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This study combines several projects related to the flows in vessels with complex shapes
representing different chemical apparata. Three major cases were studied. The first
one is a two-phase plate reactor with a complex structure of intersecting micro channels
engraved on one plate which is covered by another plain plate. The second case is a
tubular microreactor, consisting of two subcases. The first subcase is a multi-channel
two-component commercial micromixer (slit interdigital) used to mix two liquid reagents
before they enter the reactor. The second subcase is a micro-tube, where the distribution
of the heat generated by the reaction was studied. The third case is a conventionally
packed column. However, flow, reactions or mass transfer were not modeled. Instead, the
research focused on how to describe mathematically the realistic geometry of the column
packing, which is rather random and can not be created using conventional computer-
aided design or engineering (CAD/CAE) methods.

Several modeling approaches were used to describe the performance of the processes in the
considered vessels. Computational fluid dynamics (CFD) was used to describe the details
of the flow in the plate microreactor and micromixer. A space-averaged mass transfer
model based on Fick’s law was used to describe the exchange of the species through the
gas-liquid interface in the microreactor. This model utilized data, namely the values of
the interfacial area, obtained by the corresponding CFD model. A common heat transfer
model was used to find the heat distribution in the micro-tube. To generate the column
packing, an additional multibody dynamic model was implemented. Auxiliary simulation
was carried out to determine the position and orientation of every packing element in the
column. This data was then exported into a CAD system to generate desirable geometry,
which could further be used for CFD simulations.

The results demonstrated that the CFD model of the microreactor could predict the flow
pattern well enough and agreed with experiments. The mass transfer model allowed to
estimate the mass transfer coefficient. Modeling for the second case showed that the flow
in the micromixer and the heat transfer in the tube could be excluded from the larger



model which describes the chemical kinetics in the reactor. Results of the third case
demonstrated that the auxiliary simulation could successfully generate complex random
packing not only for the column but also for other similar cases.

Keywords: CFD, multiphase, microreactor, packed-bed 
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Symbols and abbreviations

Symbols

a specific interfacial area, m2/m3

C concentration, mol/m3

cp specific heat capacity at constant pressure, J
kg·K

cV specific heat capacity at constant volume, J
kg·K

D diffusion coefficient, m2/s, packed-bed column diameter, m

d pellet diameter, m

IR inertia tensor, kgm2

m mass, kg

ṅ molar flow rate of gas, mol/s

p pressure, Pa

q heat flux, W/m2

qV volumetric heat source, W/m3

R specific gas constant, J
kg·K

r radius, m

T temperature, K

t residence time in a reactor, s

U internal energy, J

V volume, m3

V̇ volumetric flow rate, m3/s

~v velocity vector, m/s

x, y, z Cartesian coordinates

Bo Bond number

Ca Capillary number

Pr Prandtl number

Re Reynolds number

We Weber number

Greek symbols

α heat transfer coefficient, W
m2K

ε volume fraction



λ heat conduction coefficient, W
m·K

µ dynamic viscosity, Pa · s
ν kinematic viscosity, m2/s

π stress tensor, Pa

ρ density, kg/m3

σ surface tension, N/m

φ void fraction

ω angular velocity, rad/s

Subscripts

el packing element

g gas

in internal

l liquid

out outer

s structural elements

sq square-structured microplate

tri triangle-structured microplate

Abbreviations

CAD computer-aided design

CAE computer-aided engineering

CFD computational fluid dynamics

CSF continuous surface force

CSTR continuous stirred tank reactor

DEM discrete element method

FVM finite volume method

MCMC Monte-Carlo Markov chain

MPI message passing interface

ODE ordinary differential equation

PDE partial differential equation

SS sum of squares function

VOF volume of fluid method
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Chapter I

Introduction

1.1 Background

A new trend towards micro- and milli-scale equipment has emerged in the chemical
industry with the creation and development of new technologies and materials. This
equipment has numerous advantages compared to conventional devices: the small size
allows greater interfaces areas and therefore faster mass and heat transfer. Consequently,
better yields and selectivities can be achieved in chemical processes. Other advantages
often include improved safety and more precise process control. Because these processes
usually take place rapidly in a small space, accurate design of the equipment and control
is needed. Therefore, detailed study of the phenomena in microprocesses is necessary.
There are two principal ways to carry out such studies: experimental and modeling
approaches. Usually the best way is to use experimental and computational techniques
in parallel to complete each other. Then the models are validated by experimental results
and parameters of the models are estimated experimentally. A major breakthrough in the
microprocessor industry in recent years has lead to a significant increase in capabilities
of computers and their availability to researchers. As a result, computer science has
produced better algorithms and better models which can at least partly eliminate the need
for extensive experimentation. We are approaching situations where the CFD models
might be accurate enough with minimal experimental validation.

1.2 Scope of the work

This thesis is based on three laboratory setups: a plate microreactor, a tubular microre-
actor and a packed column. To develop each setup, comprehensive information on their
performance was required. Part of this information could be obtained by laboratory
tests, but some specific data, such as velocity or temperature fields in the vessels had to
be obtained by simulation. In these cases simulation was also cheaper, faster and safer.
Modeling provided data for the optimization and further development of the equipment
studied. The results were published in several articles [16, 51, 54].

11



12 1. Introduction

A common feature for all the studied cases was the complex geometry, which caused
challenges for the modeling.

The first vessel was a two-phase plate reactor with a complex structure of intersecting
micro channels engraved on one plate which was covered by another plain plate. A CFD
model was built to describe the hydrodynamics in the reactor and implemented in the
OpenFOAM open-source software [67]. At the same time, another model based on Fick’s
law was used to describe the mass transfer through the gas-liquid interface. It consisted
of a system of ordinary differential equations. The models were built and tested with an
existing prototype and used for the development of new ones [51, 54].

The second case was the tubular microreactor used for kinetic study of the synthesis of
percarboxylic acid [16]. The reactor consisted of a micromixer and a tube which served
as a reaction space. The research was focused on hydrodynamics in the micromixer and
heat transfer in the tube.

The third case was a packed column. The study focused rather on the mathematical
description of the column geometry than the flow in it. The column was filled with
packing elements which increase the interfacial area and improve the flow pattern. To
carry out a CFD simulation for such a column, it is necessary to know its geometry. In
the case when the real geometry is formed by a rather complex and random structure
of packing elements poured into the column, its mathematical description becomes a
highly non-trivial task. It is described how to utilize a rigid body dynamic model to
carry out an auxiliary simulation to describe the packing of the column. The model
is based on Newton’s second law applied to every separate packing element. Collisions
and interactions between the elements and the column walls were calculated based on
the proximity between the surfaces of interacting objects. The described model was
implemented with the help of the Bullet Physics open-source C++ toolbox for the rigid
body dynamics simulation [66].

1.3 Outline of the thesis

Each setup is considered in detail in a corresponding chapter.

Chapter 2 describes the modeling approaches and introduces the major numerical meth-
ods used in this work.

Chapter 3 deals with the microplate reactor. The chapter is divided into two sections.
The first one deals with the hydrodynamic study of the reactor. It is focused on the
determination of the gas-liquid interface, gas holdup and velocities in the flow. For that
purpose, a mixture of water and air was used as a two-phase model fluid. The CFD
model was derived and presented. Simulation results were compared with experiments
and conclusions were drawn. The second section describes mass transfer between gas and
liquid phases. For this purpose, water saturated with oxygen was fed into the reactor
together with nitrogen. Oxygen was transferred from liquid to gas, and nitrogen vice
versa. The mass transfer model was derived and presented. The mass transfer coefficient
for the given system was determined. The model parameter, the mass transfer coefficient,
was determined by regression analysis based on experimental data. At this point, no
reaction inside the microreactor was studied.
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Chapter 4 deals with the tubular microreactor. The first section gives an introduction
and motivation for the study. The performance of the micromixer is studied in the
second section. In particular, residence times, the velocity field and the distribution of the
components were investigated. A corresponding CFD model was built using OpenFOAM.
Simulation results are presented and discussed. Heat distribution across the tube is
studied in the third section. The model was derived using flow parameters and kinetic
data. After several manipulations, it was possible to obtain an analytical solution for the
model. The chapter presents the solution and related discussion.

Chapter 5 examines the packed column, but the flow there was not considered. Instead,
it presents a method to describe mathematically the complex geometry of such a column.

1.4 Objectives

The purpose of the work was to study heat and mass transfer modeling in process en-
gineering with an emphasis on the possibility of detailed CFD modeling for process
equipment with complex geometries.

Each case has its particular goals within the general objective.

The goal of the hydrodynamic study of the plate microreactor was to develop the most
comprehensive flow model possible within the given limits of computational resources
and time. In the majority of similar cases only a very small part of a reactor is modeled
by means of CFD. When modeling larger parts, one faces serious obstacles, such as
problems with creating complex geometry, memory and numerical stability issues for
large domains. The use of the CFD on a small part of a device can not give full insight
into the phenomena occurring therein, because it can not resolve scales larger than the
domain. Consequently, an attempt was made to resolve as many flow peculiarities as
computational resources would allow.

The goal for the mass-transfer study of the plate microreactor was to estimate a mass
transfer coefficient in the model. The model was derived from Fick’s law and was vali-
dated and tested for applicability. The model is based on space-averaged equations, is a
considerable approximation and requires verification before it can be used.

The goal in the micromixer study was to simplify the kinetic model by proving with CFD
that the reaction inside the mixer is negligible. The simplification in the heat transfer
study was the assumption on isothermal behavior. The goal was to prove it by modeling.

The global objective for the whole tubular microreactor and micromixer case was to check
whether mathematical modeling would be enough to solve given tasks. Detailed solutions
were not required; it was only necessary to ensure that the flow in the micromixer and
heat in the microtube do not interfere with the kinetics.

The goal for the packed column case was to find an appropriate way to compose a
geometry for full-scale CFD simulations.

1.5 Contribution

This thesis represents a part of a wider research project concerning microprocess tech-
nology and was carried out in the Laboratory of Process and Product Development. The
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author developed and applied mathematical models needed in this work. The publica-
tions [54, 51, 16] are results of this collaboration.

In the mass transfer study of the microplate reactor, experiments were designed and
the data collected by other group members. The author was in charge of parameter
estimation of the interface mass transfer model. Experimental data for the hydrodynamic
study were also designed and collected by collaborators. The author contributed the
design of the structure of the new microplate.

Kinetic modeling and parameter estimation in the kinetic study were carried out by
other collaborators. The author was solely responsible for modeling and simulating the
mentioned subcases of micromixer performance and heat transfer in the tube. No exper-
imental measurements were conducted in these cases.

The packed-bed column study was conducted entirely by the author himself.

The thesis introduces two key points. One is the methodology of reducing the dimension
of the problem from three dimensions to two dimensions while maintaining the same level
of accuracy as in a 3D model. This is presented in section 3.1.3. Another novel feature
is the methodology to generate a complex geometry of the packed-bed column with the
help of auxiliary rigid body dynamic simulation described in Chapter 5.



Chapter II

Modeling aspects

2.1 Modeling approaches

The modeling of physical phenomena always involves the question of what level of details
a model should provide. There are always several modeling approaches for every case,
each with a different level of details. Simple models based on averaged estimated values
and/or partially computed analytic solutions for some ideal cases can give a quick and
rough answer, but can not give detailed information. Comprehensive models give many
small details, but require much more computational resources than the simple ones.
Therefore, the question of the level of details can be transformed into a question of what
computational resources are available. Until recently, computational resources have been
very limited and most of the calculations have had to be done using very simple models.
That is why comprehensive models such as CFD have been rarely used. Currently,
however, very powerful computers and even more powerful supercomputers are available
to the majority of researchers. Consequently, it is clear why the most comprehensive
models becoming more and more popular, although simpler models are still handy when
quick parameter estimation is needed.

Once the decision about the model has been made, one should decide how to solve the
task. As mentioned above, comprehensive models require a great deal of extra work
to formulate the task appropriately for numerical solution by computer. Basically, for-
mulating a task for a computer means programming it using a programming language.
However, the programming itself could be a non-trivial task, especially when implement-
ing numerous complex methods, which is often the case of CFD models. There are two
ways to handle this programming: to do it by yourself or adopt the code of somebody
else. Writing your own code, if done properly, usually results in a faster and more robust
program, because off-site programs will not necessarily be optimized for each particular
case. Programming overheads, i.e. the time required purely to write and debug the code,
when implementing a complex model in some computer language could be very high.

A large number of smaller sub-steps should be taken to obtain a numerical solution for a
modern CFD model. Geometry which represents a computational domain for the solution

15
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of PDEs should be specified. This already might be a non-trivial task if the real geometry
is complex. Then the geometrical domain should be efficiently divided into large numbers
(hundred of thousands or even tens of millions) of small volumes. Laws of physics should
be appropriately formulated. Then, taking into account the connectivity between the
volumes and approximation methods, the laws of physics should be discretized to obtain
a set of unknown values (one or more for each elementary volume) which represents
discretized version of flow variables, such as velocity, pressure, concentration, etc. A
corresponding number of preferably linear equations should also be obtained. These
equations then need to be efficiently solved, which might be a non-trivial task even if
they are linear, because of their number.

These sub-steps and even larger number of smaller sub-sub-steps might take a great deal
of time when implemented from the very beginning. It might take even longer than
running the final code. Consequently, a second question arises: whether to develop the
model from scratch or to adopt somebody else’s code. With ever-growing interest in
numerical models, more and more new codes are developed. They cover an increasing
amount of specific areas. Because of this, at some point in the future the question above
might become irrelevant, because there will be written codes which implement every
known model and combine all the necessary steps to obtain a numerical solution.

For the available code there are also two options: commercial or open-source code. In case
of CFD there are many packages to meet almost any of the common researcher’s needs.
Commercial ANSYS R©CFXTM[2], ANSYS R©FLUENTTM[3] and similar packages, which
are designed for engineers, still can be used for research when the model is just a tool,
not the subject. For example, they can be used to study complex flow phenomena when
the experiments are not affordable or can not give sufficiently comprehensive results.
When the model is the subject of research, such engineering software is not appropriate.
Although CFX and FLUENT have some built-in tools to setup up one’s own models,
there exist packages which are more appropriate for modeling. OpenFOAM, a free,
open-source package, is one of them. With the current level of maturity, OpenFOAM is
becoming a de-facto standard in research and even engineering. Originally, OpenFOAM
is just a set of libraries, containing routines and utilities to define, discretise and solve
partial differential equations by a finite volume method. Such equations can arise from
fluid dynamics, magnetodynamics, market dynamics, etc. OpenFOAM also includes the
community-made solvers on top of mentioned libraries. This allows using it for a widening
area of real-life engineering applications, yet having full flexibility to study and modify
the models without too much effort.

2.2 Heat and mass transfer models in chemical engineering

A wide number of different models is used in chemical engineering. They range from the
simplest and easiest to the very comprehensive and complex ones. In general, simpler
models are used more often, but complex ones also have their place and some cases can
not be solved without them. A great deal of modeling work was done during the studies
described in the thesis, so in this section, the most important models used throughout
the thesis will be presented and discussed. The most common heat and mass transfer
models will be presented.
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2.2.1 General flow model

The general flow model, which is one of the most comprehensive ones and used in a wide
range of fields, is based on Navier-Stokes equations. This model has many implementa-
tions in chemical engineering wherever the level of detail requires the resolution of local
velocities, concentrations, pressure, and so on.

