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   There is an increasing reliance on computers to solve complex engineering problems. 

This is because computers, in addition to supporting the development and implementation 

of adequate and clear models, can especially minimize the financial support required. The 

ability of computers to perform complex calculations at high speed has enabled the creation 

of highly complex systems to model real-world phenomena.  

   The complexity of the fluid dynamics problem makes it difficult or impossible to solve 

equations of an object in a flow exactly. Approximate solutions can be obtained by 

construction and measurement of prototypes placed in a flow, or by use of a numerical 

simulation. Since usage of prototypes can be prohibitively time-consuming and expensive, 

many have turned to simulations to provide insight during the engineering process. In this 

case the simulation setup and parameters can be altered much more easily than one could 

with a real-world experiment.

   The objective of this research work is to develop numerical models for different 

suspensions (fiber suspensions, blood flow through microvessels and branching geometries, 

and magnetic fluids), and also fluid flow through porous media. The models will have merit 

as a scientific tool and will also have practical application in industries. Most of the 

numerical simulations were done by the commercial software, Fluent, and user defined 

functions were added to apply a multiscale method and magnetic field.      



   The results from simulation of fiber suspension can elucidate the physics behind the break 

up of a fiber floc, opening the possibility for developing a meaningful numerical model of 

the fiber flow. The simulation of blood movement from an arteriole through a venule via a 

capillary showed that the model based on VOF can successfully predict the deformation 

and flow of RBCs in an arteriole. Furthermore, the result corresponds to the experimental 

observation illustrates that the RBC is deformed during the movement. The concluding 

remarks presented, provide a correct methodology and a mathematical and numerical 

framework for the simulation of blood flows in branching. Analysis of ferrofluids 

simulations indicate that the magnetic Soret effect can be even higher than the conventional 

one and its strength depends on the strength of magnetic field, confirmed experimentally by 

Völker and Odenbach. It was also shown that when a magnetic field is perpendicular to the 

temperature gradient, there will be additional increase in the heat transfer compared to the 

cases where the magnetic field is parallel to the temperature gradient. In addition, the 

statistical evaluation (Taguchi technique) on magnetic fluids showed that the temperature 

and initial concentration of the magnetic phase exert the maximum and minimum 

contribution to the thermodiffusion, respectively. In the simulation of flow through porous 

media, dimensionless pressure drop was studied at different Reynolds numbers, based on 

pore permeability and interstitial fluid velocity. The obtained results agreed well with the 

correlation of Macdonald et al. (1979) for the range of actual flow Reynolds studied. 

Furthermore, calculated results for the dispersion coefficients in the cylinder geometry were 

found to be in agreement with those of Seymour and Callaghan.

Keywords: CFD simulation, fiber suspension, blood flow, magnetic fluids, porous media   
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Nomenclature

a                                   first Forchheimer constant ( 3
kg

m s
)

b                                   second Forchheimer constant ( 4
kg

m
)

B                                  magnetic induction ( T )

c,B W U                    variational multiscale form of Navier-Stokes equation

c, ,B W U U               a variational operator linearized about the field U

C                                  fiber consistency ( )

c  concentration of solute (amount of substance per unit volume) 

pc                                  heat capacity at constant pressure ( J
K )

vc                                  heat capacity at constant volume ( J
K )

. .C I                               confidence interval ( )

d                                  diameter of cylinder ( m )

D                                 effective diffusivity coefficient (
2m

s )

i
D   displacements in a cartesian coordinate system ( m )

DOF                            degree of freedom ( )

eDOF                           error degrees of freedom ( )

ijE                                strain ( )

zE                                dispersion coefficient (
2m

s )

f                                   function ( )

f                                   body force ( 2
kgm

s
)

f                                  discrete function ( )

k
f k th fluid's volume fraction ( )

F                                 variance ratio ( )
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F                                  force experienced by the particles (red blood cells) ( 2
kgm

s
)

sv
i

F                               forces due to surface tension ( 2
kgm

s
)

G                                 restitution coefficient ( )

g                                  gravity acceleration ( 2
m

s
)

H                                 magnetic field vector ( A
m )

J                                  Bessel function ( )

i
J                                 diffusion flux of species I ( 2

mol
m s

)

k                                  thermal conductivity ( W
mK )

Bk                                Boltzmann constant ( J
K )

K                                 proportionality constant ( )

K                                 pore permeability ( 2m )

1K                                anisotropy constant ( 3
J

m
)

l                                   length of cylinder ( m )

L                                 loss ( )

m                                particle magnetic moment ( 2Am )

M                               model term ( )

M                               magnetization vector ( A
m )

M                              mass of a particle ( kg )

d
M    saturation moment of bulk magnetic solid ( A

m )

sM                             saturation magnetization ( A
m )

n                                 total number of fluid phase species ( )

n                                 unit normal vector ( )

N                                number of levels of each factor ( )
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Nu                               Nusselt number ( )

p Pressure ( Pa )

P                                 any property ( )

Pe Peclet number ( )

q inlet solute flow rate ( kg
s )

R                                 distance ( m ) 

Re                               Reynolds number ( )

mRa                            magnetic Rayleigh number ( )

s                                  source term ( )

S    sum of squares (square of unit of the variable) 

eS                                error sum of squares ( )

t                                   time ( s )

T                                 temperature ( K ) 

iT                                 traction loads vector ( Pa )

u                                  velocity vector ( m
s )

dru                               drift velocity ( m
s )

f
u                               interstitial fluid velocity ( m

s )

U                                state vector ( )

V                                volume of a magnetic particle ( 3m )

V      variance (square of unit of the variable) 

eV                               error variance (square of unit of the variable) 

W                              test function ( )

iy                               local mass fraction of ith species ( )

Y                                measured value (unit of variable) 
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Greek symbols 

                               volume fraction ( )

m                              pyromagnetic coefficient ( 1
K )

                               roots of Bessel function ( )

                               susceptibility ( )

ij                              stress ( Pa )

                               porosity ( )

m                              magnetic scalar potential ( A )

                               isotropic tension ( 2
kg

s
)

                               a general flow variable ( )

                              curvature of the interface ( )

                              thermal diffusivity (
2m

s )

                              dynamic viscosity ( kg
ms )

0                              magnetic permeability in vacuum ( H
m )

                               kinematic viscosity (
2m

s )

                              spatial domain ( )

                               rate of surface dilatation (
2m

s )

                               density ( 3
kg

m
)

                               Langevin parameter ( )

                              volumetric mass source ( 3
kg

m
)

Subscripts

0                                initial condition 

s                                slip 
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e                                error 

t                                 target 

T                               total 

Superscripts

c                               Continuous phase 

el                              elastic 

h                               approximate solution due to modeling error

m                              mixture 

p                               dispersed phase or particle 

                               large scale resolved quantities 

 ~                              small scale resolved quantities 

^                               unresolved quantities 

comma                     derivative with respect to spatial coordinates 

dot                           derivative with respect to time 

Abbreviations 

1D                           one-dimensional 

2D                           two-dimensional 

3D                           three-dimensional  

ANOVA                 analysis of variance 

ARQ                       automatic repeat request 

CAE     computer-aided engineering

CFD                        computational fluid dynamics  

CPU                        central processing unit 

CSF                        continuum surface force  

DNS     direct numerical simulations  

FDM                       finite difference method 

FEC                        forward error correction  

FEM                       finite element method 
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FSI                         fluid Structure Interaction 

LES                        large eddy simulation 

ODE                      ordinary differential equation 

OA                         orthogonal array 

PDE                       partial differential equation 

PIV                        particle image velocimetry 

RBC                      red blood cell

VOF                      volume of fluid

WBC                     white blood cells 

WTMM wavelet transform modulus maxima 
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Introduction

   Fluid dynamics play an important role in today’s society. Historically/traditionally, fluid 

dynamics has been divided into a theoretical and an experimental branch. The former 

attempts to solve the governing equations accurately, while the latter performs experiments 

and develops experimental techniques, which lead to a better understanding of physical 

phenomena. Due to the enormous growth in computer power over the last 40 years, another 

branch has been added to these two branches: computational fluid dynamics (CFD) 

(Antonius van der Weide, 1998).  

   CFD allows testing of a large number of variables without modifying existing plants, and 

can predict performance at on scale, thereby minimizing the risk inherent in designing 

large-scale plants, and reducing the number of pilot stages that require scaling-up. 

Additionally, the results can also be obtained in a shorter time. CFD is especially useful in 

simulating conditions where it is not possible to take detailed measurements. 

   Simulators are able to provide users with practical feedback when designing real world 

systems. This allows the designer to determine the correctness and efficiency of a design 

before the system is actually constructed. Consequently, the user may explore the merits of 

alternative designs without actually physically building the systems. Another benefit of 

simulators is that they permit system designers to study a problem at several different 

levels. By approaching a system at a higher level, the designer is better able to understand 

the behaviours and interactions of all the high level components within the system, and is 

therefore better equipped to counteract the complexity of the overall system.  

   There is considerable indication that simulation of hydrodynamics plays an important role 

in the development of complex multiphase systems. Therefore in this thesis some intricate 

phenomena have been simulated using CFD. The organization of the paper is as follow. 

    In the first part of the present work the modeling and simulation of elastic fibers in fiber 

suspensions has been investigated using a methodology which is a hybrid between DNS 

and LES. In the second part the focus has been placed on the blood flow dynamics in 

branching geometries approaching the microvessels. A computational model has been used 

to study of the bifurcation influence on the blood flow distribution. In the flow analysis, the 

time-dependent, three-dimensional, incompressible Navier–Stokes equations for Newtonian 
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fluids have been applied. Movement of blood flow from an arteriole to a venule via a 

capillary has been simulated using the volume of fluid method.

   In the third part of this work modeling and simulation of heat transfer and flow behavior 

of a ferrofluid containing magnetic particles suspended in a carrier liquid in two different 

cylindrical geometries has been studied. To predict the behavior of the system, a two-phase 

mixture model was used and a uniform magnetic field with different strengths was applied 

through the system. To evaluate the factors influencing the thermodiffusion phenomenon 

and also to optimize the thermomagnetic effect, different parameters (temperature 

difference across the layer, initial magnetic phase concentration, aspect ratio of the 

geometry, magnetic field magnitude and diameter of magnetic particles) L16 orthogonal 

array of Taguchi at four levels was applied.

   In the last section, modeling and simulation of flow behavior through random packing of 

non-overlapping spheres in a cylindrical geometry has been investigated. Dimensionless 

pressure drop was studied for a fluid through a randomly porous bed at different Reynolds 

numbers based on pore permeability and interstitial fluid velocity. The dispersivity over a 

wide range of flow rate has also been investigated using the injection of a solute into the 

system and the simulation results have been evaluated by comparing them with published 

experimental results in terms of dispersion coefficient.
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1 Review of computational fluid dynamics (CFD) 

   In many computationally challenging problems that arise in science and engineering 

fluid-solid phases exist. Relevant examples of practical interest include: fiber suspension 

flows, blood flow through vessels, flow through porous media, magnetic fluids, turbulent 

transport in high Reynolds number flows, weather forecasting, spray combustion, 

detonation, and a multitude of others. These systems have significantly complex rheology 

and their flowing behavior is characterized by their percentage of solid fraction. 

   However, for complex systems it is often difficult to construct an analytical solution. 

Modeling of solid-fluid flow requires methods for adequately characterizing the discrete 

nature of the solid phase and representing the interaction between solids and fluids. 

   Computational fluid dynamics or CFD is useful in a wide variety of applications 

involving fluid flow, heat transfer and associated phenomena such as chemical reactions by 

means of computer-based simulation. CFD is attractive to industry since it is usually more 

cost-effective than physical testing. However, one must note that complex flow simulations 

are challenging and error-prone and it takes a lot of engineering expertise to obtain 

validated solutions (Reddy and Mitchell, 2001). 

   CFD is the science of determining a numerical solution to governing equations of fluid 

flow while the solution is under progress through space or time. This solution allows one to 

obtain a numerical description of the complete flow field of interest. Computational fluid 

dynamics obtains solutions for the governing of the Navier-Stokes equations and, 

depending upon the particular application being studied, it solves additional equations 

involving multiphase, turbulence, heat transfer and other relevant processes. The partial 

differential equations (PDEs) are converted into algebraic form on a mesh that defines the 

geometry and flow domain of interest. Appropriate boundary and initial conditions are 

applied to the mesh, and distributions of quantities such as velocity, pressure, turbulence, 

temperature and concentration are determined iteratively at every point in space and time 

within the domain (Suhas V. Patankar, 1980). 

   It was in the early 1980s that commercial CFD codes first became popular on the open 

market. The use of commercial CFD software started to become accepted by major 

companies around the world rather than their continuing to develop in-house CFD codes. 



1 Review of computational fluid dynamics (CFD)                                                               20 

Commercial CFD software is therefore based on sets of very complex non-linear 

mathematical expressions that define the fundamental equations of fluid flow, heat and 

materials transport. These equations are solved iteratively using complex computer 

algorithms embedded within CFD software. The net effect of such software is to allow the 

user to computationally model any flow field provided the geometry of the object being 

modeled is known, the physics and chemistry are identified, and some initial flow 

conditions are prescribed. Outputs from CFD software can be viewed graphically in color 

plots of velocity vectors, contours of pressure, lines of constant flow field properties, or as 

"hard" numerical data and X-Y plots.  

   CFD is now recognized as part of the computer-aided engineering (CAE) spectrum of 

tools used extensively today in all industries, and its approach to modeling fluid flow 

phenomena allows equipment designers and technical analysts to have the power of a 

virtual wind tunnel on their desktop computer. CFD software has evolved far beyond 

anything, Navier, Stokes or Da Vinci could ever have imagined. CFD has become an 

indispensable part of the aerodynamic and hydrodynamic design process such as planes, 

automobiles, submarines, and chemical reactors.  

   The commercial CFD codes that are now available may be extremely powerful, but their 

operation still requires a high level of skills and understanding from the operator to obtain 

meaningful results in complex situations.  

   There are several unique advantages of CFD over experiment-based approaches to fluid 

systems design: 

substantial reduction of lead times and costs of new designs 

ability to study systems where controlled experiments are difficult or impossible to 

perform 

ability to study systems under hazardous conditions at and beyond their normal 

performance limits 

practically unlimited level of details or results 

   In order to provide easy access to commercial CFD packages, they include sophisticated 

user interfaces to input problem parameters and to examine the results. Hence all codes 

contain three main stages: pre-processing, solver and post-processing.
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1.1 Pre-processing 

   The first stage of the simulation contains the input of the flow problem through a user-

friendly interface and then transforming the input into a form applicable by the solver. The 

pre-processing stage involves: 

Definition of  the geometry of the region of interest: the computational domain 

Grid generation- the subdivision of the domain: a grid (or mesh) of cells (or control 

volumes or elements) 

Selection of the physical and chemical phenomena that need to be modeled 

Definition of fluid properties 

Specification of appropriate boundary conditions at cells which coincide with or touch 

the domain boundary 

Specification of initial conditions 

   CFD methods for complex geometries are classified into two groups: structured 

curvilinear grid or body-fitted grids and unstructured grids. A Cartesian grid is an example 

of a structured method. In a structured grid arrangement: 

 Grid points are placed at the intersections of co-ordinates lines 

Interior grid points have a fixed number of neighboring grid points 

Grid points can be mapped into a matrix; their location in the grid structure and in the 

matrix is given by indices 

Structured curvilinear grids are based on the mapping of the flow domain onto a 

computational domain. These techniques can deal effectively with flows such as half 

cylinder geometry. When the geometry becomes very complex, it is often advantageous to 

be able to sub-divide the flow domain into several sub-regions or blocks each of which is 

meshed separately and joined up correctly with the neighbors. This is called block-

structured grids which are considerably more flexible than Cartesian meshes (Versteeg, 

and Malalasekera, 2007). 

   For the most complex geometries it may be necessary to use many blocks, and the logical 

extension of this idea is the unstructured grid, where each mesh cell is a block. This gives 

unlimited geometric flexibility and allows the most efficient use of computing resources 

for complex flows. In unstructured grid arrangements we are not restricted to one 
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particular cell type, but it is possible to use a mixture of cell shapes. In 2D a mixture of 

triangular and quadrilateral elements can be used to construct the grid. In 3D flow 

calculations combinations of tetrahedral and hexahedral elements are frequently used 

(Fluent, 2005). The most attractive feature of the unstructured mesh is that it allows the 

calculation of flows in or around geometrical features of arbitrary complexity without 

having to spend a long time on mesh generation and mapping. 

1.2 Solver 

   There are three distinct streams of numerical solution techniques: finite difference, finite 

element and spectral methods. The following is an outline of the numerical methods that 

form the basis of the steps performed by the solver: 

Approximation of the unknown flow variables by means of simple functions 

Discretization by substitution of the approximations into governing flow  

Solution of algebraic equations 

The main difference between the three separate methods is associated with the way in 

which the flow variables are approximated and with the discretization processes. 

   The finite difference method (FDM) is a simple and efficient method for solving partial 

differential equations in problem regions with simple boundaries. For example a PDE will 

involve a function f(x)  defined for all x  in the domain, with respect to some given 

boundary condition. The purpose of the method is to determine an approximation to the 

function f(x) . The method requires the domain to be replaced by a grid. At each grid point 

each term in the partial differential is replaced by a difference formula which may include 

the values of f  at that and neighboring grid points. By substituting the difference formula 

into the PDE, a difference equation is obtained. In time-dependent PDEs, the FDM may be 

used in both space and time (as it is in the finite-difference time-domain (FD-TD) method 

in electromagnetics) or it may be used for the time component only, as is the case in the 

method of lines. In the following, the finite volume method is explained, as it is a special 

finite difference formulation that is central to the most well established CFD codes.  

   The finite volume method is a method for representing and evaluating partial differential 

equations as algebraic equations. Similar to the finite difference method, values are 
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calculated at discrete places on a meshed geometry. "Finite volume" refers to the small 

volume surrounding each node point on a mesh. In the finite volume method, volume 

integrals in a partial differential equation that contain a divergence term are converted into 

surface integrals, using the divergence theorem. These terms are then evaluated as fluxes at 

the surfaces of each finite volume. Because the flux entering a given volume is identical to 

that leaving the adjacent volume, these methods are conservative. Another advantage of the 

finite volume method is that it is easily formulated to allow for unstructured meshes. The 

method is used in many computational fluid dynamics packages. The numerical algorithm 

consists of the following steps: 

Formal integration of the governing equations of fluid flow over all the control 

volumes of the solution domain 

Discretization involves the substitution of a variety of finite-difference-type 

approximations for the terms in the integrated equation representing flow processes 

such as convection, diffusion and sources. This converts the integral equation into a 

system of algebraic equations. 

Solution of the algebraic equations using an iterative method. 

   The conservation of a general flow variable , for example a velocity component or 

enthalpy, within a finite control volume can be expressed as a balance between the various 

processes tending to increase or decrease it. In words we have: 

Rate of change Net flux of Net flux of
Net rate of creation

of in the control due to due to
= + + of in

volume with convection into diffusion into the

respect to time the control volume control volume

side the

control volume

CFD codes contain discretization techniques suitable for the treatment of the key transport 

phenomena, convection (transport due to fluid flow) and diffusion (associated with the 

creation or destruction of ) and the rate of change with respect to time. The underlying 

physical phenomena are complex and non-linear so an iterative solution approach is 

required (Suhas V. Patankar, 1980). 
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   The finite element method (FEM) is used for finding approximate solutions to partial 

differential equations as well as to integral equations (Strang and George, 1973).

 The solution approach is based either on eliminating the differential equation completely 

(steady state problems), or rendering the PDE into an equivalent ordinary differential 

equation, which is then solved using standard techniques such as finite differences, etc. In 

solving partial differential equations, the primary challenge is to create an equation that 

approximates the equation to be studied, but is numerically stable, meaning that errors in 

the input data and intermediate calculations do not accumulate and cause the resulting 

output to be meaningless. There are many ways of doing this, all with advantages and 

disadvantages.

   Spectral methods are a class of techniques used in applied mathematics and scientific 

computing to numerically solve certain partial differential equations, often involving the 

use of the fast Fourier transform. Where applicable, spectral methods have excellent error 

properties, with the so called “exponential convergence” being the fastest possible.

   Partial differential equations describe a wide array of physical processes such as heat 

conduction, fluid flow, and sound propagation. In many such equations, there are 

underlying basic waves that can be used to give efficient algorithms for computing 

solutions to these PDEs. In a typical case, spectral methods of this fact by writing the 

solution as its Fourier series, then substituting this series into the PDE to get a system of 

ordinary differential equations (ODEs) in the time-dependent coefficients of the 

trigonometric terms in the series, and using a time-stepping method to solve those ODEs.   

   The spectral method and the finite element method are closely related and built on the 

same idea; the main difference between them is that the spectral method approximates the 

solution as linear combination of continuous functions that are generally nonzero over the 

domain of the solution while the finite element method approximates the solution as a 

linear combination of piecewise functions that are nonzero on small subdomains. Because 

of this, the spectral method takes on a global approach while the finite element method is a 

local approach. 
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1.3 Evaluation of the solution 

   The success of a numerical solution algorithm can be determined with the help of three 

mathematical concepts: convergence, consistency, and stability. Convergence is the 

property of a numerical method to produce a solution which approaches the exact solution 

as a grid spacing, a control volume size or an element size, depending on the solution 

technique, is reduced to zero. Consistent numerical schemes produce systems of algebraic 

equations which can be demonstrated to be equivalent to the original governing equation as 

the grid spacing tends to zero. Stability is associated with damping of errors as the 

numerical method proceeds. If the technique is not stable even roundoff errors in the initial 

data can cause wild oscillations or divergence. In practice, obtaining convergence is 

limited. In addition, reducing the grid spacing to zero is not possible.

   Roundoff errors contribute to the numerical error in a CFD result. These can be controlled 

by careful arrangement of floating-point arithmetic operations to avoid subtraction of 

almost equal sized large numbers or addition of numbers with very large difference in 

magnitude. The strategy of error control is to ensure the error will stay at or close to a 

constant value by controlling the factors that will affect it. Two error control strategies have 

been popular in practice. They are the forward error correction strategy (FEC), which uses 

error correction alone, and the automatic repeat request strategy (ARQ) which uses error 

detection combined with retransmission of corrupted data. The ARQ method is generally 

preferred and the FEC is mainly used where retransmission is impossible or impractical. 

   For a simulation result to be successful, it needs to be grid independent and the iterative 

process needs to have converged. Careful selection of relaxation factors helps to achieve a 

convergence solution, where the so-called residuals are very small. Grid independence of 

the simulation, and eliminating errors caused by the coarseness of the grid, can be achieved 

by a grid dependency study, where the grid is refined until chosen key values do not 

change anymore (Schetz and Fuhs, 1999).

   The best way to assess the CFD results is to compare them to experimental results, such 

as velocities, static pressures or temperatures. If no experimental data exists the results can 

be evaluated based on the previous experience or analytical solutions of similar but simpler 

cases.
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1.4 Post-processing 

   The final step of the CFD simulation contains organization and interpretation of the 

results. Images and animations can be created of the domain geometry, grid, vectors and 

contours displaying chosen flow variables as well as particle tracking. Furthermore, 2D and 

3D surface plots are available. The data can also be exported to third-party post-processing 

and visualization tools (Versteeg, and Malalasekera, 2007).
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2 Background 

2.1 Suspensions

   The study of suspensions is of great importance in a wide range of applications, including 

fiber suspension flows, blood flow through microvessels, thermomagnetic convection in 

ferrofluids, and a multitude of other applications. By definition, suspensions are collections 

of solid particles suspended in a liquid carrier. A suspension of particles in a gas is known 

as an aerosol (Williams and Loyalka, 1991). There exist many challenges in numerical 

simulation of suspensions. Suspension properties depend on e.g. size and shape of the 

suspended particles and the properties of the fluids carried. The dynamics of the system is 

influenced by the particle-particle and fluid-particle interactions and particles may deform 

due to shear and normal stresses. In addition, external forces such as gravity or force by an 

electrostatic or magnetic field may have different effects on suspension particles and 

surrounding fluid. The complexity of suspensions leads to many simplifications when 

numerical modeling of real systems is considered. 

   A suspension can exhibit non-Newtonian behavior even when the suspending medium is 

Newtonian. Additionally, in a suspension the local flow field can be transient even when 

the imposed flow field is steady (Kulshreshtha, 1985).  

   Solid structures are generally in contact with at least one fluid. Therefore, the motion of 

the fluid and that of the solid are not independent from each other. It means that fluid 

structure interaction (FSI) is the coupling of fluid mechanics and structural mechanics 

(Crolet, 1994). Fluid-structure interaction presents several intriguing and even fascinating 

aspects. Fluid motion induced by a vibrating structure results from various distinct coupling 

mechanisms operating together, but with a relative importance which can vary enormously 

from one case to the other. Fluid-structure coupling can be understood from the following 

mechanism of dynamical interaction: 

1- Motion of the solid induces some motion within the fluid, which is assumed to remain in 

contact with the solid without penetrating it. 
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2- As the fluid moves, fluctuating stresses are generated (in particular a fluctuating pressure 

field which load the solid by imposing fluctuating forces at the interface). As a 

consequence, the motion of the solid is modified.   

Of course, such a feedback mechanism can be reversed, starting from the motion of the 

fluid instead of that of the solid (Axisa and Antunes, 2007). 

   Complex particle interactions occur at higher concentrations. Attempts have been made to 

approximate these interactions for the suspensions in Newtonian and non-Newtonian 

media. At high concentrations, particles are sufficiently close and the interparticle forces 

give rise to structure formation, which may cause the viscosity to increase (Zhao and 

Kerekes, 1993). 

   For polydisperse suspensions the particle size distribution affects the system and 

determines the packing of the particles in the suspensions. The possibility of much closer 

packing in polydisperse systems results from the wider particle size distribution giving rise 

to lower packing volumes as compared to those in monodisperse systems.   

   In addition to particle concentration and size, particle shape also affects the behavior of 

suspensions. For the non-spherical particles both the relative positions and orientations of 

the particles are important. Jeffery (1992) performed detailed hydrodynamic calculations 

for non-Brownian ellipsoidal particles suspended in an incompressible Newtonian fluid 

under a homogeneous shear field. He concluded that the axisymmetric particles rotate in 

closed orbits and the rotation depends upon the initial orientation distribution.

   In addition to the chemical composition of the particles and matrix, particle 

concentration, particle size and shape, temperature, and normal stresses are also affected by 

the presence of particulate fillers.  

   The available data indicate that the stress levels in colloidal dispersions are much greater 

than in non-colloidal dispersion with the same particle concentration. In other words, the 

resistance to deformation increases with decreasing particle size because non-

hydrodynamic forces (colloidal forces) such as Van der Waals forces, electrostatic forces 

and Brownian forces become important in the colloidal size range (Kulshreshtha, 1985). 

Brenner (1972) has described the relative contribution of shearing motion and Brownian 

movement via a Peclet number, which is the ratio of the convection motion to the motion 
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due to Brownian diffusion. At low Peclet numbers i.e. low shear rates, diffusion dominates, 

and any time average orientation of anisometric particles is prevented (Brenner, 1972).

   Brownian forces result from the random jostling of suspended particles due to the thermal 

motion of the suspending media. Since the Brownian forces fluctuate on a very short time 

scale, they can be time averaged and replaced by a diffusion process on a longer scale. For 

spherical particles this process is described by the diffusion constant. The resistance 

coefficient decreases as the particle becomes smaller; as a result the diffusion constant 

increases and Brownian forces become increasingly important. For nonspherical particles 

the diffusing process must be described by a second order tensor.

   Weak attractive forces are present between the particles in a suspension. The attractive 

forces primarily London-Van der Waals forces, depend on the particle geometry, the 

presence of neighboring particles, and the nature of the continuous phase. Because of their 

short range, these forces become significant only in concentrated suspensions. The London- 

Van der Waals forces have been used to explain the agglomeration of particles in 

concentrated suspensions (Hoffman, 1972).

2.1.1 Fiber suspensions 

  Paper pulp and fiber suspensions are very complex materials, mainly constructed of water 

and wood fibers, and hence characterizable as a two phase system (Huhtanen, 2004; 

Hämäläinen et al., 2007). However, modeling of individual fibers is computationally too 

expensive, therefore pulp suspensions are often simulated as a single phase flow, either as 

water or as a non-Newtonian fluid, depending on the consistency of the suspension 

(Kalliola, 2007). 

   The study of fiber flows gives the industry more information about the properties of the 

flow, and studies of fiber flows can be used to improve the process. One property that is 

particularly interesting is the flocculation of fibers. The word "flocs," usually refers to 

groups of fibers clumped together. The tendency of fibers to stick together and constitute 

agglomerates the form and interface of which are not always explicit. Fiber flocculation is 

known to occur primarily from mechanical interaction between fibers (Mason 1954). The 

properties of the paper are highly dependent on the way in which flocculation occurs. Even 
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at low consistencies fibers are capable of forming aggregates because of their interaction 

with each other and the flow field to which they are subjected. 

   Strong hydrodynamic forces, such as those of pressure screens, can be very effective in 

redispersal of flocs where shear forces may cause fibers to bend. As the fibers straighten 

out, they may lock together again mechanically. Papermakers sometimes make the 

distinction between hard flocs and soft flocs (Britt and Unbehend, 1979). Hard flocs, which 

are quite strong, are those formed by very-high-mass retention aid polymers. When broken, 

they are not able to form flocs that are as strong the next time. By contrast, soft flocs 

readily breakable with moderate levels of shear are completely reversible. 

   At high consistencies, pulp suspensions may contain a considerable amount of air 

embodied in the fiber network. At mass percentage consistencies as high as 10%, the 

volumetric percentage of air in the fiber network can exceed 10%, and it increase 

exponentially with increasing consistency. In this condition, fiber suspensions are 

considered as a three phase system. Moreover, some papermaking processes occur at high 

temperatures that the water is vaporized. Here again the system is three phase involving 

heat transfer (Huhtanen, 2004).

   A suspension of uniform fibers can also be considered as a porous medium (Reddy and 

Mitchell, 2001). This means that the suspension can be characterized by the particle volume 

fraction and by the fiber aspect ratio, which is the ratio of the fiber length to its diameter. At 

high consistencies, most of the water in the suspension can be absorbed into the wood 

fibers. At such consistencies the volume fraction of fibers in the pulp suspensions is near 

one, and the fiber network becomes the continuous phase.  

   Some researchers for simplicity assumed that fibers are rigid (Olson, 2001; Butler and 

Shaqfeh, 2002; Tornberg and Gustavsson, 2006). In comparison to the case of flexible 

fibers, the formulation in the rigid fiber case is simplified by the fact that the fibers can only 

undergo rigid body motion. Most previous simulations of flexible particles are based on 

mechanical models. This means that the fibers are subjected to a given shear flow which 

exerts a predetermined hydrodynamic force on the fiber, and hence the fibers have no 

influence on the dynamics of the surrounding fluid. 
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   Tornberg and Gustavsson (2006) considered slender and microscopic, but non-Brownian, 

rigid fibers sedimenting due to gravity in a fluid at very low Reynolds numbers. They 

believed that full discretization of the 3D flow with many slender fibers would be very 

costly, so in their work they reduced a full 3D problem to a system of 1D integral 

equations. In addition, in their simulations a local drag model was used that did not take 

into account the influence of the fiber on the flow, i.e., the fact that one part of the fiber 

affects the rest of the fiber through induced fluid motion. Butler and Shaqfeh (2002) 

however, considered far-field interaction terms to account for the interaction of different 

fibers. They presented an extensive study of the sedimentation of fiber suspensions based 

on numerical computations. 

   Unlike some other high viscosity materials, paper pulp and fiber suspensions may flow at 

low consistencies and moderate flow rates which become turbulent because the binding 

forces between fibers inside the fiber network are not as strong as, for example those 

between polymer molecules in polymeric suspensions.  

   Three different flow regimes can be specified for fiber suspensions: laminar, transition 

and turbulent. Laminar flow occurs when a fluid flows in parallel layers, with no disruption 

between layers. When the paper pulp suspension is stationary next to a rigid wall, there are 

connecting forces between the fibers and the wall, which must be overcome in order for the 

pulp suspension to start flowing. Once the critical shear stress existing on the wall between 

the pulp suspension and the wall has been overcome, the pulp suspension starts flowing, 

but there is still some contact between the fibers and the wall, at least at moderate flow 

rates. Once the fiber suspension flow reaches to critical conditions, unstable, turbulence 

causing vortices may emerge in the fiber-free film and lead to turbulent Reynolds stresses. 

The fiber network will start to experience the effects of unstable vortices and disperse, 

when the total stress in the fiber-free water layer and on the edge of the fiber network 

become larger than the strength of the network (Forgacs et al., 1958).  

   A turbulent flow regime follows the transition regime if the relative velocity between the 

pulp suspension and the rigid wall increases. With low fiber consistency ( 1%C ) the 

turbulence regime may already be reached at moderate flow velocities, whereas medium 
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and high consistency ( 10%C ) fiber suspensions in most cases stay laminar (Huhtanen, 

2004).

   An understanding appears to be lacking of the role of turbulence in the dynamics of a 

fiber suspensions. Hence, the objective of this part of the research was development of a 

multiscale modeling, and simulation for investigating complex phenomena arising from 

flowing fiber suspensions mainly of interest to paper makers. 

2.1.2 Blood flow 

   Human blood can be regarded as a homogenous fluid from a macroscopic viewpoint. 

However, at the microscopic level blood is known as a suspension in which solid blood 

cells, such as red blood cells (RBC), white blood cells (WBC) and platelets are suspended 

in fluid plasma. The RBC-plasma suspension (blood) can be considered to be Newtonian at 

shear rates above 1000 1 s .The interior of RBC is a concentrated solution of oxygen-

binding protein hemoglobin which behaves as an incompressible fluid whose viscosity is 

higher than that of plasma (Pozrikidis, 2003).

   The most distinguishable nature of blood is the fact that each individual RBC is highly 

deformable. It may be anticipated that deformation and flow of blood should be similar to 

that of a suspension of deformable, aggregable particles. The deformation of RBCs 

involves area dilation or condensation, surface shear, and bending or curvature changes 

(Evans and Needham, 1987). The deformation of a cell membrane whose thickness could 

be as small as 5 nm  is modeled using a viscoelastic Kelvin model for which the viscous 

component represents the fluid-like behavior of the lipid bilayer, and the elastic component 

arises from the stretching of the cytoskeleton (Evans and Hochmuth, 1976). Note that the 

resistance to the bending of cell membranes is relatively small (Evans, 1983). However, 

bending moments become significant when the membrane curvature is large. In this case, 

the rheological behavior of erythocytes (RBC) should be a strong function of the rate of 

deformation. In small channels, effects such as migration of RBCs transverse to the main 

flow could play a key role in flow dynamics. In fact, if aggregation does occur the 

secondary processes such as sedimentation and syneresis could become the rate-limiting 
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mechanisms. In this light, a simple continuum model is not satisfactory for vessels with 

diameters well below 400 µm such as microvessels (Skalak and Chien, 1987).

   The microcirculation blood flow is controlled by metabolic requirements. For example, a 

decrease in the oxygen content of blood (caused by increasing muscle activity) stimulates 

an increase in blood flow. On the other hand, blood flow decreases when the tissue oxygen 

consumption is reduced (Singel and Stamler, 2005). An important question remains 

concerning the hydrodynamic conditions at which RBCs from arterioles can enter 

microvessels in order to match to metabolic requirements. Indeed, the blood flow dynamics 

in capillaries has not been extensively explored.

   Some work concerning numerical analysis of blood flow in circulatory system has been 

reduced to a one-dimensional (1D) model (Hughes et al., 1998). Indeed, the description of 

local phenomena such as cell-wall interaction and blood flow in microcirculation may be 

more accurately addressed by means of three-dimensional (3D) simulations, based on the 

Navier–Stokes equations. However, from the computational point of view, 3D numerical 

simulations of blood flow in capillaries (microvessels) based on these equations are 

unaffordable at present. 

   The capillaries are the smallest blood vessels in the circulatory system, with the diameters 

typically ranging from 4 to 10 µm . The capillary bed is not simply a continuation of the 

arterial tree, i.e. it does not have a branching structure, but it forms an interconnected 

network of arterial and venous trees, and the primary sites of oxygen exchange with tissues 

(Harders, 1968; Cornelissen, 2001). Dilation of microvessels is a response to an increase in 

the flow. Increase in flow generates an increase in shear stress which is sensed by the 

endothelial cells. Kuo et al. (1990) studied flow dependent dilation in arteries and arteriols 

and reported that dilation saturated when shear stress was greater than 0.4 Pa, however the 

maximal level of dilation was not attained.  

   Blood flow in bifurcations is a very complex problem of hydromechanics. At a 

bifurcation the flow in the upstream parent vessel divides into the two daughter vessels so 

as to bring high velocity blood at the center of the parent vessel in close proximity to the 

wall of the flow divider. The vessel bifurcation is a place where many diseases start, so an 

understanding of the blood flow at this crucial point helps us to improve our ability to cure 
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vessel diseases or to anticipate them. The architecture of the tree determines the potential 

for the distribution of blood flow, which is modulated by control mechanisms. The 

magnitude by which vessels of certain diameter contribute to the control of flow depends 

strongly on the structure of the network and the position of the vessel in the network 

(Cornelissen, 2001). 

   It has been well established that the branching structure of the coronary arterial tree is 

heterogeneous. Heterogeneity of the structure mean that a vessel of a certain diameter may 

originate from a wide range of vessel diameters, for instance a 100 µm vessel may branch 

off from a vessel with diameter between 150 and 400 µm . Topological data on branching 

structures have been quantified by VanBavel et al. (1992). On the basis of their 

observation, reconstruction of coronary tree was generated on the computer. Pressure and 

flow in each of the vessel segments in the reconstructed tree could be calculated, thereby 

obtaining a prediction of the pressure profile and flow heterogeneity.

   A number of methods are being used to investigate the dynamic forces in the vascular 

system, with computational fluid dynamics becoming the most prevalent because of its 

ability to provide more detailed flow information than either in vivo or in vitro 

experiments. Although significant insight has been gained from CFD simulations in 

idealized vascular geometries, geometry clearly has a dominant influence on the local 

dynamics and there is a consequent need for subject specific vascular flow modeling (Ku, 

1997).

   Modeling of human blood is a difficult task, as it is composed of many particles, and the 

significance of each varying with the size of the blood vessel of interest. For example blood 

can be considered as a continuum in large arteries, while in capillaries its discontinuous 

nature cannot be neglected (Lamponi, 2004).   

2.1.3 Magnetic fluids

   Ferrofluids, are suspensions of magnetic nanoparticles in appropriate carrier liquids 

(Rosensweig, 1997). They are a type of functional fluids whose flow and energy transport 

processes can be controlled by adjusting an external magnetic field, which makes it 

possible to be used in a variety of applications in biomedicine and technology (Holm and 
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Weis, 2005). In biomimetics, for example, magnetic particles are carried in large molecules 

in an analogous way to haemoglobin in red blood corpuscles. The encapsulation of a 

magnetic nanoparticle in a protein, or other biocompatible shell, offers significant benefits 

for drug delivery and cancer therapy, as well as smart diagnostic systems (Kelsall et al., 

2005).

   There are three categories of magnetism that we need to consider: diamagnetism, 

paramagnetism, and ferromagnetism. Diamagnetism is a fundamental property of all atoms 

(molecules), and the magnetization is very small and opposed to the applied magnetic field 

direction. Many materials exhibit paramagnetism, where a magnetization develops parallel 

to the applied magnetic field as the field is increased from zero, but again the strength of 

the magnetization is small. Ferromagnetism is the property of those materials which are 

intrinsically magnetically ordered and which develop spontaneous magnetization without 

the need to apply a field (Kelsall et al., 2005). Table 2.1 represents the classification 

scheme of magnetic materials according to susceptibility and gives typical values for 

susceptibilities in each category. 

Table 2.1: Classification of magnetic materials by susceptibility 

Diamagnet ( 0 ) Paramagnet ( 0 ) Ferromagnet ( 0 )

Cu: 50.11 10  Al: 50.82 10 Fe: 210

Au: 50.19 10 Ca: 51.40 10

Pb: 50.18 10  Ta: 51.10 10

   If we apply a magnetic field on a single crystal of a ferromagnet in different directions, 

the magnetization depends on the direction of the magnetic field. This phenomenon goes 

under the generic title of magnetic anisotropy. If on any ferromagnet the field is increased 

from zero to a certain peak value, then the field is decreased back through zero to an equal 

and opposite value and then returned again to the original peak value, a hysteresis loop can 

be observed. The name hysteresis comes from the Greek for loss. Energy is dissipated in 

the traversing of the loop. This energy loss is primarily manifested as heat (Sykulski, 1995).      
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   It has value to know how the direction of magnetization varies across the boundary 

between two domains. This reduces the question as to how local anisotropies and exchange 

interactions compete to determine the direction of the local magnetic moment. Fig. 2.1 is a 

schematic diagram of square nanograins, showing the magnetization direction wandering 

from grain to grain. If two neighboring magnetic moments are not aligned with each other, 

some exchange energy is stored. Starting with a grain size D, and each grain having 

anisotropy constant 1K , it is assumed that the anisotropy directions are random from grain 

to grain. An effective anisotropy results from averaging over grains in a volume. For a 

finite number of grains there will always be some net direction defined by an effective 

anisotropy constant which is the mean anisotropy fluctuation amplitude of the grains 

(Kelsall et al., 2005).

Figure 2.1: A schematic illustration of a nanostructured soft ferromagnet. Each square 
represents one grain, and the block arrows show the direction of magnetization within each 
grain (Kelsall et al., 2005).

2.1.3.1 Thermomagnetic convection in ferrofluids 

   The Rayleigh–Benard system (Chandrasekhar, 1981) is a standard setup to study pattern 

formation outside of the equilibrium. It consists of a fluid layer confined by two parallel 

plates, perpendicular to the direction of gravity that are kept at a constant temperature. 
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When the temperature difference between the lower and upper plate is positive and large 

enough, buoyancy forces lead to the destabilization of the quiescent state and a convective 

pattern appears in the fluid layer. This is shown for a two dimensional (2D) geometry in 

Fig. 2.2. 

Figure 2.2: Rayleigh–Benard rolls at temperature difference 20 K. 

   For a pure fluid like water, when the conducting state becomes unstable, the first stable 

convection pattern takes the form of rolls, i.e., two-dimensional structures with roughly 

circular streamlines in alternating directions. Studying convection in a ferrofluid instead of 

a simple fluid is of interest since it allows the use of a magnetic field as a second control 

mechanism next to the temperature difference. However, even without a magnetic field the 

behavior of a ferrofluid is different from that of a simple fluid, and it has to be described as 

a binary mixture of the carrier fluid and the magnetic particles (Shliomis and Smorodin, 

2002).

