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A modified hierarchical spatiotemporal dynamical system model (tree model) is utilized 

to study turbulence modulation caused due to the insertion of a dispersed phase particle 

in turbulent field. Multiscale nature of the problem combined with the interaction among 

different phases makes the handling of turbulent dispersed phase multiphase flows 

intricate and computationally costly. Navier-Stokes equations, describing the turbulent 

flow evolution are highly complex for numerical solution techniques and even more 

challenge is added in case of high Reynolds numbers. Shell models are simplified 

dynamical models, which imitate the behaviour of the Navier-Stokes equations in time 

domain. They are capable of capturing many fundamental features of turbulence, such as 

the intermittency and the anomalous scaling of the turbulent energy cascade mechanism, 

with striped-down system of coupled nonlinear ordinary differential equations. They offer 

an efficient tool for studying the high Reynolds number turbulence. The focus of this 

work is the utilization of a hierarchical shell model, a tree model with one spatial 

dimension and time, for the study of turbulent energy dissipation rate in the direct vicinity 

of dispersed phase particle. Tree models put forward a new approach in handling the 

particle-turbulent field interface enabling both temporal and spatial fluctuations of 

turbulent energy cascade in high Reynolds number cases. In this thesis work, for the first 

time, a solid particle is applied in those models to study the distribution of the energy 

dissipation reproduced by common dynamical models of turbulence. Two different tree 

models, namely A and B, are considered, which have different number of nonlinear 

interactions. The models are modified to take into account the presence of dispersed 

phase. The model performance is studied, as different sizes of particles larger than 

Kolmogorov length scale are inserted in sustained or decaying turbulence. The study of 

time-averaged spatially resolved energy dissipation rate shows local augmentation near 

the particle surface compared to the farther locations. The amount of the augmentation is 

found to be proportionally dependent of the size of the particle, and it is effective in the 

range of 1-1.5 particle diameters from the particle surface.  The results are compared to 

the studies found in literature. For comparison, also some computational fluid dynamics 

(CFD) simulations are performed using the computer package of ANSYS-Fluent. 

Furthermore, shell model simulations are performed with dual particles separated by 

certain distances of one to three particle diameters in forced turbulence. Dissipation 

escalation is detected at the particle surfaces. The energy dissipation rate in the mid-

distance of the particles is found to be lower than that at the particle surfaces and it 



decreases as the distance between particles increases. Furthermore, simulations with 

variable Reynolds number, Re~1/ν as 104, 5×104, and 106, are studied for unladen and 

particle laden cases. Larger dissipation rise near particle surface is observed for smaller 

Re, when the particle size is the same compared to the Kolmogorov length scale. If the 

physical particle size is kept the same, dissipation rise at the particle surface is found to 

be similar for different Reynolds numbers. Velocity field structure functions are 

employed to study the scaling properties of the model with particle insertions using 

extended self-similarity (ESS) method to find the scaling exponents of the structure 

functions. Results are compared to the unladen case and the values from literature. 

Intermittency was detected in unladen and laden simulations of both models A and B. For 

model A, higher levels of intermittency were discovered in comparison to model B. The 

comparison of simulations using model B with variable particle sizes revealed larger 

degree of intermittency in larger particle sizes. The impact of the current research is in 

introducing a new insight into the numerical modelling of highly turbulent flows in two-

phase flows, which are computationally challenging or costly using conventional CFD 

techniques. 

Keywords: Dynamical system approach; Hierarchical shell model; Spatiotemporal tree 

model; Dispersed phase multiphase system; High Reynolds number turbulence; 

Turbulent energy dissipation 
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Nomenclature 

In the present work, variables and constants are denoted using slanted style, vectors are 

denoted using bold regular style, and abbreviations are denoted using regular style. 

 

Latin alphabet 

a constant – 

b constant – 

c constant – 

D energy dissipation moment – 

d constant – 

dP dimensionless particle diameter – 

E dimensionless energy – 

e constant – 

F dimensionless force – 

f constant – 

H dimensionless helicity – 

i imaginary unit – 

j spatial index – 

k wavenumber – 

L characteristic length m 

Ld dimensionless domain length – 

l dimensionless length scale – 

lI integral length scale – 

lK Kolmogorov length scale – 

N total number of shells – 

n shell number – 

p order of moment – 

r space vector – 

r  length of r – 

S velocity structure function – 

T number of time steps – 

t dimensionless time – 

U  velocity m/s 

u dimensionless velocity – 

x x-coordinate (width) – 

Z dimensionless enstrophy – 
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Greek alphabet 

 

α constant – 

β constant – 

δ difference – 

δi,j Kronecker delta – 

ε, ϵ dimensionless energy dissipation rate – 

ζ scaling exponent – 

η dimensionless energy dissipation density – 

λ shell spacing parameter – 

ν dimensionless kinematic viscosity – 

Σ sum – 

τ eddy turnover time - 

ψ wavelet - 

ω specific rate of dissipation of turbulent kinetic energy 1/s 

Dimensionless numbers 

Re Reynolds number 

Superscripts 

s helicity sign 

* complex conjugate 

‘ neighbor 

“ second neighbor 

Subscripts 

abs absolute value 

I integral (length scale) 

K Kolmogorov (length scale) 

P particle 

T Taylor microscale 

ref reference 

Abbreviations 

1D one dimensional 

2D two dimensional 

3D three dimensional 

ca circa 

CFD computational fluid dynamics 

DES detached eddy simulation 

DNS direct numerical simulation 
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GOY Gledzer-Ohkitani-Yamada (model) 

IBM immersed boundary method 

JPL Jet Propulsion Laboratory 

K41 Kolmogorov’s theory of 1941 

LES large eddy simulation 

log logarithm 

MSSS Malin Space Science Systems 

NASA National Aeronautics and Space Administration 

NS Navier-Stokes 

ODE ordinary differential equation 

PIV particle image velocimetry 

pdf probability density function 

RANS Reynolds averaged Navier-Stokes 

SwRI Southwest Research Institute 

URANS unsteady RANS 
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1 Introduction 

The complexity in the modeling of particulate turbulent multiphase flows arises from the 

broad band of spatial and temporal scales involved compounded with the interaction 

among phases, especially in case of high Reynolds numbers. The solution process of the 

Navier-Stokes equations is very challenging and computationally costly. Shell models 

offer a new unique perspective to high Reynolds number turbulence in dispersed phase 

multiphase systems. Imitating the Navier-Stokes equations, shell models capture the 

fundamental characteristics of turbulence, such as intermittency and the anomalous 

scaling of the energy cascade with reduced number of degrees of freedom to solve. 

The main issue throughout the extensive research field of turbulent multiphase flow 

systems existing in nature, biology and engineering, is the need to develop models capable 

of capturing the details of flow to understand the mutual effects of phases. Achieving 

such knowledge in dispersed phase flows will yield important practical applications that 

can potentially increase the efficiency, lower the cost, advance the safety and reduce the 

pollutant emissions in industry. The models for turbulent multiphase flows can be 

examined through laboratory-scale experiments, computationally harnessing the 

calculation power of supercomputers to solve the complexities of the flow field or 

theoretically by using the analytical solution of mathematical equations. The advantages 

and challenges in experimental, numerical and theoretical studies of the particle-

turbulence interaction dynamics are addressed by Balachandar and Eaton (2010) and 

Bourgoin and Xu (2014). Experiments are designed for specific cases and the 

generalization is not always straight forward. Also, the experimental measurements in 

two phases are not trivial. Especially, the carrier-phase velocity close to the particle 

surface and the energy dissipation rate are challenges for any experimental measurements. 

Computational methods play the major role in handling the multiphase flow applications. 

Computational resources needed for solving full Navier-Stokes equations for all the 

phases in turbulent multiphase flows are extremely costly, which seems to be out of reach 

for decades despite the rapid progress in computational power. Direct numerical 

simulation (DNS) techniques have been developed to solve the motion of fluid around 

individual particles. However, in real natural systems and engineering applications, DNS 

techniques are restricted to rather low Reynolds numbers. Therefore, simplifications are 

needed in modelling of turbulent multiphase flows. A thorough understanding of the 

turbulent dynamics of individual particles is necessary for the development of turbulent 

multiphase flow modelling.   

Modulation of local dissipation properties in the turbulent field due to the particle 

insertion is one of the main effects of particles on the turbulence (Saber et al. 2015). A 

few studies in the broad research field of multiphase flows have concentrated on the 

turbulence modulation in the vicinity of particle surface. These experimental and 

numerical simulation studies regarding the turbulent energy dissipation modulation due 

to the finite size particles in turbulent field are reviewed in Chapter 2 and summarized in 

Table 1. Burton and Eaton (2005) performed a DNS study of a single particle in decaying 

turbulence and found enhanced dissipation near particle surface about 20% higher than 
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that of unladen case. In this thesis, the turbulent hierarchical spatiotemporal dynamical 

system model (tree model) with one spatial dimension is investigated for the energy 

dissipation fluctuations in the presence of spatially localized obstacle in case of high 

Reynolds numbers. The hierarchical shell models, capable of reaching high Reynolds 

numbers, offer a new fascinating perspective to dispersed phase multiphase flows. Shell 

models are phenomenological models developed to capture the turbulent energy cascade 

in high Reynolds numbers with stripped-down system of coupled nonlinear ordinary 

differential equations. A spatial dimension is achieved by transforming the original chain 

model to a tree model with hierarchical structure, which makes the shell model suitable 

for investigating local dissipation effects caused by dispersed particles located in 

turbulent field. The objective of this work is to investigate a hierarchical shell model for 

the modulation of the energy dissipation fluctuations on the small-scales, caused by 

spatially localized particle, which blocks the energy from flowing to smaller and smaller 

scales. 

The model utilized in this thesis is the turbulent hierarchical shell model proposed by 

Benzi et al. (1997) with the modification made to take into account the insertion of finite 

size dispersed phase particle. Two models, namely model A and model B, with variable 

interaction ranges in physical dimension are being considered. The effect of particle size 

on the dissipation signal, along with the scaling properties of turbulence with particle 

insertion, is studied through model simulations for long enough time spans (Sikiö and 

Jalali 2014, Sikiö et al. 2017a, Sikiö et al. 2017b). Also, particle pairs are studied for the 

mutual interaction of the particles in turbulent model domain separated by certain 

distances (Sikiö et al. 2017a). Furthermore, particle laden simulations with variable 

Reynolds number, Re~1/ν as 104, 5×104, and 106, are investigated (Sikiö et al. 2017c). As 

the major part of the content of this thesis is published in papers (Sikiö and Jalali 2014, 

Sikiö et al. 2017a, Sikiö et al. 2017b, Sikiö et al. 2017c), it should be remarked, that P. 

Sikiö has been the corresponding author of all papers. The simulation code was 

substantially developed by P. Sikiö with the supervision of Dr. Jalali, who continuously 

supervised via discussions for planning and analysing simulations, their results and 

postprocessing. In the first paper (Sikiö and Jalali 2014), Dr. Jalali contributed in 

developing the scope of the paper and also commenting prior to the submissions to the 

journal. In all other papers (Sikiö et al. 2017a, Sikiö et al. 2017b, Sikiö et al. 2017c), Dr. 

Jalali and Dr. Tynjälä both contributed in all stages from planning the scope to the pre-

submission reviews of the articles. The contribution of P. Sikiö was to conduct the 

simulations and analysing and postprocessing of the simulation data with writing the 

papers. 

This thesis is organized as follows. Chapter 2 provides a quick glance to the research field 

associated with this thesis including a brief literature review of the present knowledge of 

the turbulence modification by dispersed phase particles. In Chapter 3, the two models 

used in this work are described in details and the modifications for the insertion of the 

dispersed phase particle in the models are explained. Also, the energy dissipation 

quantities used in the study are delineated and numerical implementation for the studied 

cases is presented. Chapter 4 introduces the results of the studied cases with discussions 
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of the scaling properties of the turbulence produced by the models in unladen and particle 

laden simulations, and the energy dissipation rate modifications due to the particle 

insertions. Finally, conclusions appear in Chapter 5. 
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2 State of the art 

2.1 Turbulence 

 Turbulence as a phenomenon 

Turbulence is an intriguing challenge studied over a century (Lumley and Yaglom 2001). 

Turbulence is chaotic, irregular, unpredictable, irreversible disorder, yet statistically well-

organized containing eddies, that constitute a hierarchy over a wide range of scales. It 

exists in numerous examples in nature and engineering applications. It is astonishing, how 

this complex phenomenon can be encountered in very different systems at huge range of 

scales, starting from galaxies and solar system, through atmospheric and oceanic scales 

as well as various industrial scale flows, up to the scale of blood flow in the human body. 

