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The aim of this thesis is to utilize the technology developed at LUT and to provide an 
easy tool for high-speed solid-rotor induction machine preliminary design. Computer-
aided design tool MathCAD has been chosen as the environment for realizing the 
calculation program. Four versions of the design program have been made depending on 
the motor rotor type.  
 
The first rotor type is an axially slitted solid-rotor with steel end rings. The next one is 
an axially slitted solid-rotor with copper end rings. The third machine type is a solid-
rotor with deep, rectangular copper bars and end rings (squirrel cage). And the last one 
is a solid-rotor with round copper bars and end rings (squirrel cage). Each type of rotor 
has its own specialties but a general thread of design is common. 
 
This paper follows the structure of the calculating program and explains some features 
and formulas. The attention is concentrated on the difference between laminated and 
solid-rotor machine design principles. There is no deep analysis of the calculation ways 
are presented. References for all solution methods appearing during the design 
procedure are given for more detailed studying. 
 
This thesis pays respect to the latest innovations in solid-rotor machines theory. Rotor 
ends’ analytical calculation follows the latest knowledge in this field. Correction factor 
for adjusting the rotor impedance is implemented. 
 
The purpose of the created design program is to calculate the preliminary dimensions of 
the machine according to initial data. Obtained results are not recommended for exact 
machine development. Further more detailed design should be done in a finite element 
method application. Hence, this thesis is a practical tool for the prior evaluating of the 
high-speed machine with different solid-rotor types parameters. 
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LIST OF SYMBOLS 

Roman letters 

A   linear current density 
a   number of parallel conductors 
a1k   factor for calculating the slot harmonic amplitudes 
B   magnetic flux density 
b  distance, width 
bd  tooth width 
bdr  rotor tooth width 
bds  stator tooth width 
br  rotor slot width 
bs  stator slot width 
C   constant, machine constant 
CT   torque coefficient 
c   function, constant 
D  diameter, electric flux density 
Dr  outer diameter of the rotor 
Ds  inner diameter of the stator 
Dse  outer diameter of the stator 
dp   penetration depth 
E   electromotive force (emf), modulus of elasticity 
Eew   distance of the coil turn-end 
f  frequency 
H  magnetic field strength 
h  height 
hd  tooth height 
hyr  height of rotor yoke 
hys  height of stator yoke 
I   electric current 
Is  conductor current 
J   current density 
j  imaginary unit 
K  transformation ratio, constant 
Ker   end-effect factor 
k   number of layer, factor, coefficient 
k1   roughness coefficient 
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kC   Carter factor 
kCu, kFe  space factor for copper, space factor for iron 
ksq  skewing factor 
kw  winding factor 
L   self-inductance 
Ld   tooth tip leakage inductance 
Lm   magnetizing inductance 
Lu   slot inductance 
l   length 
l’   effective core length 
lew   average conductor length of winding overhang 
lw   length of coil ends 
m   number of phases, mass 
N   number of turns in series per stator phase 
n   rotation speed, constant, number of coil turns in one slot 
nv  number of ventilation ducts 
P   power, losses 
p  number of pole pairs 
Qr   number of rotor slits 
Qs   number of stator slots 
q   number of slots per phase and pole 
R   resistance 
r  radius 
S   apparent power, cross-sectional area 
s   slip 
T  torque, temperature 
t   time, thickness 
U  voltage, RMS 
Um  magnetic voltage 
V   volume 
v   speed, velocity 
W   energy 
w   length 
X  reactance 
Z  impedance 
zQ   number of conductors in a slot 
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Greek letters 

α   end-effect factor, angle, coefficient 
αu   slot angle 
β   angle 
δ   air-gap length 
δe   equivalent air gap (slotting taken into account) 
δef   effective air gap (influence of iron taken into account) 
ε   temperature coefficient of resistivity, permittivity 
Θ   current linkage, temperature rise 
λ  permeance factor  
µ   permeability, dynamic viscosity of the fluid 
µr  relative permeability 
µ0   permeability of vacuum 
ν   ordinal of harmonic 
ρ   resistivity, mass density of the fluid, material density 
σ   conductivity, Maxwell's stress tensor 
σFtan   tangential tension 
σδ   leakage factor 
τp   pole pitch 
τu   slot pitch 
Φ   magnetic flux 
Φδ   air gap flux 
ωs  stator angular frequency 
χ   length/diameter ratio 
Ω   mechanical rotating angular speed 
ω   electric angular velocity, angular frequency 

 

Subscripts 

bar  rotor bar 
c   conductor 
crit  critical 
C   Carter 
Cu   copper 
e   electric 
em   electromagnetic 
er   end region 
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Fe   iron 
fr   friction 
harm  harmonic 
Im  imaginary part 
lin   linear 
m   magnetic 
max   maximum value 
mec   mechanical 
min   minimum value 
r   rotor 
Re  real part 
ring   end ring 
s   stator 
slit  rotor slit 
tot   total 
u   slot, slit 
v   harmonic of order v 
δ   air-gap 
0   basic value, initial value 
1   fundamental 

 

Acronyms 

AC   alternating current 
DC   direct current 
emf   electromotive force 
FEM   finite element method 
IM   induction machine 
MLTM  multi-layer transfer-matrix 
mmf   magnetomotive force 
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1. INTRODUCTION 

The worldwide amount of electric motors above 750 Watt can be estimated to be more 

300 million. Typically, one-third of the electrical energy use in the commercial sector 

and two-thirds of the industrial sector feed the electrical motors. Accordingly, they form 

a huge share of world energy consumption. Thereby, market is always interested in 

ways of improving drives’ efficiencies and reducing the costs. Moreover, effective 

usage of energy is nowadays supported by governments of many countries which leads 

to financial investments for new research and development work. 

High-speed electrical drives allow putting same power in a smaller volume and thereby 

reducing the machine weight. The term “high-speed” has several definitions. One of the 

ways to evaluate the speed range is to measure the peripheral speed. According to 

Jokinen (1988), speeds over 150 m/s are considered to be high speeds. However, from 

the electrical engineer point of view the rotational speed is the main criterion. Anyway, 

manufacturers do not have exact ranges of defining medium- and high-speed machines. 

During the latest decades the Department of Energy Technology at Lappeenranta 

University of Technology (LUT) has studied high-speed rotating electrical machines 

and their applications widely. Plenty of theoretical and practical research work has been 

done. Accordingly, due to the latest inventions in this field some renewing view for the 

previous data should be done. This thesis summarizes a number of researches about 

high-speed solid-rotor induction motors and offers a tool for preliminary machine 

design. 

1.1 Applications of high-speed motors 

Different requirements are leading to a growing demand for the high-speed machines. 

First of all, the expanding need for an increased power density. One of the simplest 

ways is to rise up the rotational speed which leads to growing of the shaft power of an 

electrical machine, increasing the rated speed is an effective way to boost power density 

and efficiency. Hereby, this method takes advantage of increasing shaft power without 

changing the size of the motor. Again, the same power could be reached in a smaller 

volume. In that case the weight of the machine reduces and its dynamic mechanical 

characteristics become better. The next point in such applications is the cycle time that a 
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machine tool needs to complete a specific operation. Hence, the same amount of work 

could be done in a shorter period. It may be critical in some fields of applications. 

Another interesting way of such high-speed machines lays in the area of replacing 

standard gearboxes that used to transfer the rotational speed of conventional power grid 

frequency (50/60 Hz) driven motors to higher speed levels. In some cases the overall 

efficiency of such systems increases and maintenance costs are reduced. However, deep 

technical and economical analysis should be performed before making a replacement. 

Nowadays, high-speed solid-rotor induction machines find their market place, for 

example, in the field of compressors. The demand in a high rotational speed forms the 

basis of replacing gearboxes by such motors. Moreover, different types of solid rotors 

that will be discussed further gives a number of advantages for compressors. For 

instance, smooth solid rotor decreases friction losses but has poor electromagnetic 

properties. Vice versa, slitted rotor has a deeper flux penetration, better efficiency and 

power factor but the friction losses may be critical. A reasonable way in such a situation 

is to use a coated rotor. Coating with a thin high resistive cylinder improves the 

electromagnetic properties of the rotor and also leads to acceptable gas streaming and 

low friction. In case of aggressive environment it may be the only way to protect the 

iron parts against corrosion.  

The next field of an appropriate usage this type of drives is found in cryo technics. This 

industry experiences a very similar revolution of its drive technology as compressors. 

Directly driven motor elements replace a set of a gearbox and a standard motor. 

Thereby, energy recovery systems become more interesting from a financial and an 

ecological point of view. Accordingly, high-speed motors form the development of 

green energy applications.  

1.2 Solid-rotor construction types 

Solid-rotor construction defines performance parameters of the machine. The most 

obvious type of a solid-rotor is a smooth cylinder. The main advantage of a smooth 

solid-rotor is its mechanical rigidness. Furthermore, it is easy to manufacture. However, 

its poor electromagnetic properties limit the usage of this rotor type, Pyrhönen (1996). 

To improve the flux penetration deep in a solid rotor a number of ways exist. The 
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easiest one from the manufacturing point of view is an axial rotor slitting. Slitted solid 

rotor constructions have been studied for instance by Dorairaj (1967a,b), Jamieson 

(1968a), Rajagopalan (1969), Yamada (1970) and Jinning (1987). This type of a solid 

rotor is shown in Figure 1.1 a). 

