning algorithms can be
used also to cluster the input data in classes for given a collection of unlabeled data, in order to
analyze and discover patterns within. The two most important examples of unsupervised learning
algorithms are dimension reduction and clustering. Unsupervised learning is useful in many ways,
like collecting and labeling a large set of sample patterns which otherwise can be very expensive. By
designing a basic classifier with a small set of labeled samples and then tuning the classifier up by
allowing it to run without supervision on a large unlabeled set, much time and trouble can be saved.
Unsupervised methods can also be used to find features that can be useful for categorization, as in
feature extraction. Furthermore, it can be of interest to gain insight into the nature or structure of the
data. The discovery of similarities among patterns or major departures from expected characteristics
may suggest a significantly different approach is required to design the classifier.

2.1.2 Parametric and Non-parametric Approaches

This section introduces two approaches for probability density function estimation. First, a paramet-
ric approach that assures that the data structures follow a Gaussian distribution as a hidden structure
and two estimated parameters, mean vector and standard deviation. And second, a non parametric
approach where data are drawn from a certain unspecified probability distribution.

A parametric approach makes an assumption of data structure before estimating the probability den-
sity function of a data set. The general steps for parametric modeling of density include: choosing
a parametric model by assuming data are generated from the model, use posterior probability or
likelihood function of the parameters as the score function and use maximum likelihood estimation
(MLE) or maximum a posteriori probability (MAP) to fit the model. If the model assumption is
incorrect, the obtained model can be far away from the ground-truth property of the data. Most ap-
plications require a unique data structure which is Gaussian and also a relevant inference rule. Then,
after the construction of the probability density function of the data set, training data are discarded.
The inference rule which is left after discarding the training data is characterized by two parameters
for a Gaussian data structure, mean vector and standard deviation.

If a training data set with N data points K = {yn}Nn=1, {yn} = {yn1, yn2, ..., ynd} (hence yn ∈ Rd)
with ynj as the jth element of the nth datum in K then the Gaussian probability density function can
be expressed by the function,

p{yn} =
1

(2π)
n
2

√
|C|

exp
{
− (yn − y)TC−1(yn − y)

2

}
(2.1)
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where the mean vector, y = 1

N

∑N
n=1(yn) and C is the covariance matrix with variance, σ2 =

1

N

∑N
n=1(yn − y)T (yn − y)

For parametric statistical models, a common estimator is the maximum likelihood estimator. The
likelihood function, Ln(y) =

∏N
n=1 p(yn) is determined by the mean vector and covariance matrix

parameters. For the Gaussian data structure to fit the training data well, the likelihood function Ln,
the mean vector and the covariance matrix must be optimized. The advantages of the parametric
approach are its simple and straightforward nature.

A non parametric approach in machine learning means that the model is built by using all available
data points for an inference but these data have no clearly defined data structures. Its prediction
depends on a specific inference rule applying the relation between known data and the existing
training data. The assumption is that it is more likely to observe a data point in a high density
region rather than in a low density region. Some problems which can be encountered include high
computation cost, sensitivity to dimensionality and the requirement for a large number of data points
for a better estimate.

2.1.3 Mathematical Learning Methods

Statistical learning methods in classification play a key role in many areas of science, finance, en-
gineering and industry. An examples of a learning problem for classification in medical science is
to predict whether a patient, hospitalized due to a heart attack, will have a second heart attack. The
prediction is to be based on demographic, dietary and clinical measurements for the patient. In the
case of finance, statistical learning methods can be used to predict the price of a stock in 3 months
from now, on the basis of company performance measures and economic data.

LEARNING METHODS THAT USE PROBABILITIES

This section briefly introduces learning methods that use probability when performing classification.
The Bayesian classifier is a learning methods that use probability. Let (Φ,Σ, P ) be a probability
space and {x1, x2, ..., xN} a finite partition of the sample space Φ. Probability theory gives the
following theorem based on which the sum of any events in the space Φ can be calculated.

Theorem 2.1.1 Let Y be an arbitrary event and {x1, x2, ..., xN} a partition of the sample space Φ.
Then, P (Y) =

∑N
i=1 P{Y|xi}P{xi}, P{xi} > 0.

The Bayes Theorem is an important result and plays a significant role in classification and is stated
as

Theorem 2.1.2 Let Y be an arbitrary event and {x1, x2, ..., xN} a partition of a sample space Φ.
Then, P{xi|Y} = P{Y|xi}P{xi}∑N

i=1 P{Y|xi}P{xi}
, P{Y} > 0, P{xi} > 0, i = 1, 2, ..., N.

From the Bayes theorem, the probability P{xi|Y} is called the posterior probability because it
depends upon the specified values of Y, the probability P{xi} is the prior probability. It is called
the prior probability because knowledge of the value of xi is known before looking at the event Y
and P{Y|xi} is called the class likelihood and is the conditional probability that an event belonging
to xi has the associated event Y. P (Y)=

∑N
i=1 P{Y|xi}P{xi} is called evidence.
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In this context, the Bayes Theorem can be written as

posterior probability =
prior probability× likelihood

evidence
(2.2)

The Bayes theorem can be used in classification problems to make decisions. The goal is to mini-
mize the probability of making a wrong decision. The procedure for making decisions in classifica-
tion problems can be summarized as follows:

• Let Di be the decision rule regarding the state Si.

• Given a measurement x, the error related to the state Si is defined by P{error|x} = 1 −
P{Si|x}.

• The probability to fail is minimized.

• Choose Di if P{Si|x} > P{Sj|x},∀i 6= j .

Given a partitioning of the training set into M classes {cj} where j = 1, ...,M and given that each
component of a pattern X = {x1, x2, ..., xN}. Consider a set of data to be classified using Bayesian
classifier. In the classification the Bayes’ theorem is applied as follows:

• Compute the posterior probabilities P{cj|x1, x2, ..., xN} for all classes cj using the Bayes
rule,

P{cj|x1, x2, ..., xN} =
P{x1, x2, ..., xN |cj} × P{cj}

P{x1, x2, ..., xN}
(2.3)

• Choose the class ci that minimizes the posterior probability P{cj|x1, x2, ..., xN}.

In computation of the probability, P{x1, x2, ..., xN |cj}, the basic assumption is that each class is
described by a multi-variate normal distribution:

P{x1, x2, ..., xN |cj} =
1

(2π)
n
2

√
|Cj|

exp
{
−

(X− c)TC−1j (X− c)
2

}
(2.4)

where c denotes the n-dimensional mean vector to corresponding class cj and Cj is the covariance
matrix associated with observations from class cj . If the covariance matrices are diagonal matrices
then we get a naive Bayes classifier. Finally, the probabilities P{xi|cj} for all features xi and classes
cj can be estimated, so that a new and unlabeled objects are classified to appropriate classes ck if
the probability corresponding to that class:

N∏
j=1

P{xi|ck} = −1

2

N∑
j=1

{(X− c)TC−1j (X− c)} (2.5)

is maximal among the others. For discrete features, the conditional probabilities are calculated as

P{xi|cj} =
|xij|∑M
i=1 cj

(2.6)

where |xij| is the number of objects having feature xi and belonging to cj .
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With continuous features the type of feature distribution needs to be identified when estimating the
conditional probabilities. If we assume that the continuous features are normally distributed, then
the conditional probabilities are calculated as:

P{xi|cj} =
1

(2πσ2
ij)

1
2

exp

{
− (xij − x)2

2σ2
ij

}
(2.7)

Bayesian classifiers have the following main advantages. They are robust to isolated data and irrele-
vant features and with missing values the classifier ignores the corresponding objects in the process
of calculating the probabilities. Another advantage is that Bayesian classifier are easy to construct
since no structure learning procedure is required.

2.1.4 Structural Classification

This section introduces the problem of learning a structural classification model using the data we
have about objects. A structural classification model a called decision trees classifier, which is a
simple yet widely used approach will be discussed.

DECISION TREES

A decision tree is a classifier expressed as a recursive partition of the objects. Decision trees are
used to predict the membership of objects to different classes taking into account the values that
correspond to their features. The decision tree consists of nodes that form a rooted tree, meaning
it is a directed tree with a node called the root that has no incoming edges. All other nodes have
exactly one incoming edge. A node with outgoing edges is called a test node. All other nodes are
called leaves or decision nodes, which represent classes. In a decision tree, each internal node splits
the objects into two or more sub-spaces according to a certain discrete function of the input feature
values. In the simplest and most frequent case, each test considers a single feature, such that the
sample is partitioned according to the feature’s value (Rokach, 2008).

Here we present Hunt’s algorithm (Hunt et al., 1966). The algorithm is used to build a decision tree.
The steps are:

1. Denote Dk as the set of training objects that are associated with the node k and let ck =
{c1, c2, ..., cN} be the class labels.

2. If Dk is an empty set, then k is a leaf node labeled by the class ck.

3. If Dk consists of objects that belong to the same class ck, then k is also a leaf node and it is
labeled as ck.

4. If Dk consists of objects that belong to more than one class, then a feature test is applied to
split the object into smaller subsets.

The most commonly used criteria for node splitting are

1. The GINI index mainly is used in classification and regression trees (CART) (Stoffel and
Raileanu, 2001; Breiman et al., 1984). GINI index measure represents how much a randomly
chosen object from the training data set could be incorrectly labeled if it were randomly
labeled according to the distribution of labels in the data set. When the GINI index attains a
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value of zero, one class is present at a node. Conversely, GINI index reaches its maximum
value when the class sizes at the node are equal.

Let f(i, j) be the class of occurrence of class j at node i. Then, the GINI index is given by:

Ind(i) = 1−
N∑
j=1

f 2(i, j) (2.8)

When a node is split into k partitions, the quality of the split is given by the GINI splitting
index:

Gsplit =
k∑
i=1

ni
n
Ind(i) (2.9)

where ni is the number of objects at partition i and n is the number of records at node p.
When the GINI splitting index is lowest, the splitting of a node is optimal.

2. The entropy (Information gain): This measure is based on selecting the splitting point that
maximizes the entropy. The splitting point chosen should maximize the information necessary
for classification of objects in the resulting splitting. If all objects fall in the same class, then
a the node entropy is zero, otherwise the entropy is a positive value. This value increases up
to maximum when all classes are equally distributed. The entropy formula is given by the
equation:

Ent(i) = −
N∑
j=1

f 2(i, j)× log2[f(i, j)] (2.10)

and the corresponding entropy splitting index is:

Entsplit =
k∑
i=1

ni
n
Ent(i) (2.11)

3. Misclassification measure: This impurity index measure the classification error that can be
made at a certain splitting point. The formula for the misclassification measure is given by:

Miscl(i) = 1−max
j
f 2(i, j) (2.12)

and the corresponding error splitting index is:

Erorsplit =
k∑
i=1

ni
n
Error(i) (2.13)

STOPPING CRITERIA FOR NODE SPLITTING

The following conditions are common stopping rules for node splitting. Node splitting stops when:

1. All objects in the training set fit into a single value of a class.

2. The maximum tree length has been attained.

3. The best splitting criteria is attained.

4. The minimum number of cases for the parent node is greater than the number of cases in
terminal nodes.
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PRUNING DECISION TREE

The goal of building a decision tree is to obtain a precise and as good as possible prediction for new
entry data. An optimal prediction implies minimum erroneous classification costs. Pruned trees
tend to be smaller and less complex and, thus, easier to comprehend. They are usually faster and
better at correctly classifying test data than unpruned trees.

The tree complexity is explicitly controlled by the stopping criteria used and the pruning method
employed. Usually the tree complexity is measured by one of the following metrics: the total
number of nodes, total number of leaves, tree depth, and number of features used. There are various
techniques for pruning decision trees. Most of them perform top-down or bottom-up traversal of the
nodes. A node is pruned if the pruning operation improves certain criteria.

1. Error-complexity pruning: Error complexity pruning (Breiman et al., 1984) has two stages.
In the first stage, a sequence of trees {DT0, DT1, ..., DTN} is built on the training data where
DT0 is the original tree before pruning and DTN is the root tree. In the second stage, one
of these trees is chosen as the pruned tree, based on its generalization error estimation. The
tree DTi+1 is obtained by replacing one or more of the sub-trees in the predecessor tree DTi
with suitable leaves. The sub-trees that are pruned are those that obtain the lowest increase in
apparent error rate per pruned leaf:

β =
ε(pruned(DT, t), S)− ε(DT, S)

|leaves(DT )| − |leaves(pruned(DT, t))|
(2.14)

where pruned(DT, t) is the tree obtained by replacing the node t in DT with a appropriate
leaf ε(DT, S) is the error rate of the decision tree over the sample S and leaves(DT ) is the
number of leaves in the decision tree.

2. Minimum error pruning: The authors (Olaru and Wehenkel, 2003) proposed a minimum error
pruning technique. The technique operates from bottom to top of the internal nodes. In each
node, the l-probability error rate is calculated for the node with and without pruning and then
compared. The formula for the l-probability error rate is given by:

ε(t) = 1−max
ci∈y

|αy=ciSt|+ l × Pa(y = ci)

|St|+ l
(2.15)

where |αy=ciSt| denotes the number of training instances in y classified into the class ci.
Pa(y = ci) denotes a-priori probability of y getting the value ci, l is the weight given to
a-priori probability, which is determined according to the proportion of instances on each
branch, and St denotes the number of instances at leaf t.

3. Reduced error pruning: Reduced error pruning (Quinlan, 1987) is a simple procedure for
pruning decision trees. This technique prunes the internal nodes from bottom to top. The
internal nodes are replaced with the most frequent class that does not reduce the accuracy of
the tree.

ADVANTAGES AND DISADVANTAGES OF DECISION TREE CLASSIFIERS

Several advantages of the decision tree as a classification tool have been noted in the literature
(Rokach, 2007):
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1. Decision trees can be converted to a set of rules. Thus, this representation is considered as
comprehensible.

2. Decision trees can handle both nominal and numeric input features.

3. Decision tree representation is rich enough to represent any discrete value classifier.

4. Decision trees are capable of handling data sets that may have errors.

5. Decision trees are capable of handling data sets that may have missing values.

Some disadvantages of decision trees are:

1. Algorithms like ID3 and C4.5 require that the target feature will have only discrete values.

2. Decision trees use the divide and conquer method so they tend to perform well if a few highly
relevant features exist, but less well if many complex interactions are present.

3. Over-sensitivity to the training set, irrelevant features and noise make decision trees unstable:
a minor change in one split close to the root will change the whole subtree below. Small
variations in the training set may lead the algorithm to choose a feature which is not truly the
best one (Quinlan, 1993).

4. Another problem is the effort needed to deal with missing values (Friedman et al., 1996).
While the ability to handle missing values is considered to be an advantage, extreme effort is
required, which is considered a drawback. The correct branch to take is unknown if a tested
feature is missing, and the algorithm must employ special mechanisms to handle missing
values.

2.1.5 Generalized Classification from Nature and Real Life

This section discusses classification methods that mirror nature and real life. For centuries humans
admire animate nature and accessories applied by life creatures to fulfill various functions. At first
classification from was based only on formal resemblance and mechanistic imitation; however, as
scientific approaches become more mature the focus shifted to consideration of the inner construc-
tion of living systems. It is not possible to reproduce the full complexity of living systems and
separate subsystems utilized in general classification embody a limited set of functions and princi-
ples (Benderskaya and Zhukova, 2011). The mathematical model or classifiers based on biological
neural systems namely, neural networks and functional networks are discussed in this section.

NEURAL NETWORK BASED CLASSIFIERS

Artificial neural networks (ANNs) or simply neural networks (NNs) were initially developed based
on the elementary representation of the principles of operation of the (human) neural system. Since
then, a very large variety of networks have been constructed. All are composed of units (neurons)
and connections between them, which together determine the behavior of the network. NNs are
non programmed adaptive information processing systems. Neural networks have a fundamental
characteristic, the ability to learn from training examples with or without a teacher. NNs can also
be considered as a massively parallel distributed computing structure. The way information is pro-
cessed resembles that of a human brain. The similarity between NNs and the mechanisms of the
human brain may be condensed in the following: firstly knowledge is acquired by the network
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through the learning process, and secondly is the intensities of inter-neuron connections, known as
synaptic weights, are used to store acquired knowledge.

Figure 2.1: Basic artificial neural network model

Figure 2.1 shows that the inputs to a neuron are represented by i1, i2, i3, i4. Each input is weighted by
a factor that represents the strength of the synaptic weights, w1, w2, w3, w4. The sum of these inputs
and their weights is called the activity or activation of the neuron or the activation function. The
activation function Φ is transmitted on to produce a certain output depending on the predetermined
threshold T .

Mathematically the sum of the inputs and synaptic weights may be expreesed as:

u =
4∑
p=1

wp · ip (2.16)

and the activation function as:

φ(u) =

{
H if u ≤ T
0 otherwise . (2.17)

The activation function φ defines the output of an artificial neuron in terms of a linear combiner
output u. Some common activation functions that can be used in real world problems are:

1. The Heaviside activation function:
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φ(u) =

{
0 if u < 0
1 if u ≥ 0

. (2.18)

2. The ramp function

φ(u) =

{
−a if u < h
u if |u| < ca u ≥ c

. (2.19)

3. The linear activation function
φ(u) = a · u (2.20)

4. The Gaussian activation function

φ(u) = exp(−u
2

a
) (2.21)

5. The sigmoid activation function

φ(u) =
1

1 + exp(−a · u)
(2.22)

where a is the slope parameter of the sigmoid.

Perceptron model

The perceptron model possesses a simple learning mechanism based on feedback of the error differ-
ence of the desired and actual outputs. The decision rule for the classification problem is to assign
the input vector Y = {y1, y2, ..., yN} to class c1 if the perceptron output is +1 and to class c2 if it is
0. Given the synaptic weight vector w = {w1, w2, ..., wN}. The decision on the two regions, which
is linearly separable in the p-input space, is separated by the hyperplane:

u =
N∑
i=1

wi · yi = 0. (2.23)

Thus, there exists a weight vector ~u such that,

~w · ~Y T > 0, for every input vector ~Y belonging to class c1 (2.24)

~w · ~Y T < 0, for every input vector ~Y belonging to class c2 (2.25)

Artificial Neural Networks Topology

This section deals with the way in which many neurons can be connected to create a more complex
and functional structure. The basic elements in the construction of the functional structure are the
inputs that are fed with information from the environment, hidden neurons that control the actions in
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the network in the system, and the output that synthesizes the network response. All these elements
must be connected for the system to become fully functional.

In classifying the neural network models, three things need to be considered: the architecture, the
operating mode and the learning paradigm (Hoffmann, 1998). The architecture of the neural net-
work means the topological organization (number of neurons, number of layers, structure of the
layer, reciprocity and the signal direction ). The operating mode considers the nature of activities
during information processing, and the learning paradigm refers to how the neural network acquires
knowledge from the data set.

1. Single layer feedforward network: This is the simplest network. It has an input layer of source
nodes and output layers of computing nodes. It is termed single layer because only the output
layer is involved in the computation.

Figure 2.2: Single layer feedforward network

2. Multi layer feedforward network: This kind of network has one or more hidden layers. The
hidden layers are placed between the input and output layers. The main role of the hidden
layers is to link between the input layers and output layers in order to improve the perfor-
mance of the network. Hidden layers act as processing unit through a system of weighted
connections.
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Figure 2.3: Multilayer feedforward network

3. Recurrent network: This network differs from feedforward networks because it has at least
one feedback loop.

Learning Process in Neural Networks

This section presents the characteristics of neural networks based on their mode of learning.

1. Neural network with supervised learning: The neural network is trained to repeatedly perform
a task and is supervised by presenting it with examples of pairs of inputs/output samples. The
difference between the desired and the actual response, called the decision error, provided by
neural network is computed during the learning process. The decision error is used to adjust
the synaptic weights according to the algorithm used. The learning process continues until a
certain acceptable accuracy is reached (Zaknich, 2003).

2. Neural network with reinforcement learning: The learning of an input-output mapping is
performed by repeated iterations with the environment in order to maximize the performance.
The learning is effective because it relies on its interaction with the complex environment.

3. Neural network with unsupervised learning: The goal in unsupervised learning is to model
the input data distribution or to discover structures in the training set based on similarity and
competitive learning rules.

Types of Neural Networks

In this section some types of neural network are briefly presented. The following types of neural net-
work are considered multi-layer perceptron (MLP), radial basis function neural network (RBFNN)
and probabilistic neural network (PNN).

Multi-Layer Perceptron (MLP)

This type of neural network consists of several layers of neurons that are connected in a hierarchical
feedforward framework. The basic features of MLPs are that they contain one or more hidden
layers, the networks provide a high connectivity, and the signals propagate from input to output in a
forward direction.
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Multi-layer perceptron applies a back-propagation algorithm as a learning technique. In principal,
the predefined function error e is calculated based on the difference between the output values and
the actual values. According to the values obtained, back-propagation algorithm acts backwards
through the network to adjust the weights in order to minimize the error. The error function in
terms of weights is then calculated, e = e{w1, w2, ..., wN}. If the input Xi from the learning set
is presented to the network to produce an output Yi, different from desired response Di, then the
minimized error is defined as:

e =
1

2

∑
i

|Yi −Di|2 (2.26)

The error function e is a continuous and differentiable function of the synaptic weights wi. Thus, e
can be minimized by using an iterative process of gradient descent by calculating the gradient:

∇e = (
δe

δw1

,
δe

δw2

, ...,
δe

δwN
) (2.27)

Each weight is then updated using the increment ∆wi = ρ δe
δwi

. Once the gradient has been computed
the network weights can be adjusted iteratively in order to minimize the error function e.

Radial Basis Function Neural Network (RBFNN)

Radial basis function (RBF) networks are feed-forward networks trained using a supervised train-
ing algorithm. They are structured with a single hidden layer of units whose activation function
is selected from a class of functions called basis functions. Radial basis function networks have
several advantages. They usually train much faster than back propagation networks. They are less
susceptible to problems with non-stationary inputs because of the behavior of the radial basis func-
tion hidden units. The major difference between RBF networks and a multi-layer perceptron trained
by back propagation algorithm is the behavior of the single hidden layer. Rather than using the sig-
moidal activation function as in back propagation, the hidden units in radial basis function networks
use a Gaussian function. Each hidden unit acts as a locally tuned processor that computes a score
for the match between the input vector and its connection weights or prototype vector. The weights
connecting the basis units to the outputs are used to form linear combinations of the hidden units to
produce the final classification or output.

Considering the number N of basis functions, the RBF mapping is given by:

fk(j) =
N∑
i=1

wijφi(x) (2.28)

with the Gaussian basis function is given by:

φi(x) = exp

(
− ‖x− λi‖

2

2σ2
i

)
(2.29)

and the difference between the input vector and node center is given by:

‖x− λi‖ =

√√√√ N∑
i=1

(xi − λij)2 (2.30)
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where x is the input vector, λi is the prototype vector that determines the center of the basis function
φi, and σi denotes the width parameter. Most standard training algorithms for RBF networks consist
of two distinct phases. The first phase is the input data set is used in the calculation of the parameters
of the basis function φi and the second phase is the determination of the connection weights between
the hidden layer and the output layer (Keramitsoglou et al., 2005).

Probabilistic Neural Network

A probabilistic neural network (PNN) is able to estimate the probabilistic density functions of all
the decision classes, compare their probabilities and select the most probable class. PNN provides
a general solution to the pattern classification problem using a probabilistic approach based on
Bayesian decision theory. As a supervised neural network, PNN uses a complete training data set to
estimate the probability density function corresponding to the decision classes. The main advantage
of PNN is that it requires a single path over all training patterns. PNN has disadvantages in that it
is space-consuming and slow to execute, due to the fact that all the training samples must be scored
and used to classify new objects.

Let us consider a general classification problem of classifying the sample data, x = {x1, x2, ..., xN}
into one of the possible classes denoted by c = {c1, c2, ..., cM} used to decide D(x) := ci where
i = 1, 2, ...,M .

In this case we know:

1. the probability density function f1(x), f2(x), ..., fM(x) corresponding to the classes {c1, c2, ..., cM}
where:

fci(x) =
1

(2π)
p
2σp

1

mi

mi∑
j=1

exp

(
− d(x, xj)

2

2σ2

)
(2.31)

corresponding to the classes c = {c1, c2, ..., cM}.
The notation j is the pattern number, mi is the total number of patterns representing class i, σ
the smoothing parameter and p is the dimensionality of the measurement space.

2. a prior probability, hi = P (ci) of the occurrence of objects from category ci.

3. the parameter li associated with all incorrect decisions given by c = ci.

Then, using Bayes decision rule, we classify the objects x into the category ci if the following
condition is true:

li · hi · fi(x) > lj · hj · fj(x), i 6= j (2.32)

Thus, the decision boundaries between any two classes ci and cj provided i 6= j are given by the
hyper-surfaces:

li · hi · fi(x) = lj · hj · fj(x), i 6= j (2.33)

and the decision accuracy will depend on the estimation accuracy of the probability density function
corresponding to the decision classes.

FUNCTIONAL NETWORK CLASSIFIERS

Functional networks (Castillo, 1998) are an extension of artificial neural networks (ANNs). Unlike
neural networks, functional networks are networks in which the weights of the neurons are sub-
stituted by a set of functions. These functions are not optional but subject to strong constraints to
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satisfy the compatibility conditions imposed by the existence of multiple links going from the last
input layer to the same output units. From these different links, a system of functional equations is
obtained. When this system is solved, the number of degrees of freedom of these initially multidi-
mensional functions is considerably reduced. To learn the resulting functions, a method based on
minimizing a least squares error function is used that, unlike the functions used in neural networks,
has a single minimum.

Functional Network Structure

The structure of a functional network consists of the element shown in Figure 2.4.

Figure 2.4: Example of function network model

The layer of input storing units contains the input data x1, x2, x3 and x4. The output layer contains
the output data x10. Layers of processing units evaluate the input values coming from the previous
layer and deliver a set of output values to the next layer. To this end, each neuron has an associated
neuron function like f(x1, x2), f(x2, x3), f(x3, x4), f(x5, x6), f(x7, x8) and f(x9, x10), which can
be multivariate and can have as many arguments as inputs. Each component of a neural function
is called a functional cell. Layers of intermediate storing units like x5, x6, x7, x8, and x9, store
intermediate information produced by neuron units and a set of directed arrows. The arrows connect
and indicate the information flow direction of units in the input or intermediate layers to neuron
units, and neuron units to intermediate or output units.

Functional network models have some advantages. For example, functional networks can reproduce
certain physical characteristics that lead to the corresponding network in a natural way. However,
reproduction only takes place if an expression with a physical meaning is used inside the functions
database. Estimation of the network parameters can be obtained by solving a linear system of
equations. The process of solving systems of linear equations is fast, gives a unique solution, and
provides the global minimum of an error function.
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2.1.6 Fuzzy Set Theory Classifiers

It is possible to discretize a value into categories (e.g., low, medium, high) and then apply fuzzy
logic to allow fuzzy thresholds or boundaries to be defined for each category. Rather than having
a precise cutoff between categories, fuzzy logic uses truth values between 0 and 1 to represent the
degree of membership that a certain value has in a given category. Each category represents a fuzzy
set. Hence, with fuzzy logic, the notion that an income of 49, 000 euros is moderate, low or high,
although not as high as an income of 50, 000 euros can be captured. Fuzzy logic systems typically
provide graphical tools to assist users in converting feature (attribute) values to fuzzy truth values.

Fuzzy set theory is also known as possibility theory. It was proposed in (Zadeh, 1965) as an alter-
native to traditional two-value logic and probability theory. It permits work at a high abstraction
level and offers a means for dealing with imprecise data measurement. Most important, fuzzy set
theory brings the ability to deal with vague or inexact facts. For example, being a member of a set
of high incomes is inexact (e.g., if 50, 000 euros is high, then what about 49, 000 euros or 48, 000
euros?). Unlike the notion of traditional crisp sets where an element belongs to either a set S or
its complement, in fuzzy set theory, elements can belong to more than one fuzzy set. For example,
the income value 49, 000 euros belongs to both the medium and high fuzzy sets, but to differing
degrees.

Fuzzy set theory is useful for data mining systems performing rule-based classification as it provides
operations for combining fuzzy measurements.

In fuzzy set theory classification, a sample can have different degrees of membership in many dif-
ferent classes. The membership values are constrained so that all of the membership values for
a particular sample sum to 1. Fuzzy rules describing the control system consist of two parts; an
antecedent block (between the IF and THEN) and a consequent block (following THEN). Now the
expert knowledge for this variable can be formulated as a rule like:

Ri: If x1 is fi1 and If x2 is fi2 and ... and If xm is fim then class=cj , j = 1, 2, ..., k

The rule antecedent comprises the m-dimensional features space and the rule consequent is a class
label from the set {j = 1, 2, ..., k}. In this case m represent the number of features in the data set,
x = {x1, x2, ..., xm}T is the input vector, cj is the class of the ith rule and fi1, fi2, ..., fim are the
antecedent fuzzy sets.

The inputs are combined logically using the AND operator to produce output response values for all
expected inputs. The active conclusions are then combined to a logical product for each membership
function. The degree of activation of the ith rule is calculated as:

φi(x) =
n∏
j=1

µfij(xj), i = 1, 2, ...,m (2.34)

where µfij ∈ [0, 1] denotes the membership degree of the jth feature of the data pair x to fij .
The output of the fuzzy set theory classifier is determined by the rule with the highest degree of
activation:

z = {hi∗|i∗ = arg max
1≤i≤m

φi} (2.35)
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If the number of rules is assumed to be equal to the number of classes, then the normalized degree
of the firing of the rule which explains the certainty degree of the decision is given by the relation:

CDD =
φi∗∑m
i=1(φi)

(2.36)

In conclusion, fuzzy logic provides an alternative way to approach a control or classification prob-
lem. This method focuses on what the system should do rather than trying to model how it works.
The fuzzy approach requires sufficient expert knowledge for formulation of the rule base, the com-
bination of the sets and defuzzification. Fuzzy logic might be helpful for very complex processes
where there is no simple mathematical model.

2.1.7 Data Preprocessing Methods in Classification

Real-world data tend to be dirty, incomplete, and inconsistent. Data preprocessing techniques
(Shazmeen et al., 2013; Han and Kamber, 2006) can improve the quality of the data, thereby help-
ing to improve the accuracy and efficiency of subsequent classification. Data preprocessing is an
important step in the classification process because quality decisions must be based on quality data.
Detecting data anomalies, rectifying them early, and reducing the volume of data to be analyzed can
lead to huge payoffs for decision making.

For data preprocessing to be successful, it is essential to have an overview of the data. Descriptive
data summarization techniques can be used to identify typical properties of your data. Summarizing
techniques highlight which data values should be treated as noise or outliers before embarking
on data preprocessing techniques. Descriptive statistics such as measures of central tendency and
measures of data dispersion can be of great help in understanding the distribution of the data.

Also graphical methods like, scatter plots can be used for determining if there appears to be a
relationship, pattern or trend between two numerical features. The scatter plot is a useful tool
for providing a first look at bivariate data to see clusters of points and outliers, or to explore the
possibility of correlation relationships.

Data preprocessing includes the steps of data cleaning, data integration, data transformation, and
data reduction. Next, a brief overview of the data processing techniques is presented.

