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In recent years applying identification techniques to damage detection problems has received 

a lot of attention. Especially in structural dynamics, detecting defects is important in order 

to ensure the integrity of critical components. One of the challenges in damage detection 

procedures is that many of them are sophisticated and their implementation on large and 

complex systems, exhibiting numerous degrees of freedom (DOF), is computational 

intensive.  

 

In this study, substructuring methodology is employed in order to reduce the required 

processing time for damage detection in the presence of high number of DOFs. In the 

proposed method, the structural model is separated into several subcomponents (also called 

substructures). Then the damaged substructure is identified by estimation of loads at its 

interface. In the next step, observations of a few DOFs are utilized to efficiently localize the 

defect. Since the number of observations is limited in practice, a modified Kalman estimator 

with global weight iteration is employed to extract information meaningful for the damage 

evaluation from a small set of sensors. In our approach, the Kalman filter is set up to estimate 

the coefficients of the substructure structural matrices such that, comparing with the nominal 

matrix, damage can be easily detected and localized.   

 

A finite element model (FEM) of a beam is first is taken as an example of a mechanical 

assembly in order to investigate the computational efficiency of the method. Then, as a more 

complicated example, FEM of a 600W wind turbine rotor assembly is considered. The time 

response of the wind turbine is taken as simulated experiment and processed with the 

proposed method in order to evaluate the effect of measurement errors on the detection 

performance. The detection robustness and efficiency of the proposed method has been 

validated with the correct values. 
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1 INTRODUCTION 

 

 

Over last few years, there have been many efforts to improve non-destructive test methods 

for mechanical and civil structures. These methods have been named and categorized 

differently, including structure health monitoring, damage detection and structural 

identification. However, application of the last one is not limited to finding faults in systems, 

but also it is used in model updating and model analysis. 

 

1.1 Background 

Damage detection in structures is important for industry development. On the one hand, 

occurrence of damage is inevitable in mechanical systems, which can happen due to 

unexpected loadings such as gust of wind, or deterioration of structure due to fatigue 

phenomena [1]. On the other hand, complicated manufacturing processes for large 

mechanical structures are a challenge for traditional testing methods. As a result, safety 

requirement demand for feasible and cheap testing methods, which can detect the location 

of damage for further investigation and risk assessment. 

 

Many methods have been developed both in time domain and frequency domain to achieve 

structure identification for civil engineering structures [2–5], although these methods have 

not been employed in parallel with substructuring in area of mechanical engineering such as 

wind turbines. One of the main challenges for classical health monitoring approaches is that 

they are very costly to apply on large and complex systems with high number of components. 

 

In other criteria damage detection methods can be categorized in three principal stages; first 

investigation of damage existence in the system, then localization of damages in the system 

and finally examining severity of damage which is detected [6]. Therefore further 

examination of structure in concern of imperfection (like ultrasonic test) can be conducted 

as consequence. 

 

High computational cost due to numerous numbers of degrees of freedom (DOFs) is a barrier 

to employ classical monitoring methods in large systems. As result, methods such as modal 

curvature analysis are not convenient to apply for these cases [7]. One of the solutions to 
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deal with the problem is implementation of substructuring techniques for damage detection 

in mechanical structures. Although almost whole damage detection techniques based on 

substructuring is investigated for civil structures like bridges and towers. By current market 

demand for manufacturing large mechanical engineering systems like multi-megawatt wind 

turbines these techniques seems necessary. Moreover for detection purposes in previous 

methods, there is need for installing a large number of sensors which make this method 

limited for small components. On the other hand, not all faults are delectable from general 

response of large system. 

 

In recent years there has been a trend for manufacturing larger rotors for wind turbines, these 

multi-megawatt turbines can have the rotor diameter up to 200 meter [8]. Damage detection 

techniques based on substructuring is a possible solution to address industry demand for 

health monitoring of such structures. 

 

In Figure 1-1 a multi megawatt turbine rotor is depicted. Although larger rotors are more 

complicated and more expensive to manufacture, economically it is more beneficiary to 

establish power grids made of larger turbines. Thanks to smaller cable network connection 

and efficient maintenance expenses, total cost of energy for giant turbines is relatively small, 

which make it reasonable for electrical power supplier to move towards larger sizes for 

turbine in the world market [9]. 
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  (a)                           (b) 

Figure 1-1. Trend for large diameter rotors (a) Siemens SWT-6.0 wind turbine with 154 

meter rotor diameter [10], (b) Schematic cost to size graph for wind turbine rotors [11]. 

 

In this study the substructuring approach has been used in order to efficiently estimate 

system parameters – mainly stiffness and damping – in presence of limited number of inputs. 

Kalman estimator is embedded to the method, which act based on a discrete Finite Element 

Model (FEM) of a mechanical system. 

 

1.2 Motivation 

As mentioned above, full measurement of DOFs for structural identification in a large 

dynamic mechanical system is not feasible, neither the whole structure subcomponents are 

required to be identified during damage detection processes. In different point of view, 

system excitation is also problematic for large structures, as safe excitation need a carefully 

studied procedure. Proposed methods for identification need to be convenient to apply for 

an arbitrary local part of a dynamic mechanical system. Therefore methods utilize a localized 

damage detection approach with incomplete observation of DOFs, are desirable for health 

monitoring and model updating purposes [12]. 

 

An initial system excitation is needed to collect required observation for damage detection 

techniques, though the excitation forces are not always known. In addition, even in 
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controlled laboratory conditions, it is difficult to measure exact values of excitation forces. 

Therefore it would be useful if the methods can estimate unknown excitation loads in the 

concerned subcomponent which is under identification. Challenging process of structure 

excitation can be neglected if the identification method is working independently from 

known excitation forces. This means measurements of observation can be obtained during 

any system natural working circumstance. Such data for identification purposes of wind 

turbines can be collected during natural loading cases, for example a wind gust or pilot 

operating conditions. Figure 1-2 has schematically illustrated purpose of current study on a 

spring-mass-damper system. 

 

 

Figure 1-2. Schematic illustration for the project goal. 

 

In the aforementioned schematic, k values are elements stiffness coefficient (for instance k1 

belongs to element 1), c values show damping coefficients, m for mass of elements and 

finally f represents force values on each elopement, where funknown is unknown excitation 

load. The goal is obtaining system characteristics, including localized stiffness, damping 

properties up to element level. Although the system under investigation is counted to behave 

linearly, there is no restriction for identification of system nonlinearities parameter with 

application of same procedure. Red dot in the figure shows the interface node, blue colour 

text indicates the input data is available in the mass properties and accelerometers 
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observation. The mass normally is estimated based on three-dimensional spatial shape and 

density, meanwhile acceleration data is recorded from sensors during the excitation process. 

 

Furthermore, experimentally measured states of the system such as accelerations are always 

accompanied by sensor noises. In same way, mathematical model which represents the 

structure can also make the simulation inaccurate in comparison with reality. It is crucial for 

the proposed method to remain robust in presence of process noises and measurement noises. 

After all, accuracy of method in identification is important, since resulted data need to be 

accurate enough to be used for evaluation of element degradation. 

 

1.3 Scope  

This study investigates damage detection in mechanical structures by developing Finite 

Element method simulation in time domain approach. System characteristics namely 

coefficients for stiffness and damping matrices need to be identified without assumption for 

initial guess values. Excitation force need to be estimated in process and not explicitly be 

used in the input of the process. Successful implementation is verified when estimated values 

are good approximation of original coefficient, which are used in simulation process. The 

following chapter explains methodology of the approach. Then in chapter 3 and 4, method 

is applied for bar and beam structures respectively. Result and modelling for an application 

of the method in a wind turbine is described in chapter 5. Subsequently, chapter 6 discusses 

results in sum and shows the possible future path based on the presented method. Last part 

are dedicated to bibliography and appendices. 

 

1.4 Delimitation 

This study is not developing a real laboratory test, the observation values are not recorded 

by accelerometers. Instead of sensors output, observation vector are calculated by numerical 

methods and the system model. 

 

During identification, structure model remain linear and no permanent deformation is made. 

So plasticity and nonlinear behaviour is not investigated in this work, although 

implementation of nonlinear concepts is possible by slight modification of the currently 

studied method.  



15 

 

2 METHODOLOGY 

 

 

This chapter explains concept of damage detection based on Kalman estimator. Process of 

damage detection can be roughly considered as following stages: 

 Presenting structure with a mathematical model such as Finite Element approach 

 Dividing the structure into smaller structures, so smaller part of structure can be 

investigated independently  

 Exciting the structure and collecting observations for certain number of DOFs, in 

practice record of acceleration for DOFs of interest for a limited time steps which is 

possible in both experimental or numerical means 

 Estimation of unknown excitation alongside of system parameters on the 

substructure which is under unknown load, based combination of Kalman estimator 

and least square method. 

After identification of system parameters, damage can be located and monitored as a 

discrepancy between the expected value and identified value in stiffness of the faulty 

elements and the amount of damage can be compared with expected undamaged value. 