Slitting decreases the rotor eddy-current losses due to increasing high-frequency surface 

impedance. The torque of such a machine also increases because the rotor low-

frequency impedance decrease. The drawbacks of such a construction are loss of 

ruggedness and high air friction losses, Aho (2007). 

Deep studying of the axial slitting influence on the mechanics and performance of the 

rotor was carried by Aho (2007). Obtained results were used as tips in the calculation 

program. 
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Figure 1.1 Solid-rotor designs: a) axially slitted solid rotor b) axially slitted solid rotor 
with copper end rings c) solid rotor with round copper bars and end rings 
(squirrel cage) d) solid rotor with deep copper bars and end rings (squirrel 
cage). 
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As it can be seen in Figure 1.1 a) the axially slitted rotor has steel end rings of the base 

material. Their impedance should be taken into account in the calculation process for 

correct defining of the rotor performance. 

To reduce the rotor impedance and improve the torque and power factor of the machine 

a solid rotor with copper end rings could be used. Construction of such a rotor 

represented in Figure 1.1 b). To produce such kind of a rotor a very precise manufacture 

is required. Copper end rings cover the solid rotor end and must have a tight galvanic 

connection. Existence of any gap between the rotor base material and the end rings 

voids the end ring effect and may cause dangerous vibrations at a high-speed. 

Ruggedness of this rotor type is lower and it cannot be used with an aggressive medium.  

Solid rotors with a copper squirrel cage are shown in Figure 1.1 c), d). First of them has 

round bars that produced by drilling. It is the easiest way to manufacture a squirrel cage. 

Deep copper bars presented in Figure 1.1 d) are more difficult to develop. However, a 

motor with this type of rotor has a better performance. Like a well-known laminated 

rotor with a squirrel cage these types of solid rotors have the best performance but the 

mechanical ruggedness can somewhat suffer from the construction and it also cannot be 

used in an aggressive medium. Such copper bar types allow, however, depending on the 

cage manufacturing method, maintaining the mechanical properties of the motor at an 

acceptable level. 

Each type of rotor is calculated in a different MathCAD file. The general structure of 

the program is the same but some features for different types of rotors are explained 

below.  

1.3 Outline of the work 

Asynchronous high-speed motors offer several advantages like decreased installation 

space for higher power and unnecessary gearboxes. These advantages apply for several 

fields and are intensively used in the machine tool, compressor, cryo and energy 

generating industry for example. Designing these asynchronous high-speed motors is an 

exciting task, where the usage of the most modern computational methods for the 

development process is as important as a wide range of experience and expertise to 

extend actual operation limitations in a safe way. Not only the knowledge of high-speed 
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motors is necessary but also a deep inside knowledge in inverter technology, partial 

discharge phenomenon and so called stray or additional losses to develop end product is 

important.  

The design process of the asynchronous motor is a well-known and widely used 

procedure in the industry. A number of ways to implement this operation exist. For 

example, Pyrhönen (2008) proposed a very coherent method of asynchronous motor 

design. The obtained results of induction motors parameters are very close to the ones 

shown in the official papers of the world leaders in a production of such well-

standardized motors. Presented calculation program follows this procedure, however, 

the higher speed of the developed machine imposes some changes into this thread.  

In the beginning of this work some major mechanical limitations are considered. 

Because of the high-speed machine mechanical rigidness importance equations for 

critical rotor diameter and length are given. In chapter 3 a solid-rotor machine design 

program is explained in details. Tips for selecting parameters, defined by user are 

presented according to research data. References for more detailed studying of the used 

calculation methods are given. Features and solving specialties of each type of solid-

rotors represented in paper are illustrated. Chapter 4 describes the losses of IM and the 

way of their calculation in the developed application. Analyze of the results, 

conclusions and practical value of work are shown in the last chapters.  
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2. MAJOR MECHANICAL LIMITATIONS 

Because of the high speed mechanical properties of the rotating parts have a big 

influence on a machine design. A standard laminated rotor is not rigid enough to face 

centrifugal forces appearing at such speeds. Damage of the rotor may lead to crashing of 

the whole machine. From this point of view smooth solid cylinder is the best option for 

the rotor. Jokinen (1988) defined the speed limits for certain rotor types. The curves in 

Figure 2.1 are obtained, when conventional electric and magnetic loadings are used, the 

rotors are manufactured of steel with a 700 MPa yield stress and the maximum 

operating speed is set 20 percent below the first critical speed. 

 

Figure 2.1 Powers limited by the rotor material yield stress versus rotational speed 
(Jokinen, 1988) 

During the real motor design process various physical aspects need to be calculated, 

taking electromagnetic, thermal, mechanical stress and structure dynamic aspects into 

account. It is better to combine such results with an experience and always keep safety 

in mind.  

This thesis is focusing mostly on the electromagnetic aspects and partly on the 

mechanical limitations. In case of industrial development specialists in a fluid 

dynamics, thermodynamics and mechanics should also be involved in a design process.  
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2.1 Diameter of the rotor 

An increase in the rotor diameter gives the benefit of a higher generated torque if the 

tangential stress is kept constant. Nevertheless, a rotor diameter is limited by the 

tangential stress mechanical strength of the rotor. While the rotor diameter increases, the 

circumferential force increases too. Ylinen (1970) has shown that the mechanical stress 

affecting a cylindrical solid rotor can be estimated as  

  !!"# = !"!!!!,      (2.1) 

where ρ is the mass density of the material and Ω is the angular velocity of the rotor. 

The factor C for a cylinder can be estimated 

  ! = !!!
!

, (smooth homogenous cylinder)  (2.2) 

  ! = !!!
!

, (cylinder with a small bore)   (2.3) 

  ! ≈ 1,  (thin cylinder)     (2.4) 

where v is the Poisson’s coefficient for the corresponding material. The applied 

Poisson’s coefficient v for rotor steel is 0.29, and for copper, used in the rotor end rings, 

it is equal 0.34. 

Smooth cylinders are not used as rotors in high-speed machines due to poor 

electromagnetic qualities. Above slitting of the rotor improves flux penetration into the 

rotor. However, rigidness of the rotating part becomes worse. According to Aho (2007), 

a number of factors like a slit depth, width and number of slits have a great influence on 

the mechanical and performance factors of the motor. Obtained results have been taken 

into account as advices in a calculation program. 

2.2 Length of the rotor 

The next important limitation is a rotor length. Natural frequency of the rotor may 

invoke dangerous vibrations in the machine. Because the solid rotor is made of one 

single piece of ferromagnetic material, its critical frequencies are high. 

Geometry and elasticity are two main factors influencing the rigidity of the rotor. 

Young’s modulus E describes the elasticity of the core material. According to Wiart 

(1982), critical rotor length lcrit can be found as 
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  !!"#$! = !! !
!

!"
!"
!"

,      (2.5) 

where n is the ordinal of the critical speed and I is the modulus of inertia and S is the 

cross-section of the cylinder. The variable k is defined as a ratio between the nth critical 

frequency and the nominal angular velocity 

  ! = !!
!!

.       (2.6) 

The safety factor ksafe for the maximum mechanical stress should be taken into account, 

and the ratio between the rotor length lr and the radius r can be estimated 

  !!
!
= !" !!"#$

!
!"
!!

!
.      (2.7) 

In a mechanical rigidness point of view, it would be better to have a short and thick 

rotor construction to achieve high speeds without vibrations.  
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3. CALCULATION PROCESS 

Calculation program has four modifications depending on a solid rotor type. First of all, 

an appropriate rotor type should be selected. Four options are available: a) axially slitted 

solid rotor; b) axially slitted solid rotor with copper end rings; c) solid rotor with round 

copper bars and end rings (squirrel cage); d) solid rotor with deep copper bars and end 

rings (squirrel cage). To verify the choice each MathCAD file has a figure that shows 

which type of rotor has been chosen. 

To improve friendliness of the user interface text styles were used. Values that should 

be chosen or checked by user are printed with blue and underlined. All other values 

participating in a calculation process are printed in black. Figure 3.1 indicates these text 

styles. 

 

Figure 3.1 Text examples: a) values that should be chosen b) additional values 

Application follows the International System of Units and IEC symbols during the 

calculations. A number of values are represented in way of multiplying by 1000 to make 

results more understandable. While the rotor type is chosen one could start running the 

MathCAD file and follow the instructions below.  

3.1 Initial data of the rotor 

First parameter that should be input by user is power P. It is an output power of 

designed motor in Watts. Then rotation speed ns in rpm, which should be in a high- or 

medium-speed range. The following parameter is a voltage U, which supplies the 

machine. The user has to choose the number of phases m and the number of pole pairs 

p. If the number of pole pairs differs from one careful analyze of all results should be 

done to avoid mistakes. The program calculates frequency f and a stator angular 

frequency ω in respect to the rotational speed and the number of pole pairs.  
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The next stage is to estimate the machine efficiency η and its power factor cos ϕ. Solid-

rotor motors do not have high power factor performance parameters. According to 

measured results, presented in Aho (2007), a three-phase, two-pole, 170 Hz induction 

motor equipped with a slitted solid steel rotor and the rated output power 120 kW has a 

power factor about 0.61 at the rated speed. Its efficiency was estimated at about 93 % at 

the rated speed. More detailed information about the tested motors, operation modes and 

obtained results could be found in his work but for the first estimation represented 

figures are acceptable. 

Temperature rise Θ  in Kelvins indicates heating of the machine windings. For the high-

speed machine heating processes are critical and should be considered more precisely. 

