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The concept of nuclear fuel burnup is introduced alongside some of its main applications.

The fuel burnup equations are developed for its theoretical estimation and the gamma

spectrometry technique is introduced as part of the non-destructive assays with its advan-

tages, disadvantages and fuel burnup monitor selection, for its experimental estimation.

A High-Purity Germanium detector from the ”Jožef Stefan” Institute in Slovenia, was

calibrated in energy and efficiency. Lastly, a Matlab code for the spectrum analysis was

developed.
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Chapter 1

Introduction

From the beginning of the operation of the 250 kW TRIGA Mark II research reactor at the

Institut ”Jožef Stefan” (IJS) in 1966, the analysis of the degree of burnup of the irradiated

fuel elements (FEs) has been made by means of deterministic neutron calculations by

using unit cell and diffusion codes and, in more recent times, with Monte Carlo neutron

transport simulations, nevertheless these calculations would benefit from experimental

verification [1].

Gamma spectrometry in irradiated fuel elements is a technique used to evaluate the valid-

ity and reliability of the theoretical calculations since the experimental results it provides

can be directly compared with those predicted by neutronic calculations or a previously

validated Monte Carlo simulation. In addition, with this non-destructive analysis, it is

possible to obtain the burnup geometrical profiles for the individual FEs

In the following work, the main methods to determine fuel burnup on FEs by experimental

means are presented, giving special attention to the gamma spectrometry technique and

all the considerations concerning said technique.

1
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1.1 Objectives

The general, as well as the specific objectives that were established to carry out the fol-

lowing work at the TRIGA Reactor in the IJS are indicated below.

1.1.1 General

To conduct a research in the area of nuclear engineering, presenting the different method-

ologies for fuel burnup determination and, establishing a methodology that allows the

determination of the degree of burnup using experimental techniques at the TRIGA reac-

tor at the IJS.

1.1.2 Specific

• Present the different experimental methodologies for fuel burnup determination

with focus on gama spectrometry as a very accurate non-destructive method.

• Present a more detailed analysis for the gamma spectrometry technique. Give the

advantages and disadvantages over the rest of the methods and;

• Present a generalized procedure for the application of the gamma spectrometry

technique over a FE, for the fuel burnup determination.

• Characterize a high resolution gamma spectrometry system at the IJS, by determin-

ing energy calibration and efficiency calibration under laboratory conditions.

1.2 Basic Concepts

In this section some basic concepts from reactor physics and gamma spectrometry analy-

sis are introduced.

1.2.1 Plural modes of attenuation

”Linear attenuation coefficient (µ) is a constant that describes the fraction of attenuated

incident photons in a mono-energetic beam per unit thickness of a material. It includes all

possible interactions including coherent scatter, Compton scatter and photoelectric effect.

It is expressed numerically in units of cm−1. The linear attenuation coefficient increases
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with increasing atomic number and increasing physical density of the absorbing material.

It decreases with increasing photon energy” [2].

When µ is divided by the density (ρ) of the attenuation medium, the mass linear attenua-

tion coefficient (µ/ρ) is obtained. For a general case, where several elements are present

the attenuation coefficient is defined as

µ =
n∑︂

i=1
wi · µi (1.1)

Where µi is the linear attenuation coefficient for the element i given in 1/cm and, wi is

the weight percentage of the element i.

1.2.2 Cross section

”Is defined as the probability that a given atomic nucleus or subatomic particle will ex-

hibit a specific reaction (for example: absorption, σa; scattering σs; fission, σf ; radiative

capture, σc) in relation to a particular species of incident particle” [3].

The cross section, is expressed in terms of area. Due to the usual small values the unit

barn (b) is defined. Where, 1 b = 10−24 cm2. Since there is a cross section value for each

possible type of interaction, the total cross section is defined as

σt = σa + σs + σf + σc + ... (1.2)

The total cross section measures the probability that an interaction of any type will occur

when a particle hit the target. When a cross section σ of a determined process is applied

to an individual nucleus is known as the microscopic cross section. Since the material

acting as target has a density D of nuclides per cm3, the quantity Dσt receive the name of

the total macroscopic cross section and, is represented by Σ. The total macroscopic cross

section of a mix of elements is given by

Σmix = Σ1 + Σ2 + ... (1.3)

1.2.3 Neutron flux

”A measure of the intensity of neutron radiation, determined by the rate of flow of neu-

trons. The neutron flux value is calculated as the neutron density (D) multiplied by neu-

tron velocity (v), expressed in centimeters per second, or cm/sec. Consequently, neutron



4 Chapter 1. Introduction

flux (Dv) is measured in neutrons/cm2-sec” [4].

In an actual thermal nuclear reactor there is a great quantity of thermal neutrons that

are constantly changing energy due to the thermalization process, that which produces a

distribution in energies that is represented by the Maxwell-Boltzmann distribution law of

the general theory of gases, that is represented by

n(E)
nth

= 2π

(πkT )3/2 e−E/kT E1/2 (1.4)

where, n(E) is the amount of neutrons with energy E, nth is the total amount of thermal

neutrons, T is the absolute temperature (ºK) and the Boltzmann constant given by k =
8.617×10−5 (eV/K). From this distribution law it can be deduced that the average neutron

kinetic energy is given by E = (3/2)kT and the most probable kinetic energy is kT . This

implies that for the particular case of the thermal neutrons the most probable energy is

0.025 eV . From this kinetic energy, the most probable velocity can be determined, given

by

v =
√︄

2kT

mn

(1.5)

where mn is the mass of the neutron given by 939.6 (MeV /c2) and, for the case of this

thermal neutrons the temperature is 294 ºK. Therefore, the most probable velocity is 2210

(m/s). Thus, it can be concluded that for the particular case of the thermal neutrons, the

thermal flux can be expressed as

ϕth =nth · vth (1.6)

This thermal flux is comprised for energies ranging from 0 eV to 0.5 eV , meanwhile the

neutrons with an energy between 1 eV and 100 keV are considered as epithermal neutrons

and, above 100 keV they become fast neutrons.

1.2.4 Reaction rate

The reaction rate (RR) is defined as the number of interactions taking place in a volume

per unit of time. In a general form is given by [5],

RR =
∫︂

σx(E)ϕ(E)dE (1.7)
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where σx(E) is the energy dependent cross section for the x reaction type and ϕ(E) is

the energy dependent neutron flux. The fission reaction rate for mono-energetic thermal

neutrons is then given by

RRf =ϕthΣf,th (1.8)

1.2.5 Power

In a reactor with an active fixed volume V , the power due to fission is given by [5],

P =ϵf · V ·
∫︂

σf (E)ϕ(E)dE (1.9)

where ϵf is the average energy release per fission (≈200 MeV = 3.2044×10−11 J). For

mono-energetic thermal neutrons the above equation becomes,

P =ϵf · V · ϕthΣf,th (1.10)

Therefore, in a determined active reactor volume where the fissions are produced by neu-

trons in a defined energy interval, the power is proportional to the product of the fission

macroscopic cross-section times the neutron flux, i.e. the reaction rate.

1.2.6 Gamma spectrometry

When an unstable atomic nucleus decays into a more stable nucleus, the “daughter” nu-

cleus is sometimes produced in an excited state. The subsequent relaxation of the daughter

nucleus to a lower-energy state results in the emission of a gamma-ray photon. Gamma-

ray spectrometry, involving the precise measurement of gamma-ray photon energies emit-

ted by different nuclei, can establish nuclear energy-level structures and allows for the

identification of trace radioactive elements through their gamma-ray emissions [6].

When these gamma emissions are detected and analyzed in a spectrometry system, a

gamma ray spectrum can be produced. Each of this spectrum is characteristic for the

emitting gamma rays from the nuclide.

In summary, is a nuclear technique used to determine and quantify the radioactive isotopes

on a sample by means of counts vs. energy frequency distribution histogram.
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1.2.6.1 Gaussian distribution

Is a type of continuous probability distribution for a real-valued random variable, given

by [7]:

PG(E; Eγ, σ) =CN

∫︂ ∞

−∞

1
σ

√
2π

exp

[︄
−1
2

(︃
E − Eγ

σ

)︃2]︄
dE (1.11)

Since the probability is normalized, CN is the area under the curve; i.e., the photo-peak

total counts from the spectral analysis, σ is the standard deviation, Eγ is the displacement

parameter that specifies the location of the peak at the center of the distribution; i.e., the

characteristic gamma energy of the nuclide. The previous definition assumes that the

background from the spectrum is negligible or it would be somehow removed.

It is possible to characterize a distribution by its Full-With-at-Half-maximum (FWHM)

Γ, defined as the range of E between values at which the probability is half its maximum

value and is related with the standard deviation σ by,

Γ = 2.354 · σ (1.12)

The most common way of displaying pulse amplitude information is through the differ-

ential pulse height distribution, see Figure 1.1.

Figure 1.1: Differential pulse height distribution. Where dC/dE are the counts per En-
ergy E and, Y indicates the total height of the spectra [8].
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1.2.6.2 Energy resolution

Resolution is the ability of the gamma spectrometry system to resolve (distinguish) be-

tween nearby energies of incident gamma rays [9].

The main objective of the gamma spectrometry technique is the measurement of the

photo-peak area for each spectrum. The precision with which this can be achieved de-

pends on the resolution, R, which is defined as [8],

R = FWHM
Eγ

(1.13)

where FWHM is the abbreviation of Full-Width-at-Half-Maximum, see Figure 1.1.

1.2.6.3 Detection efficiencies

It is convenient to subdivide counting efficiencies into two classes: absolute and intrinsic.

Absolute efficiency is defined as [8],

ϵabs = number of pulses recorded
number of radiation quanta emitted by source

(1.14)

ϵabs is dependent of the detector properties and, also of the counting geometry (primary

of the distance from the source). Intrinsic efficiency is defined as

ϵint = number of pulses recorded
number of radiation quanta incident on detector

(1.15)

and no longer includes the solid angle subtended by the detector as an implicit factor. The

two efficiencies are simply related for isotropic sources by

ϵabs = ϵint

(︄
Ω
4π

)︄
(1.16)

where Ω is the solid angle of the detector seen from the actual source position.

1.2.7 Semiconductor detectors

Semiconductors properties are described by means of the solid state band structure due to

their crystalline structures. In crystals, electrons can occupy two possible energy levels,

those low energy levels in which electrons are bound to the crystal lattice and cannot move

freely, are known as the valence band, while the energy levels with the highest energy
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where electrons move freely are known as the conduction band. Between the valence

band and the conduction band there are forbidden energy levels, which are known as the

forbidden band. Electrons can move from the valence band to the conduction band when

enough thermal or electromagnetic energy is applied to overcome the gap of the forbidden

band, this event produces an absence of electron in the valence band that is known as a

hole and which is considered as a positive charge. The electron of the conduction band

together with the gap of the valence band is known as an electron-hole pair [10].

Figure 1.2: Band structure of insulators, semiconductors and, conductors. The energy at
the top of the valence band is denoted by E0 and EG is the size of the band gap [10].

The basic principle of operation of the semiconductor detectors is the production of

electron-hole pairs as charge carriers through the interaction of radiation with the semi-

conductor material. Germanium (Ge) and silicon (Si) are the main materials used as

semiconductor detectors [8].

The main characteristics of semiconductor detectors are [9]:

• Compact and solid structure.

• High efficiency for electromagnetic radiation.

• The formation time of the output pulses is a few nanoseconds.

• Linear response over a wide range of energy.

• High resolution in energy.
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1.2.7.1 Germanium detectors

Semiconductor detectors are advantageous in gamma spectrometry applications as they

have better resolution. In these detectors, charge carriers are produced mainly by the

change in temperature and by the radiation that interacts with the semiconductor material.

Germanium has a relatively small band gap energy, 0.67 eV at 300ºK, which cause the

semiconductor crystal to stop function properly and lose its properties for purposes of

gamma spectrometry. For this reason, it is essential to maintain this type of detectors

at liquid nitrogen temperatures to avoid directly affecting the resolution of the detection

system [8, 11].

With the advances in the techniques for the purification of germanium, it was possible

to introduce hyper-pure germanium detectors (HPGe), which have the advantage that

they can be kept at room temperature when not in operation. Germanium has a high

atomic number, which provides an advantage in the detection of gamma radiation since

the probability that electromagnetic radiation interacts through the photoelectric effect is

proportional to Z, therefore germanium has a superior advantage over silicon. Another

advantage of germanium detectors is that they can have high efficiencies, as well as that

they have much better resolution than silicon-lithium and surface barrier detectors [12].

Figure 1.3: Examples of HPGe detectors by Canberra, Inc [10].
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1.2.8 Propagation of uncertainties

When several quantities x1, ..., xj are measured with small independent uncertainties δx1,

..., δxj , and these values are used to calculate a quantity Q, then the uncertainty in Q is

calculated as follows [13]

δQ =

⌜⃓⃓⎷(︄ ∂Q

∂x1
δx1

)︄2

+ ... +
(︄

∂Q

∂xj

δxj

)︄2

(1.17)



Chapter 2

Fuel burnup

Nuclear fuel burnup is defined as the total energy released in fission divided by mass

of fuel i.e., only fissile and fissionable material, often refereed to as the heavy metal.

It is usually expressed in units of Megwatt-days per metric ton of heavy metal and is

mathematically defined as [14],

BU =
∫︁

P (t)dt

mHM

(2.1)

where BU is the burnup, P (t) is the power as function of time and, mHM is the heavy

metal mass.