 

2.1 State space model 

This study has used concept of extended Kalman filter and substructuring as the basis for 

system identification. Estimation process will iterate on state vector, which contains 

displacement vector, velocity vector and system characteristics vector. In other words, state 

vector include implicit function variables, for substructure and its interface. Characteristic 

of system in state vector are time invariant, so only displacement and velocity of DOFs are 

dynamic. A schematic model of a substructure is presented in Figure 2-1. [13] Subsequently 

k1, k2…kn are stiffness coefficient values for springs in structure, then kr1…krm are related 

to stiffness coefficient values substructure. In same manner, c1, c2…cn are damping 

coefficients for structure, cr1…crn are damping coefficients for substructured part. In 

Figure 2-1 mass of element for the structure is presented in discrete form as m1, m2…mn, 

for substructure it is shown by mr1…mrm, while loads acting on the DOFs of structure are 

f1, f2…fn and fr1…frm are loads acting on the DOFs of substructure. 
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Figure 2-1. Schematic of a substructure consist of masses, springs and dampers. 

 

Considering 𝑋𝑠𝑢𝑏 as vector of displacement for concerned substructure (here displacement 

can be seen as state), �̇�𝑠𝑢𝑏 and �̈�𝑠𝑢𝑏 are taken as its first and second derivatives with respect 

to time respectively, for the concerned substructure. Then general State Space vector of the 

system 𝑿 is formed as: 

 

 

𝑿 =

[
 
 
 
 
 
𝑋sub
�̇�sub
Ksub
Csub

Kinterface
Cinterface]

 
 
 
 
 

       �̇� =

[
 
 
 
 
 
�̇�sub
�̈�sub
0
0
0
0 ]
 
 
 
 
 

             (2.1-1) 

 

Where Ksub present correlation for stiffness of substructure, Csub is correlation for damping 

of the substructure, Kinterface is correlation for stiffness of substructure interface and 

Cinterface is correlation for damping of substructure interface. In abovementioned equation 

�̇� is the first derivative of State Space vector of the system with respect to time. 

 

2.2 Numerical integration methods 

Quadrature or numerical integration is an important part in structural dynamics background. 

In this section theory of one dimensional integrals are discussed. The result of numerical 

integration is utilized in next chapter to obtain the dynamics of structure under investigation. 

 

Newmark one step method 

Differential equation of motion generally exists in continuous form, but for most of Finite 

Element Analysis application needs it to be solved numerically. Developed methods for 

numerical integration can be divided based on several criteria, according to their explicitly, 

step size and number of steps which is involved in calculations. A method called explicit 



17 

 

when solution in a time step is dependent on prior steps. In other case, if solution is 

dependent on current step, method is implicit. 

 

To explain the difference between explicit and implicit method following example from a 

simple moving object is considered, when State Space vector of the system is presented with 

𝑿 vector and its first derivative is shown with �̇� vector one can write: 

 

 𝑿(𝑡 + ∆𝑡) = 𝑿(𝑡) + ∆𝑡�̇�(𝑡 + 𝛼∆𝑡) (2.2-1) 

   

 �̇�(𝑡 + ∆𝑡) = (1 − 𝛼)�̇�(𝑡) + 𝛼�̇�(𝑡 + 𝛼𝑡) (2.2-2) 

 

Where 𝑡 is time, ∆ is presenting expression for difference operator and 𝛼 is Alpha multiplier 

in Newmark approach. In case 𝛼 is zero, State Space vector for next time step is obtained 

from the previous State Space and related derivative of previous time step (𝑡) so the solution 

is purely explicit. When 𝛼 equals to one, State Space in current step is calculated based on 

the current value of �̇� and previous State Space vector, so equation is implicit. Value of 𝛼 

can varies between 0 and 1, making different schemes for Newmark integration family. [14] 

 

When the second derivative term is considered, above formulation can be written as: 

 

 �̇�(𝑡 + ∆𝑡) = �̇�(𝑡) + ∆𝑡(1 − 𝛼)�̈�(𝑡) + 𝛼�̈�(𝑡 + ∆𝑡) (2.2-3) 

 
𝑿(𝑡 + ∆𝑡) = 𝑿(𝑡) + ∆𝑡�̇�(𝑡) + ∆𝑡2 (

1

2
− 𝛽) �̈�(𝑡) + ∆𝑡2𝛽�̈�(𝑡 + ∆𝑡) 

(2.2-4) 

 

Where 𝛽 is Beta multiplier in Newmark approach and �̈� is the second derivative of State 

Space vector of the system with respect to time. Change of value 𝛼 and 𝛽 can tune integrator 

between purely explicit algorithms to implicit methods. In case acceleration assumed to be 

constant for ∆𝑡 period, by considering Alpha multiplier equal to 0.5 and Beta multiplier 

equal to 0.25. [15] 

 

Accuracy and stability of Newmark integration scheme 
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Definition for stability of an integration process is based on existence of all sub-steps, 

smaller than a positive non-zero step, which lead to only non-increasing set of 𝑿 and �̇� in 

exact subsequent time. Also following equation are concluded: 

 

 lim
ℎ→0

�̇�𝑛+1−�̇�𝑛

ℎ
= lim

ℎ→0
[(1 − 𝛼)�̈�𝑛 + 𝛼�̈�𝑛+1] = �̈�𝑛 or �̈�𝑛+1 (2.2-5) 

 lim
ℎ→0

𝑿𝑛+1−𝑿𝑛

ℎ
= lim

ℎ→0
[�̇�𝑛 + (

1

2
− 𝛽)ℎ�̈�𝑛 + 𝛽ℎ�̈�𝑛+1] = �̇�𝑛 or �̇�𝑛+1 (2.2-6) 

 

Where 𝑿𝑛 is State Space vector of the system in step n (n+1 subscript shows the step after 

n), then �̇�𝑛 and �̈�𝑛 are first and second derivatives of the State Space vector of the system 

in step n. Meanwhile step size here is represented by ℎ. Average constant in second 

derivative is considered stable for all time step sizes although accuracy of the results is 

crucial to achieve converged results in simulation process. Time step size for general 

condition is suggested to be chosen smaller than one fourth of shortest time period, as it 

address system dynamics which corresponds to highest system natural frequency. [16]  

 
2.3 Bayesian Filtering 

The Kalman Filtering is a method based on Bayesian filtering theory. In contradiction with 

classical approach in statistic, which is based on occurrence of events in random manner, 

Bayesian approach will not use outcome data from experiments. It will consider knowledge 

of system to predict set of values, when difference between observation and prediction is 

translated as noise. [17] 

 

2.4 Iterated Kalman Filter 

The Kalman theory has several applications in different areas of technology. It is widely 

used in navigation for aircraft and vehicles are most known field of its utilization. Extended 

Kalman works by use of model estimation of state space 𝑿 in continuous form. Both the 

system model and measurement (complete or incomplete) required to be available [18]. It 

assume system model is linear for input and observation equations have Gaussian 

uncertainty which is translated as noise. True equation of system can be written as: 

 

 𝑿𝐧 = 𝛗𝐧−𝟏𝑿𝐧−𝟏 + 𝐪𝐧−𝟏 (2.4-1) 
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 𝒀𝐧 = 𝐇𝐧𝑿𝐧 + 𝐫𝐧 (2.4-2) 

 

Where 𝑿𝒏 is State Space vector of the system in step n, 𝐪𝐧−𝟏 is process noise in the step 

before n 𝐫𝐧 is measurement noise in time step n, 𝛗𝐧−𝟏 is the state transition matrix for the 

state space model at the step previous of the n, 𝐇𝐧 is measurement model matrix and 𝒀𝒏 is 

the observation vector in time step n. [19, 20] 

 

In the simplest form of equation when the state space vector only contains displacements 

and velocities and system is not subjected to external force, one can write following equation 

for State transition matrix form: 

 

 
𝛗𝐧−𝟏  = [

𝟎 𝐈𝒓
−𝐌−1𝐊 −𝐌−1𝐂

] (2.4-3) 

 

Where K and C are estimated values for stiffness and damping matrixes respectively. These 

estimations change and is updated in each internal loop of Kalman estimator. Identity matrix 

is shown by 𝐈𝒓. Lastly, M stands for the mass matrix. 

 

It need to be mentioned that the Extended Kalman filter is very close to optimum for many 

applications, but is not exact optimum solution. That is the reason for several recent studies 

which worked on Kalman optimization, as example [21, 22] which proposed a generally 

optimum solution based on extension of Friedland’s estimator [23]. He lowered the cost of 

augmented Kalman Filter by converting it into two filters with less order. This reduction is 

beneficiary for system is subjected to random bias, as it is seen in target trackers, although 

Friedland estimator is not remain as optimal solution in cases with dynamic noise [21]. 

 

2.5 Formulation based on Nonlinear Kalman Filter 

Considering space state form, variables of system is estimated on first on a continuous form, 

as a function, based on time and time dependent state-space vector of the system 𝑿𝒕, as it 

can be derived: 

 

 𝑑𝑿𝒕
𝑑𝑡

= 𝑔(𝑿𝒕, 𝑡)      𝑿𝒕𝟎 ~  Ɲ( �̂�𝐭𝟎 , 𝐏𝐭𝟎) (2.5-1) 
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Where 𝑿𝐭𝟎 is State Space vector at the time t0 (is seen initial state estimation), �̂�𝐭𝟎 is the mean 

value of 𝑿𝐭𝟎 and 𝐏𝐭𝟎 is its covariance matrix (at time t0). Noise in 𝑿𝐭𝟎 is assumed to be Gaussian 

white noise and Ɲ is normal distribution symbol. Function 𝑔 is continuous form of first 

derivative of state space vector with respect to time. 

