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Modern digitalization has created a need for efficient classification methods that can deal with both
large and small data sets. Classification is seen as the central part of many pattern recognition
and machine vision systems used in many applications. In medical diagnosis and epidemiological
related researches, classification is a crucial aspect. For example diseases must be recognized and
diagnosed before treatment can start. In such systems, classification accuracy of the classifiers is
essential since even small improvements in accuracy can save human lives. Classifiers are useful in
quality control models where faulty products must be recognized and removed from the ensemble
line. Misclassifications in this area may cause heavy losses to these industries. Currently, classifiers
are also useful in making on-line classification decisions which normally requires results in a short
time interval.

The main objective of this thesis is to examine several different aggregation operators in the simi-
larity classifier and how they affect classification accuracy. The suitability of different aggregation
methods is examined with several real world data sets. Particular tasks include designing new algo-
rithms, generalizing existing ones and implementing several new methods on real world tasks. In
some classification tasks, we are faced with a problem of a small attribute space where there are
less measurements yet decisions are required. In other cases there are large data sets with many
attributes which may cause several challenges during classification. In large data sets, some of the
attributes may be irrelevant and need to be neglected or even removed, thus finding relevant at-
tributes is crucial. There are many other problems related to large data sets like computational time
may increase and tasks may require relatively larger memory for storage and implementation. Re-
duction in attribute space is advantageous since it can reduce computational time of an algorithm,
and also less memory may be required.

In practical problems with real world data sets, data analysis is always burdened with uncertainty,
vagueness and imprecision. This calls for classification methods that can handle data sets with those
problems. In this research, classifiers from fuzzy set theory are examined further and emphasized.

Data sets applied in this thesis were taken from UCI machine learning data repository where they
are freely provided for research purposes. The main tool used in developing new methods is
MAT LABT M with all implementation codes done with this software. The final output of this thesis
are new similarity classifiers applying generalized aggregation processes. These include, the sim-
ilarity classifier with the generalized ordered weighted averaging (GOWA) operator, one with the
weighted ordered weighted averaging (WOWA) operator, one with the Bonferroni mean variants,
and the similarity classifier with an n-ary λ -averaging operator.



Results from these new classifiers have shown improvements in accuracy compared to existing sim-
ilarity classifiers for some applied data sets. However, it was observed that there is no single method
that is suitable for all classification tasks. Each method has its particular strength over other methods
when applied on data sets.

Keywords: Classification, similarity classifier, aggregation operators, OWA operators, GOWA
operators, WOWA operators, Bonferroni mean operators, λ -averaging operators.
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PART I: OVERVIEW OF THE THESIS





CHAPTER I

Introduction

Classifiers are indispensable in modern technology where automatic extraction and interpretation of
relevant information from data sets is paramount. Classifiers in this case are constructed so that they
use model functions or precisely algorithms to fit input data and predict classes to which samples
belong. In decision theory and related domains, classifiers are viewed as aids to facilitate decision
making. Classifiers are also essential in the medical field where accurate classification methods to
analyze data sets are needed due to the sensitivity associated with the medical domain, i.e errors
may cost lives. In the same respect, classifiers are useful in other technological advances such as
automatic detection of faults in industries, identification of online customers and other marketing
related tasks, see (Haberl and Claridge, 1987; Werro, 2015). In many of these application areas, it
is typical that the collected data is noisy and sometimes with high-dimensionality which makes its
analysis more taxing and expensive.

This thesis concentrates on generalizing similarity based classification techniques (Luukka et al.,
2001; Luukka, 2005), with several aggregation operators taking the central role in the aggregation
process. Aggregation operators are used in fusion of similarity vectors into single values from
which decisions can be taken. Particular operators examined in this thesis include: the general-
ized ordered weighted averaging (GOWA) operator (Yager, 2004), the weighted ordered weighted
averaging (WOWA) operator (Torra, 1997), the Bonferroni mean operator (Bonferroni, 1950) and
the λ -averaging aggregation operator (Klir and Yuan, 1995). All these operators were utilized in
the similarity classifier and their suitability tested on real world data sets. Classification accuracy
is affected by the kind of aggregation operator used during aggregation process. Examination of
several aggregation functions is fundamental in finding the method suitable for particular classifi-
cation tasks. Similarity measure based classifiers have adaptations that allow robustness in finding
similarities between samples to be classified and the rest of the data. The similarity value obtained
forms the basis on which classification is done.

In this thesis, classification methods are introduced based on aggregation operators applied in the
similarity classifier. Similarity classifiers depend on determining similarities between samples. The
idea behind similarity measures is that it is possible to find the similarity between two samples by
comparing them, and assigning a numerical value to this similarity which is used during classifi-
cation. Partitioning of the attribute space in order to carry out classification is normally not trivial,
in ideal case this should be done so that none of the decisions are ever wrong, see (Duda and Hart,
1973). Once partitioning is done appropriately, and the data is normalized, then classification can
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14 1. Introduction

be done. Initially, mean vectors (ideal vectors) representing each of the classes in the data set
are determined. This is followed by finding similarities between ideal vectors and the samples to
be classified. In this thesis, similarities used originate from the generalized Łukasiewicz-structure
(Luukka et al., 2001). After the similarities between samples and ideal vectors are determined, they
are aggregated using a suitable operator to achieve a single value. The decision to which class the
sample belongs is taken depending on the highest similarity value. The process is completed by
calculating classification accuracies and mean accuracy.

The aim of this thesis is to examine the use of several different aggregation operators in the similarity
classifier, and how they affect classification accuracies when studied with different real world data
sets. Essentially each method uses one particular aggregation operator so that the effect of using
different operators can be verified in a practical sense. Therefore, aggregation operators provide a
platform on which similarity classifiers proposed in this thesis are constructed.

This thesis is comprised of four scientific papers published at different stages of research. Key
aspects in each paper are summarized below:

In Publication I, the similarity classifier was generalized to cover the GOWA operator during the
aggregation process. Several regular increasing monotone (RIM) linguistic quantifiers were exam-
ined to find their suitability in weight generation. These weights are applied by the GOWA operator
during aggregation. The performance of the newly introduced similarity classifier with GOWA op-
erator was tested on real world medical related data sets. Improved classification accuracies were
achieved with the new methods for some data sets.

Publication II generalizes the similarity classifier by examining the use of n-ary λ -averaging ope-
rators during aggregation. By using n-ary triangular norms and triangular conorms, the binary
λ -averaging operator was extended to an n-ary case which is utilized in the similarity classifier.
Four different n-ary norms were examined and the similarity classifier applied on five medical data
sets.

In Publication III, the similarity classifier was extended to cover WOWA operators in aggregat-
ing similarities. The classifier was studied with five different regular increasing monotonic (RIM)
quantifiers in weight generation. The suitability of the new methods for classification purposes were
examined on multi-domain real world data sets.

Publication IV presents a similarity classifier with Bonferroni mean operators. In this method, the
Bonferroni mean operator, and its OWA variation were used in aggregation of similarities. Five
variants of the Bonferroni-OWA resulting from the use of five different linguistic quantifiers in
weight generation were examined. The classifier was tested on medical data sets and improved
results were obtained.

In view of all the above similarity classifiers, it was observed that these methods are data dependant.
The suitability of each method should be examined before its implementation on practical problems.
More research is still needed to develop more generalizations that can yield accurate results.

This thesis is made up of three parts. Part 1 gives the overview of the thesis and has two chapters.
Chapter one starts with an introduction. In chapter two, we go into mathematical background where
several applied aggregation operators are discussed. Similarity measures and related concepts are
also introduced in chapter two. Part II examines similarity classifiers with several aggregation
operators, and is made up of five chapters. Chapters three to six summarize results obtained in
Publications I - IV. The four publications are given in part III.



CHAPTER II

Mathematical Background

This chapter introduces mathematical concepts required and applied in this thesis. Preliminary
material on aggregation operators, similarity measures, and classification in general are presented.
The chapter is narrowed down to specific operators applied, and similarity based classifiers using
these operators. Frequently used notations and definitions for similarity classifiers from fuzzy set
theory are introduced in this chapter.

2.1 Aggregation operators

In an aggregation process, several input values are combined to produce a single output value using
an operator, (Beliakov et al., 2016). Aggregation operators on fuzzy sets should preserve proper-
ties of fuzzy sets by keeping outputs in the closed interval [0,1]. These operators are essential in
many applications where a single output is required for proper analysis, in order to make valuable
decisions, see i.e (Torra and Narukawa, 2007). Details on aggregation operators can be found in
literature, see (Beliakov et al., 2007; Calvo et al., 2002; Klir and Yuan, 1995; Torra, 1997; Yager,
1988; Bullen, 2003). Different aggregation operators applied in this work are briefly examined.
Starting from triangular norms (t-norms) and triangular conorms (t-conorms), other operators ex-
amined here include: ordered weighted averaging (OWA) operators, generalized ordered weighted
averaging (GOWA) operators, weighted ordered weighted averaging (WOWA) operators, and Bon-
ferroni mean operators.

2.1.1 Triangular norms and conorms

Triangular norms and triangular conorms are generalizations of the standard set theory intersection
and union operators respectively, (Klir and Yuan, 1995). These operators first appeared in Menger’s
work as generalizations to the classical triangle inequality, (Menger, 1942). Since then, several dif-
ferent t-norms and t-conorms have been introduced, re-formulated and formalized by other scholars
to suit the current usage, for more information see i.e (Schweizer and Sklar, 1960, 1983; Höhle,
1978; Alsina et al., 1983; Lowen, 1996). Basic axioms satisfied by these operators are presented
next following the work in (Klement et al., 2000; Klir and Yuan, 1995). It can be observed that there
are several definitions of t-norms, but the next definition gives the basic properties that should be
satisfied.

15



16 2. Mathematical Background

Definition 2.1.1. A binary operator T : [0,1]2→ [0,1] is called a t-norm if it is commutative, asso-
ciative, monotonically increasing and satisfies boundary conditions with 1 as the neutral element,
i.e for any x1,x2,x3 ∈ [0,1] we have:

i. Commutativity: T (x1,x2) = T (x2,x1)

ii. Associativity: T (x1,T (x2,x3)) = T (T (x1,x2),x3)

iii. Monotonicity: T (x1,x2)≤ T (x1,x3) whenever x2 ≤ x3

iv. Boundary conditions: T (x1,1) = x1

Researchers have introduced several different triangular norms, see i.e (Klement et al., 2000), and
many ways to construct them from others have been examined, see i.e (Lowen, 1996; Dubois and
Prade, 2000). Basic examples of t-norms commonly used are: the standard intersection, also called
the minimum operator, the algebraic product, the Łukasiewicz t-norm also called the bounded dif-
ference and the drastic t-norm. An example for the binary cases of these t-norms is given next
following the work of Klir and Yuan, see (Klir and Yuan, 1995).

Example 2.1.1. Let x1,x2 ∈ [0,1] be any elements, the following operators are t-norms.

i. Minimum operator, TM : TM(x1,x2) = min(x1,x2).

ii. Algebraic product, TP : TP(x1,x2) = x1x2.

iii. Łukasiewicz t-norm, TL : TL(x1,x2) = max(0,x1 + x2−1).

iv. Drastic intersection, TD : TD(x1,x2) =


x1, i f x2 = 1
x2, i f x1 = 1
0, otherwise.

The drastic t-norm, TD, gives the smallest values and the standard intersection, TM, gives the largest
values of the basic t-norms. It can be observed that these t-norms are ordered so that for any x∈ [0,1]
we have TD(x)≤ TL(x)≤ TP(x)≤ TM(x), see i.e (Klement et al., 2000). Besides these basic t-norms,
several researchers have also studied parametric t-norms like Hamacher t-norms, Dombi’s t-norms,
Schweizer’s family of t-norms, and many others, see i.e (Lowen, 1996).

Triangular conorms are dual operators to the triangular norms. Four basic properties satisfied in
general by t-conorms are given in the next definition. Besides the four basic properties, t-norms and
t-conorms can be restricted by introducing other additional properties, i.e., continuity and idempo-
tency. The next definition was given by Klir and Yuan, see (Klir and Yuan, 1995).

Definition 2.1.2. A binary operator S : [0,1]2→ [0,1] is called a triangular conorm (t-conorm) if it
is commutative, associative, monotonically increasing and satisfies boundary conditions with 0 as
the neutral element, i.e for any x1,x2,x3 ∈ [0,1] we have:

i. Commutativity: S(x1,x2) = S(x2,x1)

ii. Associativity: S(x1,S(x1,x3)) = S(S(x1,x2),x3)
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iii. Monotonicity: S(x1,x2)≤ S(x1,x2) whenever x2 ≤ x3

iv. Boundary condition: S(x1,0) = x1

There are as many t-conorms as there are t-norms, the basic t-conorm operators can be described
as the maximum operator (standard union), probabilistic sum, Łukasiewicz t-conorm also called the
bounded sum and the drastic union. Examples of these are given below for the binary cases, see
also (Klir and Yuan, 1995).

Example 2.1.2. Let x1 and x2 be elements in a closed interval [0,1], the following operators are
basic t-conorm operators.

i. Maximum operator, SM : SM(x1,x2) = max(x1,x2).

ii. Probabilistic sum, SP : SP(x1,x2) = x1 + x2− x1x2.

iii. Łukasiewicz t-conorm, SL : SL(x1,x2) = min(1,x1 + x2).

iv. Drastic union operator, SD : SD(x1,x2) =


x1, i f x2 = 0
x2, i f x1 = 0
1, otherwise.

It can be observed that the drastic union, SD, produces the largest values as compared with the three
examples above and the maximum operator, SM, produces the smallest values, i.e it can be shown
that SM(x) ≤ SP(x) ≤ SL(x) ≤ SD(x) for any x ∈ [0,1] (Klement et al., 2000). There again exists
parameterized t-conorms as is the case with t-norms. Parameterized families are defined so that the
t-conorm operator takes different forms within different parameter ranges, for some examples see
(Lowen, 1996).

N-ary triangular norms and triangular conorms

Triangular norms and triangular conorms are defined above for the binary case, but due to associa-
tivity, it is possible to extend them to n-ary case, see (Klement et al., 2000). Extension of t-norms
and t-conorms allows their applications in modeling problems with multiple input arguments for
example in decision making, see i.e (Torra and Narukawa, 2007). Next we present extension of the
four basic examples of t-norms and t-conorms to n-ary cases as given by Klement et al., (Klement
et al., 2000).

Definition 2.1.3. Let T be a t-norm, S be a t-conorm and (x1,x2, ...,xn) ∈ [0,1]n ∀n ∈ N be any
n-ary, then T (x1,x2, ...,xn) is given by:

T (x1,x2, ...,xn) = T (T (x1,x2, ...,xn−1),xn) (2.1)

and S(x1,x2, ...,xn) is defined by:

S(x1,x2, ...,xn) = S(S(x1,x2, ...,xn−1),xn) (2.2)
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which are recursive iterations until the whole n-ary is covered. Each of the four different norms
can be expressed by this kind of recursive process to achieve the required extended operations. In
this way, examples of n-ary t-norms and t-conorms are given below, (for more details, see (Klement
et al., 2003, 2000)).

Example 2.1.3. Let (x1,x2, ...,xn) ∈ [0,1]n ∀n ∈ N be an n-ary, the standard intersection (t-norm),
TM, is given by:

TM(x1,x2,x3, ...,xn) = min(x1,x2,x3, ...,xn) (2.3)

and the corresponding standard union (t-conorm), SM, is given by:

SM(x1,x2,x3, ...,xn) = max(x1,x2,x3, ...,xn) (2.4)

Example 2.1.4. The algebraic product, TP, and probabilistic sum, SP, for any n-ary vector
(x1,x2,x3, ...,xn) ∀n ∈ N are given by:

TP(x1,x2,x3, ...,xn) =
n

∏
i=1

(xi) (2.5)

and

SP(x1,x2,x3, ...,xn) = 1−
n

∏
i=1

(1− xi) (2.6)

Example 2.1.5. The Łukasiewicz t-norm, TL, and Łukasiewicz t-conorm, SL, for any n-ary vector
(x1,x2,x3, ...,xn) ∀n ∈ N are given by:

TL(x1,x2,x3, ...,xn) = max

[
0,(1−

n

∑
i=1

(1− xi))

]
(2.7)

and

SL(x1,x2,x3...,xn) = min

[
1,

n

∑
i=1

xi

]
(2.8)

Example 2.1.6. The drastic product, TD, and drastic sum, SD, can be defined for all xi,xi+1 ∈
[0,1], i = 1,2,3, ...,n−1 ∈ N by the following equations:

TD(x1,x2,x3, ...,xn) =


xi, i f xi+1 = 1
xi+1, i f xi = 1
0, otherwise.

(2.9)

and

SD(x1,x2,x3, ...,xn) =


xi, i f xi+1 = 0
xi+1, i f xi = 0
1, otherwise.

(2.10)

T-norm and t-conorm operators represent extreme cases during aggregation, but several other ope-
rators take averages of input data. Averaging of inputs allows large values to uplift low values to an
average value so that all values participate during aggregation. We examine the concept of averaging
operators and present some examples of averaging aggregation operators applied in this thesis.
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2.1.2 Averaging operators

Averaging aggregation operators occupy the interval between the standard intersection (minimum)
and standard union (maximum). Usually an averaging is desired so that large input values can
compensate low values during aggregation, (Sousa and Kaymak, 2002). The following is a general
definition of an averaging aggregation operator as presented by Klir and Yuan, (Klir and Yuan,
1995).

Definition 2.1.4. An aggregation operator h is called an averaging operator if it is idempotent,
monotonic, symmetric, continuous and satisfies boundary conditions, i.e

i. Monotonic: For any pair (x1,x2, ...,xn) and (y1,y2, ...,yn) of n-arys such that xi,yi ∈ [0,1],∀i=
1,2, ...,n ∈ N, if xi ≤ yi then, h(x1,x2, ...,xn)≤ h(y1,y2, ...,yn).

ii. Idempotent: h(x,x, ...,x) = x.

iii. Symmetric: h(x1,x2, ...,xn)= h(xπ(1),xπ(2), ...,xπ(n)), where π is any permutation on {1,2, ...,n}.

iv. Continuous: For any two convergent sequences (xn)n∈N,(yn)n∈N ∈ [0,1]N, we have:

h
(

lim
n→∞

xn, lim
n→∞

yn

)
= lim

n→∞
h(xn,yn).

v. Boundary conditions: h(0,0, ...,0) = 0 and h(1,1, ...,1) = 1.

Due to the monotonicity property, it follows that an averaging operator, h on (x1,x2, ...,xn), n ∈ N
will satisfy the inequality:

min(x1,x2, ...,xn)≤ h(x1,x2, ...,xn)≤max(x1,x2, ...,xn) (2.11)

Generalized means form a family of averaging operators that have been in use for some time, but
several other averaging operators exist also, see (Bullen, 2003; Klir and Yuan, 1995; Yager et al.,
2011). Ordered weighted averaging operators (Yager, 1988) are another example of averaging ope-
rators commonly used in aggregation. We also present weighted ordered weighted averaging ope-
rators and Bonferroni mean operators.

2.1.3 Ordered weighted averaging operators

Another technique of aggregating based on averaging operations is the ordered weighted averaging
(OWA) operator introduced by Yager, see (Yager, 1988). It involves a weighting vector which is
associated with ordered inputs. Input vectors are re-ordered in a descending order so that the first
weight entry is associated with the largest element and so on, see also (Yager and Kacprzyk, 1997).
The general definition of an OWA operator is presented next following Yager’s work (Yager, 1988).

Definition 2.1.5. An ordered weighted averaging (OWA) operator of n attributes is a mapping F :
Rn→ R with an associated weighting vector w = (w1,w2, ...,wn)

T , wi ∈ [0,1] ∀ i = 1,2, ...,n ∈ N
satisfying ∑

n
i=1 wi = 1 such that:

F(x1,x2, ...,xn) =
n

∑
i=1

wibi (2.12)

where bi for any i ∈ N is the ith largest of the elements (x1,x2, ...,xn).
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It can be observed that only elements of input vectors are permuted but not the weighting vector.
This implies that each weight is associated with a position but not necessarily the value which
originally occupied that particular position. The next example shows how aggregation is done using
an OWA operator.

Example 2.1.7. Let x = (0.5,0.7,0.6,0.9,0.4,0.8) be a set of measurements obtained for each
attribute, and suppose that associated weights are given by w = (0.3,0.3,0.1,0.1,0.1,0.1). The
aggregated value using an OWA operator is computed as below:

Re-arranging vector x in descending order and using the weights, we obtain:
F(x) = 0.9×0.3+0.8×0.3+0.7×0.1+0.6×0.1+0.5×0.1+0.4×0.1 = 0.66

2.1.4 Generalized Ordered weighted averaging operators

In 2004, R. Yager generalized the ordered weighted averaging operator by introducing a non-zero
parameter that controls the power of arguments to be aggregated, see Yager (2004). The gener-
alized ordered weighted averaging (GOWA) operator can be seen as a combination of OWA and
generalized mean operators. The definition of the GOWA operator follows:

Definition 2.1.6. Let I= [0,1], a generalized ordered weighted averaging (GOWA) operator of di-
mension n is a mapping F : In→ I associated with a weighting vector w=(w1,w2, ...,wn)

T , ∑
n
j=1 w j =

1, w j ∈ [0,1] ∀ j = 1,2, ...,n ∈ N such that,

F(x1,x2, ...,xn) =

(
n

∑
j=1

w jbλ
j

) 1
λ

(2.13)

where λ /∈ 0 is a parameter such that λ ∈ (−∞,∞), and b j is the jth largest of the arguments
(x1,x2, ...,xn).

The value of the parameter, λ determines the behavior and nature of the GOWA operator. Several
cases were observed in Yager (2004), i.e when λ = 1, the GOWA operator reduces into an OWA
operator, when λ =−1, the GOWA operator behaves like the ordered weighted harmonic averaging
operator, and as λ → 0, the GOWA operator behaves like the ordered weighted geometric averaging
operator. The GOWA operator was applied in the similarity classifier examined in Publication I and
summarized in chapter 3. It was observed that the parameter introduced in the generalization affects
classification accuracy of a classifier.

2.1.5 Weighted ordered weighted averaging operators

The weighted ordered weighted averaging (WOWA) operator was introduced in (Torra, 1997) as
an extension of the OWA operator. It combines a weighted linear operator with an OWA operator
to arrive at another unique way of aggregating input vectors. Weights for the linear operation are
attributed to the importance of the attributes (or features) and the OWA weights stress importance of
data values, see more details in (Torra, 1998, 2000, 2003; Torra and Narukawa, 2007; Calvo et al.,
2002). A combination of these approaches have proved to be successful in modeling real world
problems with applications in decision making, intelligent systems, and other areas, see (Orgryczak
and Sliwinski, 2007; Torra and Narukawa, 2007; Yager et al., 2011).
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Definition 2.1.7. Let w = (w1,w2, ...,wn)
T and p = (p1, p2, ..., pn)

T ,∀n ∈ N be weighting vectors
with ∑

n
i=1 wi = 1, wi ∈ [0,1] and ∑

n
i=1 pi = 1, pi ∈ [0,1]. A mapping F : Rn → R is a weighted

ordered weighted averaging (WOWA) operator of dimension n if:

F(x1,x2, ...,xn) =
n

∑
i=1

wixα(i) (2.14)

where (α(1),α(2), ...,α(n)) is a permutation of (1,2, ...,n) such that xα(i−1) ≥ xα(i), ∀i ∈ N, and
the weight wi is defined as:

wi = w∗
(

∑
j≤i

pα( j)

)
−w∗

(
∑
j<i

pα( j)

)
(2.15)

with w∗ a monotone function that interpolates the points (i/n,∑ j≤i w j) together with the point (0,0).

In this thesis, we have taken the function w∗ to be a fuzzy quantifier Q, see (Torra, 2003), which
is defined to suit aggregation with WOWA operator. The choice of the quantifier to be used during
aggregation is made depending on the problem to be modeled. Linguistic quantifiers applied for
weight generation are presented in subsubsection 2.1.9.

2.1.6 Power and weighted power means

The basic arithmetic mean can be generalized to give a family of power means. The power mean
and weighted power mean operators can also be used in aggregation. Their behavior depends on
the nature of the power associated with input vectors. Details of these operators and the following
definitions were examined in Beliakov et al. (Beliakov et al., 2007).

Definition 2.1.8. Let p ∈ R, a power mean of a vector x = (x1,x2, ...,xn), n ∈ N, is defined by:

G(x) =
1
n

(
n

∑
i=1

xp
i

) 1
p

. (2.16)

Definition 2.1.9. Let wi, i = 1,2, ...,n ∈ N be a weighting vector such that ∑
n
i=1 wi = 1 and p ∈ R.

A weighted power mean of a vector x = (x1,x2, ...,xn), n ∈ N is defined by:

Gw(x) =

(
n

∑
i=1

wix
p
i

) 1
p

. (2.17)

2.1.7 Bonferroni mean operators

The Bonferroni mean operator was first introduced theoretically in the 1950’s, see (Bonferroni,
1950), and has gained attention due to its applicability in modeling. This operator has been exam-
ined by many researchers, see i.e (Beliakov et al., 2016; Yager, 2009; Beliakov et al., 2007). As an
aggregation operator, the Bonferroni mean has been applied in several modeling problems, see (Sun
and Liu, 2013; Sun and Sun, 2012; Sun and Liu, 2012). Next, we give the definition of a Bonferroni
mean as presented by Bonferroni (Bonferroni, 1950).
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Definition 2.1.10. Let p,q≥ 0 and xi ≥ 0, i = 1,2, ...,n ∈ N. The Bonferroni mean of (x1,x2, ...,xn)
is a function defined by:

Bp,q(x1,x2, ...,xn) =

(
1
n

1
n−1

n

∑
i, j=1, j 6=i

xp
i xq

j

) 1
p+q

(2.18)

The Bonferroni mean operator can be viewed as the (p+ q)th root of the arithmetic mean, where
each argument is the product of each xp

i with the arithmetic mean of the remaining xq
j , see i.e

(Beliakov et al., 2016). It can be observed that when p = q and n = 2, the Bonferroni mean reduces
to a geometric mean and when q = 0, it becomes a power mean. For further generalizations of the
Bonferroni mean see Yager (2009). Equation (2.18) can be re-written into the form: (Yager, 2009)

Bp,q(x1,x2, ...,xn) =

[
1
n

n

∑
i=1

xp
i

(
1

n−1

n

∑
j=1, j 6=i

xq
j

)] 1
p+q

. (2.19)

Using form (2.19), it is easier to see generalizations to the Bonferroni mean, see (Yager, 2009;
Beliakov et al., 2016). Next, we go into the OWA extension of the Bonferroni mean operator,
where the OWA operator replaces the inner arithmetic mean in the Bonferroni mean. The resulting
equation for a special case when p = q = 1 is given as: (Yager, 2009)

B1,1
OWAw

(x1,x2, ...,xn) =

(
1
n

n

∑
i=1

xi

n

∑
j=1, j 6=i

w jb j

) 1
2

(2.20)

where w j, j = 1,2, ...,n ∈ N is the weighting vector such that ∑
n
j=1 w j = 1, and b j is the jth largest

entry of the vector (x1,x2, ...,xn). Introduction of the OWA operator creates a need for weights,
which can be generated in several ways. One way of generating these weights is by use of linguistic
quantifiers, see subsubsection 2.1.9.

2.1.8 λ -averaging operators

The λ -averaging operator h, on a set X with elements xi ∈ [0,1],∀i ∈ N is a special norm operation
which satisfy axioms of monotonicity, commutativity, and associativity of t-norms and t-conorms,
see i.e (Klir and Yuan, 1995). The axiom of boundary conditions is replaced by ’weaker conditions’
in this case, such that h(0,0) = 0, h(1,1) = 1. Axioms of idempotency and continuity are also
satisfied. When h(x,1) = x, the λ -averaging operator reduces to a t-norm, and it reduces to a t-
conorm when h(x,0) = x. As a result, the λ -averaging operator covers the whole range from drastic
t-norm to drastic t-conorm. Next is the definition of these operators as presented by Klir and Yuan
(Klir and Yuan, 1995).

Definition 2.1.11. A binary λ -averaging operator is a parameterized class of norm operations
defined by:

hλ (x,y) =


min(λ ,S(x,y)), when x,y ∈ [0,λ ]
max(λ ,T (x,y)), when x,y ∈ [λ ,1]
λ , otherwise.

(2.21)

∀x,y ∈ [0,1] and λ ∈ (0,1), where T is a t-norm and S is a t-conorm, (Klir and Yuan, 1995).
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Due to associativity, λ -averaging operators can be extended to cover any n-ary input arguments
x1,x1, ...,xn ∈ N (see chapter 6). This is essential for modeling purposes since practical problems
normally have many input arguments to aggregate. Next, we examine some of the linguistic quan-
tifiers applied in weight generation.

2.1.9 Quantifier guided aggregation

The theory of fuzzy quantifiers was introduced by Zadeh, see Zadeh (1983). Quantifier guided
aggregation applied in this thesis is constructed on basis of fuzzy quantifiers. Detailed treatment of
this topic was examined in other works including, Yager (1988, 1991, 1993).

Linguistic quantifiers

Linguistic quantifiers have been successful in weight generation due to their ability to capture se-
mantics used in natural language, see (Yager, 1993; Filev and Yager, 1998). Selecting a quan-
tifier to utilize is a crucial matter as it affects weights which will influence final results from
the aggregation process. Basically there are several quantifiers in natural language for example
atleast, many, most, some, and many others which need to be expressed in mathematical terms,
see i.e (Zadeh, 1979, 1985, 1984; Peters and Westerstahl, 2006; Glockner, 2006). In Zadeh (1983),
a suggestion was given on how to express linguistic quantifiers as fuzzy subsets of non-negative val-
ues and specifically into a unit interval. In this way, it is possible to examine linguistic quantifiers
and evaluate their contribution in guiding aggregation. In this work, a quantifier, Q : [0,1]→ [0,1]
refers to a continuous function mapping a fuzzy subset of a real line into a unit interval.

Following Zadeh’s work, Yager (Yager, 1991) subsequently classified relative linguistic quantifiers
into three major groups, namely: regular increasing monotone (RIM), regular decreasing monotone
(RDM) and regular unimodal (RUM) quantifiers. These are defined next as given in Yager’s work,
see also (Yager, 1993).

Definition 2.1.12. A quantifier, Q, is called a regular increasing monotonic (RIM) if it fulfils the
following axiomatic conditions:

i. Q(0) = 0,

ii. Q(1) = 1,

iii. if x1 ≥ x2, then Q(x1)≥ Q(x2).

Definition 2.1.13. A quantifier, Q, is called a regular decreasing monotonic (RDM) if it fulfils the
following axiomatic conditions:

i. Q(0) = 1,

ii. Q(1) = 0,

iii. if x2 ≥ x1, then Q(x1)≥ Q(x2).
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Definition 2.1.14. A quantifier, Q, is called a regular unimodal (RUM) if it fulfils the following
axiomatic conditions:

i. Q(0) = 0,

ii. Q(1) = 0,

iii. there exists two values a and b belonging to [0,1], with a < b such that,
if x2 ≤ x1 ≤ a, then Q(x1)≥ Q(x2) and if x2 ≥ x1 ≥ b, then Q(x2)≤ Q(x1).