   A binary mixture behaves differently from a pure fluid whenever concentration variations 

are present inside the layer. This is the case, for example, when temperature gradients 

generate concentration currents via the Soret effect. The Soret effect or thermodiffusion is 

quantified by the separation ratio. A positive ratio means that the lighter component of the 

fluid is driven into the direction of higher temperature, which enhances the thermal density 

variations and further destabilizes the fluid layer heated from below (Huke and Lucke, 

2005). Change in the concentration of magnetic particles in the system also can be used to 

indirectly determine the Soret coefficient of nanoparticles (Völker, 2002).

   The Soret effect depends on certain parameters such as, the strength of the magnetic field 

and its direction (Blums, 1979), and the temperature gradient (Blums, 2002).  

   Magnetic Rayleigh number, mRa , is a good criterion to characterize convection. 

mRa represents the ratio of magnetic body forces to viscous forces and is defined as follow: 
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where 0 0, , , , , , , ,m M T l H and represents magnetic permeability in vacuum, 

pyromagnetic coefficient, magnetization vector at initial condition, the temperature 

difference across the gap, a characteristic length equal to the gap width, the magnetic field 

difference over the gap, density, kinematic viscosity, and thermal diffusivity,  respectively.  

2.2 Flow through porous media 

A porous medium is a material consisting of a solid matrix with an interconnected void. 

The solid matrix is either rigid (the usual condition) or has undergone a small deformation. 

The interconnected of the void (pores) allows the flow of one or more fluids through the 

material.  

   The flow and spread of fluids through random porous media such as soils, bed packings, 

ceramic and concrete is an important topic of research because of its wide field of 

application in a wide variety of environmental and technological processes (Sahimi, 1994). 

Significant advances have been made in modeling fluid flow, heat and mass transfer 

through a porous medium including clarification of several important physical phenomena 

(Vafai, 2005). 

   According to Fand et al. (1987), four different regimes through porous media were 

identified as pre-Darcy, Darcy, Forchheimer, and turbulent. Henry Darcy (1956) observed 

that under certain conditions the volume rate of water through a pipe packed with sand was 

proportional to the negative of the pressure gradient. This relationship is known as Darcy’s 

law. Darcy flow is an expression of the dominance of viscous forces applied by the solid 

porous matrix on the interstitial fluid and is of limited applicability. At higher fluid 

velocities by increasing inertial forces, the ratio of pressure drop to velocity gradually 

deviates from Darcy’s Law. In fact, Forchheimer (1901) first suggested a non-linear 

relationship between the pressure gradient and the fluid velocity when the effect of fluid 

inertia cannot be neglected, namely 2dp dx a bu u . The Forchheimer flow resistance 

and dispersion have been interpreted by using the concept of laminar flow theory. It is 
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expected that by increasing the fluid inertial forces the transition from laminar to turbulent 

regime will be observed. A key question is under what conditions would the flow in porous 

media could become turbulent, and more importantly what would be the mechanism for the 

generation of turbulence.

   The existing literature provides limited quantitative information on the criteria that can be 

employed for determining the flow regime demarcation. Kececioglu and Jiang (1994) 

suggested that the changes in the slope of the experimental curve of dimensionless pressure 

drop are a function of the actual flow Reynolds number based on the porous medium 

permeability and interstitial fluid velocity can be used for determining the flow regime 

demarcation. Lage (1998) noted that in the area of transition to turbulence, the difference in 

the pressure drop versus the flow speed there was a relationship between the case of a 

porous medium, which behaves predominantly like an aggregate of conduits (characterized 

by a balance between pressure drop and viscous diffusion), and the case of a medium which 

behaves like an aggregate of bluff bodies (characterized by a balance between pressure 

drop and form drag).

   Further theoretical and experimental work is desirable, but the indications are that 

turbulence may change the values of drag coefficients from their laminar flow values but 

will not qualitatively change convective flows in porous media, except when the porosity is 

high (Nield and Bejan, 1999).

   Modeling and simulation are essential tools in the design of packed bed reactors, and as 

the performance requirements of this type of equipment is growing, it is required that the 

proposed model be able to define not only spatial distribution of the involved fluids but also 

the velocity profiles within the bed. 

   CFD applications to simulate fluid flow in a porous matrix are based on the numerical 

solution of Navier–Stokes equations, with a broad variety of applications ranging from oil 

basin simulation (Allen and Furtado, 1997) to modeling of corn seed drying (Prakash et al., 

2000). In all cases, the solution depends on an appropriate geometrical model, mesh 

definition and the selection of a turbulence model. 

   There are several models for the investigation of turbulent flows in porous packed beds. 

One of the important models is large eddy simulation (LES). In LES the time-dependent 
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flow equations are solved for the mean flow and the largest eddies and where the effects of 

the smaller eddies are modeled. An implication of Kolmogorov's theory is that the large 

eddies of the flow are dependent on the geometry while the smaller scales are more 

universal. This feature allows one to explicitly solve as regards the large eddies in a 

calculation and implicitly account for the small eddies by using a subgrid-scale (SGS) 

model (Germano et al., 1991). Recent advances in physical models, numerical techniques, 

and computational power together have made LES (Ghosal and Moin, 1995) as a useful 

tool for investigating turbulence regimes in porous beds (Kuwahara et al., 2006) where the 

dynamics of larger scales is influenced by the presence of small scales because of nonlinear 

interactions.      

   Another important turbulence model is k  model. Lee and Howell (1987) performed 

extensive numerical calculations of forced convective heat transfer from a heated plate, 

using a volume-averaged k  model. The k  model of Antohe and Lage (1997) is 

promising from a practical aspect, and is more general than the ones introduced by Lee and 

Howell (1987) and Prescott and Incropera (1995). Their analysis leads to the conclusion 

that for a medium of small permeability, the effect of the solid matrix is, as expected, to 

diminish the turbulence.     

2.2.1 Dispersion in porous media 

   Dispersion is a well-known phenomenon in porous media primarily for heat and mass 

transfer. Dispersion causes fluids to distribute evenly, which is directly analogous to mass 

diffusion. However, dispersion is caused due to the fluctuations of bulk flow, whereas 

diffusion is caused due to random molecular motion (Vafai, 2005).  

   Dispersion occurs not only in mass transport, but in heat (thermal dispersion) and 

momentum (viscous dispersion) transport as well. Dispersion can be termed as flow-

induced diffusion for mass transport, effective viscous dissipation for momentum transport, 

and effective thermal diffusion for heat transport. Because dispersion is an effective 

phenomenon occurring on a higher continuum level, where the velocity distributions or 

fluctuations on the continuum level are averaged out, averaging plays an important role in 

the study of dispersion.
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2.2.2 Application of porous media in heap leaching 

   Heap leaching and heap bioleaching are the industrial processes in which fluid flows 

through a porous medium. Figure 2.3 shows the schematic of an experimental set up for, an 

unsaturated, lean liquor solution flows in the ore bed, together with the chemical reactions 

(Mousavi et al., 2006a). The solution in the bed is divided into two parts; the moving part 

that flows among the ore particles due to gravity and the stagnant part attached either to the 

pore walls of ore particles or to the particles external surfaces (Sheikhzadeh et al., 2002). 

The dissolution reactions of reactants occur in the stagnant part, and the diffusion of 

reagent and species between these two parts is performed by a mass transfer mechanism 

(Rauld et al., 1986). 

Figure 2.3: Schematic of heap bioreactor: 1- air compressor, 2- air filter, 3- gas flow meter, 
4- air sparger, 5- liquid distributor, 6- temperature sensor, 7- temperature analyzer, 8- 
peristaltic pump, 9- water bath, 10- mixer, 11- feed, and 12- solution collector (Mousavi et 
al., 2006a).

   Bioleaching involves the use of iron and sulfur oxidizing micro-organisms to catalyze the 

dissolution of valuable metal species; such as zinc (equation (2.2)), copper, nickel or cobalt 

from sulfide ores or flotation concentrates. In the leaching of zinc concentrate with ferric 

iron, the zinc is dissolved, and the ferric iron is simultaneously reduced to ferrous iron 

(equation (2.3)). Elemental sulfur produced in equation (2.3) may also be re-oxidized to 

sulfuric acid (equation (2.4)) in the presence of sulfur-oxidizing microbes such as 
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Acidithiobacillus thiooxidans and Acidithiobacillus caldus (Rawlings, 2005). The actual 

role of bacteria in the bioleaching process has not been completely resolved (Sand et al., 

2001; Suzuki, 2001; Tributsch, 2001); albeit some researchers such as Sand and his 

coworkers (2001) suggest that the oxidation of sulfide minerals occurs mainly via the 

chemical attack by ferric iron and/or acid (equations (2.3) and (2.5)), which are generated 

by bacteria: 

4 4 42 2 2 3 2
bacteria12FeSO + O + H SO Fe (SO ) + H O

2
                                            (2.2) 

0
4 4 42 3

Fe (SO ) + ZnS 2FeSO + ZnSO + S                                                                      (2.3) 

0
42 2 2

bacteria3S + O + H O H SO
2

                                                                          (2.4) 

0
4 42 2 2

1ZnS + O + H SO ZnSO + H O+ S
2

                                                                  (2.5) 

   Characterization and analysis of heap leaching systems should involve both the study of 

chemistry/biochemistry and the study of the hydrodynamics of the heap leaching system 

(Mousavi et al., 2006b). CFD has the potential to assist by improving understanding of the 

interaction between hydrodynamics and chemistry (Leahy et al., 2006; Leahy et al., 2007). 

Recently the aim of most studies (Brochot et al., 2004; Wang et al., 2004; Leahy et al., 

2005; Hatzikioseyian and Tsezos, 2006; Petersen and Dixon, 2007) was to improve the 

understanding of bioleaching kinetics and hydrodynamics, therefore many models have 

been presented in order to predict velocity, concentration and temperature fields. However, 

there is no scientific literature about the application of the volume of fluid method as a 

modeling approach for the prediction of velocity and concentration fields in the bioleaching 

processes.
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3 Numerical methods for suspensions and studied cases 

3.1 Multiscale method for fiber suspensions 

   Flow modeling of fiber suspensions started when Baines (1959) presented the Navier–

Stokes based solution for the height of the water annulus, the existence of which had been 

determined by Head and Durst (1957). There are a lot of simulations and measurement data 

either to be used as reference for fitting material models, or to be used as validation for the 

simulations. There are only a few attempts at describing the flow phenomena through 

mathematical modeling. None of the published experimental results contradict using 

multiscale flow models. Hence, in this research simulation of elastic fibers interactions in 

the fluid flow using a multiscale method which is a hybrid between direct numerical 

simulation (DNS) and LES was investigated. One advantages of this approach is that the 

modeled equations are considerably simpler than the current state of the sub-grid scale 

model, making calculations potentially more efficient. In addition, fluid fibrous structure 

interactions were taken into account. 

   Multiscale modeling and computation is a rapidly evolving area of research that will have 

a fundamental impact on computational science and applied mathematics and will influence 

the way we view the relation between mathematics and science. Even though multiscale 

problems have long been studied in mathematics, the current excitement is driven mainly 

by the use of mathematical models in the applied sciences: in particular, material science, 

chemistry, fluid dynamics, and biology. Problems in these areas are often multiphysics in 

nature; namely, the processes at different scales are governed by physical laws of different 

character.

   Classical computational methods for the numerical simulation may not be appropriate 

because they have been designed to operate at a certain preselected scale fixed by the 

choice of a discretization parameter. Consequently, the task of numerically computing or 

even representing all of the physically relevant scales present in the complex systems 

containing solid and fluid by classical numerical techniques, results in excessive 

algorithmic complexity. Well-known examples of problems with multiple length scales 

include turbulent flows, mass distribution in the universe, and vertical structures on the 
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weather map (Majda, 2000). In addition, different physical laws may be required to 

describe the system at different scales. 

   In light of this, an attempt to represent all relevant scales in the physical model may lead 

to an extremely large set of unknowns, requiring a tremendous amount of computer 

memory and CPU time. Although the detailed fine scale information may not be of 

engineering interest, due to the presence of nonlinearities in the model, the effect of the 

fine, unresolvable scale information on coarse scales cannot be ignored and must be 

precisely incorporated in order to achieve physically meaningful computational results.  

   Even elementary problems such as predictions of the bulk rheological properties of 

multiple rigid or non-rigid solid-fluid systems require different models at different scales. 

Recent results by the researcher in the area of multiphase flows are useful for successful 

development of mathematical models for solid-liquid flows. In brief, the velocities of both 

the phases and the morphology of the dispersed phase should be measured simultaneously, 

which gives the possibility of evaluating the performance of numerical models from a new 

perspective.

   In fiber suspension both phases of the flow have been studied separately in order to 

provide reliable information of local, instantaneous fluid dynamics of the continuous phase 

and the properties of individual dispersed particles. Subsequently the two fields of fluid and 

solid have then been coupled by applying results from fluid analysis as loads in the 

structural analysis (Jafari et al., 2006a).

   In the efforts to model fiber suspensions the development of a multiscale model, that can 

predict the behavior of flow from the Kolmogorov turbulence scale through the full scale 

system, is included. Simulations were performed with commercial software, Fluent and 

Ansys, and a code was added to apply the multiscale method through the system. A 

computational simulation framework built around this methodology is effective for 

investigating behaviors at the various scales such as fiber flocs shown in Fig. 3.1. 
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Figure 3.1: A schematic of a group of fibers clumped together. 

   Turbulence in the fibrous assembly and in the whole channel is different, and in some 

sections between flocs relaminarization can occur (Jafari et al., 2006a). Therefore in order 

to calculate turbulent flows in fiber suspensions a method suggested by Collis (2001) has 

been used.

   Multiscale methods begin with a separation of scales. Collis (2001) suggested three level 

partitioning namely large-scale, small-scale and unresolved scales that account for the 

influence of unresolved scales of motion on resolved scales. By controlling the range of 

resolved scales and the partition between large and small scales, the method can be tuned to 

be either a pure DNS, pure LES, or a hybrid of the two. For DNS, all resolved scales are 

included in the large partition. Classical LES is recovered when all resolved scales are 

included in the small partition with the large-scale partition empty so that the Smagorinsky 

model consequently acts on all resolved scales.

   The approach taken in this study is to treat the problem of fiber suspension flows, as far 

as possible, as an extension of the problem of determining flows of Newtonian fluids. For 

the fluid phase the incompressible Navier-Stokes equation is given as: 

c
c c c

c

c

, in
p

t

u
fu u u

U S

u

                                               (3.1)

where U ,u , p , , , f , , and  represent the state vector, velocity vector, pressure, 

density of fluid phase, kinematic viscosity, body force, volumetric mass source, and spatial 

domain for the fluid phase, respectively. Superscript c illustrates the continuous phase. By 
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taking the inner product of test functions c
W with equation (3.1) and integrating across the 

space-time domain, a variational form of the Navier-Stokes equations can be found 

(equation (3.2)). The variational framework is a way of isolating effects of unresolved 

scales.

c c c, , ( ) ,B NW U W U W S                                                                                (3.2) 

where c,B W U is the variational multiscale form of equation (1).    

   Collis (2001) suggested that the exact equations of motion for each scale, namely large-

scale, small-scale and unresolved scales, may be given as, respectively: 
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where c, ,B W U U  is a variational operator linearized about the field U . c c,R w u , and 

c c c, ,C w u u  are unresolved Reynolds stress onto the large scales and the cross stress 

projection of the unresolved cross-stress onto the large scales, respectively. Also , ~, and ^ 

refer to large scale resolved quantities, small scale resolved quantities, and unresolved 

quantities. The solution of both large and small scales depends on the unresolved scales and 

must be modeled. 

   By assuming that unresolved scales do not  have a significant role on the dynamics of the 

large scale, then the modeled large and small scale may be simplified, respectively as: 

c c c c
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              (3.4)

where M represents the model term and the superscript h  denotes the approximate solution 
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due to the modeling error. However, the large scales do not include any direct model terms 

such as M , so the present model can be thought of as a hybrid between DNS and LES.  

   For fibers the general equation is given as (Billington and Tate, 1981) 

elp p p
, , inij ji

D                                                                                             (3.5)                          

 where dot, comma, and el represent a derivative with respect to time, a derivative with 

respect to spatial coordinates, and elastic, respectively. In addition, the superscript p shows 

the dispersed phase or particles. The displacements in a fixed rectangular Cartesian 

coordinate system are denoted by p ,i i ii
D x X D X tj .

   Three different examples of fiber suspensions are shown below. In these cases multiscale 

method was used to simulate the turbulent flow in the systems. 

    3.1.1 Single fiber network in a channel 

   One of the studied cases related to solid-liquid complex systems was a fiber network in a 

channel. As Fig. 3.2(a) illustrates the fiber network consists of five cylindrical fibers with a 

length and diameter of 3 and 0.1 mm, respectively. The fibers are made of an elastic 

material with Poisson’s ratio of 0.5 . Other physical properties are listed in table 3.1, and 

are used to predict the deformation behavior of the fiber network illustrated in Fig. 3.2. The 

fibers are assumed to be bonded together due to colloidal forces of attraction. The network 

is assumed to be initially at rest. Figure 3.2(b) illustrates a fiber-water suspension flow in a 

channel. The dimensions of the channel are 5 cmL  and 1cmH w . Fiber network is 

initially placed at 0 1cmy as illustrated in part (b). Unsteady calculations were done until 

the fiber network had reached to 1.5 cm
n

y . To show the visualization better, the network 

deflection is scaled in the aforementioned calculation. Figure 3.2(c) shows a sample mesh 

used in the fiber-water system. Temporal evolutions of the fiber network, which were taken 

after 31 10 s can be observed in parts (d-e). Notice that fluid-fiber interaction caused the 

fibers to bend and the network to deform. The pressure at the outlet of the channel is 

assumed to be atmospheric. 
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Figure 3.2: (a) The original shape of the fiber network. (b) Schematic of a fiber-water 
suspension flow in a channel. (c) A sample of the mesh used in the fiber-water system. 
(d-e) Temporal evolution of the fiber network’s deflection.

Table 3.1: Physical properties of fiber and water 

Material Properties Value 

Elastic modulus 66 10 Pa

Density w

Poisson’s ratio 0.5
Instantaneous shear 

modulus
62.86 10 Pa

Long time shear modulus 0 

The relaxation time -51 10 sec
Material type Pulp fiber suspension 

Fiber

Surface friction coefficient 0.8

Density 3998.2 kg m

Temperature 293 K  Water 

Kinematic viscosity 6 210 m s

3.1.2 Random fibrous system in a duct flow 

   Cylinders are not the only geometrical system for description of the fibers. As Fig. 3.3 

illustrates the shape of the fiber is assumed to be a prolate spheroid. Four groups of 
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spheroids were considered and they consisted of six very long, four long, six medium-

sized, and fourteen small spheroids. Water flows from the left to the right in a 

parallelepiped duct with a rectangular cross section cubic duct with the dimensions 

24 3.5 cm and a channel length 4 cm .  

   Velocity field and fluid pressure distribution around the fibrous assembly in a moderately 

dense fiber suspension of thirty multi-sized fiber assembly was illustrated in this figure. 

The fluid pressure distribution is shown on two perpendicular planes, the xy-plane and the 

xz-plane located at 5.4 mmz  and 8.5 mmy , respectively, with regard to the origin 

located at the center of the inlet. 

   A grid independency check has been conducted to ensure that the results from the runs 

are not grid dependent. To do this test, three different grids, a coarse grid with 55 10

elements, a fine grid with 66 10 , and of course the grid with 61.5 10  elements, have been 

modeled. There was no significant variation in the velocity and pressure fields obtained on 

the grid with 61.5 10  elements and those obtained from the fine grid. Therefore the grid 

with 61.5 10  elements has been used for all calculations. 

   The fiber orientation depends on certain parameters such as inlet velocity, concentration 

of fibers, and their length (Olson et al., 2004). Long fibers influence the flocculation more 

profoundly than short ones. With an increase in the Reynolds number the high 

concentration region disappears, and fiber orientation becomes homogeneous without any 

preferred direction. The difference between fibers’ orientation is evident only at low Re.

    As can be seen from Fig. 3.3, the fluid velocity field of a random fibrous assembly is 

quite complex. The results presented can be used for accurately evaluating the 

hydrodynamic forces and torques in a system for which the occurrence of relaminarization 

from turbulent to laminar regime is quite probable, and thus leading to the conditions at 

which a combination of different flow types exists. 
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Figure 3.3: Velocity field and fluid pressure distribution around the fibrous assembly in a 
moderately dense fiber suspension of thirty multi-sized fiber assemblies.  

3.1.3 Two fiber flocs 

   As experimental data proved (Zauscher and Klingenberg, 2001) flexible fibers have a 

tendency to aggregate (Fig. 3.4 (a)). The aggregates are undesirable in fiber processing, so 

hydrodynamics of flocs have also been studied (Jafari et al., 2007). Two cylindrical flocs 

with an irregular surface shape (Fig. 3.4 (b)) in a tube were considered. The schematics of 

the channel, as well as the fiber aggregates, are illustrated in Fig. 3.4 (c). The dimensions of 

the pipe were 2 cm 35 cm.D and L  The dimensions of the aggregates which were 

initially located at 0 20 mmy , are mm
1 2
l = l = 8 ,and mm

1 2
d = d = 0.75 . In addition, 

samples of triangular meshes used to discretize the inlet, outlet, and wall faces of the pipe 

are shown. The number of elements used for the aforementioned faces are 

12944,12933, and 168285,  respectively. The boundary condition at the outlet is pressure 

constant and it is set to the atmospheric pressure. 

   The hydrodynamics as well as the solid mechanics interactions between these flocs has 

been investigated, and results are shown in Fig. 3.5. Initial velocities in the y and z-

directions are given to the cylinders (Fig. 3.5 (a)). Cylinders in the stream of water are 
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gradually aligned in a side-by-side arrangement due to drag, and a collision would be 

expected to occur when the surfaces come into contact (Fig. 3.5 (b-c)). Figure 3.5 (d-f) 

represents vectors of velocity fields around two moving fibers. The velocity magnitudes are 

dimensionless, and defined as *
inlet

u u u , where the average velocity of water at the 

inlet, 
inlet

u  , is set to 0.5 m / s . The simulations are unsteady and the time step for the 

liquid phase equals -65×10 . 

Figure 3.4: (a) Flocculated suspension observed in the extrusion of an ultra- high 
consistency fiber suspension. (b) Schematics of fiber aggregates. (c) Schematic of the pipe.  
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Figure 3.5: (a) Initial configuration of the two aggregates. The arrows represent their initial 

velocity vectors. (b) Configuration of aggregates after -33×10 s. (c) Configuration of 

aggregates after -45×10 s from that shown in (b). (d) and (e) are vector plots of the velocity 
field around the aggregates whose arrangements are illustrated in (a) and (b), respectively. 
(f) The magnified velocity vector field for the configuration as illustrated in (c) when the 
aggregates are very close to each other.  

   For image enhancement, wavelet based multiscale methods have also been used. Small 

eddies cause small variations in the velocity field, and large eddies create sharp variations 

that are usually correlated with important structures. In this light, selection of threshold 

values for individual wavelet modulus determines the efficiency of the enhancement 

process. For more details about this method refer to (Jafari et al., 2007).

   Figure 3.6 (a) represents the velocity vectors around the floc that is placed in a pipe 

channel. As can be seen from Fig. 3.6 (a), no large structures can be observed. Figure 3.6 

(b) represents a slice from a reconstructed velocity field dataset where the wakes behind the 

floc can be clearly identified. By adapting the work of Arneodo et al. (1995) the wavelet 

transform modulus maxima (WTMM) method is applied in order to extract singularities in 

the velocity field. 
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Figure 3.6: (a) Velocity vectors around the floc placed in a pipe channel. (b) A slice from a 
reconstructed velocity field dataset.

3.2 Numerical investigation of blood flow  

   The vessel bifurcation is a place where many diseases start. We are not able to change the 

geometry of vessel bifurcation, but the understanding of blood flow in it helps us to better 

cure vessel diseases or to anticipate them. Therefore, analysis of blood flow in 

microcirculation and also in bifurcations has been studied as another complex system 

containing solid and fluid. In this attempt the effects of the flow dynamics in arterioles on 

red blood cells approaching the microvessels and bifurcations have been investigated using 

CFD approach.

3.2.1 Continuum type approach

   The general equations of motion in referential coordinates for a viscoelastic RBC 

membrane in absence of body forces are similar to equation (3.5) (Jafari et al., 2008a). 

Equation (3.5) with the constitutive equation for the tensor of surface tension 

p p2p
i j i j ijj j j

n n Ei i in n  and geometric equations 

, ,1 2 ik i k jl j l k l l kijE n n n n u u  provide equations for the unknowns comprising 

stresses ij , six strains ijE , and displacements p
i

D . Here,  is the isotropic tension,  is 

the rate of surface dilatation defined as ,ij i j j i
n n u , n  is the unit normal vector for 

the interface, p  and p  are two constants expressing the interface shear and dilatational 
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viscosity. To solve the set of equations appropriate boundary and initial conditions are 

required and these are listed below: 
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where iT  is the traction loads vector.  

   One advantages of this method is that cell-cell interactions as well as vessel wall-cell 

interactions can be studied. This method is useful for developing a simplified model for 

molecular dynamic type simulations of microvessels, but this approach can not predict 

some phenomena sufficiently well, such as aggregation of cells.  

   The following are parameters that mainly control the particle interactions. These stipulate   

how the particle behaves in relation to the fluid, other particles, and surfaces in the 

geometry.  

1-particle-particle attraction forces

The governing equation for this parameter is as follows: 

21

3

1 2

nn

n

GM M

R
F                                                                                                                (3.7) 

F  is the force experienced by the particles in Newtons, 1M  and 2M  are the masses of the 

particles, R  is the distance between the particles, G  is the restitution coefficient, and 1n ,

2n , and 3n are dimensionless exponents. If the exponent in the denominator is too large, 

then the particle trajectories will not be noticeably changed. 

2- particle-wall attraction forces  

 The governing equation for particle-wall attraction forces is as follow: 
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where R  is the distance between the particle and the wall.  

3- particle collision model  

The Particle Collision model includes modifiable parameters such as particle-particle 

collision coefficient of restitution and particle-wall collision coefficient of restitution. It 

also allows for collision between particles and selected surfaces. The collision model is 

especially important for particle-wall interactions.  

As the computational costs of continuum type approach are high (Jafari et al., 2005), a 

more simplified model based on the volume of fluid (VOF) approach is suggested in order 

to simulate movements of RBCs from an arteriole to a venule via a capillary (Jafari et al., 

2008a).

3.2.2 Volume of fluid method 

   Here the dynamics of blood is studied as a two-phase, non-homogeneous fluid consisting 

of liquid plasma and RBCs (Boryczko et al., 2003). It is assumed that plasma is Newtonian 

and incompressible. The density of plasma and RBC are 31025 and 1125 kg / m ,

respectively (Benson, 1999), and their viscosities are equal to and 1.5 times water viscosity, 

respectively. 

   The VOF method implemented in the Fluent software was used in the simulations. The 

numerical solution of incompressible Navier-Stokes equations accounting for moving 

boundaries offers insights for a variety of problems including capillary fluid flow. The 

Navier-Stokes equations are as follows: 

,

, , , ,

0
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sv
i t j i j i ij j iy i
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u

u u u g F
                                                                     (3.9)

where P  is the static pressure , 
ij

 is the stress tensor, and g  is the gravity acceleration. 

In this method an extra term, sv
i

F  (Chen et al., 1999) for the forces due to surface tension 
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will be added to the Navier stokes equation. An expression for the volume form of the 

surface tension force is given by Chen et al. (1999)   

, jsv
i j

F

i F
F                                                                                            (3.10)                     

where F  is the jump in the value of , jF  across the interface and represents the 

curvature of the interface defined as: 
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   Any reasonable method for the direct numerical simulation of incompressible transient 

two-phase flows needs to solve continuity and Navier–Stokes equations together with the 

interfacial jump conditions. One basic difficulty is the fact that the material parameters of 

the fluid at time t and position ( , , )x y z depend on which phase is present at ( , , , )x y z t . If 

fluids do not interpenetrate in the considered cases, a calculation with the VOF approach 

has been chosen. The VOF method is known for its capacity to simulate free-surface flow. 

   In the VOF method, first introduced by Hirt and Nichols (1981), the motion of the 

interface between immiscible fluids of different density and viscosity is described using a 

discrete function, ( , , , )f f x y z t whose value in each cell of the computational mesh is the 

fraction of the cell occupied by the fluid. f is introduced with values between zero and one, 

indicating the fractional volume of a cell that is filled with a certain fluid. The values 

between 0 and 1 indicate that the corresponding elements are partially full. So the free 

surface can be determined by the distribution of the volume fraction field. In other words, if 

the k
th fluid's volume fraction in the cell is denoted as 

k
f , then the following three 

conditions are possible:

0
k

f : the cell is empty (of the k
th fluid).

1
k

f : the cell is full (of the k
th fluid)

0 1
k

f : the cell contains the interface between the k
th fluid and one or more other fluids. 
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In the VOF model, the fields for all variables (pressure, velocity, etc) are shared by the two 

phases and correspond to volume-averaged values. It is thus necessary to know the volume 

fraction of each phase in the entire computational domain. The volume fraction function, 

k
f , is governed by the volume fraction equation: 

0k
k

f
f

t
u                                                                                                               (3.12)

   The volume fraction for the primary phase can be computed based on the following 

constraint:

1
1

n

k
k

f                                                                                                                          (3.13)

   The properties appearing in the governing equations are determined by the presence of 

the component phases in each control volume. In a two-phase system, for example, if the 

phases are represented by the subscripts 1 and 2, the average values of density and viscosity 

in each cell are given by the following formulas: 

2 2 2 1(1 )f f                                                                                                       (3.14) 

2 2 2 1(1 )f f                                                                                                       (3.15) 

3.2.3 Motion of RBC in a branching 

   The Motion of deformable RBCs in a branching where the blood moves from an arteriole 

to a venule via a capillary is simulated using a VOF model (Jafari et al., 2008a). The 

Schematic of the geometry that is used for simulating the transport of blood flow from an 

arteriole into a venule via a capillary has already been shown in Fig. 3.7(a). Part (b) denotes 

the movement of the RBC in the arteriole after 21.7 10 s . In blood flow the red cell is 

subjected to the pressure forces. These forces, which push the  RBC so that they can move, 

also instigate deformation of the RBC, causing the shape of the red cell to change into an 

ellipsoid, and then by increasing the shear rate an elongated spindle-like shape will be 

produced. The length of the arteriole and venule is 60 µm . 
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Figure 3.7: (a) Schematic of the geometry used for simulation of RBC transport, (b) 

Movement of the RBC in the arteriole after 21.7 10 s .

   There are some smooth muscles that can be situated around the circumference of a 

capillary at its arteriolar end, which are called precapillary sphincters, and when they 

contract, blood cannot enter the capillary. In this way, at a microscopic level, it is possible 

to control which capillaries receive blood (Tamarkin, 2004), and in order to investigate this, 

a geometry shown in Fig. 3.8 is generated. Numerical results confirm that the existence of 

smooth muscles causes RBCs to enter capillaries by generating strong vortices. Figure 3.9 

illustrates strong vortices, which can lead blood to enter the capillary when it is needed.  

Figure 3.8: 3-D geometry of a small arteriole used in this study 
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Figure 3.9: Vector plot of a velocity field in a small arteriole at a pressure drop of 10 
Pascal. Here length and diameter of the arteriole are 78 and 39 µm , respectively. 

   The deformability of erythrocytes is a critical determinant of blood flow in the 

microvessels, and is the combined result of several mechanical and geometrical properties.

If aggregation does occur, the secondary processes such as sedimentation and syneresis 

could become the rate-limiting mechanisms. In light of this, a simple continuum model is 

not satisfactory for microvessels. 

   The VOF model can also predict aggregation of RBCs as shown in Figs. 3.10 and 3.11. It 

is difficult to understand how the first stage of aggregation of red blood cells occurs 

(Pozrikidis, 2003), but they often occur in small vessels. Experimental work has also 

observed aggregation of RBCs in small tubes (Cokelet and Goldsmith, 1991). The 

formation of such rouleaus depends on the initial position of the cells, the strength of the 

adhesive force, the elastic forces, and the hydrodynamic forces. RBCs tend to migrate 

toward the center axis of the microvessel, and plasma skimming can be happened. It is 

found that an increase in the shear rate causes rouleaus to break up. An advantage of this 

model, and whose generalized version in which chemical reactions will be included, is that 

the role of anti-coagulant drugs can be investigated. 
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Figure 3.10: Aggregation and deformation of RBCs after 33.2 10 s

Figure 3.11: Aggregation and deformation of spherical RBCs in an irregular duct with a 
length of 20 µm .

3.2.4 Blood flow in microvessels 

   Figure 3.12 (a) shows the grid used for the simulation of RBC flows thorough a small 

vessel with the length and diameter 50 µm  and 15 µm , respectively. In addition, Fig. 3.12 

(b) represents more details of the mesh for deformable RBCs whose deformation may be 

expressed by equation (3.5). Note that a dynamic mesh is required to account for changes in 

the flow domain according to the deformation of RBCs. The cell-cell interactions as 

illustrated in Fig. 3.12 (c-d), denote the transfer of momentum due to collisions among the 

cells (Jafari et al., 2005; Jafari et al., 2008b). Figure 3.12 (e) shows mechanical interactions 
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of red blood cells within the terminal vessels and at the branching site, where the diameter 

of the parent is 12 µm and that of the daughter is 6.5 µm,  which is slightly smaller than the 

7.5 µm diameter of an RBC. 

   Because of the fluidity of the cell interior and the low resistance of the membrane to shear 

and bending deformation, RBCs can easily deform and squeeze through capillaries with a 

diameter less than 8 µm . However, the deformation is limited by the incompressibility of 

the interior fluid and the strong resistance of the membrane to area changes. 

Figure 3.12: (a) The schematic of a suspended RBC in a capillary. (b) The deformation of 
RBC due to shear forces. (c-d) Mechanical interactions of red blood cells. (e) Velocity field 
of blood through the capillary. 
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   Cell biomechanics and blood flow include processes involving a broad range of length 

scales (Pozrikidis, 2003). Note that the interaction of the RBC and the wall of the vessel as 

illustrated in Fig. 3.13 involves the deformation of a cell whose length is of the order of 

micrometer.  

Figure 3.13: Interaction of an RBC and the wall of a capillary. The RBC is color coded by 
the local value of the stress magnitude. 

   In this light, the numerical modeling of microcirculation requires an accurate description 

of the cell-wall interaction by incorporating molecular and cellular information. In addition, 

any useful model of blood flow must account for the small vessels and the presence of cells 

and receptors in the capillary. Indeed, the description of local phenomena such as fluid 

structure interaction and blood flow in microvessels may be more accurately addressed by 

means of three-dimensional (3D) simulations, based on a multiscale modeling approach. In 

these simulations the specification of boundary data is critical.

  Note that cell-wall interaction involves a broad range of length scales from the order of 

nm and µm . The RBC membrane, which is a composite of the plasma membrane and the 

cytoskeletal network, is heterogeneous at the length scale of individual lipid molecules. 

Hence, it is of interest to use a discrete model where the space is divided into a lattice of 

points to describe the movement of a single cell. In fact, the models such as cellular large-Q 

Potts model (Turner et al., 2004) may be a useful technique for cell level simulation of 

tissues. This becomes more attractive if a continuous model can be developed to give rise to 

similar solutions as those obtained by the discrete model at length scales where their range 

of applicability overlap. This may provide insights into how discrete models can be used as 

a basis for the development of their continuous equivalents.      
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 In this part, the processes are considered on the scales longer than 100 nm  where the 

membrane may be homogenous in its properties. Figure 3.14 illustrates cell membrane 

buckling and cell folding in numerical type experiments of micropipette aspiration, which 

can be used to develop a reliable model for the red blood cell membrane. Micropipette 

aspiration is a very effective tool for examining both static and dynamic behavior of 

erythrocytes on a single-cell basis and is particularly useful in the quantification of 

cytomechanical coefficients. Excellent results have been obtained for very small numbers 

of cells (Paulitschke, and Nash, 1993). 

Figure 3.14: (a) The schematic of micropipette. Here, the vesicle diameter is 20 µm  and the 

pipette caliber is 8 µm . (b) The variations of the vesicle’s shape with increasing suction 

pressure.

   It should be remembered that the problem of micropipette aspiration is concerned with 

the structures such as cell membranes with the thickness of 5 nm. The overall scale of the 

vesicle denoted by vR , as illustrated in Fig. 3.15, is much larger than the thickness of the 

cell membrane. Many important features are involved, such as membrane-micropipette 

interactions, as well as membrane performance properties. 

   The physical properties of the micropipette are the elastic modulus 106.3 10   Pa , density 

32500 kg m , and Poisson’s ratio 0.244 . Figure 3.15 (b) illustrates numerical results of 

membrane tension as a function of fractional area dilation for a vesicle pressurized in a 

system as depicted in Fig. 3.14. Note that in a high-tension regime, the slope of the tension 
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versus area dilation approaches the direct elastic expansion modulus of the membrane. The 

results presented in Fig. 3.15 (a) are in qualitative agreement with those predicted using the 

simplified theory developed by Evans and Rawicz (1990) for tension and bending elasticity 

in viscoelastic membranes.  

 Figure 3.15: Schematic of vesicle pressurization. (b) Numerical results of membrane 
tension and fractional area dilation for a system as shown in Fig. 3.14.  

The model capability is further assessed by predicting the deformation of an RBC 

interacting with the vessel wall at a branching of an arteriole and a capillary. As illustrated 

in Fig. 3.16, cell-wall interaction could induce localized waves in the wall of the arteriole. 

Color represents the magnitude of tension, where red represents the highest and blue shows 

the lowest. Here, no elastic behavior for the daughter is assumed whose diameter is 

6.5 µm . The larger vessel diameter is 13µm , and the diameter of the cell is 8 µm .  

   As it mentioned a localized wave can easily be seen as a result of cell-wall interactions. 

This observation appears to support clinical evidence of dynamical instability in 

microvascular blood flows. The instability properties of unstable periodic physiological 

systems are investigated experimentally (Kolari, 1997), and the results presented in Fig. 

3.17 support a transition from a periodic state to an apparently a chaotic transient for a 

system such as a microvascular blood flow.  
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Figure 3.16: Temporal evolution of RBC-wall interaction in a branching.

Figure 3.17: (a) Measurements of laser Doppler skin perfusion pressure, concentration of 
moving blood cells (CMBC) and blood velocity. (b) Schematic of the device which 
measures blood flow in the very small blood vessels of the microvascular (Kolari, 1997).

3.3 Mathematical formula and studied cases in ferrofluids 

   Several recent publications have established the potential of CFD for describing the 

ferrofluids behavior such as fluid motion and heat transfer (Tangthieng et al., 1999; Tynjälä 

et al., 2002; Snyder et al., 2003; and Tynjälä and Ritvanen, 2004). The relationship between 
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an imposed magnetic field, the resulting ferrofluid flow and the temperature distribution is 

not understood well enough, and the references regarding heat transfer with magnetic fluids 

is relatively sparse (Strek and Jopek, 2007). Therefore the objective of this research was to 

develop a fundamental understanding of the hydrodynamics of ferrofluids in presence of 

thermomagnetic convection and considering the effects of various parameters that may 

effect on this phenomenon in two cylindrical geometries using Taguchi statistical method. 

3.3.1 Magnetic field calculation

   In order to apply an external magnetic field into the system, a user defined function were 

added to the commercial software, Fluent. It was assumed that the ferrofluid is non-

conductive, and the Maxwell’s equations are as follow: 

0,B                                                                                                                          (3.16)

0,H                                                                                                                         (3.17) 

where B  is the magnetic induction, and H is the magnetic field vector. Furthermore, these 

parameters are related by the constitutive relation: 

0( ),B M H                                                                                                               (3.18)                

where 0, andM  are magnetization vector and magnetic permeability in vacuum, 

respectively. Magnetic scalar potential, m , is defined as (Sykulski and Stoll, 1995): 

mH .                                                                                                                     (3.19)

Using Maxwell’s equations, the flux function for magnetic scalar potential can be written 

as

0
0

ppm
p1

M M M
T T

H T
                                      (3.20)

where p
and T are volume fraction of magnetic particles, and temperature, respectively 

and subscript 0 represents the initial condition. Within the simulations 

0, m
M M M

H T
and p

M
 are constant and they can be defined as (Tynjälä, 

2005):
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where 0

B

H
(k )

m
T

, and B, km and  are particle magnetic moment and Boltzmann 

constant, respectively. Here 
d

M is saturation moment of bulk magnetic solid and can be 

calculated from the saturation magnetization of fluid by p
s d

M M .

3.3.2 Mixture model 

   The mixture model implemented in the Fluent software, was used for the simulations. A 

single fluid approach can be applied in this model, which is an intermediate between the 

single phase approximation and the full set of equations governing the dynamics of 

multiphase flow (Neuringer and Rosensweig, 1964). This model allows interpenetration of 

phases and their movement at different velocities by using the concept of slip velocities. 

The continuity, momentum, and energy equations for the mixture are as follow: 

2

m m m

m m m m m m m m

p
p p p p pc c c c m

pM M M M

p p p pm m c c c c m
v p p

( ) 0
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u
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u u u u g H

u u

                                   (3.22)

where ( )L  is the Langevin function defined as
1

( ) cothL . p v, , , , , ,p c cu ,  and 

k are density, velocity, pressure, dynamic viscosity, Langevin parameter, heat capacity at 

constant pressure, heat capacity at constant volume, and thermal conductivity, respectively. 

Here superscripts m, p and c sequentially refer to the mixture, magnetic particles and carrier 



3 Numerical methods for suspensions and studied cases                                                      68 

fluid, and m
M
i iu u u  is diffusion velocity. From the continuity equation for the 

secondary phase, the volume fraction equation for the magnetic phase can be obtained: 

p p p p pm
dr 0

t
u u                                                                           (3.23)

where p
dru  is drift velocity. With consideration to forces that act on a single magnetic 

particle and local equilibrium approximation (Neuringer and Rosensweig, 1964), the slip 

velocity can be defined as:

2p p cp
p c

s p
( )

183

dm L
H

d
u u u g                                                            (3.24)

where the stokes drag coefficient, valid for low Reynolds numbers, is applied. In this 

equation p
d is the magnetic particle diameter. 

3.3.3 Properties of ferrofluids 

   A kerosene based magnetic fluid with a magnetization of 48 kA/m was used. For the sake 

of simplicity, it is assumed that the effect of the magnetization variation due to the local 

temperature change of the ferrofluid is negligible because our main attention is to develop a 

numerical algorithm for the energy transport of a ferrofluid. Such an assumption will not 

alter the intrinsic characteristic of the algorithm, but it simplifies the numerical 

computation. Other properties of the studied fluid are shown in table 3.2. In this table c and 

p illustrate continuous and dispersed phases, respectively. It is assumed that density of the 

carrier liquid, kerosene, changes with the average temperature according to the following 

equation

c 1248 1.56 T .                                                                                                       (3.25)

Properties of the mixture, except the viscosity, can be calculated as follow 

2
m

1

i
i i

i

P P                                                                                                                  (3.26)

where P  represents any property, and i refers to both the continuous and dispersed phase. 
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   Presence of particles in a fluid causes its viscosity to increase. For a suspension of non-

interacting rigid spherical particles in a Newtonian fluid, Einstein determined the effect of 

the particle volume fraction on the viscosity. Dynamic viscosity of mixture can be shown as 

(Rosensweig, 1997) 

0
pm c5

1
2

.                                                                                                      (3.27)

 Since interparticle hydrodynamic interactions were ignored, Einstein’s viscosity equation 

is limited to concentrations below 2 or 3 volume percent. At particle concentrations greater 

than 2 or 3 volume percent, the dispersion rheology is affected by interparticle collisions 

and overlap of flow fields around particles (Kulshreshtha, 1985). Since Einstein’s 

pioneering work, numerous equations have been proposed to describe the data for more 

concentrated suspensions; however, no single equation has been able to successfully 

describe the rheological behavior of suspensions at concentrations greater than 10 percent.