The model for a single fluid may take a following form:

dρ

dt
+ ρ~∇ · ~v = 0 (2.1a)

ρ
d~v

dt
= ρ~F +

∂ ~πx
∂x

+
∂ ~πy
∂y

+
∂ ~πz
∂z

(2.1b)

ρ
dU

dt
= ~πx ·

∂~v

∂x
+ ~πy ·

∂~v

∂y
+ ~πz ·

∂~v

∂z
+ qV − ~∇ · ~q (2.1c)

πxx = −p− 2

3
µ

(
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

)
+ 2µ

∂vx
∂x

(2.1d)

πyy = −p− 2

3
µ

(
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

)
+ 2µ

∂vy
∂y

(2.1e)

πyy = −p− 2

3
µ

(
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

)
+ 2µ

∂vz
∂z

(2.1f)

πxy = πyx = µ

(
∂vx
∂y

+
∂vy
∂x

)
(2.1g)

πyz = πzy = µ

(
∂vy
∂z

+
∂vz
∂y

)
(2.1h)

πxz = πzx = µ

(
∂vx
∂z

+
∂vz
∂x

)
(2.1i)

~q = −λ~∇T (2.1j)
U = cV T (2.1k)
p = ρRT (2.1l)

µ = µ0

(
T

T0

)ω
(2.1m)

λ =
cp
Pr

µ0

(
T

T0

)ω
, (2.1n)

where:
d
dt = ∂

∂t + vx
∂
∂x + vy

∂
∂y + vz

∂
∂z

~v - velocity
ρ - density
F - resultant volumetric force
π - stress tensor
U - internal energy
qV - volumetric heat source
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q - heat flux
p - pressure
µ - dynamic viscosity coefficient
T - temperature
λ - heat conduction coefficient
cV - specific heat capacity at constant volume
R - specific gas constant
µ0 - dynamic viscosity coefficient at specified temperature T0

cp = R+ cV is the specific heat capacity at constant pressure
ω - experimentally defined coefficient from interval 0 ≤ ω ≤ 1
Pr = cPµ

λ is the Prandtl number

The first equation in this system (2.1a) represents the mass conservation law. It is
called the continuity equation. The second equation (2.1b) represents the momentum
conservation law. It is called the momentum equation for short notation. The third
equation (2.1c) is the internal energy conservation law, which is similarly called the en-
ergy equation. Internal energy consists of multiple components: the kinetic energy of
the thermal movement of molecules, their rotation and vibration, the energy of chemi-
cal bonds, electrons’ binding energy (ionization energies), energy of nuclear bonds, etc.
Usually internal energy is defined to contain only those components which are changing
in the process. For example, internal energy for a simple fluid flow can contain only the
kinetic energy of molecules, while internal energy for complex reactions with ionisation
and non-equilibrium distribution between rotational and vibrational molecular degrees
of freedom may contain all of the mentioned components except nuclear energy.

Equations (2.1d-2.1i) for the components of the stress tensor represent the rheological
model of the fluid. In general, they are functions of fluid properties, velocity, pressure
temperature, etc. Here, the most widely used rheological model is presented. It is called
the Newtonian or viscous fluid model. Another widely used model of inviscid or ideal
fluid can be obtained from the Newtonian model as a particular case when µ = 0. For
non-Newtonian fluids such as slurries, yogurt-like liquids or fluidized beds, the stress
tensor components should be defined experimentally or with the help of other models.
By choosing an appropriate stress tensor, it is also possible to use this model to simulate
the dynamics of a deforming body.

Equation (2.1j) is the thermal conduction equation. This thesis presents the most com-
monly used Fourier’s law for molecular heat conduction and diffusion.

Equations (2.1k-2.1l) represent the thermodynamic model of fluid. It consists of the
caloric equation (2.1k) and the thermal equation(s) (2.1l). The caloric equation repre-
sents the internal energy as a function of a system state. Thermal equations combine
the system’s internal and external parameters. In the given system, the thermodynamic
model of a perfect gas is introduced. It is often used to model non-reacting flows. Ther-
modynamic models for flows with reactions depend on reaction conditions and may be
very non-trivial. In this case, the model and its parameters should be defined somehow
beforehand.

Equations (2.1m) and (2.1n) represent common models for fluid parameters: viscosity
and heat conduction coefficient respectively, because in many cases they can not be
assumed constant.
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Originally, only the momentum equation (2.1b) was called the Navier-Stokes equation,
but currently the momentum and continuity and even the full system described above
are also called Navier-Stokes equations.

Parameters assumed to be known:

Constants cV , R, cp, µ0, ω, Pr

Functions: Distribution of the volume forces ~F , heat sources qV , mass and momentum
sources.

State variables: ρ, vx, vy, vz, πxx, πyy, πzz, πxy, πxz, πyz, U , qx, qy, qz, p, µ, λ, T

In total, there are 18 state variables and 18 scalar equations.

The model describes almost all the phenomena of fluid flows which are met in chemical
engineering. However, in the majority of cases there is no need to take into account all of
them, such as variable density, heat or even time dependence. That is why more simple
models, derived from this one, are also widely used.

Basically, every other model including fluid flow can be either directly derived from the
general flow model or include it as a part.

2.2.2 Incompressible flow model

One of the basic and most commonly used model in CFD is the incompressible flow
model. It is represented by the following equations:

The continuity equation for velocity

~∇ · ~v = 0 (2.2)

The momentum equation in a divergence form

∂ (ρ~v)

∂t
+ ~v · ~∇ (ρ~v) = −~∇p+ µ∆~v (2.3)

This is a vector equation, so for a 3D case there are actually three equations and for a
2D case two.

This model can be derived from the general one by assuming that the density and viscosity
are constant and there is no heat exchange in the flow. Volumetric forces, such as gravity,
are also neglected here.

Momentum and continuity equations form a system of partial differential equations with
four unknowns for a 3D case: three velocity components and a pressure.

Often it is simpler and more illustrative to use this model as a basis to derive more
advanced models including more components, phases and reactions instead of simplifying
the general model.

The model describes the flow of a single viscous fluid. It can be gas, liquid, or a single-
phase mixture. Sometimes this model is also called a "cold-flow" model because it in-
cludes no reaction and therefore no heat generation. For cases when the temperature,
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heat of the reaction or other heat sources affect the flow, a temperature equation is also
added to the model:

ρcp
dT

dt
= µΦ + qV + λ∆T, (2.4)

where Φ = 2

[(
∂vx
∂x

)2
+
(
∂vy
∂y

)2

+
(
∂vz
∂z

)2]
+
(
∂vx
∂y +

∂vy
∂x

)2

+
(
∂vx
∂z + ∂vz

∂x

)2
+
(
∂vy
∂z + ∂vz

∂y

)2

,

This is called the dissipation function, because it represents the dissipation of the flow
kinetic energy into the heat. It is always non-negative, which means, that the heat can
not be converted back to kinetic energy.

2.2.3 Multicomponent flow model

To derive the model for multicomponent reacting flows, one can use the incompressible
flow model as a starting point. To take into account the transport of several components,
a transport equation for each of them is added as follows:

∂Ci
∂t

+ ~v · ~∇Ci = Di∆Ci +QCi
, (2.5)

where Ci is the concentration of the i-th component, Di is the diffusion coefficient and
Qi is the source/sink term due to the reaction.

In many of the cases, the reaction does not significantly affect the fluid flow. This means
that the equations (2.2-2.3) and (2.5) can be solved independently. First, one must
obtain the "cold-flow" solution of equations (2.2-2.3) to find the velocity field, which is
then used to find the distribution of components. For steady flows, only one solution for
these equations is required, while for unsteady cases this can be done iteratively, i.e. for
each time level the described procedure is repeated.

A special case of the multicomponent flow is a single-component flow model.

2.2.4 Multiphase flow model

The multiphase flow model is a more advanced version of the multicomponent flow model,
where each component can have its own phase, or where components have the same phase,
but cannot mix/diffuse with each other.

Several alternatives are available to model multiphase flows. They can be divided into
three different groups: Eulerian-Lagrangian models, Eulerian-Eulerian models and free-
surface models.

The Eulerian-Lagrangian approach assumes that the first phase is continuous and is
treated as a normal fluid, whereas the second phase is dispersed in the first phase as
discrete particles. Particle tracking or similar methods are used to resolve the movement
of the dispersed phase. This approach is often used when the volume fraction of the
dispersed phase is small. Examples include smoke and spray.

The Eulerian-Eulerian approach treats both phases as continuous fluids, but does not
resolves them exactly. Instead volume-averaged quantities are used for each fluid: volume
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fraction, superficial velocities, partial pressure, etc. In this approach, one phase is usually
set as primary and all others are treated as secondary ones which are dispersed in the
primary. In addition to fluid flow equations, inter-phase mass and momentum transfer
models should be provided. Euler-Euler models are suitable for cases where characteristic
dimensions of the dispersed phase particles (bubbles, droplets, granules) are much smaller
than the characteristic dimensions of the vessel. Examples include bubble columns, airlift
tanks, fluidized beds. Because the models resolve only volume-averaged quantities, they
are relatively easy to compute, while maintaining good accuracy. This puts them among
the most frequently used models in chemical engineering.

In a wide area of applications, it is crucial to explicitly distinguish the interfaces of phases
or components, as in the case studied in this work in section 3.1. For these cases, models
with a resolution of free surface are used. A wide number of different approaches are
available to model the free-surface flow of multiple fluids: direct simulation with the set
of equations (2.2-2.3) for every fluid and boundary conditions on the interface, level set
methods [49], Volume of Fluid methods (VOF) [11, 32], etc. The most commonly used
method for a two-phase flow with free surface is the VOF method because of its accuracy,
robustness and easiness of calculation.

According to the VOF method, both phases together are considered as a single effective
fluid but with variable properties. This allows using the single continuity and momentum
equations for a cost of introducing an additional indicator or color variable α and an
equation for it. The variable has value 0 for the first phase and 1 for the second. In a
transition region close to the interface, it has values between 0 and 1. This approach
simplifies numerical calculations considerably while maintaining high accuracy. In some
literature, this indicator variable is referred to as a volume fraction because its numerical
representation for a two-component flow can be considered as a volume fraction of one
component inside a computational element. The interface is captured as a region with a
sudden change of fluid properties, i.e. change of its "color". As a result, the free surface
can be tracked for unsteady fragmentation and merging processes.

A surface tension force on the fluid interface can be resolved by imposing a continuous
surface force formulation (CSF) [8]. This formulation replaces the actual surface force
by its volumetric representation in such a way that the surface integral of the actual
surface force over the interface element is replaced by the volume integral over the do-
main containing that surface element. This formulation enables handling the force as a
continuous volume field instead of imposing a pressure drop boundary condition on the
interface. It is more convenient for the VOF method and gives the correct integral values
of the surface tension force.

The model equations are collected below.

The continuity equation remains the same as (2.2)

~∇ · ~v = 0 (2.6)

The momentum equation for a single effective phase:

∂~v

∂t
+ ~v · ~∇~v = −1

ρ
~∇p+ ν∆~v +

1

ρ
~Fstv (2.7)



22 2. Modeling aspects

The equation for the indicator variable without the mass transfer is just a one-species
convection equation:

∂α

∂t
+ ~v · ~∇α = 0, (2.8)

or in a more convenient form for flux approximation, taking into the account (2.2):

∂α

∂t
+ ~∇ · (α~v) = 0, (2.9)

where:
ρ = α · ρl + (1− α) · ρg is the weighted average density
ν = µ

ρ = α · νl + (1− α) · νg is the weighted average kinematic viscosity
~Fstv is the CSF formulation of the surface tension force defined in [8]:

~Fstv = σκ
~∇c
[c]

ρ

〈ρ〉
, (2.10)

where:
c is the color variable,
[c] = cl − cg is the total jump over the fluid interface,
〈ρ〉 = 1

2 (ρl + ρg) is the average density,
σ is the surface tension.

The interface curvature is given by

κ = ~∇ · ~n, (2.11)

where ~n =
~∇α
|~∇α| is the unit vector normal to the interface.

Although Brackbill [8] originally proposed density as a color variable for incompressible
flows, currently the indicator variable α is used more often. Taking into account that
[α] = 1, we can rewrite the equation (2.10) as:

~Fstv =
2σκρ~∇α
(ρ1 + ρ2)

(2.12)

The VOF formulation gives good flexibility to add more components and reactions for
future studies. To add a reaction, a corresponding source term must be added to equation
(2.8) or (2.9). To add more components, define more levels of α instead of just 0 and 1.



Chapter III

Plate microreactor

3.1 Hydrodynamic study

3.1.1 Introduction

The two-phase gas-liquid flow inside a newly developed microstructured plate microreac-
tor [51] was modelled. The microreactor consists of two plates. One plate has numerous
intersecting channels with a depth of 300 µm (Fig. 3.1), or alternatively it can be con-
sidered as a chamber with many structural elements with a height of 300 µm. These
elements work as obstacles to mix and disperse the flow and to achieve high values of
a gas-liquid interfacial area. The second plate is flat and firmly covers the chamber
preventing any leakage over the top of the elements. Gas and liquid are fed into the
chamber in the inlet section through a set of holes and channels (see Fig. 3.2) in an
attempt to achieve a uniform flow distribution from the beginning of the reaction space.
More detailed information about the microreactor has been given by Ratchananusorn et
al. [51]

In the literature, there are a number of reports on the successful application of CFD for
the full-scale modeling of different types of multiphase microreactors and micromixers
[1, 12, 15, 29, 50], but none of them can be extended to apply in our case. The modeling
approach in [1] is relatively simple and easy to compute and demonstrated acceptable
agreement with experiments, but it is shape specific. Although it was demonstrated that
it is applicable for the sequence of vertical channels, it cannot be extended easily for other
configurations. In [29], only one pair of gas bubble and liquid slug is considered, which
gives some information on the behavior of a single slug/bubble, but does not consider
breakup/coalescence mechanisms. In [15], a microreactor of a type similar to one in the
present study is considered, but only single-phase flow is studied there. However, the
successive implementation of a reaction with a commercial package (FLUENT) in such
a reactor is a valuable contribution and can be used for further research. It also showed
the principal possibility of usage of the commercial CFD software for such complex
geometries.

23
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Figure 3.1: Photo of an inlet section

The studies in [12] and [50] are another examples of the successful implementation of a
commercial CFD package to study the multiphase flow in microreactors. These papers
mostly focus on a 2D study, but comparisons with 3D models are presented. These
comparisons reveal significant disagreement between 2D and 3D models because the 2D
formulation of the governing equations in commercial packages simply omits the third
dimension. This causes the loss of a considerable part of phenomena affecting the flow,
in particular friction forces and surface tension forces. No approaches were proposed in
these papers to overcome that.

Obstacles cause the flow to split and merge continuously, yielding a favorable chaotic
flow pattern with a large interfacial area. Because of the chaotic and unsteady flow
behavior, approaches such as those described in [29] or [37] cannot be used in this case
because here the slug properties vary in time and space. Therefore, to obtain statistically
reliable results of such unsteady flow, the flow must be simulated in a considerably big
span in time and space to eliminate the effect of unsteadiness. This method should
give stationary characteristic values of the hydrodynamic parameters, which are free of
fluctuations due to the chaotic behavior of the flow. Correct modeling of the chaotic
unsteady flow pattern requires a very fine computational mesh to accurately resolve all
small details resulting in that pattern. This causes particular difficulties, as the full-scale
3D simulation in this case becomes extremely heavy and cannot be afforded.



