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The purpose of this research work to implement the dynamic behavior of a foundation structure 

into a rotor-bearing system by using equivalent matrices. Thus, a foundation structure was 

modelled using a computationally aided design program. Then, modelled structure was analyzed 

by using finite element methods to obtain the frequency response functions of the structure. 

Afterwards, by using modal analyses and single-degree-of-freedom curve-fitting method, 

equivalent matrices of foundation structure were calculated. For equivalent matrices, maximum 

amplitude frequencies were chosen from frequency response functions. Furthermore, calculated 

matrices were implemented into a rotor-bearing system by using built-in finite element code. 

Then, rotor-bearing-foundation system and rotor-bearing system with implemented equivalent 

matrices were compared in terms of natural frequencies at zero rotation speeds. Finally, it was 

seen that, calculated equivalent matrices are capable of implementing the chosen frequencies. 
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List of Symbols and Abbreviations 

 

 

A1,2 Coefficients in a trigonometric function 

B1,2 Coefficients in a trigonometric function 

a Displacement in horizontal axis [m] 

b Displacement in vertical axis [m] 

Ce Equivalent damping matrix [Ns/m] 

D Dynamic stiffness matrix [Ns/m] 

H(ω) Receptance [m/N] 

Id Diametral moment of inertia [kg.m2] 

Ip Polar moment of Inertia [kg.m2] 

i Coordinate i [m] or station i 

j Station j 

Ke Equivalent stiffness matrix [N/m] 

l Coordinate l [m] 

Me Equivalent mass matrix [kg] 

m Master degrees of freedom 

Q0 Force [N] 

Q(t) Generalized force vector [N] 

s Slave degrees of freedom 

Td Dynamic transformation between full state vector and the master coordinates 

Ts Static transformation between full state vector and the master coordinates 

u Eigenvectors 

V Mode shape vector 

Vr Mode shape vector at rth mode 

Z Displacement vector [m] 

 

q(r) Modal coordinate component at rth mode 

λ Eigenvalues 

μ(r) Modal force vector at rth mode 
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ϕ(ij) Mode shape 

Φ Modal matrix 

 

DOF Degrees of freedom 

FE Finite element 

FRF Frequency response function 

MIMO Multiple input multiple output 

MISO Multiple input single output 

PMSM Pseudo mode shape method 

RFP Rational fraction method 

SDOF Single degree of freedom 

SIMO Single input multiple output 

SISO Single input single output 
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1. Introduction 

 

 

Rotor dynamics is the specialized branch of machine dynamics that focuses on the diagnostics 

of the rotatory parts. Rotor dynamics simply considers the behavior of the rotors. But in real 

cases rotor dynamic analyses take bearings and stators into consideration as well. There are 

multiple daily applications of rotor-bearing-foundation systems, in example, generators, 

turbines, pumps etc. Simply, such systems consist of three parts; rotors, bearings and stators. 

Rotors are the rotating part of the system where rotation happens around one axis. Bearings are 

the intermediate features which connects stators and the rotors. Finally, stators are the non-

rotating parts that fixes the complete system to a floor. Mainly, rotor dynamics focuses on the 

vibration analyses of such systems where vibrational forces acts as a result of the rotation. Since 

the last quarter of the 19th century, several important experimental studies provided findings 

regarding existence of the critical speeds. Critical speeds may occur when the rotational 

vibration is excited by the unbalance forces, such situations often leads to catastrophic results. 

For this reason, rotor dynamics became more important starting from the 1869. According to 

the Scopus research portal, increase in the research density of rotor dynamics can be seen in the 

following Figure 1. 



9 

 

 

Figure 1 Publications per year of Rotor Dynamics 

 

1.1 Research Problem 

 

Current research work focuses on implementing a foundation structure to rotor-bearing system. 

Such system can be seen in the following Figure 2, where foundation structure can be considered 

as supports and stator. By modelling the foundation structure and implementing the effects of it 

to a rotor-bearing system, cross-talk and cross coupling effects can be included. Foundation 

structure can be implemented to system by using frequency response functions and modal 

parameters. Effects of foundation structure can be obtained by experimental analysis or by using 

finite element methods. Experimental analysis requires actual structure to be produced and 

tested in laboratory conditions. On the other hand, by using finite element methods, structure 

can be modelled and analyzed using certain programs without producing it [1]. 
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Figure 2 Rotor-Bearing-Foundation structure 

 

Foundation structure identification and implementation can be done by using various methods. 

As it was mentioned in previous paragraph, experimental analysis or finite element methods can 

be used to obtain effects of foundation on a rotor-bearing-foundation system. In case of 

experimental analysis, foundation structure should be produced and afterwards FRF (frequency 

response function) data of this structure can be obtain by using shakers or hammers and various 

other hardware. But, after rotor dynamic analysis, it may be not feasible to reproduce several 

foundation models until the desired structure is chosen. For this reason, 3D modelling and finite 

element analysis can be used before producing the actual foundation structure. For identification 

of foundation, FRF data can be used to obtain modal parameters of the structure. Thus, FRF 

data can be obtained using any finite element analysis software. Obtained FRF data can be 

analyzed by using various methods, such as, transfer function method or SDOF curve fitting 

method [2] [3]. Afterwards, system matrices can be calculated by using several mathematical 

equations [4], in this case, simulated model can be represented mathematically and implemented 
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into finite element model. Finally, effects of foundation model on complete rotor-bearing-

foundation system can be obtained. 

 

1.2 Scope 

 

This thesis work focusing on implementation of bearing supports and foundation model into a 

rotor-bearing system. The analyses focus on retrieving FRFs from bearing locations where 

bearings act as intermediate features between rotor and foundation. After retrieving FRFs, by 

using modal analyses and an identification method, equivalent stiffness, mass and damping 

matrices of foundation structure (bearing supports and foundation) can be calculated. Thus, 

dynamic behavior of foundation structure can be implemented by using these equivalent 

matrices. In this case, behavior of modelled foundation structure can be implemented without 

using the actual model of foundation structure. 

 

i. 3D FE model based on rotor-bearing-foundation system. 

ii. Modal analyses are carried out to obtain frequency response functions. 

iii. From FRFs mode shape matrix of foundation is calculated. 

iv. From global system matrices, diagonal matrices in modal coordinates are obtained. 

v. By using diagonal matrices and mode shape matrix, equivalent matrices are calculated. 

vi. Equivalent matrices are implemented into rotor-bearing system [5]. 

 

1.3 Structure of the thesis 

 

The structure of thesis work consists of five segments. In first part, introductory knowledge is 

provided where brief description of thesis work and scope of the work can be found. The second 

part contains, deeper theoretical knowledge of rotor dynamic analyses based on the written 

books and previous research works. Some of the important aspects are explained mathematically 

to provide the insights of the theory. Third part contains preliminary 3D model and finite 

element analysis of the foundation, in addition, analyses steps are explained explicitly, where 

model can be seen with the help of figures and work can be repeated with the provided 

information. The fourth part contains results regarding analyses and explanation of 
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mathematical procedures. The fifth part is last part that provides several comparisons and 

suggestions regarding to whole research work. 

  



13 

 

2. Theoretical Background 

 

 

Rotor dynamics is a branch of machine dynamics that focuses on rotary machines and their 

features. Interest for rotor dynamics started growing in the second half of the 19th century. 

Before the industrial revolution, machinery designs were simple compared to upcoming ones. 

It was already understood by the engineers of industrial revolution that, future lays within more 

power. To be able to accommodate more power, mechanical design of the engines and tools had 

to be changed. After this point, lighter machines with more withstanding materials and higher 

speeds were designed. Thereby, dynamic behavior analyses got more detailed with the addition 

of rotational speed. [2] 

 

With the addition of higher rotational speed, effects of it also got increased in terms of body 

stresses and bending of the rotor shafts. So that, rigid body models were not adequate anymore 

and flexible bodies got into consideration. Several parameters can be linked with each other 

regarding to stability of whole structure, critical speed, stiffness, damping, unbalance and 

instability. These parameters can be explained shortly. Firstly, critical speed of a rotary machine 

can be simply explained as the speed where very large amplitudes of vibration occur. Large 

deformations can be compensated by adding necessary damping. Secondly, stiffness and 

damping of the systems that so-called rotor-bearing-foundation systems have very important 

role on effecting the vibration. In addition, damping factor may be also negative in some cases 

and cause instability. Finally, unbalance forces can be divided into two sections, lateral forces 

and moments. Both of them are effected by spinning of the rotor. These lateral forces and the 

moments are the main factors effecting the behavior of the rotor. However, overall performance 

of rotor systems not only depends on the rotor only but also depends on the other features of the 

rotor systems. 

 

2.1 Features of Rotor Systems 

 

As it is mentioned before since the 19th century, rotary machines are developing and it was 

understood that non-rotating features of rotor systems also have effect on the overall behavior 
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of the rotary machinery. Features of the rotary machines can be investigated in three topics, 

rotors, rotor-stator interactions and stators. [2]. 

 

Rotors are the rotating part of rotary machines. In 19th century rotatory designs were not 

complex and rigid models were used. But by increase in size of the machines, rigid models 

started to be inadequate for analyses and need for flexible models got increased. Unbalance 

forces are effected by the rotational speeds and generally rotors are designed to not operate close 

the critical speed regions. These unbalance forces cause vibration, noise and failures with 

respect to high amplitude in lateral planes or poor machinery design regarding moments. 

Though, vibration can be manipulated by adding stiffness and damping to the rotor and this can 

be done, in example, by adding bearings and limiting rotor to rotate along one axis. 

 

Bearings are the intermediate features that combine rotors and stators. There are many bearing 

types that have different effects for specific purposes but bearing types are not the aim of this 

research. Although, as intermediate features between rotor and stator, bearings are indicated in 

this research. After further development of rotary machines, it was understood that not only 

bearings but also stators have effects on overall stability of rotary machines. 

 

Stators can be considered as the last component of rotor systems. Since this feature is stationary, 

stators and foundations can be considered as one combined component. For large machinery 

systems as they are flexible systems, stators and foundations play an important role on dynamics 

of the whole system.  

 

Effects of these components can be investigated depending on the complexity of the system. 

Thus, quality of analyses can be decided regarding how realistic the results should be. For this 

reason, classifying the rotor systems are important and such classification was indicated in next 

section. 
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2.2 Classification of Rotor Systems 

 

Rotor dynamic analyses can be investigated under four topics, linear rotor dynamics, nonlinear 

rotor dynamics, nonstationary rotor dynamics and time domain versus frequency domain. [2]. 

In linear systems, several equations are used to describe the motion of a body with a certain 

mass and principal moments in a reference frame that is considered in three-dimensional space. 

Description of inertial moments and rotational DOF’s are not possible with the direct use of 

linear models. Simply, equations are linearized to be able to investigate these inertial and 

rotational effects. In linear systems, free vibrations, Campbell diagram, critical speeds, 

instability and forced response phenomena are used to investigate the behavior of models. 

 

 Linear model approach is a way to create an ideal method of realistic behavior of any system. 

But in real world, rotors tend to behave different than the ideal approach. Most of the rotors may 

remain within limits which are allowed by linearization but other parts of the rotor systems such 

as bearings and dampers may display harsh nonlinear behavior. For this reason, nonlinear 

approach is also being used. 

 

Most of the rotor dynamic analysis performed at stable speed. But high-speed motors may 

behave different than steady-state modes due to fast acceleration. Thus, equations become time-

dependent and numerical integrations of time are used to obtain the solution. 

 

Usually, rotor dynamics focus on linear or linearized systems that operate in steady-state 

circumstances. The analyses are based on frequency domain and solutions can be obtained by 

eigen-analysis and unbalance response methods. Though, when systems start operating outside 

of the steady-state conditions, equations and parameters start to be time-dependent. In this case, 

solutions can be obtained, for example, by using numerical integrations. 

 

Depending on the focus of the analysis, approach for the system analyses can be adopted 

according to previously explained classifications. Thus, most commonly, rotor systems are 

analyzed by using linearized equations in frequency domain where lateral and inertial behavior 
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can be obtained directly from frequency dependent parameters. Advancements in rotor 

dynamics are briefly explained in the following paragraph. 

 

Interest to the rotor dynamics was started with certain models at the beginning of 20th century. 

The most simplified model can be linked to Jeffcott rotor in which only lateral behavior of the 

rotors was investigated. Although, this model is unable to explain gyroscopic effects and 

centrifugal moments. Afterwards, more DOF’s were attained to the simple body to study these 

gyroscopic effects. Then, rotors with multiple degrees of freedom became the aim of the interest. 

Since the beam like structures are not adequate for explaining complex models, the lateral 

behaviors of flexible rotors modeled using finite element models. Furthermore, reduction 

method techniques were evolved to cope with the heavy computational problems. Moreover, 

analyses of gyroscopic effects and inertial moments also became possible with the help of finite 

element methods. In this section of the thesis work, necessary theory part is covered. 

 

2.3 Single Degree of Freedom Systems 

 

Systems can be simplified into single degree of freedom where only one movement is allowed 

to analyze the behavior of any system. One DOF system consists of a mass, a damper and a 

spring. In most simple case, a mass considered as the rigid body and has only inertia property. 