In this paper heating calculation follows the standard procedure for low-speed machines 

and the chosen temperature rise value is 100 K. 

A number of constants like the permeability of vacuum µ0, conductivity of copper at 20 

degrees of Celsius αCu20C, density of copper ρCu and others do not need to be modified. 

In case of using other material these constants should be updated. The material, used for 

the rotor development is Fe52. The BH curve for this material used in the program was 

taken from the work by Pyrhönen (1991). It was transferred from analog to digital form. 

Aho (2007) in his work deeply numerically analyzed the effects of different 

ferromagnetic materials on the electromagnetic performance characteristics of a high-

speed solid-rotor induction motor. Before that, Pyrhönen (1991) and Lähteenmäki 

(2002) suggested the high permeability and saturation flux density that can be 

understood as a practical choice. According to this knowledge appropriate materials 

parameters should be taken. 

The utilization factor C is an important design coefficient, which indicates the internal 

apparent power Si of the rotor volume and the motor electrical frequency. According to 

Vogt (1996), the mechanical utilization factor of the induction machine can be found as 

  !!"#$ = !  cos!!
!
!
! = !!"#$

!!
!!!!!

     (3.1) 

Each rotor type has a significantly different utilization factor. Several authors and 

manufacturers give curves describing machine utilization factors. Moreover, two-pole 
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high-speed solid-rotor induction motors have been tested at Lappeenranta University of 

Technology (LUT). The results are shown in Figure 3.2, Huppunen (2004). 

 

 

Figure 3.2 Mechanical utilization factors for two-pole high-speed solid-rotor induction 
motors. The motors are through cooled and the values are valid for motors 
with supply frequencies between 50 and 400 Hz. The numbers are 
corresponding with the numbers of the motors tested at LUT. a) Solid rotor 
with copper cage (motors 3 and 4). b) Slitted solid rotor with copper end 
rings (motors 6, 7, 9 and 10). c) Slitted solid rotor (motors 5, 8 and 11). d) 
Smooth solid rotor (motor 1). The dashed line is the utilization factor curve 
for standard 50 Hz totally closed two pole induction motors, Huppunen 
(2004). 

According to this research, utilization factors for different types of high-speed machines 

can be estimated. Calculation of this factor according to equation (3.1) is presented in an 

application below. 

To reduce the negative effect of harmonics, make manufacturing of winding easier and 

reduce copper consumption short pitching is used. To realize short pitching in practice 

double layer winding is used. It should be taken into account during the calculation. 

Parameter layer considers it. Winding distribution and its influence on current linkage 

waveform are deeply explained in Chapter 2 of Pyrhönen (2008). 
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3.2 Rotor permeability 

Permeability is a quantity that describes the magnetic property of a medium. If the 

permeability is higher then magnetic flux is better penetrates into it. The absolute 

magnetic permeability µ can be expressed as an equation 

  ! = !!
!!

 .       (3.2) 

To derive the absolute magnetic permeability it is needed to multiply the permeability 

of free space µ0 and relative permeability µr : 

  ! = !!!! ,       (3.3) 

where µ0 is constant and equal µ0 = 4π×10−7  H/m. The behaviour of the relative 

permeability of a ferromagnetic material is a non-linear complex function of the applied 

magnetic field. As the magnetic field strength increases the relative permeability of the 

ferromagnetic material decreases nonlinearly, thus resulting in a low value of relative 

permeability at high magnetic field strengths. 

In solid-rotor machines saturation has a significant influence on a rotor performance. In 

respect to it different values of relative permeability µr are given according to changing 

flux density. The data is individual for each material. This parameter strongly influences 

the obtained results and must be input correctly. 

According to Aho (2007), the initial relative permeability of the rotor material is 

independent if the rotor is slitted or not. It should be above 250 in order to reduce rotor 

surface losses and ensure the proper power factor. 

3.3 Tangential stress 

Main thread of calculation process follows Pyrhönen (2008). In electrical machines, the 

tangential stresses σFtan typically vary between ten and fifty kPa depending on the 

construction, operating principle and especially on the cooling of the machine. Thereby, 

first step in the motor design process is estimation of the tangential stress. The machine 

constant has almost the same sense for machine design. To transfer machine constant 

into tangential stress following equation is used 

  !!"#$ =
!"!"
!!!!!

 .      (3.4) 
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Well-designed motor has a range of typical tangential stress values. Obtained value 

should be compared to these known figures, however, higher speed of the machine 

should be taken into account. 

In order to estimate the rated torque it is necessary to define the rated slip s first. In our 

case with non-squirrel cage rotors the default value is 1 percent. This figure could be 

corrected later. The rotational speed at the rated slip is 

  !! = (1− !)!! .      (3.5) 

Hereby, rated stator angular frequency is 

  !! =
!!!!!
!"

 .       (3.6) 

With notice that value it is easy to find the rated torque of the motor 

  ! = !"
!!

 .       (3.7) 

Obtained value is preliminary and can be compared with the final results. 

3.4 Main dimensions calculation 

According to Vogt (1996), utilization factor describes internal apparent power Si of the 

rotor volume and the motor electrical frequency. With respect to equation (3.1) the rotor 

volume can be found as 

  !! =
!!

!!!"#$!
 .       (3.8) 

The next important stage is the air gap diameter D  estimation. Besides geometry 

dimensions, this parameter defines maximum possible value of the produced torque and 

the machine power density. 

With notice the rotor volume and the air gap diameter it is possible to calculate a stator 

core length l’ using simple geometry 

  !′ = !!!
!"!

 .       (3.9) 

According to Huppunen (2004), the best performance of the rotor obtained at the exact 

l’/D ratio. In his work this ratio was calculated for a copper-cage solid rotor, for a slitted 

solid rotor with copper end ring and for a slitted solid rotor without end rings. It must be 
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chosen optimally for every rotor type. If this ratio is badly chosen the motor does not 

achieve the desired characteristics. Hence, stator core length should be chosen with 

respect of l’/D ratio. Selected value may significantly differ from the calculated one. 

3.5 Air gap and effective core length 

Choice of the air gap length δ has a great influence on the machine characteristics. 

Minimal possible air gap is approximately 0.2 mm. Small air gap leads to low 

magnetizing current and the high eddy current surface losses. In the high-speed motors 

the air gap length depending on the machine power in Watts may be expressed as 

  ! =
!.!!!.!!" !

!"""
!

!"""
 .      (3.10) 

In a heavy-duty application or in case of a frequency convertor usage the air gap length 

is being increased by 60%. After these calculations a rounded value of the air gap length 

should be selected. 

The real core length l in case of the absence of ventilation ducts is equal to 

   ! = !! − 2! .       (3.11) 

With notice this parameter, the utilization factor and the rotor volume should be 

recalculated using equations (3.1) and (3.8). 

For the mechanical rigidness analysis the rotor velocity v is calculating as 

  ! = !π!! ,       (3.12) 

where Dr = D − 2δ  is a rotor diameter. This is a very important parameter for 

mechanical engineers. According to that, the speed range of the machine could be 

determined. 

3.6 Stator winding 

Following the thread represented in Pyrhönen (2008) a stator winding parameters are 

selected. A guiding principle is that a poly-phase winding produces the more sinusoidal 

current linkage, the more slots there are in the stator. On the other hand, stator 

dimensions limit the maximum number of slots. Hence, the first step in a stator winding 

design is an adequate choice of stator slots number Qs. Then, guiding by well-known 
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rules, the winding pitch y should be selected. Advantages of a short pitching were 

discussed above.  

After defining these parameters number of phases for pole and phase qs, stator slot pitch 

!!" pole pitch τp and stator slot angle !! could be expressed as 

  !! =
!!
!!"

 ,       (3.13) 

  !!" =
!!
!!

 ,       (3.14) 

  !! =
!!
!!

 ,       (3.15) 

  !! =
!!
!!

 .       (3.16) 

3.7 Rotor slitting 

The above mentioned advantages of the rotor slitting were discussed deeply. Two types 

of rotors considered in this paper: axially slitted solid rotor and axially slitted solid rotor 

with copper end rings have slits.  

Selecting the number of slits Qr has a great influence on the machine performance. The 

most significant factors that affect the number of the slits are: motor geometry, number 

of pole pairs and number of stator slots. According to Jinning (1987), the optimal 

number of slits is between 5 and 15 per pole pair. Dorrell (1993) and Tenhunen (2003) 

studied unbalanced magnetic pull due to the odd number of the slots. Detailed research 

of the solid-rotor slits is given in Aho (2006). 

According to it, the best motor performance is reached when the slits are about 60 % of 

the rotor radius. However, mechanical rigidness limits the slits depth h4r at about 50 % 

of the rotor radius. That could be a good practical choice for the motor design. 

Motor efficiency is highly dependent on a rotor flux penetration depth. To improve it 

the solid-rotors’ slits’ widths should be as small as possible. However, manufacturers 

limit the width of the slits b4r at 2.5 mm. That is the most suitable decision from the 

practical point of view. 
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Figure 3.3 Rotor slit cross-section 

Together with an uneven number of the slots solid-rotor in which every second slit is 

deeper than the others could be used to improve machine performance. Test results of 

such experiments are given in work by Aho (2007). Radial cross-section of different 

types of solid-rotor constructions is shown in Figure 3.4. Developed program calculates 

only rotors with equal slits. 

 

Figure 3.4 a) Slitted solid rotor with an equal slit depth b) Slitted solid rotor, in which 
every second slit is deeper than the others. 