3.1 Hydrodynamic study 25

The development of the model aimed to correctly resolve the interfacial area between
the phases to be used in the testing of the prototypes. The interfacial area depends on
the number, size and shape of gas bubbles in the microreactor. The shape and size of
the bubbles and the gas hold-up strongly depend on the ratios between inertia, viscosity
and surface tension forces at the microlevel. Therefore, it is of primary importance to
correctly resolve these forces in order to obtain the correct values of the interfacial area.

3.1.2 Experimental setup

Two prototypes were studied. The first one is the original, which was used for model
validation. The second one was built based on the modeling results. In the first prototype,
the plate has square structural elements which form an orthogonal grid of intersecting
channels (Fig. 3.2). The size of the elements is 0.71 x 0.71 mm, the width of the channels
1 mm and the depth of the channels 300 µm. The volume fraction of these elements is
17.16%. Fig. 3.3 (left) shows a detailed image of the microstructure.

Figure 3.2: Microreactor plate

The plate consists of three parts: the inlet, reaction zone, and outlet. Liquid and gas
enter the reactor as a number of sub-streams in the inlet part. There are 41 inlet channels
which are 150 µm deep and 500 µm wide and 42 gas inlet holes with a 500 µm diameter
(Fig. 3.1). Gas inlet holes are located slightly downstream of the liquid inlet channels
- see Fig. 3.1 and the zoom-in circle in Fig. 3.2. The liquid enters into the inlets from
the larger cavity above, which is filled by two inlet holes connected to the pipeline from
the pump. The pump type is an annular gear pump (HNP Mikrosysteme GmbH) with a
capacity of 0-288 ml/min. The gas enters into the inlets from a cylindrical cavity drilled
in the plate behind the gas holes. This cavity is connected to the pipeline from the high
pressure gas vessel with the flow controller. Both gas and liquid flows were continuous.



26 3. Plate microreactor

Figure 3.3: Detailed view of the plates’ microstructure

The direction of the liquid inflow coincides with the direction of the mean flow in the
reactor, and the direction of the gas inflow is orthogonal to the mean flow. The contact
of the phases occurs in the reacting zone, which is 100 mm wide and 400 mm long.
The reactor is vertically operated allowing to separate the fluids at the outlet section by
gravity. In the experiments, it was observed that for the flow to be fully developed it
needs to pass 100-200 mm after the inlets.

After the model (see section 3.1.3) was built and tested for the square-structured mi-
croplate, it was used to numerically simulate a number of alternative proposed structures
with different void fractions and the element’s interface area. The tested structures had
square, diamond, round and triangular elements with different sizes and spacing. The
best one was chosen on the basis of the maximum interfacial area for building the next
prototype. It has triangular structural elements with a 1 mm base, 2 mm height and
2 mm horizontal and vertical spacing with chequerboard order - Fig. 3.3 (right). The
volume fraction of elements in the chosen structure was 25%. The second prototype for
the hydrodynamical and mass transfer studies has 49 liquid and 50 gas inlets of the same
type as in the first one. The dimensions of the inlets are also the same.

Later these prototypes with different microplates will be referred to as ’first’ and ’second’
or ’square’ and ’triangular’.

The experimental setup is shown in Fig. 3.4. A water-air system at atmospheric pressure
was used for hydrodynamic studies. Water was fed to the reactor with a range between
20 and 100 ml/min and a gas flow rate ranging from 36 to 180 ml/min. Corresponding
mean velocities in the inlet pipes were in the range 0.054 - 0.271 m/s for the liquid and
0.073 - 0.364 m/s for the gas. A high shutter speed camera was used to record the flow
and to capture still images from which the hydrodynamic parameters were estimated.
The camera has a resolution of 10.2 megapixels. The shutter speed varied from 1/2000
to 1/4000 seconds and the ISO speed varied between 100 and 400. The experiments were
conducted continuously using the constant flow rates of both fluids. Still images were
captured at different flow conditions.
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Figure 3.4: Scheme of experimental setup

Non-dimensional analysis

To see which forces in the flow play important roles, a non-dimensional analysis was
carried out. By choosing the width of the channel as the length scale L = 10−3 m, and
using the preliminary computed mean fluid velocities in the microreactor, the Reynolds
number can be estimated for water as:

Re =
vL

ν
=

0.1 . . . 0.5m/s · 10−3m

10−6 m2/s
≈ 100 . . . 500. (3.1)

For air, Re ≈ 10. This means that the flow can be considered laminar in the reacting
zone, and there is no need to use additional turbulence models.

The range for the Capillary number is estimated as:

Ca =
µv

σ
= 0.001 . . . 0.055. (3.2)

This means that both viscosity and surface tension forces play equal roles in the flow.
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The Weber number is

We =
ρv2L

σ
= 0.04 . . . 65, (3.3)

therefore both inertia and viscosity forces are important in the flow.

The Bond number is estimated as

Bo =
ρgL2

σ
≈ 0.01. (3.4)

Thus the gravity is dominated by the surface tension in the flow and can therefore be
excluded from the consideration.

The non-dimensional analysis of the flow shows that all forces except gravity should be
taken into account. In such an unpredictable flow pattern, as present in the investigated
microreactor, at some conditions one force may take the upper hand and at another vice
versa. In general, it can be concluded that all three forces - the inertia, the viscosity and
the surface tension - have their effect on the flow.

3.1.3 Model description

The model is based on the multiphase flow model described in section 2.2.4.

The incompressibility assumption can be used because the pressure drop in the reactor
is small. Therefore the volume of bubbles does not change significantly (but it may still
change due to break-ups and coalescence with other bubbles). Moreover, the maximal
velocity is only of the order of several m/s, which is much smaller than the approximate
compressibility limit, 100 m/s. However, the flow is strictly non-stationary, and therefore
an unsteady formulation was considered.

A finite volume method (FVM) was used to obtain a numerical solution of the equations.
The VOF method with piecewise linear interface calculation (PLIC) [69] was utilized to
model the two-phase flow of immiscible liquids with a free surface. This is a very common
approach in microfluidics used by many authors [12, 23, 39]

This model was subject to the modifications described below to simplify the computations
while maintaining a similar level of complexity.

2D approximation to a 3D flow

By utilizing the properties of the microreactor - in particular, the fact that it is very
thin and the flow there is laminar - the real 3D flow in the microreactor can be replaced
by a 2D formulation. This significantly reduces the computation costs. It is assumed in
the thesis that the width of the microreactor is along the X axis, the length is along the
Y axis and the thickness is along the Z axis. In a preliminary study, it was found that
the velocity of the flow between the plates or in a square channel for a two-phase flow
quickly obtains a parabolic profile in the Z direction, i.e. the flow is laminar for both
phases. This was also reported by other authors for a Taylor flow in circular channels
[62]. Therefore, it is possible to search for a solution for a mean velocity field in the X-Y
centerplane of the microreactor. To find the real velocity in the centerplane, one should
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multiply the mean velocity by a factor 1.5, obtained by integrating the parabolic profile
along the Z direction. The same is also valid for the pressure and color variable fields.

Modifications should be made to the model to correctly resolve the surface tension form
under a 2D formulation. For a general 3D case, the interface curvature can be presented
as a sum of two terms:

κ =
1

Rx
+

1

Rz
= κmain + κadd. (3.5)

κmain is the curvature in the X-Y plane. For a 2D model it will be calculated for every
finite volume using equation (2.11) within the VOF procedure as any other scalar or
vector field.

κadd = 1
Rz

is the curvature in the plane orthogonal to X-Y. Because the 2D formulation
assumes that there is a zero gradient of all variables along the Z axis, the gradient of α
and therefore the value of κadd according to (2.11) would be zero for any finite volume.
This means that in the 2D case κ would be computed incorrectly and the values of surface
tension would be less than the real ones. Numerical experiments showed, that for the
usual conditions in the microreactor, κmain and κadd are of the same order of magnitude.
To remain consistent with the 3D case, in 2D case the correct value of κadd should be
computed beforehand and added to the equation for κ explicitly. In general, the bubble
shape in the Z direction depends on the bubble velocity and varies from a box with
round caps to a bullet shape [59]. Due to the unavailability of the experimental velocity
scaling function for the bubble shape, it is assumed that the bubbles in the Z direction
have the round shape which remains constant everywhere in the microreactor. This is
a significant approximation, but the obtained results show, that it is still reasonable.
Consequently, the κadd can be calculated explicitly and used as a model parameter. The
particular value of this parameter is fully defined by the contact angle on the top and
bottom plates and by the distance between the plates using a geometric formula (for the
same contact angles on the top and the bottom plates):

κadd =
2cosθ

hz
, (3.6)

where θ is the contact angle and hz = 300 µm is the distance between the plates.

Another point which should be considered when shifting from 3D equations to 2D equa-
tions is the correct modelling of friction pressure losses, which plays an important role
in this case and similar ones. The 3D model computes the wall friction forces implicitly
using the momentum equations and boundary conditions, but in the 2D formulation, the
wall friction will be correctly computed only for the side walls of the microreactor and
structural elements. The friction on the top and bottom walls, which are parallel to the
X-Y plane, will not be computed implicitly, so, as for the surface tension forces, it should
be added explicitly to the model. From the viscous flow theory, one can derive a formula
for the pressure gradient due to the friction in a flow between two parallel infinite plates:

~∇p
∣∣∣
friction

= −12µ~v

h2
z

. (3.7)
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This gradient can be considered as a volumetric friction force in the averaged over the z
direction 2D flow. Therefore, it can be added as a source term into the right hand side
of the momentum equation (2.7):

∂ (ρ~v)

∂t
+ ~v · ~∇ (ρ~v) = −~∇p+ µ∆~v + ~Fstv −

12µ~v

h2
z

. (3.8)

This approximation for infinite plates does not fully hold in the real channel case, where
corner effects exist, but it is still sufficient for use in this case.

Validation of the 2D model

The accuracy of the 2D model compared to the 3D one was evaluated using a specially
designed test-case. A Taylor flow in a rectangular channel at low Capillary numbers was
considered. Low Ca numbers were used because the model does not take into an account
changes in bubble shapes at high Ca numbers. Channel sizes varied from 0.1x0.1 mm to
1x1 mm with aspect ratios from 1 to 10 (ratio of channel width to channel height). Bubble
length varied from 1 to 3 channel widths. One to four bubbles were used. The mean
bubble velocity and overall pressure drop were evaluated by both 2D and 3D models.

The disagreement between 2D and 3D models is approximately 16% for aspect ratio 1,
∼15% for 1.67, ∼12% for 3.33 and less than 2% for aspect ratio 10. The source of the
disagreement are the corner effects, which cannot be taken into an account in the 2D
model. They are maximal for the square cross-section and negligible for high aspect
ratios.

Final model formulation

To summarize, the model is given by

~∇ · ~v = 0 (3.9)

∂ (ρ~v)

∂t
+ ~v · ~∇ (ρ~v) = −~∇p+ µ∆~v + ~Fstv −

12µ~v

h2
z

(3.10)

∂α

∂t
+ ~∇ · (α~v) = 0. (3.11)

The second equation is a vector equation, which for a 2D case consists of two scalar equa-
tions. Therefore, the model is given by the system of four partial differential equations.
It can be resolved numerically for a given set of initial and boundary conditions.

3.1.4 Numerical case definition

Geometry

The geometry of the domain repeats the geometry of the microreactor’s reacting zone
(see Fig. 3.2). In order to reduce the problem complexity, only an idealized case with a
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fully developed flow was considered. To do so, the computational domain geometry as
well as boundary conditions were set appropriately, see Fig. 3.5 (a-b). The inlet section
of the computational domain (Fig. 3.5 (b) ) was constructed in order to achieve complete
mixing of the gas and liquid streams already from the beginning of the domain.

The size of the computational domain was typically 24 by 75 mm (width by height) for
the square structural elements and 24 by 64 mm for the triangular ones. Typically 10
and 12 pairs of gas and liquid inlets were used respectively for these domain sizes. The
gas and liquid inlets have the same size. The width of a single inlet is 0.5 mm.

The geometry was prepared by an in-house Fortran-90 code, which creates the specified
geometry in a commonly used Initial Graphics Exchange Specification (IGES) format
[33].

Figure 3.5: Computational domain with boundary types (a), close-up of the
inlet section (b) and a close-up at the computational mesh (c)

As one may notice, the computational domain significantly differs from the real one
given in section 3.1.2. First of all, typical domain sizes are approximately 1/8 of the real
reaction space. Secondly, the experiments demonstrated that in the real inlet section
only part of the gas inlets are in operation and the flow rates through the different gas
and liquid inlets are different. In the computational domain, all of the inlets should
be operational and all of the flow rates should be the same. Here, the model inlet
section does not reflect the real inlet section. The purpose of all these features of the
computational domain is to achieve a fully developed flow for the most part of the
computational domain. Otherwise there would be a considerable amount of unnecessary
computations. Simulations showed that in the described domain it is possible to achieve
a fully developed flow for the most part of the domain, excluding only a very narrow
zone near the inlets.
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Computational mesh

Preliminary estimations showed that the maximal computational element size should
not exceed 100 µm, otherwise the algorithm is unable to correctly resolve the interface
between the two phases and therefore the important small-scale phenomena. The mesh
length scale used to discretize the geometry was 40 to 80 µm. With a 40 µm mesh length
scale the problem size becomes 990 000 elements for the first plate and 770 000 elements
for the second. More coarse meshes were tested, but they give less accurate results. An
example of the mesh is presented in Fig. 3.5 (c). The necessity to use a very small mesh
length scale was a limiting criteria for the domain size, because the simulations with the
mesh of a full-size microreactor cannot be completed in a reasonable time with the given
computational resources.

As shown in [42], mesh and algorithm parameters have a great impact on the result
reliability of the VOF method. In the present study, the optimal numerical algorithms
were selected, but the mesh size could not be fully optimized due to the computation
power limitations.

Boundary conditions

The boundary types for the specified domain are depicted in Fig. 3.6. The corresponding
boundary conditions are as follows:

• The average gas and liquid velocities were set at the corresponding inlets. They
were calculated to give the same conditions as in the experiments. The values used
for the gas inlet velocity for the first microplate are 0.1, 0.3 and 0.5 m/s, which
correspond to the real gas flow rates 36, 108 and 180 ml/min, respectively. The
values for the second microplate were 0.08, 0.24 and 0.4 m/s which correspond to
the same flow rates 36, 108 and 180 ml/min, respectively. Water velocity was fixed
to 0.15 m/s for the first plate and to 0.12 m/s for the second, corresponding in
both cases to 54 ml/min in the full-scale microreactor.

• Different α values were used to distinguish the gas and the liquid inlets: α was set
to 0 at the gas inlet, and to 1 at the liquid.

• A zero static pressure outlet condition was used.

• A no-slip condition was imposed on the walls of the structural elements in the
reaction chamber.

• A free-slip condition was imposed on the top walls (colored green in Fig. 3.6) which
are close to the inlets. This is done to decrease the effect of the computational inlet
on the flow distribution and reduce the possible region with developing flow to
obtain already a fully developed flow as close to the inlet part as possible.