It was observed that RIM quantifiers are suitable for modeling the linguistic variables having atleast,
most and all, see (Yager, 1993). With RIM quantifiers, the satisfaction of the concept of the quan-
tifier tends to increase when the proportion increases. RDM quantifiers are best for modeling lin-
guistic variables containing atmost and f ew, where the satisfaction of the concept of the quanti-
fier tends to decrease as the proportion increases, and RUM are good for modeling variables with
about. There are also two commonly used quantifiers in classical logic, namely: existential quan-
tifier (there exists) and the universal quantifier ( f or all). These two are understood to correspond
with the connectives and(min) and or(max) respectively. The quantifier f or all is defined by the
following equation: Yager (1993)

Q∀(x) =

{
0, f or x < 1
1, f or x = 1

(2.22)

The quantifier there exists is defined by:

Q∃(x) =

{
0, f or x = 0
1, f or x > 0

(2.23)

Notice that these two quantifiers are of RIM type and provide the extreme ends for all other RIM
quantifiers such that they all occupy the interval between the and and or, for more details, see
(Fodor and Yager, 2000). Utilization of these quantifiers in weight generation requires finding a
fuzzy subset of the universe on which the quantifier satisfies the required properties. The choice
on which linguistic quantifier to use in aggregation is made by the experimenter depending on the
modeling problem at hand.

In this thesis RIM quantifiers have been used most often in weight generation, but other kinds of
quantifiers can also be used. This takes us into the theory on how weights are in particular generated
using these linguistic quantifiers.

Generating weights for the OWA operator

Yager (1988) introduced the way in which OWA weights can be generated using quantifiers, and
subsequently some equations for calculating OWA weights were given in (Yager, 1991, 1993).
Given a RIM quantifier Q, the OWA weights, wi, are calculated from:

wi = Q
(

i
n

)
−Q

(
i−1

n

)
i = 1,2, ...,n. (2.24)
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The increasing nature of Q and its regularity guarantees the satisfaction of two conditions of OWA
operator weights, i.e ∑

n
i=1 wi = 1 and wi ∈ [0,1], (Dubois and Prade, 2000; Yager, 1993).

Besides linguistic quantifiers, there also exists other weight generation schemes of which O’Hagan’s
method is one of the often applied ones (O’Hagan, 1988). Two main components of O’Hagan’s
method are measures of orness, and dispersion. This method assumes that the degree of orness
is predefined so that weights are computed in a manner that maximizes the entropy function, see
(O’Hagan, 1988). The definitions of orness and dispersion were introduced by Yager, see (Yager,
1988).

Definition 2.1.15. Let w = (w1,w2, ...,wn),∀n∈N be a weighting vector for an OWA operator such
that ∑

n
i=1 wi = 1. The degree of orness associated with the OWA operator is defined by:

orness(w) =
(

1
n−1

) n

∑
i=1

((n− i)wi). (2.25)

and the measure of dispersion or entropy is given by:

Disp(w) =−
n

∑
i=1

wi ln(wi). (2.26)

With these equations, it was possible to formulate an optimization problem which was solved in
order to generate weights for use with the OWA operator. The constrained problem proposed by
O’Hagan is given by: (O’Hagan, 1988)

Maximize : −
n

∑
i=1

wi ln(wi),

sub ject to;
1

n−1

n

∑
i=1

(n− i)wi = α,

n

∑
i=1

wi = 1, wi ∈ [0,1].

Fullér and Majlender provided an analytical way to solve for the weights, see (Fullér and Majlender,
2001). Using the method of Lagrange Multipliers, the following solutions were provided in their
work:

i. For n = 2, there are unique solutions, w1 = α and w2 = 1−α .

ii. For α = 0, the weighting vector is w = (0, ...,1), and if α = 1, then w = (1, ...,0).

iii. For n≥ 3 and (0≤ α ≤ 1), weighting vectors are computed from:

wi =
(
wn−i

1 ·wi−1
n
) 1

n−1 , i = 2, ...,n−1,
wn =

((n−1)·α−n)·w1+1
(n−1)·α+1−n·w1

, and
w1 is a unique solution to the equation,
w1[(n−1) ·α +1−n ·w1]

n = ((n−1) ·α)n−1 · [((n−1) ·α−n) ·w1+1] on the interval (0, 1
n).
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Weight w1 should be determined first since it is used in obtaining other weights. This is followed
by finding wn, which is also required for other weighting vectors when n ≥ 3. For w1 = wn, the
expression of wi above gives w1 =w2 = ...=wn =

1
n , the dispersion was found to be, disp(W ) = lnn

which is the optimal solution for α = 0.5, see (Fullér and Majlender, 2001).

This section has covered all the aggregation operators applied in this thesis, i.e, T-norms and T-
conorms, OWA, GOWA, WOWA, and Bonferroni mean aggregation operators. As mentioned ear-
lier, the choice on which aggregation operator to use in the classifier may depend on the kind of
problem to be modeled. Another key concept which is fundamental to this thesis is similarity mea-
sure which is the next subject examined.

2.2 Similarity measures

Similarity as discussed in this section is a generalization of the notion of classical equivalence.
In this sense, as fuzzy relations generalize classical relations, similarity relations are viewed to
generalize equivalence relations (Zadeh, 1971). Similarity relations are fundamental in explaining
the concept of similarity measures.

2.2.1 Similarity relation

A relation as viewed in classical set theory, provides an association or correlation between elements
of sets. In this context, a relation between elements of given sets is a subset of the Cartesian product
of individual sets from which elements are taken, (Klir and Yuan, 1995). Fuzzy relations allow
degrees of association of elements such that the larger the membership degree, the stronger the
association of elements. The common definition of a binary relation is given next, see (Bandemer
and Näther, 1992).

Definition 2.2.1. Let X ×Y be the Cartesian product of two non-empty sets. A binary relation, R,
on X×Y is defined as a subset of the Cartesian product, X×Y .

In particular, if X =Y , the binary relation, R, is defined on the Cartesian product, X×X , and we say
that R is a binary relation on the set X . A fuzzy set theory approach requires that the participating
sets have elements with membership grades in the closed interval [0,1]. In this way, the fuzzy binary
relation, R, will satisfy:

R : X×Y → [0,1], µR(x,y) ∈ [0,1]. (2.27)

where µR(x,y) is the membership grade of the pair (x,y).

Let X1×X2 be the Cartesian product of the sets X1,X2. A fuzzy binary relation, R, on X1×X2 is
the fuzzy set defined on X1×X2. The notation, R(x1,x2), can be used to refer to the value of the
membership function of R, representing the degree to which elements x1 and x2 of the sets X1,X2
are connected. Since fuzzy relations are fuzzy sets defined on Cartesian products, all properties
and operations introduced for fuzzy sets can be used for fuzzy relations, (Dubois and Prade, 2000).
Essential properties of fuzzy binary relations are reflexivity, symmetry and transitivity. These prop-
erties are obvious generalizations of the classical concepts, and they coincide with the classical
definitions if R is a binary relation. Every reflexive, symmetric and transitive relation is called an
equivalence relation on a set X . Moreover, the concept of a similarity relation is essentially a gen-
eralization of the concept of an equivalence relation. The definition of a similarity relation follows,
see (Bandemer and Näther, 1992).
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Definition 2.2.2. Let x,y be elements of a set X, and R(x,y) denote the degree of membership of
the ordered pair (x,y) to a fuzzy relation, R, on X ×X . A fuzzy relation R on a set X is called a
similarity relation if it is reflexive, symmetric and transitive, i.e:

i. Reflexive: R(x,x) = 1 ∀x ∈ X.

ii. Symmetric: R(x,y) = R(y,x) ∀x,y ∈ X.

iii. Transitive: R(x,y)∧R(y,z)≤ R(x,z) ∀x,y,z ∈ X,

where ∧ is the minimum (t-norm) binary operation.

The concept of a similarity relation as mentioned above, provides fundamental tools for studying
similarity measures applied in this work. In this context, we refer to a similarity measure as some
sort of function or mechanism which can compute the degree of similarity between a pair of ele-
ments in a given set. It can be noted though that similarity measures can be defined both on metric
spaces and in a set theoretic manner. Similarity measure based on the Łukasiewicz structure has
been preferred here, see (Luukka et al., 2001). Generally, axioms of reflexivity, symmetry and
transitivity are satisfied by similarity measures. For example, given any two elements x and y, the
following similarity measures S(x,y) satisfy these three properties.

S(x,y) = 1−|x− y| (2.28)

S(x,y) = p
√

1−|xp− yp| (2.29)
where p ∈ [1,∞) is a fixed natural number.

2.2.2 Dissimilarity and distance

A similarity measure quantifies the similarity (or indistinguishability) between elements of a set by
using suitable metrics (Cross and Sudkamp, 2002). From fuzzy similarity relation, it is possible to
define its complement called dissimilarity relation. The notion of dissimilarity has close connection
to the common notion of distance, d(x,y) between elements x and y (Gordon, 1999). If µR(x,y) is
the degree of membership of the pair (x,y) in the similarity relation R, then the degree of member-
ship (µD(x,y)) of the pair (x,y) in the dissimilarity relation D can be obtained from the following
equation, see (Bandemer and Näther, 1992)

µD(x,y) = 1−µR(x,y) ∀x,y ∈ X . (2.30)
where X is a non empty set.

The notion of distance is commonly used in similarity measures especially in the classical sense.
It is also assumed that an arbitrary pseudo-metric on a set X such as a distance measure d(x,y),
induces a similarity or dissimilarity relation. Axioms satisfied by the similarity relation can be
re-formulated for the dissimilarity relation. If D is a dissimilarity, then it can be observed that
D(x,x) = 0 which demonstrates anti-reflexivity. The dissimilarity relation D is also symmetric, that
is, D(x,y) = D(y,x), see (Bandemer and Näther, 1992).

Several distance functions to handle similarity measures in applications were presented by Bande-
mer and Näther, see (Bandemer and Näther, 1992). In this work, we are using similarity measure
based on Łukasiewicz structure (Ł ukasiewicz, 1970). In this domain, it is possible to compare two
elements in a set by defining a fuzzy relation between them.
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2.3 Statistics related with classification

In this subsection, we briefly go through basic statistics related to classifiers, and methods applied in
analyzing classification results. Interpretation of experimental results follows analysis procedures
with statistics of related parameters examined.

2.3.1 Data normalization

In many practical tasks, there are multiple sources providing data with different characteristics. If
this data is to be combined for a particular use, then it should be pre-processed so as to accommo-
date analysis tools, (Enders, 2010). One such pre-processing of data involves scaling it to fit in a
pre-defined interval where the experimenter needs to carry out his or her analysis. This scaling es-
sentially removes respective measurement units which would have come from the instrument used
in obtaining the data. Further treatment of data is also needed to handle cases of outliers and missing
sample points in the data, see (Namata et al., 2009).

Data normalization to fit in the unit interval [0,1] is essential for some classification methods be-
cause it solves problems of attribute dominance of the high range attributes and skewed distributed
attributes, (Mirkin, 2011). The unit interval in particular is useful for the fuzzy approach on which
this work is inclined. There are several ways of scaling data taken from linear algebra and statistics.
The linear algebra approach involves the use of maximum (max) and minimum (min) values within
the attribute, for example, a sample point x under attribute X is normalized to x′ using the formula:
(Runkler, 2012)

x′ =
x−min(X)

max(X)−min(X)
. (2.31)

This kind of scaling suggests a one-to-one mapping between the original and the normalized sample
points, which in effect does not cause distortion to the distribution of the data. However, the result
can as well be sensitive to outliers if they exist in the data set and could have problems with future
data (new samples) which are out of the original range. For other normalization techniques see
Runkler (2012); Dougherty (2013).

In this thesis, all data sets used in implementing proposed methods are normalized to the unit interval
[0,1]. For classification purposes, further treatment of data and handling methods may be needed.
Next we explain the cross validation technique which is used to evaluate classification accuracy.

2.3.2 Cross validation in classification

Learning algorithms should be tested and validated before they are applied in modeling practical
problems. Algorithm validation is crucial as it helps in finding the simplest, cost effective and
efficient models from a cloud of them, see (Olson and Delen, 2008; Livingstone, 2009). This kind
of assessment also helps in determining how a new algorithm will suit to other general situations.
One of the methods suitable for algorithm assessment is cross-validation, which has its origins in
statistics. By definition, cross validation is a method which aims at evaluating the performance of
an algorithm on a given data set (Runkler, 2012; Swartz and Krull, 2012).

There are several kinds of cross validation methods, some of which are special cases of the k-fold
technique. Common methods include: hold-out, leave-one-out and repeated random sub-sampling.
In the k-fold method, the data set is randomly divided into k equal or nearly equal subsets (folds), see
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Olson and Delen (2008). The experiment is set so that the algorithm is trained using k−1 subsets
and validated with one subset, see (Runkler, 2012). The process is performed k-times so that each
subset is used once for validation. In this way, there is no bias created in experimentation and the
common risk of over-fitting is also avoided.

The hold-out method is a special case of k-fold which uses only 2-folds, i.e the data set is divided
into exactly two equal or nearly equal parts, see (Livingstone, 2009). Its implementation follows
that, one division is used for training and the other for testing and the process is reversed so that the
part which was used in the training is now used for testing and vice vasa. The benefit of the hold-out
method is that division into only two parts creates larger samples on which experiments are done so
that results are much more reliable.

In leave-one-out cross validation, only one single sample vector is retained for validation for each
classification run (or algorithm run), see Runkler (2012). Lastly, repeated random sub-sampling
is one of the fast emerging cross validation approaches which is based on Monte Carlo methods
of sampling. Here, the data set is divided randomly into training and testing sets following some
distribution. The process can be repeated as many times as possible. One challenge with repeated
random sub-sampling is that some samples may be selected several times while others can miss out
from the selection (Olson and Delen, 2008).

The cross validation method applied in this thesis involves dividing the experimental data set into
two parts, one for training (on which the algorithm is fitted) and the other for testing (which is used
to validate the algorithm performance). In each experimental run, the data set is randomly divided
into the training and testing sets and the process is repeated n times (n = 30 is used). Each time the
experiment produces its own accuracy and the mean of all accuracies for the 30 times is obtained.

In general, the cross validation method applied in an experiment has an effect on the results achieved.
The method used in this thesis is advantageous in away that random division eliminates any bias, and
the number of repetitions is sufficiently large to achieve good approximations. The next subsection
presents some statistical methods used in the treatment of classification results in this thesis.

2.3.3 Statistical tests of significance

Sample statistics like sample mean, X̄ , and sample variance, S2, are used to define a t-statistic which
is central in determining an interval that contains the population mean µ . Statistical significance of
these means can then be tested and decisions made by using hypotheses. For details on interval
estimation using the t-statistic, see Hayter (2012).

Definition 2.3.1. Let X1,X2, ...,Xn be observations from a normally distributed population with
mean µ , a tn−1-distribution with n−1 degrees of freedom is given by the quantity:

tn−1 ∼
√

n(X̄−µ)

S
(2.32)

where X̄ is the observed sample mean and S is the sample standard deviation.

Sample statistics have been utilized in this thesis especially in two cases: the first one is in deter-
mining the interval in which classification accuracies lie, the second one is to test the statistical
significant differences of achieved accuracies from different methods. To estimate the interval con-
taining the mean, the general formula for interval estimation used is given by:

µ± t1−α/2Sµ/
√

n (2.33)
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where µ is the achieved mean accuracy, Sµ is the sample standard deviation and n is the sample
size, (Hayter, 2012).

In testing the statistical significant differences between results obtained from different methods, the
general formulas for the two sample mean tests with unknown and unequal variances is used in
this thesis. This also requires some knowledge of hypothesis testing which is regarded at this level
as basic statistics. Next we give the definition for two sample mean tests as presented by Hayter
(Hayter, 2012).

Definition 2.3.2. Let x̄ and ȳ be sample means from two populations A and B with population means
µA and µB. Suppose that sample variances are S2

x and S2
y and sample sizes are n and m for samples

x and y respectively, then the standard error for the difference between two means for unknown
unequal population variances is defined by:

s.e.(x̄− ȳ) =

√
S2

x
n
+

S2
y

m
(2.34)

A t-statistic for the null hypothesis, H0 : µA−µB = δ is given by:

t =
x̄− ȳ−δ

s.e.(x̄− ȳ)
=

x̄− ȳ−δ√
S2

x
n +

S2
y

m

. (2.35)

A size α two-sided hypothesis test accepts the null hypothesis if |t| ≤ tα/2,ν and rejects the null
hypothesis when |t|> tα/2,ν . Here, ν is the degree of freedom defined by:

ν =

(
Sx

2

n +
Sy

2

m

)2

Sx
4

n2(n−1) +
Sy

4

m2(m−1)

(2.36)

where n and m are sample sizes. Critical values for the t-distribution are read from statistical tables.

ROC curves and AUROC

The performance of a classifier on binary data sets can be visualized and evaluated using receiver
operating characteristic (ROC) curves. The method of using ROC curves to evaluate classifiers has
been used in medicine for some time and was examined in Fawcett (2006). The following notations
are used in defining terminologies used in ROC curves, Tp,Tn,Fp, and Fn, which are applied as
follows, see i.e (Wozniak, 2014).

• Tp = Number of correct predictions that a sample is positive (True positive).

• Tn = Number of correct predictions that a sample is negative (True negative).

• Fp = Number of incorrect predictions that a sample is positive (False positive).

• Fn = Number of incorrect predictions that a sample is negative (False negative).

• Total positives, P = True positive + False negative.
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• Total negatives, N = True negative + False positive.

Consequently, some performance measures are defined basing on the notations given above and are
used in explaining the ROC curve, see (Wozniak, 2014).

• Error = (Fp+Fn)
N .

• Accuracy = 1− Error = (Tp+Tn)
N .

• True positive rate =
Tp
P

• False positive rate =
Fp
N

The ROC curve is a plot with false positive rate on the x-axis and true positive rate on the y-axis. It
should be noted that Fn is a complement of Tp and Tn is a complement of Fp so the ROC curve cap-
tures all the four notations used in definitions. Typical examples of ROC curves from an experiment
are presented in Figure 2.1.
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Figure 2.1: ROC curves obtained from an experiment with a real world data set, (a) represents
AUROC of 0.85 and, (b) represents AUROC of 0.68

Key co-ordinate points to note on the ROC curve include, (0,1) which represents an ideal situation
for a classifier with all correct classifications, i.e zero false positive rate and 1 true positive rate.
In the same manner, the point (1,0) represents a classifier with all incorrect classifications. The
point (0,0) shows a classifier that predicts all classifications as negative, that is, there is no false
positive error made but it is not advantageous since it achieves no true positive either. The point
(1,1) predicts all classifications as positive which is the reverse of what is happening at point (0,0),
see (Wozniak, 2014).

ROC curves can also be used to compare the performance of discrete classifiers by examining which
one has a high true positive rate, (Fawcett, 2006). Formally, ROC curves are two-dimensional with
each data sample mapped either into positive or negative. Due to this reason, they are applied for
two-class classification problems, and the area under receiver operating characteristic (AUROC) is
reported. AUROC values are always in the interval [0,1] since a ROC curve is in a unit square.
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2.4 Classification methods

2.4.1 General overview

Classification is a supervised learning technique, where samples with unknown class labels are as-
signed to already known classes (Rokach, 2010). Applied data sets have vectors belonging to classes
with discrete attributes whose properties or values are given (or properly measured). Classically it
is assumed that each sample vector belongs to a single class. In some fuzzy approaches, sample
memberships are allowed to be positive in several classes. The data set is split into the training
and testing sets. The training set is used to ’train’ the classifier to do classification decisions as
accurately as possible (i.e. by parameter fitting). The classifier is tested (with fixed settings) on the
testing set to see how well it works, see (Runkler, 2012).

Ideally one wants to construct an algorithm that will perform classification as accurately as possible,
see (Duda and Hart, 1973). Examples of classification problems include say assigning a diagnosis
to a patient given a set of measured disease symptoms, classifying plants into different categories
and many more, see (Gordon, 1999; Sklar, 2001; Diday, 2011; Kuncheva, 2004).

Classification methods can in one way be categorized into parametric and non-parametric meth-
ods, see (Duda and Hart, 1973). Parametric methods such as linear discriminant analysis (LDA),
quadratic discriminant analysis (QDA) and other techniques applying Bayesian statistics have been
employed over years, (Herbrich, 2002). Parametric classification methods estimate different kinds
of parameters in order to give class labels to samples. The Bayes decision rule is one example of
a parametric approach which requires an underlying probability distribution. Discriminant analysis
approach is based on functions which tell the difference in classes, these functions may be linear or
quadratic. Classification methods based on non-parametric approaches come from variety of differ-
ent theoretical frameworks i.e neural networks, machine learning, fuzzy set theory and others, see
i.e (Raudys, 2001).

Another way is that classification methods can be subdivided according to their learning methods,
into unsupervised and supervised learning methods. Unsupervised learning algorithms are designed
so that they are able to group similar samples into classes without prior class labels (Dougherty,
2013; Duda et al., 2001). It is not guaranteed that these samples will end up in their ’true’ classes,
thus this approach is taken especially when there is less information on data sets. Clustering is an
example of an unsupervised learning (e.g k-means clustering algorithm) which is broadly studied in
machine learning, see (Hartigan, 1975, July 2000; Everitt et al., 2011). In the classical sense, each
sample is assigned into a single cluster with certain precision. The fuzzy clustering approach allows
a sample to belong to more than one cluster with a defined membership grade, see (Höppner et al.,
1999).

Supervised learning on the other hand has its domain defined with class labels given for each partic-
ipating samples, (Gordon, 1999). In supervised learning, the process is guided by knowledge of data
sample class in the training part (i.e. one can calculate mean vectors for each class since classes for
each sample are known). The model function or precisely the algorithm designed to do this process
is known as a classifier. Next, we briefly present other common classifiers available in literature.

Bayesian-rule based classifier

The basic Bayesian-rule based classifier depends on the Bayes theorem stipulated in probability the-
ory. This is based on a conditional probability between events in a probability space, see (Dougherty,
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2013). Suppose Ω = (Φ,∑,P) is a probability space, given any two events X ,Y ∈Ω, the conditional
probability P(X |Y ) is the probability of X occurring given that Y has already occurred. Mathemati-
cally, this posterior probability is given by the formulation:

P(X |Y ) = P(Y |X)P(X)

P(Y )
(2.37)

which is equivalent to writing:

Posterior(probability) =
likelihood× prior(probability)

evidence
(2.38)

It follows from probability theory that for any set of mutually exclusive events that partition the
whole space, X1,X2, ...,Xn ∈Ω, the posterior probability can be generalized into the following form,
(see Dougherty (2013); Kuncheva (2004))

P(X |Y ) = P(Y |X)P(X)

∑i P(Y |Xi)P(Xi)
(2.39)

In this case, the denominator is a normalizing constant which ensures that the probabilities sum to
unity.

Probability theoretic concepts given above form the basis on which the Bayesian-rule based classi-
fier depend. By applying Bayes rule and assuming that the attribute space f1, f2, ..., fn is indepen-
dent, we can write the Bayes classifier as: (Dougherty, 2013)

P(C| f1, f2, ..., fn) =
P( f1, f2, ..., fn|C)P(C)

P( f1, f2, ..., fn)
(2.40)

where the class C depends on the attribute space f1, f2, ..., fn and the normalizing denominator is
independent of class C. Due to independence of the attribute space, the term P( f1, f2, ..., fn|C) can
be re-written in a simpler way which suggests that the normalizing denominator can be ignored
during classification to obtain,

P(C| f1, f2, ..., fn)≈ P(C)P( f1|C)P( f2|C)...P( fn|C)≈ P(C)
n

∏
i=1

P( fi|C) (2.41)

The Bayesian-rule based classifier will assign a test sample to the class with the maximum a pos-
terior (MAP) probability, see (Jensen and Shen, 2008). One advantage of the Bayesian classifier is
that its conditional nature of attributes allows it to estimate each distribution independently thereby
avoiding the problem of dimensionality.

Classification with discriminant functions

Pattern classifiers can be represented in several ways, where discriminant functions can be used to
determine decision boundaries, (Dougherty, 2013). Suppose x is an attribute vector and fi(x), i =
1,2, ...,m ∈ N is a set of discriminant functions, then classification in this approach depends on
finding the largest discriminant function. In the context of Bayesian classifier discussed earlier,
such discriminant functions are the posterior probabilities say P(λi|x). In this case, the Bayes’ rule
yields,



34 2. Mathematical Background

fi(x) = P(λi|x) =
P(x|λi)P(λi)

P(x)
(2.42)

The discriminant functions fi(x) can be any monotonically increasing functions without loss of
generality and can be scaled in any direction by adding or multiplying by a constant. Decision rules
will basically partition the attribute space into decision regions which are separated by decision
boundaries by using discriminant functions, see also (Kuncheva, 2004).

Classification based on k-Nearest Neighbors (k-NN)

This kind of classification method depends on k fixed samples. The k-NN procedure starts at a test
point and expands through the region around the point until it covers all the k training samples.
The test point is labeled depending on the majority vote from these samples, i.e the class of a test
sample is determined by the class of its nearest neighbors, (Dougherty, 2013). Larger values of k
are normally preferred for good classification results since the larger the value of k, the smoother
the classification boundary. The disadvantage with this method is that the dimensionality problem
will arise with increase of the k-value. The k-nearest neighbor classifier is advantageous in that its
algorithm is easy to implement and it can easily adapt to several dimensions (Wozniak, 2014).

Artificial Neural Network based classifiers

Artificial Neural Networks (ANNs) are designed to mimic the human nervous system and were first
introduced in (McCulloch and Pitts, 1943). An artificial neural network uses perceptrons (artificial
neurons) as models to perform classification tasks. In its operation, the perceptron has a finite
number of inputs which generally model incoming signals. Each input is connected to an output
using some weighted link, see (Gallant, 1990). One advantage with ANN is that they have good
adaptation ability, i.e model parameters can be adjusted during its training to suit the problem at
hand, see (Wozniak, 2014).

Support vector machines as classifiers

Another machine learning approach to classification is the use of support vector machines (SVM).
These are essentially kernels built to handle recognition tasks, see (Cortes and Vapnick, 1995).
Support vector machines consist of a set of related supervised learning methods for classification
tasks, whose goal is to produce a model which predicts target values of data samples in the learning
set, see Dougherty (2013). In connection with data samples, a SVM separates data points into two
by mapping them into a hyperplane, i.e a support vector machine is capable of finding an optimal
separating hyperplane for linear separable problems. It does so by maximizing the perpendicular
distance across the hyperplane to the closest samples, see also Dougherty (2013).

Classifiers based on fuzzy set theory

In the same way as fuzzy set theory generalizes classical set theory, fuzzy classification is a natural
generalization of traditional methods in classification, see (Werro, 2015). In fuzzy classification, a
sample is allowed to belong to several classes at the same time by using membership functions that
explain the extent to which a sample belongs to the different classes, (Kuncheva, 2000). Another
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key distinction of fuzzy classification from other methods is the use of linguistic rules formulated
via the fuzzy rule-base system. Input vectors might be numerical, but the rules guiding the whole
procedure in the classification problem are linguistic.

The fuzzy rule-base (IF . . .THEN) system is the basis on which fuzzy classification is done,
(Kuncheva, 2000). The rule-base has two parts, namely, the antecedent part which is between ’IF’
and ’THEN’, and the consequent part which follows ’THEN’. Linguistic variables may be used as
antecedents and consequents in the rule-base. The antecedents express the inequality which should
be satisfied, and the consequents are those which can be inferred. Using the fuzzy rule-base, a fuzzy
classifier is able to assign class labels or degrees of membership to the variables.

Consider an n-dimensional classification problem with input vectors (from the attribute space) of
the form x = (x1,x2, ...,xn) with corresponding linguistic values. The general fuzzy rule-base for
the R j

th rule can be formulated as: R j : IF x1 is A j1 AND x2 is A j2 AND ... AND xn is A jn, THEN
class = ci, i = 1,2, ...m.
where R j is the label of the jth fuzzy if-then rule, and A jk represents antecedent fuzzy sets, and
ci, i = 1,2, ...,m are the classes. Each rule can be considered independently and then the output
combined via a logical product for each membership function of the fuzzy sets A jk. The degree of
activation for each rule is determined, and the output of the fuzzy classifier is determined by con-
sidering the rule with the highest degree of activation.

In fuzzy systems, fuzzy if-then classifiers can use different inference rules which include, i.e.,
Takagi-Sugeno (Takagi and Sugeno, 1985), and Mamdani (Mamdani, 1977). After evaluation of
rules in the inference engine, defuzzification follows, where a crisp representative value of a fuzzy
set is calculated, see i.e (Mamdani, 1977; Takagi and Sugeno, 1985; Benzaouia and Hajjaji, 2014).

In practice, the outcome of the fuzzy rule-base depends on individual rules that are fired during the
process. The rule with the highest value determines the final output of the fuzzy if-then classifier.
One advantage of fuzzy classifiers is that they are capable of classifying much complex systems (or
objects) with not sharp boundaries defined. This method serves as an alternative for cases where
there is less information or cases with linguistic data and other complex classification and control
problems.

2.4.2 Similarity classifiers

Similarity classifiers provide an alternative approach to handle classification problems compared
with other classifiers described in the previous subsection. This thesis concentrates on similar-
ity based classification procedure (Luukka et al., 2001), and mainly examines varying aggregation
methods within these classifiers. Existing similarity classifiers include: the classifier with general-
ized mean (Luukka and Leppälampi, 2006), the classifier with OWA operator (Luukka and Kurama,
2013), and several others, see also (Luukka, 2007, 2009a,b, 2010). These similarity classifiers have
been applied in studying many practical modeling problems. One example of application areas is in
the medical field where similarity classifiers are useful in providing decision support for diagnosis.
For classification to be carried out efficiently, an attribute space over which data samples are mea-
sured should be properly defined. Attributes can be viewed as measurable properties of a particular
study, for example disease symptoms of a patient. The number of attributes in one data set forms
the dimensionality of the problem.
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Similarity classifiers assign class labels to samples by finding similarities between the samples to
be classified and ideal vectors(mean vectors for each class). The applied data set is first normalized
so that sample points are in the interval [0,1]. In this way, samples (or objects) to be classified are
n-dimensional vectors with n representing the number of attributes forming the data set. Suppose a
set X of samples is to be classified into N different classes labeled i = 1,2, ...,N with respect to n
attributes. The classification process involves splitting the data set equally into the training set and
the testing set.

In the training part, class label information is used as an advantage to separate data samples into
known classes. These sets Xi (see equation (2.43)) are then used to form ideal vectors vi for each
class. Here, the generalized mean is often used as given in the following equation:

vi(t) =

(
1
]Xi

]Xi

∑
j=1

(x j,i(t))m

) 1
m

, ∀ t = 1,2, ...,n. (2.43)

where ]Xi is the number of samples in class i in the training set, and the vectors x j,i are known to
belong to class i. Sample points in the training set are represented by j, and t = 1,2, ...,n are the
attributes. The parameter m is fixed for all values of i and t.

