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In many industrial applications, accurate and fast surface reconstruction is essential for
quality control. Variation in surface finishing parameters, such as surface roughness, can
reflect defects in a manufacturing process, non-optimal product operational efficiency, and
reduced life expectancy of the product. This thesis considers reconstruction and analysis
of high-frequency variation, that is roughness, on planar surfaces. Standard roughness
measures in industry are calculated from surface topography. A fast and non-contact
method to obtain surface topography is to apply photometric stereo in the estimation of
surface gradients and to reconstruct the surface by integrating the gradient fields. Al-
ternatively, visual methods, such as statistical measures, fractal dimension and distance
transforms, can be used to characterize surface roughness directly from gray-scale images.

In this thesis, the accuracy of distance transforms, statistical measures, and fractal di-
mension are evaluated in the estimation of surface roughness from gray-scale images and
topographies. The results are contrasted to standard industry roughness measures. In
distance transforms, the key idea is that distance values calculated along a highly vary-
ing surface are greater than distances calculated along a smoother surface. Statistical
measures and fractal dimension are common surface roughness measures. In the experi-
ments, skewness and variance of brightness distribution, fractal dimension, and distance
transforms exhibited strong linear correlations to standard industry roughness measures.

One of the key strengths of photometric stereo method is the acquisition of higher fre-
quency variation of surfaces. In this thesis, the reconstruction of planar high-frequency
varying surfaces is studied in the presence of imaging noise and blur. Two Wiener filter-
based methods are proposed of which one is optimal in the sense of surface power spectral
density given the spectral properties of the imaging noise and blur. Experiments show
that the proposed methods preserve the inherent high-frequency variation in the recon-
structed surfaces, whereas traditional reconstruction methods typically handle incorrect
measurements by smoothing, which dampens the high-frequency variation.



Keywords: photometric stereo, surface reconstruction, shape, Wiener filtering, sharp-
ening, deblurring, roughness measurement
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Symbols and abbreviations

η noise
λ wavelength
ρ albedo
σ slant angle
τ tilt angle
ψ finite difference function in the spatial domain
Ψ finite difference function in the frequency domain
h Point spread function (PSF)
i(x, y) Intensity image
n surface normal
p gradient field in x-direction in the spatial domain
q gradient field in y-direction in the spatial domain
q(λ) quantum efficiency
r Pearson coefficient of correlation
s standard deviation
w weighting function
u, v position in Fourier domain
x, y position in spatial domain
z surface height function in the spatial domain
E irradiance
H Optical transfer function (OTF)
HR Wiener filter in Fourier domain
P gradient field in x-direction in the frequency domain
Q gradient field in y-direction in the frequency domain
Ra Profile average roughness
Rq Profile root-mean-square roughness
Sa Surface average roughness
Sk(u, v) Power spectrum of k
Sq Surface root-mean-square roughness
Z surface height function in the frequency domain

AFM Atomic force microscope
BRDF Bidirectional reflectance distribution function
CCD Charge-coupled device
DTOCS Distance transform on curved space
FFT Fast Fourier transform
LWC Light weight coated paper
NNT Nearest neighbor transform
ODTOCS Optimal DTOCS
OTF Optical transfer function



PPS Parker Print-Surf
PS Photometric stereo
PSD Power spectral density function
PSF Point spread function
RGB Red green blue
RMS Root mean square
RMSE Root mean square error
SC Supercalendered paper
SEM Scanning electron microscope
SNR Signal-to-noise ratio
WDTOCS Weighted distance transform on curved space
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Chapter I

Introduction

1.1 Background

An accurate and fast surface reconstruction is essential for quality control in many indus-
trial applications. Variation in surface finishing parameters, such as surface roughness,
can reflect defects in a manufacturing process, non-optimal product operational efficiency,
and reduced life expectancy of the product. Computer vision techniques provide a fast
and non-contact alternative to traditional surface characterization methods in which the
surface roughness is typically sensed by a probe in a contact measurement.

The acquired images provide information which has to be interpreted in order to estimate
or reconstruct the surface variation. Theoretical models in computer vision for light and
surface interactions provide means to explain the obtained image data. The complicated
interactions of light with a material are conventionally represented as rather simple, but
effective reflection models. The surface variation can be characterized directly from an
image or from the surface shape reconstructed using one or more images.

Typical surface illumination effects, shadows and highlights, appear as a function of sur-
face shape. The phenomenon has long been exploited in visual arts in the illustration
of surface shapes and variations. Shape from shading [40] and photometric stereo [120]
utilize intensity information in surface reconstruction. Both methods estimate the gra-
dient fields of surface, and the surface shape is reconstructed by integrating the gradient
fields. Examples of classical reconstructed shapes using intensity information are the
maria of the moon and rocky planets such as Mercury. The errors in gradient field es-
timation result from measurement errors and from the applied surface reflection model.
If the calibration of a measurement setup is inaccurate, or the surface reflects light dif-
ferently from that predicted by the reflection model, the obtained gradient fields may
exhibit abrupt variations producing non-integrable gradient values. Traditional integra-
tion methods typically compensate the non-integrable gradient components by local or
global smoothing. The monitoring of surface roughness, that is, smaller scale variations
with limited noise levels, is frequently of interest in manufacturing processes, such as pa-
per manufacturing, metal surface finishing, and the automotive industry. It is important
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14 1. Introduction

to note that smoothing usually removes these smaller scale variations and thus many
integration approaches are not directly applicable. As it is rather simple and robust,
photometric stereo based surface reconstruction has nevertheless been successfully ap-
plied for example in the reconstruction of human faces [96], paper surfaces [35], and in
online quality control of ceramic tiles [23].

1.2 Objectives

The objective of this thesis is to study the characterization and photometric stereo based
reconstruction of high-frequency surface variation from gray-scale images. Surface char-
acterization directly from gray-scale images is an effective and simple approach. One of
the aims of this thesis is to study whether direct characterization from gray-scale images
provides a competitive solution for the estimation of standard roughness measures.

Research on photometric stereo based surface reconstruction typically focuses only on one
of the two phases of surface reconstruction: 1) gradient field estimation or 2) integration
of the gradient fields. Proposed methods and error analysis in literature are commonly
optimized for one of the two phases, a complete optimal reconstruction scheme from gray-
scale images to reconstructed surfaces is omitted. One aim of the thesis is to formulate a
photometric stereo based surface reconstruction scheme which includes compensation of
imaging errors. Noise and blur play central role in the reconstruction of high-frequency
varying surfaces, since they provide information to restore smoothed observations.

1.3 Contributions and publications

The main contribution of this thesis is in the introduction of an optimal surface recon-
struction scheme. To the best of the author’s knowledge, photometric stereo based opti-
mal surface reconstruction from noisy and blurred observations has not been addressed
formally.

The research was mainly conducted during an industrial project ”PapSurface”, which
investigated computer vision techniques for paper printability analysis. The research
on surface characterization begins with estimation of surface roughness from gray-scale
images, where the major novelty is in the application of distance transforms in surface
roughness estimation. In addition, fractal dimension analysis is successfully applied in
the estimation of paper specific roughness measures. For surface reconstruction, novel
weighting functions are proposed for previously presented photometric stereo based sur-
face reconstruction methods. The research on photometric stereo based surface recon-
struction culminates in the optimal surface reconstruction scheme. A solution is studied
and proposed for the entire surface reconstruction process starting from noisy and blurred
images. The effects of noise and the point spread function in the imaging are modeled
from the images to gradient fields for three- and n-light photometric stereo, and an op-
timal integration method for the estimated gradient fields is proposed. The method is
optimal in the sense of surface power spectral density given the spectral properties of the
imaging noise and blur.

The major part of the conducted research has been published in scientific conferences.
The first conference articles consider surface roughness estimation from gray-scale images.
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A paper specific roughness measure is estimated from gray-scale images using fractal
dimension and statistical methods in [68]. Later, in [45], distance transforms are applied
to the paper surface in order to estimate the standard roughness measures.

Surface reconstruction research starts with weighting function analysis for direct integra-
tion in the Fourier domain. A novel weighting scheme for robust surface reconstruction
is proposed in [66]. The reconstructed surfaces using the proposed weights are compared
with traditional integration methods in [65]. The proposed reconstruction methods pro-
duce significantly rougher and more reference like surfaces than traditional integration
methods. The obtained result led the research to be concentrated on an optimal surface
reconstruction scheme. The effect of noise in surface reconstruction is studied in [67].
Previously the complete optimal surface reconstruction scheme has not been published.

In the above-mentioned publications, the author has made a major contribution to the
development, writing, and experimental work in [68], participated in development, and
writing in [45], and performed development, experiments, and writing in [65, 66, 67].

1.4 Thesis outline

The thesis consists of eight chapters. In Chapter 2, the subject of measurement of high
frequency surface variation is introduced with standard roughness measurement tech-
niques, some of which are reference methods in the experiments. Chapter 3 presents
ways to interpret the acquired image data. The applied imaging model, the illumina-
tion configuration, and imaging configuration are introduced, as are light and surface
interaction models. Basic terminology of surface reflection models is explained.

Surface characterization methods and photometric stereo based surface reconstruction
methods are presented in the three following chapters. Chapter 4 presents surface rough-
ness analysis from gray-scale images. The proposed image analysis methods are intro-
duced, and the analysis principles of fractal dimension estimation and distance trans-
forms are explained. Chapter 5 focuses on surface reconstruction methods. First shape
from shading and photometric stereo based gradient field estimation are presented. Then
integration methods for surface reconstruction are introduced. Chapter 6 proposes an op-
timal surface reconstruction scheme. The analytical formulation of the proposed method
is introduced, and applicability of the traditional integration methods for an optimal
surface reconstruction scheme is assessed.

Chapter 7 presents the experiments conducted on surface roughness analysis from gray-
scale images, on the weighting functions for direct integration in the Fourier domain, and
on optimal surface reconstruction. Discussion of the experimental results concludes the
chapter. Chapter 8 summarizes the achievements of this thesis, and suggests new topics
for future research.
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Chapter II

Surface Texture Characterization

Real surfaces exhibit details and variations in several scales and sizes. For example,
human skin appears as a smooth surface observed from longer distance, but on closer
inspection all the lines, pores and other small details are visible. Surface texture charac-
terizes the surface structure and details of a given object. In this thesis, texture is defined
to describe only topographical variation, not local reflectance variation. Texture does
not have an exact definition, but deterministic textures are often defined to be generated
by one or more basic local patterns that are repeated in a periodic manner over some
image region. For real surfaces, such as paper surface, rocks or aerial photographs, the
basic pattern does not necessarily exist, but the surface can be modeled as a stochastic
process. The surface variation does not exhibit regular patterns, but surface elements
have statistical interactions between neighboring elements. In this thesis, small scale
variation of texture is defined as surface roughness.

In this chapter, the definition of roughness and standard roughness measurement devices
are discussed. First, the definition of roughness and roughness measures are introduced.
Similarly as the appearance of a texture depends on the observation scale, the surface
roughness is characterized on several scales. Roughness measures are calculated using
statistical analysis and time-series analysis. Common surface texture measurement tech-
niques are presented at the end of the chapter.

2.1 Roughness properties

Surface texture often consists of different scales of variation, denoted as roughness and
waviness which are illustrated in Fig. 2.1. Roughness consists of small scale variation
whereas waviness refers to larger scale variation. The third surface variation type defined
in [105] is called form and refers to non-periodic components of the surface variation. The
surface height map describes local height details of a surface and is denoted the surface
topography. The topography image is called a 2.5D image, where the gray-scale values
of the image define the height of a surface at a given point.

17



18 2. Surface Texture Characterization

Roughness is usually defined as a deviation from an ideal, flat reference plane where all
the surface elements are in the same level. To extract the roughness and waviness from
an inspected surface, the topographies are low-pass filtered. The result of a low-pass
filtering is that the waviness surface w, and the roughness surface r is extracted from the
original surface by subtracting the waviness surface from the original surface z. This is
illustrated in Fig. 2.1. The surface topography is filtered with a zero-centered Gaussian
weighting function G(x, y;λxc, λyc), which is given by

G(x, y;λxc, λyc) =
1

βλxcλyc
exp

{
− π

β

[(
x

λxc

)2

+
(

y

λyc

)2]}
, (2.1)

where x and y are spatial coordinates, (λxc,λyc) are the cutoff wavelengths at 50% attenu-
ation ratio and β = ln2/π [105]. ISO standards recommend cutoff wavelengths 0.08 mm,
0.25 mm, 0.8 mm, 2.5 mm, and 8 mm [81].

 

 

A profile from the original surface z
A profile from the waviness surface w
A profile from the roughness surface r

Figure 2.1: Profiles from the original, the waviness and the roughness surface

The essential scales for roughness characterization are application dependent. For ex-
ample, in the paper industry surface roughness is classified into three different classes:
1) Optical roughness at length scales smaller than 1 μm, 2) Micro roughness at 1 μm -
100 μm, and 3) Macro roughness at 0.1 mm - 1 mm. Optical roughness is connected to
the surface properties of individual pigment particles and pulp fibers. Micro roughness
consists of the shapes and positions of fibers and fines in the paper surface. Macro rough-
ness results from variation in the paper basis weight. All these three roughness classes
affect paper gloss, and micro and macro roughness also affect paper uniformity [84].

The roughness surface can be characterized by statistical analysis and time series analysis
in the spatial or frequency domain. In statistical analysis, the roughness is characterized
from the height distribution of the roughness surface. The traditional roughness values
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for profiles from surfaces are root-mean-square roughness Rq and average roughness Ra.
The 2D counterparts are denoted as Sq and Sa. [12]

The root-mean-square roughness, Sq, corresponds to the standard deviation of the rough-
ness surface and is defined as

Sq =

√√√√ 1
MN

M∑
x=1

N∑
y=1

r(x, y)2, (2.2)

where M and N are the number of data points in the x- and y-directions and r(x, y) is
the height value of the roughness surface at point (x, y).

The average roughness, Sa, is the absolute height deviation of the roughness surface and
is given as

Sa =
1

MN

M∑
x=1

N∑
y=1

|r(x, y)|. (2.3)

The root-mean-square and average roughness values depend on the measurement instru-
ment, sampling frequency, and size of the measurement area. The measured roughness
is band-limited, since the measuring instruments acquire surface details at a certain res-
olution. Details below the applied resolution are not observable. The highest spatial
frequency which can be observed is called the Nyquist frequency, which is half of the
sampling frequency. The size of the measurement area determines the sensitivity of
roughness measures to singular sharp surface variations. A few sharp measured peaks
have a stronger influence on roughness values for small measurement areas than for larger
ones. The cutoff frequency in the roughness surface extraction alters also the roughness
values.

Time-series analysis includes the autocovariance function in the spatial domain, and the
power-spectral-density function in the frequency domain. The autocovariance function
measures the correlation properties of the surface roughness and is calculated by mul-
tiplying the surface with its shifted copy. High positive values indicate that a surface
feature repeats itself at the shift distance. The power spectral density (PSD) function or
simply power spectrum is the Fourier transform of the autocovariance function and the
PSD of a surface, S(u, v), is given as

S(u, v) =
∣∣∣ 1
MN

M∑
x=1

N∑
y=1

z(x, y)e−j2π ux
M + vy

N

∣∣∣2 , (2.4)

where (u, v) are spatial frequencies. PSD provides information on the variation of surface
height values in each spatial frequency. If PSD of a surface could be measured over the
frequencies from 0 to infinity, it would include most of the information needed to statis-
tically describe the surface. Then the root-mean-square roughness and autocovariance
function of a surface could be estimated over the desired surface spatial frequency range
from the power-spectral-density function. Currently, however, the complete PSD over all
the frequencies cannot be determined [12]. Figure 2.2 illustrates power spectra of a paper
surface. The 2D power spectrum is calculated using the Fast Fourier transform (FFT),
and the 1D spectrum in the x-direction is the sum of columns of the 2D spectrum and
in the y-direction the sum of rows of the 2D spectrum.
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Figure 2.2: 1D, and 2D power spectra of a paper sample.

2.2 Surface texture characterization techniques

Typical surface texture characterization techniques can be divided into three types: 1)
line profiling, 2) areal topography, and 3) area integrating methods [12, 115]. Line pro-
filing methods include mechanical profilometers in which a high-resolution probe senses
profiles on the surface. Areal topography devices extend the measurement to three di-
mensions to obtain the topography of surface. Mechanical profilometers and atomic force
microscope (AFM) are contacting areal topography methods. Both methods apply a re-
pulsive mechanical contact between a stylus and the surface. Optical areal topography
methods include for example optical profilometers, confocal microscopy, structured light,
and scanning electron microscope (SEM). Optical profilometers use light as a stylus.
Structured light techniques project light patterns onto the surface. The surface shape is
determined through analyzing the locations of light patterns on the surface. In Shadow
Moiré technique, a Moiré pattern is projected on the surface and the technique is well
adapted for an industrial environments [29]. Scanning electron microscope uses electrons
instead of light to form an image in the microscope. Area integrating methods combine
the measured scattered light from the surface using a theory relating scattering of light
to surface roughness. Total integrated scatter and angle resolved scatter are examples
of area integrating methods. Line profiling and areal profiling methods measure surface
texture directly but in area integrating methods, a statistical average of surface varia-
tion is obtained. Industrial needs are also met with the application of industry-specific
roughness rating methods, such as air-leak methods in paper industry.

The obtained roughness measure values depend on the measurement device. Recently
Vorburger et al. [115] compared mechanical profilometer, optical profilometers, and con-
focal microscope for Ra calculation from subnanometer scales to 500 nm. The obtained
profiles were in good agreement with each other, even though there were significant dif-
ferences in Ra-values for certain surface types. Profilometers and air-leak methods are
typical surface roughness characterization techniques in paper industry. Therefore they
were applied in the experiments and next presented in more detail.
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2.2.1 Profilometers

Profilometers are based on a stylus which travels across the surface. The stylus can be
mechanical or optical. In mechanical profilometers, a sensitive stylus literally “senses” the
surface height variation by moving across the surface. The idea is simple, and mechanical
profilometers were being used already in the 1930’s [110]. Contact measurement by stylus
often leaves scratches on the surfaces being measured, and spatial resolution is restricted
by the stylus size, which can be 1μm at its smallest.

Optical profilometers use as a stylus laser light in phase shifting interferometry or white
light in white light interferometry. In autofocusing instruments, a detector measures
reflected laser light focused on the surface to be examined, and the light reflected from
the surface is analyzed by a detector, which can observe deviations from the ideal focus
position [7], see Fig. 2.3. The advantages over a mechanical stylus are non-contact
measurement and better resolution.

Laser diode Prism

Moving lens

Sample

Magnetic

winding

Location detector

Detector

Beam splitter

Figure 2.3: Basic principle of an optical profilometer.

2.2.2 Paper specific roughness rating methods

At the moment, paper surface roughness is standardly measured using air leak methods.
The air leak rate between the measured paper surface and a specified metering land is
recorded using specialized pneumatic devices [49], see Figure 2.4 for an illustration of the
Parker Print-Surf (PPS) method. The air leak methods were actively developed until
1970 since when only small adjustments have been made. The methods differ in the
pressure at which the measuring head is pressed to the paper, the measured quantity
(time, volume), the softness of the metering land and the measured area.

The disadvantages of air leak methods are sensitivity to paper grade tested, indirect
surface roughness measurement, slow speed and contact measurement. Nevertheless, air
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To flow meter

Metering land

Paper

Low pressure air input

Resilient back surface

Figure 2.4: The measuring head of Parker print-surf.

leak methods are still widely used in the process control of paper mills as they are rather
easy to apply and give functional results.



Chapter III

Imaging of Surfaces

Imaging provides a fast and non-contact alternative for surface texture characterization.
The interpretation of image information demands understanding of the properties and
geometric arrangements of three elements: camera, illumination, and the surface. The
camera acquires images from a certain direction through optics using a camera sensor.
The imaging is influenced by the sensor characteristics of the camera and the optical
characteristics of the lens. Illumination includes the directions and the wavelengths
of light used to illuminate the surface. The interaction between light and the surface
depends on the material and the shape of the surface.