• A zero contact angle for all surfaces was assumed as proposed in literature [9].
The real gas-liquid-solid contact angle should be used only for cases with a real
simultaneous contact of three phases. In this and similar cases, the gas phase very
seldom has contact with the walls, because of the presence of a thin liquid film on
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Figure 3.6: Schematic view of boundary types of the computational domain

the walls. For the gas holdup and the velocity range used in this case, the liquid
film on the wall remains permanent. Numerical simulations of Taylor bubbles in
microchannels also prove this assumption [23, 59].

• A cyclic boundary condition was imposed on left and right domain borders to
reduce the effect of the smaller domain width on the flow.

Initial conditions were set to zero for the velocity and pressure fields. The volume fraction
α was set to 1 everywhere, which means that the microreactor was initially filled with
water.

Obtaining a solution

A numerical solution to this system with the given boundary and initial conditions was
obtained using the open-source CFD library package OpenFOAM. A predefined solver
module "interFoam", which implements the VOF method, was used as a basis for mod-
ifications. The solver was then modified accordingly to contain the described model. It
should be noted that the original implementation of the VOF method in interFoam does
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not have the 2ρ
(ρ1+ρ2) factor for the surface tension force, as in equation (2.12). This

term might not be as crucial for macro-scale computations, but in micro scale, as in the
considered microreactor, the lack of this term leads to high parasitic currents close to
the interface in a light fluid (here, gas phase). A pre-computed value of the additional
curvature was added to the curvature computed in interFoam for a 2D case. Using the
formula (3.6), for hz = 300 µm and θ = 0◦, this value equals 6667 m−1. The friction
term from equation (3.8) was also added to the code.

Linear discretization schemes were used to compute gradients and the Laplacian. Linear
interpolation was used to obtain values on the computational cell faces from the cell-
centred values. A discretization scheme for the divergence of the indicator α includes
also the interface compression term to keep the interface sharp [53]. With this term the
actual equation for α (2.9) becomes:

∂α

∂t
+ ~∇ · (α~v) + ~∇ · (α (1− α)~vr) = 0. (3.12)

The appropriate value for the interface compression velocity ~vr has already been settled
in the library.

Explicit Euler time-stepping was used for time marching. The time-step was automati-
cally adjusted based on the predefined limiting Courant number. Several limiting Courant
numbers were tested: 0.2, 0.5 and 0.8. It was found that the solution does not depend
on these values, provided that the local Courant number does not exceed the stability
limit Co < 1. The most robust limiting Courant number was 0.2, for which the solution
never became unstable. For the higher values, the solution may become unstable under
certain conditions.

Roughly 0.8 - 1.5 seconds of simulated real time are needed to obtain a fully developed
flow from the specified initial conditions. The criteria for the flow to be fully developed
were as follows. Values of the gas holdup and interfacial area were continuously calculated
during the simulations. When they no longer changed significantly over time, the flow
was considered fully developed and the simulation stopped.

Parallel Computing

Because the problem size is considerably large, it cannot be solved in a reasonable time
using only one processor. Parallel computing is implemented with the help of routines
included in the OpenFOAM package. They allow the distribution and solution of the
problem using an unlimited number of processors based on a message passing interface
(MPI). The specified problem was solved with the help of supercomputers of the Finnish
Center for Scientific Computing (CSC). Scalability tests showed that the problem of this
size scales well up to 128 processors, but the optimal number of 64 processors was used
to distribute the problem. With this number of processors it takes approximately 50 to
150 hours of wall-clock time, depending on the case, to compute a fully developed flow
in the whole computational domain.

3.1.5 Results and discussion

The results were first compared visually. An example of such a comparison for the
square-structured microplate is presented in Fig. 3.7. Corresponding results for the
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Figure 3.7: Comparison of flow patterns obtained from the model (left) and from
the experiments (right) for the first prototype. White/bright color - gas bubbles,
black/dark - liquid, grey - structural elements. Flow conditions: gas flow rate
36 ml/min, liquid flow rate 54 ml/min

Figure 3.8: Comparison of flow patterns obtained from the model (left) and
from the experiments (right) for the second prototype. White/bright color - gas
bubbles, black/dark - liquid, grey (only in left image) - structural elements. Flow
conditions: gas flow rate 108 ml/min, liquid flow rate 54 ml/min

triangle-structured microplate are in Fig. 3.8. In these figures, the bright/white color
represents the gas phase and the dark/black color represents the liquid phase. Square
structural elements are grey. In the experimental photo of the flow in a triangle-structured
microreactor (Fig. 3.8, right ) structural elements are not seen because the material
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of the plate has the same refraction index as water. Experimental figures were taken
from the bottom-central part of the reactor, where the flow was fully developed. From
these figures, it can be seen that the model was able to capture most of the small-scale
phenomena in the studied two-phase flow, such as separate gas bubbles of different sizes,
liquid enclosures inside gas bubbles and liquid droplets on structural elements. This
comparison indicates that the model is adequate in principle to resolve the flow.

For a stronger model validation a quantitative comparison was conducted. In the frame-
work of the hydrodynamic study of the microreactor, the quantitative parameters were
the interfacial area of gas bubbles and the gas holdup in the flow. Two sets of images
were obtained for comparison. A set of experimental pictures was obtained from parallel
research [51]. Examples are presented in Figs. 3.7 (right) and 3.8 (right). The pictures
was obtained for every flow condition specified above in section 3.1.4. The second set
of images with flow patterns of bubbly flow was obtained from the CFD simulation.
Examples are depicted in Figs. 3.7 (left) and 3.8 (left). Both sets were then processed
by an image processing routine written in Matlab to calculate the mentioned quantities.
The same routine was used for the both experimental and simulated images to ensure
the comparability of the obtained values. Four experimental pictures for each case were
taken, and the average values were estimated from them. The simulated results included
100-200 images for different time points. The number of experimental images for the same
flow conditions was limited due to the natural difficulty of obtaining and processing the
images. Part of the result processing routine required the manual adjustment of image
properties such as contrast and brightness, as well as the manual selection of the regions
containing gas and liquid. Because of this, the accuracy of estimated experimental values
is much lower than that of simulated ones, especially for the first prototype where the
error can be as high as 20%. The accuracy of the simulated parameters was high because
of the appropriate choice of the numerical domain size and the simulation time. The
image size with the flow pattern in the first microreactor prototype with square elements
was relatively small because only a small portion of the full raw image was appropriate
for the image processing. This also yielded a lower accuracy of the estimated average
parameters.

The interfacial area was calculated based on the perimeter of the gas bubbles. Bubble
sides adjacent to the plates were excluded from the consideration. A comparison between
the experimental and the simulated interfacial area is shown in Fig. 3.9. Corresponding
comparison plots for the gas holdup and gas to liquid residence time ratio are presented
in Figs. 3.10 and 3.11.

First of all, from Fig. 3.9 it can be seen that both the simulated and experimental data
demonstrate that the triangle-structured microplate has a greater interfacial area for
the full range of operating conditions. This may be due to the higher void fraction and
number of the triangular elements (25% versus 17.16% for the square elements). Another
reason is the shape and spacing of the triangular elements.

It can be seen that there is a relatively good match between the simulated and the
experimental data. The error between them does not exceed 20% in the worst case.
The simulated data follows all of the trends for both square-structured and triangle-
structured plates, but it is also noticeable that for the higher flow rates the model gives
values higher than the experiments, especially for the microplate with triangles. This
indicates that the model is still more idealized than the reality and does not take into
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Figure 3.9: Comparison of the experimental and simulated interfacial area

Figure 3.10: Comparison of the experimental and simulated gas holdup

account phenomena which occur on a very large scale. An assumption was made that the
channeling phenomenon was presented in the flow, i.e. when all or part of the incoming
gas is not actually evenly distributed in the reactor and mixed with the liquid, but
rather travels at high speed on a particular route, or channel through the liquid phase.
A channeling, captured by the simulation, is presented in Fig. 3.12. From there it can
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Figure 3.11: Comparison of the experimental and simulated gas to liquid resi-
dence time ratio

be seen that even when the average flow speed does not exceed 0.2-0.5 m/s, there almost
always exist streams with a velocity considerably higher than average. The velocity in
such streams may exceed 2 or even 4 m/s. These streams are usually not permanent and
disappear completely after tens of milliseconds in the simulation. In the experiments they
may last longer - up to several seconds, making the mixing of the gas and the liquid worse
than the simulations show. When looking at the velocity plots similar to those presented
in Fig. 3.12, the entire phenomenon reminiscent thunderbolts - streams of different sizes
and strengths keep emerging in the flow randomly in different parts of the computational
domain. Another explanation for the overestimation of the flow parameters is that the
model gives an ideal fully developed flow, but in reality the flow might still not be as
well developed as in the model.

Fig. 3.10 shows that in the test reactors after some point the gas holdup almost does
not rise as the gas inflow rate increases. This might indicate that the flow there is
purely dominated by the channeling, and all excess of the gas is just flushed through the
reactor. The CFD results are a bit more optimistic and show that the gas holdup slightly
increases as the inflow rate grows, but they are also far from the theoretical holdup (Fig.
3.10, dotted line). The theoretical gas holdup represents the case when gas and liquid
have the same residence time, i.e. when no phase travels through the microreactor faster
than another, then gas and liquid superficial velocities should be proportional to their
corresponding flow rates. Both the model and the experiments show that for the high
flow rates the gas superficial velocity is much higher than it should be, which might
also indicate the presence of gas channeling similar to that depicted in Fig. 3.12. The
real average velocity might be higher than the superficial one when the real effective
microreactor cross-section is less than the geometrical one. This in turn indicates that
the gas does not occupy the whole cross-section, i.e. it flows only in some limited channel
with higher speed to be consistent with the inflow-rate. This means that the model is
able to capture the channeling, but because of the computational domain size and the
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Figure 3.12: Velocity plot with the channelling effect for the square-structured
plate at a gas flow rate 108 ml/min and a liquid flow rate 54 ml/min

uniform distribution of phases at the inlet, it is not as strong as in reality, and therefore
the results are more optimistic.

For low flow rates, the model gives quite accurate predictions for the interfacial area
and the gas holdup. The gas holdup now is much closer to the theoretical one, which
may indicate that the channeling is low. Fig. 3.11 indicates that as the gas inflow rate
increases, the average gas residence time inside the reactor becomes smaller and smaller
compared to the average liquid residence time. This means that the gas average velocity
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grows non-linearly as the gas flow rate increases. This confirms the claim, that for the
higher flow rates, the channeling effect is stronger.

For low flow rates, the residence times ratio approaches unity, i.e. theoretical optimal
rated conditions without any gas flushing. Here it can also be seen that at lower flow
rates the second microplate performs much better than the square-structured microplate
- the channeling effect is smaller, while for higher flow rates the plate structure does
not seem to affect the channeling. This can be seen from both the simulated and the
experimental data, which proves that the model is able to describe the important flow
phenomena.

With a coarser mesh with twice the edge length (80 µm, dotted line in Fig. 3.9) the
model gives roughly the same results for higher flow rates, but for a lower flow rate the
results are considerably lower. The smaller interfacial area can be due to two facts: the
coarser mesh is unable to resolve the smallest bubbles which are resolved by the finer
mesh, and therefore, the total area of bubbles is smaller, or the coarse mesh introduces
a significant amount of numerical viscosity, which is not important for the higher flow
rates, but plays a significant role in the bubble formation mechanism at low flow rates.
Because the coarse mesh gives roughly the same values as the fine mesh for the high flow
rates, it can be concluded that the coarse mesh is still able to resolve as many bubbles
as the fine one, especially taking into account that for the higher flow rates the portion
of smaller bubbles in the flow is larger than for the lower flow rates. Therefore, it is
possible to conclude that at low flow rates viscosity forces dominate in the flow, while at
high flow rates they are not so important in the bubble formation mechanism.

The effect of the coarse mesh, i.e. the greater numerical viscosity, on the gas holdup
and the residence times ratios at high flow rates is negligible, while for the lower flow
rates the coarse mesh gives smaller values. This indicates that at higher flow rates the
channeling (or in other words, the inertia) is the effect which defines the flow and limits
the bubble formation, whereas at low flow rates the bubble formation is limited by the
viscosity.

3.1.6 Conclusions

A CFD model of an existing microreactor was developed and implemented. The model
was based on the open-source CFD toolbox OpenFOAM. The VOF-PLIC method was
used to model a flow with free surface. The CSF method was used to model the surface
tension force. The model is able to describe most of the general phenomena of non-
reacting two-phase gas liquid flows in the microreactor. The model is designed to describe
a fully developed flow. The present shape of the computational domain and boundary
conditions used in the model do not allow the computation of developing or stagnant
flows which are present in the upper and side parts of the real microreactor prototypes.
It is assumed that in stagnant flows, the position of the gas-liquid interface does not
change or changes slowly related to the flow velocities.

The computed values of the interfacial area are in good agreement with the experiment
for the first prototype, but overestimated for the second one at high flow rates. The
computed values of the gas holdup are in agreement with the experiment for low flow
rates, but higher for the higher flow rates. The model over-predicts the experiments
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because the model considers the ideal, fully developed flow, which may not be true in
reality. For the high flow rates, the gas holdup is considerably lower than the theoretical
value for both the experiments and the simulation. It was proposed that the reason for
that is the gas channeling. The model was able to adequately resolve the channeling and
to show that significant channeling exists even in the idealized fully developed flow. The
model was successfully implemented to select an optimal plate structure for the second
prototype. The second prototype with the triangle-structured microplate was built based
on the CFD simulation results, and the enhancement in the interfacial area and the mass
transfer then have been observed experimentally. It can be concluded that the model
suits the structured plate microreactors.

The effect of channeling and liquid viscosity on bubble formation inside the microreactor
has also been studied with the help of the model.

Although the model considers only fully developed flow, it gives comprehensive enough
results, has acceptable accuracy and a reasonable computation time. It has also proved
its applicability. The application area of the model is limited because of simplifications.

The reactor should be sufficiently thin, enabling the laminar flow with parabolic profile
assumption.

The presented model has features that resemble other methods, which can be found
in the literature, but also have a unique feature of dimension reduction. It is able to
resolve the unsteady flow with complex evolution of the phase interface in a considerably
large domain. The model is accurate enough to compute macroscopic flow parameters
such as interfacial area and gas holdup directly from the images, obtained in the CFD
simulations. The model was successfully reduced from three dimensions to two, yet
maintaining reasonable accuracy. The reduction made the problem feasible for numerical
simulation using the supercomputer power.

3.2 Mass transfer

3.2.1 Introduction

In addition to the hydrodynamic study, a mass transfer study was also carried out for
the microreactor described in the previous section. The goal of the study was to define
the mass transfer coefficient by experimental measurements of the concentration changes
of the components in the gas and liquid phases before and after the reactor. In the
test-case, a system of oxygen dissolved in water and nitrogen was used. The oxygen was
transferred from the liquid phase to the gas phase, and nitrogen vice versa.

3.2.2 Experimental setup

Setup for this case is similar to one used for hydrodynamic study, but with small differ-
ences. It is presented in Fig. 3.13.