DATA CLEANING

Data cleaning (Rahm and Do, 2000; Dasu and Johnson, 2003) attempts to fill in missing values and
smooth out noise, while identifying outliers and correcting inconsistencies in the data. A number of
different approaches exist for handling missing values and noisy data.

When treating missing values, the following approaches can be applied

1. Ignoring the tuple: This approach is usually applied when the class label is missing. The
method is not very effective unless the tuple contains several features with missing values. It
is especially poor when the percentage of missing values per feature varies considerably.

2. Filling in the missing value manually: This approach is time consuming and may not be
feasible given a large data set with missing values.
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3. Using a global constant to fill in the missing value: All missing feature values are replaced
by the same constant, such as the label ’unknown’. If missing values are replaced by, say
’unknown’, then the mining program may mistakenly think that they form an interesting con-
cept, since they all have a common value, that of ’unknown’. Hence, although this method is
simple, it is not foolproof.

4. Using the feature mean to fill in the missing value: This is done by calculating the average of
the features and then using this value to replace the missing value.

5. Using the feature mean for all samples belonging to the same class as the given tuple.

6. Using the most probable value to fill in the missing value: The most probable value may be
determined with regression.

It is important to note that, in some cases, a missing value may not imply an error in the data. For
example, when applying for a credit card, candidates may be asked to supply their driver’s license
number. Candidates who do not have a driver’s license may naturally leave this field blank. Fields
may also be intentionally left blank if they are to be provided in a later step of the business process.
Hence, although data miners can try their best to clean the data after it is captured, good design of
databases and data entry procedures should help minimize the number of missing values or errors
in the first place.

Noisy data, Noise is a random error or variance in a measured variable. A number of methods can
be used to remove noise to improve the accuracy and performance of the classifier.

Binning methods smooth a sorted data value by consulting its ’neighborhood’, that is, the values
around it. The sorted values are distributed into a number of bins. Because binning methods consult
the neighborhood of values, they perform local smoothing. In smoothing by bin, each value in a bin
is replaced by the mean value of the bin. Smoothing by bin medians can also be employed, in which
case each bin value is replaced by the bin median. In smoothing by bin boundaries, the minimum
and maximum values in a given bin are identified as the bin boundaries. Each bin value is then
replaced by the closest boundary value. In general, the larger the width, the greater the effect of the
smoothing. Alternatively, bins may be equal-width, where the interval range of values in each bin
is constant.

Data can be smoothed by fitting the data to a function, such as with regression. Linear regression
involves finding the ’best’ line to fit two features, so that one feature can be used to predict the
other. Multiple linear regression is an extension of linear regression where more than two features
are involved and the data are fit to a multidimensional surface.

Outliers may be detected by clustering, where similar values are organized into clusters. Intuitively,
values that fall outside the set of clusters may be considered outliers.

DATA INTEGRATION

Classification sometimes requires data integration, the merging of data from multiple sources into a
coherent data stores. A feature may be redundant if it can be derived from another feature or set of
features. Inconsistencies in feature or dimension naming can also cause redundancies in the result-
ing data set. Some redundancies can be detected by correlation analysis. Given two features, such
analysis can measure how strongly one feature implies the other, based on the available data. For
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numerical features, the correlation between two features, X and Y , can be evaluated by computing
the correlation coefficient:

rxy =

∑N
i=1(Xi −X)(Yi − Y )

N · σXσY
(2.37)

where N represents the number of tuples, Xi and Yi are the respective values of X and Y in tuple
i, X and Y are the respective mean values of X and Y , and σX and σY are the respective standard
deviation of X and Y . If rxy is close to one, then X and Y are positively correlated, that is, if the
values of X increases also the values of Y increases, which indicates that X or Y may be removed
as a redundancy.

Careful integration of data from multiple sources can help reduce and avoid redundancies and incon-
sistencies in the resulting data set. This can help improve the accuracy and speed of the subsequent
classification process.

DATA TRANSFORMATION

In data transformation, the data are transformed or consolidated into forms appropriate for classifi-
cation. Data transformation can involve the following:

Aggregation: In aggregation, summary or aggregation operations are applied to the data. For exam-
ple, daily sales data may be aggregated so as to compute monthly and annual total amounts.

Generalization of the data: In generalization, low-level or raw data are replaced by higher-level
concepts through the use of concept hierarchies. For example, categorical features like street can be
generalized to higher-level concepts, like city or country. Similarly, values for numerical features,
like age, may be mapped to higher-level concepts, like youth, middle-age, and old-age.

Normalization: In normalization, the attribute data are scaled so as to fall within a small specified
range, such as −1 to 1 or from 0 to 1. Normalization is particularly useful for classification al-
gorithms. Normalizing the input values for each feature measured in the training tuples will help
speed up the learning phase. For example, in distance-based methods, normalization helps prevent
features with initially large ranges from outweighing features with initially smaller ranges.

There are many methods that can be used for data normalization. Suppose that minA and maxA are
the minimum and maximum values of a feature, A min-max normalization maps a value, v, of A to
v′ in the range [new minA, new maxA] by computing:

v′ = new minA +
v −minA

maxA −minA
(new maxA − new minA) (2.38)

Min-max normalization preserves the relationships among the original data values. It will encounter
an out-of-bounds error if a feature input case for normalization falls outside of the original data range
for A.

In linear normalization, the value of a feature A can be normalized as:

v′ =
v −minA

maxA −minA
(2.39)

In z-score normalization , the values for a feature,A, are normalized based on the mean and standard
deviation of A. A value, v, of A is normalized to v′ by computing:
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v′ =
v − A
σA

(2.40)

where A and σA are the mean and standard deviation, respectively, of a feature A. This method of
normalization is useful when the actual minimum and maximum of a feature A are unknown, or
when there are outliers that dominate the min-max normalization.

Normalization by decimal scaling normalizes by moving the decimal point of the values of a feature
A. The number of decimal points moved depends on the maximum absolute value of A. A value, v,
of A is normalized to v′ by computing:

v′ =
v

10 · j
(2.41)

where j is the smallest integer such that Max(|v′|) < 1. The authors Milligan and Cooper (1988)
and Gan et al. (2007) suggested the following approach for standardization of features:

v′ =
v

maxA
(2.42)

In addition to the above methods, the values can be normalized as follows way:

v′ =
v∑
A

(2.43)

In this thesis, after determining the optimal distance measures for each feature, to combine the total
distance measure the values of individual distance measures are first normalized by using equation
(2.43), and then all normalized distance measures are aggregated.

DATA REDUCTION

Data reduction techniques can be applied to obtain a reduced representation of the data set that is
much smaller in volume, but closely maintains the integrity of the original data. A classification
on the reduced data set should be more efficient yet produce almost the same or better analytical
results. In this section, the focus is on the following data reduction techniques: principal components
analysis (PCA), feature selection and feature extraction.

Principal Component Analysis

Principal component analysis (PCA) creates a small set of new variables, that will capture the im-
portant information in the full data set. This method differs from feature selection strategies in such
a way that it creates new variables that are linear combinations of the original feature chosen to cap-
ture as much of the original variance as possible. PCA employs normalization to avoid domination
in the process of data compression. The principal components are based on the eigenvectors of the
covariance matrix obtained for the normalized data set. Usually the first few principal components
are chosen to represent the data, thus a great dimensionality reduction is achieved.

PCA is a method of identifying pattens in data and a data representation format that highlights
the similarities and differences in the data. PCA serves as a powerful tool for analyzing data and
offers the advantage of data compression by reducing the number of dimension without much loss
of information.
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Feature Selection Techniques

Feature selection is primarily performed to select relevant and informative features. Feature se-
lection can have other motivations, including general data reduction, limiting storage requirements
and increasing algorithm speed, performance improvement, enhancing predictive accuracy and data
understanding, gaining knowledge about the process that generated the data, or simply visualizing
the data.

In implementation of feature selection, the feature subset selection requires a search strategy to se-
lect the candidate subset and an objective function to evaluate these candidates. The search strategy
exhausts evaluations of the feature subset with N !

(N−P )!
combinations for a fixed value of P , and 2N

combinations of P must be optimized as well. A search strategy to select the candidate subset is
therefore needed to direct the feature subset selection process as it explores the space of all pos-
sible combinations of features. The objective function evaluates the candidate subsets and returns
a measure of their goodness. This information is then used by the search strategy to select new
candidates.

Feature subset selection of a candidate can be achieved through search strategies that includes for-
ward feature selection and backwards feature selection. The forward feature selection strategy be-
gins with an empty sets of features (zero features), evaluates all features subsets and selects the ones
with best performance criteria. Backwards feature selection starts with all features and repeatedly
removes features thus improving the performance criteria. In general, machine learning provides
the technical basis of data mining for feature subset selection, which can be grouped as: filters,
wrappers, and embedded techniques (Guyon, 2006).

Filter methods are always identified as feature ranking methods. Filter methods provide a com-
plete order of the features using a relevance index. Methods for computing ranking indices include
correlation coefficients, which assess the degree of dependence of individual variables with the out-
come. Several other statistical methods are used, including classical test statistics like T-test, F-test
and Chi-squared. Moreover, methods that select features without optimizing the performance of a
predictor are referred to as filter methods.

Wrapper methods use a learning method to measure the quality of subsets of features without incor-
porating knowledge about the specific structure of the classification or regression function and can
therefore be combined with any learning machine. In wrapper methods, the search for an optimal
feature subset is through testing the performance of candidates subsets using the learning algorithm.
Wrapper methods are known to be more accurate than filters due to the fact that they are oriented
to the specific interaction between an induction algorithm and its training data, but they are more
computationally expensive and do not scale up well to high dimension data sets.

Embedded methods do not separate the learning from the feature selection part. The structure of
the class under consideration plays an important role. The difference between embedded methods
and other feature selection methods lies in the way the feature selection and learning interact. Filter
methods do not incorporate learning while wrapper methods use a learning machine to measure the
quality of subsets of features without incorporating knowledge about the specific of structure of the
classification or regression function and can therefore be combined with any learning machine.

Feature selection methods that include filter, wrapper and embedded methods have their advantages
and disadvantages. In general, filter methods are fast, since they do not incorporate learning. Most
wrapper methods include a search for optimal features in which the learning algorithm is called
repeatedly and this makes the wrapper methods slower than the filter methods. Embedded methods
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are faster than wrapper methods. Embedded methods tend to have a higher capacity than filter
methods but have an inclination to overfit. Filter methods perform better if only small amounts of
training data samples are available. With high dimensional data, embedded methods outperform
filter methods.

Feature selection techniques have been applied in classification tasks to improve classification ac-
curacy (Azar et al., 2013; Novaković et al., 2011).

Feature Extraction Techniques

Feature extraction addresses the problem of finding the most compact and informative set of feature
to improve the efficiency or data storage and processing. Feature extraction algorithms are valuable
tools which prepare data for classification processes. Feature extraction can be defined as, given
a feature space xi ∈ RN , find a mapping y = f(x) : RN → RP with P < N such that the
transformed feature vector yi ∈ RP preserve the information or structure in RN . Furthermore, an
optimal mapping y = f(x) is achieved with no increase in the minimum probability error.

Generally, the optimal mapping y = f(x) will be a non-linear transformation. However, there is no
systematic way to generate non-linear transforms; the selection of a particular subset of transforms
is problem dependent and feature extraction is limited to linear transforms y = Ax where A is an
m× p transformation matrix. The sought maximum or minimum objective function that guides the
selection of the feature extraction mapping y = f(x).

The grouping of feature extraction techniques depends on the criteria used by the objective function.
There are two categories, namely, signal representation and classification. In signal representation,
the objective of the feature extraction mapping is to represent the samples accurately in a lower
dimensional space, while for the case of classification the objective of the feature selection mapping
is to enhance the class discriminatory information in the lower dimensional space.

There is no single recipe for good dimensional reduction and no conclusive method to compare
the performance of different feature selection and feature extraction algorithms. Moreover, each
classifier may require different data preparation. To obtain an accurate and stable final model with
a particular classifier a number of data preparation methods must be validated.

2.1.8 Evaluation of Classification Results

It is often useful to measure the performance of the model on the test set because such a measure
provides an unbiased estimate of its generalization error. The accuracy or error rate computed from
the test set can be used to compare the relative performance on the same domain. However, the
class labels of the test data must be known. For example, the original data set can be divided in
such a way that 50% is allocated to the training set and the remaining part to the testing set or two
thirds to the training set and one third to the testing set. The accuracy of the classifier is based on
the estimated accuracy of the induced model on the test set. The following methods can be used to
split the data (Souza et al., 2002; Pang-Ning et al., 2006).

HOLDOUT METHOD

In this method, the original data set into two disjoint sets, namely, training set and testing set. A
classification model is then induced from the training set and its performance is evaluated on the test
set. The holdout method has the following disadvantages. First, only a small proportion of examples
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are available for training because some of the examples are withheld for testing. Therefore, the
induced model may not be as good as when all the labeled examples are used for training. Second,
the model may be highly dependent on the composition of the training and testing sets. If the training
set is too large, the estimated accuracy computed from the smaller test set may be less reliable.

RANDOM SUBSAMPLING

Holdout estimate can be made more reliable by repeating the process with different sub-samples.
This approach is called random sub-sampling. In random sub-sampling, the data is randomly par-
titioned several times into disjoint training and test sets. Errors obtained from each partition are
averaged. The random sub-sampling method has the advantage that it can be repeated an indefinite
number of times. However, a disadvantage is that the test sets are not independently drawn with
respect to the underlying distribution of examples. A stratification process can be applied during
random sub-sampling to ensure that the class distribution from the whole data-set is preserved in
the training and test sets. Stratification is the process of rearranging the data such as to ensure each
fold is a good representative of the whole. Stratification has been shown to help reduce the variance
of the estimated error especially for data-sets with many classes.

CROSS VALIDATION

Cross-validation is a statistical method for evaluating learning algorithms by dividing data into two
parts: one is used to learn or train a model and the other used to validate the model. In this approach,
the training and validation sets must cross-over in successive rounds such that each data point has
a chance of being validated. The basic form of cross-validation is k-fold cross-validation. Other
forms of cross-validation are special cases of k-fold cross-validation or involve repeated rounds of
k-fold cross-validation. In k-fold cross-validation the data is first partitioned into k equal (or nearly
equal) folds. Subsequently, k iterations of training and validation are performed such that within
each iteration a different fold of the data is held-out for validation while the remaining k − 1 folds
are used for learning. The main goal of the cross validation is to estimate the performance of the
learned model from available data.

In this thesis, cross-validation is used to evaluate the performance of the classifiers. Each data set is
partitioned in two parts of equal size. One part is used for training and the remaining part for testing.
The cross-validation is run 30 times, using different randomization seed values for cross-validation
shuffling in each run to ensure low bias.

PREDICTIVE ACCURACY

Predictive accuracy is a criterion for estimating the performance of a classification model based on
the number of test records correctly and incorrectly classified by the model (Lakshmi et al., 2013).
These numbers are tabulated in a table known as a confusion matrix. A confusion matrix contains
information about actual and predicted classifications done by a classification system. Performance
of such systems is commonly evaluated using the data in the matrix. Table 2.1 shows the confusion
matrix for a two class classifier.

The entries in the confusion matrix have the following meaning in the context of our study:

• a11 is the number of correct predictions that an instance is positive
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• a12 is the number of incorrect predictions that an instance is negative

• a21 is the number of incorrect of predictions that an instance positive and

• a22 is the number of correct predictions that an instance is negative

Class=1 Class=2

Actual class
class=1 a11 (True positive) a12 (False negative)
class=2 a21(False positive) a22(True negative)

Table 2.1: Confusion matrix for a binary classification problem

Each entry aij in Table denotes the number of records from class i predicted to be of class j . For
instance, a12 is the number of records from class 1 incorrectly predicted as class 2. Based on the
entries in the confusion matrix, the total number of correct predictions made by the model is a11+a22
and the total number of incorrect predictions is a12 + a21. Although a confusion matrix provides
the information needed to determine how well a classification model performs, summarizing this
information with a single number would make it more convenient for comparison of the performance
of different models. This can be done using a performance metric (Elish and Elish, 2008) such as
accuracy, which is defined as follows:

Accuracy =
Number of correctly classified samples

Total number of all samples in the testing set
(2.44)

Accuracy =
a11 + a22

a11 + a12 + a21 + a22
=

True positive+True negative
True positive+True negative+False positive+False negative

(2.45)

Equivalently, the performance of a model can be expressed in terms of its error rate, which is given
by the following equation:

Error rate =
Number of wrong predictions

Total number of all predictions
(2.46)

Error rate =
a12 + a21

a11 + a12 + a21 + a22
=

False positive+False negative
True positive+True negative+False positive+False negative

(2.47)
Most classification algorithms seek models that attain the highest accuracy, or equivalently, the
lowest error rate when applied to the test set.

Accuracy is not a sufficient measure for evaluating a model with an imbalanced distribution of
the class. There are cases where the estimation of an accuracy rate may mislead one about the
quality of a derived classifier. In such circumstances, where the dataset contains significantly more
majority class than minority class instances, the majority class can be selected and good accuracy
performance obtained. Therefore, in these cases, sensitivity and specificity measures can be used as
an alternative to accuracy measures (Han and Kamber, 2000). Sensitivity (or recall) assesses how
well the classifier can recognize positive samples. Moreover, the probability that the classifier will
give correct classification must be known, unfortunately, the sensitivity and specificity do not give
us such information. In addition, positive predictive value (PPV) can be considered, which gives the
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number of cases with positive test results that are correctly classified, and negative predictive value
(NPV), which gives the number of cases with negative test results that are correctly classified. The
formulas for the measures of performance are the following:

Sensitivity =
Number of true positives

Number of true positives+ Number of false negatives
(2.48)

Specificity =
Number of true negatives

Number of true negatives+ Number of false positives
(2.49)

Positive predictive value (PPV) =
Number of true positives

Number of true positives+ Number of false positives
(2.50)

Negative predictive value (NPV) =
Number of true negatives

Number of true negatives+ Number of false negatives
(2.51)

Other indicators that can be taken into consideration when evaluating a classifier are:

False positive rate =
False positive

True negative+False positive
(2.52)

False negative rate =
False negative

True positive+False negative
(2.53)

Miscalculation rate =
False negative+True negative

True positive+True negative+False positive+False negative
(2.54)

RECEIVER OPERATING CHARACTERISTIC (ROC) CURVE

The receiver operating characteristic (ROC) curve was introduced during World War Two. ROC
curves were used for military electrical and radar operations as a means to characterize operators’
ability to correctly identify friendly or hostile aircraft based on radar signals. ROC curves have been
subsequently used in various fields like signal detection theory (Green and Swets, 1966), medical
research (Pepe, 2003), machine learning and data mining (Provost et al., 1998).

The ROC curves are used to assess the results of predictions. In classification problems, the ROC
curve technique is used for visualizing, organizing and selecting classifiers based on their perfor-
mance. The ROC curves illustrates the tradeoff between true positive to false positive rates (Provost
et al., 1998). They provide a comprehensive description because they indicate all of the combina-
tions of sensitivity and specificity that a diagnostic test is able to provide (Metz, 2006).

The classic ROC curve is generated by plotting the sensitivity on the vertical axis, and 1 −
specificity on the horizontal axis.
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Figure 2.5: An example of a ROC curve

Several points in the ROC space are important to note. The lower left point (0,0) represents the
strategy of never issuing a positive classification. The opposite strategy of unconditionally issuing
a positive classification is represented by the upper right point (1,1). The point (0,1) represents
the perfect classification. The diagonal line divides the ROC space as follows, points above the
diagonal represent good classification results, while points below the diagonal line represent poor
classification results. To conclude, a point in the ROC space is better if it is located the northwest
of the square.

AREA UNDER RECEIVER OPERATOR CHARACTERISTICS CURVE

Area under the ROC curve (AUROC) is a useful metric for classifier performance since it is in-
dependent of the decision criterion selected and prior probabilities. The AUROC comparison can
establish a dominance relationship between classifiers. If the ROC curves intersect, the total area
under the curve is an average comparison between models (Lee, 2000). The bigger the area under
the curve is, the better the model is. As opposed to the other measures, the area under the ROC curve
does not depend on the imbalance of the training set (Kotcz et al., 2003). Thus, the comparison of
the AUROC of two classifiers is fairer and more informative than comparing their misclassification
rates.
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2.1.9 Desirable Properties of the Classification Methods

There are several properties of a good classifier. Each of these properties is important when choosing
or building a classifier for solving a classification problem. Some desirable properties for a good
classifier are explained in (Simpson, 1992). The properties are:

NON-LINEAR SEPARABILITY

A good classifier should have a capability to build decision regions that separate classes of any shape
and size. Inability of a classifier to perform nonlinear separation is considered to be a drawback.

TRAINING TIME

One drawback of non linear classification algorithms is the amount of time spent on learning the
decision boundaries of the classes. A good classifier should be able to learn non linear decision
boundaries with short training time. Some examples of classifiers that have shown improvement in
terms of training time are probabilistic neural networks (Specht, 1990) and their extensions (Streit
and Luginbuhl, 1994).

ON-LINE ADAPTATION

Another property of a good classifier, is its ability to learn new classes and refine existing classes
without destroying old class information. Off-line adaptation requires a complete retraining of the
whole system with both the old and new information each time new information is added to the
classification system. Thus, requires large memory and longer training times.

OVERLAPPING CLASSES

A good classifier should be able to form a decision boundary that minimizes the misclassification
error for all overlapping classes. Bayes classifiers are the most prevalent method for minimizing
misclassification error. However, Bayes classifiers require knowledge of the underlying probability
density function for each class. In the case of online adaptation, the probability density function
must be found extemporaneously and constantly tuned to represent the immediate state of the data
being received.

VERIFICATION AND VALIDATION

It is important for a classifier to develop a mechanism for verifying and validating its performance.
Methods employed for performing such tasks can include scatter plots, contour plots and closed
form solutions.

TUNING PARAMETERS

A good classifier should have as few parameters to tune as possible. The parameters should be
trained in the beginning and not during the training. The effect of parameters should be well under-
stood.
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NON PARAMETRIC CLASSIFICATION

Parametric classifiers assume a prior knowledge about the underlying probability density function
of each class. If a priori knowledge is available, then it is easier to build a reliable classifier. A
prior knowledge is not always available for non parametric classifiers. Therefore, it is important to
be able to describe the underlying distribution of the data in a way that will provide reliable class
boundaries.

SOFT AND HARD DECISIONS

A good classifier should have the ability to provide both soft and hard classification decisions. A
classifier has soft decisions if it provides a degree to which a certain pattern fits within a class. In
object recognition, it is possible to train a system to recognize the classes of the primary colors and
use a soft decision process to determine the degree to which each of the three colors is present. A
hard decision is when the classifier has the ability to discriminate if the object is in a class or not.

2.2 Evolutionary Algorithms

Evolutionary algorithms (EAs) are population based, stochastic optimization methods inspired by
the theory of evolution and natural selection. EAs have become a popular tool for solving global
optimizations problems (Back, 1996; Price, 2013). EAs consist of such mainstream methods such
as evolutionary strategies (ESs) (Beyer, 2001; Rechenberg, 1971), genetic algorithms (GAs) (Davis,
1991; Goldberg and Holland, 1988), evolutionary programming (EP) (Fogel et al., 1966; Back
et al., 1997), genetic programming (GP)(Banzhaf et al., 1998; Koza, 1992), ant colony optimization
(ACO) (Dorigo and Stützle, 2003), particle swarm optimization (PSO) (Clerc, 2010) and differential
evolution (DE)(Storn and Price, 1997). EAs are effective and classical search techniques (Eiben and
Smith, 2003). Evolutionary algorithms are designed to act on a population of potential solutions.
EAs apply the principle of survival of the fittest to create the best approximations to a solution.
At each generation, a new set of approximations is created by the process of selecting individuals
according to their fitness level in the population and breeding them together using operators bor-
rowed from natural genetics. This process leads to the evolution of populations of individuals that
are better suited to their environment than the individuals that they were created from, just as in
natural adaptation. The general scheme of an EA (Eiben and Smith, 2003) can be summarized as in
Algorithm 1

Algorithm 1 The general scheme of an EA in pseudo-code
Begin Initialize population with random candidate solution Evaluate each
candidate Repeat until (Termination condition is satisfied) DO

1. Select parents;
2. Recombine pairs of parents;
3. Mutate the resulting offspring;
4. Evaluate new candidates;
5. Select individuals for next generation.

OD
End
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EA starts by randomly initializing a number of individuals. The objective function is then evaluated
for these individuals and the first generation is created. If the optimization criteria are not met, then
creation of a new generation begins. The individuals for the new generation are selected according to
their fitness for the creation of offspring. Pairs of parents are recombined to produce new offspring.
All offspring are mutated with a certain probability. The fitness of the offspring is then computed.
The offspring are added into the population to replace the parents, producing a new generation. The
cycle is continued until the optimization or stopping criteria are attained.

The single population EA described above is efficient, powerful and performs well on a wide range
of optimization problems. However, the introduction of multiple sub-populations can lead to better
results. Each sub-population evolves over a few generations like the single population evolutionary
algorithm before one or more individuals are exchanged between the sub-populations. From the
above discussion, it can be seen that EAs differ considerably from traditional search and optimiza-
tion methods. The most significant differences are the following (Sumathi et al., 2008):

1. Evolutionary algorithms do not search a single point but a population of points in parallel.

2. Evolutionary algorithms do not require derivative information but only the objective function
and corresponding fitness levels influence the directions of the search.

3. Evolutionary algorithms use probabilistic transition rules.

4. A number of potential solutions to a given problem can be provided by the evolutionary
algorithm employed.

5. The final choice of the tuning parameters is left to the user.

6. If a problem does not have one individual solution then EAs are potentially useful for identi-
fying alternative solutions simultaneously. For example, a family of pareto-optimal solutions,
as in the case of scheduling problems and multi-objective optimization.

7. Evolutionary algorithms are straightforward to apply, because there are no restrictions for the
definition of the objective function.

Users of optimization algorithms generally demand that a practical minimization technique should
at least satisfy the following four requirements (Storn and Price, 1997):

1. The ability to handle non-differentiable, non-linear and multi-modal objective functions.

2. The ability to cope with computation intensive objective functions.

3. Ease of use, i.e. few control parameters to guide the minimization. These parameters have to
be robust and easy to choose.

4. Good convergence properties, i.e. consistence convergence to the global minimum in consec-
utive independent trials.

The good convergence properties demanded in requirement (4) are mandatory for a good minimiza-
tion algorithm. Although many approaches exist to theoretically describe the convergence properties
of a global minimization method (Ingber and Rosen, 1992; Ingber, 1993), only extensive testing un-
der various conditions can show whether a minimization method can satisfy its promises. DE scores
very well in this regard as will be explained in detail in Section 2.2.1. The novel global optimization
method differential evolution was designed to satisfy the above four requirements as demanded by
the user of optimization algorithms.
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2.2.1 Differential Evolution Algorithm

Differential evolution is a parallel direct search method and simple real-coded evolutionary algo-
rithm (cf. Storn and Price, 1997; Price et al., 2005). It creates new candidate solutions by com-
bining the parent individual and several other individuals within the same population. A candidate
replaces the parent in the population if it has better fitness value. A set of D optimization parame-
ters is called an individual. A population of the differential evolution (DE) algorithm contains NP
parameter vectors denoted as:

−→
X i,G = {xi,1,G, xi,2,G, . . . , xi,D,G}, i = 1, 2, . . . , NP,

where G denotes the generation. NP does not change during the minimization process. For one
generation for each vector, DE employs mutation and crossover to produce a trial vector:

−→
U i,G = {ui,1,G, ui,2,G, . . . , ui,D,G}, i = 1, 2, . . . , NP.

Then a selection operation is used to choose vectors for the next generation G+ 1.

INITIALIZATION OF THE PARAMETER VECTORS

DE searches for a global optimum point in a D-dimensional continuous hyperspace. It begins with
a randomly initiated population of NP number of D-dimensional real-valued parameter vectors.
Each vector forms a candidate solution to the multi-dimensional optimization problem.

The initial population parameters should be well specified to cover the entire search space as much
as possible. This is done by randomizing individuals within the search space constrained by the
prescribed minimum and maximum parameter bounds

−→
Xmin = {x1,min, x2,min, . . . , xD,min} and

−→
Xmax = {x1,max, x2,max, . . . , xD,max}. For example, the initial value G = 0 of the jth parameter of
the ith vector is:

xi,j,0 = xj,min + randj(0, 1) · (xj,max − xj,min). j = 1, 2, ..., D

The subscript j indicates that a new random value is generated for each parameter. The random
number generator, randj(0, 1) creates a uniformly distributed random number in the range (0, 1).

MUTATION OPERATION

After the initialization step, DE mutates a population to produce a mutant vector Vi,G with respect
to each individual

−→
X i,G. This process is achieved by differential mutation to add a scaled, randomly

sampled vector difference to the third vector (Storn and Price, 1997):

Vi,G = xr1,G + F · (xr3,G − xr2,G).

The mutation scale F ∈ (0, 2) is a positive real number that controls the rate at which the population
evolves. The indexes r1, r2, r3 represent the random and mutually different integers generated
within the range [1, NP ] and different from the target vector index i. The DE multiplies F by a
sample vector difference from an adaptive distribution. The distribution of the difference vector
depends on the distribution of the vectors. The value F can be kept constant during optimization
without compromising the DE’s ability to generate steps of the required size. The number NP must
be greater or equal to four to allow for this condition to be satisfied. Note that the difference vector
indices r3 and r2 are randomly selected once per mutant.
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CROSSOVER OPERATION

To enhance the potential diversity of the population, crossover is used to compliment the mutation
strategy. The target vector is mixed with the mutated vector to create the trial vector:

−→
U i,G+1 =

{ −→
V i,G if (randj(0, 1) ≤ CR or j = jrand)−→
X i,G otherwise

.

The crossover probabilityCR ∈ [0, 1] is a user defined value that presents the probability of creating
parameter values that are copied from a mutant. To determine which source contributes a given
parameter, uniform crossover compares CR to the output of a uniform random number generator,
randj(0, 1). If the random number is less than or equal to CR, the trial parameter is inherited from
the mutant Vi,G otherwise the parameter is inherited from the target vector Xi,G. In addition, the
trial parameter with randomly chosen index jrand is taken from the mutant to ensure that the trial
vector does not duplicate the target vector Xi,G.

This process is illustrated in Figure 2.6.

Figure 2.6: Uniform crossover: The initial randomly chosen parameter is inherited from the
mutant (e.g., jrand = 3 ). The remaining parameters are filled with D-1 independent trials. If
randj(0, 1) ≤ CR, the parameter values come from the mutant, otherwise the parameters are
donated from the target.

SELECTION OPERATION

The next step of the algorithm calls for selection to determine whether the target or the trial vector
survives to the next generation, i.e., at G = G+ 1.
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The selection process takes place based on the fitness value of the population vector and its corre-
sponding trial vector. If the fitness value of the trial vector Ui,G has an equal or lower value than that
of its corresponding target vector Xi,G, then Ui,G replaces Xi,G in the next generation, otherwise the
target vector remains in the population. As a result, all the individuals of the next generation are as
good or better than those in the current generation. For example, for the minimization problem, the
following selection rule can be used:

−→
X i,G+1 =

{ −→
U i,G if f(

−→
U i,G) ≤ f(

−→
X i,G)

−→
X i,G otherwise

.