In addition, spring is also massless and stiffness properties of the spring is important for the 

system. Damper is also massless and its coefficient defined according to the axial force that is 

applied. Mass of the system moves along frictionless surface as the system’s movement limited 

to a single coordinate only. An example of a single DOF system can be seen below Figure 3. 

[2]. 
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Figure 3 Single degree of freedom mass-spring-damper system 

 

In 3D space a body can have six degrees of freedom. In simplified systems Newton’s second 

law can be used to solve the system’s equation of motion. For single degree of freedom systems’ 

equation of motion can be written as follows: 

 𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝑓(𝑡) (1) 

 

As it can be seen in formula, stiffness, 𝑘, of linear spring is defined according to force acting on 

a mass and causing extension in the spring. The damping coefficient can be defined according 

to the same force that causes certain velocity across the damper. As follows, system analysis 

can be done by using free vibrations and forced vibrations. [2]. 

 

2.3.1 Free Vibrations 

 

By using free vibrations, internal vibrations of systems can be understood. In other words, 

vibrations that arise due to preliminary disturbance of the system itself. Thus, to analyze 

preliminary disturbance of the systems without external force, dynamic force 𝑓(𝑡) should be 
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removed from the model. So, the following equation can be obtained by dividing equation 

number (1) by 𝑚. 

 �̈� + 2𝜁𝜔𝑛�̇� + 𝜔𝑛
2𝑥 = 0 (2) 

 

Afterwards, this equation can be solved by substituting 𝑥(𝑡) = 𝑥0𝑒
𝑠𝑡 . As a result, solution can 

be obtained by using complex functions and these complex functions lead to real response of 

the system. Furthermore, systems can be analyzed under undamped or damped conditions. 

Damping factor plays an important role related to response behavior. Relation between damped 

natural frequency and undamped natural frequency can be written as 𝜔𝑑 = 𝜔𝑛√1 − 𝜁2. [2]. 

 

2.3.2 Forced Vibrations 

 

After free vibrations that caused by an initial disturbance, forced vibrations are taken into 

account to predict the system’s response under certain load which is excited externally. In rotor-

dynamics harmonic forces are being used for several reasons, response of harmonic forces can 

be easily calculated and interpreted and harmonic forces can be linked with periodic forces using 

Fourier analysis. So that, sinusoidal force that is applied in forced vibrations can be written as 

𝑓0

𝑚
𝑐𝑜𝑠𝜔𝑡, in this case equation (2) can be written as follows, 

 �̈� + 2𝜁𝜔𝑛�̇� + 𝜔𝑛
2𝑥 =

𝑓0
𝑚
𝑐𝑜𝑠𝜔𝑡 (3) 

 

By applying a harmonic force to system frequency response function of the system can be 

obtained. FRF’s are also referred as receptance in mechanical engineering. Damping ratio is 

inversely proportional to response magnitude. So, damping plays an important role to absorb 

external forces and eliminate system vibrations. [2]. 

 

2.4 Multiple Degrees of Freedom Systems 

 

For simplified models as it is described in the previous chapter, single degree of freedom can 

provide insight into the dynamics of some systems. But many systems require more complex 
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models that consist of multiple degrees of freedom. For complex systems Newton’s Second Law 

can be still used where free body diagrams of the system needs to be drawn to understand the 

effect of each force. On the other hand, for more complex systems usage of energy methods are 

more appropriate. Below an example of multiple degrees of freedom system can be seen in 

Figure 4. [2]. 

 

Figure 4 Multiple degrees of freedom mass-spring-damper system 

 

According to Newton’s Second Law, equations of motion can be written related to depicted 

figure above where x refers to generalized coordinates. 

 𝑚1𝑥1̈ = 𝑓1(𝑡) − 𝑘1𝑥1 + 𝑘2(𝑥2 − 𝑥1) − 𝑐1𝑥1̇ + 𝑐2(𝑥2̇ − 𝑥1̇) (4) 

 𝑚2𝑥2̈ = 𝑓2(𝑡) − 𝑘2(𝑥2 − 𝑥1) + 𝑘3𝑥2 − 𝑐2(𝑥2̇ − 𝑥1̇) + 𝑐3𝑥2̇ (5) 

 

But for complex systems standard equation of motion is generally arranged in matrix form due 

to multiple mass, spring and damping elements of the system. Matrix form of the depicted 

system can be seen as follows: 
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[
𝑚1 0
0 𝑚2

] {
𝑥1̈
𝑥2̈
} + [

𝑐1 + 𝑐2 −𝑐2
−𝑐2 𝑐2 + 𝑐3

] {
𝑥1̇
𝑥2̇
} 

+ [
𝑘1 + 𝑘2 −𝑘2
−𝑘2 𝑘2 + 𝑘3

] {
𝑥1
𝑥2
} = {

𝑓1(𝑡)
𝑓2(𝑡)

} 

(6) 

 

Usage of matrix form is more convenient regarding complex systems and computational 

purposes. [2]. 

 

2.4.1 Free Vibrations of Multiple Degrees of Freedom System 

 

Free free modes of the system are obtained by eliminating force from the equation. The equation 

of motion for any linear system with 𝑛 degrees of freedom can be written as follows: 

 𝐌�̈� + 𝐂�̇� + 𝐊𝒙 = 𝑸(𝑡) (7) 

 

Equation contains 𝑛 x 𝑛 matrices which M referred as mass matrix, C as damping matrix and K 

as stiffness matrix. For free vibrations 𝑸(𝑡) generalized force vector is set to be zero and for the 

undamped case as well as the damping matrix. For this particular situation, free undamped 

vibration solution can be written by applying 𝑞(𝑡) = 𝑢𝑒𝑠𝑡 and following equation of motion 

can be obtained: 

 [𝑠2𝐌+𝐊]𝑢 = 0  𝑜𝑟  𝜔𝑛
2𝐌𝑢 = 𝐊𝑢  (8) 

 

Where exponential part is cancelled out since it cannot be equal to zero and from this point 

eigenvalues can be obtained as follows: 

 (𝐊 − 𝜆𝐌)𝑢 = 0 (9) 

 

So, this undamped system consists of 𝑛 degrees of freedom with 𝑛 numbers of 𝜆 with 𝑛 

corresponding numbers of 𝑢 which can be interpreted as eigenvalues and eigenvectors 

respectively. In addition, 𝜆 can be defined as 𝜆 = 1/𝜔𝑛
2. Then polynomial degree of the system 

regarding 𝑛 degrees of freedom can be obtained from the following formula and can be written 

in the form of roots or eigenvalues: 
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 det[𝑠2𝐌+𝐊] = 0 (10) 

 

Also, mode shapes, 𝑢, can be also obtained by using equation (9). [2]. 

 

2.4.2 Forced Vibrations in Multiple Degrees of Freedom Systems 

 

Forced vibrations of multiple degrees of freedom systems can be obtained by applying one or 

more dynamic forces. These dynamic forces are used to measure responsiveness of any system 

by applying harmonic excitations at some points. So that frequency response functions 

(receptance) can be obtained from equation of motion. The dynamic force can be written as 

𝑸(𝑡) = 𝑸0𝑐𝑜𝑠𝜔𝑡 =  ℜ(𝑸0𝑒
𝑗𝜔𝑡). Then general form of the multiple degrees of freedom 

system’s equation of motion (7) can be written as: [2]. 

 𝒙0 = [−𝜔2𝐌+ 𝑗𝜔𝐂 + 𝐊]−1𝑸0 (11) 

 

Now, dynamic stiffness matrix can be written as 𝐃(ω) = [−𝜔2𝐌+ 𝑗𝜔𝐂 + 𝐊]. Afterwards, 

receptance can be written in terms of dynamic stiffness matrix as 𝛼(𝜔) = [𝐃(ω)]−1. In this 

case, equation of motion can be written as follows: [2]. 

 𝒙0 = 𝛼(𝜔)𝑸0 (12) 

 

And this equation for system with 𝑛 degrees of freedom can be explained in a matrix form where 

harmonic displacement at coordinate 𝑖 in response to harmonic force of 𝜔 that applied at 

coordinate 𝑙 as follows: 

 {

𝒙01
𝒙02
⋮
𝒙0𝑛

} = [

𝛼11(𝜔) 𝛼12(𝜔) ⋮ 𝛼1𝑛(𝜔)
𝛼21(𝜔) 𝛼22(𝜔) ⋮ 𝛼2𝑛(𝜔)
⋯ ⋯ ⋱ ⋯

𝛼𝑛1(𝜔) 𝛼𝑛2(𝜔) ⋮ 𝛼𝑛𝑛(𝜔)

]{

𝑸01
𝑸02
⋮
𝑸𝟎𝑛

} (13) 

 

And this matrix form can be shown simply as: [2]. 

 𝒙0𝑖 = 𝛼𝑖𝑙(𝜔) (14) 
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2.4.3 Model Reduction 

 

Model reduction is used to reduce the computational time required to analyze complex systems. 

Model reduction can be done using different methods and it is impossible to emulate the 

accuracy of the full systems, so every reduction sacrifices the accuracy of the system in some 

manner. Most popular reduction methods for stationary and rotating systems are Guyan [2] 

dynamic [6] and Craig-Bampton reduction methods. In Palazzolo’s work, comparison of 

complete model and reduced model can be seen. According to the results of his work there is no 

significant difference between two models and for reduced model computation time is decreased 

five times compared to the complete model. [6]. 

 

In Guyan’s method, degrees of freedom separated into slave and master degrees of freedom. 

The idea of this reduction to reduce computational load of negligible degrees of freedom where 

inertia and damping terms do not have significant effect on the model. For this reason, slave 

degrees of freedom are necessarily chosen from those parts of the system to discard the effects. 

Master degrees of freedom are generally chosen from the sections where deflection is highest 

or the effects of external forces are dominating. In the following equation retained and discarded 

degrees of freedom regarding to 𝐌 and 𝐊 matrices and 𝒙 (deflection) and 𝑸 (force) vectors can 

be seen.  

 [
𝐌mm 𝐌ms

𝐌sm 𝐌ss
] {
𝒙�̈�
𝒙�̈�
} + [

𝐊mm 𝐊ms
𝐊sm 𝐊ss

] {
𝒙𝑚
𝒙𝑠
} = {

𝑸𝑚
0
}  (15) 

 

And slave degrees of freedom can be eliminated as  

 {
𝒙𝑚
𝒙𝑠
} = [

𝐼
−𝐊ss

−𝟏𝐊sm
] {𝒙𝑚} = 𝑇𝑠𝒙𝑚 (16) 

 

Where 𝑇𝑠 is the static transformation between the full vector and the master coordinates. 

Dynamic reduction is another alternative in which the model can be analyzed at specific natural 

frequency unlikely the static reduction. As it can be seen in the following equation, reduction 

can be analyzed at 𝜔0 regarding to inertia forces, 

 −𝜔0
2 = [𝐌sm 𝐌ss] {

𝒙𝑚
𝒙𝑠
} (17) 
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By using this equation reduction transformation can be written as follows: 

 {
𝒙𝑚
𝒙𝑠
} = [

𝐼

−[𝐊ss −𝜔0
2𝐌ss]

−1
[𝐊sm −𝜔0

2𝐌sm]
] {𝒙𝑚} = 𝑇𝑑𝒙𝑚 (18) 

 

Craig-Bampton method can be used in more specific situations. For example, if the rotor system 

is composed of several substructures such as, bearing supports and foundations, reduction can 

be made in each individual substructure and by combining these substructures complete system 

can be analyzed. This model useful and faster in computational manner in a way that, analyzing 

substructures’ small eigensystems is faster than analyzing a single large eigensystem. According 

to Fan et al. impedance matrix method is useful for substructure coupling [7]. This method 

allows us to reduce complete model and only use the DOF’s of connection points between the 

rotor and the housing. Vibration analysis of rotor systems using reduced subsystem models. [2], 

[7]. 

 

2.5 Lateral Response 

 

Lateral response of the rotors can be analyzed with respect to two main models, rigid rotor on 

flexible supports and flexible rotor on rigid supports. Every rotor is generally designed for 

specific function. For this reason, systems can be analyzed depending on their dimensions and 

material properties by using either rigid or flexible models. Lateral responses consist of 

gyroscopic effects and elastic forces that effect on rotor system. In addition, supports of rotor 

systems can be analyzed mainly under two topics: isotropic and anisotropic supports. 

 

Lateral responses are generally analyzed in fixed coordinate systems which consists of three 

main axes X, Y and Z. Generally, rotor shaft is situated along either X or Z axis and other two 

axes are perpendicular to the shaft. Translation along these axes represented by u, v and w 

respectively for X, Y and Z. Rotations around X, Y and Z axes represented by 𝜃, 𝜓 and 𝜙. 

 A system can be defined as isotropic when stiffness and damping of the system are same 

in both X and Y directions and the axis of centerline is Z axis. So, when rotor spins due 
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to stiffness and damping effects it creates circular shape when it is observed from axial 

direction. 

 A system can be also defined as anisotropic due to asymmetric properties. So that, 

bearing stiffness and damping are not equivalent in both X and Y directions. In a way 

that, Kx and Ky are not same as well as Cx and Cy. This can cause elliptical, circular and 

line shapes when rotor spins when it is observed from axial direction. [2]. 