Table 3.2: Properties of the studied ferriofluid 

3.3.4 Taguchi method 

   In order to understand the effect of parameters, most researchers follow the traditional 

method, i.e. by varying one parameter and keeping others constant. This conventional 

classical process parameter design approach is complex and further suffers from a further 

Property Value Property Value 

Density ( p ) 35400 kg

m

Heat capacity at constant 
pressure ( c )

2090 J
kgK

Thermal conductivity ( c ) 0.149W
mK

Heat capacity at constant 
pressure ( p ) 

4000 J
kgK

Thermal conductivity ( p ) 1W
mK Particle magnetic moment 19 22.5 10 Am

Dynamic viscosity ( c ) 0.0024 kg
ms

Vacuum permeability 
74 10 H

m

Dynamic viscosity ( p ) 0.03 kg
ms

Thermal expansion 
coefficient

10.008
K
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major drawback of a large number of tests, which in turn increase the cost. To solve this 

complexity, Taguchi statistical design is a better approach. 

  The Genichi Taguchi technique with analysis of variance (ANOVA) that was first used to 

improve the quality of Japanese manufactures’ products has been extremely successful. The 

Taguchi design can determine the effect of factors on characteristic properties and the 

optimal conditions of factors (Taguchi, 1993). In addition, experiment can be performed 

with the minimum replication using the orthogonal arrays.

   Taguchi methods are statistical methods primarily developed by Genichi Taguchi to 

improve the quality of manufactured goods. It is potentially beneficial for determining the 

most desirable design of products, best parameters combination for processes and 

optimization processes. By applying these techniques, engineers, scientists, and researchers 

can significantly reduce the time required for investigations by using orthogonal arrays 

(OA) to represent the range of possible experimental conditions (Zang et al., 2005). After 

conducting the experiments, the data from all simulations are evaluated using the analysis 

of variance to determine the optimum levels of the design variables (Jafari et al., 2008c).

   Taguchi methods are based on three situations: 

1- The larger the better 

2- The smaller the better

3- Minimum variation

The first two cases are represented by simple loss functions, but in the third case Taguchi 

adopted a squared-error loss function. This function offers a way to quantify the 

improvement from the optimum design determined from an experimental design study and 

for a single sample defined as below:  

2L K( )tY Y                                                                                                                                       (3.28)      

where L,K, , tY and Y represent loss, proportionality constant, measured value of the quality 

characteristic, and target value of the quality characteristic, respectively.  

   The factors are the design parameters that influence the performance. Two of the factors 

are considered to have interaction between them so that one has influence on the effect of 
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the other factor. The interaction between factors has an effect on the optimum condition 

and expected result. 

   The relative effect of different factors can be obtained by the decomposition of the total 

variation into its appropriate components, which is commonly called analysis of variance. 

The second column of the ANOVA table shows Degree of freedom (DOF) for a factor 

which is defined as: 

1DOF N                                                                                                                    (3.29)

For example, for a factor with 4 levels, level 1 data can be compared with level 2, 3, and 4 

data but not level 1 itself. The third column of the ANOVA table is the sum of squares (S)

that for each factor is defined as: 

2

1
( ) ,

N

t
j

S N Y Y                                                                                                        (3.30)

The variance of each factor was determined by dividing the sum of square for each factor 

with its degree of freedom. ANOVA is also needed for estimating the error variance ( eV ),

obtained by calculating the error sum of squares ( eS ) and dividing by the error degrees of 

freedom ( eDOF ), so

.e
e

e

S
V

DOF
                                                                                                                    (3.31)

 The variance ratio (F) is the ratio of variance due to the effect of a factor and variance due 

to the error term. In the other word: 

e

ee e

e

V DOFV V
F or F

SV S

DOF

(3.32)

The last column in the ANOVA table shows the percent of contribution of each factor 

calculated as: 

1

100
n

i

S
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S
DOF

DOF

                                                                                    (3.33)
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 The last important term in the Taguchi techniques is confidence interval that for the 

predicted mean separation on a confirmation run can be calculated using the following 

equation:

1,
. . e e

e

F DOF V
C I

N
                                                                                     (3.34)                          

In this equation Ne is defined as: 

1
T

e

n
N

DOF
                                                                                                               (3.35)

where Tn  is the total number of tests. 

3.3.5 Heat transfer in a long cylinder 

   A kerosene based ferrofluid in a cylindrical geometry (Fig. 3.18) was considered. The 

particle diameter 9nm, solid volume fraction 2%, and magnetization 48kA/m was used. A 

temperature difference 10 K was applied to the cylinder, and a uniform external magnetic 

field was applied parallel to the temperature gradient. 

Figure 3.18: (a) Schematic of the geometry; ,l and d are length and diameter of the 

cylinder, respectively. (b) The grid with 56 10  tetrahedral elements and 510  nodes. Here 
10 mml d (Jafari et al., 2008d).
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   The heat transfer characteristic of the ferrofluid in the presence and absence of a uniform 

magnetic field is given in Fig. 3.19. As can be expected heat flux is enhanced under an 

applied magnetic field, which causes ferrofluids to achieve a variety of applications in 

various fields. This fact was confirmed experimentally by Jeyadevan et al. (2005). To 

investigate the effect of natural convection, a set of simulations under the same conditions, 

but in the absence of any convection was performed. A comparison of obtained results 

showed that in the presence of natural convection heat transfer will increase. Since the 

temperature gradient in the cylinder was not very high, the difference between the two 

conditions, with and without natural convection, was not significant.
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Figure 3.19: Magnetic field on heat flux in the presence of natural convection. 

   To test the effect of natural convection more simulations were performed at temperature 

difference 40 K and different magnetic fields. Results at H=160 kA/m are presented in Fig. 

3.20, and it is clear that with increase of the temperature gradient the effect of natural 

convection will improve. In addition it was found that effect of the temperature gradient on 

the heat transfer of ferrofluids is greater than the magnetic field.  
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Figure 3.20: Heat transfer in the ferrofluid versus time. Triangles and squares show the 
conditions with and with out natural convection, respectively. 

   The results are grid independent. A grid independency check has been performed, and as 

a comparison, concentration difference of dispersed phase or separation at 

0
kA0.02, 100°C, =160 , 9nmm pp T and dH  after 100 s has been shown in table 

3.3. As the difference between numerical results in grids 2 and 3 is less than 6%, cost and 

time has been saved by choosing grid 2 for all tests. 

Table 3.3: Percentage of phase separation at different grids 

3.3.6 Heat transfer in a short cylinder 

   Combined effects of temperature gradient and magnetic field’s strength were investigated 

in a cylinder with a height and diameter of 3.5 mm and 75 mm, respectively (Jafari et al., 

2008d). Figure 3.21 shows the grid.

Grid 1 2 3 

Numerical results (percent of 
concentration difference) 

6.5 9.5 9 

Number of tetrahedral elements 510  56 10 61.3 10

Number of nodes 41.9 10 510  52.3 10
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Figure 3.21: (a) The grid used for the cylinder with diameter and length 75 mm and 3.5 
mm, respectively. (b) To obtain better visualization the highlighted part in Fig. 3.21 (a) is 
magnified.    

   To estimate heat transfer performance of the ferrofluid, the local Nusselt number, Nu, is 

calculated at different values of magnetic fields in the presence and absence of natural 

convection and simulation results are presented in Fig. 3.22. As can be expected with an 

increase in the temperature difference across the cylinder and strength of the external 

magnetic field, the heat transfer will improve. It was also found that after kA24 mH

heat transfer of the ferrofluid will increases significantly. Note that positive 
critical

T
T

means that the temperature at the bottom of the cylinder is higher than the temperature at 

the top of the cylinder, and at criticalT T the convection starts. 
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   According to the estimation of Rosensweig (1997) the particle size of 10 nm for magnetic 

fluids is on the threshold of agglomeration. This means that the investigation of the effect 

of particle’s diameter on the heat transfer of ferrofluids is important. Therefore, this effect 

has been studied in the short cylinder. Same simulations with different diameter of 

magnetic particles were conducted and results are shown in Fig. 3.23. As this figure 

illustrates, larger particles, probably because of formation of aggregates, decrease the heat 

transfer characteristics of the ferrofluid. The ratio of thermal energy to dipole-dipole 

contact energy can govern the stability of the system. To escape agglomeration, this ratio 

must be greater than unity, i.e.: 

2

0

12k
1

V
BTThermal energy

Dipole dipole contact energy M
                                                                   (3.36)

where V represent the volume of a magnetic particle. Some simulations at 
2

0

12k
1

V
BT

M
 and 

different particle’s diameter were performed by Jafari et al., (2009). The obtained results 

showed that at the thermal energy to dipole-dipole contact energy greater than unity and 

20H kA m , the thermal agitation was able to disrupt agglomerates, so the amount of 

heat did not significantly change.  
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3.3.7 Flow pattern in a system containing the ferrofluid 

   In the presence of natural convection, buoyancy forces are able overcome the retarding 

influence of viscous forces and the system can be unstable. Parameters such as the aspect 

ratio also have an effect on the system. Therefore, magnetic Rayleigh number is a good 

criterion to characterize convection. The number of Rayleigh rolls depends on the 

parameters represented in table 3.4. For example, velocity vectors for 0.5
l

d
 and in the 

presence of natural convection is shown in Fig. 3.24 (a). The vortices illustrated in the 

figure play an important role in the transport mechanism of the flow, and cause separation 

or inhomogeneity in the system. According to Fig. 3.24 (b) in the absence of natural 

convection, these kinds of vortices were observed locally, which means that rolls are close 

to the domain boundaries. 

Figure 3.24: Plot of velocity vectors. (a) 0
p

5°C, 0.05, 0.5,
l

T
d

40H

pkA , 10nm,m and d (b) 0
p kA30°C, 0.08, 1, 0 ,m

l
T

d
H

p 10and d nm.

The vectors are color-coded using their magnitudes. Red and blue colors represent the 
maximum and minimum values, respectively. 

   Figure 3.25 represents the streamlines in the presence of natural convection. As it can be 

seen in Fig. 3.25 (a) the shape of the vortices becomes more uniform in longer cylinders 
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and higher magnetic field’s levels. In the other words, as Fig. 3.25 illustrates, with lower 

aspect ratio homogeneity inside the geometry has significant non-uniformity. These results 

are in excellent agreement with experimental works done by Sheibani et. al (2003). In 

addition, Acremann et al. (2000) have reported existence of eddy currents as one possible 

cause for the occurrence of non-uniformities.  

Figure 3.25: Streamlines in the presence of natural convection. Figures are colour coded by 

velocity magnitudes. (a) 0
p

80°C, 0.02,T kA1, 40 ,m
l

d
H and p 50 nm,d  and 

(b) 0
p pkA80 °C, 0.1, 0.2, 100 , 10 nm.m

l
T and d

d
H

   In order to better understanding the effect of particle’s diameter on the heat transfer of the 

ferrofluid on transfer phenomena, the flow pattern of the ferrofluid was studied in the 

cylinder with a height and diameter of 3.5 mm and 75 mm, respectively. As Fig. 3.26 (a) 

illustrates, for the smaller magnetic particles’ diameter, Rayleigh rolls can be observed. 

These rotations increase heat transfer, and their effect on thermal convection in ferrofluids 

is important in certain chemical engineering and biochemical situations (Sunil et al., 2007).  

For p 30 nmd  such kind of vortices were not recognized (Fig. 3.26 (b)).
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Figure 3.26: Velocity vectors on a plane at z=0.00175 m, and for 25 K
critical

T , and 

0.76
critical

T
T

. (a) p 5.5 nmd , and (b) p 30 nmd .

Figure 3.27 represents the separation process. In Fig. 3.27 (a), volume fraction of the 

phases are plotted against the distance between the hot and cold layers. As can be expected, 

in the near to upper (colder) layer the magnetization is higher and the maximum volume 

fraction of the dispersed phase has been observed (Fig. 3.27 (b)). This figure was colored 

by the volume fraction of dispersed phase, and the red area shows the maximum value.  

Figure 3.27: (a) 2D plot of changes in the volume fraction of continues (phase 1) and 
dispersed phases (phase 2) from top to bottom of the cylinder in the presence of natural 

convection. (b) Volume fraction profile of magnetic particles after 100 s. Here 0.2
l

d
.
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3.3.8 Optimization of thermodiffusion phenomenon in the ferrofluid 

   The strength of the thermodiffusion is characterized by the Soret coefficient, and there are 

some factors which influence the Soret coefficient in the cylindrical geometry (Fig. 3.18). 

Table 3.4 represents the effect of five parameters on the magnetic Soret effect at four 

levels. In order to determine the effect of these factors on the Soret effect, the Taguchi 

statistical method was used, and the software namely Qualitek-4 (version 4.82.0) was 

applied.

Table 3.4: Selected parameters and their respective levels  

Factor Level 1 Level 2 Level 3 Level 4

A: Temperature difference (°C) 5 30 60 80 

B: Initial volume fraction of dispersed phase 0.02 0.05 0.08 0.1 

C: Aspect ratio 0.2 0.5 0.8 1 

D: Magnetic field strength ( kA
m ) 0 40 100 160 

E: Particle diameter (nm) 5 10 50 100 

   According to the number of factors and their levels the appropriate orthogonal array, L16,

for the simulation was determined by the software (table 3.5). All Taguchi tests have been 

done under two different conditions as cases 1 and 2. In case 1, the natural convection does 

not exist, while in case 2 the natural convection was considered. For all tests, concentration 

difference or separation is calculated because in the plot of concentration difference plots 

versus time, at the unsteady part of the separation curve the linear law 0
pp

t  will 

be valid, and the slope of this curve provides the Soret coefficient (Völker and Odenbach, 

2005).

   The Taguchi technique has been used to find the factors that have the most effect on the 

thermodiffusion phenomena. Results showed that in both cases aspect ratio and particle 

diameter have the maximum interaction. Initial volume fraction of the dispersed phase - 

magnetic field strength, aspect ratio - magnetic field strength, and initial volume fraction of 

the dispersed phase - aspect ratio are the other pairs where the interaction between them is 

significant.
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Table 3.5: Taguchi L16 orthogonal array design 

   Analysis of variance was performed, and the results are shown in tables 3.6 and 3.7 for 

both conditions. Results illustrate that under both conditions the temperature difference has 

the highest effect. 

Table 3.6: ANOVA analysis (In the absence of natural convection (case 1)) 

Factor

Degrees of 

Freedom

(DOF)

Sum of 

Sqrs. (S) 

Variance

(V)

F-Ratio

(F)

Percent

P (%) 

A: Temperature difference 3 93.019 31.006 ---- 98.698

B: Initial volume fraction of 
dispersed phase 

3 0.142 0.047 ---- 0.15

C: Aspect ratio 3 0.405 0.135 ---- 0.43

D: Magnetic field strength 3 0.152 0.05 ---- 0.162

E: Particle diameter 3 0.526 0.175 ---- 0.558

Other/Error 0   

Total 15 94.246  100

Simulation

number
A B C D E

1 1 1 1 1 1

2 1 2 2 2 2

3 1 3 3 3 3

4 1 4 4 4 4

5 2 1 2 3 4

6 2 2 1 4 3

7 2 3 4 1 2

8 2 4 3 2 1

9 3 1 3 4 2

10 3 2 4 3 1

11 3 3 1 2 4

12 3 4 2 1 3

13 4 1 4 2 3

14 4 2 3 1 4

15 4 3 2 4 1

16 4 4 1 3 2
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Table 3.7: ANOVA analysis (In the presence of natural convection (case 2)) 

Factor

Degrees of 

Freedom

(DOF)

Sum of 

Sqrs. (S) 

Variance

(V)

F-Ratio

(F)

Percent

P (%) 

A: Temperature difference  3 133.735 44.578 ---- 97.756

B: Initial volume fraction of 
dispersed phase 

3 0.398 0.132 
---- 0.291

C: Aspect ratio  3 0.6 0.2 ---- 0.439

D: Magnetic field strength  3 1.271 0.423 ---- 0.929

E: Particle diameter  3 0.798 0.266 ---- 0.583

Other/Error 0   

Total 15 136.804  100

   The process of disregarding the contribution of a selected factor and adjusting the 

contribution of the other factor is known as pooling. Since the contribution of initial 

concentration of the magnetic phase is the smallest in both conditions this factor can 

therefore be pooled (combined) with the error term. The new ANOVA results for both 

conditions after pooling are shown in tables 3.8 and 3.9. The data indicated that the 

percentage contributions of the remaining factors decreased slightly, but the ranking of 

factor effects still remained the same. In estimating the performance at optimum condition 

(maximum separation), all factors were used.  

Table 3.8:  Pooled ANOVA analysis (case 1) 

Factor

Degrees of 

Freedom

(DOF)

Sum of 

Squares

(S)

Variance

(V)

F-Ratio

(F)

Pure

Sum

(S’)

Percent

P (%) 

A: Temperature difference 3 93.019 31.006 654.071 92.877 98.547

B: Initial volume fraction 
of dispersed phase 

(3) (0.142) ---- Pooled ---- ----

C: Aspect ratio 3 0.405 0.135 2.85 0.263 0.279 

D: Magnetic field strength 3 0.152 0.05 1.073 0.01 0.011 

E: Particle diameter 3 0.526 0.175 3.703 0.384 0.407 

Other/Error 3 0.142 0.047 0.756

Total 15 94.246   100 
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Table 3.9: Pooled ANOVA analysis (case 2) 

Factor

Degrees of 

Freedom

(DOF)

Sum of 

Squares

(S)

Variance

(V)

F-Ratio

(F)

Pure

Sum

(S’)

Percent

P (%) 

A: Temperature difference 3 133.735 44.578 335.782 133.337 97.466

B: Initial volume fraction of 
dispersed phase 

(3) (0.398) ---- Pooled ---- ----

C: Aspect ratio 3 0.6 0.2 1.508 0.202 0.147 

D: Magnetic field strength 3 1.271 0.423 3.192 0.873 0.638 

E: Particle diameter 3 0.798 0.266 2.004 0.399 0.292 

Other/Error 3 0.397 0.132 1.457

Total 15 136.804   100 

   The levels that lead to the optimum condition (maximum separation) in both cases are 

listed in table 3.10. Contribution of each factor is the difference between the grand average 

value and the average effect of each factor correspondence to its optimum level and 

expected value, which should be obtained when optimum conditions are applied. 

   Finally, as Taguchi recommended a confirmation test was done using the optimum 

conditions. The percentage of separation for both cases was within the 95% confidence 

interval of the predicted optimal values. This shows that the Taguchi technique is reliable. 

An extra test was conducted in a thermodiffusion column ( l d ) to check the validity of 

simulations. The results are shown in Fig. 3.28. Numerical results are compared with the 

experimental data obtained from Völker et al. (2004) and they are in good agreement.  
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Table 3.10: Estimation of the optimum condition; (a) and (b) in the table refers  
to cases 1 and 2, respectively. 

Factor
Level

(case 1)

Contribution

(case 1) 

Level

(case 2)

Contribution

(case 2) 

A: Temperature difference  4 3.13 4 4.092 

B: Initial volume fraction 
of dispersed phase 

3 0.121 3 0.226 

C: Aspect ratio  1 0.22 1 0.185 

D: Magnetic field strength  3 0.123 4 0.254 

E: Particle diameter  4 0.27 4 0.248 

 Contribution from all factors (total) 
 Current grand average of performance or Mean 
 Expected result at optimum condition 

(a) 3.864, (b) 5.004 
(a) 3.869, (b) 4.304 
(a) 7.733, (b) 9.309

                               Time (s) 

Figure 3.28: Comparison of simulation and experimental data at 10 ,T K 0
p

0.02,

and p 9 nmd .
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4 Flow through porous media 

   Porous media can be used for modeling a wide variety of engineering applications, 

including flows through packed beds, filters, perforated plates, flow distributors, and tube 

banks. It is generally desirable to determine the pressure drop across the porous medium 

and to predict the flow field in order to optimize a given design. The flow can be modeled 

as laminar or turbulent. In this section, flow hydrodynamics in porous media at different 

Reynolds numbers has been investigated. 

4.1 Laminar flow 

   The flow is assumed to be horizontal, steady state, incompressible and isothermal. By 

assuming that the viscosity is constant, the microscopic equations of motion may be written 

in the following form: 

0.u                                                                                                                             (4.1)

,pu u u                                                                                                   (4.2)

A uniform velocity profile is assumed at the inlet, whereas the pressure at the exit is 

assumed to be fixed to the local atmospheric pressure. In addition, no-slip boundary 

condition at the entire solid fluid interface is considered. 

4.2 Turbulent flow 

   Visualization of turbulent flows reveals rotational flow structures, the so called turbulent 

eddies, with a wide range of length scales. The structure of the largest eddies is highly 

anisotropic and flow dependent due to their strong interaction with the mean flow. 

   The point where instability first occurs is always upstream of the point of transition to the 

fully turbulent flow. The distance between the point of instability and the point of transition 

depends on the degree of amplification of the unstable disturbances. Factors such as 

pressure gradient, disturbance levels, wall roughness and heat transfer have a strong effect 

on the transition to turbulence. It should be noted that although a great deal has been learnt 

from flows there is no comprehensive theory of transition. 
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4.2.1 Turbulence models 

A turbulence model closes the system of mean flow equations so that a wide variety of 

flow problems can be calculated. For most engineering purposes it is unnecessary to resolve 

the details of the turbulent fluctuations. Only the effects of the turbulence on the mean flow 

are usually sought. The most common turbulence models are classified in table 4.1.  

Table 4.1: Turbulence models 

Classical models Based on 

zero equation model (time-average) Reynolds equations 
two-equation model (time-average) Reynolds equations 

Reynolds stress equation model (time-average) Reynolds equations 
algebraic stress model (time-average) Reynolds equations 
Large eddy simulation Based on space-filtering equations 

   Together numerical techniques and computational power have made LES a useful tool for 

computing gas-particle flows in vertical channels (Yamamoto et al., 2001), where the 

dynamics of larger scales is influenced by the presence of small scales because of nonlinear 

interactions. Of the different turbulence models LES, which has the less ambitious goal of 

describing the larger scales of the flow field through a stationary irregular array of particles 

is investigated by the author. Details of microscopic equations of LES can be found in 

(Jafari et al., 2006b). 

4.3 Flow through random particles in a cylinder 

  Figure 4.1 illustrates non-overlapping uniform size spheres randomly distributed within a 

cylinder. The spherical particles as well as the cylinders are impermeable in the continuous 

phase, namely the fluid.  
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Figure 4.1: (a) Illustration of particles in the simulation. (b) A three dimensional view of 
the void region within an irregular array as shown in (a). 

   Two different models are used and they are presented in Fig. 4.2. Figure 4.2 (a) has 

smooth walls and Fig. 4.2 (b) has roughened walls to create a system with a reasonably 

large spread of pore sizes in the wall region. 

Figure 4.2: Schematic of the geometry in order to investigate flow through a porous bed 
with (a) smooth walls and (b) rough walls. Here the length and diameter of cylinders are 21 
and 6 cm respectively.  

4.3.1 Mathematical modeling of dispersion and numerical implementation

   Dispersivity of fluid flowing through a porous medium in the Forchheimer regime 

(laminar) was studied. The method for predicting the lateral dispersion coefficients is 

somewhat similar to the so-called concentration-based methods that utilize solutions of the 

advection-diffusion equation to calculate the dispersivity from the measured concentration 

and mean velocity data (Cussler, 1997).  
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   The convection-diffusion equation is used to calculate the average concentration of fluid 

phase in a granular bed under flow conditions. The dispersive term accounts for the spread 

of the solute due to molecular diffusion and the coupling of interparticle velocity and 

concentration gradients (Jafari et al., 2008e) 

( ) ( , , ).
c

V c D c s r z t
t

                                                         (4.3)           

where D  and s  represent the effective diffusivity coefficient and source term, respectively. 

The initial and boundary conditions are given below

0
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c d
when r

r

c
finite

r

                                                                                   (4.4)                           

where d  is the cylinder’s diameter. Considering a continuous point source of solute located 

at 0,0,0 , the steady state concentration can be calculated as 

2 2
,0

2 0
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J rq E r
c r z e

dd J
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u
                                      (4.5)

where , , , ,zq l J and are porosity, inlet solute flow rate, the length of porous media or 

packed bed, Bessel function, and its roots, respectively. More details about deriving 

equation (4.5) can be found in Jafari et al. (2008e).

   During this research a C++ code applied to the commercial grid-generation tool, GAMBIT 

2.2 (Fluent Inc.), and a defined number of randomly positioned non-overlapping spheres in 

a specified 3D domain were developed. In the C++ code, the input parameters defined by the 

user were the number of spheres, radius of spheres, and their positions that obtained with 
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Matlab software. Nevertheless more details about this method can be found in Zamankhan 

et al., (1999). Equations (4.1) and (4.2) were solved numerically for the pressure and 

velocity fields using the finite volume method with the pressure correction algorithm 

SIMPLE. In dealing with the fixed pressure boundary at the exit the pressure corrections 

are set to zero at the nodes just inside the exit boundary. The Power-Law scheme was used 

for the discretization of convective terms. To divide the pore space into discrete control 

volumes more than 2×106, 3D tetrahedral computational cells were used. It is very 

important to use adequate number of computational cells while numerically solving the 

governing equations over the solution domain. The grid is shown in Fig. 4.3. Using under-

relaxation factors 0.5 and 0.7 for the pressure and velocity, respectively a reasonable rate of 

convergence was achieved. The convergence was considered to be achieved when the 

conservation equations of mass and momentum were satisfied, which was considered to 

have occurred when the normalized residuals became smaller than 5×10-5.

Figure 4.3: (a) The mesh view on a plane located at z= 0.1 m. (b) To obtain a better 

visualization the highlighted part in Fig. 3(a) is magnified. 

4.3.2 Results and discussion 

  Dimensionless pressure drop, 
f

dp dz K u , has been studied for a fluid through the 

porous media at moderate Reynolds numbers Re
k f

Ku , based on pore 
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permeability, K , and interstitial fluid velocity,
f

u . Here, , ,
dp

and
dz

 represent the 

pressure gradient, porosity, and density of the fluid, respectively. Numerical results for the 

roughened cylinder are shown in Fig. 4.4. The dimensionless pressure drop predicted by the 

soft cylinder is somewhat lower than that of roughened geometry. A comparison between 

the first model and the correlations proposed by others (Ergun, 1952; Fand et al., 1987; 

Kececioglu and Jiang, 1994; and Macdonald et al., 1979) implies that there should be large 

pores in the wall region through which the main portion of fluid flows from the inlet to the 

exit.

Figure 4.4: Plot of dimensionless pressure drop versus kRe  for the roughened cylinder. (a) 

Darcy flow based on numerical results, (b) Darcy and Forchheimer regime, (c) Darcy and 
two post Darcy regimes. 

   As illustrated in Fig. 4.4 (a), a Darcy regime can be observed for numerical results over a 

range of Reynolds number for which the dimensionless pressure drop is equal to a constant. 

From this part of the curve, the porous medium permeability was determined. Figure 4.4 (b) 
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illustrates the post-Darcy regime. The change in the slope as shown in Fig. 4.4 (c) indicates 

the transition to the turbulent regime. The above figure represents numerical data that are in 

good agreement with the results of Macdonald et al. (1979).

   In order to study dispersion in porous media, a solute was injected into the bed of 

particles filled with solvent and flowing in Forchheimer flow (laminar flow) due to 

dispersion in the axial direction. As the solute moves through the bed the Gaussian mass 

fraction profile (Fig. 4.5) decays because of the mixing of the solute and solvent. By 

assuming that Eq. (4.5), the theoretical equation, and the simulation results should be equal 

to each other, with a trial-and-error method the diffusion coefficient is calculated. To 

validate this method, dispersion coefficients were determined at different Peclet numbers 

shown in Fig. 4.6. The estimated dispersion coefficients are in agreement with the results 

reported by Seymour and Callaghan (1997), therefore equation (4.5) is able to calculate the 

dispersion coefficient in porous beds.

Figure 4.5: The mass fraction profile of solute which 0.602, ,0 0.012 m / s,
z

u  and 

70.019 10 kg / s.q  The dashed line represents the simulation results and the solid line 

shows the calculated mass fraction of solute using equation (4.5). Here 7.5Pe .
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Figure 4.6: Log of longitudinal dispersion coefficient normalized by effective diffusivity 

coefficient as a function of the Log of Peclet number. 

   The fluid dispersivity in the bed is essentially isotropic. As shown in Fig. 4.7, when the 

solute moves through the bed the peak of the mass fraction profile (which is close to a 

Gaussian) decays in a stream-wise direction indicating the mixing of the solute and the 

solvent.
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Figure 4.7: The solute mass fraction profiles at different distances from the solute source. 
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4.4 Application of porous media in metal extraction: (an industrial application)

   The pathway to reach a certain target in many processes such as bioleaching, due to the 

complex and poorly understood hydrodynamics, reaction kinetics, and chemistry 

knowledge involved is not apparent. An investigation of the interactions between the 

parameters in bioleaching process can be applied to optimize the rate of metal extraction 

from sulphide minerals. Such investigations can be carried out with the aid of numerical 

simulations. In this part, a computational fluid dynamics model was developed to better 

understand the mass transfer phenomenon and complex flow field around a single particle.  

4.4.1 Mathematical formula and numerical method

   The governing conservation equations (continuity, momentum and species transport) for 

an unsteady, incompressible, Newtonian, two-phase flow are solved throughout the domain. 

It was assumed that the flow was under isothermal conditions, i.e., the flow was considered 

without temperature variation. The momentum equation (4.7) shown below, is dependent 

on the volume fractions of all phases through the properties  and .

( ) 0u                                                                                                                           (4.6)

2( )+ p + +
t

u
u u u g f                                                                               (4.7) 

where g  is the gravity acceleration, and f stands for body forces.

   The effects of surface tension along the interface between each pair of phases play an 

important role and it could be included in the VOF model. In the present work, a widely 

used surface tension model, the continuum surface force model (CSF), originally proposed 

by Brackbill et al. (1992), was used to model the force due to surface tension acting on the 

gas-liquid interface. 

   The conservation equation for transport species takes the following general form: 

( ) ( )i
i i

y
+ y + s

t
u

i
J                                                                                        (4.8) 
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where iy  is the local mass fraction of ith species, is  is the source term for ith species due to 

the reaction, and
i
J is the diffusion flux of species i, which arises due to concentration 

gradients. Diffusion flux can be written as: 

m
i iD y

i
J                                                                                                                   (4.9) 

here m
iD  is the diffusion coefficient for species i in the mixture. 

   An equation of this form will be solved for n-1 species where n is the total number of 

fluid phase species present in the system. 

   To divide the geometry into discrete control volumes, more than 54 10 , 3D tetrahedral 

computational cells and 49 10  nodes were used. Figure 4.8 shows the schematic 

computational domain, liquid entrance, and particle grid. 

Figure 4.8: (a) Grid and dimensions of computational domain, liquid entrance, and (b) 
particle grid. 

   The VOF approach implemented in the commercial code for computational fluid 

dynamics, FLUENT, has been used for the simulations. The finite volume method is 

adopted to solve three dimensional governing equations. The solver specifications for the 

discretization of the domain involve the standard, first-order upwind and SIMPLEC for 

pressure, momentum and velocity–pressure coupling, respectively. For the volume fraction 

and concentration of species in the liquid phase and gas phase a first-order discretization 

scheme was used. The under-relaxation factors, which control the change of the solution 
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between different time steps, were set to 0.3 for the pressure, 0.7 for the momentum, and 

0.5 for the volume fraction. Using the values mentioned for the under-relaxation factors a 

reasonable rate of convergence was achieved. The equations were solved with the unsteady 

solver with a time step, which was typically 41 10 through the simulations. The 

convergence was considered to be achieved when the conservation equations were satisfied, 

which was considered to have occurred when the normalized residuals became smaller than 

51 10 . It is worth noting that refinement of the grids did not produce any significant 

differences in the results. 

4.4.2 Results and discussion 

   Extraction of zinc from sphalerite using a microorganism, namely Acidithiobacillous

ferrooxidans, according to the reactions (2.2-2.5) was simulated. CFD was used to predict 

the ferrous, ferric and zinc ions concentration profiles and liquid velocity field. Liquid 

velocity and all of concentrations were simulated around a single sphalerite particle using 

the VOF method in 3D geometry. It was assumed that the particle consists of zinc sulphide 

and there is no ferrous production from the sulphide particle due to the reactions. Liquid 

velocity at the entrance was set to 0.01 m/s. Air was blown from the underside with two 

different inlet velocities of 0.01 and 0.5 m/s to investigate the effect of inlet air velocity on 

the fluid. The initial concentration of ferrous ion in the liquid solution was set to 5 g/l, but 

for ferric and zinc ions the initial concentration was zero (Mousavi et al., 2007). 

   Fig. 4.9 (a-d) shows the temporal evolution of the concentration profile of ferrous ion on 

the particle surface in y-z plane. The realizations were each separated by 0.01 s. The 

simulation was carried out for the inlet air velocity of 0.01 m/s. The initial ferrous 

concentration as can be observed in Fig. 4.9(a) was set to 5 g/l, which is normal in the 

bioleaching processes. According to the Fig. 4.9 (b-d) the concentration of ferrous on the 

surface of the particle decreased with time, because the consumption rate for the ferrous ion 

in the reaction (2.2) was more than the production rate of this species in reaction (2.3). The 

temporal evolution of the concentration profile of ferric ion in the liquid phase is illustrated 

in Fig. 4.9 (e-h). The initial concentration of ferric ion was equal to zero (Fig. 4.9 (e)). As 
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Fig. 4.9 (f-h) shows the concentration of ferric ion due to the reaction (2.2) was increased 

initially and then this value was decreased because ferric ion was consumed according to 

the reaction (2.3). Figure 4.9 (i-l) illustrates the temporal evolution of the concentration 

profile of zinc ion on the surface of the particle in the plane passing through its centre. The 

initial concentration of zinc ion was equal to zero (Fig. 4.8(i)). As Fig. 4.9 (j) shows the 

concentration of zinc at the beginning of simulation was very low. The reason is that firstly 

zinc sulphate was produced by reaction (2.3). Sulphuric acid was generated by reaction 

(2.4) and its participation in the reaction (2.5) increased the zinc ion concentration as it can 

be seen in Fig. 4.9 (k-l). 

Figure 4.9: Temporal evolution of the concentration profile of (a-d) ferrous ion; (e-h) ferric 
ion; and (i-l) zinc ion on the particle surface in the plane passing through the centre of the 
particle. Red and blue colors represent the maximum and minimum values, respectively. 
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   Figures 4.10 and 4.11 show the snapshots of the liquid velocity field around the particle 

at inlet air velocities of 0.01 and 0.5 m/s, respectively. In both figures realizations were 

each separated by 0.01s and in Fig. 4.11 the first one, namely (a) was taken at 22 10t s.

As it can be seen in Fig. 4.11 (a-c) simulations with inlet air velocity of 0.5 m/s represent 

two symmetric vortices. These structures could play an important role in the transport 

mechanism such as momentum dispersion (Masuoka and Takatsu, 1996). These vortices 

may improve heat transfer, so the present simulation is useful for the bioheap leaching 

where heat transfer is important. The 2-D plot of velocity magnitude versus part of z-axis, 

which is marked in Fig. 4.11 (e) is represented in the part (f). As expected velocity 

magnitude versus z-axis is plotted symmetrically. According to the Fig. 4.11 (f) the 

minimum and maximum velocity magnitudes can be observed in 0z  and 0.005z ,

respectively and by moving from 0z  velocity is increased. To validate the numerical 

results a simple experiment test was done. In the experiment part a droplet of water that 

was colored with neutral material was dropped onto a particle and the consecutive images 

were taken using a high speed camera. As can be seen in Fig. 4.12 comparison of the 

simulation and experimental results confirm a good agreement between them. 

Figure 4.10: Vector plot of the liquid velocity field around a single particle. The inlet air 
velocity is 0.01 m/s and the velocity field plotted in the plane passing through the centre of 
the particle. Realizations each separated by 0.01 s. 
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Figure 4.11: (a-c) Vector plot of liquid velocity field around a single particle. Here the inlet 
air velocity was set to 0.5 m/s. To obtain better visualization of the flow field around the 
particle, the flow patterns marked in (c) is magnified and represented in (d).  Realizations 
were each separated by 0.01 s. 2-D plot of velocity magnitude versus part of z-axis which is 
marked in (e) and represented in (f). 



4 Flow through porous media                                                                                             99 

Figure 4.12: (a-d) Snapshots of the volume liquid fraction of water on the particle surface. 
Here realizations were each separated by 0.01 s (Mousavi et al., 2006b). 
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5 Conclusions 

   This thesis is a selection of numerical results, with a view to illustrate the performance of 

the methods proposed in the study, and also in order to elucidate certain features of 

suspensions and flow through porous media. The presented simulations have significant 

impacts in many scientific disciplines, including fluid dynamics, environmental science, 

material science, and chemistry. 

   The dynamics of fiber suspensions have been investigated using a multiscale method 

which is a hybrid between DNS and LES. By employing dynamic interfaces treatment both 

the solid-body movement and deflection of fibers have been predicted. However, the results 

of simulations should be validated using data obtained with particle image velocimetry 

(PIV) techniques. A significant benefit of the method is that the flow of liquid may be 

predicted more accurately in situations in which the occurrence of relaminarization from a 

turbulent to laminar regime is quite likely. 

   Analysis of blood flow in microcirculation and also in bifurcations was studied as another 

example of suspensions. The obtained results proved that smooth muscle around the 

circumference of the capillary at its arteriolar end can control blood flow through the 

capillary. The simulation of blood movement from an arteriole through a venule via a 

capillary showed that the model based on VOF can successfully predict the deformation 

and flow of RBCs in an arteriole. Furthermore, the result correspondence to the 

experimental observation illustrates that the RBC is deformed during the movement. The 

concluding remarks presented, and a correct methodology and a mathematical and 

numerical framework for the simulation of blood flows in branching is provided. 

   As a third example of suspensions heat transfer flow through a kerosene based ferrofluid 

is considered. It was found that heat flux is enhanced under an applied magnetic field and 

this makes ferrofluids capable of finding a variety of applications in various fields. The 

obtained results show that with an increase in the diameter of magnetic particles the 

Rayleigh rolls can not be observed, therefore heat transfer decreases. In addition the 

Taguchi technique has been used to find the factors that have the most effect on the 

theromodiffusion phenomena. The statistic evaluation shows that temperature and initial 
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concentration of the magnetic phase give the maximum and minimum contribution to the 

thermodiffusion, respectively. 

   In addition, flow hydrodynamics in porous media was investigated. Random non-

overlapping spherical particles in a cylindrical geometry were produced as a porous media. 

Navier-Stokes equations in three-dimensional porous packed bed have been solved and 

dimensionless pressure drop has been studied for a fluid flow through the porous media at 

different Reynolds numbers (based on pore permeability and interstitial fluid velocity).The 

obtained results for the pressure drop across the bed agreed well with the correlation of 

Macdonald et al. (1979) for the range of actual flow Reynolds studied. The dispersivity has 

also been studied and the calculated results for the dispersion coefficients in the cylinder 

geometry were found to be in agreement with those of Seymour and Callaghan (1997). 

   As an application of porous media in industry, metal extraction is simulated using the 

VOF method. Some important variables in the bioleaching, such as ferric and zinc ions 

concentration in the liquid phase and velocity field around a single particle were simulated. 

Results show that for prediction of concentration profiles and velocity field in the gas-

liquid systems the VOF method could be applied as an investigative tool. It provides good 

engineering descriptions, and can be used reliably for predicting the flow and concentration 

patterns in the bioleaching process. It has been shown that due to the reactions, which were 

assumed to occur on the surface, there is high local concentration of metal ions on the 

particle surface. These findings seem to have a significant impact in the design of efficient 

multi-phase reactors for the bioleaching process.
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Abstract

In some diseases there is a focal pattern of velocity in regions of bifurcation, and thus the dynamics of bifurcation has
been investigated in this work. A computational model of blood flow through branching geometries has been used to inves-
tigate the influence of bifurcation on blood flow distribution. The flow analysis applies the time-dependent, three-dimen-
sional, incompressible Navier–Stokes equations for Newtonian fluids. The governing equations of mass and momentum
conservation were solved to calculate the pressure and velocity fields. Movement of blood flow from an arteriole to a
venule via a capillary has been simulated using the volume of fluid (VOF) method. The proposed simulation method would
be a useful tool in understanding the hydrodynamics of blood flow where the interaction between the RBC deformation
and blood flow movement is important. Discrete particle simulation has been used to simulate the blood flow in a bifur-
cation with solid and fluid particles. The fluid particle method allows for modeling the plasma as a particle ensemble, where
each particle represents a collective unit of fluid, which is defined by its mass, moment of inertia, and translational and
angular momenta. These kinds of simulations open a new way for modeling the dynamics of complex, viscoelastic fluids
at the micro-scale, where both liquid and solid phases are treated with discrete particles.
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1. Introduction

Fluid flow in bifurcation is a very complex problem of hydromechanics. It covers many technical and bio-
medical applications. Many papers have been written about cases of bifurcation, such as bifurcation of vessels,
pipes and etc. [1–4], but still it is not completely and clearly described.

From the point of view of biomedical application, the vessel bifurcation is a place where many diseases
start. We are not able to change the geometry of vessel bifurcation, but the understanding of blood flow in
it helps us to better cure vessel diseases or to anticipate them. Another reason why it is important to deal with
blood flow in vessel bifurcation is to learn from it how to design bifurcation for technical application, because
we may assume that the geometry of vessel bifurcation is optimal [5].

Blood circulation involves flows through networks of tubes with diameters ranging from 1 cm down to a
few lm, driven by the pumping action of the heart [6]. The red blood cell (RBC)-plasma suspension (blood)
can be considered to be Newtonian at shear rates above 1000 s�1. High shear rate flows occur in channels with
a characteristic diameter of 400 lm. In smaller channels, effects such as migration of RBCs transverse to the
main flow could play a key role in flow dynamics. In fact, if aggregation does occur the secondary processes
such as sedimentation and syneresis could become the rate-limiting mechanisms. In this light, a simple contin-
uum model is not satisfactory for vessels with diameters well below 400 lm such as microvessels [7].