The burnup of nuclear fuel can be considered as a way of measuring the amount of ura-

nium from the fuel that was consumed during irradiation inside the reactor core and this

measure would be equal to the amount of energy produced by this uranium. To be able to

compare the estimated values with the ones obtained experimentally the fuel burnup can

be presented in grams of 235U consumed from the fuel elements. 1 MWd = 8.64×1010 J

corresponding to the fission of approximately 1.05 g of 235U [15].

At a nuclear reactor the fuel is subjected to significant restructuring processes determined

by neutron irradiation directly through nuclear reactions, indirectly through the thermo-

mechanical conditions established as a consequence of such reactions and, by the fission

products that are created inside the fuel [15, 16].

11
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2.1 Why to do burnup calculations?

What was mentioned above, give rise to the following question: Until when is it possible

to subtract energy from the fuel in the form of heat? From an economical point of view, the

ideal case, would be until the total amount of uranium would be completely depleted from

the FE but, due to several phenomena affecting the FE, such as: thermal performance,

fuel chemistry, swelling due to fission gases, radiation damage, hardening, embrittlement,

irradiation creep, etc. limitations arise during its operational life inside the core that need

to be taken into account [17].

Nevertheless, depending on what is wanted to be achieve, burnup calculation will be done

the same way but the results will have different scopes. While the most common objective

is related to the estimation of the energy released in the fuel, is not limited to it. Can also

be used to establish strategic planning for fuel management including reshuffling and

reloading schemes patterns and also, as an integral part of safety and safeguards analysis.

In the following sections a brief, but concise, explanation of some of the main different

applications for the fuel burnup analysis are given.

2.1.1 Fuel economics

The procurement, fabrication, utilization, reprocessing after said utilization and, disposal

of the nuclear fuel; all together comprehend what is know as the nuclear fuel cycle. The

nuclear fuel cycle is subdivided in two main parts known as: the front-end and the back-

end. The front-end is related to all the events happening, before and during, the utilization

of the nuclear fuel. Meanwhile, the back-end is related to the events happening after the

fuel is removed from the core [18, 19].

A general overview of the main parts of a closed uranium fuel cycle:

• Front-end

1. Mining.

2. Concentration (or milling).

3. Conversion.

4. Enrichment. Including isotope separation.

5. Fabrication.
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6. Fuel usage. In-core fuel management.

• Back-end

7. Spent fuel storage and decay.

8. Reprocessing.

9. Waste disposal.

Among the elements of the front-end, is the in-core fuel management that deals on how to

get as much energy as possible while using as little fuel as possible without passing any

safety limit. An effort to satisfy the previous objective leads to an optimization problem

where fuel and core designers try to obtain a balance between fuel economics and safety

limits.

Since in a typical core, the core size, fuel assembly design, control devices and coolant

conditions will be fixed, the possibility of addressing the optimization problem should

be focus on some general considerations: the type of fuel, the operation strategy, the

fuel distribution inside the core, the number of loading patterns, the level and profile of

enrichment of the fuel, the mechanical elements of the fuel, the use of the control rods

and, who and how design the reactor.

2.1.2 Safety analysis

Neutron multiplication is driven by the production and loss of neutrons. In a finite system,

such as a spent fuel cask, the peak neutron multiplication occurs at a location where neu-

tron production is maximized while loss is simultaneously minimized. The axial variation

in flux due to the burnup distribution, is dependent upon the accumulated burnup, as well

as other characteristics of the assembly operating history and is influenced by the pres-

ence of actinide and fission product absorbers, since they tend to reduce reactivity. This

would have a direct effect in the burnup credit, defined as the credit take for the reduction

of reactivity due to fuel burnup [20].

In the past, criticality safety analyses for spent fuel storage and transport cask, assumed

the spent fuel to be fresh (unburned) fuel with uniform isotopic corresponding to the

maximum allowable enrichment. In order to optimize this conservative approach, the

burnup credit (BUC) methodology is developed.

Criticality safety analysis are performed to demonstrate that a proposed fuel storage or
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transport configuration meets applicable regulatory requirements. The BUC methodology

for a transport and storage cask application consists of the following important steps [21]:

• The definition of bounding conditions of irradiation, i.e., fuel history.

• The experimental validation of the used fuel inventory and the reactivity worth of

the selected actinides and fission products. This validation is used to derive isotopic

correction factor (ICF) terms in order to guarantee the proper calculations in the

used fuel inventory.

• The determination of axial burnup profiles for criticality calculations.

These ICFs are key to guarantee the fuel reactivity in safety-criticality calculations using

the BUC approach.

Additionally, fuel burnup is an important part of the nuclear spent fuel safety analysis,

mainly for the source term analysis for safe handling and final disposal. Source term in-

cludes decay heat, nuclide inventory, reactivity and, photon emission rate, just to mention

a few. For example, the estimation of decay heat and reactivity allows the estimation of

the final disposal fuel canister maximum capacity and; the knowledge of nuclide inventory

allows the safe handling of the spent fuel, from a radiation safety point of view [22].

2.1.3 Safeguards

The safeguarding of nuclear materials is a critical technical and political aspect of nuclear

fuel reprocessing. Nuclear fuel reprocessing is one of the parts from the back-end of the

nuclear fuel cycle. Simply defined, nuclear safeguards are measures used to verify that

civil nuclear materials are properly accounted for and are not diverted to undeclared uses

non-proliferation of nuclear weapons. For safeguard purpose nuclear material is specifi-

cally defined as either special fissionable material or source material. Special fissionable

material is 239Pu or uranium enriched in either 235U or 233U. Since how the fissile mate-

rial is been used is one of the main interest of the safeguards, the measurement of the fuel

burnup becomes essential [23].
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2.2 TRIGA reactor nuclear fuel

The fuel of a typical TRIGA Mark reactor is contained within cylindrical fuel element

rods made of stainless steel (SS-304) with a thickness of (0.051 ± 0.003) cm. The height

of an individual element is 73.2 cm – the upper and lower end of the element are designed

in such a way that they enable safe positioning in the core and possible remote manipu-

lation from the reactor operator. The central part is cylindrically shaped. The fuel meat

is in the form of a homogeneous mixture of uranium and zirconium hydride (U -ZrH)

and has a pellet like structure. Three pellets are vertically stacked within the fuel element

with no significant gaps between them – they have a combined height of 38.1 cm [24],

see Figure 2.1.

The material composition for a fresh fuel with a low enrichment (≤ 20%), when the

burnup isotopic changes are not taken into account, can typically range for its weight

percentages, between: U 8.5%-12%, Zr 86.53%-89.85% and, H 1.53%-1.65%; where

all these quantities should add up to 100%. Other important quantities are the H/Zr atom

ration that can range between 1-1.7 and, the average 235U mass that can range between

38g-56g [12, 24].

The ZrH is used as a moderator because for this particular molecule the H behaves as a

simple harmonic oscillator therefore, at low temperatures the H has a low kinetic energy,

thus behaving as a good hydrogenated moderator, but at high temperatures the rise in

kinetic energy provokes the loss of the moderating properties, since instead of slowing

down the neutrons during the collisions, an energy increase creates leaks in the system and

non-productive absorptions in the fuel. Due to this property, the fuel has a high negative

prompt temperature reactivity coefficient, thus during a sudden increase in power, this

temperature related property will result in a negative temperature coefficient and therefore

make the TRIGA reactor inherently safe [12].

Figure 2.1: Cut view of the FE with the U-ZrH fuel. The diameters of the U-ZrH fuel part;
i.e., the active part of the FE, are: outer (3.645 ± 0.008) cm and, inner (0.64 ± 0.01) cm.
Where the inner diameter is equal to the zirconium rod diameter [24].
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For the TRIGA Mark II research reactor at the IJS, the nuclide composition for an average

FE is, see Table 2.1.

Table 2.1: Nuclide composition of an average fresh fuel element from the IJS TRIGA II
reactor [24].

Component Material Content [wt%] Density [g/cm3]
Fuel U-ZrH 100.0000 6.04495

H 1.5298
Zr 86.5302
U 11.9400

Cladding SS-304 100.00 7.889
Fe 66.84
Cr 19.00
Ni 10.00
Mn 2.00
Si 2.00
C 0.08
P 0.04
S 0.04

2.2.1 Fission products

When fission of 235U occurs, the fission products are produced in an asymmetric way, so

that the masses of the two fragments are substantially different [19].

For 235U isotope, the considered isotopes created from direct nuclear fission which can

significantly affect the effective cross section of the fuel, by either absorption, scattering

or fission reaction are [24, 25]: 79Se, 83Kr, 85Kr, 85Rb, 87Rb, 88Sr, 90Sr, 95Zr, 97Zr, 99Mo,
101Ru, 103Ru, 103Rh, 106Ru, 105Rh, 107Pd, 108Pd, 109Ag, 127Sb, 129I, 131I, 132Te, 130Xe,
134Xe, 135Xe, 136Xe, 133Cs, 134Cs, 135Cs, 136Cs, 137Cs, 138Ba, 139La, 140Ba, 141Ce, 143Ce,
144Ce, 145Ce, 146Nd, 148Nd, 150Nd, 147Nd, 147Sm, 148Sm, 149Sm, 150Sm, 151Sm, 152Sm,
154Sm, 153Eu, 154Eu, 155Eu and, 156Eu. See Figure 2.2.

The probability per fission of directly forming a particular nuclide is known as the fission

yield and, since the isotopes produced directly from fission are radioactive and generally

short-lived, they transmute to another elements. The predominate mode of fission-product

decay is by beta and gamma emission, therefore the decay process doesn’t change the

mass number of the nuclides [17].
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Figure 2.2: Fission-product yields and mass distribution for thermal fission neutrons in
235U [26].

One method for the direct measurement of the fission products is the gamma spectrometry

technique. Data such as: characteristic gamma-ray energy, intensity, half-life and yield

factor, are needed to correct experimental data in order to be able to perform a comparison

with the theoretical expected values. For a list of commonly measured fission products

from 235U, see Table 2.2.

In Table 2.2, for the fission products that appears in the form X/Y, the X indicates the

main nuclide and the Y indicates a short-lived nuclide that is part of the decay chain of X.

Fission products have a large influence on the behavior and mechanical properties of the

FEs. These products can affect the thermal performance of the FE by means of affecting

the thermal conductivity and the melting point to mention some. The magnitude of the

potential problems arising from the introduction of fission products into the fuel depends

on the expected concentration of said fission products. Since all the fission products

absorb neutrons to some extent, from the elements presented in Figure 2.2, the gases
135Xe and 149Sm are the most noticeable ones because they have the most significant

cross section and, when produced, can have a noticeable effect on the neutron balance in

thermal reactors [17, 19, 26].
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Table 2.2: Short and middle, lived gamma emitters fission-products data for 235U in a
thermal neutron flux. Where T1/2 is the half-life, Eγ and Iγ are the energy and the emission
intensity of the main emitted gamma rays and, Y is the is the average fission yield of the
fission product [25, 27].

Fission T1/2 Eγ Iγ Y
product [days] [keV] [%] [%]

95Zr 64.032(6) 724.2 44.27(22) 6.50(1)
756.4 54.38(22)
235.7 0.24

97Zr/97mNb 0.6980(3) 657.9 98.23(8) 5.99(2)
743.4 93.09(16)

99Mo/99mTc 2.7470(4) 140.5 89.06(24) 6.13(2)
103Ru/103Rh 39.26(2) 497.1 91(1) 3.10(3)

610.3 5.64
557.0 0.832

105Rh 1.743(2) 318.9 19.1 0.95(1)
106Ru/106Rh 371.8(2) 621.9 9.93 0.3996

511.9 20.70
1050.3 1.50

131I 8.025(1) 364.5 81.5(8) 2.88(1)
132Te 3.204(13) 228.2 88(3) 4.28(1)
134Cs 752.42 604.7 97.6 6.7031a

795.8 85.4
569.3 14.5
801.9 8.73
563.2 8.38

137Cs/137mBa 10 979(33) 661.6 85.10(20) 6.2109
140Ba/140La 12.753(2) 162.7 6.22(9) 6.31(2)

537.2 24.39(22)
1596.5 109.9
487.0 52.9

141Ce 32.508(13) 145.4 48.29(20) 5.86(3)
144Ce/144Pr 284.91(5) 133.5 11.09(19) 5.4824

696.5 1.34
80.1 1.13

2185.7 0.70
143Ce 1.376(2) 293.3 42.8(4) 5.94(2)
147Nd 10.98(1) 91.0 28.1(5) 2.22(2)

531.0 13(1)
a Obtained from 133Cs (n,γ) 134Cs i.e., 133Cs neutron capture process.
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Among the gases produced that will have a direct impact on the mechanical properties

are the Kr and Xe gases, including its decay precursor such as iodine. These elements are

gaseous at normal conditions. This rejection will cause the formation of bubbles, which

in turn will cause the FE to swell or the gases will diffuse to the surface of the fuel and

will increase the pressure inside the sealed fuel cladding. Either way is detrimental for

the FE performance. Hence fission gas behaviour is a strong determinant of fuel element

design and performance [17, 26].