 27 

3.8 Winding factors 

The winding factor correspondingly indicates the characteristics of the winding to 

produce harmonics. It is influencing on the current linkage and electromotive force 

(emf) accordingly affecting the performance of the motor. On the other hand, the 

winding factor describes connection between harmonic current linkage force and the 

magnetizing inductance. It can be expressed as 

  !!! =
!"# !!!!!

! !"# !  !  !
!

!!!"#
!!!
!

,     (3.17) 

where v is the number of harmonic (v =1 for fundamental). 

The symmetrical m-phase stator winding creates current linkage harmonics of the order 

(Richter 1954) 

ν = 2km +1, k = 0, ±1, ± 2, ± 3,... .     (3.18) 

The harmonics of positive order rotate in the same direction as the fundamental wave 

and the harmonics of negative order rotate in the opposite direction with respect to the 

fundamental current linkage wave.  

Research provided by Huppunen (2004) proves that the best winding pitch is 5/6, in the 

air-gap harmonics negative effect point of view, because it gives the minimum value for 

the leakage factor σδ, which is defined by Richter (1967) 

  !! =
!!!
!!!"

!
!!! ,      (3.19) 

where !!! is the fundamental winding factor. 

The leakage factor illustrates the harmonic content of the induced air-gap voltage. 

3.9 Air gap flux density and number of windings 

Well-designed machine flux density should be in an exact range. Long practice 

experience in an asynchronous rotor design allowed defining this range. According to 

Pyrhönen (2008), optimal values of flux density B are represented in the Table 3-1. 



 28 

Table 3-1 Optimal values of flux density for asynchronous machine 

Motor part Flux density B/T 

Air gap 0.7–0.9 

Stator yoke 1.4–1.7 

Rotor yoke 1–1.6 

Stator tooth 1.4–2.1 

Rotor tooth 1.5–2.2 

For the best performance of the motor flux densities at the machine parts should follows 

given values. 

After selecting the air gap flux density it is possible to define the number of stator coil 

turns N by 

  ! = !!!"
!!!!!!"!!!!

 ,      (3.20) 

where Bδ is the air gap flux density. Obtained value must be rounded to an integer. 

Increasing the number of parallel branches a allows to reduce current in one wire and 

keeps needed current linkage. When these two parameters are selected it is possible to 

calculate a number of conductors in a slot zQ 

  !! =
!!"#
!!  

 .       (3.21) 

This value must be an integer, too. 

When the number of stator coil has been redefined the air gap flux density must be also 

recalculated. With respect to equation (3.20) one could write 

  !! =
!!!"

!!"!!"!!!!
 .      (3.22) 
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Obtained result should be compared with the value in the Table 3-1. 

For calculating peak flux value Φm the following equation is used 

  !! = !
!
!!!!!! .      (3.23) 

Saturation effect is neglected in versions of program without squirrel cage. At this case 

a coefficient showing the arithmetical average of the flux density in the tangential 

direction αI is equal to 2/π. In case of squirrel cage the saturation effect cannot be 

neglected and the factor αI must be iterated. Simultaneously, the flux density values of 

the stator teeth have to be recalculated according to equation (3.23). 

3.10 Stator slots design 

In order to define stator slot width bds stator tooth flux density Bd should be selected 

according to the Table 3-1. This value will be corrected later. To calculate an average 

tooth width following equation is used 

  !!" =
!!"!!

!!"!
!!
!!

 ,       (3.24) 

where kFe is the space factor of the stator and rotor cores. 

Stator slot geometry presented in Figure 3.5 for better slot dimensions calculations 

understanding. 
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Figure 3.5 Slot geometry and dimensions 

To define stator and rotor slots dimensions a stator current should be found first.  It is 

obtained with shaft power and stator phase voltage 

  !! =
!

!"  !!,!"  !"#    !
 ,      (3.25)  

while efficiency η and power factor cos ϕ were estimated before.  

The next important stage is choosing of the stator current density Js. Alike flux densities 

table in Pyrhönen (2008), optimal values of current densities are represented in Table 

3-2. 

Table 3-2 Optimal values of machine current density 

Winding 
Current density 

J/A/mm2 

Stator winding 3–8 

Rotor copper winding 3–8 
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Rotor aluminium winding 3–6.5 

These values represent optimal space distribution. Well-designed motors should follow 

these figures, which were obtained and approved by the number of practical tests. 

According to chosen current density a cross-sectional area of one conductor slot Scs 

could be evaluated 

  !!" =
!!
!!!

 .       (3.26) 

Together with a slot insulation the winding insulation fills space in the slot. To consider 

this effect a space factor kCus is used. User must specify this parameter. The space factor 

kCus of the slot depends principally on the winding material, the voltage level and the 

winding type of the machine. Thereby, wound area of the slot Scus could be evaluated 

  !!"# =
!!!!"
!!"#

 .       (3.27) 

Then a designer must input initial parameters such as a slot opening height h1 and a 

width b1, a height of the slot in the widening h2, and also h3 and h6. 

To redefine tooth width according to slot parameters slot width at the bottom b4 is 

evaluating 

  !! =
!(!!!! !!!!! )

!!
− !!" ,     (3.28) 

The main idea of this section is to choose h5 in such way that after use an equation  

  !!"# =
(!!"#!!!"#)

!
ℎ! +

!
!
!!"#

! ,    (3.29) 

obtained value must correspond the result of equation (3.27). To reach this matching the 

iteration procedure must be completed. 

When all basic slot parameter has been defined a total slot area could be evaluated. 

In case of the stator current density reached desired magnitude, the tooth flux density 

must be recalculated using equation  

  !! =
!!"!!

!!"!
!!
!!"

 ,       (3.30) 
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and compared with the values in the Table 3-1. 

3.11 Stator and rotor teeth magnetic voltages 

The magnetic voltage Um is calculated for each machine part individually. Rotor and 

stator are made of different materials. Since each material has its own BH curve an 

appropriate initial data should be provided. The data for laminated steel, which used in a 

stator, for instance M-270-50A, could be found easily. Every steel producer has such 

figures for their steel. However, it is not easy task to find data for ferromagnetic steel 

such Fe52 that used in the example calculations. BH curve for this material was taken 

from Pyrhönen (1991) and transferred from analog to digital presentation.  

These preparations were made to simplify and automate magnetic voltage calculation 

procedure. At the first stage MathCAD function lspline is used for returning a vector 

that further uses by interp function for creating a cubic, piecewise polynomial that 

passes through all BH curve points. 

Then the initial values of magnetic voltages are obtained. To get the precise solution so 

called “Given-Find” MathCAD procedure is used. The main principle of it is that the 

function Find returns a solution to a system of equations given by a solve block. In case 

of the magnetic voltage calculation the equation is  

  !′! −
!!"!!

!!"!!!"
− 1 !!! − !! = 0 ,    (3.31) 

where ! is a magnetic field strength. 

At the end of this procedure a function Find returns the value of magnetic field strength 

separately for the stator and rotor taking into account BH curve of their materials.  To 

get the values of the magnetic voltages obtained magnetic field strengths should be 

multiplied by corresponding lengths of stator and rotor teeth. 

3.12 Air gap magnetic voltage 

The air gap magnetic voltage is a main component of the whole machine magnetic 

voltage. Thereby, precise evaluation of this parameter should be done. In the manual 

calculation the geometry of the machine is simplified. Well-known Carter’s factor was 

introduced in 1901 to make an opportunity of manual calculation of the magnetic 
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voltage, Carter (1901). In general, the length of air gap is presented longer than it is. 

Therefore, slots or slits are being considered in the solving process. In spite of the year 

of publication the general idea remains the best option for calculation. 

The equivalent air gap δe could be estimated by multiplying Carter’s factor kC by the air 

gap length 

  !! = !!!.       (3.32) 

Calculation of the stator component of the Carter’s coefficient is the same for all types 

of rotors and follows Pyrhönen (2008). However, the rotor component of the Carter’s 

coefficient calculation depends on the rotor slits or bars. It is the same for rotors 

illustrated in Figure 1.1 a), b) and d). Because of the slot opening absence in case of 

rotor shown in Figure 1.1 c) the rotor component of the Carter’s coefficient is equal to 

1. 

3.13 Stator and rotor yokes 

The next stage of the machine design is a stator yoke dimensions calculation. Stator and 

rotor yokes flux densities By should be selected according to the Table 3-1.  

Stator yoke thickness hys for the beginning may be calculated using the equation 

  ℎ!" =
!!

!!"!!!"!!
 ,      (3.33) 

and used for stator outer diameter Dse evaluation 

  !!" = !! + 2ℎ! + 2ℎ!" ,     (3.34) 

where hs is a total slot height. 

This value should be corrected by adopting slot height and stator flux density to fit the 

given volume of the machine. 

Then to define stator and rotor yokes magnetic voltages Hy the “Given – Find” 

procedure explained above is used. 
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3.14 Magnetic voltages 

When all components of the machine’s magnetic voltages between points a and b are 

determined according to quasi-static Ampere’s law it is possible to calculate the total 

magnetic voltage of the motor. The total machine’s magnetic voltage Umtot obtained by 

summing in an appropriate way according to the equation 

  !!"#" = 2!!!! + 2!!"# + 2!!"# + 2
!!"#

!
+ 2 !!"#

!
 ,  (3.35) 

where !!!! is an air gap magnetic voltage, !!"# is a stator tooth magnetic voltage, 

!!"# is a rotor tooth magnetic voltage,  !!"# and !!"# are accordingly stator and rotor 

yokes magnetic voltages. Normally half of the mmf is used in calculations. 