 

Subsequently, observation equation can be expressed as: 

 

 𝒀𝐧 = 𝐇(𝑿𝐧, 𝑡) + 𝐫𝐧 (2.5-2) 

 

When 𝒀𝐧 is aforementioned observation vector in time step n which is normally collected by 

sensors and 𝐫𝐧 is noise of the observation, 𝐇(𝑿𝐧, 𝑡) is the function form of 𝐇𝐧 as measurement 

model matrix, which for this study is result of sensor noises or inaccuracy in measurement. 

 

 �̂�𝒕(𝑡𝑛+1|𝑡𝑛) = �̂�𝒕(𝑡𝑛|𝑡𝑛) + ∫ 𝑓(�̂�𝒕(𝑡𝑛|𝑡𝑛), 𝑡) 𝑑𝑡
𝑡𝑛+1

𝑡𝑛

 (2.5-3) 

 

 
𝐏(𝑡𝑛+1|𝑡𝑛) = 𝛗𝒓 (𝑡𝑛+1, 𝑡𝑛; �̂�𝒕(𝑡𝑛|𝑡𝑛))  𝐏(𝑡𝑛|𝑡𝑛) 𝛗𝒓(�̂�𝒕(𝑡𝑛|𝑡𝑛); 𝑡𝑛+1, 𝑡𝑛) (2.5-4) 

 

 
�̂�𝒕(𝑡𝑛+1|𝑡𝑛+1) = �̂�𝒕(𝑡𝑛+1|𝑡𝑛) + 𝐊𝒌 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))…  (2.5-5) 

 × (𝒀𝒏+𝟏 −𝐇(�̂�𝒕(𝑡𝑛+1|𝑡𝑛), 𝑡𝑛+1))  

 

 
𝐏(𝑡𝑛+1|𝑡𝑛+1) = (𝐼 − 𝐊𝒌 (𝑡𝑛+1, 𝑡𝑛; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))𝐇 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛)))… (2.5-6) 

× 𝐏(𝑡𝑛+1|𝑡𝑛) (𝐼 − 𝐊𝒌 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))𝐇 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛)))
𝑇

… 

+𝐊𝒌 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛)) 𝐫𝑛+1  𝐊𝒌 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))
𝑇

  

 

 
𝐊𝒌 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛)) = 𝐏(𝑡𝑛+1|𝑡𝑛) 𝐇 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))

𝑇

… (2.5-7) 

× (𝐇(𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))𝐏(𝑡𝑛+1|𝑡𝑛)𝐇(𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))
𝑇

+ 𝐫𝑛+1)
−1

 

 

Where 𝐊𝒌 is Kalman gain matrix, 𝐫n+1 is noise of observation in next step, P is kept for 

covariance matrix and �̂�𝒕 is the mean value. After all 𝑡𝑛|𝑡𝑛 reads at time 𝑡𝑛 with the data of time 

𝑡𝑛, in same manner for 𝑡𝑛+1|𝑡𝑛 which reads at time 𝑡𝑛+1 by the data from time 𝑡𝑛. 
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Above mentioned formulation including sequential measurement update, time update and 

covariance update, can be utilized in global loop with weighting on covariance matrix for 

faster convergence. [24, 25] 

 

Tuning factor is a trade-off between fast convergence and risk of losing stability. In 

Figure 2-2 a schematic of weighted iteration for Kalman is shown, 𝐏𝒊 and 𝐗𝒊 are covariance 

matrix and State Space vector in i-th update and index zero means at initial state (𝐏𝟎 initial 

covariance matrix). Alternative Kalman algorithms (e.g. Unscented-Extended Kalman) can 

utilize the procedure although in current literature it is developed for Kalman two-stage 

estimator. [26] 

 

Figure 2-2. Flowchart for Kalman estimator with global weighted iteration. 
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Recently, modified two stage Kalman estimator is adopted from extension of Friedland 

estimator for optimal convergence of Kalman. Although newly introduced method is 

intended to optimize tracking of objects, it has been shown benefits for SI and damage 

detection techniques, as computational effort is decreased [21, 27, 28]. In comparison, faster 

convergence can be achieved by new arrangement of Kalman. 

 

Therefore covariance update is modified to: 

 

 𝐏(𝑡𝑛+1|𝑡𝑛+1) = 𝛗𝐧(𝑡𝑛+1, 𝑡𝑛) × 𝐏(𝑡𝑛|𝑡𝑛) × 𝛗𝐧(𝑡𝑛+1, 𝑡𝑛)
𝐓…

− 𝐊𝒌 (𝑡𝑛+1, 𝑡𝑛; �̂�𝒕(𝑡𝑛+1|𝑡𝑛)) × 𝐇 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))…

× 𝐏(𝑡𝑛|𝑡𝑛) × 𝛗𝐧(𝑡𝑛+1, 𝑡𝑛)
𝐓 

(2.5-8) 

 

 

When 𝛗𝒏 can be written as: 

 

 𝛗𝒏(𝑡𝑛+1|𝑡𝑛) = 𝐈𝒓 + 𝐅𝐧(𝑡𝑛+1|𝑡𝑛) (2.5-9)  

 

And Kalman gain matrix is calculated in one stage as: 

 

 𝐊𝒌 (𝑡𝑛+1, 𝑡𝑘; �̂�𝒕(𝑡𝑛+1|𝑡𝑛)) = 

𝛗𝐧(𝑡𝑛+1, 𝑡𝑛) × 𝐏(𝑡𝑛|𝑡𝑛) × 𝐇(𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))
𝑻

×… 

(𝐇 (𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛)) × 𝐏(𝑡𝑛|𝑡𝑛) × 𝐇(𝑡𝑛+1; �̂�𝒕(𝑡𝑛+1|𝑡𝑛))
𝐓

…

+ 𝐫𝒏+𝟏)
−𝟏

 

(2.5-10) 

 

[21, 27, 28]. 

 

Many variation of Kalman Filter exist in the literature, such as Unscented Kalman filter 

which is also used for identification purposes. The main difference between approaches is 

number of terms in Taylor series which is used in estimation [29]. Normally the higher 

amount of nonlinearity in the system demands higher number of terms in Taylor series. 
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Tuning process is often needed for obtaining estimated parameters, also several methods for 

testing measurement residuals is available including normalized error square test and 

normalized mean error test [18]. 

 

Observability of Kalman Filtering 

Before applying Kalman algorithm to a system, either as filter or estimator, observability of 

method needs to be considered. Simple definition of observability assumes a change in 

output, in response to any change in input of the system. [30] 

 

In Kalman Filtering theory, the Kalman gain matrix is modifying state vector to forward 

steps, therefore if system is not observable, this defined gain will not remain study, even 

after infinite number of updates, as result estimator is not converged in iteration process. In 

conclusion, rank of 𝐊𝒌 as Kalman gain matrix needs to be verified for observability of 

observation vector [30]. In same way, for an unobservable system one or more variables 

from state vector matrix is indeterminate from system selected observation (in case of 

incomplete observation). 

 

2.6 Iterated least square with unknown input  

First step to define equation in time domain methods starts with equation of motion as series 

of data in time, it can be formulated as: 

 

 𝐌�̈�(𝑡) + 𝐂�̇�(𝑡) + 𝐊𝑿(𝑡) = 𝑓(𝑡) (2.6-1) 

 

Where M, C and K are representing mass, damping and stiffness matrices of system. Last 

term 𝑓(𝑡) is load function which excite the system.  Normally mass matrix is not point of 

interest in estimation procedures and is considered as known data. Figure 2-3 have 

schematically depicted a system consisted of N number of DOFs. 

 



24 

 

 

Figure 2-3. Simple mass, spring damping system with N DOFs. 