 

2.5.1 Gyroscopic Effects 

 

In rotor dynamic analysis, effects of gyroscopic forces play an important role on the systems 

behavior. Regarding to angular velocities around three different axes, angular momenta are 

effecting the movement of the rotor in different axes by infinitesimal angle changes. In the 

following Figure 5 translational movements with angular momenta within their axes can be 

seen. Double headed arrows represent angular momenta. [2]. 

 

Figure 5 Coordinates with angular momenta 

 

This infinitesimal angle change can be explained as follows: Originally rotor spins around Z 

axis but when it is affected by the angular rotation around Y axis, this small angular rotation 

causes angular momentum vector parallel to the X axis since it is the angular momentum of Y 

axis and perpendicular to it. That is how gyroscopic effects coupled with each other and due to 



25 

 

this fact coordinate systems cannot be analyzed separately without neglecting the gyroscopic 

effects. In the following Figure 6 previously explained situation is illustrated. [2].  

 

Figure 6 Angular momentum and velocity relationship 

 

Previous relationship can be explained with the following formula 

 𝑀𝑥 = 𝐼𝑝𝛺
𝛿𝜓

𝑑𝑡
  𝑜𝑟  𝐼𝑝𝛺�̇�  (19) 

 

Following analyses are based on one model, which is a rigid rotor on flexible supports. This 

model can be modified with respect to various conditions such as: rigid rotor on isotropic 

supports or rigid rotor on anisotropic supports, and these both conditions can be analyzed by 

neglecting gyroscopic effects and elastic coupling, by neglecting only gyroscopic effects and by 

neglecting only elastic coupling. At last, flexible rotor on rigid supports can be modified with 

the help of previous topics. Though, not all of these topics will be explained in details due to the 

scope of the thesis work. This information provided here just as background knowledge that is 

needed for further improvement. [2]. 
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Successful analyses of gyroscopic moments and rotational inertia were done by [8]. Equation of 

motion of the finite element model is presented in fixed frame of reference and rotating frame 

of reference. Comparison of both reference systems were done and represented by the author 

that, fixed frame reference equations are suitable for non-symmetric bearing damping and 

stiffness while rotating frame of reference equations are useful for handling isotropic systems 

where two planes of motions can be investigated separately. Also, finite rotor element model 

that is mentioned in the article was used to analyze a typical rotor-bearing system to calculate 

its modes and the natural whirls. The equations of this paper can be enlightening for the current 

research work. [8] In addition, different FE methods can be used to include gyroscopic effects 

of bearings while modeling rotor systems as it is mentioned in [6]. 

 

2.5.2 A Rigid Rotor on Flexible Supports 

 

The model is based on four degrees of freedom. Rigid rotor is flexibly supported by two bearings 

in both horizontal and vertical directions. This system can be seen below. Number 1 and 2 

notations represent first and second bearings. [2]. 

 

Figure 7 Rigid rotor on flexible supports 

 

Following equations are indicated to explain lateral responses in mathematical way and coupled 

relationships between formulas based on this model. 𝑥 is the displacement in direction 𝑋 axis 
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and 𝑦 is the displacement in the direction 𝑌 axis. While 𝜃 is the rotation about 𝑋 axis and 𝜓 is 

the rotation about 𝑌 axis. 

 

−𝑓𝑥1 − 𝑓𝑥2 = 𝑚�̈� 

−𝑓𝑦1 − 𝑓𝑦2 = 𝑚�̈� 

−𝑎𝑓𝑦1 + 𝑏𝑓𝑦2 = 𝐼𝑑�̈� + 𝐼𝑝𝛺�̇� 

𝑎𝑓𝑥1 − 𝑏𝑓𝑥2 = 𝐼𝑑�̈� − 𝐼𝑝𝛺�̇� 

 

(20) 

After this equation, each force can be interpreted with respect to stiffness as follows, and then 

can be substituted in equation (20).  

 

𝑓𝑥1 = 𝑘𝑥1(𝑥 − 𝑎𝜓) 

𝑓𝑥2 = 𝑘𝑥2(𝑥 + 𝑏𝜓) 

𝑓𝑦1 = 𝑘𝑦1(𝑦 + 𝑎𝜃) 

𝑓𝑦2 = 𝑘𝑦2(𝑦 − 𝑏𝜃) 

(21) 

 

After substituting force equations into equation (20), rearranged form can be written as 

 

𝑚�̈� + (𝑘𝑥1 + 𝑘𝑥2)𝑥 + (−𝑎𝑘𝑥1 + 𝑏𝑘𝑥2)𝜓 = 0 

𝑚�̈� + (𝑘𝑦1 + 𝑘𝑦2)𝑦 + (𝑎𝑘𝑦1 − 𝑏𝑘𝑦2)𝜃 = 0 

𝐼𝑑�̈� + 𝐼𝑝𝛺�̇� + (𝑎𝑘𝑦1 − 𝑏𝑘𝑦2)𝑦 + (𝑎
2𝑘𝑦1 + 𝑏

2𝑘𝑦2)𝜃 = 0 

𝐼𝑑�̈� − 𝐼𝑝𝛺�̇� + (−𝑎𝑘𝑥1 + 𝑏𝑘𝑥2)𝑥 + (𝑎
2𝑘𝑥1 + 𝑏

2𝑘𝑥2)𝜓 = 0 

 

(22) 

After applying T, C and R subscripts to indicate translational, coupling between displacement 

and rotation, and rotational stiffness coefficients, stiffness coefficients can be written as follows 

 

𝑘𝑥𝑇 = 𝑘𝑥1 + 𝑘𝑥2, 𝑘𝑦𝑇 = 𝑘𝑦1 + 𝑘𝑦2 

𝑘𝑥𝐶 = −𝑎𝑘𝑥1 + 𝑏𝑘𝑥2, 𝑘𝑦𝐶 = −𝑎𝑘𝑦1 + 𝑏𝑘𝑦2 

𝑘𝑥𝑅 = 𝑎2𝑘𝑥1 + 𝑏
2𝑘𝑥2, 𝑘𝑦𝑅 = 𝑎

2𝑘𝑦1 + 𝑏
2𝑘𝑦2 

 

(23) 

After identifying translational, rotational and coupled (between displacement and rotation) 

stiffness coefficients, equation (22) can be written more briefly as 
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𝑚�̈� + 𝑘𝑥𝑇𝑥 + 𝑘𝑥𝐶𝜓 = 0 

𝑚�̈� + 𝑘𝑦𝑇𝑦 + 𝑘𝑦𝐶𝜃 = 0 

𝐼𝑑�̈� + 𝐼𝑝𝛺�̇� − 𝑘𝑦𝐶𝑦 + 𝑘𝑦𝑅𝜃 = 0 

𝐼𝑑�̈� − 𝐼𝑝𝛺�̇� + 𝑘𝑥𝐶𝑥 + 𝑘𝑥𝑅 = 0 

(24) 

 

It can be seen from the equation (24) that there is elastic coupling between first and fourth 

equations likewise second and third equations. In addition, there is a gyroscopic couple between 

the third and fourth equations. As a summary, these equations represent equation of motion of 

a rigid rotor on flexible supports with four degrees of freedom by including elastic coupling and 

gyroscopic effects. [2]. 

 

2.6 Finite Element Modeling 

 

Finite element method is commonly used in the engineering and science areas. Especially, it is 

used for stress, vibration and fatigue analysis in engineering world. Basically, it is preferred to 

understand the behavior of any kind of structure or system by using elements that are preferred 

to be equal in size. Elements are the small pieces of the analyzed structure or system that are 

created by dividing the structure into regions. This is the very beginning of FE methods and it 

is called discretization. So, by using elements, complexity of the system is adjusted to be solved 

by mathematical operations. Behavior of each element can be analyzed mathematically 

regarding to any kind of movement within that element. Obviously, mathematical interpretation 

of the element is easier compared to whole system. Movement of the element can be analyzed 

with the help of defined nodes. Thus, any kind of movement can be explained by coordinate 

changes of these nodes. Each node of each element has local coordinates. To be able to 

approximate the total behavior of the system, the forces and moments from each element must 

be assembled to generate generalized behavior of the complete system which has to be analyzed 

according to generalized coordinates. [2]. 

 

To be able to analyze any model, the model has to be defined regarding to position of a particle, 

body or a structure. This position is generally defined by coordinates with respect to frame of 
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reference. Any kind of displacement in model is described using coordinates and the number of 

degrees of freedom. These independent movements produce different configurations of the 

model. After assembling each element, local matrices should be transformed into global 

matrices. So that, complete behavior of the model can be approximated. By using transfer 

functions, local coordinates can be transformed to generalized coordinates.  

 

Many rotor models can be represented by using shaft-line models which are the simple models 

that use only one-dimensional elements. On the other hand, for more accuracy and for analyzing 

complex systems such as foundations and bearing supports, usage of two or three-dimensional 

elements is required. In Jalali’s work comparison of beam and 3D finite element models can be 

seen. [9]. In addition, according to Nelson, increase in number of elements effects the accuracy 

of the finite element model in a positive way.  Since the natural coordinates of nodes are known, 

deformation of the elements can be interpolated by using shape functions with respect to nodes 

of the element. Also, accuracy of the shape functions depends on the order of the function 

meanwhile, the order of the shape function should be defined carefully to avoid redundant 

computation. [10, 11]. 

 

2.7 Interactions in Bearing-Foundation Interface 

 

Each rotating machine has several main parts that are connected to each other. The connections 

of these parts obviously affect the overall dynamical behavior of the rotating machine. The 

connection parts can be called as interface. For instance, interface between rotor and bearings 

and interface between bearings and foundation. In addition, interface between bearings and 

foundation can be also considered as bearing-stator-foundation which can be more complex as 

a system.  

 

Practically, these interfaces can be analyzed with respect to forces and moments that are 

transmitted through the bearings since they are the intermediate features of the rotating 

machines. Vibration of the rotor can be absorbed not only by bearings but also by a stator or 

foundation of the rotor. 
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Following formulae explains the force that is transmitted through bearings to foundations where 

force is transmitted by bearing displacements on their foundations. The rotor rotates around Z 

axis and supported by two bearings which are mounted on foundations. Both of the bearings are 

supported radially and in terms of computational perspective, bearing locations can be 

represented by X and Y axes. The following equations represent only one bearing. 

 

In this formula, 𝑓𝑏𝑥 represents the bearing force in horizontal direction where 𝑥 is the horizontal 

displacement of bearing on the foundation.𝐾𝑓𝑥 and 𝐶𝑓𝑥 are the horizontal stiffness and damping 

of the foundation. Subscripts f and b represent foundation and bearing respectively. 𝑚 is the 

bearing mass. 

 𝑓𝑏𝑥 − 𝐾𝑓𝑥𝑥 − 𝐶𝑓𝑥�̇� = 𝑚�̈� (25) 

 

As following formula shows, same relationship for vertical direction where 𝑦 is vertical 

displacement of bearing. 𝐾𝑓𝑦 and 𝐶𝑓𝑦 represent vertical stiffness and damping coefficients of 

foundation. 

 𝑓𝑏𝑦 − 𝐾𝑓𝑦𝑦 − 𝐶𝑓𝑦�̇� = 𝑚�̈� (26) 

 

Then after trigonometric manipulation, by substituting Equations (27) and (28) into Equations 

(25) and (26), 

 𝑥 = 𝐴1𝑠𝑖𝑛𝜔𝑡 + 𝐴2𝑐𝑜𝑠𝜔𝑡 (27) 

 𝑦 = 𝐵1𝑐𝑜𝑠𝜔𝑡 + 𝐵2𝑠𝑖𝑛𝜔𝑡 (28) 

 

The following matrix can be illustrated after regrouping 𝑠𝑖𝑛𝜔𝑡 and 𝑐𝑜𝑠𝜔𝑡 coefficients, and 

effect of force on a bearing can be illustrated as follows, 

 

 

{
 

 
𝐹𝑏𝑥1
𝐹𝑏𝑥2
𝐹𝑏𝑦1
𝐹𝑏𝑦2}

 

 
=

[
 
 
 
 
𝐾𝑓𝑥 −𝑚𝜔

2 −𝜔𝐶𝑓𝑥 0 0

𝜔𝐶𝑓𝑥 𝐾𝑓𝑥 −𝑚𝜔
2 0 0

0 0 𝐾𝑓𝑦 −𝑚𝜔
2 𝜔𝐶𝑓𝑦

0 0 −𝜔𝐶𝑓𝑦 𝐾𝑓𝑦 −𝑚𝜔
2]
 
 
 
 

{

𝐴1
𝐴2
𝐵1
𝐵2

} (29) 

 

Then the force that is transmitted to the foundation can be written as follows, 
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{
 

 
𝐹𝑓𝑥1
𝐹𝑓𝑥2
𝐹𝑓𝑦1
𝐹𝑓𝑦2}

 

 

=

[
 
 
 
 
𝐾𝑓𝑥 −𝜔𝐶𝑓𝑥 0 0

𝜔𝐶𝑓𝑥 𝐾𝑓𝑥 0 0

0 0 𝐾𝑓𝑦 𝜔𝐶𝑓𝑦
0 0 −𝜔𝐶𝑓𝑦 𝐾𝑓𝑦 ]

 
 
 
 

{

𝐴1
𝐴2
𝐵1
𝐵2

} (30) 

 

The amplitudes of forces that are effecting on the foundations can be calculated from 

 𝐹𝑓𝑥 = (𝐹𝑓𝑥1
2 + 𝐹𝑓𝑥2

2 )
1/2
, 𝐹𝑓𝑦 = (𝐹𝑓𝑦1

2 + 𝐹𝑓𝑦2
2 )

1/2
 (31) 

 

and phase lag angles can be also obtained. [12]. 