Figure 2.1. shows the giant turbulent streams in the atmosphere of Jupiter (NASA/JPL-

Caltech/SwRI/MSSS/Sergey Dushkin 2017), as a classic natural example of turbulent 

flows found in a gas giant. Geophysical turbulence is essential, when it comes to the 

prediction of atmospheric and oceanic phenomena, such as the motion of water in creeks, 

rivers and ocean currents, cloud formation in the atmosphere or for instance volcanic 

eruption. Turbulence is to be considered also in multiple engineering flow applications, 

like flow around submarine, automobiles and aircraft wings, industrial pipe flows, mixing 

of fuel and air in combustion process, or cooling enhancement in engineering systems. It 

also affects biological systems, like speech production or cardiovascular system.  

Complexity of turbulence phenomenon arises from the random, chaotic, and highly 

unpredictable behaviour of flow quantities, such as velocity and pressure at wide-ranging 

temporal and spatial scales. Intricacy is even increased, when a second phase is added in 

the flow. Our interest is in turbulent dispersed phase multiphase flows, meaning a 

continuous fluid phase laden with particles, drops or bubbles. Interaction between 

dispersed phase elements and turbulence plays an important role in a variety of turbulent 

applications occurring in nature and technology. Examples in our environment include 

formation of rain and snow, sediment transport in rivers and seas, avalanches and mud 

slides, sand storms, clouds and the transport of pollutants in the atmosphere. 

Understanding the properties of these flows and the interaction between the dispersed 

phase and the fluid phase can help in predicting and controlling these environmental 

phenomena. Technical and industrial applications are countless, such as pneumatic 

conveying systems, chemical engineering, food and medical applications, energy 

production systems, including fluidized bed combustion, fuel injection in engines, 

gasification of organic or fossil fuel, vapour generators and heat exchangers. Prediction 

of these flows is essential in improving these industrial processes and energy efficiency 

or reducing pollutant emissions of the processes. 
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Figure 2.1: Turbulent storm patterns in the atmosphere of Jupiter taken by NASA’s Juno 

spacecraft. NASA/JPL-Caltech/SwRI/MSSS/Sergey Dushkin 2017. 

 Basic characteristics of turbulence 

Transition from a smooth, regular and constant fluid motion, namely laminar flow 

towards turbulent disordered regime takes place when Reynolds number Re of the flow 

grows sufficiently. Reynolds number is a dimensionless quantity brought out by Osborne 

Reynolds in the 19th century through experimental studies (Reynolds 1883), defined as 

the ratio of the inertial forces to the viscous forces  

Re=UL/ν,    (2.1) 

where U and L are velocity and characteristic length of the flow, respectively and ν is the 

kinematic viscosity. Reynolds number is independent of the scale of the flow.  
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Besides disorder and irregularity, another characteristic feature of turbulence is the 

formation of eddies at the length scales of the flow boundaries (largest scales) along with 

the intermediate and smaller scales. In fact, vortical structures in turbulent flow were 

pictured by Leonardo da Vinci nearly 400 years before Reynolds, as presented in Fig. 2.2. 

Leonardo’s description found in his note book for turbulence is one of the very first 

descriptions of turbulence, or “turbolenza” as da Vinci named this intricate fluid 

behaviour  

“...thus the water has eddying motions one part of which is due to the 

principal current, the other to the random and reverse motion. ...the smallest 

eddies are almost numberless, and large things are rotated only by large 

eddies and not by small ones and small things are turned by small eddies 

and large" (Richter et. al 1970) 

 

Figure 2.2: Eddying motion in water sketched by Leonardo da Vinci in ca 1508-1513. Royal 

Collection Trust/ © Her Majesty Queen Elizabeth II 2016. 
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In the turbulent flow eddies move around, undergo stretching and twisting and exchange 

energy and momentum, while interacting nonlinearly with each other. The largest eddies, 

associated with the low frequency fluctuations extract their energy from the mean flow. 

As these eddies undergo vortex stretching, smaller and smaller eddies of higher frequency 

levels, with shorter and shorter eddy turnover times are generated. Thus, the energy flows 

from the largest scales via the hierarchy of eddies to the smallest scales. This process is 

called turbulent energy cascade, which is sometimes referred to as Richardson cascade 

according to Lewis Fry Richardson, who first introduced the idea in 1992:  

“We realize thus that: big whirls have little whirls that feed 

on their velocity, and little whirls have lesser whirls and so 

on to viscosity” (Richardson 1992) 

At the smallest scales, the kinetic energy of the flow is dissipated into internal energy 

through the work of flow against the viscous stresses. Due to the highly dissipative nature 

of turbulence, to maintain it, a source of energy is needed at the large scale. This cascade 

of energy is sketched in Fig. 2.3. (Frisch 1995, Tennekes and Lumley 1972) 

 

Figure 2.3: Schematic picture of turbulent energy cascade. 

 Turbulence as a dynamical system 

The papers of Andrei Nikolaevich Kolmogorov published in 1941 (Kolmogorov, 1941 a-

c) are considered to be the basis of the present understanding of high Reynolds number 

turbulence as a dynamical system (Frisch, 1995). They present a viewpoint for the 

determination of kinetic energy transfer across the whole range of scales up to the 

dissipative end of the spectrum. Eddies at large scales, called integral length scales 

(labelled with lI) have the length of the flow boundaries. The Reynolds number of these 

scales is in the order of the flow. Accordingly, viscosity is insignificant and no dissipation 

takes place on these large scales. Consequently, their energy is transferred to smaller 
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scales, where the viscosity becomes dominant resulting energy dissipation. In small 

length scales (high frequency scales) eddies become homogenous and isotropic. They are 

independent of large scale motion. The first Kolmogorov similarity hypothesis 

(Kolmogorov, 1941a) states, that the small scales have a universal form.  The smallest 

dissipative scales are determined simply by two governing parameters, the fluid kinematic 

viscosity ν and turbulent energy dissipation rate ε. The smallest dissipative scale of 

turbulence, called Kolmogorov length scale, is defined as 

lK= (ν3/ε)1/4.    (2.2) 

Kolmogorov’s second similarity hypothesis (Kolmogorov, 1941a) concerns the scales l 

in a range much smaller than the energy containing scales at which turbulence is 

generated and much larger than the Kolmogorov dissipative scales lK << l << lI, known 

as the inertial subrange. According to this hypothesis, in these scales, turbulence statistics 

are universal and controlled only by the wavenumber k=l-1, and dissipation rate ε. These 

hypotheses lead to the famous -5/3 law of Kolmogorov which states that at the inertial 

subrange, energy spectrum of turbulence is a function of wavenumber as  

E(k) ~ ε2/3 k-5/3.   (2.3) 

This k-5/3 law is supported by experimental and numerical data. (Frisch, 1995; Jiménez, 

2004) 

Kolmogorov’s theory has also it’s deficiency as it assumes scale-invariant statistics in the 

inertial range. This self-similarity of the energy cascade is not supported by experiments. 

Scaling can be studied via the structure functions Sp(r) of the velocity increments δru = 

u(x+r)-u(x) at scale r in the inertial range as 

𝑆𝑝(𝐫) = 〈|𝛿𝑟𝑢|
𝑝〉~𝑟𝜁(𝑝),   (2.4) 

where x is the position, r is the space vector, u is the component of the velocity in the 

direction of r, ζ(p) is the scaling exponent and the angular brackets denote time averaging. 

Kolmogorov’s scale similarity assumption leads to the prediction  

〈|𝛿𝑟𝑢|
𝑝〉~(휀𝑟)𝜁(𝑝),   (2.5) 

where the scaling exponent takes the value ζ(p) = p/3. This statistical theory of turbulence 

by Kolmogorov is often referred as K41. However, experimental values of scaling 

exponents diverge from the linear K41 prediction p/3 (Benzi et al. 1993, Eyink 2008). 

With increasing the order p, the scaling exponents become noticeably lower than K41 

prediction, showing the non-linear behaviour. This anomalous scaling indicates that the 

energy cascade from large to small scales is strongly intermittent inconsistent with the 

Kolmogorov’s self-similarity assumption. In dynamical systems, intermittency can be 

observed as calm periods that are interrupted by singular events (bursts) that occur 

chaotically. (Frisch 1995, Jiménez 2004) 
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The urge to gain fundamental understanding of the intermittent energy cascade from large 

scale eddy structures to the small-scale eddies in turbulent field motivated the 

development of shell models, which are a class of dynamical deterministic models 

(Biferale 2003). Origin of shell model study goes back to the 1970’s, when Lorenz (1972), 

Siggia (1978) and Russian school (Desnyansky and Novikov 1974, Gledzer 1973) started 

the study of these fascinating models. The shell models are capable of depicting the 

phenomenon of high Re turbulent energy cascade with a moderate computational cost by 

considering a discrete set of wave vectors, a shell, in Fourier space and describing the 

evolution of the shell variables by a coupled set of nonlinear ordinary differential 

equations. These shells can be thought of as counterparts of eddies, as the energy is 

injected at large scale shells, transformed through different scale shells and finally 

dissipated at the smallest scale shells. Interest on shell models was raised, when another 

outstanding feature was found, namely the displaying of the energy cascade intermittency 

with scaling exponents deviating from Kolmogorov’s non-intermittent prediction 

(Pouquet et al. 1984, Ohkitani and Yamada 1989, Jensen et al. 1991). These models, that 

are developed to mimic the Navier-Stokes equations, were considered to yield a 

meticulous description of turbulent phenomenon, with less computational effort 

compared to numerical simulations of full Navier-Stokes equations, even in case of high 

Re. These models are of our interest in this research work. 

 Turbulence modelling 

It is commonly agreed that theoretical description of turbulence is covered by Navier-

Stokes (NS) equations, developed by Claude-Louis Navier and Gabriel Stokes in 19th 

century. The NS equations are partial differential equations, whose nonlinearity and 

strong dependency from initial and boundary conditions make them extremely 

challenging or impossible to find exact solutions for all the wide ranging turbulent length 

scales. Analytical solutions to NS equations are practically excluded because of all the 

complexities, so the possible ways to utilize them for turbulence study are through 

simulation and approximation. 

Direct numerical simulation (DNS) is fully deterministic approach for turbulence, where 

the time-dependent NS equations are numerically solved for the spectrum of energy scales 

from container scale to the tiny dissipative eddies scales. As the number of scales to be 

resolved increases with the Reynolds number, DNS becomes computationally very costly 

requiring large number of grid points and very short time scale. So, the DNS method is 

reasonably usable only for cases with low Re and simple flow configurations. It is also a 

useful tool in the development of other methods for the treatment of turbulence in real 

physical applications.  

Fully statistical methods are often used for engineering purposes. These methods seek the 

statistical evolution of the flow and require fluctuations modelling. One such approach is 

Reynolds-averaged Navier-Stokes (RANS) equations (Reynolds 1895), in which only the 

time-average of the flow equations is solved and modelling is needed to deal with the 

fluctuation part.  Examples of modelling approaches for RANS are zero-equation models, 
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like Boussinesq eddy-viscosity approximation (Boussinesq 1877) and Prandtl’s mixing-

length hypothesis (Prandtl 1925), two-equation models K-ε (Launder and Spalding 1972) 

and K-ω (Kolmogorov 1942) and Reynolds stress equation model (Chou 1945, Rotta 

1951). Such models are commonly in use for many industrial flow applications and a lot 

of work is acquired constantly to find the model parameters for the new complex flow 

geometries.  

Semi-deterministic methods for turbulent flows are useful, when there is a need for 

resolving the time-dependency of the flow field with less computational resources than 

DNS. One such unsteady simulation method is Large Eddy Simulation (LES) 

(Smagorinsky 1963), where large energy-containing scales are computed and the 

influence of the smaller scales is covered by subgrid-scale models. For high Reynolds 

number flows this is still computationally quite demanding and other methods have been 

developed, which can be seen as mixtures of LES and RANS, like Detached Eddy 

Simulation (DES) (Spalart et al. 1997), Unsteady RANS (URANS) and Hybrid LES-

RANS.  

Dynamical systems approach offers another point of view in turbulence study. Shell 

models (Bohr et. al. 1998, Biferale 2003) are such dynamical systems, that introduce a 

simpler way to capture the fundamental mechanism of the turbulent energy cascade, with 

the intermittent scaling exponents. They are constructed to imitate the full Navier-Stokes 

equations in Fourier space and are capable of catching the phenomenon of turbulence by 

a limited number of ordinary differential equations (ODEs). The advantage of shell 

models is the reasonable number of degrees of freedom at high Reynolds numbers, 

growing only logarithmically with Re, whereas for DNS it is Re9/4. Shell models are useful 

tool for the study of energy cascade time properties, but turbulence is also a phenomenon 

of many spatial scales. For that reason, a spatio-temporal shell model in one space 

dimension, was introduced by Benzi et al. (1996). This model is the one that is modified 

here for the insertion of dispersed phase particle in turbulent field. 