First, deionized water was saturated by the oxygen in the tank and then fed together
with nitrogen into the reactor. Compressed air was used to flush the system between
experiments. An in-line liquid-phase oxygen concentration analyzer was used to measure
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Figure 3.13: Scheme of experimental setup

the oxygen concentration before and after the reactor. The flow conditions were similar
to those applied to the hydrodynamic study. The nitrogen flow rate varied from 36 to
180 ml/min, and the flow rate of the water saturated by oxygen also varied from 36 to
180 ml/min for both microplates. For the square-structured plate, two different initial
concentration levels of oxygen were used: 1.125 mol/m3 and 0.953 mol/m3. For the
triangle-structured plate, initial oxygen concentration was 1.09 mol/m3. Overall, 35
measurements were carried out for the square microplate and 20 for the triangular one.

3.2.3 Mass transfer model

The material balance of oxygen and nitrogen in the presented microreactor can be found
using the parametric model based on Fick’s law to describe mass transfer through the
gas-liquid interface. Changes in the oxygen and nitrogen molar flow in the gas phase
along the length of the microreactor can be described by the two following differential
equations of the first order:

dṅO2

dL
= −kla

(
C∗O2
−CO2

)
(1− εs)Acr (3.13)
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dṅN2

dL
= −DN2

DO2

kla
(
C∗N2
−CN2

)
(1− εs)Acr (3.14)

This description is approximate because it assumes that the mass transfer coefficient is
directly proportional to the diffusion coefficient. Also axial dispersion is neglected.

Concentrations of oxygen and nitrogen in the liquid phase depend on the length of the
reactor in accordance with another pair of differential equations with same approxima-
tions:

dCO2

dL
= kla

(
C∗O2
−CO2

) Acr (1− εs) (1− εg)
V̇l

(3.15)

dCN2

dL
=
DN2

DO2

kla
(
C∗N2
−CN2

) Acr (1− εs) (1− εg)
V̇l

(3.16)

In these equations:

• C is the concentration

• ṅ is the molar flow rate of the gas phase

• kla is the mass transfer coefficient

• Acr is the cross-sectional area of the flow channel at the entrance of catalyst bed

• εs is the volume fraction of structural elements

• εg is the volume fraction of the gas phase

• V̇l is the liquid volumetric flow rate

• D is the diffusion coefficient, DO2 = 1.97 · 10−9m2/s DN2 = 1.18 · 10−9m2/s

• C∗N2
and C∗O2

are the saturation concentrations of the nitrogen and oxygen respec-
tively; they are defined in Henry’s law as:

• C∗N2
=

pN2

HN2
and C∗O2

=
pO2

HO2
,

• pN2
and pO2

are the partial pressures of the nitrogen and oxygen, pN2
=

ṅN2

ṅO2
+ṅN2

·P

pO2 =
ṅO2

ṅO2
+ṅN2

· P

• H is the Henry constant, HN2
= 1.639 m3·bar

mol , HO2
= 0.769 m3·bar

mol

The given closed system of four ordinary differential equations describes the two-phase
mass transfer in the microreactor.

To generalize the calculations it has been proposed that the mass transfer coefficient
depends on gas and liquid superficial velocities at the inlet of the microreactor:
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kla = α1v
α2
g vα3

l (3.17)

This correlation is empiric and intended to describe only the system and the reactor
under development. The superficial velocities of gas and liquid are natural choices and
the analysis given below shows that this correlation explains experiments very well.

The parameter estimation task now is to find the values of α1, α2, and α3 by experimental
data. For the better numerical performance of the parameter estimation, the equation
for kla has been modified. All the velocities were normalized to be slightly higher than
unity:

kla = α1

(
vg

vg,norm

)α2
(

vl
vl,norm

)α3

(3.18)

where vg and vl are the gas and liquid superficial velocity, respectively, vg,norm and
vl,norm are the empirically found normalizing parameters, both equal to 0.02 m/s. They
are chosen so as to achieve best performance of optimization algorithm. They do not
have any physical meaning, but rather purely numeric.

Therefore, we have a mass transfer model with two control parameters vg and vl and
three unknown parameters α1, α2, and α3, which should be estimated. Subsequently,
all the concentrations in the gas and liquid phase can be calculated. To estimate the
unknown parameters, an inverse problem has been formulated based on the given ODE
system and experimentally measured concentration of the oxygen in the liquid phase.

3.2.4 Parameter estimation

Each experiment contains two measurements of O2 concentration in the liquid – at the
inlet of the microreactor ( L = 0) and at the outlet of the microreactor ( L = 400 mm
) for the particular gas and liquid flow rates. Ranges for them were selected based on
the operation window of the reactor. Inlet measurements defined the initial conditions
for the ODE system. Outlet measurements were used to fit the model parameters. The
Euler method was then applied to solve the ODE system to obtain model values at the
outlet. Numerical analysis showed that this method gives reasonably good accuracy while
maintaining a good performance.

Two different approaches to estimate kla from this set of experiments were tested and
compared.

In the first approach, particular kla values were estimated for each experiment by solving
the ODE system for given boundary conditions at L = 0 and L = 400 mm. This resulted
in a total of 35 separate kla values for the square plate and 20 values for the triangular
one. Then the α1, α2, and α3 were fitted to the obtained values to get a general estimation
of the mass transfer coefficient.

In the second approach, we minimize the squared differences between the solution of the
ODE system and the measured values at the outlet of the reactor summed over all the
35 or 20 experiments at once.
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Statistical analysis showed that the accuracy of the model fit in the second approach is
more than one order higher in terms of sum of squared residuals between the modeled
and measured outlet concentration of oxygen. For the square-structured microplate in
the first case SS1

min = 1.789, in the second SS2
min = 0.052, i.e. 35 times lower than in

the first case. The corresponding estimated optimal parameter values are α1
1 = 0.156,

α1
2 = 1.034, α1

3 = 0.101 for the first approach and α2
1 = 0.177, α2

2 = 0.873, α2
3 = 0.179 for

the second. As one can see, the third parameter differs more than 40%. The difference is
due to the fact that in the first approach the values are not optimal, because the target
sum of squares function clearly does not reach its minimum. This means that the first
technique, cannot provide accurate results, and therefore, the second approach where
the parameters are fitted directly to the entire data set should be used. Equation (3.19)
shows the dependency for the kla for the square microplate, equation (3.20) - for the
triangle microplate.

klasq = α1

(
vg

vg,norm

)α2
(

vl
vl,norm

)α3

= 0.177
( vg

0.02

)0.873 ( vl
0.02

)0.179

(3.19)

klatri = 0.192
( vg

0.02

)0.897 ( vl
0.02

)0.430

(3.20)

3.2.5 Sensitivity analysis

A sensitivity analysis of the estimated parameters (α1, α2, and α3) has been carried out
to determine their identifiability and goodness of the fit. For the analysis, a parameter
space near the optimal point was divided by a grid. Then the objective function was
evaluated at each grid point. This gave the 3D distribution of the objective function near
the optimal point. The 3D distribution was cut by orthogonal planes α1α2, α1α3 and
α2α3 at the optimal point to find 2D conditional distributions. These plots are given in
Fig. 3.14. They can be considered as conditional distributions of two parameters when
the third is fixed.

Monte-Carlo Markov Chain (MCMC) simulation was also used to obtain more detailed
information about the parameter distribution. The simulations were performed with the
help of the MCMCSTAT Matlab toolbox by Marko Laine [24, 25]. The outcome of the
simulation is the three-dimensional cloud of points with coordinates equal to the param-
eter values. The probability density function (PDF) of the cloud is proportional to the
minus objective function value, i.e. the lower the objective function value, the higher the
probability. According to this, there will be more points with coordinates close to the
optimal value, and fewer farther from it. Because the cloud is three-dimensional, it is
possible to find marginal distributions by projecting all the points onto the corresponding
plane and by looking at their distribution on that plane, Fig. 3.15. Marginal distribu-
tions are in general more informative, because they give the whole picture at once, but
conditional distributions can be used to get real shapes of the parameter distribution at
specified points.

Sensitivity plots show that there exists a considerable correlation between α1 and α2

and α1 and α3 that means that more attention should be paid to the accuracy of mea-
surements and algorithms. From Fig. 3.15, it is noticeable that exponents α2 and α3



46 3. Plate microreactor

Figure 3.14: Sensitivity plots of the estimated parameters for volumetric mass
transfer coefficient. Upper row - square-structured microplate. Lower row -
triangle-structured microplate

(a) square-structured plate (b) triangle-structured plate

Figure 3.15: Marginal distributions of the estimated parameters. Contour levels
from centers to sides are 50%, 68%, 90% (red), 95% and 99%.

are uncorrelated, which indicates that the gas and liquid flow rates have an independent
effect on the mass transfer.

3.2.6 Conclusion

The mass transfer model for the given microplate reactor was built. The mass transfer
coefficient kla was successfully estimated. A dependency of the kla on the gas and liquid
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inflow conditions was also identified. Sensitivity analysis shows that the parameters α1,
α2, and α3 are well identified, although some correlation between them exists.
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Chapter IV

Tubular microreactor

4.1 Motivation

This chapter is based on the research described in [16] focused on the modeling of the
reaction of percarboxylic acid synthesis in a tubular microreactor. In this thesis, the
aim was to prove the validity of certain simplifications of the kinetic model used in that
research.

Kinetic experiments are usually performed in small continuous stirred tank reactors
(CSTR), where it is relatively easy to obtain uniform mixing, which is needed for the
accurate estimation of kinetic model parameters. However, if the reaction is fast and
exothermic, hot spots in the flow might appear. This will lead to the real kinetics deviat-
ing from the model, introducing an additional error in the estimated parameters. Micro
or millireactors have much better heat and mass transfer because of their size, so they
can be used to achieve a uniform mixing and temperature distribution.

The experiments were performed continuously in the setup depicted in Fig. 4.1. The
setup consisted of a slit interdigital micromixer by IMM [17] and a teflon tube, served
as a residence time unit. The length of the tube was 1 . . . 8 m. The mixer and the tube
were submerged into a thermostabilized bath, which maintains a constant temperature.
Reactants used in the study are a 50% aqueous solution of hydrogen peroxide and a
mixture of a carboxylic acid with a 96% aqueous solution of sulfuric acid. A 100% acetic
acid and 90% (weight) aqueous solution of formic acid were used in the study. The ratio
of sulfuric acid in the mixture varied from 0 to 12% (weight). Reactants were fed into the
system by two diaphragm pumps. Samples of the output mixture were taken at selected
time points, and the product concentration was measured.

The kinetic model equations were built using several theories, and then rate constants
were estimated by comparison with the experimental measurements. The measured con-
centrations were used to fit the reaction rate constants using regression analysis.

The kinetic model is based on the approximation that the reaction starts at the inlet
of the tube. The residence time in the tube was estimated to be 0.6-31 minutes. The

49
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Figure 4.1: Experimental setup for the kinetic study of percarboxylic acid syn-
thesis

average residence time in the mixer can be estimated as an effective mixer volume divided
by a total flow rate of both components:

tres,mixer ≈
Vmixer

V̇total
=

∼ 0.5 · 10−3 ml

2 · (0.05 . . . 1)ml/min
≈ 15 . . . 300 µs (4.1)

These estimates demonstrate that the time in the mixer is much less than the time in
the tube. However, the mixer has a complex shape and the flow pattern might be non-
trivial, and thus the residence time could be longer. To double-check, the separate study
presented below in section 4.2 was carried out.

The second issue is the heat transfer in the tube. It was assumed that the temperature
in the tube remains constant and equal to the temperature of the cooling liquid, but
this assumption also needs proof. A heat transfer study was carried out to confirm this
assumption. It is presented below in section 4.3.

4.2 Micromixer

4.2.1 Introduction

This section deals with the performance of the commercial two-component single-phase
slit interdigital micromixer. The main objective was to estimate the residence time better
than on the basis of the mean flow given above. Other points of interest include the flow
pattern, reactants distribution in the mixer and the pressure drop.

The best tool to obtain comprehensive information about the flow in such a micromixer
is CFD.It is currently widely used for these types of studies [7, 17, 60, 71]. For the mi-
cromixer used in the kinetic experiments, there was no experimental flow data available,
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but some general properties of flow behavior in generic slit interdigital micromixers can
be found in literature [17, 28, 31, 71], which includes both experimental and simulated
data. The literature shows that different flow regimes can be present in the mixer de-
pending on the Reynolds number and the mixer shape. Therefore, it is necessary to find
flow patterns in the given mixer to estimate residence times with reasonable accuracy.
The given mixer is made of non-transparent material, so the experimental estimation of
its operation would be non-trivial. The CFD simulation here is an optimal choice, but
it also might be a challenging task because, as shown in [28, 71], the flow pattern in the
mixing tube could be very complicated. 3D simulation is required to resolve the major
flow phenomena.

In this research, the CFD simulation was performed so that first a 2D solution for the
mixer center-plane was obtained to get the first approximation for the flow pattern and
residence times. Then, 3D simulations were carried out to improve them.

4.2.2 Mixer geometry and operation

The mixer outlook is given in Fig. 4.2. Two liquid streams are fed from opposite sides and
then divided into a number of wavy channels according to the parallel multilamination
principle [31]. The mean flow in these channels is orthogonal to both inflows (Fig. 4.2,
middle image). The channels lead to a converging cavity (slit), which is connected to
the mixing outlet tube by its narrow end. In the cavity, all streams are united and
squeezed in the throat between the cavity and the mixing tube. The cross-section of the
cavity along the flow direction can be seen in Fig. 4.4. More detailed information on
the principles of slit interdigital mixers is given in [17, 31]. The mixer internal volume is
presented in Fig. 4.3.

Figure 4.2: Slit interdigital micromixer

The height of the cavity from its loose end with the wavy channels to its narrow end
where the mixing tube is connected is 300 µm. The width of the cavity is 4 mm and the
thickness is 60 µm. The channels are 40 µm wide, separated by 25 µm walls. There are
15 channels for every inlet. Components are fed with flow rates ranges from 0.05 to 1
ml/min.

The estimated Reynolds number ranges from 1 to 30 in the slit and from 10 to 300 in
the mixing tube. This means that the flow in the mixer is laminar, but stagnant areas
and recirculating zones can appear in the flow.
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Figure 4.3: Outlook of the mixer internal volume used for the simulations

4.2.3 Model description

The most interesting part in the mixer is the cavity, where the components are in contact
with each other so that reaction could take place. Because the cavity is thin compared
to other dimensions, the flow there is considered planar, and therefore, 2D model formu-
lation can be used to describe it without loss of accuracy. Also without considerable loss
of accuracy and by assuming that the reaction does not start in the mixer, the flow can
be considered as non-reacting.

The density of the first stream with a hydrogen peroxide solution is ∼1200 kg/m3.
The density of the second stream with a mixture of acetic acid and sulfuric acid is
∼1100 kg/m3, and with a mixture of formic acid and sulfuric acid ∼1200 kg/m3. The
corresponding kinematic viscosities are ∼ 1.1 · 10−6 m2/s, ∼ 1.1 · 10−6 m2/s and ∼
1.6·10−6 m2/s, respectively. The values of density and viscosity are approximate because
they varied depending on the mixture ratio and temperature. Since the density and
viscosity of both streams are close to each other, the flow can be considered as a single-
component. Although there is still a noticeable difference in streams’ viscosities in the
formic acid case, by setting the viscosity of the single fluid flow to 1.6 · 10−6 m2/s, it
is possible to obtain the limiting case with highest possible residence times. In reality,
because the viscosity of the hydrogen peroxide solution is ∼ 1.1 · 10−6 m2/s, which is
less than 1.6 · 10−6 m2/s, the frictional losses will be less, resulting in higher velocities
and therefore smaller residence times.
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In summary, the flow in the mixer will be governed by the Navier-Stokes equations for
the single incompressible fluid (2.2) and (2.3):

~∇ · v = 0 (4.2)

∂~v

∂t
+ ~v · ~∇~v = −1

ρ
~∇p+ ν∆~v. (4.3)

Because the flow is laminar, no turbulence models are needed. Steady-state behavior is
expected for given Reynolds numbers and geometry, but as results show, at some flow
conditions it might not be so.