The modeling of imaging and illumination are first covered in this chapter. The described
illumination configuration is applied in later chapters and experiments. The terminology
relevant to measurement of light is then introduced. The rest of the chapter presents
light and surface interaction types and surface reflection models.

3.1 Modeling of imaging and illumination

The illumination and camera configuration affect the appearance of the surface to the
camera. In this thesis, the configuration is restricted such that the camera is situated
right above the imaged surface, that is, the viewer direction is 0◦. The source direction,
the direction of illumination, is varied with angles τ , and σ, see Fig. 3.1. τ is the tilt
angle of illumination; the angle that the projection of the illuminant vector incident onto
the test surface plane makes with an axis in that plane. σ is the slant angle that the
illuminant vector makes with a normal to the test surface plane.

The direction of illumination alters the shadows and highlights on the surface. Figure 3.2
illustrates the variation of slant and tilt angles. In Fig. 3.2 (a-d) the slant angle, that
is the angle of incidence, is varied from 45◦ to 75◦. Larger slant angles highlight the
surface shape but surface peaks shadow larger areas of surface. The change in tilt angle
varies the places of shadows and bright areas in the function of the surface shape, see

23
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Light source

x-axis

y-axis

σ

τ

Camera

Figure 3.1: Geometry of the imaging setup.

(a) σ = 30◦, τ = 180◦ (b) σ = 45◦, τ = 180◦ (c) σ = 60◦, τ = 180◦ (d) σ = 75◦, τ = 180◦

(e) σ = 60◦, τ = 0◦ (f) σ = 60◦, τ = 90◦ (g) σ = 60◦, τ = 180◦ (h) σ = 60◦, τ = 270◦

Figure 3.2: Illustration of slant and tilt angle variation in surface appearance.

Fig. 3.2 (e-h). This suggests that surface shape could be reconstructed by altering the
tilt angle. This approach will be studied further in Chapter 5.

The main components of a camera system are an objective and a camera sensor. This
thesis concentrates on gray-scale charge-coupled device (CCD) cameras. Color CCD
cameras can be modeled similarly when each color channel is considered separately and
the effect of the color filter response is taken into account. A CCD sensor consists of a
rectangular grid of electron-collection sites overlaid on a thin silicon wafer. The collection
sites measure the amount of light energy reaching each of them. The number of electrons
e recorded at the cell located at row x and column y of an ideal CCD array can be
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modeled as
e(x, y) = T

∫
λ

∫
k∈Ω(x,y)

E(k, λ)D(k)q(λ)dkdλ , (3.1)

where T is the electron-collection time and the integration is over the spatial domain
Ω(x, y) and the range of wavelengths to which the CCD has a nonzero response. E is the
irradiance (see Section 3.2.1) arriving at point k, and D is the spatial response of the site.
The quantum efficiency q(λ) of the device represents the generated number of electrons
per unit of incident light energy. E and D depend on the point location k whereas E
and q(λ) depend on the light wavelength λ. [24]

Several noise sources can adversely affect the presented camera model. Thermal and
quantum effects, fabrication defects, and quantization noise are typical for the imaging
process. Spatial nonuniformity in collected electrons due to fabrication defects is often
referred to as fixed pattern noise. The number of electrons collected at a site (x, y) is
modeled by K(x, y)e(x, y) where K(x, y) is a constant which accounts for the product of
q(λ) and Ω(x, y) for each collection site. Healey and Kondepudy [37] characterizeK(x, y)
as having mean 1 and spatial variance s2K over all of the collection sites. They state that
the spatial variation in collection site response is small for accurately manufactured de-
vices. Therefore s2K is also small. Thermal energy increases the charge in each collection
site by freeing electrons from the silicon. The noise is referred to as dark current noise
NDC and is temperature dependent. Shot noise NS results from quantum nature of light
and represents the uncertainty in the number of electrons stored at a collection site. NS

follows zero mean Poisson distribution with a variance that depends on the number of
collected photoelectrons K(x, y)e(x, y) and dark current noise NDC . Zero mean read-out
noise NR is generated in the output amplifier. The quantization of the analog signal
to the digital signal, both spatially and in magnitude, creates zero mean quantization
noise NQ. The noisy digital image can be modeled from the above-mentioned noise types
as [37]

i(x, y) = (K(x, y)e(x, y) +NDC(x, y) +NS(x, y) +NR(x, y))A+NQ(x, y) , (3.2)

where A is the combined gain of the output amplifier and the camera circuitry. If the
constant K is neglected, since it has mean 1 and s2K is small, 3.2 can be modeled [50,
p. 273] as

i(x, y) = e(x, y) + η(x, y) , (3.3)

where
η(x, y) =

√
e(x, y)η1(x, y) + η2(x, y) .

η1 and η2 are zero-mean, mutually independent, Gaussian white noise fields. The sig-
nal dependent term represents noise from the detection and recording processes and is
modeled as a Poisson distribution with a mean value of e. As a limiting case, this dis-
tribution can be approximated by Gaussian distribution. If η1 has unity variance, the
signal dependent term has a standard deviation

√
e since the Poisson distribution has

equal mean and variance. η2 describes wideband thermal noise, which can be modeled
as Gaussian white noise. The noise η can be modeled as a white noise random field when
the signal-dependent noise term is replaced by its spatial average μe as [50, p. 274]

η(x, y) = μeη1(x, y) + η2(x, y) . (3.4)
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The Gaussian noise model does not completely characterize the noise in CCD cameras.
The noise values are assumed to be completely independent but due to fabrication errors
some groups of pixel may have correlated responses. The description of dead pixels is
also insufficient. The additive Gaussian noise model is, however, frequently applied in
practice since the response of filters to the Gaussian model is easy to estimate. [24]

In the objective, light is degraded by blur and optical aberrations. For an ideal imaging
system, the impulse response is the Dirac delta function. In real imaging, the point-
spread function (PSF) measures the degree of blur, that is, how much sharp edges and
points become larger and smoother. PSF is an inherent property of imaging systems and
it can be measured by imaging a sharp edge or point. Optical aberrations change the
shape of the image as a whole, i.e., straight lines in the object are changed to curved
lines on the image sensor. [30]

In this thesis, the imaging is modeled as a linear, time invariant system. PSF degrades
the image with blur in the optics. The blurred image is then degraded by additive noise.
Geometric distortions are not included in the model. The response of a CCD-array to
light is assumed to be linear. The imaging system can then be modeled as [30]

i(x, y) = h(x, y) ∗ f(x, y) + η(x, y) , (3.5)

where i(x, y) is the degraded image, h(x, y) is the point-spread function, ∗ denotes con-
volution, f(x, y) is the original, undegraded image, and η(x, y) is a noise term.

The Wiener filter is a least square error filter for the restoration of a degraded image
from blur and additive random noise when the statistics of blur and noise are known.
Noise and image are assumed to be uncorrelated and the gray scale values in the restored
image are a linear function of the values in the degraded image. The least-square error
solution F̂ (u, v) is given in the Fourier domain as [30]

F̂ (u, v) =
[ H∗

|H |2 + SNR(u, v)−1

]
I(u, v) , (3.6)

where H is optical transfer function (OTF) obtained by Fourier transforming h, H∗ the
complex conjugate of H , and SNR(u, v) = |Sf (u, v)|2/|Sη(u, v)|2 is the signal-to-noise
ratio in the frequency domain. Sf (u, v) is the power spectrum of the undegraded image,
Sη(u, v) the power spectrum of the noise, and I(u, v) the Fourier transform of i(x, y).

3.2 Terminology

3.2.1 Radiometric terminology

Radiometry deals with the measurement of light. The following terms help to describe
how energy is transferred from light sources to a surface, and the effects of this energy
arriving at a surface. In computer vision, the radiator of energy is normally a light
source, and the energy is received and interpreted by an imaging sensor (camera).

Radiance is the light energy radiated per solid angle in a particular direction (W ×
m−2 × sr−1) and represents light traveling in free space or light reflected from a surface.
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Irradiance E is defined as total incident power per unit surface area (W × m−2) and
represents light arriving at a surface. [24]

Foreshortening occurs, when a surface patch is rotated with respect to the light source
direction, that is, the surface appears smaller to the light source. Similarly, when a
source is rotated with respect to the illumination direction, it appears smaller to a patch
of surface viewing the source. [24]

3.2.2 Shadowing

Shadows occur on surface areas which one or more light sources do not illuminate. Fig-
ure 3.3 presents three different types of shadows: 1) masking, 2) cast shadows, and 3)
self shadows [33]. In masking, the reflected light does not reach the viewer due to an
obstruction between the reflecting surface and the viewer, see Fig. 3.3 (a). In the applied
imaging setup in Fig. 3.1, the viewer, that is, the camera, is straight above the surface,
and masking shadows can be neglected. In self shadows, the light does not enter the facet
when the angle between the surface normal of the facet and the illumination direction is
larger than 90◦. The right side of the V-shaped groove is self-shadowed in Fig. 3.3 (b).
A cast shadowed facet is shadowed by another facet. The lower half of the facet on the
left is cast shadowed by the facet on the right in Fig. 3.3 (b).

Masked facet

(a)

Self-shadowed
facetCast-shadowed

facet

(b)

Figure 3.3: Shadow types. (a) Masking, and (b) self and cast shadows. [33]

3.3 Light and surface interaction

When light interacts with a surface, a combination of three effects occur: 1) absorp-
tion, 2) transmission, and 3) reflection [24]. Figure 3.4 presents these effects with two
types of reflection, specular reflection and diffuse reflection. Specular reflection is also
called interface reflection, since the reflection occurs on the surface. In diffuse reflec-
tion, uniformly reflected radiation is caused by penetration of light onto the surface with
multiple, internal light-material interactions and consecutive emittance [59]. All these
four interactions happen on a paper surface. Paper transmits light, i.e., a light source
is visible through paper, absorbs light, i.e., paper warms under a light source, reflects
light diffusely, i.e., the light leaves paper at different point that it entered the material.
Specular reflections, also known as gloss, are common in high-quality papers, i.e., paper
exhibits very shiny spots.
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Figure 3.4: Light and surface interactions types [72].

The surface reflection is also dependent on the wavelength distribution of the light source
and the color of the object. Fluorescence is one example: paper absorbs light at one
wavelength and then radiates the light at another wavelength. In paper making, papers
are converted to look brighter using fluorescence.

Some simplifications can be made to this interaction. The interaction model is typically
defined to be a local, macroscopic model with no fluorescence or emission. The model is
reasonable for surfaces typical in vision. The three assumptions in the model are: 1) The
leaving radiance is only due to radiance arriving at this point. This excludes interreflec-
tions of the surface. However, the direction of light may change at the interaction. 2) The
wavelength does not alter in the interaction; the leaving light at one wavelength is only
affected by the light arriving at that wavelength. 3) The surface does not generate light
and treats sources separately. [24]

3.4 Reflection

In surface texture characterization, surface reflection properties are of major interest.
Transmission and absorption may reveal the internal structure and material of the in-
spected object, but reflection reveals the surface texture.

In the reflection of a surface, the incoming illumination and the reflected light are related.
The relationship is described as a function of the directions of light arriving and leaving
at a given point on the surface. The general model of local reflection is known as the
bidirectional reflectance distribution function (BRDF) [59], and is defined as

Rbd(λ, φi, θi, φv, θv) , (3.7)

where λ is the wavelength of incident light, (φi, θi) the direction of incident light, and
(φv, θv) the direction of reflected light, see Fig. 3.5.

The BRDF of real objects may be very complicated, since the reflected light is dependent
on the wavelength, the orientation of the viewer, and the light source. Measurement of
the BRDF of an object with unknown reflection properties demands a large number
of different directions of illumination. For each illumination direction, the object is
imaged from a large number of reflection directions. A material is said to be isotropic
if the reflection properties are invariant to rotations around the surface normal. The
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Figure 3.5: Incoming intensity (φi, θi), and outgoing intensity (φv, θv) are related

in BRDF.

relationship between the illumination direction and reflection is simpler for isotropic
materials, since the angular difference φi − φv is constant. [59]

The complicated BRDFs are simplified in the reflection models applied in computer
vision. Three different reflection types are often identified: 1) specular, 2) diffuse, and 3)
hybrid reflection, see Fig. 3.6. An ideal specular reflector is a mirror-like reflector: light
arriving in a particular direction reflects only in the specular direction, see Fig 3.6 (a).
The angle of incidence θi and the angle of reflection θv are the same. Diffuse reflection
does not depend on illumination direction. Hybrid reflection is a combination of specular
reflection is and diffuse reflection id. A typical model for hybrid reflection is a linear
combination of Lambertian diffuse reflection and specular reflection modeled using Phong
or Torrance-Sparrow models. Then the hybrid reflection is given as

i = Kdid +Ksis , (3.8)

where i is outgoing intensity and Kd +Ks = 1. [59]

n

θi θv

(a) Specular

n

θi

(b) Hybrid

n

θi

(c) Perfectly diffuse

Figure 3.6: Reflection types. Reflect light is denoted with a thick line.

3.4.1 Diffuse reflection models

Diffuse reflection is usually modeled by Lambert’s cosine law derived by Lambert [70] in
1760. A perfectly diffuse surface appears equally bright from all viewing directions, and
is known as a Lambertian surface. However, the reflected intensity is dependent on the
illumination angle because of foreshortening. Examples of nearly diffuse surfaces include
matte paper, matte paints, and cotton cloth.
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The light reflected from a Lambertian surface is defined by Lambert’s cosine law which
states that the diffusely reflected light is proportional to the angle of incidence

id = Eρ cos(θi) , (3.9)

where id is the intensity of diffusely reflected light, E the intensity of the arriving illu-
mination, ρ the albedo of the surface, and θi the angle of incidence. Albedo ρ describes
surfaces which are Lambertian surfaces but partially absorb the incoming radiation.
Therefore it represents the relative portion of light reflected from a surface and is usually
a scalar in the range [0,1]. [59]

3.4.2 Specular reflection models

Glossy or mirror like surfaces are known as specular surfaces. A mirror behaves closely
to an ideal specular surface, but only few surfaces can be modeled as specular surfaces.
When the surface variation increases, the number of specularly reflective facets increases,
and the intensity to specular direction decreases. Typically, therefore, a small lobe rather
than a sharp spot is seen on a specular surface to the specular direction [24]. Phong [93]
modeled the shape of the lobe in 1975 as

is = E cosn(δθ) = E cosn(θv − θs) , (3.10)

where θv is the angle of reflection, θs the specular direction, and n is a parameter defining
the size of the lobe. Large values of n produce a narrow lobe whereas small values of
n a large lobe and specularities with rather fuzzy boundaries [24]. The Phong model is
a good model for plastic-like surfaces, it is, however, not suitable for modeling metallic
surfaces. The model also excludes shadows.

The Phong model does not have a physical meaning. Torrance and Sparrow [112] in-
troduced in 1967 a physical reflection model based on geometrical optics. The surface
is modeled as mirror-like microfacets in the form of V-shaped grooves. The model is
valid only when the wavelength of illumination is small compared to the surface rough-
ness [33]. The specular reflection is a function of the angles of reflection. The diffuse
reflection originates from internal scattering of multiple reflections among facets. The
model includes the shadows and masking by adjacent facets.

3.4.3 Lambertian model in the reconstruction of rough surfaces

The Lambertian reflection model is widely applied in computer vision for its simplic-
ity and effectiveness. However, real surfaces may deviate from the assumptions in the
Lambertian model in several ways. In the illumination of rough surfaces, shadows are
a typical result when the angle of incidence increases. In backscattering, the surface
radiates more energy back in the direction of the source than the Lambertian reflection
model predicts.

Oren and Nayar [88] studied diffuse reflection on rough surfaces. They conclude that
non-Lambertian effects are significant when viewer direction is varied rather than source
direction. They propose a diffuse reflection model in which the surface is modeled with
V-shaped cavities similarly as in the Torrance-Sparrow model. The facets are assumed
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to be much larger than the wavelength of incident light. Each facet of a surface follows
the Lambertian reflection model. If the light is reflected only from one facet, that is, the
surface is smooth, the Oren-Nayar model follows the Lambertian reflectance. In rougher
surfaces, light reflects from several facets and the measured reflectance is greater than
for the Lambertian surfaces especially for spherical objects. The backscattering from
multiple facets increases the observed image irradiance near the occluding boundaries.
Wolff [118] measured diffuse reflection from an optically smooth white magnesium oxide
ceramic. He varied the viewer and source directions and concluded that the Lambertian
model is valid when the angle between the viewer and source directions is not simulta-
neously greater than 50◦. However, according his measurements, the Lambertian model
predicts the image irradiance accurately when the viewer direction is 0◦ and the angle of
illumination is varied between 0◦ and 90◦, see Fig. 4 in [118]. When the viewer direction
is varied, the Lambertian reflection model clearly overestimates the image irradiance as
the viewer direction is greater than 50◦ and the angle of incidence is 0◦. Wolff proposes
a diffuse reflection model for smooth surfaces to improve the estimation of image irra-
diance when the viewer direction is varied. Later, the two diffuse reflection models, the
Oren-Nayar model and the Wolff model, are combined to a diffuse reflection model for
rough and smooth surfaces in [119]. The new model demands information on the albedo
and roughness of the measured surface.

van Ginneken et al. [114] note that Oren-Nayar model is inconsistent since it assumes a
surface with V-shaped cavities which can not exist. Therefore they propose a reflection
model for rough surfaces in which the diffuse and specular reflections from the Gaussian
surface model are predicted. The obtained results are similar to Oren-Nayar model,
but the proposed model is consistent. Koenderink et al. [61] propose another reflection
model for a physically realizable surface. They describe the surface roughness in three
scales: 1) micro scale, 2) macro scale, and 3) mega scale. The reflection from micro scale
roughness consists of multiple interactions of the surface and light and it is modeled with
the Lambertian reflection model. Macro scale roughness produces photometrical and
geometrical effects like cast shadows and interreflections. The roughness at the macro
scale is modeled with a distribution of spherical concavities. At mega scale the surface
is flat.

In this thesis, the Lambertian reflection model for surface roughness reconstruction is
applied. Based on Wolff [118], the Lambertian surface model is valid for the applied
illumination and imaging configuration: viewer direction is 0◦ while the angle of incident
is varied. The characterization and reconstruction of surface roughness demand high
resolution. Therefore several facets of the rough surface cannot be imaged to one pixel and
the Oren-Nayar model simplifies to the Lambertian model. The non-Lambertian effects
due to imaging of spherical objects are not relevant for the thesis since the roughness
describes the variation from a reference plane. Furthermore, the Lambertian model does
not demand roughness estimation or roughness measurement from the sample.
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Chapter IV

Analysis of Surface Roughness from Gray-scale Images

Standard surface texture measurement techniques are accurate, but typically unsuitable
for dynamic scenes, such as measurement of moving surfaces online. Imaging based
solutions can provide a rather simple, fast, and non-contact configuration for surface
texture characterization. One of the aims of this thesis is to study whether direct char-
acterization from gray-scale images provides a competitive solution to the estimation
of standard roughness measures. Furthermore, image analysis provides 2D information
about surfaces, which can be valuable in the control of surface defects and imperfections.

A straightforward imaging based approach for surface texture characterization is to ana-
lyze gray-scale images directly. In the simplest approach, surface texture characterization
measures are calculated from image gray-scale values. Naturally, surface reflection mod-
els can be employed in the interpretation of gray-scale values to improve the surface
texture characterization results.

This chapter studies statistical measures, fractal dimension and distance transforms in
surface roughness characterization. In the approach considered, the roughness of the
surface is characterized from one gray-scale image, which is illuminated by grazing light.
The standard statistical roughness values are estimated from profiles, topographies or
scattered light measurements. A natural vision based roughness estimation approach is to
apply statistical measures directly to gray-scale images. A surface can exhibit roughness
in several scales. Fractal dimension is a scale invariant roughness measure, that is, the
roughness values are independent of the measurement scale. This thesis proposes that
distance transforms can be applied in the characterization of surface roughness. The
key idea is that distance values calculated along a highly varying surface are larger than
distances calculated along a smoother surface.