In the testing part, we go through all the samples belonging to the test set Y and calculate the
similarity between the sample yk ∈Y and all ideal vectors vi. Similarity between a particular sample
yk in the testing set and ideal vector vi can be calculated by applying the following formula:

S(yk,vi) =

(
1
n

n

∑
t=1

(1−|yk(t)p− vi(t)p|)m/p

)1/m

. (2.44)

where p is the parameter for similarity measure, m is a parameter from generalized mean, and k
denotes the index for the kth sample. After calculating similarities between each sample in the test
set and all ideal vectors, we find the highest similarities with respect to ideal vectors. The highest
similarity is stored into Smaxk as follows:

Smaxk = max
i=1,...,N

S(yk,vi). (2.45)

This highest similarity value is then used to map a particular sample to the correct class. This
is done so that for a particular sample yk, the class i is assigned for which we have a match for
S(yk,vi) == Smaxk as follows:

class(yk) = f ind(S(yk,vi) == Smaxk). (2.46)

After this, we compare these assigned classes to correct classes to find i.e. classification accuracy.
In this case, there are several accuracies from the 30 repetitions of experimental runs, the mean of
these accuracies is then calculated.

In chapters III to VI several similarity based classifiers are examined basing on earlier research
done in this thesis. Some of these similarity classifiers are developed by generalizing and modify-
ing the similarity classifier with OWA operator, (Luukka and Kurama, 2013). It can be observed
that classification accuracy in many of the considered cases depends largely on applied data sets
and aggregation operators used. In the similarity classifier with OWA operator, see (Luukka and
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Kurama, 2013), linguistic quantifiers were used to guide aggregation. Weight generation is a crucial
part in applying the OWA and related operators in these classifiers. We have preferred the use of
RIM quantifiers due to their ability to model cases where decision makers want to satisfy most of
the criterion.
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PART II: SIMILARITY BASED CLASSIFICATION METHODS





CHAPTER III

Similarity classifier with GOWA operator

In this chapter, we examine a generalization of the similarity classifier to cover a generalized or-
dered weighted averaging (GOWA) operator. The GOWA operator was introduced by Yager (Yager,
2004), as a generalization of the ordered weighted averaging (OWA) operator (Yager, 1988). The
distinction between the OWA and GOWA operators is in the introduction of a new parameter con-
trolling the powers of arguments to be aggregated. This parameter eventually affects the classifica-
tion accuracy achieved by the similarity classifier applying the GOWA operator in aggregation. In
order to use the GOWA operator, weights to facilitate aggregation should be generated. Essentially,
there are several ways of generating weights for use in the OWA operator, which can also be applied
in the GOWA operator. However, we have chosen linguistic quantifiers for weight generation due to
their ability to capture semantics used in natural language. Next, applied weight generating schemes
are introduced.

3.1 Applied weight generating schemes

Regular increasing monotone (RIM) linguistic quantifiers have been used in weight generation.
Quantifier guided weight generation for the OWA operator have been studied in other articles, see
(Luukka and Kurama, 2013). In this part, we apply some of these linguistic quantifiers in generating
weights for the GOWA operator. Particular linguistic quantifiers used here are: the basic RIM,
polynomial, exponential, and trigonometric linguistic quantifiers. It should be noted that any other
functions can be used as long as they satisfy properties of RIM quantifiers. Next, we briefly present
linguistic quantifiers applied in this study.

The weight generation procedure using linguistic quantifiers was introduced by Yager (Yager, 1988).
Suppose Q is a RIM quantifier, then weights for the GOWA operator are calculated using the fol-
lowing formula:

wt = Q
( t

n

)
−Q

(
t−1

n

)
, t = 1,2, ...,n. (3.1)

Four different linguistic quantifiers applied within the GOWA operator are given below. Weighting
schemes for each of these quantifiers are obtained by use of equation (3.1).

41
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(1) Basic linguistic quantifier is defined by the equation:

Q(r) = rα , α ≥ 0. (3.2)

(2) Polynomial linguistic quantifier is defined by the equation:

Q(r) = 1− (1− r)α , α ≥ 0 (3.3)

(3) Exponential linguistic quantifier is defined by the equation:

Q(r) =
(

er−1
e−1

)α

(3.4)

(4) Trigonometric linguistic quantifier is defined by:

Q(r) = arcsin(rα), (3.5)

The GOWA operator is applied for aggregation within the similarity classifier. A similarity classifier
applying the GOWA operator is introduced in the next subsection.

3.2 Similarity based classifier with GOWA operator

To extend a similarity classifier, a generalized ordered weighted averaging (GOWA) operator was
applied as an aggregator, see also Publication I. In this case, similarities between the test sam-
ple yk and ideal vectors vi are determined by comparison. Denote the similarities by e(yk,vi) =
(e1,e2, ...,en), where n is the number of features in the problem to be modeled, and
ei =

p
√

1−|y(ti)p− v(ti)p| are the similarities in the interval [0,1]. Using the GOWA operator, an
aggregated value is obtained from the following equation:

GOWA(e1,e2, ...,en) =

[
n

∑
i=1

wibλ
i

] 1
λ

(3.6)

where wi is an n-dimensional weighting vector, λ is the parameter in the GOWA operator, and bi
is the ith largest of (e1,e2, · · · ,en). The weights wt are generated using any of the quantifiers in
equations (3.2 - 3.5) applied in the weight generating formula (see equation (3.1)). The value of the
weight generating function is controlled by the parameter α , and n is the number of features from
which the applied data is obtained. Parameter ranges are essential in finding optimal classification
accuracies from the similarity classifier. This new method is examined and applied on real world
data sets.

The testing part of the classification process, with the new method, follows the pseudo code in Algo-
rithm 3.1. Ideal vectors (mean or average sample values) are computed for each class. These ideal
vectors are used for comparison purposes from which similarities are obtained. Other components
of the algorithm are: aggregation of similarities, and assigning class labels to the test samples. Sim-
ilarity values are in the interval [0,1] and the test sample is identified with the class with which it has
the highest aggregated similarity value. For further details, see subsubsection 2.4.2 and Publication
I.
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Algorithm 3.1 : Pseudo code for the similarity classifier with GOWA operator.

Require: data[1, . . . ,n], ideals, p,w,α,λ
for k = 1 to n do

for i = 1 to N do
for t = 1 to n do

S(k, i, t) = [(1−|(data(k, t))p− (ideal(i, t))p|)
λ

p ]
1
λ

end for
end for

end for
for k = 1 to n do

for i = 1 to N do
Stotal(k, i) = GOWA(S(k, i, :),w,λ );

end for
end for
for k = 1 to n do

class(k) = f ind(Stotal(k, :) == max(Stotal(k, :)));
end for

Algorithm 3.2 : Pseudo code for the generalized OWA operator.

Require: data[1, . . . ,n],w,λ
A=data[1, . . . , n]
for k = 1 to n do

B = A(k, :);
b(k, :) = sort(B,2,′ descend′);
F(k)=(sum(b(k, :)λ .∗w))

1
λ ;

end for

3.3 Data sets applied in experiments

Four data sets taken from UCI machine learning repository, (Lichman, 2013) were applied in exper-
iments. A summary of properties of each data set is given in Table 3.1. Details on these data sets
were presented in Publication I.

Table 3.1: Properties of data sets. Reproduced from Publication I

Data set name Number of Number of Number of
classes attributes instances Domain

Fertility 2 10 100 Medical
Haberman 2 4 306 Medical
Horse-colic 2 11 368 Veterinary
New-thyroid 3 5 215 Medical
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3.4 Classification results

In each experiment, the data set was divided into two equal parts for training and testing. Divi-
sion into parts was repeated randomly 30 times in each experimental run and the resulting mean
classification accuracies were recorded. Accuracies are affected by a number of parameters that
come with applied methods. Essential parameters in the similarity classifier with GOWA operator
are: p for similarity measure, α in the quantifier related to weight generation, and λ in the GOWA
operator controlling the power of arguments being aggregated. Parameter values for which the clas-
sifier operates optimally are estimated. Classification results from each of the four applied data
sets are reported in different tables. The highest classification accuracy achieved in each data set
is shown in bold. As benchmarks to the new methods, results from three earlier versions of sim-
ilarity classifiers applying the OWA operator, the generalized mean, and the arithmetic mean are
also presented in the same tables with new results. In tables, the first column shows the similarity
classifier with four new methods depending on kind of quantifier applied in weight generation. In
the same column, two benchmark similarity classifiers are indicated. In the second column, mean
classification accuracies (in percentage) from the GOWA based classifier are presented. In the third
column, the parameter (λ -value) for which the optimum accuracy was obtained is presented. In
the fourth column, mean accuracies obtained from the OWA based similarity classifier are given
with their respective tolerances. Statistical comparison of mean classification accuracies from the
new approach and those from the benchmarks was done by use of sample statistics(t-test). A 95%
confidence level was adopted in the statistical comparison of these mean accuracies to see whether
they differ or not. Values with; ? are statistically significantly different from values with arithmetic
mean based method, values with; ◦ are statistically significantly different from the generalized mean
based method, and values with; • are statistically different from those obtained from the OWA based
similarity classifier. Variation of classification accuracies with changes in parameters is visualized
in three-dimensional figures for each data sets. Classification accuracy is plotted on the z-axis, α-
values on the x-axis and p-values on the y-axis. The parameter (λ ) in the GOWA operator is fixed
at a value that optimizes mean classification accuracy.

Results obtained with fertility data set

The highest classification accuracy achieved with fertility data set was 75.87± 2.61% from the
method applying the GOWA operator. The polynomial linguistic quantifier was used for weight
generation resulting into this highest accuracy. The effect of generalization from OWA to GOWA
is apparent in the methods using the polynomial and trigonometric quantifiers, where significant
improvements are observed. All new methods produced improved accuracies compared with the
other two benchmarks. Detailed results are presented in Table 3.2. In Figure 3.1 changes in mean
accuracies with respect to parameters p and α with λ = 9 can be observed. This surface corresponds
with the method giving the highest accuracy. For optimal performance of this classifier on this data
set, parameters λ , p, and α can be chosen around: λ = 9, α ≈ 1, and p = 6.

Results obtained with haberman’s survival data set

Experiments with the new method achieved a highest accuracy of 76.30±0.81% by applying the ba-
sic RIM quantifier in weight generation. Mean accuracies obtained from the use of other quantifiers
are in the same range as results from benchmarks. Compared to benchmarks, statistical signifi-
cant differences could not be verified with this particular data set. Detailed results are presented
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Table 3.2: Classification results with fertility data set

Similarity classifier with: Mean accuracy λ -value in Mean accuracy
(GOWA)% GOWA (OWA)%

Basic RIM quantifier 75.73±5.59?◦ 10 73.47±2.94
Polynomial quantifier 75.87±2.61?◦• 9 68.60±2.58
Exponential quantifier 75.40±3.46?◦ 0.7 74.33±3.44
Trigonometric quantifier 74.73±4.64?◦• 7 68.87±4.40

Mean accuracy(%)
Generalized mean 69.20±2.69
Arithmetic mean 65.93±2.96
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Figure 3.1: Mean classification accuracies obtained from the fertility data set using the polynomial
linguistic quantifier in the GOWA-based similarity classifier, for λ = 9.0

in Table 3.3. In Figure 3.2, the variations of accuracy with respect to different parameter values
is shown. From this figure, the highest accuracy is achieved when parameters are chosen around
λ = 0.4, p≈ 1,α ≈ 2.

Table 3.3: Classification results with haberman’s survival data set

Similarity classifier with: Mean accuracy λ -value in Mean accuracy
(GOWA)% GOWA (OWA)%

Basic RIM quantifier 76.30±0.81 0.4 75.82±0.72
Polynomial quantifier 75.50±0.75 0.5 75.17±0.90
Exponential quantifier 76.26±0.53 0.2 75.87±0.86
Trigonometric quantifier 75.76±0.75 0.3 75.02±1.01

Mean accuracy(%)
Generalized mean 75.69±0.85
Arithmetic mean 75.12±1.03

Results obtained with new-thyroid data set

The method using a polynomial linguistic quantifier achieved 97.69± 0.39% as the highest mean
classification accuracy with new-thyroid data set. All results obtained with this data set are pre-
sented in Table 3.4. Compared to the arithmetic mean based classifiers, there is an improvement
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Figure 3.2: Mean classification accuracies obtained from haberman’s survival data set with the basic
RIM linguistic quantifier in the GOWA based similarity classifier, for λ = 0.4

with two of the new methods, namely: using the basic RIM, and the polynomial linguistic quanti-
fiers. The new results are in the same range with results obtained from the similarity classifier with
the OWA operator, and the generalized mean case. Figure 3.3 shows variation of accuracies with
respect to parameter values produced with the method using the polynomial quantifier. From this
figure one can estimate parameters to be around λ = 9.0, p = 1.0, and α = 0.5.

Table 3.4: Classification results with new-thyroid data set

Similarity classifier with: Mean accuracy λ -value in Mean accuracy
(GOWA)% GOWA (OWA)%

Basic RIM quantifier 97.44±0.49? 0.6 97.22±0.61
Polynomial quantifier 97.69±0.39? 9.0 97.25±0.40
Exponential quantifier 97.31±0.50 0.2 97.13±0.48
Trigonometric quantifier 97.47±0.62 2.0 97.16±0.41

Mean accuracy(%)
Generalized mean 97.18±0.53
Arithmetic mean 96.76±0.45
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Figure 3.3: Mean classification accuracies obtained from the new-thyroid data set using the polyno-
mial linguistic quantifier in the GOWA-based similarity classifier, for λ = 9.0
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Results obtained with horse-colic data set

In horse-colic data set, the new methods applying the basic RIM, exponential, and trigonometric
quantifiers achieved improved mean accuracies compared to the generalized mean and arithmetic
mean benchmarks. The similarity classifier with OWA operator achieved results in the same range
with the new methods apart from exponential quantifier case. A highest classification accuracy
of 82.89± 0.74% was reached with the new method applying the exponential quantifier in weight
generation. More detailed mean accuracies are given in Table 3.5. In Figure 3.4, the surface cor-
responding to the use of an exponential quantifier in weight generation is plotted. Parameters for
best performance of the classifier on this data set can be estimated to be around λ = 6.0, p = 8, and
α = 1.5.

Table 3.5: Classification results with horse-colic data set

Similarity classifier with: Mean accuracy λ -value in Mean accuracy
(GOWA)% GOWA (OWA)% )

Basic RIM quantifier 82.71±1.05?◦ 5.0 81.79±0.82
Polynomial quantifier 80.83±1.58 8.0 79.86±1.54
Exponential quantifier 82.89±0.74?◦• 6.0 81.37±0.75
Trigonometric quantifier 81.84±0.99?◦ 4.0 80.76±0.81

Mean accuracy(%)
Generalized mean 80.20±0.78
Arithmetic mean 78.90±0.90
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Figure 3.4: Mean classification accuracies obtained from the horse-colic data set using the expo-
nential linguistic quantifier with the GOWA based similarity classifier, for λ = 6.0.

In these experiments, we have shown that better accuracies can be achieved by using the GOWA
operator in a similarity classifier, see i.e. Tables 3.2 and 3.5. In all tested data sets, the highest
mean classification accuracy came from the new method compared with the benchmarks. However,
possible improvement in classification accuracy is data dependent. It can be observed that weight
generation schemes are also data dependent and need to be tested for particular data sets.
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CHAPTER IV

Similarity classifier with WOWA operator

In this chapter, we examine a similarity classifier applying a weighted ordered weighted averaging
(WOWA) operator. This method was proposed and implemented on real world data sets in Pub-
lication III. This classifier uses a WOWA operator (Torra, 1997) in aggregating similarities. The
WOWA operator combines two weighting systems that emphasize both the importance of the data
source and sample values. This method is a natural extension of the earlier applied OWA operator
and is suitable for modeling purposes involving several attributes. In practice, the WOWA operator
also requires generation of weights, and the quantifiers applied are presented before the description
of the actual method.

4.1 Quantifiers used in weight generation

Five different linguistic quantifiers were used in generating weights needed in the WOWA operator.
These include: basic RIM, polynomial, trigonometric, exponential, and logarithmic quantifiers.
The weight generating scheme and applied quantifiers are presented below, see (Publication III).
As given previously, if Q is a RIM quantifier, then weights wt in the WOWA operator are calculated
using the formula:

wt = Q
( t

n

)
−Q

(
t−1

n

)
, t = 1,2, ...,n. (4.1)

The following linguistic quantifiers were applied with equation (4.1) to generate required weights.
Next, we present these linguistic quantifiers.

(1) Basic linguistic quantifier is defined by equation.

Q(r) = rα , α ≥ 0. (4.2)

In particular, using equations (4.1) and (4.2), the resulting weights are given by:

wt =
( t

n

)α

−
(

t−1
n

)α

, t = 1,2, ...,n. (4.3)

49
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(2) Polynomial linguistic quantifier which was suggested by Schweizer and Sklar, see (Schweizer
and Sklar, 1963). This is defined by the following equation:

Q(r) = 1− (1− r)α , α ≥ 0. (4.4)

(3) Trigonometric linguistic quantifier is defined by the equation:

Q(r) = tan(rα). (4.5)

(4) Exponential quantifier is defined by:

Q(r) =
(

er−1
e−1

)α

. (4.6)

(5) Logarithmic linguistic quantifier, which is closely related to one of the increasing generators
suggested by Weber in (Weber, 1983). It is defined by the following equation:

Q(r) =
(

ln(r+1)
ln2

)α

. (4.7)

All the above linguistic quantifiers are of regular increasing monotone (RIM) type. Other quantifier
types can also be used as long as they suit the purpose, and satisfy required axioms of linguistic
quantifiers.

4.2 Modification done in the similarity classifier

In this method, the weighted ordered weighted averaging (WOWA) operator is used at the aggrega-
tion stage in the similarity classifier. Computation of WOWA weights wt (see equation 4.10) forms
one of the uniqueness of this version of the similarity classifier. These weights are calculated in a
cumulative manner as a combination of OWA weights and weighted mean. The similarity S(y,v) be-
tween a sample vector in the testing set and ideal vectors are calculated from the following formula,
which replaces equation (2.44).

S(yk,vi) =
n

∑
t=1

wtbt . (4.8)

where bt , ∀t = 1,2, ...,n ∈ N is the t th largest element such that:

bt = (1−|yk(t)p− vi(t)p|)1/p , (4.9)

and wt is calculated from:

wt = Q

(
∑
j≤t

r j;α

)
−Q

(
∑
j<t

r j;α

)
. (4.10)

with Q being any of the linguistic quantifiers defined in equations (4.2, 4.4 - 4.7), and r j are weights
that stress importance of data source, and α is the parameter that guides weight generation.

The result from aggregation is a single similarity value for each class when one test sample is con-
sidered. The class to which the test sample belongs is decided depending on the highest similarity
value. After class labels are assigned, classification accuracies are computed and averaged to obtain
the mean accuracy. The classification process in the testing part after ideal vectors are computed, is
described by Algorithm 4.1.
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Algorithm 4.1 : Pseudo code for the similarity classifier with WOWA operator.

Require: data[1, . . . ,n], ideals,w, p,α
for k = 1 to n do

for i = 1 to N do
for t = 1 to n do

S(k, i, t) = [1−|(data(k, t))p− (ideal(i, t))p|]
1
p

end for
end for

end for
for k = 1 to n do

for i = 1 to N do
SWOWA(k, i) = F(S(k, i, :),w,α);

end for
end for
for k = 1 to n do

class(k) = f ind(SWOWA(k, :) == max(SWOWA(k, :)));
end for

where F is defined by Algorithm 4.2.

Algorithm 4.2 : Pseudo code for the WOWA operator.

Require: A = data[1, . . . ,n],w,α
[B, ind] = sort(A,2,′ descend′)
for k = 1 to n do

wc(k, :) = w(ind(k, :))
wcum(k, :) = cumsum(wc(k, :),2)
wo(k, :) = Q(wcum(k, :),α)

end for
F = sum((B.∗wo),2)

Q is any of the linguistic quantifiers defined above. The weights w are computed by using equation
(4.1) and quantifiers defined in equations (4.2), and (4.4) - (4.7).

4.3 Applied data sets

Five different data sets from UCI machine learning repository, (Lichman, 2013) were applied for
experiments in this chapter. These are: wholesale customers, user knowledge modeling, glass iden-
tification, lung cancer and horse-colic data sets. Data set properties are presented in Table 4.1.

These data sets are taken from different domains in order to see the applicability of the new methods
in varying areas. Number of attributes and number of instances all pose classification challenges to
classifiers depending on the domain of interest. In the medical field for example, we would need a
classifier that performs well with very small samples present as it is the common phenomenon in
real world medical problems. In other areas we may need a classifier that still works well with a very
large amount of samples, for example in finance where there can be large numbers of customers to
be addressed.
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Table 4.1: Properties of applied data sets.

Data set name Number of Number of Number of
classes attributes instances Domain

Glass identification 7 10 214 Industrial
User knowledge modeling 4 5 403 Psychology
Horse-colic 2 28 368 Veterinary
Lung cancer 3 57 32 Medical
Wholesale customers 2 8 440 Finance

4.4 Experimental results from applied data sets

Experiments were set so that each data set is divided into two equal parts, one half is used for
training and the other for testing. As done in earlier methods, division into training and testing
is done 30 times randomly in each experimental run. Classification results from each data set are
recorded in separate tables. Each table has three columns and is subdivided into two sections. The
upper section has results from the similarity classifier with OWA and WOWA operators while the
lower section has results from the two benchmarks. The first column of each of the tables shows the
classification method applied. The second column of the upper section shows accuracies obtained
using the similarity classifier with OWA operators. The last column of the upper section gives
results from the new methods, using the similarity classifier with WOWA operators. The highest
accuracy achieved for each data set is given in bold. Statistical tests are performed to ascertain
statistical significant differences between results from the new methods and benchmarks at 95%
confidence level. The symbol ? shows comparison of results from the new methods with those
from the similarity classifier with an arithmetic mean operator. Comparison of results from the new
methods and results from the similarity classifier with the generalized mean operator is indicated
by the symbol ◦. In the same manner, the symbol • indicates the comparison with results from
similarity classifier with OWA operator. Weights needed for both the OWA and WOWA operators
were generated using the same linguistic quantifiers.

Parameters involved in the new classifier are, α in the quantifiers for controlling weight generation,
and p for similarity measure. Variations in classification accuracies are examined with respect to
parameter values. Three-dimensional plots showing classification accuracy, p-values, and α-values
are presented, in which these parameters are examined.

Experimental results with glass identification data set

Results obtained with glass identification data set are presented in Table 4.2. It can be observed that
a highest accuracy of 90.15±0.99% was achieved with the new method using basic RIM quantifier.
Other methods produced relatively low accuracies in the same range with benchmarks. Statistical
tests indicate that the new method using basic RIM is statistically significantly different from all
earlier versions of the similarity classifier. The similarity classifier with WOWA operator using an
exponential quantifier also produced improved results from the benchmarks. The method using a
logarithmic quantifier produced the lowest accuracies and should be ignored. These results indicate
that the new method using the basic RIM quantifier is suitable for use with this data set. In Figure
4.1, the surface corresponding with the method giving highest accuracy is plotted. From this figure,
the effect of parameter changes on classification accuracy can be observed. Parameter values can be
set at p≈ 1 and α ≈ 0.4, for optimal performance of the similarity classifier on this data set.
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Table 4.2: Mean classification accuracies achieved with glass identification data set.

Classification method Mean accuracy Mean accuracy
(OWA) % (WOWA) %

Similarity classifier with:
Basic RIM quantifier 73.85±2.24 90.15±0.99?◦•

Polynomial quantifier 74.83±1.39 74.25±1.18
Trigonometric quantifier 75.66±1.29 73.91±1.97

Exponential quantifier 75.14±1.58 76.21±1.24?

Logarithmic quantifier 32.11±0.00 32.11±0.00?◦

Similarity classifier with:
Generalized mean 75.29±1.86
Arithmetic mean 72.97±1.67

4
3

Mean classification accuracies

α-values

2
11

p-values

2
3

4

0.2

0.4

0.6

0.8

0
5

C
la

ss
ifi

ca
tio

n 
ac

cu
ra

cy

Figure 4.1: A plot of mean classification accuracies against parameters p and α obtained from glass
identification data set. The basic RIM quantifier was used in weight generation. Reproduced from
Publication III.

Experimental results with user knowledge modeling data set

The similarity classifier with WOWA operator achieved the highest accuracy of 86.26± 1.17%
when used with the trigonometric quantifier. Detailed results from all methods and benchmarks are
presented in Table 4.3. Improved results were also achieved when the new method was used with
the basic RIM quantifier. Using the exponential, and the polynomial quantifier achieved results in
the same range as benchmarks. The lowest accuracy came from the method using a logarithmic
quantifier. In Figure 4.2 a plot corresponding with the use of a trigonometric quantifier in the
similarity classifier with WOWA operator is presented. Parameters in the classifier can be set around
p≈ 0.5 and α ≈ 1.3 for optimal performance of this classifier with the given data set.

Experimental results with horse-colic data set

A highest classification accuracy of 84.10± 0.91% was achieved when the new method was used
with the basic RIM quantifier. This is an improvement compared to other versions of the similarity
classifier. Detailed results from horse-colic data set are presented in Table 4.4. A part from the use
of a logarithmic quantifier which gave the lowest accuracy, other methods produced accuracies in
the same range. Improved accuracy was also achieved with the use of an exponential quantifier,
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Table 4.3: Mean classification accuracies achieved with user knowledge modeling data set.

Classification method Mean accuracy Mean accuracy
(OWA) % (WOWA) %

Similarity classifier with:
Basic RIM quantifier 76.72±1.86 80.54±1.71?•

Polynomial quantifier 77.87±1.34 76.15±1.18◦

Trigonometric quantifier 78.56±1.24 86.26±1.17?◦•

Exponential quantifier 78.31±1.75 77.38±1.75
Logarithmic quantifier 09.23±0.00 09.23±0.00?◦

Similarity classifier with:
Generalized mean 78.74±1.39
Arithmetic mean 76.69±1.34
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Figure 4.2: A plot of mean classification accuracy against parameters p and α obtained from user
knowledge modeling data set. The trigonometric quantifier was used in weight generation. Repro-
duced from Publication III.

compared with the use of an arithmetic mean in the similarity classifier. Variation of classification
accuracy with respect to parameters in the classifier are investigated and presented in Figure 4.3.
This figure corresponds to the surface giving the highest accuracy when the new method is used
with the basic RIM quantifier. From Figure 4.3, parameters p and α can be estimated around
p≈ 5,α ≈ 0.5.

Table 4.4: Mean classification accuracies achieved with horse-colic data set.

Classification method Mean accuracy Mean accuracy
(OWA) % (WOWA) %

Similarity classifier with:
Basic RIM quantifier 81.52±0.98 84.10±0.91?◦•

Polynomial quantifier 78.75±1.17 78.99±1.18
Trigonometric quantifier 80.44±1.29 79.76±1.00?

Exponential quantifier 81.31±0.86 80.36±0.88?

Logarithmic quantifier 61.82±0.00 61.82±0.00?◦

Similarity classifier with:
Generalized mean 80.10±1.08
Arithmetic mean 78.20±1.18
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Figure 4.3: A plot of mean classification accuracies against parameters p and α obtained from
horse-colic data set. The basic RIM quantifier was used in weight generation.

Experimental results with lung cancer data set

The similarity classifier with the WOWA operator achieved a highest accuracy of 82.55± 2.11%
when used with the trigonometric quantifier. The method using a basic RIM quantifier, and the one
using a polynomial quantifier both achieved results in the same range as benchmarks for this data
set. Lower accuracies were attained with the use of the logarithmic and exponential quantifiers in the
new classifier. Detailed results can be seen in Table 4.5. In Figure 4.4, the variation of classification
accuracies is studied with respect to parameters p and α . For this data set, optimal performance of
the classifier can be achieved with parameters set around p≈ 0.5, and α ≈ 1.

Table 4.5: Mean classification accuracies achieved with lung cancer data set.

Classification method Mean accuracy Mean accuracy
(OWA) % (WOWA) %

Similarity classifier with:
Basic RIM quantifier 81.96±2.44 81.76±2.33

Polynomial quantifier 81.18±2.69 80.39±2.27
Trigonometric quantifier 81.76±2.27 82.55±2.11

Exponential quantifier 81.76±2.96 75.49±3.16?◦

Logarithmic quantifier 29.41±0.00 29.41±0.00?◦

Similarity classifier with:
Generalized mean 82.35±2.76
Arithmetic mean 80.59±2.76

Experimental results with wholesale customers data set

The performance of the new methods with the wholesale customers data set, is relatively close to
earlier methods. A highest accuracy of 91.48± 0.53% was achieved with the new classifier when
used with a trigonometric quantifier. The similarity classifier with an arithmetic mean achieved an
accuracy of 89.73±0.54%, and the classifier with a generalized mean achieved 90.53±1.08%. The
similarity classifier with the OWA operator achieved 91.12±0.45%, when used with a polynomial
quantifier. Detailed results for all methods are presented in Table 4.5. We observe that the highest
accuracy from the new methods is statistically significantly different, from accuracies obtained using
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Figure 4.4: A plot of mean classification accuracies against parameters p and α obtained from
lung cancer data set. The basic RIM quantifier was used in weight generation. Reproduced from
Publication III.

Table 4.6: Mean classification accuracies achieved with wholesale customers data set.

Classification method Mean accuracy Mean accuracy
(OWA) % (WOWA) %

Similarity classifier with:
Basic RIM quantifier 90.15±0.59 90.75±0.55?

Polynomial quantifier 91.12±0.45 89.83±0.65•

Trigonometric quantifier 90.91±0.55 91.48±0.53?◦

Exponential quantifier 91.00±0.45 91.38±0.45?◦

Logarithmic quantifier 67.73±0.00 67.73±0.00?◦

Similarity classifier with:
Generalized mean 90.53±1.08
Arithmetic mean 89.73±0.54
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Figure 4.5: A plot of mean classification accuracies against parameters p and α obtained from
wholesale customers data set. The trigonometric quantifier was used in weight generation.

both the arithmetic and generalized mean based classifiers. Using the logarithmic quantifier in the
new method produced the lowest accuracy. Classification accuracy is studied with parameters in the
similarity classifier as shown in Figure 4.5. From this figure, parameters can be set to p ≈ 0.2 and
α ≈ 0.2 for optimal performance of the new classifier with this data set.
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In general, highest accuracies were achieved with particular cases of the new method in all the
five applied data sets. We have shown that it is possible to improve classification accuracy by
choosing appropriate weight generating schemes, see i.e results in Tables (4.2, 4.3, 4.4). Some of
the results in these tables are in the same range with benchmark results, and it is also possible to see
no improvement. It can be observed, that different accuracies are achieved with the use of different
weight generating schemes. This is an indication that these schemes are data dependent, and the
classifier is in turn data dependent.
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CHAPTER V

Similarity classifier with Bonferroni mean variants

A similarity classifier with Bonferroni mean operators is examined in this chapter. The Bonferroni
mean operator and its variants are applied in aggregating similarities, within the similarity classifier.
This operator contains both the arithmetic mean and generalized mean as special cases, obtained by
adjusting parameters in the Bonferroni mean operator. Similarity classifiers with generalized and
arithmetic means are used to benchmark the new variants of the similarity classifier. The Bonferroni-
OWA variant requires weights and these have been generated using linguistic quantifiers.