 

Mass and stiffness matrix for a system presented in Figure 2-3 are written as: 

 

 

𝐌 = [

𝑚1 0 ⋯ 0
0 𝑚2 ⋯ 0
⋮ ⋮ ⋱ 0
0 0 ⋯ 𝑚𝑁

] (2.6-2) 

 

 

𝐊 = [

𝑘1 + 𝑘2 −𝑘2 ⋯ 0
−𝑘2 𝑘2 + 𝑘3 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑘𝑁

] (2.6-3) 

 

Two most used approach, viscous and Rayleigh damping, can be chosen for FEM. Viscous 

damping is considered in this model due to higher number of independent variables, so 

damping matrix is presented as: 

 

 

𝐂 = [

𝑐1 + 𝑐2 −𝑐2 ⋯ 0
−𝑐2 𝑐2 + 𝑐3 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑐𝑁

] (2.6-4) 

 

FEM need to be interpreted to other variables which make system more a suitable for 

iteration, in this way we define following main equation [31]: 

 

 𝐀(𝑡)𝐷(𝑡) = 𝑾(𝑡) (2.6-5) 

 

While 𝑭(𝑡) is written as: 
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 𝑾(𝑡) = 𝑓(𝑡) − 𝐌�̈�(𝑡) (2.6-6) 

 

Where 𝐷 is vector of unknown time invariant system specification (here stiffness and 

damping coefficients), 𝐀 as matrix of system time dependent variables (dimension 𝑁 × 2𝑁) is 

explained in following paragraph and 𝑾 is a subtraction of mass times acceleration from force 

vector, as presented in above equation. Then assumption of viscous damping coefficients 

and 𝑁 DOFs vector D can be written as: 

 

 𝐷 = [𝑘1, 𝑘2, 𝑘3…𝑘𝑁 , 𝑐1, 𝑐2, 𝑐3…𝑐𝑁]
𝑇 (2.6-7) 

 

Matrix 𝐀 (dimension 𝑁 × 2𝑁) for a simple mass spring damper model is defined by 

displacement and velocities as following: 

 

 

𝐀(𝑡) =

[
 
 
 
 

 

𝑥1 𝑥1 − 𝑥2 … 0 0
0 𝑥2 − 𝑥1 … 0 0
⋮ ⋮ ⋮ ⋮ ⋮
0 0 … 𝑥𝑁−1 − 𝑥𝑁−2 𝑥𝑁−1 − 𝑥𝑁
0 0 … 0 𝑥𝑁 − 𝑥𝑁−1

   |
|  

|
|

�̇�1 �̇�1 − �̇�2 … 0 0
0 �̇�2 − �̇�1 … 0 0
⋮ ⋮ ⋮ ⋮ ⋮
0 0 … �̇�𝑁−1 − �̇�𝑁−2 �̇�𝑁−1 − �̇�𝑁
0 0 … 0 𝑥𝑁−1 − �̇�𝑁−2]

 
 
 
 

 

 

(2.6-8) 

 

Where 𝑥1, 𝑥2… 𝑥𝑁 are components of State Space vector of the system and �̇�1, �̇�2 … �̇�𝑁 are 

shown their first derivatives with respect to time. The number of time steps defines columns 

of 𝐹(𝑡) and number of rows meanwhile is same as number of DOFs, takes as 𝑁. [31] 

 

Concept of least square method is straight forward, for series of data in i-th iteration (𝑾𝒊 is 

subtraction of mass times acceleration from force vector for i-th iteration), value of error need 

to be minimized. Therefore one can write for index i as: 

 

 𝜖𝑖 = 𝑾𝒊 − 𝐀𝑫𝒊−𝟏 (2.6-9) 
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 𝜹𝑖 = 𝝐𝑖
𝑇𝝐𝑖 = (𝑾𝑖 − 𝐀𝑫𝑖−1)

𝑇(𝑾𝑖 − 𝐀𝑫𝑖−1) ,  𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝜹𝑖  →  
𝜕𝛿𝑖

𝜕𝑫𝑖−1
= 0 (2.6-10) 

 

Where 𝜹𝑖 is error optimization function, 𝝐𝑖 present the error function (𝝐𝑖
𝑇is its traspose). Then 

𝑾𝒊 represents 𝑾 for each iteration and 𝑫𝑖−1 (as estimation of the vector of unknown time 

invariant system specification) shows 𝑫 is taken from previous iteration. Subsequently, 𝐀 

includes independent variables for 𝐿 number of independent variables and 𝑠 × 𝑁 number of 

equations (𝑠 is number of steps, 𝑁 is number of DOFs) precious main equation can be 

introduced as following summation: 

 

 
∑𝐀𝑗𝑝𝑫𝑝 = 𝑤𝑗       𝑗 = 1, 2, … , 𝑠 × 𝑁

𝐿

𝑝=1

 (2.6-11) 

 

Where each 𝑤𝑗 is an entry for 𝑾 (which is updating in each iteration). 𝑫𝑝 is for each entry of 

𝑫 when p is an integer number (𝑝 ≤ 𝐿) which is changing from 1 to L. Total error of system 

in this case can be introduced as: 

 

 

𝑇 = ∑ (𝑤𝑗 −∑𝐀𝑗𝑝�̂�𝑝

𝐿

𝑝=1

)

𝑠 × 𝑁

𝑗=1

 (2.6-12) 

 

Where �̂�𝑝 shows estimations of 𝑫𝑝. The error term is minimized when 𝑇, as total error, is 

derived with respect to each specific estimation of the vector of unknowns of the system for 

a specific component q (�̂�𝑞), as mathematically expressed as: 

 

 
𝜕𝑇

𝜕�̂�𝑞
= ∑ (𝑤𝑗 −∑𝐀𝑗𝑝�̂�𝑝

𝐿

𝑝=1

)

𝑠 ×𝑁

𝑗=1

𝐀𝑗𝑞 = 0    𝑞 = 1, 2,… 𝐿 (2.6-13) 

 

Or 

 

 ∑ (∑𝐀𝑗𝑝�̂�𝑝

𝐿

𝑝=1

)

𝑠 × 𝑁

𝑗=1

𝐀𝑗𝑝 = ∑ 𝑤𝑗𝐀𝑗𝑝

𝑠 × 𝑁

𝑗=1

   𝑞 = 1, 2,… 𝐿 (2.6-14) 
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In case 𝑤𝑗 is known, above equation will estimate 𝐿 components of �̂�𝑞, but unknown variant 

𝑤𝑗 will add 𝑠 × 𝑁 unknown, as structure can be exposed to excitation at any 𝑁 DOF and 

during 𝑠 different time steps. Therefore it is not possible to solve the equation at one direct 

step, as [1]: 

 

 𝑫 = (𝐀𝑇 𝐀)−1𝐀𝑇𝑾 (2.6-15) 

 

Solution of above equation can be obtained through iteration, but to start iteration loop it is 

required to know 𝑤𝑗 for few early steps. It is not always practical to measure excitation force 

but as an alternative, excitation force can be taken as zero. By this assumption, iteration loop 

initiate with a certainly non-singular solution. Number of steps to be assumed is depends on 

how many of DOFs are in expose of excitation force in structure. Two time step is the 

minimum required steps, when force is acting on all DOFs. For special case, when only one 

DOF is excited, 4 initial time steps needed to assume as zero. The mentioned method can be 

illustrated as flowchart, in Figure 2-4 least square method iteration steps are shown. 

 

 

Figure 2-4. Procedure for least square estimation.  
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3 MODELLING AND RESULTS FOR SIMPLE STRUCTURES 

 

 

In this section, previously introduced methods are applied to structure models, then results 

of simulation is presented. Simple structures have only one number of coupling DOF in the 

interfaces. 

 

3.1 Least square for a multi DOF spring-mass-damper system 

Theory for system of spring-mass-damper is presented in previous chapter. These structures 

are known as building model in presence of shear force. Mass of each element is considered 

as a concentrated point, damping is calculated based on viscous method so there are 1 

independent coefficient for each DOF. Table 3-1 is presented the system characteristics for 

the model. 

 

Table 3-1. System parameter for a 4 DOF spring-mass-damper system. 

DOF Mass Stiffness Damping 

1 20 8000 32 

2 10 4500 18 

3 10 3500 14 

4 10 3500 14 

 

First stage in modelling is assembling mass, stiffness and damping matrices. Then equation 

of motion can be integrated with Newmark one step method through a time span. To define 

the time step size and obtain a better understanding of system, Eigenvalues of structure is 

calculated. These values are presented in Table 3-2, where 𝜔 presents system Eigenvalues 

in radian per second (first index is taken as the lowest frequency). 

 

Table 3-2. Sorted system Eigenvalues. 

 𝜔1 𝜔2 𝜔3 𝜔4 

Eigenvalues 

(rad/s) 
59.71 374.0 787.4 1253 
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Excitation force only act on first DOF, although it is not taken into consideration, so all other 

forces on three remained DOF are zero through all time steps. 

 

Time integration verification 

Dynamic of system initially calculated by numerical integration by use of Newmark method, 

as this algorithm is developed from theory part. It is noteworthy to mention Newmark 

method have advantages comparing already available function in MATLAB, since the 

solution can be obtained without writing equation of motion for each DOF. Validation 

purpose is performed by comparing solution of Newmark for displacement of first DOF in 

20 second simulation time, as it is depicted in Figure 3-1 result of integration are same when 

ode113 and ode45 function of MATLAB are applied [32]. 

 

 

Figure 3-1. Validation of Newmark integration method by comparison of results with built-

in MATLAB functions (ode113 and ode45). 
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Newmark type here is average constant acceleration, taking Alpha and Beta multiplier (α 

and β) as much as 0.5 and 0.25 respectively. 

 

Result of least square method 

Application of least square method in this study is obtaining unknown excitation forces 

which act on conjunct substructure, for this purpose all the DOF need to be observed on the 

substructure which is imposed to unknown excitation load. In this example, load is applied 

on first DOF and there is no force on other DOFs. Although this consideration will not be in 

contradiction to generality of the example. Therefore excitation forces in other DOFs need 

to converge to zero in all time steps. 

 

Figure 3-2 and Figure 3-3 have shown the estimation of excitation force on first DOF for a 

sinusoidal and an arbitrary excitation. The result are presented after four hours of central 

processing unit (CPU) time. 