4.1 Related work

Vision based surface roughness estimation and analysis has attracted the interest of re-
searches for a long time [74], and the field is still an area of active research. Al-Kindi
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and Shirinzadeh [3] calculated roughness measures directly from gray-scale images using
two reflection models. The same roughness measures were calculated from profilometer
measured topographies. The roughness values were similar when calculated from gray-
scale images and topography. The vision based models failed only in the estimation of
the kurtosis values of the surface. They, however, base their conclusions on the results
from only one sample whose reflectance properties were not presented. Ragheb and Han-
cock [94] applied the Beckmann-Kirchhoff scattering theory to rough surface analysis.
They calculated RMS roughness, RMS slope, and correlation length of the surface and
concluded that simple experimental instruments, such as visible light with a digital cam-
era, are sufficient for surface roughness measurement. Unfortunately, they did not have
reference measurements for roughness values in order to confirm the results.

Recently, fractal dimension analysis has received considerable attention in the surface
finishing community. Real applications of fractal dimension are, however, still rather
uncommon. Several authors have characterized surface roughness using fractal dimension
and compared the results to Sa and Sq-values [17, 51, 60, 76, 89]. The profiles and
topographies were acquired using profilometers, atomic force microscopes or scanning
electron microscopes. Kent [58] and Johansson [53] measured paper surface roughness
using profilometry and studied the fractal nature of the measured profile. According to
Kent [58], paper surface topography exhibits fractal characteristics. Later, Johansson [53]
also reached the same conclusion using different paper grades. Contrary to the previously-
mentioned studies, Gopalakrishnan [31] applied a fractal dimension estimation method
to gray-scale images for on-line monitoring of the roughness of metal surfaces. He found
a third order polynomial correlation between Ra roughness values and fractal dimension.

4.2 Statistical processing

In statistical image processing, a surface image is considered a stochastic process. A set
of statistical brightness measures describes the brightness distribution of an image in
one or two dimensions. The image brightness histogram represents the one dimensional
brightness distribution of an image, see Fig. 4.1. Mean, variance, skewness, kurtosis, and
entropy are calculated from the image brightness histogram. 2D kurtosis is calculated
from the spatial brightness distribution of an image.

The mean Iμ is the average brightness (gray-scale value) of the image and it can be
calculated as

Iμ =
1

MN

M∑
x=1

N∑
y=1

i(x, y) , (4.1)

where the image size is M ×N pixels.

The standard deviation of the image Is is given by

Is =

√√√√ 1
MN

M∑
x=1

N∑
y=1

(i(x, y) − Iμ)2 . (4.2)

Then the variance Is2 is calculated as

Is2 = I2
s (4.3)
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Figure 4.1: Brightness histogram of a paper sample. The mean value of the

image is presented as a vertical line.

The skewness Isk and kurtosis Iku are functions of image brightness. They are given as:

Isk =
1

MN

M∑
x=1

N∑
y=1

(i(x, y) − Iμ)3

I3
s

, (4.4)

Iku =
1

MN

M∑
x=1

N∑
y=1

(i(x, y) − Iμ)4

I4
s

. (4.5)

The skewness Isk is a degree of symmetry, or more precisely, lack of symmetry. A sym-
metric distribution has zero skewness. Left-skewed distribution has a negative skewness
value indicating that the left tail of the distribution is heavier than the right one. A
surface with a large number of pits produces negative skewness values. Correspondingly,
right-skewed distribution has a positive skewness value indicating a heavier right tail of
the distribution. A surface with a large number of bumps has positive skewness. [12]

The kurtosis Iku is a measure of whether a distribution is peaked or flat. Normal distri-
bution has kurtosis of 3. Distributions with large kurtosis values tend to have a distinct
peak near the mean, decline rapidly and have heavy tails, while distributions with small
kurtosis values have a flat top near the mean, rather than a sharp peak.

Zero-order entropy Iη introduced by Shannon [98] in 1948 characterizes the information
content of the image and is measured in bits per pixel. The entropy of the image is given
by:

Iη = −
L−1∑
k=0

pk log2(pk), (4.6)

where L is the total number of gray-scale levels found in the image and pk is the probabil-
ity of the k-th gray-scale level in the image. The lower the entropy, the less the number
of bits needed for coding.



36 4. Analysis of Surface Roughness from Gray-scale Images

The probability pk of a particular gray-scale level is calculated as:

pk =
nk

MN
, (4.7)

where nk is the number of pixels in the image containing the k-th gray-scale level.

2D kurtosis is an extension of kurtosis to multidimensional data and it was introduced by
Mardia [78]. The peakedness in the two-dimensional case can be considered as a spatial
clustering of height values. Johansson [53] applied 2D kurtosis I2dku to gray-scale images
as a measure of the homogeneity of a paper surface.

2D kurtosis for gray-scale images I2dku is defined as follows:

I2dku =
1∑
i(x, y)

∑
i(x, y)

(
(x − μx y − μy)tS−1

(
x− μx

y − μy

))
, (4.8)

where S is the covariance matrix of the image i, (μx μy)t is the mean vector of the image
i, and i(x, y) denotes the gray-scale value of a pixel (x, y).

4.3 Fractal dimension analysis

Fractals were first introduced in 1977 by Mandelbrot [77] and developed further at the
end of 1980’s by Barnsley [6]. Fractal dimension analysis measures the complexity of
an image and it is defined by a power law relationship between a complexity measure
and the applied measurement scale. A review of fractal dimension estimation methods
is presented in [13].

A popular way to compute the fractal dimension is through the capacity dimension by
box-counting [28]. The idea of the approach is to put an image onto a regular rectangular
grid of the size ε and simply count a number of grid cells – ‘boxes’ – containing some
of the image texture. This gives the measure V (ε). Then, changing of the grid size ε
progressively to smaller sizes produce a series of measures V (ε). For practical purposes
it is often appropriate to consider a sequence of grids, where the size reduces by a factor
of two [73]. In such a case, each cell is subdivided into four cells, each cell is of half size
in the next grid. Using such grids in box-counting, a sequence of counts V (2k), k ∈ Z+

is obtained.

If a power law relationship exist between the measure V (ε) and the measurement scale
ε, it is possible to find a constant Id that yields an equation:

V (ε) ∼ 1
εId

. (4.9)

The constant Id is the fractal dimension and it is real valued. The fractal dimension
Id shows how rapidly the measure V grows, while the scale ε decreases. Thereby, the
fundamental idea is that the measure V and scale ε do not vary arbitrarily, but are
related by a power law relationship according to (4.9).

The fractal dimension Id is obtained by solving (4.9) for Id taking a limit as ε approaches
zero:

Id = lim
ε→0

logV (ε)
log(1/ε)

. (4.10)
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In the calculation of fractal dimension Id for an image by solving (4.10), the problem
is that the limit will always yield zero. Eventually the scale ε will be so small that the
measure V (ε) has the maximum value, while log(1/ε) grows without a bound as the scale
ε approaches zero. Therefore, the measurement values at the smallest and largest scales
are ignored in fractal dimension estimation [73]. In practice, the fractal dimension Id
is estimated on the slope of the straight line minimizing the mean-square deviation of
logV (ε) vs. log(1/ε), see Fig. 4.2. The problem of minimization of the mean-square
deviation is solved using linear regression.
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Figure 4.2: Linear regression for fractal dimension estimation. The data points

applied in the fractal dimension estimation are connected with black line, the rest

of the points are ignored in the calculation of linear regression.

Gagnepain and Roques-Carmes [26] suggested a 3D extension to the box-counting ap-
proach. The idea is to treat a gray-scale image i as a three-dimensional discrete set of
points W, where the first two components are the x and y coordinates of the pixels,
and the third component is the brightness b of the pixels. As a result, a (x, y, b)-space is
formed. Consider a gray-scale image i of the size 256×256 pixels and with 256 gray-scale
levels. Then, a three-dimensional array W of elements of the size of 256 × 256 × 256
is produced representing the image i: all elements of W are zeroed except those whose
indexes are equal to the coordinates of the gray-scale image pixels.

Figure 4.3 (a) and (b) represent a three-dimensional square grid, where the size of one
element is ε. The number of non-zero elements V (ε) is found. The new value of V (ε)
is calculated by summing the array across each of three dimensions at a time, which is
equivalent of increasing the grid size ε up to the size of two elements, see Fig. 4.3 (c)
and (d). The procedure is continued, until the grid size ε increases up to the size of
the whole array. A sequence of grids of the sizes ε and corresponding measures V (ε) are
obtained, and linear regression is applied in order to compute the fractal dimension Id
as in Fig. 4.2.
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(a) (b)

(c) (d)

Figure 4.3: 3D Box-counting algorithm: (a) regular rectangular grid over the

image, (b) grid cells containing some image texture (denoted as black boxes), (c-d)

2D presentation of different grid sizes ε.
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4.4 Distance transforms

The Distance Transform on Curved Space (DTOCS) [111] measures distances along sur-
faces represented as gray-scale height maps, or range images. Ikonen [44] proposed that
distance transforms could be applied in surface roughness characterization. The distance
values calculated along a highly varying surface are assumed to be larger than distances
calculated along a smoother surface. The roughness characterization method combines
DTOCS with nearest neighbor transform (NNT) and produces a roughness map, which
can be used to compare the roughness of different regions in the same image. In addition,
an average roughness value can be calculated to characterize the whole surface. In this
thesis, the distance transforms are extended to anisotropic grids and to real valued height
data. Preliminary results are presented in [45].

DTOCS calculates distances along gray-scale surfaces, where gray-scale values are under-
stood as height values. Local distances, which are summed along digital paths to calculate
the distance transform, are defined as d(kl, kl−1) = |i(kl) − i(kl−1)| + 1, where i(k) de-
notes the gray-scale value of pixel k, and kl−1 and kl are subsequent pixels on a path.
The locally Euclidean modification of DTOCS, the Weighted DTOCS (WDTOCS) [111]
produces more accurate distance values by using the locally Euclidean distance between
pixels, and Optimal DTOCS [47] improves the distance approximation even further.

4.4.1 DTOCS for anisotropic grids

Next DTOCS and WDTOCS are generalized for surfaces represented as real altitude
data in an anisotropic grid. DTOCS and WDTOCS can be used for real height values
without any changes in the distance definitions. The integer gray-scale values defining
the height differences are replaced with the floating point altitude data. Alternatively,
the height data could be represented using units which can be scaled to integers, for
example, data represented in micrometers could be scaled by 10 and then rounded.
The accuracy of the measuring device can be fully exploited by using the floating point
data directly. Converting the data to a volume image and using well known distance
transforms in 3D [14] would also require rounding of the height measurements, and
result in an increased problem size.

The scaling of the surface must be carefully considered, when using DTOCS. The values
of the pixels correspond to the height, or the z-coordinate, of the surface represented
as a range image. If the resolution in the xy-plane differs from the resolution in the
z-direction, the height differences must be scaled in order to obtain approximations of
true distances along the surface. Scaling in the horizontal image plane is needed, if the
grid of the range image is anisotropic, that is, if the resolution in the x-direction differs
from the resolution in the y-direction. Interpolating additional values in the direction
with the lower resolution would inevitably introduce some error compared to measured
data, and lead to a multifold increase in the image size. Instead, DTOCS local distances
are generalized as follows:

d(kl, kl−1) =

⎧⎨
⎩

rz |i(kl) − i(kl−1)| + rx , kl−1 neighbor of kl in x-direction
rz |i(kl) − i(kl−1)| + ry , kl−1 neighbor of kl in y-direction
rz |i(kl) − i(kl−1)| + max(rx, ry) , kl−1 diagonal neighbor of kl

(4.11)
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Figure 4.4: Local distance definitions for the DTOCS (solid lines) and the

WDTOCS (dashed lines) in an anisotropic grid visualized on a surface of 2 × 2

pixels.

where rz is the scaling factor for the height differences, and rx and ry are the distances
between neighbor pixels in the x- and y-direction, as visualized in Fig. 4.4. The factors
rx, ry and rz may have any non-negative values, not necessarily integers. Similarly,
WDTOCS, in which the local distance is calculated using the Pythagoras’ theorem from
the height difference and the horizontal displacement between the neighbor pixels, can
be generalized to rectangular grids as follows:

d(kl, kl−1) =

⎧⎪⎪⎨
⎪⎪⎩

√
r2z |i(kl) − i(kl−1)|2 + r2x , kl−1 neighbor of kl in x-direction√
r2z |i(kl) − i(kl−1)|2 + r2y , kl−1 neighbor of kl in y-direction√
r2z |i(kl) − i(kl−1)|2 + r2x + r2y , kl−1 diagonal neighbor of kl

(4.12)

A small example, where the step lengths are rx = 3 and ry = 1, and the height scaling
is rz = 1, is shown in Fig. 4.5. DTOCS and WDTOCS calculated from one reference
pixel in the rectangular grid are shown in Fig. 4.5 (b) and (c). Figure 4.6 demonstrates
that DTOCS and WDTOCS can be applied also to images with elongated pixels with
floating point values. It can be seen that DTOCS produces significantly larger values
than WDTOCS. Adding the horizontal and vertical displacement in the local distance
definition clearly overestimates the local Euclidean distance, when the values of neighbor
pixels differ by several units.

DTOCS and its generalization to anisotropic grids are metrics, that is, the distances
are symmetric, positive definite and fulfill the triangle inequality, as long as only integer
gray-scale values and scaling factors are involved [44]. Calculating floating point distance
values, either by using the WDTOCS definition or by having floating point input data,
may result in violations of the criteria for a metric, due to the limited precision available.
For example, the least significant bits of the distance values calculated from pixel k
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to pixel l and from l to k may differ, as they are the result of several floating point
operations.

The DTOCS based roughness characterization method utilizes normalized distance val-
ues. Distances are divided by the so called projection distance [48]. The projection
distance value of pixel k is the length of the shortest path from k to the nearest reference
pixel projected into the image plane. The local distances are obtained by removing the
effect of the height differences from the DTOCS or WDTOCS local distances, that is, by
setting rz = 0 in (4.11) and (4.12). Figure 4.5 (d) and (e), and Fig. 4.6 (d) and (e) show
the projection distances of the corresponding DTOCS and WDTOCS images. Dividing
the DTOCS or WDTOCS distance values with the corresponding projection distances
results in values indicating the average height variation along the shortest path to the
nearest reference pixel.

0 0 0 0 0

0 0 1 0 0

0 2 2 2 0

0 0 0 0 0

0 0 0 0 0

(a) Original image

3 1 3 6 9

3 0 4 6 9

3 3 5 8 9

4 6 8 10 10

5 7 9 11 11

(b) DTOCS

3.16 1.00 3.16 6.16 9.16

3.00 0.00 3.16 6.32 9.32

3.16 2.24 3.74 6.48 9.49

4.16 4.47 5.98 7.48 10.22

5.16 5.47 6.98 8.48 10.65

(c) WDTOCS

3 1 3 6 9

3 0 3 6 9

3 1 3 6 9

4 2 4 6 10

5 7 5 7 11

(d) Proj. dist. (DTOCS)

3.16 1.00 3.16 6.16 9.16

3.00 0.00 3.00 6.32 9.32

3.16 1.00 3.16 6.16 9.49

4.16 2.00 4.16 6.32 9.32

5.16 3.00 5.16 7.32 9.49

(e) Proj. dist. (WDTOCS)

Figure 4.5: Example of the DTOCS, the WDTOCS and the corresponding pro-

jection distances in a rectangular grid, where rx = 3 and ry = 1.

12.30 1.32 3.37 1.32
7.91 −0.44 4.25 1.61
1.32 1.61 4.83 6.01
−1.61 7.76 6.15 8.79
2.78 9.08 5.86 10.99

(a) Original image

17.74 2.76 8.81 15.86
13.35 0.00 9.69 15.57
6.76 3.05 10.27 16.45
10.69 10.20 12.59 19.23
16.08 12.52 13.88 22.43

(b) DTOCS

13.73 2.02 6.36 11.77
9.73 0.00 6.85 11.76
5.39 2.28 7.34 12.25
8.31 8.51 8.99 13.79
12.82 10.17 10.03 16.02

(c) WDTOCS
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(d) Proj. dist (DTOCS)

5.10 1.00 5.10 10.10
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5.10 1.00 5.10 10.10
6.10 2.00 6.10 10.20
7.10 3.00 7.10 11.20

(e) Proj. dist (WDTOCS)

Figure 4.6: Example of the DTOCS, the WDTOCS, and the corresponding

projection distances on anisotropic profilometer data, where rx = 5 and ry = 1.
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4.4.2 Distance and nearest neighbor transformation

An efficient priority pixel queue transformation algorithm for calculating the DTOCS is
presented in [43]. The reference pixels, from which distances are calculated, are enqueued
in a minimum heap, from which they are dequeued in priority order. New distance
values are calculated for neighbors of the dequeued pixel, and subsequently enqueued.
The best first approach ensures that distance values are final when they are dequeued
and propagated further. The projection distance values are calculated simultaneously
with the DTOCS or the WDTOCS values. The propagation order also enables easy
implementation of the nearest neighbor transformation, which assigns the identity of
the nearest feature pixel to each pixel in the image. The distances and the nearest site
are determined according to DTOCS, as described in [46]. Unique seed values assigned
to each reference pixel are propagated simultaneously with the distance values, so that
each pixel gets the seed value of the pixel from which the distance propagated to it. A
similar region growing algorithm for tessellation of 3D volumes is presented in [56]. The
complexity of the pixel queue algorithm is O(n lognq), where nq is the length of the queue,
which varies throughout the transformation. As nq � n, the algorithm is near-linear,
with running times increasing only slightly with increasing surface complexity [43].

4.4.3 Roughness measurement using DTOCS

In the DTOCS based roughness evaluation method, a distance map is calculated using a
set of reference pixels, or seeds, on the original image. A nearest neighbor transform is
calculated simultaneously to attach each pixel to the nearest reference pixel. The curved
distances within each region are divided by the corresponding projection distances. The
more variation there is around the seed pixel, the greater are the distances. The averages
of the normalized distance values within each region produce a roughness map of local
roughness values.

In this thesis, the roughness evaluation method is generalized for anisotropic grids and for
real valued height data. Figure 4.7 illustrates how the roughness measurement method
proceeds on a topography image with an anisotropic grid. The original surface image,
Fig. 4.7 (a), is 250 pixels wide and 50 pixels high, but represents a square surface, a piece
of paper of size 2.5 mm×2.5 mm. This means that one pixel represents a surface area of
size 10 μm× 50 μm. The height values are measured in micrometers, but as the height
variation is very small compared to the horizontal displacement, a factor 10 is added to
the height component to emphasize the variation. The resulting scaling factors for the
local distances are rx = 10, ry = 50, and rz = 10, or in practice, rx = 1, ry = 5, and
rz = 1.

As local distances based on gray-scale values can vary significantly, the nearest neighbor
transformation can result in many shapes of regions around each site. The region sizes
also vary, as the distance propagation covers more pixels in a smoother area. Seed
pixels in areas with higher variation are typically surrounded by smaller nearest neighbor
regions. However, when the seed points are sparsely placed, the horizontal distances
dominate the height differences. The resulting regions follow the placement of seed
points, as in Fig. 4.7 (e) and (f). On a highly varying surface, some seed values may not
propagate at all, if each neighbor of the seed pixel is closer, or equally close, to one of the
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(a) Original image, seeds (b) DTOCS image (c) Proj. distance image

(d) NNT image

DTOCS avg. roughness 1.79

1.69

1.75

1.85

1.93

1.81

1.75

1.72

1.78

1.85
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(f) roughness map

Figure 4.7: Phases in the roughness measurement method (a)–(e). Image (f)

shows that WDTOCS roughness values are consistently smaller than DTOCS

roughness values.

surrounding reference pixels. In such cases, the roughness value is approximated using
the average of the distance values in the 8-neighborhood of the seed pixel plus one. The
idea is that distances from the reference pixel to its neighbors must be greater or equal to
the distance between each neighbor and some other reference pixel. This approximation
can make the method more robust against noise, as a reference pixel differing significantly
from its neighborhood can “borrow” its roughness value from its neighborhood rather
than cause a peak in the roughness map.