In the arteriole system the vessels involved are often curved and they branch repeatedly [7]. The area ratio,
defined as the combined cross-sectional areas of the daughter branches divided by that of the parent artery, is
an important indicator of ‘‘expansion’’ or ‘‘narrowing’’ in a tree [1]. At a bifurcation the flow in the upstream
parent vessel divides into the two daughter vessels so as to bring high velocity blood at the center of the parent
vessel in close proximity to the wall of the flow divider [8,9]. When blood flows through a diverging bifurca-
tion, a disproportional fraction of red blood cells generally flows into the branch that receives a higher total
flow leading to a higher hematocrit in that branch than in the other [10]. In particular, if the flow into the low-
flow branch is sufficiently small, RBCs do not enter that branch. Therefore, that branch skims plasma from
the peripheral layer of the flow. Such behavior reflects axial migration of RBCs upstream of the bifurcation,
producing a phase separation in the parent vessel, and this physiological phenomenon, which causes hetero-
geneity in the microcirculation, is caused by a cell-depleted wall layer [11].

The fluid forces directly at a bifurcation can also effect phase separation. Since blood cells are finite size
particles, a certain fraction of them will always be found along the dividing stream surface [12]. Only at the
branch point the balance of fluid forces will decide which way such cells go, leading to a partial separation
of the solid and fluid phase. This process does not require an uneven distribution of the hematocrit in the par-
ent vessel, and is called red cell screening [13].

During the past two decades, the role of the fluid mechanics of blood flow has been implicated in the devel-
opment of arterial diseases and in the regulation of cellular biology in both normal and diseased arteries [14–16].
Most computer models of blood aremotivated by fluid dynamic factors in the development of arterial diseases in
large andmedium vessels of the circulatory system [2,17]. A commonmathematical description of the blood flow
treats blood as a homogeneous fluid and solves the full three-dimensional and time-dependent Navier–Stokes
equations for incompressible fluids [18]. A number of methods are being used to investigate the dynamic forces
in the vascular system, with computational fluid dynamics (CFD) becoming the most prevalent because of its
ability to providemore detailed flow information than either in vivo or in vitro experiments. Although significant
insight has been gained fromCFD simulations in idealized vascular geometries, geometry clearly has a dominant
influence on the local dynamics and there is a consequent need for subject specific vascular flow modeling [19].

This paper is focused on blood flow dynamics in branching geometries approaching the microvessels. The
organization of the paper is as follows. In Section 2, the mathematical modeling is described. In this part firstly
a simple model is developed to investigate the validity of the raster method for mesh generation and then the
specific example of flow in a branching where the blood transfers from an arteriole to a venule via a capillary is
shown. In Section 2.3, a detailed overview of discrete particle method is presented, and the numerical method
is explained in Section 3. This method may be useful for developing a simplified model for particle simulations
of microcirculation. This would be the approach to apply to this research topic in the future. Finally, the con-
cluding remarks are presented, providing a correct methodology and a mathematical and numerical frame-
work for the simulation of blood flows in branching.
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2. Mathematical modeling

2.1. Simple model

In this section, blood is considered as a one-phase fluid in order to investigate the validity of using the raster
method to discrete the geometry. The Navier–Stokes flow equations, representing the Newtonian incompress-
ible fluid flow, were solved to obtain the velocity and pressure fields of the system, which are illustrated in
Fig. 3. The Navier–Stokes equations are as follows:

V i;i ¼ 0

qV i;t þ qV jV i;j ¼ �p;i þ rij;j
ð1Þ

where V is the blood velocity, q is the blood density, p is the static pressure and rij is the stress tensor [20]. rij is
defined as

rij ¼ 2lSi;j

Si;j ¼ 1

2
ðV i;j þ V j;iÞ

ð2Þ

where l is the dynamic viscosity.

2.2. Blood flow from an arteriole to a venule via a capillary

The theoretical model that describes the motion of aggregating red blood cell suspensions in vertical tubes
at low flow rates assumes an axisymmetric two-phase flow [21]. That two-phase flow of a suspension may lead
to a better prediction in flow hydrodynamics, as suggested in studies of the oscillatory flow of concentrated
suspensions of rigid spheres [22] and subsequently confirmed experimentally [23]. In addition Boryczko
et al. [20] maintain that blood, especially on a microscale, must be regarded as a two–phase fluid. So as liter-
ature demonstrates [24–26], in this part blood is considered as a two-phase, nonhomogeneous fluid consisting
of liquid plasma and RBCs [20]. It is assumed that plasma is a uniform Newtonian-incompressible fluid and
cells are composed of hemoglobin [27]. The density of plasma and RBC are 1025 and 1125 kg/m3, respectively
[28], and their viscosities are equal to and 1.5 times water viscosity [6], respectively. The RBC membrane is
heterogeneous on the length scale of individual lipid molecules. Hence it is of interest to use a discrete model
for which space is divided into a lattice of points to describe the movement of a single cell. In fact, models such
as the cellular large-Q Potts model [29] may be a useful technique for cell level simulation of tissues. This
becomes more attractive if a continuous model is developed to give rise to similar solutions as those obtained
by the discrete model on length scales where their ranges of applicability overlap. This may provide insights
into how discrete models can be used as a basis for the development of their continuous equivalents.

Using the classical thin-shell theory, the general equations of motion in referential coordinates for a visco-
elastic RBC membrane in absence of body forces may be given as [30]

q€ui ¼ sij;j; ð3Þ

where the displacements in a global rectangular Cartesian coordinate system Xj (j = 1,2,3) are denoted by
ui = xi � Xi = ui(Xj, t) with kinematical relations €ui ¼ o=ot2xiðX j; tÞ. Eq. (3) with a constitutive equation for
the tensor of surface tension sij ¼ cðdij � ninjÞ þ ðl0

s � lsÞkðdij � ninjÞ þ 2lsEij and geometric equations Eij ¼
1=2ðdik � ninkÞðdjl � njnlÞðuk;l þ ul;kÞ provide equations for the unknowns comprising stresses rij, six strains
Eij, and displacements ui. Here, c is the isotropic tension, k is the rate of surface dilatation defined as
k ¼ ðdij � ninjÞuj;i, n is the unit normal vector for the interface, l0

s and ls are two constants expressing the inter-
face shear and dilatational viscosity.
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The set of equations given above has to be solved for appropriate boundary and initial conditions listed
below:

rijnj ¼ T iðtÞ; on ob1

rij

��
xþi

� rij

��
x�i

� �
nj ¼ 0; on ob2

xiðX j; 0Þ ¼ X 0
i ;

_xiðX j; 0Þ ¼ V iðX jÞ;

ð4Þ

where Ti is the traction loads vector.
The second condition in (4) represents the contact discontinuity given along an interior boundary ob2 when

xþi ¼ x�i . The Galerkin formulation may be obtained from (3) and (4) by using the Gauss theorem. That is

dW ¼
Z
V b

q€uidui dV b þ
Z
V b

rijdui;j dV b �
Z
ob1

T idui dSb ¼ 0: ð5Þ

This equation is the weak form of the equilibrium equations, and the load transfer occurs via boundary con-
ditions (4). Note that no slip boundary condition is assumed for the fluid phase at the solid boundaries. Spatial
discretization in numerical analyses could be typically based on a single method such as Lagrange, Euler, a
mixture of Lagrange and Euler (Arbitrary Lagrange Euler), or meshfree Lagrangian (Smooth Particle Hydro-
dynamics). Each of the different solutions mentioned above has unique advantages and there is no single ideal
numerical method which would be appropriate [31]. Here the Lagrange method of space discretization is used
for the numerical grid moves and deforms with the material.

The advantages of the aforementioned method are computational efficiency and ease of incorporating com-
plex material models. The disadvantage of the method used is that the numerical grids may become severely
distorted in an extremely deformed region. This can cause adverse effects on the integration time step and
accuracy. However, these problems can be somewhat overcome by applying numerical techniques such as
rezoning.

The single file motion of deformable RBCs in a branching where the blood moves from an arteriole to a
venule via a capillary is simulated using the VOF method. The details are explained in Section 3.1. The mod-
eling of blood flow using VOF requires adding an extra term, F sv

i [32], to Eq. (1) to account for the forces due
to surface tension. That is, qV i;t þ qV jV i;j ¼ �p;i þ rij;j þ F sv

i . In this case, there is no need for solid mechanic
type computations. It is straightforward to obtain an expression for the volume form of the surface tension
force, F sv

i , given by [32]

F sv
i ¼ sijj

F ;j

½F � ; ð6Þ

where [F] is the jump in the value of F,j across the interface and j represents the curvature of the interface
defined as

j ¼ 1

jF ;ij
F ;j

jF ;ij jF ;ij;j � F ;ii

� �
: ð7Þ

2.3. Discrete particle simulation

A 3-D model composed of solid and fluid particles have been presented that may be useful in investigation
of bifurcations. Fluid particles allow modeling of plasma and the solid particles are the compounds of larger
objects with a distinct shape, such as RBCs and the capillary walls. These objects are made of particles, whose
initial positions are arranged (for simplicity of modeling) in a cylinder.

2.3.1. Fluid particles

Unlike in molecular dynamics, here a collision operator is used. Two particles i and j interact with each
other with a collision operator wij defined as a sum of constituent forces, whose parameters depend on the type
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of interacting particles. The forces can be central and/or noncentral. The definition of the collision operator is
the principal factor that distinguishes solid and fluid particles. A two-body, short-ranged collision operator wij

with noncentral forces in the following form was used [20]:

wij ¼
X
Type

F Typeðrij; vij;wijÞ:½hðrijÞ � hðrij � RcutÞ� ð8Þ

where rij = ri � rj is a vector pointing from particle i to particle j, vij = vi � vj and wij = wi + wj. Here v and w

represent translational and angular velocity, respectively. The summation runs through all types of forces, h is
a Heaviside step function and Rcut is the cut-off radius. The size of a particle can be defined by the value of
Rcut, the radius of interactions, or more precisely by the radius of the hard-core component of the force. Note
that the main problem, however, lies in the proper matching of the unknown collision operators to the realistic
physical properties of the system.

2.3.2. Solid particles

RBCs are known to change shape elastically in response to local flow conditions. It is assumed that there
are no attractive forces between cells; i.e., the particles from different cells (and the channel wall) rebound due
to conservative repulsive forces modeled here by the repulsive part of the Lennard–Jones force. Each RBC
interacts with solid particles in its Moore neighborhood [33] by conservative elastic forces FC = FH, where
F H ¼ v:ðjrijj � aijÞeij. aij depends on the position of the neighboring particle in the Moore neighborhood
and aij 2 1;

ffiffiffi
2

p
;
ffiffiffi
3

p� �
. The elasticity of the object made of solid particles not only is a function of v but also

depends on the type of mesh assumed and its resolution. At a finer resolution the radius of interaction should
be extended to the neighboring layers to match the required elasticity. Employing a soft particle approach an
expression may be obtained for the normal force per unit mass acting on the pth particle due to viscoelastic
contacts between this particle and its Nj neighboring jth particles forming a chain-like structure at time t, given
as [34]

F ðnÞ
i;p ¼ 2E 3 1� m2p

� �
m

� �.� �
r1=2d

_
3=2
jp þ Kns

m
G2

0

.
ðG0 � G1Þ

�
d
_

jp
dd
_

jp

dt

 !
ki;jp:

 
ð9Þ

Here, E represents Young’s modulus, mp represents Poisson’s ratio, d
_

p represents overlapping between the pth
and jth particles, G0 represents the instantaneous shear modulus, G1 represents the long time shear modulus,
Kn represents the coefficient characterizing the viscous behavior of the grains, and s is the relaxation time for
the viscoelastic material [35].

In the model the blood channel is made of massive particles. The wall particles interact with one another
with forces similar to solid particles in RBC cells. In contrast to RBC, the Brownian forces have set for the
wall particles to be nonzero in order to avoid excessive energy dissipation from the system and to mimic ran-
dom deformation due to the wall particles. Note that interactions between the wall and both plasma and solid
particles are repulsive in character.

3. Numerical method

3.1. The volume-of-fluid method

Any reasonable method for the direct numerical simulation of incompressible flows needs to solve the
Navier–Stokes equations together with their conditions. One basic difficulty is the fact that the material
parameters of the fluid at time t and position (x,y,z) depend on which phase is present at (x,y,z, t). The
VOF method is made possible by means of a fluid fraction function f = f(x,y,z, t), which has a value between
unity and zero, representing the volume fraction of a cell being occupied by a fluid. Thus, a cell full of fluid is
reflected by f = 1, while an empty cell will have f = 0. A cell that is either intersected by a free surface or con-
tains voids will be partially filled with fluid and has a value of f between zero and unity. Furthermore, a free
surface cell can be identified as a cell with a nonzero f and having at least one neighboring cell where f = 0. The
time variation of this function is governed by
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of
ot

þ oðuf Þ
ox

þ oðvf Þ
oy

þ oðwf Þ
oz

¼ 0 ð10Þ

As in the classical work of Hirt and Nichols [36], the donor–acceptor approximation is used to compute the
fluxes that involve the f function so that a sharp interface between fluid and void can be maintained. Also, the
nodes for the variables are arranged in a staggered manner in each cell, which is the length dx, width dy and
height dz: the nodes for the horizontal and the vertical velocities (u,v,w) are at the mid-point of the vertical
and the horizontal sides of the cell, respectively, while those for the other variables (pressure, p, and fluid frac-
tion function, f) are at the center of the cell itself. Within this approach, discretization of the governing equa-
tions is usually done by the finite-volume method. Then the value of f in a computational cell is given as the
volume fraction of the liquid phase in this cell.

Hence the phase boundary is implicitly given by the values of the scalar field of f values throughout the
domain. Based on these values, an approximation of the interface normal can be computed. The combination
of the fractional volume of the liquid phase with the interface normal then allows for a piecewise linear inter-
face (re-) construction, the so-called PLIC method.

3.2. Implementation

Fig. 1(c) and (d) illustrate the 2-D and 3-D geometries of a small arteriole. These figures have been gener-
ated using raster software by changing Fig. 1(a) into vectors. The raster and vector are two basic data struc-
tures for storing and manipulating images and graphics data representing a generally rectangular grid of
pixels, or points of color on a computer. The geometries were meshed with the help of the raster approach
to investigate the dynamics of blood flow in branches. These geometries are in good agreement with the real
images from the human body as illustrated in Fig. 1(b). In the simple model the average density and viscosity
of whole blood were assumed 1060 kg/m3 [37] and equal to the water viscosity [6]. The constant inlet pressure
of the arteriole was applied as a boundary condition, and by changing the outlet pressure of the arteriole the
dynamics of the blood flow was investigated. In addition, because gravity plays only a minor role in the dis-
tribution of blood flow [38], its effect was neglected.

Fig. 1. (a) Schematic of a small arteriole, (b) a real image of branching in a human body, (c) 2-D geometry and (d) 3-D geometry of the
small arteriole obtained from changing Fig. 1(a) to vectors. Here the length of the arteriole is 39 lm. The area of inlet and outlet of the
arteriole and outlet of the capillary are 8.0 · 10�11, 4.7 · 10�11 and 1.1 · 10�11 m2, respectively.
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The simple model has been improved using dynamic mesh, and blood flow was considered as a two-phase
flow to understand which factor/factors can control blood flow through the capillary.

To divide the geometry into discrete control volumes, more than 106, 3D tetrahedral computational cells
and 2 · 105 nodes were used. In addition, roughly more than 3 · 104 wall triangular elements were used at
the inlet and outlet.

Using appropriate values for the under-relaxation factors for the pressure and velocities, a reasonable rate
of convergence was achieved. The convergence was considered to be achieved when the conservation equa-
tions of mass and momentum were satisfied, which was considered to have occurred when the normalized
residuals became smaller than 4 · 10�5. The normalization factors used for the mass and momentum were
the maximum residual values after the first few iterations. It is worth noting that the refinement of the grids
did not produce any significant differences in the results.

4. Results and discussion

Fig. 2 represents the dimensionless flow rate versus arteriole and capillary pressure drops. The dimension-
less flow rate is defined as the ratio of the outlet to the inlet flow rate (for both arteriole and capillary). As it
can be seen in the figure, an increase in the arteriole pressure drop leads to a decrease in the capillary flow rate.
This confirms the validity of the raster approach.

Fig. 3 illustrates the velocity and pressure profiles resulting from the simple model. As presented in
Fig. 3(b), no strong vortices observed at the entrance to the capillary through which RBCs are directed.
For this reason, numerical experiments were developed in order to elucidate the detailed mechanism by which
RBCs enter capillaries.

Blood flow is precisely matched to metabolic requirements, so a decrease in the oxygen content of blood
(caused by increasing muscle activity) stimulates an increase in blood flow. On the other hand, blood flow
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Fig. 2. Dimensionless flow rate of the arteriole and capillary versus pressure drop in presented model.

Fig. 3. (a) Pressure field and (b) velocity field in the arteriole when the pressure drop is 10 Pa.
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decreases when the tissue oxygen consumption is reduced [39]. It is known that blood vessels can be vasodi-
lated when we are hot, and they can be vasoconstricted when we are cold, but there are even more ways. As
shown in Fig. 4, there are some smooth muscles that can lie around the circumference of a capillary at its arte-
riolar end which are called precapillary sphincters, and when they contract, blood cannot enter the capillary.
This way, at a microscopic level, we can control which capillaries (and thus, which cells) get blood [40].

Numerical results obtained from the improved model confirm that the existence of smooth muscles causes
RBCs to enter capillaries by generating strong vortices. According to Masuoka and Takatsu [41], at least two
types of vortices may be observed, namely the interstitial and pseudo vortices. Fig. 5 illustrates strong vortices,
which can lead blood to enter the capillary when it is needed. Olufsen and Peskin [42] also showed in their
paper creation of strong vortices at the inlet of daughter vessels.

Fig. 6(a) shows the motion of deformable RBCs in a branching where the blood moves from an arteriole to
a venule via a capillary. Here dynamic mesh is required to account for changes in flow domain according to
the deformation of RBCs, and also to allow more accurate solutions with lower overall cell counts. Here the
geometry is divided into discrete control volumes with using 5 · 105, 3D tetrahedral computational cells and
9 · 104 nodes were used. In addition, roughly more than 3 · 103 wall triangular elements were used at the inlet
and outlet.

The red cells as shown in Fig. 6(b) are composed of hemoglobin and randomly enter the arteriole. When the
shear rate increases, the shape of the red cells changes to an ellipsoid, and then to an elongated spindle-like
shape with the long axis approximately aligned with the flow. Because of the fluidity of the cell interior
and the low resistance of the membrane to shear and bending deformation, RBCs can easily deform and
squeeze through capillaries with a diameter less than 8 lm. However, the incompressibility of the interior fluid
and strong resistance of the membrane to area changes limit the deformation. The predicted cell shape
depends on the flow velocity [43]. At high velocities, the full system of equations becomes increasingly difficult

Fig. 4. A small arteriole, note the smooth muscle around the circumference of a capillary at its arteriolar end.

Fig. 5. Vector plot of a velocity field in a small arteriole at a pressure drop of 10 Pa, smooth muscle at the entrance of the capillary leads
RBCs to enter the capillary by producing vortices. In this case the length and diameter of the arteriole are 78 and 39 lm, respectively.
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to solve for a large number of RBCs. In this light, the important limitation of the scheme described in this
section is that only a small number of moving particles can be studied using numerical methods.

Hence the RBCs are subjected to the pressure force, leading to their compression. These forces push RBCs,
and also cause deformations of RBCs. So, they can enter into the capillary. The presented model can also pre-
dict aggregation of RBCs as shown in Fig. 7. Cokelet and Goldsmith [44] also in their experimental work have
investigated the dynamics of blood flow through small tubes and aggregation was observed. This phenomenon
often happens in capillaries with sizes smaller than their own radius. It is difficult to understand how the first
stage of aggregation of red blood cells occurs [45]. This tendency to aggregation influences blood rheology and
causes an increase in apparent viscosity in small shear rates. In comparison simulation results that are pre-
sented in this article are in good agreement with experimental and modeling data have been shown by Amini
and Fallahyan [46] and Boryczko et al. [20].

Discrete particle method has proven an efficient method in investigating complex systems at high shear
rates and extreme conditions. Several such studies have been conducted for simple liquids [47–49]. In contrast
to the classical models based on continuum flow equations [27], the particle method allows modeling of micro-
scopic multicomponent systems with a granular character [50]. Also this model considers the interactions of
the individual molecules and let them evolve over time until they reach an equilibrium stage. Once there, the
requisite properties can be computed statistically. In the geometry illustrated in Fig. 8(a), the fluid flow is com-
plex where the critical Reynolds number at which the transition takes place is several orders of magnitude

Fig. 6. (a) Schematic of the geometry that is used for simulating the transport of blood flow from an arteriole into a venule via a capillary,
(b) moving of the RBC in the arteriole after 1.7 · 10�2 s. The length of the arteriole and venule is 60 lm. The length and thickness of the
RBC are 8 lm and 2 lm, respectively.

Fig. 7. Aggregation and deformation of RBCs after 3.2 · 10�3 s.

A. Jafari et al. / Communications in Nonlinear Science and Numerical Simulation 13 (2008) 1615–1626 1623



lower than that of flow in pipes [51]. The details of the model are represented in Section 2.3. The existing lit-
erature provides limited quantitative information on the criteria that can be employed for determining the flow
regime. Demarcation implies that a significant challenge to explore the complex behavior linked to the detec-
tion of the onset of turbulence faces researchers, even in a stationary granular bed such as shown in Fig. 8(a).
In Fig. 8(b) there are two types of particles: solid and fluid. Solid particles define the nodes of the viscoelastic
grid, and they represent the solid components of the vascular system, i.e. the vessel walls and RBCs. Fluid
particles represent portions of the colloidal suspension. This simulation may be useful in the investigation
of the dynamics of complex, viscoelastic fluids where the interactions between RBC–RBC, RBC-plasma
and wall-RBC are important. Note that one limitation of the scheme described in this section is that only a
small number of moving particles can be studied, and especially simulations of a collision could be quite
costly. Although useful results can be obtained from discrete particle method, performing three dimensional
simulations with a large number of particles does not seem to be feasible due to the computational intensity
which could be involved. However, the present model is useful for developing a simplified model for simula-
tion of dynamics of blood flow, for which the equation of motion of a particle having repulsive interactions
with its neighbors can be modified by including the effects due to the hydrodynamic interaction among par-
ticles. More details about this approach will be presented in future studies.

5. Conclusion

In the present attempt, several models were used to investigate the hydrodynamics of blood flow in branch-
ing. The validity of the raster approach has been confirmed with a simple model. This model has been devel-
oped, and the results obtained proved that smooth muscle around the circumference of the capillary at its
arteriolar end can control blood flow through the capillary. The simulation of blood movement from an arte-
riole through a venule via a capillary with the VOF method showed that the model based on VOF can predict
the deformation and flow of RBCs in an arteriole successfully. Furthermore, the result corresponds to the
experimental observation illustrates that the RBC is deformed during the movement [52]. Taking into account
the theory of discrete particle method we will be able to model blood flow in bifurcations on the micro-scale in
the near future.
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a b s t r a c t

In order to understand the normal and pathologic behavior of the human vascular system,
detailed knowledge of blood flow and the response of blood vessels is required. In fact the
ability to predict the flow hydrodynamics at any site in the vessels can lead to a better
understanding of the behavior of blood flow. Simulation can play an important role in
understanding the hemodynamic forces. The objective of the present attempt was to sim-
ulate the behavior of blood flow in microvessels using computational fluid dynamics (CFD).
Numerical analysis is performed using a commercially available CFD package Fluent 6.2
which is based on the finite volume method. A continuum approach is proposed in which
fluid structure interaction has been taken into account. Based on limitations imposed by
computational resources, a more simplified model based on volume of fluid (VOF)
approach is suggested to simulate movements of RBCs in capillaries and also to predict
RBCs’ deformation. Three-dimensional incompressible laminar flow fields are obtained
by solving continuity and Navier–Stokes equations computationally. It was found that mul-
tiphase CFD simulations may give further insight into the dynamic characteristics of blood
flow under complex flow conditions.

� 2008 Elsevier B.V. All rights reserved.

1. Introduction

The growing interest in the modeling and simulation of biomedical systems and, in particular, the human cardiovascular
system, is supported by the numerous works [1–4]. Within this context, the application of mathematical and numerical
models has been shown to provide useful information and this suggests that such models could provide a suitable tool
for patient-specific medical planning of interventions.

Flow analysis in circulatory system is usually done for simplified model consisting of one or two bifurcation levels and
relatively high vessel diameters common to arterial level. Some work concern on numerical analysis of blood flow in circu-
latory system is reduced to 1D model [2].

Indeed, the description of local phenomena such as cell–wall interaction and blood flow in microcirculation may be more
accurately addressed by means of three-dimensional (3D) simulations, based on the Navier–Stokes equations. However,
from the computational point of view, 3D numerical simulations of blood flow in microvessels based on these equations
are unaffordable at present.

CFD simulations can be used to obtain detailed flow information including wall shear stress, pressure drops, stagnation
and recirculation regions, particle residence times, and turbulence [5]. The strong dependence of flow patterns on vessel
geometry and physiologic conditions limits the use of idealized models, however, since interesting flow features may not
be observed [6].
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Humanblood is a suspensionof cells suchaserythrocytes, leukocytes, andplateletswithvarious shapes, deformabilities, and
electric charge densities in a complex suspendingmedium (plasma). Hence, itmay be anticipated that deformation and flowof
blood shouldbe similar to that of a suspension of deformable andaggregable particles [7]. Thedeformability of erythrocytes is a
critical determinant of bloodflow inmicrovessels, and is the combined result of severalmechanical and geometrical properties.

The composition of the suspending cells such as erythrocytes, leukocytes, and platelets can vary extensively. The sus-
pending fluid (plasma) is usually a Newtonian [7] aqueous solution. However, the general rheological behavior of erythro-
cytes (RBC) is a strong function of the rate of deformation. The RBC’s interior is a concentrated solution of oxygen-binding
protein hemoglobin which behaves as an incompressible fluid whose viscosity is higher than that of plasma [8].

The analysis of blood flow in microcirculation requires the combining of fluid dynamics and solid mechanics. Here, it is
likely that cell–cell interactions as well as the effect of walls are controlling the blood flow dynamics. It is known that cap-
illary flow dynamics is significantly affected by arrangement, orientation and deformability of RBCs in plasma suspension
[9]. The deformation of RBCs involves area dilation or condensation, surface shear, and bending or curvature changes
[10]. The deformation of a cell membrane whose thickness could be as small as 5 nm is modeled using a viscoelastic Kelvin
model for which the viscous component represents the fluid-like behavior of the lipid bilayer, and the elastic component
arises from the stretching of the cytoskeleton [11]. Note that the resistance to bending of cell membranes is relatively small
[8]. However, bending moments become significant when the membrane curvature is large. In this case, the rheological
behavior of erythrocytes (RBC) should be a strong function of the rate of deformation. In addition aggregation of RBCs is a
dominant factor of the in vitro rheological properties of blood [12]. RBCs tend to form aggregates called rouleaus, in which
RBCs adhere loosely like a stack of coins. The presence of massive rouleaus can impair the blood flow through micro- and
capillary vessels and cause fatigue.

The microcirculation blood flow is controlled by metabolic requirements. For example, a decrease in the oxygen content
of blood (caused by increasing muscle activity) stimulates an increase in blood flow. On the other hand, blood flow decreases
when the tissue oxygen consumption is reduced [13]. An important question remains concerning the hydrodynamic condi-
tions at which RBCs from arterioles can enter microvessels in order to match to metabolic requirements. Indeed, the blood
flow dynamics in capillaries has not been extensively explored.

The objective of this study is to predict of blood flow behavior in capillaries using computational fluid dynamics (CFD).
Firstly a detailed overview is presented of modeling based on continuum type approach and also volume of fluid (VOF). Then
examples of blood flow in capillaries are shown. Finally, the concluding remarks are presented, which may provide a correct
methodology and a mathematical and numerical framework for the simulation of blood flows in microvessels.

2. Mathematical modeling

In this paper both continuum approach and volume of fluid methods were applied in order to compare their suitability for
investigation of blood flow in capillaries or microvessels.

2.1. Continuum type approach

Using classical thin-shell theory the general equations of motion in referential coordinates for a viscoelastic RBC mem-
brane in absence of body forces may be given as [14].

q€ui ¼ sij;j; ð1Þ
The displacements in a global rectangular Cartesian coordinate system Xj (j = 1,2,3) are denoted by ui = xi � Xi = ui (Xj, t) with
kinematical relations €ui ¼ o=ot2xi (Xj, t). Eq. (1) with constitutive equation for surface tension tensor
sij ¼ cðdij � ninjÞ þ ðl0

s � lsÞhðdij � ninjÞ þ 2lsEij and geometric equations Eij = 1/2(dik � nink) (djl � njnl)(uk,l + ul,k), provide
equations for the unknowns comprising stresses rij, six strains Eij, and displacements ui. Here, c is the isotropic tension, h
is the rate of surface dilatation defined as h = (dij � ninj)uj,i, n is the unit normal vector for the interface, l0

s and ls are two
constants expressing the interface shear and dilatational viscosity.

The set of equations given above has to be solved for appropriate boundary and initial conditions listed below:

rijnj ¼ TiðtÞ; on ob1

rijjxþ
i
� rijjx�

i

� �
nj ¼ 0; on ob2

xiðXj;0Þ ¼ X0
i ;

_xiðXj;0Þ ¼ ViðXjÞ;

ð2Þ

where Ti is traction loads vector.
The second condition in (2) represents the contact discontinuity given along an interior boundary ob2 when xþi ¼ x�i .
The Galerkin formulation may be obtained from (1) and (2) by using the Gauss theorem. That is

dW ¼
Z
Vb

q€uiduidVb þ
Z
Vb

rijdui;jdVb �
Z
ob1

TiduidSb ¼ 0: ð3Þ
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This equation is the weak form of the equilibrium equations, and the load transfer occurs via boundary conditions (2). Note
that no slip boundary condition is assumed for the fluid phase at the solid boundaries. Spatial discretization in numerical
analyses such as binary collision of spheres could be typically based on a single method such as Lagrange, Euler, a mixture
of Lagrange and Euler (Arbitrary Lagrange Euler), or meshfree Lagrangian (Smooth Particle Hydrodynamics). Each method
has unique advantages and there is no single ideal numerical method which would be appropriate to the various regimes
of a contact. In the present study, the Lagrange method of space discretization is used for which the numerical grid moves
and deforms with the material.

One advantages of this method is that cell–cell interactions as well as vessel wall–cell interactions can be studied. Also
adhesion of RBC to the wall can be simulated using this approach. This method is useful for developing a simplified model for
molecular dynamic type simulations of microvessels, but this approach can not predict some phenomena well such as aggre-
gation of cells. In addition there exists another simpler method, volume of fluid, which can be applied for investigation of
deformation and aggregation of RBCs [15].

2.2. Volume of fluid method

Here the dynamics of blood is studied as a two-phase, non-homogeneous fluid consisting of liquid plasma and RBCs [16].
It is assumed that plasma is a uniform Newtonian-incompressible fluid. The density of plasma and RBC are 1025 and
1125 kg/m3, respectively [17], and their viscosities are equal to and 1.5 times water viscosity [9], respectively.

VOF method implemented in the Fluent software was used in the simulations. The numerical solution of incompressible
Navier–Stokes equations accounting for moving boundaries offers insights for a variety of problems including capillary fluid
flow. The Navier–Stokes equations are as follows:

Vi;i ¼ 0
qVi;t þ qVjVi;j ¼ �p;i þ rij;j � qgdiy þ Fsv

i

ð4Þ

where P is the static pressure, rij is the stress, qg is the gravitational and Fsv
i account the forces due to surface tension. More

details about this method are explained in [15].

3. Results and discussion

In small vessels blood flow has significant effect in determining blood’s behavior. A key parameter in a suspension of
deformable and aggregable particles is determined by the flow field. In fact, cell biomechanics and blood flow include pro-
cesses involving a broad range of length scales [9]. Note that the interaction of RBC and wall of the vessel as illustrated in
Fig. 1 involves the deformation of the cell whose length is of the order of micrometer.

In this light, the numerical modeling of microcirculation requires an accurate description of the cell–wall interaction by
incorporating molecular and cellular information. In addition, any useful model of blood flow must account for the small
vessels and the presence of cells and receptors in the capillary. Indeed, the description of local phenomena such as fluid
structure interaction and blood flow in microvessels may be more accurately addressed by means of three-dimensional
(3D) simulations, based on a multi-scale modeling approach. In these simulations the specification of boundary data is
critical.

Note that cell–wall interaction involves a broad range of length scales from the order of nm and lm. The RBC membrane,
which is a composite of the plasma membrane and the cytoskeletal network, is heterogeneous at the length scale of individ-
ual lipid molecules. Hence, it is of interest to use a discrete model for which space is divided into a lattice of points to de-
scribe the movement of a single-cell. In fact, the models such as cellular large-Q Potts model [18] may be a useful technique
for cell level simulation of tissues. This becomes more attractive if a continuous model can be developed to give rise to sim-
ilar solutions as those obtained by the discrete model at length scales where their range of applicability overlap. This may
provide insights into how discrete models can be used as a basis for the development of their continuous equivalents.

In the present study, the processes are considered on the scales longer than 100 nmwhere the membrane may be homog-
enous in its properties. Fig. 2 illustrates cell membrane buckling and cell folding in numerical type experiments of micropi-

Fig. 1. Interaction of an RBC and the wall of a capillary. The RBC is color coded by the local value of the effective stress magnitude. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.).
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pette aspiration which can be used to develop a reliable model for the red blood cell membrane. Micropipette aspiration is a
very effective tool for examining both static and dynamic behavior of erythrocytes on a single-cell basis and is particularly
useful in the quantification of cytomechanical coefficients. Excellent results have been obtained for very small numbers of
cells [19].

Recall that the problem of micropipette aspiration is concerned with the structures such as cell membranes with the
thickness of 5 nm. The overall scale of the vesicle denoted by Rv, as illustrated in Fig. 3, is much larger than the thickness
of the cell membrane. Many important features are involved, such as membrane–micropipette interactions, as well as mem-
brane performance properties.

The physical properties of micropipette are the elastic modulus, E = 6.3 � 1010 Pa, density, q = 2500 kg/m3, and Poisson’s
ratio, m = 0.244. Fig. 3b illustrates numerical results of membrane tension as a function of fractional area dilation for a vesicle
pressurized in a system as depicted in Fig. 2. Note that at high-tension regime, the slope of the tension versus area dilation
approaches the direct elastic expansion modulus of the membrane. The results presented in Fig. 3a are in qualitative

Fig. 2. (a) The schematic of micropipette. Here, the vesicle diameter is 20 lm and pipette caliber is 8 lm. (b) The variations of vesicle’s shape with
increasing suction pressure.

Fig. 3. Schematic of vesicle pressurization. (b) Numerical results of membrane tension and fractional area dilation for a system as shown in Fig. 2.
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agreement with those predicted using the simplified theory developed by Evans and Rawicz [20] for tension and bending
elasticity in viscoelastic membranes.

The model capability is further assessed by predicting the deformation of an RBC interacting with the vessel wall at a
branching of an arteriole and a capillary. As illustrated in Fig. 4, cell–wall interaction could induce localized waves in the
wall of the arteriole. This observation appears to support clinical evidences of dynamical instability in microvascular blood
flows. The instability properties of unstable periodic physiological systems are investigated experimentally [21], and results
presented in Fig. 5 supporting a transition from a periodic state to apparently a chaotic transient for a system such as a
microvascular blood flow.

A continuum approach may be employed at the cellular level to account for moving boundaries. Fig. 6a shows the mesh
for a grid used for the simulation of RBC flows thorough a small vessel. In addition, Fig. 6b represents more details of mesh
for deformable RBCs. The cell–cell interactions as illustrated in Fig. 6c and d denote the transfer of momentum due to col-
lisions among the cells.

Freely suspended RBCs have the form of biconcave disks, about 8 lm in diameter and 2 lm in thickness. As the shear rate
increases, the shape of the red cells changes to an ellipsoid, and then to an elongated spindle-like shape with the long axis
approximately aligned with the flow as illustrated in Fig. 6b. Note that a dynamic mesh is required to account for changes in
flow domain according to deformation of RBCs.

The computed shapes are convex at the front and concave at the rear, in agreement with the experimental observation
[22]. The predicted cell shape depends on the flow velocity [23]. As the velocity is increased, the cell contour becomes more
streamlined. At high velocities, the full system of equations becomes increasingly difficult to be solved for a large number of

Fig. 4. Temporal evolution of deformations in a branching. A localized wave can easily be seen as a result of cell–wall interactions. Here, no elastic behavior
for the daughter is assumed whose diameter is 6.5 lm. The larger vessel diameter is 13 lm, and the diameter of cell is 8 lm. (For interpretation of the
references to colour in this figure, the reader is referred to the web version of this article.).

Fig. 5. (a) Measurements of laser Doppler skin perfusion pressure, CMBC and blood velocity. These results indicate that a transition from a periodic state to
a chaotic transient can occur whose origin is not well understood. (b) Schematic of the device which measures blood flow in the very small blood vessels of
the microvascular. The technique depends on the Doppler principle.
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RBCs. In this light, the important limitation of the scheme described in this section is that only a small number of moving
particles can be studied using numerical methods.

Fig. 6. (a) The schematic of a suspended RBC in a capillary. Here, the vessel diameter and it’s length are 50 lm and 15 lm. (b) The deformation of RBC due to
shear forces. (c and d) Mechanical interactions of red blood cells within the terminal vessels and at the branching site where the diameter of parent is 12 lm
and that of daughter is 6.5 lm slightly smaller than the diameter of an RBC, which is 7.5 lm. (e) Velocity field of blood through the capillary.

Fig. 7. Shown are two RBCs in an arteriole, one of which entering a capillary perpendicular to the arteriole. A favorable vortex may be produced pulling the
RBCs inside of the capillary.
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Fig. 7 illustrates motion of RBCs in a branching where the blood moves from an arteriole to a venule via a capillary. The
obtained results, as illustrated in Fig. 7, revealed that RBCs are subjected to the pressure force, leading to their compression.
These forces, which push RBCs to move toward the capillary, cause deformations of RBCs. The deformability of erythrocytes
is a critical determinant of blood flow in the microvessels, and is the combined result of several mechanical and geometrical
properties. If aggregation does occur the secondary processes such as sedimentation and syneresis could become the rate-
limiting mechanisms. In this light, a simple continuum model is not satisfactory for microvessels.

Fig. 8 illustrates aggregation of RBCs in a microvessel. The formation of such rouleaus depends on the initial position of
the cells, the strength of the adhesive force, elastic forces, and hydrodynamic forces. RBCs tend to migrate toward the center
axis of the microvessel, and plasma skimming can be happened. It is found that increase of the shear rate cause rouleaus to
break up. An advantage of this model, and whose generalized version in which chemical reactions will be included, is that the
role of anti-coagulant drugs can be investigated in irregular vessels, as illustrated in Fig. 8.

4. Conclusion

In this attempt different methods were used to investigate deformation and flow of RBCs in microvessels. A continuum
approach may be employed at the cellular level to account for moving boundaries. Using continuum approach in simulation
of micropipette aspiration it has been shown that, down to about 3.5 lm diameter a red cell can be sucked into the tube
without bursting the membrane. A simple continuum model is not satisfactory for microvessels when aggregation does oc-
cur because the secondary processes such as sedimentation and syneresis could become the rate-limiting mechanisms. Fur-
thermore it has been shown that a model based on volume of fluid (VOF) can predict deformation and aggregation of RBCs in
microvessels successfully. The simulation results demonstrated that the CFD simulation is a promising approach in the
development of an understanding of blood flow in the human vessels under complex flow conditions.
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Abstract

In the present attempt a CFD simulation capable of coupling behaviors from the nano-scale through the full-scale system in which a
ferrofluid containing magnetite particles suspended in kerosene carrier liquid is presented. The main objective of the work was to sim-
ulate the thermodiffusion and also to evaluate the factors influence on this phenomenon in a cylindrical geometry. In simulations a two-
phase mixture model was used to predict the behavior of the system. To optimize the thermomagnetic effect, different parameters includ-
ing temperature difference across the layer, initial magnetic phase concentration, aspect ratio of the geometry, magnetic field magnitude
and diameter of magnetic particles were examined using L16 orthogonal array of Taguchi at four levels. Analysis of the simulation data
indicate that the magnetic Soret effect can even be higher than the conventional one and its strength depends on the magnetic field
strength, confirmed experimentally by Völker and Odenbach [Völker T, Odenbach S. Thermodiffusion in magnetic fluids. J Magn Magn
Mater 2005;289:289–91]. The statistic evaluation shows that temperature and initial concentration of magnetic phase have the maximum
and minimum contribution on the thermodiffusion, respectively. According to the results temperature difference 80 K, initial concentra-
tion of magnetic phase 0.08, aspect ratio 0.2, magnetic field strength 100 kA/m and magnetic particles diameter 100 nm were obtained as
optimum conditions in the presence of natural convection. The same result was gained in the lack of natural convection except the mag-
netic field strength was 160 kA/m. Finally, based on the primary results, a verification test was also performed to confirm the validity of
the used statistical method.
� 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Ferrofluids are suspensions of small magnetic particles
in appropriate carrier liquids. They can be viewed as a par-
ticular interesting class of dipolar fluids, which have a wide
range of potential application in biomedicine and technol-
ogy that is responsible for the fast growing number of
research papers in this area [1].

Recent years, the thermodiffusion mechanism has been
taken into consideration [2]. In a two component fluid an
external temperature gradient leads to a concentration gra-
dient of one component. This is called Soret effect or ther-

modiffusion, and Soret coefficient represents its strength
[3]. In suspensions of magnetic nanoparticles, magnetic
thermophoretic transfer appears which leads to a change
of concentration of magnetic particles in the system. This
concentration change can be used to determine the Soret
coefficient of nanoparticles indirectly [4]. Soret effect
depends on some parameters such as magnetic field
strength and its direction [5], and temperature gradient [6].

In order to understand the effect of parameters, most of
researchers follow the traditional way, i.e. by varying one
parameter and keeping others constant. This conventional
classical process parameter design approach is complex and
further suffers from a major drawback of large number of
tests which in turn increase the cost. To solve this complex-
ity, Taguchi statistical design is a better approach.

0045-7930/$ - see front matter � 2008 Elsevier Ltd. All rights reserved.
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The Genichi Taguchi technique with analysis of variance
(ANOVA) that firstly used to improve the quality of Japa-
nese has been extremely successful. Taguchi design can
determine the effect of factors on characteristic properties
and the optimal conditions of factors [7]. In addition exper-
iment can be performed with the minimum replication
using the orthogonal arrays.