For a 2D model, the same method as described in section 3.1.3 was utilized to benefit
from the fact that the cavity is thin. According to the method, an additional friction
term was added to the momentum equation (2.3) :

∂~v

∂t
+ ~v · ~∇~v = −1

ρ
~∇p+ ν∆~v − 12ν~v

h2
z

. (4.4)

Here, hz = 60 µm is the cavity thickness.

To visualize and distinguish between components, one more equation was added:

∂C

∂t
+ ~v · ~∇C = 0. (4.5)

This equation describes the transport of arbitrary scalar quantity C, which is in this
case set to C=0 for one component and C=1 for the other. Which value stands for
which component does not matter. Alternatively, the variable C can be considered as
a concentration of one of the components. The concentration of the other component
would then be 1− C, and C=0.5 would be a complete mixture.

This equation can be obtained from the convection-reaction-diffusion equation (2.5) by
setting the reaction and diffusion terms to zero. The reason for neglecting the reaction
was given above. The diffusion term can be neglected by comparing it with numerical
diffusion inevitably introduced by any mesh-based methods when solving PDEs. The real
diffusion for liquids is of order 10−9 m2/s. A rough estimate of the numerical diffusion
in this case is of the order Dnum ∼ v·∆x

2 ≈ 0.1·0.02·10−3

2 ∼ 1 · 10−6 m2/s, which is at least
couple of orders of magnitude higher than the real one. Here ∆x is the mesh edge length.

Variable C does not appear in any of the equations (2.2) and (4.4), and therefore equation
(4.5) does not have to be solved together with the Navier-Stokes equation. Navier-Stokes
equations are solved first to obtain a velocity field and then (4.5) is solved to obtain the
solution for C.
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4.2.4 CFD case definition

According to the standard procedure of obtaining a solution for the CFD model, the
following should be defined: geometry, discretization (mesh), initial and boundary con-
ditions. The same procedure is carried out for both 2D and 3D cases.

The geometry of the computational domain is presented in Fig. 4.4 for the 2D case and in
Fig. 4.3 for the 3D case. Numerous stems are inlets for the first and second components
in a stripped order; the top is the outlet to the reactor tube. The central arch is the
cavity. Boundary conditions were set as follows (see Figs. 4.3 and 4.4 ):

1. Two sets of inlets for corresponding components. Inlet velocities were computed
based on the given flow rates and inlet geometry, so for the case with the small-
est operational flow rates 0.05 ml/min for each component, the velocity equals
0.023 m/s. For the case with the highest operational flow rates 1 ml/min for each
component, the inlet velocity equals 0.5 m/s.

2. C=0 was set for the first component inlets. C=1 for the other.

3. Zero relative pressure was set at the outlet.

4. All walls were set to be smooth and non-slip.

Pseudo time-stepping was used to reach the steady-state solution. For that, initial con-
ditions were also set. The initial velocity was set to zero everywhere. Initial component
distribution was set such that C=0 for the right part of the domain and C=1 for the left
part.

Figure 4.4: 2D Computational domain with boundary conditions

The surface mesh for the given domain is presented in Fig.4.5. For the 2D case, all mesh
elements were tetragons with a maximal edge length of 0.02 mm. The resulting mesh
has 398 000 elements. Auxiliary calculations showed that for denser mesh sizes there is
no considerable improvement in the results, while computation time rises significantly.
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The mesh for the 3D case consisted of hexagonal elements in the slit and mostly tetra-
hedral elements in the mixing tube. The average size of the elements is 0.1 mm, which
is the same in the slit and in the tube. The resulting mesh size has 1 300 000 elements,
and the simulation demonstrated that it was enough for sufficient agreement with the
cases presented in the literature.

Figure 4.5: Surface mesh for the given geometry

OpenFOAM was used to obtain the solution for the described 2D model. The existing
solver ’icoFoam’ with modifications according to equation (4.4) was used to obtain the
steady-state solution for equations (2.2) and (4.4). The existing solver ’scalarTransportFoam’
was used to obtain the solution for equation (4.5).

To solve the 3D problem, both OpenFOAM and ANSYS CFX 13 were used to enable
the cross-validation of the results.

4.2.5 Results and discussion

2D problem

The flow pattern for the smallest operational flow rates 0.05 ml/min for each component
is presented in Figs. 4.6a - 4.10a. The estimated Reynolds number for this case is 1.2.
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(a) Flow rates 0.05 ml/min (b) Flow rates 1 ml/min

Figure 4.6: Velocity field

(a) Flow rates 0.05 ml/min (b) Flow rates 1 ml/min

Figure 4.7: Streamlines colored by the estimated residence time

(a) Flow rates 0.05 ml/min (b) Flow rates 1 ml/min

Figure 4.8: Pressure field

Velocity and pressure fields are presented in Figs. 4.6a and 4.8a, respectively. A stream-
line plot is shown in Fig. 4.7a. The streamlines are colored by the residence time spent
by a particle moving along the streamline. Streamline colors at the outlet of the mixer
give the overall residence time distribution for particles coming from different inlets. This
distribution is plotted in Fig. 4.10a. It shows how long it took for a fluid particle to travel
from the beginning of the cavity to the specified position at the outlet. As can be seen,
it takes approximately 30 ms to travel across the cavity, for particles from central inlets
and approximately 100 ms from the side inlets. It was found that the near-wall layers
are moving very slowly and their residence time can be as high as 500 ms. However,
their overall volume is very small, so the average residence time computed for all streams
(blue line in Fig. 4.10a) is 58 ms. Approximately 26 ms of this time is spent in the slit
and 32 ms in the mixing tube.

By comparing the computed average residence time with residence times in the tube,
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which vary from tens of seconds to tens of minutes, it can be concluded, based on the
2D data, that the mixer part can be excluded from the chemical kinetics model in [16].

It is noticeable that the residence time distribution is highly non-uniform. In addition
to the expected feature that it takes less time to reach the outlet from the central inlets
than from the side ones, Fig. 4.10a also indicates that there are many reversed bumps
on the plot. The number of these bumps is equal to 30 - the total number of inlets.
More detailed study showed that they originate from the difference in velocities at which
liquid enters the cavity from the inlet channels. This difference is caused by the laminar
parabolic profile in the inlet channels, which remains s short time after the fluid enters
the cavity. This can be partially seen from the velocity plot 4.6a. Downstream in the
cavity, these parabolic profiles diminish and the total velocity profile becomes smooth,
but the time difference remains up to the outlet.

Fig. 4.7a shows that the streamlines follow the edges of the computational domain quite
nicely. Even the sharp corners in the neck between the slit and the tube are outlined
very well. This is because the Reynolds number is extremely low, so that the flow is
almost potential. The only exception are the "wings" of the slit, where no movement is
indicated at all. No streamlines are going there even from the closes inlets. The situation
does not change if we add more streamlines. Similar stagnant zones can be found on the
component distribution plot (Fig. 4.9a). It should be recalled that initially the right
part of the mixer was filled with component 1 (blue color), the left part with component
2 (red color). This was done in order to investigate how long it would take to completely
wash out one component by another from the "wing". The simulation showed that this is
never going to happen. Fig. 4.9a shows that even for a steady-state solution, considerable
amounts of component 1 still remain in the right "wing" and of component 2 in the left.
This situation remained no matter how large simulation time was taken or how fine mesh
was used. More detailed analysis showed that the mean velocities in the "wings" are of
the order of numerical errors: ∼ 10−5 · · · 10−6 m/s

(a) Flow rates 0.05 ml/min (b) Flow rates 1 ml/min

Figure 4.9: Components distribution. Blue color - 1st component, red color -
2nd component

Velocity and streamline plots for the highest operational flow rates of 1 ml/min for
each component are presented in Figs. 4.6b and 4.7b, respectively. Here it can be seen
that the flow detaches from the wall in the neck and two recirculation zones are formed
behind the corners. Nevertheless, these zones remain stable and basically no significant
mass exchange is found between them and the main stream. This is also proved by
the concentration plot 4.9b, where it can be seen that initial amounts of components
in the recirculation areas remain the same as it was set during the initialization of the
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(a) Flow rates 0.05 ml/min (b) Flow rates 1 ml/min

Figure 4.10: Residence time distribution at the outlet

simulation. The Reynolds number for this case is 30, which is still very low for any kind
of turbulent mixing to take place.

The pressure drop across the mixer at flow rates of 1 ml/min is 16000 Pa (Fig. 4.8b).

The distribution of residence times for high flow rates (Fig. 4.10b) has the same outlook
as for the low flow rates, but the actual values are one order of magnitude smaller. The
average residence time is approximately 2 ms and the residence time of the wall layers is
up to 120 ms.

It can be noted that for the 2D formulation and within the operational range, the flow
pattern almost does not change in the cavity. It can be seen from Fig. 4.9 that the
concentration profiles for high and low flow rates match exactly. There is some difference
in the velocity profile in the neck, but upstream and some distance downstream in the
tube it is also remains the same for different inlet velocities.

3D problem

3D simulations were used as verification. Their purpose was to estimate the error of
the calculated residence times. Results for the same lowest and highest flow rates were
obtained. For the lowest flow rates, velocity plots in two perpendicular cross-sections
of the mixer are presented in Fig. 4.11. Streamline plots are presented in Fig. 4.12.
Streamlines are colored by their origin, i.e. streams which start at the inlet of component
1 are blue, whereas those that start at the inlet of component 2 are red. The flow
here exhibits the same behavior as found by the 2D simulation. For the slit, there is
again no difference at all in the flow pattern. In the mixing tube, the stream is slightly
detached at both sharp corners of the neck. Small recirculation zones appear behind
these detachments. Because there are no streamlines entering these zones, they have
almost no effect on the mean residence time.

The streamline plot also displays how mixing occurs in the slit and in the tube. Similarly
to the 2D case, the 3D case exhibits no mixing at all in the slit, but after passing the
neck, the streams are expanded in a rather complex manner, making a non-trivial bent
lamellae mixing pattern.

Residence times are calculated at the outlet for every streamline and given in Fig. 4.15a.
Markers are located at the streamlines’ endpoints in the outlet plane. Now the smallest
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Figure 4.11: Velocity plot for the flow rates 0.05 ml/min. Left image - XY
cross-section at the midpoint, right image - YZ cross-section at the midpoint

Figure 4.12: Streamline plots for the flow rates 0.05 ml/min

residence time from central inlets is roughly 70 ms, and the time for the near-wall layers
is approaching 800 ms. Mean time is estimated to be roughly 100 ms.

Flow behavior at maximal flow rates is much more complex. For the given geometry of
the neck between the slit and the tube, the flow is divided into four equal vortexes, each
occupying its own quarter (see Fig. 4.14). It is worth mentioning that no symmetry
planes were used in the model. Trajectories of the particles are helixes with very short
step at the beginning of the mixing tube which increases downstream.

Fig. 4.13 illustrates the velocity distribution in two perpendicular cross-sections. From
there it can be seen, how liquid accelerates because of the stream focusing in the narrow
neck. In this case, the energy of the flow was enough to overcome viscous forces so that
part of it was transferred from the translation movement to the rotational movement.

Because of rotation, streamlines in a residence time plot at the outlet have a strictly
non-uniform distribution (Fig. 4.15b). Because of spiral movement, only few streamlines
located near the centers of the vortexes. Because of better mixing, the distribution of
residence times now is more uniform. Minimal residence times now are not in the center
of the outlet cross-section, but almost near the wall. This is because the particles which
travel along the wall are not involved in the vortex movement and therefore their path
and travel time are shorter. The minimal residence time was found to be approximately
4 ms and maximal approximately 20 ms. The mean time was roughly 10 ms. These
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Figure 4.13: Velocity plot for the flow rates 1 ml/min. Left image - XY cross-
section at the midpoint, right image - YZ cross-section at the midpoint

Figure 4.14: Streamline plots for the flow rates 1 ml/min

times are still an order of magnitude shorter than for the low flow rates, which means
that vortex generation does not significantly increase the residence time. Similar results
were also found for several intermediate flow rates between minimum and maximum, and
therefore, longer residence times would be practically impossible for higher than minimal
flow rates. Residence times found for flow rates 0.05 ml/min are truly the maximal
residence times found for the mixer.

4.2.6 Conclusion

The research examined the flow in the micromixer and helped to estimate the residence
times of the components there. These times were important for the kinetic study in
[16]. Based on the values obtained and on the reaction times estimated it was possible
to conclude that the micromixer could be excluded from the consideration in the kinetic
model.

The case demonstrated that the CFD model alone without experimental data can be
successfully implemented for the described problem.
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(a) flow rates 0.05 ml/min (b) flow rates 1 ml/min

Figure 4.15: Residence times at the outlet.

4.3 Heat transfer in the microtube

4.3.1 Introduction

The considered reaction of synthesis of the percarboxylic acid is exothermic, which means
that the heat is released as the components propagate along the tube. To maintain
a constant temperature, the microtube was submerged into a thermostabilized bath.
Because of this, an assumption in the kinetic model was made that the temperature
remains constant along the tube cross-section and length.

Reaction heat will lead to an increase in the temperature in the tube. To prove that the
temperature rise in the tube is negligible, it is necessary to determine the temperature
distribution there and show that the highest possible temperature does not differ exces-
sively from the temperature of the cooling liquid. To find the temperature distribution
in the tube, a heat transfer model has been implemented and tested.