Here f is an objective function. Once the new population has been established, the process of
mutation, crossover and selection is repeated until the optimum is achieved or a predefined stopping
criterion is satisfied. DE is an elitist method since the best population member is always preserved
and the average fitness value of the population will never get worse.

2.2.2 Overall DE Algorithm

The overall presentation of a classic DE, i.e., DE/rand/1/bin is presented in Algorithm 2 (Storn
and Price, 1997; Price et al., 2005). The notation of the DE strategy is given in such a manner
because the base vector is randomly selected, one vector difference is added to it, and the number
of parameters donated by the mutant vector closely follows a binomial distribution (Price, 2013).

Algorithm 2 Differential Evolution

Input: D,Gmax, NP ≥ 4, CR ∈ [0, 1].
and initial bounds : xmin, xmax

Initialize:

 ∀i ≤ NP
∧
∀j ≤ D :

−→
X i,G = {xi,1,G, xi,2,G, . . . , xi,D,G}, i = 1, 2, . . . , NP.

i = 1, 2, . . . , NP , j = 1, 2, . . . , D,G = 0, randj[0, 1] ∈ [0, 1]

.

Mutate and Recombine:
r1, r2, r3 ∈ {1, 2, . . . , NP} , (randomly selected,

except mutually different and different from i)
jrand = floor (rand i[0, 1) ·D) + 1
for(j = 1; j ≤ D; j = j + 1)
{

if(rand j[0, 1) < CR ∨ j = jrand)
uj,i,G = vj,r3,G + F · (vj,r1,G − vj,r2,G)

else
uj,i,G = vj,i,G

}
Select :

−→
X i,G+1 =

{ −→
U i,G if f(

−→
U i,G) ≤ f(

−→
X i,G)

−→
X i,G otherwise

.

There is a possibility that the strategy DE/rand/1/bin search stagnates or premature convergence
occurs before reaching the global optimum. The probability of stagnation or premature convergence
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can be reduced by increasing the size of the population and/or mutation operator F . The search can
also be repeated several times to increase the confidence.

2.2.3 Differential Evolution Family

Different strategies of differential evolution have been developed. They differ in the methods used
for crossover and selection of the base vector for mutation. Also the number of difference vectors
may change. The mutation scheme in Section 2.2.1 uses the randomly selected vector xr1,G and
one perturbed weighted difference vector F · (xr3,G − xr2,G), and is referred to as DE/rand/1.
When the scheme is used in conjunction with binomial crossover, it result in DE/rand/1/bin. The
general convention is DE/x/y/z where DE stands for differential evolution, x stands for a string
denoting the base vector to be perturbed, y the number of difference vectors for perturbation of x,
and z represents the kind of crossover used, for example bin for binomial and exp for exponential.
Four other DE strategies mutation schemes are outlined below, as suggested by (Price et al., 2005;
Price, 1999).

Strategy DE/best/1: This DE strategy is identical to DE/rand/1 with the exception that the base
vector to be perturbed is replaced by the best vector of the current population:

Vi,G = xbest,G + F · (xr2,G − xr1,G). (2.55)

Strategy DE/best/2: In this DE strategy the donor vector is formed by using two difference vec-
tors:

Vi,G = xbest,G + F · (xr1,G + xr2,G − xr3,G − xr4,G). (2.56)

Strategy DE/rand/2: This is a strategy in which the perturbed vector is selected randomly and
two weighted difference vectors are added to produce the donor vector:

Vi,G = xr1,G + F · (xr2,G + xr3,G − xr4,G − xr5,G). (2.57)

Strategy DE/rand to best/1: In this strategy, the donor vector used to perturb each population
member is formed by using any two selected members of the population and the best vector of the
current population:

Vi,G = xr1,G + δ · (xbest,G − xri,G) + F · (xr2,G − xr3,G), (2.58)

where δ ∈ [0, 2] is the control parameter of DE, xri,G is the target vector and xbest,G is the best
member of the current population.

Each of the above strategies can be formulated by combining either binomial crossover or exponen-
tial crossover (Das et al., 2008).

There has been empirical comparison between several DE strategies. For instance, (Storn and
Price, 1997) showed the performance difference between the two strategies DE/rand/1/bin and
DE/best/1/bin. The strategy DE/best/1/bin is faster and greedier but DE/rand/1/bin is more
reliable and therefore performed better with harder problems.
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2.2.4 Differential Evolution with Other Classifiers

This section reviews some classification techniques that have been used in combination with the DE
algorithms. DE algorithm encompass the usage of classification method to ameliorate the classi-
fication accuracy. Commonly used methods combines for classification tasks with DE algorithms
include naive-Bayes (NB) methods (Zheng and Webb, 2010b), fuzzy logic (FL) tools (De Falco,
2011), neural networks (NN) (O’Hora et al., 2006), support vector machines (SVM) (Qiu et al.,
2011), decision trees (Murthy et al., 1994) and nearest neighbors (AlSulker et al., 2010).

DIFFERENTIAL EVOLUTION BASED NAIVE BAYES CLASSIFIER

The differential evolution based naive Bayes classifier (DEBC) is based on the feature independence
assumption. A number of improvements to the Bayesian classifier have been presented. Examples
include, lazy learning of Bayesian rules (LBR), tree augmented naive Bayes (TAN), averaged one-
dependence estimator (AODE) and super parent one-dependence estimator (SPODE) (Zheng and
Webb, 2000, 2010b,a). In Wanyu et al. (2008), the authors provides a framework of a linear weighted
SPODE ensemble and determines the weights of SPODEs by differential evolution. Jia and Zhihua
(2011) proposed differential evolution based on weighted naive Bayes (WNB) algorithms. In that
proposal the DE algorithm learns the best weight and then classifies the test instance using the WNB
based on the weight learnt. In (Wu and Cai, 2011), the authors use differential evolution algorithms
to determine the weights of attributes and then use these weights in their previously developed
Weighted Naive Bayes (WNB). They evaluate the performance of new configuration (DE-WNB)
on the 36 standard UCI data sets in Weka system. Experimental results show that the classification
accuracy of the DE-WNB algorithm is very good with respect to other common WNB classifiers.

DIFFERENTIAL EVOLUTION BASED FUZZY CLASSIFIERS

Differential evolution can be used as a rule generation and optimization tool in the design of fuzzy
based systems. As discussed in (Amalraj and Sakthivel, 2011), where a study on local search guided
differential evolution (LSDE) is presented, the search algorithm generates fuzzy rules which are then
used to construct a fuzzy classifier system capable of detecting intrusive behaviours.

The concept of automatic classification of items in databases was introduced by De Falco (2011).
This approach automatically extracts explicit knowledge from the database under the form of IF-
THEN rules. The idea underlying in this approach is that any candidate in the DE population
represents a set of rules that makes a reference to a number of different classes. These rules compete
with many as other sets of rules as there are candidates in the DE population. A feature in this
approach is that more than one rule can be found for each class , if the algorithm finds it necessary
to improve classification performance.

DIFFERENTIAL EVOLUTION BASED k-NEAREST NEIGHBOUR CLASSIFIERS

Use of nearest neighbour (k-NN) in classification is popular because of its good performance in
data mining and other disciplines (Cover and Hart, 1967). In classification, the k-NN algorithm is
a method in which a new object is labeled based on its closest k-neighboring objects. The k-NN
algorithm is constructed in such a way that a new object is classified by performing the following
steps:
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1. Compute the distance/similarity between all training set/objects and the new object.

2. Identify the k nearest objects (most similar neighbours) by ordering the training objects taking
into account the computed distance in the first step.

3. Assign the label which is most frequent among the k training records closest to that object.

A framework for a differential evolution technique to optimize the positioning of the prototypes for
the nearest algorithm acting as prototype generation (PG) method was proposed in (Triguero et al.,
2011). The proposal comprised two main ideas; one is to determine which proposed DE algorithm
works properly to solve the PG problem in order to strike a good balance between exploitation
and exploration and the other is to find a good relation between prototype selection and prototype
generation when obtaining hybrid algorithms that lead to promising solutions.

A hybrid approach proposed in (Triguero et al., 2012) combines PG methodologies with feature
weighting. The most promising feature weights and location of the prototypes are generated by a
self adaptive differential evolution algorithm. Evolutionary prototype generation methods usually
tend to overfit the training data in a small number of iterations. For this reason, Triguero et al.
(2012) applied, during the evolutionary optimization process, a feature weighting stage to modify
the fitness function of the PG method and determine the relevance of each feature. The aim of
feature weighting methods is to reduce the sensitivity to redundant, irrelevant or noisy features in
the nearest neighbor rule by modifying its distance function with weights.

The authors in (AlSulker et al., 2010) derived four versions of k-NN variants optimized with DE op-
timization based on class-wise accuracy. The four variants are feature weighting, neighbor weight-
ing, class weighting and hybrid weighting. In feature weighting, each member of the population is
represented by a weight matrix of length equal to the number of features available at the particular
matrix. In neighbor weighting, the members of the population are represented by a weight matrix of
length equal to that of the number of nearest neighbors. A weighted voting is then assigned a class
label for each sample. In class weighting, members of the population are represented by a weight
matrix of length equal to that of the total number of classes. In hybrid weighting, each member of
the population is assigned a weight equal to the sum of elements that represent the features weights
and class weights. In order to accelerate the search process and reduce computation time, Liu and
Sun (2011) proposed a DE-k-NN technique. The idea of DE-k-NN is to use the k-NN predictor
in conjunction with DE to accelerate the search process. The technique also uses a cheap predic-
tor, constructed through dynamic learning, to reduce the computationally expensive evaluation calls
during the DE search.

DIFFERENTIAL EVOLUTION WITH PROAFTN CLASSIFIER

The combination of DE and PROAFTN forms DEPRO (Al-Obeidat et al., 2010). PROAFTN is
under the field of multiple criteria decision making (MCDA) process and belongs to the class of
supervised learning algorithms. In DEPRO, DE is utilized as an inductive learning approach to
infer the best PROAFTN parameters from the training samples. The generated samples are used
to compose prototypes which represent the classification model that will be used for assigning un-
known samples. The main goal is to find prototypes that maximize the classification accuracy on
each dataset. The optimization process is performed using the DE/rand/1/bin algorithm. In the
DE execution, each individual representing the prototype has to be evaluated, meaning that a value
indicating the suitability presenting the classification accuracy is returned by an objective function.
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In each iteration, the goal is to maximize the classification accuracy. After completion of the train-
ing process, classification is then done by PROAFTN using the assignment rules and a prototype is
generated to classify the unknown objects into the target classes.

DIFFERENTIAL EVOLUTION WITH SUPPORT VECTOR MACHINE CLASSIFIER

Support vector machine (SVM) is a classification method based on statistical learning. The key idea
of SVM classification is to search for separating hyperplanes with maximal margin and nonlinear
function estimation (Vladimir and Vapnik, 1995). Here, the margin is the sum of the minimum
distances from the training samples of the two classes to the hyperplane. In (Zhang et al., 2011),
the authors propose a heuristic optimization method for model selection in two-class SVMs, cross-
validation being used to estimate accuracy. The main principle was to improve performance by
tuning the hyper-parameters. Experimental results on the selected benchmark data sets showed that
the differential evolution based model can find the optimized points in the hyper-parameters plane
quicker than using simple grid search. Furthermore, the classification accuracy of the differential
evolution based model selection outperformed particle swarm optimization (PSO).

Many researchers have tried to ensure good generalization performance. Qiu et al. (2011) use
bare bones differential evolution (BBDE) to tune the parameters of a SVM classification using
DE algorithm. To improve the classification accuracy for rainstorm forecasting, Jun and Jian (2009)
introduced a method combining differential evolution and support vector machine (DE-SVM). In
this optimization mechanism, the DE optimizes the SVM parameters.

Given a data set with m examples (xi, yi) where each xi is an input data and a class vector yi ∈
{−1, 1} is its corresponding binary class label. The SVM is able to generate a separation hyperplane
that has maximum generalization ability. The decision function is of the form:

y(x) =
m∑
i=1

(C · yi ·K(xi, xj) + b), (2.59)

where C and b stand for the parameters needing to be determined by the SVM’s learning algo-
rithm, K is the Gaussian kernel function, which implicitly maps the training patterns into a higher
dimensional space. The Gaussian kernel function is given by the function:

K(xi, xj) = exp(−β‖xi − xj‖2), where β > 0. (2.60)

The general performance of the SVM largely depends on the kernel function parameter β and
penalty parameter C. That is, selecting the kernel parameters corresponding to selecting the map-
ping from input space to feature space and tuning the penalty parameter is equal to weighting the
slack variables, the error terms, with the Gaussian kernel function. Two parameters (C, β) need to
be optimized by the DE algorithm.

Least square support vector machine (LS-SVM) based differential evolution algorithm versions have
recently been proposed by Xiaotian et al. (2009) and Feoktistov et al. (2004) as an alternative way
to improve the convergence efficiency.

In Bhadra et al. (2012), the authors have devised a meta classifier model by simultaneously opti-
mizing different evaluation criteria of classifier performance. The support vector machine (SVM)
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is used as the underlying classifier and its kernel parameters are optimized using differential evolu-
tion. A new fitness function is also formulated combining different classifier evaluation criteria, i.e.,
accuracy, sensitivity and specificity. The performance of the proposed meta classification approach
is demonstrated as superior to those of the individual classifiers and several other meta classifiers
based on analysis on three real-life data sets.

DIFFERENTIAL EVOLUTION WITH NEURAL NETWORK CLASSIFIERS

Neural networks (NN) are important tool for classification (Zhang, 2000) and recent research on
neural network classification has been found that neural networks are a promising alternative to
various conventional classification methods (Jebaseeli and Kirubakaran, 2013). The advantage of
using neural networks lies in the following theoretical aspects. Firstly, neural networks are data
driven self-adaptive methods in that they can adjust themselves to the data without any explicit
specification of functional or distributional form for the underlying model. Neural networks are uni-
versal functional approximators and can approximate any function with arbitrary accuracy (Hornik,
1991; Zhang et al., 2004). In addition, neural networks are nonlinear models, which makes them
flexible in modeling real world complex relationships, and neural networks are able to estimate the
posterior probabilities, which provides the basis for establishing classification rules and performing
statistical analysis (Richard and Lippman, 1991). O’Hora et al. (2006) studied the potential fo us-
ing differential evolution algorithm to automate the construction of a radial basis function network
and to assess the utility of the resulting classification systems on a variety of test data sets. The
results from the RBFN-DE hybrids are shown to be competitive against the best performance on
these datasets using alternative classification methodologies. In (Pedersen and Chipperfield, 2011),
experiments were conducted with meta-optimizing the parameters of eight different DE strategies
used for optimizing ANN weights. The DE strategies ranged from the basic DE strategy with fixed
parameters during optimization, to DE strategies employing some form of perturbation or adaptation
of the parameters, designed with the intent of better adapting and generalizing to new optimization
problems. The results show that there is no general advantage to these so-called adaptive parameter
schemes, when compared to the basic DE which has fixed parameters during optimization, if only
those parameters are chosen properly.

DIFFERENTIAL EVOLUTION AND DECISION TREES CLASSIFIERS

Decision trees are a classification technique used in data mining. Decision trees are used to predict
the membership of objects in different classes taking into account the values that correspond to
their features. Perceptron decision trees (PDTs) have been used extensively in real life classification
tasks with good results (Murthy et al., 1994). PDTs are decision trees whose nodes test a linear
combination of the features partitioning the input space by hyperplanes in general position (Bennett
et al., 2000). Lopes et al. (2012) proposed an approach for evolving PDTs based on differential
evolution algorithms. The differential evolution algorithms search for high quality solutions of
PDTs iteratively minimizing their classification errors.

DIFFERENTIAL EVOLUTION CLASSIFIERS WITH PREPROCESSING METHODS

Most data sets are coupled with noise, which can be random error or variance of a measured vari-
able (Han and Kamber, 2000). Data sets are often high dimensional and may have large number
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of features representing the object and some of these features may be irrelevant and may cause re-
duction in the accuracy of algorithms used and increase computational time and resources. Luukka
and Lampinen (2010) propose a method in which data are first preprocessed using PCA and then
the processed data are classified using a differential evolution classification method. This proce-
dure helps to reduce dimensionality and computational costs, and furthermore it manages to filter
out noise. The method brings more accurate results. In (Luukka and Lampinen, 2011), the authors
tested the DE classifier’s tolerance of noise by simply adding Gaussian noise to the original test data.
In addition, they added extra variables to the test data. These variables simply consists of Gaussian
noise containing irrelevant information for performing the classification task. The results show that
the DE classifier provided good classification accuracy especially in cases where interaction effects
may have a significant influence on the classification accuracy.

2.2.5 Distance Measure in Classifiers

Distance-based algorithms for classification rely on distance functions to measure the dissimilarity
between objects. Selecting a suitable distance function is the critical step in such algorithms: the
performance of the algorithm for a classifier heavily depends on whether a proper distance func-
tion is chosen for the particular data set at hand. The distance measure affects the accuracy, time
and space complexity of the classification algorithm (Golubitsky and Watt, 2010). Distance-based
algorithms assumes that an object is more similar to objects in the proximity of the same class as
opposed to objects in other classes. Therefore, classification of the target object is affected by the
objects that are close to it (Berry and Browne, 2006).

A distance measure is used to find the dissimilarity between objects. Objects that are more similar
should be closer. Distance measures are non-negative and symmetric functions of pairs of elements.
Distance functions have the following properties (Chávez et al., 2001).

1. Reflexivity: d(x, x) = 0.

2. Symmetry: d(x, y) = d(y, x).

3. Triangular property: d(x, y) ≤ d(x, z) + d(z, y).

4. Positiveness: d(x, y) ≥ 0

5. Strict positiveness: d(x, y) > 0

If d satisfies the triangle inequality with x, y, z ∈ X then the pair(X, d) is called a metric space. If
the distance does not satisfy strict positiveness, the space is called a pseudo-metric space. In some
cases it is possible to have a quasi-metric space where the symmetric property does not hold.

The choice of a particular distance measure depends on the problem at hand. The dialema of the
choice of a proper distance measure for a particular problem is frequently encountered in numerous
fields. Dendek and Mandziuk (2009) point out that exploration of the probability space features
and their inclusion based on correlation between dimensions (Mahalanobis distance) and their in-
dividual influence on the classification accuracy with weighted distance improves accuracy. The
improvement may bring about changes in the space of their difference using linear and quadratic
transformations.

Yambor et al. (2000) look at using combinations of traditional distance measures (City-block, Eu-
clidean, Angle, Mahalanobis) in Eigenspace to improve performance in the matching stage of face
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recognition. In their work, they found that the Mahalanobis distance measure was superior than a
combination of all four distance measures which did not result in significant improvement.

The authors in (Dettmann et al., 2011) observed that in small samples, aggregated statistical distance
functions, i.e., Mahalanobis and Gower measures, are a better choice for summarizing similarities
in differently scaled variables compared to commonly used measures. In spatial analytical models,
the Minkowski measure appears to be usefully implemented (Shahid et al., 2009). In evolutionary
time series segmentation, the choice of distance measure in fitness evaluation is important (Yu et al.,
2007). Yu et al. (2007) proposed three distance measures for evaluation whose performances are
shown to be good compared to direct point to point distance (DPPD). The measures are a distance
measure that encloses the area between the time sequence and pattern template, a measure for cal-
culation of flexible pattern matching called dynamic time warping distance, and a pattern distance
that computes the dissimilarity of two given time sequences. Krawczyk and Wozniak (2012) use
Euclidean squared distance, Canberra distance, Chebyshev distance, Manhattan distance and Pear-
son correlation distance for combining one-class classifiers. They find that Chebyshev distance and
Pearson correlation distance measures show more promising results over the selected data sets than
Euclidean distance measures. Their experiment shows that in some cases switching to a different
metric distance may lead to improvement of the overall accuracy of the ensemble. Ghosh and Parai
(2008) attempted to analyze the secondary structure prediction problem using three distance based
classifiers. The distance based classifiers used were: minimum distance, k-nearest neighbor and
fuzzy k-nearest neighbor based classifiers. The study revealed that the simple minimum distance
classifier performed better than other classifiers.

2.3 Aggregation Operators

Aggregation operators are mathematical models of a fusion of several input (features) values into a
single output value. Aggregation operators and fusion mechanisms are integrated among themselves
and with the system so that correct decisions and appropriate summaries are computed and used by
the system to achieve a certain task. The purpose of aggregation operators is to combine inputs that
are interpreted as degrees of membership in fuzzy sets. For example, when buying a car, the features
such as price, quality, fuel consumption, size, power and brand can be taken into considerations.
In order to choose the best alternative, the values of the features need to be combined in some
way. Several classes of aggregation operators exists. Examples of such classes include averaging,
disjunctive, conjunctive and mixed operators (Tomasa et al., 2012).

The next section studies two averaging aggregation operators, the OWA based multi-distances which
was applied in Publication III, and generalized ordered weighting averaging (GOWA) discussed in
Publication IV.

2.3.1 Ordered Weighting Averaging Operator

Ordered weighting averaging (OWA) operators belong to the class of averaging aggregation oper-
ators. OWA provides a means of aggregating scores associated with the satisfaction of multiple
criteria, which unifies conjunctive and disjunctive behavior in one operator. OWA operators are
symmetric aggregation functions that allocate weights according to the input value. Thus, OWA can
emphasize the largest, smallest or mid-range inputs. The difference between OWA and weighted
means is that in weighted arithmetic means the weights are associated not with the particular inputs
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but with their magnitude. These OWA aggregation operators, which were introduced in (Yager,
1988), are commutative, monotone, and idempotent. They are stable for linear transformation and
have a compensatory behaviour.

Definition 2.3.1 An ordered weighted averaging (OWA) operator of dimension m is a mapping
Rm → R that has associated weighting vector W = [w1, w2, ..., wm] of dimension m with:

m∑
i=1

wi = 1, wi ∈ [0, 1] and 1 ≤ i ≤ m,

such that:

OWA(a1, a2, ..., am) =
m∑
i=1

wibi. (2.61)

Here bi is the largest i-th element of the collection of objects a1, a2, ..., am. The function value
OWA(a1, a2, ..., am) determines the aggregated values of arguments a1, a2, ..., am.

Special cases of OWA exists, for instance,

1. If all weights are equal and given as wi = 1
m

, OWA(a) = 1
m

∑m
i=1 ai.

2. If w = (1, 0, 0, ..., 0), then OWA(a) = max(a).

3. If w = (0, 0, 0, ..., 1), then OWA(a) = min(a).

4. If w = (α, 0, 0, ..., 1 − α), then OWA(a) = α × max(a) + (1 − α) × min(a), which is
Hurwicz aggregation function.

The OWA operator is a mean operator where the OWA aggregation is bounded by the minimum and
maximum of the argumented values. Thus, the OWA operator provides a method for aggregating
argument values that are bounded between the minimum and maximum operators. Therefore, any
OWA aggregation satisfies the following relation:

min(a) ≤ OWA(a) ≤ max(a). (2.62)

The perspective of the reordering step can be generalized and it is possible to distinguish between
descending OWA (DOWA) and ascending OWA (AOWA) operators (Yager, 1992). In Publication
III, an AOWA operator was applied in computation of the normalized distances.

2.3.2 Generalized Ordered Weighting Averaging Operator

The generalized ordered weighting averaging (GOWA) operator was introduced by R.R.Yager in
(Yager, 2004). The GOWA operator is a new class of OWA with the addition of a parameter con-
trolling the power to which the argument values are raised. The GOWA operator (see Definition
2.3.2) was applied in aggregation of distances values in Publication IV.

Definition 2.3.2 A generalized ordered weighted averaging (GOWA) operator of dimension m is a
mapping Rm → R that has associated weighting vectorW = [w1, w2, ..., wm] of dimensionm with:

m∑
i=1

wi = 1, wi ∈ [0, 1] and 1 ≤ i ≤ m,
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if

GOWA(a1, a2, ..., am) =
( m∑
i=1

wib
λ
i

) 1
λ
. (2.63)

where bi is the largest ith element of the collection of objects a1, a2, ..., am and λ is a parameter such
that λ ∈ (−∞,∞). The function value GOWA(a1, a2, ..., am) determines the aggregated values of
arguments a1, a2, ..., am.

In GOWA operators, it is possible to distinguish between descending GOWA (DGOWA), where
weights components are arranged from the lowest to the highest value, and the ascending GOWA
(AGOWA), in which the weights components are arranged from the highest to the lowest value.
GOWA operators are also monotonic, bounded and idempotent (Ouyang and Zhao, 2011). Special
cases exist like minimum, maximum and generalized mean operators. With different values for the
raised parameter λ, other special cases such as: the OWA operator for λ = 1 (Yager, 1988), the
ordered weighted geometric (OWG) operator for λ → 0 (Xu and Da, 2002; Chiclana et al., 2000)
and quadratic OWA for λ = 2 (Yager, 2004) are be derived. Note that, as pointed out by Filev
and Yager (1998) the operators runs between the minimum and maximum, hence the measure of
orness (or attitudinal character) of the GOWA operator characterizes the type of aggregation being
performed. The measure of orness can be defined as follows (Yager, 2004).

Definition 2.3.3 Given a weighting vector W = [w1, w2, ..., wm]T , the measure of orness of the
GOWA aggregation operator for W is defined as:

β(W ) =
1

m− 1

( m∑
i=1

(m− i)λ · wi.
) 1
λ

(2.64)

LINGUISTIC QUANTIFIERS

In linguistic quantifiers, the objects are illustrated by terms like most, at least, many, all, there exists
and few. Zadeh (1983) suggested a formal representation of these quantifiers using fuzzy sets. Two
classes of linguistic quantifiers were established by Zadeh (1983): absolute linguistic quantifiers
and relative linguistic quantifiers. Absolute linguistic quantifiers can be expressed as a fuzzy subset
of the non-negative real numbers, for example, an absolute quantifier such as about 4, it is a fuzzy
subset Q of the non negative real numbers, R+. So, for any X ∈ R+ the quantifier Q(x) indicates
the degree to which x satisfies the characteristic conveyed by the linguistic quantifier. On the other
hand, a relative linguistic quantifier shows a proportional quantity such as most, few or about. These
relative quantifiers can be expressed as a fuzzy subset Q of the unit interval I . The fuzzy linguistic
quantifier Q generally represents the concept of fuzzy majority in aggregation of the arguments.
The use of linguistic quantifiers to guide the aggregation essentially implies that the more criteria
(features) satisfied the better the solution.

The following are the three categories of relative linguistic quantifiers proposed by Yager (1991).
These quantifiers are used in quantifier guided aggregation such as in the regular increasing mono-
tone (RIM) quantifier, regular decreasing monotone (RDM) quantifier and regular unimodal (RUM)
quantifier. The properties of each quantifier are explained below.

1. A fuzzy subset Q of the real line is called a regular increasing monotone (RIM) quantifier if
Q(0) = 0, Q(1) = 1 and Q(x) ≥ Q(y) if x > y. Examples of this kind of quantifier are all,
most, many and at least β.
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The quantifier for all is represented by the fuzzy subset:

Q(y) =

{
1 : y = 1
0 : y 6= 1

The quantifier there exist is represented as:

Q(y) =

{
0 : y = 0
1 : y 6= 0

The quantifier at least γ is represented as:

Q(y) =

{ y
γ

: 0 ≤ y ≤ γ

1 : γ < y ≤ 1

2. A fuzzy subset Q of the real line is called a regular decreasing monotone (RDM) quantifier if
Q(0) = 1, Q(1) = 0 and Q(y) ≥ Q(x) if x > y. Examples of this kind of quantifier are few
and at most β

3. A fuzzy subset Q of the real line is called a regular unimodal (RUM) quantifier if

i. Q(0) = 0,

ii. Q(1) = 1 and

iii. there exists two values p and q in the interval I such that p < q, then,

a. For y < p ,Q(x) ≤ Q(y) if x < y.

b. For x ⊂ [p, q], Q(x) = 1

c. For x < q ,Q(x) ≥ Q(y) if x < y.

An example of a RUM quantifier is about η

Furthermore, it is possible to express any RUM quantifier as the intersection of a RIM quantifier
and RDM quantifier.

The procedure for generating the weights from the quantifier usually depends on the type of quanti-
fier provided. The weights for the OWA operator are calculated by using following formula, where
Q is assumed to be a RIM quantifier:

wi = Q
( i
m

)
−Q

(i− 1

m

)
, i = 1, 2, ...,m (2.65)

These weights satisfy the two required conditions of OWA operator weights i.e.:

m∑
i=1

wi = 1, wi ∈ [0, 1] and 1 ≤ i ≤ m,

In the case of a RDM quantifier, the weights are calculated approximately the same as in the case of
RIM quantifiers. Yager (1993) suggests use of the following method to obtain the weights:

1. Define an antonym subset Qan of the RDM quantifier as Qan = QRDM(1− r),
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2. Use the quantifier Qan to calculate the OWA operator weighting vector w using the formula
(2.65):

wi = Q
(

1− i

m

)
−Q

(
1− i− 1

m

)
= Q

(m− i
m

)
−Q

(m− i+ 1

m

)
, i = 1, 2, ...,m. (2.66)

For a RUM quantifier, Professor Yager (Yager, 1993) introduced the following method, which he
called a separation method:

1. Separate the RUM quantifier into two parts: one is the RIM quantifier, denoted by Q1 and
another is the RDM quantifier, denoted by Q2,

2. Calculate the weights and form the combined decision for both of the quantifiers Q1 and Q2.

In this thesis, a fuzzy RIM quantifier Q is used. The weights for the OWA operator are computed
using a linguistic quantifier where Q is assumed to be a RIM quantifier. These RIM based OWA
operators are later used together with the multi-distances for the purpose of studying the effect of
aggregation operators on distance measures in the classifier.

WEIGHTS GENERATION METHODS IN OWA

Aggregation performed by an OWA operator depends upon the form of the associated weighting
vector in question. A good number of approaches have been proposed in the literature (Yager, 1993,
1996; Chandramohan and Rao, 2006). The weights for the OWA operator can be generated from a
linguistic quantifier. The procedure for generating weights depends on the type of linguistic quanti-
fier. In Publication III, the RIM quantifier was used in the generation of weights for basic, quadratic,
trigonometric and exponential linguistic quantifiers. These RIM quantifiers were generated by us-
ing the information wi = Q( i

m
)−Q( i−1

m
) to provide the weight associated with the quantifier. The

motivation of applying this type of weight generation is the fact that the use of the RIM quantifier
to guide the aggregation essentially implies that the more criteria satisfied the better the solution.
In Publication III, a method based on maximizing dispersion for predefined orness value was ap-
plied. This useful approach was proposed by O’Hagan (1988) and its analytical solution provided
in (Fullér and Majlender, 2001). The constrained optimization problem is defined as follows:

Maximize : −
m∑
i=1

wiln(wi) (2.67)

such that

β =
1

n− 1

m∑
i=1

(n− 1)wi (2.68)

m∑
i=1

wi = 1 and wi ≥ 0. (2.69)

In this approach, constraint (2.69) satisfies the OWA conditions and in constraint (2.68) the weights
have an orness value β. The objective optimization problem is a measure of dispersion associated
with the weights. The measure of dispersion can be used to indicate the degree to which all the
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information contained in the argument is used when calculating the aggregated values. The weights
generated by this technique indicate maximal entropy weight. The advantage of the approach is that
the selected weights make maximal use of information in the argument values. In particular, the
larger the entropy the more information provided by the argument is used.