The study of hydrodynamics in ferrofluids involves use
of computational fluid dynamics (CFD). Several recent
publications have established the potential of CFD for
describing the ferrofluids behavior like fluid motion and
heat transfer [2,8–10]. The objective of this research was
to develop a fundamental understanding of the hydrody-
namics of ferrofluids in presence of thermomagnetic con-
vection and considering the effects of various parameters
that may effect on this phenomenon in a cylindrical
geometry using Taguchi statistical method. In the CFD
simulations mixture model was used to describe the
behavior of the magnetic particles, and the particle sepa-
ration dynamics was calculated during the separation
process.

2. Mathematical formula and numerical method

As the conductivity of a ferrofluid is usually very small,
here the magnetic fluid is considered non-conductive, and
Maxwell’s equations are as follows:

r � B ¼ 0; ð1Þ
r �H ¼ 0; ð2Þ

Further the magnetic induction, the magnetization vector,
M, and the magnetic field vector are related by the consti-
tutive relation:

B ¼ l0ðM þHÞ; ð3Þ
Magnetic scalar potential, /m, is defined as

H ¼ �r/m: ð4Þ
Using Maxwell’s equations, the flux function for magnetic
scalar potential may be written as

r � 1þ oM
oH

r/m

� �	 


¼ r � oM
oT

ðT � T 0Þ þ oM
oap

ðap � ap0Þ
� �	 


ð5Þ

Within the simulations oM/oH = v, oM/oT = �bmM0 and
oM
oap

are constant and using Langevin equation they can be
defined as

ðoM=oHÞT 0;ap0
¼ ap0Md

n
H

1� coth2ðnÞ þ 1

n

	 

;

ðoM=oT ÞH0;ap0
¼ �ap0Md

n
T

1� coth2ðnÞ þ 1

n2

	 

; ð6Þ

ðoM=oapÞH0;T 0
¼ Md cothðnÞ � 1

n

	 

;

where n = l0mH/(kBT), and subscript 0 represents initial
condition. Here M = apMdL(n) and saturation moment
of bulk magnetic solid, Md, can be calculated from satura-
tion magnetization of fluid by Ms = apMd.

Nomenclature

B magnetic induction
C.I. confidence interval
d diameter of cylinder
dp magnetic particle diameter
DOF degree of freedom
DOFe error degrees of freedom
DOFT total DOF associated in the estimate of mean
F variance ratio
Fa(1,DOFe) F ratio required for a
H magnetic field vector
k conductivity
kB Boltzmann constant
l length of cylinder
m particle magnetic moment
mj standard average of the results (Table 4) at level

j for each factor
mt total standard average (grand average)
M magnetization vector
Md saturation moment of bulk magnetic solid
Ms saturation magnetization
n number of factors

nt total number of tests
N number of levels for each factor in the system
P pressure
S sum of squares
Se error sum of squares
t time
T temperature
~v velocity
Ve error variance
~vdr;p drift velocity
~vMi diffusion velocity
~vs slip velocity
a risk
ap volume fraction of magnetic particles
/m magnetic scalar potential
l dynamic viscosity
l0 magnetic permeability in vacuum
qc density of carrier fluid
qp density of magnetic particles
n Langevin parameter

A. Jafari et al. / Computers & Fluids 37 (2008) 1344–1353 1345



It is assumed that the magnetic fluid treats as a two-
phase mixture of magnetic particles in a carrier phase.
The mixture model uses a single fluid approach, and is an
intermediate between the single phase approximation and
full set of equations governing the dynamics of multiphase
flow [11]. This model allows interpenetration of phases and
their moving at different velocities by using the concept of
slip velocities. The continuity, momentum, and energy
equations for the mixture and the volume fraction equation
for the secondary phases, as well as algebraic expressions
for the relative velocities are solved.

The governing equations are as follow:

o
ot
ðqmÞ þ r � ðqm~vmÞ ¼ 0

o
ot
ðqm~vmÞ þ r � ðqm~vm~vmÞ ¼ �rPm þ lmr2~vm

�r � ðapqp~vMp~vMp þ acqc~vMc~vMcÞ
þ qmg þ ap

mp

V p

LðnÞrH ð7Þ
o
ot
ðqmcv;mT Þ þ r � ½ðapqp~vpcp;p þ acqc~vccp;cÞT � ¼ r � ðkmrT Þ:

Here subscripts m, p and c refer to the mixture, magnetic
particles and carrier fluid, respectively and ~vMi ¼~vi �~vm.
From the continuity equation for secondary phase, the
volume fraction equation for magnetic phase can be
obtained:

o
ot
ðapqpÞ þ r:ðapqpð~vm �~vdr;pÞÞ ¼ 0: ð8Þ

With considering to forces act on a single magnetic parti-
cle, the slip velocity is defined similar to [12]

~vs ¼~vp �~vc ¼ mpLðnÞ
3pldp

rH þ d2
pðqp � qcÞ

18l
g; ð9Þ

where the stokes drag coefficient, valid for low Reynolds
numbers, is applied.

Numerical simulations were done by commercial soft-
ware, Fluent, and user defined functions added to apply
a uniform external magnetic field parallel to temperature
gradient. Second order upwind scheme was used to solve
continuity, momentum, and energy equations and also
for the magnetic potential. The initial velocity was adjusted
to zero for the system. No slip velocity was assumed at
walls. Constant temperature boundary conditions were
applied for both bottom and top of the cylinder, and side-
walls were insulated.

The results are grid independent. A grid independency
check has been performed, and as a comparison concentra-
tion difference of dispersed phase or separation at ap0 ¼
0:02;DT ¼ 100 �C; H¼ 160 kA=m; dp ¼ 9 nm; ld ¼ 1; and t¼
100 s has been shown in Table 1. If concentration difference
plots versus time, at unsteady part of the separation curve
the linear law Dap=ap0 � t will be valid independent from
magnetic field and its orientation, and the slope of this
curve provides the Soret coefficient [3]. As the difference

between numerical results in grids 2 and 3 is less than
6%, so to save cost and time grid 2 has been chosen for
all tests.

3. Orthogonal array and simulation parameters

For Taguchi design the statistical software namely
Qualitek-4 (version 4.82.0) was applied. The appropriate
orthogonal array, L16, for the simulation was determined
by the software. This means that 16 simulations with differ-
ent combinations of factors should be conducted in order
to study the main effects and interactions. The selection
of a suitable orthogonal array depends on the number of
control factors and their levels. As Table 2 shows in this
work the effect of five parameters on magnetic Soret effect
at four levels have been studied. Taguchi L16 orthogonal
array of the simulations designed are shown in Table 3.

Table 1
Percentage of phase separation at different grids

Grid 1 2 3

Numerical results (percent of
concentration difference)

6.5 9.5 9

Number of tetrahedral elements 105 6 � 105 1.3 � 106

Number of nodes 1.9 � 104 105 2.3 � 105

Table 2
The various parameters selected and their respective levels in the present
study

Factor Level 1 Level 2 Level 3 Level 4

A: Temperature difference (�C) 5 30 60 80
B: Initial volume fraction

of dispersed phase
0.02 0.05 0.08 0.1

C: Aspect ratio 0.2 0.5 0.8 1
D: Magnetic field strength (kA/m) 0 40 100 160
E: Particle diameter (nm) 5 10 50 100

Table 3
Taguchi L16 orthogonal array design

Simulation number A B C D E

1 1 1 1 1 1
2 1 2 2 2 2
3 1 3 3 3 3
4 1 4 4 4 4
5 2 1 2 3 4
6 2 2 1 4 3
7 2 3 4 1 2
8 2 4 3 2 1
9 3 1 3 4 2
10 3 2 4 3 1
11 3 3 1 2 4
12 3 4 2 1 3
13 4 1 4 2 3
14 4 2 3 1 4
15 4 3 2 4 1
16 4 4 1 3 2
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The sequence in which the tests were carried out was ran-
domized. It is important to note that without using Tagu-
chi method 45 = 1024 number of simulations data would
require capturing the influencing parameters.

4. Results and discussion

To measure the separation of nanoparticles a cylinder
contains a kerosene-based magnetic fluid was investigated.
Fig. 1 represents the schematic of the geometry and the grid
used in simulations. It should be mentioned that in all
Taguchi tests diameter of the cylinder was 10 mm. It was
assumed that the density of continuous phase depends on
average temperature according to qc = 1248 � 1.56 � T,
Ms = 48 kA/m, l0 = 4p � 10�7 N/A2, m = 2.5 � 10�19

Am2, and qp = 5400 kg/m3. In order to investigate the
effect of natural convection, 16 tests with different factors
combination have been performed. In case 1 temperature
of upper layer of the cylinder (Ttop) was higher than that
of the bottom (Tbottom), and in case 2 the bottom surface
was warmer.

All Taguchi tests have been performed and obtained
results are shown in Table 4. All the simulations have been
conducted to reach the stable condition. As it can be
expected total average percent of separation in case 2
should be more than case 1. But in tests 1–4 results of sec-
ond column of the table was higher or equal to the third
one. In these tests temperature difference has the lowest
value compare to other tests, so effect of natural convection
is negligible. In both cases magnetic field is in z direction.
In case 1 magnetic field and temperature gradients are
cocurrent, while in case 2 they are countercurrent. There-
fore the separation in the existence of natural convection
can even be lower and it depends on the magnetic field
strengths and its direction which was observed experimen-
tally by Völker and Odenbach [3].

In case 2 if temperature difference exceeds a critical
value, conditions can be unstable and buoyancy forces
are able to overcome the retarding influence of viscous

forces. Other parameters like aspect ratio also have effect
on the system. Therefore magnetic Rayleigh number is a
good criterion to characterize convection. Number of Ray-
leigh rolls depends on the parameters represented in Table
2. For example, velocity vectors for l

d ¼ 0:5 and in the pres-
ence of natural convection is shown in Fig. 2a. The vortices
illustrated in the figure play an important role in transport
mechanism of flow, and cause separation or inhomogene-
ity in the system. According to Fig. 2b in the absence of
natural convection, this kind of vortices was observed
locally, which means that rolls are close to the domain
boundaries.

Fig. 3 represents the streamlines in case 2. As it can be
seen in Fig. 3a the shape of vortices becomes more
uniform in longer cylinders and higher magnetic field lev-
els. It means that the homogeneity inside the cylinders
with lower aspect ratio has significant non-uniformity
(Fig. 3b). These results are in good agreement with exper-
imental works done by Sheibani et al. [13]. In addition

Fig. 1. (a) Schematic of the geometry used in this study; (b) the grid with 6 � 105 tetrahedral elements and 105 nodes. Here l
d ¼ 1.

Table 4
Percent of separation in Taguchi tests

Simulation
number

Percent of separation
(case 1)

Percent of separation
(case 2)

1 0.5 0.5
2 0.7 0.6
3 0.625 0.5625
4 0.95 0.75
5 3 3.5
6 2.6 2.8
7 2.53 2.3125
8 2.25 3
9 5 5.5
10 4.9 5.1
11 5.8125 6.0625
12 5.05 4.6
13 6.75 7
14 6.8 7.9
15 7 9.1875
16 7.45 8.6
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Fig. 2. Plot of velocity vectors. (a) DT=5 �C, ap0 ¼ 0:05, l
d ¼ 0:5, H ¼ 40 kA=m, and dp ¼ 10 nm; (b) DT = 30 �C, ap0 ¼ 0:08, l

d ¼ 1, H ¼ 0 kA=m, and
dp ¼ 10 nm. The vectors are color-coded using their magnitudes. Red and blue colors represent the maximum and minimum values, respectively. (For
interpretation of the references to colour in this figure, the reader is referred to the web version of this article.)

Fig. 3. streamlines in the presence of natural convection. Figures are color-coded by velocity magnitudes. (a) DT = 80 �C, ap0 ¼ 0:02, l
d ¼ 1,

H ¼ 40 kA=m, and dp ¼ 50 nm; (b) DT = 80 �C, ap0 ¼ 0:1, l
d ¼ 0:2, H ¼ 100 kA=m, and dp ¼ 10 nm. Red and blue colors represent the maximum and

minimum values, respectively. (For interpretation of the references to colour in this figure, the reader is referred to the web version of this article.)
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Acremann et al. [14] have reported existence of eddy cur-
rents as one possible cause for the occurrence of non-
uniformities.

In binary mixtures like ferrofluids the temperature gra-
dient leads to both density gradient and separation of the
components due to thermodiffusion. This separation will
create an additional density difference and will combine
with the one driven by thermal expansion. Fig. 4 represents
the separation process. In Fig. 4a volume fraction of phases
is plotted versus the distance between hot and cold layers.
Here aspect ratio is 0.2 and bottom layer is warmer. As can
be expected near to upper (colder) layer the magnetization
is higher and maximum volume fraction of dispersed phase
has been observed (Fig. 4b). This figure was colored by vol-

ume fraction of dispersed phase, and red area shows the
maximum value.

Results have been analyzed using Taguchi technique to
rank factors that can affect the separation process. As
Table 5 represents in both cases between factors listed in
Table 2, aspect ratio and particle diameter have the maxi-
mum interaction. Initial volume fraction of dispersed phase
– magnetic field strength, aspect ratio – magnetic field
strength and initial volume fraction of dispersed phase –
aspect ratio are the other pairs that the interaction between
them is significant. This behavior is the same for both
directions of temperature gradient. Only at the end of the
table the trend in two cases will change, but the amount
is not considerable.

The relative effect of different factors can be obtained by
the decomposition of total variation into its appropriate
components, which is commonly called analysis of variance
(ANOVA). The results of ANOVA for both cases are
shown in Tables 6 and 7. Second column of these tables
shows Degree of freedom (DOF) for a factor is defined as

DOF ¼ N � 1: ð10Þ
For example, for a factor with 4 levels, level 1 data can be
compared with level 2, 3, and 4 data but not level 1 itself.
The third column of ANOVA table is sum of squares (S)
that for each factor is defined as

S ¼
XN
j¼1

N � ðmj � mtÞ2: ð11Þ

Fig. 4. (a) 2D plot of changes in volume fraction of continues (phase 1) and dispersed phase (phase 2) from top to bottom of the cylinder. (b) Volume
fraction profile of magnetic particles after 100 s. Red and blue colors represent the maximum and minimum values, respectively. (For interpretation of the
references to colour in this figure, the reader is referred to the web version of this article.)

Table 6
ANOVA analysis (case 1)

Factor Degrees of
freedom (DOF)

Sum of squares
(S)

Variance (V) F-ratio (F) Pure sum (S0) Percent P
(%)

A: Temperature difference 3 93.019 31.006 – 93.019 98.698
B: Initial volume fraction of dispersed

phase
3 0.142 0.047 – 0.142 0.15

C: Aspect ratio 3 0.405 0.135 – 0.405 0.43
D: Magnetic field strength 3 0.152 0.05 – 0.152 0.162
E: Particle diameter 3 0.526 0.175 – 0.526 0.558
Other/error 0

Total 15 94.246 100

Table 5
Interactions between factors

Interaction factor
pairs

Interaction severity
index (case 1)

Interaction severity
index (case 2)

C–E 95.32 96.04
B–D 88.84 84.6
C–D 69.51 55.03
B–E 62.58 54.67
B–C 31.65 29.92
D–E 25.75 24.24
A–B 4.31 4.6
A–E 0.57 4.53
A–C 1.43 3.45
A–D 3.45 3.38
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The variance of each factor was determined by dividing
sum of square for each factor with its degree of freedom.
ANOVA is also needed for estimating the error variance
(Ve), obtained by calculating error sum of squares (Se)
and dividing by error degrees of freedom (DOFe), so

V e ¼ Se

DOFe

: ð12Þ

The variance ratio (F) is the ratio of variance due to the ef-
fect of a factor and variance due to the error term. In the
other word:

F ¼ V
V e

or F ¼ V
Se

DOFe

¼ V �DOFe

Se

: ð13Þ

The review of the ‘Percent’ columns show that in both con-
ditions the temperature difference factor contributed the

highest percentage to the factor effects. The percent of con-
tribution of each factor was calculated as

Percent ¼ S
DOF�Pn

i¼1
S

DOF

� 100: ð14Þ

The process of disregarding the contribution of a selected
factor and adjusting the contribution of the other factor
is known as pooling. Since the contribution of initial con-
centration of magnetic phase is the smallest in both condi-
tions therefore this factor can be pooled (combined) with
the error term. The new ANOVA results for both condi-
tions after pooling are shown in Tables 8 and 9. The data
indicate that the percentage contributions of the remaining
factors decreased slightly, but the ranking of factor effects
still remained the same. In estimating the performance at

Table 7
ANOVA analysis (case 2)

Factor Degrees of
freedom (DOF)

Sum of
squares (S)

Variance (V) F-ratio (F) Pure sum (S0) Percent P
(%)

A: Temperature difference 3 133.735 44.578 – 133.735 97.756
B: Initial volume fraction

of dispersed phase
3 0.398 0.132 – 0.398 0.291

C: Aspect ratio 3 0.6 0.2 – 0.6 0.439
D: Magnetic field strength 3 1.271 0.423 – 1.271 0.929
E: Particle diameter 3 0.798 0.266 – 0.798 0.583
Other/error 0

Total 15 136.804 100

Table 8
Pooled ANOVA analysis (case 1)

Factor Degrees of freedom
(DOF)

Sum of squares
(S)

Variance (V) F-ratio (F) Pure sum (S0) Percent P
(%)

A: Temperature difference 3 93.019 31.006 654.071 92.877 98.547
B: Initial volume fraction

of dispersed phase
(3) (0.142) – Pooled – –

C: Aspect ratio 3 0.405 0.135 2.85 0.263 0.279
D: Magnetic field strength 3 0.152 0.05 1.073 0.01 0.011
E: Particle diameter 3 0.526 0.175 3.703 0.384 0.407
Other/error 3 0.142 0.047 0.756

Total 15 94.246 100

Table 9
Pooled ANOVA analysis (case 2)

Factor Degrees of freedom
(DOF)

Sum of squares
(S)

Variance (V) F-ratio (F) Pure sum (S0) Percent P
(%)

A: Temperature difference 3 133.735 44.578 335.782 133.337 97.466
B: Initial volume fraction

of dispersed phase
(3) (0.398) – Pooled – –

C: Aspect ratio 3 0.6 0.2 1.508 0.202 0.147
D: Magnetic field strength 3 1.271 0.423 3.192 0.873 0.638
E: Particle diameter 3 0.798 0.266 2.004 0.399 0.292
Other/error 3 0.397 0.132 1.457

Total 15 136.804 100

1350 A. Jafari et al. / Computers & Fluids 37 (2008) 1344–1353



optimum condition (maximum separation), all factors were
used.

The averages of separation percentage for all factors at
each level for both conditions were plotted in Figs. 5 and 6.
From the highest value of average effects for each factor
the best level can be determined. According to these figures
level 4 of temperature difference, level 3 of initial volume
fraction of dispersed phase, level 1 of aspect ratio, and level
4 of particle diameter for both conditions can be obtained
as the optimum condition.

The levels that cause maximum separation in both
conditions are listed in Table 10. Based on Taguchi tech-
nique the expected separation percentage, which is the
sum of the total contribution from all factors and the
grand average value is 7.733 and 9.309 for the cases 1
and 2, respectively. Contribution of each factor is the dif-
ferent between the grand average value and the average
effect of each factor correspond to its optimum level
and expected value should get when optimum conditions
are applied.

The confirmation experiment is final and crucial step
which is highly recommended by Taguchi to verify the con-

clusions [15]. In order to validate obtained results tow extra
simulations were done using the optimum conditions. The
percentage of separation for case 1 and 2 was ±0.367and
±0.614, that they are within the 95% confidence interval
of the predicted optimal values. It means that prediction
by Taguchi method is reliable. It should be mentioned that
a confidence interval for the predicted mean separation on
a confirmation run can be calculated using the following
equation:

C:I : ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF að1;DOFeÞ � V e=N eÞ

p
: ð15Þ

In this equation Ne is defined as

N e ¼ nt
1þDOFT

ð16Þ

In order to check the validity of computed data an extra
test was done in a thermodiffusion column (l � d). A com-
parison between numerical results and experimental data
obtained by Völker et al. [16] has been shown in Fig. 7.
As it can be seen in this figure the predicted and experimen-
tal results are in good agreement and the validity of simu-
lations can be confirmed.
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5. Conclusion

The effect of different parameters (temperature differ-
ence, initial volume fraction of magnetic phase, aspect ratio
of a cylindrical geometry, and strength of magnetic field
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Fig. 6. Average effects of factors for each level in case 2. (a) Temperature difference, (b) initial concentration of magnetic phase, (c) aspect ratio,
(d) magnetic field strength, and (e) particle diameter.

Table 10
Estimation of the optimum condition (maximum separation), (a) and (b)
in the table refers to case 1 and 2, respectively

Factor Level
(case 1)

Contribution
(case 1)

Level
(case 2)

Contribution
(case 2)

A: Temperature
difference

4 3.13 4 4.092

B: Initial volume
fraction of
dispersed phase

3 0.121 3 0.226

C: Aspect ratio 1 0.22 1 0.185
D: Magnetic field

strength
3 0.123 4 0.254

E: Particle
diameter

4 0.27 4 0.248

Contribution from
all factors (total)

(a) 3.864, (b) 5.004

Current grand average
of performance or Mean

(a) 3.869, (b) 4.304

Expected result at
optimum condition

(a) 7.733, (b) 9.309
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Fig. 7. Comparison of simulation and experimental data at DT ¼ 10 K,
ap0 ¼ 0:02, and dp ¼ 9 nm.
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parallel to temperature gradient) on separation process at
four levels were investigated using Taguchi technique. It
was concluded that this method could be a good way to
maximize the Soret coefficient in cylinder geometry. This
coefficient can be calculated indirectly from separation or
change of concentration in such systems. Among the fac-
tors studied, percent contribution of temperature difference
is more significant than other factors, and the pair particle
diameter-aspect ratio has the maximum interaction on each
other. In order to study the effect of natural convection two
different cases were done. The numerical results show that
separation process without existence of natural convection
can be even higher than the convectional one and it
depends on the magnetic field strength and its direction.
To investigate the validity of simulations an extra test
was done and it showed that the predicted results are in
good agreement with experimental data obtained by Völ-
ker et al. [16].
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Abstract

In the present work computational fluid dynamics (CFD) was used to study heat transfer phenomena in a kerosene based ferrofluid.
The flow behaviour was investigated in two cylinders with different dimensions, and the ferrofluid was treated as a two phase mixture of
magnetic particles in the carrier phase. Different temperature gradients and uniform magnetic fields were applied over the geometries.
Numerical results illustrate that the transport processes in the presence of magnetic field will enhance in comparison with the field free
case. In addition obtained results show that in the presence of aggregation of magnetic particles heat transfer will decrease, and Rayleigh
rolls will not be observed. It was also shown that when magnetic field is perpendicular to the temperature gradient, the heat transfer will
increase more compare to the case with magnetic field parallel to temperature gradient.
� 2008 Elsevier Inc. All rights reserved.

Keywords: CFD simulation; Heat transfer; Ferrofluid

1. Introduction

Ferrofluids are composed of magnetic nanoparticles and
carrier fluid (Xuan et al., 2005). Such fine particles may be
coated by a suitable surfactant to keep a stable suspension
state and they can be treated as particles of single magnetic
domain. But some particles may combine to each other
because of dipole-dipole interactions, and aggregations will
produce (Tynjälä et al., 2006).

Ferrofluids are a type of functional fluids whose flow and
energy transport processes can be controlled by adjusting an
external magnetic field, which makes it find a variety of
applications in various fields. For example using ferrofluids
in miniaturized devices and external magnetic field enhance
convection in these devices (Strek and Jopek, 2007).

Study of transport phenomena in ferrofluids involves use
of computational fluid dynamics (CFD). Several recent pub-

lications have established the potential of CFD for describ-
ing the ferrofluids behaviour like fluid motion and heat
transfer (Tynjälä and Ritvanen, 2004; Snyder et al., 2003;
Tynjälä et al., 2002; Tangthieng et al., 1999). The relation-
ship between an imposed magnetic field, the resulting ferro-
fluid flow and the temperature distribution is not
understood well enough, and the references regarding heat
transfer with magnetic fluids is relatively sparse (Strek and
Jopek, 2007). In this work heat transfer of a kerosene based
ferrofluid in cylindrical geometries under influence of mag-
netic field strength was simulated. In addition the influence
of magnetic particle’s diameter on heat transfer was studied.

2. Governing equations

2.1. Mixture model

Since mixture model can predict the behaviour of ferro-
fluids (Tynjälä, 2005; Jafari et al., 2007), this method was
used to study in this work. The continuity, momentum,
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and energy equations for the mixture and the volume frac-
tion equation for the secondary phase, as well as algebraic
expressions for the relative velocities are as follow:

o
ot
ðqmÞ þ r � ðqmvmÞ ¼ 0 ð1Þ

o
ot
ðqmvmÞ þ r � ðqmvmvmÞ
¼ �rPm þ lmr2vm �r � ðapqpvMpvMp þ acqcvMcvMcÞ
þ qmg þ ap

mp

V p

LðnÞrH ð2Þ

o
ot
ðqmcv;mT Þ þ r � ½ðapqpvpcp;p þ acqcvccp;cÞT �
¼ r � ðkmrT Þ ð3Þ

where q, m, P, l, n and k are density, velocity, pressure, dy-
namic viscosity, Langevin parameter and conductivity,
respectively. The subscripts m, p and c refer to the mixture,
magnetic particles and carrier fluid, respectively and
vMi = vi – vm is diffusion velocity. Using the continuity
equation, the volume fraction equation for magnetic phase
can be obtained:

o
ot
ðapqpÞ þ r � ðapqpðvm � vdr;pÞÞ ¼ 0 ð4Þ

where vdr,p is drift velocity. With considering to forces act
on a single magnetic particle, the slip velocity is defined
similar to Jafari et al. (2008):

vs ¼ vp � vc ¼ mpLðnÞ
3plcdp

rH þ d2
pðqp � qcÞ
18plc

g ð5Þ

where dp is the magnetic particle diameter.

2.2. Magnetic field calculation

The conductivity of ferrofluids is usually very small, so
Maxwell’s equations are as follow:

r � B ¼ 0; ð6Þ
r �H ¼ 0; ð7Þ

where B is the magnetic induction, and H is the magnetic
field vector. Further the magnetic induction, the magneti-
zation vector, M, and the magnetic field vector are related
by the constitutive relation:

B ¼ l0ðMþHÞ; ð8Þ
where l0 is a magnetic permeability in vacuum. Magnetic
scalar potential, /m, is defined as:

H ¼ �r/m: ð9Þ
Using Maxwell’s equations, the flux function for magnetic
scalar potential, /m may be written as:

r � 1þ oM
oH

r/m

� �	 

¼ r � oM

oT
T � T 0ð Þ þ oM

oap
ap � ap0
� �� �	 


ð10Þ
where ap, T and subscript 0 represent the volume fraction
of magnetic particles, temperature and initial conditions,
respectively. Within the simulations oM

oH ¼ v; oMoT ¼ �bmM0

and oM
oap

are assumed to be constant and using Langevin
equation they can be defined (Jafari et al., 2008).

3. Numerical methods

Commercial software, Gambit, was used to create the
geometries (cylinder 1 with both height and diameter of
10 mm and cylinder 2 with height and diameter of
3.5 mm and 75 mm, respectively) and generate the grids.
Fig. 1a depicts a schematic of cylinder 1 used in the simu-
lations and the related grid is illustrated in Fig. 1b. Fig. 2
shows the grid for cylinder 2. To divide the geometries into
discrete control volumes, about 5.9 � 105 and 105 tetrahe-
dral computational cells, 1.2 � 106 and 2 � 105 triangular
elements, and more than 105 and 2.4 � 104 nodes were used
for cylinder 1 and 2, respectively.

A grid independency check has been performed for both
cylinders. Temperature difference 100 K and magnetic field
strength 160 kA/m parallel to the temperature gradient
were applied over cylinder 1. Concentration difference of
dispersed phase or separation after 100 s was considered to
compare grids, and results have been shown in Table 1.

Fig. 1. (a) Schematic of cylinder 1, (b) the grid related to the geometry with aspect ratio 1.
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As the difference between numerical results in grids 2 and 3
is less than 6%, so to save cost and time grid 2 was chosen
for all of tests.

For the second cylinder also three different grids have
been chosen. Their details and obtained numerical
results at Ms = 48 kA/m, d = 5.5 nm, DTcritical = 25 K and
DTcritical = 25 K are shown in Table 2. The results appear
to be grid independent. There was no significant variation
in the Nusselt number resulted by the grid with 2.1 � 105

mesh volume and those obtained from the fine grid, so the
second grid was selected for all calculations.

The commercial code for computational fluid dynamics,
Fluent, has been used for the simulations, and a user

defined function (UDF) was performed to obtain a uni-
form external magnetic field parallel to the temperature
gradient. The finite volume method was adopted to solve
three dimensional governing equations. The solver specifi-
cations for the discretization of the domain involve the pre-
sto, second-order upwind and first-order upwind for
pressure, momentum and volume fraction, respectively.
In addition second-order upwind was used for energy.
Constant temperature boundary conditions were applied
for both bottom and top of the cylinders. The under-relax-
ation factors, which are significant parameters affecting the
convergence of the numerical scheme, were set to 0.3 for
the pressure, 0.7 for the momentum, and 0.2 for the volume
fraction. Using mentioned values for the under-relaxation
factors a reasonable rate of convergence was achieved.

4. Results and discussion

A kerosene-based magnetic fluid with magnetization
48 kA/m was used in this study. For the sake of simplicity,
it is assumed that the effect of the magnetization variation
due to the local temperature change of the ferrofluid is neg-
ligible because our main attention is to develop a numerical
algorithm for the energy transport of a ferrofluid. Such
assumption will not alter the intrinsic characteristic of the
algorithm, but it simplifies the numerical computation.
Other properties of the studied fluid are shown in Table
3. It is assumed that the density of carrier liquid, kerosene,
changes with average temperature according to the follow-
ing equation:

qc ¼ 1248� 1:56� T : ð11Þ

Properties of the mixture except viscosity can be calculated
as follow:

Nm ¼
Xi¼2

i¼1

aiN i ð12Þ

Table 1
Percentage of phase separation at different grids in cylinder 1

Grid 1 2 3

Numerical results (percent of
concentration difference of
dispersed phase)

6.5 9.5 9

Number of tetrahedral elements 105 5.9 � 105 1.3 � 106

Number of nodes 1.9 � 104 105 2.3 � 105

Table 2
Effect of second cylinder’s mesh on Nusselt number after 200 s

Grid # 1 # 2 # 3

Number of nodes 1.9 � 103 2.4 � 104 5 � 104

Mesh volume 1.2 � 105 2.1 � 105 2.5 � 105

Nusselt number (Nu) 4.1 1.238 1.234

Table 3
Properties of the studied ferriofluid. Here c and p illustrate continuous and dispersed phase, respectively

Property Value Property Value

Density (p) 5400 kg/m3 Heat capacity at constant pressure (c) 2090 J/kgK
Thermal conductivity (c) 0.149 W/mK Heat capacity at constant pressure (p) 4000 J/kgK
Thermal conductivity (p) 1 W/mK Particle magnetic moment 2.5 � 10�19 Am2

Dynamic viscosity (c) 0.0024 kg/ms Vacuum permeability 4p � 10�7 H/m
Dynamic viscosity (c) 0.03 kg/ms Thermal expansion coefficient 0.008 1/K

Fig. 2. (a) The grid used for the cylinder with diameter and length of
75 mm and 3.5 mm, respectively. (b) To obtain better visualization the
highlighted part in Fig. 2a is magnified.
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where N represents any property, and i refers to both con-
tinuous and dispersed phases. Dynamic viscosity of mix-
ture can be shown as (Rosensweig, 1997)

lm ¼ 1þ 5

2
ap0

� �
lc: ð13Þ

The temperature difference 10 K was applied to the first
cylinder. Particle diameter 9 nm, and solid volume fraction
2% was used in this study. The heat transfer characteristic
of the ferrofluid in the presence and absence of a uniform
magnetic field is given in Fig. 3. As can be expected heat
flux is enhanced under an applied magnetic field. This fact
confirmed experimentally by Jeyadevan et al. (2005). To
investigate the effect of natural convection, a set of simula-
tions at the same conditions, but in the absence of any con-
vection was run. Comparison of obtained results showed
that in the presence of natural convection heat transfer will
increase. Since the temperature gradient in the cylinder was
not very high, the difference between two conditions, with
and without natural convection, was not significant.

To investigate the effect of natural convection more sim-
ulations were performed at temperature difference 40 K
and different magnetic fields. Results at H = 160 kA/m
are presented in Fig. 4, and it is clear that with increase
in temperature gradient the effect of natural convection will
improve. In addition it is found that the temperature gradi-
ent is more effective than the magnetic field on heat transfer
of ferrofluids.

Combined effects of temperature gradient and magnetic
field’s strength were investigated in cylinder 2. In this
geometry it is assumed that solid volume fraction is 10%.
To estimate heat transfer performance of the ferrofluid,
the local Nusselt number, Nu, was calculated at different
values of magnetic fields in the presence and absence of
natural convection and simulation results are presented in
Fig. 5. As can be expected with increase in temperature dif-
ference over the cylinder and strength of external magnetic
field, heat transfer will improve. It is also found that increasing of H after H � 24 kA/m will increase heat trans-

fer of the ferrofluid significantly. Note that positive values
of DT

DT critical
means that temperature of bottom of the cylinder

is higher than the temperature of top of the cylinder, and at
DT > DTcritical the convection starts. As Finlayson (1970)
reported both buoyancy and magnetic forces can cause
the convection. In this work DTcritical is the critical temper-
ature difference for the natural convection due to
buoyancy.

According to the estimation of Rosensweig (1997) parti-
cle size 10 nm for magnetic fluids is on the threshold of
agglomerating. It means that the investigation of effect of
particle’s diameter on heat transfer of the ferrofluid is
important. For the second cylinder similar simulations with
higher diameter of magnetic particles were done and results
are shown in Fig. 6. According to this figure larger particles
decrease heat transfer probably because of the formation of
aggregates in the system. In order to obtain better under-
standing the effect of particle size on transfer phenomena
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flow pattern of the ferrofluid also was studied. As Fig. 7a
illustrates in the presence of natural convection for smaller
magnetic particles’ diameter Rayleigh rolls can be
observed. This rotations increase heat transfer, and their
effect on thermal convection in ferrofluids is important in
certain chemical engineering and biochemical situations
(Sunil et al., 2008). For d = 30 nm such kind of vortices
did not recognize (Fig. 7b).

Number of Rayleigh rolls depends on different parame-
ters such as temperature difference and aspect ratio (length
to diameter of cylinder). Any variation of these quantities
can induce a change in behavior of the fluid. At aspect ratio
1, magnetic field 160 kA/m, and temperature difference
10 K four rolls have been observed. As Fig. 8 illustrates
with passing time the system becomes more stable and
symmetric.

Fig. 9 represents fluid streamlines colour coded using
velocity magnitude. This kind of vortices observed in the
presence of natural convection play an important role in
transport mechanism of flow, and increase heat transfer
in the system. In the absence of natural convection, this
kind of vortices can be observed locally, which means that
rolls are close to the domain boundaries. The shape of vor-
tices becomes more uniform in the longer cylinder. It
means that the homogeneity inside the cylinder with lower
aspect ratio has significant non-uniformity. These results
are in good agreement with experimental work done by
Sheibani et al. (2003).

To test the effect of magnetic field’s direction, a uniform
magnetic field in parallel and perpendicular to the direction
of temperature gradient has been applied. The velocity pro-
file when the temperature gradient and direction of mag-
netic field are parallel to each other is shown in Fig. 10.
The maximum velocity for the second condition is higher
(about 0.009 m/s) than the situation with parallel direction
to the temperature gradient. According to the results the
heat transfer increases for perpendicular orientation of
magnetic field and temperature gradient directions.

Fig. 7. Velocity vectors in cylinder 2 on a plane at z = 0.00175 m, and for
DTcritical = 25 K, and DT

DT critical
¼ 0:76. (a) d = 5.5 nm, and (b) d = 30 nm (for

interpretation of the references to color in this figure, the reader is referred
to the web version of this article).

Fig. 8. Rayleigh rolls on a plane at z = 0.005 m. The plane is colored with
velocity magnitude after (a) 50 s, and (b) 100 s. (c) and (d) show velocity
contours at 50 s and 100 s, respectively (for interpretation of the references
to color in this figure, the reader is referred to the web version of this
article).
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Velocity profile of ferrofluids depends on some parameters
such as type of ferrofluid and strength and direction of
magnetic field. More investigation about velocity profiles
will be presented in the future work.

5. Conclusion

In this paper heat transfer of a kerosene based ferrofluid
in cylindrical geometries is investigated using CFD simula-
tions. It was found that the transferred heat is a function of
magnetic field strength and its direction. Results showed

that heat transfer can be increased by applying magnetic
field perpendicular to the temperature gradient. In addition
it was found that increase of magnetic particles’ diameter
causes generation of colloids in the system and leads to
decrease of heat transfer in the ferrofluid.
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Tynjälä, T., Bozhko, A., Bulychev, P., Putin, G., Sarkomaa, p., 2006. On
features of ferrofluid convection caused by barometrical sedimenta-
tion. Journal of Magnetism and Magnetic Materials 300, e195–e198.
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X = 0.0015 m. Here direction of magnetic field and temperature gradient
are parallel.
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a b s t r a c t

Packed bed reactors (PBRs) are multiphase reactors in which gas and liquid phases flow over a solid pack-
ing. PBRs find widespread use in petroleum refining, chemical and process industries, pollution abatement
and biochemical industries. In this paper numerical study of flow behavior through random packing of
non-overlapping spheres in a cylindrical geometry has been carried out using a commercially available
computational fluid dynamics package (FLUENT). Dimensionless pressure drop was studied for a fluid
through randomly packed bed at different Reynolds numbers based on pore permeability and interstitial
fluid velocity. Numerical solution of Navier–Stokes equations in a three-dimensional randomly porous
packed bed illustrated that the results are in good agreement with those of reported by Macdonald et al.
(1979) in the range of Reynolds number studied. By injection of solute into the system, the dispersivity
over a wide range of flow rate has also been investigated. The simulation results have been evaluated
by comparing with published experimental results in term of dispersion coefficient. It is shown that the
lateral fluid dispersion coefficients in randomly packed beds can be estimated by comparing the concen-
tration profiles of solute obtained by numerical simulations and those derived analytically by solving the
macroscopic dispersion equation for the present geometry.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Packed bed reactors (PBRs) are extensively used in the chemical,
environmental and technological processes. In chemical industries,
packed beds can be found in diverse applications, being used as
reaction, filtration, separation and purification units. Flow hydro-
dynamics can play a crucial role in determining the performance of
such devices. The flow behavior in such systems is very complex due
to interactions between fluid and packed particles, particles and
column wall, and fluid and column wall. The relative importance
of these interactions depends on the operating conditions, ratios of
packed particle size to the column diameter, and configuration of
the flow system. This will in turn result in different microscopic and
macroscopic flow behavior within the packed bed. Despite interest-
ing developments in applications of structured packings in recent
years [1], the randomly packed bed is still the state-of-the-art reac-
tor type in these fields.

Computer speed has increased tremendously over the last
few years. It becomes interesting, tempting and within accept-
able time and cost constraints to simulate packed beds with

∗ Corresponding author.
E-mail address: ajafari@lut.fi (A. Jafari).

three-dimensional computational fluid dynamics (CFD), in order to
provide insight in flow patterns. CFD is a fast growing technology
that can be useful to obtain shorter product–process development
cycles, to optimize energy requirements, to optimize existing pro-
cesses and to efficiently design new products and processes. CFD
has allowed promising applications of numerical simulations to the
modeling of multiphase flow in packed bed reactors [2–6].

Modeling and simulation are essential tools in design of packed
bed reactors, and as the performance requirements of these equip-
ments are growing, it is required that the proposed model be able
to define not only spatial distribution of involved fluids but also
velocity profiles within the reactor.

CFD applications to simulate fluid flow in a porous matrix are
based on the numerical solution of Navier–Stokes equations, with
a broad variety of applications ranging from oil basin simulation
[7] to modeling of corn seed drying [8]. In all cases, the solution
depends on an appropriate geometrical model, mesh definition and
the selection of a turbulence model.

There are several models can be used to investigate turbulence
flow in porous packed beds. One of the important models is large
eddy simulation (LES). LES can be used to calculate flow statis-
tics, which are determined by the larger scales, such as the mean
velocity and second-order velocity moments. Indeed, these quan-
tities are often required in practice. Recent advances in physical

1385-8947/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.cej.2008.07.033
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models, numerical techniques, and computational power together
have made LES [9] as a useful tool for investigating turbulence flow
regimes in porous beds [10] where the dynamics of larger scales
is influenced by the presence of small scales because of nonlinear
interactions.

Also the analysis of the dispersivity of fluid flowing through
a porous packed bed is important in such systems. Apparently,
there are three principal mechanisms that cause dispersion in a
granular bed, namely diffusive dispersion which arises from molec-
ular diffusion across the streamlines; mechanical dispersion which
arises from stochastic velocity fluctuations of fluid induced by the
randomly positions bed particles; and non-mechanical dispersion
which arises due to the presence of dead-end pores [11]. Due to the
simultaneous presence of these three mechanisms, the dispersiv-
ity tensor is complex in nature. The lateral dispersion coefficients,
which contribute to the spread of the solute in directions orthog-
onal to the mean flow, are difficult components of the dispersivity
tensor to measure using the solute concentration measuring tech-
nique in the bed [12]. Pulsed gradient spin echo NMR method [13],
a novel approach, was used to obtain more accurate values for
these coefficients. As an adjunct to experiments, simulations may
be used to predict detailed information, such as concentration pro-
files in the direction normal to the mean flow, from which these
coefficients may be extracted.

The objective of this work is the modeling and CFD simulation
of fluid flow through a bed of non-overlapping spherical parti-
cles in a cylindrical geometry as a randomly packed bed. For the
pore space with a specified void fraction and a set of fluid physical
properties, the Navie–Stokes equations are solved for the velocity
and pressure fields in the fluid phase of the pore space by dis-
cretization using the control volume method. To investigate the
flow hydrodynamics in different regimes, laminar model as well
as turbulence models, LES and Reynolds stress model (RSM), were
used. The obtained results compared with works described in Refs.
[14–17]. The fluid dispersivity was also studied, and the spread of
a solute continuously injected to the system was recorded. The
method for predicting the lateral dispersion coefficients is simi-
lar to the so-called concentration-based methods [18] that utilize
solutions of the advection–diffusion equation [18] to calculate the
dispersivity from the measured concentration and mean velocity
data.

2. Mathematical modeling

2.1. Laminar flow

Since the forces that drive the flow change very slow in time, the
steady state flows are often encountered in flow in granular media.
The flow is assumed to be horizontal, steady state, incompressible
and isothermal. The mathematical description for the flow of a vis-
cous fluid through a three-dimensional granular bed is based on
the steady form of the Navier–Stokes and continuity equations [19]
for momentum and mass conservation, respectively. By taking the
viscosity to be constant, the microscopic equations of motion may
be written in the following form:

�u.∇u = −∇p + �∇ · ∇u (1)

∇ · u = 0 (2)

where �, u, p and � represent density, velocity, pressure, and
dynamic viscosity of fluid, respectively. A uniform velocity pro-
file is assumed at the inlet whereas the pressure at the exit is
assumed to be fixed to the local atmospheric pressure. In addi-
tion, no-slip boundary condition at the entire solid fluid interface is
considered.