RMS value of the machine magnetizing current Im could be found as 

  !! = !!"!!
!!!"! !

 .      (3.36) 

After that the stator resistance equivalent for considered types of machine is calculated.  

3.15 Solid-rotor main dimensions 

In spite of four different types of rotors used in the calculations main dimensions 

evaluating are the same for each type. First of all, a rotor length lr should be selected. 

Usually it is equal to the stator length. 

Another important parameter calculated here is the classical penetration depth δp. The 

penetration depth determines the distance, where, in magnetically linear materials, the 

electromagnetic wave is alleviated to 1/e of the original value. It is also known as skin 

depth and defined as 

  !! =
!

!!!!!!!!!"#
 ,      (3.37) 

where sn is a rated slip and !!"# is a rotor metal conductivity. Thereby, the rotor 

impedance is a function of penetration depth, which is slip dependent and influences on 

the magnetic state of the rotor. As iron saturates Eq. (3.37) cannot be directly used in 

steel rotors but it can give some idea of the depth of penetration. 
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3.16 End rings dimensions 

The power of the solid-rotor machine is extremely low mainly because of the high and 

largely inductive impedance the rotor. To improve it well-conducting end rings made of 

copper or aluminium is used. 

Each solid-rotor type presented in this paper has end rings. In case of squirrel cage and 

rotor with copper end rings it is standard end rings like ones that used in a low speed 

laminated rotors machines. However, ordinary axially slitted solid rotor without copper 

or aluminium end rings still has it. Due to the rotor manufacturing and geometry shown 

in Figure 1.1 a) this type of motor has end rings of the base material. Hence, the rotor 

impedance calculation leads to some difficulties and considered below. 

The end rings must be mechanically capable of withstanding the high rotational speed 

and severe duty conditions. Special manufacturing processes are needed to produce 

quality products. One of them is centrifugally cast. The centrifugal casting process 

produces an exceptionally pure alloy free from impurities, oxygen, porosity, inclusions 

and provides a very refined grain structure which exceeds the strength of static cast 

rings. For the high-speed rotors recommended technology of manufacturing is a roll-

forged rings, which provide superior mechanical strength.  

Aho (2007) considered the influence of the end rings width to the motor performance. 

According to it the trend in the results is that a rotor with a short end iron gives a higher 

torque than a rotor with a long end iron. The apparent resistivity seems to be higher with 

the long rotor ends. This phenomenon is emphasized at higher slip values. If the rotor 

end iron is totally removed, the torque-producing capability is reduced. This is because 

the saturation of the rotor end starts to decreases the effective torque producing rotor 

length. These observations indicate that the apparent resistivity of the rotor is very 

sensitive to changes in the rotor electrical angular frequency. 

In practice the rule of thumb is that end rings width wpr should be about the Agarwal’s 

depth of penetration δAgarwal. This depth of penetration can be used for saturable 

materials and according to Agarwal (1959), it is equal to 
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  !!"#$%#& =
!!!
!!!!!

 ,      (3.38) 

where !! is the peak value of the sinusoidal applied surface magnetic field and !!  is the 

saturation value of magnetic field flux density. 

According to Figure 1.1 a) considered rotor’s end ring height hpr is equal to the solid-

rotor radius.   

3.17 Calculation of a solid-rotor 

In contrast of laminated rotor, conventional induction machine theory proved to be 

inadequate for solid-rotor machines. Hence, a number of methods were developed to 

analytically solve electromagnetic fields distribution. Problems such a saturation, the 

effect of the finite axial length and rotor curvature affect the performance of the motor. 

Thereby, these effects should be taken into account during the fields’ solution. 

Steel material forms path for electric circuit and magnetic flux. Therefore, solving solid-

rotor electric and magnetic fields simultaneously is a demanding task.  

One of the ways to solve this problem is a three-dimensional FEM calculation. 

However, it takes a plenty of time and not suitable for the everyday design tasks. This 

method can be used at the finishing stage of project to precisely define performance of 

the machine.   

To define solid-rotor fields behaviour the limiting non-linear theory was proposed. This 

theory was studied and used by MacLean (1954), McConnell (1955), Agarwal (1959), 

Kesavamurthy (1959), Wood (1960a), Angst (1962), Jamieson (1968), Rajagopalan 

(1969), and Yee (1972).  According to it BH curve is assumed to rectangular which 

leads to constant value of 26.6° to the rotor impedance phase angle. Linear theory, 

presuming that the rotor material is magnetically linear, gives a constant value of 45° 

for the phase angle of the rotor impedance. However, test results show that this value is 

between these border constant values and depends on the exact rotor.  The equivalent 

circuit approach was used by McConnell (1953), Wood (1960b), Angst (1962), Dorairaj 

(1967b), Freeman (1968), Sarma (1972), Chalmers (1984), and Sharma (1996). Cullen 

(1958) used the concept of the wave impedance. 
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For correct defining of the rotor impedance phase angle non-linear function for the BH-

curve must be used. Pillai (1969) used the equation B1=cH(1-2/n),  where c and n are 

constants. According to his results the required rotor phase angle is lying between 35.3° 

and 45°, while n varies between 2 and ∞, respectively. Test results approve Pillai’s 

theory since at very low slips the phase angle approaches 45°. Respectively, the real 

phase angle of the rotor impedance approaches Pillai’s value when the slip increases. 

The transfer matrix technique is a mathematical method for determining magnetic and 

electric fields strengths in metal plates of constant permeability. It was introduced by 

Pipes (1956) and later modified by Greig (1967). The idea of the method is that the 

transfer matrix calculates the fields in the next thin metal layer according to values of 

previous one paying attention on the prevailing material constants. The name of the 

method is the multi-layer transfer-matrix method (MLTM method). Authors like 

Yamada (1970) and Chalmers (1982) used this method in the Cartesian coordinates. 

3.18 End-effect correction factor and rotor phase angle 

The end phenomena of a solid rotor make an influence on the precision of the motor 

performance calculation. Without taking into account this effect the power factor will be 

estimated higher than the real one. That may happen when the rotor is made from one 

piece of ferromagnetic steel without copper or aluminium end rings and, thereby, 

calculated impedance is too small. 

Traditionally, to take end effect into account rotor resistivity is modified by an end 

factor. A number of authors proposed their methods, for instance, Trickey (1936), 

Russell (1958), Yee (1971), O’Kelly (1972) and Woolley (1973). Aho (2007) in his 

work tested all factors, presented in these publications and according to his results 

Russell's end-effect factor gives the best results for the torque at low slip 

  !!"##$% = 1− !!!
!!

!"#$ !!
!!!

!!!"#$ !!
!!!

!"#$
!!!"
!!

 ,   (3.39) 

where wpr is an end ring width.  

However, this end-factor takes into account only the resistance of the rotor, but pays no 

attention to the rotor inductive behaviour. This leads to an incorrect power factor as 2D 

FEM calculation show in Figure 3.6. 
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Figure 3.6 Solid-rotor induction motor total impedances at the rated operational point of 
the machine (rated torque). Zmeas,tot is the total motor impedance measured at 
stator terminals. Its phase angle is ϕs. Zef,tot is calculated with two-
dimensional approach with end factor resistivity correction. The resistive 
part of the total impedance Rtot,ef is correct when the resistivity of the 
material is corrected with the end-factor. The reactance of the total machine 
impedance corrected with the resistance correction factor is, however, too 
small. The rotor impedance consists of the active part impedance Rr,act + 
jXr,act and the end ring impedance Re,er + jXr,er. The rotor phase angle is ϕr, 
Aho (2007). 

According to Figure 3.6 an extra end-effect should be taken into account for correct 

phase angle calculation. It must increase the total reactance of the rotor. 

In Pyrhönen (2010) a new correction factor that adding the Russell’s factor and make it 

slip dependent was proposed 

  !!"! = !!"##$%!!"# ,      (3.40) 

where the correction factor kPAN decreases the rotor conductivity as a function of the 

rotor angular frequency. 

This conductivity reduction factor is equal to 

  !!"# = 1− !!!
!/! ,      (3.41) 
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where c is an adaptation coefficient. This coefficient was defined with polyfitting 

technique in order to obtain a good matching between the simulations and the 

measurements presented in Pyrhönen (2010). 

Total correction factor ktot multiplied by 100 shows for how much percent rotor 

conductivity must be lowered to take the rotor end effects into account in the torque 

production. Thereby, the resistivity of the rotor material is increased by 1/ ktot.  

According to Agarwal’s theory the smooth saturating surface has a phase angle 

equalling to 26.6 degrees, which forms 1 – ktot of the total rotor phase angle. Hence, a 

total end ring reactance Xer is equal to 

  !!" = j 1− !!"!   tan(26.6°) .    (3.42)  

To find out the total rotor phase angle α one should sum the rotor per unit impedance 

with a resistivity correction from the 2D FEM calculation or the simple impedance 

calculation without rotor angle correction coefficient with the total end ring reactance 

  !! = !!",!"! +   !!" .      (3.43)  

Therefore, the rotor phase angle could be found using the equation 

  ! = tan!! !"(!!)
!"(!!)

 ,       (3.44) 

where Im(!!) and Re(!!) are accordingly imaginary and real parts of the rotor total 

impedance. This rotor power factor has a great influence on the machine power factor in 

general and could serve as an indicator of the rotor design quality. 