MULTI-DISTANCES

Multi-distance function is a distance function extended to the collection of an n-dimensional ordered
list of elements. This is achieved by combining two distance values for all pairs of elements in the
collection into a suitable aggregation measure. The main advantage of using multi-distance function
is that it allows the general treatment of the problem of measuring the distances for more than
two points by means of axiomatic procedures and also allows a natural way to measure how two
collections are separated from each other. There exist several kinds of families of multi-distance
functions which were introduced by (Martin and Mayor, 2010; Martín and Mayor, 2011). These
families of multi-distance functions includes Fermat, sum-based and OWA based multi-distances.
In this thesis the focus is on the OWA based multi-distance function.

In an application context, estimation of the distances between more than two elements of the set X
can be constructed using multi-distances by means of OWA functions (Yager, 1988). Martín and
Mayor (2011) proposed the use of the following characterization:

Dw(x1, x2, ..., xm) = OWAw(d(x1, x2), d(x2, x3), ..., d(xm−1, xm)). (2.70)

where the elements x1, x2, ..., xm belong to setX . In Publication III, a vector of distances, (d1, d2, ..., dm)
is created to which multi-distances are applied:

Dw(d1, d2, ..., dm) = OWAw(d(d1, d2), d(d2, d3), ..., d(dm−1, dm)). (2.71)

where for the particular distance in Dw the Minkowski distance is used and:

d = |x− y|p. (2.72)

2.4 Differential Evolution based Nearest Prototype Classifier

Differential evolution based nearest prototype is a classification method that apply DE algorithm to
optimize prototype vectors and parameters of the nearest prototype classifier. This section gives a
brief summary of how differential evolution based nearest prototype classifier is works.

2.4.1 Nearest Prototype Classifier

Non parametric classification is mostly associated with the notion of a prototype in the feature space.
A prototype can be thought as a representative element from a class. The class label assigned to an
object is based on the closeness (similarity) of this object to one or more prototypes. The closeness
is defined in geometric sense i.e., based on the distance measure: the smaller the distance, the greater
the closeness between the sample and the prototype. Generally, prototype based classifiers work as
follows: In the training process, a set of prototypes each associated with a subset of a training set
having the same class label are learned, while in the testing process a tested set is classified into one
of the existing classes.
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Suppose we are given a set of X = {xi1, xi2, ..., xiT} of objects to N different classes ci =
{C1, C1, ..., CN} by their T different kinds of features that can be measured from the objects. In
addition, a set of unlabeled sets yi = {yi1, yi2, ..., yiT}.

Typically, the number of prototypes is larger than the number of classes, such that every classi-
fication boundary is determined by more than one prototype. The class ci of unlabeled set yi is
determined:

1. by selecting the prototype x which is closest to ym,

m = min
i=1,...,N

d〈x,yi〉 (2.73)

where d(., .) is the distance between the data point and prototype, and

2. by assigning the label cm of this prototype to the data point yi. A popular choice for d is the
Euclidean distance

d(x,yi) =

(
T∑
j=1

|xj − yj|2
)1

2

(2.74)

Other distance measures may be chosen depending on the problem at hand.

The goal is to choose set of prototype for each class in such a way that the prototype represents
the class i as well as possible. A well selected set of prototypes for each class i should capture the
full spread of variation within this class while taking into account how class i differs from other
remaining classes.

The major use of the prototype is for classification: once the set of prototypes has been determined,
any new x ∈ Rn may be classified to the class whose yi contains the nearest prototype. In the case
of nearest neighbor design, X is the whole of yi. To classify an object x, the k nearest prototypes
are retrieved from X together with their class labels. The object x is labeled to the most repre-
sented class label amongst the k-nearest neighbors. Like the k-nearest neighbor method, the nearest
prototype classifier (NPC) is a local classification method in which classification boundaries are ap-
proximated locally. Instead of making use of all the data points of a training set, NPC relies on a set
of appropriately chosen prototype vectors. This makes the method computationally more efficient,
because the number of items which must be stored and to which test data must be compared for
classification is considerably less.

2.4.2 Differential Evolution Classifier

This section discusses the differential evolution (DE) classifier (Luukka and Lampinen, 2011). In
this approach the feature space is partitioned into regions, one region for each category. The par-
titioning is arranged such that the data set is divided into two disjoint subsets of equal size. One
subset is the training set and the other subset is the testing set. The training set is used to construct
the classifier based on available features of the data to be classified. Each sample is assumed to
belong to a predefined class as determined by the class label feature. The testing set contains new
data that will be used for classification by the (classifier) model constructed using the training set.
The classification accuracy, which is the percentage of test set samples that are correctly classified
by the model, is evaluated. In estimating the accuracy of the model, the known label of a test sample
is compared with the classified result from the model. The objective is to classify a set X of objects
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to N different classes C1, . . . , CN by their features. The features are extracted from the input data
and are used to assign each input data to one of the labeled classes.

LetM be the total number of samples in the training set. Then the objective function used is defined
as follows:

minimize : 1−
∑m

j=1B(xj)

M
, (2.75)

where B(xj) =

{
1 if g(xj) = T (xj)
0 if g(xj) 6= T (xj)

, T (xj) denotes the true class from sample xj and

g(xj) =
{
i | min

i=1,...,N
d(xj,yi)

}
. (2.76)

equation (2.76) is used to make the decision that the vector xj belongs to class i if d(xj,yi) is a
minimum. For computing the distance the Minkowski metric is chosen in (Luukka and Lampinen,
2011), but any other suitable distance measure can be applied:

d(x,y) =

(
T∑
i=1

|xj − yj|p
) 1

p

. (2.77)

where both parameter p and the class vectors yi = {yi1, yi2, ..., yiT} for each class i = 1, ..., N are to
be optimized by the DE algorithm (Storn and Price, 1997). If the ideal vector class g(xj) is equal to
the true class T (xj) then the function B(xj) is correctly classified. The sum of the function B(xj)
gives the total number of samples correctly classified.
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CHAPTER III

Extension to Optimized Distance Measures for Vectors in the Data Set

This chapter tackles the classification problem by extending the differential evolution (DE) classifier
(Luukka and Lampinen, 2010) to cover optimization of the distance measures selection from a pool
of alternative distance measures. The DE classifier is a nearest prototype classifier that applies a
single prototype vector to represent each class.

The underlying idea in the differential evolution classifier with pool of distances is that instead of
using Equation (2.77), a pool of alternative distance measures is created and the parameters related
to selection of a suitable distance optimized. A pool of distances consist of vector based distances.
The optimal distance measure from the predefined pool of distances is applied in the computation
of the distances between the class vectors and the sample to be classified. A collection of applicable
distance measures can be found in (Bandemer and Näther, 1992).

The DE based classification with pool of distances approach select the best distance measure from
a predefined pool of alternative measures. This is done by optimizing the selection by using DE.
Furthermore, instead of only selecting the optimal distance measure from a set of alternatives, also
all the values of the possible control parameters related with the selected distance measure are
optimized. The process is implemented by first creating a pool of alternative distance measure and
then applying the differential evolution algorithm to select the optimal distance measure that yields
the highest classification accuracy with the current data set. The first advantage of this approach is
that there is no need to carry out tests with different measures manually. The differential evolution
algorithm searches for the optimal distance measure and its optimal parameter values in parallel
with searching for the optimal class prototype vectors for each class. The second advantage is
that all these selections and all free parameters of the classifier become globally optimized by the
differential evolution algorithm for maximum classification accuracy over the current data set to be
classified. As an outcome, a considerable amount of time, computation and effort is saved compared
to testing with different distance measures.

After determining the optimal distance measures, all values of individual distance measures are nor-
malized, and aggregated. Normal (sum) aggregation of the individual distance measures was applied
in Publication I and II, while in Publication III the combination is done by computing OWA based
multi-distance aggregation of all normalized distances, and in Publication IV, the GOWA operator
was used in the aggregation. In all publications, the DE based nearest prototype classifier uses the
most common DE/rand/1/bin strategy. This strategy was chosen because of its simplicity, effi-
ciency and robustness. There are three control parameters in the DE algorithm: the mutation scale
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factor F , the crossover constant CR, and the population size NP . The control parameters of the
DE algorithm were set as follows: CR=0.9 and F=0.5, where CR is the uniform crossover and F
is the mutation. The same values were applied for all classification problems and remained fixed
throughout the computations.

The size of the population NP was chosen so that it was six times the size of the optimized pa-
rameters and was not allowed to exceed 500. Population size depends on many parameters: the
problem, the search space, and the selection for the adjustable parameters of the algorithm. There
are no general rules of choosing NP . However, for DE, (5 − 10) times the number of dimensions
is very common. A large number for population size may affect the optimization results, but so
far no significant relationship between the population size, the dimensions of the problem, and the
optimization results has been found (Chen et al., 2012). A smaller population with a greedy strategy
converges fast but the effect of premature convergence and stagnation is more prominent. In con-
trast, a large population with a strategy having good exploration capacity reduces the probability of
premature convergence and stagnation effects, but the convergence speed can be slow.

Several methods exist to determine a stopping criterion for DE but usually a predefined upper limit
for the number of generations provides an appropriate stopping condition. In most cases, the min-
imum objective function is not known in advance but only good mean classification accuracies are
reported. So, it is important that a maximum number of generations Gmax is set large enough to al-
low an optimizer to find the optimum. In this thesis, the number of generations used isGmax = 1000.
The CR, F , and Gmax values are the same as those used in (Luukka and Lampinen, 2011, 2010).
These selections were mainly based on general recommendations and practical experience with the
usage of DE, e.g. (Luukka and Lampinen, 2011, 2010).

A brief presentation of the procedures used for optimization of the class vectors, distance measures
and parameters is given below.

1. Optimal class vector for each class

After the initialization, the lower and upper bounds are set, and the data is divided into a train-
ing set and testing set. The training set is used in creation of the trial vector to be optimized.
The trial vector consists of class vectors, a switch operator and parameters. The trial vector
undergoes selection, mutation and crossover until the stopping criteria are reached. The cre-
ated optimal vector that consists of classes is called the optimal class vector. This optimal
class vector together with the parameters and samples in the testing set are used in compu-
tation of the distance between the samples and the optimal class vector, classification of the
sample and, finally, computation of the classification accuracy.

2. Selection and optimization of the distance measure.

The classification of the samples is done by computing the distances between samples and
class vectors. Instead of using a Minkowski metric, a pool of different alternative distance
measures was created. The created pool of distance measures consists of all measures in
which their component are vectors. The pool of distances used in Publication I are presented
in equations (3.1)-(3.11).

d1(x,y) =

(
T∑
j=1

|xj − yj|p1
)1/p1

; p1 ∈ [1,∞) (3.1)
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(Minkowski metric):

d2(x,y) =
T∑
j=1

T∑
i=1

cij(xi − yi)(xj − yj) = (x− y)′C(x− y) (3.2)

(Mahalanobis-distance; statistical interpretetation: C = V −1, where V means an estimation
of the covariance matrix of the whole data set):

d3(x,y) = maxici|xj − yj|; ci ∈ (0,∞) (3.3)

(Tschebyscheff metric):

d4(x,y) =
T∑
j=1

ci(xj − yj)2; ci ∈ (0,∞) (3.4)

(Karl-Pearson-distance; statistical interpretation: ci = s−2i , where s2i means the variance of
the i−th coordinate in the whole data set):

d5(x,y) =
T∑
j=1

[|xj − yj|p2 ]/(1 +min {|xj|, |yj|}) (3.5)

d6(x,y) =
T∑
j=1

[|xj − yj|p3 ]/ (max {|xj|, |yj|}) (3.6)

d7(x,y) =
T∑
j=1

|xj − yj|/ (max {|xj|, |yj|}) (3.7)

d8(x,y) =
T∑
j=1

|xj − yj|/(1 +min {|xj|, |yj|}) (3.8)

d9(x,y) =
T∑
j=1

|xj − yj|/ (1 +max {|xj|, |yj|}) (3.9)

d10(x,y) =
T∑
j=1

|xj − yj|/ (1 + |xj|+ |yj|) (3.10)

d11(x,y) =
T∑
j=1

|xj/ (1 + |xj|)− yj/ (1 + |yj|) | (3.11)

where x and y are vectors. Publication I provides detailed explanations of the extension of the
differential evolution based nearest prototype classifier proposed by (Luukka and Lampinen,
2010) to cover optimizing the distance measure from a pool of distances.
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3. Optimization of parameters
All the parameters, including the switch operator and parameters associated with the pool of
distances, were optimized by the differential evolution algorithm. The switch operator needs
to be optimized in order to select a suitable distance for the data set at hand. In order to do this
properly, several issues need to be considered. The pool of distances consists of 11 distances.
The distances d1, d5 and d6 have associated parameters p1, p2 and p3, respectively.

After the pool of distances has been created, the data set at hand needs to be optimized. In
accomplishing this switch operator is used, which was needs to be optimized. For the 11
distances in the pool one more parameter to be optimized is added in order to select a suitable
distance. In DE a real valued number is optimized instead of the integer, so boundaries for
this parameter need to be selected. This is done so that the boundaries selected are of the
interval [0.5, 11.499]. After this the value range needs to be subdivided for each possible
choice at hand. The range for 11 distances is subdivided into 11 equal parts. Thi is followed
by simple rounding of the real value gained from the DE to the nearest integer value. After
this the gained integer value is used to select the proper distance function.

For optimization purposes, the following vector was created in Publication I:

vi,G = {{classvectors}, {switch}, {parameters}}. (3.12)

All the components in the created vector, vi,G were optimized by the DE algorithm. These optimal
components of the vector vi,G were then used for classification.

In summary, all the parameters in the classifier model are optimized by the differential evolution
algorithm so that the classifying accuracy is maximized. Then, test data is classified with these
parameters of the classified model. The classification of data in the testing set is done based on the
minimum distance between the samples and class vectors.

In the next section, the fundamental properties of each data set used in the experimentation and the
results obtained using this type of classifier are presented and discussed.

3.1 Test Data Sets and Experimental Arrangements

Five (5) real life benchmark data sets for experimentation with the proposed approach in Publication
I were taken from UCI Machine Learning Repository (Newman et al., 1988). These data sets are
from different real life domains such as finance, psychology, and medicine. Of the five data sets,
four of them belong are a two class classification task while one is a multi-class classification task.

Fundamental properties of the data sets are summarized in Table 3.1. Details of each data set are
briefly explained in Publication I .

Name Nb of classes Nb of attributes Nb of instances Domain
Parkinsons 2 23 197 Medical
Echocardiogram 2 8 132 Medical
Horse-colic 2 11 368 Veterinary
Credit Approval 2 16 690 Finance
Balance Scale 3 5 625 Psychology

Table 3.1: Properties of the data sets. Reproduced and modified from Publication I. Nb stands
for number.
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3.2 Classification Results from Proposed Method with Given Data Sets

The proposed differential evolution classifier was tested with the five data sets given in Table 3.1
in order to select the optimal distance measure from the defined pool of several different distance
measures. The mean classification accuracies were recorded, as was the corresponding optimal
distance measure that was found optimal in each individual experiment. In each case, 30 repetitions
were performed, dividing the data randomly into learning and testing tests. The results from the
experiments are shown in Table 3.2 and indicate that in addition to the results found in (Luukka and
Lampinen, 2011), Euclidean distance is not always the optimal distance and parameter optimization
has a pivotal role in classification results with Minkowski distance. Proper selection of a suitable
distance also plays a significant role. Since the best distance measure for a particular data set is
not always known beforehand, the proposed differential evolution classifier with a pool of distances
measure is a needed.

In Table 3.2, the distance measures 9, 10, and 11 seem to work well with the chosen data sets. These
distance measures gave highest classification accuracy. This result support the claim that Euclidean
and Minkowski distance measures are not always the optimal distance measures. Publication I,
showed that the mean accuracies of the proposed method outperformed DE classifier applying only
the Minkowski distance measure for computing the distances between the samples and the class vec-
tor. The proposed classification method was also compared to the traditional classification methods
k-nearest neighbor and back propagation neural network. The mean accuracies with the proposed
method were better than the k-nearest neighbor and backpropagation neural network for four of the
five data sets used. (see Publication I for details).

The mean classification accuracy for the test and learning set with 99% confidence interval using
Student’s t-distribution µ± t1−αSµ/

√
n was calculated for each data set. A summary of the results

together with the optimal distance metric is shown in Table 3.2.

Table 3.2: Classification results for the five data sets using N = 30 and Gmax = 1000. Mean
classification accuracies for the test set (TS), learning set (LS) and optimal distance found are
reported in columns 2 to 4. Reproduced and modified from Publication I

DATA Mean accuracies (TS) Mean accuracies (LS) Optimal distance
Balance Scale 90.63± 0.65 92.02± 0.22 11
Credit Approval data 84.93± 0.94 89.92± 0.71 10, 11
Echochardiogram 88.36± 2.31 96.84± 0.91 8,9,10
Horse colic 82.55± 4.77 89.86± 0.75 3, 9,11
Parkinsons 84.97± 1.90 82.31± 1.19 9,10

Figure 3.1 shows the mean classification accuracies of the test data sets with respect to the number
of generations. Each line represents the mean over all 30 independent experiments for the Echocar-
diogram, Credit Approval, Parkinson, Horse-colic and Balance Scale data sets. With Gmax = 1000
the classification accuracy for each data set in Figure 3.1 seems to have converged within their re-
spective confidence intervals. It can also be noted that there are bigger fluctuations in classification
accuracy when the number of generations is small i.e., 0− 200. This suggests a need to set Gmax as
a slightly large number.
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Figure 3.1: Mean classification accuracies from data sets studied with respect to number of
generations computed: Each line represents the mean over all 30 independent experiments. Re-
produced from Publication I



CHAPTER IV

Extension to Optimized Distances for the Features in the Data Sets

This chapter deals with the extension of the differential evolution based classifier (DE classifier)
described in Section 2.4.2. The DE classifier is extended to cover the optimized distances for the
features in the data sets. The underlying model discussed in this section is compared to the one pre-
sented in Publication I. Instead of applying distance measures for the vectors, elementwise distance
measures are applied.

The idea here is that instead of using equation (2.77), a pool of alternative elementwise distance
measures is created, and the optimization process by differential evolution algorithm is then applied
for selecting the distance measure optimally from this predefined pool. The optimization goal is to
select from the pool the particular distance measure providing the highest classification accuracy
over the current training data set. For constructing a pool of distance measures, a collection of ap-
plicable distance measures can be found e.g. in Bandemer and Näther (1992). By using a switch
operator the selection of a distance measure from the pool of distances can be done and by optimiz-
ing its value, selection of the distance measure can be optimized by the DE algorithm for the data
set at hand.

The pool of distances used in Publication II is presented in equations (4.1)-(4.8).

d12(x, y) = (|x− y|r1); r1 ∈ [1,∞) (4.1)

d13(x, y) = |x− y|r2/max{|x|, |y|}; r2 ∈ [1,∞) (4.2)

d14(x, y) = |x− y|r3/1 +min{|x|, |y|}; r3 ∈ [1,∞) (4.3)

d15(x, y) = |x− y|/1 +max{|x|, |y|}; (4.4)

d16(x, y) = |x− y|/[1 + |x|+ |y|]; (4.5)

75
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d17(x, y) = |x/[1 + |x|]− y/[1 + |y|]| (4.6)

d18(x, y) = r4(x− y)2/(x+ y); r4 ∈ (0,∞) (4.7)

d19(x, y) = |x− y|/ (1 + |x|)(1 + |y|) (4.8)

The distance vectors are then normalized and aggregated to produce the overall distance value. For
example, when applying elementwise distance measures, the distance measure optimization was
generalized from the data set to each particular feature. Thus, the situation results in the situation
where the overall distance for, say, four features is:

D(x,y) = d12(x(1),y(1)) + d14(x(2),y(2)) + d13(x(3),y(3)) + d12(x(4),y(4)) (4.9)

where x denote sample and y for class vector. Consequently, different distance measure can be
used for each feature when calculating distance between the sample and class vector. Notice that
the overall distance may be better called a proximity or compatibility measure. An advantage of this
approach is that it addresses problems from the fact that features in a data set are often measured
in quite different ways and hence it can not be assumed that all features would be following the
same distance measure. The distance measure is now optimized with DE for each particular feature.
In order to do this, the optimization problem is subdivided into a general vector consisting of the
following components:

vi,G(1) = {{class1, class2, · · · , classN}, {switch1, . . . , switchT}, {parameters}} (4.10)

where {class1, class2, · · · , classN} are T -dimensional class vectors that are to be optimized for
the current data set, {switch1, . . . , switchT} is a vector of integer values for selection of optimal
distance measures for each feature from eight choices i.e., (4.1) to (4.8) (assuming eight possible
distance measures have been defined in the pool of distances). Thereby {switch1, · · · , switchT}
is a T -dimensional vector consisting of integer numbers within [1, 8]. The remaining component
{parameters} is a vector of possible free parameters of the individual distance measures of the
pool. In this case the vector {parameters} can be created in several different ways. This thesis
presents a closer examination of three possible cases of parameter optimization.

As can be observed from the equations (4.1) - (4.8) some of the distance measures include free
parameters, which need to be optimized, while some measures do not include any free parame-
ters. To find suitable value for parameters requiring optimization, three possible arrangements are
considered.

4.1 Possible Parameters Optimization

The vector {parameters} can be created in several different ways and Publication II presented a
closer examination of three possible cases of parameter optimization. The objective of examining
possible parameter optimization to the parameters associated to distance measure is to see how
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the behaviour of the parameters affects the classification accuracy of the data set at hand. Each
parameter optimization has some advantages and drawbacks which are briefly discussed below.

In the pool of distances, the distances d12, d13, d14 and d18 have parameters r1, r2, r3 and r4 respec-
tively. The first possible parameter vector was set as {parameters} = {r1, r2, r3, r4} where r1 to
r4 are simple real-value elements for which a optimal value needs to be found. The vector to be
optimized has the form:

vi,G(2) = {{class1, class2, · · · , classN}, {switch1, · · · , switchT}, {r1, r2, r3, r4}}. (4.11)

In this type of parameter set up the algorithm is simplest and fastest, but it is the most restrictive
case. For example, if the optimal distance measure were equation (4.7) for the first feature of the
data set, and also for the third feature, we are restricted to use the very same parameter value r4 for
both of these features (and all other features using the same distance measure). It is likely that a
better classification accuracy could be attained if parameter value r4 could be optimized individually
for all features in which equation (4.7) is applied as a distance measure.

The second possible way to choose parameters and remove the above restriction would be to allow
the parameter vector to be of length T . This would reserve an individual parameter value for each
feature in the data set. In this case, the vector to be optimized would be:

vi,G(3) = {{class1, class2, · · · , classN}, {switch1, · · · , switchT}, {p1, p2, · · · , pT}}. (4.12)

The parameter vector is fixed in such a way that {parameters} = {p1, p2 · · · pT}. For example, if
it happens that the optimal distance measure for feature one is Equation (4.7), its parameter value
would be p1, and if the optimal distance measure for feature three were also equation (4.7) then its
optimal parameter value would be p3.

A problem with this way of selecting the parameters is context dependency of the parameter values.
A further problem with this kind of parameter optimization setting is the fact that this setting makes
it more difficult to change the distance measure during the optimization process for the DE algorithm
and also the interpretation of the parameter value changes if the distance measure is changed.

The third possible way of handling parameter optimization, is to create a parameters vector so
that parameter values are not restricted vectorwise, as in the first case, and allow each of the four
parameters {r1, r2, r3, r4} to be vectors of length T . This means that if in iteration i the optimal
distance for feature four were d2 with parameter p2,4 and if in iteration i + 1, d1 is found to be the
best choice for feature four, then its parameter would be p1,4, this type of process makes the change
easier. The advantages of this technique are, firstly, that it makes it easier for DE to change the
distance measure during the optimization process and, secondly, to remove the potentially harmful
context dependency of the parameter value:

vi,G(4) = {{class1, class2, · · · , classN}, {switch1, . . . , switchT}, (4.13)
{p1,1, p1,2, p1,3, p1,4, · · · , p1,T , p2,T , p3,T , p4,T}}.

Here r1 = {p1,1, · · · , p1,T}. Pseudo algorithms for each of the possible parameter vector optimiza-
tion technique are detailed in Publication II.

After the vector vi,G is divided into its corresponding parts the distances between the samples and
the class vectors can be calculated and the classification can be carried out based on the minimum
distance. Finally, label information from the samples is used to calculate the misclassification rate
is to be minimized (the cost function value).
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4.2 Test Data Sets and Experimental Arrangements

The data sets for experimentation with the proposed approach were taken from the UCI Machine
Learning Repository (Newman et al., 1988) and the KEEL data repository (Alcala-Fdez et al., 2009).
The data sets used are: Australian Credit, Balance Scale, Echocardiogram, German Credit, Hy-
pothyroid, Horse-colic, Redwine, Satimage and Wisconsin Diagnostic Breast Cancer. The funda-
mental properties of each data set used in the experiments are summarized in Table 4.1. Detailed
explanations of each data set are presented in Publication II.

Table 4.1: Properties of the data sets. Reproduced and modified from Publication II
Name Nb of classes Nb of features Nb of instances Domain
Australian Credit 2 14 690 Finance
Balance Scale 3 5 625 Psychology
Echocardiogram 2 8 132 Medical
German Credit 2 20 1000 Finance
Horse-colic 2 11 368 Veterinary
Hypothyroid 2 25 3772 Medical
Redwine 11 11 1596 Bevereages
Satimage 7 36 6435 Technology
WDBC 2 32 569 Medical

4.3 Analysis of Results of the Proposed Methods

The proposed differential evolution classifier with optimal distance measures for each feature was
tested with the nine data sets. The mean classification accuracies for the testing and learning sets
were recorded. In each case, 30 repetitions were performed, dividing the data randomly into learning
set and testing set. The cross validation technique was two fold cross validation.

Table 4.2 shows the mean accuracies of the learning sets for the three types of parameters optimiza-
tion used.

Table 4.2: Mean accuracies of the learning set for the three types of parameters optimization
studied

Data r1, r2, r3, r4 p1, p2, ..., pT p1,j, p2,j, p3,j, p4,j
Australian Credit 90.52± 0.55 89.94± 0.62 90.38± 0.55
Balance Scale 93.88± 0.33 93.73± 0.34 92.22± 0.08
Echocardiogram 96.90± 0.80 97.59± 0.90 95.75± 0.99
German 80.42± 0.55 80.23± 0.45 80.23± 0.48
Horsecolic 90.18± 0.84 90.18± 0.95 88.59± 0.77
Hypothyroid 99.97± 0.02 99.98± 0.02 99.98± 0.02
Redwine 60.67± 0.50 60.89± 0.42 60.69± 0.41
Satimage 81.33± 0.27 81.17± 0.26 81.23± 0.29
WDBC 98.86± 0.19 98.80± 0.23 97.14± 0.35
Average 88.08± 0.45 88.06± 0.47 87.36± 0.44
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The results in Table 4.2 show that the average accuracy over the nine data sets for the third param-
eters optimization technique is lower than when the parameters were fixed and for the case where
the parameters were extended to cover length of features.

Table 4.3 shows the mean accuracies of the testing sets for the three types of parameters optimization
used.

Table 4.3: Mean accuracies of the testing set for the three types of parameters optimization
Data r1, r2, r3, r4 p1, p2, ..., pT p1,j, p2,j, p3,j, p4,j
Australian Credit 83.52± 1.40 83.30± 1.66 82.94± 1.65
Balance Scale 90.56± 0.43 90.32± 0.60 91.30± 0.12
Echocardiogram 85.54∓ 2.85 83.95± 3.16 86.55± 3.04
German 73.71± 0.71 73.30± 0.87 73.37± 0.86
Horsecolic 69.23± 5.48 74.91± 4.90 83.35± 2.23
Hypothyroid 99.59± 0.49 99.25± 0.85 99.57± 0.63
Redwine 57.18± 0.85 57.50± 0.72 57.11± 0.89
Satimage 80.63± 0.45 80.58± 0.56 80.44± 0.26
WDBC 95.24± 0.92 95.16± 1.21 93.64± 1.29
Average 81.69± 1.51 82.03± 1.61 83.14± 1.20

When comparing the results for the testing set for different implementations shown in Table 4.3,
it is found that the mean accuracies for the Balance Scale, Echocardiogram, and Horsecolic data
sets obtained best accuracy when each of the four parameter are allowed to be vectors of length
equal to the number of features in the data set. Redwine data set performed slightly well when the
parameter vector is allowed to be equal to the number of features in the data set, while the WDBC
and Australian Credit data set showed good results with fixed parameters. The final row of Table
4.3 indicates the average accuracies for the testing sets of the nine data sets. The mean average
accuracy from least restrictive case where optimization was subjected to both switch and parameter
value outperformed cases where optimization was subjected to restrictive cases.



CHAPTER V

DE Classifier with OWA-based Multi-Distances

Publication III concentrates on the concept of ordered weighting averaging (OWA) based multi-
distance measures proposed by Martin and Mayor (2010) and Brunelli et al. (2012). The OWA
based multi-distance operator represents a multi-distance function where the weights from an OWA
family are applied to pairwise distances arranged in an increasing order. The DE classifier with
pool of distances employs OWA based multi-distance in the aggregation of the normalized distance
values.

5.1 DE Classifier with Optimized OWA based Multi-Distances for the Fea-
tures in the Data Sets

This section introduces a new version of classification method that applies the DE algorithm with
a feature based pool of distances for which the parameter values are allowed to be of length equal
to the number of features in the given data set. This version of DE classifier applies the OWA-
based multi-distances measures in the aggregation of the distances values. The DE algorithm is
used in the optimization of the sub components that includes a class vector for each class, selection
of the appropriate distance measure, parameters related to the distance measure and all other free
parameters. The arrangement, organization and optimization process of all the sub components are
explained in Publication II. The goal of the optimization is to find a set of values of the system
parameters for which the overall performance of the system will provide higher mean classification
accuracy for the data set at hand. In Publication III, the multi-distance function is used in the
computation of d(xj,yi). The vector xj = {xj1, xj2, ..., xjT} represents different features of an
object in the data set and yi = {yi1, yi2, ..., yiN} represents N different classes of objects. The
distance d(xj,yi) in equation (2.76) is a multi-distance defined as:

d(xj,yi) = Dw(dk,1, dk,2, ..., dk,T ) = OWAw(d(dk,1, dk,2), d(dk,2, dk,3), ..., d(dk,T−1, dk,T )) (5.1)

where

dk,1 = dk,1(xj1, yi1),

dk,2 = dk,2(xj2, yi2),
...

dk,T = dk,T (xjT , yiT ).