 

 Figure 3-2. Estimation of a sinusoidal excitation force for 100 time steps. 
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Figure 3-3. Estimation of an arbitrary excitation force for 100 time steps. 

 

The convergence of the least square is not appropriate in reasonable time for presented time 

period, therefore this method is not robust and accurate enough in to be used in estimation. 

In Table 3-3 parameters of the system and result of estimation is presented. 

 

Table 3-3. Least square method estimation for 4 DOF system with unknown force. 

Coefficient  Estimated Exact values 

k1 11144 8000 

k2 1728 4500 

k3 2103 3500 

k4 1988 3500 

c1 154 32 

c2 98 18 

c3 37 14 

c4 79 14 

 

The displacement and velocities of all system DOF is not available in realistic situation. It 

is not feasible to obtain such data from model for all DOFs especially when rotational DOF 
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are under consideration. As result method is not logical to be applied for large systems. In 

practice, obtainable data are only accelerations and model displacement before excitation. 

Generally velocity in first step can be defined as zero, since system is assumed static before 

any loading applied on it. 

 

3.2 Kalman estimator results for spring-mass-damper systems 

Same 4 DOF structural as introduced in previous section is taken for Kalman estimator, as 

it illustrated on Figure 3-4, the excitation force is considered only on first DOF. Observation 

vector contains dynamic of system (one displacement, velocity or acceleration) for first DOF 

through all time steps, second DOF is considered as interface node. 

 

 

Figure 3-4. Spring-mass-damper structure with 4 DOF used for application of Kalman 

estimator. 

 

In first step for initial covariance matrix, corresponding values for displacement and velocity 

are considered to be small, but the values of unknown parameter need to higher. 

From stiffness and damping matrix we can write: 

 

 𝐶11 = 𝑐1 + 𝑐2 ;  𝐾11 = 𝑘1 + 𝑘2  ;  𝐶12 = −𝑐2  ;  𝐾12 = −𝑘2 ;   𝑀11 = 𝑚1 (3.2-1) 

 

Where 𝐶11 shows first column entry in first row of damping matrix, 𝐾11 shows first column 

entry in first row of stiffness matrix and 𝑀11 presents first column entry in first row of mass 

matrix (𝐶12 and 𝐾12 is the entry located in first row and second column). State space vector 

and its derivative in continuous form are as follows: 
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𝑋 =

[
 
 
 
 
 

𝑥1
�̇�1

𝐶11/𝑀11
𝐾11/𝑀11
𝐾12/𝑀11
𝐶12/𝑀11]

 
 
 
 
 

=

[
 
 
 
 
 
𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝑥6]
 
 
 
 
 

       �̇� =

[
 
 
 
 
 
�̇�1
�̈�1
0
0
0
0 ]
 
 
 
 
 

          

�̈�1 = 𝑀11
−1(𝑓1 − 𝑥3𝑥2 − 𝑥4𝑥1 − 𝑥5𝑥2 − 𝑥6𝑥2) 

(3.2-2) 

 

Where 𝑥1 and �̇�1 are first element of Space State vector and its first derivative with respect 

to time respectively. In same manner for 𝑥2 to 𝑥6 which are second to sixth row of vector 𝑋. 

Finally 𝑓1 is imposed on first DOF. In this system the excitation is considered as known. In 

Table 3-4, the system coefficient are mentioned. 

 

Table 3-4. Coefficient values for spring-mass-damper system in Figure 3-4. 

DOF Mass (kg) Stiffness Damping 

1 20 10000 200 

2 10 6000 100 

3 10 3500 50 

4 10 5000 100 

 

Simulation time is considered as 2 second with 0.001 second time steps, and total of 10 

global iterations. Noise pollution equal to 2.5 and 15 percent is imposed to observation 

vector in first and second set of results. Figure 3-5 is depicted original signal and adjacent 

polluted signal as part of observation vector. 
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Figure 3-5. Noise pollution of the observation signal for sample DOF acceleration. 

 
3.3 Effect of noise in convergence of Kalman estimator 

Noise represents inaccuracy in observation, as all measurement methods are polluted with 

noise. Here to show effect of noise, two completely different ratios are considered for to 

simulate noise in recorded signal. First low noise result with 2.5 percent  

 

Results with low noise (2.5%) with 100 as global weighting 

Following figures have shown convergence of estimated parameters for the introduced 

system. As a proof of convergence displacement, velocity, or acceleration of the estimated 

system need to match simulated system. These results are depicted in Figure 3-6 and 

Figure 3-7, the red line shows the real value in the model, the black line is the estimated 

value through stages of global iteration. 
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Figure 3-6. Convergence of damping coefficient for first DOFs (2.5% noise). 

  

Figure 3-7. Convergence of stiffness coefficient for first DOFs (2.5% noise). 

 

After several few start step the initial guess peak, in this time Kalman gain matrix will reach 

its maximum to correct the error accordingly. During early iterations, the estimated value 

may oscillate near the actual value. This oscillations is always accompanied and 

simultaneous with other parameters under estimation. In other words, estimated parameters 
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converge almost at same time, here around 8th steps of global iteration. In Figure 3-8 and 

Figure 3-9, convergence of two other coefficient are depicted. 

 

 

 

Figure 3-8. Convergence of damping coefficient for second DOFs (2.5% noise). 

 

 

 

Figure 3-9. Convergence of stiffness coefficient for second DOFs (2.5% noise). 
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Results with high noise (15 percent) with 100 as global weighting 

Effect of noise is present in following graphs, in Figure 3-10 to Figure 3-15. It can be noticed 

that final convergence was quite delayed cause of high noise. Also the amount of error in 

converged value stands higher. 

 

 

Figure 3-10. Convergence of damping coefficient for first DOFs (15% noise). 
  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-11. Convergence of stiffness coefficient for first DOFs (15% noise). 



38 

 

 

Figure 3-12. Convergence of stiffness coefficient for second DOFs (15% noise). 

 

 
Figure 3-13. Convergence of damping coefficient for second DOFs (15% noise). 
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Figure 3-14. Convergence of system acceleration with 2.5% noise in last global loop. 

 

 

Figure 3-15. Convergence of system acceleration with 15% noise in last global loop. 

 

Above mentioned Figure 3-14 and Figure 3-15 have compared acceleration in 1st DOF as a 

sample of system dynamic. It can be notice that the amount of error in steep changes is 

relatively high and estimation is not as exact as parameters that are estimated by lower noise 

in presented model of the system. 
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3.4 Effect of global weighting in estimation convergence 

Result of estimation are presented in following table, in two cases. In first case, results are 

obtained by smaller global weighting. The error in estimated values with relatively smaller 

weighting is less, in price of slower estimation convergence. 

 

Summary of results after 10 global iteration are presented in Table 3-5, while observation is 

imposed of 15 percent white noise. This result are computed with 100 weighting factor in 

start of each global iteration. 

 

Table 3-5. Estimation of part of stiffness and damping matrix for 4 DOF system by Kalman 

two-stage estimator with different global weight iteration. 

Coefficient 
Initial 

guess 

Estimated value 

(Weight=102) 

Estimated value 

(Weight=105) 

Exact 

coefficient 

K11/M11 1 787.0 810 800 

K12/M11 1 -291.8 -307.3 -300 

C11/M11 1 15.39 14.09 15.0 

C12/M11 1 -5.02 -4.38 -5.00 

 

Also it is noteworthy to mention, error in damping coefficient are relatively high, but 

considering small effect of damping in comparison to stiffness coefficient in system 

dynamics, these values are acceptable. Higher accuracy can be achieved with finer time step 

size and better ratio in first initial guess of coefficients.  
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4 APPLICATION SUBSTRUCTURE DAMAGE DETECTION ON SYSTEMS 

ATTACHED TO BEAM-LIKE ELEMENTS 

 

 

In this section implementation of the Kalman estimator on beam elements are introduced. 

For the sake of simplicity, the blade of Turbine is modelled as a beam substructure in this 

chapter. The whole system though is not necessarily needed to be made with beam elements, 

any other element type might be considered.  

 

4.1 Beam elements 

Main difference between beam elements and previously introduced spring-damping-mass 

system is number of DOFs in each node. A beam can resist bending and transverse forces. 

If axial force in beam modelling is neglected, every node of the beam in a two-dimensional 

space has 2 DOFs, for translational displacement (here vertically) and rotational 

displacement. 