The shapes and sizes of regions can be adjusted by altering the placement and num-
ber of seed pixels. An increase in the number of seed pixels produces smaller regions.
Consequently fewer pixels are averaged to the local roughness values, and roughness
characterization is more sensitive to large height variations. Again, sparsely placed seed
points filter sharp variations from the local roughness values, and thereby characterize
longer wavelength type surface roughness. However, the processing time increases as the
number of seed pixels is increased.

The placement of seed points affects the shape of the regions. Different grid types are
presented in Fig. 4.8. In [45], the seed points were placed on a regular grid with even
spacing as in Fig. 4.8 (a). The result was square-like regions. By displacing every second
row of the seed point grid by half of the seed point distance as in Fig. 4.8 (b) each region
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obtains two neighbors more than previously, in total six neighbors. Alhoniemi performed
experiments in his master thesis [4] on profilometer measured topographies and noted
that placement of grid points does not alter the correlation to Sa-values significantly,
whereas the increase in the number of seed points improved the correlation.

(a) Grid A (b) Grid B

Figure 4.8: Grid types: (a) A, and (b) B.



Chapter V

Surface Reconstruction Methods

Surface variation can be characterized directly from a gray-scale image or alternatively
from the reconstructed shape of the surface. While the reconstructed surface provides
detailed estimation of the shape and variation of the surface, an accurate shape recon-
struction demands more information and assumptions on the surface than the direct
roughness estimation methods presented in Chapter 4. Surface reconstruction has typi-
cally two phases: 1) gradient field estimation and 2) the integration of gradient fields in
order to obtain the surface shape.

Shape recovery is one of the classical problems in computer vision. In shape recovery,
the 3D shape of an object should be reconstructed from one or more images. Shape-
from-X techniques, where X can be for example shading, stereo, texture or focus, are
applied in shape recovery in computer vision [59, 125]. Helmholtz Stereopsis [75] exploits
Helmholtz reciprocity, that is, the symmetry of the BRDF with respect to the incoming
and outgoing directions. Recently, Guillemaut [32] recovered shape of rough surfaces
using Helmholtz Stereopsis.

Shadows and highlights are natural descriptors of surface variation, since they reveal the
surface shape, as seen in Fig. 3.2. Artists have long traditions in expressing the shape of
a scene and objects using shadows and lighting. The shape recovery of an object using
image intensity variations demands information on the surface reflection properties of the
object. Chapter 3 introduces surface reflection models in which the intensity variations
in images can be described by surface shape changes.

Shape from shading and photometric stereo provide the gradient fields of a surface. How-
ever, due to the measurement errors and improper reflection assumptions, the gradient
fields are not integrable, i.e. the integration path is not unique. Integration methods
assume or relax surface properties to integrate the non-integrable gradient fields. Fig-
ure 5.1 illustrates the surface reconstruction scheme of photometric stereo for Lambertian
surfaces. First, one or more images are acquired using an imaging setup. In this case,
four images express the surface shape. Then, two gradient fields, p, and q, are calculated
from the gray-scale images, and the surface shape is obtained by integrating the gradient
fields.

45
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Figure 5.1: Surface reconstruction using photometric stereo.



5.1 Shape from shading 47

This chapter first focuses on shape from shading, and more thoroughly on photometric
stereo with several extensions. The rest of the chapter covers integration techniques. Tra-
ditional integration methods are introduced, and an extension to a previously published
method is proposed.

5.1 Shape from shading

In shape from shading, the gradual variation of shading of a surface reveals the shape of
the surface . Classical recovered shapes are the maria of the Moon, and rocky planets
such as Mercury. Shape from shading estimates the surface gradients or directly the
surface shape from one image. The recovery of the shape from a single image is, however,
underdetermined: the surface shape is described with surface normals which have three
unknown variables, or using surface gradients with two unknown variables. Solutions
to this problem can be divided to four classes [125]: 1) minimization approaches, 2)
propagation approaches, 3) local approaches, and 4) linear approaches. Next the basic
properties of each approach are presented. For more detailed information, see the survey
of Zhang et al. [125], which was recently updated by Durou et al. [22].

Minimization approaches [20, 25, 41, 42, 71, 123] minimize an energy function which
measures surface properties. Since each surface point has two unknowns, and each pixel
provides one gray-scale value, Ikeuchi and Horn [42] introduced two constraints: 1) bright-
ness and 2) smoothness constraints. The brightness constraint minimizes the re-lighting
error, which is calculated between the measured brightness value and the calculated
brightness value from the recovered shape. The smoothness constraint enforces the re-
covered surface to be a smooth surface. Surface shape is calculated by minimizing the
energy function consisting of these two terms [125] . Later Frankot and Chellappa [25]
introduced an iterative scheme for projecting nonintegrable surface slopes to the closest
integrable basis functions, in this case Fourier basis functions.

In propagation approaches, surface information from a set of surface points is propagated
to the whole image. The surface depth and orientation can be calculated along a charac-
terized strip, if the depth and orientation values are known at the starting point of the
strip [125]. Characteristics strips have two disadvantages: 1) the shape estimation er-
ror accumulates along with the integration, and 2) definition of the characteristic lines is
problematic. The characteristic lines should not cross each other, and in order to obtain a
dense shape map, new characteristic lines have be to interpolated. More recent propaga-
tion approaches are viscosity solutions [15, 55, 87, 109] in which the shape-from-shading
problem is formulated first order partial differential equations.

Local methods recover the surface using only information at each image point indepen-
dently of the neighborhood of the image point and the other points. However, strong
assumptions on the observed surface are needed [22]. In [90] assumes that the surface
is locally spherical at each point. If the assumptions are fulfilled, the surface recovery
succeeds, but otherwise the result may be erroneous.

In linear shape-from-shading methods [63, 64, 91, 113], a global or local linear approx-
imation of the reflectance function is applied [125]. Pentland [91], for example, used a
linear approximation to the reflectance function in terms of surface gradient. Fourier
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transform was applied to the linear function in order to achieve a closed form solution
for the depth at each point.

5.2 Photometric stereo

Shape from shading utilizes one image with constraints in the estimation of surface
gradient fields or surface shape. Additional images provide more information about the
surface making global constraints unnecessary. Woodham [120] introduced in 1978 three-
light photometric stereo (PS) for Lambertian surfaces. Photometric stereo estimates
surface gradient fields and the surface shape is obtained by integrating the gradient fields.
In photometric stereo, three or more images are captured from a surface illuminated from
different directions while the viewpoint remains unchanged. The surface gradient at each
image point is estimated from the image gray-scale values in successive images. As Spence
and Chantler [104] noted, the strength of photometric stereo based surface reconstruction
is in higher frequency information, whereas the global shape can be inaccurate because
the surface gradients have to be integrated in order to obtain height data. In hybrid
models [83], stereo triangulation and photometric stereo are combined in order to improve
the accuracy of the reconstructed surfaces in both low and high frequency information.

Photometric stereo has been utilized in several types of real applications. Smith [101] re-
ports various applications in which photometric stereo has been successfully used. Later,
Smith and Smith [102] introduced dynamic photometric stereo for moving surface anal-
ysis and discussed the limitations of the proposed method in industrial applications.
Farooq et al. [23] also applied the method for on-line quality control of ceramic tiles.
Saji and Nakatani [96] used photometric stereo with slit patterns in the measurement
of a human face. Hansson and Johansson [35], and Hansson and Fransson [34] studied
photometric stereo in paper surface reconstruction.

Here, classical photometric stereo for Lambertian surfaces is first introduced. Then, non-
Lambertian surface photometric stereo methods are covered, and finally, error analysis
and optimal light configurations for photometric stereo are presented.

5.2.1 Photometric stereo for Lambertian surfaces

Classical photometric stereo assumes the Lambertian surface reflection model. For Lam-
bertian surfaces, the reflected intensity is independent of the viewing direction. The
intensity depends on the direction of the light source and the surface shape.

Lambert’s Law [70] represents the image intensity value at the point (x, y)

i = ρElTn , (5.1)

where ρ is the surface albedo, E is the intensity of the light source,

n = [n1, n2, n3]T =
[p, q, 1]T√
p2 + q2 + 1

is the unit normal to the surface, and

l = [cos(τ)sin(σ), sin(τ)sin(σ), cos(σ)]T
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is the unit vector toward the light source. Elements p and q are surface partial deriva-
tives measured along the x and y axes, respectively. Fig. 3.1 illustrates the angles of
illumination, the tilt τ and slant σ.

Using n equally bright light sources, (5.1) can be represented as

i = ρELn , (5.2)

where i = [i1, i2, ..., in]T , n ≥ 3 is the image intensity vector and L = [l1, l2, ..., ln]T , n ≥ 3
is the photometric illumination matrix. For three non-coplanar illumination vectors, that
is n = 3, an inverse L−1 is computed and

m = L−1i = ρEn , (5.3)

where m = [m1,m2,m3]T is a scaled normal of the surface. For n lights, where n >
3, (5.2) is overdetermined, and m can be required to minimize the square of the relighting
error [21]

εrel = ||Lm − i||2 , (5.4)

which can be solved as
m = (LT L)−1LT i . (5.5)

Surface gradient components can then be computed via

p = m1/m3 , (5.6)

and
q = m2/m3. (5.7)

Rough surfaces may exhibit non-Lambertian reflection properties. McGunnigle and
Chantler [79] presented a framework for measurement and modeling of rough Lamber-
tian surfaces using photometric stereo. They evaluated several surface description models
and classified the measured surfaces in gradient space. McGunnigle and Chantler em-
phasized the importance of camera blur compensation in the measurement of rough,
high-frequency varying surfaces. Nevertheless, they did not propose an analytical solu-
tion for blur compensation. Gullón [33] proposed a surface recovery technique for rough
surfaces. She concluded that three-light photometric stereo combined with the Frankot-
Chellappa method (see Sect. 5.4.1) is sufficiently accurate for the reconstruction of rough
surfaces. She also studied two-light photometric stereo methods and proposed two so-
lutions for this underconstrained illumination configuration. Two-light PS methods are
more complicated and did not perform better than three-light PS. Gullón did not discuss
compensation of imaging errors in surface reconstruction.

Woodham extended photometric stereo to moving surface analysis in [121]. Reflection
models were not applied, and reflectance was estimated from a calibration target made of
the same material as the surface to be measured. The measured reflectance values were
gathered in a look up table, which was applied in calculation of the p, and q gradient
fields. He suggested that the calibration object could be painted with the same paint as
the measured surface in order to facilitate calibration object reconstruction. Woodham
captured the moving surface using an RGB-camera and color light sources with three
distinct colors in order to separate illumination directions. Later, Smith and Smith [102]
applied three narrow-band IR-wavelengths in dynamic surface analysis.
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5.2.2 Photometric stereo for non-Lambertian surfaces

The Lambertian surface models only perfectly diffuse surfaces. However, real surfaces
exhibit complex combinations of diffuse and specular components, i.e. the surface has
shadows and highlights. In photometric stereo, the measured surface is typically assumed
to possess the properties of a Lambertian surface. The same assumption also forms the
basis of photometric stereo methods for non-Lambertian surfaces: the surface is firstly
modeled as a Lambertian surface, and the surface points not fitting in this assumptions
are processed separately. The approach is valid, since many non-Lambertian surfaces
have near-Lambertian properties outside their regions of specularity [9].

In traditional photometric stereo, three light sources are enough for the determination
of the surface shape and the albedo, if the Lambertian assumptions are met (i.e. there
are no shadows or highlights). If the albedo does not vary over the surface, the sys-
tem is overdetermined, and the additional information can be applied in detection of
outliers [121] or the unknown illumination directions and strengths in uncalibrated pho-
tometric stereo [122]. Similarly in photometric stereo methods for non-Lambertian sur-
faces, additional information is applied in detection of shadows and highlights, the non-
Lambertian components. Additional information can be obtained by increasing the num-
ber of light sources and thereby the number of acquired images. Another approach is to
apply color information.

Already in 1982, Coleman, and Jain [19] used four-source photometric stereo for detecting
non-Lambertian components in surface reflectance. The fourth image was used to detect
and exclude highlights on specular surfaces. However, the method ignores shadows and
the gradient field estimation fails in the presence of shadows [9]. Since then several
approaches have been proposed. Solomon and Ikeuchi [103] applied a similar method in
shape estimation, but they used local, color information based specular point detection
with the Torrance-Sparrow reflection model in the surface roughness estimation. Later,
Georghiades [27] used the Torrance-Sparrow model for uncalibrated photometric stereo.
Surfaces are first reconstructed with the Lambertian model and the Torrance-Sparrow
model is then introduced. Tagare and deFigueiredo [108] derived a theory of photometric
stereo for a large class of non-Lambertian surfaces denoted m-lobed reflectance maps.
For example, in 3-lobed reflectance map, the reflection types are backscatter, diffuse
and specular reflection. Sun et al. [107] recovered non-Lambertian rough surfaces using
six light sources in photometric stereo. They detect shadows and specularities with the
method in [9] and eliminate the non-Lambertian intensity values using a hierarchical
selection strategy. They also concluded that six light sources are the minimum for a
photometric stereo based reconstruction of the entire visible surface of any convex object.
Dense photometric stereo can apply over 100 light sources and acquired images in gradient
field estimation. Wu et al. [124] acquire images using a moving video camera, a reflective
mirror sphere, and a handheld spotlight. The gradient field estimation using dense
photometric stereo was formulated as a Markov network. Naturally, the spatial resolution
is restricted for reasonable running times due to the great number of acquired images.

Additional information needed for detecting non-Lambertian reflection can also be ob-
tained from color. For example, in three-light photometric stereo, an RGB-camera ac-
quires nine images, since the three color components, red (R), green (G), and blue (B)
can be processed as separate images. Christensen and Shapiro [18] developed color pho-
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tometric stereo for surfaces with an arbitrary reflectance. The method is limited to
surfaces which have uniform color or colors which can be separated in distinct clusters
in the color space. Additionally, the method demands a preliminary calibration [9].
Barsky and Petrou [9] extended the work of Coleman and Jain [19]. They used a local,
color based detection and extraction of highlights and shadows in photometric stereo.
Later they conducted an error analysis for their method and provided suggestions for
parameters for accurate surface reconstruction using their algorithm in [10].

The reflectance parameters can be estimated along with the surface gradients. Local esti-
mation of reflectance parameters allows the reflectance to vary spatially, but the approach
demands a great number of images. Nayer et al. [82] modeled surfaces with a hybrid re-
flection model, which was a linear combination of Lambertian and specular reflection
models. Their approach does not need prior knowledge of the relative strengths of these
two reflection types. Hertzmann and Seitz [39] present an example-based photometric
stereo for surface reconstruction with general, varying BRDFs. However, a calibration
object is needed for surface reconstruction.

The photometric stereo methods for non-Lambertian surfaces typically demand addi-
tional information, thresholds, and selection strategies to detect and eliminate the non-
Lambertian components. However, the non-Lambertian surfaces are first modeled as
Lambertian surfaces. Therefore, this thesis concentrates only on the Lambertian surfaces.
In future work, the additional phases for the extraction of non-Lambertian components
will be studied.

5.2.3 Error analysis of photometric stereo

In photometric stereo, the accuracy of the estimated surface normals is deteriorated due
to several sources of errors. Ray et al. [95] identify the major error sources in the illumi-
nation, the image acquisition (measurement), and the assumptions of photometric stereo.
Illumination errors include imprecise measurement of light source orientations, unequal
spatial and spectral output ratings of the light sources, and secondary illuminations from
secondary light sources or light reflected from other objects. Errors in the illumination
directions and spatial light source strengths can be decreased to a certain level with pre-
calibration of the measurement setup. Variations in spectral output of the light sources
can alter the image intensities when imaging colored objects. The spatial and spectral
output variations lead to different albedo factors for each light source. Secondary illumi-
nation has to be compensated during the image acquisition process. Pre-calibration or
strong light sources with short camera exposure times can be a solution for the secondary
illumination problem.

Measurement errors include nonlinearity of camera response, nonuniform spatial response
of the detector, camera sensor noise, blur, and optical aberrations. In photometric stereo,
the camera response is assumed to be linear, that is an increase in observed reflected light
increases linearly the intensity of a pixel. Dark current at low intensities and pixel sat-
uration at high intensities may disturb the linear response of the camera. Nevertheless,
the camera response should be linear in intermediate intensities. Nonuniform spatial
response of the detector can be assumed to be insignificant for accurately manufactured
devices as in (3.3). Blur smoothes the observations, whereas camera sensor noise com-
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plicates blur compensation and increases uncertainty in the estimated gradient values.
Optical aberrations produce geometrical distortions to the images and the gradient fields.

Modeling errors in photometric stereo are difficult to compensate. The Lambertian sur-
face model does not include shadows and highlights but in Section 5.2.2 several solutions
for surfaces with non-Lambertian reflections were introduced. The imaging geometry is
modeled with orthogonal projection and collimated incident light. Orthogonal projection
is achieved when the distance between the object and camera is much larger than any
single dimension of the object. Similarly, the distance between any light source and the
object has to be larger than the distance between the camera and the object to obtain
collimated incident light. The light rays reaching the object should be parallel. The
surface micro-structure and optical properties of the object may produce deviations from
the assumed reflection model. Section 3.4.3 discussed the validity of the Lambertian
model for photometric stereo in the reconstruction of rough surfaces.

Sensitivity analysis provides a means to define optimal configurations to minimize the
errors in photometric stereo. Ray et al. [95] analyze the sensitivity of surface normals to
the errors in image intensities and illumination directions. Jiang and Bunke [52] derive a
simpler formulation for sensitivity analysis using a different parametrization. Recently,
optimal photometric stereo has received much attention. Several authors [10, 16, 21,
97, 104, 106] derive optimal light configurations for photometric stereo based gradient
field estimation. The studies derive the uncertainties of the estimated gradient fields
due to camera noise and illumination estimation error. The common conclusion of the
studies is that light sources should be equally separated with a constant slant angle.
Chantler [16] noted in 1995 that directed illumination can act as a directional filter of
the surface height function. He concluded that appropriate illumination parameters could
improve image based surface reconstruction. Schlüns [97] presented in 1997 that for three-
light photometric stereo, the image irradiance error and slant angle determine the upper
bounds for angular deviation from the expected surface normal. He also experimentally
showed that slant angle arctan(

√
(2)) ≈ 54.7◦ produces the minimum error in surface

normal. Drbohlav and Chantler [21] in 2005, Spence and Chantler [104] in 2006, and Sun
et al. [106] in 2007 propose optimal illumination configurations in the presence of additive
Gaussian white noise. They also study the uncertainties in the estimated gradient fields
due to noise and explain the optimality of slant angle arctan(

√
(2)) for photometric

stereo. Sun et al. note that also the albedo influences the degree of uncertainty. At
low albedo values noise degrades the gradient fields more than high albedo values. The
result is reasonable since at low albedo values the image intensity decreases and the
signal-to-noise ratio weakens. Barsky and Petrou [10] also suggest equally separated light
sources with constant slant angle in the presence of noise for their four-light photometric
stereo method. In all these studies, however, only the uncertainties of gradient fields
are analyzed, suggestions or models for surface reconstruction from noisy and blurred
observations are omitted.

5.3 Integration methods

Shape from shading and photometric stereo provide the gradient fields of a surface. In
order to obtain the surface topography, the surface gradients have to be integrated.
In practice, however, the surface gradients are nonintegrable due to the measurement
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errors and improper reflection assumptions. Several solutions have been proposed to
integrate the estimated gradient fields. In the following sections, minimization based the
Frankot-Chellappa algorithm [25] and the Poisson solver [99] are first introduced, which
are traditional gradient field integration methods. Then a direct integration approach in
the Fourier domain with the Wiener filter is presented. Hansson et al. [34, 35] applied
the method in paper surface reconstruction. An extension is proposed to Hansson’s
method, which is more robust to the errors of Wiener filter parameter estimation in
direct integration. Finally, several other integration methods are presented with some
reconstruction examples of a paper surface.