5.1 An overview of the modification done in the new variant

This new classifier is an extension of the earlier similarity classifiers, which applied other aggrega-
tion techniques. Samples in the testing set with unknown classes are assigned class labels following
a classification procedure. After computation of ideal vectors vi, i = 1,2, ..,N for all N classes in the
training set, similarities between the test sample y in the testing set and ideal vectors are determined
(see details in Publication IV). Equation (2.44) from the general classification procedure is replaced
by the following formula:

S(yk,vi) =
1
n

[
n

∑
t=1

(1−|yk(t)p− vi(t)p|)
α

p

(
1

n−1

n

∑
j=1, j 6=t

(1−|yk( j)p− vi( j)p|)
q
p

)] 1
α+q

(5.1)

where yk is a sample in the testing set, p is a parameter for similarity measure, α and q are parameters
from the Bonferroni mean operator.

In the Bonferroni-OWA variant of the similarity classifier, the inner mean in equation (5.1) is re-
placed by an OWA operator. Similarities between the test sample and ideal vectors are now com-
puted using the following equation:

S(yk,vi) =
1
n

[
n

∑
t=1

(1−|yk(t)p− vi(t)p|)
1
p

(
n

∑
j=1, j 6=t

w jb j

)] 1
2

(5.2)
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where b j = (1−|yk( j)p− vi( j)p|)
1
p is the jth largest similarity value, and w j is a weighting vector

such that ∑
n
j=1 w j = 1. The weights w j are generated by applying linguistic quantifiers.

After aggregation, we are getting N similarities, one similarity for each class. The test sample is
classified with the class with which it has the highest similarity value. Algorithm 5.1 is shortly
describing the skeleton of the classification process in the testing part (see also Publication IV).

Algorithm 5.1 : Pseudo code for the similarity classifier with the Bonferroni mean operator.

Require: data[1, . . . ,n], ideals, p, α, q
for k = 1 to n do

for i = 1 to N do
for t = 1 to n do

S(k, i, t) = [1−|(data(k, t))p− (ideal(i, t))p|]
1
p

end for
end for

end for
for k = 1 to n do

for i = 1 to N do
for t = 1 to n do

Ssum1(t) = sum(S(k,1 : t−1, t +1 : n)q)/(n−1)
end for
S(k, i) = 1

n(sum(S(k, i, :)α .∗Ssum1(:)))
1

α+q

end for
end for
for k = 1 to n do

class(k) = f ind(S(k, :) == max(S(k, :)))
end for

In algorithm 5.1, the Bonferroni mean operator has been applied. To implement the similarity
classifier with the Bonferroni-OWA variants, Ssum1(t) and S(k, i) in algorithm 5.1 are replaced by
the following lines:

Ssum1(t) = sum(w j(k, [1 : t−1, t +1 : n]) ·b j(k, [1 : t−1, t +1 : n]))

where w j is a weighting vector such that ∑
n
j=1 w j = 1 and b j = (1− |yk( j)p− vi( j)p|)

1
p is the jth

largest element of the re-ordered similarities. Aggregated values are obtained from:

S(k, i) =
1
n
[sum(S(k, i, :).∗Ssum1(:))]

1
2

5.2 Applied linguistic quantifiers

In the weight generation phase, four linguistic quantifiers have been applied. These include: basic
RIM, polynomial, exponential, and trigonometric linguistic quantifiers. Weight generating schemes
with applied linguistic quantifiers are explained in Publication IV. Here we outline the four chosen
RIM quantifiers, but any other quantifiers can be applied. These include:
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Q(r) = rα , α ≥ 0 (basic RIM quantifier) (5.3)

Q(r) = 1− (1− r)α , α ≥ 0 (polynomial quantifier) (5.4)

Q(r) =
(

er−1
e−1

)α

, (exponential quantifier) (5.5)

Q(r) = arcsin(rα), (trigonometric quantifier) (5.6)

We observe that the choice of the weighing scheme will affect values obtained from the aggregation
process. Weights, wi are obtained by substituting each of the four linguistic quantifiers in equation
(5.7).

wi = Q
(

i
n

)
−Q

(
i−1

n

)
, i = 1,2, ...,n. (5.7)

5.3 Applied data sets

Data sets from UCI machine learning repository, (Lichman, 2013) were used all over this thesis.
For this particular classifier, four different medical data sets were applied and their properties are
summarized in table 5.1. These are: fertility, blood transfusion services center, echocardiogram and
lung cancer. Attribute names for each data set and other details are presented in Publication IV.

Table 5.1: Properties of applied data sets. Reproduced from Publication IV

Data set name Number of Number of Number of
classes attributes instances Domain

Fertility 2 10 100 Medical
Blood transfusion service center 2 5 748 Medical
Echocardiogram 2 12 132 Medical
Lung cancer 3 56 32 Medical

5.4 Classification results from applied data sets

In obtaining results, each data set is split equally into the training and testing sets. These divisions
are repeated randomly 30 times in each experimental run. The mean classification accuracy for all
30 repetitions was obtained and recorded. Results are recorded in two-columned tables, where the
first column gives the method applied and the second column gives accuracies. The highest classifi-
cation accuracy is highlighted with bold in each of the four tables. Earlier versions of the similarity
classifier using an arithmetic and generalized mean operators are used to benchmark the new clas-
sifier. Differences in results are tested statistically and outcomes of statistical tests are shown with
symbols. The symbol; ? shows that results from the new method are statistically significantly differ-
ent from results with the classifier using an arithmetic mean. The symbol; ◦ shows that results from
the new method are statistically significantly different from results obtained using the classifier with



62 5. Similarity classifier with Bonferroni mean variants

the generalized mean. In the similarity classifier with Bonferroni mean, there are three parameters,
i.e, p for similarity measure, α and q in the Bonferroni mean operator. These parameters are ex-
amined by fixing parameter q in each first experimental run and studying the rest. In other runs,
parameter q is changed in the direction of increasing accuracy until there is no more improvement.
In the Bonferroni-OWA variants, there are two parameters, p for similarity measure and α in the
quantifiers meant for weight generation. Three-dimensional plots are produced for classification
accuracies studied with these parameters at fixed values of q.

Results with fertility data set

The similarity classifier with Bonferroni mean, achieved the highest accuracy of 74.20± 3.82%.
With the Bonferroni-OWA using a polynomial quantifier, a mean accuracy of 70.63± 3.07% was
achieved. Accuracies of 69.07±2.08% and 66.87±3.19% were achieved with the similarity classi-
fier using the generalized and arithmetic mean respectively. Detailed results are presented in Table
5.2. It can be observed that the classifier using a polynomial quantifier, also achieved improved
results compared with the classifier with an arithmetic mean. The highest accuracy achieved shows
an improvement from both benchmarks. Figure 5.1 shows variation of classification accuracy with
respect to parameters. For optimal performance of the new classifier, these parameters can be set
approximately to p≈ 6,q≈ 6, and α ≈ 6.

Table 5.2: Mean classification accuracies achieved with fertility data set.

Classification method Mean accuracy (%)
Similarity classifier with
Bonferroni-OWA using:

Basic RIM quantifier 70.60±3.19
Polynomial quantifier 70.63±3.07?

Exponential quantifier 69.53±2.53
Trigonometric quantifier 69.40±3.25

Similarity classifier with:
Bonferroni mean 74.20±3.82?◦

Generalized mean 69.07±2.08
Arithmetic mean 66.87±3.19

Results with blood transfusion service center data set

The classifier produced the highest accuracy of 76.91±0.23%, with the Bonferroni-OWA applying
the basic RIM quantifier in weight generation. This accuracy value is statistically significantly
different from values obtained from both benchmarks. Detailed results are given in Table 5.3. All
new methods produced improved results compared with results from the similarity classifier, with
arithmetic mean operator. Results from new methods are in the same range, with the accuracy
obtained from the similarity classifier with the generalized mean operator. Changes in classification
accuracy with parameters is shown in Figure 5.2. This figure corresponds to the Bonferroni-OWA
method using the basic RIM quantifier. From Figure 5.2, parameters can be set around p≈ 4,α ≈ 6
for optimal performance of this classifier.



5.4 Classification results from applied data sets 63

0
2

4
6

8

0

2

4

6

8

0.4

0.5

0.6

0.7

0.8

α−values

Mean classification accuracies

p−values

C
la

ss
ifi

ca
tio

n 
ac

cu
ra

cy

Figure 5.1: A plot of mean classification accuracies with respect to parameters p and α obtained
from fertility data set. The Bonferroni mean operator was used in the similarity classifier with q =
6. Reproduced from Publication IV.

Table 5.3: Mean classification accuracies achieved with blood transfusion service center data set.

Classification method Mean accuracy (%)
Similarity classifier with
Bonferroni-OWA using:

Basic RIM quantifier 76.91±0.23?

Polynomial quantifier 76.68±0.17?

Exponential quantifier 76.78±0.19?

Trigonometric quantifier 76.78±0.22?

Similarity classifier with:
Bonferroni mean 76.86±0.44?

Generalized mean 76.43 ±0.86
Arithmetic mean 67.87±0.16
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Figure 5.2: A plot of mean classification accuracies with respect to parameters p and α obtained
from blood transfusion service center data set. The basic RIM quantifier was used in the Bonferroni-
OWA variant. Reproduced from Publication IV.
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Results with echocardiogram data set

A highest classification accuracy of 91.13± 1.15%, was achieved with the use of a trigonometric
quantifier in the Bonferroni-OWA method. Detailed results are presented in Table 5.4. All new
methods achieved improved accuracies, compared with the similarity classifier using an arithmetic
mean. The new methods produced results close to each other, and in the same range as the version
using the generalized mean. The surface corresponding with the method that gave the highest accu-
racy is plotted and presented in Figure 5.3. From this figure, parameters for optimal accuracy can
be estimated to be around p≈ 0.1 and q≈ 0.1.

Table 5.4: Mean classification accuracies achieved with echocardiogram data set.

Classification method Mean accuracy (%)
Similarity classifier with
Bonferroni-OWA using:

Basic RIM quantifier 90.73±0.64?

Polynomial quantifier 90.56±0.87?

Exponential quantifier 90.00±0.87?

Trigonometric quantifier 91.13±1.15?

Similarity classifier with:
Bonferroni mean 90.96±0.91?

Generalized mean 90.11±1.11
Arithmetic mean 86.89±0.93
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Figure 5.3: A plot of mean classification accuracies with respect to parameters p and α , obtained
from echocardiogram data set. The Bonferroni-OWA variant with the trigonometric quantifier was
used in the similarity classifier. Reproduced from Publication IV.

Results with lung cancer data set

The similarity classifier with Bonferroni mean, produced a highest accuracy of 82.94±2.11% with
parameter q = 3. With the similarity classifier using a Bonferroni-OWA and an exponential linguis-
tic quantifier in weight generation, an accuracy of 82.16±1.94% was achieved. Detailed results are
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reported in Table 5.5. Statistical tests on results with this data set could not verify any difference
between the new methods and benchmarks. Figure 5.4 shows the effect of parameter changes on
accuracy studied with the Bonferroni mean based similarity classifier. The three parameters can be
set to q≈ 3, p≈ 4 and α ≈ 4 for optimal performance of the new classifier.

Table 5.5: Mean classification accuracies achieved with lung cancer data set.

Classification method Mean accuracy (%)
Similarity classifier with
Bonferroni-OWA using:

Basic RIM quantifier 81.96±2.69
Polynomial quantifier 81.37±2.30
Exponential quantifier 81.57±2.44

Trigonometric quantifier 81.57±2.14
Similarity classifier with:

Bonferroni mean 82.94±2.11
Generalized mean 82.16±2.11
Arithmetic mean 82.16±2.11
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Figure 5.4: A plot of mean classification accuracies with respect to parameters p and α , obtained
from lung cancer data set. The similarity classifier using Bonferroni mean was applied at q = 3.
Reproduced from Publication IV.

The similarity classifier with Bonferroni mean operator, achieved improved accuracies with fertility
data set as seen in Table 5.2. In other data sets, this method produced good results significantly
different from the use of an arithmetic mean in the classifier, see Tables 5.3 and 5.4. However, these
results are in the same range with those obtained using the similarity classifier with a generalized
mean operator. The Bonferroni-OWA variants of the similarity classifier also produced good results.
These results are either higher or in the same range with benchmarks. Variations in these results with
changes in methods and data sets, indicate that each method should be tested on an applied data set
before its practical use.
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CHAPTER VI

Similarity classifier with n-ary λ -averaging operator

This chapter examines the similarity classifier with an n-ary λ -averaging operator. It follows from
Publication II where a binary λ -averaging operator (Klir and Yuan, 1995) was extended to the n-ary
case and utilized in aggregation of similarities in the similarity classifier. Parameters involved in this
classifier version are, λ ∈ [0,1] from the λ -averaging operator, and p for similarity measure. The
parameterized nature of the λ -averaging operator dictates whether a t-norm or t-conorm is applied,
depending on which part of the unit interval [0,1], that the λ -value is chosen. A particular λ -value
splits the interval [0,1] into two sub-intervals, [0,λ ] and [λ ,1], with the nature of the λ -averaging
operator changing in each part of the interval.

6.1 N-ary λ -averaging operators

The λ -averaging operator was introduced in chapter 2 for a binary case. Due to the associativity
property satisfied by n-ary norms which are used in the λ -averaging operator, it can be extended
to n-ary. The n-ary λ -averaging operator is composed of n-ary t-norms and n-ary t-conorms. This
allows it to model arguments of any dimension, which is usually the case in real world tasks. The
next definition follows from Publication II.

Definition 6.1.1. Let t = (x1,x2, ...,xn) ∈ [0,1]n,∀n ∈ N be any n-ary, we define the n-ary λ aver-
aging operator, hλ (t) by:

hλ (t) =


min(λ ,S(t)), when t ∈ [0,λ ]n

max(λ ,T (t)), when t ∈ [λ ,1]n

λ , otherwise.
(6.1)

where T (t) and S(t) are n-ary t-norm and t-conorm respectively.

Examples of n-ary t-norms and t-conorms used in the n-ary λ -averaging operator are given by
equations (2.3 - 2.10). The following example illustrates how this operator is applied in aggregating
vectors.

Example 6.1.1. Let t = (0.6,0.9,0.7,0.6,0.8) ∈ [0,1]5 be vector of similarities. Suppose
λ = 0.5 ∈ [0,1] is the parameter value in the λ -averaging operator, then t is aggregated as follows:

67
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Since t ∈ [λ ,1]5, the t-norms TM(t),TP(t),TL(t) and TD(t) defined in subsubsection 2.1.1 can be
applied. Applying TP(t) = ∏

5
i=1(ti), we obtain:

TP(t) = 0.6×0.9×0.7×0.6×0.8 = 0.18144, therefore,
hλ (t) = max(λ ,TP(t)) = max(0.5,0.18144) = 0.5.
Replacing TP(t) with any of the t-norms TM(t),TL(t) and TD(t), we obtain aggregated values using
TM(t),TP(t),TL(t),TD(t) as hλ (t) = (0.6,0.5,0.5,0.5) respectively.

6.2 Applying the n-ary λ -averaging operator in the similarity classifier

The n-ary λ -averaging operator is used at the aggregation step within the similarity classifier. After
similarity vectors between test samples and ideal vectors are obtained, the λ -averaging operator is
applied. For a particular sample yk in class i, we have a vector bt computed from the following
equation:

bt = (1−|yk(t)p− vi(t)p|)1/p . (6.2)

The final similarity value is calculated using a combination of equations 6.1 and 6.2. The overall
equation for this purpose is given by:

Sλ (bt ,λ ) =


min(λ ,S(bt)), when bt ∈ [0,λ ]n

max(λ ,T (bt)), when bt ∈ [λ ,1]n

λ , otherwise.
(6.3)

where T (bt) is an n-ary t-norm, and S(bt) is an n-ary t-conorm. The n-ary t-norms applied here
are: the standard (minimum) TM(bt), algebraic product TP(bt), Łukasiewicz t-norm TL(bt), and the
drastic product TD(bt). The t-conorms used are: the standard (maximum) SM(bt), probabilistic sum
SP(bt), Łukasiewicz t-conorm SL(bt), and the drastic sum SD(bt) (see definitions in subsubsection
2.1.1).

When aggregation is complete, the decision to which class the sample belongs is made as previ-
ously explained (see equation 2.45). The sample is then classified with the class with which it has
the highest similarity. Classification accuracies are computed, and mean accuracies determined by
averaging over all the 30 experimental runs. A short description of the classification process in the
testing phase is given by the pseudo code in Algorithm 6.1.

6.3 Applied data sets

Five different medical data sets were used in testing the new classifier. These were taken from UCI
machine learning repository, (Lichman, 2013) and include: fertility, sick, hypothyroid1, liver disor-
der and pima Indians data sets. Their sizes, number of attributes and number of instances are given
in Table 6.1. More description of these data sets is presented in Publication II.
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Algorithm 6.1 Pseudo code for similarity classifier with n-ary λ -averaging operator.

Require: data[1, . . . ,n], ideals,λ , p
for k = 1 to n do

for i = 1 to N do
for t = 1 to L do

S(k, i, t) = [1−|(data(k, t))p− (ideal(i, t))p|]
1
p

end for
end for

end for
for k = 1 to n do

for i = 1 to N do
if max(S(k, i, :))≤ λ then

Sλ (k, i) = min(tnorm(S(k, i, :)),λ )
else if min(S(k, i, :))≥ λ then

Sλ (k, i) = max(tconorm(S(k, i, :)),λ )
else

Sλ (k, i) = λ

end if
end for

end for
for k = 1 to n do

class(k) = f ind(Sλ (k, :) == max(Sλ (k, :)))
end for

Table 6.1: Properties of data sets. Reproduced from Publication II

Data set name Number of Number of Number of
classes attributes instances Domain

Fertility 2 10 100 Medical
Sick 2 29 3772 Medical
Hypothyroid1 2 25 3772 Medical
Liver disorder 2 7 345 Medical
Pima Indians 2 8 768 Medical

6.4 Classification results

Each data set is split into two equal parts, one for training and the other for testing. This splitting is
done randomly 30 times in each experimental run, and the classification accuracies are computed.
The area under receiver operating characteristic (AUROC) values are also computed. Tables of
results from applied data sets have three columns; the first column gives the method used in the
similarity classifier, the middle column gives mean accuracies, and the last column gives AUROC
values. Highest accuracies and highest AUROC values attained are indicated in bold in each ta-
ble. Statistical tests on achieved accuracies are done to see their significance as done in previous
chapters. Comparison of results from the new classifier with classifier using an arithmetic mean is
indicated by the symbol, ?. The symbol; ◦ shows statistical significant differences between results
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from the new classifier and results from the classifier using a generalized mean operator.

Classification accuracy is studied with respect to parameters p for similarity measure, and λ in the
n-ary λ -averaging operator. Results of this study are visualized in three-dimensional plots for each
data set. Accuracies are plotted on the vertical axis and the other parameters on the x and y axes.
Only surfaces corresponding to the method giving highest classification accuracies are presented.
Receiver Operating Characteristics (ROC) curves corresponding to high values are also presented
in figures. The ROC curves are two-dimensional with ’True positive rate’ on the vertical axis and
’False positive rate’ on the horizontal axis.

Results with fertility data set

The highest classification accuracy of 88.07± 0.14%, was achieved from the similarity classifier
with n-ary λ -averaging operator using standard n-ary t-norm and t-conorm. The similarity classifier
with a generalized mean produced an accuracy of 68.20±3.61%, and one with an arithmetic mean
produced 66.67± 2.86%. The highest AUROC value was achieved with the similarity classifier
using the generalized mean. Detailed results are presented in Table 6.2. It can be observed that
for this data set, all new methods produced improved results compared to earlier versions of the
similarity classifiers. Variation of classification accuracy is studied with respect to parameters.
Figure 6.1(a) corresponds with the method which achieved the highest classification accuracy. In
Figure 6.1(b), the ROC curve plotted corresponds with the use of the similarity classifier with a
generalized mean operator.

Table 6.2: Mean classification accuracies and AUROC values obtained with fertility data set.

Classification method Mean accuracy (%) AUROC
Similarity classifier using
λ -average operator with:

Standard norms 88.07±0.14?◦ 0.5000
Łukasiewicz norms 87.71±0.46?◦ 0.5000
Probabilistic norms 87.63±0.54?◦ 0.5000

Drastic norms 88.00±0.00?◦ 0.5000
Similarity classifier with:

Generalized mean 68.20±3.61 0.7088
Arithmetic mean 66.67±2.86 0.6113

Results with sick data set

This data set is one of the six thyroid data sets provided in UCI machine learning repository, (Lich-
man, 2013). A mean accuracy of 94.16± 0.04%, was achieved with the new method using n-
ary Łukasiewicz norms. Benchmark classifier variants produced accuracies of 72.61± 1.86% and
63.96±2.71%, see Table 6.3 for all results. All the new methods produced higher accuracies, com-
pared with the benchmarks. The new method using n-ary standard norms produced the highest
AUROC value. Figure 6.2(a) is associated with the method that achieved the highest classification
accuracy. Figure 6.2(b) shows a ROC curve corresponding with the highest AUROC value from
sick data set.
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Figure 6.1: Plots of (a) mean classification accuracies obtained from fertility data set with the use
of n-ary standard norms, (b) ROC curve for the classifier using the generalized mean. Reproduced
from Publication II.

Table 6.3: Mean classification accuracies and AUROC values obtained with sick data set.

Classification method Mean accuracy (%) AUROC
Similarity classifier using
λ -average classifier with:

Standard norms 94.04±0.03?◦ 0.8523
Łukasiewicz norms 94.16±0.04?◦ 0.5065
Probabilistic norms 94.06±0.08?◦ 0.6997

Drastic norms 93.85±0.00?◦ 0.5000
Similarity classifier with:

Generalized mean 72.61±1.86 0.8212
Arithmetic mean 63.96±2.71 0.6287
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Figure 6.2: Plots of (a) mean classification accuracies obtained from sick data set with n-ary
Łukasiewicz norms, (b) ROC curve from n-ary standard norms. Reproduced from Publication II.
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Results with hypothyroid data set

The highest accuracy of 99.61±0.04%, was achieved from the similarity classifier with the gener-
alized mean. Detailed results can be seen in Table 6.4. Even though good results can be achieved, it
may not always provide improvement since these methods are data dependant. Figure 6.3(a) shows
the surface corresponding with the use of the classifier with the generalized mean. Figure 6.3(b)
gives the corresponding ROC curve.

Table 6.4: Mean classification accuracies and AUROC values obtained with hypothyroid data set.

Classification method Mean accuracy (%) AUROC
Similarity classifier using
λ -average classifier with:

Standard norms 99.51±0.06?◦ 0.7088
Łukasiewicz norms 86.13±0.57?◦ 0.5000
Probabilistic norms 99.27±0.05?◦ 0.5000

Drastic norms 08.22±0.00?◦ 0.5000
Similarity classifier with:

Generalized mean 99.61±0.04 0.9747
Arithmetic mean 96.58±0.04 0.6667
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Figure 6.3: Plots of (a) mean classification accuracies and, (b) ROC curve obtained from the hy-
pothyroid data set using the similarity classifier with the generalized mean. Reproduced from Pub-
lication II.

Results with liver disorder data set

The new method with n-ary standard norms achieved the highest accuracy of 60.29± 0.97%. The
classifier with the generalized mean produced an accuracy of 59.92± 0.99%, and the highest AU-
ROC value of 0.6688. The similarity classifier with an arithmetic mean achieved an accuracy of
56.45± 1.10%. Details are presented in Table 6.5. The new methods using n-ary standard norms
and n-ary probabilistic norms show improvement compared with the classifier with an arithmetic
mean. We observe again that using the new method with drastic norms produced the lowest accu-
racy, so it can be ignored. Figure 6.4(a) corresponds with the use of n-ary standard norms in the
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new similarity classifier, and Figure 6.4(b) is the ROC curve from the classifier using the generalized
mean.

Table 6.5: Mean classification accuracies and AUROC values with liver disorder data set.

Classification method Mean accuracy (%) AUROC
Similarity classifier using
λ -average classifier with:

Standard norms 60.29±0.97? 0.6270
Łukasiewicz norms 57.36±1.24◦ 0.5399
Probabilistic norms 58.69±1.63? 0.6482

Drastic norms 42.20±0.00?◦ 0.5000
Similarity classifier with:

Generalized mean 59.92±0.99 0.6688
Arithmetic mean 56.45±1.10 0.6113
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Figure 6.4: Plots of (a) mean classification accuracies obtained from liver disorder data set using
n-ary standard norms, and (b) ROC curve obtained from the classifier with the generalized mean.
Reproduced from Publication II.

Results with pima Indians data set

In this data set, the similarity classifier with the generalized mean achieved the highest accuracy of
74.70±0.53%, and a highest AUROC value. The classifier with an arithmetic mean followed with
a mean accuracy of 74.68±0.52%. Detailed results are presented in Table 6.6. New methods using
n-ary Łukasiewicz and probabilistic norms, produced accuracies in the same range with benchmark
classifiers. New methods using n-ary standard and drastic norms produced lower accuracies. Figure
6.5(a) shows the effect of parameter changes on classification accuracy for the classifier with the
generalized mean. The ROC curve from this method is visualized in Figure 6.5(b).

The new similarity classifier achieved improved results, with all new methods in two of the applied
data sets as shown in Tables 6.2 and 6.3. In other data sets, results were mixed as can be seen in
Tables 6.4, 6.5 and 6.6. The method using n-ary drastic norms in the λ -averaging operator achieved
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Table 6.6: Mean classification accuracies and AUROC values with pima Indians data set.

Classification method Mean accuracy (%) AUROC
Similarity classifier using
λ -average classifier with:

Standard norms 69.97±0.85?◦ 0.5000
Łukasiewicz norms 74.13±0.48 0.5000
Probabilistic norms 74.18±0.45 0.5000

Drastic norms 65.10±0.00?◦ 0.5000
Similarity classifier with:

Generalized mean 74.70±0.53 0.7192
Arithmetic mean 74.68±0.52 0.6147
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Figure 6.5: Plots of (a) mean classification accuracies, (b) ROC curve obtained from pima Indi-
ans data set using the similarity classifier with the generalized mean operator. Reproduced from
Publication II.

lowest accuracies in three data sets. It can also be observed that the similarity classifier with a
generalized mean performed well in two of the data sets. There are differences in classifications
accuracies for different methods. This again indicates that the suitability of these methods for each
data sets should always be tested before use.



CHAPTER VII

Discussion and future work

The main objective of this thesis was to examine the use of several different aggregation operators,
within the similarity classifier, and how they affect classification accuracies when examined with
different real world data sets. To achieve this, similarity measure based classifiers applying several
aggregation operators were introduced in a series of research papers. Proposed similarity classifiers
were also implemented and tested on practical problems to evaluate their performance.

The new similarity classifiers introduced in this thesis include, classifiers applying: GOWA ope-
rators, WOWA operators, Bonferroni mean variants, and the similarity classifier with an n-ary
λ -averaging operator. Aggregation operators applied in these new similarity classifiers, are gen-
eralizations of the basic operators such as arithmetic and generalized means. Investigating the use
of these aggregation operators provided a platform for research in this work.

Results obtained using the similarity classifier with GOWA operator were presented in chapter 3.
Data sets applied in experimentation were: fertility, Haberman’s survival, horse-colic and, new-
thyroid. With fertility data set, the new classifier achieved a highest classification accuracy when
weights were generated using a polynomial quantifier. Other quantifiers also produced good results
compared to benchmark similarity classifiers. The performance of the classifier on Haberman’s sur-
vival data set was mixed, with several accuracies in the same range. However, the highest accuracy
was achieved with the use of a basic RIM quantifier in weight generation within the GOWA based
similarity classifier. In horse-colic data set, the version using an exponential quantifier produced
the highest classification accuracy. Classification results obtained with new-thyroid data set are in
the same range for most quantifiers. Improvement can be observed compared with the arithmetic
mean based similarity classifier. It can generally be observed that the new similarity classifier with
GOWA operators is problem specific.

The similarity classifier with WOWA operators was applied on five data sets, namely: glass iden-
tification, user knowledge modeling, horse-colic, lung cancer and wholesale customers data sets.
In the first three data sets, the new classifier achieved higher accuracies compared with benchmark
classifiers, and in the last two data sets, mixed results were produced. With glass identification data
set, the use of basic RIM quantifier in weight generation produced the highest accuracy. Other quan-
tifiers apart from the logarithmic one produced results in the same range with benchmark classifiers.
In user knowledge modeling data set, the use of the trigonometric quantifier in weight generation
produced the highest accuracy. Other weight generating schemes produced good results apart from
the logarithmic quantifier which achieved the lowest accuracy. With horse-colic data set, generating
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weights with a basic RIM quantifier provided the highest accuracy. Other accuracies, apart from the
one obtained from the method using a logarithmic quantifier, were in the same range with results
from benchmark classifiers. Generally, in each of applied data sets, the highest accuracy was at-
tained by the new classifier. The classifier using a logarithmic weight generating scheme produced
lowest accuracies in all data sets.

In the similarity classifier with Bonferroni mean variants, four data sets were examined. These
include: fertility, blood transfusion service center, echocardiogram and lung cancer data sets. The
new classifier achieved the highest accuracy on fertility data set when the Bonferroni mean was
applied in aggregation. With the same data set, Bonferroni-OWA based similarity methods achieved
results in the same range with benchmark classifiers. With blood transfusion data set, three of the
new methods produced statistically better results compared to the generalized mean-based similarity
classifier. All new methods produced results better than results from the classifier with an arithmetic
mean operator. In echocardiogram data set, the new classifiers produced results in the same range
with results from the classifier with a generalized mean operator. However, these results are better
than those obtained from the classifier with an arithmetic mean. Results from lung cancer data set
cannot be distinguished statistically. This classifier shows good performance on these tested data
sets.

The classifier with an n-ary λ -averaging operator was tested on five data sets which include: fertility,
liver disorder, sick, hypothyroid and pima Indians data sets. In the first two data sets, the new
classifier produced better classification accuracies with all n-ary norms. The rest of the data sets
produced mixed results, which are either in the same range with one benchmark or lower. The use
of drastic norms in the λ -averaging operator, resulted into lower accuracies by the classifier in three
of the data sets.

In general, we have shown that better classification accuracies can be achieved with these new
similarity classifiers. However, higher accuracies are not always guaranteed in all cases. This is
demonstrated by mixed results produced by some classifiers when tested on real world data sets. It
can be observed that these classifiers, are data dependent as different results are obtained with differ-
ent methods. Weight generating schemes affected classification accuracies from the new classifiers
when examined with data sets. The suitability of each scheme should always be examined.

In future, more research on the subject of similarity classifiers can go into multi-classifier approach
where each classifier can have one vote on the sample’s class, and the final class of the sample is
decided by consensus of the classifiers. Another research direction could be carrying out optimiza-
tion on parameters involved in the similarity classifier in order to improve its robustness. Classifiers
that can adapt to small system changes may be required in future as sensitive systems continue to
develop. There is progress in constructing classifiers, but more work is still needed in developing
more accurate classifiers.
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Abstract—In this paper, we present a similarity classifier
that uses a generalized ordered weighted averaging (GOWA)
operator in aggregation. This paper extends earlier research
into the ordered weighted averaging (OWA) operator based
similarity classifier. Weight-generation for the GOWA operator
has been done by using selected regular increasing monotone
(RIM) linguistic quantifiers. The proposed new method is tested
with four real-world medical data sets and benchmarked against
three previously presented similarity classifiers. In general it is
found that the performance of the proposed new classifier was
good for all data sets tested.