 

Curvature of a beam can be defined by writing displacement of the beam in two-dimensional 

coordinates as [33]: 

 

 ν = 𝑎1 + 𝑎2𝑢 + 𝑎3𝑢
2 + 𝑎4𝑢

3 (4.1-1) 

 

When ν as translational displacement of the beam, is an equation based on 𝑢 which is 

horizontal position on the beam and 𝑎i as curvature parameters, estimate real physical 

shape by: 

 

 

ν = [𝑧1 + 𝑧2 + 𝑧3 + 𝑧4] [

ν1
𝜃1
ν2
𝜃2

] = 𝐙 [

ν1
𝜃1
ν2
𝜃2

] 

 

(4.1-2) 

 

Where 𝐙 is shape function and each 𝑧𝑖 presents special deflection shape. Considering two 

nodes on an element, ν1 and ν2 are translational displacement of node 1 and 2. Then 𝜃1 and 

𝜃2 are rotational displacements respectively (Generally ν and 𝜃 are used to show 
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translational and rotational displacements respectively). The beam deflection curves which 

represents how strain energy is stored can be written as: 

 

 
∂2ν 

∂u2
= [

∂2

∂𝑢2
𝐙] [

ν1
𝜃1
ν2
𝜃2

] (4.1-3) 

 

Then the strain-displacement matrix is represented by B as [34]: 

 

 
𝐁 = [−

6

𝑙2
+
12𝑢

𝑙3
−
4

𝑙
+
6𝑢

𝑙2
6

𝑙2
−
12𝑢

𝑙3
−
2

𝑙
+
6𝑢

𝑙2
] (4.1-4) 

 

Where l is length of the element, and 𝐊 as stiffness matrix is integrated from strain energy 

of the elements as [33]: 

 

𝐊 =
EI𝑥
𝑙3
[

12 6𝑙 −12 6𝑙
6𝑙 4𝑙2 −6𝑙 2𝑙2

−12 −6𝑙 12 −6𝑙
6𝑙 2𝑙2 −6𝑙 4𝑙2

] (4.1-5) 

 

Where E is modulus of Elasticity and I𝑥 is moment of inertia. Mass matrix 𝐌 for the beam 

can be derived from integration of shape function in volume of the beam as: 

 

 

𝐌 =

[
 
 
 
 
 
 
 
 
13𝑚

35

11𝑚𝑙

210

9𝑚

70
−
13𝑚𝑙

420
11𝑚𝑙

210

𝑚𝑙2

105
−
13𝑚𝑙

420
−
𝑚𝑙2

140
9𝑚

70

13𝑚𝑙

420

13𝑚

35
−
11𝑚𝑙

210

−
13𝑚𝑙

420
−
𝑚𝑙2

140
−
11𝑚𝑙

210

𝑚𝑙2

105 ]
 
 
 
 
 
 
 
 

 (4.1-6) 

 

Which have the 𝑚 as the mass of the element. By substituting 𝑚 as multiplication of density, 

cross section area and length, one can write diagonal estimation of mass matrix, neglecting 

coupling effect of other DOFs inertias [16]: 
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𝐌 =

[
 
 
 
 
 
 
 
 
𝜌A𝑙

2
0 0 0

0 𝜌 (
𝑙3

24
+
 I𝑥𝑙

2A
) 0 0

0 0
𝜌A𝑙

2
0

0 0 0 𝜌 (
𝑙3

24
+
 I𝑥𝑙

2A
)
]
 
 
 
 
 
 
 
 

 (4.1-7) 

 

Where ρ and A are density and cross section area respectively. While equation (4.1-6) is 

known as consistent mass matrix, assume that mass of the element is distributed uniformly 

through beam volume, equation (4.1-7) as lumped sum mass matrix, is simplifying mass to 

a diagonal estimation. Computational effort for iteration based on Kalman estimator will 

significantly reduce with lumped mass model of the beam. This approach is applied on a 

multi degree of free (MDOF) in following section. 

 

4.2 MDOF Beam identification with incomplete observation and diagonal mass 

In industrial applications, linear sensors are less complicated, smaller and cheaper than 

angular sensors [35]. Therefore it is more efficient to consider observations only for 

translational accelerations [27]. But the model of the structure will not remain observable if 

all stiffness matrix element considered as independent variable like spring-mass-damper 

model. The solution to mentioned problem is discussed in following part. 

 

Estimation of the parameter for a 4 DOFs beam 

To address issue of non-observability of Kalman estimator with only displacement 

observation, defining independent variable is crucial. In this way, matrix elements need to 

be defined separately, and with help of a correlated coefficient. This coefficient introduces 

normal stiffness matrix with a multiplication of a scalar and a matrix. So it is assumed that 

every degradation will effect rotational and linear stiffness with same correlation. It shall be 

noticed that this multiplier is totally arbitrary, but will be considered in same way for all 

elements of the system. A beam structure is shown in Figure 4-1. 
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Figure 4-1. Beam model with two elements and 4 DOFs which is fixed in one end. 

 

The beam is presented with 2 elements and one external excitation load is shown, the load 

is only consist of one transversal arbitrary force. Observation vector is not consist of angular 

DOFs, but one linear acceleration on each element. Figure 4-2 have illustrated the excitation 

for through the time. 

 

 

Figure 4-2. Arbitrary applied excitation force on the beam structure during 2 seconds time 

period. 

 

The result of estimation in last loop of global iteration are shown for part of system dynamic 

in following figures. In addition convergence for acceleration of 1st DOF through global 

iteration 1 to 10 is depicted in the appendix. In Figure 4-3 and Figure 4-4 response of the 

system for first and third DOF is investigated in concern of acceleration. 
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Figure 4-3. Estimation of 1st DOF acceleration in last global loop of iteration. 

 

 

Figure 4-4. Estimation of 3rd DOF acceleration in last global loop of iteration. 

 

As it can be noticed from figures, when there is a sharp change is acceleration, estimator will 

encounter larger errors. This can be compensated with smaller time step, when consideration 

is taken for reachable accuracy via demanded computational time. In Figure 4-5 velocity of 

the third DOF is shown. 
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Figure 4-5. Estimation of 3rd DOF velocity in last global loop of iteration. 

 

Estimated rotation for end of the beam on 4th DOF of the system is depicted on Figure 4-6, 

which fits the real value of the model. System dynamics obviously fits the graphs from 

simulation when there is no considerable discrepancy between expected values and 

identified values. Same behaviour is seen in Figure 4-7 and Figure 4-8. 

 

 

Figure 4-6. Estimation of 4th DOF rotation in last global iteration. 
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Figure 4-7. Convergence of first stiffness coefficient in global iteration. 

 

Figure 4-8. Convergence of second stiffness coefficient in global iteration. 

 

System parameters for the beam model are estimated and illustrated in Table 4-1. Mass of 

the system is taken as noun, and initial values of the model are taken with large difference 

in comparison with real values. Results are obtained after 10 global iteration, when each 

global iteration has 20000 time steps (10-4 sec.) a simulation period. 
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Table 4-1. Estimated stiffness correlations for beam with two elements. 

Parameter Initial guess Real value Estimated 

Stiffness correlation factor of k1 300 500 500.382 

Stiffness correlation factor of k2 600 500 500.280 

 

Accuracy of result can be increased, in cost of higher computational power, by finer time 

steps. It shall be noted that higher number of global iteration will not necessarily lead to 

better accuracy when global iteration is already converged.  

 

4.3 Noise pollution of the observations 

The noise which is employed to pollute the observation vector is normal distributed white 

noise with no bias, the noise function as default is correlated with magnitude of 

measurements, although this assumption can raise questions regarding effect of different 

noise construction in calculations. Therefore in several trial different noise functions is added 

(as an example MATLAB functions randn and rand) and no observable change is seen. The 

Kalman estimator algorithm have shown good stability in presence of noise, the effect of 

different noise amplitudes are presented in following sections. 

 

4.4 System identification with unknown forces and non-diagonal mass matrix 

During the damage detection process, cause of system boundary condition and numerous 

DOFs, often the load which act on the substructure is unknown. Also there are many 

concerns about system excitation. Although diagonal mass matrix which is used in recent 

literatures have simplified the simulation and decreased the computational effort, but model 

accuracy can be highly influenced in these systems. Therefore in this subchapter parameter 

estimation with complete mass matrix and unknown forces is investigated.  

 

The force estimation process is performed based on concept of least square method, although 

special consideration for the convergence is required. The Kalman estimator inherently use 

a gain value (Kalman gain) for improvement of the estimation in each global iteration, which 

is in correlation with initial covariance matrix of the initial guess in each stage of global 

iteration. The initial guess vector and its correlated initial covariance matrix are updating in 

start of each global iteration, which affecting all internal iterations of Kalman estimator 

belong to that specific global loop. 
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Obtaining converged results in reasonable time is only possible with help global weighting 

factor, which is multiplied to initial covariance matrix in start of each global iteration. This 

weighting naturally can make Kalman oscillations in calculation stages, leading to 

divergence of whole estimation. In other hand without such weighting, results are diverged 

after numerous numbers of estimation with inappropriate initial guess. As initial guess need 

to remain unconditional and free of assumption for a robust method, use of weighting is 

normally required when unknown forces are involved. In Figure 4-9 a beam is schematically 

connected to an unknown structure. 

 

 

Figure 4-9. Substructured beam under unknown forces. 

 

In estimation with unknown forces, when the load is not good estimation of the actual force 

value through simulation steps, this oscillation will easily lead to divergence estimated 

parameters. This diverged estimated parameter will again make an improper guess for the 

estimated force in following global iteration, as the force estimation loop is one loop delayed 

from parameter estimation. In this way, whole estimator is diverged without possible 

successful results. 