 

2.7.1 Foundation Model 

 

Foundation model can be interpreted as the substructure that supports the mother structure which 

consists of rotor and bearings. Rotor is supported by bearings where system’s degrees of 

freedom are defined. The bearings are supported by the foundation. Thus, there are contact 

points between foundation-bearing and bearing-rotor. These contact points are defined by 

coordinates so that, for example, bearing side and foundation side coordinates coincide to each 

other. Bearing and foundation subsystem can be reduced with mode synthesis method that by 

applying same constraints to both sides can combine these two subsystems. [2]. 

 

In addition, foundation identification methods can be classified in two ways in general. These 

methods are: first, data that can be extracted from the FRF curves of the experimental modal 

testing of foundation subsystem alone, and second, the vibration data that is obtained either from 

rotor or foundation of a complete system. [13]. 

 

 

2.7.2 Modal Analysis 

 

Modal analysis is used for identifying the dynamic properties of any structure either from 

measured data or simulated data. For the analysis, major distinction can be made according to 

the domain where data are handled numerically. In rotor dynamics, there are two domains where 

data can be retrieved, time and frequency domains. Regarding to previous works, both of 
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domains were used in past by researchers. A simple comparison of time and frequency domains 

can be made: 

 In time domain, large number of modes and broad frequency range can be analyzed 

while analyses cannot make estimations out of the frequency range and residual effects 

cannot be included. 

 In frequency domain, best results can be obtained when analyses are carried out with a 

limited frequency range and small number of modes. 

Furthermore, analyses can be carried out by using direct or indirect methods where simply, 

direct methods are relevant to spatial models while indirect methods are relevant to modal 

models. In addition, further division of identification methods can be still made where SDOF 

and MDOF systems are analyzed according to single input single output (SISO), single output 

multiple output (SIMO), multiple input and single output (MISO) and multiple input multiple 

output (MIMO). [3] 

 

There are many identification methods and theory can be supplemented according to D. J. 

Ewins, it can be helpful to discuss the interdependency between three different types of 

mathematical models that explain structural dynamics. These models are, spatial model, modal 

model and response model. Response models are directly described by the FRFs of the structure 

while modal models explain the dynamic behavior of structure in terms of vibration modes and 

spatial models explain the properties of the structure in terms of mass, stiffness and damping 

matrices. FRFs can be written in different forms depending on the harmonic excitation. 

Basically, harmonic responses can be investigated with respect to displacement, velocity and 

acceleration. In this work receptance form of harmonic response is the focus, which is, ratio of 

displacement and excitation force. Parameter extraction process can be categorized as; [14]. 

 One mode, one FRF 

 One mode, several FRFs 

 Several modes, one FRF 

 Several modes, several FRFs 

As they were mentioned as SISO, SIMO, MISO and MIMO in previous paragraph. 
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By using modal analysis and identification methods, behavior of foundation substructure can be 

estimated from frequency response functions curves. There are many identification methods 

where modal parameters can be calculated by curve fitting (or parameter estimation) by using 

those identification methods. Basically, identification methods are using analytical functions 

that represents the set of data which is either measured or simulated. There are two identification 

methods presented in this thesis work, where both of the methods can be used as curve fitting 

method regarding to retrieved FRF data. Resonance Picking Method and Rational Fraction 

Polynomial Method are explained briefly in the following chapter. 

 

2.7.3 Synthesizing of FRFs 

 

In this research work, Pseudo Mode Shape Method was used to analyze system’s FRFs with the 

help of resonance picking identification method. As follows, detailed information regarding 

PMSM and resonance picking method can be found. 

 

By using FE methods, a complete rotor-bearing-foundation system can be analyzed to obtain 

frequency response functions of the system. At the same time, foundation substructure can be 

analyzed by applying harmonic forces to bearing joint positions to obtain FRF data of these 

positions. After that, FRF data of foundation at contact points can be used to define equivalent 

mass, stiffness and damping matrices by using Pseudo Mode Shape Method (PMSM) [4]. 

Equivalent matrices can be obtained by calculating the mode shape matrix and diagonal matrices 

in modal coordinates of the system. Mode shape vectors can be calculated by using single-

degree-of-freedom curve fitting method. This method helps to calculate the modal damping ratio 

at the resonance peak of the frequency response function which is dominated by that single 

mode [15]. Diagonal system matrices can be obtained by manipulating the system’s global 

matrices. Finally, foundation substructure can be replaced with the equivalent matrices to 

analyze full system’s FRF. Afterwards, complete system results FE model and mathematical 

model can be compared for verification [13]. If the FE model is complex, the order of the model 

can be computationally time consuming for this reason, the full model can be reduced with 
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condensation techniques. In example, static and dynamic reduction methods. The difference 

between these reduction methods, static reduction considers only stiffness matrix while dynamic 

reduction considers both mass and stiffness matrices. In this case, dynamic reduction provides 

a better imitation of the full model. Also, it is important to retain the DOFs in FE model that 

corresponds the measurement DOFs while applying model reduction. Besides, another common 

reduction method which is called ‘Modal superposition’ method can be used to reduce the order 

of the model. This method considers the FRF of the specific response location when the system 

is excited at specific reference location. For complex model analysis in FE software, system 

matrices can be retrieved as sparse or dense by using specific codes [16]. For example, in 

Pennacchi’s work, implementation of the foundation into rotor system was carried out by using 

modal representation approach. Rotor system was modelled by using finite element method with 

four degrees of freedom for each node, two translational and two rotational. They created 

foundation model matrices by defining vertical and horizontal displacements of the nodes which 

connects the foundation to the rotor by means of bearings. In addition, secondary effect of 

rotatory inertia, shear effect and gyroscopic effects were included in rotor’s motion equation. 

For building full assembled system matrices, they used sparse matrices which can be retrieved 

from a FE software [17]. 

Resonance peak method can be found as Peak Amplitude Method and Quadrature Peak Picking 

method. Basically, it is a single degree of freedom method where maximum peak amplitude is 

chosen from FRF curve and assumed to be dominating mode of same frequency response 

function. From these articles [18], [19] and this book [15], application of this method including 

real and imaginary parts and analysis in terms of inertance and receptance can be found. From 

the following equations, by using amplitude of resonance natural frequency |𝐻(𝜔𝑑)|, -3 dB 

points(when plotted in log scale) and their natural frequencies can be estimated.  

 |𝐻(𝜔𝑎)| = |𝐻(𝜔𝑏)| =
|𝐻(𝜔𝑑)|

√2 
 (32) 

 

Afterwards, modal damping of the peak can be calculated as follows, 
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  𝜁 =
𝜔𝑏 − 𝜔𝑎
2𝜔𝑑

   (33) 

 

Rational fraction method is an identification method that can be used for curve fitting on FRF 

measurements to identify the characteristics such as natural frequencies, damping and mode 

shapes. This method is the developed version of well-known curve fitting method Complex 

Exponential. Complex Exponential method is a numerically stable and computationally efficient 

algorithm where impulse response can be curve fitted. Basically, impulse response is the Inverse 

Fourier transform of frequency response function. Then, Complex Exponential algorithm had 

been transformed to Rational Fraction Method where curve fitting happens in frequency domain. 

Briefly, FRF measurement can be represented as the ratio of two polynomials. More detailed 

information is provided in next section. [20], [21]. 

 

2.7.4 System Equations  

 

System equations may differ according to the substructures that are defined dedicated to design. 

Furthermore, system DOFs and if any reduction method used may change the complete motion 

equation of the system as well as the individual matrices. Matrices can be effected by including 

gyroscopic effects, cross coupling and cross-talk. For this reason, following examples can be 

starting point for this kind of research area, where previously explained dependents influence 

the complete system equations. 

 

In Y. Kang et al. work, dynamics of rotor-bearing-foundation system was analyzed where the 

system consisted five subsystems: the shaft, the disc, the bearings, the foundation and the 

suspension. Instead of two degrees of freedom they also added one axial translation, two bending 

rotations and one twisting rotation for each node. Afterwards, in substructure synthesis section 

they followed three steps where, in first step, both finite element models of rotor-bearing system 

and foundation structure were constructed in a FE software. In second step, foundation matrices 

were implemented into the rotor-bearing equations by means of the forces that act between 
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coinciding nodes of the two different systems and in third step, characteristics of the complete 

system were computed [4]. 

 

In Vazquez et al. work, FRFs of the support structure at the bearing connection points are used 

to acquire equivalent physical models of the same support structure either as a single mass 

system or as MDOF system. In addition, by using another approach, information from FRFs can 

be used directly, without obtaining equivalent model of the system. This approach uses forced 

response analysis where transfer function of the support structure is obtained from FRF data by 

using parameter identification techniques [22]. 

According to Vazquez, in the analyses of bearing supports, FRFs can be used to calculate 

polynomial transfer functions which represent the support structures. These transfer functions 

can be extracted from the FRF compliance data of the support, where bearings are connected. 

In addition, cross coupling of vertical and horizontal directions and cross-talk between supports 

can be added to dynamic analysis of the support structure. Direct frequency response functions, 

cross coupling and cross-talk can be defined as follows: 

 FRFs that relate to displacement at one support with the force applied in same support 

and in the same direction with the displacement are defined as direct frequency 

response functions. 

 FRFs that relate the response in one direction while the applied force in other direction 

can be referred as cross coupling. 

 FRFs that relate the response in one support due to the force applied at the other 

support can be referred as cross-talk. 

In Vazquez work, FRF data of support structure was obtained from bearing locations excluding 

the rotor system. Then, polynomial transfer functions of this FRF data were calculated to 

represent the support structure in complete system analyses [23]. 

The methodology that was used in Kavalca’s work assumes the complete rotor-bearing-

foundation system as two separate subsystems. First subsystem consists of rotor and its bearings 

as second subsystem contains the foundation. Other parameters such as the bearing housing 
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defined as lumped parameter or concentrated mass and inertia. Eventually, the response of the 

full system was obtained by combining dynamic responses of two subsystems [24]. 

Before mentioning the equations that are used in Pseudo Mode Shape Method, it would be more 

reasonable to be involved in calculating frequency response matrix depending on the modal 

information. The following set of equations can be found in several books [14], [15] and 

Vazquez’s Phd Dissertation [25] where polynomial expansion procedure starts with respect to 

modal analysis of the system. System equation with no damping can be written as follows: 

 𝐌�̈� + 𝐊𝒙 = 𝑭 (34) 

 

And modal matrix can be defined as: 

 𝚽 = [𝝓1 𝝓2… 𝝓𝑚] (35) 

 

Where  𝜙1 𝜙2… 𝜙𝑚 are the system’s mode shapes. Change in variables can be written in modal 

coordinates as: 

 𝒙 = 𝚽𝒒 (36) 

 

Then motion equation becomes: 

 𝐌𝚽�̈� + 𝐊𝚽𝒒 = 𝑭 (37) 

 

If the eigenvectors are mass normalized, after pre-multiplying equation (37) with the transpose 

of the modal matrix, new motion equation becomes: 

 [𝐼]�̈� + 𝛀2𝒒 = 𝒇 (38) 

 

Where stiffness matrix transforms into: 

 𝛀2 =

[
 
 
 
𝜔1
2 0 ⋯ 0

0 𝜔2
2 ⋯ 0

⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝜔𝑚

2 ]
 
 
 
 (39) 

 

Harmonic excitation can be written in the form {𝑭} = {�̅�}𝑒𝑖𝜔𝑡 and after re-organizing equation 

(38), following equations can be obtained: 

 𝒒 = {𝛀2 − 𝜔2[𝐼]}−1𝚽𝑇�̅� (40) 
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Or (according to the equation (36)): 

 𝒙 = 𝚽{𝛀2 − 𝜔2[𝐼]}−1𝚽𝑇�̅� (41) 

 

In this case frequency response matrix can be written as: 

 𝒙 = 𝐇(ω)�̅� (42) 

 

From now on, equation (42) can be written in a form according to the response at station “i” due 

to a force applied at station “j” as follows: 

 𝐻𝑖𝑗(𝜔) =
𝒙

�̅�
= ∑

𝜙𝑖
𝑘 𝜙𝑗

𝑘

𝜔𝑘
2 − 𝜔2

𝑚

𝑘=1

 (43) 

 

Where in same time equation (43) gives receptance according to the ratio of displacement to 

input force. 

 

For better understanding the following equations are implemented from Ewins book [14]. 