Fig. 1. Particles configuration for the simulations.

2.2. Turbulent flow

In the present work both laminar and turbulence models, LES
and RSM, at higher Reynolds numbers were considered. It should be
mentioned because performing direct numerical simulation (DNS)
in which all scales of the flow are properly resolved for simulating
flows in models such as that illustrated in Fig. 1 is not currently
feasible due to prohibitive computational requirements, LES and
RSM were studied.

Firstly, the application of LES [20], which has the less ambitious
goal of describing the larger scales of the flow field through a sta-
tionary irregular array of particles, to study of flow regimes was
investigated. Using LES the dynamic range of scales to be resolved
was reduced by filtering operation performed on the Navier–Stokes
equations, so LES generates an approximation in which scales below
the filter size are missing. The turbulent energy cascade gener-
ates smaller scales and all scales of turbulence are dynamically
significant. Given the lack of small scales below a certain size,
the correction must be applied via the aforementioned additional
terms (known as subgrid stress tensor) in the governing equations
of LES. The subgrid scale (sgs) stress tensor describes the effect of
the unresolved scales on the larger resolved scales. The replacement
of sgs stress by an explicit physical model is required to close equa-
tions for the large-scale fields on a grid small enough (but much
larger than the Kolmogorov scale) to provide reasonable resolu-
tions. Details of the LES microscopic equations can be found in Ref.
[21].

In the following, RSM was applied to investigate of flow behavior
in the bed. At high Reynolds numbers, the governing equations for
the conservation of mass and momentum are averaged over both
time and space [22], and u′

i
· u′

j
has been calculated using differential

transport equations. As RSM is a well-known model we avoid to
describe the details, however for more information see Ref. [21].

2.3. Dispersion modeling

As stated earlier, at the inlet a constant superficial velocity in
z direction in the cylinder, for the solvent is assumed. The geom-
etry is symmetric and a continuous source of solute is located at
(0 0 0). The size of the injection port is very small compared to the
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diameter of the cylinder to ensure the validity of the point source
approximation.

The volume-average form of the transport equation,
convection–diffusion equation, was used to calculate the average
concentration of fluid phase in granular bed under flow conditions
because it is not possible to obtain an exact mathematical descrip-
tion of the motion of each fluid element. The volume average
concentration of a solute, 〈c〉, takes on the form of Fick’s law with a
constant effective diffusivity coefficient [23]. The dispersive term
accounts for the spread of the solute about the mean pulse posi-
tion due to molecular diffusion and the coupling of interparticle
velocity and concentration gradients,

∂ 〈c〉
∂t

+ u.∇ 〈c〉 = ∇.(D.∇ 〈c〉) + S(r, z, t) (3)

where D and S refer to the effective diffusivity coefficient, and
source term, respectively. The solution of Eq. (3) for cylindrical
coordinate system subjected to the initial and boundary conditions
given below:〈

c(r, z, 0)
〉

= 0
∂ 〈c〉
∂�

= 0 (cylinder has symmetry)

∂ 〈c〉
∂r

= 0 when r = ± d

2
∂ 〈c〉

∣∣
r=0

= finite

(4)

can be expressed in terms of Green’s function F(r, z, r′, z′, t − �),
which represents the mean concentration at (r, z) at time t resulting
from a unit source at (r′, z′) at time �, as follows [24]:

〈
c(r, z, t)

〉
=

∫ d
2

− d
2

∫ ∞

−∞

∫ t

0

[F(r, z, r′, z′, t − �)·ı(r′, z′, t)·d�·dr′·dz′]

(5)

where d is cylinder diameter. The Green’s function satisfies

∂F

∂t
+ uz,0

�
· ∂F

∂z
= Drr · 1

r
· ∂

∂r
·
(

r · ∂F

∂r

)
+ Dzz · ∂2F

∂z2
(6)

Here uz,0 and � are superficial fluid velocity and porosity, respec-
tively. Also F(r, z, r′, z′, 0) = ı(r − r′)·ı(z − z′) and the boundary
conditions for Eq. (6) are given by

∂F

∂r
= 0 when r = ± d

2
∂F

∂r

∣∣∣∣
r=0

= finite
(7)

In order to obtain Eq. (6) it is assumed that the coefficients of
diffusivity are constant and the overall mean fluid velocities in
the y and z-directions are small. By applying the transformation
� = z − z′−(t − �)·Vz,0/� to Eq. (6), it can be reduced to:

∂F

∂t
= Drr · 1

r
· ∂

∂r
·
(

r · ∂F

∂r

)
+ Dzz · ∂2F

∂�2
(8)

Using separation of variables, the following expression for the
Green’s function can be obtained [24]:

F = 1

� · d2 ·
√

4 · � · Dzz · (t − �)

−
(

� − �′)2

e4·Dzz ·(t−z)

×
[

1 +
∑

˛

e−Drr ·˛2·(t−�) · J0(˛ · r) · J0(˛ · r′)
J2
0

(
˛. d

2

)
]

(9)

where J is Bessel function, and ˛ shows its roots. To obtain the
lateral dispersion in a granular bed, the Green’s function may be

obtained by neglecting diffusion in the z-direction as compared
with convection and by taking into account that

lim
Dzz→0

−
(

� − �′)2

e4·Dzz ·(t−�)√
4 · � · Dzz · (t − �)

= ı
[
z − z′ − (t − �) · uz,0/�

]
(10)

That is

F = ı[z − z′ − (t − �) · uz,0/�]
� · d2

×
[

1 +
∑

˛

e−Drr .˛2.(t−�) · J0(˛ · r) · J0(˛ · r′)
J2
0 (˛.d/2)

]
(11)

Substituting the expression for F from Eq. (11) into Eq. (5) the con-
centration resulting from a continuous point source of solute with
strength q located at (0 0 0) may be given as

〈
c(z, r, t)

〉
=

∫ d
2

− d
2

∫ ∞

−∞

∫ t

0

[
ı[z − z′ − (t − �) · uz,0/�]

� · d2

]

×
[

1 +
∑

˛

e−Drr .˛2.(t−�) · J0(˛ · r) · J0(˛ · r′)
J2
0 (˛.d/2)

]

× q · ı[z′ + 1
2

Lz] · ı(r′).d� · dr′ · dz′ (12)

Evaluating the integral in Eq. (12), the expression for the solute
concentration becomes:

c(r, z) = 4 · q · �

uz,0 · � · d2
×

[
1 +

∑
˛

e
−Drr ·˛2 ·�·(1/2Lz+z)

uz,0 · J0(˛ · r)

J2
0 (˛.d/2)

]
(13)

where Lz is the length of packed bed. Following Cussler [18], diffu-
sion coefficients Drr in cylindrical geometry may be replaced by the
dispersion coefficients Ez(r) = u2

z,0d2/4�2�Drr , Eq. (13) becomes:

c(r, z) = 4 · q · �

uz,0 · � · d2
×

[
1 +

∑
˛

e
−˛2 ·uz,0 ·d2 .(1/2Lz+z)

4�2Ez (r) · J0(˛ · r)

J2
0 (˛.d/2)

]
(14)

Note that the dispersion coefficients depend inversely on the dif-
fusion coefficients.

3. Implementation of numerical method

Fig. 1 illustrates non-overlapping uniform size spheres ran-
domly distributed within a cylinder. During this research, using
Matlab software and a C++ code applied to the commercial grid-
generation tool, GAMBIT 2.2 (Fluent Inc.), a defined number of
randomly positioned non-overlapping spheres in a specified three-
dimensional domain was developed. A code obtained by Matlab
uses random number generator which carefully positions specific
number of non-overlapping spheres in a particular domain. The
C++ code generates a journal file for preprocessor, which creates
three-dimensional geometry. The input parameters defined by user
are the number of spheres, radius of spheres and dimensions of
the geometry. Nevertheless more details about this method can be
found in Ref. [25].

In this work smooth and roughened wall cylinders were studied.
As shown in Fig. 2(a) the walls are smooth and, therefore, regions
of higher velocity are expected to exist near the walls due to the
presence of large pores in the wall region. As illustrated in Fig. 2(b)
the walls are roughened by adding spherical caps to create a system
with a reasonably large spread of pore sizes in the wall region.

The spherical particles as well as the cylinders are imperme-
able to the continuous phase. Different number and diameter
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Fig. 2. Two different used geometries with (a) smooth walls and (b) rough walls.
The length and diameter of cylinders are 21 and 6 cm, respectively.

of particles are tested to obtain different porosity. Also longer
cylinders were investigated to show that porosity has more
effect on dimensionless pressure drop compare to length of the
tubes.

Eqs. (1) and (2) are solved numerically for the pressure and
velocity fields using the finite volume method with the pressure
correction algorithm SIMPLE [26]. In dealing with the fixed pressure
boundary at the exit the pressure corrections are set to zero at the
nodes just inside the exit boundary. The Power-Law scheme is used
for the discretization of convective terms. To divide the pore space
into discrete control volumes more than 2 × 106, three-dimensional
tetrahedral computational cells were used. In addition, roughly
5 × 105 wall triangular elements and more than 104 at the inlet
and exit were used. It is very important to use adequate number of
computational cells while numerically solving the governing equa-
tions over the solution domain. The grid is shown in Fig. 3. Using
under-relaxation factors 0.5 and 0.7 for the pressure and velocities,
respectively a reasonable rate of convergence was achieved. The
convergence was considered to be achieved when the conservation
equations of mass and momentum were satisfied, which was con-
sidered to have occurred when the normalized residuals became
smaller than 5 × 10−5. The normalization factors used for the mass

and momentum were the maximum residual values after the first
few iterations.

4. Results and discussion

Numerical results for the roughened cylinder are shown in Fig. 4.
The dimensionless pressure drop predicted by the soft cylinder is
lower than that of roughened geometry. A comparison between
the first model and the correlations proposed by [14–17] implies
that there should be large pores in the wall region through which
the main portion of fluid flowing from inlet to exit [27]. However,
comparison between studies of Soleymani et al. [27] and the results
reported here represents that the cubic geometry has problem of
channeling and fluid flows more to the corners. So it seems that
choosing a cylindrical geometry for investigation of flow through a
porous media is more accurate. Also most of industrial geometries
are cylinder.

Fig. 4 illustrates the plots of dimensionless pressure drop
(−dp/dz)K/�Vf�, versus the Reynolds number based on pore per-
meability and interstitial fluid velocity, ReK = �Vf

√
K/�/�, as

suggested by Kececioglu and Jiang [15]. In these definitions, −dp/dz,
K and Vf represent pressure drop, permeability, and interstitial
fluid velocity magnitude, respectively. As illustrated in Fig. 4(a), a
Darcy regime can be observed for numerical results over a range
of Reynolds number for which the dimensionless pressure drop is
equal to a constant. Using this part of the simulations and Darcy’s
law, the porous bed permeability was determined as shown in Fig. 5.

A large number of efforts have been expended on determin-
ing K. The most widely used expression to calculate permeability
is Kozeny–Carman’s correlation. The following semi-empirical
expression has been found to accurately represent many experi-
mental data.

K = d2
p�3

36k(1 − �)2
(15)

where k is experimentally determined and is a measure of tortuos-
ity of the fluid path thorough the pores, and for smooth spherical
particles is equal to 5 [28]. In this equation dp represents the parti-
cle diameter. According to Fig. 5 the Kozeny–Carman relation breaks
down in high porosity regimes. Martys et al. [29] also have shown
that Eq. (15) in the high porosity regimes is not suitable, and they
suggested their relation:

K = 2[1 − (� − �c)](� − �c) f /s2 (16)

Fig. 3. (a) The mesh view on a plane located at z = 0.1 m. (b) To obtain better visualization the highlighted part in (a) is magnified.
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Fig. 4. Plot of dimensionless pressure drop vs. ReK for the roughened cylinder. (a) Darcy flow based on numerical results, (b) Darcy and Forchheimer regimes and (c) Darcy
and two post-Darcy regimes.

Fig. 5. Comparison of simulation results of permeability calculation at different
porosity with Eqs. (15) and (16).

where �c = 0.055 and f ≈ 4.2. Since 1/s represents a length scale
associated with a typical pore size, the power low term in the above
expression accounts for the tortuosity. As can be seen in Fig. 5 the
formula proposed by Martys et al. [29] cannot predict the perme-
ability well.

Fig. 4(b) illustrates the post-Darcy regime. The change in the
slope as shown in Fig. 4(c) indicates the transition to the turbu-
lent regime. The transition criteria from laminar to turbulent flow
for flow through porous media have not been yet defined. Authors
proved numerically that the flow regime demarcation varies with
permeability [21]. In addition, Kececioglu and Jiang [15] from their
experimental work showed that particle diameter has effect on flow
regime. A comparison between the numerical results and the val-
ues obtained from the correlations proposed by other researchers,
which are listed in Table 1 implies that the numerical results are
in good agreement with those of Macdonald et al. [16]. There is a
slightly difference in slopes when transition to the second post-
Darcy regime occurs, but the maximum error is less than 10%. The
differences between the calculated dimensionless pressure drop
and those in [15] could be attributed to the inaccuracy of the

Table 1
Correlations for dimensionless pressure drop vs. Reynolds number based on pore permeability and interstitial fluid velocity for flow through porous bed [15]

Forchheimer flow Turbulent flow

Ergun [17]
P ′K
�v

= 0.83 + 0.19R̂eK ; 0.08 < R̂eK < 196

Macdonald et al. [16]
P ′K
�v

= 1 + 0.19R̂eK ; 0.003 < R̂eK < 32.7

Fand et al. [14]
P ′K
�v

= 0.93 + 0.14R̂eK ; 0.57(±0.06) < R̂eK < 9(±0.6)
P ′K
�v

= 1.14 + 0.12R̂eK ; R̂eK > 13.5

Kececioglu and Jiang [15]
P ′K
�v

= 1(±0.15) + 0.7(±0.15)R̂eK
P ′K
� v

= 1.9(±0.1) + 0.22(±0.04)R̂eK
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Table 2
Effect of LES and RSM models on dimensionless pressure drop at constant Reynolds number and porosity

Numerical results Macdonald et al. [16] Fand et al. [14] Ergun [17] Kececioglu and Jiang [15]

1.929 (LES) 1.916 1.605 1.746 2.961
2.272 (RSM) 1.916 1.605 1.746 2.961

Table 3
Effect of mesh on dimensionless pressure drop

Grid #1 #2 #3

Number of tetrahedral elements 5 × 105 2 × 106 6 × 106

Number of nodes ≈2 × 105 4 × 105 9 × 105

Numerical results (dimensionless pressure drop) 1.56 1.929 1.920

experimental procedures, or to some other reason such as misin-
terpretation of the results using simplified theories.

The values of dimensionless pressure drop at the transition
regime from laminar to turbulence are shown in Table 2. Compar-
ison of numerical results obtained by LES and RSM shows that LES
model with using Smagorinsky for sgs model have a better agree-
ment with results of other researchers specially Macdonald et al.
[16]. Turbulence in the mentioned system is a controversial issue,
indeed three-dimensional fluctuations occur on length scales that
range from very small pores with the size of fraction of particle
diameter to the scales much larger than particle diameter and on a
correspondingly broad range of time scales. Hence, it is necessary
to describe fluid flow in a wide range of length and time scales.
Modeling of this system requires a mathematically rigorous mod-
eling methodology capable of predicting coupling behaviors from
the very small scales through full-scale system.

A grid independency check has been conducted to ensure that
the results from the runs are not grid dependent. To do this test,
three different grids have been chosen. Their details and obtained
numerical results with using LES model and every grid are shown
in Table 3. The results appear to be grid independent. There was no
significant variation in the dimensionless pressure drop resulted
by the grid with 2 × 106 elements and those obtained from the
fine grid, so the grid with 2 × 106 elements was selected for all
calculations.

Fig. 6 illustrates the color image of velocity field within the
porous matrix. The velocity magnitude was evaluated in the plane
(z − y) passing through the center of the bed and the plane (x − y)
at z = 5 cm. Contours of velocity magnitude indicate that average
velocity in the near side wall region but not on the wall is higher
than in the center region of porous medium. Fluid layers close to the
walls tend to move faster resulting in a flattened velocity profile.

Fig. 6. Contour plot of velocity field in the porous bed. The figure is color coded
by velocity magnitude, where the red is for the highest and blue represents the
lowest. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of the article.)

In a porous bed relaminarization could occur after diverging
sections as well as turbulence enhancement after converging sec-
tions. In this light, LES is a potentially powerful tool for providing
detailed and accurate solution of flow in a porous packed bed
at high Reynolds numbers. In addition our calculations with the
Navier–Stokes equations indicate that the laminar model should
be valid for low Reynolds numbers and also for a limited range of
high Reynolds numbers.

To test the roughened cylinder further the lateral fluid disper-
sivities were calculated for the first post-Darcy regime at an axial
position within the bed. As mentioned earlier, it is of interest to
obtain the evolution of the mass fraction profile of a solute injected
into the bed of particles filled with solvent flowing due to disper-
sion in the axial direction. The molecular diffusivity of the solute in
the solvent is assumed to be a constant. In Eq. (14) all of parame-
ters except dispersion coefficient are known. To link between CFD
and dispersion modeling it was assumed that concentration pro-
files calculated by Eq. (14) and that obtained from simulation at
each Peclet number which is defined as

Pe = u × Lz

Drr
(17)

should be equal to each other. To satisfy this assumption a desired
dispersion coefficient is needed. Mathematica software (version
5.2) was applied to implement trial and error method to obtain
this dispersion coefficient. Fig. 7, as an example, shows the solute
mass fraction profile at Pe = 7.5. To validate this method, several dis-
persion coefficients were determined at different Peclet numbers
as shown in Fig. 8. According to this figure the estimated disper-
sion coefficients (simulation results) are in agreement with the
results reported in [13], therefore the theoretical equation derived
by authors, Eq. (14), is able to predict concentration profile in porous
beds.

The fluid dispersivity in the bed is essentially isotropic. As shown
in Fig. 9, when the solute moves through the bed the peak of mass
fraction profile (which is close to a Gaussian) decays in the stream-
wise direction indicating the mixing of the solute and the solvent.
In order to provide a deeper investigation of the subject, the solute

Fig. 7. The mass fraction profile of solute at z = 0.05 m which uz,0 = 0.012 m/s,
� = 0.602, q = 0.019 × 10−7 kg/s, Pe = 7.5 and the solute source is located at z = r = 0. The
dashed line represents the simulation results and the solid line shows the calculated
solute mass fraction using Eq. (14).
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Fig. 8. Log of longitudinal dispersion coefficient normalized by effective diffusivity
coefficient as a function of Log of Peclet number.

Fig. 9. The solute mass fraction profiles at different distance from the solute source.

transport could be estimated by calculating the individual trajec-
tories of a large number of non-interacting tracer particles. This
detailed study will be the subject of the future paper.

5. Conclusion

Numerical study of flow through randomly packing of non-
overlapping spheres in cylindrical geometries (smooth and rough
wall) is investigated. Assuming rough walls, the simulation results
for pressure drop across the bed agreed well with the correlation of
Macdonald et al. [16] for the range of actual flow Reynolds studied
here. Further analysis is needed of the details of the mechanism of
turbulent generation, which will be examined in a future study.
Results of smooth geometry confirm that there should be large
pores in the wall region through which the main portion of fluid
flowing from inlet to exit. Simulations were done using a model
based on the Navier–Stokes equations, including inertial terms but
without a turbulence model, for range of conditions studied in the
second post-Darcy (“turbulent”) flow regime to examine the fluid
flow in a granular bed. For the first post-Darcy (Forchheimer) flow
regime, the calculated results for the dispersion coefficients in the
roughened geometry were found to be in agreement with those

of Seymour and Callaghan [13] and also results of cubic geometry
reported by Soleymani et al. [27].
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Abstract

The present effort is the development of a multiscale modeling, simulation methodology for investigating complex phenomena arising from
flowing fiber suspensions. Specific consideration was given to dynamic simulations of viscoelastic fibers in which the fluid flow is predicted by a
method that is a hybrid between Direct Numerical Simulations (DNS) and Large Eddy Simulation techniques (LES), and fluid fibrous structure
interactions (FSI) will be taken into account. Numerical results are presented for which focus is on fiber floc deformation by hydrodynamic forces
in turbulent flows. Dynamics of simple fiber networks in a shearing flow of water in a channel flow illustrate that the shear-induced bending of
the fiber network is enhanced near the walls. Fiber–fiber interaction in straight ducts is also investigated and results show that deformations would
be expected during the collision when the surfaces of flocs will be at contact. Smaller velocity magnitudes of the separated fibers compare to the
velocity before collision implies the occurrence of an inelastic collision. In addition because of separation of vortices interference flows around two
flocs become very complicated. The results opening the possibility for developing a meaningful numerical model of the fiber flow at the continuum
level where an Eulerian multi-phase flow model can be developed for industrial use.
© 2006 Elsevier B.V. All rights reserved.

Keywords: Multiscale modeling; Fiber suspension; Floc; Direct numerical simulations; Large eddy simulation; Fluid fibrous structure interactions

1. Introduction

The dynamics of fibers is important in several industrial
fields, such as pulp suspensions in for instance paper processing.
The study of fiber flows gives more information about the prop-
erties of the flow, and the process can be improved. One prop-
erty that is particularly interesting is the flocculation of fibers.
The properties of the paper depend highly on how flocculation
occurs. Thus, changes in the micro structure can change the prop-
erties of the macro structure dramatically. In paper processing
controlling flocculation is one of the important factors to success.

In other industrial processes flocculation can give undesir-
able effects such as plugs and coating. To avoid coating or plugs
in pipes and other flow geometries, the application can be inves-
tigated by a simulation program. By studying the movement of
fibers in the simulation, possible sources of flocculation can be

∗ Corresponding author.
E-mail address: ajafari@lut.fi (A. Jafari).

identified, and the application can subsequently be modified to
minimize the problems.

In papermaking the word “flocs” usually refers to groups of
fibers clumped together [1] as illustrated schematically in Fig. 1.
Papermakers sometimes make the distinction between hard flocs
and soft flocs [2]. Hard flocs, which are quite strong, are those
formed by very-high-mass retention aid polymers. When bro-
ken, they are not able to form as strong flocs the next time. By
contrast, moderate levels of shear readily break soft flocs, and
they are completely reversible [2].

Many different forces contribute to the floc strength including
those arise from the interlocking of elastically bent fibers [3].
Chaouche and Koch [4] suggested that the interlocking process
might be characterized by Seff = EYI/η0γ̇ l4 where no elasti-
cally interlocking can occur when Seff 	 1.

Fiber concentration and the aspect ratio, which is the ratio of
fiber length to its diameter have effect on the magnitude of floc
strength. Apparently, other important factors are the stiffness
of the fibers and the coefficient of friction between the fibers
[5]. Another parameter that effects on the flocculation process

0927-7757/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.colsurfa.2006.06.010
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Nomenclature

B(Wf
i , Ui) variational multiscale form defined as:

(wku̇k)Q − (wk,pukp)
Q

− (wk,kp)Q +
(1/2ν(wk,p + wp,k)(uk,p + up,k))

Q
+

(ruk,k)Q + (wknpupk)
P

+ (pwknk)P −
(νwk(up,k + uk,p)np)

P

B′(Wf
i , Ui, U

′
i) variational operator linearized

about the field Ui defined as (wku̇′
k)Q −

(wk,p(u′
kup + u′

puk))
Q

− (p′wk,k)Q +
(1/2ν(wk,p + wp,k)(u′

k,p + u′
p,k))

Q
+

(ru′
k,k)

Q
+ (wknp(u′

kup + u′
puk))

P
+

(p′wknk)P − (νwk(u′
k,p + u′

p,k)np)
P

C(w̄f
k , ū

f
k , ũ

f
k ) cross stress projection of the large-

unresolved cross-stress onto the large scales
Cs smagorinsky constant
d diameter of fiber
D diameter of pipe Eij strain tensor
EYI intrinsic fiber stiffness
fk body force
G modulus of rigidity
H height of duct
l length of fiber
L length of duct
L length of pipe
np unit outward normal on the boundary
p pressure
P lateral boundary of Q
Q space-time domain of the fluid phase defined as

Ωf]0, T]
R(w̄f

k , ũ
f
k ) Reynolds stress projection of the unresolved
Reynolds stress onto the large scales

Sij deviatoric stress
Seff effective stiffness
t time
Ti stress loads
]0, T] time interval of interest
u displacement
uk (k = 1, 2, 3) velocity vector
Ui ≡ {uk, p} state vector
W

f
i test function

W width of duct
Xj (j = 1, 2, 3) displacement in a fixed rectangular cartesian

coordinate system
y position of fiber from the inlet of channel

Greek letters
δad separation between fibers (used in force separa-

tion relation for contact surfaces)
δij kronecker delta
�̃ filter size for the small scales
εij strain rate tensor
φ relaxation function
γ̇ shear rate

η0 suspending fluid viscosity
λ Lame constant
ν kinematic viscosity
ν̃T eddy viscosity defined as ν̃T =

1/2(Cs�̃)2((ũf
k,p + ũ

f
p,k)(ũf

k,p + ũ
f
p,k))

1/2

ρ density
σad cohesive stress
σ

(el)
ij elastic stress

Γ f boundary of Ωf
Ω spatial domain
ψ volumetric mass source

Subscripts
0 initial condition
∞ infinity
comma derivative with respect to spatial coordinates
f fluid phase
k, p cross product
s solid phase
w water

Superscripts
dot derivative with respect to time
h approximate solution due to modeling error
– large scale resolved quantities
∼ small scale resolved quantities
∧ unresolved quantities

Fig. 1. A schematic of a group of fibers clumped together.
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is viscosity of fluid [6,7] where the suspending liquid viscos-
ity seems to enhance tendency of the fiber suspension towards
uniformity. Attractive forces cause a significant increase in the
specific viscosity. Somewhat perfect uniformity may be reached
at consistencies where water alone would yield gross floccula-
tion. Also it should be noticed that variations of viscosity due
to temperature of suspending liquid seem to have no significant
influence on the floc size [8].

As mentioned above, the fiber suspensions in the production
line from wood to paper are subjected to many types of chemical
and mechanical processes, in which the flow of the suspension is
of vital importance. The flow of the suspension determines the
degree of uniformity of the fibers through the processing, which
in return affects the properties of the fiber suspension. In order
to optimize the process, thorough knowledge of the suspension
flow is necessary, both on the level of suspension, fiber net-
works and individual fibers. Knowledge of the fiber suspension
behavior combined with commercial CFD simulation provides
an efficient design method for any unit operation in the paper-
making process.

Flow modeling of fiber suspensions started as early as 1959
when Baines [9] presented the Navier–Stokes based solution for
the height of the water annulus, the existence of which had been
determined by Head and Durst [10]. Myréen introduced the rhe-
ology modeling in ref. [11]. In this paper, the rheological model
is shown to work for both the Couette flow and the pipe flow
on the Durst [12] measurements. This was an important step,
because he introduced a flow model that was not restricted to
pipe flow, but could be applied in any other geometry. Huh-
tanen [13] applies the generalized Newtonian models to the
flow of paper pulp suspensions, his data is the same as used
by Hämäläinen [14]. He showed that the commercial flow sim-
ulation programs, in this case POLYFLOW, are able to model
the plug flow region, and also the wall slip phenomenon. A vast
literature exists focusing on viscoelastic nature of fiber–water
suspensions. The viscoelastic properties of fiber suspensions
were investigated by Damani et al. [15] for 2–13% suspensions,
and Swerin et al. [16] evaluated 3–8% pulp suspensions. They
investigated the loss and storage modulus for different straining
frequencies and amplitudes. The maximum straining amplitude
corresponded quite well with the yield stresses, as measured by
Bennington, but this is hardly surprising. For practical purposes,
the more or less stationary fiber suspensions may have viscoelas-
tic properties, for modeling of flowing fiber suspensions under
high shear, viscoelasticity can be regarded.

Turbulence is present in most applications involving flow
of fiber suspensions, and it is assumed to be one of the most
important mechanisms behind formation and destructions of
fiber flocs. As the material properties are very different from any
single-phase fluids, the parameters of any of the existing turbu-
lence models are probably not suited for the fiber suspensions. In
fact, each fiber suspension probably needs its own addition to the
turbulence models, for instance in the form of additional damp-
ing depending on the fiber length, concentration and degree of
fibrillation of the fibers. Among the earlier efforts for describing
turbulent flow of fibers suspensions, the work of Wikström [17]
is the first commercial CFD based study of different methods for

simulating both the laminar and turbulent state of fiber suspen-
sions. Hämäläinen [14] introduced mathematical modeling of
dilute fiber suspensions in application-based flows with a simu-
lation program for head box flows. Lindroos et al. [18] studied
the effect of the fibers on turbulence created in a backward fac-
ing step, based on an additional dissipation term in the Reynolds
stress model. The concentration in Lindroos work is much lower
than in the work of this report, but a similar approach is assumed
possible at higher concentrations as well. Kuhn and Sullivan
[19] made a similar set of measurements and simulations of a
flowing fiber suspension after a grid in a thin 2D channel. The
simulations were transient large-eddy simulations; the turbulent
intensity was equal to the measured values.

As has been shown, a lot of simulation and measurement data
is available either to be used as reference for fitting material mod-
els, or to be used as validation for the simulations. There are only
a few attempts at describing the flow phenomena through math-
ematical modeling. None of the published experimental results
contradict using multi-scale flow models. Hence, in this paper
simulation of viscoelastic fibers interactions in the fluid flow
using a multiscale method which is a hybrid between DNS and
LES was investigated [20]. In addition, fluid fibrous structure
interactions [21] will be taken into account. The results can elu-
cidate the physics behind the break up of a fiber floc, opening the
possibility for developing a meaningful numerical model of the
fiber flow at the continuum level where an Eulerian multi-phase
flow model will be developed for industrial use.

2. Mathematical modeling

2.1. Fluid phase

The turbulence in the fibrous assembly and turbulence on the
global scales in that of the channel are different. In fibrous assem-
bly, a smaller fraction of the mechanical energy is converted to
turbulence, resulting in renormalization. For such flows, a sim-
ulation method such as hybrid between DNS and LES would be
required.

In brief, incompressible Navier–Stokes equations may be
given as [22]:

N(Ui) =

⎧⎪⎨
⎪⎩

∂u
f
k

∂t
+ (uf

j u
f
k )

,j
+ p,k

ρf
− νu

f
k,jj

u
f
j,j

⎫⎪⎬
⎪⎭

=
{

fk

ψ

}
= Si, in Ωf, (1)

Recently, Collis [22] suggested that within the filtered
Navier–Stokes equations by assuming sufficient scale separa-
tion between unresolved scales and larger scales, direct influence
on the evolution of the larger scales by unresolved scales could
be neglected. However, the unresolved scales are expected to
significantly influence the small scales, therefore, they must be
modeled.
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Eq. (1) may be solved subject to appropriate boundary and
initial conditions. To derive the variational form of Eq. (1), the
entire equations are dotted with a vector of the test functions,
W

f
i , and integrated over the spatial domain. The variational

multiscale form of the equations, B(Wf
i , Ui) ≡ (Wf

i N(Ui))Q,
may be obtained using a three level partition. Here, (figi)Q =∫
Q

figi dQ.
For a three-level partition, the solution is partitioned as

Ui = Ūi + Ũi + �
Ui, and the test function W

f
i ≡ {wf

k , r} is given
as Wi = W̄i + W̃i + �

Wi, where the first and second terms on the
right hand side represent resolved quantities. Following Col-
lis [22], the exact equations of motion for each scale, namely
large-scale, small-scale and unresolved scales, may be given as,
respectively:

B(W̄f
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i , Ūi, Ũi) − R(w̄f
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f
k ) = (W̄f
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�
Ui) + R(w̄f

k , �u
f
k ) + C(w̄f
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f
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i , Ūi, Ũi) − R(w̃f

k , ũ
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�
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(2)

where R(w̄f
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k ) and C(w̄f

k , ū
f
k , ũ
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k ) are defined as:
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f
k ) = (w̄k,p : (ūf
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(3)

By choosing sufficient scale separation unresolved scales have a
negligible direct influence on the dynamics of large scales, so the
modeled large and small scale may be simplified as, respectively,

B(W̄f
i , Ūh

i ) + B′(W̄f
i , Ūh

i , Ũh
i ) = R(w̄f

k , ũh
k ) + (W̄f

i Fi)Q,

B′(W̃f
i , Ūh

i , Ũh
i )−R(w̃f

k , ũh
k )=M − [B(W̃f

i , Ūh
i ) − (W̃f

i Fi)Q],

(4)

The model term M can be given in terms of eddy viscosity
as:

M ≈ −
(

ν̃T

2
(w̃f

k,p + w̃
f
p,k)(ũf

k,p + ũ
f
p,k)

)
Q

, (5)

The large scales do not include any direct model terms such as
M. In this light, the aforementioned model can be thought of as a
hybrid between DNS and LES. The advantage of this approach
is that even coarse-grid results obtained using the aforemen-
tioned model would be superior to those obtained with other
discretizations.

2.2. Solid phase

In the following, the mathematically rigorous, multiscale
model for the fluid-phase is generalized in order to couple the
fluid and solid fields. The model can be applied to complex flows
such as fiber suspension with use of finite element method. In
the present study, the two fields of fluid and solid are coupled
by applying results from fluid analysis as loads in the structural
analysis presented below.

The general equations of motion in referential coordinates
for an elastic continuum such as neutrally buoyant fibers may

be given as [23]:

ρsü
s
i = σ

(el)
ij,j , in Ωs (6)

The displacements in a fixed rectangular Cartesian coordinate
system Xj (j = 1, 2, 3) are denoted by us

i = xi − Xi = ui(Xj, t)
with kinematical relations üs

i = ∂/∂t2xi(Xj, t). Eq. (6)

with constitutive equation σ
(el)
ij = λ(Ekk)δij + 2GEij and

geometric equations Eij = 1/2(Sij + Sji) where Sij represents
the displacement gradient provide 15 equations for the 15
unknowns comprising six stresses σ

(el)
ij , six strains Eij, and three

displacements us
i .

The set of equations given above has to be solved for the
appropriate boundary and initial conditions listed below:

σijnj = Ti(t), on ∂b1

(σij|x+
i

+ −σij|x−
i

)nj = 0, on ∂b2

xi(Xj, 0) = X0
i ,

ẋi(Xj, 0) = Vi(Xj)

. (7)

The first condition in (7) is related to interaction between
fluid–solid particles and the second one explains the solid–solid
particles interactions. In other words the second condition in
(7) represents the contact discontinuity given along an inte-
rior boundary ∂b2 when x+

i = x−
i . Hence, the present modeling

methodology is capable of prediction of contact behavior of
solid particles via the second condition in (7). Note that no slip
boundary condition is assumed for the fluid-phase at the solid
boundaries.

The variational formulation may be obtained from (6) and (7)
by using the Gauss theorem. That is,∫

Vb

ρüs
i δu

s
i dVb +

∫
Vb

σijδu
s
i,j dVb −

∫
∂b1

Tiδu
s
i dSb = 0. (8)

Modeling of fiber–fiber interaction requires a single method
such Lagrange, Euler, or a mixture of Lagrange and Euler (Arbi-
trary Lagrange Euler). Lagrange method is mainly used in struc-
tural dynamics, while Euler method is more common for fluid
dynamics. The first approach allows to describe small displace-
ments and material interfaces more exactly than Euler method.
Load histories of material fixed to a Lagrange cell provide the
usage of special material laws that are not as easily applicable
in Euler method [24]. For the numerical simulation of the col-
lision of fibers, each of the different methods mentioned above
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has unique advantages and there is no single ideal numerical
method that would be appropriate to the various regimes of a
collision. In the present study, the Lagrange method of space
discretization is used for which the numerical grid moves and
deforms with the material.

The advantages of Lagrange method are computational effi-
ciency and ease of incorporating complex material models. The
disadvantage of the method used is that the numerical grids may
become severely distorted in an extremely deformed region. This
can cause adverse effects on the integration time step and accu-
racy. However, these problems can be somewhat overcome by
applying numerical techniques such as rezoning.

Mase [25] suggested that in developing the three dimensional
theory for viscoelasticity, distortional and volumetric effects
must be treated independently. To this end, the stress tensor may
be resolved into deviatoric and spherical parts, given as:

σij = Sij + 1

3
δijσkk, (9)

where Sij = ∫ t

0 φs(t − t′)deij/dt′dt′, and the relaxation func-
tion used in the model is given by φs(t) = G∞ + (G0 −
G∞) exp(−t/τ). It is assumed that the stress and strain vanish
for times −∞ < t′ < 0.

The volumetric part of the stress tensor would have a similar
form, but with different relaxation functions. Therefore, the gov-
erning field equations for an isotropic, viscoelastic continuum
body such as fibers illustrated in Figs. 1 and 3 take the form of:

ρüs
i = (σij)

i,j
,

εij = us
i,j + us

j,i

2
,

Ṡij + Sij

τ
= (G0 + G∞)ėij + G∞eij

τ
.

(10)

The first equation in (10) is equation of motion, the second
equation is strain–displacement expressions and the third equa-
tion is stress–strain relation.

In the present study fibers are assumed to be made of a linear
viscoelastic material. The advantage of the proposed model is
that the complex fiber–fiber interactions including contact due to
colloidal forces of attraction and even collision can be modeled
with computational efficiency.

3. Results and discussions

A sequentially coupled analysis from fluid and solid disci-
plines is required to solve the fiber suspension problem that is
a transient problem. Here, the calculation of the flow field over
the spatial domain Ωf at a time step provides stress loads, which
must be used in the structural analysis of the fiber system, a sam-
ple of which is illustrated in Fig. 2. The stress loadings result in
a deflection of the fiber is illustrated in Fig. 3.

In order to obtain an overall converged, coupled fluid-
structure solution it would be necessary to update the finite
element mesh in the fluid region to coincide with the structural
deflection. Generally speaking, a natural framework for dynamic
interface problems is the Lagrangian method, in which the

Fig. 2. Instantaneous vector plot of the velocity field in the vicinity of a point
of contact between two fibers in an accelerating fiber network whose schematic
is illustrated in Fig. 3. An observer moving with the fibrous system makes the
realization.

interface representation is embedded in the material description
of flow and the mesh, convects and deforms with the flow, and
therefore interfaces that are well resolved initially remain sharp
during simulations. It may be useful to treat the large interfacial
motion by employing fixed spatial resolution. This approach
is called Eulerian approach in which the meshes are static and
need not to evolve in time. As an alternative a moving body-fitted
mesh can be used, which follows closely the moving interfaces.
This approach is called Arbitrary Lagrangian-Eulerian method
(ALE). The appeal of this method is that when interfacial motion
is small, mesh topology can kept fixed over time. In the simula-
tions described in the following section a Lagrangian framework
is adopted that evolves the grid points at each time step. In the fol-
lowing example, only a portion of the model requires remeshing,
which is the region in the immediate vicinity of the fiber network.

3.1. Dynamics of fiber network in a channel

The dynamics of a fiber network consists of five straight and
cylindrical fibers, as illustrated in Fig. 3(a), was investigated in
a duct flow. The duct is a parallelepiped with rectangular cross
section as illustrated in Fig. 3(b). The domain is discretized using
4 × 105, 3D tetrahedral elements and 8 × 104 nodes a sample
of which is depicted in Fig. 3(c). Using appropriate values for
the under-relaxation factors for the pressure and velocities, a
reasonable rate of convergence was achieved. The convergence
was considered to be achieved when the conservation equations
of mass and momentum were satisfied, which was considered
to have occurred when the normalized residuals became smaller
than 5 × 10−5. The normalization factors used for the mass and
momentum were the maximum residual values after the first few
iterations. It is worth noting that refinement of the grids did not
produce any significant differences in the results.

The fibers are elastic material with Poisson’s ratio of νs ≈
0.01, and kinematics viscosity of water is νw ≈ 1 × 10−6 m2/s.
Other physical properties listed in Table 1 are used to predict the
deformation behavior of the fiber network illustrated in Fig. 3(d
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Fig. 3. (a) The original shape of the fiber network. The dimensions of a single fiber are l = 3 mm and d = 0.1 mm. (b) Schematic of a fiber–water suspension flow in a
channel. The dimensions of the channel are L = 5 cm and H = w = 1 cm. Fiber network is initially placed at y0 = 1 cm and yn = 1.5 cm. (c) A sample of the mesh used
in the fiber-water system. (d and e) Temporal evolution of the fiber network. Figures were taken after 1 × 10−3 s. Notice that fluid–fiber interaction caused the fibers
to bend and the network to deform. The pressure at the outlet of the channel is assumed to be atmospheric.

and e). To obtain better visualization the network deflection is
scaled in the aforementioned figures. The fibers are assumed
to be bonded together due to colloidal forces of attraction. The
network is assumed to be initially at rest.

The velocity profile in the duct can change from 0.1 to 0.6 m/s
so the maximum Reynolds number can reach about 6000. The
forces acting on the fibers are the normal force and adhesive
force that is independent on the normal force. The normal forces
increase with crowding factor, which means that the yield stress
of a fiber suspension would be different for suspensions char-
acterized by a large adhesive force than for suspensions with a
larger friction coefficient. The adhesive force and friction forces
relate to the state of the fiber, the degree of fibrillation and
swelling. Flexible fibers in a flow with non-zero velocity gradi-
ents will be exposed to viscous and dynamic forces as well as
interfiber contact forces which elastically deform the fibers. So

Table 1
Physical properties of fiber and water

Material Properties Symbol Value

Fiber

Elastic modulus E 6 × 106 Pa
Density ρ ≈ρw

Poisson’s ratio νs 0.05
Instantaneous shear modulus G0 2.86 × 106 Pa
Long time shear modulus G∞ 0
The relaxation time τ 1 × 10−5 s
Material type Pulp fiber suspension
Surface friction coefficient µ 0.8

Water
Density ρw 998.2 kg/m3

Temperature Tw 293 K
Kinematics viscosity νw 0.001 m2/s

fibers bending are high near the wall. The results presented in
this section may be useful to predict breakage and to improve
fiber network stability.

3.2. Interaction of two fibers flocs

It is known from experimental data [26] that flexible fibers
tend to aggregate, as illustrated in Fig. 4(a). The aggregates
are undesirable in fiber processing as they lead to problems in
the resulting products. Indeed, dispersing the fibers is thought
to result in a dramatic reduction in the apparent viscosity of
the fiber suspension. In this section the mathematical approach
detailed in the previous section is used to investigate further the
aggregate–aggregate interaction in a turbulent pipe flow, whose
Reynolds number is about 10,000. To this end numerical results
are presented, obtained by three-dimensional computation, for
the fluid field around two moving circular cylinders with irreg-
ular surface shape, whose initial arrangement is illustrated in
Fig. 4(b). The cylinders with irregular surface shapes, as shown
in Fig. 4(b), are used to reproduce approximate shapes for the
aggregates of fibers. The schematics of the tube, as well as the
fiber aggregates, are illustrated in Fig. 4(c). In this figure detailed
information is presented, including the dimensions and samples
of the triangular meshes used in order to discretize the surfaces.