 

The solution is possible by help of variable weighting of the Kalman. In variable weighting, 

early global loops will improve the force estimation. The small weighting factor keep the 

initial guess of system parameters without change, meanwhile the force estimation process 

forms a good estimation through time steps. It is noteworthy to mention minimum size of 

unknown variable force is as large as number of time steps but not same as integration time 

steps. After primitive estimation of the force, the weighting factor increased in several stages 

to speed up the divergence process.  
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The most important aspect in start of the estimation is proper detection of the force, in 

Figure 4-10 first estimation of the load is shown. In this stage, the system parameters are not 

close to real values. To show robustness of proposed method, for first guess is chosen with 

a large difference with real value, these parameter are presented in Table 4-2. 

 

 

Figure 4-10. Convergence of the estimated force in after first iteration.   

 

Table 4-2. Initial guess for concerned beam substructure. 

Parameter Initial guess Real value 

Stiffness correlation factor of k1 25000 50000 

Stiffness correlation factor of k2 100000 50000 

Stiffness correlation factor of k3 58000 50000 

 

 

After several initial iteration, force estimation reach the close to real value, in Figure 4-11 

this trend is shown. It is noteworthy to notice in this stage of estimation, parameters are not 

good approximation of actual values.  
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Figure 4-11. Convergence of the estimated force in after 10th iteration.   

 

This trend is continued by several early iterations, till unknown force will not change in 

comparison of the previous iteration. Here in the experiment the extract acting force which 

is used for simulation of the substructure is drawn alongside of the estimated force. It is 

obviously can be observed that when the force estimation is not changing anymore through 

the loops, the estimated force is closely converged to real excitation force. It shall noticed 

that the force is only used in the graph presented from but not for estimation iteration, as it 

is initially considered as unknown. Unknown force in this estimation have 10000 

independent unknown variables, same number as time steps, which is needed to be 

estimated. 

 

Convergence of system parameters are shown in Figure 4-12, the early iterations from 1 to 

26 are not embarking a change in initial guessed values. As an example, the k1 correlated 

value is 27450 (comparing to 25000 in initial guess) and k2 is 90935 which is almost 4 times 

more than correct stiffness. Obviously main convergence of the parameters is happened after 

26th iteration. 
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Figure 4-12. Convergence of correlated stiffness values through global iterations. 

 

Steps of global iteration, the variable weighing is shown in Table 4-3. As a general rule based 

on presented result, the weighting need to be delayed till there is no big change in the 

estimated force, then on next stage weighting can be applied for estimation of the parameters. 

 

Table 4-3. Variable weighting of the global iteration through initial covariance matrix. 

Global iteration Global weighting on initial covariance matrix 

Loop 1 to 19 No weighting 

Loop 20 to 50 100 

Loop 50 to 200 1000 

 

Sample result of convergence in substructure dynamics is shown is presented through 

Figure 4-13 to Figure 4-18. The estimated results are good estimation of the real values. The 

amount of error is almost negligible and error is mainly is result of numerical inaccuracy 

which can be improved by smaller time steps.  
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Figure 4-13. Estimation of 1st DOF velocity in comparison to real value. 

 

 

Figure 4-14. Estimation of 2nd DOF displacement in comparison to real value. 
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Figure 4-15. Estimation of 3rd DOF displacement in comparison to real value. 

 

 

Figure 4-16. Estimation of 4th DOF velocity in comparison to real value. 
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Figure 4-17. Estimation of 5th DOF displacement in comparison to real value. 

 

 

Figure 4-18. Estimation of 4th DOF accelration in comparison to real value. 
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In Table 4-4 final result of the model estimation is presented, 30th iteration as sample is 

compared to final stage of the estimation to investigate the convergence behaviour. 

 

Table 4-4. Final results and relative error after convergence. 

Parameter 
Real 

value 

Converged value 

at 30th iteration 

Converged value 

at 200th iteration 

Error 

percentage 

Stiffness correlation 

factor of k1 
50000 50732 51989 3.978 % 

Stiffness correlation 

factor of k2 
50000 50743 50660 1.320 % 

Stiffness correlation 

factor of k3 
50000 49850 49922 0.156 % 

 

Highest amount of error belongs to first correlated value, but as seen in previous estimations, 

this error can be reduced by finer time step. This estimation carried out with 0.02 millisecond 

step size, in presence 5 percent noise and for 10000 time steps. Meanwhile different step size 

is considered for Newmark integration, so the simulation had 4 times smaller time step.   
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5 APPLICATION OF THE METHOD FOR WIND TURBINE BLADE 

 

 

Damage detection techniques based on substructuring can be applied in parallel or 

independent from non-destructive test of mechanical systems. Once measurement is done 

with help of accelerometer sensors, gathered data is used to reveal possible fault considering 

its location and intensity. This chapter explain application of the presented method on a wind 

turbine blade as test bench. 

 

5.1 System identification for blade of a turbine 

A wind turbine rotor is considered as test bench of method. AMPAIR 600 have previously 

chosen as a test bed for several substructuring based studies [36–38]. A complete CATIA 

model is presented in Figure 5-1. The rotor is consist of three tapered blades which are joined 

to hub in the center, assembled on an aluminium pole as tower. Total weight of the system 

is 114 Kg which is mainly result of its support pole and baseplate. The height of from 

baseplate to generator is 185 cm and nominal generated power around 600 watts.  [39] 

 

Figure 5-1. Complete test bench of Wind Turbine modelled with help of CATIA. 
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Blade are made of glass reinforced polyester material. Total rotor diameter is 1700 mm [40] 

and  though for simplification they considered to be made of one isotropic material. Shape 

of one blade is depicted in Figure 5-2. 

 

 

Figure 5-2. Blade of the Wind Turbine which used as representative of a mechanical system. 

 

Since the geometry of the blade is not changing in wide range, it can be represented with 

plate elements, obviously thickness of the plate is smaller than other dimensions including 

width and length.  

 

5.2 Characteristics of Nastran CQUAD4 plate element 

Plate elements have the potential to be representative for the realistic simulation of the 

turbine blade. They can carry different loads in different directions, leading to applicability 

of three-dimensional stresses including: 

 Normal forces for both x and y directions (𝑓𝑥 and 𝑓𝑦) 

 In-plane shear forces (𝑓𝑥𝑦) 

 Transversal force for x and y directions (𝑉𝑥 and 𝑉𝑦) 

 Bending moments on both x and y directions (𝑄𝑥 and 𝑄𝑦) 

 Twisting moment (𝑄𝑥𝑦) 

Figure 5-3 have shown abovementioned loads on an element. 
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Figure 5-3. Schematic of loads on a single plate element [41]. 

 

Each CQUAD4 element is defined by 4 nodes, coordination of the nodes is used in 

MATLAB to make schematic imported geometry. Element mapping is also needed to show 

connection of each element to its neighbour elements. 

 

5.3 NASTRAN cards (format) for storing mass and stiffness matrix 

Generally NASTRAN consider stiffness matrix to be symmetric, therefore it only store 

diagonal and lower triangular elements. Array is addressed based on DOFs of each node. 

Nodes are exist in the Grid which present the geometry can be correlated to DOFs. CQUAD4 

element have 4 nodes and each node have 6 DOFs, in total 24 DOFs is counted for each 

element [42]. To show how NASTRAN construct the stiffness matrix, following matrix is 

presented for 1 single element: 
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[
 
 
 
 
 
 
 
 
 
 
 
 
(1,1) 𝑆𝑦𝑚

(1,1) (1,2)

⋮ ⋮ ⋱

(1,1) (1,2) ⋯ (1,6)

(1,1) (1,2) ⋯ (1,6) (2,1)

(1,1) (1,2) ⋯ (1,6) (2,1) (2,2)

⋮ ⋮ ⋯ ⋮ ⋮ ⋮ ⋱

(1,1) (1,2) ⋯ (1,6) (2,1) (2,2) ⋯ (4,5)

(1,1) (1,2) ⋯ (1,6) (2,1) (2,2) ⋯ (4,5) (4,6)]
 
 
 
 
 
 
 
 
 
 
 
 

≡

{
 
 
 
 
 
 

 
 
 
 
 
 
𝑁𝑜𝑑𝑒 = 1, 𝐷𝑂𝐹 = 1

𝑁𝑜𝑑𝑒 = 1, 𝐷𝑂𝐹 = 2

⋮

𝑁𝑜𝑑𝑒 = 1, 𝐷𝑂𝐹 = 6

𝑁𝑜𝑑𝑒 = 2, 𝐷𝑂𝐹 = 1

𝑁𝑜𝑑𝑒 = 2, 𝐷𝑂𝐹 = 2

⋮

𝑁𝑜𝑑𝑒 = 4, 𝐷𝑂𝐹 = 5

𝑁𝑜𝑑𝑒 = 4, 𝐷𝑂𝐹 = 6}
 
 
 
 
 
 

 
 
 
 
 
 

 

(5.3-1) 

 

As presented above, stiffness for each element is compound of 24 by 24 square matrix, also 

obviously due to three-dimensional properties of element for two axis bending and twisting, 

stiffness is a full rank matrix.  

 

The geometry of the blade is exported as initial graphics exchange specification (IGES) 

format from CATIA, then imported as a solid object in Patran and then meshed to make a 

model of CQUAD4 elements, as it is shown in 
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Figure 5-4. 