Equations that are used in this research work were obtained from multiple sources. Main system 

equations were explained for convenient usage that anyone with adequate background 

knowledge can easily follow the workflow. Though, equations that were obtained from different 

sources used as they are in their original sources to prevent confusion. In this case, the one can 

easily link the equations with their sources. Thus, equation (43) can be explained in terms of 

stiffness and mass matrices. In addition, appearance of mode shape matrix components 

𝜙𝑖
𝑘 𝜙𝑗

𝑘can be explained in more details. Excited system with no damping can be illustrated as 

follows: 

 𝑥 = {𝐊 − 𝜔2𝐌}−1�̅� (44) 

 𝑥 = 𝐇(𝜔)�̅� (45) 

 

Then, after pre- and post-multiplying the equation (44) with 𝛟Tand 𝛟, following equation can 

be obtained: 

 𝑑𝑖𝑎𝑔[(�̅�𝑟
2 − 𝜔2)] = 𝛟𝑇𝐇(𝜔)−1𝛟 (46) 

 



39 

 

Then frequency response matrix can be written in the form of mode shape matrix components 

after manipulating equation (46): 

 𝐇(𝜔) = 𝛟 𝑑𝑖𝑎𝑔[(�̅�𝑟
2 − 𝜔2)]−1𝛟𝑇 (47) 

 

Then again as it was explained for equation (43), response at station “j” according to force 

applied at station “k”, frequency response matrix can be written as follows: 

 𝐻𝑗𝑘(𝜔) =∑
𝑟𝜙𝑗  𝑟𝜙𝑘

𝜔𝑟2 − 𝜔2

𝑁

𝑟=1

 (48) 

 

This equation can be written as: 

 𝐻𝑗𝑘(𝜔) =∑
𝑟𝐴𝑗𝑘

𝜔𝑟2 − 𝜔2

𝑁

𝑟=1

 (49) 

 

Where 𝐴𝑗𝑘 referred as Modal Constant, Residue or Pole in various sources. 

 

From this point, after explaining system equations based on modal information, branching 

between two methods that are mentioned in this thesis work starts. Based on the previous 

equations and identification method mentioned in Synthesizing of FRFs section, PMSM and 

Polynomial Expansion methods are discussed. Firstly, Pseudo Mode Shape Method is explained 

in next section. 

 

2.7.5 Pseudo Mode Shape Method 

 

The following equations are taken from Pseudo Mode Shape Method, with these equations FRF 

data can be analyzed and equivalent matrices can be retrieved as follows: Equation of motion 

of the structure can be expressed as, [13] 

 [𝐌]{�̈�} + [𝐂]{�̇�} + [𝐊]{𝒙} = {𝑭} (50) 

 

Then, displacement vector of Eq. (30), can be written in modal coordinate as mode shape matrix, 
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 {𝒙}𝑁×1 =∑𝒒𝑟{𝑽𝑟}

𝑁

𝑟=1

= [𝚽]𝑁×𝑁{𝒒}𝑁×1 (51) 

 

Where 𝑁 is the total number of components in modal coordinate, while 𝒒𝑟 and 𝑽𝑟are the modal 

coordinate component and mode shape vector at 𝑟𝑡ℎmode. [𝚽] represents the mode shape 

matrix while {𝒒} represents modal coordinate vector. After substituting Eq. (51) into Eq. (50), 

the one can obtain transformed form of equation of spatial motion into equation of decoupled 

motion, 

 [𝐌][𝚽]{�̈�} + [𝐂][𝚽]{�̇�} + [𝐊][𝚽]{𝒒} = {𝑭} (52) 

 

Then this equation can be multiplied by [𝚽]𝑇to get diagonal system matrices. In this case, 

equation of motion at the 𝑟𝑡ℎ mode can be written as follows, 

 𝑚𝑟�̈�𝑟 + 𝑐𝑟�̇�𝑟 + 𝑘𝑟𝒒 = 𝝁𝑟 (53) 

 

Where 𝜇𝑟 is the modal force vector. The FRF 𝐻𝑖𝑗 can be defined as the ratio 𝑖𝑡ℎ displacement 

component �̂�𝑖 to the 𝑗𝑡ℎ exciting force component 𝑓𝑖, and can be formulated as follows, 

 
�̂�𝑖

�̂�𝑖
= 𝐻𝑖𝑗 =∑𝐻𝑖𝑗,𝑟

𝑁

𝑟=1

=∑
𝜙𝑖𝑟𝜙𝑗𝑟

𝑚𝑟[𝜔𝑟2 − 𝜔2 + 2𝑖𝜔𝜉𝑟𝜔𝑟 ]

𝑁

𝑟=1

 (54) 

 

Equation (54) can be written by involving first four natural frequencies 𝑟 = 1, 2, 3, 4; First four 

natural frequencies can be defined regarding to four measuring points 𝑖 = 1, 2, 3, 4 and four 

forces 𝑗 = 1, 2, 3, 4  

 

𝐻𝑖𝑗 =
𝜙𝑖1𝜙𝑗1

𝑚1[𝜔1
2 − 𝜔2 + 2𝑖𝜔𝜉1𝜔1 ]

+
𝜙𝑖2𝜙𝑗2

𝑚2[𝜔2
2 − 𝜔2 + 2𝑖𝜔𝜉2𝜔2 ]

+
𝜙𝑖3𝜙𝑗3

𝑚3[𝜔3
2 − 𝜔2 + 2𝑖𝜔𝜉3𝜔3 ]

+
𝜙𝑖4𝜙𝑗4

𝑚4[𝜔4
2 − 𝜔2 + 2𝑖𝜔𝜉4𝜔4 ]

 

(55) 

 

Then, dominant natural frequency which is affecting the value of FRF can be chosen whereas 

other frequencies have insignificant effects on these FRFs and they can be omitted. This 

assumption yields the approximation, where contribution of the other terms in summation are 

smaller due to nonzero terms in Equation (54). [15]. In this case, simplified form of Equation 
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(55) can be seen in Equation (57).Each bearing side has 2 degrees of freedom in X and Y 

translational axes. After choosing the mode (rth) that has the dominant effect, frequency response 

functions of first excitation force can be obtained from all measuring points. 

 𝐹𝑅𝐹 𝑚𝑎𝑡𝑟𝑖𝑥 =

[
 
 
 
𝐻11,𝑟    

𝐻21,𝑟 𝐻22,𝑟   

𝐻31,𝑟 𝐻32,𝑟 𝐻33,𝑟  

𝐻41,𝑟 𝐻42,𝑟 𝐻43,𝑟 𝐻44,𝑟]
 
 
 

 (56) 

 

Items in the first column of the FRF matrix with 𝜔 = 𝜔1, 𝜉 = 𝜉1 and 𝑚1 = 1 can be used to 

evaluate mode shapes 𝜙11, 𝜙21, 𝜙31 𝑎𝑛𝑑 𝜙41 as follows, where mode was chosen as 𝑟 = 1, 

force was applied at 𝑗 = 1 and FRFs were measured at 𝑖 = 1, 2, 3, 4 points. The assumption of 

choosing the natural frequency that has dominating effect on the FRF yields the approximation, 

where  

 𝜙11 = √2𝑖𝜉1𝜔1
2𝐻11,1 (57) 

 
𝜙21=

2𝑖𝜉1𝜔1
2𝐻21,1

𝜙11
 (58) 

 
𝜙31=

2𝑖𝜉1𝜔1
2𝐻31,1

𝜙11
 (59) 

 𝜙41=
2𝑖𝜉1𝜔1

2𝐻41,1

𝜙11
 (60) 

 

Other mode shape vectors can be written with respect to second, third and fourth natural 

frequencies. Then, mode shape matrix can be written regarding to four mode shape vectors as 

follows, 

 [𝚽] = [𝑽1 𝑽2 𝑽3 𝑽4] = [

𝜙11 𝜙12 𝜙13 𝜙14
𝜙21 𝜙22 𝜙23 𝜙24
𝜙31 𝜙32 𝜙33 𝜙34
𝜙41 𝜙42 𝜙43 𝜙44

] (61) 

 

Finally, after having mode shape matrix, equivalent mass, damping and stiffness matrices can 

be established as, 

 [𝐌E] = ([𝚽]𝑇)−1𝑑𝑖𝑎𝑔[𝐌][𝚽]−1 (62) 

 [𝐂E] = ([𝚽]𝑇)−1𝑑𝑖𝑎𝑔[𝐂][𝚽]−1 (63) 
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 [𝐊E] = ([𝚽]𝑇)−1𝑑𝑖𝑎𝑔[𝐊][𝚽]−1 (64) 

 

Then equivalent matrices can be introduced to the motion equation of the complete system, 

 
[𝐌

R 0
0 𝐌F] {

𝒁�̈�

𝒁�̈�
} + [𝐂

R + 𝐂B −𝐂B

−𝐂B 𝐂B + 𝐂F
] {𝒁

�̇�

𝒁�̇�
}

+ [𝐊
R + 𝐊B −𝐊B

−𝐊B 𝐊B + 𝐊F
] {𝒁

𝑅

𝒁𝐹
} = [

0
0
] 

(65) 

 

2.7.6 Polynomial Expansion Method 

 

Secondly, Polynomial Expansion Method is discussed as follows, which was studied from 

Vazquez’s publications as the main source. In polynomial expansion, partial fraction and 

rational fraction identification methods were applied addition to the system’s equations [3]. 

Rational fraction polynomials (RFP) method focuses on calculating the coefficients for the ratio 

of polynomials. Firstly, these coefficients were calculated by using ordinary polynomials where 

results were ill-conditioned. To simplify the calculation procedure, method was reformulated to 

use orthogonal polynomials. Then, method was modified by adding error minimization to 

present a common denominator for all transfer functions. Briefly, RFP method fits the analytical 

expression to a FRF measurement by applying least-squared error formulae to define the 

coefficients of the numerator and denominator polynomials. After obtaining the coefficients, 

poles, zeros and the modal properties of FRF can be calculated. [25], [20]. 

 

The main idea to use transfer functions and calculating the coefficient can be explained briefly 

by following sentences. Since the transfer function is the function of s-variable, it is complex. 

It can be represented by real and imaginary parts or by its phase and magnitude. Poles are the 

roots of the transfer function where the function goes to infinity and these poles define the 

resonant conditions of that structure. These poles are defined in s-plane by frequency and 

damping. [21] 

 

When the numerator and denominator functions are equal to zero, respectively, zeros and poles 

of the functions can be determined. Thus, by using rational fraction method, poles and residues 



43 

 

can be used to characterize the dynamics of any structure. [21]. From previously provided 

articles, procedure through ordinary polynomials, orthogonal polynomials, error minimization 

and retrieving roots of polynomials can be investigated in detail. As follows, polynomial 

equations from Vazquez are provided. 

 

Equation (43) can be written including modal damping in terms of complex frequency 𝑠 as 

follows: 

 𝐻𝑖𝑗(𝑠) = ∑
𝜙𝑖
𝑘 𝜙𝑗

𝑘

𝜔𝑘
2 + 2𝜁𝑘𝜔𝑘𝑠 + 𝑠2

𝑚

𝑘=1

 (66) 

 

Then this equation can be written as polynomial transfer function, 

 𝐻𝑖𝑗(𝑠) =

∑𝜙𝑖
𝑘𝜙𝑗

𝑘∏ (𝜔𝑙
2 + 2𝜁𝑙𝜔𝑙𝑠 + 𝑠

2)𝑟
𝑙=1
𝑙≠𝑘

∏ (𝜔𝑘
2 + 2𝜁𝑘𝜔𝑘𝑠 + 𝑠2)

𝑟
𝑘=1

 (67) 

 

If the first p  modes of the previous equation are zero frequency modes, equation can be rewritten 

as, 

 𝐻𝑖𝑗(𝑠) = ∑
𝜙𝑖
𝑛 𝜙𝑗

𝑛

𝑠2
+

𝑝

𝑛=1

∑
𝜙𝑖
𝑘+𝑝 𝜙𝑗

𝑘+𝑝

𝜔𝑘+𝑝
2 + 2𝜁𝑘+𝑝𝜔𝑘+𝑝𝑠 + 𝑠2

𝑟

𝑘=𝑝+1

 (68) 

 

Afterwards, previous equation can be written in ordinary polynomial format with coefficients, 

 𝐻𝑖𝑗(𝑠) = ∑
𝐴𝑛

𝑠2
+

𝑝

𝑛=1

∑
𝐴𝑘+𝑝

𝜔𝑘+𝑝
2 + 2𝜁𝑘+𝑝𝜔𝑘+𝑝𝑠 + 𝑠2

𝑟−𝑝

𝑘=1

 (69) 

 

From now on, second term of the right-hand side of equation can be written using partial fraction 

expansion as follows, 

 
𝐴𝑘+𝑝

𝜔𝑘+𝑝
2 + 2𝜁𝑘+𝑝𝜔𝑘+𝑝𝑠 + 𝑠2

=
𝑎𝑘

𝑠 + 𝑑𝑘
+

𝑏𝑘
𝑠 + 𝑒𝑘

 (70) 

 

Then coefficients from partial fraction can be calculated as follows, 
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𝑑𝑘 = 𝜁𝑘+𝑝𝜔𝑘+𝑝 + 𝑗𝜔𝑘+𝑝√1 − 𝜁𝑘+𝑝
2  

𝑒𝑘 = 𝜁𝑘+𝑝𝜔𝑘+𝑝 + 𝑗𝜔𝑘+𝑝√1− 𝜁𝑘+𝑝
2  

𝑎𝑘 =
𝑗𝐴𝑘+𝑝

2𝜔𝑘+𝑝√1 − 𝜁𝑘+𝑝
2

 

𝑏𝑘 =
𝑗𝐴𝑘+𝑝

2𝜔𝑘+𝑝√1− 𝜁𝑘+𝑝
2

 