For the particular case of the U-ZrH fuel, the swelling due to fission products is propor-

tional to the burnup and, is ≈ 3 times larger than that of oxide fuels and also, there are

experimental results that prove that only a small fraction of the fission products are re-

leased even in completely unclad fuel; the release fraction varies from 1.5 × 10−5 for an

irradiation temperature of 350 ºC to, ≈ 10−2 at 800 ºC [28, 29].

2.3 Theoretical Burnup

Theoretical burnup is obtained by means of the concentration of the selected fission prod-

uct, as well as the proper correction factors.

2.3.1 Concentration, theoretical

The concentration (atoms/cm3) of a fission product is directly correlated with the FEs

burnup. The following non-homogeneous, first-order, ordinary differential equation de-

scribes how to find the concentration of a fission product x (i.e., the burnup monitor), due

to the 235U fissions during an irradiation time ti.

dNx

dti

=σf
uϕYxNu − λxNx − σc

xϕNx (2.2)

where Nx is the concentration of the x fission product, σf
u is the fission microscopic cross-

section of 235U, ϕ is the neutron flux, Yx is the yield factor for the fission product x, Nu

is the initial concentration of the of 235U atoms, λx is the decay constant of the fission

product x and, σc
x is the capture microscopic cross-section of the fission product x.

From equation (2.2), on the RHS, the first term from left to right, is the creation rate of

the fission product x due to the 235U fissions. The following two terms are the loss rate

due to radioactive decay and neutron capture of the x fission product, respectively. By
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factorizing equation (2.2), it can be rearrange as follows,

dNx

dti

=σf
uϕYxNu − (λx + σc

xϕ)Nx (2.3)

and establishing,

λ =λx + σc
xϕ (2.4)

rewriting equation (2.3), it is obtained

dNx

dti

=σf
uϕYxNu − λNx (2.5)

and regrouping terms is obtained,

dNx

dti

+ λNx =σf
uϕYxNu (2.6)

dNx + λNxdti =(σf
uϕYxNu)dti (2.7)

the previous equation is a first order differential equation of the form:

Q(x)dx =dy + p(x) · ydx

that can be solve my means of the integration factor method. Let it be p(x) = λ then the

integration factor is,

F.I =e
∫︁

p(x)dx = e
∫︁

λdti = eλti

multiplying both sides of equation (2.7) by the integration factor gives,

eλtidNx + eλtiλNxdti =eλti(σf
uϕYxNu)dti (2.8)

and this can be rewritten as,

d
[︂
eλtiNx

]︂
=(σf

uϕYxNu)eλtidti (2.9)
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integrating both sides

∫︂
d
[︂
eλtiNx

]︂
=
∫︂

(σf
uϕYxNu)eλtidti (2.10)

eλtiNx =(σf
uϕYxNu)

[︄
eλti

λ
+ C

]︄
(2.11)

Nx =(σf
uϕYxNu)

[︃1
λ

+ Ce−λti

]︃
(2.12)

at t = 0 the fuel is considered fresh, therefore the concentration of any fission product

Nx(0) = 0, substituting this boundary conditions in the previous equation and solving for

C gives,

C =−1
λ

(2.13)

substituting the obtained value of C back in equation (2.12), gives the following,

Nx =σf
uϕYxNu

λ

[︂
1 − e−λti

]︂
(2.14)

and finally, substituting equation (2.4) back, into the previous equation yields,

Nx(ti) =σf
uϕYxNu

λx + σc
xϕ

[︂
1 − e−(λx+σc

xϕ)ti

]︂
(2.15)

The term outside the brackets is known as saturation factor and, the term inside as burnup

and decay decrease factor.

2.3.2 Corrections factors

In order to achieve the correct values of the concentration of the selected monitor and,

therefore be able to compare them with the experimental data, is necessary to compensate

the effects produced by decay and burnup of the monitor, and position and power of

the FE’s on each cycle or irradiation configuration. Due to the previous, the following

correction factors are considered:
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2.3.2.1 Decay of burnup monitor correction factor

This correction factor considers the decay and burnup of the monitor for different irradi-

ation periods and partial decay times underwent by the FE and is given by [30],

fd =
λx

n∑︁
k=1

Pk · tk

n∑︁
k=1

Pk · e−λxτk [1 − e−(λx+σc
xϕ)tk ]

(2.16)

where Pk is the average relative power corresponding to the kth irradiation period (been∑︁n
k Pk=1), n is the total number of irradiation periods during the whole irradiation history

of the fuel element, tk is the duration of the kth irradiation period, and τk is the time

interval between the end of the kth irradiation period and the end of the last irradiation

period.

2.3.2.2 Average power correction factor

Since the neutron flux in the core is not homogeneous, it is convenient to consider the

power factor Fp, defined as the ration between the average neutron flux at the position

where the FE was present and the core average neutron flux for the given core config-

uration. Due to the working loads and different experiments developed at the reactor,

the FEs were in different positions during the irradiation time and exposed to different

neutron flux and spectra, this correction can be taken into account by introduction of a

weighted power factor for the different configurations in which the FEs where irradiated.

This factor is known as the average power correction factor, and is given by [12],

Fp =
m∑︂
i

Pi · (Fp)i (2.17)

where Fp is the average power correction factor, Pi is the average relative power corre-

sponding to the i-th irradiation position, and m the total amount of positions where the

fuel element was present.

The reactor core of a typical TRIGA reactor has a annular configuration. For a Mark

TRIGA II reactor, the fuel elements inside the core are arranged in six concentric rings,

labeled A, B, C, D, E and F , having 1, 6, 12, 18, 24 and 30 locations, respectively [24],

see Figure 4.3.

For a Mark TRIGA III reactor an additional ring labeled G can be found. This ring is
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filled with graphite elements which are used as reflectors [12], see Figure A.1.

2.3.3 Activity, theoretical

From the concentration and the correction factors, the theoretical activity of the selected

fission product can be estimated,

AT =λxNxVfe

(︂
e−λxtd

)︂
fdFp (2.18)

where Vfe is active fuel volume from the FE and, td is the cooling-down time outside of

the reactor core.

2.3.4 Burnup equation, theoretical

The fissioned mass of 235U in the irradiated fuel element is given by [30],

mu =(NxVfe)
Yx

m0
u

N0
u

(2.19)

where mu is the 235U consumed mass, m0
u is the initial mass and, N0

u is the initial number

of atoms of 235U isotope in the FE. From the relation m0
u/N0

u = Mu/NA, where Mu is

the atomic weight of 235U and NA is Avogadro number, the previous equation becomes,

mu =(NxVfe)
Yx

Mu

NA

(2.20)

The fissile nuclides are consumed by means of fission and capture, hence the total proba-

bility of this two events to happened is defined as (1+α), where α is the capture-to-fission

ratio defined as [14],

σc/σf = α (2.21)

Therefore, by also applying the correction factors, from Section 2.3.2, the burnup equation

is

BT =(NxVfe)
Yx

Mu

NA

(1 + α) · fd · Fp (2.22)

For the particular case of the 235U, the thermal value for α = 0.17. The burnup has units

of mass (g).
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Chapter 3

Fuel burnup determination methods

Accurate fuel burnup analyses are essential for research purposes, reactor operation, de-

termination of fuel cycle costs and, providing experimental data that is a prerequisite for

validating computer codes. The main methods to experimentally determine fuel burnup

on FEs are described. Destructive and non-destructive methods have been used and stud-

ied extensively. Among the destructive methods, mass spectrometry and radiochemical

assay can be found. For the non-destructive methods reactor physics calculations, reac-

tivity measurements and, γ-ray spectrometry can be found [31, 32].

3.1 Destructive methods

Without detailed knowledge of the initial fuel loading, the most accurate methods for de-

termining burnup are chemical-based analyses which rely on the determination of specific

nuclides after appropriate separation procedures for the determination of actinides and

fission products. This techniques in particular are considered expensive, time consuming

and therefore, are not normally performed by the reactor operators [31, 32, 33].

Destructive methods can be classified into two methods depending on the considered

elements that are being analyzed [33]:

• Based on the determination of the heavy element depletion before and after irradi-

ation.

• By determining the amount produced of a selected fission product. For this analysis

it must suffice the following characteristics:

25
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– Same fission yield for all fissioning isotopes of interest,

– not be present as an impurity,

– not be formed during irradiation by another process,

– have a small absorption cross-section for neutron capture,

– have precursors with short half-life and/or small or negligible absorption cross-

section,

– have no gaseous precursors,

– be easily chemically separated from the fuel matrix,

– be readily determined by an accurate chemical-analytical procedure.

3.1.1 Mass spectrometry

Burnup can be calculated by using the measured mass of a specific fission product in

the fuel, the cumulative fission yield of that specific fission product, and the total mass

of actinides present in the sample. Ideally, the fission products used in the calculations

should have a small neutron absorption cross section, a high cumulative fission yield and,

chemically the fission product must also readily dissolve during the leaching process.

This technique uses the following formula to calculate burnup [34],

BU% = 100 · (Nfp/Yfp)
(Nfp/Yfp) + Nact

(3.1)

where BU% is the burnup given in %, Nfp is the number of atoms of a specific fission

product measured in the sample, Yfp is the cumulative fission yield of the fission product

and, Nact is the number of atoms of actinides in the sample.

There are six isotopes that work for mass spectrometry analysis of the fuel: 139La, 140Ce,
142Ce, 141Pr, 145Nd, 146Nd. These isotopes occur on the higher atomic number peak

of the binomial fission product distribution and are nonradioactive and have relatively

small neutron absorption cross section with the exception of Nd-145. Because of its cross

section, the number of Nd-145 and Nd-146 atoms in the samples and their respective

yields are summed in the calculation of burnup [32, 34].
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3.1.2 Radiochemical assay

Destructive radiochemical analysis of spent nuclear fuels is an important tool to deter-

mine burnup with high accuracy and to better understand the formation process of ac-

tinides and fission products during irradiation as a result of fission and successive neutron

capture. The data bases and isotope inventories resulting from the analysis, are of high

importance to evaluate the performance of nuclear fuels in a reactor, to validate computer

codes applied for a safe transport, storage and disposal/reprocessing of spent fuels and to

safeguard fissile material [35, 36].

In radiochemistry burnup is expressed as %FIMA, i.e. the number of fissions that have

occurred per Initial 100 heavy Metal Atoms (U and/or Pu). The number of fissions that

occurred during irradiation can be derived from the concentration of selected key fission

products in the spent fuel sample under analysis. The accurate detailed radiochemical

analysis of irradiated fuel requires a well-designed analysis scheme incorporating appro-

priate separations, measurements and cross-checks of the samples [36].

3.2 Non-destructive methods

The capability to assay fuel assembles without destroying them is of vital importance in

view of: the operational efficiency and safety needed for the nuclear fuel cycle and, an

effective international safeguards since this techniques can provide fissile inventory on

irradiated fuel either stored or shipped or, to be reprocessed [37].

3.2.1 Reactor physics calculations

More common in practice than the experimental methods, described later, particularly

when dealing with a large number of FEs , due to its practicality for routinely updates.

From late 1980s, the arduous task of solving the neutron transport equations was relegated

to computers, with a varying degree of approximations to be able to deal with the different

materials comprising the reactor, the constant changes in the fuel composition and, the

complex energy dependence of the microscopic neutron cross-section over the energy

spectrum found in a nuclear reactor [1, 31, 37].

Nowadays these computer codes have evolved from a simple aid to become a standard part

of the research and development programs and, are capable to perform routinely reactor

calculations such as [1]:
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• detailed burnup determination,

• core design and fuel management,

• core optimization for production of particular isotopes,

• power distribution analysis of mixed cores,

• design of experiments,

• safety analyses and,

• excess reactivity and shutdown margin.

The burnup calculations are based on two main equations in reactor physics: the burnup

equations, see Section 2.3, and the neutron transport equation. The later, been basically an

equilibrium equation for neutron density, that would give as a solution a neutron density

distribution that will allow to compute the rates at which the elements are transforming

inside the FE [38].

In Slovenia the TRIGLAV code was developed to calculate burnup in TRIGA fuel. It

is based on neutronic diffusion code for TRIGA reactor calculations. The program is

based on 4-group time independent homogeneous diffusion equation in a two-dimensional

cylindrical geometry. The equation for an energy group g is given [1],

−∇Dg∇Φg + Σg
rΦg =

(︃1
k

)︃
χgF +

4∑︂
g′=1,g′ ̸=g

Σg′→gΦg′ ; g = 1, ..., 4 (3.2)

Σg
r =Σa

r +
4∑︂

g′=1,g′ ̸=g

Σg′→g + DgB2
z (3.3)

F =
4∑︂

g=1
νgΣg

fΦg (3.4)

where Φg is the neutron flux, Dg is the diffusion constant, Σg
r is the removal cross-section,

Bz is the axial geometrical buckling, Σg′→g is the scattering cross-section from group g′

to group g, χg is part of the fission spectrum in group g, k is the multiplication factor, F is

the fission density that is compose by, νg as the number of fission neutrons in the energy

group g and, Σg
f is the fission cross-section for group g. The diffusion equation is solved

by the finite difference method.
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3.2.2 Reactivity measurements

In comparison with the previously described methods, it is consider a relatively simple

one, to determine the burnup of either a single FE or from whole assemblies, since the only

quantity measured is the excess reactivity from the reactor core. However, this methodol-

ogy can only provide relative differences between the FEs burnups, therefore a reference

measurement is needed. It needs to be combined with another methods in order to obtain

absolute burnup values. Three variants of the methodology can be considered [31, 39]:

• The analytic reactivity method. Nowadays, involves the use of computer codes to

estimate the neutron flux and the multiplication factor, but is always necessary to

obtain a reference burnup value.