 Turbulent modulation in dispersed phase two phase flow  

If the modelling of single phase turbulent flows is challenging, even more complexity is 

added with the second phase. Our interest is in turbulent dispersed phase two phase flows, 

where the second (dispersed) phase (particles, drops or bubbles, hereafter called particles) 

is distributed within the continuous carrier phase. The turbulent dispersed-phase 

multiphase research field is broad and active with numerous experimental and numerical 

studies (Poelma and Ooms 2006, Balachandar and Eaton 2010, Saber et al. 2015, Hoque 

et al. 2016, Michaelides et al. 2017). The major challenge for modelling these flows arises 

from the particle-turbulence interaction, which is still lacking fundamental detailed 

understanding needed for the prediction of dispersed phase multiphase flows. 

The most common treatment for the dispersed-phase is the point-particle approach 

(Sundaram and Collins 1999, Naso and Prosperetti 2010, Kuerten 2016). However, point-

particle DNS is applicable only to small particle cases with diameter smaller than 
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Kolmogorov length scale of the flow (Hwang and Eaton 2006). In many practical 

particulate multiphase applications, like fluidized beds or solid transport, the particles are 

larger and the effect of finite particle size cannot be ignored. Thus, other methods are 

needed to handle the particle-fluid interaction (Volk et al. 2008). The modelling challenge 

is produced by the multiscale nature of the problem, and more challenge is added with 

increasing turbulence Reynolds number. The DNS techniques, which are developed for 

solving the flow field around each of the individual particles, are computationally 

expensive, (Balachandar and Eaton 2010, Bourgoin and Xu 2014). So, there is a need for 

better understanding of the turbulence modification produced by the particles in order to 

improve the handling of the dispersed phase and increase the efficiency of dispersed-

phase multiphase turbulence modelling.  

One of the main effects of the particles on the turbulence is the enhanced energy 

dissipation rate around the particles (Saber et al. 2015). The aim of our research lies in 

this aspect of turbulence modulation. Despite the broad research interest on turbulent 

dispersed-phase multiphase flows, only a few studies report the local dissipation effects 

around finite-size particles located in turbulent flow field in specific cases. The physical 

picture of the particle influence on the carrier fluid in two phase flows is reviewed through 

some experimental and numerical studies summarized in Table 2.1. Experimental studies 

have been carried out by Tanaka and Eaton (2010) and Hoque et al. (2016). Tanaka and 

Eaton (2010) examined the turbulence modification in case of 500μm glass, 250μm glass 

and 250μm polystyrene particles, which means about 4 and 2 times the Kolmogorov 

length scale lK, located in stationary isotropic turbulence. Taylor microscale Reynolds 

number Reλ was 127 for the unladen case. Highly elevated dissipation was discovered 

around particle, which was about three times the unladen case dissipation. Hoque et al. 

(2016) used an oscillating grid turbulence apparatus to study the turbulence modulation 

in the presence of single glass particles of diameters 1-8mm, which means about 10 to 77 

times the Kolmogorov length scale lK, when Taylor Reynolds number was 12-64. Energy 

dissipation rate was found to increase, as particle size was enlarged and it was found to 

be higher in the direct vicinity of particle surface reducing further away from particle. 

More than 70% increase in energy dissipation rate was found in the presence of particles, 

compared to the unladen case, for the larger particles (3-8mm). Also, an enhancement of 

dissipation rate in the presence of smaller (1mm) particles was observed for larger 

Reynolds numbers. Numerical simulation techniques have been used by Burton and Eaton 

(2005), Lucci et al. (2010), Naso and Prosperetti (2010), Cisse et al. (2013), Wang et al. 

(2014) and Brändle de Motta (2016), as described in Table 1. Burton and Eaton studied a 

single particle of size 2lK in decaying turbulence, with particle Reynolds number ReP 

approximately 20 and found 20% higher dissipation rate around particle inside 1.5 

particle diameter dP compared to the unladen dissipation. Lucci et al. studied moving solid 

particles (dP=16lK …35lK) in decaying turbulence with ReP=10 and found the dissipation 

rate was elevated close to the particle surface, which was larger at the front of the moving 

particle. Naso and Prosperetti (2010) studied single fixed particle (dP=8lK) in forced 

turbulence (ReP =20) and detected enhanced mean dissipation rate in the direct vicinity 

of the particle, compared to the single-phase flow simulation. Cisse et al. (2013) used 

DNS to study large spherical particles of sizes dP=17lK, 34lK and 67lK in developed 
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homogeneous turbulence (Reλ=160) and found an increased average dissipation rate 

around particle. For the case of dP=34lK it was over 2,5 times the mean kinetic energy 

dissipation rate within the range of dP from the particle surface. Wang et al. (2014) 

investigated solid free particles of size dP=8lK in forced turbulence (ReP=6…10) with 

DNS technique in Lattice-Bolzman method. They found the dissipation rate enhancement 

in the vicinity of particle to be 6 times larger than the mean dissipation rate.  

These experimental and numerical simulation studies (Table 2.1) show when finite size 

particles are placed in turbulent field, the turbulent energy dissipation rate is enhanced in 

the direct vicinity of the particle or particles inside roughly 1-1.5dP from the particle 

surface, with the amount of the enhancement varying from 20% higher to 6 times the 

reference dissipation rate of unladen case or the mean overall dissipation, depending on 

the case configuration. One of the studies (Hoque et al. 2016) has reported also particle 

size as effective factor for the amount of increase of the dissipation rate. Obviously, the 

Reynolds number has its effect on the turbulent energy dissipation. The fact is that, as the 

Reynolds number is increased, the DNS techniques need a very fine grid and a very small 

time step, making them computationally extremely costly. Shell models can handle high 

Reynolds numbers. They are constructed to mimic the real Navier-Stokes equations and 

share many features with real turbulence. However, they are not direct truncation of NS-

equations and cannot be considered as direct description for the real physical situation. 

Thus, it is complicated to compare a stationary particle implemented in shell model with 

real moving solid particles in real fluids. Our motivation for this research is to see the 

impact of the solid obstacle on the distribution of the energy dissipation in these common 

dynamical models. This is the first time such a solid defect is introduced to the shell 

models to see the effects of particle on the multi-scale dynamics of the turbulent energy 

transfer. 
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Table 2.1: Previous numerical and experimental work concerning turbulent energy 

dissipation rate modification in the vicinity of dispersed phase particle. 

 dP/lK Re Case information Conclusions 

Burton and 

Eaton 

(2005) 

2 ReP=20 DNS. Single particle and 

decaying homogenous 

isotropic turbulence. 

Dissipation at least 20% 

higher within 1.5dP from 

the particle surface 

compared to the unladen 

case. 

Lucci et al.  

(2010) 

16...35 ReP=10 DNS with an immersed 

boundary method (IBM). 

Solid spherical freely 

moving particles and 

decaying turbulence. 

Increased dissipation rate 

close to the particle 

surface, mostly in front of 

a moving particle. 

Naso & 

Prosperetti 

(2010) 

8 ReP=20 DNS with Physalis 

algorithm. Single fixed 

particle and forced 

turbulence. 

Drastically enhanced 

mean dissipation around 

the particle within 1.5dP 

from the surface. 

Tanaka and 

Eaton 

(2010) 

about 

2 and 

4 

ReT=17... 

134 

Experimental study with 

Particle image 

velocimetry (PIV). 

Particles 

(polystyrene/glass) falling 

in a turbulence chamber 

(medium: air). 

The energy dissipation 

rate was increased around 

the particle about 3 times 

of the mean dissipation 

rate of the unladen flow. 

Cisse et al. 

(2013) 

17,34 

and 67 

ReT=160 Pseudo-spectral DNS, 

with IBM for fully-

resolved particles. 

Spherical particles in 

developed turbulence. 

Average dissipation rate 

around particle within dP 

was about 2.5 times the 

mean kinetic energy 

dissipation rate, being 

slightly larger on front and 

smaller at rear of the 

particle.  

Wang et al. 

(2014) 

8 ReP=6…10 DNS with Lattice-

Boltzmann method. Non-

sedimenting solid 

particles and forced 

turbulence. 

Dissipation rates in the 

vicinity of particles 6 

times larger than the 

averaged overall 

dissipation. 

Brandle de 

Motta et al. 

(2016) 

20 ReT=73 Fictitious domain and 

penalty method based 

fully resolved particle 

simulations. Forced 

turbulence. 

Dissipation peak 2.5 times 

of the average fluid 

dissipation on the front 

side of the particle. 

Hoque et al. 

(2016) 
10…77 ReT=12...64 Experimental study with 

PIV of single glass 

particles in an oscillating 

grid apparatus. 

Dissipation rate was found 

to increase more than 70% 

in presence of large 

particles. 
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2.2 Shell models of turbulence 

 GOY shell model 

The basic idea behind shell models is to capture the rich and complex behavior of 

turbulence phenomenon described by the Navier-Stokes equations, through much simpler 

dynamical system (Bohr et al. 1998, Ditlevsen 2001). The computational benefit is gained 

by keeping only a few variables per Fourier k-space “shell”, an octave of wave numbers 

kn<│k│ <kn+1, with kn=k0λ
n, where k0 is the reference wave number and λ is shell spacing 

parameter (λ>1). The typical choice is λ=2. The coupled ordinary differential equations 

are written for the shell variables un, which can be viewed as the velocity increment 

│u(x+l)-u(x)│ on an eddy of length scale l ~ kn
-1. Alternatively, it can be interpreted as 

the characteristic energy of n-th wavenumber shell |𝑢𝑛(𝑡)|~√∫ 2𝐸(𝑘, 𝑡)𝑑𝑘
𝑘𝑛+1

𝑘𝑛
. The set 

of shell model equations describes the temporal behavior of the turbulent energy cascade. 

The evolution equations for the shell variables un have the general form as, 

𝜕𝑢𝑛

𝜕𝑡
= 𝑘𝑛 ∑𝑢𝑛′𝑢𝑛′′ − 𝜈𝑘𝑛

2𝑢𝑛 + 𝐹𝑛,   (2.6) 

including the nonlinear interaction terms (first term of the right side) as quadratic 

combinations of knun’un’’, typically restricted to the neighbor (n’) or next to neighbors 

(n’’) of shell n, the linear term for the velocity, i.e., the dissipation (second term of the 

right side), where ν is the kinematic viscosity, ν~1/Re, and finally, the forcing Fn, usually 

acting on the large-scale shells to maintain the turbulence.  

Perhaps the most exploited shell model is the GOY shell model (Gledzer 1973, Ohkitani 

and Yamada 1989). It is also the starting point for the spatio-temporal model used in this 

work.  The GOY model equations, written for one complex shell variable un, while 

conserving the energy 𝐸 = ∑ |𝑢𝑛|
2/2𝑛  are  

𝑑

𝑑𝑡
𝑢𝑛 = 𝑖𝑘𝑛 (𝑎𝑢𝑛+1

∗ 𝑢𝑛+2
∗ +

𝑏

𝜆
𝑢𝑛+1
∗ 𝑢𝑛−1

∗ +
𝑐

𝜆2
𝑢𝑛−1
∗ 𝑢𝑛−2

∗ ) − 𝜈𝑘𝑛
2𝑢𝑛 + 𝛿𝑛,𝑛0𝐹,      (2.7) 

where * stands for complex conjugate of the complex variable. The parameters a, b, and 

c are real constants satisfying the relation a+b+c=0 and 𝛿𝑛,𝑛0 is the Kronecker delta, 

which gets value 1 if n=n0 and 0 otherwise. Thus, external force F acts on the largest shell 

n0=1. A common choice is to rescale time to adjust a=1 and define b=-β and c= β -1. 

Besides energy, another quantity is conserved in inviscid and unforced case, which has 

the form  ∑ 𝑘𝑛
𝛼(𝛽,𝜆)|𝑢𝑛|

2/2𝑛 , where 𝛼 = −𝑙𝑜𝑔𝜆|𝛽 − 1|. Depending on the choice of 

parameter β, GOY model is said to be of either 2D or 3D turbulence type. For β <1 the 

type is 3D and a common choice for the parameters is β =1/2 and λ=2 (Kadanoff et al. 

1995). Thus, the conserved quantity becomes  

𝐻 = ∑ (−1)𝑛𝑘𝑛|𝑢𝑛|
2/2𝑛 ,   (2.8) 
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which can be associated with helicity. 2D type GOY model is achieved with the choice β 

>1. With the conventional option β =5/4 and λ=2 (Gledzer 1973), the conserved quantity 

is 

𝑍 = ∑ 𝑘𝑛
2|𝑢𝑛|

2/2𝑛 ,   (2.9) 

which can be interpreted as enstrophy. 

 Helical shell models 

The GOY shell model helicity shares only partial correspondence with the Navier-Stokes 

helicity. This gave the motivation for the development of helical shell models, which have 

two complex variables in each shell instead of one, transporting helicity of opposite sign 

(Biferale and Kerr 1995). In order to get the helical structure of the model closer to the 

Navier-Stokes helicity, a helical shell model is constructed as generalization of GOY 

model. The model that is the base of the hierarchical shell model utilized in this work is 

the helical shell model introduced by Biferale and Kerr (1995) and studied by Benzi et al. 