In reconstruction of samples from larger surfaces, e.g. textile or paper surfaces, the
boundary conditions of the gradient fields are of great importance. Traditionally, the
boundary conditions are omitted, since the object to be reconstructed is segmented from
its surroundings. In surface reconstruction, one of three different boundary conditions
is usually applied: the Dirichlet, Neumann, or periodic boundary condition [99]. The
Dirichlet boundary condition assumes that the height values of the boundary are known:

z = g (5.8)

on the boundary. Usually, this corresponds to setting the height values at the boundary
to zero, z = 0 on the boundary. The Neumann boundary conditions assume that the
directed derivatives of the boundary are known:

∂z

∂α
= g , (5.9)

where α is the direction orthogonal to the boundary. Usually, the directed gradients of
the boundary can be set to zero,

∂z

∂α
= 0 .

In the periodic boundary conditions, the surface is assumed to continue periodically,
i.e., the surface continues identically to the other side, similar to the discrete Fourier
transform:

z(x, y) = z(x+M, y) = z(x, y +N), (5.10)

where the image size is M ×N .

5.4 Minimization based integration methods

The Frankot-Chellappa algorithm and Poisson solver minimize a reconstruction error.
Both methods are nonparametric and therefore simple to apply. In addition, the methods
are fast and highly robust to noise [62].

5.4.1 Frankot-Chellappa

The Frankot-Chellappa [25] algorithm aims to minimize the least square reconstruction
error given by

J(z) =
∫∫

(zx − p)2 + (zy − q)2dxdy , (5.11)
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where z is the surface to be obtained, {zx, zy} the gradient fields of z, and {p, q} the
measured non-integrable gradient fields. The gradient field of z can be written as
{zx, zy} = {p, q} + {εx, εy}, where {εx, εy} denotes the correction gradient field which
makes the non-integrable field integrable [2]. In the Frankot-Chellappa method, periodic
boundary conditions are applied, and the non-integrable gradient field is projected onto
a set of integrable functions using Fourier basis functions.

The integration formula has in the Fourier domain the following form

ZFC =
−j u P − j v Q

u2 + v2
, (5.12)

where ZFC is the reconstructed surface in the Fourier domain, j the imaginary unit, P
and Q are Fourier transforms of p, q, and u, v are the spatial frequencies. As Frankot
and Chellappa noted, the reconstructed surface has low-frequency distortion, since at
low-frequencies the gradient values are divided by small values. The distortion depends
on the noise characteristics. The problem could be solved by substituting low-frequency
information from, e.g., shape from shading to the Frankot-Chellappa algorithm. Later,
Wei and Klette [117] introduced second-order derivative information in the Frankot-
Chellappa algorithm in order to improve its robustness to noisy gradient estimates.

5.4.2 Poisson solver

Simchony et al. [99] presented a Poisson solver for surface reconstruction. The approach
is similar to the Frankot-Chellappa algorithm in that the norm of the correction gradient
field in (5.11) is minimized. The Poisson equation is given as

ψ(x, y) =
∂2z

∂x2
+
∂2z

∂y2
. (5.13)

The second partial derivatives in the Poisson equation are approximated using the central
differencing method. The central differencing equation is

ψ(x, y) = z(x− 1, y) − 2z(x, y) + z(x+ 1, y) + z(x, y − 1) − 2z(x, y) + z(x, y + 1)
= p(x, y + 1) − p(x, y − 1) + q(x + 1, y)− q(x − 1, y) . (5.14)

Simchony et al. [99] developed two algorithms for the Poisson solver: 1) finite difference
calculation in the Fourier domain with the periodic boundary conditions, and 2) finite
difference calculation in the spatial domain with the Neumann boundary conditions. The
Poisson solver with Fourier domain finite difference calculation can be written as

ZPof =
−j sin(u)P − j sin(v)Q

sin2(u)
/

cos2
(

u
2

)
+ sin2(v)

/
cos2

(
v
2

) , (5.15)

where ZPof is the reconstructed surface in the Fourier domain. The reconstruction errors
at low frequencies are similar as for the Frankot-Chellappa algorithm.

In the spatial domain Poisson solver, the finite differences are calculated in the spatial
domain, and the integration is performed using the discrete cosine transform with the
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Neumann boundary conditions. Next the Poisson solver for the Neumann boundary
conditions is derived.

The inverse 2D cosine transform is given as

z(x, y) =
4

MN

M∑
u=1

N∑
v=1

Z(u, v)cos
xπu

M
cos

yπv

N
. (5.16)

The cosine transform of (5.14) is

Ψ(u, v) cos xπu
M cos yπv

N = Z(u, v)
[
cos (x+1)πu

M cos yπv
N + cos (x−1)πu

M cos yπv
N

+ cos xπu
M cos (y+1)πv

N + cos xπu
M cos (y−1)πv

N − 4 cos xπu
M cos yπv

N

]
. (5.17)

Since cos(a+ b) = cos(a)cos(b) − sin(a)sin(b) it can be written as

cos (x+1)πu
M cos yπv

N + cos (x−1)πu
M cos yπv

N = cos yπv
N

[
(cos xπu

M cos 1πu
M − sin xπu

M sin 1πu
M )

+(cos xπu
M cos 1πu

M + sin xπu
M sin 1πu

M )
]

= 2 cos xπu
M cos yπu

N cos πu
M (5.18)

and

cos xπu
M cos (y+1)πv

N + cos xπu
M cos (y−1)πv

N = cos xπu
M

[
(cos yπv

N cos 1πv
N − sin yπv

N sin 1πv
N )

+(cos yπv
N cos 1πv

N + sin yπv
N sin 1πv

N )
]

= 2 cos xπu
M cos yπu

N cos πv
N (5.19)

(5.17) can be simplified using (5.18) and (5.19) as

Ψ(u, v) cos xπu
M cos yπv

N = 2Z(u, v)
[
cos xπu

M cos yπv
N cos πu

M + cos xπu
M cos yπv

N cos πv
N − 2

]
⇔ Ψ(u, v) = 2Z(u, v)

[
cos πu

M + cos πv
N − 2

]
(5.20)

The solution of Poisson solver with Neumann boundary conditions is then given as

ZPo(u, v) =
Ψ(u, v)

2 cos πu
M + cos πv

N − 2
(5.21)

where ZPo is the cosine transform the reconstructed surface, Ψ is the cosine transform
of ψ from (5.14), M and N the size of the gradient fields, and u, v spatial frequencies.

5.5 Direct integration in Fourier domain

Hansson and Johansson proposed a two-light photometric stereo method in 2000 [35].
They argued that the p-gradient field provides sufficient information for reconstruction
of the paper surface. The sum of height variation in the perpendicular direction, the
direction of the q-gradient field, was assumed to be zero. They achieved strong corre-
lations between a mechanical profilometer and the proposed method. The method is
patented [54] and has a commercial name OptiTopo. Later, Hansson and Fransson [34]



56 5. Surface Reconstruction Methods

extended the method to three-light photometric stereo. Barros [8] studied the frequency
response of the method with several paper grades and proposed an enhancement filter.
Möller considered the technical aspects of OptiTopo in his master thesis [80]. Some
experiments on dynamic scenes with one light illumination were conducted in [100].

Here the original two-light and three-light methods are introduced, and a robust extension
for the method with three and more lights proposed.

5.5.1 Original work

Hansson and Johansson presented a two-light PS method in [35]. The imaging was
modeled as

p(x, y) = h ∗ zx(x, y) + η(x, y) , (5.22)

where p(x, y) is the measured gradient field, zx(x, y) the gradient field of z in the x-
direction, η(x, y) is additive noise, and h ∗ zx(x, y) represents convolution of the signal
by a point-spread function.

The Fourier transform of p(x, y) is

P (u, v) = H(u, v)Zx(u, v) +N(u, v) , (5.23)

where u and v are the spatial frequencies, H(u, v) is the Fourier transform of h, Zx(u, v) is
the Fourier transform of zx(x, y), and N(u, v) is the Fourier transform of η(x, y). Hence,
the restoration filter without noise is

HI,1(u, v) = j2πuH(u, v) . (5.24)

Hansson and Johansson utilized the Wiener filter as a restoration filter and in integration
of the filtered signal. The applied Wiener filter was

HR,1 =
H∗

I,1

|HI,1|2 + SNR(u, v)−1
, (5.25)

where

SNR(u, v) =
Sf (u, v)
Sη(u, v)

=
|Z(u, v)|2
|N(u, v)|2

is the signal-to-noise ratio in the frequency domain. Z(u, v) is the Fourier transform of
the surface height function.

The surface height function in the Fourier domain is then given by

ZHa,1(u, v) = P (u, v)HR,1(u, v) . (5.26)

Boundary conditions in the Hansson method are twofold: in the gradient field estimation
of the p-gradient, the sum of height values are assumed to be zero, whereas in the
integration phase, the periodic boundary conditions are used in the discrete Fourier
transform. Thus, it is important to note that the method is not isotropic, since only the
p-gradient field is considered.
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Hansson and Fransson [34] extended the two light photometric stereo method into a three
light method. They used tilt angles 0◦, 120◦ and 240◦ and derived three gradient fields
for the surface for the respective tilt angles.

The frequency response of the restoration filter for tilt angle 0◦ is as in (5.24). For the
gradient fields of tilt angles 120◦ and 240◦, the frequency responses are written as

HI,2(u, v) = jπ(−u−
√

3v)H(u, v) , (5.27)

and
HI,3(u, v) = jπ(−u+

√
3v)H(u, v) . (5.28)

The applied Wiener filters are then given as

HR,k =
H∗

I,k

|HI,k|2 + SNR(u, v)−1
, k ∈ {1, 2, 3} . (5.29)

The reconstructed surface height functions in the Fourier domain are given by

ZHa,k(u, v) = Pk(u, v)HR,k(u, v), k ∈ {1, 2, 3} , (5.30)

where Pk is the gradient field of the corresponding illumination direction.

Hansson proposed using the following weight functions for summation of the recon-
structed surface height functions

wk(u, v) =
ZHa,k

ZHa,1 + ZHa,2 + ZHa,3
, k ∈ {1, 2, 3} . (5.31)

The weights are proportional to the absolute spectrum of the surface height functions at
each point, and therefore the strongest signal will affect the final results most.

Using the weight functions, the Fourier transformed surface height functions can be
integrated to a common surface height function in the frequency plane

ZHa = w1ZHa,1 + w2ZHa,2 + w3ZHa,3 . (5.32)

By using the inverse Fourier transform on ZHa, the reconstructed topography of the
surface is obtained.

5.5.2 Proposed weighting functions

New weighting functions are proposed in [66] for three-light photometric stereo with
direct integration in the Fourier domain. Experimentally it was found that the Hansson
weighting functions for surface height functions do not perform well. The Wiener filter
is optimal in reconstruction of stochastic surfaces with known parameters. An accurate
approximation of OTF and SNR functions is, however, not trivial. Therefore three new
weighting functions are proposed, Average and two symmetrical weighting functions,
which are less dependent on Wiener filtering parameters.

In the first proposal, the average weighting functions, are constant weighting functions,
and given as

w1 = w2 = w3 =
1
3
. (5.33)
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The Fourier transformed surface height functions are averaged, and therefore each of
the surface height functions has the same weight. This corresponds to having the least
amount of prior knowledge. In Hansson weighting functions, the strongest signal is
emphasized, because both the weight and strength of the signal are high. This can be
crucial for imperfectly restored signals, since the noise can have a significant influence
on the final result.

The second proposal is to use the following symmetric binary weight functions

w1 =
{

1 −30◦ ≤ τ < 30◦ ∨ 150◦ ≤ τ < 210◦

0 otherwise

}
, (5.34)

w2 =
{

1 90◦ ≤ τ < 150◦ ∨ 270◦ ≤ τ < 330◦

0 otherwise

}
, (5.35)

and

w3 =
{

1 210◦ ≤ τ < 270◦ ∨ 30◦ ≤ τ < 90◦

0 otherwise

}
, (5.36)

where τ is the angle with respect to the x-axis in the test surface plane, see Fig. 5.2 (a-
c). Symmetric weighting functions are not dependent on the surface height functions,
but the signals from the illumination direction are assumed to provide the most correct
information from the respective direction.

The symmetric binary weight functions can be replaced with cosine weights which are
more robust against rotation of the inspected surface. The weight does change abruptly
but smoothly between the illumination directions. For an optimal illumination config-
uration, the illumination directions are equally separated. For n gradient fields where
n ≥ 2, the cosine weights are

wk =

⎧⎨
⎩

cos2(nτ
2 ) (k−1)×360◦

n − 360◦
2n ≤ τ < (k−1)×360◦

n + 360◦
2n

1 − cos2(nτ
2 ) (k−1)×360◦

n + 180◦ − 360◦
2n ≤ τ < (k−1)×360◦

n + 180◦ + 360◦
2n

0 otherwise

⎫⎬
⎭ ,

(5.37)
where k = {1, 2, . . . , n}.
For the three light configuration with tilt angles 0◦, 120◦, and 240◦, the cosine weights
are

w1 =

⎧⎨
⎩

cos2(3τ
2 ) −60◦ ≤ τ < 60◦

1 − cos2(3τ
2 ) 120◦ ≤ τ < 240◦

0 otherwise

⎫⎬
⎭ , (5.38)

w2 =

⎧⎨
⎩

cos2(3τ
2 ) 60◦ ≤ τ < 180◦

1 − cos2(3τ
2 ) 240◦ ≤ τ < 360◦

0 otherwise

⎫⎬
⎭ , (5.39)

and

w3 =

⎧⎨
⎩

cos2(3τ
2 ) 180◦ ≤ τ < 300◦

1 − cos2(3τ
2 ) 0◦ ≤ τ < 120◦

0 otherwise

⎫⎬
⎭ (5.40)

where τ is the tilt angle with respect to the x-axis in the test surface plane. Figure 5.2 (d-
e) illustrates the cosine weights.
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(a) Binary w1, τ = 0◦ (b) Binary w2, τ = 120◦ (c) Binary w3, τ = 240◦

(d) Cosine w1, τ = 0◦ (e) Cosine w2, τ = 120◦ (f) Cosine w3, τ = 240◦

Figure 5.2: Weighting functions for 0◦, 120◦, and 240◦ tilt angles. (a-c) Symmet-

ric binary weighting functions, and (d-e) Symmetric cosine weighting functions.
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5.6 Other integration methods

Traditionally, the performance of the integration methods has been evaluated on surfaces
with large objects, such as flower pots, human faces, peaks, and ramps with rather strong
additive Gaussian noise, specular points and shadows. These errors make the gradient
fields nonintegrable, i.e. they do not have zero curl. To deal with the imaging errors,
a typical approach is to use smoothing for noise reduction. Other approaches use local
information on curl errors to derive an integrable gradient field.

Agrawal et al. [2] derive a continuum of surface reconstruction solutions. At one end of
the solutions is the Poisson solver, where all the gradient values are applied in surface
reconstruction. In α-surfaces, binary weights are used to exclude non-integrable surface
points. The M-estimator is an extension to α-surfaces with continuous weights. The
other end of the continuum is diffusion with affine transform, where the gradients are
scaled and linearly combined. Figure 5.3 presents paper surface reconstruction results
for α-surfaces, an M-estimator, diffusion, and a profilometer reference. The excluded
surface points are observable as sharp discontinuities in the α-surface. The M-estimator
and diffusion provide rather similar results. However, the methods produce a signifi-
cantly smoother surface than the profilometer reference. Noakes and Kozera [85] applied
iterative smoothing using the Leap-Frog algorithm. They modeled and minimized the
surface reconstruction errors due to the noise in the acquired images. Karacali and Sny-
der [57] proposed adaptive smoothing and applied multiscale orthonormal expansions of
the gradient fields. They conclude from the experimental results that the additive white
noise model is valid for three-light photometric stereo, although in the analytical solution
the additive white noise model is broken due to the nonlinear response of photometric
stereo.

As alternative approaches Petrovic et al. [92] applied belief propagation in graphical
networks to enforce integrability considering the original estimates. The message passing
in the factor graphs corrects the irregularities in the data caused by shadows, occluding
boundaries or noise. Agrawal et al. [1] formulate the integrability using a linear system
and solve the system using graph theory.

Frankot and Chellappa [25] formed the minimum least square solution for integrable basis
functions. They applied Fourier basis functions, whereas Simchony et.al [99] integrate
using the cosine transform. Other basis function solutions have been proposed. Wei and
Klette [116] calculate the surface height as a linear combination of a set of wavelets.
Kovesi [62] applies shapelets in surface reconstruction from noisy gradient fields. A set
of integrable basis functions, shapelets, are correlated with the gradient field, and the
surface is reconstructed from the sum of the correlation results. The integrable basis
functions automatically preserve the continuity constraint and implicit integration. The
correlation with the basis functions corresponds to extraction of a band of frequencies
from the gradient field. Figure 5.4 illustrates the paper surface reconstruction results us-
ing six Gaussian basis functions with distinct variances s2. The increase in the variance
smooths the reconstruction results. Shapelet parameters can be calibrated to certain sur-
face types with prior knowledge. However, the reconstruction results are then applicable
only to the selected surface types.
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(a) α-surface (b) M-estimator

(c) Diffusion (d) Profilometer reference

Figure 5.3: Integration methods from Agrawal with the reference topography.
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(a) s2 = 0.1 (b) s2 = 0.3

(c) s2 = 1 (d) Profilometer reference

Figure 5.4: Shapelets, and the reference topography.



Chapter VI

Noise and Point Spread Function in Surface Reconstruction

Monitoring of surface roughness, that is, smaller scale variations with limited noise levels,
is frequently of interest in manufacturing processes, such as paper manufacturing, metal
surface finishing, and the automotive industry. The reconstruction methods introduced
in Chapter 5 typically smooth the surface, which usually removes these variations and
thus the approaches are not directly applicable.

Deterioration due to measurement errors can be diminished, if the error sources can be
modeled and measured. This chapter first models noise and blur from the camera and
optics for three- and n-light photometric stereo with the Lambertian surface assumption.
Then the linearity of minimization based integration methods is applied in the derivation
of an optimal surface reconstruction scheme.

The proposed solution for the optimal reconstruction of a surface z is outlined in Fig. 6.1.
An optimal reconstruction result ẑ in the surface energy sense is sought. When the
imaging I of z is modeled with the Lambertian model with additional point spread and
additive noise, it is shown that a linear model of deterioration is sufficient for the gradient
fields calculated using three- and n-light photometric stereo PS. The optimal restoration
filter HR is thus a Wiener filter, when the surface reconstruction R is a linear mapping
with orthogonal basis functions from gradient fields to surface topography.

I P S H R ẑz
R

Figure 6.1: Optimal surface reconstruction.

6.1 Gradient field estimation

The imaging is modeled as a linear time-invariant system, which is a typical model used
in literature [50]. The measurement is thus modeled as ĩ = h∗ i+η, where h∗ i represents
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the convolution of the signal by a point-spread function and η additive noise. Then the
measured image intensity vector for a set of images i is

ĩ = h ∗ i + η = [h ∗ i1 + η1, h ∗ i2 + η2, ..., h ∗ in + ηn]T . (6.1)

The scaled normals in (5.3), and (5.5) for photometric stereo will then be

m = L−1̃i , (6.2)

and for the over-determined case

m = (LT L)−1LT ĩ . (6.3)

6.1.1 Three light configuration

Several studies [10, 16, 21, 97, 104, 106] propose that the optimal light configuration
is obtained using a constant slant angle and equally separated light directions, which
corresponds to an arrangement of lights with constant tilt angle difference. In three-light
photometric stereo, the tilt angle difference is 120◦. For example, the tilt angles 0◦,
120◦, and 240◦ with a constant slant angle σ for all the light sources form an optimal
light configuration. For this configuration, the surface gradient fields can be derived
using (5.6), (5.7), and (6.2) resulting in

p =
1

tan(σ)
2(h ∗ i1 + η1) − (h ∗ i2 + η2) − (h ∗ i3 + η3)∑3

k=1(h ∗ ik + ηk)
, (6.4)

and

q =
√

3
tan(σ)

(h ∗ i2 + η2) − (h ∗ i3 + η3)∑3
k=1(h ∗ ik + ηk)

, (6.5)

where i1, i2, and i3 are intensity vectors of the 0◦, 120◦, and 240◦ tilt angles.