80
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dk,i can be any distance from a pool of distances and k represents a parameter to be optimized. In
Publication II, k = {1, 2, ..., 8} is used from the pool of distances.

Besides optimizing the selection of distance measure from eight possible choices, parameters in
the distances also need to be optimized. In Publication II, the parameters were optimized and
examined with three different approaches. In Publication III, the most general approach was chosen
based on the findings of the research conducted in Publication II. The underlying idea was that
elementwise distance measures were applied and the aim is to optimize the selection for proper
elementwise distance measures and their possible free parameters. After this the distances obtained
are normalized and combined into a single value. These distance vectors are then aggregated to
produce the overall distance value by OWA based multi-distance aggregation ( see equation (5.1)).
The importance of the OWA operator in the OWA based multi-distance is the fact that it allocates
the weights according to the input values.

The optimization problem was then summarized in such a way that DE is searching optimal values
for the vector vi,G, which is optimized by minimizing equation (2.75). Vector vi,G is of form:

vi,G = {{class vectors}, {α}, {p}, {switch vector}, {parameters}},

where {class vectors} = {y1, y2, · · · , yN} are T -dimensional class vectors which are to be op-
timized for the current data set and T is the number of features. For example a class vector y1
can be represented as y1 = {y11, y12, ..., y1T}. The parameter {p} comes from the distance mea-
sure used for multi-distance d = |x − y|p in equation (2.72). In the current method, the param-
eter {α} comes from either the RIM quantifier or O’Hagan method weight generation scheme.
For optimal selection of the distance measure for each feature an optimal solution needs to be
found from eight possible choices for T possible features. Hence, for optimal selection of the dis-
tance measure DE is now seeking a switch vector {switch vector} = {S1, S2, ..., ST}. Here vector
{S1, S2, ..., ST} contains the selection of a particular measure for a particular feature and is the in-
teger value within [1, 8]. Besides this, a parameter vector which contains the optimal parameters for
particular distance given in a pool of distances is also created. The parameter vector is of the form
{p1,1, p1,2, p1,3, p1,4, · · · , p1,T , p2,T , p3,T , p4,T}. Allowing this kind of flexibility makes it easier for
DE to change the parameter. More information about the parameter in this context can be found in
Publication II and Publication III.

5.2 Classification Results

The data sets for experimentation that are utilized in this thesis were taken from the UCI Machine
Learning Repository (Newman et al., 1988) and from the KEEL data base (Alcala-Fdez et al., 2009).
The data sets were subjected to 1000 generations (Gmax = 1000) and divided into 30 times random
splits of testing sets and learning sets based on which mean accuracies and variances were then
computed. Fundamental properties of the data sets are summarized in Table 5.1. The three (3) data
sets used in the experiment were Australian Credit, Credit Approval and German Credit.

Table 5.1: Properties of the data sets. Reproduced and modified from publication III
Name Nb of classes Nb of attributes Nb of instances Domain
Australian Credit 2 14 690 Finance
Credit Approval 2 15 690 Finance
German Credit 2 20 1000 Finance
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Accuracies of the DE classifier for OWA based multi-distances with different weight generation
schemes are presented in Table 5.2. For example, Table 5.2 shows that with the Australian Credit
data set the mean classification accuracy for the O’Hagan method of generating weight outper-
formed the weight generation scheme for basic and quadratic linguistic quantifiers. With the Credit
Approval data set, no weight generation scheme outperformed all others. With the German Credit
data set, the mean accuracy for basic linguistic quantifier performance was not as good as that of the
other methods. This is an interesting observation since the basic quantifier is the most commonly
used quantifier of the quantifier studied.

Table 5.2: Quantifiers and mean accuracies for test and learning sets of the Australian Credit,
Credit Approval and German Credit data sets. Reproduced and modified from Publication III

Quantifier Australian Credit Credit Approval German Credit

Accuracy(Test) Accuracy(Learn) Accuracy(Test) Accuracy(Learn) Accuracy(Test) Accuracy(Learn)
Basic 82.75± 3.54 84.45± 0.68 84.46± 0.73 88.76± 0.73 72.20± 0.85 76.90± 0.60

Quadratic 82.50± 4.44 88.82± 0.61 83.96± 2.45 88.72± 0.58 74.07± 0.79 77.72± 0.79
Exponential 84.67± 1.62 89.46± 0.53 84.06± 2.23 89.37± 0.69 73.95± 0.85 78.02± 0.73

Trigonometric 84.24± 1.60 89.68± 0.65 84.38± 1.48 88.81± 0.77 73.46± 1.04 78.17± 0.72
O’Hagan 85.40± 0.71 89.52± 0.51 84.89± 1.07 89.01± 0.81 73.10± 1.40 77.36± 0.66



CHAPTER VI

Differential Evolution Classifier and GOWA Operator

In this chapter, a differential evolution classifier with pool of distances and GOWA operator is dis-
cussed. The differential evolution classifier with optimized distances for the features in the data sets
is modified, instead of summing the normalized distance vectors, GOWA operator is used in aggre-
gating the normalized distance vector to produce the overall distance. The DE algorithm is applied
in optimization of a single class prototype vector for each class, selection of the proper distance
measure from a pool of predefined distance measures for each feature in the data set, optimization
of parameters associated with distances measures and optimization of parameter from weighting
scheme. In Publication IV, a GOWA operator was applied in the aggregation of normalized dis-
tances for each feature, unlike in Publication II, where the aggregating was done by summing, and
in Publication III, where an OWA based multi-distance operator was used.

A sample is classified by measuring its distance to each class vector, and the sample belongs to the
class represented by the nearest class vector. In Publication IV, the optimal class vector for each
class was obtained by the same procedures as applied earlier in Publication I. Also, the selection
of proper distance measures and optimization of parameters related to the distance measures are
explained in Publications II and III. The GOWA operator used in the computation of the aggre-
gated distance d(xj,yi) was implemented by substituting the weight generated by the exponential
linguistic quantifier in Publication III into equation (6.1):

d(xj,yi) =GOWA(dk,1, dk,2, ..., dk,T ) =
( T∑
i=1

wiD
λ
i

) 1
λ

(6.1)

to obtain the equation:

GOWA(dk,1, dk,2, ..., dk,T ) =
( T∑
i=1

[e−α(
i
m) − e−α(

i−1
m )] ·Dλ

i

) 1
λ
, i = 1, 2, ...,m (6.2)

where Di is the largest i-th distance in the collection of optimal distances for each feature, λ is a
parameter such that λ ∈ (−∞,∞) and α ≥ 0.
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6.1 Data Sets

This section includes brief discussion of the data sets and the classification results. The fundamental
properties of each data set are summarized in Table 6.1. The classification results obtained from the
DE classifier and GOWA operator are compared with the DE classifier and DE classifier with pool of
distances for which each parameter value is allowed to be of length equal to the number of features.
Publication IV presents further information.

The data sets used to test the classifier were selected from the UCI Machine Learning Repository
(Newman et al., 1988). Three artificial data sets designed for specific types of test problems were
chosen. Additionally, four real world data sets were used. The artificial data sets were taken from
the MONK’s problems and are named Monk1, Monk2 and Monk3. The MONK’s problems were
the basis of a first international comparison of learning algorithms. One significant characteristic
of this comparison is that it was performed by a collection of researchers, each of whom was an
advocate of the technique they tested (often they were the creators of the various methods). In
this sense, the results are less biased than comparisons performed by a single person advocating
a specific learning method, and more accurately reflect the generalization behavior of the learning
techniques as applied by knowledgeable users (Thrun et al., 1991).

Table 6.1: Properties of the data sets. Reproduced and modified from Publication IV
Name Nb of classes Nb of features Nb of instances Domain classification
Australian Credit 2 14 690 Finance
Balance Scale 3 4 625 Psychology
Bank Note Authentica-
tion

2 5 1372 Finance

Echocardiogram 2 12 132 Medical diagnosis
Monk1 2 7 432 Artificial
Monk2 2 7 432 Artificial
Monk3 2 7 432 Artificial

6.2 Classification Results

The data sets were subjected to 1000 generations (Gmax = 1000) and divided into N = 30 times
random splits of testing sets and learning sets (N = 30), based on which mean accuracies and
variances were then computed. Classification results from DE classifer and GOWA operator were
compared to previous versions of the differential evolution classifiers. The original DE classifier
was first presented in (Luukka and Lampinen, 2011) and the DE classifier with feature based pool
of distances in Publication II. Use of these different classifiers allows comparison of how the GOWA
operator affects the results. The classification results with the original DE classifier are presented
in Table 6.2, the classification results obtained from the DE classifier with feature based pool of
distances for which each parameter value is allowed to be of length equal to the number of features
in the given data sets are presented in Table 6.3, and the classification results obtained from the
DE classifier with feature based pool of distances for which each parameter value is allowed to
be of length equal to the number of features and GOWA are shown in Table 6.4. For each data
set, the mean classification accuracy with 99% confidence interval using student t distribution µ ±
t1−αSµ/

√
n was also calculated.
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Table 6.2: DE classifier: Classification results for the nine data sets using N = 30 and Gmax =

1000. TS is the test set and LS is the learning set. Reproduced and modified from Publication
IV

.
Data Mean accuracy (TS) Mean accuracy (LS)
Australian Credit 66.78± 1.27 76.02± 1.27
Balance Scale 88.66± 1.09 90.45± 1.01
Bank Note Authentication 99.02± 0.50 99.46± 0.32
Echocardiogram 88.81± 2.92 93.56± 1.07
Monk1 76.71± 1.38 78.02± 0.73
Monk2 88.13± 0.77 89.27± 0.77
Monk3 87.73± 1.06 89.40± 0.83
Average 85.12± 1.28 88.03± 0.86

Table 6.3: DE classifier with feature based pool of distances for which each parameter value is
allowed to be of length equal to the number of features in the given data sets : Classification
results for the nine data sets using N = 30 and Gmax = 1000. TS is the test set and LS is the
learning set. Reproduced and modified from Publication IV.

Data Mean accuracy (TS) Mean accuracy (LS)
Australian Credit 82.94± 1.65 90.38± 0.53
Balance Scale 91.30± 0.14 92.22± 0.08
Bank Note Authentication 99.61± 0.18 100.00± 0.00
Echocardiogram 86.55± 3.04 95.75± 0.99
Monk1 81.31± 0.77 84.95± 0.52
Monk2 95.40± 0.55 98.21± 0.42
Monk3 95.52± 0.59 97.65± 0.38
Average 90.38± 0.99 94.17± 0.42

Table 6.4: DE classifier with feature based pool of distances for which each parameter value
is allowed to be of length equal to the number of features and GOWA classifier: Classification
results for the nine data sets using N = 30 and Gmax = 1000. TS is the to test set and LS is the
learning set. Reproduced and modified from Publication IV.

Data Mean accuracy (TS) Mean accuracy (LS)
Australian Credit 83.29± 2.21 88.74± 0.62
Balance scale 91.40± 0.87 93.57± 0.85
Bank Note Authentication 99.57± 0.24 99.94± 0.13
Echocardiogram 88.08± 2.08 95.80± 1.04
Monk1 82.64± 1.06 83.81± 0.80
Monk2 96.13± 0.72 97.53± 0.40
Monk3 96.90± 0.52 97.31± 0.42
Average 91.15± 1.10 93.81± 0.61

In all the tables, the classification results with the highest mean accuracy are highlighted in bold.
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As can be seen from Table 6.4, the DE classifier with feature based pool of distances for which each
parameter value is allowed to be equal to the number of features and GOWA attained the highest
mean classification accuracy for five of nine data sets.

In Table 6.2, the DE classifier attained the highest mean accuracy with Echocardiogram data set,
while the Bank note authentication is the only data set with highest mean accuracy with the DE
classifier with feature based pool of distances for which each parameter value is allowed to be of
length equal to the number of features in the given data sets, in Table 6.3. The bottom row of
each table gives the average accuracy means and standard deviation of the respective classifiers.
Comparison of the results of the three classifiers shows that the DE classifier with feature based
pool of distances for which each parameter value is allowed to be of length equal to the number
of features in the given data sets and GOWA produce better predictive results than the other two
classifiers. On average, standard deviations were a little lower using the DE classifier with feature
based pool of distances for which each parameter value is allowed to be of length equal to the
number of features in the given data sets and GOWA, but not significantly. These results shows that
the GOWA operator can be a useful addition to the classification process with some data sets.



CHAPTER VII

Discussion and Future Prospects

The aim of this thesis was to further develop an existing differential evolution (DE) based classifier
for optimization covering several distances from a pool of distances. A differential evolution classi-
fier with extension for selecting automatically the proper distance measure from a pool of distance
measures to optimally classify the data set is presented in this work.

This thesis focuses on the basic DE algorithm because it is a simple population based approach, that
is efficient and widely studied and it has been shown to be a most robust optimizer.

A new method of choosing a proper distance measure is proposed that does not rely on the labo-
rious traditional approach of trial and error. A method to select the best distance measure from
a predefined pool of alternative measures systematically, automatically and optimally by basically
optimizing the class vectors, switch vector and parameters is presented. A considerable amount of
time, computations and effort are saved by removing the need to test different distance measures.
The approach allows possibilities to be explored which otherwise would not be possible.

Some distance measures from the pool of predefined distance measures contains parameters that
need to be optimized. A closer examination of three possible approaches to parameter optimization
is presented. The three parameter optimization techniques are: when the parameter vector was set
as {parameters = {r1, r2, r3, r4}} where r1 to r4 are simple real valued elements for which proper
value needs to be found; when parameters vectors are allowed to be of length T ; and when the
parameter vector are allowed to be of length equal to the number of features in the data set. The
objective of allowing these types of flexibility in the parameters associated to distance measure is to
see how the behavior of the parameter will affect the classification accuracy of the data set at hand.
It was found that if the parameter vectors are allowed to be of length equal to the number of features
in the data set then the overall average classification accuracy for the tested data sets produces good
classification results.

Aggregation operators are mathematical operators that have the function of reducing a set of num-
bers into a unique representative number. When combining the normalized distance values, OWA
based multi-distance aggregation and a GOWA operator were applied in order to improve the clas-
sification accuracy. It was found that applying these types of aggregation operators improved the
mean accuracy.

Six different versions of DE classification method were developed. The DE classifier versions were:
DE classifier with vector based pool of distances, DE classifier with feature based pool of distances
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for which the parameter values are fixed for all features using the same distances measure, DE
classifier with feature based pool of distances for which the parameter values are allowed to be
of length equal to the number of features in the given data set, DE classifier with feature based
pool of distances for which each parameter value is allowed to be of length equal to the number of
features in the given data set, DE classifier with OWA based multi-distances, and DE classifier with
feature based pool of distances and GOWA. All the DE classifiers studied gave good results in the
classification tasks.

Comparison with k-nearest neighbor and back propagation neural network classifiers was performed
in Publications I and II. The developed versions of DE classifiers showed better mean classification
accuracies than the k-nearest neighbor and back propagation neural network approaches in some
cases.

To further study and improve this method, the pool of distances could be extended, for instance,
to cover weighted distances. Also, a suitable aggregation method such as compensatory operators
could be explored to combine normalized distance values into a single value. Other future re-
search directions include the possibility of extending this work for optimal selection of the distance
measure from a predefined pool of distance measures with Fermat multi-distances or sum-based
multi-distances and applying a suitable aggregation method based on ordered weighting averaging
of multi-distances functions.

The DE based classification with a pool of distances can be improved further such that instead of
the DE algorithm optimizing a single prototype classifier for each class, the DE algorithm can be
allowed to choose several prototypes for each class dynamically.
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a b s t r a c t

In this article, we introduce a differential evolution based classifier with extension for selecting automat-
ically the applied distance measure from a predefined pool of alternative distances measures to suit opti-
mally for classifying the particular data set at hand. The proposed method extends the earlier differential
evolution based nearest prototype classifier by extending the optimization process by optimizing not
only the required parameters for distance measures, but also optimizing the selection of the distance
measure it self in order to find the best possible distance measure for the particular data set at hand.
It has been clear for some time that in classification, usual euclidean distance is often not the best choice,
and the optimal distance measure depends on the particular properties of the data sets to be classified. So
far solving this issue have been subject to a limited attention in the literature. In cases where some con-
sideration to this is problem is given, there has only been testing with couple distance measure to find
which one applies best to the data at hand. In this paper we have attempted to take one step further
by applying a systematic global optimization approach for selecting the best distance measure from a
set of alternative measures for obtaining the highest classification accuracy for the given data. In partic-
ular, we have generated pool of distance measures for the purpose and developed a model on how the
differential evolution based classifier can be extended to optimize the selection of the distance measure
for given data. The obtained results are demonstrating, and also confirming further on the earlier findings
reported in the literature, that often some other distance measure than the most commonly used euclid-
ean distance is the best choice. The selection of distance measure is one of the most important factor for
obtaining best classification accuracy, and should thereby be emphasized more in future research. The
results also indicate that it is possible to build a classifier that is selecting the optimal distance measure
for the given data automatically. It is also recommended that the proposed extension the differential evo-
lution based classifier is clearly efficient alternative in solving classification problems.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

One of the most recently emerged methods in evolutionary
computation is differential evolution algorithm (Price, Storn, &
Lampinen, 2005). Although a significant amount of evolutionary
computation research has concerned the theory and practice of
classifier systems (Booker, 1985; Fogarty, 1994; Holland, 1985,
1987; Holland, Holyoak, & Thagard, 1987; Robertson, 1987;
Wilson, 1987), the possibilities of applying evolutionary algo-
rithms in solving classification tasks has not yet been studied
exhaustively, and further research in this area is still required. Dif-
ferential evolution algorithm is gaining fastly popularity in classi-
fication problems. Some include bankruptcy prediction (Chauhan,

Ravi, & Chandra, 2009), classification rule discovery (Su, Yang, &
Zhao, 2010), feature selection, (Khushaba, Al-Ani, & Al-Jumaily,
2011), edge detection in images (Bastürk & Günay, 2009). Also in
some methods classification techniques are used to improve opti-
mization with differential evolution algorithm (Liu & Sun, 2011).
Here we tackle classification problems by extending differential
evolution (DE) classifier (Luukka & Lampinen, 2011, 2010) further
onto cover also optimization of the distance measures selection
from a pool of alternative distance measures. The original DE clas-
sifier is a nearest prototype classifier applying a single class proto-
type vector for representing each class. A sample is classified by
measuring its distance to each class vector. A sample belongs to
the class represented by the nearest class vector. In this type of a
problem one must first determine the class vector that are repre-
senting each class optimally and also determine the optimal values
for the possible distance metrics related parameter i.e. p parameter
in Minkowsky distance. Here the optimal results depends heavily
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on the chosen distance measure.Usually simply euclidean distance
or as in Luukka and Lampinen (2011) the Minkowsky distance is
used for the purpose. This of course is sometimes a sufficient
choice, but there also exists several classification problems where
Minkowsky distance is not optimal distance to use or even a suffi-
cient choice. In fact the optimal distance measure is not known a
priori. Examples on such situations where a considerable better
classification accuracy have been obtained by applying some other
distance measure have been reported in several articles i.e. (Chang,
Yeung, & Cheung, 2006; Dettmann, Becker, & Schmeiser, 2011;
Everson & Penzhorn, 1988; Fernando & Pedro, 2004; Jenicka &
Suruliandi, 2011; Kaski, Sinkkonen, & Peltonen, 2001; Madzarov
& Gjorgjevikj, 2010; Ogawa & Takahashi, 2008; Shahid, Bertazzon,
Knudtson, & Ghali, 2009; Schonfeld & Ashlock, 2006; Yu, Yin, J, &
Zhang, 2007). However, typically in these types of studies one
has simply tested with a few different distance measure for classi-
fying the data set at hand.

In our approach, instead of taking this type of trial and error ap-
proach, we are attempting to select the best distance measure from
a predefined pool of alternative measures systematically, automat-
ically and optimally. Furthermore, instead of only selecting the
optimal distance measure from a set of alternatives, we also at-
tempt to optimize the values of the possible control parameters re-
lated with the selected distance measure.In particular, we first
create a pool of alternative distance measure and then apply a glo-
bal optimization algorithm, differential evolution for selecting the
optimal distance measure that yields the highest classification
accuracy with the current data. The first advantages of this ap-
proach is, that there is no need to carry out tests with different
measures manually, since the differential evolution algorithm is
searching the optimal distance measure and the optimal parameter
values for it in parallel with searching the optimal class prototype
vectors for each class. The second advantage is that all these selec-
tions will become globally optimized by the differential evolution
algorithm for the maximum classification accuracy over the cur-
rent data set to be classified. As an outcome considerable amount
of time, computations and efforts are saved in testing with differ-
ent distance measures. Also all selections needed will be globally
optimized as well as all values of all free parameters of the classier,
that should, in principle at least in a better classification accuracy
for the given data.

2. Differential evolution based classification with pool of
distances

Here first we start with short introductory to differential evolu-
tion based classification and then we go into how to extend it to
cover optimization of distance measures for the classification prob-
lem at hand and possible parameter optimizations which the mea-
sures have.

2.1. Differential evolution based classification

The DE algorithm (Price et al., 2005; Storn & Price, 1997) was
introduced by Storn and Price in 1995 and it belongs to the family
of evolutionary algorithms (EAs). The design principles of DE are
simplicity, efficiency, and the use of floating-point encoding in-
stead of binary numbers for representing internally the solution
candidates for the optimization problem to be solved. As a typical
EA, DE starts with a randomly generated initial population of can-
didate solutions for the optimization problem to be solved that is
then improved using selection,mutation and crossover operations.
Several ways exist to determine a stopping criterion for EAs but
usually a predefined upper limit Gmax for the number of generations
to be computed provides an appropriate stopping condition. Other

control parameters for DE are the crossover control parameter CR,
the mutation factor F, and the population size NP.

In each generation G, DE goes through each D dimensional deci-
sion vector ~v i;G of the population and creates the corresponding
trial vector ~ui;G as follows in the most common DE version,
DE/rand/1/bin (Price, 1999):

r1; r2; r3 2 f1;2; . . . ;NPg; ðrandomly selected; except mutually
different and different from iÞ

jrand ¼ floor ðrandi½0;1Þ � ðDÞ þ 1
forðj ¼ 1; j 6 D; j ¼ jþ 1Þ
f

ifðrandj½ð0;1Þ < CR _ j ¼ jrandÞ
uj;i;G ¼ v j;r3 ;G þ F � ðv j;r1 ;G � v j;r2 ;GÞ

else
uj;i;G ¼ v j;i;G

g

In this DE version, NP must be at least four and it remains fixed
along CR and F during the whole execution of the algorithm. Param-
eter CR 2 [0,1], which controls the crossover operation, represents
the probability that an element for the trial vector is chosen from
a linear combination of three randomly chosen vectors and not from
the old vector ~v i;G. The condition ‘‘j = jrand’’ is to make sure that at
least one element is different compared to the elements of the old
vector. The parameter F is a scaling factor for mutation and its value
is typically (0,1+].1 In practice, CR controls the rotational invariance
of the search,and its small value (e.g., 0.1) is practicable with separa-
ble problems while larger values (e.g., 0.9) are for non-separable
problems. The control parameter F controls the speed and robustness
of the search, i.e., a lower value for F increases the convergence rate
but it also adds the risk of getting stuck into a local optimum. Param-
eters CR and NP have the same kind of effect on the convergence rate
as F has.

After the mutation and crossover operations, the trial vector~ui;G

is compared to the old vector ~v i;G. If the trial vector has an equal or
better objective value, then it replaces the old vector in the next
generation. This can be presented as follows (in this paper minimi-
zation of objectives is assumed) (Price, 1999):

~v i;Gþ1 ¼
~ui;G if f ð~ui;GÞ 6 f ð~v i;GÞ
~v i;G otherwise

(
:

DE is an elitist method since the best population member is always
preserved and the average objective value of the population will
never get worse. As the objective function, f, to be minimized we
applied the number of incorrectly classified learning set samples.
Each population member, ~v i;G, as well as each new trial solution,
~ui;G, contains the class vectors for all classes and the power value
p. In other words, DE is seeking the vector (y(1), . . . ,y(T),p) that min-
imizes the objective function f. After the optimization process the
final solution, defining the optimized classifier, is the best member
of the last generation’s, Gmax, population, the individual ~v i;Gmax . The
best individual is the one providing the lowest objective function
value and therefore the best classification performance for the
learning set. The control parameters of DE algorithm were set as fol-
lows: CR = 0.9 and F = 0.5 were applied for all classification prob-
lems. NP was chosen so that it was six times the size of the
optimized parameters or if size of the NP, also the number of gener-
ations used is Gmax = 1000. These values are the same as those used
by Luukka and Lampinen (2011), Luukka and Lampinen (2010).
However, these selections were mainly based on general recom-
mendations and practical experiences with the usage of DE, (e.g.

1 Notation means that the upper limit is about 1 but not strictly defined.
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Luukka & Lampinen, 2011; Luukka & Lampinen, 2010) and no sys-
tematic investigations were performed for finding the optimal con-
trol parameter values, therefore further classification performance
improvements by finding better control parameter settings in fu-
ture are within possibilities. Next into the actual classification.
The problem of classification is basically one of partitioning the fea-
ture space into regions, one region for each category. Ideally, one
would like to arrange this partitioning so that none of the decisions
is ever wrong (Duda & Hart, 1973). The objective is to classify a set X
of objects to N different classes C1, . . . ,CN by their attributes. We
suppose that T is the number of different kinds of attributes that
we can measure from objects. The key idea is to determine for each
class the ideal vector yi

yi ¼ ðyi1; . . . ; yiTÞ ð1Þ

that represents class i as well as possible. Later on we call these vec-
tors as class vectors. When these class vectors have been deter-
mined we have to make the decision to which class the sample x
belongs to according to some criteria. This can be done e.g. by com-
puting the distances di between the class vectors and the sample
which we want to classify. For computing the distance usual way
is to use Minkowsky metric:

dðx; yÞ ¼
XT

j¼1

jxj � yjj
p

 !1=p

ð2Þ

Minkowsky metric because is more general than euclidean metric
and euclidean metric is included there as a special case when
p = 2. We also found in Luukka and Lampinen (2011), Luukka and
Lampinen (2010) that when p value was optimized it almost never
were even near p = 2 which corresponds to euclidean metric.

After we have the distances between the samples and class vec-
tors then we can make our classification decision according to the
shortest distance.

for x,y 2 Rn. We decide that x 2 Cm if

dhx; ymi ¼ min
i¼1;...;N

dhx; yii ð3Þ

Before doing the actual classification, all the parameters for classi-
fier should be decided. These parameters are

(1) The class vectors yi = (yi(1), . . . ,yi(T)) for each class i = 1, . . . ,N
(2) The power value p in (2).

In this study we used differential evolution algorithm (Price
et al., 2005) to optimize both the class vectors and p value. For this
purpose we split the data into learning set learn and testing set test.
Split was made so that half of the data was used in learning set and
half in testing set. We used data available in learning set to find the
optimal class vectors yi and the data in the testing set test was ap-
plied for assessing the classification performance of the proposed
classifier.

In short the procedure for our algorithm is as follows:

1. Divide data into learning set and testing set.
2. Create trial vectors to be optimized which consists of classes

and parameter p, ~v i;G.
3. Divide ~v i;G into class vectors and parameter p.
4. Compute distance between samples in the learning set and

class vectors.
5. Classify samples according to their minimum distance by

using (3).
6. Compute classification accuracy (accuracy = No. of correctly

classified samples/total number of all samples in learning
set).

7. Compute the fitness value for objective function using
f = 1 � accuracy.

8. Create new pool of vectors ~v i;Gþ1 for the next population
using selection, mutation and crossover operations of differ-
ential evolution algorithm, and goto 3. until stopping criteria
is reached. (For example maximum number of iterations
reached or 100% accuracy reached).

9. Divide optimal vector ~v i;Gmax into class vectors and parameter
p.

10. Repeat steps 4, 5 and 6, but now with optimal class vectors, p
parameter and samples in the testing set.

That far the proposed method is identical with the one reported
earlier in Luukka and Lampinen (2011). The proposed extension to
the earlier DE classifier will be described in detail next.

2.2. Extension to optimizing distance measures from pool of distances

Basic underlying idea here is that instead of using Eq. (2) we
create a pool of different distance measures and optimize the
parameter related to the selection of suitable distance also. For
the pool of distances we selected the following distances:

d1ðx; yÞ ¼
XT

j¼1

jxj � yjj
p1

 !1=p1

; p1 2 ½1;1Þ ð4Þ

(Minkowski metric)

d2ðx; yÞ ¼
XT

j¼1

XT

i¼1

cijðxi � yiÞðxj � yjÞ ¼ ðx� yÞ0Cðx� yÞ ð5Þ

(Mahalanobis-distance; statistical interpretetation: C = V�1, where
V means an estimation of the covariance matrix of the whole data
set)

d3ðx; yÞ ¼ maxicijxj � yjj; ci 2 ð0;1Þ ð6Þ

(Tschebyscheff metric)

d4ðx; yÞ ¼
XT

j¼1

ciðxj � yjÞ
2; ci 2 ð0;1Þ ð7Þ

(Karl–Pearson-distance; statistical interpretation: ci ¼ s�2
i , where s2

i

means the variance of the i-th coordinate in the whole data set)

d5ðx; yÞ ¼
XT

j¼1

½jxj � yjj
p2 �=ð1þminfjxjj; jyjjgÞ ð8Þ

d6ðx; yÞ ¼
XT

j¼1

½jxj � yjj
p3 �=ðmaxfjxjj; jyjjgÞ ð9Þ

d7ðx; yÞ ¼
XT

j¼1

jxj � yjj=ðmaxfjxjj; jyjjgÞ ð10Þ

d8ðx; yÞ ¼
XT

j¼1

jxj � yjj=ð1þminfjxjj; jyjjgÞ ð11Þ

d9ðx; yÞ ¼
XT

j¼1

jxj � yjj=ð1þmaxfjxjj; jyjjgÞ ð12Þ

d10ðx; yÞ ¼
XT

j¼1

jxj � yjj=ð1þ jxjj þ jyjjÞ ð13Þ

d11ðx; yÞ ¼
XT

j¼1

jxj=ð1þ jxjjÞ � yj=ð1þ jyjjÞj ð14Þ

Collection of distance measures can be found i.e. in Bandemer and
Näther (1992). After we had created the pool of distances we
needed to find a way to optimize it to the data set at hand. For this
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we used switch operator which was needed to optimize. For the 11
distances in the pool now we had to add one more parameter to be
optimized in order to select the suitable distance. In order to do this
properly several issues needed to be considered. In DE we are opti-
mizing a real valued number instead of the integer so now bound-
aries for this parameter needed to be selected carefully. Here we did
it so that for the boundaries we selected interval [0.5, 11.499]. After
this what was also needed was to subdivide the value range for each
possible choice at hand. So the range for 11 distances was subdi-
vided into 11 equal parts. Then what was used was simply rounding
of the real value gained from the DE to nearest integer value. After
this the gained integer value was used to select the proper distance
function. The applied handling concept for integer valued parame-
ters is explained in detail in Price et al. (2005). In addition to this,
as can be noticed from the pool of distances there are different
parameter values with different distances which needs to be opti-
mized. What was done in our experiment was that we created addi-
tional parameters to be optimized for each of the different
parameters in pool of distances. This way we created a situation
where it is possible that in the optimization process there is some
parameters for which do not need to be optimized, but since there
is no way of knowing beforehand which distance would be optimal,
this was necessary. Also it showed not to be a problem in the learn-
ing process. Basically our vector to be optimized consists now of fol-
lowing components:

~v i;G ¼ ffclass1; class2 � � � classNg; fswitchg; fparametersgg

where {class1,class2 � � � classN} are the class vectors which are to be
optimized for data set, {switch} is the parameter for finding the opti-
mal distance measure from choices d1 to d11 and {parameters} is
possible parameters from the distance measures. In this case
{parameters = {p1,p2,p3}}. After the vector ~v i;G is divided in its corre-
sponding parts we can calculate the distances between the samples
and the class vectors and the classification is done according to the
minimum distance. Finally we use label information from the sam-
ples to calculate the misclassification rate which is to be minimized
(our cost function value).