I. INTRODUCTION

Classifiers typically form an integral part of modern analysis
systems, due to the increased use of computer-based analysis
approaches everywhere in the modern world including busi-
ness, healthcare, and various industrial sectors. The ability of a
classifier to carry out classification accurately is of paramount
importance. The amount of collected data is increasing expo-
nentially and can only be useful if it can be appropriately clas-
sified and further processed by intelligent and suitable data-
analysis methods. Similarity based classifiers, (see [1]) are one
relevant approach for data classification that has proven to pro-
vide relatively accurate classification results. Previous research
based on the similarity classification approach has resulted in
several generalizations of the base method, see [2], [3], [4],
[5], [6], [7]. This research is concentrated on studying the use
the generalized ordered weighted averaging (GOWA) operator
in aggregation in connection with the similarity classifier and
on investigating the effect of using a new GOWA-based variant
of the similarity classifier on classification results with real-
world data sets.

Since we are dealing with multidimensional data sets, an
important component in similarity classification is the way in
which vectors of data are aggregated within the classifier. It
is this aggregation step that we are specifically interested in
and study in this paper. Different aggregation approaches lead
to different aggregation results and to different classification
accuracies, and provide the grounds for more research on
the subject. Here, as mentioned above, we study the case,
where the aggregation is done by using the GOWA operator
introduced by Yager in 2004 [8] as an extension to the ordered

weighted averaging (OWA) operator [9]. The generalization
made in the GOWA operator involves the introduction of
a parameter that controls the powers of arguments that are
aggregated. In this sense, the GOWA operator can be seen
as a combination of the generalized mean and of the OWA
operator, more details are available in [8], [10]. There are also
several other aggregation functions in literature that we refer
the interested reader to see [11], [12], [13], [14], [15], [16],
[17], [18], [19]. A citation survey on OWA operators and their
development is presented in Emrouznejad and Marra [20].

In this paper we introduce a new variant of the similarity
classifier that is based on the use of the GOWA. Furthermore,
we test the new variant and show that it yields more accurate
classification results than selected previously presented simi-
larity classifiers. Classification with the new variant involves
the determination of mean vectors (ideal vectors) for each
class, which then act as representative sample vectors for the
class they represent. The to-be-classified vectors (samples)
are compared with each representative sample vector for each
class and (numerical) similarity values from within the interval
[0,1] are obtained from the comparison across all features.
These similarity values are aggregated in the similarity clas-
sifier by using the GOWA operator to give a single value for
each class. A to-be-classified vector (sample) is set to belong to
the class with which it has the highest similarity value, see also
[1]. MATLABTM software is used in the implementation of
the new variant.

The rest of this paper is arranged as follows: In section
two, the preliminary definitions and the notation used are
presented. This is followed by an introduction of the similarity
classifier in section three. Section four presents experimental
results obtained from applying the proposed new classifier
to real-world data sets and benchmarking the proposed new
method against previously presented methods. In section five
we shortly discuss the results and draw some conclusions.

II. PRELIMINARIES

Basic definitions used in this research are presented in this
section. The applied aggregation operators, the used linguistic
quantifiers, and similarity measures are presented.

978-1-5090-4917-2/17$31.00 c© 2017 IEEE
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A. The OWA and GOWA operators

The OWA operator introduced by Yager [9] forms the core
of a family of aggregation operators. Due to its applicability
in practical situations, the OWA operator has evolved by way
of many generalizations, of which the GOWA operator used
here is one example, see [8].

Definition 1: Let w = [w1, w2, ..., wn]
T be a weighting

vector such that
∑n
i=1 wi = 1, wi ∈ [0, 1] ∀ i = 1, 2, ..., n. An

ordered weighted averaging (OWA) operator of the dimension
n is a mapping F : Rn → R such that:

F (x1, x2, ..., xn) =
n∑

i=1

wibi (1)

where bi is the ith largest of the elements (x1, x2, ..., xn).
A key aspect of the OWA operator is the re-ordering step,
which associates the largest entry in the vector to be ag-
gregated with the first entry in the weighting vector. The
vector to be aggregated is arranged in a descending order to
achieve the desired implementation. In 2004, Yager introduced
a generalization of the OWA operator with a parameter which
governs the power of arguments [8]. The generalized OWA
operator can be viewed as a combination of the OWA operator
and the generalized mean.

Definition 2: Let I = [0, 1], a generalized ordered weighted
averaging (GOWA) operator of dimension n is a mapping
F : In → I associated with a weighting vector w =
[w1, w2, ..., wn],

∑n
j=1 wj = 1, wj ∈ [0, 1] ∀ j = 1, 2, ..., n

such that,

F (x1, x2, ..., xn) =




n∑

j=1

wjb
λ
j




1
λ

(2)

where λ is a parameter such that λ ∈ (−∞,∞), λ /∈ 0 and
bj is the jth largest of the arguments (x1, x2, ..., xn).
The GOWA aggregation operator is used as a part of the
new similarity classifier variant described in section III. It
can be observed that the choice of the parameter λ affects
classification accuracy. The parameter values that give the
optimal classification accuracy should therefore be located.
As was noted by Yager [8], when λ = 1, the GOWA operator
equals the OWA operator. The behavior of the GOWA operator
changes with changes in the λ-value, e.g., as λ → 0 the
operator is closely related to the geometric mean, see [8]. This
special case was investigated by Chiclana et. al. and referred
to as the Ordered Weighted Geometric Operator, see [21].

B. Quantifiers used in weight generation

Aggregation using the OWA and the related operators is
coupled with the problem of weight generation. Several ways
of generating these weights are found in the literature, here we
have chosen to use linguistic quantifiers for weight generation,
[9], [22], [23]. Quantifier guided aggregation has been previ-
ously studied extensively by Yager, see [22]. Three kinds of
linguistic quantifiers are commonly used: regular increasing
monotone (RIM), regular decreasing monotone (RDM), and

regular unimodal (RUM) quantifiers, see also [24], [25]. A
quantifier, Q : [0, 1] → [0, 1] is viewed as a continuous
function mapping a fuzzy subset of a real line into a unit
interval. In this paper we have concentrated on using RIM
quantifiers, because they are the most often applied among
the presented three quantifier types. RIM quantifier can be
shortly defined as follows:

Definition 3: Quantifier function Q of the real line is said
to be a regular increasing monotone (RIM) quantifier, if it
satisfies three conditions: i) Q(0) = 0, ii) Q(1) = 1 and iii)
Q(x) ≥ Q(y),∀x ≥ y.

Using a regular increasing monotone quantifier Q, weights
can be generated using equation (3). It can be observed that
weights generated in this way will satisfy two necessary
conditions

∑n
i=1 wi = 1, and wi ≥ 0.

wi = Q

(
i

n

)
−Q

(
i− 1

n

)
, i = 1, 2, ..., n. (3)

Four linguistic quantifiers resulting in four weight generat-
ing schemes have been applied. These include: basic RIM,
polynomial, exponential, and trigonometric quantifiers. Next,
equations defining the four linguistic quantifiers are given, see
also [3].

Q(r) = rα, α ≥ 0 (basic RIM quantifier) (4)

Q(r) = 1− (1− r)α, α ≥ 0 (polynomial quantifier) (5)

Q(r) =

(
er − 1

e− 1

)α
, (exponential quantifier) (6)

Q(r) = arcsin(rα), (trigonometric quantifier) (7)

The choice of the weighing scheme will affect the values
obtained from the aggregation process. Weights are obtained
by substituting any of the four quantifiers in equation (3).

C. Similarity measures

The equivalence e(x1, x2) can be defined by the equation
(see, e.g., [1]):

e(x1, x2) = [1− |xp1 − xp2|]
1
p (8)

The similarity between two sample vectors of n dimensions
x1 and x2 can be obtained by using the following equation:

S(x1, x2) =
1

n

n∑

i=1

e(x1(i), x2(i)) (9)

With the equivalence in (8), the similarity between samples
x1 and x2 can be obtained as follows.

S(x1, x2) =
1

n

n∑

i=1

p
√

1− |x1(i)p − x2(i)p| (10)
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where p is a parameter for the similarity measure. Notice that
equation (10) uses an arithmetic mean operator, but any other
aggregation operator can be applied. Denoting e(x1, x2) =
(e1, e2, · · · , en) where ei = p

√
1− |x1(i)p − x2(i)p| and us-

ing the GOWA operator, we obtain:

SGOWA(e1, e2, · · · , en) =
[
n∑

i=1

wib
λ
i

] 1
λ

(11)

where [w1, w2, ..., wn] is an n-dimensional weighting vector, λ
is the parameter in the GOWA operator and bi is the ith largest
of (e1, e2, · · · , en). In the next section, a similarity classifier
based on the GOWA operator is introduced.

III. SIMILARITY CLASSIFIER WITH GOWA OPERATOR

The goal of the similarity based classifiers is to classify (a
set of) samples into classes as correctly as possible, specif-
ically based on the degree of similarity of each sample to
each particular class. For calculations, values are typically first
scaled to fit the unit interval [0, 1]. Suppose we want to classify
a ”new sample” xi, i = 1, 2, ..., n with measured features
t1, t2, ..., tn, into given N classes C1, C2, ..., CN . The ”new
sample” is compared to a representative vector uj of the class
j. This means that representative vectors must be set (selected)
for each class. One way to chose a representative vector for
each class, when we have pre-existing data available, is to use
the mean of sample vectors in each class, say for class j we
could have, uj = uj(t1), uj(t2), ..., uj(tn). It should be noted
that each class may have a different number of samples. There
are several ways of determining the representative vectors.
For example, if the generalized mean is used, one obtains a
representative vector for the class j by using the formula:

uj(r) =


 1

]Xj

∑

x∈Xj
x(tr)

λ




1
λ

, ∀r = 1, . . . , N (12)

where ]Xj is the number of (pre existing) sample vectors in
the class j, and λ is the power from the generalized mean. The
similarity between the sample xi and the representative vector
uj is obtained by using the equation (11). Denoting e(x,u) =
(e1, e2, · · · , en), where ei = p

√
1− |x(ti)p − u(ti)p|, and

using the GOWA operator, we obtain:

S(x,u) =

[
n∑

i=1

wib
λ
i

] 1
λ

(13)

where [w1, w2, ..., wn] is an n-dimensional weighting vec-
tor, λ is the parameter in the GOWA operator, and bi is the
ith largest of (e1, e2, · · · , en). When computing the similarity
of a sample to the representative vectors of each class, we
obtain N similarities. The decision about the class into which
the sample belongs to is then made, according to the highest
similarity. The classification procedure is described in Algo-
rithm 1. Algorithm 2 shortly describes the generalized OWA
implementation.

Next, we present numerical test results obtained with the
proposed new classifier with selected real-world data sets. The
proposed new method is benchmarked with the previously pre-
sented OWA-based, generalized mean-based, and arithmetic
mean-based similarity classifiers.

IV. DATA SETS AND EXPERIMENTAL RESULTS

The data sets used are presented first, before going into the
classification results obtained from the experiments. Experi-
ments are set-up in a way that each data set is first randomly
split into two equally large parts, one for training the classifier
and the other for testing, and then the classifier is trained and
tested. The experiment is repeated 30 times for each data set
and the resulting mean classification accuracy is computed.
Mean classification accuracies and the corresponding variances
are reported. The proposed new similarity classifier variant
has three parameters that include: α that guides the weight
generation, p for the similarity measure used, and λ used in
the GOWA operator.

A. Data sets

Four real-world data sets are used for testing the new
classifier. These originate from the UCI Machine Learning
Repository, see [27]. The properties of the used data sets are
summarized in Table I.

The aim with the ”fertility” data set is to investigate if
patient is fertile or not. It was observed that sperm concen-
tration is related to socio-demographic data, environmental
factors, health status, and life habits. There are 10 measured
attributes and two classes into which the samples are divided
(predicted). The data set was donated by Gil et. al. see [28].
In ”Haberman’s survival” data set, the purpose is to discover,
whether a patient survives after a breast cancer operation.
Attributes for this data set include: the age of the patient

Algorithm 1 : Pseudo code for the similarity classifier with
the GOWA operator.
Require: data[1, . . . , n], ideals, p, w, α, λ

for k = 1 to n do
for i = 1 to N do

for t = 1 to n do
S(k, i, t) = [(1− |(data(k, t))p − (ideal(i, t))p|)

λ
p ]

1
λ

end for
end for

end for
for k = 1 to n do

for i = 1 to N do
Stotal(k, i) = GOWA(S(k, i, :), w, λ);

end for
end for
for k = 1 to n do
class(k) = find(Stotal(k, :) == max(Stotal(k, :)));

end for

Algorithm 2 : Pseudo code for the generalized OWA operator.
Require: data[1, . . . , n], w, λ

A=data[1, . . . , n]
for k = 1 to n do
B = A(k, :);
b(k, :) = sort(B, 2,′ descend′);

F(k)=(sum(b(k, :)λ. ∗ w))
1
λ ;

end for
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TABLE I
DATA SETS AND THEIR MAIN PROPERTIES.

Data set Number of Number of Number of
classes attributes samples

Fertility 2 10 100
Haberman 2 4 306
Horse-colic 2 11 368
New-thyroid 3 5 215

at time of operation, the year when operation was done, the
number of positive axillary nodes detected, and the survival
status(which is a class attribute). There are two classes to
predict, i.e., whether the patient survives five years or more and
whether the patient dies in less than five years after surgery.
The ”horse-colic” data set used here has 11 attributes, 386
samples, and 2 classes. More details can be found from the
source [27]. The ”new-thyroid” data set is one of the many
thyroid data sets in the UCI Machine Learning data base [27].
The purpose with this data set is to predict patients thyroid
symptoms.

B. Experimental results

Results obtained from the use of the new proposed similarity
classifier, and those from benchmarks are reported in separate
tables for each data set. In each table, the highest mean classi-
fication accuracy is indicated in bold. Statistical comparison of
the mean classification accuracies from the new method with
those from the benchmarks is also done by use of sample
statistics (t-test) where a 95% confidence level was adopted to
test whether means are different from each other or not. The
symbol (∗) indicates that the concerned accuracy is statisti-
cally significantly different from the accuracy obtained with
the arithmetic mean-based classifier. The symbol (◦) shows a
statistical significant difference between the accuracies from
the new classifier and those from the generalized mean-
based similarity classifier. In the same manner, the symbol
(•) implies the statistical significant difference between the
accuracies from the new classifier and those obtained with
the OWA-based similarity classifier. Three-dimensional plots
of the mean accuracy, with regards to the parameters p and α
are presented at selected values of λ.

Classification results from the fertility data set

The highest mean classification accuracy achieved from
the fertility data set with the new GOWA-based similarity
classifier was 75.87%. This shows an improvement from the
accuracy obtained with the OWA-based similarity classifier,
and the other benchmarks. The choice of the quantifier seemed
to have an effect and the highest accuracy was reached, when
the polynomial linguistic quantifier was used in weight. The
new classifier clearly over-performs the OWA-based variant,
when polynomial and trigonometric quantifiers are used for
weight generation. Detailed results for all quantifiers are
presented in Table II. Classification accuracy with the GOWA-
based variant, when the parameter λ is fixed at 9.0 (corre-
sponding to the highest accuracy)and when the value for the

TABLE II
CLASSIFICATION RESULTS WITH THE FERTILITY DATA SET

Quantifier in Accuracy V ar Accuracy V ar
GOWA and OWA (GOWA)% (GOWA) (OWA)% (OWA)

Basic RIM (λ = 10) 75.73?◦ 0.0225 73.47 0.0062
Polynomial (λ = 9) 75.87?◦• 0.0049 68.60 0.0048

Exponential (λ = 0.7) 75.40?◦ 0.0086 74.33 0.0085
Trigonometric (λ = 7) 74.73?◦• 0.0143 68.87 0.0139

Classifier with: Accuracy V ariance

Generalized mean 69.20 0.0052
Arithmetic mean 65.93 0.0063
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Fig. 1. Mean classification accuracies obtained from the fertility data set
using the polynomial linguistic quantifier with the GOWA-based similarity
classifier, for λ = 9.0

TABLE III
CLASSIFICATION RESULTS WITH HABERMAN’S SURVIVAL DATA SET

Quantifier Accuracy V ariance Accuracy V ariance
GOWA and OWA (GOWA)% (GOWA) (OWA)% (OWA)

Basic RIM (λ = 0.4) 76.30 4.704 ∗ 10−4 75.82 3.742 ∗ 10−4

Polynomial (λ = 0.5) 75.50 0.0004 75.17 5.836 ∗ 10−4

Exponential (λ = 0.2) 76.26 0.0002 75.87 5.295 ∗ 10−4

Trigonometric (λ = 0.3) 75.76 0.0004 75.02 7.375 ∗ 10−4

Classifier with: Accuracy V ariance

Generalized mean 75.69 5.138 ∗ 10−4

Arithmetic mean 75.12 7.594 ∗ 10−4

other two parameters p and α changed, are visualized in Figure
1. For optimal performance the parameter α can be chosen
around, α = 1.0 whereas the value for p can be chosen around
p = 6.0.

Classification results from Haberman’s survival data set

With Haberman’s survival data set the new classifier
achieved the highest mean classification accuracy of 76.30%,
when the basic RIM quantifier was used in weight generation.
Classification accuracy of the new method is in the same range
with the results from the benchmarks. Table III shows all
results obtained. Mean classification accuracies obtained are
associated with small variances. It can be observed that the
highest accuracy was achieved, when λ = 0.4. In Figure 2 one
can see how the variation of the two other parameters affect
the mean classification accuracy. Optimal parameter value for
α is around, alpha = 2 and for p around, p = 1. Statistically
significant accuracy difference was not found for the new
classifier the considered benchmarks.
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Fig. 2. Mean classification accuracies obtained from Haberman’s survival data
set using the basic RIM linguistic quantifier with the GOWA based similarity
classifier, for λ = 0.4

Classification results with the new-thyroid data set

With the new-thyroid data set the new classifier achieved
a highest mean classification accuracy of 97.69%, when the
polynomial linguistic quantifier was used for weight gen-
eration. Resulting classification accuracies are in the same
range with two of the benchmarks, the arithmetic mean-
based classifier being the weakest. In Figure 3 the results for
the highest accuracy case, when λ = 9.0, while changing
the parameters p and α values are visible. Overall optimal
parameter values for this data set are λ = 9.0, p = 1.0, and
α = 0.5.

Classification results from horse-colic data set

In horse-colic data set, a mean classification accuracy of
82.98% was the highest. This was achieved with the use of an
exponential quantifier to generate weights in the new classifier.
Results obtained with the use of basic RIM, exponential, and
trigonometric quantifiers in weight generation, show improve-
ment compared with results from the generalized mean based
similarity classifier and with arithmetic mean. Other results
are in the same range apart from the highest accuracy which
is statistically significantly different from all the benchmarks.
Detailed results can be seen in Table V. In Figure 4 one can
see best result plotted w.r.t. parameter values changes. Optimal
parameter found were λ = 6.0, p = 8 and α = 1.5.

TABLE IV
CLASSIFICATION RESULTS WITH THE NEW-THYROID DATA SET

Quantifier in Accuracy V ariance Accuracy V ariance
GOWA and OWA (GOWA)% (GOWA) (OWA)% (OWA)

Basic RIM (λ = 0.6) 97.44? 1.755 ∗ 10−4 97.22 2.661 ∗ 10−4

Polynomial (λ = 9) 97.69? 1.109 ∗ 10−4 97.25 1.132 ∗ 10−4

Exponential (λ = 0.2) 97.31 1.794 ∗ 10−4 97.13 1.676 ∗ 10−4

Trigonometric (λ = 2.0) 97.47 2.775 ∗ 10−4 97.16 1.238 ∗ 10−4

Classifier with: Accuracy V ariance

Generalized mean 97.18 2.039 ∗ 10−4

Arithmetic mean 96.76 1.463 ∗ 10−4
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Fig. 3. Mean classification accuracies obtained from the new-thyroid data set
using the polynomial linguistic quantifier with the GOWA-based similarity
classifier, for λ = 9.0

TABLE V
CLASSIFICATION RESULTS WITH THE HORSE-COLIC DATA SET

Quantifier in Accuracy V ariance Accuracy V ariance
GOWA and OWA (GOWA)% (GOWA) (OWA)% (OWA)

Basic RIM (λ = 5) 82.71?◦ 0.0008 81.79 4.784 ∗ 10−4

Polynomial (λ = 8) 80.63 0.0018 79.86 1.700 ∗ 10−3

Exponential (λ = 6) 82.89?◦• 3.969 ∗ 10−4 81.37 4.051 ∗ 10−4

Trigonometric (λ = 4) 81.84?◦ 0.0007 80.76 4.735 ∗ 10−4

Classifier with: Accuracy V ariance

Generalized mean 80.20 4.355 ∗ 10−4

Arithmetic mean 78.90 5.793 ∗ 10−4

2
1.5

Mean classification accuracies

α-values

1
0.52

p-values

4
6

8

0.8

0.4

0.5

0.6

0.7

10

C
la

ss
ifi

ca
tio

n 
ac

cu
ra

cy

Fig. 4. Mean classification accuracies obtained from the horse-colic data set
using the exponential linguistic quantifier with the GOWA based similarity
classifier, for λ = 6.0.

V. DISCUSSION

We have introduced a new variant of the similarity classifier
by applying the GOWA operator in the aggregation of similar-
ities within the method. The classification ability of the new
variant have been tested on four real-world data sets. The new
variant was benchmarked against three previously presented
variants of the similarity classifier. The interesting result is that
the new similarity classifier variant achieved the highest mean
classification accuracy for all tested data sets, when compared
with the benchmark classifiers. It can be observed that the
classifier’s performance varies from data to data and that the
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parameter value selection plays an important role in optimizing
classification accuracy. These issues imply that the classifier
should always be tested and ”tuned” with existing data from
the context in question before taking it into use. Testing of
the classification accuracy of the new method against other
than similarity-based classifiers is left as a topic for further
research.
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We introduce a new n-ary λ similarity classifier that is based on a new n-ary λ-averaging operator in the aggregation of
similarities. This work is a natural extension of earlier research on similarity based classification in which aggregation is
commonly performed by using the OWA-operator. So far λ-averaging has been used only in binary aggregation. Here the
λ-averaging operator is extended to the n-ary aggregation case by using t-norms and t-conorms. We examine four different
n-ary norms and test the new similarity classifier with five medical data sets. The new method seems to perform well when
compared with the similarity classifier.
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1. Introduction

In this paper we present a new extension of the
similarity based classifier, presented by Luukka et al.
(2001) and Luukka (2005). The core idea of the
similarity based classifier is to build ideal vectors of
class representatives and use similarity in making the
classification decision for the class of the sample.
Similarity based classification was previously studied in
several papers: different similarity measures in similarity
classifiers were examined by Luukka (2007; 2008), while
aggregation with OWA operators within the similarity
classifier was studied by Luukka and Kurama (2013).
Similarity based classification was also found to be useful
in combination with using various principal component
analysis (PCA) methods (Luukka, 2009; Luukka and
Leppalampi, 2006) and with feature selection (Luukka,
2011). Similarity based classification was applied in
a variety of classification problems, e.g., in classifying
chromosomes (Sivaramakrishnan and Arun, 2014), in 3D
face recognition (Ezghari et al., 2015), and in freeway

∗Corresponding author

incident duration modeling (Vlahogianni and Karlaftis,
2013).

In this paper we examine how λ-averaging (Klir and
Yuan, 1995) can be applied in place of other aggregation
methods, such as the ordered weighted averaging operator
(OWA), in aggregation of similarities in the similarity
classifier. Note that λ-averaging (Klir and Yuan, 1995) has
earlier been introduced only for binary aggregation due to
the fact that it uses t-norms and t-conorms. Since we are
dealing with associative functions, these can be extended
to the n-ary case and in this way also λ-averaging can be
used to aggregate vectors of n elements.

Originally, t-norms first appeared in Menger’s work
to generalize the classical triangle inequality in metric
spaces (Menger, 1942). However, the current axioms
of the t-norm and its dual t-conorm were modified in
the context of probabilistic metric spaces for a binary
case by Schweizer and Sklar (1960; 1983). Later,
Hohle (1978), Alsina et al. (1983) and others introduced
the t-norm and the t-conorm into fuzzy set theory and
suggested that they could be used for the intersection
and union of fuzzy sets, respectively. Due to their
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associativity, t-norms and t-conorms were easily extended
to the n-ary case, as suggested by Klement et al.
(2003a; 2003b; 2000). These extensions were applied
in several cases including the design and construction of
kernels (Fengqiu and Xiaoping, 2012a; 2012b), and in
neuro-fuzzy systems (Gabryel et al., 2010; Korytkowski
and Scherer, 2010). Other application areas are found
in the framework of aggregation operators and in the
resolution and optimization of fuzzy relational equations
(Saminger et al., 2007; Li and Fang, 2008).

Aggregation of information is very useful in
classification, and it is often one of the required steps
before reaching the decision making stage in data analysis.
The concept of aggregation existed in the literature for
some time (Dubois and Prade, 1985; 2004), with a
variety of applications in knowledge based systems, such
as decision making, pattern recognition, and machine
learning, among others (Detyniecki, 2000). Basically,
when faced with several values from different sources, an
aggregation function fuses the separate values into a single
outcome that can be used in the system or in supporting
decision making. The simplest and most common way to
aggregate (numerical) information is to use the arithmetic
mean. However, there are also several other operations
that have been used in aggregation, such as geometric,
quadratic, or harmonic means. Experts have developed
more specialized operators that guide aggregation, such as
the use of the minimum t-norm, the maximum t-conorm,
Łukasiewicz, product t-norms and t-conorms, averaging
operators, and others (Calvo et al., 2002; Yager, 1988;
O’Hagan, 1988; Xu, 2008; Schweizer and Sklar, 1960;
1983). For all these methods, aggregation is easier for
the binary case, but higher dimensional cases have also
been considered. Generally, we make the observation that
aggregation operators have recently gained interest (Calvo
et al., 2002).

Classification of objects is a well studied issue
within artificial intelligence and it has many application
opportunities in other fields, too. In classification, one is
interested in partitioning the feature space into regions.
Ideally, partitioning is done so that none of the decisions
are ever wrong (Duda et al., 1973). The aggregation
method that is used in the classification stage affects
the accuracy of the classifier in one way or another. It
is therefore important to design classifiers that utilize
aggregation methods that are as accurate as possible,
since even a small change in the classification accuracy
may produce very meaningful effects in the application
space (Klir and Folger, 1988). In this paper, aggregation
is done using the n-ary lambda averaging operator that
was previously defined for the binary case by Klir and
Yuan (1995). As a new contribution, here we extend it
to the n-ary case and use it in aggregation within the
similarity classifier, thus presenting and proposing a new
classification method.

This paper is organized as follows. In Section 2,
we provide the mathematical background with the notions
and definitions used in the paper. We start with presenting
aggregation operators and then we introduce the new
n-ary extension to λ-averaging. The mathematical
background of similarity measures is also introduced.
In Section 3, we start with a short introduction to
the similarity classifier and present the proposed new
λ-averaging based similarity classifier. In Section 4,
the new similarity classifier is benchmarked with five
different medical data sets and the results compared
with those obtained with a standard similarity classifier.
Finally, the paper is complemented with a discussion.

2. Mathematical background

In this section we first start with a short introduction
of aggregation operators in general. Then we move
into presenting t-norms and t-conorms and introduce also
some new n-ary extensions to them. After this we present
averaging operators, within which we focus especially on
λ-averaging and start from the binary case. Then we
introduce how the λ-average can be extended to the n-ary
case with n-ary t-norms and t-conorms. We close this
section with the introduction of the similarity measures
that are used in the similarity classifier presented here.

2.1. Aggregation operators. Aggregation of fuzzy
inputs is the process of combining several numerical
values into a single value that is a representation of all the
included values. In this case, an aggregation function, or
an operator, is used to perform this operation. Definitions
are presented, following the works of Klir and Yuan
(1995), Detyniecki (2000), as well as Dubois and Prade
(1985).

An n-ary aggregation operator is defined by Klir and
Yuan (1995) as follows: An n-ary aggregation operator
(n ≥ 2) is a mapping f : [0, 1]n → [0, 1].

For n = 2, we obtain the usual binary case f :
[0, 1]2 → [0, 1]. For example, if the aggregation operator
f is applied to two fuzzy sets, say A1, A2, via their
membership grades A1(x), A2(x) to produce a single
aggregated fuzzy set A, with a membership grade A(x),
where

A(x) = f(A1(x), A2(x)) (1)

for all x ∈ X , we get the universe where all
fuzzy sets are defined. We can extended this to an
n-ary case. Suppose n fuzzy sets A1, A2, . . . , An

defined on X are to be aggregated so that we get
A = f(A1, A2, . . . , An). This can be done, since
f(A1, A2, . . . , An)(x) = f(A1(x), A2(x), . . . , An(x))
means that a single membership grade A(x) can be
obtained from

A(x) = f(A1(x), A2(x), . . . , An(x)). (2)
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The concept of aggregation requires the operator
used to satisfy a number of properties. The “strength” of
an aggregation operator may depend on which properties
it satisfies but, basically, any aggregation operator should
satisfy the following three properties (Klir and Yuan,
1995):

1. Boundary conditions
An aggregation operator f on an interval [0, 1]
satisfies f(0, 0, . . . , 0) = 0 and f(1, 1, . . . , 1) = 1.
This means that aggregation of small values returns
a small value, and aggregation of large values returns
a large value (Detyniecki, 2000).

2. Monotonicity
Assume that (x1, x2, x3, . . . , xn) ∈ [0, 1] and let
(y1, y2, y3, . . . , yn) ∈ [0, 1] be any pair of n-tuples,
such that xi ≤ yi ∀i ∈ N; then we are guaranteed
that f(x1, x2, . . . , xn) ≤ f(y1, y2, . . . , yn). This
property ensures that the aggregated values are
always increasing for any increasing set of objects.

3. Continuity
The aggregation operator f is continuous on [0, 1].

Continuity ensures that certain operations which
would rather be complex are made possible.

Certain aggregation operators also satisfy symmetry
and idempotency conditions. Notice that the symmetry
property implies that interchanging arguments does not
affect the aggregated value, and thus the aggregated fuzzy
sets are treated with equal importance (Klir and Yuan,
1995).

In view of the above properties, it can be noted that
there are several operators that satisfy the main conditions
required from “true” aggregation operators. It needs to
be said that for some operators that can generally be
called aggregation operators the above properties are not
fulfilled, especially when an extension of the operators is
made from the binary case. Here, we focus on intersection
(t-norm), union (t-conorm), and averaging operators. In
the next subsections we review the basic idea behind the
three above mentioned aggregation operators.

2.2. Intersection operator (t-norm). In crisp set
theory, the intersection operation ∩ between two sets
A and B is understood as the set represented by the
region shared by both sets. Its fuzzy counterpart is a
binary operation that takes in two membership grades
A(x), B(x) ∈ [0, 1] of A and B, respectively, yielding
a single membership grade in [0, 1]. Thus, for intersection
i on the two sets, i : [0, 1]2 → [0, 1], we have

(A ∩ B)(x) = i[A(x), B(x)] (3)

for all x ∈ X (Klir and Yuan, 1995). This can be
generalized to any number of fuzzy sets without any loss

of general properties. Following the work of Klir and
Yuan (1995), we can define the t-norm as follows.