Additive, uncorrelated and independent white noise N(0, s2) is assumed to affect all the
captured images, that is, zero mean Gaussian random variation with variance s2 corrupts
the images. Taking the noise into account, (6.4) can be written as

p =
1

tan(σ)

[2(h ∗ i1 +N(0, s2)) − (h ∗ i2 +N(0, s2)) − (h ∗ i3 +N(0, s2))∑3
k=1(h ∗ ik +Nk(0, s2))

]

=
1

tan(σ)
h ∗ 2i1 − h ∗ i2 − h ∗ i3 +N(0, 6s2)

h ∗∑3
k=1 ik +N(0, 3s2)

. (6.6)

Note that the variance of the sum of two independent normal distributions is the sum of
the distribution variances.

In the denominator of (6.6), the effect of the noise can be excluded, when
∑3

k=1 ik � 0
and N(0, 3s2) is close to zero, that is, when the noise variance is small [67]. In good
imaging conditions, this assumption is true. Then the sum of image intensities in the
denominator of (6.6) can be written using (5.1) as

3∑
k=1

ik = ρE

3∑
k=1

lTk · n = 3ρEcos(σ)n3 . (6.7)
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Equation (6.7) presents the demands for gradient field estimation: the surface has to
reflect light sufficiently, and the light sources need to be bright enough, i.e. albedo ρ and
the intensities of the light sources E must be acceptable. In addition, slant angle σ and
the third component of unit normal n3 need to differ significantly from π/2, and zero,
respectively. These demands hold for the derived optimal surface reconstruction as well.

It is assumed that the light sources are equally bright, and the albedo ρ along with
the third component of the unit normal n3 vary smoothly. Since the convolution with
PSF performs as a smoothing filter, and the support of PSF in real imaging is limited,
the denominator of (6.6) can be written without the point spread function. Due to the
distributivity of the convolution, and the previous assumptions, the gradients and noise
can be written as

p = h ∗ 1
tan(σ)

2i1 − i2 − i3∑3
k=1 ik

+ ηp , (6.8)

ηp =
1

tan(σ)
N(0, 6s2)∑3

k=1 ik
,

and

q = h ∗
√

3
tan(σ)

i2 − i3∑3
k=1 ik

+ ηq , (6.9)

ηq =
√

3
tan(σ)

N(0, 2s2)∑3
k=1 ik

.

Making a further assumption that the noise spectrum is constant over the whole gradient
image, the power spectra of the noise fields can be approximated as constant fields by
averaging the sum of the images:

Sηp(u, v) =
1

MN

[ 1
tan(σ)

√
6s∑M

x=1

∑N
y=1 ia(x, y)

]2
, (6.10)

Sηq(u, v) =
1

MN

[ √
3

tan(σ)

√
2s∑M

x=1

∑N
y=1 ia(x, y)

]2
, (6.11)

where ia =
∑3

k=1 ik, the image size is M ×N pixels, u and v are the spatial frequencies.

6.1.2 n-light configuration

The derived noise and blur behavior for three light photometric stereo can be extended to
n equally separated lights. The photometric illumination matrix LO of equally separated
light directions with a constant slant angle has the form

LO =

⎛
⎜⎜⎝

cos(2π1
n ) sin(σ) sin(2π1

n ) sin(σ) cos(σ)
cos(2π2

n ) sin(σ) sin(2π2
n ) sin(σ) cos(σ)

. . . . . . . . .
cos(2π) sin(σ) sin(2π) sin(σ) cos(σ)

⎞
⎟⎟⎠ . (6.12)
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As Drbohlav and Chantler [21] noted, the columns are orthogonal, since they form a
n-point Fourier basis which is known to be orthogonal. Due to the orthogonality of the
columns of LO,

(LT
OLO)−1 = diag[a1, a2, a3] , (6.13)

where

a1 = [sin2(σ)
n∑
j

cos2(
2πj
n

)]−1 =
2

n sin2(σ)
,

a2 = [sin2(σ)
n∑
j

sin2(
2πj
n

)]−1 =
2

n sin2(σ)
,

and
a3 = [n cos2(σ)]−1 ,

are scalars in a diagonal matrix. As a result, (5.5) simplifies to

mO = (LT
OLO)−1LT

Oi = diag[a1, a2, a3]LT
Oi . (6.14)

The surface gradient components pO and qO for equally separated light directions, and
constant slant angle can be written using (5.6), (5.7), and (6.14) as

pO =
a1 sin(σ)(cos(2π1

n )i1 + cos(2π2
n )i2 + · · · + cos(2π)in)

a3 cos(σ)
∑n

k=1 ik

=
a1 sin(σ)
a3 cos(σ)

cos(2π1
n )i1 + cos(2π2

n )i2 + · · · + cos(2π)in∑n
k=1 ik

, (6.15)

and

qO =
a2 sin(σ)(sin(2π1

n )i1 + sin(2π2
n )i2 + · · · + sin(2π)in)

a3 cos(σ)
∑n

k=1 ik

=
a2 sin(σ)
a3 cos(σ)

sin(2π1
n )i1 + sin(2π2

n )i2 + · · · + sin(2π)in∑n
k=1 ik

. (6.16)

The numerators of the surface gradients are linear combinations of image intensities, and
the denominators are sums of image intensities multiplied by a scalar. The scalars can
be combined, and a general form for pO can be presented as

pO = b1
cT i∑n
k=1 ik

, (6.17)

where b1 = a1 tan(σ)/a3 is a scalar, and c is a vector representing the Fourier base. Now
imaging is again modeled as a linear time-invariant system, similar to (6.1). Then (6.17)
can be expressed as

pO = b1
cT (h ∗ i + η)∑n
k=1(h ∗ ik + ηk)

. (6.18)

Using the same assumption as with three-light configuration in (6.8), the general form
for pO is written as

pO = h ∗ b1 cT i∑n
k=1 ik

+ npO , (6.19)
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where

npO = b1
cT η∑n
k=1 ik

.

Similarly, the general form for the qO can be written as

qO = h ∗ b2 dT i∑n
k=1 ik

+ nqO , (6.20)

where

nqO = b2
dT η∑n
k=1 ik

,

b2 = a2 tan(σ)/a3 is a scalar, and d is a vector.

If the noise is assumed to be zero mean Gaussian white noise N(0, s2) with variance s2,
the power spectra of the noise fields can be approximated as constant fields:

SηpO(u, v) =
cT c
MN

[ b1s∑M
x=1

∑N
y=1 ia(x, y)

]2
, (6.21)

and

SηqO(u, v) =
dT d
MN

[ b2s∑M
x=1

∑N
y=1 ia(x, y)

]2
, (6.22)

where ia =
∑n

k=1 ik, and the image size is M ×N pixels.

6.2 Integration methods

Next, an optimal solution in the presence of blur and noise is presented for two surface
reconstruction methods, Frankot-Chellappa and the Poisson solver. Both methods min-
imize the error between the non-integrable and integrable gradient fields by projecting
the estimated gradients fields to integrable basis functions.

First the effect of the point spread function is derived from the gradient fields to the
reconstructed surface. Then a solution for surface reconstruction from the noise and
PSF degraded gradient fields is proposed.

6.2.1 Frankot-Chellappa

Frankot and Chellappa [25] derived minimum least-square error solutions for integration
of gradient fields, see Section 5.4.1. Here an optimal integration method in a least-square
sense is proposed and derived for PSF degraded gradient fields. Writing z̃x = h ∗ zx, and
z̃y = h ∗ zy, the (5.11) has the following form

J(z) =
∫∫

|h ∗ zx − p|2 + |h ∗ zy − q|2dxdy , (6.23)

where h is the point-spread function, and zx and zy are the non-degraded gradient fields.
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Similarly as in [25], (6.23) can be presented by a finite set of integrable, orthogonal basis
functions φ(x, y, ω) in which convolution in the time domain is equivalent to multiplica-
tion in the domain of the orthogonal basis functions. The surface z can be represented
by the functions φ(x, y, ω) so that

z(x, y) =
∑
ω∈Ω

C(ω)φ(x, y, ω) (6.24)

where ω = (ωx, ωy) is a two-dimensional index, Ω is a finite set of indexes. The gradient
field of z can be expressed in terms of the expansion as

zx(x, y) =
∑
ω∈Ω

C(ω)φx(x, y, ω) (6.25)

and
zy(x, y) =

∑
ω∈Ω

C(ω)φy(x, y, ω) (6.26)

where φx = (∂φ/∂x) and φy = (∂φ/∂y). Similarly, the measured gradient fields p and q
can be represented by the orthogonal basis functions:

p(x, y) =
∑
ω∈Ω

C1(ω)φx(x, y, ω) (6.27)

and
q(x, y) =

∑
ω∈Ω

C2(ω)φy(x, y, ω) (6.28)

Equation (6.23) can be represented by the integrable, orthogonal basis functions us-
ing (6.25)-(6.28) as follows:

J(z) =
∫∫ ∣∣∣∑HCφx −

∑
C1φx

∣∣∣2 +
∣∣∣∑HCφy −

∑
C2φy

∣∣∣2dxdy , (6.29)

where H is the representation of h in the integrable basis functions.

Due to the orthogonality of basis functions, the order of summation and integration can
be changed to obtain

J(z) =
∑∣∣∣HC − C1

∣∣∣2Px +
∑∣∣∣HC − C2

∣∣∣2Py , (6.30)

where
Px =

∫∫
|φx(x, y, ω)|2dxdy ,

and
Py =

∫∫
|φy(x, y, ω)|2dxdy .

By differentiating (6.30) real and imaginary parts separately, and setting the result equal
to zero, we obtain

2H(HC − C1)Px + 2H(HC − C2)Py = 0 . (6.31)
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Equation (6.31) is solved for C, and the result becomes as follows:

C =
PxC1 + PyC2

H(Px + Py)
. (6.32)

Equation (6.32) has in the Fourier domain the following form

ZFC =
−j u P − j v Q

H(u2 + v2)
, (6.33)

where ZFC is the reconstructed surface in the Fourier domain, j the imaginary unit, P
and Q are Fourier transforms of p, q, and u, v are the spatial frequencies.

The obtained solution suggests that inverse filtering by the point spread function H
provides an optimal restoration in minimum least-square fit from non-integrable gradient
fields to integrable gradient fields. Frankot and Chellappa already showed in [25] that
their solution is a linear mapping between non-integrable and integrable surface slopes,
which is in agreement with the obtained solution. Inverse filtering is an optimal solution
if noise is not present.

The degraded gradient fields can be modeled as a convolution of the point spread function
and additive noise, as shown for three-, and n-light photometric stereo in (6.8), (6.9), (6.19)
and (6.20). Therefore, the use of Wiener filtering [30] is proposed for optimal surface
reconstruction from noisy and blurred observations. The optimal Wiener filter for the
gradient fields has the form

HR =
H∗

|H |2 + SNR(u, v)−1
, (6.34)

where H is the Fourier transform of h of the gradient fields.

SNR(u, v) = |Sg(u, v)|2/|Sη(u, v)|2

is the signal-to-noise ratio in the frequency domain. Sg(u, v) is the power spectrum of
the gradient field from photometric stereo and Sη(u, v) the power spectrum of the noise
calculated using (6.10), (6.11), (6.21), or (6.22). In optimal surface reconstruction, the
Wiener filtering can be performed on the gradient fields, when the integration method
is a linear mapping between non-integrable and integrable gradient fields similarly as in
the Frankot-Chellappa method.

6.2.2 Poisson solver

Next the derivation of surface reconstruction from PSF degraded gradient fields is pre-
sented using Simchony’s original derivation for finite difference calculation in the Fourier
domain.

The central differencing equation is

z(x− 1, y) − 2z(x, y) + z(x+ 1, y) + z(x, y − 1) − 2z(x, y)
+z(x, y + 1) = p(x, y + 1) − p(x, y − 1) + q(x+ 1, y) − q(x− 1, y) . (6.35)
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Convolving the gradients by PSF, the central differencing equation will be as follows

h ∗ z(x− 1, y) − 2h ∗ z(x, y) + h ∗ z(x+ 1, y) − 2h ∗ z(x, y) + h ∗ z(x, y + 1)
+h ∗ z(x, y − 1) = p(x, y + 1) − p(x, y − 1) + q(x+ 1, y) − q(x− 1, y) . (6.36)

Fourier transform of (6.36) results in

(2 cos(u) − 2 + 2 cos(v) − 2)HZ = j sin(u)P + j sin(v)Q , (6.37)

where Z, P , and Q are the Fourier transforms of z, p, and q, and j is the imaginary unit.

Equation 6.37 can be solved for HZ as

HZ =
j sin(u)P + j sin(v)Q

(2 cos(u) − 2 + 2 cos(v) − 2)

=
j sin(u)P + j sin(v)Q[

− 4 sin2
(

u
2

)
− 4 sin2

(
v
2

)]
=

−j sin(u)P − j sin(v)Q
sin2(u)/ cos2(u

2 ) + sin2(v)/ cos2(v
2 )

(6.38)

Solving (6.38) for Z gives

Z =
−j sin(u)P − j sin(v)Q

H(sin2(u)/ cos2(u
2 ) + sin2(v)/ cos2(v

2 ))
. (6.39)

The derived result is similar to a minimum least-square solution: the optimal solution is
found by inverse filtering the signal with PSF. The result is reasonable, since Simchony’s
formulation is also a linear mapping from the gradient fields to the reconstructed surface.
The Wiener filtering in (6.34) is, therefore, also an optimal restoration filter for the
Poisson solver based surface reconstruction.



Chapter VII

Experiments

This chapter presents experiments on imaging based surface characterization and recon-
struction on simulated and application data. First, the applied data sets and reference
devices are introduced. Then the image analysis methods for surface roughness estima-
tion on gray-scale images are examined on real paper surfaces. Next, experiments on pho-
tometric stereo are presented. The weighting functions for direct integration in Fourier
domain are experimentally studied. Then, the proposed optimal surface reconstruction
scheme is studied with simulated and application data. Discussion of the experimental
results concludes the chapter.

7.1 Data sets and measurement devices

The experiments were conducted on simulated and application data. The simulated data
are presented in Section 7.5.1 and used to verify the proposed optimal surface recon-
struction method. The application data consist of 27 paper samples from three paper
grades. The experiments on surface roughness analysis from gray-scale images, weighting
functions in direct integration, and optimal surface reconstruction were performed on the
application data.

The three paper grades considered were light-weight coated paper (LWC), supercalen-
dered paper (SC), and base board, see Fig. 7.1 for example topographies. LWC papers
resemble a Lambertian surface due to matte coating, whereas in SC papers, the surface is
flattened with hard pressure leaving the fibers visible on the surface. Base board appears
like a fiber net with steep slopes between the fibers. Figure 7.2 illustrates the Sa and
Sq roughness values of the paper samples. The paper types differ clearly in roughness:
LWC is the smoothest, SC slightly rougher, and base board significantly rougher. The
Sa and Sq roughness values vary in a similar manner between the paper samples. The
roughness values from different cutoff wavelengths change similarly. Surface roughness
was analyzed from all the 27 samples. Two samples from each paper grade were selected
for the experiments of photometric stereo. The selected samples were denoted LWC 1,
LWC 2, SC 1, SC 2, Cardboard 1, and Cardboard 2.
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(c) Cardboard 1

Figure 7.1: Paper surface topographies measured with the Profilometer 1. Height

scale is in micrometers. Note the different height scales.

LWC SC Cardboard
0.5

1

1.5

2

2.5

3

Samples

R
ou

gh
ne

ss
 v

al
ue

s 
[μ

m
]

Roughness parameters, wavelength: 80μm

 

 

Sa
Sq

(a) Cutoff wavelength 80μm

LWC SC Cardboard

1

2

3

4

5

Samples

R
ou

gh
ne

ss
 v

al
ue

s 
[μ

m
]

Roughness parameters, wavelength: 250μm

 

 

Sa
Sq

(b) Cutoff wavelength 250μm

LWC SC Cardboard

1

2

3

4

5

Samples

R
ou

gh
ne

ss
 v

al
ue

s 
[μ

m
]

Roughness parameters, wavelength: 800μm

 

 

Sa
Sq

(c) Cutoff wavelength 800μm

Figure 7.2: Sa, and Sq roughness values for the application data.

7.2 Reference measurements

Two optical profilometers were used as reference topography measurement devices, de-
noted Profilometer 1 and Profilometer 2. Both profilometers apply a laser beam width
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of 1 μm as a stylus. In the measurements, the collimated beam of light, coupled to an
optical microscope system, is split and focused to a small spot on the test surface. Height
differences on the test surface and a reference surface result in optical path differences
which are seen as light and dark fringes on a video camera or diode array detection
system. The horizontal resolution of the profilometers is 1 μm, and vertical resolution
0.02 μm. The horizontal resolution in the profilometers has a different meaning than in
imaging based measurements. If the measurement resolution is 5 μm× 5 μm, the stylus
measures only the 1 μm× 1 μm area, whereas in imaging the pixel integrates all the light
from the 5 μm× 5 μm area.

Profilometers measure one profile at a time, the sample is displaced by a traveling table.
The quality of measurement is highly dependent on the accuracy of the traveling table.
The applied profilometers differ significantly in the measurement results. Figure 7.3
presents 2D power spectra of three paper samples measured by the two profilometers. In
Profilometer 1, spatial frequencies near 20 lines/mm in the y-direction are emphasized for
all the paper samples. The emphasized frequencies are also visible in the 1D spectra from
Cardboard 1 sample, see Fig. 7.4. Profilometer 2 dampens the x-direction significantly,
whereas the power in the y-direction is at the same level as for Profilometer 1. The
distortions in the power spectra deteriorate root-mean-square error calculations between
the reference topography and the reconstructed topographies. The difference between the
profilometers is clearly visible in the measured topographies, see Fig. 7.5. Profilometer
1 was selected as the principal reference device, since the measurement result is more
similar in x-, and y-directions. Only some of the results in the experiments are contrasted
also to Profilometer 2.
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(f) Profilometer 2, Cardboard 1

Figure 7.3: Power spectra of three paper samples measured by the profilometers.
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Figure 7.4: 1D power spectra of Cardboard 1 sample measured by the profilome-

ters.

(a) Profilometer 1 (b) Profilometer 2

Figure 7.5: Fragment from the topography of Cardboard 1 measured by the

profilometers.

The measured area was 15 mm× 15 mm for all the reference measurements, but two
resolutions were applied. In the surface roughness analysis from gray-scale images, the
measurement resolution was 10 μm× 50 μm, and for the photometric stereo experiments
5 μm× 5 μm. The profilometer measurements were registered and then pointwise aligned
to the photometric stereo reconstructed surfaces using geometric affine transformation
and interpolation [69].

The evaluation measures in the experiments of photometric stereo were the surface recon-
struction error, Pearson correlation, and the error in surface roughness measures. The
evaluation measures were calculated from the surfaces, which were scaled to the same
mean and variance as the reference surface, since gradient fields do not provide informa-
tion on the scale of the measurements. Reconstruction error to the reference surfaces was
analyzed as pointwise root mean square error (RMSE). The error measures in surface
roughness measures were the absolute error of root-mean-square roughness |εSq|, at the
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250 μm wavelength, and the absolute error of average roughness |εSa|, at the 250 μm
wavelength. It should be noted that Sq and Sa are not pointwise measurements.

7.3 Roughness estimation from gray-scale images

Image analysis methods applied to gray-scale images provide a rather simple roughness
estimation approach. Preliminary results are presented in [68] on statistical methods
and the fractal dimension in the estimation of PPS-roughness values. Fractal dimension
exhibits strong correlation to PPS-values. Later, distance transforms have been applied
in [45] in Sa-roughness estimation from profilometer measured topographies. Here pre-
liminary work is extended to the estimation of Sa, and Sq roughness values from gray-
scale images using the selected image analysis methods. In the experiments, DTOCS
based roughness estimation applied a grid size of 6 × 6 seed pixels with placements as
in grid type A in Fig. 4.8. Altering the number of seed pixels did not change the results
significantly. In addition, the Sq, and Sa-roughness values were calculated directly from
the gray-scale images. The Sa and Sq roughness measures from the gray-scale images
are denoted Image Sq and Image Sa. The gray-scale values were considered as surface
height values in the calculation of roughness measures.