(1996), which has the dynamical equations for the shell variables as 

�̇�𝑛
+ = 𝑖𝑘𝑛(𝑎𝑢𝑛+1

+ 𝑢𝑛+2
− + 𝑏𝑢𝑛−1

+ 𝑢𝑛+1
− + 𝑐𝑢𝑛−2

− 𝑢𝑛−1
− )∗ − 𝜈𝑘𝑛

2𝑢𝑛
+ + 𝛿𝑛,𝑛0𝐹

+,     (2.10)  

�̇�𝑛
− = 𝑖𝑘𝑛(𝑎𝑢𝑛+1

− 𝑢𝑛+2
+ + 𝑏𝑢𝑛−1

− 𝑢𝑛+1
+ + 𝑐𝑢𝑛−2

+ 𝑢𝑛−1
+ )∗ − 𝜈𝑘𝑛

2𝑢𝑛
− + 𝛿𝑛,𝑛0𝐹

−,      (2.11) 

where the tree parameters, a, b and c are defined by imposing conservation of energy and 

helicity, in the inviscid and unforced limit: 

𝑑𝐸

𝑑𝑡
=

𝑑

𝑑𝑡
∑ |𝑢𝑛

+|2𝑛 + |𝑢𝑛
−|2 = 0,  (2.12) 

𝑑𝐻

𝑑𝑡
=

𝑑

𝑑𝑡
∑ 𝑘𝑛|𝑢𝑛

+|2𝑛 − |𝑢𝑛
−|2 = 0.  (2.13) 

 Spatio-temporal tree model 

Turbulent flows involve strong intermittent fluctuations in both time and real space. 

Ordinary shell models have the localization in Fourier space, where real space 

information is lost. The study of the geometrical effects in turbulent problems with shell 

models is possible through the development of 0-dimensional shell model, a chain model, 

to a dynamical tree model with spatial structure. 1-dimensional shell model is obtained 

by increasing the number of variables per shell with shell index n as 2n. This is achieved 

by performing a wavelet-like extension for the single-chain shell model to get a 

hierarchical energy cascade from large to small scales, in the reminiscent of original 

Navier-Stokes equations (Nakano 1988, Muzy et al. 1993, O’Neal and Meneveau 1993, 

Biferale 2003, Benzi et al. 1996). Accordingly, the model can be viewed to describe the 

evolution of the coefficients of an orthonormal wavelet expansion of a 1D projection of 

the velocity field as 
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𝑢(𝑥, 𝑡) = ∑ ∑ 𝑢𝑛,𝑗(𝑡)𝜓𝑛,𝑗(𝑥)
2𝑛−1

𝑗=1
𝑁
𝑛=1 .  (2.14) 

Discrete translations and dilations are used to create the complete set of wavelets 

𝜓𝑛,𝑗(𝑥) = 2𝑛 2⁄ 𝜓0,0(2
𝑛𝑥 − 𝑗), where 𝜓0,0(𝑥) is the mother wavelet. Here, the shell index 

n defines the scale and index j labels the spatial position on each shell. A schematic of 

dyadic tree structure in space-scale domain is shown in Fig. 2.4. The total length of the 

one-dimensional spatial domain is Ld=2n-1ln, where ln is the length of one tree segment, 

named a cell, covering the region Lj(n) in the range of (j-1)ln to jln with the characteristic 

length ln=kn
-1. Also, as visible in Fig. 2.4, each cell at scale n can be seen as parent for 

two others at scale n+1, which have half the length of that of the parent cell.  

 

Figure 2.4: The tree model representation of hierarchical structure of turbulent energy cascade. 

 

The dynamical equations for the tree model velocity variable un,j with helicity considered 

can be given as  

𝑑

𝑑𝑡
𝑢𝑛,𝑗
+ = 𝑖𝑘𝑛 ∑ [𝑎𝑛1,𝑛2,𝑗1,𝑗2𝑢𝑛1,𝑗1

𝑠1 𝑢𝑛2,𝑗2
𝑠2 ]

∗

− 𝜈𝑘𝑛
2𝑢𝑛,𝑗 + 𝛿𝑛0,𝑛𝐹𝑛1,𝑛2,𝑗1,𝑗2 ,       (2.15) 

where indices s1 and s2 are signs of helicity (±) and nonlinear interaction coefficients 

𝑎𝑛1,𝑛2,𝑗1,𝑗2are fixed to conserve the energy and the helicity in the inviscid and unforced 

case (Benzi et al. 1996, Biferale 2003). For 𝑢𝑛,𝑗
− , the evolution equations are written by 

reversing the helicities in the above equation. The nonlinear interaction terms are chosen 

such that locality is considered in both scale and real space domains. 
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3 Methods 

3.1 Theory and formulation 

 The tree model 

In this work, we have utilized the spatiotemporal tree model introduced by Benzi et al. 

(1997) to study the turbulence modulation triggered by a dispersed particle located in 

turbulent field. The model originates from the popular GOY shell model (Gledzer 1973, 

Ohkitani and Yamada 1989). Also, helicity is considered (Biferale and Kerr 1995, Benzi 

et al. 1996), while transforming a shell model to a hierarchical tree model in one space 

dimension. A set of complex velocity variables live in the hierarchical tree and interact 

through the connections between nearby nodes of the tree, which is sketched in Figs. 3.1 

and 3.2. The nonlinear interaction terms in the tree model equations are constructed such 

that each shell variable is allowed to interact with the variables at nearest (n-1 or n+1) 

and second-nearest (n-2 or n+2) scales. In Figs. 3.1(a)-(c) and 3.2(a)-(f) the black node 

represents the variable un,j, that is connected with solid line to the interacting nodes 

(variables).   

For spatial structure of dynamical interactions, two different models with different 

structure of interactions are considered as introduced by Benzi et al. (1997), namely 

model A and model B. In model A, the interactions among cells are vertically organized, 

meaning that a cell is connected to larger “parenting” cells, and smaller “children” cells 

(see Fig. 3.1). The corresponding evolution equations for model A are written as 

𝑑𝑢𝑛,𝑗
+

𝑑𝑡
= 𝑖𝑘𝑛{

𝑎

4
[𝑢𝑛+1,2𝑗−1

+ (𝑢𝑛+2,4𝑗−3
− + 𝑢𝑛+2,4𝑗−2

− ) + 𝑢𝑛+1,2𝑗
+ (𝑢𝑛+2,4𝑗−1

− + 𝑢𝑛+2,4𝑗
− )] +

𝑏

2
[𝑢𝑛−1,𝐽̅

+ (𝑢𝑛+1,2𝑗−1
− + 𝑢𝑛+1,2𝑗

− )] + 𝑐 (𝑢𝑛−2,𝐽̿
− 𝑢𝑛−1,𝐽̅

− )}∗ − 𝜈𝑘𝑛
2𝑢𝑛,𝑗

+ + 𝛿𝑛,𝑛0𝐹
+.            (3.1) 

In model B, local horizontal couplings among cells are also considered, which enables 

the horizontal transfer of energy between different spatial regions (see Fig. 3.2). The 

dynamical equations for model B are thus 

𝑑𝑢𝑛,𝑗
+

𝑑𝑡
= 𝑖𝑘𝑛{

𝑎

4
[(𝑢𝑛+1,2𝑗−1

+ + 𝑢𝑛+1,2𝑗
+ )(𝑢𝑛+2,4𝑗−3

− + 𝑢𝑛+2,4𝑗−2
− + 𝑢𝑛+2,4𝑗−1

− + 𝑢𝑛+2,4𝑗
− )] +

𝑏

2
[𝑢𝑛−1,𝐽̅

+ (𝑢𝑛+1,2𝑗−1
− + 𝑢𝑛+1,2𝑗

− + 𝑢𝑛+1,2𝐽−1
− + 𝑢𝑛+1,2𝐽

− )] +

𝑐 [𝑢𝑛−2,𝐽̿
− (𝑢𝑛−1,2𝐽−̿1

− 𝑢𝑛−1,2𝐽̿
− )] + 𝑑[−𝑢𝑛+1,2𝑗−1

− 𝑢𝑛+1,2𝑗
+ − 𝑢𝑛+1,2𝑗−1

+ 𝑢𝑛+1,2𝑗
− +

𝑒1𝑢𝑛,𝐽
− 𝑢𝑛−1,𝐽̅

+ + 𝑒2𝑢𝑛,𝐽
− 𝑢𝑛−1,𝐽̅

− ] + 𝑓[𝑢𝑛,𝑗+1
+ 𝑢𝑛,𝑗+2

− − 𝑢𝑛,𝑗−1
+ 𝑢𝑛,𝑗+1

− − 𝑢𝑛,𝑗−1
− 𝑢𝑛,𝑗+1

+ +

𝑢𝑛,𝑗−2
− 𝑢𝑛,𝑗−1

+ ]}∗ − 𝜈𝑘𝑛
2𝑢𝑛,𝑗

+ + 𝛿𝑛,𝑛0𝐹
+.                                                                                  (3.2) 

Similar sets of equations are constructed for 𝑑𝑢𝑛,𝑗
− /𝑑𝑡 in both models A and B with all 

helicities reversed in equations 3.1 and 3.2. The indices 𝐽 ̅and 𝐽 ̿ stand for the integer part 
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of (j+1)/2 and (j+3)/4, respectively, and 𝐽 stands for (j-1) in case of even j and for (j+1) 

in case of odd j. As an example, in Fig. 3.2(a), the variables interacting with un,j are 𝑢𝑛,𝐽
−  

and 𝑢𝑛−1,𝐽̅
− . Horizontal couplings in model B, visualized in Fig. 3.2(f) (variables un,j-2, un,j-

1, un,j+1, and un,j+2 interacting with un,j), are treated with periodic boundary condition in 

spatial dimension by connecting the first position j on each scale to the last one on the 

same scale.  

 

Figure 3.1: The tree presentation of the nonlinear interactions in model A. 

Figure 3.2: The tree presentation of the nonlinear interactions in model B. 

 

 

n 

n-2 

n-1 

n+1 

n+2 

a) 

n 

n-2 

n-1 

n+1 

n+2 

b) 

n 

n-2 

n-1 

n+1 

n+2 

c) 

n 

n-2 

n-1 

n+1 

n+2 

a) 

n 

n-2 

n-1 

n+1 

n+2 

b) 

n 

n-2 

n-1 

n+1 

n+2 

c) 

n 

n-2 

n-1 

n+1 

n+2 

d) 

n 

n-2 

n-1 

n+1 

n+2 

e) 

n-1 

n 

n-2 

n+1 

f) 



 35 

Coefficients for interaction terms in Equations 3.1 and 3.2 are chosen to conserve the 

total energy and helicity  

𝑑𝐸/𝑑𝑡 = 𝑑/𝑑𝑡 (∑ 2−𝑛 (|𝑢𝑛,𝑗
+ |

2
+ |𝑢𝑛,𝑗

− |
2
)𝑛,𝑗 ) = 0,  (3.3) 

𝑑𝐻/𝑑𝑡 = 𝑑/𝑑𝑡 (∑ 2−𝑛𝑘𝑛 (|𝑢𝑛,𝑗
+ |

2
− |𝑢𝑛,𝑗

− |
2
)𝑛,𝑗 ) = 0,  (3.4) 

in the inviscid and unforced limit and set to a=1, b=-5/12, c=-1/24, d=f=1, e1=3/4, and 

e2=1/4.  

Figure 3.3 illustrates an example of time evolution of the absolute value of velocity 

𝑢𝑛,𝑗,𝑎𝑏𝑠 = (|𝑢𝑛,𝑗
+ |

2
+ |𝑢𝑛,𝑗

− |
2
)
1/2

generated by model A for cells located beside the 

centerline of the hierarchical model domain on the left indexed with j=J on each scale 

n=1..N. This figure visualizes how the highest frequencies associated with un,j occur in 

small scale shells (higher wave numbers) while the lowest frequencies are found in larger-

scale shells (lower wave numbers). Also, the absolute values of un,j become higher at 

larger scales. A disturbance in time series of un,j travels through the shells starting from 

the large-scale shells ending up to the small-scale shells via a chain reaction. 

 

Figure 3.3: A sample of time evolution for the absolute value of velocity un,j in the cells j=J, next 

to the centerline at the left in the hierarchical domain for each shell produced by model A in 

unladen flow configuration. 