Definition 1. An aggregation operator T : [0, 1]2 →
[0, 1] is called a t-norm if it is commutative, associative,
monotonic, and satisfies the boundary conditions. That is,
for all x, y, z ∈ [0, 1] we have that
A1 : T (x, y) = T (y, x) (commutativity),
A2 : T (x, T (y, z)) = T (T (x, y), z) (associativity),
A3 : T (x, y) ≤ T (x, z), whenever y ≤ z (monotonicity),
A4 : T (x, 1) = x (boundary condition).

This works as a skeleton for a norm operator. We
can also introduce further axioms to have even stricter
forms. For example, for the Archimedean t-norm we can
also require sub-idempotency and continuity (Klement
et al., 2003a).

Definition 2. A triangular norm, T , is said to be an
Archimedean norm if it is continuous and T (x, x) <
x, ∀x ∈ [0, 1].

There are several examples of t-norms used in
applications; take, for example, any x, y ∈ [0, 1]. The
most commonly used t-norms include the following.

1. Standard intersection, TM : TM (x, y) = min(x, y).
This takes in arguments x and y and returns
min(x, y) as an output. This is the largest of the
t-norm family that is considered in this article.

2. Algebraic product, TP : TP (x, y) = xy. Clearly, for
all x, y ∈ [0, 1], the algebraic product xy is in [0, 1].

3. Łukasiewicz t-norm, TL: TL(x, y) = max(0, x+y−
1). This is also called the bounded difference.

4. Drastic intersection, TD:

TD(x, y) =

⎧
⎪⎨
⎪⎩

x, if y = 1,

y, if x = 1,

0, otherwise.

The drastic t-norm is the smallest or is at the extreme
end in the family of four t-norms mentioned here. Clearly,
the value obtained by using an intersection aggregation
operator depends on which type of t-norm is used.

Due to the associativity of t-norms, it is possible to
extend the operation to the n-ary case, n ≥ 2. For n = 3,
the t-norm T can be computed from T (x1, x2, x3) =
T (T (x1, x2), x3). This was shown by Klement et al.
(2003b, p. 415), who gave the following definition.

Definition 3. Let T be a t-norm and (x1, x2, . . . , xn) ∈
[0, 1]n be any n-ary tuple. We define T (x1, x2, . . . , xn)
as

T (x1, x2, . . . , xn) = T (T (x1, x2, . . . , xn−1), xn). (4)
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Equation (4) provides a recursive procedure that is very
useful for any n-ary case. We can use this to derive a direct
formula in some cases (see, e.g., Definitions 4–6), but in
some cases these need to be computed using recursion, as
given in Definition 3. Next we go through some n-ary
t-norms that we arrive at in this way and that are applied
later in the aggregation.

Definition 4. The standard intersection, TM , can be
obtained for all (x1, x2, . . . , xn) ∈ [0, 1]n by

TM (x1, x2, x3, . . . , xn) = min(x1, x2, x3, . . . , xn) (5)

Note. In our application, input vectors are the ideal
vectors obtained from a data matrix. Each ideal vector
is taken one at a time by the algorithm and aggregated to
obtain a value that is compared with the λ value. Also,
the following definitions, which we are applying later in
λ-averaging are given by Klement et al. (2003b).

Definition 5. Let TP be the algebraic product, also
called the probabilistic t-norm. For any n-ary input vector
(x1, x2, x3, . . . , xn) we define TP as

TP (x1, x2, x3, . . . , xn) =

n∏

k=1

(xk). (6)

Definition 6. Let TL be the Łukasiewicz t-norm. For any
n-ary vector (x1, x2, x3, . . . , xn), TL is extended by

TL(x1, x2, x3, . . . , xn) = max[0, (1−
n∑

k=1

(1−xk))]. (7)

Definition 7. Let TD be the drastic product t-norm. The
n-ary extension for all xi, xi+1, i = 1, 2, 3, . . . , n − 1, is
computed from

TD(x1, x2, x3, . . . , xn) =

⎧
⎪⎨
⎪⎩

xi, if xi+1 = 1,

xi+1, if xi = 1,

0, otherwise.

(8)

The above process of implementing
TD(x1, x2, x3, . . . , xn) goes forward so that first
two arguments are considered; if one of them is 1, then
the other one is picked. If none of them is 1, a zero is
selected instead and compared with the next argument.
The process is repeated until all the xi’s are considered.

Next, we present a simple example that demonstrates
the implementation of the 8-ary argument using the four
different t-norm aggregation operators.

Example 1. Consider an 8-ary vector,

h = (0.4, 0.2, 0.5, 0.1, 0.3, 1.0, 0.4, 0.8).

We compute the standard intersection TM , the algebraic
product TP , Łukasiewicz t-norm TL and the drastic

product TD as

TM (h) = min (0.4, 0.2, 0.5, 0.1, 0.3, 1.0, 0.4, 0.8) = 0.1,

TP (h) =
∏

(0.4, 0.2, 0.5, 0.1, 0.3, 1.0, 0.4, 0.8)

= 0.000384,

TL(h) = max[1 −
∑

((1, 1, 1, 1, 1, 1, 1, 1)

− (0.4, 0.2, 0.5, 0.1, 0.3, 1.0, 0.4, 0.8)), 0]

= max[1 −
∑

(0.6, 0.8, 0.5, 0.9,

0.7, 0.0, 0.6, 0.2), 0]

= max[1 − (4.3), 0] = 0,

TD(h) = 0.

This is because

TD(0.4, 0.2) = 0, TD(TD(0.4, 0.2), 0.5) = 0,

TD(TD(0.4, 0.2, 0.5), 0.1) = 0,

TD(TD(0.4, 0.2, 0.5, 0.1), 0.3) = 0,

TD(TD(0.4, 0.2, 0.5, 0.1, 0.3), 1.0) = 1,

TD(TD(0.4, 0.2, 0.5, 0.1, 0.3, 1.0), 0.4) = 0,

TD(TD(0.4, 0.2, 0.5, 0.1, 0.3, 1.0, 0.4), 0.8) = 0.

�

2.3. Union operator (t-conorm). Another key part
of the λ-averaging operator is a union operator, which
is referred to as the t-conorm. The t-co norm is an
aggregation operator that can be considered to be dual to
the t-norm. Given two sets A and B, the fuzzy union u is
a function u : [0, 1]2 → [0, 1] such that

(A ∪ B)(x) = u[A(x), B(x)]. (9)

Inputs are the two membership grades, one from A and
another from B, which gives one output from A∪B (Klir
and Yuan, 1995). Given any t-norm, T , a t-co norm, S,
can be obtained using the fact that (Klement et al., 2003b)

S(x, y) = 1 − T (1 − x, 1 − y) (10)

for all x, y ∈ [0, 1].

Definition 8. An aggregation operator S : [0, 1]2 →
[0, 1] is called a triangular conorm (t-conorm) if it is
commutative, associative, monotone, and has 0 as its
neutral element (Klir and Yuan, 1995). That is, for all
x, y, z ∈ [0, 1], we have the following axioms satisfied:
A1 : S(x, y) = S(y, x) (commutativity),
A2 : S(x, S(y, z)) = S(S(x, y), z) (associativity),
A3 : S(x, y) ≤ S(x, z), whenever y ≤ z (monotonicity),
A4 : S(x, 0) = x (boundary condition).
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These axioms are general and quite basic, more strict
axioms have been defined for triangular conorms (Klir
and Yuan, 1995), making them applicable in a number of
areas.

The following are common examples of t-conorms
implemented in this paper. For all x, y ∈ [0, 1], we have

1. standard union, SM : SM (x, y) = max(x, y),

2. algebraic sum, SP : SP (x, y) = x + y − xy,

3. Łukasiewicz t-conorm, SL: SL(x, y) = min(1, x +
y),

4. drastic union, SD:

SD(x, y) =

⎧
⎪⎨
⎪⎩

x, if y = 0,

y, if x = 0,

1, otherwise.

Triangular conorms can be extended to n-ary
arguments (Klement et al., 2003b; 2003a) due to their
associativity. In the work of Klement et al. (2003b),
general constructions of n-ary t-norms and t-conorms
were presented. The following definitions are given, based
on extensions proposed by Klement et al. (2003b; 2000).

Definition 9. Let S be a t-conorm and (x1, x2, . . . , xn) ∈
[0, 1]n be any n-ary tuple. Then S(x1, x2, . . . , xn) is
given by

S(x1, x2, . . . , xn) = S(S(x1, x2, . . . , xn−1), xn) (11)

Definition 10. Let (x1, x2, . . . , xn) ∈ [0, 1]n be an n-ary
vector. Then the standard union can be extended using

SM (x1, x2, . . . , xn) = max(x1, x2, . . . , xn). (12)

The standard union aggregation operator is the
smallest of the t-conorm family mentioned above. Thus
it is the only one that is idempotent (Klir and Yuan, 1995).
Due to the commutative property, any order of pairwise
groupings can be computed for an n-ary vector. Next we
shortly go through three other n-ary t-conorms.

Definition 11. The extended probabilistic t-conorm is
given by

SP (x1, x2, x3, . . . , xn) = 1 −
n∏

k=1

(1 − xk). (13)

This operation is clearly giving higher values than the
standard union operation, so we have

SM (x1, x2, x3, . . . , xn) ≤ SP (x1, x2, x3, . . . , xn)

for all x1, x2, x3, . . . , xn ∈ [0, 1].

Definition 12. The n-ary Łukasiewicz t-conorm is given
by

SL(x1, x2, . . . , xn) = min[1,

n∑

i=1

xi]. (14)

This operation is again giving higher values than
previously and we have SP (x1, x2, x3, . . . , xn) ≤
SL(x1, x2, x3, . . . , xn).

Lastly, the largest of the t-conorms is the drastic
union.

Definition 13. Let SD be the drastic sum. For all
xi, xi+1 ∈ [0, 1], i = 1, 2, 3, . . . , n − 1, we have

SD(x1, x2, x3, . . . , xn) =

⎧
⎪⎨
⎪⎩

xi, if xi+1 = 0,

xi+1, if xi = 0,

1, otherwise.

(15)

It can be shown that for any vector t =
(x1, x2, x3, . . . , xn) ∈ [0, 1]n we have SM (t) ≤ SP (t) ≤
SL(t) ≤ SD(t).

Next, a simple example is used to show the
implementation of the union aggregation operators for an
n-ary vector.

Example 2. Consider a 5-ary vector

t = (0.6, 0.1, 0.5, 0.0, 0.8) ∈ [0, 1]5.

To aggregate the vector using the union operator, we
obtain standard union,

SM (t) = max(t) = 0.8,

algebraic sum,

SP (t) = 1 −
(∏

[(1, 1, 1, 1, 1)

− (0.6, 0.1, 0.5, 0.0, 0.8)]
)

= 0.964,

Łukasiewicz t-conorm,

SL(t) = min[1,
∑

(0.6, 0.1, 0.5, 0.0, 0.8)] = 1,

and the drastic union,

SD(t) = 1

�

2.4. Averaging operators. Apart from the intersection
and the union operators, another class of aggregating
operators that are monotonic and idempotent are what
is called averaging operators. The following axiomatic
properties are required for an operator to be an averaging
one.
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Definition 14. Let a, b ∈ [0, 1]n be column vectors
such that a = [a1, . . . , an]T , b = [b1, . . . , bn]T and a =
[a, . . . , a]T . An aggregation operator h : [0, 1]n → [0, 1]
is an averaging one if

1. h(a) = a, ∀ a ∈ [0, 1] (idempotency);

2. h(a) = h(aπ), where π means any permutation on
{1, . . . , n} and aπ = [aπ(1), . . . , aπ(n)]

T (symmetry
on all its arguments);

3. h(0) = 0, h(1) = 1 (boundary conditions);

4. for any pair a, b ∈ [0, 1]n, if ai ≤ bi for all
i ∈ {1, . . . , n}, h(a) ≤ h(b) (monotonic in all its
arguments);

5. h is continuous.

Averaging operators usually “occupy” the interval
between the intersection and the union. Due to
the monotonicity condition, an averaging operator h,
normally satisfies

min(x1, x2, . . . , xn) ≤ h(x1, x2, . . . , xn)

≤ max(x1, x2, . . . , xn) (16)

for all xi ∈ [0, 1], i = 1, . . . , n.

In general, there are several kinds of averaging
operators that can be used in aggregation. One of
the most commonly employed averaging operators is
the generalized mean. The generalized mean operator
“covers” the whole interval between the minimum
(intersection) and the maximum (union).

Definition 15. Let x1, x2, . . . , xn be an n-ary vector. The
generalized mean aggregation operator h is given by

hp(x1, x2, . . . , xn) =

(
1

n

n∑

i=1

(xi)
p

)1/p

, (17)

where p 	= 0 ∈ R is a parameter by which several means
are differentiated.

For example, if p = 1, we obtain the arithmetic mean
given by

h1(x1, x2, . . . , xn) =
1

n

n∑

i=1

xi, (18)

and if p = −1, we obtain the harmonic mean given by

h−1(x1, x2, . . . , xn) =
n

n∑
i=1

1

xi

. (19)

Another averaging operator that is often used in the
literature is the ordered weighted averaging (OWA) one,

introduced by Yager (1988). This averaging operator
was used for classification purposes with(in) the similarity
classifier by Luukka and Kurama (2013). The OWA
operator is characterized by an adjustable weighting
vector. The adjustment of the weights in the vector allows
the averaging operator to “move” between the minimum
and the maximum.

Definition 16. A mapping g : Rn → R, with an
associated vector w = (w1, w2, w3, . . . , wn)T , wi ∈
[0, 1], i = 1, 2, . . . , n is an ordered weighted averaging
operator if for

∑n
i=1 wi = 1 and (a1, a2, . . . , an) ∈ Rn

we have

g(a1, a2, a3, . . . , an) =
n∑

i=1

wibi, (20)

where bi is the i-th largest of the elements a1, a2, . . . , an

arranged in descending order, (Yager, 1988).

2.5. λ-averaging operator and its extension to the
n-ary case. Here we first introduce the λ-averaging
operator as given by Klir and Yuan (1995, p. 93), and after
this we are going to present the new n-ary generalization
of the operator.

Definition 17. A lambda averaging operator (λ-average)
is a parameterized class of norm operations defined for a
binary case by

hλ(x, y) =

⎧
⎪⎨
⎪⎩

min(λ, S(x, y)), if x, y ∈ [0, λ],

max(λ, T (x, y)), if x, y ∈ [λ, 1],

λ, otherwise,

(21)

for all x, y ∈ [0, 1] and λ ∈ (0, 1), where T is a t-norm
and S is a t-conorm.

The value of λ is essential in the averaging process,
since the intervals [0, λ] and [λ, 1] are central to the
resulting aggregated value. T (x, y) and S(x, y) can
basically be any t-norm or t-conorm. The λ-averaging
operator satisfies all of the above discussed properties of
aggregation operators, but the boundary conditions are
“weaker”. The usual boundary conditions are replaced by
h(0, 0) = 0 and h(1, 1) = 1. The properties of continuity
and idempotency are satisfied. Accordingly, this class of
operators can reduce to t-norms if h(x, 1) = x and to
t-conorm if h(x, 0) = x; thus the whole range from drastic
intersection TD to drastic union SD is covered by the λ
averaging operator.

Since the λ-averaging operator is an associative
operator, it can be extended to the n-ary case in the same
way as can be done for general t-norms and t-conorms.

Definition 18. For any n-tuple, t = (x1, x2, . . . , xn) ∈
[0, 1]n, we define the n-ary lambda averaging operator,
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hλ(t), by

hλ(t) =

⎧
⎪⎨
⎪⎩

min(λ, S(t)), if t ∈ [0, λ]n,

max(λ, T (t)), if t ∈ [λ, 1]n,

λ, otherwise,

(22)

where the t-norm T (t) and t-conorm S(t) can be
recursively computed from any n-ary t-norm/t-conorm.

Implementation of the n-ary λ- averaging operator is
done via Eqn. (22). The next example briefly illustrates
how the new extension can be applied when generalized
versions of the standard t-norm and t-conorm are chosen
for the n-ary t-norms and t-conorms.

Example 3. Suppose that a 4-ary vector

t = (0.2, 0.5, 0.4, 0.3) ∈ [0, 1]4

is to be aggregated using the lambda averaging operator
for λ = 0.6 ∈ [0, 1]. Since

t = (0.2, 0.5, 0.4, 0.3) ∈ [0, λ]4,

we obtain
hλ(t) = min(λ, S(t)).

For
S(t) = SM (t) = max(t) = 0.5

we get
hλ(t) = min(0.6, 0.5) = 0.5.

�
Different values of hλ(t) are obtained if we use

the t-conorms SP (t), SL(t) and SD(t) in the lambda
averaging operator.

2.6. Similarity measures. The similarity measure
based on the Łukasiewicz structure (Łukasiewicz, 1970) is
the one that we use in our similarity classifier. One reason
for this selection is that it is the most used similarity
measure in examining similarity classifiers, and hence it
is well studied in the literature (Luukka, 2007; 2005).
One of the advantages of using a similarity measure
in the Łukasiewicz structure is that the mean of many
similarities is still a similarity, as shown by Turunen
(2002). This similarity measure also works well in
comparing objects. Next, we shortly go through the most
important definitions of similarity and finally present the
similarity measure which we are using. In the work of
Mattila (2002), the following definition was given.

Definition 19. Let μS(x, y) be the degree of membership
of the ordered pair (x, y). A fuzzy relation S on a set X
is called a similarity relation if it is reflexive, symmetric,
and transitive, i.e.,

1. for all x ∈ X, μS(x, x) = 1 (reflexive),

2. for all x, y ∈ X, μS(x, y) = μS(y, x) (symmetric),

3. for all x, y, z ∈ X, μS(x, z) ≥ μS(x, y) ∗ μS(y, z),
where ∗ is a binary operation (transitive).

Definition 20. A fuzzy binary relation that is reflexive,
symmetric, and transitive is known as a fuzzy equivalence
relation, or as a similarity relation.

Definition 21. In the Łukasiewicz structure, we define
the Łukasiewicz norm as

x � y = max[x + y − 1, 0] (23)

with an implication x → y = min[1, 1 − x + y].

This norm, together with the implication, provides a
basis for the definition of the Łukasiewicz structure.

Definition 22. In the Łukasiewicz structure, we define
the similarity relation x ⇔ y as

x ⇔ y = 1 − |x − y|. (24)

Definition 23. The generalized Łukasiewicz structure
takes the form

x � y = p
√

max{xp + yp − 1, 0}, p ∈ [1, ∞], (25)

with the implication x → y = min{1, p
√

1 − xp + yp},
where p, a fixed integer, is a parameter in the Łukasiewicz
structure.

3. New similarity based n-ary lambda
classifier

The new similarity measure based classifier that uses the
n-ary lambda extension of the lambda averaging operator
is introduced here. To be precise, the new classification
method is based on the extension of the lambda averaging
operator presented by Klir and Yuan (1995) and on the
similarity classifier proposed by Luukka and Leppalampi
(2006). The new n-ary lambda operator is used in
the aggregation stage of the classification, after a vector
of similarities has been calculated. First we give a
brief description of how the similarity classifier based on
Łukasiewicz structure works.

3.1. Similarity based classifier. In this context, a
similarity is viewed as a numerical measure of how
similar data sets, or vectors, are in a matrix. Thus, the
higher the similarity value, the closer (the more similar)
the objects in terms of characteristics. The major task
of classification is to partition attributes (features) into
regions that categorize the date with the best accuracy.
Ideally, one would like to arrange the partitions so that
none of the decisions is ever wrong (Duda et al., 1973).

Suppose that we want to classify a set Y of
objects into M different classes C1, C2, . . . , CM by their
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attributes. Let n be the number of different features
f1, . . . , fn that can be measured for the given objects.
To preserve the fuzzy domain [0, 1], the values of each
attribute are normalized, so that the objects to be classified
are vectors in the interval [0, 1]n. Each of the classes
C1, C2, . . . , CM is represented by an ideal vector vi =
(vi(f1), . . . , vi(fn)).

First, we must determine an ideal vector for
each class vi = (vi(f1), . . . , vi(fn)) that acts as a
representation of the class i. This vector can be user
defined, or calculated from a sample set Xi of vectors
x = (x(f1), . . . , x(fn)) which are known to belong to a
given class Ci. The method requires the user to have some
knowledge about what kind of classes exist; the better one
knows the better the results will be. We can, e.g., use the
generalized mean as aggregation operator for calculating
vi, which is

vi(r) =

(
1

�Xi

∑

x∈Xi

x(fr)
m

) 1
m

, ∀r = 1, . . . , n,

(26)
where power m (coming from the generalized mean) is
fixed for all i, r and �Xi simply denotes the number of
samples in the class i.

After the ideal vectors have been determined, the
decision to which class an arbitrarily chosen x ∈ X
belongs is made by comparing it with each ideal vector.
The comparison can be done, e.g., by using a similarity
measure in the generalized Łukasiewicz structure:

S〈x,v〉

=

(
1

n

n∑

r=1

wr (1 − |x(fr)
p − v(fr)

p|)m/p

)1/m

, (27)

for x,v ∈ [0, 1]n. Here p is a parameter coming from the
generalized Łukasiewicz structure (Luukka et al., 2001).

3.2. λ-averaging based similarity classifier. The
idea with the λ-averaging based similarity classifier is to
“replace” any previously used aggregation operator with
the λ-averaging operator. If we assume wr = 1, ∀r and
we remove the averaging operator

hm(s1, s2, . . . , sn) =

(
1

n

n∑

i=1

(si)
m

)1/m

from (27), we are left with a vector of similarities
(s1, s2, . . . , sn), where

si = (1 − |x(fi)
p − v(fi)

p|)1/p
.

This similarity vector is now applied to our λ-averaging
presented in Eqn. (22). This leads to gaining overall

similarity as, for i = 1, 2, 3, . . . , n, we have

Sλ(si, λ) =

⎧
⎪⎨
⎪⎩

min(λ, S(si)), if si ∈ [0, λ]n,

max(λ, T (si)), if si ∈ [λ, 1]n,

λ, otherwise,

(28)

where S(si) and T (si) are a t-conorm and a t-norm,
respectively. From this operation, a single similarity value
is obtained for each class.

The decision to which class an arbitrarily chosen
object y ∈ Y belongs is made by comparing it to the
aggregated value Sλ(s1, s2, s3, . . . , sn, λ). The object
belongs to class with the highest similarity value as
computed from maxi=1,2,...,M Sλ(x,vi)

The λ-averaging based similarity classifier is
described using the pseudo-code in Algorithm 1 below. In
a (t–norm, t-conorm) pair one can apply any of the four
different t–norms, TM , TL, TP , TD, in aggregation, and
their corresponding t-conorms, SM , SL, SP , SD , each at
a time depending on the choice.

Algorithm 1. Pseudo code for the similarity classifier
with an n-ary lambda averaging operator.

Require: data[1, . . . , N ], ideals , λ, p
1: for i = 1 to N do
2: for j = 1 to M do
3: for k = 1 to L do
4: S(i, j, k) = [1 − |(data(i, j))p −

(ideal (k, j))p|] 1
p

5: end for
6: end for
7: end for
8: for i = 1 to N do
9: for k = 1 to L do

10: if max(S(i, :, k)) ≤ λ then
11: Sλ(i, k) = min(tnorm(S(i, :, k)), λ)
12: else if min(S(i, :, k)) ≥ λ then
13: Sλ(i, k) = max(tconorm(S(i, :, k)), λ)
14: else
15: Sλ(i, k) = λ
16: end if
17: end for
18: end for
19: for i = 1 to n do
20: class(:, i) = find(Sλ(i, :) == max(Sλ(i, :)))
21: end for

4. Testing the new method: Data sets used
and classification results

To test the new classification method, we run tests on five
data sets of medical data. First, we shortly present the
data sets that are used for the tests, and then we move on
to present the classification results.
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Table 1. Data sets used and their properties.
Data set Number of Number of Number of

classes attributes instances

Fertility 2 10 100
Liver disorder 2 7 345
Sick 2 29 3772
Hypothyroid1 2 25 3772
Pima Indians 2 8 768

4.1. Data sets used. Five different data sets were
used to check the performance of our new classifier. The
chosen data sets have different numbers of attributes and
instances as shown in Table 1. The data sets used were
obtained from the UCI machine learning data repository
(Newman et al., 2012), which contains free databases
meant for research.

4.1.1. Data set 1: The fertility data set. The set
is a newly donated database by David Gil, who has
previously utilized it (Gil et al., 2012). The main focus
of study in this data set is on sperm concentration, which
consequently influences fertility. In its collection, 100
volunteers provided semen samples that were analyzed
according to the WHO 2010 criteria. It is believed that
sperm concentrations are related to socio-demographic
data, environmental factors, health status, and life habits.
These factors were studied based on (i) the season in
which the analysis was performed, (ii) the age of the
donor at the time of analysis, (iii) Child-age diseases
experienced–chicken pox, measles, mumps, and polio,
(iv) accident or serious traumas incurred, (v) the surgical
intervention done, (vi) the high fevers experience, (vii) the
frequency of alcohol consumption, (viii) smoking and (ix)
the number of hours spent sitting per day. The data set has
2 classes, 10 attributes including the class attribute, and
100 observations.

4.1.2. Data set 2: The liver disorder data set.
The data set is provided by R.S. Forsyth (Newman
et al., 2012). The problem implied by the set is to
predict whether a male patient has a liver disorder or
not, based on blood test results and information about
alcohol consumption. The attributes included are (i) mean
corpuscular volume (ii) alkaline phosphotase, (iii) alamine
aminotransferase, (iv) aspartate aminotransferase, (v)
gamma-glutamyl transpeptidase, and (vi) the number of
half-pint equivalents of alcoholic beverages drunk per day.
The first five variables are results from blood tests, which
are thought to be sensitive to liver disorders that might
arise from excessive alcohol consumption. Each line in
the liver disorder data file constitutes a record of a single
male individual. The data set has 2 classes, 7 attributes
including the class attribute, and 345 observations.

4.1.3. Data sets 3 and 4: The thyroid data sets.
Two of the 6 thyroid data sets in the UCI (Newman
et al., 2012) were used, both including 3772 observations:
(1) the sick data set that consists of 29 attributes and two
classes and (2) hypothyroid1 that also has 29 attributes of
which 25, including the class attribute, were used in the
classification. The problem to be solved based on these
two data sets is to discover, whether or not the patient has
a thyroid related disease.

4.1.4. Data set 5: Pima Indians diabetes. The aim
of the data set is to test the prevalence of diabetes among
Indians of the Pima heritage. In particular, all patients
were females of at least 21 years of age. The data set
was donated by Vincent Sigillito from Johns Hopkins
University, and it has 8 attributes with 768 observations.
The attributes considered are (I) the number of times
pregnant, (II) plasma glucose concentration—a 2 hour
in an oral glucose tolerance test, (III) diastolic blood
pressure (mm Hg), (IV) triceps skin fold thickness (mm),
(V) 2-hour serum insulin (mu U/ml), (VI) body mass
index (weight in kg/(height in m)2), (VII) the diabetes
pedigree function, (VIII) the age (years), and the class
variable.

4.2. Classification results. We computed the results
using the new n-ary λ similarity classifier. Since we
are using four different types of n-ary norm in our
λ-averaging, we refer to them simply by using the
names of the norms. We benchmark the obtained
results by comparing them not only to one another, but
also to a similarity classifier that uses the generalized
mean for aggregation (we call this the “standard
similarity classifier”). Besides classification accuracy
and classification variance, we also computed the area
under receiving operator characteristic (AUROC) values.
Also the receiving operator characteristic (ROC) curve
is computed. In all experiments, the data sets were
split into two parts; one half was used for training and
the other for testing. This procedure was repeated by
using random cut-points for 30 times, and the mean
classification accuracies, variances, and AUROC values
were computed. Corresponding figures are made to
allow graphical inspection of how changing parameter
values affects the classification results. In Figs. 1–4,
the parameters which are varied are p, the value from
the generalized Łukasiewicz structure, and λ from the
λ-averaging operator.

4.2.1. Classification results with the fertility data
set. Results obtained with the fertility data set for four
different norms are recorded in Table 2. The best
classification accuracy of 88.07% was obtained with
the standard t-norm and the t-conorm. This represents
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Table 2. Classification results with the fertility data set.

Method Mean Variance AUROC
accuracy (%)

λ-average classifier
with:

standard norms 88.07 1.3333 × 10−5 0.5000
Łukasiewicz norms 87.71 1.5314 × 10−4 0.5000
probabilistic norms 87.63 2.0709 × 10−4 0.5000

drastic norms 88.00 5.1004 × 10−32 0.5000
standard similarity 68.20 0.0094 0.7088

classifier

Table 3. Classification results with the sick data set.

Method Mean Variance AUROC
accuracy (%)

λ-average classifier
with:

standard norms 94.04 7.0887 × 10−7 0.8523
Łukasiewicz norms 94.16 1.2473 × 10−6 0.5065
probabilistic norms 94.06 4.3401 × 10−6 0.6997

drastic norms 93.85 5.1004 × 10−32 0.5000
standard similarity 72.61 0.0025 0.8212

classifier

an improvement of 19.87% over the standard similarity
classifier (68.20% accuracy). Generally, using the other
studied norms produced results that are “close to each
other”, but better than the results obtained with the
standard similarity classifier. On the other hand, it can
be noted that the standard similarity classifier produced
the highest AUROC value of 70.88%. Variances obtained
are very small, which indicates that true classification
accuracies are close to the mean classification accuracy
obtained.

Figure 1 shows mean classification accuracies and
their corresponding variances. A combined plot of
receiving operator characteristics for all the five data sets
is presented in Fig. 6.

4.2.2. Classification results with the sick data set.
With this data set the performance of Łukasiewicz norms
was the best, with a mean classification accuracy of
94.16%. This can bee seen in Table 3. The accuracy
obtained is very close to that produced using probabilistic
norms, and is not very different from the mean accuracies
obtained with standard n-ary norms and with drastic n-ary
norms. The standard similarity measure has a lower mean
classification accuracy of 72.61%. The improvement in
performance is 21.55% for this particular data set. We also
observe that the standard norms have the highest AUROC
value.

In Fig. 2 the best mean classification accuracy (one

Table 4. Classification results with the hypothyroid data set.

Method Mean Variance AUROC
accuracy (%)

λ-average classifier
with:

standard norms 99.51 2.1880 × 10−6 0.7088
Łukasiewicz norms 86.13 2.3502 × 10−4 0.5000
probabilistic norms 99.27 2.0281 × 10−6 0.5000

drastic norms 08.22 1.7931 × 10−33 0.5000
standard similarity 99.61 1.3613 × 10−6 0.9747

classifier

obtained with Łukasiewicz norms) for the sick data
set and its corresponding variance is shown. A plot
that corresponds with the highest AUROC value is also
presented in Fig. 6. It can be seen that the largest AUROC
value was 85.23%, obtained by using standard norms.

4.2.3. Classification results with the hypothyroid
data set. The standard similarity classifier achieved the
highest mean classification accuracy of 99.61%, but the
proposed methods also produced good results with this
data set. In Table 4, mean classification accuracies of
99.51% and 99.27% were achieved by using the standard
and probabilistic norms, respectively. There is no large
difference in the general mean performance of the three
methods, apart from the drastic norms, which performed
poorly with this data set.