As shown in Fig. 5(a), initial velocities in the y and z-
directions are given to the cylinders to investigate the hydro-
dynamics as well as the solid mechanics interactions between
the two approaching cylinders in a pipe flow. As illustrated in
Fig. 5(b and c), the cylinders in the flowing stream of water
(mainly in the x-direction) are gradually aligned due to drag in
a side-by-side arrangement, and a collision would be expected
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Fig. 4. (a) Flocculated suspension observed in the extrusion of an ultra-high
consistency fiber suspension. (b) Schematics of fiber aggregates. (c) Schematic
of the pipe whose dimensions are D = 2 cm and L = 35 cm. In addition, samples
of triangular meshes used to discretize the inlet, outlet, and wall faces of the
pipe are shown. The number of elements used for the aforementioned faces are
12944, 12933, and 168285, respectively. The boundary condition at the outlet
is pressure constant and it is set to the atmospheric pressure. The dimensions
of aggregates initially located at y0 ≈ 20 mm, are as follows: l1 = l2 = 8 mm and
d1 = d2 = 0.75 mm, and the triangular finite element meshes used are 22,772 and
20,054. The total tetrahedral elements used to discretize the grid is 3,311,197.

to occur when the surfaces come into contact. Fig. 5(d and f)
represents sample results of flow fields around the two moving
cylinders. As it can be seen from the aforementioned figure,
flows around the two circular cylinders become very compli-
cated due to the interference of vortices separated from the cylin-
ders. The results presented in Fig. 5 are based on an approach
that is performed on the basis of the Petrov–Galerkin formu-
lation of the Navier–Stokes equations for the fluid-phase. The
present approach appears to extend the range of accuracy and
reliability of predictions important to applications, such as fiber
suspension, where technological progress requires confronting
turbulence.

In the present study, for image enhancement, wavelet based
multi-scale methods also have been used. The dyadic wavelet
transform of a function S(x) ∈ L2(R) may be defined [27] as a
sequence of function {WmS(x)}m∈z, where

WmS(x) =
∫ ∞

−∞
S(t)ψm(x − t)dt, (11)

and ψm(x) = 2−mψ(2−mx) is a wavelet expanded by a scale
a = 2m. Here, L2(R) denotes the Hibert space of measurable,

square-integrable functions. Discrete wavelet transform can be
implemented using a hierarchical filtering scheme [28]. In gen-
eral, by employing an N-dimensional discrete dyadic wavelet
transform, the wavelet coefficients that are produced consist
of N components for each scale, which represent information
along each coordinate direction at a certain scale. In this work
the Symmlet 8 is used as the wavelet basis [29] for analysis. A
large value of wavelet modulus means that the velocity field
changes rapidly in the neighborhood of this location, which
implies the existence of an important surface boundary feature.
Hence, image enhancement can be achieved by expansion of
the instantaneous velocity field onto a set of wavelet basis func-
tions, thresholding of the wavelet coefficients and reconstructing
the velocity field back to the original spatial domain. Here, soft
thresholding [30] is used, defined as:

ρT (x) =

⎧⎪⎨
⎪⎩

x − T, if x ≥ T

x + T, if x ≤ −T

0, |if x| < T

. (12)

Small values of the wavelet modulus imply a more homogenous
region in the velocity field. In this case, the threshold operator
(Eq. (12)) can suppress these less significant velocity variations.
By treating small variations in the velocity field as small eddies,
the adaptive threshold scheme attenuate these components, as
illustrated in Fig. 6, while keeping sharp variations in the veloc-
ity field that are usually correlated with important structures,
such as large eddies. In this light, selection of threshold values
for individual wavelet modulus determines the efficiency of the
enhancement process. Therefore, the threshold value T should
enable the process of eliminating small eddies while avoiding
over-thresholding that could destroy significant information and
introduce undesirable smoothing. Fig. 6(a) shows the wavelet
function that is used here. Solid and dash lines respectively
are related to wavelet and scaling. Other characteristics of this
function are: compact support: 15, vanishing moments: 8 and
regularity: 2.75. Fig. 6(b) represents the velocity vectors around
the floc that is placed in a pipe channel. As can be seen from
Fig. 6(b), no large structures can be observed. Fig. 6(c) repre-
sents a slice from a reconstructed velocity field dataset where
the wakes behind the floc can be clearly identified. By adapting
the work of Arneodo et al. [31] the wavelet transform modulus
maxima (WTMM) method is applied for extracting singularities
of the velocity field.

Fig. 7 represents the solid body interactions, where the instant
of contact between the two aggregates is illustrated in Fig. 7(a).
Currently, no reliable information for physical properties of vis-
coelastic fibers can be found in the literature. For example,
Bennington et al. [3] reported a value for the elastic modulus of
fibers that appears to be quite high. In addition, a very low value is
reported by Swerin [32]. In the present mesostructure approach,
reasonable values for the physical properties are assumed, and
the consequences are then explored at the macrostructural level.
The advantage of this is that if a particular phenomenon is not
well modeled, the physical properties can be revised and even
the relevant physics put in place. Note that the physics of turbu-
lent fiber suspension is so complex that one must guess which
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Fig. 5. (a) Initial configuration of the two aggregates. The arrows represent their initial velocity vectors. (b) Configuration of aggregates after 3 × 10−3 s. (c)
Configuration of aggregates after 5 × 10−4 s from that shown in (b). (d and e) Vector plots of the velocity field around the aggregates whose arrangements are
illustrated in (a) and (b), respectively. The simulations are unsteady and the time step for the liquid phase equals 5 × 10−6. (f) The magnified velocity vector field for
the configuration as illustrated in (c) when the aggregates are very close to each other. The velocity magnitudes are dimensionless defined as V ∗

s = Vs/Vinlet, where
the average velocity of water at the inlet, Vinlet, is set to 0.5 m/s.

variables to put in the model, hoping to produce features of use
for the design process. Indeed, simple models with the right
physics should be favored.

In light of the above, the physical properties that are listed
in Table 1 are used to predict the collision behavior of the
aggregates whose geometry at contact is illustrated in Fig. 5(a).
Geometrically nonlinear analysis is used throughout the simu-
lation due to large deformations expected during the collision.

At first, a suitable level of mesh refinement is established on the
basis of the Hertz elastic contact problem. The surface elements
are color-coded using the dimensionless solid velocity defined
as V ∗

s = Vs/Vinlet. Next, a viscoelastic model is utilized which
consists of auxiliary spring in series with the Kelvin model [33].
However, this model is not sufficient for analyzing the cases
in which the adhesive effects are relatively large. Fig. 7(b–d)
represent three instantaneous configurations of the aggregates

Fig. 6. (a) The wavelet function that is used in this study. Solid and dash lines are related to wavelet and scaling respectively. (b) Velocity vectors around the floc
placed in a pipe channel. (c) A slice from a reconstructed velocity field dataset. Wakes behind the floc are clearly identified.
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Fig. 7. Solid body collision of aggregates. (a) The instant of contact. (b–d) Three instantaneous configurations of the aggregates in contact each separated by
3 × 10−7 s. The configurations in (b) and (c) represent the approach and the restitution periods, respectively. The configuration in (d) represents the instant of
separation. The simulations are unsteady and the time step for the aggregate–aggregate contact equals 4 × 10−10. The surface elements are color coded using the
magnitude of the dimensionless velocity of the aggregates. Here the velocities are normalized using the magnitude of the inlet velocity of water. Physical properties
used in solid body collision of the aggregates are listed in Table 1.

Fig. 8. (a) Initial configuration of two aggregates at the instant of contact. The simulations are unsteady and the time step for the aggregate–aggregate contact equals
4 × 10−10. (b) The separation of configuration of the aggregates at the instant of separation (at the end of restitution period). Here no adhesive force is taken into account.
(c) Final configuration of aggregates for which a Lenard–Jones type potential for attraction is considered. (d) The force separation relationship for contact surfaces. In
the present attempt a suitable value for σ0 is set in order to finalize the collision at the end of approaching period. Here δad represents the separation of the aggregates in
cohesive zone. The surface elements are color coded using the effective stress defined as σeff = σ2

xx + σ2
yy + σ2

zz − (σxxσyy + σxxσzz + σyyσzz) + 3(τ2
xy + τ2

xz + τ2
yz).
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each separated by 3 × 10−7 s. As can be seen from Fig. 7 (d),
the velocity magnitudes of the separated fibers are smaller than
those before the collision implying the occurrence of an inelas-
tic collision. The coefficient of restitution defined as the ratio of
the relative velocity of the aggregates after the collision to that
before the collision may be controlled by the value of relaxation
time as introduced in Table. 1.

The fibers as depicted in Fig. 7(d) appear to slightly bend due
to contact forces. Here, the deformation history is very similar
to that presented by Goldsmith [34], as an assumed scenario for
deformation history in stereomechanical impacts. At this stage,
it is instructive to consider an adhesion force as a parameter to
investigate cohesive characteristics of the aggregates. As illus-
trated in Fig. 8, in the absence of any adhesive forces the inelastic
solid body interaction between two aggregates, whose configu-
ration is shown in Fig. 8(a), leads to separation of cylinders after
a short contact time of order of 10−6 s, as illustrated in Fig. 8(b).
However, as depicted in Fig. 8(c), by adding an adhesive force

the collision becomes completely plastic and two aggregates
form a larger floc of fibers. Fig. 8(d) represents the zone model
geometry as well as the force–separation relationship used in
the present attempt. Therefore, the aforementioned viscoelastic
model is generalized by including a Lenard–Jones type adhe-
sive interaction [35] when two surfaces approach are separated.
Any kind of functional can be used for the force–separation
interaction in order to find the right physics. The results pre-
sented in Fig. 8 highlight the key role played by adhesive forces
in the formation of fiber flocs. The present efforts may be com-
pleted by conducting experiments to determine the extrudability
of concentrated fiber suspension. The obtained results support
the notion that wet-end chemical additive such as water-soluble
polymers might disperse fibers due to adjustments they may
provide in the cohesiveness of the aggregates. In this light, the
present approach appears of use to develop a meaningful picture
of fiber–fiber interactions for which even no detailed information
of physical or surface properties exists in the literature. How-

Fig. 9. (a) Grid for the deformed aggregates whose configuration is shown in (d) whose location from the inlet is L1 ≈ 25 mm. The numbers of cells used are nearly
the same as those reported in Fig. 7. (b) The geometries of one of the aggregates before and after the collision. Slide bending occurred during the collision in the
aggregate. (c) Velocity vector field around the aggregates 5 × 10−5 s, after the separation. The simulations are unsteady and the time step for the liquid phase equals
5 × 10−6. The arrows represent their initial velocity vectors. The surfaces of the aggregates are color coded using the magnitude of their normal stresses. (d) Iso
surface of the liquid velocity magnitude of 0.6 m/s color coded using subgrid kinetic energy of turbulence. The boundary condition at the outlet is pressure constant
and it is set to the atmospheric pressure.
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ever, the final goal would be simplicity in the correct theoretical
framework such as that mentioned above, with enough empirical
inputs to ensure a quantitative prediction.

Fig. 9(a) illustrates the elements in the grid for deformed
aggregates after the inelastic collision detailed in Fig. 9. The
fibers can bend and their geometry become distorted after the
collision, as shown in Fig. 9(b). Fig. 9(c) reveals that the slip
velocity between aggregates and water could be large after sep-
aration because the relaxation time for water velocity to conform
to that of the aggregates could not be short compared with the
collision time during which the velocity of aggregates varies
significantly. In this light, the interaction between the solid and
the liquid phase may generate a high pressure on the surface
of aggregates, as shown in Fig. 9(c), where the evolution of the
pressure field can play a role in the re-arrangement of aggregates
and their translational movements as well as their orientations.
The manner in which the fluid particles are agitated and the role
of turbulence produced by rapid movements of aggregates, as
illustrated in Fig. 9(d), in the dynamics of a fiber suspension
are interesting issues for further investigations. The grid reso-
lution has been decreased to improve the clarity of the figures
presented in this section.

4. Conclusion

This work has been concerned with the development and for-
mulation of a multiscale approach to the solution of the equations
governing the flow of fiber suspensions. By utilizing a multiscale
method, which is a hybrid between DNS and LES fluid–fiber
interaction, as well as the fiber–fiber interaction in straight ducts
were investigated. Solid-body movement and deflection of fibers
using this simulation have been predicted. A significant bene-
fit of the method is that the flow of liquid may be predicted
more accurately in situations in which the occurrence of relam-
inarization from turbulent to laminar regime is quite likely. The
simulations are able to capture the hydrodynamic interaction
between the fluid and the fiber, fiber and fiber and so capture the
fiber deformation and fluid dynamics in unprecedented detail.
However our comparisons with other experimental and numer-
ical results are so far more qualitative, and so a great deal of
work is still required in order to validate the model and numer-
ical results.
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A mathematically rigorous, multiscale modeling methodology capable of coupling behaviors from
the Kolmogorov turbulence scale through the full scale system in which a fiber suspension is
flowing is presented. Here the key aspect is adaptive hierarchical modeling. Numerical results are
presented focus of which are on fiber floc formation and destruction by hydrodynamic forces in
turbulent flows. Specific consideration was given to molecular-dynamics simulations of viscoelastic
fibers in which the fluid flow is predicted by a method which is a hybrid between direct numerical
simulations and large eddy simulation techniques, and fluid fibrous structure interactions were taken
into account. The present results may elucidate the physics behind the breakup of a fiber floc,
opening the possibility for developing a meaningful numerical model of the fiber flow at the
continuum level where an Eulerian multiphase flow model can be developed for industrial use.
© 2006 American Institute of Physics. �DOI: 10.1063/1.2218034�

I. INTRODUCTION

Flocculation or aggregation of fibers is widely observed
in the papermaking industries.1 In fact, strategies are re-
quired to achieve retention, drainage, and good formation
uniformity while making papers. In papermaking the word
“flocs” usually refers to groups of fibers clumped together as
illustrated schematically in Fig. 1.

Strong hydrodynamic forces, such as those of pressure
screens, can be very effective in redispersal of flocs where
shear forces may cause fibers to bend as depicted in Fig. 2.
As the fibers straighten out, they may lock together again
mechanically. Papermakers sometimes make the distinction
between hard flocs and soft flocs.2 Hard flocs, which are
quite strong, are those formed by very high mass retention
aid polymers. When broken, they are not able to form as
strong flocs the next time. By contrast, moderate levels of
shear readily break soft flocs, and they are completely
reversible.3

Factors causing soft flocs to form in a shearing flow
include colloidal forces of attraction.4 Specialists in paper-
making investigate floc strength and floc size as functions of
the addition of chemicals and application of hydrodynamic
shear. Their studies involve probing the mechanisms such as
charge effects, polymer bridging, and microparticle effects
by which chemical additives work.

On the contrary, for colloidal chemists and water-
treatment specialists it is desirable that the flocs are as big
and dense as possible to aid their subsequent recovery from
the liquor. As the floc grows, it traps additional dirt and
suspended material. In most cases, flocculation is achieved in
agitated tanks5 or similar devices that bring a flocculent in

intimate contact with the particles to be flocculated. Once the
floc is completely formed, the water flows into the sedimen-
tation basin where floc settles by gravity to the bottom of the
sedimentation basin and forms a layer of sludge, which is
collected on the bottom, and the clear water flows on to its
next stop, the filters.

In all cases mentioned above, a good knowledge of me-
chanical strength is essential in order to predict breakage and
to improve floc stability. Flexible fibers in a shearing flow
may be exposed to viscous and dynamic forces6 and interfi-
ber contact forces,7,8 which elastically deform the fibers.
When the shearing motion ceases, the fibers attempt to relax,
but if the concentration is sufficiently large, the fibers will
contact other fibers and come to rest in elastically strained
configurations. The result is a mechanically coherent fiber
network or floc. When flocs are formed, fiber-fiber interac-
tions necessarily occur. In this case, the fibers may collide
and twist around each other, forming a small network-type
floc whose strength as a function of a range of wet-end
chemical additives, orders of addition, and effects of hydro-
dynamic shear would be of interest in order to obtain an
understanding of how flocculating agents can be employed
on a paper machine.

Note that many different forces contribute to the floc
strength including those that arise from the interlocking of
elastically bent fibers.9 Chaouche and Koch10 suggested that
the interlocking process might be characterized by Seff

=EYI /�0�̇l4 where no elastically interlocking can occur
when Seff�1. Here Seff, EYI, �0 and �̇ sequently are effective
stiffness, intrinsic fiber stiffness, viscosity of suspension, and
shear rate.

The factors affecting the magnitude of network-type floc
strength are the fiber concentration and the aspect ratio,
which is the ratio of fiber length to its diameter. Apparently,
other effects of importance are the stiffness of the fibers and
the coefficient of friction between the fibers.6 Another pa-
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rameter that affects the flocculation process is viscosity of
fluid7,11 where the suspending liquid viscosity seems to en-
hance tendency of the fiber suspension towards uniformity.
Attractive forces cause a significant increase in the specific
viscosity. Note that somewhat perfect uniformity may be
reached at consistencies where water alone would yield gross
flocculation. Also it should be noticed that variations of vis-
cosity due to temperature of suspending liquid seem to have
no significant influence on the floc size.12

In addition, the floc size and crowding factor �dimen-
sionless concentration� relationship plays an important role
in the flocculation process where an increase in the crowding
factor leads to a higher level of flocculation of the fiber sus-
pension. Refining results in a decrease in the fiber crowding
factor which leads to a higher level of dispersion of the fiber
suspension. Refining would improve paper formation due to
lower propensity to flocculate and also smaller floc
existence.13

The orientation distribution of the fibers in a fiber sus-
pension appears to control its mechanical properties. The ori-
entation distribution of suspension can be used to determine
stress in the structure. Petrich et al.14 examined the orienta-
tion distribution on the rheology of the suspension via mea-
surements of the specific viscosity and normal stress. They
suggested that the high values measured for viscosity might
be due to an enhanced stress resulting from the presence of
fiber-fiber contacts.

There are a number of phenomenological models that
exist which are widely used to interpret experiments.
Jeffery15 investigated the dynamics and orientation of an iso-
lated, inertialess ellipsoid in the dilute regime in a homoge-
neous flow �in which nl3�1�, where n and l are number
density and length of fiber. However, the approach used in
Ref. 15 cannot be generalized to predict the behavior of se-
midilute suspension flow where the fibers are hydrodynami-
cally coupled and the flow rheology is non-Newtonian.
Brenner,16 proposed a more general method to determine the
angular velocity of axisymmetric particle in an arbitrary

simple shear flow. He suggested that the period of particle
rotation is directly proportional to its aspect ratio and in-
versely proportional to the shear rate and the shape factor.

In light of the above discussion, an understanding ap-
pears to be lacking of the role of turbulence in the dynamics
of a fiber suspension that in addition to fibers may consist of
fiber fragments, mineral fillers, and chemical additives.
Hence, the objectives of this paper and subsequent papers in
this series are the development of a multiscale modeling and
simulation for investigating complex phenomena arising
from flowing fiber suspensions mainly of interest to paper-
makers. The present efforts include the development of �i� a
mathematically rigorous multiscale modeling methodology
capable of coupling behaviors from the Kolmogorov turbu-
lence scale through the full scale system in which a fiber
suspension is flowing and �ii� a computational simulation
framework built around this methodology into which tech-
niques for investigating behaviors at various scales can be
effectively integrated. Efforts are mainly focused on fiber
floc formation and destruction by hydrodynamic forces in
turbulent flows, the key aspect of which is adaptive hierar-
chical modeling.

Specific consideration will be given to molecular-
dynamics-type simulations of viscoelastic fibers in which the
fluid flow will be predicted by a method which is a hybrid
between direct numerical simulations17 �DNS� and large
eddy simulation17 �LES� techniques, and fluid fibrous struc-
ture interactions �FSI� will be taken into account.

Fiber orientation distribution and floc formation and
morphology are to be studied in several elementary flow
cases, such as shear flow and isotropic turbulence. The re-
sults can elucidate the physics behind the breakup of a fiber
floc, opening the possibility for developing a meaningful nu-
merical model of the fiber flow at the continuum level where
an Eulerian multiphase flow model will be developed for
industrial use.

FIG. 1. �a� A schematic of a group of fibers clumped together. �b� Three different sizes of fibers �in mm�.
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II. MATHEMATICAL FORMULATION AND NUMERICAL
METHODS

A. Fluid phase

Calculating turbulent flows in fiber suspension whose
results can be validated against the data from particle image
velocimetry5 �PIV� requires solution of the Navier-Stokes
equations, which is referred to as DNS. However, it is cur-
rently not feasible to perform DNS for fiber suspension flows
due to prohibitive computational requirements. Considering
the current rates of increase of computational power, it is
quite unlikely that DNS will become a popular engineering
tool in this century. Note that engineering interest is mainly
focused on the behavior of larger scales. However, the dy-
namics of larger scales is influenced by the presence of small
scales by means of nonlinear interactions. In fact, the LES
has proven to be a valuable technique for the calculation of
turbulent flows in complex geometries.5 LES is a technique
in which only larger scales are resolved numerically while
effects of smaller scales are modeled. In this case, large-scale
unsteadiness can be captured.

In brief, the LES consists of resolving large-scale flow
features and modeling subgrid-scale stresses, which repre-
sent the effect of unresolved scales on resolved scales within
the filtered Navier-Stokes equations with the Smagorinsky

eddy viscosity model which has been widely used. The Sma-
gorinsky model requires definition of a constant, a length
scale, and a time scale. There are difficulties near boundaries
and with stretched meshes. Currently, dynamic Smagorinsky
models are preferred for wall bounded and free shear flows.
However, the model should be improved for pressure driven
separation.

Recently, Hughes et al.18 argued that many shortcomings
of Smagorinsky-based approaches were associated with their
inability to successfully differentiate between large and small
scales. More recently, Collis19 suggested that by assuming
sufficient scale separation between unresolved scales and
larger scales, direct influence on the evolution of the larger
scales by unresolved scales could be neglected. However, the
unresolved scales are expected to significantly influence the
small scales; therefore, they must be modeled.

It is important to distinguish between turbulence in the
fibrous assembly and turbulence on the global scales in that
of the channel. Note that in some sections of the fibrous
assembly, a smaller fraction of the mechanical energy is con-
verted to turbulence, resulting in relaminarization. For such
flows, a simulation method such as combination of LES and
DNS would be required. By filtering operation performed on
the Navier-Stokes equations, range of scales to be resolved is
reduced and very large scales are ignored. For large scales
and subgrid-scale �sgs� small scales, LES and DNS are ap-
plied respectively, and interaction between fibers and the
fluid occurs also at these scales.

In brief, incompressible Navier-Stokes equations may be
given as19

N�Ui� = ��uk
f /�t + �u j

fuk
f� + p,k/� f�uk,j j

f

u j,j
f � = � fk

�
� = Si in � f ,

�1�

where uk
f �k=1,2 ,3� represents the velocity vector of the

fluid phase, p is the pressure, rf is the density of fluid phase,
� is the kinematic viscosity, fk is a body force, � is a volu-
metric mass source, � f is the spatial domain for the fluid
phase with boundary 	 f =�� f, and the comma and subscript
i represent derivative with respect to spatial coordinates and
vector, respectively. The state vector, Ui��uk , p	, is defined
on the space-time domain of the fluid phase, Q, whose lateral
boundary is denoted by P. Note that in the present study the
so-called summation convention is used.

Equation �1� may be solved subject to appropriate
boundary and initial conditions. To derive the variational
form of Eq. �1�, the entire equation is dotted with a vector of
the test functions, Wi

f, and integrated over the spatial domain.
The variational multiscale form of the equation, B�Wi

f ,Ui�
��Wi

fN�Ui��Q, may be obtained using a three-level partition,
as illustrated in Fig. 3 and defines as below. Here, �f igi�Q

=
Qf igidQ.

B�Wi
f · Ui� = �wku̇k�Q − �wk,pukp�Q − �wk,kp�Q

+ �1/2��wk,p + wp,k��uk,p + up,k��Q + �ruk,k�Q

+ �wknpupk�P + �pwknk�P − ��wk�up,k + uk,p�np�P.

�2�

FIG. 2. �Color online� �a� The original shape of the fiber network whose
fibers are bonded together due to colloidal forces of attraction. ��b�–�j��
Deformed shape of the fibrous network under different shearing motions.
Note that in �f� the contact of middle fiber with its right hand side neighbor
is frictional. The material properties and the dimensions of the fibers are
given in Sec. III.
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Here, np and nk are the unit outward pointing normal on the
boundary 	 f and its value, respectively, and ukp and upk are
cross products.

For the three-level partition, the solution is partitioned as

Ui= Ūi+ Ũi+ Ûi, and the test function Wi
f ��wk

f ,r	 is given as

Wi=W̄i+W̃i+Ŵi, where the first and second terms on the
right hand side represent large and small scale resolved
quantities, and the third term shows unresolved quantities.
Following Collis,19 the exact equations of motion for each
scale, namely large scale, small scale, and unresolved scales,
may be given as, respectively,

B�W̄i
f,Ūi� + B��W̄i

f,Ūi,Ũi� − R�w̄k
f , ũk

f�

= �W̄i
fFi�Q − B��W̄i

f,Ūi,Ûi� + R�w̄k
f , ûk

f� + C�w̄k
f , ũk

f , ûk
f� ,

B��W̄i
f,Ūi,Ũi� − R�w̃k

f , ũk
f�

= − �B�W̃i
f,Ūi� − �W̃i

fFi�Q� − B��W̃i
f,Ūi,Ûi� + R�w̃k

f , ûk
f�

+ C�w̃k
f , ũk

f , ûk
f� , �3�

B��Ŵi
f,Ūi + Ũi,Ûi� − R�ŵk

f , ûk
f�

= − �B�Ŵi
f,Ūi + Ũi� − �Ŵi

fFi�Q� ,

where the variational operator linearized about the field Ui,
and the Reynolds stress projection �of the unresolved Rey-
nolds stress onto the large scales�, namely, R�w̄k

f , ũk
f�, and the

cross stress projection �of the large-unresolved cross-stress
onto the large scales� are defined as, respectively,

B��Wi
f,Ui,Ui�� = �wku̇k��Q − �wk,p�uk�up + up�uk��Q − �p�wk,k�Q

+ �1/2��wk,p + wp,k��uk,p� + up,k� ��Q + �ruk,k� �Q

+ �wknp�uk�up + up�uk��P + �p�wknk�P

− ��wk�uk,p� + up,k� �np�P,

R�w̄k
f , ũk

f� = �w̄k,p
f ûk

f ûp
f �Q − �w̄k

fnpûk
f ûp

f �P, �4�

C�w̄k
f , ūk

f , ũk
f� = �w̄k,p:�ūk

f ûp
f + ūp

f ûk
f��Q − �w̄k

fnp�ūk
f ûp

f + ūp
f ûk

f��P.

A useful feature of variational multiscale method is the pro-
jection operator by which scales can be separated utilizing a
set of basis functions. As illustrated in Fig. 3, by choosing
sufficient scale separation, the small scales insulate the larger
scales from unresolved scales; therefore, unresolved scales
have a negligible direct influence on the dynamics of large

scales. With this assumption, the modeled large and small
scales may be simplified as, respectively,

B�W̃i
f,Ūi

h� + B��W̄i
f,Ūi

h,Ũi
h� = R�w̄k

f , ũk
h� + �W̄i

fFi�Q,

�5�
B��W̃i

f,Ūi
h,Ũi

h� − R�w̃k
f , ũk

h� = M − �B�W̃i
f,Ūi

h��W̃i
fFi�Q� ,

where M represents the model term and the superscript h
denotes the approximate solution due to modeling error.

The model term M can be given in terms of eddy vis-
cosity as

M � − ��̃T/2�w̃k,p
f + w̃p,k

f ��ũk,p
f + ũp,k

f ��Q, �6�

with �̃T=1/2�Cs
̃�2��ũk,p
f + ũp,k

f ��ũk,p
f + ũp,k

f ��1/2. Here, Cs is the

Smagorinsky constant and 
̃ represents the length scale for
the small scales.

Note that the large-scale equation, namely, the first equa-
tion in �4�, has also modeling approximation as clarified by
Collis.19 However, the large scales do not include any direct
model terms such as M. In this light, the aforementioned
model can be thought of as a hybrid between DNS and
LES.19 The advantage of this approach is that even coarse-
grid results obtained using the aforementioned model would
be superior to those obtained with other discretizations.

B. Fibers

In the following, the mathematically rigorous multiscale
model for the fluid phase is generalized in order to couple the
fluid and solid fields. The model can be applied to complex
flows such as fiber suspension with use of finite element
method. In fiber suspension flows, fluid-structure analysis
plays a key role. On one hand, the analysis presented in the
preceding section predicts how the fluid presses around and
against the fibrous structure, along with the distribution of
pressure. On the other hand, structural analysis is required to
determine the behavior of fibrous structure under fluid load-
ing conditions as well as complicated contact stresses. The
two disciplines meet at the surfaces of the solid structure,
and each may provide loads and boundaries for the other.

In light of the above, the procedure for a coupled-field
analysis such as fiber suspension requires a sequential
method, which involves fluid and fiber sequential analyses.
In the present study, the two fields of fluid and solid are
coupled by applying results from fluid analysis as loads in
the structural analysis presented below.

FIG. 3. Interaction regions between resolved and sub-
grid scales.
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The general equations of motion in referential coordi-
nates for an elastic continuum such as neutrally buoyant fi-
bers as illustrated in Fig. 2 �in absence of body forces� may
be given as20

�sD̈i
s = �ij,j

�el� in �s. �7�

Here �s, dot, and el represent density of solid phase, deriva-
tive with respect to time, and elastic, respectively. The dis-
placements in a fixed rectangular Cartesian coordinate sys-
tem X j�j=1,2 ,3� are denoted by Di

s=xi−Xi=Di�X j , t� with

kinematical relations D̈i
s=� /�t2xi�X j , t�. Equation �7� with

constitutive equation �ij
�el�=��Ekk�ij +2GEij, where � and ij

are lame constant and Kronecker delta and G is the modulus
of rigidity, and geometric equations Eij =1/2�Sij +S ji�, where
Sij �deviatoric stress� represents the replacement gradient,
provide 15 equations for the 15 unknowns comprising six
stresses �ij

�el�, six strains Eij, and three displacements Di
s.

The set of equations given above has to be solved for
appropriate boundary and initial conditions listed below:

�ijn j = Ti�t� on �b1,

���ij�xi
+ − ��ij�xi

−�n j = 0 on �b2,

�8�
xi�X j,0� = Xi

0,

ẋi�X j,0� = Vi�X j� .

The second condition in �8� represents the contact disconti-
nuity given along an interior boundary �b2 when xi

+=xi
−.

Hence, the present modeling methodology is capable of pre-
diction of contact behavior of solid particles via the second
condition in �8�. On the other hand, the fluid-solid interaction
may be accurately modeled utilizing the first condition in �8�.

The variational formulation may be obtained from �7�
and �8� by using the Gauss theorem, which is


Vb

�D̈i
sDi

sdVb + 
Vb

�ijDi,j
s dVb − 

�b1

TiDi
sdSb = 0 . �9�

This equation is the weak form of the equilibrium equations.
The analysis is based on a single spatial discretization across
the �=� f ��s. The load transfer occurs via boundary con-
ditions �8�. Note that no slip boundary condition is assumed
for the fluid phase at the solid boundaries.

Modeling of fiber-fiber interaction requires a single
method such as Lagrange, Euler, or a mixture of Lagrange
and Euler �arbitrary Lagrange Euler�. For the numerical
simulation of the collision of fibers, each of the different
methods mentioned above has unique advantages and there
is no single ideal numerical method that would be appropri-
ate to the various regimes of a collision. In the present study,
the Lagrange method of space discretization is used for
which the numerical grid moves and deforms with the mate-
rial.

The advantages of the aforementioned method are com-
putational efficiency and ease of incorporating complex ma-
terial models. The disadvantage of the method used is that
the numerical grids may become severely distorted in an ex-

tremely deformed region. This can cause adverse effects on
the integration time step and accuracy. However, these prob-
lems can be somewhat overcome by applying numerical
techniques such as rezoning.

One of the central problems in devising descriptions of
viscoelastic materials in fiber suspension flows is the ques-
tion of how to describe the manifestation of both elastic and
viscous effects. Mase21 suggested that in developing the
three dimensional theory for viscoelasticity, distortional and
volumetric effects must be treated independently. To this end,
the stress tensor may be resolved into deviatoric and spheri-
cal parts, given as

�ij = Sij +
1

3
ij�kk, �10�

where Sij =
0
t �s�t− t��deij /dt�dt�, and the relaxation function

used in the model is given by �s�t�=G�+ �G0−G��e−t/�

where G is modulus of rigidity. Moreover, it is assumed that
the stress and strain vanish for times −�� t��0.

The volumetric part of stress tensor would have a similar
form, but with different relaxation functions. Therefore, the
governing field equations for an isotropic viscoelastic con-
tinuum body such as fibers illustrated in Figs. 1 and 2 take
the forms

�D̈i
s = ��ij�,j ,

�ij = �Di,j
s + D j,i

s �/2, �11�

Ṡij + Sij/� = �G0 + G��ėij + G�eij/� .

The first equation in �11� is an equation of motion, the
second equation is a strain-displacement expression, and the
third equation is stress-strain relation.

Due to prohibitive computational requirements, it is un-
likely that any nonlinear viscoelastic model can be imple-
mented for the above-mentioned fluid-fiber interaction sys-
tem in a foreseeable future. In this light, in the present study
fibers are assumed to be made of a linear viscoelastic mate-
rial. The advantage of the proposed model is that the com-
plex fiber-fiber interactions including contact due to colloidal
forces of attraction and even collision can be modeled with
computational efficiency.

C. Computational simulation

The stabilization methods, such as streamline-upwind/
Petrov-Galerkin �SUPG� and pressure-stabilizing/Petrov-
Galerkin �PSPG� methods22 are indispensable in the analysis
of fiber suspension. The family of the Petrov-Galerkin meth-
ods has been known to be free from artificial diffusion theo-
retically. However, the stabilization methods and their per-
formances depend on the finite elements that are used in the
analysis. In the present attempt, SUPG stabilization method
is used in conjunction with appropriate finite elements in
order to obtain both the stability and accuracy.

In some cases, the bending stiffness of fibers could be
small and, therefore, their motion may be sensitively affected
by a pressure oscillation which is created by numerical in-
stability of the employed method. In addition, the presence

034901-5 Jafari et al. J. Appl. Phys. 100, 034901 �2006�



of sharp boundary layers near the fibers could lead to an
unrealistic response of the fibers, using an inappropriate
combination of stabilization method and finite element inter-
polation.

The finite element analysis employed in the present
study is briefly described below. The arbitrary Lagrangian-
Eulerian �ALE� finite element formulation is used for the
fluid, and total Lagrangian formulation for the fibers. Be-
cause the velocity-pressure mixed interpolation plays a key
role for the fluid element, tetrahedral elements are utilized in

conjunction with SUPG stabilization method. The combina-
tion of SUPG stabilization method and tetrahedral elements
appears to be the most suitable approach.

The formulations specified in this section with the stabi-
lization method mentioned above provide the numerical re-
sults presented in the following section.

III. RESULTS AND DISCUSSION

As mentioned earlier, a sequentially coupled analysis is
required from fluid and solid disciplines, which interact to
solve the fiber suspension problem that is a transient prob-
lem. Here, the calculation of the flow field over the spatial
domain � f at a time step provides stress loads, which must
be used in the structural analysis of the fiber system, a
sample of which is illustrated in Fig. 4. The stress loadings
result in a deflection of the fiber as illustrated in Fig. 5. The
fiber deflection changes the geometry of the flow field
around the fiber network. However, if the time step t is
small enough, then the change is small and there is no need
to iterate. Since the analysis is fully coupled, results of the
structural analysis will change the input to the fluid analysis
in the next time step.

In order to obtain an overall converged coupled fluid-
structure solution it would be necessary to update the finite
element mesh in the fluid region to coincide with the struc-
tural deflection. The major challenge faced in simulating the
system such as fiber network in a channel flow discussed
below is resolving the interfacial motion. The remedy for this
problem is to employ dynamic interface treatment for mod-
eling the flow passing the accelerating fiber network. Gener-
ally speaking, natural framework for dynamic interface prob-
lems is the Lagrangian method, in which the interface
representation is embedded in the material description of

FIG. 4. �Color online� Instantaneous vector plot of the velocity field in the
vicinity of a point of contact between two fibers in an accelerating fiber
network whose schematic is illustrated in Fig. 5. An observer moving with
the fibrous system makes the realization.

FIG. 5. �Color online� �a� Schematic of a fiber-water suspension flow in a channel. The dimensions of the channel are L=5 cm and H=w=1 cm. �b� The
original shape of the fiber network. The dimensions of a single fiber are l=3 mm and d=0.1 mm. �c� A sample of the mesh used in the fiber-water system.
��d�–�f�� Temporal evolution of the fiber network. Notice that fluid-fiber interaction caused the fibers to bend and the network to deform. The pressure at the
outlet of the channel is assumed to be atmospheric.
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flow and the mesh, convects and deforms with the flow, and
therefore interfaces that are well resolved initially remain
sharp during simulations. The disadvantage of the aforemen-
tioned method is that unless the interface motion is small, the
mesh quickly distorts and becomes inappropriately coarse or
fine which is not desirable for flow field calculations. It may
be useful to treat the large interfacial motion by employing
fixed spatial resolution. This approach is called Eulerian ap-
proach in which the meshes are static and need not to evolve
in time. However, the major drawback of using a fixed-grid
method is that a fine mesh is required everywhere to achieve
high resolution which could be far too costly. As an alterna-
tive a moving body-fitted mesh can be used, which follows
closely the moving interfaces. This approach is called ALE
method. The appeal of this method is that when interfacial
motion is small, mesh topology can be kept fixed over time.
However, for problems with large relative interfacial motion
the mesh regenerated frequently to follow the evolving and
deforming boundaries. In the simulations described in the
following section a Lagrangian framework is adopted that
evolves the grid points at each time step. In the following
example, only a portion of the model requires remeshing,
which is the region in the immediate vicinity of the fiber
network region.

A. Single fiber network in a channel flow

In this section the dynamics of a fiber network consists
of five initially straight, cylindrical fibers, as illustrated in
Fig. 5�b�, which is investigated in a duct flow. The diameter
of a single fiber, d, is 0.1 mm and its length is 3 mm. The
duct is a parallelepiped with a rectangular cross section
whose dimensions are H=1 cm, W=1 cm, and L=5 cm, as
illustrated in Fig. 5�a�. To obtain a better understanding of
fluid-fiber interaction, the fiber network is initially placed at
y0=1 cm from the inlet of the duct from which water is
flowing at the rate of ṁ=0.05 kg/s. The fluid velocity profile
at the inlet of the channel is perturbed to obtain a profile that
closely resembles a turbulent channel flow. The fiber net-
work is assumed to be initially at rest.

The fibers are elastic material with the material proper-
ties of ���w, E=106 Pa, and Poisson’s ratio of �s�0.49.
The density and kinematic viscosity of water are �w

=998.2 kg/m3 and �w�1�10−6 m2/s, respectively. The fi-
bers are assumed to be bonded together due to colloidal
forces of attraction. The domain is discretized using 4�105,
3D tetrahedral elements, a sample of which is depicted in
Fig. 5�c�. Using a time step of 1�10−3 s, the unsteady cal-
culations were performed until the fiber network had reached
to yn=1.5 cm as illustrated in Fig. 5�a�. Temporal evolution
of the fiber network shape is illustrated in Figs. 5�d�–5�f�. To
obtain better visualization the network deflection is scaled in
the aforementioned figures. The unscaled deflections are of
the order of the fiber diameter. The result of this section
provides insight into the dynamics of simple fiber networks
in a shearing flow of water in a channel flow. It would be
expected that the shear-induced bending of the fiber network
is enhanced near the walls.

As discussed above, shear-induced something has effects
on fibers which can translate and rotate in shear flow, result-
ing in collisions between fibers. Flexible fibers in a flow with
nonzero velocity gradients will be exposed to viscous and
dynamic forces as well as interfiber contact forces which
elastically deform the fibers. So fibers bending are high near
the wall.

An example of deformed network in the wall region is
illustrated in Fig. 2�i� which clearly represents that shear
forces may cause fibers to bend. Figure2�f� represents the
deformed shape of the fiber network in a channel flow when
the contact between the middle fiber and its right hand side
neighbor is set as frictional, with the coefficient of friction of
0.8. The experimentations using PIV technique are required
to guide modifying the present model for predicting the dy-
namics of fiber suspension more accurately.

The results presented in this section may be useful to
predict breakage and to improve fiber network stability. The
present model may be further generalized to investigate
mechanisms such as charge effects, polymer bridging, and
microparticle effects by which chemical additives work. This
would be the approach to pursue the present research in the
future.

B. Random fibrous system in a duct flow

The cylindrical model may not be the only geometrical
system for the description of the fibers. There are a number
of open questions regarding the convection of fibers near
walls including flow-induced alignment and dispersion rate.

In the present section the velocity and pressure fields are
illustrated around a randomly oriented fibrous system in a
duct flow. Figure 6 represents an instantaneous distribution
of the aforementioned fields taken after 5�10−3 s. Here, dis-
cretization is made using 1.5�106 elements. The results ap-
pear to be grid independent. A grid independency check has
been conducted to ensure that the results from the runs are
not grid dependent. To do this test, three different grids—a
coarse grid with 5�105 elements, a fine grid with 6�106,
and of course the grid with 1.5�106 elements—have been
modeled. There was no significant variation in the velocity
and pressure fields obtained on the grid with 1.5�106 ele-
ments and those obtained from the fine grid. So the grid with
1.5�106 elements has been used for all calculations.

The shape of the fiber is assumed to be prolate spheroid,
as illustrated in Fig. 6. The analysis is made for a multisized
assembly of 30 fibers to investigate the conditions for which
an orientated fibrous system can be achieved. There are four
groups of spheroids. The groups consist of six very long
spheroids with a polar radius of 12.5 mm and ellipticity of
0.998, four long spheroids with a polar radius of 10 mm and
ellipticity of 0.997, six medium-sized spheroids with a polar
radius of 7 mm and ellipticity of 0.994, and 14 small sphe-
roids with a polar radius of 3 mm and ellipticity of 0.94.
Note that the surface area of a prolate spheroid may be given
as
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Sfiber = 2�a2 + 2�
ac

e
sin−1 e , �12�

where a is the equatorial radius, c is the polar radius, and
e=�c2−a2 /c is the ellipticity.

As can be seen from Fig. 6, the fluid velocity field in a
duct flow of a random fibrous assembly is quite complex.
Two types of vortices may be observed �namely, the void
vortices and pseudovortices� which play an important role in
the transport mechanism of the turbulence and redispersal of
fiber, in fiber in the fibrous system. Note that dispersing of
fibers results in a dramatic reduction in the apparent viscosity
of the fiber suspensions, which allows the suspension to flow
up to very high fiber concentrations.