The imaging and illumination geometry with the optical properties of the measured
surface define the surface appearance to the observer. In the experiments, a slant angle
of 60◦ was applied. The gray-scale images were acquired using a CCD camera with
resolution of 2048 x 2048 pixels with 12 bits per pixel and an image area of 15 mm x 15
mm. The pixel resolution is then 7.3μm/pixel.

The roughness estimation results are presented in Fig. 7.6, and Table 7.1. Figure 7.6
summarizes the Pearson coefficients of correlation between the image analysis methods
and roughness measures at three cutoff wavelengths, 80μm, 250μm, and 800μm. Ta-
ble 7.1 shows also the results of the significance test of Pearson coefficients of correlation.
The p-value is the probability to obtain a correlation as strong as the obtained value,
when the true correlation is zero. The correlation can be considered to be significant,
when the p-value is less than 0.05, which corresponds to a 95% confidence interval [36].

Significant correlations to Sa, and Sq values are achieved with variance, skewness, kur-
tosis, fractal dimension, DTOCS, Image Sa, and Image Sq. In general, the coefficients
of correlation are rather similar to the Sa, and Sq values for each method. Similarly,
only minor differences are obtained between the three cutoff wavelengths for each im-
age analysis method. The results are as expected, since the roughness values at different
wavelengths vary similarly, which was already seen in Fig. 7.2. The Sa, and Sq roughness
values also change in a likewise manner.

Figure 7.7 presents scatter plots for the Sa roughness measure and image analysis meth-
ods. The scatter plots for Sq roughness evaluation are not presented, since they are simi-
lar to the Sa scatter plots in Fig. 7.7. The scatter plots with the example image brightness
histograms in Fig. 7.8 visualize the reasons for the obtained skewness correlations. The
skewness of the histogram clearly alters between the paper grades. The skewness values
also vary according to roughness among the paper grade, see Figure 7.7 (c). This results
in the very strong correlation of skewness values to the roughness measures. The slightly
negative skewness values for smooth paper grades are reasonable, since the bumps of
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Figure 7.6: Coefficients of correlations between image analysis methods and

standard roughness measures.

the surface are flattened. Therefore the holes dominate the gray-scale distribution. In
the cardboard samples, the skewness is positive due to the sharp fiber structure of the
surface. Variance, and fractal dimension are natural characteristics of surface variation.
The strong correlation of DTOCS to Sa measures on the profilometer data seems to be
also valid for gray-scale images. The direct estimation of Sa, and Sq roughness measures
produced significant, but not very strong correlations. Mean, entropy, and 2D kurtosis
did not exhibit significant correlations to roughness measures.

The three paper grades can be seen as separate clusters in roughness values. Therefore
the obtained p-values are not necessarily reliable when the values are calculated over the
three paper grades. The line of linear regression would vary if the linear correlations were
calculated for each paper grade separately. For skewness, for example, the LWC sample
set would have negative correlation, whereas the linear correlation over all the sample
sets is 0.98. However, the regression line is rather correct also inside the paper grades
for methods with strong correlations, that is, skewness, variance, fractal dimension, and
DTOCS.

7.4 Weighting functions in direct integration

The weighting functions for direct integration were proposed in Section 5.5. The pur-
pose of the experiments is to study the robustness of the weighting functions in surface
reconstruction when different SNR-values are applied. The noise and signal levels in
the gradient fields remain unaltered whereas the applied SNR-values in Wiener filtering
are varied which result in oversharpened or oversmoothed topographies. The weighting
functions should produce reasonable topographies from all types of topographies.

The images for photometric stereo were acquired using a 3CCD camera, Hamamatsu
C7780-10 with a resolution of 1344 × 1024 pixels with 12 bits per pixel. In the experi-
ments, the image area was 13.7 mm × 10.4 mm. A fiber optic halogen light source was
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Table 7.1: Coefficients of correlation with significance test between the roughness

measures and the image analysis methods. Significant correlations are given in

bold.

Cutoff wavelength
80μm 250μm 800μm

Sa r p r p r p
Mean Iμ -0.03 0.89 0.08 0.68 0.09 0.64
Variance Is2 0.88 0.00 0.83 0.00 0.82 0.00
Skewness Isk 0.99 0.00 0.99 0.00 0.99 0.00
Kurtosis Iku 0.38 0.05 0.47 0.01 0.47 0.01
Entropy Iη -0.36 0.06 -0.38 0.05 -0.39 0.05
Fractal Dimension Id -0.74 0.00 -0.74 0.00 -0.74 0.00
2D Kurtosis I2dku 0.02 0.92 0.13 0.52 0.14 0.49
DTOCS Idt 0.75 0.00 0.68 0.00 0.68 0.00
Image Sa Isa 0.50 0.01 0.47 0.01 0.49 0.01

Sq
Mean Iμ -0.10 0.61 0.02 0.90 0.03 0.86
Variance Is2 0.91 0.00 0.85 0.00 0.84 0.00
Skewness Isk 0.99 0.00 0.99 0.00 0.99 0.00
Kurtosis Iku 0.60 0.00 0.68 0.00 0.69 0.00
Entropy Iη -0.28 0.15 -0.32 0.11 -0.32 0.10
Fractal Dimension Id -0.80 0.00 -0.84 0.00 -0.84 0.00
2D Kurtosis I2dku -0.09 0.65 0.03 0.87 0.04 0.83
DTOCS Idt 0.80 0.00 0.79 0.00 0.79 0.00
Image Sq Isq 0.62 0.00 0.57 0.00 0.58 0.00

utilized as the white light source. The images were acquired using tilt angles 0◦, 120◦,
240◦, and a slant angle of 60◦ for illumination. The topographies were reconstructed
using the following four weighting functions: 1) Hansson’s proposed weighting functions
according to the signal strengths of the surface height functions (5.31), 2) The average
of the three surface height functions (5.33), 3) Symmetric binary weight functions (5.34 -
5.36), and 4) Symmetric cosine weighting functions (5.38 - 5.40). The weighting functions
are denoted Hansson, Average, Symmetric binary, and Symmetric cosine, respectively.
The Hansson and Symmetric weighting functions are presented in Fig. 7.9.

Hansson [34, 35] proposed the following functions for the OTF and SNR:

H =
4000

4000 + 4π2(u2 + v2)
, (7.1)

where u and v are given in mm−1 and

SNR(u, v) =
Sf (u, v)
Sη(u, v)

=
4 · 10−4

Δx2(u2 + v2)
, (7.2)

where Δx is the image resolution in millimeters, and u and v are given in mm−1. Sf (u, v)
is the power spectrum of the paper surface topography, and Sη(u, v) the power spectrum
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Figure 7.7: Scatter plots for Sa roughness measure estimation from gray-scale

images. The cutoff wavelength for Sa is 80 μm.

of the noise. The Wiener filter restores the signal from the noise and blur originated
from the acquisition device, optics and light scattering from the paper surface. The
proposed Wiener filter attenuates higher frequencies. The effect of the filter response of
the Wiener filter, HR,k in (5.29) to the four weighting functions was studied. RMS error,
correlation, and roughness estimation errors were calculated between the reconstructed
surfaces and the profilometer measurements. The numerator in the signal-to-noise ratio
in (7.2), denoted the SNR factor, was altered from 4 · 10−3 to 4 · 10−7. The OTF-values
of the imaging system were not available to the author, therefore Hansson’s proposed
OTF was adopted directly. The Hansson weighting functions for three SNR factors are
presented in Fig. 7.9. As the SNR factor decreases, the shape of the Hansson weighting
functions becomes closer to the Symmetric weighting functions.
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Figure 7.8: Histograms of LWC, SC, and Cardboard. The mean value of the

image is presented as vertical line.

Figure 7.10, and Table 7.2 present the reconstruction results for the weighting functions.
In Fig. 7.10, the RMS errors of different SNR factors are shown for LWC 1, SC 1, and
Cardboard 1 samples. For the three samples, the RMS error of the Symmetric binary
weighting functions is nearly constant over all the SNR factors, whereas for Hansson,
Average, and Symmetric cosine weighting functions, the RMS error increases as the SNR
factor increases.

Table 7.2 shows RMS errors, coefficients of correlation, and surface roughness estimation
errors for the four weighting functions. The smallest errors and strongest coefficients
of correlation were achieved by the Symmetric weighting functions. Symmetric cosine
weights performed slightly better than the Symmetric binary weights. In general, the
RMS errors, and roughness estimation errors are lower for SC and LWC samples than
for cardboard samples. The correlations are higher for cardboard samples than for the
other two sample sets.

Figure 7.11 presents profiles which are calculated using the Symmetric binary and Hans-
son weighting functions in addition to a reference profile measured with Profilometer 1
from the LWC 1 sample. The effect of SNR factor is demonstrated in Fig. 7.11. As the
SNR factor decreases, the Wiener filter attenuates the higher frequencies more. This
results in smoother surfaces. Symmetric binary weights preserve the surface topography
over all the SNR factors, whereas Hansson weighting functions produce reasonable results
with the SNR factors 4 · 10−7, and 4 · 10−5, but at the factor 4 · 10−3 surface shape is
deteriorated. Similar behavior was observed in RMS errors in Fig. 7.10.

7.5 Optimal surface reconstruction

The optimal surface reconstruction method using photometric stereo proposed in Chap-
ter 6 is evaluated on simulated and real surfaces containing high-frequencies in order to
study the theoretical results. The simulated surface was degraded with artificial blur and
noise, and in real data, the PSF and noise were measured from the imaging system. Pub-
licly available data sets do not include reference surfaces [38] or planar surface samples
with high-frequency variation [11], therefore they could not be used.
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Figure 7.9: Weighting functions for direct integration in the Fourier domain.

Hansson’s proposed weighting functions are for the Cardboard 1 sample.
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Figure 7.10: RMS errors for weighting functions with SNR factors from 4 · 10−3

to 4 · 10−7.

Table 7.2: Surface reconstruction results for the four weighting functions com-

pared to profilometer measured surface. The applied SNR factors was 4 · 10−5.

The best result from each measure for each sample are given in bold.

Hansson Average Symmetric binary Symmetric cosine
Sample RMSE r RMSE r RMSE r RMSE r
LWC 1 2.42 0.40 2.29 0.46 2.30 0.45 2.22 0.49
LWC 2 3.51 0.31 3.42 0.32 3.42 0.30 3.40 0.32
SC 1 3.28 0.35 3.18 0.37 3.20 0.37 3.23 0.36
SC 2 3.65 0.23 3.50 0.30 3.46 0.31 3.44 0.32
Cardboard 1 6.79 0.54 6.33 0.60 6.24 0.61 6.16 0.62
Cardboard 2 8.36 0.43 7.93 0.49 7.80 0.50 7.89 0.49

|εSq| |εSa| |εSq| |εSa| |εSq| |εSa| |εSq| |εSa|
LWC 1 0.33 0.25 0.33 0.25 0.29 0.22 0.28 0.22
LWC 2 0.18 0.13 0.16 0.12 0.09 0.06 0.08 0.06
SC 1 0.59 0.45 0.57 0.44 0.51 0.38 0.50 0.38
SC 2 0.50 0.38 0.52 0.39 0.45 0.34 0.45 0.34
Cardboard 1 3.17 2.43 3.07 2.35 2.90 2.21 2.96 2.26
Cardboard 2 3.34 2.53 3.31 2.50 3.17 2.39 3.29 2.49
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Figure 7.11: Profiles calculated with Symmetric binary weighting functions and

Hansson weighting functions using several SNR factors.

The proposed reconstruction scheme using Wiener filtering should preserve the high-
frequency variation in the reconstructed surfaces. To estimate the accuracy of the pro-
posed photometric stereo based surface reconstruction scheme, surfaces are reconstructed
from two gradient field types: 1) original, noise and blur degraded gradient fields, and
2) Wiener filtered gradient fields. The surfaces are reconstructed using six integration
methods: 1) Frankot-Chellappa, 2) Frankot-Chellappa with inverse filtering as in (6.33),
3) Poisson solver with Neumann boundary conditions, 4) Poisson solver with periodic
boundary conditions, 5) Hansson’s two light PS as in Chapter 5.5.1, and 6) Symmetric
Cosine. The integration methods are denoted Frankot-Chellappa, Frankot-Chellappa opt,
Poisson, Poissonf, Hansson 2PS, and Symmetric cosine, respectively. Frankot-Chellappa,
Poisson, and Poissonf are applied on the two gradient field types. Hansson 2PS, and
Symmetric Cosine include a Wiener filter based restoration method from blur and noise,
therefore they are only applied to the original, not the Wiener filtered gradient fields.
The same Wiener parameters are used in Hansson 2PS, and Symmetric cosine as in
Wiener filtering of the gradient fields. Similarly, Frankot-Chellappa opt includes inverse
filtering, and therefore it is evaluated only on original gradient fields.

7.5.1 Simulated data

Simulated data provides reliable ground truth data for optimal surface reconstruction.
The error sources listed in Section 5.2.3 can be controlled. For example, the reflection
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of the surface will obey the defined reflection model, noise and blur can be accurately
defined, and the illumination configuration is exactly determined.

A chirp-surface contains periodic variation of exponentially increasing frequency with
time, the amplitude of the surface remaining constant, as shown in Fig. 7.12 (a). The
chirp function can be defined as

z(t) = sin
( 2πf0
ln(k)

(k t − 1)
)
, (7.3)

where f0 is the frequency at t = 0, k is the rate of exponential increase in frequency,
and t is the time. For a surface z(x, y), time t was defined as t = 0.5(x + y). Four
synthetic images were generated using the Lambertian reflection model with analytically
differentiated gradient fields from the chirp-surface. Tilt angles 0◦, 90◦, 180◦, and 270◦,
and slant angle of 60◦ were applied in the illumination configuration. The synthetic
images were degraded with a 5 dB noise level and a Gaussian blur with a standard
deviation width of 2 pixels. The gradient fields were estimated from the four degraded
synthetic images using photometric stereo with the Lambertian surface assumption. The
albedo was constant over the surface, and self and cast shadows were ignored. The
gradient fields were Wiener filtered, and surfaces were integrated from the original, noise
and blur degraded gradient fields and from Wiener filtered gradient fields. The Wiener
filter parameters were calculated as in (6.34). Figure 7.12 presents the original, and
degraded synthetic images of tilt angle 0◦ with the degraded, and Wiener filtered gradient
fields. A gradient field calculated from the original, noiseless and sharp synthetic images
is also presented.

Figure 7.13, and Table 7.3 present the reconstructed surfaces and the reconstruction
errors. In Fig. 7.13, Frankot-Chellappa, Poisson, and Poissonf integrate using Wiener
filtered gradient fields, whereas Frankot-Chellappa opt, Hansson 2PS, and Symmetric co-
sine apply the degraded gradient fields. The effects of the boundary conditions are clearly
visible. For methods applying periodic boundary conditions, that is, Frankot-Chellappa,
Frankot-Chellappa opt, Poissonf, Hansson 2PS, and Symmetric cosine, periodic recon-
struction errors near the surface boundaries are observable. The Poisson solver with
Neumann boundary conditions reconstructs the boundaries without any visually notice-
able error. Hansson and Symmetric cosine can reconstruct the shape of the chirp-surface,
but noise deteriorates the reconstruction result. The inverse filter in Frankot-Chellappa
opt amplifies the noise and destroys the reconstructed surface.

Table 7.3 presents the reconstruction results from the synthetic images compared to the
original chirp-surface. The Wiener filtering of gradient fields enhanced the reconstruc-
tion result significantly. In general, the reconstruction results are at the same level for
all minimization based methods with Wiener filtering. Frankot-Chellappa achieves the
smallest errors in Sq-error and Poissonf in Sa-error. Symmetric cosine achieved rather
good results in RMS error and correlation but the errors in Sa and Sq roughness are
larger than for the minimization based methods with Wiener filtering. Hansson 2PS also
exhibits large errors. The inverse filtering in Frankot-Chellappa opt amplifies the noise,
therefore the reconstruction results are insufficient.
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Figure 7.12: Chirp surface and generated synthetic images with gradient fields.
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ents fields
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(c) Poisson with Wiener filtered gradients fields
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(d) Poissonf with Wiener filtered gradients fields
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Figure 7.13: Reconstructed chirp-surfaces.
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Table 7.3: Simulated data. Orig presents the results from the original degraded

gradient fields, and Wnr from Wiener filtered gradient fields. The best result from

each measure for each sample is given in bold.

RMSE r |εSq | |εSa|
Orig Wnr Orig Wnr Orig Wnr Orig Wnr

Frankot-Chellappa 0.030 0.026 0.91 0.93 0.370 0.059 0.057 0.007
Frankot-Chellappa opt 0.101 0.00 6.230 5.339
Poisson 0.031 0.028 0.91 0.92 0.392 0.093 0.065 0.009
Poissonf 0.030 0.026 0.91 0.93 0.378 0.070 0.070 0.004
Hansson 2PS 0.093 0.15 6.089 5.216
Symmetric cosine 0.051 0.75 3.481 3.136

7.5.2 Application data

In the application data, surfaces were reconstructed from gradient fields estimated using
four-light photometric stereo. The results from the three paper grades were compared
with profilometer measurements.

The images for photometric stereo were acquired using a CCD camera with a resolution
of 2048 x 2048 pixels with 12 bits per pixel and an image area of 15 mm x 15 mm. The
images were acquired using a slant angle of 60◦, and tilt angles 0◦, 90◦, 180◦, and 270◦ for
the illumination. Profilometer 1 and Profilometer 2 were applied as reference topography
measurement devices with a resolution of 5 μm in the profile direction, and 5 μm between
profiles. The results were calculated from the center of the measurement area of size 7.5
mm x 7.5 mm in order to reduce the alignment errors due to geometric distortions in
the optics of the camera system. Two of the Wiener filtering parameters, the power
spectrum of noise and OTF, were estimated from the measurement system similarly as
Hansson and Johansson in [35]. The OTF of the imaging system was estimated using a
edge-gradient method [5, 86]. In this method, a sharp edge is imaged, and the image is
differentiated with respect to the perpendicular direction to the edge in order to obtain
the gradient of the edge. If the imaging system is ideal, the gradient of the edge is a delta
function. In real imaging systems, the peak is wider due to the OTF. In the experiments,
a sharp black-white edge printed on a smooth double coated cardboard was imaged. The
gradient of the edge was calculated using photometric stereo. The applied OTF was the
average of four separate OTF-measurements, and has the form

H =
1500

1500 + 4π2(|u|1.41 + |v|1.41)
. (7.4)

The power spectrum of the noise was estimated from the gradient field, which was calcu-
lated from out of focus images. The noise is assumed to be white, i.e., the power spectrum
of noise is a constant value over all the frequencies. The power spectrum of the noise was
estimated as Sη(u, v) = 0.01Δx2mm2, where Δx is the resolution in millimeters. The
third Wiener parameter, the power spectrum of the signal, was the power spectrum of
the corresponding gradient field as in (6.34).

The power spectra and fragments of the reconstructed surface topographies are pre-
sented in Figs. 7.14 - 7.19 for one sample from each paper grade. Table 7.4 collates the
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reconstruction results of all the six measured samples. In general, similar results were
obtained using Frankot-Chellappa, Poisson, and Poissonf applied to the topographies
reconstructed from Wiener filtered gradient fields, and Frankot-Chellappa opt and Sym-
metric cosine. The results of these methods are denoted restored surface topographies,
and they are rougher, and in roughness measures more similar to the reference surfaces
than the topographies reconstructed using Frankot-Chellappa, Poisson, and Poissonf from
the original, degraded gradient fields, here denoted as original topographies. For Hansson
2PS, a horizontal reconstruction error dominates all the reconstructed surfaces. This is
also seen in the power spectra in the x-direction.