• The linear reactivity method. Assumes that the relation between the multiplication

factor and the burnup is approximately linear, can be given by [39],

∆k ≈ BUi − BU0 (3.5)

where ∆k is the difference between the multiplication factors, Bui is the burnup of

the i measure and, Bu0 is the burnup reference measure.

• polynomial method. Similar to the linear method but a low order polynomial func-

tion with a short exponential contribution due to poison build-up is assumed, a

function of the form is then used [40],

∆k(BU) ≈ a + b · BU + c · e−d·BU (3.6)

where a, b, c and d, are fitting parameters.

3.2.3 Gamma-ray spectrometry

This method measures the activity of very carefully selected fission product that is pro-

portional to the burnup, but also has very important characteristics related to the half-life,

fission yield and, neutron capture cross-section. The methodology requires a precise ex-

perimental arrangement for the scanning of the FEs , as well as a calibrated high resolution

detector. This technique has advantages, disadvantages and a particular methodology that

would be explained in detail on the following section.
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Chapter 4

Gamma spectrometry

From all the possible methods mentioned before, the γ-ray spectrometry non-destructive

assay (NDA) has been the most common from the experimental point of view, since can

be applied without the need for detailed data on FEs irradiation history [31, 41].

4.1 Advantages and disadvantages

In relation to the other methods presented before gamma spectrometry present the follow-

ing advantages [27]:

• It is a non-destructive method, so the irradiated nuclear fuel remains intact during

measurements, preventing the release of fission products;

• In relation to chemical methods for burnup determination, it is considered more

accurate and faster, in addition to not requiring the destruction of spent nuclear

fuel;

• Allows the determination of the number of fissile nuclei remaining in the spent

FE and the calculation of the decrease in the 235U and 238U quantities in it, even

allowing to evaluate the convenience of returning the examined nuclear fuel to the

reactor core;

• It has a low cost of use as long as you already have the equipment necessary;

And the disadvantages presented in said method are [27, 39]:

• Can present a significant error associated with difficulties in measuring the absolute

31
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efficiency of the experimental apparatus to be used;

• It requires detailed and accurate records of the time and radiation power to which

the FE to be examined was subjected;

• The background radiation must be as low as possible, so that it does not interfere

with the results of the measurements.

• Involve some operational inconveniences like the cool-down time and the handling

of the FE outside the reactor pool.

4.2 Burnup monitor

For the gamma spectrometry method, the measurement of specific fission products is

necessary, this nuclides are called monitors. An ideal monitor for a FE is the one that has

the following characteristics [12, 27]:

• In each fission suffered by a heavy core, the monitor must be produced in an ap-

proximately constant amount, so that the monitor’s production is proportional to the

burnup level.

• Must have a long half-life in relation to the total irradiation time, so that the propor-

tionality between the particles emitted by the monitor and the number of fissions

become valid, i.e., must be consistent during a reasonable period of time.

• Must have low migration along the fuel because if the monitor and its precursors

were not consistent, they will suffer a displacement in relation to their formation

positions and, consequently, the determined burning value will end up suffering

distortions, i.e., must be as consistent as possible in the position along the FEs.

• The spectrum emitted must contain high-energy gamma rays, which reduces the

attenuation effects to which they are subject when they emerge from the irradiated

nuclear fuel, i.e., must decrease the self-attenuation effects of the FEs.

Therefore the fission products from Table 2.2, with half-lifes1 longer than 10 days and

energies above ≈500 keV, to avoid the Compton continuum, can be considered for the

use of burnup monitors.

1Expectation value of the time required for one-half of the initial number of nuclei to disintegrate, and
hence for the activity to decrease by half [42].
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The 137Cs, is the burn monitor par excellence. Has a relatively long half-life, a low ab-

sorption neutron cross-section of (0.27±0.03) b and, it formation is proportional to 235U.

A remark regarding the use of 137Cs as a monitor, is the suggested waiting time of approx-

imately two years to avoid overlap of the characteristic photo-peak with the short-lived

elements with higher intensity [27, 31].

Since 134Cs is the result for the neutron capture process from 133Cs nuclide, to use 134Cs
as a burnup monitor a detailed knowledge of the neutron flux is required during the irra-

diation time and also the capture cross-section for the thermal neutrons energy of 0.025

eV, and it can only be seen after a cooling down period of 1-2 months [31].

And for 144Ce/ 144Pr, 140Ba/ 140La, 103Ru/ 103Rh and, 95Zr, that are the rest of the nuclides

with a relatively high half-life (longer than 10 days) and have energies above the 500 keV

with relatively high intensities, are recommended for the low irradiation and low cooling

periods. A worthy remark for the 144Ce/ 144Pr, is the low intensity for the high energy

photon that produce.

For the reasons stated above, the following nuclides can be consider as burnup monitors,

see Table 4.1.

Table 4.1: Main properties of fission products used as monitors of 235U burnup from
irradiated FEs for the gamma spectrometry technique. Where T1/2 is the half-life, Eγ and
Iγ are the energy and the emission intensity of the main emitted gamma rays and, Y is the
is the average fission yield of the burnup monitor for 235U [12, 30].

FE history Burnup
T1/2

Eγ Iγ Y
Irradiation Cooling monitor [keV] [%] [%]

< 40 d > 9 d 140Ba/ 140La 12.75 d 1596.5 109.9 6.18(13)

< 200 d > 40 d 95Zr 64.03 d
724.2 43.7

6.41(9)
756.7 55.4

≤ 1000 d < 2 yr 144Ce/ 144Pr 284.9 d 2185.7 0.7 5.34(16)
> 1800 d ≥ 2 yr 137Cs/137mBa 30.15 yr 661.66 85.1 6.26(4)

4.3 Detector coefficients

During measurements, gamma-ray detection is performed with an High-Purity Germa-

nium (HPGe) detector in conjunction with associated electronic modules. In order to be

able to take valid measurements with said equipment, a series of calibration coefficients

should be applied.
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4.3.1 Energy calibration coefficient

The gamma spectra resulting from the measurements of the irradiated FE will show the

number of counts in the photopeaks as a function of the channels they occupy, providing

direct information on what is the gamma-ray energy that gave rise to a particular pho-

topeak in the spectrum obtained. Nevertheless, before measuring on the FE, the energy

calibration as a function of the channel number is required in order to identify in each

gamma spectrum, the photopeaks corresponding to the gamma rays emitted in the decay

of the burnup monitors and, this relationship between the channel number and photopeak

energy should be of linear nature. See Section 5.1 for more detail.

4.3.2 Detector efficiency calibration coefficient

After the localization and identification of the corresponding gamma-ray photopeak for

the selected monitor, it becomes necessary to determine the absolute efficiency by means

of the intrinsic efficiency of the detector and the solid angle subtended, due to the colli-

mation, from the emitting source to the detector. See Section 5.2 for more detail.

4.4 TRIGA Mark II reactor

The JSI TRIGA Mark II reactor has been operating since 1966. It is being utilized as

a training facility for reactor operators, medical isotope production facility and for the

execution of different reactor physics experiments. It is a pool type light-water thermal

research reactor, with a maximum power of 250 kW and a maximum neutron flux of

approximately 1013 neutrons/cm2-s [24], see Figure 4.1 and Figure 4.2.

The reactor core has a cylindrical configuration and is composed of cylindrical fuel rods

clad with stainless steel. The core of the TRIGA reactor is located at the bottom of the

reactor tank, approximately 5.30 m from the platform bridge. The reactor pool is filled

with purified water and has the shape of an aluminum cylinder with a height of 6.25 m and

2 m diameter. The core itself has a cylindrical configuration and is in general composed

of fuel elements and two aluminum supporting grids. Holes are drilled in both supporting

grids that enable the insertion of fuel elements, control rods, irradiation channels and neu-

tron source – these holes have a diameter of 3.8 cm. Beside the larger holes also smaller

ones, with a diameter of 10.5 mm or 8 mm, are drilled in the grids. These are intended for

the insertion of specially adapted instrumentation guides that enable the use of neutron
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Figure 4.1: Top view of the IJS TRIGA Mark II reactor [24].

Figure 4.2: Side view of the IJS TRIGA Mark II reactor [24].
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detectors inside the core of the TRIGA reactor. Two larger triangular holes are utilized

for the insertion of either three fuel elements or a triangular irradiation channel [24], see

Figure 4.3.

Figure 4.3: Schematic view of the core positioning ring at the IJS TRIGA Mark II reac-
tor [24].

4.5 Experimental Burnup

A critical part for the experimental burnup determination is the experimental arrangement

for the gamma scanning of the FE. Typically this kind of experiments are developed in

the reactor pool [24, 27, 30, 43] or in the spend-fuel storage pool [31, 44, 45, 46] and

therefore, using the water as shielding for radiation protection purposes, see Figure 4.4c.

Usually the spent fuel is positioned several meters under water with a scanning device

on top of the pool, see Figure 4.4c. It is therefore very important that the position of the

scanning device can be reproduced accurately [31, 45].
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(a) Cross-sectional diagram of a collimator
tube [46].

(b) Simplified geometry for the i-th mea-
surement over the FE [27].

(c) Experimental setup for scanning of a fuel
element inside a pool [45].

Figure 4.4: Schematic representation, by parts, of the experimental setup for the gamma
spectroscopic measurement.
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An important characteristic of any experimental setup involving gamma-rays measure-

ments is obtaining the narrow-beam attenuation for primary particles and therefore, the

narrow-beam geometry. The primary beam will be comprised by the particles that are

perpendicularity reaching the detector, i.e., at an angle ≈ 0º. The secondary particles can

be considered, in broad terms, as the decay and scatter particles from the primary beam.

In order to achieve the narrow beam attenuation, detector shielding, filtering and, collima-

tion of the gamma-rays, see Figure 4.4a, are used. Both with the intention of preventing

the secondary particles from reaching the detector and to achieve a narrow-beam geome-

try.

An air-filled collimator tubes typically have a length of several meters. In addition, lead

plugs with about 5 mm collimator diameter can be inserted into the collimator tube, see

Figure 4.4a. Shielding the detector helps to increase the resolution and to reduce the

detector dead time [31].

4.5.1 Correction factors

Because it is intended to perform gamma-ray measurements, correction factors should be

applied. Among the main correction factors to take into account are the ones due to the

gamma-rays attenuation on different stages before reaching the detector, detector related

coefficients and, the decay of burnup monitor correction factor (fd), see Section 2.3.2.1.

4.5.1.1 Self-attenuation coefficient

The self-attenuation coefficient, considers the reduction of the gamma-rays counts due to

the homogeneous mixture of the fuel composition. It is assumed that the FE is a uniform

cylinder with height h and radius Ro, which in its center has a stable Zr bar of radius Ri.

See Figure 4.5.

Figure 4.5: Fuel element representation in cylindrical coordinates.
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Since the FE is an homogeneous volumetric source, a constant ”gamma-emitting density”

ργ given in (γ/cm3-s), can be defined. Therefore, the intensity, considering the attenua-

tion, due to the whole FE is given by,

I =
∫︂ Ro

Ri

∫︂ 2π

0

∫︂ h

0

(︂
ργ · e−µ(R0−r)

)︂
rdrdθdz (4.1)

where µ is the attenuation coefficient. This can be further refine by considering the stain-

less steel (SS-304) cladding with a thickness Ds and an attenuation coefficient µss, this

gives

I =
∫︂ Ro

Ri

∫︂ 2π

0

∫︂ h

0
e−µss·Ds

(︂
ργ · e−µ(R0−r)

)︂
rdrdθdz (4.2)

Now let’s consider the intensity without considering any of the attenuation factors,

I0 =
∫︂ Ro

Ri

∫︂ 2π

0

∫︂ h

0
ργ · rdrdθdz (4.3)

Therefore the compensation needed, due to the losses generated due to the fuel mixture

attenuation and the SS-304 cladding, would be given by the ratio between equation (4.3)

and equation (4.2). This gives,

I0

I
=

∫︁ Ro
Ri

∫︁ 2π
0
∫︁ h

0 ργ · rdrdθdz∫︁ Ro
Ri

∫︁ 2π
0
∫︁ h

0 e−µss·Ds (ργ · e−µ(R0−r)) rdrdθdz
(4.4)

I0

I
=

∫︁ Ro
Ri

rdr

e−µss·Ds
∫︁ Ro

Ri
e−µ(R0−r)rdr

(4.5)

after solving the integrals, the previous equation becomes,

I0

I
=

R2
o−R2

i

2

e−µss·Ds

[︂
(µRo−1)−(µRi−1)·e−µ(Ro−Ri)

µ2

]︂ (4.6)

after simplifying and re-arranging, I0 becomes,

I0 =I

[︄
µ2(R2

o − R2
i )eµss·Ds

2[(µRo − 1) − (µRi − 1) · e−µ(Ro−Ri)]

]︄
(4.7)

taking the attenuation coefficient µ, as the FE attenuation coefficient µfe then, the value
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inside bracket is known as the self-attenuation coefficient fa, given by

fa =
µ2

fe(R2
o − R2

i )eµss·Ds

2[(µfeRo − 1) − (µfeRi − 1) · e−µfe(Ro−Ri)] (4.8)

Due to the energy dependence of the attenuation coefficients, energy dependent functions

for the U-ZrH compound and the SS-304 were developed.