 

(71) 

 

Then transfer function in terms of coefficients can be written as follows, 

 

𝐻𝑖𝑗(𝑠) =
𝐴1 + 𝐴2 +⋯+ 𝐴𝑝

𝑠2
+

𝑎1
(𝑠 + 𝑑1)

+
𝑏1

(𝑠 + 𝑒1)
+

𝑎2
(𝑠 + 𝑑2)

+
𝑏2

(𝑠 + 𝑑2)
+ ⋯+

𝑎𝑟−𝑝

(𝑠 + 𝑑𝑟−𝑝)
+

𝑏𝑟−𝑝

𝑠 + 𝑒𝑟−𝑝
 

(72) 

 

Coefficient names can be re-arranged to generalize the formulation as follows, 

 

𝐵1 = 𝑎1   𝐷1 = 𝑑1 

𝐵2 = 𝑏1   𝐷2 = 𝑒1 

𝐵3 = 𝑎2   𝐷3 = 𝑑2 

𝐵4 = 𝑏2   𝐷4 = 𝑒2 

⋮               ⋮            
𝐵2𝑘−1 = 𝑎𝑘   𝐷2𝑘−1 = 𝑑𝑘 

𝐵2𝑘 = 𝑏𝑘   𝐷2𝑘 = 𝑒𝑘 

⋮               ⋮            
𝐵2(𝑟−𝑝)−1 = 𝑎(𝑟−𝑝)   𝐷2(𝑟−𝑝)−1 = 𝑑(𝑟−𝑝) 

𝐵2(𝑟−𝑝) = 𝑏(𝑟−𝑝)   𝐷2(𝑟−𝑝) = 𝑒(𝑟−𝑝) 

(73) 

 

Finally, after renaming the coefficients, equation (69) can be written as, 

 𝐻𝑖𝑗(𝑠) =
∑ 𝐴𝑛
𝑝
𝑛=1

𝑠2
+∑

𝐵𝑘
(𝑠 + 𝐷𝑘)

𝑟−𝑝

𝑘=1

 (74) 

 

From this point, according to the articles [20] and [21], previous calculations are mentioned to 

be ill-conditioned and difficult to solve. Thus, current approach was re-formulated in terms of 

orthogonal polynomials where calculations became simplified. Then, FRFs can be analyzed in 
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terms of real and imaginary parts. Following formulation of theory is not shown here since the 

method is not implemented in the analysis but included to provide better understanding for 

future research, other than that, there are still multiple identification methods that can be selected 

[3]. 
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3. 3D Model and FE Analysis 

 

 

In this section, information regarding modelling of foundation structure is presented. Modelling 

procedure of the foundation structure and analysis procedure are explained in following 

headings. Thus, previously explained methods are used with the FRFs that are extracted from 

the model for obtaining the equivalent matrices of the foundation structure.  

 

3D model of foundation was created in SolidWorks software. The model consists of three pieces 

where two support structures and stator were assembled together. Stator modelled as hollow 

structure where rotor can fit inside. Assembled structure is referred as foundation and 

dimensions of the structure are chosen according to the laboratory specimen. In the following 

Figure 8 cross section of the foundation model can be seen. 

 

 

Figure 8 Cross-section of foundation 
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As it can be seen from the Figure 8 there are two bearing locations at the both ends of the 

complete structure. After assembling three structures, model was exported as ‘.igs’ format. After 

exporting, model can be imported into ANSYS software where modal and harmonic analyses 

can be carried out.  

 

Finite element analyses of the foundation consist of modal and harmonic analyses. By using 

modal analysis, free-free natural frequencies of the foundation can be estimated and by applying 

rotational velocity Campbell diagram can be observed. The main difference between modal and 

harmonic methods is that, in harmonic analysis, excitation force is applied. So, foundation can 

be analyzed within a desired range of frequency and frequency response curves can be obtained. 

In this research work, four forces applied in total at both bearing locations to retrieve frequency 

response functions of foundation structure. Forces were applied in X and Y directions and for 

each force, four frequency response functions were attained. To be more specific, while force is 

applied in X direction at first bearing house, two FRFs were attained in X and Y directions 

separately for both bearing locations.  

 

After analyzing the foundation, rotor model was added and complete assembly was imported to 

ANSYS. For complete model, also modal and harmonic methods were used to retrieve free-free 

modes, Campbell diagram and unbalance response. In harmonic analysis of complete modal 

rotating force was applied at the tip of the shaft to identify critical speeds of the system. 

 

3.1 Mesh 

 

Firstly, support structures and stator were meshed separately since their geometries are different. 

For such structure, medium sized meshing was used to have better finite element behavior and 

less computation time. Bolt sections were meshed with smaller sizes since the model is fixed 

from those points. But this is more important for stress analysis. In the following Figure 9, 

meshed model can be seen. 
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Figure 9 Meshed structure 

 

In addition, complete system was meshed in same way as it was mentioned previously. 

Complete system has additional component which was included in the assembly and it can be 

seen as follows in Figure 10. 
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Figure 10 Complete system mesh 

 

For more details about meshing, curvature option was used since the model is not rectangular, 

slow transition is used to improve the quality of the meshing and medium relevance was used 

to improve the connections of finite elements. 

 

3.2 Harmonic Analyses 

 

For foundation model, different settings were applied. The model was fixed to the ground from 

four bolt locations. Frequency range was set between 0-500 Hz with 20 steps. Coriolis effect 

was disabled since no rotational force or velocity was applied. For FRFs, directional forces were 

applied in both bearing locations. In addition, to decrease the computational time, model was 

analyzed with mode superposition where it can be changed to full model in analysis settings. In 
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the following Figure 11, model in harmonic analysis with fixed supports and a directional force 

can be seen. 

 

Figure 11 Harmonic analysis set 

 

 As it was mentioned before, for complete system, modal and harmonic analyses were carried 

out to obtain Campbell diagram and unbalance response of the system. Rotor was connected to 

the foundation system with body to body spring connections from bearing locations in the 

model. Then, rotating force was applied to rotor to include damping and Coriolis effects. To be 

able to activate Coriolis effect, the complete model must be meshed by choosing full system 

instead of active assembly option. Complete system can be seen in Figure 12 as follows. 
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Figure 12 Complete system in harmonic analysis module 

 

In complete system analyses several different parameters and frequency interval were used 

compared to foundation structure analyses. Frequency interval was expanded to 1000 Hz to 

capture more information in Campbell diagram. Necessary information can be found in 

following Table 1. 

 

Table 1 Full model harmonic analysis parameters 

Rotating Force Spring coefficients Frequency Interval 

Point mass: 10 kg Stiffness: 1•108 N/m Interval: 0-1000 Hz 

Rotating 

unbalance at 

given radius: 

0.050 m Damping: 1•104 Ns/m Step: 50 
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3.3 Solution 

 

There are two different solution parts with respect to ANSYS analyses. Firstly, only foundation 

structure was analyzed according to 4 directional forces that were applied in two bearing 

locations separately. For this reason, in the solution part 16 FRF curves were obtained in total. 

Before analyses, directional axes of FRFs were chosen. To clarify, two forces were applied in 

first bearing location while other two in second bearing location. First force was applied in X 

direction and second force was applied in Y direction. For each force, four FRFs were obtained 

that have the response in X and Y directions from both bearing locations. As a result, for each 

analysis set, one force applied and four FRF curves were obtained as response. More information 

related to FRFs can be found in results section.  

 

Secondly, another solution module was set for complete model. With respect to applied 

rotational velocity, Campbell diagram and free-free modes of complete model were obtained. 

For Campbell diagram two analyses points were attained, where initial speed and final speed 

are defined. Also, first 20 modes were investigated. In this case, free- free modes, Campbell 

diagram and mode shapes were obtained by defining rotational velocity interval. Campbell 

diagram, and critical speed frequencies can be found in result section. 

 

3.4 MATLAB Model 

 

A rotor model was modelled in MATLAB by using beam elements and dynamic behavior of 

foundation structure was implemented by using the proposed method. The reason of creating 

two models by using different softwares is to verify the models. In addition, as it is the purpose 

of the thesis work, which is designing a foundation model and implementing the behavior of 

foundation model by using FRF curves into the FE code in terms of mathematical representation. 

Thus, the rotor model created by using RoBeDyn and this model was combined with the 

equivalent matrices that were retrieved from the frequency curves. These frequency curves were 

obtained from ANSYS analysis. ANSYS analyses were conducted by using the 3D models 

which were designed in SolidWorks. Several steps can be indicated here regarding to rotor 

model that was created by using RoBeDyn to give brief information. 
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 Material properties were set. 

 Key points were defined using the dimensions of the rotor. Different shaft diameters, 

bearing locations etc. 

 Node and element numbers were set with respect to key points. 

 Stiffness and damping coefficients were added as bearings and foundation properties 

were added as the equivalent matrices.  

 Frequency range, modes and unbalance mass were defined. 

 

Rotor model from RoBeDyn FE code can be seen as follows: 

 

Figure 13 RoBeDyn 3D rotor model 
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4. Results  

 

 

In this section, usage of FRF data and mathematical equations with results are explained briefly. 

All in all, after having ANSYS analyses, 16 FRFs were obtained and afterwards, pseudo mode 

shape matrix was calculated analytically by using SDOF curve fitting method. [2], [3]. 

From the following Table 2, applied forces and FRFs of four analysis sets can be seen. 

 

Table 2 Four analysis sets indicating one applied force and four FRFs for each set 

FRF sets First set Second set Third set Fourth set 

Applied 

force 

Force 1 along Y 

axis at first 

bearing 

Force 2 along X 

axis at first 

bearing 

Force 3 along Y 

axis at second 

bearing 

Force 4 along X 

axis at second 

bearing 

First 

bearing  

FRF 1 along X 

 
FRF 5 along X FRF 9 along X FRF 13 along X 

FRF 2 along Y 

 
FRF 6 along Y FRF 10 along Y FRF 14 along Y 

Second 

bearing 

FRF 3 along X 

 
FRF 7 along X FRF 11 along X FRF 15 along X 

FRF 4 along Y 

 
FRF 8 along Y FRF 12 along Y FRF 16 along Y 

 

In total 4 DOFs were attained to foundation model where in first bearing location X axis was 

numbered as 1 and Y axis was numbered as 2, for second bearing location, X axis was numbered 

as 3 and Y axis was numbered as 4. This understanding was exactly performed on the forces 

where for the first bearing location, forces were applied as number 1 and 2 in different axes as 

number 3 and 4 in second bearing location. All sets were analyzed according to the driving point 

understanding. Driving point method works as the force applied on same location where the 

measurement was performed. Then measurement point can change for upcoming calculations 

while position of the applied force stays same. In addition to method assumption was made 

regarding choosing the dominant frequency and omitting nonzero components from 

denominator of Equation (54), frequency response functions were retrieved from ANSYS by 

choosing the Mode-Superposition method. This method does not include nonzero 

displacements. 
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First set of analysis provided second column vector of mode shape matrix. Calculation for this 

set was started by obtaining 𝜙22. Then other three components of second column vector were 

calculated regarding to 𝜙22. In the following Figure 14, four FRFs of first analysis set can be 

seen. Driving force was applied at first bearing location along Y axis. As it can be seen in the 

Figure 14, force in first bearing location affects the second bearing location more in terms of 

displacement along Y axis.  

 

Figure 14 First set of FRFs 

 

Second set of analysis provided first column vector since force was applied along X axis and 

FRF 1 was in X axis. Firstly, 𝜙11 was calculated and then remaining three components of first 

column vector were calculated depending on 𝜙11. In the following Figure 15, four FRFs of 

second set of analysis can be seen. Displacement in X axis of first bearing location is more than 

second bearing location. 
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Figure 15 Second set of FRFs 

 

Third set of analysis provided fourth column vector. Calculations were started by firstly 

obtaining 𝜙44 since force and measurement should be along same axis. In the following Figure 

16, four FRFs of third set can be seen. In this set of analysis, force is applied at second bearing 

location along Y axis and comparison between first and second bearing locations shows that, 

displacement in Y axis at second bearing location is more than the first one. 

 

Figure 16 Third set of FRFs 

 

Fourth set of analysis provided third column vector of the mode shape matrix, where firstly 𝜙33 

was calculated as the driving point for second bearing location along X axis. The following 

Figure 17 provides information from last set of analysis with four FRFs. As it can be seen in the 
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Figure 17, displacement along X axis is more at the first bearing location due to the force applied 

at second bearing location. 

 

Figure 17 Fourth set of FRFs 

 

4.1 Mode Shape Matrix 

 

Mode shape matrix of the system was calculated analytically by using SDOF curve fitting 

method and driving force approach. Out of 16 frequency response functions only the dominating 

modes were taken into account. For each set of analysis four FRF graphs were combined into 

on graph. Each FRF data was retrieved from ANSYS software and exported in ‘.txt’ format. 