In Fig. 3 we also present plots with respect
to parameter changes for the best mean classification
accuracy and the variances.

4.2.4. Classification results with the liver disorder
data set. In Table 5, results obtained with the liver
disorder data set are presented. The standard n-ary norms
produced the highest mean classification accuracy value
of 60.29%, and the drastic norms produced the lowest
accuracy of 42.20%. The standard similarity measure
this time outperformed the Łukasiewicz, probabilistic and
drastic n-ary norms for this data set. The standard
similarity classifier performance was close to the best
n-ary lambda classifier results with a classification
accuracy of 59.92%.

In Fig. 4 the best mean classification accuracies
and corresponding variances are presented with varying
parameter values.

4.2.5. Classification results with the Pima Indi-
ans data set. With this data set, the probabilistic
and Łukasiewicz norms have the mean classification
accuracies of 74.18% and 74.13%, and clearly outperform
the standard and the drastic norms. The standard
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Fig. 1. Mean classification accuracies (a) and variances (b) obtained from the fertility data set with the use of the standard t-norm and
t-conorm.
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Fig. 2. Mean classification accuracies (a) and variances (b) obtained from the sick data set with the use of the Łukasiewicz t-norm and
t-conorm.
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Fig. 3. Mean classification accuracies (a) and variances (b) obtained from the hypothyroid data set using the standard t-norm and
t-conorm.

similarity classifier returns the best mean classification
accuracy of 74.70%. In Table 6 the results are presented
in detail.

In Fig. 5 one can again see the mean accuracies and

variance changes with respect to the parameter values.

The highest AUROC values for all the five data sets
are plotted in Fig. 6.
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Fig. 4. Mean classification accuracies (a) and variances (b) obtained from the liver disorder data set using the standard t-norm and
t-conorm.
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Fig. 6. AUROC curves for fertility with the standard similarity classifier (a), sick with the standard norms (b), hypothyroid with the

standard similarity classifier (c), liver disorder with the standard similarity classifier (d), and the Pima Indians data set with the
standard similarity classifier (e).
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Table 5. Classification results with the liver disorder data set.

Method Mean Variance AUROC
accuracy (%)

λ-average classifier
with:

standard norms 60.29 6.7320 × 10−4 0.6270
Łukasiewicz norms 57.36 0.0011 0.5399
probabilistic norms 58.69 0.0019 0.6482

drastic norms 42.20 7.9694 × 10−32 0.5000
standard similarity 59.92 7.0358 × 10−4 0.6688

classifier

5. Discussion

In this paper we presented a new similarity based
classification method that uses the λ-averaging operator
in aggregation. To the best of our knowledge, λ-averaging
has not been previously extended (generalized) to the
n-ary case, and/or applied in real world applications.
The new n-ary λ-averaging similarity classifier was
tested with four n-ary norms namely standard norm
(maximum and minimum), the Łukasiewicz norm, and
with probabilistic and drastic t-norms and t-conorms. In
numerical classification tests the obtained results were
compared with those gained with a standard similarity
classifier that uses the generalized mean for aggregation.

Five different real world data sets were used in
testing the new method. The obtained results compared
with the benchmark standard similarity classifier were
mixed, but overall the new method’s performance was
in line with the standard similarity classifier or better.
Furthermore, there is no evidence to suggest that using
a specific norm would outperform using the other norms;
however, weaker results were obtained when the drastic
norms were used. The difference in results from
our benchmark data sets is attributed to the varying
properties of the respective aggregators used; that is, in the
intersection case the standard n-ary t-norm is the weakest,
or the most allowing norm, whereas the drastic n-ary
t-norm creates the strongest requirement. The other two

Table 6. Classification results with the Pima Indians data set.

Method Mean Variance AUROC
accuracy (%)

λ-average classifier
with:

standard norms 69.97 5.1595 × 10−4 0.5000
Łukasiewicz norms 74.13 1.6806 × 10−4 0.5000
probabilistic norms 74.18 1.4456 × 10−4 0.5000

drastic norms 65.10 0.0000 0.5000
standard similarity 74.70 2.0379 × 10−4 0.7192

classifier

n-ary norms fall within this interval. Similarly, on the
union side, the standard n-ary t-conorm is the strongest
union and the drastic n-ary t-conorm the weakest.

By changing n-ary norms in the λ-averaging
operator, we are “moving” towards the union side
from the intersection side, or vice versa. This causes
the differences in classification accuracies between the
four different cases. Basically, what we have is a
“hybrid” aggregation operator that can vary between
intersection/averaging/union operators by selecting from
between the four n-ary norms. Since changing the n-ary
norm used affects the classification accuracy, there is a
reason to believe that some data sets have a better fit
with union like aggregation operators, while others have
a better fit with intersection type operators.

Further research on this topic will include studying
the optimization of parameter values for classification as
well as determinants of optimal selection of the norms
used.
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Abstract—The classification accuracy of a classifier depends
largely on the aggregation operator it uses in fusion of infor-
mation. This paper presents a similarity classifier that utilizes
a weighted ordered weighted averaging (WOWA) operator. The
applicability of the WOWA operator for aggregation of simi-
larities is studied and tested with several Regular Increasing
Monotonic (RIM) type weight generators. The RIM quantifiers
used here are of the basic, polynomial, trigonometric, exponential,
and of the logarithmic type. The proposed approach is tested
on three real world data sets. Results obtained with the new
method are compared with those obtained using two previously
presented similarity classifiers. The proposed new classifier shows
better performance on the data sets studied, which indicates that
benefits can be gained from using a WOWA operator in the
aggregation.

I. INTRODUCTION

Automated control and analysis systems that are increas-
ingly found in the modern world have led to an increasing
need for effective classifiers. This has made the research and
development of new classifiers an interesting and a relevant
topic of investigation. Every-day use of classifiers includes,
e.g., fault detection of heaters, air conditioners, and other
industrial equipment (see Haberl and Claridge [1], Bagby
and Cormier [2]). Classifiers are increasingly used in, e.g.,
medicine, where they are used in diagnosis and screening. In
the field of medicine, one prevalent problem in diagnosis is
that symptoms of various diseases have multiple phenotypes,
which cause hardship in classifying and categorizing diseases
precisely and the accuracy of classifiers used is paramount.
Classification is also an important tool in business, where
classifiers can be used to guide decision makers [3], [4], [5],
[6]. In all the above cases, the suitability of a classifier for ”the
job” depends on its ability to carry out classification accurately.

The large number of real-world data sets now available on-
line enable new (and old) classifiers to be systematically tested.
Studies have shown that classification accuracy is affected by
the kind of aggregation operator used by the classifier (see
[7]). In this vein and in order to focus this research, this paper
focuses on similarity classifiers (see, e.g., [8], [9]and [7]). On
other types of aggregation and classification techniques we
refer the interested reader to see [10].

Similarity based classification has been previously investi-
gated by Luukka et. al [8]. Recently, also other papers have
been published on similarity classifiers that utilize several
different aggregation operators, see [11], [9], [12] and [7].

These studies form the basis for our new presented clas-
sification approach of using a weighted ordered weighted
averaging (WOWA) operator in the aggregation of similarities.
The WOWA operator was introduced by Torra ([13]) as an
improvement over the OWA operator introduced in 1988
by Yager [14]. The WOWA operator has been previously
applied to information fusion (see [5]) by Torra and Narukawa.
In addition to the re-ordering step used in the OWA that
emphasizes the relative importance of the data values, the
WOWA operator also incorporates importance of the data
sources. Thus, the WOWA process is a single phase, in which
two different kinds of aggregations are performed (see [5],
[15]). In this way, the WOWA operator can be viewed as a
combination and a generalization of the weighted arithmetic
mean and the OWA operators. The new proposed approach is
an extension of the similarity classifier [8] and a similarity
classifier that uses the OWA [7] operator. When the new
WOWA based similarity classifier is used, the first step is
to compute ideal vectors for each class across all attributes
in the data set. This is followed by computing similarities
between each sample vector and the corresponding ideal vector
for each class. At this stage, we have a vector of similarities
that can be aggregated using the WOWA operator. The WOWA
operator is designed (and used here) so that it re-arranges each
similarity vector in a descending order that emphasizes the
importance of the data values. After this, weights are generated
using several linguistic quantifiers and used in the same
manner as for the weighted arithmetic mean, with emphasis
on data sources. Results produced by this new approach show
significant improvements compared with other methods. We
have used the MATLABTM software for the implementation
and testing of the new method.

The rest of this paper is arranged as follows: section two
introduces the preliminary definitions used in the study, section
three describes the classifier design, and in section four the
results of numerical illustrations done on real-world data sets
are presented and discussed. The paper ends with a summary
and some conclusions.

II. PRELIMINARIES

This section briefly reviews the OWA and WOWA aggrega-
tion operators. A WOWA operator is later utilized in the design

978-1-5090-3909-8/16/$31.00 c©2016 IEEE 000329
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of the new classifier. Weight generating schemes applied in this
work are also presented.

A. OWA operator

Based on Yager (see [14]), the ordered weighted averaging
operator can be defined as follows:

Definition 2.1: A mapping f : Rn → R, with an associated
vector
w = (w1, w2, w3, ..., wn)

T , wi ∈ [0, 1], i = 1, 2, .., n ∈ N
is an ordered weighted averaging (OWA) operator, if for∑n
i=1 wi = 1 and (x1, x2, ..., xn) ∈ Rn, we have,

f(x1, x2, x3, ..., xn) =
n∑

i=1

wibi, (1)

where bi for any i ∈ N is the ith largest of the elements
(x1, x2, x3, ..., xn) arranged in descending order.

The definition of OWA indicates that each weight is as-
sociated with a particular position depending on the size of
the element. In practical implementation, elements are always
permuted to satisfy the OWA definition. For example, the pair
w1b1 which is the first term of equation (1) is the product of
the first value in the weighting vector and the largest element
in the vector (x1, x2, x3, ..., xn) of the data matrix.

B. WOWA operator

The WOWA operator extends the OWA operator to cover
also the importance of the data sources. Next, the definition
of WOWA operator is given as presented by Torra in [13].

Definition 2.2: Let p be a normalized weighting vector
of dimension n and Q be a Regular Increasing Monotonic
quantifier such that Q(0) = 0 and Q(1) = 1. A mapping
fWOWA : Rn → R is a WOWA operator of dimension n with
respect to p and Q if:

fWOWA(x1, x2, x3, ..., xn) =
n∑

i=1

wixσ(i). (2)

where xσ(i) is the ith largest of the elements
(x1, x2, x3, ..., xn), and the weight wi is defined as:

wi = Q


∑

j≤i
pσ(j)


−Q


∑

j<i

pσ(j)


 . (3)

Practically speaking, the definition of the quantifier Q allows
it be an interpolating function provided that weights wi are
appropriately defined by [16]:

wi = Q

(
i

n

)
−Q

(
i− 1

n

)
i = 1, 2, ..., n. (4)

There are several categories of quantifiers in literature (see
[17]), but here we use only Regular Increasing Mono-
tone(RIM) quantifiers in weight generation during aggregation.
The other kinds of quantifiers include Regular Decreasing
Monotone (RDM) and Regular Uni-Modal (RUM)quantifiers.
Definitions of RDM and RUM can be found in [17]. Next, the
general definition of RIM quantifiers is given based on Yager’s
work (see [17]).

Definition 2.3: Let Q be a fuzzy subset of a real line R, then
Q is called a regular increasing monotone (RIM) quantifier if
it fulfils the conditions below:
(i) Q(0) = 0. (ii) Q(1) = 1. (iii) Q(a) ≥ Q(b), ∀a ≥ b.

Generally, for OWA operators, weights wj are generated
using the equation for a RIM quantifier Q:

wj = Q

(
j

n

)
−Q

(
j − 1

n

)
, j = 1, ..., n. (5)

The resulting weights must satisfy general properties of
weights for OWA operators, i.e

∑
j wj = 1 and wj is non

negative. Generating weights in the OWA sense is the first step
for the WOWA case, followed by accumulating the weights
in a way that considers the importance of the data source.
Normally, there is a parameter α in the quantifier to guide the
generation.

The basic RIM quantifier used in this work is defined by:

Q(r;α) = rα, α ≥ 0. (6)

It follows that with the basic RIM quantifier, weights wj
are obtained from the formula;

wj =

(
j

n

)α
−
(
j − 1

n

)α
, j = 1, ..., n. (7)

Next, four other RIM quantifiers that are applied in the new
classifier are described. Detailed weight generating functions
for each quantifier are also given right after each equation.

The second quantifier used here was suggested by
Schweizer and Sklar (see [18], [19]). This is also of RIM
type and is defined by the following equation:

Q(r;α) = 1− (1− r)α. (8)

With this quantifier, weights wj are computed from:

wj = 1−
(
1− j

n

)α
−
(
1−

(
1− j − 1

n

)α)
, j = 1, ..., n,

which reduces to a much simpler form:

wj =

(
n+ 1− j

n

)α
−
(
n− j
n

)α
, j = 1, ..., n. (9)

The third quantifier used is a trigonometric linguistic quan-
tifier defined by the following equation:

Q(r;α) = tan(rα) (10)

with a corresponding weight generating function given by:

wj = tan

((
j

n

)
α

)
− tan

((
j − 1

n

)
α

)
, j = 1, ..., n.

(11)
The fourth quantifier utilized is an exponential quantifier

defined by:

Q(r;α) =

(
er − 1

e− 1

)α
, (12)

with a corresponding weighting function:

wj =

(
ej/n − 1

e− 1

)α
−
(
e(j−1)/n − 1

e− 1

)α
, j = 1, ..., n.

(13)
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The last quantifier used in this work is the logarithmic
one, which is closely related one of the increasing generators
suggested by Weber in [20]. It is defined by the next equation,

Q(r;α) =

(
ln(r + 1)

ln 2

)α
, (14)

with corresponding weights wj computed from:

wj =

(
loge(

j
n + 1)

loge 2

)α
−
(
loge(

j−1
n + 1)

loge 2

)α
, j = 1, ..., n.

(15)
These weights wj , based on particular quantifiers are ap-

plied in the WOWA based similarity classifier. Details of this
classifier are presented in section III B.

III. CLASSIFIER DESIGN

The aim of this section is to present basic concepts on which
the WOWA based similarity classifier rests and design of the
classifier. First, a short description of the theory of similarity
classifiers is given before the WOWA-based similarity classi-
fier is presented.

A. Similarity classifier

In practical applications data samples should be assigned
to classes as accurately as possible, which poses the main
challenge in classification,(see [21]). In similarity classifier
one of the main components is construction of an ideal vector
for each class. This can be user defined or in example an
average vector defined from the data. Similarities between
ideal vectors and data samples are then calculated for each
class and decision on which class a new sample belongs
to is made by using the highest similarity to a class. Next
we go a bit more into the details of the process. Suppose
a particular data set has N classes, G1, G2, ..., GN , and n
different features, t1, t2, ..., tn. Let X be a sample for which
one needs to allocated a class. In order to satisfy fuzzy
requirements, all values are scaled to fit in the unit interval
[0,1]. The first step is to calculate ideal vectors for each classes
G1, G2, ..., GN such that an ideal vector for class Gi takes the
form: ui = (ui(t1), ui(t2), ..., ui(tn)). Clearly, ideal vectors
differ, since they depend on different values present in the
classes. There are several ways of computing ideal vectors of
which arithmetic mean is one of the earliest used methods.
With the arithmetic mean approach, ui is calculated from:

ui(r) =
1

]Xi

∑

x∈Xi

x(tr), ∀r = 1, . . . , n, (16)

where ]Xi is the number of samples in class Gi.
The second step is to calculate similarities between each

ideal vector ui and the new sample x. Similarities are com-
puted as:

S 〈x,u〉 = 1

n

n∑

r=1

Wr

(
p
√

1− |x(tr)p − u(tr)p|
)
, (17)

where x and u are vectors across all the features, Wr are
non-zero weights given to different features, and p is a

parameter for the similarity measure, as stated in Luukka et
al., (see [8]). Lastly, the choice to which class a sample X
belongs to is made by selecting the class whose ideal vector
”comes out” with the highest similarity value. More study on
these procedures can be found in the literature on similarity
classifiers, e.g., [8], [11], [9], [7].

B. WOWA based similarity classifier

The distinguishing novelty of the WOWA based similarity
classifier and other previously presented similarity classifiers
is found in the aggregation step. As mentioned earlier, the
WOWA operator used in the new proposed classifier is a two-
step operator that considers weights in two different ways;
first by re-ordering the weights in a descending order as in the
general OWA, and then by accumulating the weights to cater
for the importance of the data sources. The WOWA operator
is used at the aggregation stage after computing the vector of
similarities.

Consider equation (17), where the weighted arithmetic
mean operator was used in aggregation, on removing the
arithmetic mean, a vector of similarities, (s1, s2, s3, ..., sn)
remains which is computed from:

si = (1− |x(ti)p − u(ti)p|)1/p i = 1, ..., n. (18)

Using the WOWA operator to aggregate similarity vec-
tor (s1, s2, s3, ..., sn) where si is computed using equation
(18) for similarities in all classes yields the total similarity
SWOWA:

fWOWA(s1, s2, s3, ..., sn, w) =
n∑

j=1

wjsσ(j) = SWOWA,

(19)
where sσ(j) for any j ∈ N is the jth largest of the elements
(s1, s2, s3, ..., sn), and the weight wj is defined by:

wj = Q


∑

i≤j
rσ(i);α


−Q


∑

i<j

rσ(i);α


 , (20)

for a quantifier Q and weights rσ(i).
A brief step by step classification process using the WOWA

based similarity classifier is given in Algorithm 1. fWOWA is
defined as in Algorithm 2.

The procedure in Algorithm 1 is applied to all data samples
with respect to all ideal vectors. The class to which a new
sample belongs is decided by comparing the new sample with
the aggregated value. The new sample belongs to the class
with the highest similarity value. Q is any of the quantifiers
defined above.

IV. EMPIRICAL RESULTS

Real world data sets obtained from UCI Machine Learn-
ing Repository are used [22]. These data sets have varying
numbers of attributes and instances, as shown in Table I.

Next, the classification results obtained with the given
data sets are presented. A basic cross-validation method is
applied to validate the results, i.e., a random division between
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Algorithm 1 : Pseudo code for the WOWA based similarity
classifier.
Require: data[1, . . . , n], ideals, p, w, α

for i = 1 to n do
for j = 1 to N do

for k = 1 to M do
S(i, j, k) = [1− |(data(i, j))p − (ideal(k, j))p|]

1
p

end for
end for

end for
for i = 1 to n do

for j = 1 to N do
SWOWA(i, j) = fWOWA(S(i, j, :), w, α);

end for
end for
for i = 1 to n do
class(i) = find(SWOWA(i, :) == max(SWOWA(i, :)));

end for

Algorithm 2 : Pseudo code for the WOWA operator.
Require: A = data[1, . . . , n], w, α

[B, ind] = sort(A, 2,′ descend′)
for i = 1 to n do
wnew(i, :) = w(ind(i, :))
wnewcum(i, :) = cumsum(wnew(i, :), 2)
wt(i, :) = Q(wnewcum(i, :), α)

end for
fWOWA = sum((B. ∗ wt), 2)

training and testing sets is done 30 times and the (from
the 30 runs) resulting mean classification accuracies and the
corresponding variances are reported in Tables II, III and IV
for each data set. Parameter sensitivity is examined for these
mean accuracies, and a visualization of parameter ranges for
optimal performance of the classifier can be seen in graphical
form in Figures 1 - 3. Two parameters reported here are the
parameter p for similarity measure, and α in the WOWA
operator for weight generation. Figures 1 - 3 correspond to
the best mean classification accuracies achieved in each data
set. The standard similarity classifier that uses an arithmetic
mean operator and the OWA based similarity classifier are
used here as a reference for comparison. The performance of
the new proposed classifier is compared with the previous two
approaches, whose results are also reported in the tables.

In Table II, results obtained from the glass identification
data set are shown. The new method produced the best
classification accuracy of 90.15%, with a basic RIM quantifier
as weight generator and parameters set to p = 0.5 and α = 0.5.
The surface corresponding with the highest accuracy is shown
in Figure 1.

There is an improvement in accuracy from 72.97% to
90.15%, when the new method is used compared to the
arithmetic mean based similarity classifier. The OWA based
similarity classifier produces a highest mean classification

TABLE I
DATA SETS AND THEIR PROPERTIES.

Data set Number of Number of Number of
classes attributes instances

Glass identification 7 10 214
User knowledge modeling 4 5 403
Lung cancer 3 57 32
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Fig. 1. Mean classification accuracies and variances with varying parameters
p and α values for the glass identification data set with the use of a basic
RIM quantifier for weight generation.

accuracy of 75.66%, which is clearly lower than that from the
new method. From Table II, the highest classification accuracy
is also associated with a small variance of 7.0779 ∗ 10−4.

Table III shows results obtained from the user knowledge
modeling data set. A highest mean classification accuracy of
86.26% was obtained using the new method with a trigonomet-
ric quantifier as the weight generator. This mean accuracy was
gained when p = 0.5 and α = 1.3. The arithmetic mean based
similarity classifier produced a mean classification accuracy of
76.69% and the OWA based similarity classifier had a highest
mean accuracy of 78.56%. This indicates classification accu-
racy improvements of 9.57% and 7.7%, respectively. Figure 2
shows how parameter changes affect the mean classification
accuracy and the variances.

Results for the lung cancer data set also showed im-
proved classification accuracy with the new classifier. Table
IV presents detailed results obtained for this data set. The
highest mean classification accuracy is 82.55% (with p = 0.3
and α = 0.7), which is higher than what was found with the
two earlier classifiers used as benchmarks. In Figure 3 one can

TABLE II
RESULTS FOR THE GLASS IDENTIFICATION DATA SET.

Method/Quantifier Mean accuracy Variance Mean accuracy Variance
(OWA) (OWA) (WOWA) (WOWA)

Basic RIM 73.85% 0.0036 90.15% 7.0779 ∗ 10−4

Polynomial 74.83% 0.0014 74.25% 0.0010
Trigonometric 75.66% 0.0012 73.91% 0.0028

Exponential 75.14% 0.0018 76.21% 0.0011
Logarithmic 32.11% 1.2751 ∗ 10−32 32.11% 1.2751 ∗ 10−32

Similarity classifier
with arithmetic mean Mean accuracy 72.97% Variance 0.0020
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TABLE III
RESULTS FOR THE USER KNOWLEDGE MODELING DATA SET.

Method/Quantifier Mean accuracy Variance Mean accuracy Variance
(OWA) (OWA) (WOWA) (WOWA)

Basic RIM 76.72% 0.0025 80.54% 0.0021
Polynomial 77.87% 0.0013 76.15% 0.0010

Trigonometric 78.56% 0.0011 86.26% 9.8238 ∗ 10−4

Exponential 78.31% 0.0022 77.38% 0.0022
Logarithmic 09.23% 4.9809 ∗ 10−33 09.23% 4.9809 ∗ 10−33

Similarity classifier
with arithmetic mean Mean accuracy 76.69% Variance 0.0013
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Fig. 2. Mean classification accuracy and variance w.r.t. parameters p and α
changes obtained for the user knowledge modeling data set with the use of a
trigonometric quantifier for weight generation.

again see how parameter changes effects the mean accuracies
and the variances.

V. DISCUSSION

A new weighted ordered weighted averaging (WOWA)
based similarity classifier was introduced and applied to classi-
fication. The proposed classifier uses two weighting systems in
aggregation that consider the importance of the data source and
of the data values. Weights were generated by using linguistic
quantifiers of several kinds. The quantifiers used in this paper
are of the Regular Increasing Monotonic (RIM) type, taking
different forms like: basic RIM, polynomial, trigonometric,

TABLE IV
RESULTS FOR THE LUNG CANCER DATA SET.

Method/Quantifier Mean accuracy Variance Mean accuracy Variance
(OWA) (OWA) (WOWA) (WOWA)

Basic RIM 81.96% 0.0043 81.76% 0.0039
Polynomial 81.18% 0.0052 80.39% 0.0037

Trigonometric 81.76% 0.0037 82.55% 0.0032
Exponential 81.76% 0.0063 75.49% 0.0072
Logarithmic 29.41% 3.1877 ∗ 10−33 29.41% 3.1877 ∗ 10−33

Similarity classifier
with arithmetic mean Mean accuracy 80.59% Variance 0.0055
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Fig. 3. Plots of mean classification accuracies and variance against parameters
p and α obtained for the lung cancer data set with the use of a basic RIM
quantifier for weight generation.

exponential, and the logarithmic form. Three different real
world data sets were used to test the proposed classifier. The
new WOWA based similarity classifier shows better results
over the two benchmark classifiers on all the tested data
sets. Improved performance of the WOWA based similarity
classifier with these data sets is due to the generalizations that
were made, which widen the possible solution space. Due to
this, better results were achieved as validated by the tested data
sets. Since this improved performance is valid for some data
sets, but clearly not all, it implies that our generalizations are
data dependent and some other kinds of generalizations can be
used in other data sets. If one wants to select a single quantifier
to be used in a similarity classifier, the results found in this
study suggest using the basic RIM with WOWA.
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A similarity classifier based on Bonferroni mean based operators is introduced. The new Bonferroni mean based variant of the
similarity classifier is also extended to cover a new Bonferroni-OWA variant. The new Bonferroni-OWA based similarity classifier
raises the question of how to accomplish theweighting needed and for this reasonwe also examine a number of linguistic quantifiers
for weight generation.The new proposed similarity classifier variants are tested on four real worldmedical research related data sets.
The results are compared with results from two previously presented similarity classifiers, one based on the generalized mean and
another based on an arithmetic mean operator. The results show that comparatively better classification accuracy can be reached
with the proposed new similarity classifier variants.

1. Introduction

In this paperwe introduce a newgeneralization to the similar-
ity classifier that is based on using Bonferronimean operators
in the aggregation of similarities. The Bonferroni mean
aggregation operator was introduced in [1] and extended in
[2–6]. Currently, research with respect to Bonferroni mean
is increasingly active (see, e.g., [7–10]). The Bonferroni mean
operator is constructed in a way such that it consists of
two parts; each argument of the outer arithmetic mean is
the product of one argument and the average of all the
other remaining inner arguments; this “feature” makes it
a unique operator in terms of aggregation [2]. Arithmetic
mean and “generalized mean” are special cases (subcases)
of the Bonferroni mean (see, e.g., [2]), an issue that makes
it a flexible and a “versatile” operator—previously, both the
generalized and the arithmetic mean have been used in
similarity classifiers [11].

In this paper we also apply an orderedweighted averaging
(OWA) based variant of the Bonferroni mean, the so-called
“Bonferroni-OWA operator,” proposed by Yager [5]. The ba-
sic OWA operator has previously been studied in connection
with similarity classifiers in [12], but the Bonferroni-OWA

operator is applied in this context for the first time. In
order to effectively use the OWA operator a set of associ-
ated weights (vector of weights) is required; here we have
selected using linguistic quantifiers in order to generate these
weights. Linguistic quantifiers give a parametrized way of
producing weights for the Bonferroni-OWA operator, which
adds flexibility but also introduces a need to find a proper
parameter value. Parameter values can be examined and good
parameter values found by, for example, sensitivity analysis.
For the interested reader, more on linguistic quantifiers and
their applications can be found, for example, in [13–18]. By
using different linguistic quantifiers, we show how several
new and different variants of the Bonferroni-OWA based
similarity classifiers can be created and examine the newly
created variants. The algorithms examined here have been
implemented with the MATLAB� software, and the new
classifiers with different variants are tested by using four
different medical research data sets.

In the field of medical research, classification is a key con-
cept and the use of classifiers is warranted in many practical
problems, such as patient diagnosis and inevitably also the
prognosis of various human conditions and pathologies [19].
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Medical diagnosis of common diseases like breast cancer,
lung cancer, hepatitis, thyroid, and many others requires
high accuracy. However, in real world (medical) problems,
it is most often not possible to achieve a 100% classification
accuracy due to the complexity of the analyzed conditions
and the complications caused by the available data [20]. The
complications connected to the data can be the result of sev-
eral different causes, for example, small (limited) amount of
data samples that make accurate generalizations impossible,
very large number of attributes and/or variables that creates
complexity, and the difficulty in determining the relevance of
the considered attribute. Often even small improvements in
classification accuracy connected to medical diagnoses can
be valuable, since even small improvements can help save
human lives. Similarity based classifiers (see [21]) have been
shown to have the ability to work well on medical diagnosis
problems (see, e.g., [11, 22]) and have advantages such as fast
speed and high classification accuracy and have already been
shown to work rather well with small sets of samples (see,
e.g., [20]). For more information about fuzzy classification
and clustering methods, see [23–29].

The rest of the paper is organized as follows: in the second
section we briefly go through the aggregation operators, the
weight generation schemes for the new OWA based classifier
variants, and the similarity measures applied in the paper, in
the third section we introduce the new similarity classifiers
and the new variants, and in the fourth section we first
shortly introduce the used medical research data sets and
then examine the achieved results. The paper is closed with
discussion and conclusions.

2. Preliminaries

2.1. Aggregation Operators. The choice of an aggregation
operator that is used in a similarity classifier is a fundamental
issue, as it affects the final classification accuracy of the
classifier. Several aggregation operators that can be used
are available in the existing literature; in this paper we
concentrate on averaging type aggregation operators [30]. In
what follows, we briefly go through the aggregation operators
that we use in our new classifier; the interested reader may
findmore information on aggregation operators, for example,
from [2, 4, 18, 30–38].

One of the most common aggregation operators is the
arithmeticmean, fromwhich several different generalizations
exist, for example, the generalized mean and the ordered
weighted average (OWA). The aggregation operator is an
important component that is used in similarity classifiers and
in this paper, we specifically propose and examine the use of
the Bonferroni mean and the Bonferroni-OWA as aggrega-
tion operators to be used in a similarity classifier, to create
new similarity classifiers. The presented new variants of the
similarity classifier are compared with previously presented
methods that use the generalized mean and the arithmetic
mean. Both the generalized mean and the arithmetic mean
are special cases of the Bonferroni mean [2]. The generalized
mean is defined as follows.

Definition 1. Let𝑓 : [0, 1]𝑛 → [0, 1] be an averaging operator;
a generalized mean of an 𝑛-tuple (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
) is defined by

[30]

𝑓 (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) = (

𝑥
𝛼

1
+ 𝑥
𝛼

2
+ ⋅ ⋅ ⋅ + 𝑥

𝛼

𝑛

𝑛
)

1/𝛼

, (1)

where 𝛼 ∈ R, 𝛼 ̸= 0, and 𝑥
𝑖
̸= 0 ∀𝑖 ∈ N.

By varying the value of the parameter 𝛼 several other
means can be derived from the generalized mean (e.g., the
arithmetic mean, when 𝛼 = 1, the harmonic mean, when
𝛼 = −1, and the geometric mean, when 𝛼 → 0).

One other type of generalization of the arithmetic mean
is the ordered weighted averaging operator. The ordered
weighted averaging operator was introduced by Yager in [16].
Later on several researchers have developed new aggregation
operators based on the OWA; for example, see [4, 39, 40].
The OWA operator is also an averaging operator that is
characterized by a “reordering step” that allows emphasizing
the importance of selected data values. The OWA operator is
defined as follows.