For the U-ZrH compound: using data from reference [47], and the FE nuclide composition

from Table 2.1, the following function was developed,

µfe(E) = 0.2104 + 1.498 · e( −E
0.2189) + 0.4155 · e( −E

0.9610) (4.9)

where µfe is the FE total attenuation coefficient given in cm−1 and E is the photon energy

given in MeV. The equation is valid in the range, from 0.500 MeV to 5.00 MeV, with a

maximum and minimum relative intrinsic error with respect to the data from the reference

of 0.59% and -1.20% respectively, see Figure 4.6.

Figure 4.6: U-ZrH compound total attenuation coefficient comparison between the refer-
ence [47] and equation (4.9), for the range from 0.500 MeV to 5.00 MeV, with a maximum
and minimum relative intrinsic error with respect to the data from the reference, of 0.59%
and -1.20% respectively. See Listing C.1, for the fitting results.
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For the SS-304 alloy: using data from reference [47], and the FE nuclide composition

from Table 2.1, the following function was developed,

µSS(E) = 0.2368 + 0.4146 · e( −E
1.392) + 0.5533 · e( −E

0.3584) (4.10)

where µSS is the SS-304 total attenuation coefficient given in cm−1 and E is the photon

energy given in MeV. The equation is valid in the range, from 0.500 MeV to 5.00 MeV,

with a maximum and minimum relative intrinsic error with respect to the data from the

reference of: 0.26% and -0.29% respectively, see Figure 4.7.

Figure 4.7: SS-304 alloy total attenuation coefficient comparison between the refer-
ence [47] and equation (4.10), for the range from 0.500 MeV to 5.00 MeV, with a maxi-
mum and minimum relative intrinsic error with respect to the data from the reference of
0.26% and -0.29% respectively. See Listing C.2, for the fitting results.

Since the dimensions of the FE are known from Section 2.2 and the energy of the char-

acteristic photon for the selected burnup monitors are known from Table 4.1, therefore

by using equations (4.9), (4.10) and (4.8), the following attenuation coefficients and self-

attenuation coefficients were obtained, see Table 4.2.
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Table 4.2: Total attenuation coefficients for the U-ZrH nuclide composition and SS-304
alloy, and self-attenuation coefficients for the energies of the burnup monitors from Ta-
ble 4.1.

E [keV] (µfe ± 1.20%) [cm−1] (µSS ± 0.29%) [cm−1] fa

661.6 0.4921 0.5820 1.342(5)
724.2 0.4608 0.5566 1.319(5)
756.7 0.4467 0.5445 1.310(4)

1596.5 0.2903 0.3749 1.196(3)
2185.7 0.2532 0.3243 1.170(2)

4.5.1.2 Environmental attenuation coefficient

Before reaching the detector, the gamma rays must pass through a length of water Lw, the

thickness of the bottom cap of the collimator tube Lb and, the atmospheric air that fills the

entire length L of the collimator tube. This gives rise to an extra correction factor due to

environmental conditions, see Figure 4.8.

Figure 4.8: Schematic view of the submerged fuel element for the estimation of environ-
mental attenuation coefficients.

Energy dependent functions for dry-air near sea level and water, were developed using

data from reference [47], for the burnup monitors energies from Table 4.1.

µa(E) =(4.1834 × 10−5) + (1.1631 × 10−4) · e( −E
0.9356) (4.11)

µw(E) =(3.6826 × 10−2) + 0.1011 · e( −E
0.9287) (4.12)
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where E is the photon energy given in MeV, µa is the total attenuation coefficient of

dry-air near sea level and, µw is the total attenuation coefficient of water, both given in

cm−1. The equations are valid in the range, from 0.500 MeV to 3.00 MeV, both with a

relative intrinsic error with respect to the data from the reference of ±2.0%. Therefore,

the environmental attenuation coefficient is defined as,

fv(E; L, Lw, Lb) =exp(−µa(E) · L − µw(E) · Lw − µss(E) · Lb) (4.13)

where E is the energy given in MeV. The attenuation coefficients at the gamma energies

of the burnup monitors, can be found on Table 4.2 and Table 4.3.

Table 4.3: Total attenuation coefficients for dry-air at sea level and water, for the energies
of the burnup monitors from Table 4.1. Both with an estimated error of ±2.0%.

E [keV] µa × 10−5 [cm−1] µw × 10−3 [cm−1]
661.6 9.918 8.643
724.2 9.547 8.319
756.7 9.364 8.160

1596.5 6.295 5.495
2185.7 5.308 5.644

4.5.2 Activity, experimental

By means of the gamma spectrometry it is possible to measure the characteristic gamma

energies emitted by the selected burnup monitor in the FE; i.e., to determine the experi-

mental activity AE for the x fission product, which is a direct indicator of the fission in

the irradiated fuel.

By considering the necessary correction factors the experimental activity is determined

from the total counts from the differential pulse height distribution along the active vol-

ume of the FE. The experimental activity is given by [12],

AE = a

ϵea · Iγ

fdfafv (4.14)

where ϵea is the experimental absolute efficiency from the detector. For the case of the FE
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analysis, a is defined as

a =
q∑︂

i=1

Ci

tc,i

(4.15)

where q is the total amount of measurement done over the active volume of the FE, Ci is

the net counts for the i-th measurement, see Figure 4.4b, and tc,i is the total acquisition

time for the measurement Ci.

4.5.3 Concentration, experimental

Similarly as in the theoretical concentration calculation, the idea is to find the number of

atoms for the selected burnup monitor. At the moment of the measurements the experi-

mental concentration is defined as

Nx,e = AE

λxVfe

(4.16)

where Nx,e is the experimental concentration of the selected burnup monitor given in

(atoms/cm3). Nevertheless, to make possible the comparison between the theoretical and

experimental concentrations is necessary to correct for the cooling-down time Td, of the

FE,

Nx,e = AE · eλxtd

λxVfe

(4.17)

4.5.4 Experimental burnup equation

Following the same approach as in Section 2.3.4, the experimental burnup equation for

the burnup monitor is,

BE =(Nx,eVfe)
Yx

Mu

NA

(1 + α) (4.18)

where BE is the experimental burnup given in (g) of the selected burnup monitor.

4.5.5 Possible sources of experimental uncertainty

In any given experiment sources of error exist. In order to avoid or minimize such errors,

the possible more significant ones for the previous proposed experiment are presented
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below:

• Geometry related sources of error:

– Collimation errors. This could originate while sweeping the FE. The possible

cause: problems in the reproducibility i.e., precision of the positioning system,

such as the one presented in Figure 4.4c, specially while moving the scanning

device along the FE, therefore it is recommended that the movement of the

scanning device be performed in a slow but steady way.

– Source-detector distance. This could originate from the FE positioning device,

during the change of FEs or due to the movement of the scanning device. It

is recommended that the FE positioning device and the scanning device could

be coupled and therefore allowing to keep a fixed distance.

• Spectrum acquisition related sources error:

– Unwanted elements appearing on the spectrum. This could originate due to

inadequate shielding of the detector.

– High dead-time2 due to the high activity from the FEs . It is recommended

to reduce the collimator radius in order to reduce the number of counts, all of

this considering the geometry and the factors associated to it.

4.5.6 Experimental burnup determination flowchart

A simple flowchart representing the steps mentioned in the previous sections, with a sug-

gested workflow, is presented on Figure 4.9.

2minimum time of separation between two successive events for proper detection, also called resolving
time [8].
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Figure 4.9: Experimental fuel burnup determination flowchart.



Chapter 5

Detector calibration

In this section, the calibration of a HPGe from the IJS is describe. The Canberra detector1:

model GR2020 and serial number: b19809, has a crystal of 101.7 cm3 with a relative

efficiency of 20% for the FWHM resolutions of: 2.0 keV at 1.33 MeV and 1.10 keV at

0.122 MeV.

For the energy and efficiency calibration of the detector, a geometry similar to that of the

experiment was proposed. See Figure 5.1.

The main characteristics of the point sources used for the detector calibration are de-

scribed in Table 5.1.

The geometrical characteristics of the detector crystal are given in Figure 5.2.

5.1 Energy calibration

Gamma spectra measurements contains 8192 channels, for the detector previously men-

tioned, and show the number of counts in the photopeaks as a function of the channels

they occupy, not providing any direct information about what is the gamma-ray energy

that originated a certain photopeak in the obtained spectrum. Therefore, the energy cali-

bration was performed as a function of the channel number, to be able to identify in each

gamma spectrum the photopeaks corresponding to the gamma rays emitted in the decay

of the burn monitors.

This is known as an energy calibration, and is performed by removing the detector from

1Technical information taken from the equipment Certificate of conformity, dated 05.05.2021.
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the shielding and using the calibrated point sources presented in Table 5.1. Since the

energy of the gamma-rays emitted by the calibration sources are well known and, knowing

the position of each of the respective photopeaks, a linear function of the form m · x + b

was adjusted to the energy as a function of the channel, see Table 5.3 and Figure 5.3.

It is worth noticing that a given calibration in energy is only valid for certain fixed con-

ditions of adjustment of the electronic components of the experimental apparatus for the

gamma-spectrometry, and it must be completely redone if these conditions are changed.

(a) Schematic of the experimental calibration setup.

(b) Experimental setup lateral view. (c) Experimental setup aerial view.

Figure 5.1: Experimental acquisition setup for the detector calibration, at the IJS reactor
facility. All the measurements are given in mm.
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Table 5.1: Main characteristics of the point calibration sources. Where T1/2 is the half-life,
Eγ and Iγ are the respectively energy and emission intensity of the main emitted gamma
rays and, A0 the initial activity of the calibration source [25, 48, 49, 50, 51, 52, 53].

Calibration T1/2 Eγ Iγ A0 Reference
Source [keV] [%] [kBq] date
133Ba 10.55(1) y 80.998(1) 32.9(3) 236(4) 01.01.1990

276.3989(12) 7.16(5)
302.8508(5) 18.34(13)
356.0129(7) 62.05(10)
383.8485(12) 8.94(6)

137Cs 30.08(9) y 661.657(3) 85.10(20) 39.7(7) 15.06.1988
60Co 5.2711(4) ya 1173.228(3) 99.85(3) 476(12) 13.06.1995

1332.492(4) 99.983(1)
152Eu 13.517(9) y 121.7817(3) 28.53(16) 216(4) 01.01.1990

244.6974(8) 7.55(4)
344.2785(12) 26.59(20)
778.9045(24) 12.93(8)
964.057(5) 14.51(7)

1085.837(10) 10.11(5)
1112.076(3) 13.67(8)
1408.013(3) 20.87(9)

226Ra 1600(7) y 186.211(13) 3.64(4) 165(3) 01.01.1990
226Ra/ 214Pbb 27.06(7) min 241.9950(23) 7.251(16)

295.2228(18) 18.42(4)
351.9321(18) 35.60(7)

226Ra/ 214Bib 19.9(4) min 609.320(5) 45.49(16)
768.360(5) 4.894(11)
934.056(6) 3.107(10)

1120.294(6) 14.92(3)
1238.122(7) 5.834(15)
1377.669(8) 3.988(11)
1764.491(10) 15.30(3)

241Am 432.6(7) y 26.3446(2) 2.27(12) 37.9(8) 15.06.1988
59.5409(1) 35.9(4)

a Considering a year as 365.25 days.
b Short-live radionuclide from the 226Ra decay chain.
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(a) HPGe crystal, geometrical parameters.

(b) HPGe holder, geometrical parameters. Material: Aluminum.

(c) HPGe assembly, geometrical parameters.

Figure 5.2: Technical drawing of the HPGe Canberra detector. All measurements are
given in mm [54].
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5.2 Efficiency calibration

To determine the experimental efficiency of a particular detector is done by establishing a

fixed geometry, see Figure 4.4, and preserving the absorption and scattering characteris-

tics of the experimental arrangement. The experimental intrinsic efficiency is calculated

by [8, 30],

ϵe = Cc/tc

G · (IcA0e
−λc·tc

d) (5.1)

where ϵe is the experimental intrinsic efficiency, Cc are the total photo-peak counts of

the measurements taken during the calibration, G is the geometrical correction factor and

is related to the solid angle subtended due to the experimental calibration-geometry, Ic

is the emission intensity of the characteristic photon from the radionuclide used for the

calibration, A0 is the initial activity of the certified calibration source, λc is the decay

constant from the source, all of the previous from a certified calibration source, tc
d is the

decay time from the certification of the source to the acquisition of the spectra, and tc is

the counting of the live time for the spectrum acquisition. The term inside parenthesis in

equation (5.1), is detonated as Atheo in Table 5.2.

The geometrical factor G due to a point source and a collimated circular cylindrical de-

tector is given by [8],

G = Ω
4π

= 1
2

⎛⎝1 − rsd√︂
r2

sd + r2
d

⎞⎠ (5.2)

where rsd is the source-detector distance and, rd is the collimator radius, see Figure 5.1a.

The calculated intrinsic efficiencies as function of the energy ϵe,c(E), are obtained from a

general function of the form [30],

ϵe,c(E) =a0 + a1

[︃
ln
(︃

E

1400

)︃]︃
+ a2

[︃
ln
(︃

E

1400

)︃]︃2
+ a3

[︃
ln
(︃

E

1400

)︃]︃3
(5.3)

where E is the energy given in keV and, a0, a1, a2 and a3 are fitting parameters.