3. The test data sets and experimental arrangements

The data sets for experimentation with the proposed approach
were taken from UCI machine learning data repository (Newman,
Hettich, Blake, & Merz, 1998). Chosen data sets were all such where
optimal distance measure was not euclidean distance. The data
sets were subjected to 1000 number of generations (Gmax = 1000)
and divided into 30 times random splits of testing sets and learning
sets (N = 30) based on which mean accuracies and variances were
then computed. The Fundamental properties of the data sets are
summarized in Table 1, also data sets briefly introduced in the
following.

3.1. Parkinsons data set

The data sets was created by Max Little of the University of
Oxford. Data set is composed of a range of biomedical voice

measurements from healthy people and people with Parkinson’s
disease (PD). Each column in the table is a particular voice mea-
sure, and each row corresponds one of 195 voice recording from
people who participated in collection of this data. The main aim
of the data is to discriminate healthy people from those with PD.

3.2. Echocardiogram

In this data set one sample is results from echocardiogram mea-
surements of one patient who has recently suffered an acute heart
attack. Measurements are taken from echocardiograms, which are
ultrasound measurements of the heart itself. The goal of physicians
using these measurements is to predict a patient’s chances of sur-
vival. Experimental work is being preformed to determine if an
echocardiogram, in conjunction with other measures, could be
used to predict whether or not a patient would survive for longer
than a certain time period. If this data can be classified accurately
enough it would give means for predicting future heart attacks in
former heart patients.

3.3. Horse-colic

Predictive attribute here is surgical lesion. In other words the
purpose is to try to determine the existence or non-existence of
the surgical (lesion) problem. All the instances in this data are
either operated upon or autopsied so that this value and the lesion
type are known and main aim is to find whether the surgical pro-
cedure is needed or not. Total of 11 different attributes were mea-
sured for this purpose and number of instances were 368.

3.4. Credit approval data

In Australian credit data major concern is in credit card applica-
tions. Main decision to be made is whether credit card application
should be approved or not. Data set was taken from UCI Machine
learning data base (Newman et al., 1998) where it is freely avail-
able. Data set consists of 690 instances and has 16 attributes. There
are six numerical attributes and eight categorical attributes.

3.5. Balance-scale data

This data set was generated to model psychological experimen-
tal results. Each example is classified as having the balance scale
tip to the right, tip to the left, or be balanced. The attributes are
the left weight, the left distance, the right weight and the right dis-
tance. Total of 5 different attributes were measured for this pur-
pose and number of instances were 625.

4. Results

4.1. The classification results from proposed method with given data
sets

The proposed differential evolution classifier was tested with
data sets echocardiogram, Horse-colic, credit approval, Parkinsons
and Balance scale data set in order to select the optimal distance
measure from the defined pool of several different distance mea-
sures. The mean classification accuracies were recorded as well
as the corresponding optimal distance measure that was found
optimal in each individual experiment. In each case 30 repetitions
were performed dividing the data randomly into learning and test-
ing tests. Results from the experiments are shown in Table 2.

In Table 3, In each data set we show how many times each opti-
mal distance appeared and its corresponding mean accuracy. The

Table 1
Properties of the data sets.

Name Nb of classes Nb of attributes Nb of instances

Parkinsons 2 23 197
Echocardiogram 2 8 132
Horse-colic 2 11 368
Credit approval 2 16 690
Balance scale 3 5 625
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aim is to show the relationship between the optimized distance
and the mean classification accuracy.

4.1.1. The results with echocardiogram data set
Echocardiogram datasets contains 8 attributes. Our proposed

classification method gives the mean classification accuracy of
88.36% and variance 21.14 with optimal distances 8, 9 and 10. In
the echocardiogram data set, the distance 8 appeared 19 times
(out of 30 independent experiment in total) and has the highest
mean accuracy. This fact giving preference to distance 8 as an opti-
mal distance as compared to other distances with this data set.

4.1.2. The results with Horse-colic data set
The results with Horse-colic data sets contains 11 attributes.

With this data set we got the mean classification accuracy of
82.55% and variance 89.86 with optimal distances 3,9 and 11. In
this data set we see that distance 11 gave the optimal mean accu-
racy of 84.24% compared to other distances. Only twice from 30
runs other distance was found as optimal.

4.1.3. The results with credit approval data set
This data set had 16 attributes. Credit approval data set con-

verged to the optimal distances 10 and 11 with the mean accuracy
of 84.93% and variance 3.51. In this category distances 10 and 11
gave the optimal distances with the mean accuracy of 85.55%

and 84.91% respectively. With this data set distance 11 was found
to be the optimal distance it appears 29 times from 30 runs.

4.1.4. The results with Parkinsons data set
Parkinsons dataset had 23 attributes. With this data set the

mean classification accuracy of 84.97% and variance 14.21 with
optimal distances 9 and 10 were received. In the case of Parkinsons
data set, the distance 9 showed up 27 times from 30 and had mean
accuracy of 84.85%.

For each data set, the mean classification accuracy with 99%
confidence interval using student t distribution l ± t1�aSl/

p
n

was also calculated and results are shown in the Table 4.
In Fig. 1 we studied the mean classification accuracies of test

data sets with respect to number of iterations and results were
plotted from the experiment in which each line represents mean
over all 30 independent experiment with each data for the echo-
cardiogram, Credit approval, Parkinson, Horse-colic and Balance
scale data sets. With Gmax = 1000 the graph for each data set in
Fig. 1 seem to have converged in their respective confidence
intervals.

4.2. Comparison of the results with other classifiers

Further analysis of the results were performed using other clas-
sifiers, namely k-NN classifer, BackPropagation Neural Network
(BPNN) and DE classifer (Luukka & Lampinen, 2011) and compared
with the proposed method. The comparison of the proposed meth-
od with other classifier is shown in Tables 5–8 as it can be seen in
all tables the proposed method seem to perform well by giving
slightly higher mean classification accuracy of the chosen data sets
compared to other classifiers.

Table 2
Classification results for the five data sets using N = 30 and Gmax = 1000. Mean classification accuracies, variances and optimal distance found are reported in columns 2
to 6. TS is referring to test set and LS to the learning set.

DATA Mean (TS) Variance (TS) Mean (LS) Variance (LS) Optimal distance

Echochardiogram 88.36 21.14 96.84 3.29 8, 9, 10
Horse colic 82.55 89.86 89.75 2.21 3, 9, 11
Credit approval data 84.93 3.51 89.92 1.97 10, 11
Parkinsons 84.97 14.21 82.31 5.56 9, 10
Balancescale 90.63 1.68 92.02 0.19 11

Table 3
Data sets results with N = 30 and Gmax = 1000 showing convergence to a
specific distance.

Data Distance No. of
times

Mean

Echochardiogram 8 18 90.33
9 9 84.58
10 3 89.83

Horse-colic 11 28 84.85
9 1 83.03
3 1 59.39

Credit approval data 11 29 84.91
10 1 85.55

Parkinsons 9 27 84.85
10 3 86.05

Balancescale 11 30 90.63

Table 4
Data sets results with respect to confidence interval from
the proposed method.

DATA Confidence interval

Echocardiogram 88.36 ± 2.31
Horse-colic 82.55 ± 4.77
Credit approval data 84.93 ± 0.94
Parkinsons 84.97 ± 1.90
Balance scale 90.63 ± 0.65
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Fig. 1. Mean classification accuracies from data sets studied w.r.t. number of
generations computed: Each line represents the mean over all 30 independent
experiments with each data.
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In Table 5, the BPNN classifier seems to have much better mean
classification accuracy for the parkinson data sets as compared to
other classifiers, though the percentage in the difference with the
proposed method is not that large. Second best results came from
our proposed method and what current method managed clearly
better than its previous version where DE classifier was imple-
mented only using Minkowsky distance.

On another experiment credit approval data were used in doing
the comparison of the classifiers. In Table 6,the proposed method
performed clearly better than k-NN. Also in comparison to BPNN
our proposed method gave significantly higher mean accuracy in
0.999 confidence interval. With original DE classifier and the pro-
posed method mean accuracies were not statistically significantly
different.

Results from the comparison with the Horse-colic data set can
be found in Table 7. With this data set the proposed method
achieved again higher mean classification accuracy compared to
KNN, BPNN and DE classifier. Improvement with mean accuracy
compared to original DE classifier was quite significant, more than
10%.

In Table 8, same comparison as with others is done now for
echocardiogram data set. Here proposed method gives second
highest mean accuracy where as highest accuracy was achieved
with KNN classifier. However is if we again study significance of
the difference in mean accuracies we can see that mean accuracies
with KNN and proposed method are not significantly different. Also
compared to original DE classifier we can see slightly better mean

accuracy with proposed method, but it is also not statistically sig-
nificantly different when performing the mean comparison.

In Table 9 one can see the results from balance scale data set. As
we can see here proposed method clearly outperforms other com-
pared classifiers, now with the mean accuracy of 90.63%.

5. Conclusions and future work

In this article a generalization for differential evolution classi-
fier extended to cover several different types of distance measures
is proposed. The results of experiments using the proposed version
of DE classifier are indicating that the earlier used Minkowsky dis-
tance metrics is often a suboptimal choice, and considerably better
classification results can be achieved when also optimizing the dis-
tance measure itself to the given data set. This type of generaliza-
tion lead into even more challenging optimization task since now
besides optimizing the class vectors for each class now we also
have to optimize the selection of the distance measure and possi-
ble extra parameters related with the selected distance measures.
Also optimizing the selection of the distance is not a real valued
optimization problem, but a mixed discrete one which makes the
optimization problem even harder to solve. We selected 11 differ-
ent distances to our pool of distances to study performance of the
method. We selected five different data sets echocardiogram,
Horse-colic, credit approval, Parkinsons and Balance scale data sets
to study our method. With all of these data sets we found some
other than Minkowsky distance to be optimal choice. For all stud-
ied data sets the proposed method yielded a higher classification
accuracy than the original DE classifier providing further evidences
pointing to the direction that also the choice of distance measure
itself is important eventhough this issue have been mostly ignored
in the previous literature in the field (In almost all classification re-
search papers).

To further study and improve this method we acknowledge the
fact that our pool of distances could be extended. Also it can be ex-
tended to cover weighted distances. Even further generalization of
this would be that instead of optimizing the distance measure to
the given data set as what is done over here we can generalize it
even further by optimizing the distance measure to the given var-
iable in the data set and using proper aggregation. This will be our
future study subject.
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a b s t r a c t

In this paper a further generalization of differential evolution based data classification method is pro-
posed, demonstrated and initially evaluated. The differential evolution classifier is a nearest prototype
vector based classifier that applies a global optimization algorithm, differential evolution, for determining
the optimal values for all free parameters of the classifier model during the training phase of the classi-
fier. The earlier version of differential evolution classifier that applied individually optimized distance
measure for each new data set to be classified is generalized here so, that instead of optimizing a single
distance measure for the given data set, we take a further step by proposing an approach where distance
measures are optimized individually for each feature of the data set to be classified. In particular, distance
measures for each feature are selected optimally from a predefined pool of alternative distance measures.
The optimal distance measures are determined by differential evolution algorithm, which is also deter-
mining the optimal values for all free parameters of the selected distance measures in parallel. After
determining the optimal distance measures for each feature together with their optimal parameters,
we combine all featurewisely determined distance measures to form a single total distance measure, that
is to be applied for the final classification decisions. The actual classification process is still based on the
nearest prototype vector principle; A sample belongs to the class represented by the nearest prototype
vector when measured with the above referred optimized total distance measure. During the training
process the differential evolution algorithm determines optimally the class vectors, selects optimal dis-
tance metrics for each data feature, and determines the optimal values for the free parameters of each
selected distance measure. Based on experimental results with nine well known classification benchmark
data sets, the proposed approach yield a statistically significant improvement to the classification accu-
racy of differential evolution classifier.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Differential evolution algorithm is gaining a fast popularity in
classification problems. Some include bankruptcy prediction
(Chauhan, Ravi, & Chandra, 2009), classification rule discovery
(Su, Yang, & Zhao, 2010), feature selection, (Khushaba, Al-Ani, &
Al-Jumaily, 2011), edge detection in images (Bastürk & Günay,
2009). Also in some methods classification techniques are used
to improve optimization with differential evolution algorithm

(Liu & Sun, 2011). The global optimization problems arises in many
fields of science, engineering and business (Sun, Zhang, & Tsang,
2005). In order to achieve the best available classification perfor-
mance, we typically need to find the best classification model for
the current data set to be classified, and the best optimization algo-
rithm for determining the values of its free parameters during the
training phase. One of the emerged global optimization methods is
the differential evolution (DE) algorithm (Price, Storn, & Lampinen,
2005) that belongs evolutionary computation approaches. DE has
also been applied in many areas of pattern recognition, i.e. in re-
mote sensing imagery (Maulik & Saha, 2009), hybrid evolutionary
learning in pattern recognition systems (Zmudaa, Rizkib, &
Tamburinoc, 2009), in neural network based learning algorithms
(Fernandez, Hervas, Martinez, & Cruz, 2009; Magoulas, Plagianakos,
& Vrahatis, 2004), in clustering (Bandyopdhyay & Saha, 2007;
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Das, Abraham, & Konar, 2008; Maulik & Saha, 2010; Omran &
Engelbrecht, 2006; Omran, Engelbrecht, & Salman, 2005) and in
classification (De Falco, 2012; De Falco, Della Cioppa, & Tarantino,
2006; Triguero, Garcia, & Herrera, 2011) to mention few. Here we
tackle classification problems by extending our differential evolu-
tion (DE) based classifier (Koloseni, Lampinen, & Luukka, 2012;
Luukka & Lampinen, 2010, 2011) further by continuing our general-
ization on extending it for data featurewise distance measure
optimization. In our earlier work (Koloseni et al., 2012) we general-
ized our original DE classifier version (Luukka & Lampinen, 2011) by
extending the optimization to cover several distances from the pool
of distances. The distances in Koloseni et al. (2012) were vector
based distances so that optimal distance found, was always applied
to all features of the particular data set which we were classifying.
However, in classification of data sets, data set is usually in a form
where each sample consists of several measurements, and it is not
guaranteed that all the measured values of a sample obey the same
optimal distance measure. It is clear that the optimal distance mea-
sure for one feature may not be optimal for another feature. This is
the underlying motivation for further generalizing our method so,
that instead of optimizing the vector based distance measure we
concentrate on the problem at the feature level and optimize the
suitable distance for the particular feature. We repeat this process
of course for all the features in the data set and finally get N different
optimal distance measures that are determined individually for each
feature of the data set. Also if any of the determined distance mea-
sures include one or more free parameters, these values needs to be
optimized as well. After determining the optimal distance measures
for each feature, to combine the total distance measure we first nor-
malize the values of individual distance measures, and then simply
calculate the sum of all normalized distance measures.

The classification model parameterization for featurewise dis-
tance measure optimization can be chosen at least in three differ-
ent ways, in this paper we also investigate the influence of this
choice to the classification performance.

Examples on such situations where better classification accu-
racy have been obtained by applying some other distance measure
than the most commonly applied euclidean distance have been
reported in several articles i.e. (Chang, Yeung, & Cheung, 2006;
Dettmann, Becker, & Schmeiser, 2011; Everson & Penzhorn,
1988; Fernando & Pedro, 2004; Jenicka & Suruliandi, 2011; Kaski,
Sinkkonen, & Peltonen, 2001; Madzarov & Gjorgjevikj, 2010;Ogawa
& Takahashi, 2008; Shahid, Bertazzon, Knudtson, & Ghali, 2009;
Schonfeld & Ashlock, 2006; Yu, Yin, & Zhang, 2007). However,
typically in these types of studies one has simply tested with a
few different distance measure for classifying the data set at hand,
and none of them have concentrated on distances for individual
features, but vector based distances for the data set. Instead of
testing the method separately with few distance measures, our
goal is to concentrate on optimal selection of the distance measure
from a predefined pool of distance measures. The data sets for
demonstrating the proposed approach and for its empirical evalu-
ation were taken from a UCI-Repository of Machine Learning data
set (Newman, Hettich, Blake, & Merz, 1998) and KEEL data sets
(Alcal-Fdez et al., 2009). Classifier was implemented with
MATLABTM-software.

2. Differential evolution based classifier with optimized
distances for the features in the data sets

2.1. Differential evolution based classification

The DE algorithm (Price et al., 2005; Storn & Price, 1997) was
introduced by Storn and Price in 1995 and it belongs to the
family of Evolutionary Algorithms (EAs). The design principles

of DE are simplicity, efficiency, and the use of floating-point
encoding instead of binary numbers for representing internally
the solution candidates for the optimization problem to be
solved. As a typical EA, DE starts with a randomly generated ini-
tial population of candidate solutions for the optimization prob-
lem to be solved that is then improved using selection, mutation
and crossover operations. Several ways exist to determine a
stopping criterion for EAs but usually a predefined upper limit
Gmax for the number of generations to be computed provides
an appropriate stopping condition. Other control parameters for
DE are the crossover control parameter CR, the mutation factor
F, and the population size NP.

In each generation G, DE goes through each D dimensional deci-
sion vector vi,G of the population and creates the corresponding
trial vector ui,G as follows in the most common DE version, DE/
rand/1/bin (Price, 1999, chap. 6):

r1,r2,r3 2 {1,2, . . .,NP}, (randomly selected,
except mutually different and different from i)

jrand = floor (randi½0; 1Þ � D) + 1
for (j = 1;j 6 D;j = j + 1)
{

if (randj½0; 1Þ < CR _ j = jrand)
uj;i;G ¼ v j;r3;G þ F � ðv j;r1;G � v j;r2 ;GÞ

else
uj,i,G = vj,i,G

}

In this DE version, NP must be at least four and it remains
fixed along CR and F during the whole execution of the algo-
rithm. Parameter CR 2 [0,1], which controls the crossover opera-
tion, represents the probability that an element for the trial
vector is chosen from a linear combination of three randomly
chosen vectors and not from the old vector vi,G. The condition
‘‘j = jrand’’ is to make sure that at least one element is different
compared to the elements of the old vector. The parameter F
is a scaling factor for mutation and its value is typically
ð0; 1þ�.1 In practice, CR controls the rotational invariance of the
search, and its small value (e.g., 0.1) is practicable with separable
problems while larger values (e.g., 0.9) are for non-separable prob-
lems. The control parameter F controls the speed and robustness
of the search, i.e., a lower value for F increases the convergence
rate but it also adds the risk of getting stuck into a local optimum.
Parameters CR and NP have the same kind of effect on the conver-
gence rate as F has.

After the mutation and crossover operations, the trial vector
ui,G is compared to the old vector vi,G. If the trial vector has an
equal or better objective value, then it replaces the old vector
in the next generation. This can be presented as follows (in this
paper minimization of objectives is assumed) (Price, 1999,
chap. 6):

vi;Gþ1 ¼
ui;G if f ðui;GÞ 6 f ðvi;GÞ
vi;G otherwise

�
:

DE is an elitist method since the best population member is al-
ways preserved and the average objective value of the population
will never get worse. As the objective function, f, to be mini-
mized we applied the number of incorrectly classified learning
set samples. Each population member, vi,G, as well as each new
trial solution, ui,G, contains the class vectors for all classes and

1 Notation means that the upper limit is about 1 but not strictly defined.
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the power value p. In other words, DE is seeking the vector
(y(1), . . . ,y(T),p) that minimizes the objective function f. After
the optimization process the final solution, defining the opti-
mized classifier, is the best member of the last generation’s, Gmax,
population, the individual vi;Gmax . The best individual is the one
providing the lowest objective function value and therefore the
best classification performance for the learning set. The control
parameters of DE algorithm were set as follows: CR = 0.9 and
F = 0.5 were applied for all classification problems. NP was
chosen so that it was six times the number of optimized param-
eters, NP = 6D. The number of generations used was set to
Gmax = 1000. These values are the same as those used by Luukka
and Lampinen (2011, 2010). However, these selections were
mainly based on general recommendations and practical experi-
ences with the usage of DE, (e.g. Luukka & Lampinen, 2010;
Luukka & Lampinen, 2011) and no systematic investigations were
performed for finding the optimal control parameter values,
therefore further classification performance improvements by
finding better control parameter settings in future are within
possibilities. Next into the actual classification. The problem of
classification is basically one of partitioning the feature space
into regions, one region for each category. Ideally, one would like
to arrange this partitioning so that none of the decisions is ever
wrong (Duda & Hart, 1973). The objective is to classify a set X of
objects to N different classes C1, . . . ,CN by their attributes. We
suppose that T is the number of different kinds of attributes that
we can measure from objects. The key idea is to determine for
each class the ideal vector yi

yi ¼ ðyi1; . . . ; yiTÞ ð1Þ

that represents class i as well as possible. Later on we call these
vectors as class vectors. When these class vectors have been
determined we have to make the decision to which class the
sample x belongs to according to some criteria. This can be done
e.g. by computing the distances di between the class vectors and
the sample which we want to classify. For computing the dis-
tance usual way is to use Minkowsky metric:

dðx; yÞ ¼
XT

j¼1

jxj � yjj
p

 !1=p

ð2Þ

After we have the distances between the samples and class vectors
then we can make our classification decision according to the short-
est distance.

for x,y 2 Rn. We decide that x 2 Cm if

dhx; ymi ¼ min
i¼1;...;N

dhx; yii ð3Þ

Before doing the actual classification, all the parameters for classi-
fier should be decided. These include

1. The class vectors yi = (yi1, . . . ,yiT) for each class i = 1, . . . ,N
2. The power value p in (2).

In this study we used differential evolution algorithm (Price
et al., 2005) to optimize both the class vectors and p value.
For this purpose we split the data into learning set learn and
testing set test. Split was made so that half of the data was used
in learning set and half in testing set. We used data available in
learning set to find the optimal class vectors yi and the data in
the testing set test was applied for assessing the classification

performance of the proposed classifier. In short the procedure
for our algorithm is as follows:

1. Divide data into learning set and testing set.
2. Create trial vectors to be optimized which consists of classes

and parameter p; ~v i;G.
3. Divide ~v i;G into class vectors and parameter p.
4. Compute distance between samples in the learning set and

class vectors.
5. Classify samples according to their minimum distance by

using (3).
6. Compute classification accuracy (accuracy = No. of correctly

classified samples/total number of all samples in learning
set).

7. Compute the fitness value for objective function using
f = 1 � accuracy.

8. Create new pool of vectors ~v i;Gþ1 for the next population
using selection, mutation and crossover operations of differ-
ential evolution algorithm, and goto 3. until stopping criteria
is reached. (For example maximum number of iterations
reached or 100 % accuracy reached).

9. Divide optimal vector ~v i;Gmax into class vectors and
parameter p.

10. Repeat steps 4–6, but now with optimal class vectors, p
parameter and samples in the testing set.

That far the proposed method is identical with the one reported
earlier in Luukka and Lampinen (2011). The proposed extension to
the earlier DE classifier will be described in detail next.

2.2. Differential evolution classification with a pool of distances

The idea here is, that instead of using Eq. (2), a pool of alterna-
tive distance measures is created, and the optimization process by
differential evolution algorithm is then applied for selecting the
distance measure optimally from this predefined pool. The optimi-
zation goal is to select from the pool the particular distance mea-
sure providing the highest classification accuracy over the
current training data set. For constructing a pool of distance mea-
sures, a collection of applicable distance measures can be found i.e.
in Bandemer and Näther (1992). By using switch operator pointing
the currently selected distance measure from the pool, and by opti-
mizing its value, the selection of distance measure can be opti-
mized by DE algorithm for current the data set at hand. In
Koloseni et al. (2012) we studied the choice from a pool of eleven
distance measures.

In order to do this properly several issues needed to be consid-
ered. Vector to be optimized with DE can be divided into subcom-
ponents as follows:

vi;Gð1Þ ¼ ffclass1; class2 . . . classNg; fswitchg; fparametersgg ð4Þ

where first the class vectors are presented. The next in line is the
switch operator, which is used to select a distance measure from
the pool of alternative distance measures. In DE algorithm (inter-
nally) we are optimizing a real valued number instead of operating
directly with integer numbers, so boundaries for this parameter
needs to be selected correspondingly. Here the boundaries of se-
lected interval are [0.5, 11.499]. For 11 distance measures in the
pool this range is subdivided into 11 equal parts. Then the transfor-
mation from DE algorithm’s internal real value representation to
integer representation can be carried out by simple rounding oper-
ation to the nearest integer value. After this the gained integer value
is used to point the corresponding distance function from the pool.
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The applied handling concept for integer valued parameters is ex-
plained in detail in Price et al. (2005). In addition to this, some dis-
tance measures included into pool may have one or more free
parameters which values needs to be optimized as well. What
was done in Koloseni et al. (2012) was that we created additional
parameters vector in which we placed all related free parameters
of different distance measures in.

2.3. Differential evolution extended to optimized distances for the
features in the data sets

Underlying idea here compared to previous one is that instead
of applying distance measures for vectors like in Eq. (2), we apply
elementwise distance measures like i.e. d(x,y) = jx � yjp and aim to
optimize the selection for proper elementwise distance measures
and their possible free parameters. After this we normalize and
aggregate the distance vectors gained by this way to the produce
overall distance value. In order to do this we can again subdivide
the optimization problem into a general vector consisting now
the following components:

vi;Gð2Þ ¼ffclass1; class2; . . . ; classNg; fswitch1; . . . ; switchTg;
fparametersgg ð5Þ

where {class1,class2 . . . classN} are T-dimensional class vectors
which are to be optimized for the current data set, {switch} is
now a vector of integer values which for pointing featurewisely
the optimal distance measures from choices d1 to d8 (assuming that
we happen to have defined eight possible distance measures in our
pool of distances). Thereby {switch1, . . . ,switchT} is T dimensional
vector consisting of integer numbers within [1,8]. The remaining
component {parameters} is a vector of possible free parameters of
the individual distance measures of the pool. In this case the vector
{parameters} can be created in several different ways and in this pa-
per we have taken a closer examination of three possible cases of
parameter optimization.

The pool of distances which we used in this paper is presented
in Eqs. (6)–(13).

d1ðx; yÞ ¼ ðjx� yjr1 Þ; r1 2 ½1;1Þ ð6Þ

d2ðx; yÞ ¼ jx� yjr2=maxfjxj; jyjg; r2 2 ½1;1Þ ð7Þ

d3ðx; yÞ ¼ jx� yjr3=ð1þminfjxj; jyjgÞ; r3 2 ½1;1Þ ð8Þ

d4ðx; yÞ ¼ jx� yj=ð1þmaxfjxj; jyjgÞ; ð9Þ

d5ðx; yÞ ¼ jx� yj=½1þ jxj þ jyj�; ð10Þ

d6ðx; yÞ ¼ jx=½1þ jxj� � y=½1þ jyj�j; ð11Þ

d7ðx; yÞ ¼ r4ðx� yÞ2=ðxþ yÞ; r4 2 ð0;1Þ; ð12Þ

d8ðx; yÞ ¼ jx� yj=ð1þ jxjÞð1þ jyjÞ: ð13Þ

As can be observed from Eqs. (6)–(13) some of the distance mea-
sures includes free parameters which needs to be optimized, while
some measures do not include any free parameters. To find suitable
value for them we considered three possible arrangements.

In first one we let our parameter vector equal {parameters =
{r1,r2,r3,r4}} where r1 to r4 are simple real valued elements for
which proper value needs to be found. In this case our vector to
be optimized would be

vi;Gð3Þ ¼ffclass1; class2; . . . ; classNg; fswitch1; . . . ; switchTg;
fr1; r2; r3; r4gg: ð14Þ

This is the simplest and fastest, but also the most restrictive case.
Namely, for example if the optimal distance measure would be
Eq. (7) for the first feature of our data set, and also for the third
feature, we are restricted to use the very same parameter value r2

for both of these features (and all other features using the same
distance measure). It is likely that often a better classification
accuracy could be reached if parameter value r2 could be opti-
mized individually for all features in which Eq. (7) is applied as
a distance measure. Short pseudo algorithm for this case is given
in Algorithm 1.

Algorithm 1. Pseudo code for classification process with
optimal parameters r1,r2,r3,r4 from DE

Require: Data[1, . . . ,T], classvec1[1, . . . ,T],
classvec2[1, . . . ,T],. . .,classvecN[1, . . . ,T],
switch1, . . . ,switchT,parameters = {r1,r1,r1,r4}
center = [classvec1;classvec2; . . .classvecN]
for j = 1 to T do

for i = 1 to N do
if switch(j) == 1 then

d(:, i, j) = dist1(data,repmat(center(i, j),T,1),r1)
else if switch(j) == 2 then

d(:, i, j) = dist2(data,repmat(center(i, j),T,1),r2)
else if switch(j) == 3 then

d(:, i, j) = dist3(data,repmat(center(i, j),T,1),r3)
else if switch(j) == 4 then

d(:, i, j) = dist4(data,repmat(center(i, j),T,1))
else if switch(j) == 5 then

d(:, i, j) = dist5(data,repmat(center(i, j),T,1))
else if switch(j) == 6 then

d(:, i, j) = dist6(data,repmat(center(i, j),T,1),r4)
else if switch(j) == 7 then

d(:, i, j) = dist7(data,repmat(center(i, j),T,1))
else

d(:, i, j) = dist8(data,repmat(center(i, j),T,1))
end if

end for
end for
D = scale(d)
for i = 1 to T do

dtotal(:, i) = sum(D(:, :, i),2);
end for
for i = 1 to length(dtotal) do

class(:, i) = find(dtotal(i, j) == min(dtotal(i, :)));
end for

Second possible way to choose parameters and to get rid of
restriction from previous case would be to allow parameter vector
to be of length T. This reserves individual parameter value for each
feature in the data set. In this case the vector to be optimized
would be

vi;Gð4Þ ¼ffclass1; class2; . . . ; classNg; fswitch1; . . . ; switchTg;
fp1;p2; . . . ; pTgg: ð15Þ

In this case {parameters} = {p1, . . .pT} and this would allow i.e. the
case that the optimal distance measure for feature one could be
Eq. (7) and parameter value for it would be now in p1 and if optimal
distance measure for feature three would be also Eq. (7) then opti-
mal parameter value for it would be in p3. Pseudo algorithm for this
process is in Algorithm 2.
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Algorithm 2. Pseudo code for classification process with
optimal parameters p1,p2, . . . ,pT from DE

Require: Data[1, . . . ,T],classvec1[1, . . . ,T],
classvec2[1, . . . ,T], . . . ,classvecN[1, . . . ,T],switch1, . . . ,
switchT,parameters = {p1,p2, . . . ,pT}
center = [classvec1;classvec2; . . .classvecN]
for j = 1 to T do

for i = 1 to N do
if switch(j) == 1 then

d(:, i, j) = dist1(data,repmat(center(i, j),T,1),p(j))
else if switch(j) == 2 then

d(:, i, j) = dist2(data,repmat(center(i, j),T,1),p(j))
else if switch(j) == 3 then

d(:, i, j) = dist3(data,repmat(center(i, j),T,1),p(j))
else if switch(j) == 4 then

d(:, i, j) = dist4(data,repmat(center(i, j),T,1))
else if switch(j) == 5 then

d(:, i, j) = dist5(data,repmat(center(i, j),T,1))
else if switch(j) == 6 then

d(:, i, j) = dist6(data,repmat(center(i, j),T,1),p(j))
else if switch(j) == 7 then

d(:, i, j) = dist7(data,repmat(center(i, j),T,1))
else

d(:, i, j) = dist8(data,repmat(center(i, j),T,1))
end if

end for
end for
D = scale(d)
for i = 1 to T do

dtotal(:, i) = sum(D(:, :, i),2);
end for
for i = 1 to length(dtotal) do

class(:, i) = find(dtotal(i, j) == min(dtotal(i, :)));
end for

A problem with this way of selecting the parameters is the in-
build context dependency of the parameter values. When we opti-
mize the distance measure selection lets say for feature three and it
has been in iteration i distance d2 with parameter p3 then if we find
a better optimum with lets say distance d1 the optimized parame-
ter p3 would be for d2 and that particular value may not suite very
well in context of distance measure d1 and this fact makes it more
difficult to change the distance measure during the optimization
process for the DE algorithm. Simply, the problem is that the inter-
pretation of the parameter value changes if the distance measure is
changed.