Definition 2. Let w = (𝑤
1
, 𝑤
2
, . . . , 𝑤

𝑛
), 𝑤
𝑖
∈ [0, 1], ∀𝑖 ∈

N, be a weighting vector such that ∑
𝑛

𝑖=1
𝑤
𝑖

= 1, and
let (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
) be an 𝑛-tuple. An OWA operator 𝑓

𝑤

associated with 𝑤 is defined as

𝑓
𝑤
(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) =

𝑛

∑

𝑖=1

𝑤
𝑖
𝑏
𝑖
, (2)

where 𝑏
𝑖
for any 𝑖 ∈ N is the 𝑖th largest element of the

collection (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) arranged in a descending order.

As it is our intention to apply the OWA together with
the Bonferroni mean, we next present the Bonferroni mean
operator and its OWA extension, the so-called Bonferroni-
OWA operator, following the work by Yager in [5]. The
Bonferronimean operator was formally introduced in [1] and
discussed extensively by other researchers in, for example, [2–
5]. Recently, several researchers have successfully utilized the
generalized Bonferroni mean in practical problems [41–45].
The Bonferroni mean is defined as follows.

Definition 3. Let x = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
), 𝑥
𝑖
∈ [0, 1], ∀𝑖 ∈ N,

be a vector with at least one 𝑥
𝑖

̸= 0 ∀𝑖 = 1, 2, . . . , 𝑛 and let
𝛼, 𝑞 ≥ 0 be parameters. The general Bonferroni mean of 𝑥

𝑖
is

defined by [1]

𝐵
𝛼,𝑞

(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
)

= (
1

𝑛

𝑛

∑

𝑖=1

𝑥
𝛼

𝑖
(

1

𝑛 − 1

𝑛

∑

𝑖,𝑗=1, 𝑗 ̸=𝑖

𝑥
𝑞

𝑗
))

1/(𝛼+𝑞)

.

(3)

It has been shown that the Bonferroni mean is an
averaging operator and that it satisfies the necessary axioms
(see [5]). Following (3) the Bonferroni mean operator can be
viewed as the (𝛼 + 𝑞)th root of the arithmetic mean, where
each argument is the product of each 𝑥𝛼

𝑖
with the arithmetic
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mean of the remaining 𝑥𝑞
𝑗
; see [2]. Equation (3) was further

modified to include several other means, by replacing either
the inner or the outermeans. One of the results involves using
theOWAoperator in place of the innermean and is called the
Bonferroni-OWA; formore details see [2, 5].The Bonferroni-
OWA is defined as follows.

Definition 4. Let w = (𝑤
1
, 𝑤
2
, . . . , 𝑤

𝑛
), 𝑤
𝑖
∈ [0, 1], ∀𝑖 ∈ N,

be a weighting vector such that ∑𝑛
𝑖=1

𝑤
𝑖
= 1 and let x =

(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
), 𝑥
𝑖
∈ [0, 1] ∀𝑖 ∈ N, be a vector with at least

one 𝑥
𝑖

̸= 0 ∀𝑖 = 1, 2, . . . , 𝑛. A Bonferroni-OWA operator is
defined by [5]

𝐵
1,1

OWA
𝑤
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1
, 𝑥
2
, . . . , 𝑥

𝑛
) = (

1

𝑛
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𝑥
𝑖
OWA

𝑤
(𝑥
𝑗 ̸=𝑖
))

1/2

. (4)

When the OWAoperator is used, the need to generate the
weights that the OWA uses arises; we propose to do this by
applying linguistic quantifiers introduced by Zadeh [46] and
Yager in [14, 15].

2.2. Linguistic Quantifiers and OWAWeight Generation. Lin-
guistic quantifiers are quantifiers that use a scale of linguistic
expressions to summarize the properties of a class of objects
without enumerating them; this way they offer an imprecise
and a flexible methodology for the quantification of objects;
Ying [47] offers a compact review of the literature focused
on linguistic quantifiers for the interested reader. Yager [15]
classified linguistic quantifiers into three main categories:
Regular Increasing Monotone (RIM), Regular Decreasing
Monotone (RDM), and Regular Unimodal (RUM) quanti-
fiers.These categories are options for whenweight generation
systems are envisioned; here we concentrate on RIM quanti-
fiers and apply them. RIM quantifiers were defined by Yager
[14] as follows.

Definition 5. A fuzzy subset 𝑄 of a real line is called a
Regular Increasing Monotone (RIM) quantifier if it satisfies
the following conditions: (1) 𝑄(0) = 0, (2) 𝑄(1) = 1, and (3)
𝑄(𝑥) ≥ 𝑄(𝑦), ∀𝑥 ≥ 𝑦.

During the ordered weighted aggregation process, terms
like most, at least, many, and all are captured by an appro-
priate linguistic quantifier with parameter 𝛼 ∈ R. Following
[14, 16], for any RIM quantifier 𝑄, weights for the OWA
operator are calculated from

𝑤
𝑖
= 𝑄(

𝑖

𝑛
) − 𝑄(

𝑖 − 1

𝑛
) , 𝑖 = 1, 2, . . . , 𝑛, (5)

where 𝑤
𝑖
≥ 0 and ∑𝑛

𝑖=1
𝑤
𝑖
= 1.

In this paper we consider five different RIM quantifiers;
these are the “basic,” “polynomial,” “quadratic,” “exponen-
tial,” and “trigonometric” RIM quantifiers. In what follows,
we have denoted these with subscript enumerations 1–5 in
the order given above. Next we briefly present each of the five
selected RIM quantifiers and show how they can be applied
in creating weight generating schemes for OWA.

(1) The basic linguistic quantifier, 𝑄
1
, is defined by the

equation

𝑄
𝛼
(𝑟) = 𝑟

𝛼

𝛼 ≥ 0, (6)

which is associatedwith theweights𝑤
𝑖
; by application

of (5) and (6) we obtain

𝑤
𝑖
= (

𝑖

𝑛
)

𝛼

− (
𝑖 − 1

𝑛
)

𝛼

, 𝑖 = 1, 2, . . . , 𝑛. (7)

(2) The linguistic quantifier, 𝑄
2
, proposed by Schweizer

and Sklar [48], which we for the purposes of this
research call a polynomial quantifier, is defined by the
equation

𝑄
𝛼
(𝑟) = 1 − (1 − 𝑟)

𝛼

𝛼 ≥ 0; (8)

when 𝛼 = 1, the polynomial and the basic RIM quan-
tifiers will coincide; otherwise they behave differently.
Applying the polynomial RIMquantifier to theweight
generation we get

𝑤
𝑖
= (

𝑛 + 1 − 𝑖

𝑛
)

𝛼

− (
𝑛 − 𝑖

𝑛
)

𝛼

, 𝑖 = 1, 2, . . . , 𝑛. (9)

(3) The quadratic linguistic quantifier, 𝑄
3
, was suggested

by Ribeiro and Marques Pereira in [49]. 𝑄
3
has two

parameters: 𝛼, which controls the maximum value of
weight generation, and 𝛽, which controls the ratio
between the maximum and the minimum values of
the generating function; see [49]. The basic form of
𝑄
3
is given by

𝑄
𝛼,𝛽

(𝑟) = (
1

1 − 𝛼 (𝑟)
𝛽

) , 𝛼, 𝛽 ≥ 0. (10)

By applying it to weight generation we get

𝑤
𝑖
= (

1

1 − 𝛼 (𝑖/𝑛)
𝛽

) − (
1

1 − 𝛼 ((𝑖 − 1) /𝑛)
𝛽

) ,

𝑖 = 1, 2, . . . , 𝑛.

(11)

For the purposes of practical implementation, we
have chosen 𝛽 = 0.5, but we acknowledge that the
parameter value can be tuned for optimal perfor-
mance.

(4) The exponential linguistic quantifier,𝑄
4
, is defined as

𝑄
𝛼
(𝑟) = 𝑒

−𝛼𝑟

; (12)

when it is applied to weight generation we get

𝑤
𝑖
= 𝑒
−𝛼(𝑖/𝑛)

− 𝑒
−𝛼((𝑖−1)/𝑛)

, 𝑖 = 1, 2, . . . , 𝑛. (13)

(5) The trigonometric linguistic quantifier, 𝑄
5
, is defined

by the equation

𝑄
𝛼
(𝑟) = arcsin (𝛼𝑟) , (14)
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and application to weight calculation gives

𝑤
𝑖
= arcsin(𝛼( 𝑖

𝑛
)) − arcsin(𝛼(𝑖 − 1

𝑛
)) ,

𝑖 = 1, 2, . . . , 𝑛.

(15)

These operators, with the generated weighting vec-
tors, are applied in the aggregation of similarities.

2.3. Similarity Measures. In this paper we use similarity
measures in a generalized Łukasiewicz-structure (see [50]) to
compare objects. The motivation for this choice is that it has
been shown that, in Łukasiewicz-structure, themean ofmany
similarities is a similarity [51]. Also this approach has been
previously used in determining similarities implemented in
similarity classifiers; see details in [21, 22]. By choosing the
Łukasiewicz-structure, two objects can be compared for all
participating features. Let 𝑥

1
and 𝑥

2
be two objects in a

set 𝑋 with entries across all features 1, 2, . . . , 𝑛. We can get
𝑛 similarities, when the two objects are compared, that is,
𝑥
1
(𝑖) ↔ 𝑥

2
(𝑖), 𝑖 = 1, 2, . . . , 𝑛. Thus, we have the similarity,

𝑆⟨𝑥
1
, 𝑥
2
⟩ between 𝑥

1
and 𝑥

2
defined as follows [50]:

𝑆 ⟨𝑥
1
, 𝑥
2
⟩ =

1

𝑛

𝑛

∑

𝑖=1

𝑥
1
(𝑖) ←→ 𝑥

2
(𝑖) . (16)

An equivalence relation, 𝑥
1
↔ 𝑥
2
, between two objects in

Łukasiewicz-structure was defined in [52] as 𝑥
1
↔ 𝑥
2
=

1 − |𝑥
1
− 𝑥
2
|. It was shown in [50] that this relation can be

generalized as

𝑥
1
←→ 𝑥

2
= (1 −


𝑥
𝑝

1
− 𝑥
𝑝

2


)
1/𝑝

. (17)

Combining (16) and (17) leads one to a similarity measure,
which can be used to calculate the similarity between two
vectors with 𝑛 objects. This has been earlier discussed in [50]
and further applied in [11, 12, 21]. Thus, with the arithmetic
mean, we can write the similarity between two objects 𝑥

1
and

𝑥
2
as

𝑆 ⟨𝑥
1
, 𝑥
2
⟩ =

1

𝑛

𝑛

∑

𝑖=1

(
𝑝

√1 −
𝑥1 (𝑖)

𝑝

− 𝑥
2
(𝑖)
𝑝) , (18)

where 𝑝 is the parameter for the similarity measure in the
generalized Łukasiewicz-structure.

Several other means can be used instead of the arithmetic
mean in (18). With the generalized mean, a modification can
be made to include the parameter𝑚 in the generalized mean
to obtain

𝑆 ⟨𝑥
1
, 𝑥
2
⟩ = [

1

𝑛

𝑛

∑

𝑖=1

(
𝑝

√1 −
𝑥1 (𝑖)

𝑝

− 𝑥
2
(𝑖)
𝑝)

𝑚

]

1/𝑚

. (19)

If one replaces the generalized mean with the Bonferroni
mean one arrives at a similarity with the following form:

𝑆 ⟨𝑥
1
, 𝑥
2
⟩ =

1

𝑛

[

[

𝑛

∑

𝑖=1

(1 −
𝑥1 (𝑖)

𝑝

− 𝑥
2
(𝑖)
𝑝)
𝛼/𝑝

(
1

𝑛 − 1

⋅

𝑛

∑

𝑗=1,𝑗 ̸=𝑖

(1 −

𝑥
1
(𝑗)
𝑝

− 𝑥
2
(𝑗)
𝑝
)
𝑞/𝑝

)]

]

1/(𝛼+𝑞)

.

(20)

Now, to apply the Bonferroni-OWA to the similarity, the
inner mean in (20) is replaced with the OWA operator and
𝛼 = 𝑞 = 1 and the similarity can be rewritten as

𝑆 ⟨𝑥
1
, 𝑥
2
⟩ =

1

𝑛

[

[

𝑛

∑

𝑖=1

(1 −
𝑥1 (𝑖)

𝑝

− 𝑥
2
(𝑖)
𝑝)
1/𝑝

⋅ (

𝑛

∑

𝑗=1,𝑗 ̸=𝑖

𝑤
𝑗
𝑏
𝑗
)]

]

1/2

,

(21)

where 𝑤
𝑗
is a weighting vector such that ∑𝑛

𝑗=1
𝑤
𝑗
= 1 and

𝑏
𝑗
= (1 − |𝑥

1
(𝑗)
𝑝

− 𝑥
2
(𝑗)
𝑝

|)
1/𝑝 is the 𝑗th largest element of

the reordered similarity. In the next section, we explain how
classification based on the presented similarity measures is
done.

3. Similarity Classifier with Bonferroni
Mean Operators

A new Bonferroni mean based similarity classifier and its
OWAvariant are introduced in this section. Before going into
details of these new classifiers, we briefly describe the main
components typically found in similarity classifiers.

It is possible to determine the similarity between two or
more samples in a given data set; the main idea is based
on comparing samples and as a result of the comparison
providing a numerical value that represents their similarity.
Typically for similarity classifiers, resulting values closer to
1 indicate high similarity between objects and values closer
to 0 indicate low similarity. For classification tasks, the
challenge is typically the partitioning of the attribute space
in a way such that samples with the same characteristics are
allocated into the same classes; for example, see [53]. Once the
assignment of samples into individual classes is done properly
the classification procedure can proceed.

Suppose a data matrix 𝑋 ∈ [0, 1]
𝑁×𝑛 is to be classified

into 𝑁 different classes 𝐶
1
, 𝐶
2
, . . . , 𝐶

𝑁
across 𝑛 attributes,

1, 2, . . . , 𝑛. The initial step is to find mean vectors for each
class; these are often called ideal vectors; for example, for class
𝐶
𝑖
, such a vector is denoted as k

𝑖
= (V
𝑖
(1), V
𝑖
(2), . . . , V

𝑖
(𝑁)),

where the entry V
𝑖
(1) is the mean value of the elements

in the class 𝐶
𝑖
. We observe that there are several ways of

determining these ideal vectors, k
𝑖
; for example, one can use

the generalized mean; see also [31] for other methods of
computing means that can be applied as ideal vectors in this
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context. The generalized mean, as it is usable in this context,
is defined as

V
𝑖
(𝑡) = (

1

♯𝑋
𝑖

∑

x∈𝑋
𝑖

𝑥 (𝑡)
𝑚

)

1/𝑚

, ∀𝑡 = 1, . . . , 𝑛, (22)

where the parameter 𝑚 (that comes from the generalized
mean) is fixed ∀𝑖, 𝑡 and ♯𝑋

𝑖
denotes the number of samples

in class 𝐶
𝑖
. To determine to which class any arbitrary sample

𝑥 ∈ 𝑋 belongs, it is compared to the ideal vectors of different
classes. The comparison can be done by computing the
similarity for attributes in the earlier described generalized
Łukasiewicz-structure [50]. The similarity between a sample
x and an ideal vector of a given class k with the Bonferroni
mean based similarity measure is given by

𝑆 ⟨x, k⟩ = 1

𝑛

[

[

𝑛

∑

𝑡=1

(1 −
𝑥 (𝑡)
𝑝

− V (𝑡)𝑝)
𝛼/𝑝

⋅ (
1

𝑛 − 1

𝑛

∑

𝑗=1,𝑗 ̸=𝑡

(1 −

𝑥 (𝑗)
𝑝

− V (𝑗)𝑝

)
𝑞/𝑝

)]

]

1/(𝛼+𝑞)

(23)

for x, k ∈ [0, 1]
𝑛, where 𝑝 is a parameter from the similarity

measure and 𝛼 and 𝑞 are parameters from the Bonferroni
mean operator; see [1]. In the same manner, we write the
similarity measure with the Bonferroni-OWA as

𝑆 ⟨x, k⟩ = 1

𝑛

[

[

𝑛

∑

𝑡=1

(1 −
𝑥 (𝑡)
𝑝

− V (𝑡)𝑝)
1/𝑝

⋅ (

𝑛

∑

𝑗=1,𝑗 ̸=𝑡

𝑤
𝑗
𝑏
𝑗
)]

]

1/2

,

(24)

where 𝑤
𝑗
is a weighting vector such that ∑𝑛

𝑗=1
𝑤
𝑗
= 1 and

𝑏
𝑗
= (1 − |𝑥(𝑗)

𝑝

− V(𝑗)𝑝|)1/𝑝 is the 𝑗th largest element of the
reordered similarities.

The sample 𝑥 ∈ 𝑋 is assigned to a class with which it has
the highest similarity value, for example, in accordance with

𝑆 ⟨x, k⟩ = max
𝑖=1,...,𝑛

𝑆 ⟨x, k⟩ . (25)

A pseudocode algorithm from the main part of the process is
given in Algorithm 1.

In order to use similarity with the Bonferroni-OWA in
Algorithm 1 we need to replace 𝑆(𝑘, 𝑖) with the Bonferroni-
OWA based similarity. In this case, all the other steps are the
same, but 𝑆sum1(𝑡) and 𝑆(𝑘, 𝑖) become

𝑆sum1 (𝑡) = sum (𝑤
𝑗
(𝑘, [1 : 𝑡 − 1, 𝑡 + 1 : 𝑛])

⋅ 𝑏
𝑗
(𝑘, [1 : 𝑡 − 1, 𝑡 + 1 : 𝑛])) ,

𝑆 (𝑘, 𝑖) =
1

𝑛
[sum (𝑆 (𝑘, 𝑖 :) . ∗ 𝑆sum1 (:))]

1/2

,

(26)

where 𝑤
𝑗
and 𝑏

𝑗
are defined in accordance with (24). For

purposes of finding 𝑤
𝑗
, different weight generating linguistic

quantifiers were used.

Require: data[1, . . . , 𝑛], ideals, 𝑝, 𝛼, 𝑞
for 𝑘 = 1 to 𝑛 do
for 𝑖 = 1 to𝑁 do
for 𝑡 = 1 to 𝑛 do
𝑆(𝑘, 𝑗, 𝑡) = [1 −

(data (𝑘, 𝑡))
𝑝

− (ideal (𝑖, 𝑡))𝑝]
1/𝑝

end for
end for

end for
for 𝑘 = 1 to 𝑛 do
for 𝑖 = 1 to𝑁 do
for 𝑡 = 1 to 𝑛 do

𝑆sum1(𝑡) =
sum (𝑆 (𝑘, 1 : 𝑡 − 1, 𝑡 + 1 : 𝑛)

𝑞

)

(𝑛 − 1)

end for
𝑆(𝑘, 𝑖) =

1

𝑛
(sum (𝑆 (𝑘, 𝑖, :)

𝛼

. ∗ 𝑆sum1 (:)))
1/(𝛼+𝑞)

end for
end for
for 𝑘 = 1 to 𝑛 do
class(𝑘) = find (𝑆 (𝑘, :) == max (𝑆 (𝑘, :)))

end for

Algorithm 1: Pseudocode for the similarity classifier with the
Bonferroni mean operator.

4. Data Sets and Obtained Results

4.1. Experimental Setting for Examination of Results. The
experiments were carried out by splitting each studied data
set into two parts, one part for training and the other for
testing. The data set divisions were repeated randomly 30

times in each experiment and the resulting classification
accuracies with corresponding means and variances (from
the thirty runs) were recorded. Individual surface plots
for each new similarity classifier variant were also plotted;
these help to identify proper parameter values. Statistical
comparison of classification accuracies from new classifiers
with accuracies from the two benchmarks was made by using
typical sample statistics (𝑡-test).

4.2. Data Sets. Data sets used in testing our new classifier
were retrieved from the UCI Machine Learning Repository
[54]. Properties of each set used, including the number of
classes and attributes and number of instances, are summa-
rized in Table 1.

Further detailed attribute information for the fertility,
blood transfusion service center, and echocardiogram data
sets is presented in Tables 2, 3, and 4.

4.3. Experimental Results. In this section we present the
obtained results from the experiments. Mean accuracies
from 30 separate runs were computed for each data set and
for each classifier combination. The resulting classification
accuracies and the variances obtained are reported in Tables
5, 6, 7, and 8 separately for each data set. For the purposes
of benchmarking the new similarity classifiers and their
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Table 1: Data sets used and their main properties.

Data set Number of
classes

Number of
attributes

Number of
instances

Fertility 2 10 100
Blood transfusion
service center 2 5 748

Echocardiogram 2 12 132
Lung cancer 3 56 32

Table 2: Fertility data set attribute information.

Attribute number Attribute name
1 Season
2 Age
3 Childish diseases
4 Accident or serious trauma
5 Surgical intervention
6 High fevers in the last year
7 Frequency of alcohol consumption
8 Smoking habit
9 Number of hours
10 Output (class attribute)

Table 3: Blood transfusion service center data set attribute informa-
tion.

Attribute number Attribute name
1 Recency: months since last donation
2 Frequency: total number of donations
3 Monetary: total blood donated in c.c.
4 Time: months since first donation
5 Donated blood or not (class attribute)

Table 4: Echocardiogram data set attribute information.

Attribute number Attribute name
1 Survival
2 Still alive
3 Age at heart attack
4 Pericardial effusion
5 Fractional shortening
6 EPSS
7 LVDD
8 Wall motion score
9 Wall motion index
10 Mult
11 Name
12 Alive at one year or not (class)

variants, we also report results obtainedwith arithmeticmean
and generalized mean based similarity classifiers.

For the fertility data set, the highest classification accu-
racy of 74.20% was obtained using the Bonferroni mean
based similarity classifier. The Bonferroni-OWA based clas-
sifier produced a classification accuracy of 70.63% with the

Table 5: Classification results with the fertility data set.

Method Mean accuracy (%) Variance
Similarity classifier with
Bonferroni-OWA using
Basic RIM quantifier 70.60 0.0073
Polynomial quantifier 70.63

⋆ 0.0068
Quadratic quantifier 69.13 0.0094
Exponential quantifier 70.40 0.0084
Trigonometric quantifier 69.40 0.0076

Similarity classifier with
(1) Bonferroni mean 74.20⋆∘ 0.0105
(2) Arithmetic mean 66.87 0.0031
(3) Generalized mean 69.07 0.0073

Table 6: Classification results with blood transfusion service center
data set.

Method Mean accuracy (%) Variance
Similarity classifier with
Bonferroni-OWA using
Basic RIM quantifier 76.91⋆∘ 3.7217 ∗ 10

−5

Polynomial quantifier 76.68
⋆∘

2.0059 ∗ 10
−5

Quadratic quantifier 76.69
⋆

4.4908 ∗ 10
−5

Exponential quantifier 76.87
⋆

4.6223 ∗ 10
−5

Trigonometric quantifier 76.78
⋆∘

3.5047 ∗ 10
−5

Similarity classifier with
(1) Bonferroni mean 76.86

⋆

1.3792 ∗ 10
−4

(2) Arithmetic mean 67.87 5.3303 ∗ 10
−4

(3) Generalized mean 76.43 1.8604 ∗ 10
−5

Table 7: Classification results with the echocardiogram data set.

Method Mean accuracy (%) Variance
Similarity classifier with
Bonferroni-OWA using
Basic RIM quantifier 90.73

⋆

2.9190 ∗ 10
−4

Polynomial quantifier 90.56
⋆

5.4846 ∗ 10
−4

Quadratic quantifier 90.62
⋆

9.8532 ∗ 10
−4

Exponential quantifier 90.73
⋆

3.3152 ∗ 10
−4

Trigonometric quantifier 91.13⋆ 9.4470 ∗ 10
−4

Similarity classifier with
(1) Bonferroni mean 90.96

⋆

6.0096 ∗ 10
−4

(2) Arithmetic mean 86.89 8.9022 ∗ 10
−4

(3) Generalized mean 90.11 6.1582 ∗ 10
−4

polynomial quantifier variant, the generalized mean based
classifier gave the accuracy of 69.07%, and the arithmetic
mean based classifier gave the accuracy of 66.87%. Complete
results and their corresponding variances are presented in
Table 5. In the same table, computed accuracies with a star
(⋆) are statistically significantly different from the result
with the arithmetic mean based similarity classifier and
those with a circle (∘) are significantly different from the
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Figure 1:Mean classification accuracies (a) and the variances (b) obtained from the fertility data set with the Bonferronimean based classifier,
when 𝑞 = 6.

Table 8: Classification results with the lung cancer data set.

Method Mean accuracy (%) Variance
Similarity classifier with
Bonferroni-OWA using

Basic RIM quantifier 81.96 0.0052
Polynomial quantifier 81.37 0.0038
Quadratic quantifier 82.75 0.0036
Exponential quantifier 82.16 0.0027
Trigonometric quantifier 81.57 0.0033

Similarity classifier with
(1) Bonferroni mean 82.94 0.0032
(2) Arithmetic mean 82.16 0.0032
(3) Generalized mean 82.16 0.0032

results obtained with the generalized mean based similarity
classifier with a 95% confidence level. The results with
the new Bonferroni mean based similarity classifier exhibit
a statistically significant difference (improved classification
performance) to both benchmark cases. The Bonferroni-
OWA based similarity classifier that uses the polynomial
quantifier for weight generation was found to be statistically
significantly better compared to the arithmetic mean based
similarity classifier. For the rest of the Bonferroni-OWA
variants a statistically significant difference to the benchmark
cases could not be established.

Figure 1 shows the surface corresponding to the clas-
sification results received from a set of runs with different
combinations of parameter values of the parameters 𝑝 =

[0, 8] for the similarity measure and 𝛼 = [0, 8] for the
Bonferroni mean, obtained with the Bonferroni mean based
similarity classifier and the corresponding variances. The 𝑞-
value (for Bonferroni mean) was fixed at the value 6—this
value was not randomly set, but the choice was a result of

optimization performed. The best performance was reached
with 𝑝 set to approximately 6 and 𝛼 set to approximately 6.

When the new similarity classifiers were used to classify
the blood transfusion service center data set, the highest
achieved mean accuracy was 76.91% and was obtained with
the basic linguistic quantifier variant of the Bonferroni-
OWA based similarity classifier. The classification accuracy
of 76.86% was achieved with the Bonferroni mean based
similarity classifier. With this data set, all results with the
new proposed similarity based classifiers were found to
have statistically significant difference with results from the
arithmeticmean based similarity classifiermethod (indicated
with ⋆). There was also statistically significant difference
between the results from the generalizedmean basedmethod
with three variants of the Bonferroni-OWA based similarity
classifier (denoted with a circle in Table 6). Figure 2 shows
how different combinations of the values for parameters 𝑝
and 𝛼 affect the resulting classification accuracy and the
corresponding variance of the classification accuracy.

With echocardiogramdata set, the highest achievedmean
classification accuracy was 91.13%, obtained by using the
trigonometric linguistic quantifier variant of the Bonferroni-
OWA based similarity classifier. The Bonferroni mean based
similarity classifier gave a mean accuracy of 90.90%. All
results received with the new proposed similarity classifiers
and their variants were statistically significantly different
from the results obtained by using the arithmetic mean based
similarity classifier, at a 95% confidence level. Statistically
significant difference could not be verified between the
new methods and the generalized mean based approach.
In Table 7 mean accuracies and variances are reported for
all new similarity classifiers and their variants and for the
benchmark cases (⋆ indicates that achieved accuracies are
statistically significantly different from accuracies obtained
with the arithmetic mean based classifier (this is explained
in the text)).

Figure 3 shows how different parameter value combina-
tions affect the mean classification accuracy and the variance
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Figure 2: Mean classification accuracies (a) and the variances of the accuracies (b) obtained from the blood transfusion service center data
set with the Bonferroni-OWA based similarity classifier with the basic linguistic quantifier variant.
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Figure 3:Mean classification accuracies (a) and the variances (b) obtained from the echocardiogramdata set with the trigonometric linguistic
quantifier variant of the Bonferroni-OWA based similarity classifier.

of the accuracy, when the trigonometric linguistic quantifier
variant of the Bonferroni-OWA based similarity classifier is
used.

When the lung cancer data set was examined, the highest
achieved mean accuracy was 82.94% and was obtained
with the Bonferroni mean based similarity classifier. We
obtained classification accuracy of 82.75% with the best
functioning quadratic linguistic quantifier variant of the
Bonferroni-OWA based similarity classifier. Detailed results
are presented in Table 8. Statistically significant difference
could not be verified between the new methods and the
benchmark cases. Figure 4 shows how different parameter
value combinations affect the mean classification accuracy
and the variance of the accuracy, when the Bonferroni mean
based similarity classifier is used. To produce the figure the
parameter 𝑞 (in the Bonferroni mean) was fixed at 𝑞 = 3

after a set of experimental runs to optimize performance.The
highest accuracy reportedwas achievedwith𝑝 = 4 and𝛼 = 4.

In Table 9 we summarize the best achieved mean clas-
sification accuracies with the new similarity classifiers (and
variants) and both the benchmark cases. As can be seen
from the table there is no clear “winner,” but for all cases
the new proposed similarity classifiers outperformed the
benchmark cases; specifically the Bonferroni mean based
similarity classifier was the best in two out of four cases
and also for the remaining two cases beat both benchmark
cases. In a way the overperformance with regard to the
selected benchmarks might have been expected, as both the
benchmarks are subcases of the Bonferroni mean.

5. Discussion

In this paper we have proposed a new Bonferroni mean
based similarity classifier and a new Bonferroni-OWA based
similarity classifier with five variants that are based on differ-
ent linguistic quantifier based weight generation schemes for
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Table 9: A summary of classification accuracies for each of the similarity classifiers.

Data set Bonferroni mean
based classifier

Bonferroni-OWA
based classifier

Generalized mean
based classifier

Arithmetic mean
based classifier

Fertility 74.20% 70.63% 69.07% 66.87%
Blood transfusion 76.86% 76.91% 76.43% 67.87%
Echocardiogram 90.96% 91.13% 90.11% 86.89%
Lung cancer 82.94% 82.75% 81.57% 82.16%
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Figure 4: Mean classification accuracies (a) and the variances (b) obtained from the lung cancer data set with the Bonferroni mean based
similarity classifier, when 𝑞 = 3.

theOWAused in the classifier.The classification performance
of the proposed new similarity classifiers was tested on
four real world medical data sets, for each of which thirty
sets of runs were made and the mean average classifica-
tion performance was recorded. As a benchmark, we have
compared the results from the proposed new similarity
classifiers with two previously presented similarity classifiers,
based on the generalized mean and on the arithmetic mean.
The mean classification performance of the proposed new
similarity classifiers was better than the performance of the
benchmarks; however, not on all data sets was the difference
in performance statistically significant. Nevertheless, there
is evidence that suggests that the proposed new similarity
classifiers perform at least as well as and often better than
the benchmark similarity classifiers. We note that the perfor-
mance of these classifiers is data dependent.

Future research on the subject of similarity classifiers,
multiclassifier approach, could be considered where each
classifier would have one vote on samples class and the
final class of the sample is decided by the consensus of the
classifiers.
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