The Relative Intrinsic Error (ERI), for the calculated intrinsic efficiency is given by the



52 Chapter 5. Detector calibration

equation,

ERI = ϵe,c − ϵe

ϵe

(5.4)

Table 5.2: Experimental intrinsic efficiency calibration data, for the intrinsic efficiencies
ϵe, as function of gamma-energy from the calibration sources.

Source E [KeV] Atheo
a[Bq] Cc/tc [CPS] ϵe

133Ba 276.3989(12) (2118 ± 35) 0.772(8) 0.25(3)
302.8508(5) (5426 ± 90) 1.83(8) 0.23(1)
356.0129(7) (18358 ± 278) 5.2(2) 0.195(7)

383.8485(12) (2645 ± 44) 0.71(7) 0.18(2)
137Cs 661.657(3) (15746 ± 244) 3.2(3) 0.138(12)
60Co 1173.228(3) (15250 ± 381) 1.83(9) 0.082(4)

1332.492(4) (15270 ± 382) 1.57(13) 0.070(6)
152Eu 121.7817(3) (12187 ± 195) 6.4(3) 0.361(14)

244.6974(8) (3225 ± 51) 1.31(11) 0.28(2)
344.2785(12) (11358 ± 191) 3.33(9) 0.200(8)
778.9045(24) (5523 ± 90) 0.87(6) 0.108(9)
964.057(5) (6198 ± 98) 0.80(4) 0.089(6)

1085.837(10) (4318 ± 68) 0.54(5) 0.085(9)
1112.076(3) (5839 ± 94) 0.67(6) 0.079(8)
1408.013(3) (8915 ± 139) 0.83(6) 0.064(5)

226Ra 1764.491(10) (24902 ± 392) 1.85(9) 0.051(3)
G= 0.00146(4)

Fitting parameters
model Eq.(5.3)

a0 6.5219×10−2

a1 -5.4522×10−2

a2 4.4264×10−2

a3 6.7280×10−3

a Theoretical activity corrected to the day of measurement (10.08.2021) and taking into ac-
count the gamma emission intensity for the given gamma-ray energy.

5.3 Results and discussion, calibration

The acquired spectrums from each of the nuclide used for the calibration process, are

given in appendix B.2. The processed data output from the acquired spectrums for the

efficiency calibration, is given in appendix B.3.1.



5.3. Results and discussion, calibration 53

The spectrometry characterization results are presented. These are the measured detector

intrinsic efficiency, see Table 5.2 and Figure 5.4. And the detector energy calibration, see

Table 5.3 and Figure 5.3.

The efficiency calibration was done in the range > 100 keV since all the radionuclides of

interest, see Table 4.1, are above this threshold. The intrinsic efficiency calibration data,

see Figure 5.4, follows the shape expected from the literature [30, 43].

The model given by equation (5.3) and, the ai parameters from Table 5.2, has an exper-

imental range from 121.7 keV to 1764.5 keV, with a maximum and minimum ERI of

7.26% and -8.17% respectively.

Calculated intrinsic efficiencies ϵe,c, for the selected burnup monitors gamma-energies are

presented on Table 5.4, the errors of the calculated efficiencies are conservatively assumed

by the maximum absolute value of the ERIs obtained from the model, i.e., 8.17%.

From the experimental point of view, it is recognized that the mayor cause of experimen-

tal uncertainty comes from the error of the Cc/tc factor, the counting rate, from equa-

tion (5.1), with a range from 2.63% to 10.9%. The factor Cc that is the counts under the

curve from the spectrometry analysis, it is directly influenced by the activity of the cali-

bration source at the moment of the data acquisition rather than by the acquisition time.

The important quantity to take into account is the counting rate.

Another factor having great influence not on the final uncertainty of the efficiency, but on

the quality of the measurements, is the geometrical factor G. The error contribution for the

geometrical factor G is lower than 3% and with a lower noticeable influence to the final

error of ϵe, than the one coming from the counting rate. The greater the geometrical factor,

the higher the probability of detection of an event in the detector, therefore, the proper

definition of this value has a great influence in said counting rate during the acquisition of

the spectrum.

The activity of the calibration sources and, the definition of the geometrical factor be-

comes important for the quality of the calibration. The activity of these sources should be

high enough and, the geometrical factor should have a value such that, allows to have a

good counting rate but lower enough that the value of the detectors dead-time still allow

to neglect undesired events such as the sum-coincidence2 effects in the spectrum.

2Also known as pulse pileup. Is when two independent events arrive faster than the resolution time of
the detector and are recognized as one event, i.e., overlapping of the signals [8].
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Figure 5.3: Energy calibration plot. Data from Table 5.3. See Listing C.5, for the fitting
results.

Figure 5.4: Measured intrinsic efficiencies as a function of energy from the gamma-rays
from the calibration sources for the range from 121.7 keV to 1764.5 keV, with a maximum
and minimum relative intrinsic error with respect to the data from Table 5.2, of 7.26% and
-8.17% respectively. See Listing C.6, for the fitting results.
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Table 5.3: Channel-energy data for the energy calibration of the detector.

Source E [KeV] Channel
133Ba 80.998(1) 296.78(12)

276.3989(12) 1013.97(12)
302.8508(5) 1111.07(8)
356.0129(7) 1306.14(8)
383.8485(12) 1408.44(14)

137Cs 661.657(3) 2428.42(7)
152Eu 121.7817(3) 446.37(2)

244.6974(8) 897.54(8)
344.2785(12) 1263.12(7)
778.9045(24) 2858.7(2)
964.057(5) 3538.1(3)

1112.076(3) 4081.8(3)
1408.013(3) 5167.9(4)

226Ra 186.211(13) 682.86(8)
226Ra/ 214Pb 241.9950(23) 887.73(4)

295.2228(18) 1083.08(5)
351.9321(18) 1291.231(15)

226Ra/ 214Bi 609.320(5) 2236.27(5)
768.360(5) 2819.9(4)
934.056(6) 3428.6(4)

1120.294(6) 4112.0(4)
1238.122(7) 4544.3(4)
1764.491(10) 6476.8(3)

241Am 26.3446(2) 96.53(5)
59.5409(1) 218.13(2)

Fitting parameters
model y(x) = m · x + b

m 0.27241
b 0.16129

Table 5.4: Calculated intrinsic efficiencies ϵe, using equation (5.3) and fitting parameters
from Table 5.2. The ϵe values obtained, are for the gamma energies from the selected
burnup monitors from Table 4.1.

BU Monitor E [keV] (ϵe ± 8.17%)
137Cs/137mBa 661.6 0.1281

95Zr 724.2 0.1184
756.7 0.1139

140Ba/ 140La 1596.5 0.0588
144Ce/ 144Pr 2185.7 0.05030a

a Extrapolated value.
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Chapter 6

Summary

Basic concepts related to nuclear engineering, gamma-spectroscopy and, fuel burnup were

introduced, as well as some of the main reasons that motivates the burnup calculations,

such as fuel economics, safety analysis and, safeguards. An introduction to the Slovenian

Mark TRIGA II reactor was given, together with a description of the nuclear fuel used

by a TRIGA reactor and, the main characteristics from an average fuel element from the

Slovenian TRIGA reactor. The fission products obtained from the TRIGA fuel, the main

gamma-emitters from said fission-products together with their important characteristics

for the realization of the gamma spectroscopy technique, were presented on Table 2.2.

The model for the theoretical burnup estimation from a selected fission product was de-

veloped, see Section 2.3. This model encompass the estimation of: the theoretical con-

centration, see equation (2.15); the activity, see equation (2.18), the relevant correction

factors for its estimation, see Section 2.3.2 and; the burnup given in units of mass, see

equation (2.22), for a TRIGA nuclear fuel element.

A Brief explanation for the different types of assays and related techniques used for the

fuel burnup determination were presented. This includes destructive, see Section 3.1

and non-destructive methods, see Section 3.2. Later, from the non-destructive-assays the

gamma spectroscopy technique was introduced alongside with the advantages and disad-

vantages of said technique, see Section 4.1. Also, the main characteristics that a fission

product must have to be considered experimentally as a good burnup monitor were pre-

sented, see Section 4.2 and, the more suitable radionuclides matching said characteristics

were given, see Table 4.1.

An overview of the experimental steps necessary for the fuel burnup determination by the
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gamma-spectroscopy technique was presented. To do so, it was assumed that the exper-

iment will be carried out in the spent-fuel pool and the characteristics of said geometry

were described generically, see Figure 4.4. Some key aspects related to the experimen-

tal correction factors required the development of analytical models, such as: the self-

attenuation coefficient of the nuclear fuel, see equation (4.8), including the TRIGA fuel

materials attenuation coefficients for the U-ZrH fuel mixture, see equation (4.9) and the

SS-304 cladding alloy, see equation (4.10) and; the environmental attenuation coefficient,

see equation (4.13). A list of values for the self-attenuation coefficient, using the ener-

gies of the proposed burnup monitors, was estimated for an average fuel element from the

Slovenian TRIGA reactor, see Table 4.2.

Assuming an already processed spectrum, the experimental activity, see equation (4.14);

concentration, see equation (4.17) and; fuel burnup estimation, see equation (4.18); were

presented. Some possibles sources of experimental uncertainty and ways to avoid them

were briefly listed and, a workflow for the experiment was suggested.

The obtained energy and efficiency calibration factors from a High-Purity Germanium

detector calibrated at the Institute “Jozef Stefan” were presented, see Section 5.3.

To accomplish the calibration, a computational tool for the spectral analysis was devel-

oped in matlab, see appendix B.3, alongside with the procedure for the conversion of the

proprietary files from the detector to plain text files, see appendix B.1.

The spectral analysis includes finding the photo-peaks centroids, the area under the curve,

the Full-Width-at-Half-Maximum, the background height, the coefficient R2 from the

goodness-of-fit test and, the date of the measurement; Also the plot for each found peak

is generated as an image file. See appendix B.3.1, for the spectral analysis output files

content.



Chapter 7

Discussion and conclusion

Applying the reasons given in Section 2.1, together with the different techniques presented

in Chapter 3, would open up a range of possibilities for future researches at the IJS.

Of these possible researches, some have already been previously implemented at the IJS,

nevertheless, they can serve as a starting point for comparison of future projects. At the

moment, there is a particular interest in the development of the gamma spectrometry tech-

nique at the IJS, hence the origin of this work. Due to this, not only the knowledge of the

gamma-spectrometry technique was deepened. Also, was deepened the requirements for

the ancillary equipment, such as the ones presented in Figure 4.4 as well as, the optimum

fission products to perform the experiment in a reliable way.

The above, was possible by combining the diverse knowledge and experiences mostly

from the Latin-American, North-American and European regions. The presented cumu-

lative expertise acquires over the years, in a quite diverse number of languages, allows us

now, to have a better idea of what to expect during the execution of the fuel burnup deter-

mination employing the gamma-spectroscopy technique, to be carried out at the IJS. It is

worth mention that for this work only the scientific/technical area was considered, how-

ever, it should not be forgotten that this goes hand-in-hand with regulatory requirements

that must be fully taking care of. This is the main reason why a generalized case is pre-

sented in Section 4.5, for the experimental setup, so it can be adapted to the technical and,

regulatory requirements; relevant to the IJS and, the Republic of Slovenia, respectively.

Regarding the gamma-spectrometry analysis of nuclear fuel elements, the lessons learned

during the calibration of the detector can be extrapolated, this lead to the important role

that the counting rate play in the development of the experiment and, how it should be
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carefully calibrated for the acquisition of the data utilizing the solid angle, the source-

detector distance or adding extra photon-absorption material, i.e., more water; all of this

to reduce or increase, the counting rate at the detector to improve the counting statistics.

The development of alternatives to commercial software, was also carried out for the

analysis of the acquired spectrums.

For any future work the following elements, according to the workflow suggested in Fig-

ure 4.9, were fully developed and can be used right away:

• Detector calibration, energy and efficiency.

• Spectrum analysis tool, using the Matlab code.

• The mass attenuation coefficients equations for U-ZrH and SS304.

• The calculated values for the fuel self-attenuation coefficient.

7.1 Future work

For the future work related to this topic at the IJS, it is planned to build the necessary

equipment, such as the ones presented in Figure 5.1, and compare the results obtained

with the ongoing Monte Carlo simulation research based on the detailed records keep by

the reactor operators through the many decades of the reactor operation.
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Appendix A

Fuel element theoretical analysis

A working example on how to properly do the theoretical burnup calculations is presented

by means of a TRIGA III reactor FE.

The Mexican TRIGA Mark III reactor is located inside the Nuclear Center “Dr. Nabor

Carrillo Flores”. It is one of the main facilities of the Instituto Nacional de Investiga-

ciones Nucleares1 (ININ). The facility is surrounded by a forest and is located near the

highway that joins Mexico City and Toluca City. The ININ reactor, is a pool-type research

reactor with a mobile core that is cooled by the natural convection of the pool water. The

maximum power in steady state is 1 MW in any position of the pool. Its first criticality

was achieved on November 8, 1968 at 20:38 hours [55, 56].