In Figs. 7.14 and 7.15 are results from the LWC 1 sample. The restored surface topogra-
phies appear very similar to the reference topography, whereas the original topographies
are significantly smoother. The power spectra in Fig. 7.14 confirm the observation:
the power spectra of the restored topographies are close to the reference topographies,
whereas the power spectra of the original topographies diminish at higher frequencies.
The results in Figs. 7.16 and 7.17 for the SC 1 sample are similar. The restored sur-
face topographies are rougher and more similar to the reference topographies than the
original surface topographies. The fragments of the SC 1 sample present a phenomenon
which is typical for supercalendered samples. Photometric stereo methods with the ap-
plied illumination configuration observe a strongly calendered fiber as transparent which
produces a valley in the reconstructed surface, whereas profilometers perceive the surface
of the fiber. Cardboard 1 reveals the limitations of photometric stereo on steep slopes:
the reconstruction errors are large for all the methods because some details are hidden
by shadows, see Fig. 7.19. In the Cardboard 1 sample, the power spectra of the reference
topographies show strong variation on all the frequencies in Fig. 7.18. The reference de-
vices, the optical profilometers, measure the surface with a probe width of 1 μm, and are
able to acquire the rapid changes not affected by shadows, whereas photometric stereo
cannot capture these details.

The reconstruction results in Table 7.4 are in agreement with Figs. 7.14 - 7.19. Wiener
filtering improves the reconstruction at a high-frequency scale, whereas the RMS error
does not change significantly. Naturally, as the surface roughness increases, the RMS
errors also become larger. The Pearson coefficients of correlation are rather similar for
all the paper samples, also the variation between the reconstruction methods is small.
The errors in roughness measures decrease significantly for the restored topographies on
the LWC and SC samples. Similarly as in RMS error, the roughness measure errors are
greater on cardboard samples. In general, the results among each paper grade are con-
sistent. The noise level seems to be low since inverse filtering in Frankot-Chellappa opt,
and Wiener filtering in Frankot-Chellappa produce similar results. The reconstruction
results for Hansson 2PS are inadequate with estimated Wiener filter parameters.



88 7. Experiments

10
−1

10
0

10
1

10
210

−8

10
−6

10
−4

10
−2

10
0

10
2

Spatial frequency (lines/mm)

P
ow

er
 s

pe
ct

ru
m

 in
 x

−
di

re
ct

io
n

 

 

Frankot−Chellappa
Frankot−Chellappa opt
Poisson
Poissonf
Hansson 2PS
Symmetric cosine
Profilometer 1
Profilometer 2

(a) x-spectrum

10
−1

10
0

10
1

10
210

−8

10
−6

10
−4

10
−2

10
0

10
2

Spatial frequency (lines/mm)

P
ow

er
 s

pe
ct

ru
m

 in
 x

−
di

re
ct

io
n

 

 

Wiener + Frankot−Chellappa
Wiener + Poisson
Wiener + Poissonf
Profilometer 1
Profilometer 2

(b) x-spectrum

10
−1

10
0

10
1

10
210

−8

10
−6

10
−4

10
−2

10
0

10
2

Spatial frequency (lines/mm)

P
ow

er
 s

pe
ct

ru
m

 in
 y

−
di

re
ct

io
n

 

 

Frankot−Chellappa
Frankot−Chellappa opt
Poisson
Poissonf
Hansson 2PS
Symmetric cosine
Profilometer 1
Profilometer 2

(c) y-spectrum

10
−1

10
0

10
1

10
210

−8

10
−6

10
−4

10
−2

10
0

10
2

Spatial frequency (lines/mm)

P
ow

er
 s

pe
ct

ru
m

 in
 y

−
di

re
ct

io
n

 

 

Wiener + Frankot−Chellappa
Wiener + Poisson
Wiener + Poissonf
Profilometer 1
Profilometer 2

(d) y-spectrum

Figure 7.14: Power Spectra, LWC 1 sample.
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(a) Frankot-Chellappa (b) Wiener + Frankot-Chellappa (c) Frankot-Chellappa opt

(d) Poisson (e) Wiener + Poisson (f) Hansson 2PS

(g) Poissonf (h) Wiener + Poissonf (i) Symmetric cosine

(j) Profilometer reference

Figure 7.15: Fragments of the surface topographies from LWC 1.
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Figure 7.16: Power Spectra, SC 1 sample.
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(a) Frankot-Chellappa (b) Wiener + Frankot-Chellappa (c) Frankot-Chellappa opt

(d) Poisson (e) Wiener + Poisson (f) Hansson 2PS

(g) Poissonf (h) Wiener + Poissonf (i) Symmetric cosine

(j) Profilometer reference

Figure 7.17: Fragments of the surface topographies from SC 1.
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(a) Cardboard 1, x-spectrum
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(b) Cardboard 1, x-spectrum

10
−1

10
0

10
1

10
210

−8

10
−6

10
−4

10
−2

10
0

10
2

Spatial frequency (lines/mm)

P
ow

er
 s

pe
ct

ru
m

 in
 y

−
di

re
ct

io
n

 

 

Frankot−Chellappa
Frankot−Chellappa opt
Poisson
Poissonf
Hansson 2PS
Symmetric cosine
Profilometer 1
Profilometer 2

(c) Cardboard 1, y-spectrum
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Figure 7.18: Power Spectra of Cardboard 1 sample.
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(a) Frankot-Chellappa (b) Wiener + Frankot-Chellappa (c) Frankot-Chellappa opt

(d) Poisson (e) Wiener + Poisson (f) Hansson 2PS

(g) Poissonf (h) Wiener + Poissonf (i) Symmetric cosine

(j) Profilometer reference

Figure 7.19: Fragments of the surface topographies from Cardboard 1.
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Table 7.4: Application data. Orig presents the results from the original degraded

gradient fields, and Wnr from Wiener filtered gradient fields. The best result from

each measure for each sample is given in bold.

RMSE r |εSq| |εSa|
LWC 1 Orig Wnr Orig Wnr Orig Wnr Orig Wnr

Frankot-Chellappa 1.54 1.53 0.74 0.75 0.38 0.09 0.29 0.07
Frankot-Chellappa opt 1.53 0.75 0.09 0.07
Poisson 1.58 1.57 0.73 0.73 0.39 0.09 0.30 0.06
Poissonf 1.54 1.52 0.74 0.75 0.39 0.13 0.30 0.10
Hansson 2PS 2.56 0.29 1.12 0.91
Symmetric cosine 1.48 0.76 0.06 0.04

LWC 2

Frankot-Chellappa 1.32 1.37 0.72 0.70 0.36 0.06 0.27 0.04
Frankot-Chellappa opt 1.37 0.70 0.06 0.04
Poisson 1.37 1.44 0.70 0.67 0.34 0.02 0.26 0.01
Poissonf 1.32 1.35 0.72 0.71 0.36 0.10 0.28 0.07
Hansson 2PS 2.16 0.25 0.89 0.73
Symmetric cosine 1.36 0.70 0.04 0.03

SC 1

Frankot-Chellappa 1.97 2.06 0.79 0.77 0.42 0.05 0.31 0.05
Frankot-Chellappa opt 2.06 0.77 0.05 0.05
Poisson 1.96 2.07 0.79 0.77 0.42 0.06 0.32 0.07
Poissonf 1.96 2.04 0.79 0.77 0.43 0.01 0.32 0.01
Hansson 2PS 3.60 0.29 1.71 1.38
Symmetric cosine 2.01 0.78 0.08 0.08

SC 2

Frankot-Chellappa 1.95 2.06 0.71 0.68 0.38 0.06 0.29 0.06
Frankot-Chellappa opt 2.06 0.68 0.06 0.06
Poisson 1.94 2.05 0.72 0.69 0.38 0.08 0.29 0.07
Poissonf 1.95 2.04 0.71 0.69 0.39 0.01 0.30 0.02
Hansson 2PS 3.22 0.23 1.34 1.10
Symmetric cosine 2.04 0.69 0.07 0.07

Cardboard 1

Frankot-Chellappa 4.68 4.66 0.79 0.79 3.36 2.86 2.58 2.18
Frankot-Chellappa opt 4.66 0.79 2.86 2.18
Poisson 4.75 4.73 0.78 0.78 3.36 2.84 2.58 2.17
Poissonf 4.68 4.64 0.79 0.79 3.37 2.91 2.59 2.23
Hansson 2PS 7.83 0.41 1.22 1.06
Symmetric cosine 4.70 0.79 2.87 2.19

Cardboard 2

Frankot-Chellappa 5.82 5.80 0.75 0.75 3.73 3.19 2.84 2.41
Frankot-Chellappa opt 5.80 0.75 3.19 2.41
Poisson 5.74 5.72 0.75 0.75 3.74 3.17 2.85 2.40
Poissonf 5.82 5.79 0.75 0.75 3.74 3.26 2.85 2.46
Hansson 2PS 9.06 0.38 1.46 1.34
Symmetric cosine 5.92 0.74 3.17 2.39
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7.6 Discussion

The objective of this thesis is to study the characterization and reconstruction of high-
frequency surface variation from gray-scale images. The proposed methods for surface
roughness estimation and surface reconstruction were evaluated with simulated and ap-
plication data. The obtained results were compared to reference methods, optical pro-
filometers. Significant differences were observed between the two profilometers in the
measured topographies, but the selected profilometer was assumed to provide an ac-
curate estimate of the paper surface. The illumination and imaging configurations for
surface characterization and surface reconstruction using photometric stereo were not
experimentally optimized; configurations proposed in the literature were utilized.

Image analysis methods produced strong linear correlations in surface roughness measure
estimation. The results are in agreement with several similar, previous studies, where
statistical measures and fractal dimension are calculated from gray-scale images and the
results compared to standard roughness values [3, 31, 94]. Particularly skewness of bright-
ness histograms correlated strongly to roughness measures. Variance, fractal dimension,
and DTOCS performed better than Image Sa, and Image Sq, in which Sa and Sq values
are calculated directly from gray-scale values. The proposed distance transforms exhib-
ited strong correlations to roughness measures on profilometer data in previous studies,
and the experiments confirmed the performance also on gray-scale images.

The linear correlation was calculated over three rather different paper grades which were
seen as three separate clusters in roughness values. The slope of linear regression line and
the coefficients of correlation would vary for all the applied image analysis methods if the
linear correlations were calculated for each paper grade separately. The application of
roughness values determine if the estimation of the small variations in roughness among
paper grades are significant, or the essential roughness range is distributed on a larger
scale over several paper grades and roughness values. Similarly, the essential frequency
band of roughness has to be determined. The obtained results were similar between the
roughness cutoff wavelengths.

Surface roughness characterization from gray-scale images using image analysis methods
provides a rather simple roughness estimation method. In this approach, the illumination
and imaging configuration play an important role, since the illumination configuration is
not considered in the estimation of roughness values. Therefore, the obtained results are
valid only to the applied illumination and imaging configuration. The characterization
would be more insensitive to the variation of illumination if reflection models were applied
in the interpretation of the gray-scale values.

Photometric stereo based surface reconstruction provides an illumination invariant sur-
face characterization. The experiments on surface reconstruction using photometric
stereo included two parts: 1) weighting function evaluation for direct integration in
the Fourier domain, and 2) evaluation of the proposed optimal surface reconstruction
method. In the evaluation of the robustness of the weighting functions, the Wiener filter
parameter, SNR was strongly varied. In real imaging, the Wiener parameters typically
do not differ as strongly, but the applied experiments clearly revealed the differences
between the weighting functions. The weighting functions, however, make an essential
contribution to the robust surface reconstruction when using direct integration in the
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Fourier domain. The proposed symmetric weighting functions were found to be robust
to Wiener filter parameter estimation. Furthermore, symmetric weights obtained the
best reconstruction results. The Hansson weighting functions depend on the signal and
noise level. For certain Wiener parameters, the Hansson weights could provide accurate
topographies, but in these experiments the overall performance was insufficient.

The experiments with the optimal photometric stereo based surface reconstruction scheme
showed that the photometric stereo and traditional integration methods smooth the re-
constructed surface excessively for surface roughness measurement, if the imaging noise
and blur are not compensated. An optimal surface reconstruction scheme was proposed,
where the noise and blur in gray-scale images are derived to gradient fields estimated
using photometric stereo. The gradient fields are integrated using methods which are
linear mappings from the gradient fields to the reconstructed surface. The optimal re-
constructed surface in the surface energy sense is obtained by Wiener filtering the gra-
dient fields. The theoretical results were studied with simulated and application data.
White noise and blur in gray-scale images could be compensated by Wiener filtering the
gradient fields. The proposed filtering improves the reconstruction results especially in
surface roughness estimation. Simulated data visualize differences in the reconstruction
of surface boundaries. The Poisson solver with Neumann boundary conditions provides
correct surface boundaries, whereas periodic boundary conditions deteriorate the surface
boundary with a periodic pattern. For Hansson 2PS, the horizontal surface reconstruc-
tion error deteriorates the reconstruction result in the simulated data. Particularly on
smooth samples in the application data, the obtained power spectra were surprisingly
similar between the surfaces reconstructed from restored gradient fields and the reference
surfaces.

The optimal reconstruction scheme using photometric stereo was evaluated with three
integration methods. The Poisson solver with Neumann boundary conditions performed
well in the simulated and application data. The reconstructed surfaces have correct
boundaries, and the overall reconstruction results are accurate. Valid surfaces were
reconstructed also by Frankot-Chellappa and the Poisson solver with periodic boundary
conditions. All three integration methods are simple and non-parametric. For the optimal
reconstruction scheme, only the Wiener filtering parameters have to be estimated from
the imaging system. The symmetric weighting functions extend Hansson’s [34, 35] work
on paper surface reconstruction using Wiener filtering with direct integration in the
Fourier domain. The proposed extension provides more accurate topographies, and is
more robust to erroneous Wiener filter parameter estimation. Hansson’s original two light
photometric stereo based surface reconstruction produced significantly poorer results
with estimated Wiener filter parameters in the simulated and application data.

The roughness of the reconstructed surface is highly dependent on the Wiener filtering
parameters. The obtained point-spread function suggests rather low blur in the imaging
system. A part of the blur may also derive from the scattering of light in the paper during
the OTF measurements. The noise level was low in the application data, and therefore
the inverse filtering and Wiener filtering produced similar results. Again, inverse filtering
was combined with the Frankot-Chellappa integration method which is highly robust to
noise.

Only simulated data can provide exact references, but the actual benefits of the meth-
ods are in real environments which cannot be precisely simulated. Six paper samples
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of three paper grades were examined as application data. In general, paper is not an
optimal reference material, since its dimensions and surface shape vary with air humidity
and temperature. The measurements were performed in a short period of time in order
to preserve the surface shape between the reference and photometric stereo measure-
ments. Paper surfaces are frequently considered to exhibit Lambertian reflection model
properties [24], which was also assumed in the experiments on photometric stereo. The
reference surfaces were acquired with two laser profilometers, which differ significantly
from photometric stereo in the measurement principle. The difference in results was seen
in noticeably rough samples, where the Lambertian surface assumption and integrability
condition are not completely valid anymore. These reasons result in notably smoother
reconstructed surfaces for the proposed method than the reference surfaces. A rough pa-
per surface still exhibits diffuse reflection, but light cannot enter all the deepest holes in
the surface with the applied illumination configuration. A potential solution would be to
apply smaller slant angles. The non-Lambertian effects need to be further studied. The
Lambertian reflection model is probably valid in general but local variations from the
diffuse reflection model need to be processed separately. For example, the transparent
fibers in SC papers presumably demand a paper grade specific solution. In the integration
phase, the minimization constraints for surface reconstruction affect the power spectra
of the reconstructed surfaces. The integrability condition demands twice continuously
differentiable C2 surfaces which may be in contradiction with the required preservation
of surface roughness.

Surface roughness characterization directly from gray-scale images is a simple, but illumi-
nation sensitive approach. For certain roughness estimation applications, the approach
is a fast and non-contact solution for surface roughness characterization. An illumina-
tion invariant surface characterization is obtained by photometric stereo based surface
reconstruction. The proposed method in this thesis preserves the inherent high-frequency
variation of the surface in the reconstructed surfaces. The traditional approach without
noise and blur compensation typically deteriorates the surface roughness by smoothing.
The proposed reconstruction scheme utilizes a conventional photometric stereo configu-
ration combined with traditional integration methods in the literature. The analytical
derivation suggests that Wiener filtering is an optimal restoration filter for the optimal
surface reconstruction scheme. The experiments confirmed the theoretical results. The
alternative surface reconstruction method applied in this thesis extends Hansson’s pro-
posed two-light photometric stereo. Accurate reconstruction results are obtained when
the proposed weighting functions are used in the direct integration with the Wiener filter
in the Fourier domain.

In future work, a general reconstruction scheme for surface types with known spectral
characteristics would be of interest. Photometric stereo based surface reconstruction
has been successfully applied in reconstruction of human faces, ceramic tiles, and metal
surfaces. These materials exhibit non-Lambertian reflection effects which should also be
considered in the optimal surface reconstruction scheme.
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Chapter VIII

Conclusions

This thesis presents methods for surface roughness characterization and reconstruction
from gray-scale images. Several image analysis methods were evaluated on rough sur-
faces, and the results were compared with reference methods. Strong linear correlation
was found between the image analysis methods and the standard roughness measures.
In surface reconstruction, weighting functions for direct integration in the Fourier do-
main, and the optimal surface reconstruction scheme were studied. The optimal surface
reconstruction scheme formulates the photometric stereo based surface reconstruction as
a linear time-invariant system with additive noise model. The proposed reconstruction
method is optimal in the surface energy sense for Lambertian planar surfaces, when the
statistics of the noise and the point spread function of the imaging system are measur-
able. The experimental results validated the proposed methods. Traditional photometric
stereo and integration methods smooth the reconstructed surface excessively, if the imag-
ing noise and blur are not compensated. The proposed optimal surface reconstruction
scheme could preserve the inherent high-frequency variation in the reconstructed surfaces
and improved the reconstruction results especially in surface roughness estimation.

The validity of the obtained results is dependent on the accuracy of the reference methods
used. Profilometers, the reference device used in this work, are only measurement devices
which are able to produce an estimate from the real surface shape. As was seen, reference
devices using the same measurement principle differ in results. Exact references are
obtained only with simulated data, but the actual benefits of the methods are in real
environments which cannot be precisely simulated.

The assumptions used in the surface reconstruction, Lambertian reflection and integra-
bility, naturally restrict the reconstruction results. Rough surfaces may not fulfill the
integrability condition which demands C2 continuous smooth surfaces. The Lambertian
assumption is valid for a wide spectrum of surfaces; violations of real surfaces to the
Lambertian model produce erroneous results. The assumptions of the proposed optimal
surface reconstruction are, however, rather similar to the demands of accurate gradient
field estimation using photometric stereo. Hence, in future work the proposed surface
reconstruction method will be extended for more complex surface shapes and textures.
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In the particular application of paper surface analysis, non-Lambertian effects need to
be further studied.
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[80] Möller, J. Applicability of optical topography for flexography analysis. Master’s
thesis, Royal Institute of Technology, Sweden, 2003.

[81] National Institute of Standards and Technology. Internet-based
surface metrology algorithm testing system. WWW-page, Available from
http://syseng.nist.gov/VSC/jsp/. accessed 2008-06-03.

[82] Nayar, S., Ikeuchi, K., and Kanade, T. Determining shape and reflectance
of hybrid surfaces by photometric sampling. IEEE Transactions on Robotics and
Automation 6, 4 (1990), 418–431.



BIBLIOGRAPHY 107

[83] Nehab, D., Rusinkiewicz, S., Davis, J., and Ramamoorthi, R. Efficiently
combining positions and normals for precise 3D geometry. In Proceedings of ACM
SIGGRAPH Conference (Los Angeles, CA, USA, Aug. 2005), pp. 536–543.

[84] Niskanen, K., Ed. Paper Physics. Book 16 - Papermaking Science and Technology.
Fabet Oy and Tappi Press, Jyväskylä, 1998.
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