4.3.2 Heat transfer model

Let us consider a temperature equation (2.4)

ρcp
dT

dt
= µΦ + qV + λ∆T, (4.6)

which describes the temperature distribution in the flow. This equation in Lagrangian
form describes the heat balance of the fluid particle. This equation can be solved for a
given velocity field in the tube and for a given set of boundary conditions which include
heat resistance of tube walls and heat exchange with the cooling liquid at the outer
boundary of the tube. The velocity field in the tube can be obtained by solving equations
(2.2)-(2.3). However, to estimate the highest possible temperature, it is not necessary
to solve the Navier-Stokes equations. Several assumptions can be made to simplify the
model and still find the upper limit for the temperature.
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First of all, it can be assumed that the heat source term due to the dissipation of the
kinetic energy µΦ can be neglected compared to the reaction heat: µΦ ≈ 0. We can then
rewrite the equation (in Eulerian form):

ρcp(
∂T

∂t
+ ~v · ~∇T ) = qV + λ∆T, (4.7)

or
ρcp

(
∂T

∂t
+ vx

∂T

∂x
+ vy

∂T

∂y
+ vz

∂T

∂z

)
= qV + λ∆T. (4.8)

Here, the x-axis is along the tube length, y and z lay in the tube cross-section. For both
plug flow and laminar flow models vy = vz = 0, therefore:

ρcp

(
∂T

∂t
+ vx

∂T

∂x

)
= qV + λ∆T. (4.9)

For constant flow conditions, after some time, the system will reach a steady-state, i.e.
∂T
∂t = 0. The initial temperature is equal to the temperature of the bath. Reaction
heat may lead only to the increase of the temperature. Therefore, at the steady-state
condition, the temperature at any point will be maximal for that point. Therefore, it
is possible to consider the steady-state case as the limiting case to estimate the highest
possible temperature. The equation now is of the form

ρcpvx
∂T

∂x
= qV + λ∆T. (4.10)

If the reaction rate remains constant along the tube, then the temperature along the tube
will increase approaching some asymptotic value and will reach it at infinity. There ∂T

∂x =

0 as well as ∂2T
∂x2 = 0, and this will give the maximal estimate for the temperature. For

the real finite tube, temperature at the outlet will be lower than this maximal estimate.
We end up with the following equation:

λ

(
∂2T

∂y2
+
∂2T

∂z2

)
+ qV = 0. (4.11)

The same equation in polar coordinates is:

λ

(
∂2T

∂θ2
+
∂2T

∂r2
+

1

r

∂T

∂r

)
+ qV = 0 (4.12)

where r is a radial coordinate, θ is an angular coordinate. The tube is axisymmetric,
therefore the temperature does not depend on the angular coordinate, ∂T∂θ = ∂2T

∂θ2 = 0,

λ

(
∂2T

∂r2
+

1

r

∂T

∂r

)
+ qV = 0. (4.13)

We end up in a heat conduction equation for a cylindrical wall. It can estimate the
temperature distribution for the hottest cross-section of the tube.



4.3 Heat transfer in the microtube 63

The formulation obtained is equivalent to the assumption that all the reaction heat is
released only through the tube walls to the cooling liquid, and only a conductive heat
transfer mechanism exists in this case, and no heat is removed by the convection.

It can be noted that there are only derivatives of temperature and no temperature itself
presented. This means that the solution of this equation can be found only with the
accuracy up to some constant. Therefore, it is possible to set this constant to be the
temperature of the cooling fluid.

4.3.3 Physical parameters

This equation can be resolved for a given set of boundary conditions and distributions
of the heat source qV and heat conduction coefficient λ.

There are two zones in the tube cross-section: the core zone, where the the reaction takes
place, and the walls. They are named E1 and E2, respectively, and depicted in Fig. 4.16.

Figure 4.16: Tube cross-section. Tube inner diameter din1 = 1.6 mm, wall
thickness 0.7mm. E1 - area occupied by liquid. E2 - tube’s wall

In this figure, area E1 represents a fluid domain where the reaction takes place and
the heat is generated. A heat conduction coefficient for the reacting mixture there is
estimated to be 0.45 . . . 0.6 W

m·K . For the calculations, λ1 = 0.45 W
m·K was used as a

limiting case.

Area E2 represents the tube’s wall. Its heat conduction coefficient is λ2 = 0.25 W
mK

(Teflon).

On the boundary between E1 and E2 it is set that TE1 = TE2.
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On the outer boundary of the E2, a boundary condition is imposed with a specified
cooling fluid temperature and a heat transfer coefficient α:

− λ
(
∂T

∂n

)
r=rout

= α (T − T∞) . (4.14)

The heat transfer coefficient is set to α = 20 W
m2K , which stands for the worst possible

heat transfer case when there is a laminar flow of cooling water and almost no convection.

The value of qV is computed based on the reaction heat, components flow rates and pre-
liminary estimated reaction times. Details of the reaction are given by Fatemeh et al. [16].
An assumption was made that qV remains constant in time and along the specified cross-
section. Properties of the flow which are needed to compute qV are given in Table 4.1
Standard enthalpy, density and molar mass are taken from the reference books. The
maximal applied flow rate of the stream containing acetic acid and sulfuric acid is 0.5
ml/min, and that of formic acid and sulfuric acid is 1 ml/min. For a limiting case, it
is assumed that the amount of sulfuric acid in the stream is 0, but the reaction is still
taking place at a full rate. Mass, molar and heat flow rates are computed based on the
volumetric flow rates using formulas given in the table. The optimal residence time is
taken from [16]. This is the shortest possible residence time which gives the maximal
yield. The effective reaction volume then can be calculated as a total flow rate multiplied
by the residence time. Maximal achieved yield is 50%, which means that only half of
all moles of carboxylic acid are converted into a percarboxylic acid with the release of
heat. Therefore, the effective heat flow is approximately one half of the calculated one.
Finally, the average volumetric heat source can be computed as the ratio of the effective
heat flow to the effective reaction volume.

4.3.4 Results and discussion

The described equation with boundary conditions has an analytic solution which takes
the following form:

T (r) =

{
− qV r

2

4λ1
+ C 0 ≤ r ≤ rin

C1ln(r) + C2 rin < r ≤ rout
(4.15)

where

C1 = −qV rin
2λ2

, (4.16)

C2 = −C1
λ2

αrout
+ ln(rout), (4.17)

C =
qV r

2
in

4λ1
+ C1ln(rin) + C2, (4.18)

rin and rout are the correspondingly internal and external tube radii.
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Table 4.1: Parameters of the reacting flow in the microtube

Acetic acid Formic
acid

Property Symbol Formula Units

Standard enthalpy of the
reaction ∆Hr J/mol -3620 -2280

Molar weight M kg/mol 60 · 10−3 46 · 10−3

Density ρ kg/m3 1050 1220

Volumetric flow rate (max) Q
ml/min 0.5 1

m3/s 8.33 · 10−9 16.67 · 10−9

Mass flow rate Qm Q · ρ kg/s 8.75 · 10−6 20.33 · 10−6

Molar flow rate QM Qm/M mol/s 1.45 · 10−4 4.42 · 10−4

Heat flow rate q −∆Hr ·QM W 0.528 1.008

Optimal residence time tres s 500

Effective reaction volume Veff 2 ·Q · tres m3 8.33 · 10−6 16.67 · 10−6

Effective heat flow rate qeff 0.5 · q W 0.264 0.504

Volumetric heat source qV qeff/Veff W/m3 31700 30200

The solution for the two given tube sizes is presented in Fig. 4.17: tube 1 with the internal
diameter din=1 mm and a wall thickness of 0.3 mm, and tube 2 with the internal diameter
din=1.6 mm and a wall thickness of 0.7 mm.

It is clearly seen that higher tube diameter values lead to higher temperatures, but in
general, the temperature rise inside the tube is very small even for the worst case and
equals to 0.375 K in the center of tube 2.

In this case, the obtained rise above the cooling liquid temperature is so small that there
is no need for precise simulation, and the data, obtained by a simple model, is enough
to answer the question about the heat distribution in the tube.

These results were obtained for a limiting case, and thus in a real case, the temperature
rise in the tube cross-sections would be even smaller.

It can be stated that the temperature profiles in any tube cross-section will remain
constant with an accuracy up to ∼ 0.4K

4.3.5 Conclusion

This analysis shows that there are no temperature deviations from the cooling liquid in
the reactor. The results also demonstrate that even after the number of assumptions
which significantly simplified the original heat transfer model, it is possible to achieve
reliable estimations. The study enabled simplifying the kinetic model by excluding the
temperature profile along the tube’s cross-section from consideration.
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Figure 4.17: Temperature distribution inside the tubes



Chapter V

Packed-bed column

5.1 Introduction

Packed-bed columns are among the most widely used equipment in the chemical industry,
and great efforts are made to study, develop and optimize them. Usually, they consist
of a cylindrical body, less often rectangular or other shapes, filled with some packing
to increase the surface area inside the column. This is usually required for separation
processes or multiphase reactions without or with a catalyst. For the latter case, packing
elements could be made of a catalyst, coated or filled by it.

The study of such columns can be performed in several ways. One common approach
is to make a pilot plant or scale model. This approach allows to estimate the real
operation of the column and gives reliable data, but it is cost and time ineffective because
usually hardware prototypes are time-consuming to build, combine components and make
modifications. Mathematical models are more flexible but have their own drawbacks. The
majority of the models used in engineering applications involving packed-bed columns
are simple models and based on averaged over space and time quantities. Examples
include porous media flow models [58] to study the hydrodynamics of the column. Stage
models [55], rate-based models including also the one based on Fick’s law used in section
3.2 are used to study the chemistry of the process. Combinations of these models are
also used, such as the reactive transport model in porous media [40, 56, 68] and others.
These models usually consist of system of ordinary differential equations and non-linear
algebraic equations which can be solved numerically. They can give average flow and
reaction parameters required to design a column, but cannot be used for more detailed
study, such as finding hot spots, dead zones, local concentration distributions, and so
on. For that purpose, more detailed models based on CFD are utilized. These models
are more complex and their numerical solution requires much more effort. Taking into
account the complexity of the unstructured packings, CFD models were rarely used to
study packed-bed columns until the 1990s. Subsequently, with the evolution of computers
it became possible to use CFD for some simple cases. Now, with the current level of
computing power, it has become possible to solve very complicated tasks which require
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three-dimensional CFD, but still not all the cases can be solved. The bottleneck is in the
complex geometry of the unstructured packings, which is difficult to define appropriately
for numerical simulations.

This chapter presents an overview of the existing methods for the numerical generation
of the packing of a packed-bed column and a method to generate an arbitrary packing
of arbitrarily shaped elements in an arbitrarily shaped column will be presented. The
method is based on Newton’s second law of movement and includes two major features:
the movement of the body in a gravity field and collisions between the bodies, which
introduce additional interaction forces. The model has been implemented in a C++
language with the help of libraries from open-source toolbox Bullet Physics.

5.2 Numerical methods to define a packed bed

There are two principal types of packing: structured and unstructured. Structured
packing is formed by solid structures, such as parallel plates, grids, nets, more complex
commercial packing like Katapak R©, Multipak R©, and similar versions. Packings formed
by a pellets of definite shapes and patterns are also considered structured. Examples
of unstructured packings are all types of columns filled with pellets of arbitrary shapes,
which form an irregular pattern. The pellets may or may not have the same shape and
size in the same packing.

Different mathematical approaches are used to generate structured and unstructured
packings. Methods for the structural packings are relatively easy, because of their de-
terminism. Exact geometry can be drawn on a computer using drawings, experimental
measurements or provided directly by the packing supplier.

Structured packings consisted of spherical particles are the most widely used in mathe-
matical study of packed beds because of their determinism and simplicity. The geometry
of such packings was well studied since the beginning of the past century. One of the
earliest studies devoted to this subject can be found in [22].

Methods for unstructured packings are more complex and numerous. Their nomenclature
is as follows:

• Explicit or constructive. This class of methods is aimed at the approximation
of real packing using very simple principles. The packings are constructed in a
such way that position of an every packing element is defined explicitly and cannot
be changed later based on the position of other elements. This gives approximate
values for average void fractions and surface area. The packing geometry is far
from the real one and can only be used to compute average hydrodynamic or
kinetic parameters. These methods can be used to model sand, powder and similar
packings where the elements can be of different sizes. Disc or spherical particles
are usually considered.

1. Random placement algorithms. In these algorithms, particles are placed ran-
domly one by one or by groups into a domain of interest, and if they do not
intersect with any of the previously placed particles, they remain in the do-
main. Otherwise, they are discarded. Particles with arbitrary shapes can be
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used. These algorithms usually result in very low solid fractions, less than
0.15-0.2.

2. Metropolis-Hasting algorithms [24, 25, 30, 43, 44]. These are more advanced
versions of the random placement algorithms and are based on the process
of generating Markov Chains. The chain consists of coordinates of element
centers and is generated using simulation. The simulation starts with several
initial elements, and then with certain predefined probabilities the adding,
removal or relocation of elements is proposed. The locations and sizes of new
elements are chosen from certain predefined distributions. Chances to accept
proposals are computed using another defined distribution. Simulation repeats
for a given number of iteration or until desired density won’t be achieved.
These algorithms can be very efficient in some cases.

3. Point cloud algorithms. These algorithms start with a given cloud of points
and then generate particles around or between these points. The cloud can
be generated using any appropriate method.

(a) Growth (Lily-pond) algorithms [26]. Initially, a random distribution of
poinst is generated inside the domain of interest, and then circles or
spheres start to grow from these points until some constraints are ful-
filled.

(b) Stienen algorithm [57]. The nearest neighbour (NN) is found for each
point, and then a sphere or disc with the radius of half the distance to
the NN is created.

(c) Mesh discretization [13, 34]. The domain is divided into small sub-
domains using meshing techniques. Then, particles are generated to be
bounded by these domains. In the simplest case, a domain is triangulated
and discs/spheres are inscribed in the triangles/tetrahedra. Another im-
plementation is to use Voronoi tessellation for a given cloud of points to
generate random packing of polygonal particles of different sizes [38].

Packing produced by these algorithms can be further improved by additional al-
gorithm adjustments, or can be used as an initial distribution for more complex
algorithms.

• Implicit. This class of methods is used to model unstructured packings more
precisely by partially utilizing physical properties of packings. Packing elements
are usually added to a packing one at a time or few at a time, and then their
positions adjusted to fulfill certain geometrical constrains. This process depends
on the positions of previously added elements.

1. Sedimentation method [63]. This method is based on the physical principles
of the sedimentation process. Elements are generated one at a time at a
certain height above the ground, and then moved down until they touch the
ground or previously generated elements. If they touch the element, they may
stick to it with certain predefined probability or move around until they touch
another element or the ground. Density of the packing can be controlled by
the sticking probability. Although the method could, in principle, work for
arbitrary particle shapes, its practical usage is still limited by simple spheres
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or discs. Reference [27] presents an example of the implementation of this
method for a 3D case when the sticking probability is zero, thus generating a
dense packing.

2. Advancing front methods [6, 19, 41]. The principle of these methods is the
same as for the corresponding mesh generation methods. The algorithm starts
with a given distribution of discs/spheres connected to each other, i.e. the
initial front. New elements are then added one at a time in a such way that
every newly added element is in contact with at least two elements from the
front. If this operation is successful, the position of the front is updated and
another element is added. The extension and implementation of this method
to generate the packing of spherical elements in a cylindrical column taking
into account column walls is given in [46]

• Dynamic methods. These methods are further development of implicit meth-
ods. They more extensively use physics to describe interactions between packing
elements. Real physical forces are present in the models, such as gravity, friction,
etc. The position of elements is then defined by the equation of motion, given by
the Newton’s second law, which takes into account the pellet velocity, position,
orientation, acting forces, etc. Explicit time stepping is usually used in the sim-
ulations. These models produce the most accurate packings, which are very close
to the real ones, but require considerable computing power. That is why their use
has been limited until recently.

1. Discrete Elements Method (DEM) [14, 65]. This method is widely used to
simulate the dynamics of granular material. It is similar to the Molecular
Dynamics (MD) method, but can be used to model the movement of par-
ticles of arbitrary shapes. Nevertheless, shapes other than discs or spheres
are currently used very seldom in packed-bed applications. An example of a
2D simulation of non-round particles is given in [21]. Many variations of this
method have been developed since the method was introduced.

2. Digital packing method [10, 35]. This recently developed method uses digi-
tization to convert a pellet into a set of pixels or voxels for 2D or 3D cases,
respectively. Container space is also discretized using a uniform 2D or 3D grid.
Then, the random walk algorithm is applied to move one pellet one cell at a
time. Eight movement directions are allowed for a 2D case and 26 for a 3D
case. Upward movement is damped by a so-called rebound probability, so that
upward movement is not always accepted, forcing pellets eventually to move
down. The method can also handle the rotation of pellets and interaction
forces by looking for overlapping pixels/voxels.