The use of the main theoretical equations from Section 2.3, would be demonstrated by

means of the analysis of a FE from the ININ reactor, specifically for the LEU fuel element

EC5091 with an initial 235U mass of m0
u= 39.0 grams. The FE was subject to 4 ring

positions changes during 11 core configurations, with an irradiation time of 269.24 days,

and a cool-down period of 7846 days afterwards. These calculations would be directly

compared with the experimental results from reference [12].

Isotope 137Cs was selected as the burnup monitor, due to the long cool-down time of

the FE even though the irradiation time is less than 2 years. Therefore equation (2.15)

become,

Ncs(ti) = σf
uϕYcsNu

λcs + σc
csϕ

[︂
1 − e−(λcs+σc

csϕ)ti

]︂
(A.1)

1National Institute for Nuclear Research
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for the previous equation, the data from Table A.1 was used to calculate the Ncs concen-

tration value, see Table A.4. For the positions inside the core of the ININ reactor the

concentric rings are distributed and labeled as in Figure A.1.

Table A.1: Values used to estimate the 137Cs concentration and the theoretical bur-
nup [12].

Symbol Value comment
ti 2.32623 × 107 (s) 269.24 days, irradiation time.

Vfe 294.78 (cm3)
ϕ 6.1509 × 1012 (n/cm2-s) Average neutron flux at the dry cell.

Nu 2.53153 × 1020 (atoms/cm3) From the initial 235U mass and Vfe.
σf

u 580 × 10−24 (cm2)
Ycs 0.0626 −
σc

cs 0.11 × 10−24 (cm2) 137Cs capture cross-section.
λcs 7.3020 × 10−10 (1/s) From 137Cs Half-life, 30.08 years.
Mu 235.04 (g/mol)
NA 6.022 × 1023 (atoms/mol) Avogadro number.
α 0.17 −

The ith irradiation position, as explained in Section 2.3.2.2, is associated to the ring posi-

tion were the FE was located during the m core configuration. See Table A.2.

Table A.2: Power factors (PF )i, per ring position (i) according to different m configura-
tions for the ININ reactor [12].

core (PF )i per Ring
Config. ID B C D E F

1 to 9 1.52 1.34 1.16 0.89 0.73
10 to 13 1.50 1.24 1.14 0.97 0.77

Now, it is possible to estimate the decay of burnup monitor and the average power cor-

rection factor. Therefore equation (2.16) become

fd =
λcs

n∑︁
k=1

Pk · tk

n∑︁
k=1

Pk · e−λcsτk [1 − e−(λcs+σc
csϕ)tk ]

(A.2)

for the previous equation and for equation (2.17), the necessary values were taken from

Table A.1 and Table A.3. For the final values of the correction factors, see Table A.4.
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Table A.3: Values from the fuel element EC5091 log-book, used to estimate the decay of
burnup monitor and average power correction factors from the ININ reactor [12].

core Power
Pk

tk (PF )i
τk

config. ID (MWd) (s) (s)
1 17.41 0.0647 57801600 1.34 598449600
2 40.39 0.1500 89942400 1.34 524577600
3 10.7 0.0397 9072000 1.34 475070400
4 5.62 0.0209 5616000 1.34 467726400
7 5.05 0.0188 5011200 0.73 419644800
8 61.82 0.2296 90288000 0.73 371995200
9 6.17 0.0229 9072000 0.73 322315200
10 43.19 0.1604 76982400 1.24 279288000
11 41.55 0.1543 75859200 1.24 202867200
12 8.09 0.0300 13996800 1.24 157939200
13 29.25 0.1086 150940800 0.97 75470400∑︁

=269.24
∑︁

=1

Figure A.1: Grid schematic from the ININ Mexican TRIGA reactor core with its ring
labels [56].
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The theoretical burnup equation (2.22) becomes,

BT =(NcsVfe)
Ycs

Mu

NA

(1 + α) · fd · Fp (A.3)

for which the following data was used, see Table A.1. The results of the calculations and

the comparison with the experimental burnup, taken from [12], can be found in Table A.4.

Table A.4: Values for the theoretical 137Cs concentration, correction factors, and burnup.
As well as the comparison with the experimental value obtained.

Ncs 1.30404 × 1018 (atoms/cm3)
fd 1.2881
Fd 1.0998
BT 5.31 g
Be 5.15(4) g Data from ref. [12]
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Spectrum analysis

The spectrums were taken with the detector described in Chapter 5. CAMBERRA detec-

tors creates ’.CNF’ files to store the spectral measurement data recorded with the Genie

2000 radiation spectrometry software. Therefore, in order to analyze the data, these files

need to be converted to a more suitable format.

B.1 File conversion: from CNF to TXT

The software used was cambio; version: cl_linux_x86_d3_20191022. This software

converts spectrum files from nearly all common handheld and lab-based spectroscopic

gamma radiation detectors, radiation portal monitors, or search systems to a format of

your choice (N42, PCF, CSV, TXT, CHN, SPC, HTML, and more) [57].

B.2 Measured gamma-spectrums

In this section the plots of the measured spectrums used for the calibrations, after file

conversion, are presented. The spectrums were measured under the geometry given in

Chapter 5.
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Figure B.1: Measured 226Ra spectrum.

Figure B.2: Measured 137Cs spectrum.
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Figure B.3: Measured 133Ba spectrum.

Figure B.4: Measured 152Eu spectrum.
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Figure B.5: Measured 60Co spectrum.

B.3 Matlab code

The MATLAB version used for the analysis has the following characteristics:

• Version: 9.7.0.1319299 (R2019b) Update 5

• Operating System: Linux 4.15.0-147-generic #151-Ubuntu x86_64

• Java Version: Java 1.8.0_202-b08 with Oracle Corporation Java HotSpot(TM) 64-

Bit Server VM mixed mode

• Necessary MATLAB APPS to run the scripts:

– Simulink. Version 10.0

– Curve Fitting Toolbox. Version 3.5.10

– Signal Processing Toolbox. Version 8.3

– Statistics and Machine Learning Toolbox. Version 11.6

– Symbolic Math Toolbox. Version 8.4
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Brief description of the MATLAB code used for the spectrum analysis includes:

• Main routine, output-file and plots generation from the found peaks.

– See Listing B.1, for the energy calibration routine.

– See Listing B.2, for the efficiency calibration routine.

• Subroutine, see Listing B.3. Fitting to the probably density of a generalized Gaus-

sian distribution. Determined parameters: mean (µ), standard deviation (σ) with a

95% confidence level, peak area, background height and goodness-of-fit R2.

Listing B.1: Main MATLAB script for the energy calibration. Generates an output-file

from the found peaks. Software used: MATLAB 2019R5.

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %−−−−−−−−−−−−−−−−−−−−−−−−−Energy C a l i b r a t i o n −−−−−−−−−−−−−−−−−−−−−−−−−−
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 % Energy c a l i b r a t i o n s c r i p t f o r t h e a n a l y s i s o f c o n v e r t e d s p e c t r u m s
5 % f i l e s from t h e CAMBERRA f o r m a t . CNF t o . t x t , by u s i n g t h e ’ cambio ’
6 % s o f t w a r e from US DOE ( h t t p s : / / www. o s t i . gov / / s e r v l e t s / p u r l / 1 2 3 2 4 8 1 ) .
7 % ’ cambio ’ V e r s i o n : cambio_c l_ l inux_x86_d3_20191022
8 %
9 % Expec ted Outpu t : " o u t p u t "

10 % ( : , 1 ) P e a k _ c e n t r o i d ; ( : , 2 ) C h _ e r r o r ; ( : , 3 ) R^2
11 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
12 c l o s e a l l
13 c l e a r
14 p a t h = pwd ; % ment ion your working p a t h
15

16 %. TXT f i l e s
17 %f i l e n a m e = ’ . / e ne rg y / Cs137ECal ’ ;
18 %f i l e n a m e = ’ . / e ne rg y / Ra226ECal ’ ;
19 f i l e n a m e = ’ . / e ne rg y / Eu152ECal ’ ;
20 %f i l e n a m e = ’ . / e ne rg y / Ba133Ecal ’ ;
21 %f i l e n a m e = ’ . / e ne rg y / Am241ECal ’ ;
22

23 i m p o r t = i m p o r t d a t a ( f i l e n a m e ) ;
24 f u l l s p e c t r o = s t r 2 d o u b l e ( i m p o r t . t e x t d a t a ( ( 1 8 : end ) , ( 1 : 3 ) ) ) ;
25

26 sp= f u l l s p e c t r o ( : , [ 1 , 3 ] ) ; % f u l l s p e c t r u m f o r a n a l y s i s ( channe l , c o u n t s )
27
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28 %−Peaks c h a n n e l l o c a t i o n and h e i g h t u s i n g t h e S i g n a l P r o c e s s i n g Toolbox
29 [ pks , l o c s ] = f i n d p e a k s ( sp ( : , 2 ) , sp ( : , 1 ) , ’ MinPeakHeight ’ , 120 , ’

MinPeakProminence ’ , 100 , ’ MinPeakDis tance ’ , 2 0 ) ;
30

31 l =10; % S p e c t e d f u l l peak wid th .
32 n= s i z e ( l o c s , 1 ) ; %t o t a l number o f peaks found
33

34 f i t _ o u t = z e r o s ( n , 9 ) ;
35 o u t p u t = z e r o s ( n , 3 ) ; % Outpu t v a r i a b l e
36

37 % C r e a t i n g an o u t p u t . t x t FILE
38 f i l e I D = fopen ( [ f i l e n a m e ’ _ o u t p u t ’ ] , ’ wt ’ ) ;
39 f p r i n t f ( f i l e I D , ’ P e a k _ c e n t r o i d p k _ e r r R^ 2 \ n ’ ) ;
40 FormatSpec =[ repmat ( ’%f ’ , 1 , s i z e ( o u t p u t , 2 ) ) ’ \ r \ n ’ ] ;
41

42 % A n a l y s i s f o r t h e k−t h l o c a t e d peak
43 f o r k =1: n
44 s p e c t r a = f u l l s p e c t r o ( ( l o c s ( k )− l : l o c s ( k ) + l ) , [ 1 , 3 ] ) ; %k−t h peak
45

46 x= s p e c t r a ( : , 1 ) ;%k−t h c h a n n e l column
47 y= s p e c t r a ( : , 2 ) ;%k−t h c o u n t s p e r column
48

49 % See s p _ a n a l y s i s .m f o r a d e t a i l e d d e s c r i p t i o n
50 [ f i t _ o u t ( k , : ) , f i t _ p d f , x , y ]= S P _ a n a l y s i s ( x , y , s p e c t r a ) ;
51

52 i f f i t _ o u t ( k , 1 ) ~=0 % I m p l i e s t h a t R^2 from f i t _ o u t p u t > 0 . 9 7
53

54 %%%%%%%%%%%%%%%%%%%%%%%−−OUTPUT f i l e s c r e a t i o n−−%%%%%%%%%%%%%%%%%%%%%%
55 o u t p u t ( k , : ) = f i t _ o u t ( k , [ 1 , 2 , 9 ] ) ;
56 f p r i n t f ( f i l e I D , FormatSpec , o u t p u t ( k , : ) ) ;
57 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
58

59 end %end i f
60 end %end f o r
61 f c l o s e ( f i l e I D ) ;
62 c l o s e a l l
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Listing B.2: Main MATLAB script for the efficiency calibration. Generates an output-file

and plots from the found peaks. Software used: MATLAB 2019R5.

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 % −−−−−−−−−−−−−−−−−−−−−−E f f i c i e n c y C a l i b r a t i o n −−−−−−−−−−−−−−−−−−−−−−−−−
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 % E f f i c i e n c y c a l i b r a t i o n s c r i p t f o r t h e a n a l y s i s o f c o n v e r t e d s p e c t r u m s
5 % f i l e s from t h e CAMBERRA f o r m a t . CNF t o . t x t , by u s i n g t h e ’ cambio ’
6 % s o f t w a r e from US DOE ( h t t p s : / / www. o s t i . gov / / s e r v l e t s / p u r l / 1 2 3 2 4 8 1 ) .
7 % ’ cambio ’ V e r s i o n : cambio_c l_ l inux_x86_d3_20191022
8 %
9 % e : Energy / Channel f a c t o r

10 % l : S i z e o f h a l f −ROI , i n Ch .
11 % Expec ted O u t p u t s
12 %
13 % TXT f i l e o u t p u t :
14 % ( : , 1 ) Energy (KeV) ; ( : , 2 ) E n _ e r r o r ; ( : , 3 ) FWHM ;
15 % ( : , 4 ) FWHM_error ; ( : , 5 ) a r e a ; ( : , 6 ) a r e a _ e r r o r ;
16 % ( : , 7 ) BKG_height ; ( : , 8 ) BKG_h_err ; ( : , 9 ) R^2 ;
17 % ( : , 1 0 ) L i v e _ t i m e ; ( : , 1 1 ) mes_da te
18 %
19 % PLOTS :
20 % p l o t s showing : DATA, f i t t e d f u c t i o n and t h e c e n t r o i d e o f t h e peak .
21

22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 c l o s e a l l
24 c l e a r
25 p a t h = pwd ; % ment ion working p a t h
26

27 %I n p u t . TXT c o v e r t e d e f f i c i e n c y f i l e s
28 f i l e n a m e = ’ . / Ra226 ’ ;
29 %f i l e n a m e = ’ . / Cs137 ’ ;
30 %f i l e n a m e = ’ . / Ba133 ’ ;
31 %f i l e n a m e = ’ . / Eu152 ’ ;
32 %f i l e n a m e = ’ . / Co60 ’ ;
33