 Energy dissipation  

In hierarchical shell models, the turbulent kinetic energy is injected at large scales by 

external forcing and cascaded locally through the cells from large scale shells (small 

wavenumbers) to the small-scale shells (large wavenumbers), where it is dissipated.  The 

energy dissipation quantities considered here are the energy dissipation density in each 

cell ηn,j, the total energy dissipation rate ε and the spatially resolved energy dissipation 

field εN,j for the last level sites (n=N). The time evolution of energy dissipation rate in 
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each cell, labeled by the shell number n and the spatial index j and covering the spatial 

region ln, is defined as (Benzi et al. 1997) 









 

2

,

2

,

2

, jnjnnjn
uuk .  (3.5) 

The total energy dissipation rate ε is obtained by adding up these cell dissipations ηn,j over 

the entire domain including all scales n and spatial positions j as (Benzi et al. 1997) 

휀 = ∑ 𝑙𝑛𝜂𝑛,𝑗𝑛,𝑗 = ∑ 𝑘0
−12−𝑛𝜂𝑛,𝑗𝑛,𝑗 .   (3.6) 

The spatial aspects of the model can be viewed through the spatially resolved energy 

dissipation rate field as (Benzi et al. 1997) 

휀𝑛,𝑗 = 𝜂𝑛,𝑗 + ∑ 𝜂𝑚,𝑘(𝑚) + ∑ 〈𝜂𝑚,𝑘(𝑚)〉𝐼(𝑚)𝑚>𝑛𝑚<𝑛 .  (3.7) 

Figure 2.4 shows with the shadowed boxes the bandwidth of cells that are considered in 

the spatially resolved energy dissipation rate εn,j. It considers the energy dissipation 

contributions living on the smaller and larger scale structures in addition to the cell n,j 

itself. In the second term on the right side of the equation 3.7, larger scale structures 

(m<n), that contain cell n,j,  are considered through index k(m). The third term takes into 

account the smaller scale structures (m>n), that cell n,j covers by averaging them over 

I(m), which includes the set of structures at certain scale (two cells at scale n+1, four at 

scale n+2 and so forth). The most descriptive spatially resolved energy dissipation field 

is given for the last level sites n=N as 

휀𝑁,𝑗 = ∑ 𝜂𝑚,𝑘(𝑚)𝑚≤𝑁 , j=1,…,2N-1.   (3.8) 

The temporal and spatial intermittency produced by the tree model can be observed in the 

time evolution of the total energy dissipation rate and the spatially resolved energy 

dissipation rate field for n=N, respectively. Figure 3.4 shows samples of time evolution 

of the total energy dissipation rate ε generated by models A and B in case of unladen and 

particle-laden simulations for Re~1/ν=104. It should be remarked that the Reynolds 

number is given as 1/ν, due to the lack of physical parameters in the shell models. Spatial 

intermittency produced by the tree model can be observed in the time evolution of the 

total energy dissipation rate and the spatially resolved energy dissipation rate field for 

n=N. In Figs. 3.5(a)-(b) the spatially resolved energy dissipation rate field εN,j is shown at 

one arbitrary time instant for unladen and laden simulations produced by model A. Figs. 

3.5(c)-(d) show the energy dissipation rates ηn,j of each cell in the entire hierarchical 

domain at the same instant in Figs. 3.5(a)-(b), respectively. As visualized in Figs. 3.5(c)-

(d), the dissipation appears mostly on small scales (the large shell numbers n), as 

expected. Particle insertion changes the model behavior (particle location is marked with 

dotted lines in Figs. 3.5(b)-(d)). It is visible that dissipation does not absolutely exist 
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within the location of particle as the shell variables in that location are zeroed. As time 

moves on, the configuration of the dissipation field changes and dissipation peaks are 

observed in different locations. As an example, in Figs. 3.6(a)-(b) the time evolution of 

the spatially resolved energy dissipation rate εN,j is shown for one space location in 

unladen and laden cases, respectively, where the space location is chosen adjacent to 

particle surface in the laden case. On the other hand, in Figs. 3.7(a)-(b) time evolutions 

of the dissipation rate ηn,j are demonstrated at the cells on different scales n, covering one 

spatial location for unladen and laden case of model A. Again, the spatial location is 

chosen to be adjacent to the particle surface in laden case. In Figs. 3.7(a)-(b) it can be 

observed, that dissipation occurs at scales n=6...12, where n=12 is the Kolmogorov length 

scale. 

(a)                                                                   (b) 

 

     (c)                                                                 (d) 

 

Figure 3.4: A sample of time series of the total energy dissipation rate of (a) unladen case 

produced by model A, Re~1/ν=104, (b) laden case produced by model A, Re~1/ν=104, particle on 

scale n=7, (c) unladen case produced by model B, Re~1/ν=104, and (d) laden case produced by 

model B, Re=104, particle on scale n=7. 
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                                 (a)                                                                 (b) 

  

                                  (c)                                                                (d) 

  

Figure 3.5: Samples of instantaneous configuration of the spatially resolved energy dissipation 

rate field εN,j for (a) unladen case, Re~1/ν=104 and (b) laden case, Re~1/ν=104, particle on scale 

n=5 and the entire hierarchical domain of energy dissipation rates in each cell ηn,j  at corresponding 

time instant for (c) unladen case, Re~1/ν =104 and (d) laden case, Re~1/ν=104, particle on scale 

n=5.  
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                                       (a)                                                                (b) 

 

Figure 3.6: Samples of the time evolution of the energy dissipation rate εN,j for one spatial location 

produced by model A for (a) unladen case, Re~1/ν=104, and (b) particle-laden case, Re~1/ν=104, 

particle on scale n=7, location adjacent to the particle surface. 

 (a) 

 

(b) 

 

Figure 3.7 Time evolution of the dissipation rate at the cells next to the central line on right at 

each scale n, produced by model A for (a) unladen case, Re~1/ν=104, and (b) particle laden case, 

Re~1/ν=104, particle on scale n=7. 



3 Methods 40 

Through these dissipation quantities introduced in Eqs. 3.5-3.8, and demonstrated 

through Figs. 3.4-3.7, it is hard to detect and compare the turbulence dissipation 

modulation produced by insertion of a particle in a turbulent field. Hence, the time 

average of the spatially resolved energy dissipation field 휀�̅�,𝑗 is considered, which is 

illustrated in Figs. 3.8 (a)-(b) for model A and Figs. 3.8(c)-(d) for model B. For the 

unladen cases (Figs. 3.8(a) and (c)), the time average of spatially resolved energy 

dissipation rate field 휀�̅�,𝑗 is roughly constant, but for the laden cases (Figs. 3.8(b) and 

(d)), the turbulence modulation produced by the particle can be manifested as higher 

dissipation in the vicinity of particle surface. 

                               (a)                                                                (b) 

 

                                 (c)                                                              (d) 

 

Figure 3.8: The time average of the spatially resolved energy dissipation rate field εN,j of (a) 

unladen case simulation by model A, (b) laden case simulation by model A, (c) unladen case 

simulation by model B and (d) laden case simulation by model B. 
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 Inclusion of dispersed phase particle into the tree model 

The idea of introducing a fixed particle in a hierarchical shell model was first presented 

by Sikiö and Jalali (2014). Figure 3.9(a) shows a particle located in a turbulent field and 

Fig. 3.9(b) visualizes how this is implemented in one dimensional hierarchical domain of 

tree model. Particle size is described by the shell number n and the location by spatial 

index j, which can have values 1 to 2n-1 on each scale n.  In the spatial location of particle, 

the complex helical velocity variables un,j
± are zeroed at cell n,j in addition to the cells on 

the smaller scales on the bandwidth of the particle location, as shown in Fig. 3.9(b) with 

shadowed boxes. No other modifications have been made for the particle insertion. It 

should be noted, that in model B, instead of one cell at largest scale n representing the 

particle, two neighbour cells are set to zero in order to keep symmetry of turbulence 

around the particle. This is described in more details in Sikiö et al. (2017a). The 

turbulence modification by a particle is detected as local elevation of the energy 

dissipation rate in the vicinity of particle as visible in Fig. 3.9(c), which shows the 

example of time-averaged spatially resolved energy dissipation rate  휀�̅�,𝑗. 

 

3.2 Numerical implementation 

The cases studied in this work are listed in Table 3.1 with the parameters used in the 

simulations. In all studied cases the external forcing is taken to be constant F± = 

5.0(1+i)×10-3, shell parameter λ is set to 2 and reference wave number k0 is 0.0625. The 

total number of shells N is 12 or 16 depending on the case. Simulation time is given as 

large-eddy turnover times. The eddy turnover time at shell n is given as 

(c) 

Particle 

Turbulent field 

(a) 

Spatial 

position 

 

j 

Particle 

Shell 

number

/scale 

n 

(b) 

Figure 3.9: (a) A particle placed in a turbulent field. (b) Space-scale representation of 

hierarchical shell model with a particle represented with zeroed velocities at the cells marked 

with shadowed boxes at its location. (c) Time-averaged energy dissipation rate ε. 
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𝜏𝑛 = (𝑘𝑛〈|𝑢𝑛,𝑗|〉)
−1

,   (3.9) 

where brackets are for space and time averaging. In the largest scale n is 1.  

Table 3.1: Simulation cases with corresponding variables. 

 1/ν dP/lK dP/Ld N 𝜏1  

Model A 333 unladen - 12  (Sikiö and 

Jalali 2014) 

Model A 333 2 1/128 12  (Sikiö and 

Jalali 2014) 

Model A 104 unladen - 12 260 (Sikiö and 

Jalali 2014) 

Model A 104 8, 16, 32, 

64, 128, 

256 

1/256, 1/128, 

1/64, 1/32, 

1/16, 1/8 

12 55…280 (Sikiö and 

Jalali 2014) 

Model B 104 unladen - 12 350 (Sikiö et al. 

2017a) 

Model B 104 32, 64, 

128 

1/64, 1/32, 

1/16  

12 230…300 (Sikiö et al. 

2017a-b) 

Model B 104 16, 256 1/128, 1/8 12 230…270 (Sikiö et al. 

2017b) 

Model B 104 64 (dual 

particles) 

1/32 12 260…300  (Sikiö et al. 

2017a) 

Model B 5×104 unladen - 16 160 (Sikiö et al. 

2017c) 

Model B 5×104 256 1/32 16 70 (Sikiö et al. 

2017c) 

Model B 106 unladen - 16 70 (Sikiö et al. 

2017c) 

Model B 106 64 1/512 16 70 (Sikiö et al. 

2017c) 

 

As initial condition for the simulations, the velocity variables un,j
± were given random 

values. This was necessary for the model A, in absence of horizontal interactions, to see 

the spatial intermittency in addition to the temporal intermittency, as noted by Sikiö and 

Jalali (2014). There are two ordinary differential equations (ODEs) for each cell identified 

by (n, j), which come from the model equations. The entire set of ODEs is solved in time 

using Runge-Kutta method available in MATLAB v. R2013b, with tiny time steps 

controlled by the ode45 solver. 
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4 Results 

4.1 Performance of the tree model 

Performance of the shell model A with particle insertion was studied by Sikiö and Jalali 

(2014) via simulations, which were compared to the fully resolved simulations of particle-

turbulence interaction implemented by Burton and Eaton (2005). They studied a fixed 

particle of the size twice as the Kolmogorov length scale lK in decaying turbulence. Shell 

model simulations were performed by Sikiö and Jalali (2014) with parameters matching 

to the parameters of Burton and Eaton (2005) to test the behaviour of the model with 

particle insertion. Burton and Eaton found in their simulations a turbulent energy 

dissipation rate enhancement within the distance of 1.5 times the particle diameter from 

the particle surface as 20% higher than the unladen case. The shell model simulations 

using model A showed approximately 7 percent higher dissipation rate in the vicinity of 

the particle with respect to the unladen simulation. The dissipation rate profiles of the 

simulations of shell model A (Sikiö and Jalali 2014) are shown in Fig. 4.1. It should be 

noted that the particle was introduced in the shell model by setting the shell variables to 

zero within the location of particle at scales of particle size and smaller. If particle size is 

near the Kolmogorov scale and dissipation occurs also at larger scales than particle size, 

some lower values of dissipation are detected also in the location of particle. Furthermore, 

no supplementary source for dissipation at the interface (particle surface) have been 

introduced.  In the shell model, a decay of dissipation rate is observed in the direct vicinity 

of particle surface and the dissipation peaks are moved further from the particle surface. 

This can be explained by the synchronization effect (Benzi et al. 1997), which has more 

influence in model A than in model B due to the lack of horizontal interactions in model 

A. This appears as synchronized nearby variables, which are covered by fundamentally 

the same equations. In model A, this synchronization starts from smaller shell numbers 

than in model B, which also includes horizontal interactions in addition to vertical ones.   