The third possible way, which we decided to test, is to create
this parameters vector so that we do not restrict the parameter val-
ues vectorwise like in previous case, but we allow each of the four
parameters {r1,r2,r3,r4} to be vectors of length T, and this way make
it more easier for DE to change the distance measure during the
optimization process.

vi;Gð5Þ ¼ffclass1; class2; . . . ; classNg; fswitch1; . . . ; switchTg;
fp1;1;p1;2;p1;3; p1;4; . . . ; p1;T ;p2;T ; p3;T ;p4;Tgg: ð16Þ

Meaning here that i.e. r1 = {p1,1, . . . ,p1,T}. The purpose of this
arrangement is to remove the potentially harmfull context depen-
dency of the parameter value shown in previous example. Using
again our example, it means that if in iteration i optimal distance
for feature three would be d2 with parameter p2,3 and if in iteration
i + 1 we would find that d1 is the best choice for feature three then

its parameter would be p1,3 this way making this change easier.
Pseudo algorithm of this process is given in Algorithm 3. Advantage
of the latest arrangement is, that changing the distance measure for
a feature is easier and should ease the optimization process in find-
ing globally optimal solution by removing the potentially harmful
context dependency of the parameter values. However, on the other
hand we are also increasing the length of the optimized vector con-
siderably and enlarge the search space, making the optimization
problem harder in this sense. Note here, that despite four distance
parameters are optimized for each feature, only one of them (if
any) is actually used each time, just depending on the current value
of the corresponding switch. Thus, otherwise this approach is
enlarging the search space making the optimization problem harder
to solve, but otherwise removing the harmfull context dependency
from previous case should do the opposite. Therefore both perfor-
mance improvement and degradation due to latest modification
were within possibilities before computational experimentations.

After the vector vi,G is divided in its corresponding parts we can
calculate the distances between the samples and the class vectors
and the classification can be carried out according to the minimum
distance. Finally we use label information from the samples to cal-
culate the misclassification rate which is to be minimized (our cost
function value). The remaining part of the process is basically fol-
lowing the same procedure as our previous papers from the subject
(Koloseni et al., 2012; Luukka & Lampinen, 2011).

Algorithm 3. Pseudo code for classification process with each
optimal parameters is extended to cover the length of the
feature from DE

Require: Data[1, . . . ,T], classvec1[1, . . . ,T],
classvec2[1, . . . ,T], . . . ,classvecN[1, . . . ,T],switch1, . . . ,
switchT,parameters = {p1[1, . . . ,T],p2[1, . . . ,T],p3[1, . . . , T],
p4[1, . . . ,T]} center = [classvec1;classvec2; . . .classvecN]
for j = 1 to T do

for i = 1 to N do
if switch(j) == 1 then

d(:, i, j) = dist1(data,repmat(center(i, j),T,1),p1(j))
else if switch(j) == 2 then

d(:, i, j) = dist2(data,repmat(center(i, j),T,1),p2(j))
else if switch(j) == 3 then

d(:, i, j) = dist3(data,repmat(center(i, j),T,1),p3(j))
else if switch(j) == 4 then

d(:, i, j) = dist4(data,repmat(center(i, j),T,1))
else if switch(j) == 5 then

d(:, i, j) = dist5(data,repmat(center(i, j),T,1))
else if switch(j) == 6 then

d(:, i, j) = dist6(data,repmat(center(i, j),T,1),p4(j))
else if switch(j) == 7 then

d(:, i, j) = dist7(data,repmat(center(i, j),T,1))
else

d(:, i, j) = dist8(data,repmat(center(i, j),T,1))
end if

end for
end for
D = scale(d)
for i = 1 to T do

dtotal(:, i) = sum(D(:, ;, i),2);
end for
for i = 1 to length(dtotal) do

class(:, i) = find(dtotal(i, j) == min(dtotal(i, :)));
end for
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3. The test data sets and experimental arrangements

The data sets for experimentation with the proposed approach
were taken from UCI machine learning data repository (Newman
et al., 1998) and KEEL data repository (Alcal-Fdez et al., 2009).
The stopping criteria for differential evolution algorithm were
1000 generations (Gmax = 1000). Each data set was divided 30 times
into new random splits of testing sets and learning sets (N = 30).
Thereby, the reported mean accuracies and variances have been
computed over 30 independent experiments, each with a new ran-
dom split of data. The Fundamental properties of the data sets are
summarized in Table 1 and each data set is briefly introduced in
the following.

3.1. Hypothyroid data set

This data contains results from real medical screening test for
the thyroid problem. The data discriminates between the patients
who have normally functioning thyroid from those who have hypo
functioning thyroid. The data offers a good mixture of 18 nominal
and 7 continuous features.

3.2. Echocardiogram data

In this data set one sample is results from echocardiogram mea-
surements of one patient who has recently suffered an acute heart
attack. Measurements are taken from echocardiograms, which are
ultrasound measurements of the heart itself. The goal of physicians
using these measurements is to predict a patient’s chances of sur-
vival. Experimental work is being preformed to determine if an
echocardiogram, in conjunction with other measures, could be
used to predict whether or not a patient would survive for longer
than a certain time period. This data can give means for predicting
future heart attacks in former heart patients.

3.3. Horse-colic data

Predictive attribute here is surgical lesion. In other words the
purpose is to try to determine the existence or non-existence of
the surgical (lesion) problem. All the instances in this data are
either operated upon or autopsied so that this value and the lesion
type are known and main aim is to find whether the surgical pro-
cedure is needed or not. Total of 11 different attributes were mea-
sured for this purpose and number of instances were 368.

3.4. Wisconsin Diagnostic Breast Cancer data (WBDC)

This data set is a result of the effort made at the University of
Wisconsin Hospital for the diagnosis of Breast tumors solely based
on Fine Needle Aspirate (FNA) test, this test involves fluid extrac-
tion from breast mass using a small gauge needle and then visual
inspection of the fluid under a microscope. The Wisconsin Diagnos-

tic Breast Cancer data sets consists of 569 instances of which 357
are benign and 212 are malignant where each one represent FNA
test measurement for one diagnostic case.

3.5. Balance-scale data

This data set was generated to model psychological experimen-
tal results. Each example is classified as having the balance scale
tip to the right, tip to the left, or be balanced. The attributes are
the left weight, the left distance, the right weight and the right dis-
tance. Total of five different attributes were measured for this pur-
pose and number of instances were 625.

3.6. Australian credit approval data

This data set concerns credit card applications. It has two clas-
ses with 690 instances and 14 number of attributes where by eight
are numerical and six are categorical features.

3.7. German credit data

Here, the task is to classify customers as good (1) or bad (2),
depending on 20 features about them and their bancary accounts.
Number of instances here was 1000 customers.

3.8. Redwine data

The data sets is related to red variants of the Portuguese ‘‘Vinho
Verde’’ wine originated from Portugal. This data set has 11 number
of classes, 11 features and 1594 number of instances.

3.9. Satimage data

The database consists of the multi-spectral values of pixels in
3 � 3 neighborhoods in a satellite image, and the classification
associated with the central pixel in each neighborhood. The aim
is to predict this classification, given the multi-spectral values. This

Table 1
Properties of the data sets.

Name Nb. of classes Nb. of attributes Nb. of instances

WDBC 2 32 569
Echocardiogram 2 8 132
Horse-colic 2 11 368
Hypothyroid 2 25 3772
Balance scale 3 5 625
Australian Credit 2 14 690
German Credit 2 20 1000
Satimage 7 36 6435
Redwine 11 11 1596

Table 2
Mean accuracies for the three choices of parameters.

Data r1,r2,r3,r4 p1,p2, . . . ,pT p1,j,p2,j,p3,j,p4,j

Australian 83.52 ± 1.40 83.30 ± 1.66 82.94 ± 1.65
Balance Scale 90.56 ± 0.43 90.32 ± 0.60 91.30 ± 0.12
Echocardiogram 85.54 � 2.85 83.95 ± 3.16 86.55 ± 3.04
German 73.71 ± 0.71 73.30 ± 0.87 73.37 ± 0.86
Horsecolic 69.23 ± 5.48 74.91 ± 4.90 83.35 ± 2.23
Hypothyroid 99.59 ± 0.49 99.25 ± 0.85 99.57 ± 0.63
Redwine 57.18 ± 0.85 57.50 ± 0.72 57.11 ± 0.89
Satimage 80.63 ± 0.45 80.58 ± 0.56 80.44 ± 0.26
WDBC 95.24 ± 0.92 95.16 ± 1.21 93.64 ± 1.29

Table 3
Classification results for the nine data sets using N = 30 and Gmax = 1000. Mean
classification accuracies and variances with parameters = {p1,j, p2,j,p3,j, p4,j} where
j 2 [1,2, . . ., T]. TS is referring to test set and LS to the learning set.

Data Mean (TS) Variance (TS) Mean (LS) Variance (LS)

Australian 82.94 10.71 90,38 1.21
Balance scale 91.30 0.075 92.22 0.028
Echocardiogram 86.55 36.44 95.75 3.84
German 73.37 2.95 80.23 0.91
Horsecolic 83.35 24.67 88.59 2.36
Hypothyroid 99.57 1.98 99.98 0.00092
Redwine 57.11 3.15 60.69 0.66
Satimage 80.44 0.27 81.23 0.34
WDBC 93.64 6.54 97.14 0.48
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data set is seven class classification problem with 36 attributes and
6435 instances.

4. Results from proposed methods and comparison

4.1. Analysis of results for proposed methods

The proposed differential evolution classifier with optimal dis-
tance measures for each feature was tested with data sets Austra-
lian Credit Approval, Balance scale, Echocardiogram, German
credit, Horsecolic, Hypothyroid, Red wine, Satimage and Wisconsin
Diagnostic Breast Cancer data set. The mean classification accura-
cies were recorded as well as the corresponding optimal distance
measure that was found optimal in each individual experiment.
In each case 30 repetitions were performed dividing the data ran-
domly into learning and testing tests. Basically our cross validation
technique here is two fold cross validation where samples are di-
vided randomly into folds 30 times and required statistics calcu-
lated from there.

As introduced in Section 2, we considered three alternative ap-
proaches for determining the optimal values for the free parame-
ters of each distances measure in the pool to maximize the
classification accuracy over the data set to be classified. The three
possibilities on how to define the parameter vector for optimiza-
tion purposes were.

� Parameters = fr1; r2; r3; r4g.
� Parameters = {p1,p2, . . . ,pT} where T is the length of the feature

in the data set.
� Parameters = fp1;j; p2;j; p3;j; p4;jg where j 2 [1,2, . . .,T], which is

also our current choice in this paper selected for comparison
with other classifiers.

Table 2 shows the mean accuracies of the data set from the
three ways of choosing the parameters. Also the 99% confidence
intervals are calculated. The second column shows the mean accu-
racy for the parameters {p1,p2,p3,p4} which are fixed for each fea-
ture in the data set and the third column has the mean accuracy
for the parameters {p1,p2, . . . ,pT} whereby these parameters were
extended to cover the length of the feature in the data set, while
the fourth column show each parameter were extended according
to the length of the feature in the data set for the optimized
distance.

In Table 2, the mean accuracies for Balance scale, Echocardio-
gram, and Horsecolic data set in third choice outperformed other
results obtained with first and second choice. Second choice gave
best results with Redwine data set. The WDBC and Australian data
set showed good results with the first choice of parameters.

A more thorough listing of results from third choice of parame-
ters are given in Table 3 mean accuracies and variances are given
for both testing set and learning set. In other tables the testing
set results are listed and confidence intervals are calculated using
variances.

4.2. Comparison with other classifiers

In this subsection we analyze the results obtained from exper-
imental studies in which we are comparing results from the pro-
posed method to the original DE classifier (Luukka & Lampinen,
2011), k-Neural Network (k-NN) classifier and Back Propagation
Neural Network (BPNN) classifier. For the other classifiers we used
freely available toolbox PRtool (Duin et al., 2007) to calculate the
results. With DE classifier we refer to earlier version where there
was no pool of distance involved, but just simply Minkowsky dis-
tance was used (see Luukka & Lampinen, 2011). The results from
these experiments are collected in Table 4. The proposed method
gave good results with the data set Balance scale, German, Horse-
colic, Hypothyroid and Red wine and outperform other classifiers
though for the case of Hypothyroid data set it can be calculated
that the mean accuracy from the proposed method and DE classi-
fier shows no significance difference. For k-NN classifier, Echocar-
diogram and Satimage data sets have performed very well with
the best mean accuracies as compared to other classifiers while
BPNN classifier gave good results in Australian, German and WDBC,
though the mean accuracy of German data set using BPNN classi-
fier showed no significance difference with BPNN and of the pro-
posed method.

5. Conclusions

In this paper we have proposed a further generalization of DE
classifier, where the distance measure optimization is extended
to features level. The experimental results were computed for nine
different benchmarking data sets. In all cases the proposed method
provided at least comparable accuracy or outperformed the com-
pared classifiers, including the original version of DE classifier. In
particular, the proposed approach statistically significantly outper-
formed the original DE classifier with most of the studied data sets,
while any opposite situations were not observed. Thereby the ob-
tained results are suggesting, that this generalization is useful and
clearly of importance. Another importance notation is that the sim-
ilar generalization can be implemented relatively easily to several
other classification methods provided that a suitable efficient glo-
bal optimization algorithm like, differential evolution algorithm,
can be applied for solving the related difficult global optimization
problem efficiently.

We examined also the three alternative approaches for handling
the free parameters of distance measures in question. Most restric-
tive was the case where a single parameter value was optimized
for each distance measure, and then applied to all features that
the corresponding distance measure were assigned. This approach
can work appropriately in some cases. In our experiments this ap-
peared to be the best choice for Australian data set and WDBC data
set. The third considered approach was the most general one,
where individual distance measures with independent parameters
were optimized for each data feature separately. This allows for
DE algorithm highest freedom for improving the classification

Table 4
Comparison of the results of the data sets from the proposed method to other classifiers.

Data KNN BPNN DE classifier Proposed method

Australian 65.69 ± 0.95 85.59 ± 0.71 66.78 ± 1.37 82.94 ± 1.65
Balance Scale 88.06 ± 0.53 87.90 ± 0.67 88.66 ± 1.09 91.30 ± 0.12
Echocardiogram 90.90 ± 1.56 85.46 ± 2.66 86.89 ± 2.04 86.55 ± 3.04
German 70.17 ± 0.66 73.07 ± 0.85 71.18 ± 0.90 73.37 ± 0.86
Horsecolic 68.53 ± 1.05 80.85 ± 1.97 71.76 ± 5.22 83.35 ± 2.23
Hypothyroid 98.37 ± 0.03 97.29 ± 0.06 99.95 ± 0.04 99.57 ± 0.63
Redwine 51.88 ± 0.90 41.43 ± 10.10 56.61 ± 0.71 57.11 ± 0.89
Satimage 89.84 ± 0.26 38.59 ± 7.50 67.37 ± 0.81 80.44 ± 0. 26
WDBC 92.68 ± 0.63 96.16 ± 0.59 91.78 ± 0.58 93.64 ± 1.29
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accuracy. Downside of this is, that the number of optimized param-
eters is growing rapidly with the number of data features, enlarg-
ing the optimization search space considerably. Also the increased
number of free parameters may promote overlearning to some ex-
tend, despite no severe overlearning was not observed in the cur-
rent experiments. This approach appeared to work well in
general, and yielded the best results i.e. in Balance scale and horse-
colic data sets. The second alternative we considered is a compro-
mise between the other two cases by being less restrictive than the
first case, but also keeping the search space smaller than the third
case. This approach also has its merits as the results from Redwine
data are showing.

An important related issue that requires attention in future is,
that at the moment we are applying simply a sum of featurewise
distance measures to calculate the total distance measure. Here
also possibilities to apply a suitable aggregation method can be
considered. This is one of our future research directions related
with the current work.
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Abstract. This paper introduces a new classification method that uses
the differential evolution algorithm to feature-wise select, from a pool of
distance measures, an optimal distance measure to be used for classifica-
tion of elements. The distances yielded for each feature by the optimized
distance measures are aggregated into an overall distance vector for each
element by using OWA based multi-distance aggregation.

Keywords: Classification, Differential evolution, Pool of distances,
Multi-distances.

1 Introduction

Evolutionary Algorithms (EAs) have significant advantages over many classifi-
cation methods [1]. One evolutionary algorithm, Differential Evolution (DE) [2],
has gained popularity due to its robustness, simplicity, easy implementation and
fast convergence. DE has been applied i.e. to bankruptcy prediction [3], online
feature analysis [4], scheduling algorithms based on fuzzy constraints [5], fuzzy
clustering techniques [6].

When optimizing the performance of a system, the goal is to find a set of
values of the system parameters for which the overall performance of the sys-
tem will be the best under some given conditions. Several research suggests
that better classification accuracy has been obtained by applying other distance
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measures than the most commonly applied Euclidean distance e.g., Manhattan
distances and Minkowski distance were used in [7], and Mahalanobis distance
and Gower distances were used in [8]. A relaxational metric adaptation algo-
rithm that adjusts the locations of patterns in the input space in such a way
that similar patterns are close together while dissimilar patterns are far away
was applied in [9]. Weighted Kullback-Leibler divergence and distance measure
based on Bayesian criterion was used in [10]. Energy distance, outline distance,
tree distance and depth annotation distance were used for exploratory search
of RNA motifs in [11]. Enclosed area distance, pattern distance and dynamic
time warping distance in evolutionary time series segmentation was applied [12].
However, these studies have mostly been tested with a few different distance
measure and none of them have focused on distances at feature level but on
data set level.

In [13] and [14] DE based classifier use Minkowski metric for computing the
distance between the class vectors and the sample to be classified. In [15] a
pool of distance measures were created and particular optimize the parame-
ters related to the selection of the suitable measure. In 1988, Professor Yager
R.R introduced an aggregation operator known as ordered weighted averaging
(OWA) operator [16]. In OWA operator one crucial issue is on how to determine
the associated weights [17]. In our current work the weights are generated by
using linguistic quantifiers [16], the classification of these linguistic quantifiers
are Regular Increasing monotone (RIM), regular decreasing monotone (RDM)
and Regular unimodal (RUM) [18]. A Multi-distance function has been recently
presented [19],[20] [21]. OWA based multi-distance functions can be extended to
combine the distance values of all pairs of elements in the collection into ordered
weighted averaging based multi-distances. These distances solve the problem of
aggregating pairwise values for the construction of multi-distance function.

In [15], the differential evolution algorithm [1], [2] was used to optimize the se-
lection of distance-measure used in classification, by considering several distance-
measures (from a pool of distance-measures). The distances considered in [15]
are vector based distances, and the optimal distance found was applied for the
whole data set. Data sets are usually not single-feature sets, but consist of mul-
tiple features (i.e. several measurements for each object), this means that it is
not necessary that a selected optimal distance-measure is actually optimal for
all features of a given data set. Feature-level optimization of the used distance-
measures was presented in [22]. After obtaining an optimized distance-measure
for each data-set feature the distances for each feature of an element were ag-
gregated by using the sum of the distances.

This article extends the work of earlier studies by introducing an enhanced
method to obtain a total distance (distance vector) for each object. The total
distance is obtained by combining the normalized distance values from each in-
dividual feature by computing an ordered weighted average (OWA) based multi-
distance aggregation of all normalized distances.

The data sets for demonstrating the proposed approach and for its empirical
evaluation are taken from the UCI-Repository of Machine Learning data set [23].
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2 OWA Operator and Multi-distances

In this section we briefly introduce the OWA-operator and how to generate the
weights for this operator. We also briefly review OWA based multi-distances [19].

2.1 Weights Generations Methods in OWA

In 1988, Ronald R. Yager introduced a new aggregation operator, called the or-
dered weighted averaging operator (OWA) [16], and gave the following definition.

Definition 1. An ordered weighted averaging (OWA) operator of dimension m
is a mapping Rm → R that has associated weighting vector W = [w1, w2, ..., wm]
of dimension m with

∑m
i=1 wi = 1 , wi ∈ [0, 1] and 1 ≤ i ≤ m

such that:

OWA(a1, a2, ..., am) =

m∑

i=1

wibi (1)

where bi is the largest ith element of the collection of objects a1, a2, ..., am. The
function value OWA(a1, a2, ..., am) determines the aggregated values of argu-
ments a1, a2, ..., am.

Yager [16] introduced a measure called orness which characterize the OWA
operator. In below definition to a weighting vector W = [w1, w2, ..., wm]T , the
orness is maximal (i.e., orness(w) = 1) when the OWA operator behaves like
the maximum operator. Orness is minimal (i.e., orness(w) = 0) when the OWA
operator behaves like the minimum operator. Then for any W the orness, β(W )
is always in the interval [0, 1].

Definition 2. Given a weighting vector W = [w1, w2, ..., wm]T , the measure of
orness of the OWA aggregation operator for W is defined as

β(W ) =
1

m− 1

m∑

i=1

(m− i)wi. (2)

The weights can be generated in different ways e.g., by using linguistic quan-
tifiers introduced in [16]. In this article we concentrate on linguistic quantifiers
called regular increasing monotone (RIM) quantifiers, which are introduced be-
low following the work of [16].

Definition 3. A fuzzy subset Q of the real line is called a regular increasing
monotone (RIM) quantifier if it satisfies following conditions
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1. Q(0) = 0,
2. Q(1) = 1,
3. If x ≥ y then Q(x) ≥ Q(y).

The weights for the OWA operator are computed using linguistic quantifiers
introduced by Yager [16], wi = Q( i

m ) − Q( i−1
m ) where i = 1, 2, ...,m and Q is

assumed to be regular increasing monotone (RIM) quantifier. The use of OWA
with RIM quantifiers is that they can be adopted for our purpose of studying the
effect of aggregation operators on distance measures. These weights must satisfy
the conditions of OWA operator. In this article, the following five (5) weighting
schemes are used. All the generated functions for the aggregation procedure used
in this case the first four are RIM quantifiers. Besides these four we also tested
O’Hagan method for weight generation, which is based on optimizing the entropy
for specified orness value.

1. Basic linguistic quantifier:

Q(r) = rα, α ≥ 0 (3)

and its corresponding weight is computed by using the relation

wi =

(
i

m

)α

−
(
i− 1

m

)α

, i = 1, 2, ...,m (4)

2. Quadratic linguistic quantifier:

Q(r) =

(
1

1− αr
1
2

)
, α ≥ 0 (5)

and its corresponding weight is computed by using the relation

wi =

(
1

1− α · ( i
m )

1
2

)
−
(

1

1− α · ( i−1
m )

1
2

)
, i = 1, 2, ...,m (6)

The quadratic linguistic quantifier has the form Q(r) = ( 1
1−α·rγ ) where α

controls the maximum value of the weight generating function and γ is the
ratio between the maximum and minimum value of the generating function,
the mean is obtained if we set the value of γ = 1

2 .
3. Exponential linguistic quantifier:

Q(r) = e−αr (7)

The weights associated to the exponential quantifier are computed by

wi = e−α( i
m ) − e−α( i−1

m ), i = 1, 2, ...,m (8)

4. Trigonometric linguistic quantifier:

Q(r) = arcsin(αr) (9)
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In this case, the weights are computed by using the relation,

wi = arcsin

(
α ·

(
i

m

))
− arcsin

(
α ·

(
i− 1

m

))
(10)

where i = 1, 2, ...,m

O’Hagan Method in Weighting Generation

In 1988O’Hagan [24] introduced another technique for computing the weights.
The procedure for obtaining the aggregation assumes a predefined degree of
orness and then the weights are obtained in such a way that maximizes the en-
tropy. The solution is based on the constrained optimization problem

maximize : −
m∑

i=1

wiln(wi)

subject to

β =
1

n− 1

m∑

i=1

(n− 1)wi

m∑

i=1

wi = 1 and wi ≥ 0.

The above constrained optimization problem can be solved in different ways.
In this article we use the analytical solution introduced by [25] for stepwise
generation of the weights.

a. if m = 2 implies that w1 = α and w2 = 1− α
b. if α = 0 or α = 1 implies that the corresponding weighting vectors are

w = (0, ...0, 1) or w = (1, 0, ..., 0) respectively.
c. if m ≥ 3 and 0 ≤ α ≤ 1 then, we have,

wi =
(
wm−i

1 · wi−1
m

) 1
m−1

wm = ((m−1)·α−m).w1+1
(m−1)·α+1−m·w1

w1[(m− 1) · α+1−m ·w1]
m = ((m− 1) ·α)m−1 · [((m− 1) ·α−m) ·w1 +1]

For m ≥ 3, the weights are computed by first obtaining the first weight followed
by the last weight of the weighting vector before other weights are computed.

2.2 Multi-distances

Next we introduce the definition of multi-distance given in [20] and how the
OWA operator can be applied with this concept.
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Definition 4. Multi-distance is a representation of the notion of multi argument
distances. The set X is a union of all m-dimensional lists of elements of X, multi
distance is defined as a function D : X → [0,∞) on a non empty set X provided
that the following properties are satisfied for all m and x1, x2, ..., xm, y ∈ X

c1. D(x1, x2, ..., xm) = 0 if and only if xi = xj for all i, j = 1, 2, ...,m
c2. D(x1, x2, ..., xm) = D(xσ(1), xσ(2), ..., xσ(m)) for any permutation σ of i, j =

1, 2, ...,m
c3. D(x1, x2, ..., xm) ≤ D(x1, y) +D(x2, y) + ...+D(xm, y).

We say that D is a strong multi-distance if it satisfies c1, c2, and

c3� D(x1,x2, ...,xm) ≤ D(x1,y)+D(x2,y)+...+D(xm,y). for all x1,x2, ...,xm,
y ∈ X

In application context, the estimation of distances between more than two el-
ements of the set X can be constructed using multi-distances by means of OWA
functions [16]. Martin and Mayor proposed the use of the following characteri-
zation

Dw(x1, x2, ..., xm) = OWAw(d(x1, x2), d(x2, x3), ..., d(xm−1, xm)) (11)

where the elements x1, x2, ..., xm belong to set X .
In this article we create a vector d consists of distances, d = (d1, d2, ..., dm)

to which we apply multi-distance

Dw(d1, d2, ..., dm) = OWAw(d(d1, d2), d(d2, d3), ..., d(dm−1, dm)) (12)

where we use Minkowsky measure for a particular distance in Dw.

3 Differential Evolution Classifier with Optimized OWA
Based Multi-distances for Features in the Data Sets

3.1 Differential Evolution

The DE algorithm [1], [2] is an evolutionary optimization algorithm. The DE
algorithm belongs to the class of stochastic population based global optimization
algorithms. The design principles of DE are simplicity, robustness, efficiency, and
the use of floating-point encoding instead of binary numbers for representing
internally the solution candidates for the optimization problem to be solved.
As a typical EA, DE starts with a randomly generated initial population of
candidate solutions for the optimization problem to be solved, which is then
improved using selection, mutation and crossover operations. Several ways exist
to determine a stopping criterion for EAs but usually a predefined upper limit
Gmax for the number of generations to be computed provides an appropriate
stopping condition. Other control parameters for DE are the crossover control
parameter CR, the mutation factor F , and the population size NP .
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In each generation G, DE goes through each D dimensional decision vector
vi,G of the population and creates the corresponding trial vector ui,G as follows
in the most common DE version, DE/rand/1/bin [2]:

uj,i,G =

⎧
⎨

⎩

vj,i,G = vj,r3,G + F · (vj,r1,G − vj,r2,G)
if randj [0, 1) ≤ CR ∨ j = jrand
vj,i,G, otherwise

where i = 1, 2, ..., NP , j = 1, 2, ..., D jrand ∈ 1, 2, ..., D, random index, chosen
for once each i. r1, r2, r3 ∈ 1, 2, ..., NP , randomly selected, excepted for r1 �=
r2 �= r3 �= i CR ∈ [0, 1] and F ∈ (0, 1+]

In this DE version, NP must be at least four and it remains fixed along CR
and F during the whole execution of the algorithm. Parameter CR ∈ [0, 1], which
controls the crossover operation, represents the probability that an element for
the trial vector is chosen from a linear combination of three randomly chosen
vectors and not from the old vector vi,G. The condition “j = jrand” is to make
sure that at least one element is different compared to the elements of the old
vector. The parameter F is a scaling factor for mutation and its value is typically
(0, 1+]1. In practice, CR controls the rotational invariance of the search, and its
small value (e.g., 0.1) is practicable with separable problems while larger values
(e.g., 0.9) are for non-separable problems. The control parameter F controls
the speed and robustness of the search, i.e., a lower value for F increases the
convergence rate but it also adds the risk of getting stuck into a local optimum.
Parameters CR and NP have the same kind of effect on the convergence rate as
F has.

After the mutation and crossover operations, the trial vector ui,G is compared
to the old vector vi,G. If the trial vector has an equal or better objective value,
then it replaces the old vector in the next generation. This can be presented as
follows (in this paper minimization of objectives is assumed) [2]:

vi,G+1 =

{
ui,G if f(ui,G) ≤ f(vi,G)
vi,G, otherwise

. (13)

DE is an elitist method since the best population member is always preserved
and the average objective value of the population will never get worse. The ob-
jective function, f , is minimized by applying the number of incorrectly classified
learning set samples. After the optimization process the final solution, defin-
ing the optimized classifier, is the best member of the last generation’s, Gmax,
population, the individual vi,Gmax . The best individual is the one providing the
lowest objective function value and therefore the best classification performance
for the learning set.