• Experimental. These methods do not deal with mathematical models, but they
are widely used to obtain the raw geometry data directly from the experimental
setups.

1. Tomography. An expensive, yet effective technology providing access to ac-
curate data of packing or another geometry including all internal structures.
Can distinguish separate pellets even in dense packings.
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– X-Ray
– Ultrasound

2. Laser scanning. This technology is mostly used to determine the geometry of
a single convex pellet, as it cannot provide data of the internal structure of
an object.

The most popular and widely used method for CFD study of packed-bed columns is
still the porous flow model, i.e. no explicit packing geometry is used at all [70]. This
approach is justified because it gives sufficient accuracy, yet remains relatively simple to
implement and compute.

Second popular approach is to use 3D spherical packings, both structural [18, 20, 36, 61]
and unstructured [47, 48, 52, 64].

Full-scale 3D simulations of packed-bed columns with arbitrary element shapes are still
rarely used, despite the availability of vast computational resources.

Below is a description of a methodology to generate a realistic unstructured geometry
of a packed-bed column using one of the numerous modifications of the DEM, namely
multibody dynamics simulation. This approach is relatively easy to implement because
it is based on the top level C++ libraries, described below, and does not require the
implementation of every single DEM routine, such as the time-stepping procedure or
computation of interaction forces. That is why it is a very promising way to generate
arbitrary packing relatively easily.

5.3 Multibody dynamics formulation

The underlying idea of the method is to carry out a dynamic simulation of the process
of filling a column with pellets of predefined shape similarly to the DEM. The model is
based on Newton’s second law for the system of rigid bodies:

mi
d2 ~xi
dt2

= ~Finteractioni + ~Fgravityi, (5.1)

[IR]i
d~ωi
dt

+ ω × [IR]iω = ~MFinteractioni, (5.2)

where:

i is the number of a body,

x is the coordinate of the body’s center of gravity,

ω is the angular velocity,

mi is the mass of the i-th body,

IR is the inertia tensor of the i-th body
~Finteraction,i is the resulting interaction force from other bodies and/or walls
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~MFinteraction,i is the resulting moment of all interaction forces acting on a single body.

These equations can be solved numerically for a given set of geometrical constraints and
initial conditions using the explicit time integration. For that, the shape, mass and
inertia tensor of all interaction bodies should be known.

Gravity forces are constant and known for the given masses. To compute the interaction
between bodies, the first collision detection mechanism should be implemented. This
mechanism should locate and compute all of the interaction events between the bodies.
There are two major approaches: precise, also called constant, and approximate collision
event detection.

In continuous (or a priori) collision detection (CCD), the system of bodies is evaluated to
find the next colliding pair, collision time and collision point. Then the given system of
equations is integrated up to this time, where new interaction forces are computed using
the selected model. Next, the system again evaluated to find the next collision, and the
process is repeated until stopping criteria are not reached. Here, the bodies can never
interpenetrate each other as the collision point is always precisely defined.

In discrete (or a posteriori) collision detection approach, the system is first moved to
the new state by explicitly integrating equations of motion and then checked for inter-
penetrating bodies. If the integration timestep is large enough, there can be several
interpenetrating bodies. For every pair of interpenetrating bodies identified, interaction
forces are calculated based on the interpenetrating depth. As can be seen, this approach
introduces an error in position and interaction forces, which depend on the time-step
used. The main advantage of this approach over the a priori one is that it requires much
less time to compute, which is especially important, when the number of interacting
objects is sufficiently large.

In this study, the a posteriori collision detection approach was used.

The friction model can be implemented in a similar manner as the collision just by
picking appropriate friction events, where bodies move along each other with zero or
small interpenetration.

One of the key features of the approach is to use the freely available open-source C++
toolbox Bullet Physics. All of the mentioned models are already implemented there and
packed into libraries. This toolbox contains routines which perform time integration,
search for viable interpenetrating pairs of bodies and calculate the interaction and gravity
forces, and handle model parameters. There are also a number of useful tools which help
to set model parameters such as element shape and mass. For example, the inertia tensor
is computed based on the given shape.

5.4 Experimental columns

To check the behavior of the described model and its implementation in Bullet Physics,
a test case was prepared. Scaled models of the packed column were prepared. Small
hollow cylinders with a height of 1 cm, outer diameter of 1 cm and an inner diameter of
0.8 cm were used as packing elements. The solid volume of the single element is 0.283
ml. Area of the element is 6.22 cm. The usual amount of elements used for experimental
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packing ranged from 200 to 300 elements. Columns with inner diameters D of 49, 61 and
95 mm were tested. The corresponding ratios of the column diameter to the element size
D/d are 4.9, 6.1 and 9.5, respectively. An example of such a column is presented on the
rightmost picture in Fig. 5.1. Experimentally generated packings were compared with
simulated ones.

To make an experimental packing, the column were slowly filled by small portions of
elements. Afterwards, the total volume of the packing was measured. and several pictures
were taken. Photos were used for qualitative comparison of packings outlooks, while the
measured volumes were used to compute the average solid fractions of packings to provide
quantitative comparison.

The solid fraction of the packing was computed as a total volume of elements divided by
the total volume occupied by the packing:

εel =
Velements
Vtotal

, (5.3)

where the total volume of elements is defined as the volume of one element multiplied by
a number of elements Velements = V1element ·Nelements, and the total volume of packing
is defined as the measured height of the packing multiplied by the column cross-section
area Vtotal = hpack · Sbase.

The void space fraction (porosity) is then defined as

φel = 1− εel (5.4)

The specific interfacial area of the packing was computed similarly as the total area of
elements divided by the total volume:

ael =
Selements
Vtotal

, (5.5)

where the total area of elements is the area of a single element multiplied by the number
of elements Selements = S1element ·Nelements.

The simulated void fraction and specific area were computed in the same way, but instead,
simulated values of the packing height was used.

5.5 Simulation

The simulation procedure is designed to be as close to the real experiment as possible.
Therefore, the simulation algorithm in Bullet Physics for the given test case would be as
follows:

1. Define the packing element shape. To do so, specify the triangulation data of the
element surface. Alternatively, several primitive shapes, such as spheres or cubes,
can be found already in the library.
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2. Set the world properties, such as gravity, friction, interaction model, etc. This is
done by calling corresponding routines from the toolbox.

3. Define the static objects - a base surface, a cylindrical column on it, a packing
element dispenser (a funnel, if necessary) above the column, etc.

4. Set the desired number of elements and define how they appear in the model world.
Possible alternatives: create all elements above the column in the dispenser or
without it, or add them one by one after the previous one falls down into the
column.

5. Define time iteration parameters, such as the integration type and time step.

6. When the simulation starts, all non-static objects are moved according to the spec-
ified law of motion for one time step. The position of their center of gravity and
the orientation of the element’s principal axes are updated.

7. After each time step, the elements are revised to detect the collision occurrences,
and if there are any, then the interaction forces are added into the consideration to
the equation for that element.

8. Iterations continue until all of the elements fall into the column and no movement
occurs anymore.

9. The positions and orientations of each element inside the column are saved and the
simulation stops.

Fig. 5.1 (left) illustrates the falling elements during the filling process. In this partic-
ular simulation, vertically oriented packing elements were created. They remain this
orientation until they collide with the column bottom, or underlying packing.

A data file with positions and orientations of the elements was then further processed
with CAD software to generate the geometry and the mesh which will be used further in
the CFD simulations.

In this work, an in-house Matlab code was used to process the data file. The Matlab
code generates an input script for the ANSYS DesignModelerTM geometry editor [4].
Geometry from the DesignModeller then was passed to the ANSYS MeshingTM module
[5] for meshing. The obtained mesh was then used in CFD simulations. The CFD
simulations were beyond the scope of this work and were used to test the complete cycle
from the definition of the multibody dynamics in the C++ project files to the processing
of the CFD results of the flow inside the generated packing.

5.6 Results

Fig. 5.1 compares the simulated and real geometries.

All pictures of real packings were naturally distorted because of curved glass shape of
the column body, which worked as a lens. This may give the false impression that the
real column is more narrow than the simulated one.
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Figure 5.1: Simulation of the column filling process and comparison with the
real one. Left image - process of filling, central image - simulated packing, right
image - picture of real packing.

Comparisons between the simulated and experimental void fractions and specific areas are
presented in Figs. 5.2 and 5.3, respectively. The error in all experimental volume fraction
estimations did not exceed 4%. The error in the simulated results was approximately
5%.

These figures indicate that the simulated void fractions and specific areas are in good
accordance with the experimental data for a wide region of D/d ratios.

To further test the performance of the method, packings consisting of spherical elements
with 1 mm diameter were also simulated (black lines in the mentioned figures). The
experimental data for spherical packings was taken from [46].

The green lines in Fig. 5.2 are the theoretical data for two structured packings of spheres.
The solid line stands for simple cubic packing, where elements form an orthogonal equidis-
tant grid. The theoretical void fraction value is 1 − π/6. The dotted line stands for a
hexagonal close packing, where centers of spheres in each layer form an equidistant tri-
angular grid (or hexagonal, if six triangles with a common vertex are combined). The
elements of the next layer are located in crevices between the elements of the previous
one. The theoretical void fraction value in this case is 1− π/(3

√
2).

For small D/d ratios, the void fraction of the packing of spheres is close to that of the
theoretical cubic packing, but as the relative column diameter increases, so does the
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Figure 5.2: Void fraction for different column to element diameter rations

Figure 5.3: Void fraction for different column to element diameter ratios

density of the spherical packing.

The results demonstrate that the density of packing of the spherical elements is greater
and the specific area smaller. This is also supported by the theoretical, experimental and
numerical findings of other authors.

For spherical packing, also a more detailed comparison was possible. One widely used
parameter to describe the structure of the packing is the radial porosity or void fraction.
It is defined as an average local void fraction at a specified distance from the column
center-line. A significant number of experimental results related to measured radial
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porosity can be found in the literature. Here, the simulated data is compared with cases
from [45]. Two cylindrical columns filled with monosized spheres were simulated. The
diameter to sphere radius ratios of the columns D/d were 5.96 and 7.99.

Based on the data containing the coordinates of the spheres centers obtained after the
simulations, it was possible to compute a height-averaged volume fraction for the column.
An example of the obtained values is presented in Fig. 5.4, which resembles an X-ray
image taken along the column height. The darker parts indicate a higher density. The
height-averaged solid fraction was averaged one more time along the angular coordinate
to obtain the radial distribution. The void fraction was then computed as one minus
the solid fraction. Fig. 5.5 compares the radial distribution of the void fraction of the
simulated packings with the results taken from [45].

Figure 5.4: Height-averaged solid fraction distribution for column with D/d =
5.96. The darker the color, the higher the density.

The comparison demonstrates that the simulated spherical packings match real ones very
accurately. The radial porosity in the near-wall region is in good agreement with the
experiments. In the central region, there are small deviations from the experimental
packing for the larger column.

The method can easily be extended for the pellets with arbitrary shapes, but to do so
one should first subdivide their surface into triangles because general shapes are handled
in Bullet Physics as a joint set of triangles.

This technique can be also used to design a real packed-bed column. The designer can
simulate the packing to estimate the void fraction and specific area instead of building a
prototype.
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(a) D/d = 5.96 (b) D/d = 7.99

Figure 5.5: Distribution of radial porosity for a packed bed of monosized spheres.

5.7 Conclusion

The described method can be used for arbitrary shapes of packing elements and columns.
It is robust while maintaining almost real-time simulation for simple shapes. For rela-
tively simple shapes such as the hollow cylinders used, no fine tuning is required - the
method functions even with the simplest models. The implementation of more complex
element shapes is possible, but requires more computational resources. The method has
great potential in the field of the geometry preparation.

Although most of the routines were implemented in the toolbox, extensive coding is still
required because every change in the parameters of the desired packing or the algorithm
requires code editing and recompilation. This drawback can be overcome if more interest
is shown by the research community, enabling people to share their compiled solutions
and further improve the toolbox.

The method is not restricted to the usage of the above-mentioned Bullet Physics tool-
box. Any other available commercial or free libraries designed for multibody dynamic
simulations can be used (PhysX, Havok, etc.), or one’s own code. Bullet Physics was
chosen because of its availability and open source.
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Summary

The main objective of this work was to investigate how mathematical modeling could be
utilized to assist the study of various chemical apparata, focusing on cases with complex
spatial structures. With the fast development of computers in recent years, it has become
possible to use more complex models in chemical engineering. These models can give very
detailed information on processes in chemical apparata. In many cases, the shape of the
active zone is rather complex, which makes it impossible to study phenomena in situ.

In this study, it was shown that for different cases encountered in chemical engineering,
mathematical modeling can provide valuable information about the performance of the
setup. It was also demonstrated that in some cases, such modeling is the only way to
obtain the desired data. At some point, these models meet barriers not only because of
computer limitations, but also barriers related to the complexity of the reactor geometry.
Solutions to overcome this issue were presented in the research.

The study of the microplate reactor showed that it is possible to model complex cases
with multiphase flows by using modern CFD approaches. Due to good agreement with
experimental data, the model can be applied to study similar cases. As was shown, this
approach can be used, for example, to optimize the geometry of a microreactor. The
results also demonstrated how a reduction from 3D to 2D is possible while maintaining
good agreement with experimental data. Without this approach, the solution of the
problem would have taken much more CPU time. The reduction significantly decreases
time and memory requirements, enabling the simulation of larger reactor domains.

Mass transfer coefficient estimations showed that the model can describe experimental
data very well and that the parameter identifiability is sufficient. The model used to
describe the mass transfer process was rather simple compared with the CFD model
above. It was possible to obtain the empirical expressions in order to fit the experimental
data.

Results from the micromixer and microtube reactor models showed how CFD simulations
can, in some cases, help to clarify the underlynig modeling assumptions. It was shown
that such an approach can be beneficial for cases where precise results are not needed,
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but rather one has to ensure that certain values or the operation range do not exceed
particular limits. Consequently, it can be stated that modeling, even as heavy as CFD,
can be successively used to quickly estimate the performance of processing equipment to
obtain an overview on what actually should be considered and what equipment can be
fully or partially omitted from the consideration in a particular case.

Results from the packed-bed column case show that modern computers are powerful
enough to be successfully used for 3D multibody dynamic simulations. These simulations
are quite a straightforward approach to generate complex unstructured packed beds by
utilizing the underlying physics of the column filling process with the packing elements.
The approach does not add excessive overheads to the study of packed beds because it
uses nearly ready-made software tools. It was demonstrated, that packings generated
in this way have all of the properties of real ones, but can be directly used for CFD
simulations without complicated approaches such as tomography to obtain a numerical
representation of the packing geometry.

The modeling of flows and other phenomena in complex geometries is difficult and still
rarely applied in academic research or in real chemical engineering applications. Exper-
imental measurements and simple models are the main sources of data in the industry.
The reason is the excessive overall time needed to develop and implement complex mod-
els. However, more methodologies aiming to speed up the process are emerging: faster,
accurate and robust models, as well as fast-to-implement software. They can make the
application of more complicated models in the industry more attractive. The research
described in this thesis is a contribution to this development.
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