Then files were imported to MATLAB. Each FRF file contains frequency, amplitude, phase 

angle, real parts. Each component of the mode shape vector has negative or positive value and 

these characteristics can be obtained from phase angles if analyses were done with both 

imaginary and real parts. As follows, calculated mode shape matrix can be seen, 

 

 
𝚽 = [

4.5600 −0.0882 4.7124 −0.0857
−0.9800 −4.7400 −0.9104 −4.5096
4.7300 −0.0978 4.6453 −0.0905
−0.9712 −5.0270 −0.9544 −5.0201

] 

 

(75) 
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4.2 Equivalent Matrices  

 

As it was explained in the Synthesizing of FRFs section, to be able calculate equivalent matrices 

firstly, mode shape matrix should be obtained. Mode shape matrix was calculated from four sets 

of frequency response functions. Each set contains four frequency response curves. These FRFs 

were obtained from ANSYS analyses by applying directional forces on bearing locations. Each 

pseudo mode shape vector was obtained by using single degree of freedom identification 

method. Calculation procedure was briefly explained at the beginning of the result section. After 

calculating the full pseudo mode shape matrix, diagonal system matrices of foundation were 

calculated using the following formula: 

 
�̈�𝒓 + 𝜉𝑟𝜔𝑟�̇�𝒓 + 𝜔𝑟

2𝒒𝒓 =
𝝁𝒓
𝑚𝑟

 𝑜𝑟  

𝑑𝑖𝑎𝑔[𝐦]{�̈�} + 𝑑𝑖𝑎𝑔[𝐜]{�̇�} + 𝑑𝑖𝑎𝑔[𝐤]{𝒒} = {𝝁} 
(76) 

 

By using this formula, normalized mass, damping and stiffness matrices can be used instead of 

diagonal matrices [26]. After obtaining the mass normalized matrices, by using equations (62)-

(64) equivalent mass, damping and stiffness matrices can be calculated. Obtained equivalent 

matrices can be seen as follows: 

 𝐊𝐞 = [

0.4123 −0.4223 −0.4129 0.3894
−0.4223 1.9089 0.4414 −1.7584
−0.4129 0.4414 0.4139 −0.4068
0.3894 −1.7584 −0.4068 1.6207

] • 108 (77) 

 

As 𝐾𝑒 represents equivalent stiffness matrix of foundation.  

 𝐂𝐞 = [

8.8273 −0.8217 −8.7281 0.7673
−0.8217 4.4634 0.8683 −4.1112
−8.7281 0.8683 8.6362 −0.8097
0.7673 −4.1112 −0.8097 3.7891

] • 103 (78) 

 

Where 𝐶𝑒 is the equivalent damping matrix of foundation. 

 𝐌𝐞 = [

37.5159 −8.1160 −37.1879 7.5196
−8.1160 39.4533 8.5174 −36.3415
−37.1879 8.5174 36.8920 −7.8852
7.5196 −36.3415 −7.8852 33.4949

] (79) 

 

And 𝑀𝑒 is the equivalent mass matrix of foundation. 



59 

 

4.3 Verification 

 

As it was mentioned previously, complete model assembly was analyzed with modal and 

harmonic response modules in ANSYS. Since modules can be linked for analyses in ANSYS 

some of the aspects were assigned commonly. For instance, model was fixed to the ground from 

bolt locations, foundation and rotor were connected by means of body-to-body springs at 

bearings locations where springs were set with damping and stiffness coefficients. By using 

modal module, rotational velocity was applied to rotor. Thus, free-free modes and Campbell 

diagram of the complete system were obtained. But before comparing the complete system from 

ANSYS and RoBeDyn model with equivalent matrices, it is better compare simpler models 

from both softwares to understand how they match each other. In following sections, RoBeDyn 

models, ANSYS models and comparison between RoBeDyn and ANSYS models are explained 

and illustrated. Such comparisons were made to explain the effect of each additional feature to 

the models in example, point mass, springs or bearings and equivalent matrices or foundation.  

 

4.3.1 RoBeDyn Models 

 

There are six RoBeDyn models that were analyzed to estimate the effects of different features 

and the dissimilarities between models. Models are listed as follows: 

a) Rotor model  

b) Rotor with point mass 

c) Rotor with point mass and bearings 

d) Rotor with equivalent matrices 

e) Rotor with equivalent matrices and point mass 

f) Rotor with equivalent matrices, point mass and bearings 

Firstly, model a and b were compared to determine the effect of point mass on system. 

Obviously, additional mass will decrease the natural frequency and it can be seen in the 

following Table 3. 
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Table 3 Point mass effect on the rotor's natural frequencies 

Natural frequencies at zero rotation speed (Hz) 

Model a Model b 

601 281.9 

1171 760.8 

 

Secondly, model b and c were compared to see the effect of the bearings on the system, since 

both have models have attached point mass in common. This comparison can be seen in the 

following Table 4. 

 

Table 4 Bearing effect on the rotor's natural frequencies 

Natural frequencies at zero rotation speed (Hz) 

Model b Model c 

281.9 185.7 

760.8 225.6 

 544.6 

 981.9 

 

Bearings have both stiffness and damping coefficients and they are the intermediate features 

between the rotor and the ground. Addition of bearings changes the critical speeds of the rotor 

as it is illustrated in table Table 4. As follows, model a and d were compared to see the effect of 

equivalent matrices on rotor. Only difference between these models is the implemented 

equivalent matrices in model d. Comparison can be seen in the following Table 5. 

 

Table 5 Equivalent matrices effect on rotor's natural frequencies 

Natural frequencies at zero rotation speed (Hz) 

Model a Model d 

601 118.7 Eq. matrices 

1171 148.8 Eq. matrices 

 350 Eq. matrices 

 601.7 Rotor 

 1171 Rotor 

 

From previous table, the one can see that implemented equivalent matrices do not affect the 

rotor’s frequencies but there are three additional foundation frequencies. Then, comparison 
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between model b and e was made to verify if three additional frequencies are caused by the 

foundation. Both of the models have point mass in common and model e has equivalent 

matrices. 

 

Table 6 Verification of equivalent matrices frequencies 

Natural frequencies at zero rotation speed (Hz) 

Model b Model e 

281.9 118.7 Eq. matrices 

760.8 148.8 Eq. matrices 

 281.9 Rotor 

 350 Eq. matrices 

 760.8 Rotor 

 

As it can be seen in Table 6, Campbell diagram frequencies of rotor with point mass are same 

in model b and e while foundation frequencies stay same. From this comparison, implemented 

equivalent matrix frequencies are verified to be 118.7 Hz, 148.8 Hz and 350 Hz. Also, 

implemented equivalent matrices do not affect the rotor frequencies. 

 

Finally, model c and f were compared in the following Table 7. Both of the models have in 

common point mass and bearings but additionally model f has equivalent matrices. The effect 

of implemented equivalent matrices can be found in the Table 7. 

Table 7 Bearing effect on implemented equivalent matrices 

Natural frequencies at zero rotation speed (Hz) 

Model c Model f 

185.7 128.5 

225.6 188 

544.6 213.2 

981.9 337.9 

 561.3 

 579.1 

 760.1 

 

As it can be seen from the table, both of the models are not similar and effect of equivalent 

matrices cannot be estimated with such comparison. For this reason, additional comparison was 
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made between three models where model d, e and f have equivalent matrices in common. Please 

see the following Table 8. 

 

Table 8 RoBeDyn Campbell Diagram frequencies of models with equivalent matrices 

Natural frequencies at zero rotation speed (Hz) 

Model d Model e Model f 

118.7 Eq. matrices 118.7 Eq. matrices 128.5 Eq. matrices 

148.8 Eq. matrices 148.8 Eq. matrices 188 Rotor (by bearings) 

350 Eq. matrices 281.9 Rotor 213.2 Rotor (by bearings) 

601.7 Rotor 350 Eq. matrices 337.9 Eq. matrices 

1171 Rotor 760.8 Rotor 561.3 Rotor (by bearings) 

    579.1 Rotor (by bearings) 

    760.1 Rotor 

 

Model e has additional point mass and model f has additional point mass and bearings compared 

to model d. From this table, it can be seen that by the addition of bearings implemented 

equivalent matrix frequencies and rotor frequencies change since the bearings are the 

intermediate features between the rotor and foundation. The one can see that there are four new 

frequencies: 188 Hz, 213.2 Hz, 561.3 Hz and 579.1 Hz due to the bearings. Also, it can be seen 

that foundation frequencies drop down from 148.8 Hz to 128.5 Hz and from 350 Hz to 337.9 

Hz while first rotor frequency 281.9 Hz disappears and second rotor frequency drops down from 

760.8 Hz to 760.1 Hz.  

 

4.3.2 ANSYS models 

 

There are six ANSYS models that were analyzed to estimate the effects of different features and 

the dissimilarities between models. Models are listed as follows: 

g) Rotor 

h) Rotor with point mass 

i) Rotor with point mass and springs 

j) Rotor with foundation 

k) Rotor with foundation and point mass 

l) Rotor with foundation, point mass and springs 
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As the first comparison, model g and h were chosen to see the effect of point mass. The only 

difference between two models is the addition of point mass to model h. See the following Table 

9. 

 

Table 9 Effect of point mass on rotor’s natural frequencies 

Natural frequencies at zero rotation speed (Hz) 

Model g Model h 

598 271 

1118 752 

 

For verification purposes, mode shapes of first two rotor bending frequencies of model g can be 

seen as follows, 

 

Figure 18 First two rotor bending frequencies of rotor 

 

Then, mode shapes of the rotor model with point mass (model h) can be seen as follows where 

addition of point mass decreased the rotor bending frequencies. 



64 

 

 

Figure 19 First two rotor bending frequencies of rotor with point mass 

 

The effect of point mass was shown in RoBeDyn models before and it is verified here by getting 

very similar results in ANSYS models. Secondly, comparison between model h and i was made 

to see the effect of springs, since the both models have point mass in common. See the following 

Table 10. 

 

Table 10 Spring effect on the rotor's natural frequencies 

Natural frequencies at zero rotation speed (Hz) 

Model h Model i 

271 179 

752 225 

 541 

 980 

 

In the following Figure 20, mode shapes of the rotor with point mass and springs (model i) can 

be seen as the four rotor bending frequencies. 
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Figure 20 Four rotor bending frequencies of rotor with point mass and springs 

 

The one can see that similarity between RoBeDyn models and ANSYS models continue and 

addition of springs made significant changes on natural frequencies. Springs are intermediate 

features between the rotor and the ground and they have stiffness and damping effects. As 

follows, model g and j were compared to see the effect of foundation on rotor. Only difference 

between these models is the addition of foundation structure to model j. Comparison can be seen 

in the following Table 11. 
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Table 11 Foundation structure effect on rotor's natural frequencies 

Natural frequencies at zero rotation speed (Hz) 

Model g Model j 

598 160 

1118 280 

 344 

 480 

 598 

 627 

 701 

 760 

 763 

 1058 

 1118 

 

As it can be seen from the previous table by addition of foundation structure to rotor, additional 

foundation frequencies appear in the system and rotor frequencies stay same. Then comparison 

between model h and k was made to see the effect of foundation where both of the models have 

point mass in common. Comparison can be seen in the following Table 12. 

 

Table 12 Verification of foundation's frequencies 

Natural frequencies at zero rotation speed of Model h (Hz) 

Model h Model k 

271 160 

752 271 

 280 

 344 

 480 

 627 

 701 

 752 

 760 

 763 

 1058 

 

From previous table, it can be seen that, rotor frequencies remain same and they were not 

affected by addition of foundation structure. Also, foundation frequencies are verified with 

respect to Table 11. Finally, model i and l were compared in the following table. Both of the 
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models have in common point mass and springs but additionally model l has foundation 

structure. The effect of foundation structure can be found in the Table 13. 

 

Table 13 Spring effect on foundation’s frequencies 

Natural frequencies at zero rotation speed of (Hz) 

Model i Model l 

179 160 

225 182 

541 271 

980 344 

 472 

 538 

 627 

 701 

 752 

 760 

 763 

 1058 

 

Since there is no obvious similarity between two models, the effect of the addition of foundation 

structure to rotor with springs and bearings cannot be estimated. Thus, an extra comparison 

between model j, k and l was made where all models have foundation structure in common. So 

that, addition of point mass and springs can be estimated. See the following Table 14. 
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Table 14 ANSYS Campbell Diagram frequencies of models with foundation structure 

Natural frequencies at zero rotation speed of (Hz) 

Model j Model k Model l 

160  160  160  

280  271 Rotor 182 Rotor (by springs) 

344  280  271  

480  344  344  

598 Rotor 480  472  

627  627  538 Rotor (by springs) 

701  701  627  

760  752 Rotor 701  

763  760  752 Rotor 

1058  763  760  

1118 Rotor 1058  763  

    1058  

 

The one can see that, there are nine foundation frequencies: 160 Hz, 280 Hz, 344 Hz, 480 Hz, 

627 Hz, 701 Hz, 760 Hz, 763 Hz and 1058 Hz. By addition of point mass, in model k, rotor 

frequencies drop down from 1118 Hz to 752 Hz and 598 Hz to 271 Hz. Also by addition of 

springs, two more rotor frequencies appear: 182 Hz and 538 Hz. Then, one foundation frequency 

drops down from 480 Hz to 472 Hz while another one disappears which is 280 Hz.  