The control parameters of the DE algorithm were set as follows: CR=0.9 and
F=0.5 which were applied for all classification problems. NP was chosen so
that it was six times the size of the optimized parameters, also the number of
generations used isGmax = 1000. These values are the same as those used by [13],

1 Notation means that the upper limit is about 1 but not strictly defined.
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[14]. However, these selections were mainly based on general recommendations
and practical experiences with the usage of DE, (e.g. [13] and [14]) and no
systematic investigations were performed to find the optimal control parameter
values. Therefore further classification performance improvements by may be
possible by finding better control parameter settings.

3.2 Nearest Prototype DE Classifier with Pool of Distances and
Multi-distance

In this article, we propose a classification method using a DE algorithm [1] to
minimize erroneous classification costs (objective function). In the process, we
split the data into a training set and testing set. The splitting of the data is done
in such a way that half of the data are used in the training set and the other
half in the testing set. We use the training set to maximize the classification
accuracy so that the objective function is minimal.

minimize : 1−
∑m

j=1 B(xj)

m
(14)

where

B(xj) =

{
1 if g(xj) = T (xj)
0 if g(xj) �= T (xj)

and we denote T (xj) as the true class from sample xj and

g(xj) = {i | min
i=1,...,N

d(xj,yi)} (15)

meaning that we decide that the vector xj belongs to class i if d(xj,yi) is mini-
mum, with the sample vector xj and the ideal candidate yi for class i. If the ideal
vector class g(xj) is equal to the true class T (xj), then the sample is correctly
classified and B(xj) hence gets the value 1 otherwise 0. The sum of B(xj) gives
the total number of samples correctly classified where as m is the total number
of samples in the training set. Total number of classes is denoted by N .

Here we propose to use multi-distance in the computation of d(xj,yi). Let us
represent each object from the training dataset by a vector of type (xj,yi) =
(xj1, xj2, ..., xjT ; yi) and yi = (yi1, yi2, ..., yiT ) where there are N different classes
of objects yi, i = 1, 2, ...., N and T is the total number of features in the data
set. The distance d(xj,yi) in equation (15) is from the multi-distance that is

d(xj,yi) = Dw(dk,1, dk,2, ..., dk,T ) (16)

where

dk,1 = dk,1(xj1, yi1)

dk,2 = dk,2(xj2, yi2)

...

dk,T = dk,T (xjT , yiT )
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dk,i can be any of the distance from a pool of distances, Dw is a multi-distance
equation (12), and k is a parameter to be optimized, k = {1, 2, ..., 8} and comes
from the pool of distances [26]. In the current work, this pool of distances is
given in Table 1.

Table 1. Pool of distances

k Distance

1 d1(x, y) = (|x − y|r1); , r1 ∈ [1,∞)

2 d2(x, y) = |x − y|r2/max{|x|, |y|}; r2 ∈ [1,∞)

3 d3(x, y) = |x− y|r3/1+min{|x|, |y|} ;, r3 ∈ [1,∞)

4 d4(x, y) = |x − y|/1 + max{|x|, |y|}
5 d5(x, y) = |x − y|/[1 + |x|+ |y|]
6 d6(x, y) = |x/[1 + |x|]− y/[1 + |y|]|
7 d7(x, y) = r4(x − y)2/(x + y); , r4 ∈ (0,∞)

8 d8(x, y) = |x − y|/ (1 + |x|)(1 + |y|)

As can be seen from Table 1, besides optimizing the selection of distance
measure from eight possible choices, we also have parameters in distances which
need to be optimized. In our earlier work [22] we optimized and examined the
parameters with three different approaches. In this work we chose the the pa-
rameter vector where parameter values are not restricted but each parameter to
be of length equal to the number of features in the data set at hand [22]. The
underlying idea is that we apply elementwise distance measures and aim to op-
timize the selection for proper elementwise distance measures and their possible
free parameters. The distances are then normalized and summed into a single
value. These distance vectors are then aggregated to produce overall distance
value by OWA based multi-distance aggregation. The optimization problem can
now be summarized so that the DE is searching an optimal vector for vi,G which
is optimize by minimizing equation (14) and

vi,G = {{y1, y2, · · · , yN}, {α}, {p}, {S1, S2 . . . , ST }, (17)

{p1,1, p1,2, p1,3, p1,4, · · · , p1,T , p2,T , p3,T , p4,T }}

where {y1, y2, · · · , yN} are T - dimensional class vectors that are to be op-
timized for the current data set. The parameters {p} come from the multi-
distance, the distance measure we used for multi-distance has the form d =
|x − y|p in equation (15). Parameter {α}, which we are optimizing is for the
particular weight generation scheme applied. In the current method either for
the RIM quantifier or for the O’Hagan method. For optimal selection of dis-
tance measure for each feature an optimal solution has to be found from eight
possible choices for T possible features. Hence for optimal selection of dis-
tance measure, DE is now seeking a switch vector {S1, S2, ..., ST }. Here vec-
tor {S1, S2, ..., ST } contains the selection of a particular measure to a partic-
ular feature and is the integer value within [1, 8]. Additionally, this we also
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create a parameter vector which contains the optimal parameters for a partic-
ular distance given in a pool of distances. The parameter vector is of the form
{p1,1, p1,2, p1,3, p1,4, · · · , p1,T , p2,T , p3,T , p4,T }. Thus, for example, for distance d1
the parameter vector would be r1 = {p1,1, · · · , p1,T } and that if, for the iteration
i optimal distance for feature three would be d2 with parameter p2,3 and if in
iteration i+1 we find that d1 is the best choice for feature three then its param-
eter would be p1,3, so that we do not restrict the parameter values vectorwise
but allows each of the four parameters {r1, r2, r3, r4} to be vectors of length T .
By allowing this kind of flexibility, we make it easier for the DE to change the
parameter. More information about the parameter in this context is given in to
[22]. The core procedure for this classification method is described in Algorithm
1.

4 Classification Results

The data sets for experimentation with the proposed approach were taken from
the UCI machine learning data repository [23]. The data sets were subjected
to 1000 generations (Gmax = 1000) and divided into 30 times random splits of
testing sets and learning sets (N = 30) based on which mean accuracies and
variances were then computed. The data sets are briefly introduced below.

Australian Credit Approval Data. This data set concerns credit card appli-
cations. It has 2 classes with 690 instances and 14 number of attributes. Eight
(8) of the features are numerical and six (6) are categorical features. Classes
represent the information whether the application for credit should be approved
or not.

Credit Approval Data. This data set concerns credit card applications. The
main decision to be made is whether the credit card application should be ap-
proved or not. The data set consists of 690 instances and has 15 attributes.
There are six numerical attributes and nine categorical attributes.The data set
is extended version of the Australian data set and it has one more feature.

German Credit Data. In the German credit data set, the task is to classify
customers as good (1) or bad (2) in other words they are creditworthy or not,
depending on 20 features about them and their bank accounts. Information form
1000 customers is included in the data set.

Next we analyze the results obtained from experimental studies in which we
compare results from the proposed method with earlier versions of the DE clas-
sifier [13] and the DE classifier with pool of distances (DEPD) [22]. Additionally,
all five weight generation schemes for OWA are compared.

Table 2 presents mean classification accuracies with 99% confidence interval
calculated for DE classifier with OWA based multi-distance aggregation and pool
of distances. In OWA we also examined five different weight generation schemes.
The OWA based multi-distance with different weights generation schemes are:
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basic linguistic quantifier, quadratic linguistic quantifier, exponential linguistic
quantifier, trigonometric linguistic quantifier and the O’Hagan method.

Improvement in accuracy compared to our previous method in [22] was over
2% for the O’Hagan method in Australian data set. In the credit approval data
set, there an improvement of over 2% with the O’Hagan method, while for the
German data set there is an improvement of over 1% with quadratic linguistic
quantifier scheme. The comparison with the DE classifier shows that there is an
increase of almost 20% with the O’Hagan method for the Australian data set
and more than 2% for credit approval with the O’Hagan method and in case of
the German data set quadratic linguistic scheme outperformed DE classifier by
more than 2%.

Table 2. Comparison of the results of the data sets from the proposed method with
other classifiers

Method Australian Credit approval German

Basic 82.75 ± 3.54 84.46 ± 1.66 72.20 ± 0.85

Quadratic 82.50 ± 4.44 83.96 ± 2.45 74.07 ± 0.79

Exponential 84.67 ± 1.62 84.06 ± 2.23 73.94 ± 0.85

Trigonometric 84.24 ± 1.60 84.47 ± 1.14 73.46 ± 1.04

O’Hagan 85.25 ± 1.37 84.89 ± 1.07 73.10 ± 1.40

DE classifier 66.78 ± 1.37 81.99 ± 1.61 71.18 ± 0.90

DEPD 82.94 ± 1.65 82.50 ± 1.69 73.37 ± 0.86

5 Conclusions

In this paper we have proposed a DE classifier with multi-distances, in which the
idea of multi-distance measure is used in the aggregation of the distances. We
also determine the optimal distance measures for each feature together with their
optimal parameters and combine all featurewisely determined distance measures
to form a single total distance measure by using Ordered weighting averaging
(OWA) multi-distances, which was applied for the final classification decisions.
The experimental results were computed for three different benchmarking data
sets. The proposed method provided at least comparable accuracy or outper-
formed the compared classifiers, including the original version of DE classifier.
This clearly shows that this type of aggregation can be useful if properly per-
formed.

In our future research directions it is possible to extend this work for optimal
selection of the distance measure from a predefined pool of distance measures
with Fermat multi-distance or Sum-based multi-distance and to apply a suit-
able aggregation method based on ordered weighting averaging (OWA) multi-
distances functions and can be extended to combine the distance values of all
pairs of elements in the collection into ordered weighted averaging based multi-
distances to mention few possibilities.
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Abstract. Nearest prototype classifier based on differential evolution al-
gorithm, pool of distances and generalized ordered weighted averaging is
introduced. Classifier is based on forming optimal ideal solutions for each
class. Besides this also distance measures are optimized for each feature
in the data sets to improve recognition process of which class the sample
belongs. This leads to a distance vectors, which are now aggregated to
a single distance by using generalized weighted averaging (GOWA). In
earlier work simple sum was applied in the aggregation process. The clas-
sifier is empirically tested with seven data sets. The proposed classifier
provided at least comparable accuracy or outperformed the compared
classifiers, including the earlier versions of DE classifier and DE classifier
with pool of distances.

Keywords: Classification, Differential evolution, Pool of distances,
generalized ordered weighted averaging operator.

1 Introduction

The nearest prototype classifiers have shown increasing interest among
researchers. The nearest prototype classifier (NPC) is intuitive, simple and mostly
pretty accurate as stated in [1] by Bezdek and Kuncheva. In [2], an evolutionary
nearest prototype classifier (ENPC) was introduced where no parameters are
involved, therefore eliminates the problems that classical methods have in tun-
ing and searching for the appropriate values. The ENPC algorithm is based on
the evolution of a set of prototypes that can execute several operators in order
to increase their quality, and with a high classification accuracy emerging for
the whole classifier. In [3], a large-scale classification by a prototype based near-
est neighbor approach was presented. The approach has several benefits such
parameter free, implicitly able to handle large numbers of classes, avoids over-
fitting to noise and generalizes well to previously unseen samples and has very
low computational costs during testing.

c© Springer International Publishing Switzerland 2015 753
P. Angelov et al. (eds.), Intelligent Systems’2014,
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Differential Evolution (DE) [4], has gained popularity for solving classifica-
tion problems due to its robustness, simplicity, easy implementation and fast
convergence. DE algorithm has been used in classification tasks as automatic
classification in database [5],[6],[7], satellite image registration [8] and, optimiz-
ing positioning of prototypes [9], [10], [11] to mention few. In DE nearest proto-
type classifier [13], the Differential evolution (DE) algorithm [12], [4] was used
to optimize the selection of a suitable distance measure from a created pool of
distances. The distances [13] were vector based, and the optimal distance found
was applied to the whole data set. This was further generalized in [18] where
distance optimization was taken in the feature level instead of data set level.
This work was based on the fact that different features in the data set can have
different optimal distances.

The ordered weighted averaging (OWA) operator [21] was originally intro-
duced by Yager in 1988. It has been a subject of rigorous research ever since.
It has been applied in various areas in decision making. In classification prob-
lems OWA is still relatively new acquaintance and seems to be discovered just
recently. To mention some work, Usunier et al [14], applied OWA in ranking
with pairwise classification. In similarity classifier OWA was applied by Luukka
and Kurama in [16] to aggregate similarities. To clustering methods OWA was
applied by Cheng et al [15] where OWA was applied to K-means clustering. To
combine information from three classifiers OWA was applied by Danesh et al.
[15] in text classification problem.

This article extends the work done in [18]. After determining the optimal dis-
tance measures for each feature, a total distance measure is needed obtained by
combining the normalized distance values from each individual feature. Earlier
a simple sum was used to aggregate these into a single distance value. Obviously
this is not the ideal way of doing it and in current work this is done by computing
the generalized ordered weighted averaging (GOWA) operator for aggregation of
all the normalized distances. This GOWA operator is applied together with reg-
ular monotonic increasing (RIM) quantifiers where suitable quantifier function
is examined and optimal parameter for quantifier is found.

The data sets applied in this work are taken from the UCI-Repository of
Machine Learning data set [19]. These include three artificial data sets and four
real world data sets.

2 Preliminaries

In this section we briefly introduce the main methods which are needed to build
the differential evolution classifier with generalized ordered weighted averag-
ing operators. We first start by introducing the differential evolution algorithm,
then we proceed with the Ordered Weighted Averaging Operators (OWA) and
introduce Generalized Ordered Weighted Averaging (GOWA) operator. Besides
this we also briefly go through quantifier guided aggregation and introduce the
weighting scheme applied in GOWA by using quantifier guided aggregation.
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2.1 Differential Evolution

The DE algorithm [12], [4] was introduced by Storn and Price in 1995 and it
belongs to the family of Evolutionary Algorithms (EAs). The design principles
of DE are simplicity, efficiency, and the use of floating-point encoding instead of
binary numbers. As a typical EA, DE has a random initial population that is then
improved using selection, mutation, and crossover operations. Several ways exist
to determine a stopping criterion for EAs but usually a predefined upper limit
Gmax for the number of generations to be computed provides an appropriate
stopping condition. Other control parameters for DE are the crossover control
parameter CR, the mutation factor F , and the population size NP .

In each generation G, DE goes through each D dimensional decision vector
vi,G of the population and creates the corresponding trial vector ui,G as follows
in the most common DE version, DE/rand/1/bin [4]:

r1, r2, r3 ∈ {1, 2, . . . , NP} , (randomly selected,
except mutually different and different from i)

jrand = floor (rand i[0, 1) ·D) + 1
for(j = 1; j ≤ D; j = j + 1)
{

if(rand j [0, 1) < CR ∨ j = jrand)
uj,i,G = vj,r3,G + F · (vj,r1,G − vj,r2,G)

else
uj,i,G = vj,i,G

}
In this DE version, NP must be at least four and it remains fixed along with CR
and F during the whole execution of the algorithm. Parameter CR ∈ [0, 1], which
controls the crossover operation, represents the probability that an element for
the trial vector is chosen from a linear combination of three randomly chosen
vectors and not from the old vector vi,G. The condition “j = jrand” is to make
sure that at least one element is different compared to the elements of the old
vector. The parameter F is a scaling factor for mutation and its value is typically
(0, 1+]1. In practice, CR controls the rotational invariance of the search, and its
small value (e.g., 0.1) is practicable with separable problems while larger values
(e.g., 0.9) are for non-separable problems. The control parameter F controls
the speed and robustness of the search, i.e., a lower value for F increases the
convergence rate but it also adds the risk of getting stuck into a local optimum.
Parameters CR and NP have the same kind of effect on the convergence rate as
F has.

After the mutation and crossover operations, the trial vector ui,G is compared
to the old vector vi,G. If the trial vector has an equal or better objective value,
then it replaces the old vector in the next generation. This can be presented as
follows (in this paper maximization of objectives is assumed) [4]:

vi,G+1 =

{
ui,G if f(ui,G) ≥ f(vi,G)
vi,G otherwise

.

1 Notation means that the upper limit is about 1 but not strictly defined.
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DE is an elitist method since the best population member is always preserved
and the average objective value of the population will never get worse.

2.2 Generalized Weighted Averaging Operator

In [20] introduced a class of aggregation operator called generalized ordered
weighted averaging (GOWA) operators. The GOWA operator is an extension of
the OWA operator [21] with addition of a parameter controlling the power to
which the argument values are raised. The GOWA operator can be defined as
follows:

Definition 1. A generalized ordered weighted averaging (GOWA) operator of
dimension m is a mapping Rm → R that has associated weighting vector W =
[w1, w2, ..., wm] of dimension m with∑m

i=1 wi = 1 , wi ∈ [0, 1] and 1 ≤ i ≤ m if

GOWA(a1, a2, ..., am) =
( m∑

i=1

wib
λ
i

) 1
λ

(1)

where bi is the largest ith element of the collection of objects a1, a2, ..., am. The
function value GOWA(a1, a2, ..., am) determines the aggregated values of argu-
ments a1, a2, ..., am and, λ is a parameter such that λ ∈ (−∞,∞).

If λ = 1 then the GOWA operator is reduced to OWA operator [21] as

OWA(a1, a2, ..., am) =
( m∑

i=1

wibi

)
(2)

In this article we create a vector of distances d1, d2, ..., dm to which we apply
the GOWA operator

GOWA(d1, d2, ..., dm) =
( T∑

i=1

wiD
λ
i

) 1
λ

(3)

where Di is the largest ith element of the collection of objects d1, d2, ..., dm

2.3 Quantifier Guided Aggregation

The weights can be generated in different ways e.g., by using linguistic quantifiers
introduced in [21]. In this article we applied the linguistic quantifier called regular
increasing monotone (RIM) quantifier, which is introduced below following the
work of [21].

Definition 2. A fuzzy subset Q of the real line is called a Regular Increasing
Monotone (RIM) quantifier if it satisfies following conditions

1. Q(0) = 0,
2. Q(1) = 1,
3. If x ≥ y then Q(x) ≥ Q(y).
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The weights for the GOWA operator are computed using linguistic quantifiers
introduced by Yager [21], wi = Q( i

m ) − Q( i−1
m ) where i = 1, 2, ...,m and Q is

assumed to be Regular Increasing Monotone (RIM) quantifier. The use of GOWA
with RIM quantifiers is that they can be adopted for our purpose of studying
the effect of aggregation operators on distance measures. These weights must
satisfy the conditions of GOWA operator. There are several ways of choosing
the quantifier function. After preliminary screening we ended up using following
exponential linguistic quantifier, which was found to work reasonably well. For
exponential linguistic quantifier, the quantifier function Q can be written as:

Q(r) = e−αr (4)

The weights associated to the exponential quantifier are computed by using
the RIM type of procedure now as

wi = e−α( i
m ) − e−α( i−1

m ), i = 1, 2, ...,m (5)

3 Differential Evolution Classifier with Optimized
Distances for Features and Aggregation by GOWA

In this article, we present a classification method using a DE algorithm [12],
which is based on minimizing erroneous classification costs (objective function).
In the process, we split the data into a training set and testing set. The splitting
of the data is done in such a way that half of the data are used in the training
set and the other half in the testing set. We use the training set to maximize
the classification accuracy by minimizing the classification error in the objective
function.

minimize : 1−
∑m

j=1 B(xj)

m
(6)

where

B(xj) =

{
1 if g(xj) = T (xj)
0 if g(xj) �= T (xj)

and we denote T (xj) as the true class from sample xj and

g(xj) = {i | min
i=1,...,N

d(xj,yi)} (7)

meaning that we decide that the vector xj belongs to class i if d(xj,yi) is min-
imum, with the sample vector xj and the ideal candidate yi for class i. If the
sample vector class g(xj) is equal to the true class T (xj), then the sample is
correctly classified and B(xj) hence gets the value 1 otherwise 0. The sum of
B(xj) gives the total number of samples correctly classified where as m is the
total number of samples in the training set. Total number of classes is denoted
by N .
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Here we propose to use GOWA operator in the computation of d(xj,yi),
which is the aggregated value of the distance vector where distances are cal-
culated from vectors xj and yi respectively. Let us represent each object from
the training dataset by a vector of type (xj,yi) = (xj1, xj2, ..., xjT ; yi) and yi =
(yi1, yi2, ..., yiT ) where there are N different classes of objects yi, i = 1, 2, ...., N
and T is the total number of features in the data set. The aggregated distance
d(xj,yi) in equation (7) is now gained by using the GOWA operator which can
be given as:

d(xj,yi) =GOWA(dk,1, dk,2, ..., dk,T ) (8)

=
( T∑

i=1

wiD
λ
i

) 1
λ

(9)

where

dk,1 = dk,1(xj1, yi1)

dk,2 = dk,2(xj2, yi2)

...

dk,T = dk,T (xjT , yiT )

The distance vector which is aggregated with GOWA (dk,1, dk,2, ..., dk,T ) is
computed so that dk,i can be any of the distance from the pool of distances,
which is given in Table 1. Subindex k denotes the k :th distance and subindex i
denotes particular feature for which distance is to be calculated.

Table 1. Pool of distances

k Distance

1 d1(x, y) = (|x − y|r1); , r1 ∈ [1,∞)

2 d2(x, y) = |x − y|r2/max{|x|, |y|}; r2 ∈ [1,∞)

3 d3(x, y) = |x− y|r3/1+min{|x|, |y|} ;, r3 ∈ [1,∞)

4 d4(x, y) = |x − y|/1 + max{|x|, |y|}
5 d5(x, y) = |x − y|/[1 + |x|+ |y|]
6 d6(x, y) = |x/[1 + |x|]− y/[1 + |y|]|
7 d7(x, y) = r4(x − y)2/(x + y); , r4 ∈ (0,∞)

8 d8(x, y) = |x − y|/ (1 + |x|)(1 + |y|)

In the pool of distances we used eight possible distance measures to choose
from. This means that for each feature 1, 2, · · · , T we also optimized the choice
of the particular distance which we applied when computing the distance vector
(dk,1, dk,2, ..., dk,T ). Here the choice for distance in is optimized by optimizing
the parameter k = {1, 2, ..., 8} for each feature. Since in GOWA we order the ele-
ments (now distances in our case) the ordered distance are now represented in Di
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where i denotes the ith largest element of the distance vector (dk,1, dk,2, ..., dk,T ).
Besides this we have coefficient λ, which coming from the GOWA and can be
selected from λ ∈ (−∞,∞) and λ �= 0. The decision to apply GOWA oper-
ator in the aggregation is the fact that, it is a generalization of OWA, which
makes its use justifiable in a sense that we should get at least as good results as
with OWA and in principle we have a possibility to find better results through
generalization.

For differential evolution algorithm which is incorporated here. The aim is to
optimize the following subcomponents; 1) ideal candidates for each class, 2) se-
lection of proper distance for each feature, 3) free parameters related to distance
measures 4) Possible other free parameters. First part consist of N dimensional
class vectors {y1, y2, · · · , yN}. Second part, selection of proper distance for each
feature is T−dimensional vector consisting of {k1, k2 . . . , kT } optimal selection of
distance measure. Third part is parameters related to distance measures, which
is now {p1,1, p1,2, p1,3, p1,4, · · · , p1,T , p2,T , p3,T , p4,T} which is due to the fact that
in our current pool of distance we have four distance which are parametric in
nature and the parameter needs to be optimized for each of them. Besides this
any of the distance can be selected to any of the feature giving this way 4T
possible parameters to optimize in this part. By allowing this kind of flexibility,
we make it easier for the DE to change the parameter. More information about
the parameter in this context is given in to [18]. Besides this in our currently
presented classifier we have other free parameters {α}, {λ} which are now com-
ing from the usage of GOWA and quantifier guided aggregation. Here the α is
parameter for the exponential quantifier (5)and λ is the generalization param-
eter in GOWA. In order to do this with DE our vector to be optimized (vi,G)
now gets the following form:

vi,G ={{y1, y2, · · · , yN}, {k1, k2 . . . , kT }, (10)

{p1,1, p1,2, p1,3, p1,4, · · · , p1,T , p2,T , p3,T , p4,T }, {α}, {λ}}

The core procedure for this classification method is described in Algorithm 1.

4 Data Sets and Classification Results

4.1 Data Sets

Data sets which were applied to test the classifier were taken from the UCI ma-
chine learning data repository [19]. Three artificial data sets, which are designed
for specific type of test problems was chosen and four real world data sets. Artifi-
cial data sets where taken from the Monks problem and simply named as Monk1,
Monk2 and Monk3. The MONK’s problem were the basis of a first international
comparison of learning algorithms. One significant characteristic of this compar-
ison is that it was performed by a collection of researchers, each of whom was
an advocate of the technique they tested (often they were the creators of the
various methods). In this sense, the results are less biased than in comparisons
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Require: Data[1, . . . , T ], [S1, S2, ..., ST ] y1[1, . . . , T ],y2[1, . . . , T ],...,yN [1, . . . , T ], p1[1, . . . , T ],
p2[1, . . . , T ],p3[1, . . . , T ],p4[1, . . . , T ] center=[y1; y2; ...; yN

]
for j = 1 to T do

for i = 1 to N do
if switch(j) == 1 then

d(:, i, j) = dist1(data, repmat(center(i, j), T, 1), p1(j))
else if switch(j) == 2 then

d(:, i, j) = dist2(data, repmat(center(i, j), T, 1), p2(j))
else if switch(j) == 3 then

d(:, i, j) = dist3(data, repmat(center(i, j), T, 1), p3(j))
else if switch(j) == 4 then

d(:, i, j) = dist4(data, repmat(center(i, j), T, 1))
else if switch(j) == 5 then

d(:, i, j) = dist5(data, repmat(center(i, j), T, 1))
else if switch(j) == 6 then

d(:, i, j) = dist6(data, repmat(center(i, j), T, 1), p4(j))
else if switch(j) == 7 then

d(:, i, j) = dist7(data, repmat(center(i, j), T, 1))
else

d(:, i, j) = dist8(data, repmat(center(i, j), T, 1))
end if

end for
end for
D = scale(d)
for i = 1 to T do

dtotal(:, i) = GOWA(D(:, :, i), w, λ);
end for
for i = 1 to length(dtotal) do

class(:, i) = find(dtotal(i, j) == min(dtotal(i, :)));
end for

Fig. 1. The core procedure of the classification method

performed by a single person advocating a specific learning method, and more
accurately reflect the generalization behavior of the learning techniques as ap-
plied by knowledgeable users. Short description of the real world data set with
the main properties is given next.

Australian Credit Approval Data
This data set concerns credit card applications. It has 2 classes with 690 in-
stances and 14 number of attributes. Eight (8) of the features are numerical and
six (6) are categorical features. Classes represent the information whether the
application for credit should be approved or not.

Balance-Scale Data
This data set was generated to model psychological experimental results. Each
example is classified as having the balance scale tip to the right, tip to the left,
or be balanced. The attributes are the left weight, the left distance, the right
weight and the right distance. Total of 5 different attributes were measured for
this purpose and number of instances were 625.

Bank Note Authentication
Data were extracted from images that were taken from genuine and forged
banknote-like specimens. For digitization, an industrial camera usually used for
print inspection was used. The final images have 400x 400 pixels. Due to the
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object lens and distance to the investigated object gray-scale pictures with a
resolution of about 660 dpi were gained. Wavelet Transform tool were used to
extract features from images.

Echocardiogram Data
In this data set one sample is results from echocardiogram measurements of
one patient who has recently suffered an acute heart attack. Measurements are
taken from echocardiograms, which are ultrasound measurements of the heart
itself. The goal of physicians using these measurements is to predict a patient’s
chances of survival. Experimental work is being preformed to determine if an
echocardiogram, in conjunction with other measures, could be used to predict
whether or not a patient would survive for longer than a certain time period.
This data can give means for predicting future heart attacks in former heart
patients. Fundamental properties of the data sets are summarized in Table 2.

Table 2. Properties of the data sets

Name Nb of classes Nb of attributes Nb of instances

Australian 2 14 690

Balance scale 3 4 625

Bank note authentication 2 5 1372

Echocardiogram 2 12 132

Monk1 2 7 432

Monk2 2 7 432

Monk3 2 7 432

4.2 Classification Results

The data sets were subjected to 1000 generations (Gmax = 1000) and divided
into 30 times random splits of testing sets and learning sets (N = 30) based on
which mean accuracies and variances were then computed. Classification results
were compared to previous versions of the differential evolution classifiers. The
original DE classifier was first presented in [10] and DE classifier with pool
of distances (DEPD classifier) in [18]. This way we can easily compare how
GOWA operator is now changing the results with the classifier. These results are
represented under DEPD with GOWA classifier label in Table 3. For each data
set, the mean classification accuracy with 99% confidence interval using student
t distribution μ ± t1−αSμ/

√
n was also calculated and these are presented in

Table 3.
Classification results with the highest mean accuracy is highlighted in boldface

in Table 3. As can be seen from the table in five data sets from seven DEPD
with GOWA managed to get the highest mean classification accuracy. With
one data set (Echocardiogram) original DE classifier managed to get highest
mean accuracy and with one (Bank note authentication) DEPD classifier. On
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Table 3. Comparison of the results of the data sets from the proposed method with
other classifiers

Data DE classifier DEPD classifier DEPD with GOWA classifier

Australian 66.78 ± 1.27 82.94 ± 1.65 83.29± 2.21

Balance scale 88.66 ± 1.09 91.30 ± 0.14 91.40± 0.87

Bank note authentication 99.02 ± 0.50 99.61± 0.18 99.57 ± 0.24

Echocardiogram 88.81± 2.92 86.55 ± 3.04 88.08 ± 2.08

Monk1 76.71 ± 1.38 81.31 ± 0.77 82.64± 1.06

Monk2 88.13 ± 0.77 95.40 ± 0.55 96.13± 0.72

Monk3 87.73 ± 1.06 95.52 ± 0.59 96.90± 0.52

average variances were a little higher using DEPD with GOWA classifier, but not
significantly. These results show that GOWA operator can be a useful addition
to the classification process with some data sets.

5 Conclusions

In this paper we have introduced a DEPD with GOWA classifier. In DEPD with
GOWA we create a pool of distances which is used to optimized the distance
measure for each feature. In doing this we create a distance vector between the
ideal solution and sample we want to classify. This distance vector is then ag-
gregated into a single measure by using generalized ordered weighting averaging
(GOWA). Classification results from this aggregation was compared to normal-
ized sum (DEPD classifier). Results were computed for three artificial data sets
and four real world data sets. Mean accuracies were highest in five cases out
of seven. This shows that there exists classification problems where this type of
aggregation can be more useful than using a sum. The proposed classifier pro-
vided at least comparable accuracy to compared classifiers. This clearly shows
that this type of aggregation can be useful if properly performed.
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