The results presented in Fig. 6 may be used for accu-
rately evaluating the hydrodynamic forces and torques in a
system for which the occurrence of relaminarization from
turbulent to laminar regime is quite likely, leading to the
conditions at which combination of different flow types ex-
ists. Note that in the gaps between contacting fibers particle
Reynolds number can reach 3000.

The model described in this and the previous section is a
particle-level, molecular-dynamics simulation technique to
investigate the structural behavior of fiber suspensions flow-
ing in straight ducts. The model incorporates a variety of
features including fluid-fiber interaction, multisized assem-
bly, fiber flexibility, fiber-fiber interaction, and irregular fiber
shapes. Investigating flocculation processes in a complex ge-
ometry such as that shown in Fig. 6 deserves further study.

IV. CONCLUDING REMARKS

Examining floc strength as a function of a range of wet-
end chemical additive, orders of addition, and effects of hy-
drodynamic shear is of interest to papermakers. In the
present study a particle-level molecular-dynamics-type
model was employed for flexible fiber to investigate the
fluid-fiber interaction, as well as the fiber-fiber interaction in
straight ducts. By utilizing a variational multiscale method
the complex flow of liquid was predicted through a fibrous
assembly. The aforementioned multiscale method can be
thought of as a hybrid between DNS and LES. By employing
dynamic interface treatment both the solid-body movement
and deflection of fibers have been predicted. However, the
results of simulations should be validated using data ob-
tained with PIV techniques. A significant benefit of the
method is that the flow of liquid may be predicted more
accurately in situations in which the occurrence of relaminar-
ization from turbulent to laminar regime is quite likely.

To pursue the present research in the future the goal is to
reproduce measurements of the strength of fiber flocs at con-
sistencies similar to those found in a headbox. The validated
numerical results at particle level may be used to develop the
set of macroscopic model equations for which exhaustive
numerical simulations are required at the particle level as
detailed in the present work.

In addition, especial attention will be devoted to probe
the mechanisms such as charge effects, polymer bridging,
and microparticle effects by which chemical additives work.

The present approach can also be employed to study the
flocculation dynamics in other areas such as water treat-
ments.

FIG. 6. �Color online� Vector plot of a velocity field in a moderately dense fiber suspension of 30 multisized fiber assembly. To improve the visualization of
the vector field a low resolution grid is used. The dimensions and the material properties of the fibers are given in the text. Water flows from the left to the
right in a parallelepiped duct with a rectangular cross section cubic duct with dimensions of 4�3.5 cm2 and the length of the channel is only 4 cm. �Inset�
Fluid pressure distribution around the fibrous assembly. Also shown is the fluid pressure distribution on two perpendicular planes, the xy plane and the xz plane
located at Z=−5.4 mm and Y =−8.5 mm, respectively, with respect to the origin located at the center of the inlet.
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Abstract

Heap leaching is a process extensively used by the mining industry to recover metals from low-grade ores and large quantities of sub-
marginal material resources. Understanding flow through a packed particle bed is important to enhance the performance of heap leach-
ing with respect to design and operating considerations. Complex fluid behavior in porous media, such as film flow, fragmentation,
coalescence of droplets, and rivulet flow with or without meandering, has been widely observed in laboratory experiments. In this study,
to provide detailed information of momentum and mass transfer phenomena in a granular bed direct numerical simulations (DNS) were
performed. In this case the liquid–gas flow through a granular bed was considered comprised of monosized, spherical, solid particles
arranged randomly in a cylindrical container. The volume of fluid (VOF) method was used to compute velocity field as well as liquid
volume fraction distributions in the container. The results obtained suggest that the liquid phase distribution in the bed is mainly con-
trolled by surface tension and particle induced turbulence appears to have insignificant effects. These results allow us to obtain a better
understanding of the fundamental physics governing unsaturated fluid flow. This finding seems to have a significant impact in the design
of efficient multi-phase reactors for heap leaching and bioleaching processes.
� 2006 Elsevier Ltd. All rights reserved.

Keywords: Porous bed; Direct numerical simulations; Volume of fluid; Heap leaching

1. Introduction

Hydrometallurgical processes are increasingly applied
worldwide, particularly for the recovery of metals from
low-grade sulfide ores which are otherwise wasted.
Depending upon the characteristics of the deposit and the
ore, the technology is applied in different ways: heap leach-
ing, in situ leaching and in place mineral processing opera-
tions (Mousavi et al., 2005, in press).

Currently, heap leaching finds important applications in
the recovery of copper and gold from their ores because of
its low cost, short construction time, operational simplicity,

good performance, and environmental advantages. Col-
umn and heap leaching have many analogies with down
flow trickle-bed catalytic reactors for which the hydrody-
namics has received enormous attention for more than four
decades. The liquid phase hydrodynamics in column and
heap leaching, however, in spite of their economic impor-
tance as a metal recovery and cleanup method, has been
the object of only a very few systematic studies and was
not completely elucidated yet. Phenomenological mathe-
matical models for heap and column leaching, taking into
account the fluid flow throughout the porous bed and the
reaction that takes place in the solid particles, can be used
to the design and optimization of these processes (de And-
rade Lima, 2006; Petersen and Dixon, 2002; Sheikhzadeh
et al., 2005).

A porous medium is defined as a matrix of solid parti-
cles with interconnected void spaces. The solid matrix is
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considered rigid or having small deformations. The inter-
connection of the pores allows the flow of one or more fluids
through themedium. In a natural porousmedium, the shape
and size of the pores are irregular. Thus, in microscopic
scale, the flow quantities (velocity, pressure, etc.) will be
non-uniform, but for studying the flow in a porous medium,
usually space-averaged quantities are used (Nield andBejan,
1999). Heap leaching and heap bioleaching are the industrial
processes in which fluid flows through a porous medium. In
this process, an unsaturated, lean liquor solution flows in the
ore bed together with chemical reactions (Sheikhzadeh et al.,
2002). The perception of fluid flow through ore heaps is
described primarily from soil mechanics, hydrogeology
and chemical engineering theory supported by experimental
information (Bartlett, 1992). The solution in the bed is
divided into two parts; the moving part that flows among
the ore particles due to gravity and the stagnant part
attached either to the pore walls of ore particles or to the
particles external surfaces. The dissolution reactions of
reactants are occurred in the stagnant part, and the diffusion
of reagent and species between these two parts is done by
mass transfer mechanism (Rauld et al., 1986). One way of
improving this operation is periodic irrigation of the leach-
ing solution on top of the ore heap. As a result of this, one
can reach a relatively constant concentration of dissolved
species in the pregnant solution and enhance the perfor-
mance of the recovery plant (Martinez et al., 1995).

Characterization and analysis of heap leaching systems
should involve both the study of chemistry/biochemistry
and the study of the hydrodynamics of the heap leaching
system. Optimum design of the chemistry, utilization of
reactants (acid, air, microorganisms, bacteria population,
iron), is limited by our current understanding of the hydro-
dynamics of the system.

Understanding the behavior of fluid flow through the
packed particle bed is important to enhance the perfor-

mance of heap leaching from design and operating consid-
erations. The solution of the hydrodynamics problem for
the packed bed reactors using a phenomenological
approach should take into account several phenomena
including the porous media flow and the interfacial effects,
and the process parameters such as the bed package, the
particles shape and porosity (Sheikhzadeh et al., 2005).
Heap and column leaching use irregular porous particles,
atmospheric pressures, stagnant gas phase, and very slow
gravitational liquid flow, for which the typical values of
the Reynolds numbers are less than one (Re < 1). These
conditions are far from those used in the conventional
trickle-bed reactors experiments, which in general use reg-
ular shape catalytic particles, moderate to high gas and
liquid flow rates and pressures, and can operate at pulsatile
flow regime. These differences prevent the use of the avail-
able results to describe the hydrodynamics of liquid on the
heap or column leaching. Therefore, reliable analyses can
only be performed with specific data for these processes.

In the present study, a bed of non-overlapping spherical
particles in cylindrical geometry was employed as the
porous matrix. For the pore space with a specified void
fraction and a set of fluid physical properties, the Navier–
Stokes equations are solved for the velocity and pressure
fields in the fluid phase of the pore space. The purpose of
this work is for developing a computational model to
analyze the flow of fluid through the cylindrical bed of
ore particles and the transport of liquid within the heap.

2. Configuration of cylindrical bed

Because of the importance of cylindrical geometry in
industry this shape of bed was studied in this research.
The investigated granular bed is composed of 2243 uniform
size spheres, with diameter of 2 · 10�3 m, randomly distrib-
uted within a cylinder. The method described in Zamank-

Fig. 1. Schematic of a granular bed: (a and b) are view of the void region within an irregular array as shown in (c). (c) An illustration of particles in an
irregular cylindrical bed. (d and e) Particle configurations in an irregular granular bed.
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han et al. (1999), is used to generate the random media
which consists of non-overlapping-spheres. Fig. 1 shows
the particles configuration for the simulation. The length
and diameter of the cylinder are 21 and 6 cm, respectively.

3. Mathematical model

3.1. Governing equations

Since the forces that drive the flow change very slow in
time, the steady state flows are often encountered in flow in
the granular media. The flow is assumed to be horizontal,
steady state, incompressible and isothermal, with the math-
ematical description for the flow of a viscous fluid through
a three dimensional granular bed is based on the steady
form of the Navier–Stokes and continuity equations (Sch-
lichting, 1979) for momentum and mass conservation,
respectively. By taking the viscosity to be constant, the
equations of motion may be written in the following form:

otðquÞ þ r � ðqu� uÞ ¼ �rp þr � S þ qg ð1Þ
r � u ¼ 0 ð2Þ
with the viscous stress tensor

S ¼ lðruþruTÞ ð3Þ
where the material parameters depend on the respective
phase. Whenever distinction between the different phases
is necessary, l (liquid) and a (air) are used as phase indices.
At the interface, the additional jump conditions

½qðu� uiÞ� � n ¼ 0; ð4Þ
½qu� ðu� uiÞ þ pI � S� � n ¼ rirþ rjn ð5Þ
appear, where ui is the interfacial velocity, j = �$ Æ n is the
curvature (more precisely, the sum of the local principal
curvatures) of the interface and $ir denotes the surface
gradient of the surface tension. Here n is the unit normal
at the interface directed into the liquid phase, say, and
the notation

½WðxÞ� ¼ lim
h!0þ

ðWðxþ hnÞ �Wðx� hnÞÞ ð6Þ

stands for the jump of a physical quantity W across the
interface.

Below, it is assumed that the two-fluid systems under
consideration do not endure phase changes. Consequently,
the normal component V = ui Æ n of the interfacial velocity
coincides with the normal component of both the adjacent
fluid velocities and, hence, there are no convective fluxes
across the interface. Furthermore, since both fluids have
non-vanishing viscosity, we suppose that there is no slip
between the two-phases at the phase boundary. Finally,
we assume a constant surface tension. Then the interfacial
jump conditions simplify to

½u� ¼ 0; ½pI � S� � n ¼ rjn ð7Þ
Decomposed into normal and tangential parts, the latter
condition reads as

pl � 2llonu
l
n ¼ pa � 2laonu

a
n þ rj ð8Þ

where un = u Æ n and

llðonult þ otulnÞ ¼ laðonuat þ otuanÞ ð9Þ
where ut = u � un is the tangential part of u and ot/
= (I � n · n)$/ denotes the projection of the gradient of
/ onto the plane tangential to the interface. Note that
the above relation for the normal part reduces to the
Young–Laplace equation in case of stagnant fluids.

More details about continuum mechanical modeling of
two-phase flows can be found in Ishii (1975) and Slattery
(1999).

4. Numerical method

4.1. The volume-of-fluid method

Any reasonable method for the direct numerical simula-
tion of incompressible transient two-phase flows needs to
solve the Navier–Stokes equations (1) and (2) together with
the interfacial jump conditions (7). One basic difficulty is
the fact that the material parameters of the fluid at time t

and position x,y,z depend on which phase is present at
(x,y,z, t). The VOF method is known for its capacity to
simulate free-surface flow. This is made possible by means
of a fluid fraction function f = f(x,y,z, t), which has a value
between unity and zero, representing the volume fraction
of a cell being occupied by a fluid. Thus, a cell full of fluid
is reflected by f = 1, while an empty cell will have f = 0. A
cell that is either intersected by a free surface or contains
voids will be partially filled with fluid and has a value of
f between zero and unity. Furthermore, a free-surface cell
can be identified being a cell with a non-zero f and having
at least one neighboring cell where f = 0. The time varia-
tion of this function is governed by

of
ot

þ oðuf Þ
ox

þ oðvf Þ
oy

þ oðwf Þ
oz

¼ 0: ð10Þ

As in the classical work (Hirt and Nichols, 1981), the
donor–acceptor approximation is used to compute the fluxes
that involve the f function so that a sharp interface between
fluid and void can be maintained. Also, the nodes for the
variables are arranged in a staggered manner in each cell,
which is of length dx, dy width and height dz: the nodes
for the horizontal and the vertical velocities (u,v,w) are
at the mid-point of the vertical and the horizontal sides
of the cell, respectively, while those for the other variables
(pressure, p, and fluid fraction function, f) are at the center
of the cell itself. Within this approach, discretization of the
governing equations is usually done by the finite-volume
method. Then the value of f in a computational cell is given
as the volume fraction of the liquid phase in this cell.

Hence the phase boundary is implicitly given by the val-
ues of the scalar field of f values throughout the domain.
Based on these values, an approximation of the interface
normal can be computed. Combination of the fractional
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volume of the liquid phase with the interface normal then
allows for a piecewise linear interface (re-)construction,
the so-called PLIC method. To divide the cylindrical geom-
etry into discrete control volumes, more than 4 · 105, 3D
tetrahedral computational cells were used. In addition,
roughly 8 · 105 and more than 104 wall triangular elements,
were used at the inlet and exit, respectively. Using appropri-
ate values for the under-relaxation factors for the pressure
and velocities, a reasonable rate of convergence was
achieved. The convergence was considered to be achieved
when the conservation equations of mass and momentum
were satisfied, which was considered to have occurred when
the normalized residuals became smaller than 5 · 10�5. The
normalization factors used for the mass and momentum
were the maximum residual values after the first few itera-
tions. It is worth noting that refinement of the grids did
not produce any significant differences in the results.

5. Results and discussion

At this stage it is instructive to obtain information con-
cerning hydrodynamics of the system by solving Eqs. (1)
and (2) subjected to the jump and boundary conditions
(8) and (9). Using VOF detailed in the preceding section,
the numerical results for velocity field and liquid volume
fraction are presented in this section.

Firstly, the pressure drop of water in the porous media,
with the porosity of 0.45 at moderate Reynolds numbers
(based on pore permeability and interstitial fluid velocity),
was investigated to be sure about the validity of our model.

Fig. 2. Plot of dimensionless pressure drop as a function of actual flow Reynolds number. (a) Darcy flow based on numerical results, (b) Darcy and
Forchheimer regime, (c) Darcy and two post Darcy regime.

Fig. 3. (a) Grid for the particle. (b and c) Position of fluid droplet on the
particle surface. (d) Vector plot of flow field of fluid. The vectors are color-
coded by velocity magnitude.
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Here the dimensionless pressure drop, (�dp/dz)K/lVf/,
versus actual flow Reynolds number, ReK ¼ qV f

ffiffiffiffiffiffiffiffiffiffi
K=/

p
=l,

is plotted. Here, K represents the permeability, l the fluid
dynamic viscosity, Vf interstitial fluid velocity magnitude,
/ void fraction, and q the fluid density.

The numerical results have been compared with the
results obtained by Macdonald et al. (1979), Ergun
(1952), Fand et al. (1987), and Kececioglu and Jiang
(1994). As Fig. 2 illustrates our numerical results are in
good agreement with Macdonald.

Fig. 4. Velocity profile in the bed with porosity of 0.45 after different time from the beginning of simulations: (a) 5.1 · 10�2 s, (b) 9.4 · 10�2 s, and (c)
1.6 · 10�1 s.

Fig. 5. (a–d) View of the simulation and experimental results.
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Grid for the single particle has been shown in Fig. 3(a).
Parts of b and c show the position of fluid droplet on the
particle surface. As shown in Fig. 3(d), fluid flowing past
each particle appears to produce vortex. These vertical
structures could play an important role in the transport
mechanism such as momentum dispersion due to the solid
obstructions (Masuoka and Takatsu, 1996).

Fig. 4 represents the velocity field around randomly ori-
ented particles in the cylinder with the media porosity of
0.45. It shows an instantaneous distribution of the afore-
mentioned field taken after 5.1 · 10�2, 9.4 · 10�2, and

1.6 · 10�1 s consecutively. Fig. 5 shows the temporal eval-
uation of the volume liquid fraction of water on the particle
surface. Realizations each separated by 10�2 s and the first
one, namely (a) is taken at t = 2 · 10�2 s. The results are in
good agreement with the experiment which was done by
the authors, and is compared with computer simulations
in Fig. 5. Here a droplet of water that is colored with neu-
tral material has been dropped on a particle and the images
have been taken consecutively. The numerical results illus-
trate that after a droplet passes the perimeter of a particle,
it will stay until another droplet receives to that area. So

Fig. 6. (a) Illustration of velocity vector field for the flow of fluids (air and water) in a spherical particles bed with porosity of 0.35. The colored and blue
vectors are related to liquid and air, respectively. (b) A better visualization of the flow field marked in (a). (For interpretation of the references in color in
this figure legend, the reader is referred to the web version of this article.)

Fig. 7. (a) Vector plot of velocity field for flow of fluid interrupted by array of spherical particles randomly positioned within a cylindrical bed. To obtain a
better visualization of flow field, the flow pattern marked in (a) is magnified and represented in (b).
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the distribution of the liquid in the whole system is not
homogenous. This shows that parameters such as surface
tension also should be investigated in these systems and
that it has effect on the distribution of the liquid.

Porosity, the simplest property of a packed particle bed,
is defined as the volume fraction of pores. As porosity has
an important role in porous system, its effect was also stud-
ied here. The effect of changing in the bed porosity is
appeared in the flow of fluid which is represented in Figs.
4 and 6. Fig. 4 shows velocity profile in the bed with poros-
ity of 0.45 after different time. Fig. 6 illustrates the velocity
vector field for the flow of fluid in a spherical particles bed
with porosity of 0.35 at t � 5.1 · 10�2. It shows that with
decreasing the porosity, the resistance against the flow of
liquid will increase, so the velocity of fluid will decrease.

In order to visualize the velocity field in a porous med-
ium, the vector plot of velocity field is illustrated in Fig. 7
for flow of fluid interrupted by an irregular array of spher-
ical particles randomly positioned within a cylindrical bed
with the inlet velocity of air set to vin = 0.2 m/s. As sug-
gested by Masuoka and Takatsu (1996), at least two types
of vortices may be observed, namely the interstitial and
pseudo-vortices, in the geometry as illustrated in Fig. 7.
Note that the mixing caused by an interstitial vortex con-
tributes to Forchheimer resistance and that of a pseudo-
vortex to momentum dispersion.

6. Conclusion

We developed a model for investigating the hydrody-
namics of heap type reactors which are used in metal
extraction processes. Using random packing of non-over-
lapping-spheres in a cylinder, a granular bed is developed
as a model for the reactor. The pressure drop of water
through the granular bed at moderate Reynolds number
was investigated, and the results are found to be in good
agreement with those reported in Macdonald et al. This
study shows that volume of fluid (VOF) simulations are
well adapted to capture two-phase flow in porous media.
Using a model based on VOF, it is shown that the dynam-
ics of a liquid–gas flow in the granular bed is characterized
by a non-homogenous distribution of liquid volume frac-
tion. This implies that an optimized performance of a heap
or bio heap reactor may be obtained by improving the
hydrodynamics condition in the bed which leads to a more
homogenous distribution of the liquid phase. In addition,
the present results highlight the significance of parameters
such as surface tension which appears to play a key role
in dynamics of heap and bio heap reactors.
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Abstract-In this attempt heat transfer behavior of one type of nanofluids in a disc geometry has 
been investigated using computational fluid dynamics (CFD) technique. Effects of gravity 
induced sedimentation and magnetic particle’s diameter on thermal treatment of the fluid have 
been studied. In order to compare the effect of single phase approximation and mixture model on 
prediction of nanofluid’ behavior, both methods were applied in simulations. It was obtained that 
in the presence of gravity because of natural convection heat transfer will enhance. In addition, 
gravity causes separation of phases and also sedimentation in the nanofluid. It was also confirmed 
that at value of the ratio of thermal energy to dipole-dipole contact energy more than unity, 
thermal forces are able to disrupt agglomerates.       

1. INTRODUCTION 
Nanofluids are produced by adding only a small amount of nanoparticles or nanotubes (up to 10%) into the 

base fluid [1]. The presence of these small particles has been shown to increase the heat transfer of the base 
fluid. As Keblinski et al. [2] explored there are different factors influencing the heat transport capability of 
nanofluids such as: brownian motion of nanoparticles; molecular-level layering of the liquid at the nanoparticle 
surface; nature of heat transport in nanoparticles; and the effects of nanoparticles clustering. 

Due to the high surface energy of nanoparticles, it is easy for nanoparticles to coagulate and difficult to 
disperse in water. Therefore, controlling the coagulation of nanoparticles in the nanofluid has become the 
primary issue for the initial research of nanofluid. It is also important to investigate dispersion and stability of 
nanofluids in order to exploit their potential benefits and applications [3]. It has been established that the mean 

droplets coalescence time is proportional to droplet’s diameter, i.e. n
ct d∼  where n varies in the range of 0.6–

3.15 [4]. The colloidal instability is one of the biggest problems that make the commercial use of nanofluids 
difficult. Aggregated nanoparticles cause sedimentation which lead to non homogenous dispersion of particles. 

Sedimentation phenomena affect the distribution of the particle concentration in the flow. As a result of the 
sedimentation of particles, a layer of the sedimented particles will form on the wall of the channel. The form of 
this layer is nonsymmetrical in horizontal channels [5]. In the midst of a sedimenting suspension, regions of 
particle density higher than average will constantly be formed and destroyed [6]. 

Nano-ferrofluids are one type of nanofluids which are suspension of magnetic nanoparticles in a carrier 
liquid such as water or kerosene [7]. In the presence of an external magnetic field, a ferrofluid becomes 
magnetized as the particles align with the magnetic field [8]. So they have a wide range of potential application 
in biomedicine and technology. In ferrofluids transfer of particles in the presence of temperature gradients and 
magnetic fields [9], and also settling of particles and their aggregates [10] lead to heterogeneity of the fluid. As 
stability of such fluids is an important property that insures the investigator of a well-defined material suitable 
for fluid applications, the main objective of this work was to study effect of gravitational sedimentation and 
aggregation on heat transfer of a kerosene based ferrofluid using CFD technique. In addition application of both 
single and two phase methods was studied.           

2. MATHEMATICAL FORMULA AND NUMERICAL METHOD 
In the literature two approaches, single phase model and mixture method, have been applied to investigate 

the heat transfer characteristics of nanofluids. The first approach assumes that the continuum assumption is still 
valid for fluids with suspended nano size particles. The other approach uses a two-phase model for description of 



both the fluid and the solid phases. In this study effect of these two models have been compared with each other. 
For more details about formula used in this study refer to [11-12].  

As Fig. 1 illustrates, a disc with a height and diameter of 3.5 mm and 75 mm, respectively was used in 

simulations. A grid independency check has been performed, and finally a grid with 56 10× tetrahedral elements, 

and 510 nodes was chosen for performing simulations. Simulations were done using a commercial software, 
Fluent, and a user defined function (UDF) was added to apply a uniform external magnetic field parallel to the 
temperature gradient. Constant temperature boundary conditions were applied for both bottom and top of the 
disc, and sidewall was insulated.  

Fig 1: Schematic of the geometry used in this study.

The solver specifications for the discretization of the domain involve the presto for pressure and second-
order upwind for momentum and energy in both models. In addition first-order upwind was used for volume 
fraction in mixture model. The under-relaxation factors, which are significant parameters affecting the 
convergence of the numerical scheme, were set to 0.5 for the pressure, 0.7 for the momentum, and 0.5 for the 
volume fraction. Using mentioned values for the under-relaxation factors a reasonable rate of convergence was 
achieved. 

3. RESULTS AND DISCUSSION 

A kerosene-based magnetic fluid with magnetization 48 kA/m, particle magnetic moment 19 22.5 10 Am−
× , 

vacuum permeability 74 10 H
m

π −
× and thermal expansion coefficient 10.00086

K
was used in this study. 

Other properties are listed in table 1.  

Table 1: Properties of the studied ferrofluid (c and p denote continuous and dispersed phase, respectively)

Magnetic Rayleigh number, mRa , is a good criterion to characterize convection. mRa  is defined as follow: 

0 0
2m

m
TlRa
k

µ

ρυ

β ∆ ∆=
M H          (1) 

Model 

Single Mixture 

Property Value Property (c) Value (c) Property (p) Value (p) 

Thermal conductivity 0.22 W mK
Thermal    

conductivity 
0.149 W mK  Thermal conductivity 1W mK

Dynamic viscosity 0.008 kg ms  Dynamic viscosity 0.0024 kg ms  Dynamic viscosity 0.03 kg ms

Heat capacity at constant 
pressure 

3259 J kgK
Heat capacity at 

constant pressure 
2090 J kgK

Heat capacity at 
constant pressure 

4000 J kgK

Density 1250 3kg m  Density 1248-1.56×T 3kg m  Density 35400 kg m



where 0 0, , , , , , , ,m T l and kµ β ρ υ∆ ∆M H  represents magnetic permeability in vacuum, pyromagnetic 

coefficient, magnetization vector at initial condition, the temperature difference over the gap, a characteristic 
length equal to the gap width, the magnetic field difference over the gap, density, kinematic viscosity, and 
thermal conductivity, respectively.  

Figure 2 represents effect of gravity on heat transfer of the ferrofluid using both single and two phase 
methods. As this figure shows for both methods in the presence of gravity because of natural convection the heat 
transfer will enhance. Simulations for the mixture model were performed at particle diameter 10 nm and solid 
volume fraction 0.1. There are few experimental data to validate the single phase approximation and two phase 
method. As the particle–liquid interaction and the movement between the particle and liquids play important 
roles in affecting the convective heat transfer performance of nanofluids, it seems that mixture method can better 
predict the behavior of such fluids. But some researchers [13-15] deal with the nanofluids as single-phase fluid 
because it is much simpler and computationally more efficient. 
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Fig 2: Effect of gravity on Nusselt number using mixture and single phase methods. 

In order to better illustrate the effect of gravity on heat transfer of the ferrofluid, temperature contours in the 
presence and absence of gravity has been presented in Fig. 3. As this figure shows in the presence of gravity, the 
system is more non-uniform and sedimentation can occur.    

Fig.3: Temperature Contours at z=0.00175 m in the (a) presence and (b) absence of gravity. 

Gravitation induces phase separation; therefore it causes particle sedimentation within the nanofluid. In other 
words, there is an interaction between gravity-and suspension-driven sedimentation. Sedimentation can damage 
the stability of the system, and then lead to oscillatory convection. This phenomenon will stop as phase 



equilibrium is approached. For ferrofluids the following ratio can describe the relative influence of gravity to 
magnetism [7]; 

0

Gravitational energy l

Magnetic energy

ρ

µ

∆
=

g

MH
                (2) 

if the above ratio is sufficiently smaller than 1, therefore the gravity is less of a threat to sedimentation and then 
segregation of magnetic particles than is a magnetic field.    

The presence of gravity sedimentation of particles causes the nanofluid to be more heterogeneous. Figure 4 

shows separation of phases because of gravity using the mixture model at 38T K∆ = , and 20 .kA
m

=H  Not 

only the nanoparticles move around, but also significantly large bodies of fluid around nanoparticles interact 
with each other, which leads to a strong micro convection.  

Fig 4: Solid volume fraction of dispersed phase (magnetic particles) on a z-plane after 100 s. (a) z=0 and (b) 
z=0.00175 m. Red and blue colors refer to the maximum and minimum values. 

In order to investigate the influence of aggregation on heat transfer, particle’s diameter 50 nm and solid 
volume fraction 0.1 was used in simulations, and results compared with the case contained particle’s diameter 10 
nm. The ratio of thermal energy to dipole-dipole contact energy can govern the stability of the system. To escape 
agglomeration, this ratio must be greater than unity [7], i.e.; 

2
0

12
1Bk TThermal energy

Dipole dipole contact energy Vµ
=

−
>

M
    (3)  

where Bk , and V represent Boltzmann’s  constant and volume for a spherical particle, respectively. 

As in our simulations the above ratio was greater than 1, the thermal agitation was able to disrupt 
agglomerates, so the amount of heat transfer in both cases was the same. In the previous work [16] it was shown 
that in the presence of magnetic field greater than 20 kA/m particle’s diameter can affect the heat transfer, 
because dipole-dipole contact energy is significant and the above ratio is smaller than 1. 

4. CONCLUSION 

In this study the effect of gravity on heat transfer of kerosene based nano-ferrofluid has been investigated 
using CFD tools. Significance of single phase and mixture models on prediction of nanofluid’ behavior also was 
studied. Results show that gravity induces sedimentation and therefore causes the system to be more unstable. It 
was obtained that for both mathematical models in the presence of gravity because of natural convection heat 
transfer will enhance. It was confirmed to escape agglomeration; thermal energy to dipole-dipole contact energy 
ratio must be greater than unity.          



REFERENCES 
1. Choi, S. U. S., “Enhancing thermal conductivity of fluids with nanoparticles,” In: Siginer, D.A. and Wang, 

H.P. (Eds.), Developments and Applications of Non-Newtonian Flows, FED – Vol. 231/MD – Vol. 66, The 
American Society of Mechanical Engineers, New York, pp. 99–105, 1995. 

2. Keblinksi, P., Phillpot, S. R., Choi, S. U. S. and Eastman, J. A., “Mechanisms of heat flow in suspensions of 
nano-sized particles (nanofluids),” International Journal of Heat and Mass Transfer, 45, 855–863, 2002. 

3. Li, X., Zhu, D. and Wang, X., “Evaluation on dispersion behavior of the aqueous copper nano-suspensions,” 
Journal of Colloid and Interface Science, 310, 456–463, 2007. 

4. Thornton, J. D., Science and Practice of Liquid–Liquid Extraction, Vol. 1, Oxford: Clarendon Press, PP. 255–
337, 1992. 

5. Sarimeseli, A. and Kelbaliyev, G., “Sedimentation of solid particles in turbulent flow in horizontal channels,” 
Powder Technology, 140, 79– 85, 2004. 

6. Abade, G. C. and Cunha, F. R., “Computer simulation of particle aggregates during sedimentation,” Comput. 
Methods Appl. Mech. Engrg., 196, 4597–4612, 2007. 

7. Rosensweig, R. E., Ferrohydrodynamics, 2nd ed., Dover Publications Inc., New York, 1997. 
8. Borglin, S. E., Moridis, G.J. and Oldenburg, C.M., “Experimental studies of the flow of ferrofluid in Porous 

media,” Transport in porous media, 41, No. 1, 61-80, 2000.  
9. Blums, E., Maiorov, M.M. and Cebers, A., Magnetic Fluids, Zinatne, Riga, 1989.  
10. Bozhko, A. A. and Putin, G.F., “Heat transfer and flow patterns in ferrofluid convection,” 

Magnetohydrodynamics, 39, 147-169, 2003. 
11. Jafari, A., Tynjälä, T., Mousavi, S.M. and Sarkomaa, P., “CFD simulation and evaluation of controllable 

parameters effect on thermomagnetic convection in ferrofluids using Taguchi technique,” Computers and 
Fluids, 37, 1344-1353, 2008a. 

12. Tynjala, T., Theoretical and Numerical Study of Thermomagnetic Convection in Magnetic Fluids, PhD 
Thesis, Lappeenranta University of Technology press, Finland, 2005. 

13. Xuan, Y. and Roetzel, W., “Conceptions for heat transfer correlation of nanofluids,” International Journal of
Heat and Mass Transfer, 43, 3701–3707, 2000. 

14. Khanafer, K., Vafai, K. and Lightstone, M., “Bouyancy-driven heat transfer enhancement in a two-
dimensional enclosure utilizing nanofluids,” International Journal of Heat and Mass Transfer, 46, 3639–
3653, 2003. 

15. Maiga, S. E. B., Nguyen, C. T., Galanis, N. and Roy, G., “Heat transfer behaviours of nanofluids in a 
uniformly heated tube,” Superlattices and Microstructures, 35, 543–557, 2004. 

16. Jafari, A., Tynjälä, T., Mousavi, S.M. and Sarkomaa, P., “CFD simulation of heat transfer in ferrofluids,” 
International Journal of heat and Fluid flow, 29, 1197-1202, 2008b. 





Publication X

S.MOHAMMAD MOUSAVI, AREZOU JAFARI, SOHEILA YAGHMAEI, MANOUCHEHR VOSSOUGHI,

ILKKA TURUNEN, MOHAMMAD REZA KAMALI, PERTTI SARKOMAA

CFD simulation of concentration profiles and velocity field. Application: in bioleaching process

Reprinted from the proceedings of the

17th European Symposium on Computer Aided Process Engineering (ESCAPE17, paper ID:

T4-458), V. Plesu and P.S. Agachi (Editors), Bucharest, Romania, May 27-30, 2007.





17th European Symposium on Computer Aided Process Engineering – ESCAPE17 
V. Plesu and P.S. Agachi (Editors)  
© 2007 Elsevier B.V. All rights reserved. 1 

CFD Simulation of concentration profiles and 

velocity field. Application: in bioleaching process 

S.Mohammad Mousavi,1,2 Arezou Jafari,3 Soheila Yaghmaei,1 Manouchehr 

Vossoughi,1 Ilkka Turunen,2 Mohammad Reza Kamali,2 Pertti Sarkomaa,3

1Department of Chemical and Petroleum Engineering, Sharif University of Technology, 

Tehran, Iran; E-mail: mousavi@mehr.sharif.edu 
2Department of Chemical Technology, Lappeenranta University of Technology, 

Lappeenranta, Finland; E-mail: ilkka.turunen@lut.fi 
3Laboratory of Engineering Thermodynamics, Lappeenranta University of Technology, 

Lappeenranta, Finland; E-mail: arezou.jafari@lut.fi 

Abstract

In this study, some important variables in the bioleaching, such as ferric and 
zinc ions concentration in the liquid phase and velocity field around a single 
particle were simulated. Volume of fluid (VOF) method was used to predict the 
mentioned fields in a 3D geometry. Results show that VOF is a successful 
approach for prediction of velocity and concentration fields. The computational 
model has successfully captured the results observed in the previous works [1, 
2]. Simulation results indicate that concentrations of species in a thin layer of 
liquid on the particle surface are very higher than their concentrations in the 
liquid bulk.

Keywords: Simulation; Velocity field; Concentration profile; Bioleaching 
process; Volume of fluid method 

1. Introduction

Bacterial leaching is an important process used in the extraction of metals such 
as gold, copper and zinc from their ore and concentrate using microorganisms. 



                                                                                                            S.M .Mousavi et al.2

Bioleaching of sulfide minerals is based on the ability of the iron-oxidizing 
bacteria such as Acidithiobacillus ferrooxidans to oxidize ferrous iron (Eq. (1)). 
In the leaching of zinc concentrate with ferric iron, the zinc is dissolved, and the 
ferric iron is simultaneously reduced to ferrous iron (Eq. (2)).  

4 4 42 2 2 3 2
bacteria12FeSO + O + H SO Fe (SO ) + H O

2
                          (1) 

0
4 4 42 3Fe (SO ) + ZnS 2FeSO + ZnSO + S                                                     (2) 

0
42 2 2

bacteria3S + O + H O H SO
2

                                                         (3) 

0
4 42 2 2

1ZnS + O + H SO ZnSO + H O+ S
2

                                                 (4) 

   The pathway to a faster extraction is not obvious yet, because of the complex 
and poorly understood hydrodynamics and reaction kinetics involved in the 
extraction processes. Investigation of the interactions between the parameters in 
bioleaching process can be applied to optimize the rate of metal extraction from 
sulphide minerals. Such investigations can be carried out with the aid of 
computer simulations. Computational Fluid Dynamic (CFD) has the potential to 
assist by improving understanding of the interaction between hydrodynamics 
and chemistry [3,4]. Recently, most studies [5-9] have been aimed at improving 
the understanding of bioleaching kinetics and hydrodynamics. Many models 
have been presented in order to predict velocity, concentration and temperature 
fields, but there is no scientific literature about the application of volume of 
fluid method as a modelling approach for the prediction of velocity and 
concentration fields in the bioleaching processes.  

   In the present attempt VOF method was used to predict the concentration 
profiles and liquid velocity field around a single sphalerite particle in a 3D 
geometry. To investigate the effect of inlet air velocity on the fluid velocity 
field two different inlet velocities for air were applied.  

2. Mathematical modeling and numerical method  

2.1. Governing equations

   The following governing equations for unsteady, incompressible, Newtonian, 
two-phase flow were solved throughout the domain. It was assumed that the 
flow was under isothermal conditions, i.e., the flow was considered without 
temperature variation.  

( . ) 0u          (5)              



CFD Simulation of concentration profiles and velocity field. Application: in bioleaching 

process 3

2( . )+ p + +
t

u
u u u g F                   (6) 

where u  is the fluid velocity, p is the pressure, g  is the gravity acceleration, 
and F stands for body forces. In the present work, the continuum surface force 
model (CSF), originally proposed by Brackbill et al. [10], was used to model 
the force due to surface tension acting on the gas-liquid interface.

   The conservation equation for transport species takes the following form: 

( ) .( ) .i
i i

y
+ y + S

t
iu J                                                                         (7) 

where iy  is the local mass fraction of ith species, iS  is the source term for ith

species due to the reaction, and iJ is the diffusion flux of species i, which arises 
due to concentration gradients. Diffusion flux can be written as  

,i m iD yiJ                                                                                                 (8) 

here i,mD  is the diffusion coefficient for species i in the mixture. 

2.2. Numerical implementation  

   In this research GAMBIT 2.2 was used to create the geometry. To divide the 

geometry into discrete control volumes, more than 54×10 , 3D tetrahedral 

computational cells and 49×10  nodes were used. Figure 1 shows the schematic 
of the computational domain, liquid entrance and particle grid. 

Fig. 1. (a) grid and dimensions of the computational domain and liquid entrance, (b) particle grid. 

The VOF approach implemented in the commercial code for computational 
fluid dynamics, FLUENT, has been used for the simulations. Using the 
appropriate under-relaxation factors a reasonable rate of convergence was 



                                                                                                            S.M .Mousavi et al.4

achieved. It is worth noting that refinement of the grids did not produce any 
significant differences in the results. 
   Liquid velocity at the entrance was set to 0.01 m/s. The inlet air velocities 
from the bottom side were 0.01 and 0.5 m/s. The initial concentrations of 
ferrous, ferric and zinc ions was set to 5, 0 and 0 g/l, respectively.  

3. Results and discussion   

   The snapshots of the concentration profile of ferric ion in the liquid phase are 
illustrated in Fig. 2 (a-d). As Fig. 2 (b-c) shows the concentration of ferric ion 
due to the reaction (1) firstly was increased and again it was decreased because 
ferric ion consumed according to the reaction (2). 

Fig. 2. Snapshots of the concentration profile of ferric ion. Realizations each separated by 0.01 s 
and the simulation was carried out for the inlet air velocity of 0.01 m/s. 

   Fig. 3 (a-d) illustrates the temporal evolution of the concentration profile of 
zinc ion on the surface of particle in the plane passing through its centre. The 
initial concentration of zinc ion according to Fig. 3 (a) is zero. As Fig. 3 (b) 
shows the concentration of zinc at the beginning of simulation is very low. The 
reason is that firstly zinc sulphate was produced by reaction (2). Sulphuric acid 
was generated by reaction (3) and its participation in the reaction (4) increased 
the zinc ion concentration as it can be seen in Fig. 3 (c-d). 

Fig. 3. Snapshots of the concentration profile of zinc ion on the surface of particle. Realizations 
each separated by 0.01 s and the simulation was carried out for the inlet air velocity of 0.01 m/s. 

   In Fig. 4 variations of concentration profiles of ferric and zinc ions from the 
surface of particle towards the liquid bulk have been shown in 2-D plots. 
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Concentration variations are considered in 1 mm layer of liquid. From 2-D plots 
it is clear that the concentrations of both species decrease dramatically in the 
thin layer of liquid. For example, maximum concentration of ferric on the 
surface is 1.5 g/l while it decreases to about 0.5 g/l at 0.5 mm from the surface. 
The ferric ions concentration, measured in the bulk of the liquid, differ 
significantly from the concentrations on the surface of sulphide mineral. 
Metodiev et al. [2] investigated the liquid velocity and ferric ions concentration 
profiles in the vicinity of A. ferrooxidans, attached to the surface of a sulphide 
mineral. In comparison our results are in good agreement with their results. 

     Fig. 5(a and c) shows the temporal evaluation of the liquid velocity field in 
the plane passing through the centre of the particle at inlet air velocities of 0.01 
and 0.5 m/s respectively. In Fig. 5 snapshots were taken at 22 10t s. The 
results reported in this paper are in good agreement with the experiment results 
[1]. Simulations with high inlet air velocity, 0.5 m/s, represent two symmetric 
vortices (Fig. 5a). These structures could play an important role in the transport 
mechanism such as momentum dispersion [11]. These vortices may improve 
heat transfer, so the present simulation may open the possibility for developing 
a meaningful numerical model for the bioheap leaching where heat transfer is 
important.  

Fig. 4. 2-D plots for the variations of ferric (a) and zinc (b) concentration versus distance from the 
particle surface to the bulk of liquid  

Fig. 5. Vector plot of liquid velocity field around single particle. Here the inlet air velocity is 0.5 
and 0.01 m/s for parts a and c respectively. To obtain better visualization of flow field around the 
particle, the flow patterns marked in (a) is magnified and represented in (b).  
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4.  Conclusion 

   In this study, computational fluid dynamics was performed to predict the 
liquid velocity field and ferric and zinc ions concentration profiles around a 
single particle, which are useful for the bioleaching. Results show that for 
prediction of concentration profiles and velocity field in the gas-liquid systems 
VOF method could be applied as an investigative tool. It provides good 
engineering descriptions, and can be used reliably for predicting the flow and 
concentration patterns in bioleaching process. It has been shown that due to the 
reactions, which was assumed occur on the surface, there is high local 
concentration of metal ions on the particle surface. Results show that the 
concentrations in a thin layer of liquid, less than 1 mm from the surface to the 
bulk, strongly decreased. Using inlet air velocity of 0.5 m/s some vortices 
around the particle were observed. This finding seems to have a significant 
impact in the design of efficient multi-phase reactors for the bioleaching 
process. These investigations have merit as a scientific tool and will have 
practical applications in the metal extraction. 
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