Similar simulation configuration was used for testing the performance of shell model B 

and comparing it to model A (Sikiö et al. 2017a). Here, a larger Reynolds number was 

used as Re~1/ν=104, in addition to a larger particle with the size of 64lK to avoid the 

disadvantage caused by synchronization. The time averaged spatially resolved dissipation 

rate profiles of the simulations are shown in Fig. 4.2. The energy dissipation rate within 

particle diameter was roughly 3.5 times higher than the unladen case for model A, 

whereas for model B the dissipation rate was only about 80% higher than that of the 

unladen case. In simulations of model B, dissipation rate is slightly increased in further 

locations as well, which is due to the presence of horizontal interactions enabling a wider 

spatial range of energy exchange among the variables. This also explains the different 

amount of enhancement of dissipation rate near particle surface in models A and B. 
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Figure 4.1: Time-averaged ensemble average of turbulent energy dissipation rate profile over 30 

cases resulted in the shell model simulations (model A) of particle laden turbulence in (Sikiö and 

Jalali 2014). The dissipation rate profile is normalized by the unladen case values and the space 

variable by the particle diameter. Location of particle is marked with dotted lines. 

                                     (a)                                                                 (b) 

  

Figure 4.2: Time-averaged ensemble average of turbulent energy dissipation rate profiles over 44 

cases performed in (Sikiö et al. 2017a) for: (a) model A, and (b) model B. Space variable is non-

dimensionalized by the particle diameter and dissipation rates normalized by the corresponding 

unladen case values. 

 

Several Computational fluid dynamics (CFD) simulations were performed using the 

computer package of ANSYS-Fluent for comparison to the tree model simulations. Three 

different turbulence models were used, including k-epsilon, k-omega and 7-equation 

Reynolds Stress model.  Particle was located in turbulent field at the centre of a cubic box 
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with one side with velocity inlet condition and its opposite side with pressure outlet 

condition. The side walls were assigned with symmetry boundary condition. The energy 

dissipation values were calculated as area-weighted averages over spherical surfaces of 

the same centre as the particle. In Fig. 4.3, the cases are demonstrated that match with the 

DNS case of Burton and Eaton (2005). Several mesh sizes were tested from coarser to 

finer meshes. The mesh size was selected, which did not show the significant changes in 

the results. The particle Reynolds number is nearly 21 in Fluent simulations, and the size 

of particle is dP/lK=2.45 for the case with k-epsilon model, dP/lK=1.46 for k-omega model 

and dP/lK=1.4 for 7-equation Reynolds Stress model. For the comparison, the results of 

Burton and Eaton (2005) are given in Fig. 4.3 as well. Compared to the results of Burton 

and Eaton (2005), the Fluent simulations overestimate the dissipation rise, with the closest 

estimate obtained from k-omega model. 

 

Figure 4.3: CFD simulations of turbulent field with a fixed solid particle using turbulent models 

k-epsilon (blue solid line), k-omega (black solid line) and 7-equation model (red solid line) by 

means of ANSYS-Fluent package v. 16.0. For comparison, the results of Burton and Eaton (2005) 

are given (blue dash-dotted line). εref is the dissipation of the unladen case for results of Burton 

and Eaton. For k-epsilon, k-omega and 7-equation models εref is the dissipation far from the 

particle surface. 

 

4.2 Scaling properties of the model 

The scaling properties of turbulence resulted by the models A and B have been studied 

via the velocity field structure functions Sp(n), obtained by time and space averaging of 

the absolute values of the velocity variables over the time period T and space locations j, 

as given by Benzi et al. (1997) 
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𝑆𝑝(𝑛) = (𝑇2𝑛)−1∑ (√|𝑢𝑛,𝑗
+ (𝑡)|

2
+ |𝑢𝑛,𝑗

− (𝑡)|
2
)

𝑝

𝑡,𝑗  . (4.1) 

The moments are expected to follow the scaling law Sp(n)=kn
-ζ(p) in the inertial range. The 

scaling exponents ζ(p) of the velocity structure functions produced by the tree models A 

and B have been studied by Benzi et al. (1997) and found to be anomalous, i.e. the scaling 

exponents are found to deviate from the Kolmogorov’s prediction ζ(p)=p/3 (Kolmogorov 

1941a), revealing intermittency.  

The scaling properties of the turbulence produced by the models A and B are investigated 

in case of different size particles inserted in the model domain (Sikiö and Jalali 2014, 

Sikiö et al. 2017a). Also, the scaling is examined in case of three different Reynolds 

numbers. The scaling exponents ζ are obtained by fitting over the inertial range using 

Extended Self Similarity (ESS): The logarithm of the pth order scaling exponent is plotted 

against the logarithm of the third order moment S3(n). The resulting exponents are 

compared with the Kolmogorov (1941a) non-intermittent prediction p/3, often referred as 

K41, and the theoretical prediction of She and Leveque (1994), which has the form of 

ζ(p)=p/9+2[1-(2/3)]p/3 and is observed to agree with the experimental results of Benzi et 

al. (1993) and supercomputer simulation results produced by Fisher et al. (2008). 

It should be noted that the existence of interface, like a solid wall, causes perturbations 

among scales resulting non-homogeneous local effects (Biferale et al. 2003). The local 

scaling effects are studied in model A and model B by defining the structure functions 

over the time period T for a location j in space. Three locations are chosen for the study, 

one near the particle and two farther from the particle surface at different distances. 

 Unladen and particle laden cases of models A and B 

The scaling properties of models A and B with and without particle in the model are 

considered through velocity structure functions (Sikiö et al. 2017a). An example of 

finding the scaling exponents ζ of the velocity structure functions is given in Fig. 4.4, 

which displays the seventh order moment S7(n) against the logarithm of the third order 

moment S3(n) in the unladen and the laden cases of model A and B. Reynolds number is 

defined as Re~1/ν=104. The anomalous scaling exponents of orders p=1,..,8 are visualized 

in Fig. 4.5, where both unladen and laden simulations have been found in good agreement 

with the results of Benzi et al. (1997). The comparison with the K41 (Kolmogorov 1941a) 

non-intermittent prediction and intermittent prediction of She and Leveque (1994) 

revealed the intermittent characteristics of turbulence generated by the models for both 

unladen and particle laden cases. The deviation from the linear K41 prediction is observed 

in higher order scaling exponents with p≥4. In agreement with the results of Benzi et al. 

(1997), the model A exhibits more intermittency than model B, which is caused by 

different interaction range in horizontal (spatial) direction. This was found to be true for 

the particle laden cases as well. Here, a slight change was found, towards more 

intermittent regime in particle laden simulations. 
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Figure 4.4: The logarithm of seventh order moment S7(n) against the logarithm of third order 

moment S3(n) for model A and B in unladen and laden cases with the particle located at the scale 

n=7 (dp/lK=64 and dP/Ld=1/32). 

 

 
Figure 4.5: The anomalous scaling exponents of orders p=1,..,8 for the unladen and laden cases 

(particle at scale n=7) of model A and B. Re~1/ν is taken as 104 in these simulations. Kolmogorov 

(1994) prediction K41 is given as red dashed straight line, the theoretical prediction of She and 

Leveque (1994) as black curved line and the unladen simulation results of Benzi et al. (1997) as 

black circle and square for models A and B, respectively.  
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The local scaling effects are studied in model A and model B through Figs. 4.6(a) and 

4.7(a), respectively. Three spatial locations are considered, which are shown by arrows 

in Figs. 4.6(b) and 4.7(b) showing the time average of the spatially resolved energy 

dissipation field. One location is near the particle surface and two locations far from the 

particle. The scaling exponents are given for comparison in unladen (black square) and 

corresponding laden case in all spatial locations, as well as the linear prediction of 

Kolmogorov (1941a) and the She-Leveque prediction (She and Leveque 1994). The 

anomalous scaling exponents of orders p=3,..,8 have been shown, which show the 

deviation from the linear prediction of Kolmogorov (1941a). In model A (Fig. 4.6(a)), the 

local scaling exponents show an increased intermittency in the nearby location to the 

particle surface than in the unladen or laden case, when all spatial positions are 

considered. However, the scaling exponents in locations far from particle show less 

intermittent behaviour. In model B (Fig. 4.7(a)), minor differences can be observed 

between scaling exponents in near and far locations to particle surface and all spatial 

locations. The difference between model A and B, is due to horizontal interactions among 

shell variables. In model A, the effect of particle is seen right beside the particle owing to 

the lack of horizontal interactions. In model B, with horizontal interactions activated, the 

disturbance in one spatial location affects further locations as well. 
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              (a) 

 

                  (b) 

 

Figure 4.6: (a) The scaling exponents in variable spatial locations in the particle laden simulation 

with the particle size of dP/lK=64 in model A (red, black and blue stars). The scaling exponents 

are shown for comparison in unladen (black square) and corresponding laden case (red circle) in 

all spatial locations, as well as the linear prediction of Kolmogorov (1941a) (k41, dashed red line) 

and the prediction of She and Leveque (1994) (She&Le, black curved solid line). (b) The 

demonstration of selected spatial positions near and far from particle surface in (a) shown by 

arrow of same colour. 
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                                                                            (a) 

 

         (b) 

 

Figure 4.7: (a) The scaling exponents in variable spatial locations in the particle laden simulation 

with the particle size of dP/lK=64 in model B (red, black and blue stars). It should be noted that 

blue stars overlap the black stars. The scaling exponents are shown for comparison in unladen 

(black square) and corresponding laden case (red circle) in all spatial locations, as well as the 

linear prediction of Kolmogorov (1941a) (k41, dashed red line) and the prediction of She and 

Leveque (1994) (She&Le, black curved solid line). (b) The demonstration of selected spatial 

positions near and far from particle surface in (a) shown by arrow of same colour. 
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 Scaling of the model with different size particles 

The scaling of model B is studied in the presence of particle, with variable particle size 

(Sikiö et al. 2017b). The results are shown in Fig.4.8. Deviation from the linear prediction 

of Kolmogorov (1941a) is seen in the higher order scaling exponents, which reveals the 

existence of intermittency. So, the lower order scaling exponents are left out from the 

figure. The scaling exponents of smaller particle cases show only slight deviation from 

the corresponding exponents of unladen case. The deviation is larger for the cases with 

larger particles, towards more intermittent regime.   

 

Figure 4.8: The scaling exponents considering all spatial locations for the particle laden 

simulations with variable particle sizes using model B. The unladen case (black square) and the 

linear prediction of Kolmogorov (1941a) (k41, dashed red line) and the prediction of She-Leveque 

(1994) (She&Le, black curved solid line) are given for comparison. 

 

 Effect of Reynolds number variation 

The scaling properties of the tree model B are studied in the case of higher Reynolds 

numbers, Re~1/ν=5×104 and Re~1/ν=106, in case of unladen simulation and with particle 

insertion of particle size dP as 256lK and 64lK, respectively (dP is Ld/32 and Ld/512, 

respectively) (Sikiö et al. 2017c). These are compared to the lower Re case, Re~1/ν=104, 

with corresponding particle insertions. These cases were studied in (Sikiö et al. 2017a). 
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The results are shown in Figs. 4.9-4.11. All model cases were found to be intermittent. 

The deviation from the linear prediction of Kolmogorov (1941a) is seen in higher order 

scaling exponents (p>4). Fig. 4.9 compares the scaling of unladen cases with different Re. 

Only very little difference is seen towards higher intermittency along with the decreasing 

Reynolds number. Also, it should be noted, that the simulation time is shorter for the 

cases with higher Reynolds numbers, Re~1/ν=5×104 and Re~1/ν=106, than for the lower 

Re case and this may have some effect on the results. 

The trend of increased intermittency due to the particle insertion is seen in Fig. 4.10 for 

Re~1/ν=104 and Re~1/ν=5×104. Here, the physical size of the inserted particles is the 

same for both cases. Figure 4.11 shows how the variation of physical particle size in the 

laden tree model leads to a larger difference in intermittency with respect to the variation 

of the ratio of particle size to the Kolmogorov length scale. The intermittency is higher 

for the cases with bigger physical size of particles. For small size particles, like the case 

with Re~1/ν=106 and particle of size 64lK and physical size of Ld/512, the intermittency 

does not differ from the unladen case, or even decreases slightly.  

 

 

Figure 4.9: Velocity field structure function scaling exponent ζ(p) for unladen cases with three 

different Reynolds numbers. For comparison, the non-intermittent prediction of Kolmogorov 

(1941a) (k41, red dash line) is given as well as the theoretical of She and Leveque (1994). 
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Figure 4.10: Velocity field structure function scaling exponent ζ(p) for unladen and particle laden 

cases with two different Re, physical particle size being Ld/32 for both cases. For comparison, the 

non-intermittent prediction of Kolmogorov (1941a) (k41, red dash line) is given as well as the 

theoretical prediction of She and Leveque (1994). 