3.19 Rotor impedance 

The main difference in a solid-rotor machine design procedure is a rotor impedance 

calculation. Each type of rotor presented in this paper has its own specialties at this 

stage. Axially slitted solid-rotor represented in Figure 1.1 a) has the simplest rotor 

construction among others considered rotors and its rotor impedance calculation is made 

according to the rotor power factor found in (3.44). 

First of all the solid rotor tooth resistance !!"  should be found 

   !!" =
!

!!"!!"#!!"
 ,      (3.45) 
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where bdr is the rotor tooth width, !!"# is the rotor material conductivity at working 

temperature and ℎ!" is the rotor tooth height. The rotor end ring resistance Rpr between 

two teeth is equal to 

  !!" =
!(!!"#$)

!!"!!"!!"#!!
 ,      (3.46) 

where Dring = Dr– hpr is an end ring average diameter. 

The total resistance of the rotor Rr is follows the equation 

  !! = !!" +
!!"

!   !"# !!
!!

! .      (3.47) 

The obtained value must be referred to the stator by 

  !′! = !!!! ,       (3.48) 

where transformation ratio !! could be found as 

  !! =
!!
!!

!!!"
!!"

!
,       (3.49) 

and the skewing factor ksq showing weakening of the linking between the stator and 

rotor windings is equal to 

  !!" =
!"# !!!!"

!!!!!
!!!!"
!!!!!

.      (3.50) 

The last stage of the rotor impedance calculation in case of the axially slitted solid-rotor 

is finding the rotor reactance referred to stator X’r   

  !′! = tan(!)   !′! ,      (3.51) 

finally, the rotor impedance referred to stator !′! is 

  !′! = !′! + j!′! .      (3.52) 

Calculation of the axially slitted solid-rotor with copper end rings Figure 1.1 b) has a 

number of distinctions.  

The resistance of the copper ring is much less than the one of the end ring of base 

material and is equal to 
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  !!"#$ =
!!"#$

!!"#$!!"#
 ,      (3.53) 

where lring is an average ring length 

  !!"#$ =
!!!"#$
!!

 ,       (3.54) 

Sring is the end ring cross-section area 

  !!"#$ = ℎ!"!!" ,      (3.55)  

and !!"#  is the conductivity of copper. 

According to (3.47) the rotor resistance calculation follows the equation 

   !! = !!" +
!!"#$

!   !"# !!
!!

! .      (3.56) 

The theory used in case of the axially slitted rotor cannot be applied here and in order to 

find rotor reactance inductance of the rotor Lr must be evaluated. The rotor bar leakage 

inductance !!"  is calculating considering that the bar has a rectangular form. The 

permeance factor λur for this type of slot is 

  !!" =
!!"
!  !!"

+ !!"
  !!"

+ 0.66 ,     (3.57)  

and accordingly, the rotor bar leakage inductance is equal to 

  !!" = !!!′!!!!" .      (3.58) 

Thereby, the tooth tip inductance Ldr is highly dependent on the geometry also, and with 

respect to the equation (3.58) may be defined as 

  !!" = !!!′!!",       (3.59) 

where !! is the permeance factor of the tooth tip 

  !! =
! !
!!"

!!! !
!!"

 .       (3.60) 

The total rotor bar inductance !!"#  is the sum of the tooth tip inductance and the rotor 

bar leakage inductance 

  !!"# = !!" + !!".      (3.61) 
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To calculate the end ring inductance !!"#$ that is the second component of the total solid 

rotor inductance the following equation is used 

  !!"#$ = !!
!!
!!!  

!
!

! − !! + ! !!!"#$
!!

 ,   (3.62)  

where ν is a coefficient that equals to 0.18 if the number pole pair one and ν = 0.36 if 

the number of pole pairs more than one. 

Taking into account equations (3.47) and (3.48) a rotor inductance referred to stator L’r 

is equal to 

  !′! = !! !!"# +
!!"#$

!   !"# !"
!!

!  .     (3.63)  

The last stage of the rotor impedance calculation in case of the axially slitted solid-rotor 

with copper end rings is finding the rotor reactance referred to stator X’r   

  !′! = !  !′! ,       (3.64) 

finally, the rotor impedance referred to stator could be found by using the equation 

(3.52). 

 

Figure 3.7 Round rotor bar cross-section 
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In case of the solid-rotor with round copper bars and end rings Figure 1.1 c) the first 

step of the rotor impedance evaluation is the DC resistance of a rotor bar Rbar calculation 

  !!"# =
!

!!"#!!"#
 ,      (3.65) 

where !!"# is a cross-sectional area of the rotor bar. 

As it shown in Figure 3.7 the cross-section area of the rotor bar is equal to 

  !!"# =
!!!"!

!
 .       (3.66) 

To find the cross-sectional area of the copper end ring Sring the end ring current density 

Jring should be estimated first according to the Table 3-2 

  !!"#! =
!!"#$
!!"#$

 ,       (3.67) 

where !!"#$ is an end ring current. 

According to (3.56) the rotor resistance calculation follows the equation 

  !! = !!"# +
!!"#$

!   !"# !!
!!

! .     (3.68) 

Rotor resistance referred to the stator could be found using the equation (3.48). 

Because of the rotor bar shape the permeance factor is calculating in a different way. 

However, the rotor bar leakage inductance calculation still follows the equation (3.58). 

Likewise, the tooth tip leakage reactance and inductance calculation could be found 

accordingly using (3.60) and (3.59). 

End ring calculation is the same for the squirrel cage as for the previous case with the 

axially slitted solid-rotor with copper end rings. Thereby, the end ring inductance is 

evaluating with (3.62). 

Finally, the rotor bar inductance calculation follows (3.61) and the total rotor inductance 

referred to stator equal to (3.63). The next stage is finding the rotor reactance referred to 

stator according to (3.64). The rotor impedance referred to stator could be found by 

using the equation (3.52). 
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The last modification of the program that calculates solid-rotor with deep copper bars 

and end rings Figure 1.1 d) has a few differences from the previous case. The main 

feature of this type of rotor is its deep copper bars. The bar cross-sectional area is a 

simple multiplication of bar height and width.  

The next significant difference is the permeance factor calculation 

  !!" =
!!"
!  !!"

+ 0.66 .      (3.69)  

The rest of the thread is exactly the same as for the solid-rotor with round copper bars 

and end rings. 

3.20 Conclusions 

The general thread of the solid-rotor machine design follows the concepts presented in 

Pyrhönen (2008). The steps are the same while it is about the stator design. However, 

each type of studied solid rotor has its own features. The tips and the steps for each rotor 

type are represented in the according tables. General for the all solid-rotor machines 

steps differs from laminated rotor machines are shown in the Table 3-3. 

Table 3-3 Brief description of the design steps for the solid-rotor machine, which differs 
from the laminated one 

Design step Brief description 

The rotor material BH curve of appropriate ferromagnetic steel must be provided. 

The utilization factor Differs from the IM with laminated rotor and follows the 

equation (3.1). 

The air gap length Because of the high-speed the air gap length must be bigger 

and represented in the equation (3.10). 

The rotor slitting Depending on the diameter the optimal number of slits is 

between 5 and 15 per pole pair. The slits depth should be 

about 50 % of the rotor radius. The slits width should be as 
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less as possible, however, manufacturers limit it at 2.5 mm. 

Magnetic voltages of 

the rotor 

Follows the standard IM design procedure but the BH curve of 

the appropriate material must be used. 

The rotor main 

dimensions 

The rotor length is equal to the stator length. The penetration 

depth is equal to the equation (3.37). 

The end rings 

dimensions 

All the rotors with the copper end rings have the same 

calculation thread of the end rings parameters as the ordinary 

IM. In case of the end rings of base material the ring height is 

equal to the rotor radius and the ring width must be less than 

the Agarwal’s depth of penetration (3.38). 

 

The solid-rotor impedance calculation is one of the most important problems during the 

high-speed machine design. Each type of the solid-rotor presented in this paper has its 

own thread for it. Brief overview and the order of the design steps are shown in the 

following tables. 

Table 3-4 Brief overview of the rotor impedance calculation in case of axially slitted 
solid rotor (Figure 1.1 a) 

Design step Axially slitted solid rotor 

The rotor resistance The solid-rotor tooth resistance follows (3.45). The rotor end 

ring resistance is equal to (3.46). The total rotor resistance 

calculated according to (3.47). Finally, the rotor resistance 

referred to stator follows (3.48). 

The rotor inductance This step is omitting in case of axially slitted solid rotor. 

The rotor reactance The chapter 3.18 describes how to calculate the rotor phase 

angle. It is used in (3.51) to get the rotor reactance referred to 
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stator.  

The rotor impedance The rotor impedance referred to stator is equal to (3.52) 

 
Table 3-5 Brief overview of the rotor impedance calculation in case of axially slitted 

solid rotor with copper end rings (Figure 1.1 b) 

Design step Axially slitted solid rotor with copper end rings 

The rotor resistance The resistance of the copper ring calculation follows (3.53). 

The solid-rotor tooth resistance could be found by using (3.45). 

The rotor resistance is equal to (3.56). Finally, the rotor 

resistance referred to stator follows (3.48). 

The rotor inductance The permeance factor of the rectangular rotor slit is equal to 

(3.57) and accordingly the rotor bar leakage inductance follows 

(3.58). The permeance factor of the tooth tip is (3.60) and the 

tooth tip inductance calculating by the equation (3.59). The 

total rotor bar inductance equal to (3.61) and the end ring 

inductance could be found by (3.62). Finally, the rotor 

inductance referred to stator is calculating with (3.63). 