Figure 5-4. Arrangement of the elements for the blade in NASTRAN. 

 

Although some accuracy in geometry of the blade is lost during this conversion, it need to 

be mentioned that the selection of element type is based on consideration of possible location 

sensor installation. Obviously, such sensors may not be placed under the surface in 

laboratory experiments. 
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5.4 Extraction of the model for MATLAB 

To apply Kalman estimator to wind turbine blade, the model need to be presented in 

mathematical model in MATLAB. Stiffness and mass matrix of the model then will be used 

in the simulation and obtaining required observations. 

 

The nodes are presented by node numbers and three-dimensional Cartesian coordination. 

Figure 5-5 is illustrated shape of the blade. Red nodes in the figure are free nodes, cyan 

nodes are taken interface of the blade with rotor. Model in total contains 101 nodes and 

subsequently 606 DOFs. 

 

                            

(a)      (b) 

Figure 5-5. a: Coordination of the nodes for the model mesh in MATLAB b: Schematic of 

elements in MATLAB. 

 

5.5 Substructuring for tip of the blade 

Complete model of the blade consist of 606 DOF which is challenging to handle, also such 

number of sensors is not feasible to be installed. The tip of the blade is prone to be damaged 
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during the transportation, therefore here it is assumed area of concern are first five elements 

of the blade tip. These elements are used in the identification process, in Figure 5-6 these 

elements are coloured to be distinguishable by blue colour. 

 

 

Figure 5-6. Schematic definition the substructure, excitation force and element numbering. 

 

Also they are numbered from 1 to 5, so the result can be addressed to exact location. 

Meanwhile, node numbering can be founded in Figure 5-7. Excitation force is chosen 

without any special assumption. Force amplitude is changing arbitrary and is not generated 

by a mathematical function. There is no restriction for location and number of excitation 

forces. In laboratory experiments this force can be generated by moving the rotor blade. All 

free DOFs are excited by the force, except 8 nodes in hub interface which are considered as 

fixed in this experiment. 

 

 

Figure 5-7. Node numbering for the substructure. 
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Departed part of the blades have 60 DOFs in total which is considerably smaller than the 

system total DOFs. As result, by few number of DOFs - as much as one tenth of the real 

model – damage detection process is possible to apply. 

Initial guess of the stiffness matrix do not play a role in the estimation, therefore iteration 

can start with any value as far as it is reasonable numerically. These values as an example 

can be 20 times more than real simulation. 

 

5.6 Convergence of the system dynamics 

Estimation of system dynamics including accelerations, velocities and displacement for 

substructured part are compared to real simulation in following graphs and result are 

illustrated in Figure 5-8 to Figure 5-16. It shall be noted that not all the DOFs are converged, 

in several of them, the amount of error is rather high in comparison with previous chapter, 

such as seen in Figure 5-12 and Figure 5-16. Measurements which are used for estimation 

are polluted with 5 percent noise, initial guess covariance matrix is diagonal, although it will 

not remain diagonal through simulation steps. 

 

 

Figure 5-8 Estimation of 1th DOF velocity in 1st node of the substructure in last global loop 

of iteration in comparison to real value. 
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Figure 5-9 Estimation of 4th DOF acceleration in 1st node of the substructure in last 

global loop of iteration in comparison to real value. 

 

 

Figure 5-10. Estimation of 4th DOF acceleration in 1st node of the substructure in last 

global loop of iteration in comparison to real value. 
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Figure 5-11. Estimation of 1st DOF acceleration in 2nd node of the substructure in last 

global loop of iteration in comparison to real value. 

 

 

Figure 5-12. Estimation of 4th DOF velocity in 2nd node of the substructure in last global 

loop of iteration in comparison to real value. 
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Figure 5-13. Estimation of 5th DOF velocity in 2nd node of the substructure in last global 

loop of iteration in comparison to real value. 

 

 

Figure 5-14. Estimation of 1st DOF acceleration in 3rd node of the substructure in last 

global loop of iteration in comparison to real value. 
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Figure 5-15. Estimation of 5th DOF displacement in 8th node of the substructure in last 

global loop of iteration in comparison to real value. 

 

 

Figure 5-16. Estimation of 1th DOF displacement in 10th node of the substructure in last 

global loop of iteration in comparison to real value. 
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Number of global iterations is 100 and each local iteration is consist of 60000 steps, the 

numerical integration is calculated by finer time steps to assure highest accuracy. Also due 

to hardware restriction, MATLAB default accuracy was reduced to 16 digits during the 

iteration. The results are presented in Table 5-1. 

 

Table 5-1. Convergence of the stiffness correlated values for the blade. 

Parameter Real value Initial guess 
Value (120th 

iteration) 

Stiffness correlation factor of k1 1 15 0.8883 

Stiffness correlation factor of k2 1 20 1.088 

Stiffness correlation factor of k3 1 0.5 0.7829 

Stiffness correlation factor of k4 1 5 1.033 

Stiffness correlation factor of k5 1 10 0.9519 

 

Not all of the results are fully converged to real values, but the final estimated parameter is 

quite close to the reference value compare to initial guess. Non-optimized weighting or 

insufficient number of iteration are the probable source of error according to best knowledge 

of the author. Moreover most of the substructure dynamics, including accelerations, 

velocities and displacements are good estimation of real values at the last step of global 

iteration. 
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6 CONCLUSION AND FUTURE WORK 

 

 

This study has presented the potential of Kalman estimator for system identification of large 

mechanical structures. Such process is possible to apply for linear and non-linear mechanical 

systems, with Rayleigh or viscous damping models. Using substructuring approach, one can 

model only one part of a complete system, and leave parts which are difficult to model or 

have complicated boundary conditions. Efficiency of the presented method for damage 

detection and model updating based on substructuring is outstanding comparing to other 

previous methods as this method will not take any consideration for whole mechanical 

system. In this way, damage detection is possible to perform locally and in area of concern, 

so without losing accuracy, required modelling time is shortened.  

 

The faster and more accurate convergence of the results which presented by accelerating 

modified Kalman estimator through variable weighting factor is helpful for complicated 

systems with large number of DOFs. It is noteworthy to mention that the accuracy of the 

method is not limited in numerical experiments and can be improved through smaller time 

steps. Naturally this will lead to higher CPU time for iteration loops. 

 

Procedure of estimation can be applied for different Finite Element models, different element 

types without restrictions. Although amount of required computation cost in this method is 

still relatively high, the observations data needed to be recorded only once and for very short 

time. The method remained robust in presence high noise as far as the noise is not biased. 

The initial guess in this process do not require any presumption, there is not any necessity to 

obtain a guess within expected range for parameters in start of simulation. As it have shown 

in through result chapters, first guess can be higher, lower or almost equal to real values, 

results are reliable when they stay stable through next steps of iteration and making system 

dynamics fits to measurement at the same time. 

 

Meanwhile for laboratory experiments, one need to consider that sample rate of industrial 

accelerometer is limited and might make accuracy limit for the method. There are already 

innovative technologies in current laser vibrometers from companies such as Polytech for 

high sampling rates. But advances in scanner vibrometers, piezoelectric materials and signal 
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processing will make better future path for SI methods based on Kalman estimator. So higher 

mesh which represent the geometry more accurately can be modelled and measured for very 

fine time steps such as 10-9 sec (1000 MHz). 

 

In this study, more realistic model of the system is presented, results have potential to be 

closer to laboratory test since unlike previous studies, mass matrix is not assumed essentially 

lumped or diagonal. Subsequently, this method bring more possibility model updating 

purposes with consistent mass matrix, which clearly lead to better presentation of the 

structure based on a FEM. 

 

Further development of this technic can be studied through experimental arrangement of the 

simulations. There were quite many literature which have done the real measurements on 

shear buildings and 1-DOF coupling structures for civil application, but according to best 

knowledge of the author, there was not real estimation with complete mass matrix for more 

complicated mechanical structures like Wind Turbine blades.  

 

In this study, model of wind turbine is only made of one element type blade is made of one 

material with a solid aerofoil structure. Although for larger turbines, blades are made of 

different materials, and many internal components such as spar caps, shear webs, leading 

edge panel, external surface. So core and surface parts need to be modelled by different 

element types and according to their rule in blade structure. A compound model of blade can 

be taken into account for further investigation about application of this damage detection 

method. 

 

As another prospect for extension of this study, it would be possible to optimize number of 

sensors on a structure. Collecting data from accelerometers and installation of them needs 

long preparation. Also these sensors are expensive, therefore the mesh size need to be 

optimized for model estimation.  
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APPENDIX I, 1 

Convergence of Kalman global iteration for all time steps in 10 stages. 

 

Following graphs illustrate how Kalman estimator converge to exact estimation for one 

sample chosen acceleration, while each figure is made of 20000 time steps. 
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APPENDIX II, 1 

Convergence of force estimation process for substructured beam with non-diagonal mass 

matrix. 

 

Force estimation convergence is shown in following steps for a substructured beam consist 

of 3 elements and considering non-diagonal mass matrix, including global iteration numbers 

1 to 8, 10, 20, 30, 40, 100 and 200. 
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