 

 

Figure 4.11: Velocity field structure function scaling exponent ζ(p) for particle laden cases with 

different Re. For comparison, the non-intermittent prediction of Kolmogorov (1941a) (k41, red 

dash line) is given as well as the theoretical prediction of She and Leveque (1994). 
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4.3 Dissipation 

 Particle size variation: Model A 

The model A has been studied for the energy dissipation rate in the presence of particle 

and compared to the unladen model (Sikiö and Jalali 2014) for Reynolds number  

Re~1/ν=104. Because of the intermittent characteristic of dissipation signal, in both time 

and space dimensions, the time average of the spatially resolved energy dissipation rate 

is considered. A local dissipation maximum is detected in the vicinity of particle surface 

in all laden cases. The particle size has been discovered to be the effective parameter for 

the appearance of the dissipation raise near particle surface. The effect of particle on the 

dissipation spans within 1 to 1.5 particle diameter from the particle surface.  

Figures 4.12-4.14 display the time average of the spatially resolved energy dissipation 

field εN,j for unladen and laden cases in addition to the probability density function (pdf) 

of the spatially resolved energy dissipation field εN,j in two spatial locations j, where red 

is for location near particle and blue for location far from particle for the corresponding 

cases, shown side by side. The pdf of energy dissipation rate in different spatial locations 

demonstrates the effect of particle, which is also visible in time averaged spatially 

resolved dissipation figures. Namely, the dissipation is extended into wider ranges near 

particle compared to farther locations.  

                                           (a) 

        

Figure 4.12: The time average of the spatially resolved energy dissipation field of unladen case 

in model A for Re~1/ν=104. 
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                                           (a)                                                            (b) 

 

                                           (c)                                                            (d) 

 

                                          (e)                                                               (f) 

 

Figure 4.13: The time average of the spatially resolved energy dissipation field εN,j  of laden cases 

with dP/lK as (a) 8, (c) 16, and (e) 32, in model A for Re~1/ν=104. The pdf of the spatially resolved 

energy dissipation field εN,j is given in two spatial locations j, where red is for location near particle 

and blue for location far from particle for the corresponding cases with dP/lK as (b) 8, (d) 16, and 

(e) 32. 
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                                           (a)                                                             (b) 

 

                                           (c)                                                             (d) 

 

                                           (e)                                                             (f) 

 

Figure 4.14: The time average of the spatially resolved energy dissipation field εN,j  of laden cases 

with dP/lK as (a) 64, (c) 128, (e) 256 in model A for Re~1/ν=104. The pdf of the spatially resolved 

energy dissipation field εN,j is given in two spatial locations j, where red is for location near particle 

and blue for location far from particle for the corresponding cases with dP/lK as (b) 64, (d) 128, 

(f) 256. 

 



 57 

    

In Fig. 4.15(a), the pdf of the spatially resolved energy dissipation field εN,j is presented 

in which the entire domain of spatial locations is considered (excluding the location of 

particle) for cases corresponding to Figs. 4.12-4.14. Figure 4.15(b) shows an example of 

finding the slopes given in Fig. 4.15(a). In model A, the pdf over the entire domain does 

not display considerable difference between cases. This is due to the lack of horizontal 

interactions between the model variables in model A, which manifests the effect of 

particle only in the direct vicinity of particle while farther locations stay untouched. Thus, 

the pdf over the entire domain does not show any notable difference for different cases.  

                                                                      (a) 

 

                                                                         (b) 

 

Figure 4.15: (a) The pdf of the spatially resolved energy dissipation field εN,j, all spatial positions 

j considered. Unladen and laden cases in model A for Re~1/ν=104. (b) Example of finding the 

slope, the unladen case. 
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Table 4.1 presents the standard deviation of the pdf of energy dissipation rate for two 

spatial locations nearby particle surface, and far from it, as well as for all spatial locations 

in model A corresponding to Re~1/ν=104. The standard deviation is calculated in the tail 

region of pdf with the cut off value of dissipation as 0.05 for the cases shown in Figs. 

4.12-4.15. The standard deviation of dissipation pdf in the location near particle shows 

bigger values than in the location far from particle, implying to a wider distribution of 

pdf and higher intermittency near particle. The difference between standard deviation of 

dissipation pdf in all spatial locations is on the same level for different cases. 

Table 4.1: Standard deviation of the pdf of dissipation in particle nearby location and a 

distant location to particle, as well as all spatial locations in model A for Re~1/ν=104, 

calculated in the tail region of pdf with the cut off value for dissipation as 0.05. 

dP/lK near particle far from particle 
all spatial locations 

considered 

unladen   0.031 

laden dP/lK =8 0.079 0.102 0.035 

laden dP/lK =16 0.127 0.037 0.029 

laden dP/lK =32 0.096 0.036 0.027 

laden dP/lK =64 0.040 0.027 0.008 

laden dP/lK =128 0.122 0.066 0.036 

laden dP/lK =256 0.107 0.044 0.026 

 

 Particle size variation: Model B 

Different size of particles has been investigated in model B to show its effects on energy 

dissipation locally (Sikiö et al. 2017a, Sikiö et al. 2017b), Reynolds number being 

Re~1/ν=104. Also, the unladen case is included. The time averaged spatially resolved 

energy dissipation rate field of different cases as well as the pdf of the spatially resolved 

energy dissipation field εN,j in two spatial locations j, one near particle surface and the 

other far from particle, are given in Figs. 4.16-4.17. The mean value corresponding to the 

unladen case is given for comparison as red dash line in dissipation figures. For model B, 

the local dissipation maximum is detected in the vicinity of particle in all laden cases. The 

particle size affects the enlargement of dissipation rate around particle, which is visible 

in the figures. Higher degree of spatial interaction couplings in model B, in contrast to 

model A, also increases the efficiency of horizontal energy transfer from the particle 

surface to farther locations. This leads to the rise of energy dissipation rate in farther 

locations, compared to the unladen case, which is related to the particle size. Also, the 

pdf figures reveal the difference between the two chosen spatial locations. Higher 

dissipation values are detected in the spatial point near particle surface in comparison to 

the point chosen farther form particle surface.  

  



 59 

           (a)  

                

                                          (b)                                                      (c) 

      

                                           (d)                                                      (e) 

       

Figure 4.16: The time average of the spatially resolved energy dissipation rate field of a) unladen 

case, and laden cases with dP/lK as b) 16, d) 32, in model B for Re~1/ν=104. The red line indicates 

the mean value of the unladen case. The pdf of the spatially resolved energy dissipation field is 

given for the laden cases in two spatial locations j, where red is for location near particle and blue 

for location far from particle for the corresponding cases with dP/lK as c) 16, e) 32. 
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                                           (a)                                                      (b) 

      

                                            (c)                                                     (d) 

     

                                            (e)                                                      (f) 

   

Figure 4.17: The time average of the spatially resolved energy dissipation rate field of laden cases 

with dP/lK as (a) 64, (c) 128, and (e) 256 in model B for Re~1/ν=104. The red line is the mean 

value corresponding to the unladen case. The pdf of the spatially resolved energy dissipation field 

is given in two spatial locations j, where red is for location near particle and blue for location far 

from particle for the corresponding cases with dP/lK as (b) 64, d) 128, and f) 256. 
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In Fig. 4.18(a), the pdf:s of the spatially resolved energy dissipation field εN,j are 

demonstrated with considering the whole spatial domain in model B corresponding to the 

unladen and laden cases in Figs. 4.16-4.17. In Fig. 4.18(b) is given an example of finding 

the slopes of the pdf curves. The dependence of pdf on the size of particle is detected. In 

model B, the influence of particle reaches larger range from particle surface due to the 

horizontal interactions in the model equations, causing more and bigger dissipation bursts 

in the direct vicinity of particle as well as farther locations.  

                                                                         (a) 

 

                                                                          (b) 

 

Figure 4.18: (a) The pdf of the spatially resolved energy dissipation field εN,j, all spatial positions 

considered, for unladen and cases in model B for Re~1/ν=104. (b) Example of finding the slopes. 
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Table 4.2. Presents the standard deviation of the pdf of energy dissipation for two 

locations nearby the particle surface, and far from it, as well as for all spatial locations in 

model B corresponding to Re~1/ν=104. The standard deviation is calculated in the tail 

region of pdf with the cut off value of dissipation as 0.002 for the cases shown in Figs. 

4.16-4.18. The standard deviation of dissipation pdf in the location near particle shows 

bigger values than in the location far from particle, implying to a wider distribution of 

pdf and higher intermittency near particle. Also, the bigger the particle, the larger is the 

standard deviation of dissipation pdf. 

Table 4.2: Standard deviation of the pdf of dissipation in particle nearby location and a 

distant location to particle, as well as all spatial locations in model B for Re~1/ν=104, 

calculated in the tail region of pdf with the cut off value for dissipation as 0.002. 

dP/lK standard deviation 

of pdf near particle 

standard deviation of 

pdf far from particle 

all spatial locations 

considered 

unladen   1.19 

laden dP/lK =16 4.15 0.45 0.77 

laden dP/lK =32 7.13 1.92 1.95 

laden dP/lK =64 6.13 3.15 2.03 

laden dP/lK =128 8.42 3.58 3.40 

laden dP/lK =256 8.21 8.07 6.95 

 

 Particle pairs 

Model B has been studied for particles with variable interparticle distances (Sikiö et al. 

2017a). The results are shown in Figs. 4.19-4.20. The distance between particles varied 

from one to three particle diameters. As for single particle cases, the model shows the 

augmented energy dissipation rate in the vicinity of particle surfaces for two particles as 

well. This can be detected in Figs. 4.19(a), (c) and (e), which show the time average of 

the spatially resolved energy dissipation field εN,j. In the centre between the particles, the 

time average of energy dissipation rate displays lower values, which decrease as the 

distance between particles is increased. The red dash line marks the mean value 

corresponding to the corresponding unladen case. In Figs. 4.19(b), (d) and (f), the pdf of 

the spatially resolved energy dissipation field εN,j is presented at three spatial locations j 

for the same cases, from which two are far from particles on the left and right sides and 

one is between the particles. If the distance between the particles is small (Figs. 4.19(a) 

and (b)), the pdf of dissipation in location between the particles shows wider range of 

dissipation values in comparison to the pdf in the farther locations. This difference 

decreases, if the distance between particles is increased.  
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                                         (a)                                                        (b) 

      

                                         (c)                                                        (d) 

      

                                          (e)                                                         (f) 

      

Figure 4.19: The time average of the spatially resolved energy dissipation rate field for cases in 

model B for Re~1/ν=104, with dual particles with dP/lK as 64, with the interparticle distances of 

(a) 1dP, (c) 2dP, and (e) 3dP, and the pdf of the spatially resolved energy dissipation field εN,j in 

three spatial locations j, far from particle on the left and on the right, as well as between the 

particles for the corresponding cases with dP/lK as (b) 1dP, (d) 2dP, and (f) 3dP. The red dash line 

indicates the mean of the corresponding unladen case. 
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Figure 4.20(a) shows the pdf:s of the spatially resolved energy dissipation field εN,j, 

considering the whole spatial domain, for the cases corresponding to the cases in Fig. 

4.19. The pdf of unladen case with same Re is given for comparison. An example of 

finding the slopes in Fig. 4.20(a) is given in Fig. 4.20(b). 

                                                                      (a) 

 

                                                                       (b) 

 

Figure 4.20: (a) The pdf of the spatially resolved energy dissipation field εN,j, all spatial positions 

considered, for particle pair cases in model B for Re~1/ν=104. (b) Example of finding the slopes. 

 



 65 

Table 4.3 presents the standard deviation of the pdf of energy dissipation for three 

locations, between the particles and far from it on the left and right, as well as for all 

spatial locations in model B corresponding to Re~1/ν=104. The standard deviation is 

calculated in the tail region of pdf with the cut off value of dissipation as 0.002 for the 

cases shown in Fig. 4.9. The standard deviation of dissipation pdf in the location between 

the particles shows bigger values than in the locations far from particles, implying wider 

distribution of pdf and higher intermittency between the particles. The smaller the 

distance between the particles is, the larger standard deviation of dissipation pdf is 

detected between the particles. 

Table 4.3: Standard deviation of the pdf of dissipation in location between the particles 

and in two distant locations to particles on the left and right, as well as all spatial locations 

in model B for Re~1/ν=104 in the tail region of pdf with the cut off value for dissipation 

as 0.002. 

distance 

between 

particles 

far from 

particles, 

left 

far from 

particles, 

right 

between 

particles 

all spatial 

locations 

considered 

1dP 3.13 3.37 10.45 2.68 

2dP 4.67 5.42 7.69 5.12 

3dP 4.84 3.31 6.80 5.17 

 

 Variable Reynolds number 

Model B is studied with variable Reynolds number, Re~1/ν, as 104, 5×104 and 106, in 

unladen and laden simulations. The time averaged spatially resolved energy dissipation 

rate of the unladen cases with different Re are shown in Figs. 4.21(a)-(c). The pdf of the 

spatially resolved energy dissipation field εN,j for each unladen case is shown in Fig. 

4.21(d), which reveals the dependence of pdf on the Reynolds number. The dissipation is 

extended into wider ranges in cases with larger Reynolds number. 