The rotor reactance Getting the rotor reactance referred to stator with an equation 

(3.64). 

The rotor impedance The rotor impedance referred to stator is equal to (3.52). 

 
Table 3-6 Brief overview of the rotor impedance calculation in case of the solid rotor 

with round copper bars and end rings (Figure 1.1 c) 

Design step Solid rotor with round copper bars and end rings 

The rotor resistance The resistance of the copper ring calculation follows (3.53). 

The DC resistance of a rotor bar could be found with the 
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equation (3.65). The rotor resistance is equal to (3.68). Finally, 

the rotor resistance referred to stator follows (3.48). 

The rotor inductance The rotor bar leakage inductance follows (3.58). The 

permeance factor of the tooth tip is (3.60) and the tooth tip 

inductance calculating by the equation (3.59). The total rotor 

bar inductance equal to (3.61) and the end ring inductance 

could be found by (3.62). Finally, the rotor inductance referred 

to stator is calculating with (3.63). 

The rotor reactance Obtaining the rotor reactance referred to stator with an equation 

(3.64). 

The rotor impedance The rotor impedance referred to stator is equal to (3.52). 

 
Table 3-7 Brief overview of the rotor impedance calculation in case of the solid rotor 

with deep rectangular copper bars and end rings (Figure 1.1 d) 

Design step Solid rotor with deep rectangular copper bars and end rings 

The rotor resistance The resistance of the copper ring calculation follows (3.53). 

The DC resistance of a rotor bar could be found with the 

equation (3.65). The rotor resistance is equal to (3.68). Finally, 

the rotor resistance referred to stator follows (3.48). 

The rotor inductance The permeance factor of the round rotor bar is equal to (3.69) 

and accordingly the rotor bar leakage inductance follows (3.58). 

The permeance factor of the tooth tip is (3.60) and the tooth tip 

inductance calculating by the equation (3.59). The total rotor 

bar inductance equal to (3.61) and the end ring inductance 

could be found by (3.62). Finally, the rotor inductance referred 

to stator is calculating with (3.63). 
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The rotor reactance Obtaining the rotor reactance referred to stator with an equation 

(3.64). 

The rotor impedance The rotor impedance referred to stator is equal to (3.52). 

 

Thereby, all significant differences presented in the developed MathCAD files are 

illustrated in the tables above. One should follow the standard IM design procedure 

paying attention on the shown steps.   
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4. SOLID-ROTOR MACHINE LOSSES 

Induction machine losses calculation is one of the most important components in the 

design process. The power losses not only determine the efficiency of the motor but also 

influence the choice of the machine cooling. This amount of power resulting in heat and 

must be dissipated in some efficient way. In case of the high-speed machine the 

situation is more complicated compared to conventional machines. The power density 

of such a machine could be three times as high. Moreover, the active weight of such 

machine is less and the cooling surface is less, too. These two factors prove that the 

high-speed machine needs an effective and reliable cooling.  

 

Figure 4.1 Induction machine losses 

Figure 4.1 illustrates the structure of the induction machine losses. As it can be seen the 

power losses are divided into electric and mechanical ones. Accordingly, the cooling 

and mechanical losses form the mechanical losses. Hence, electrical losses could be 

divided into fundamental frequency, which are core and winding ohmic losses, and 

harmonic losses. The harmonics travel in the air gap at the frequencies, which are higher 

than fundamental. The rotational speed of the rotor is always the one, thereby, 

harmonics that trying to rotate rotor at different speeds and even in different directions 

cause losses. In a solid-rotor machine the harmonic losses are about 10 percent of the 

total losses. In case of a not appropriate design of the solid-rotor machine the part of the 

harmonic losses can reach up to 50 percent of the total losses.  

The calculation program considers all types of losses and, furthermore, takes into 

account the monolith structure of the rotor. 
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4.1 Core losses 

It is been accepted that the core losses PFe are consist of the hysteresis and eddy current 

losses. These losses in rotating machines occur because of the alternating, high 

frequency and rotating fluxes. Deep physical analysis of the core losses structure and 

causes are presented in Bertotti (1991), Findlay (1994) and Saitz (1997). However, this 

paper is oriented on a practical implementation of this knowledge.  

One of the ways to calculate stator core losses is to use losses per mass coefficient PB 

given by manufacturers. According to this method of calculation the first stage is to 

determine stator mass. Since the geometry of the stator yoke and teeth are known trivial 

calculation of the volume is possible. The laminated steel used in stator manufacturing 

was defined in the very beginning of the application, thereby, metal density is known. 

Hence, stator yoke and teeth mass could be calculated as 

  !!" = !!"!!"!!" ,      (4.1) 

  !!" = !!"!!"!!" .      (4.2) 

The issue in this method of calculations is the technical data that manufacturers provide. 

Usually they not go beyond losses per mass for flux density 1.5 T and frequency 50 Hz. 

In case of high-speed machine these figures are not satisfactory because losses per mass 

are increasing dramatically with frequency increase. Nevertheless, Surahammars Bruk, 

which is now part of the Tata steel concern, provides data for the high frequencies and 

flux densities. Technical data for the steel M270-50A presented in App. I.  

Automated procedure for the losses per mass choice is implemented in the application. 

Simple program using MathCAD language is calculating correct value taking into 

account frequency, yoke and tooth flux density and the data interpolation. The data is 

discrete and just a number of frequencies represented there, hence, lspline function is 

used for the interpolation.  

Obtained losses per mass value is used in equation for the core losses calculation 

  !!"#$ = !!"#!!"#!!" ,     (4.3) 

  !!"#$ = !!"#!!"#!!" ,     (4.4) 

where kFey and kFed are iron loss correction coefficients.  
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For some frequencies and flux densities technical data is not available. In this case 

empirical equation for the core losses is 

  !!" = !!.!!!"
!

!"!"

! !!
!!

!
!!" ,    (4.5) 

where p1.0 is the losses per mass at flux density 1 T and frequency 50 Hz.  

4.2 Resistive losses 

According to the Joule's First Law electric current release heat passing through a 

conductor. The amount of released energy is proportional to the square of current 

multiplied by the resistance.  

To find out resistive losses the DC conductor resistance should be calculated first 

  !! =
!  !!"

!!!"!!"
 ,       (4.6) 

where !!" is the conductivity of copper at the working temperature. In case of an AC 

current the stator resistance correction coefficient must be used. The average length !!" 

of a coil turn is equal to 

  !!" = 2! + 2.4!!!τ! + 0.1 .     (4.7) 

The resistive losses PCu with respect to the Joule's First Law are equal to  

  !!" = !!! !! ! .      (4.8) 

The rotor resistive losses PrCu calculation is follow the equation 

  !!"# = !!! ,       (4.9) 

where !! is the air gap power, which calculation explained below. 

4.3 Harmonic losses 

Harmonic losses are could be divided into two types depending on the cause. The first 

type is the winding harmonics caused by the discrete coil distribution. The second type 

is the permeance harmonics caused by slot openings. Harmonic losses form remarkable 

component of the total solid-rotor losses. Hence, if harmonics in the air gap and stator 

losses are low a high efficiency of the solid-rotor machine can be reached. 
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The method presented in the application is a combination of the methods presented in 

Vogt (1996) and Bergmann (1982). These methods are deeply explained in 

corresponding papers and only key parts presented here. 

According to Vogt (1996), the rotor surface losses due to permeance harmonics !!"  are 

slip dependent and equal to 

  !!"
!
= !!

!/!!
!!!!

!""""/!"#

!.! !!
!

!!"
!!

!
!! ,   (4.10) 

where k0 is the factor that takes into account tooth design and other effect of real 

arrangements. In case of solid-rotor made of ferromagnetic steel it is equal to 23.3 

W/m2. Bn is the amplitude of the air gap flux density and it is calculated as 

  !! =
  !!!!
!!

  !! .      (4.11) 

The surface of the all pole pieces for the squirrel cages and for the axially slitted rotors 

are correspondingly equal to 

  !! =
!  !!!
!!
   ,       (4.12) 

  !! =
!  !!!!  !!  !!" !

!!
   .      (4.13) 

The next type of harmonic losses is rotor surface losses due to winding harmonics !!"# 

  !!"#
!

= !!
!/!! !!

!!!!
!""""/!"#

!.! !!"
!!/!

!!
!"""!

!
!! 

    +  !  !!
!

!!
!/!"

!!"
!!/!

!!
!""""!

!
    (4.14) 

where kn is the factor takes into account influence of permeance harmonics, kW is the 

factor takes into account frequency and pole pitching. Jr is the rotor surface current 

density. 

The last type of harmonic losses proposed by Vogt is the pulsation losses 

  
!!"#
!

= 8.3!!!
!!!!

!""""/!"#

! !!
!

! !!"
!"

 .   (4.15) 

Finally, the total harmonic losses in Watts is the sum of all obtained losses 

  !!"#$ = !!" + !!"# + !!"# .     (4.16) 
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The winding harmonic losses calculation using Bergmann’s method starts from the 

winding factor for a number of harmonics calculations. Then with respect to them 

magnetizing reactance referred to stator calculates 

  !! = j!!
!!
!!"

! !
!