 

4.3.3 ANSYS models versus RoBeDyn models 

 

In this section, there are comparisons of three pairs and one triple model. Each model from 

RoBeDyn is compared with each model of ANSYS. Comparison pairs are listed as follows: 

i. RoBeDyn rotor - ANSYS rotor 

RoBeDyn rotor with point mass- ANSYS rotor with point mass 

RoBeDyn rotor with point mass and bearings - ANSYS rotor with point mass and springs 

ii. RoBeDyn rotor with equivalent matrices (model d) - ANSYS rotor with foundation 

structure (model j) 

iii. RoBeDyn rotor with eq. m. and point mass (model e)- ANSYS rotor with f. s. and point 

mass (model k) 

iv. RoBeDyn rotor with eq. m., point mass and bearings (model f) - ANSYS rotor f. s., point 

mass and springs (model l) 
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In the first comparison, rotor models, rotor with point mass models and rotor with point mass 

and bearings/springs models from both softwares can be seen in the following Table 15. 

 

Table 15 Rotor Campbell diagram frequencies 

RoBeDyn natural frequencies at zero 

rotation speed of rotor(Hz) 

ANSYS natural frequencies at zero rotation 

speed of rotor(Hz) 

Rotor With point 

mass 

With point 

mass and 

bearings 

Rotor With point 

mass 

With point 

mass and 

springs 

601 281.9 185.7 598 271 179 

1171 760.8 225.6 1118 752 225 

  544.6   541 

  981.9   980 

 

As it can be seen, rotor frequencies with three different setups from both softwares are in good 

similarity. Point mass and bearings/springs effects can be seen easily. Continuously, rotor model 

with equivalent matrices from RoBeDyn was compared with rotor model with foundation 

structure from ANSYS and comparison can be seen in the following Table 16. 

 

Table 16 Equivalent matrix frequencies versus Foundation frequencies without point mass and 

bearings/springs 

Natural frequencies at zero rotation speed (Hz) 

Model d Model j 

118.7 Eq. matrices 160  

148.8 Eq. matrices 280  

350 Eq. matrices 344  

601.7 Rotor 480  

1171 Rotor 598 Rotor 

  627  

  701  

  760  

  763  

  1058  

  1118 Rotor 
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From this table, it can be seen that rotor frequencies are very similar. Difference between 

foundation frequencies are caused by the chosen identification method and the simplifications 

that were taken during calculation procedure. Differences and simplifications are explained in 

the following chapters. 

 

Then comparison of rotor model with equivalent matrices and point mass from RoBeDyn with 

rotor model with foundation and point mass from ANSYS was made and it can be seen in the 

following Table 17. 

 

Table 17 Equivalent matrix frequencies versus Foundation frequencies without bearings/springs 

Natural frequencies at zero rotation speed (Hz) 

Model d Model j 

118.7 Eq. matrices 160  

148.8 Eq. matrices 271 Rotor 

281.9 Rotor 280  

350 Eq. matrices 344  

760.8 Rotor 480  

  627  

  701  

  752 Rotor 

  760  

  763  

  1058  

 

As it can be seen from the previous table rotor frequencies match each other: 281.9-271Hz and 

760.8-752. Also, two frequencies of equivalent matrices match with foundation frequencies: 

148.8-160 and 350-344. Other foundation frequencies did appear in the ANSYS model because 

they originate from solid structure, but extra foundation frequencies were not implemented by 

equivalent matrices and that is why they did not appear in RoBeDyn model. Finally, comparison 

of full models from both softwares was made to see the bearing and spring effects. See the 

following Table 18. 
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Table 18 Comparison of complete models from both softwares 

Natural frequencies at zero rotation speed (Hz) 

Model f Model l 

128.5 Eq. matrices 160  

188 Rotor (by bearings) 182 Rotor (by springs) 

213.2 Rotor (by bearings) 271 Rotor 

337.9 Eq. matrices 344  

561.3 Rotor (by bearings) 472  

579.1 Rotor (by bearings) 538 Rotor (by springs) 

760.1 Rotor 627  

  701  

  752 Rotor 

  760  

  763  

  1058  

 

From this table, several effects can be pointed out. Firstly, addition of bearings to RoBeDyn 

model affects frequencies of equivalent matrices. Implemented equivalent matrix frequencies 

can be paired with foundation frequencies as: 128.5 Hz-160 Hz and 337.9 Hz-344 Hz. Rotor 

frequencies can be paired as: 760.1 Hz-752 Hz. Finally, 188 Hz-182 Hz and 579.1 Hz-538 Hz 

can be paired. Continuously, Campbell Diagrams of two models from both softwares with all 

features can be seen in the following figures. Firstly, Campbell diagram of rotor model with all 

features from RoBeDyn can be seen in Figure 21. 
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Figure 21 RoBeDyn rotor model with equivalent matrices, point mass and bearings 

 

As you can see, same frequencies can be seen in Table 18. Secondly, Campbell diagram of rotor 

model with all features from ANSYS software can be seen as follows in Figure 22. 

 

Figure 22 ANSYS complete model with point mass and springs 
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In the following Figure 23, mode shapes of the rotor bending frequencies of fully assembled 

ANSYS model (model l) can be seen. For illustration, stator body was suppressed, only supports 

and rotor are illustrated. 

 

Figure 23 Two rotor bending frequencies of fully assembled ANSYS model 

 

From Figure 22 and Figure 23, the one can see that there are four rotor frequencies: 271.43 Hz, 

271.55 Hz, 752.45 Hz and 752,6 Hz. Then, there are two combined frequencies of rotor and 

foundation structure (where rotor and foundation are coupled): 182.33 Hz and 538.83 Hz. These 

frequencies can be verified by illustrating the mode shape results. Both of the combined 

frequencies can be seen in the following Figure 24 and Figure 25. 
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Figure 24 Combined mode shape of rotor and foundation at 182.33 Hz 

 

As it can be seen from this figure, rotor and foundation structure moves together at the frequency 

of 182.33 Hz. Such combination can be dedicated to intermediate features that link both 

structures to each other. In the following figure, same behavior can be seen at the higher 

frequency of 538.83 Hz. 

 

 

Figure 25 Combined mode shape of rotor and foundation at 538.83 Hz 
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4.3.4 Frequency Interval Comparison and Verification of Implemented Matrices 

 

As it was explained before, 16 FRFs were obtained from ANSYS software regarding foundation 

structure. These FRFs were analyzed within 0-500 Hz frequency interval with 20 steps. These 

limitations were made to simplify the procedure and to decrease the computational time. One of 

FRFs can be seen in the following Figure 26 where there are four peaks. 

 

 

Figure 26 FRF with 0-500 Hz interval and 20 steps 

 

From this figure and other FRFs two peaks were chosen as the 150 Hz and 350 Hz for calculating 

the equivalent matrices. In other words, equivalent matrices are only capable of implementing 

the frequencies of 150 Hz and 350 Hz. Thus, calculated equivalent matrices of foundation 

provide 118.7 Hz, 148.8 Hz and 350 Hz frequencies. The source of first frequency 118.7 Hz is 

not known but equivalent matrices were calculated to provide other two frequencies 150 Hz and 

350 Hz. 

 

There are two main sets of FRFs. Since the foundation structure is symmetrical, amplitudes in 

Y and X axes are different than each other. For this reason, peaks of FRFs that were extracted 

according to X axis and peaks of FRFs that were extracted according to Y axis do not match. 

Matching frequencies from these FRFs can be used for calculating the new mode shape matrix. 

Mode shapes can be calculated according to chosen frequencies by using single degree of curve 
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fitting method. This method is limited with the driving force. For example, if the driving force 

is applied along X axis in first bearing location, the effects of force can be seen along X and Y 

axes in both bearing locations. So, for this applied force there would be four different frequency 

response functions. These four FRFs can be plotted together and common frequency peaks can 

be chosen. In this case, first frequency response function should be calculated where the applied 

force and measurement point are in same location, in example, force along X axis and excitation 

in X axis at first bearing location. Then, other three frequency response functions can be 

calculated according to first one by using Pseudo Mode Shape Method. 

 

In all simulated FRF data there were two significant frequencies that are 150 Hz and 350 Hz. In 

the following Figure 27, it can be seen that more frequencies can be obtained from foundation 

structure by enlarging the frequency interval from 0 Hz to 1000 Hz and by increasing the number 

of steps to 100. 

 

Figure 27 FRF with 0-1000 Hz interval and 100 steps 

 

From this figure, the one can see that additional foundation frequencies are originating from the 

solid structure. These frequencies are: 160 Hz, 280 Hz, 350 Hz, 480 Hz, 630 Hz, 700 Hz and 

760 Hz. With this figure foundation frequencies can be verified. 
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For calculating the mode shape matrix, this frequency set could be used. In this case equivalent 

matrices would be able to implement more frequencies of foundation structure. In total there are 

16 frequency response functions and Figure 27 illustrates only one of them. If all FRFs are 

simulated with larger interval and more steps, and if all of them have 7 peaks at same 

frequencies, new mode shape matrix could be calculated by using same identification method 

and pseudo mode shape method. In this case, mode shape matrix would have the size of 7 by 4. 
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5. Conclusion 

 

 

Foundation model was implemented into a rotor-bearing system by using an identification 

method and modal analysis. Firstly, 3-dimensional foundation model was created by using 

SolidWorks then this model was imported to ANSYS software where harmonic analyses were 

carried out. Imported foundation model includes three different structures: two supports and one 

stator. After creating necessary FE environment in ANSYS, foundation model was analyzed 

four times. Each set of analysis consists of one applied force at bearing location and four 

frequency response functions. FRFs were analyzed within 0-500 Hz by 20 intervals to decrease 

computational time. Then, in total 16 FRFs were combined in MATLAB environment in a way 

that, each corresponding force with four frequency response functions.  

 

After combining the FRFs, chosen identification method was applied to retrieve four mode 

shape vectors with respect to FRFs and their maximum deflections. By using single-degree-of-

freedom identification method, modal damping ratios of max deflections were calculated from 

FRFs. Then by applying the chosen modal analysis method, mode shape matrix was used to 

calculate equivalent matrices of the foundation model. Equivalent matrices were calculated with 

same modal analysis method which is Pseudo Mode Shape Method. As an important detail, 

mass normalized stiffness, damping and mass matrices and mode shape matrix were used 

together to calculate equivalent matrices. After that, these matrices were implemented into built-

in finite element code, RoBeDyn. 

 

In RoBeDyn, rotor characteristics were set and for verification matters 6 analyses were carried 

out. Firstly, three rotor models were analyzed without equivalent matrices: rotor model, rotor 

with point mass and rotor with point mass and bearings. Regarding to these analyses, effects of 

point mass and bearings were observed so that, necessary Campbell diagrams and Free-free 

modes were obtained. For comparison, only rotor model with same additions were built in 

ANSYS as well. The results of six rotor models, three from RoBeDyn and three from ANSYS 

are very close to each other in terms of Campbell diagram frequencies.  
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As it was mentioned before three rotor models with equivalent matrices were analyzed using 

RoBeDyn code. In terms of implementing the equivalent matrices into a rotor-bearing model, 

results are successful. Firstly, rotor model with equivalent matrices without point mass and 

bearings was analyzed to see the effect of equivalent matrices. It was found that, three 

foundation frequencies were implemented successfully. From FRFs, two peaks were chosen for 

mode shape matrix calculation: 150 Hz and 350 Hz. Implemented matrices exactly provide these 

frequencies and additionally one more that is 118.7 Hz.  

 

Finally, three more ANSYS analyses were carried out for complete system. Complete system 

consists of two supports, rotor and stator with the addition of point mass and four springs. After 

these analyses two more important results were found. First, foundation model causes seven 

frequencies in total but two of these frequencies were chosen for while calculating mode shape 

matrix. Except 150 Hz and 350 Hz five more frequencies were found in ANSYS analyses. 

Second result is dedicated to behavior of bearings from RoBeDyn and springs from ANSYS. 

Addition of bearings in RoBeDyn to rotor with equivalent matrices and point mass, cancels out 

the first rotor frequency which is 281.9 Hz and adds four new rotor frequencies: 188 Hz, 213.2 

Hz, 561.3 Hz and 579.1 Hz. New rotor frequencies are similar compared to ANSYS model. On 

the other hand, addition of springs to complete system in ANSYS, does not cancel out the rotor 

frequency and adds only two new rotor frequencies: 182 Hz and 538 Hz. 

 

As a result, dynamic behavior of any structure can be estimated and implemented by using FE 

softwares, identification methods and modal analysis. In this case, needed effort and time for 

experimental analyses can be easily reduced. This work can be easily used in heavy industry 

applications and modified for motors, generators, pumps and wind turbines etc. 

 

5.1 Future Work 

 

During modal analysis calculations where Pseudo Mode Shape Method was used, several 

simplifications were taken into account. First simplification was using only real parts while 

obtaining the frequency response functions. For even more accurate results, imaginary part can 

be taken into account. In this case, phase modification part should be taken into account as well 
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to convert imaginary part into real part. Second simplification was related to frequency interval 

of retrieved frequency response functions. Interval can be enlarged so that more foundation 

frequencies can be obtained in FRFs. Additionally, different identification method can be used 

to implement more frequencies because single-degree-of-freedom-curve-fitting method is 

limited regarding applied forces. To increase the matrix size of mode shape matrix, more 

frequencies can be added by using SDOF but in this case resulting matrix won’t be square matrix 

or assumed numbers can be added to maintain square matrix size. To be able to implement larger 

square matrices more advanced identification methods can be used. Finally, experimental 

analysis can be added for verification matters. 
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