The particle sizes are chosen such that the cases of various Re can be compared to either 

particles of same dP/lK or particles of same physical size dP/Ld. Figs. 4.22(a) and (b) show 

the time averaged spatially resolved energy dissipation rate of the cases with the same 

dP/lK, namely 256 and Re~1/ν as 104 and 5×104, respectively. In Figs. 4.22(c) and (d), are 

shown the cases with dP/lK=64 and Re~1/ν is 104 and 106, respectively. It can be seen in 

these figures that if the particle size in proportion to lK is kept constant, larger dissipation 

boost near particle surface is detected for smaller Re. On the other hand, if the particle 

size in proportion to the domain size is kept constant, which is the circumstance in cases 

shown in Figs. 4.22(b) and (c), the dissipation boost near particle is similar for cases with 

differing Re. 
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                                           (a)                                                                        (b) 

 

                                      (c)                                                                   (d) 

 

Figure 4.21: The time average of the spatially resolved energy dissipation field εN,j for unladen 

cases with Re~1/ν as (a) 104, (b) 5×104, (c) 106, where the red line indicates the mean, and (d) the 

pdf of the spatially resolved energy dissipation field εN,j, all spatial positions considered, for the 

cases considered in (a)-(c). 
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                                        (a)                                                                  (b) 

 

                                           (c)                                                                       (d) 

 

Figure 4.22: The time average of the spatially resolved energy dissipation field εN,j for laden cases 

with (a) Re~1/ν=104, dP/lK=256, and dP/lK =1/8, (b) Re~1/ν =5×104, dP/lK =256 and dP/lK =1/32, 

(c) Re~1/ν=104, dP/lK =64 and dP/lK =1/32, (d) Re~1/ν =106, dP/lK =64 and dP/lK =1/512. 
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Figure 4.23. shows the pdf of the spatially resolved energy dissipation field εN,j in two 

spatial locations j, one near particle surface and the other far from particle for the laden 

cases introduced in Fig. 4.22. In these figures, it can be observed that the particle size in 

proportion to the domain size is the dominant factor in determining the separation 

between the pdf of dissipation at locations near particle and far from particle. For bigger 

particles, the dissipation is extended into wider ranges near particle compared to the 

farther locations. 

                                       (a)                                                                  (b) 

 

                                      (c)                                                                   (d) 

 

Figure 4.23: The pdf of the spatially resolved energy dissipation field εN,j in two spatial 

locations j near the particle surface and far from particle for the cases introduced in Fig. 

4.22 with (a) Re~1/ν=104, dP/lK=256 and dP/lK =1/8, (b) Re~1/ν=5×104, dP/lK=256 and 

dP/Ld=1/32, (c) Re~1/ν=104, dP/lK=64 and dP/Ld=1/32, (d) Re~1/ν=106, dP/lK=64 and 

dP/Ld=1/512. 
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Figure 4.24 shows the pdf:s of the spatially resolved energy dissipation field εN,j, 

considering all the spatial locations j, in unladen and laden cases with variable Reynolds 

numbers corresponding to the cases shown in Figs. 4.21 and 4.22. The dependence of pdf 

on Reynolds number is visible. Also, it can be seen, that the dissipation is extended into 

wider ranges in laden cases compared to the corresponding unladen case with same Re. 

This is valid for different Re. 

 

Figure 4.24: (a) The pdf of the spatially resolved energy dissipation field εN,j, all spatial positions 

j considered, for unladen cases and laden cases with different Re. 

 

Table 4.4 presents the standard deviation of the pdf of energy dissipation for two locations 

nearby particle surface, and far from it, as well as for all spatial locations in model A 

corresponding to three Reynolds numbers Re~1/ν, 104, 5×104 and 106. The standard 

deviation is calculated in the tail region of pdf with the cut off value of dissipation as 

0.002 for the cases shown in Figs. 4.23-4.24. Unladen cases for higher Re~1/ν as 5×104 

and 106, have larger standard deviation of the dissipation pdf than the case with lower Re. 

In laden cases, the standard deviation of dissipation pdf in the location near particle shows 

bigger values than in the location far from particle, implying to a wider distribution of 

pdf and higher intermittency near particle.  
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Table 4.4: Standard deviation of the pdf of dissipation in particle nearby location and a 

distant location to particle as well as all spatial locations in model B for three Re, 

calculated in the tail region of pdf with the cut off value for dissipation as 0.002. 

 near 

particle 

far from 

particle 

all spatial 

locations  

unladen Re~1/ν=104   1.19 

unladen Re~1/ν=5×104   4.17 

unladen Re~1/ν=106   3.36 

laden Re~1/ν=104, dP/lK =256, dP/Ld=1/8 8.21 8.07 6.95 

laden Re~1/ν=5×104, dP/lK=256, dP/Ld=1/32 3.97 1.38 4.05 

laden Re~1/ν=104, dP/lK =64, dP/Ld=1/32 6.13 3.15 2.03 

laden Re~1/ν=106, dP/lK=64,  dP/Ld=1/512 4.34 2.81 5.25 
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5 Conclusions 

In this thesis, the (1+1)-dimensional hierarchical shell model (tree model) (Benzi et al. 

1997) has been modified for the insertion of dispersed phase particles in 1D turbulent 

field. The tree model can express temporal as well as spatial intermittency of turbulence. 

It can reach high Reynolds numbers with less computational cost than other methods, 

such as DNS. Here, the performance of modified tree model system has been investigated 

in long period of time using two models, namely A and B, which differ in the range of 

spatial interactions. The only modification due to the insertion of a solid obstruction, 

called particle, in the model domain is associated with setting the variables to zero in the 

spatial location of particle for all the scales of particle diameter and less. Variable finite 

particle sizes larger than Kolmogorov length scale have been considered with particle 

diameters between 8 and 256 times of the Kolmogorov length scale corresponding to the 

range of 1/512 to 1/8 of the integral length scale. Furthermore, variable Reynolds 

numbers, Re~1/ν as 104, 5×104 and 106, have been considered. 

The direct comparison of shell model results with the experimental results of real 3D 

turbulent flow with moving particles is not reasonable. However, the shell models share 

many features with real turbulence. In real physics, turbulence modulation resulting from 

the interaction between finite size of particle and turbulence can be observed as 

dissipation upsurge in the vicinity of particle surface. In this study, a solid obstacle fixed 

in space, has been introduced in hierarchical shell model. It has been shown, that this 

model produces this aspect of particle turbulence interaction as increased dissipation near 

the particle surface. 

The results of model A have been compared to the DNS results of Burton and Eaton with 

matching simulation configuration of a fixed particle under decaying turbulence 

condition. For shell model this setting has a rather low Reynolds number, which leads to 

relatively short inertial range of energy cascade. Also, the particle size is rather small 

compared to the Kolmogorov length scale (dP=2lK). This means that synchronization, i.e. 

similar behaviour of nearby variables, which affects the last dissipative levels, is effective 

on the scale of particle size in this case. However, the tree model results display the 

increase of the energy dissipation rate close to the particle surface. This result is in 

accordance with the DNS results of Burton and Eaton, with only minor differences in the 

level of dissipation escalation near the surface, which is smaller in tree model simulations.  

The performance of model B was compared to model A in similar set of simulations with 

larger particle and larger Reynolds number. For model B, the dissipation escalation is 

smaller than in model A. This can be related to different interaction range in spatial 

direction. In model A, interactions among variables are mainly vertical, while model B 

also includes horizontal couplings improving the energy transfer in spatial direction from 

particle surface to further locations. This can be noticed in slightly elevated dissipation 

levels in farther locations from the particle surface compared to the corresponding 

unladen cases. Also, computational fluid dynamics (CFD) simulations have been 

performed using the computer package of ANSYS-Fluent. Several simulations were 

conducted in accordance with the conditions of DNS simulations in Burton and Eaton 
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(2005) using k-epsilon, k-omega and 7-equation Reynolds Stress turbulence models. In 

comparison to the results of Burton and Eaton, the Fluent simulations were found slightly 

overestimating the dissipation rise near the surface. 

The scaling properties of the models for unladen and particle laden cases have been 

considered via calculating velocity field structure functions. The existence of a solid 

obstruction causes local perturbations among the scales. Thus, the structure functions are 

defined for a location j in space as well as for the entire spatial domain. The local structure 

functions have been defined either in nearby location or in far location to the particle 

surface, and studied for models A and B. In model A, increased intermittency has been 

detected in nearby location to particle surface and decreased intermittency in farther 

locations, when compared to the unladen case or laden case all spatial positions 

considered. However, in model B, only minor differences have been detected in local 

scaling effects between nearby and farther locations. Models A and B differ in number of 

horizontal interactions among the shell variables. In model A, the disturbance resulted in 

a particle insertion can be seen only in direct vicinity of the particle surface due to the 

lack of horizontal interactions. In model B, the horizontal interactions are activated and 

the local disturbance has been found to affect the farther locations as well. 

The velocity field structure functions in all spatial locations have been studied in unladen 

and laden simulations of models A and B. Both unladen and laden simulation results of 

models A and B have been found to be in good agreement with the numerical results of 

Benzi et al. (1997). The results have been compared to the non-intermittent prediction of 

Kolmogorov (1941a) and intermittent prediction of She and Leveque (1994), which 

revealed the intermittent characteristics of both unladen and laden simulations in models 

A and B. The degrees of intermittency are different in models A and B, which can be 

assigned to different interaction range in physical space. Model A is found to be more 

intermittent than model B, as was observed also by Benzi et al. (1997) for unladen cases, 

and this has been found to be valid for the particle laden results as well. Furthermore, 

model B has been studied for scaling in the presence of variable size of particles. It has 

been realized that the scaling is in line with the results of unladen simulations. For larger 

particles, a deviation towards more intermittent regime has been observed. The 

anomalous scaling exponent has been extracted for the simulation results of model B with 

three different Reynolds numbers in unladen and particle laden cases. Intermittency of 

each case has been found to be in the same level with only minor differences. The only 

major difference has been found in physical size variation of the particle which creates 

more intermittent regime as particle size grows.  

Turbulent energy dissipation rate is looked through the time-average of the spatially 

resolved energy dissipation rate. The turbulent modulation due to the particle insertion in 

the turbulent domain is detected as augmented dissipation in spatial locations near particle 

surface in the range of 1-1.5 particle diameters of the particle surface. Particle size affects 

the amount of the dissipation rise for both models A and B. Also, particle pairs located in 

a relative distance of one to three particle diameters are studied in model B. Augmented 

energy dissipation rate was discovered near the surfaces of both particles. In the midpoint 
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of particles, the energy dissipation rate decreases as the interparticle distance increases. 

Furthermore, for variable Reynolds numbers, larger dissipation boost near particle surface 

is observed for smaller Re, if the particle size in proportion to lK is kept constant. 

However, for cases with same particle physical size, dissipation boost near particle 

surface is similar for different Reynolds numbers.  

Furthermore, the effect of particle on the turbulent energy dissipation field has been 

studied through the probability density function (pdf) of the spatially resolved energy 

dissipation field εN,j in separate spatial locations, nearby the particle and far from particle 

surface, as well as in all spatial locations. Pdf of intermittent signal tends to develop 

stretched tails with large deviations from the average value caused by very strong events. 

Pdf study revealed, that dissipation was extended into more wider ranges near particle 

than in the further locations. Pdf of the spatially resolved dissipation considering all 

spatial positions showed difference between model A and model B. In model A, the strong 

dissipation bursts occur near the particle surface. Whereas, in model B, large-amplitude 

events are detected mostly at the particle surface, but also in further locations. In model 

B, the pdf of the dissipation in all spatial locations generates longer tails in particle laden 

cases than in the unladen case and the extreme tail becomes stronger as the particle size 

is increased. Furthermore, stronger tails in pdf of dissipation are detected as the Reynolds 

number is increased.     

The results revealed, that the tree model is capable of reproducing the enhancement of 

energy dissipation in the close locations of the solid region introduced in the model. It 

should be noted that the only modification to the original tree model is that the velocity 

variables of the cells within the location of particle are zeroed. Comparison with the DNS 

results of Burton and Eaton (2005) indicated that the tree model underestimates the 

dissipation boost near the particle. This could be made up by a supplementary source term 

for dissipation at the particle surface. However, further studies are required to adjust such 

source term in the scale of particle size, which is acting in same manner as forcing term. 
Also, the comparison between tree model results and results of Burton and Eaton (2005) 

raised some difficulties due to the relatively low Reynolds number and small particle size 

of the simulation case of Burton and Eaton (2005). The tree model is developed for the 

study of high Re turbulence in one spatial dimension and time. The existing results of 

local energy dissipation effects near particle surface are restricted to rather low Reynolds 

numbers. Further studies of experimental and computational methods are advisable for 

more precise validation of the model in high Re cases.  
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