!
 .     (4.17) 

After the evaluating the equivalent circuit impedance Zv and the induced air gap voltage 

Uv of harmonics the air gap power related to harmonics could be calculated as 

   !! = ! !! !

!"(!!)
 .      (4.18) 

In order to get final value of winding losses using Bergmann’s method sum of the air 

gap power for all harmonics must be found. 

In case of permeance harmonics the resulting air-gap current linkage in a three-phase 

machine can be expressed with the sum of the individual harmonic current linkages, 

Bergmann (1982). 

 

Figure 4.2 Equivalent circuit for the motor harmonics. 

As it can be seen in Figure 4.2 the source currents shows that the fundamental and 

harmonic motors cannot be solved individually because they are affect each other 

through the current source.  

The equation for the current source Imv is  
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  !!! = 0.5!!!!!!
!

!±!!"
!! .     (4.19) 

Then the calculation thread follows the Bergmann’s method for the winding harmonics.  

Finally, the sum of all five components forms the total harmonic losses. 

4.4 Friction and cooling losses 

Above the significance of gas friction in high-speed machines was mentioned. Due to 

the high angular velocity friction losses may become a significant factor in efficiency 

estimation.  

The friction losses could be divided into the air gap and rotor ends friction losses. The 

process of losses calculation follows exactly Huppunen (2004). 

The air gap friction losses !!"# are 

  !!"# = 0.5π!!!!!! !!
!

!
! ,     (4.20) 

where !! is the torque coefficient, k1 is the roughness coefficient. 

The ends friction losses !!!" are 

  !!"# = 0.5!!!! !!
!

!
− !!

!
− ℎ!"

!
 .   (4.21) 

Hence, the total friction losses are the sum of the ends friction losses, the air gap friction 

losses and the bearing losses. 

Cooling losses Pcool are estimated as 

  !!""# = 6 !
!"""

  .      (4.22) 

This value should be corrected taking into account the exact machine features. 
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5. CONCLUSIONS 

The results obtained in this work with the developed MathCAD programs were 

compared with the results gained by Aho (2007). First of all, new end-effect correction 

factor for the axially slitted solid-rotor machine must be approved by comparing Aho’s 

machine measurements and developed MathCAD program results. 

The motor analyzed was a three-phase, two-pole, 170 Hz induction motor equipped with 

a slitted solid steel rotor. The rotor core material was ferromagnetic steel Fe52. The 

parameters of the machine with axially slitted solid-rotor represented in the Table 5-1.  

Table 5-1 Dimensions of the rotor and the main parameters of the machine measured in 
the laboratory. 

Number of pole pair 1 

Number of phases 3 

Number of stator slots 48 

Stator outer diameter, mm 400 

Stator bore diameter, mm 200 

Active stator stack length, mm 280 

Air-gap length, mm 2.5 

Rotor length, mm 340 

Rotor slip depth, mm 40 

Number of rotor slits 34 
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Rated voltage, V 230 

Rated phase current, A 300 

Rated frequency, Hz 170 

Rated output power, kW 120 

These parameters were the initial data for the MathCAD program.  

To achieve the most comparable results as possible between measured and calculated 

values the motor was supplied directly from 50 Hz network instead of frequency 

converter. Correction coefficient for calculated rotational speed equal to 50/170 was 

applied. 

The power factor is the ratio between the amount of real power supplied and the actual 

amount of apparent power used. The higher the power factor, the more effectively the 

electrical energy is being used. 

The comparison of the measurements with the MathCAD model of the motor is shown 

in Figure 5.1. It could be noticed that represented curves are matching rather 

appropriate, especially around the rated speed. Small discrepancies could be explained 

by the choice of the end-correction factor adaptation coefficient. It is individual for 

every motor and should be extra tuned. Nevertheless, this comparison proves the 

working ability of the developed application. However, as it was mentioned, this 

MathCAD file could be used only for the preliminary design. 
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Figure 5.1 MathCAD calculated and measured power factor versus the rotational speed 
at 50 Hz power supply 

The next stage of the results analysis is the comparison of the machines with the 

different types of rotors. Four types of the calculated rotors shown in Figure 1.1 and 

other main parameters of the motor represented in the Table 5-2.  

Table 5-2 The main parameters of the machine for the comparison of the different rotor 
types  

Number of pole pair 1 

Number of phases 3 

Number of stator slots 48 

Stator outer diameter, mm 400 

Stator bore diameter, mm 200 
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Active stator stack length, mm 280 

Air-gap length, mm 2.5 

Rotor length, mm 280 

Rotor slip (bars) depth, mm 40 

Number of rotor slits (bars) 40 

Rated voltage, V 230 

Rated phase current, A 545 

Rated frequency, Hz 150 

Rated output power, kW 250 

The efficiency of the motors with the different rotor types is shown in Figure 5.2. The 

machine with the axially slitted solid-rotor has the lowest efficiency among others. The 

curves for the other solid-rotor motors are close to each other. The efficiency curves for 

the squirrel cage rotors lays almost parallel, which could be explained by the similar 

construction and calculation method. 

In case of solid-rotor the very significant parameter the power factor is illustrated in 

Figure 5.3. As well as the efficiency the axially slitted solid-rotor has the lowest power 

factor. The absence of high conductive parts leads to that. The axially slitted rotor with 

the copper end rings has the better power factor and the solid-rotors equipped with the 

squirrel cage have the power factor above 0.8 at the rated speed.  

The obtained curves corresponds well with practice experience and measurement data 

and could be another prove of the application correct calculation. 
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Figure 5.2 The machine efficiency with different rotor types versus mechanical power 

 

Figure 5.3 The machine power factor with different rotor types versus mechanical 
power 
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Finally, the efficiency and the power factor at the rated speed are shown in the Table 

5-3. The trends shown in Figure 5.2 - Figure 5.3 are confirmed here. For more detailed 

analysis of the results the 2D FEM calculations and measurement tests are required. 

Table 5-3 The performance parameters obtained from the developed MathCAD 
programs with respect to the solid-rotor types at the rated slip 

The 

performance 

parameter 

The solid-rotor type 

Axially slitted 

solid-rotor 

Axially slitted 

solid-rotor with 

copper end 

rings 

Solid rotor with 

round copper 

bars and end 

rings 

Solid rotor with 

deep copper 

bars and end 

rings 

Rated slip, % 4.03 1.39 0.39 0.34 

Power factor 0.63 0.69 0.82 0.81 

Efficiency, % 92.15 95.30 95.38 95.96 

All measurements were made at 250 kW rated power. However, in practice it is possible 

to have only about 150 kW with the solid rotor, maybe 250 kW with copper end rings 

and more than 300 kW with cage rotors. It is not acceptable to have 4 % slip in practice. 
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SUMMARY 

The main aim of this work was the development of an easy tool for the high-speed 

motor with four different types of solid-rotor preliminary designs. It can be used for the 

approximate calculations and for preparing a basis for FEM analysis. Moreover, 

different types of machines could be compared even on this stage and the designer has 

the opportunity to concentrate on the most relevant options. 

A comprehensive description of the solid-rotor machine design is represented in this 

paper. General information about the high-speed motors and application fields are 

discussed. The major mechanical limitations regarding high rotating speed machines 

were shown and explained.  

In the main part of the paper four types of the solid-rotors were chosen and analyzed. 

The detailed process of IM design was illustrated in the chapter 3. The attention was 

paid to the features related to the solid-rotor. The latest knowledge regarding the axially 

slitted solid-rotor with end rings of the base material implementation in the developed 

application was explained in details. The rotor impedance calculation steps were merged 

in the tables with respect to the solid-rotor type. All distinctions from the laminated 

rotor IM were emphasized and explained.   

The loss division of the motor and the way of their calculation in the program were 

presented. Harmonic losses calculation according to Vogt’s and Bergmann’s methods 

were shown in details. 

The analysis of the results obtained with the developed application was made in a way 

of comparing it with the measured tests results of the same machine. It is shown the 

working ability and rather good results of the program. The way to avoid possible 

discrepancies was proposed. The different behaviour of the considered rotors was 

studied at the example of the machine with the same stator. The obtained results are 

good correlating with the predicted ones. 

As a future work the further measurement tests and FEM calculations could be 

suggested for increasing the precision of the developed application and justifying the 

results.  
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APPENDENCIES 

APPENDIX I 

Table 1 Surahammars Bruk technical data for M270-50A steel. Losses per mass W/kg 
in respect to the frequency and the flux density. 
 

f/Hz 
 

B/T  
50 100 200 400 1000 2500 

0.1 0.02 0.04 0.10 0.29 1.40 5.75 
0.2 0.07 0.17 0.43 1.15 5.01 20.1 
0.3 0.14 0.35 0.91 2.48 10.2 42.4 
0.4 0.23 0.58 1.51 4.17 17.2 73.7 
0.5 0.33 0.85 2.24 6.24 26.1 116 
0.6 0.45 1.16 3.09 8.75 37.4 173 
0.7 0.58 1.61 4.07 11.7 51.4 248 
0.8 0.73 1.90 5.19 15.2 68.7 344 
0.9 0.90 2.33 6.47 19.3 89.6 468 
1.0 1.07 2.81 7.94 24.1 115 627 
1.1 1.27 3.36 9.61 29.7 145  
1.2 1.50 3.98 11.5 36.0   
1.3 1.76 4.71 13.6 43.3   
1.4 2.13 5.62 16.3 51.9   
1.5 2.52 6.69 19.2 61.9   
1.6 2.87      
1.7 3.13      
1.8 3.37      

 