34 i m p o r t = i m p o r t d a t a ( f i l e n a m e ) ;
35 f u l l s p e c t r o = s t r 2 d o u b l e ( i m p o r t . t e x t d a t a ( ( 1 8 : end ) , ( 1 : 3 ) ) ) ;
36

37 % f u l l s p e c t r u m f o r t h e a n a l y s i s , i n c h a n n e l vs . c o u n t s
38 sp= f u l l s p e c t r o ( : , [ 1 , 3 ] ) ;
39

40 sp ( ( 1 : 1 8 5 ) , 2 ) = z e r o s ; %i g n o r e peaks below ~50 keV .
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41

42 e = 0 . 2 7 2 4 1 3 ; % Energy c a l i b r a t i o n f a c t o r
43 l =8 ; % h a l f −ROI s i z e i n Ch .
44

45 %−Peaks c h a n n e l l o c a t i o n and h e i g h t u s i n g t h e S i g n a l P r o c e s s i n g Toolbox
46 [ pks , l o c s ] = f i n d p e a k s ( sp ( : , 2 ) , sp ( : , 1 ) , ’ MinPeakHeight ’ , 225 , ’

MinPeakProminence ’ , 5 0 , ’ MinPeakDis tance ’ , l ) ;
47

48 n= s i z e ( l o c s , 1 ) ; %t o t a l number o f s p e a k s found
49

50 d a t e = c h a r ( i m p o r t . t e x t d a t a ( 8 , 2 ) ) ; % d a t e o f t h e measurement
51 t ime = s t r 2 d o u b l e ( i m p o r t . t e x t d a t a ( 3 , 2 ) ) ;% Live t ime
52

53 f i t _ o u t = z e r o s ( n , 9 ) ; % peak i n f o m a t i o n o u t p u t v a r i a b l e
54

55 %C r e a t i n g an o u t p u t . t x t FILE
56 f i l e I D = fopen ( [ f i l e n a m e ’ _ o u t p u t ’ ] , ’ wt ’ ) ;
57 f p r i n t f ( f i l e I D , ’ Energy (KeV) E n_ e r r FWHM FWHM_err Area A r e a _ e r r y0

y 0 _ e r r R^2 l i v e _ t i m e d a t e \ n ’ ) ;
58 FormatSpec =[ ’ %.3 f %.3 f %.3 f %.3 f %.0 f %.0 f %.0 f %.0 f %.3 f %.0 f %s \ r \ n ’

] ;
59

60 %A n a l y s i s f o r t h e k−t h l o c a t e d peak
61 f o r k =1: n
62 s p e c t r a = f u l l s p e c t r o ( ( l o c s ( k )− l : l o c s ( k ) + l ) , [ 1 , 3 ] ) ; %k−t h peak f u l l ROI
63

64 x= s p e c t r a ( : , 1 ) * e ; % k−t h peak ENERGY column
65 y= s p e c t r a ( : , 2 ) ; % k−t h peak c o u n t s column
66

67 % k−t h peak a n a l y s i s .
68 % See S P _ a n a l y s i s .m d e s c r i p t i o n f o r a d e t a i l e d d e s c r i p t i o n .
69 [ f i t _ o u t ( k , : ) , f i t _ p d f , x , y ]= S P _ a n a l y s i s ( x , y , s p e c t r a ) ;
70

71 f i t _ o u t ( k , 5 ) = f i t _ o u t ( k , 5 ) / e ; %c o r r e c t i o n from t h e S P _ a n a l y s i s r o u t i n e .
72 f i t _ o u t ( k , 6 ) = f i t _ o u t ( k , 6 ) / e ; %c o r r e c t i o n from t h e S P _ a n a l y s i s r o u t i n e .
73

74 i f f i t _ o u t ( k , 1 ) >50 && f i t _ o u t ( k , 1 ) <2500 && f i t _ o u t ( k , 2 ) ~=0
75 % f i t _ o u t ( k , 1 ) >75 && f i t _ o u t ( k , 1 ) <1800 , c o n s i d e r on ly t h e peaks i n

between t h i s e n e r g i e s v a l u e s .
76 % f i t _ o u t ( k , 2 ) ~=0% I m p l i e s R^2 >0.97 from S P _ a n a l y s i s .m
77

78 %%%%%%%%%%%%%%%%%−−OUTPUT f i l e and f i g u r e s c r e a t i o n−−%%%%%%%%%%%%%%%%%
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79 f p r i n t f ( f i l e I D , FormatSpec , f i t _ o u t ( k , : ) , t ime , d a t e ) ; %TXT f i l e o u t p u t
80

81 f i g u r e ( k )
82 p l o t ( f i t _ p d f , ’ r ’ , x , y , ’ f i t ’ ) ;
83 ho ld on
84 x l i n e ( f i t _ o u t ( k , 1 ) ) ;
85 x l a b e l ( ’ Energy [ keV ] ’ ) , y l a b e l ( ’ Counts ’ ) , g r i d on ;
86 yl im ( [ 0 1 .10* pks ( k ) ] ) ;
87 l e g e n d ( ’ Spect rum ’ , ’ F i t ’ , [ ’ E_0= ’ num2s t r ( round ( f i t _ o u t ( k , 1 ) , 2 ) ) ] ) ;
88 ho ld o f f
89 s a v e a s ( f i g u r e ( k ) , f u l l f i l e ( pa th , [ f i l e n a m e ’ _ ’ num2s t r ( round ( f i t _ o u t ( k

, 1 ) ) ) ’ _ spec t rum . png ’ ] ) ) ;
90 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
91 end %end i f
92 end %end f o r
93 f c l o s e ( f i l e I D ) ;
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Listing B.3: Subroutine MATLAB function. For the fitting to the probably density of a

generalized Gaussian distribution. Determined parameters: mean (µ), standard deviation

(σ), peak area, background height and goodness-of-fit R2. Software used: MATLAB

2019R5.

1 f u n c t i o n [ out , pdf , x , y ]= S P _ a n a l y s i s ( x , y , s p e c t r a )
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %−−−−−−−−−−−−−−−−−−−−−−A n a l y s i s o f t h e k−t h peak−−−−−−−−−−−−−−−−−−−−−−
4 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
5 % u : C e n t r o i d peak v a l u e
6 % s : S t a n d a r d d e v i a t i o n
7 % a : E s t i m a t e d a r e a under t h e peak
8 % y0 : E s t i a m t e d background h e i g h t
9 %% [ pdf , gof ] = f i t ( x , y , ’ u s e r _ f u n t i o n ’ )

10 % pdf : Outpu t name from t h e f i t t i n g o b j e c t
11 % gof : R e t u r n s goodness−of− f i t s t a t i s t i c s v a l u e s
12 % " o u t " v a l u e s
13 % ( : , 1 ) P e a k _ c e n t r o i d e ; ( : , 2 ) P k _ e r r o r ; ( : , 3 ) FWHM;
14 % ( : , 4 ) FWHM_error ; ( : , 5 ) Area ; ( : , 6 ) A r e a _ e r r o r ;
15 % ( : , 7 ) BKG_height ; ( : , 8 ) BKG_h_err ; ( : , 9 ) R^2
16 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
17 xmax=max ( x ( f i n d ( y==max ( y ) ) ) ) ;% C e n t r o i d peak i n i t i a l g u e s s
18 a r e a =sum ( s p e c t r a ( : , 2 ) ) ;% Area unde r t h e c u r v e INITIAL GUESS .
19

20 % F i t t i n g f u n c t i o n ’ f ’ : G e n e r a l i z e d g a u s s i a n f u n c t i o n .
21 f = f i t t y p e (@( a , s , u , y0 , x ) y0 + ( a . / ( s . * s q r t (2 . * p i ) ) ) . * exp ( −0.5 . *

( ( x−u ) / s ) . ^ 2 ) ) ;
22

23 p i n =[ a rea , 0 . 4 , xmax , 1 ] ; % a , s , u , y0 INTIAL GUESS v a l u e s .
24

25 [ pdf , gof ] = f i t ( x , y , f , ’ S t a r t P o i n t ’ , p i n ) ;
26

27 i f ( gof . r s q u a r e > 0 . 9 7 ) %R^2 from t h e f i t > 0 . 9 7
28

29 % Array wi th t h e upper and lower l i m i t s o f t h e f i t t i n g p a r a m e t e r s w i th
a c o n f i d e n c e i n t e r v a l o f 95%

30 c i = c o n f i n t ( pdf , 0 . 9 5 ) ;
31

32 o u t ( 1 , 1 ) = pdf . u ; % Peak C e n t r o i d e v a l u e
33 o u t ( 1 , 2 ) = abs ( c i ( 2 , 3 )−c i ( 1 , 3 ) ) ;
34

35 o u t ( 1 , 3 ) = abs ( 2 . 3 5 4 8 2 * pdf . s ) ; %FWHM
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36 o u t ( 1 , 4 ) = abs ( 2 . 3 5 4 8 2 * ( c i ( 2 , 2 )−c i ( 1 , 2 ) ) ) ;
37

38 o u t ( 1 , 5 ) = abs ( pdf . a ) ; %Area under t h e peak
39 o u t ( 1 , 6 ) = abs ( c i ( 2 , 1 )−c i ( 1 , 1 ) ) ;
40

41 o u t ( 1 , 7 ) =( pdf . y0 ) ; %BKG h e i g h t i n c o u n t s
42 o u t ( 1 , 8 ) = abs ( c i ( 2 , 4 )−c i ( 1 , 4 ) ) ;
43

44 o u t ( 1 , 9 ) = gof . r s q u a r e ; %R^2 v a l u e from t h e f i t t i n g
45

46 e l s e %i f R^2 <0.97 p r i n t o u t a z e r o s v e c t o r
47 o u t ( 1 : 9 ) = z e r o s ;
48 end

B.3.1 Routine output, efficiency calibration

The efficiency calibration main routine outputs are presented.

Table B.1: Efficiency calibration main routine output text-file from the 137Cs data:
”Cs137_output.txt”.

Energy(KeV) En_err FWHM FWHM_err Area Area_err y0 y0_err R∧2 live_time date
661.628 0.034 1.306 0.099 6356 552 3 41 0.998 2000 2021-Aug-10

Table B.2: Efficiency calibration main routine output text-file from the 241Am data:
”Am241_output.txt”.

Energy(KeV) En_err FWHM FWHM_err Area Area_err y0 y0_err R∧2 live_time date
26.267 2.103 0.326 14.77 203 1895 153 309 0.21 2000 2021-Aug-10
59.444 0.004 0.744 0.009 40270 503 36 49 1.000 2000 2021-Aug-10

Table B.3: Efficiency calibration main routine output text-file from the 152Eu data:
”Eu152_output.txt”.

Energy(KeV) En_err FWHM FWHM_err Area Area_err y0 y0_err R∧2 live_time date
121.642 0.016 0.823 0.037 25713 1004 0 0 0.999 4000 2021-Aug-10
244.556 0.042 0.997 0.1 5225 454 0 0 0.994 4000 2021-Aug-10
344.151 0.013 1.05 0.031 13312 345 0 0 0.999 4000 2021-Aug-10
778.855 0.053 1.499 0.126 3497 254 0 0 0.995 4000 2021-Aug-10
964.015 0.043 1.564 0.1 3215 179 0 0 0.997 4000 2021-Aug-10
1085.823 0.083 1.723 0.195 2146 210 0 0 0.989 4000 2021-Aug-10
1112.064 0.075 1.671 0.177 2686 246 0 0 0.99 4000 2021-Aug-10
1408.013 0.066 1.766 0.157 3335 256 0 0 0.993 4000 2021-Aug-10
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Table B.4: Efficiency calibration main routine output text-file from the 133Ba data:
”Ba133_output.txt”.

Energy(KeV) En_err FWHM FWHM_err Area Area_err y0 y0_err R∧2 live_time date
80.884 0.052 0.795 0.123 10927 1462 0 0 0.987 2000 2021-Aug-10
276.26 0.057 1.061 0.133 1543 168 0 0 0.99 2000 2021-Aug-10

302.726 0.019 1.019 0.046 3653 142 0 0 0.999 2000 2021-Aug-10
355.891 0.017 1.065 0.04 10441 340 0 0 0.999 2000 2021-Aug-10
383.762 0.055 1.094 0.13 1423 146 0 0 0.992 2000 2021-Aug-10

Table B.5: Efficiency calibration main routine output text-file from the 226Ra data:
”Ra226_output.txt”.

Energy(KeV) En_err FWHM FWHM_err Area Area_err y0 y0_err R∧2 live_time date
186.087 0.019 0.852 0.051 8922 540 357 49 0.999 4000 2021-Aug-10
241.859 0.009 0.941 0.023 16667 422 223 37 1 4000 2021-Aug-10
295.095 0.005 0.999 0.013 36553 514 201 43 1 4000 2021-Aug-10
351.868 0.998 1.097 0.614 68019 173402 233 40 0.999 4000 2021-Aug-10
609.263 0.012 1.263 0.035 49970 1560 83 117 1 4000 2021-Aug-10
768.344 0.036 1.387 0.109 4353 401 63 29 0.998 4000 2021-Aug-10
806.164 0.072 1.397 0.221 1131 210 57 15 0.991 4000 2021-Aug-10
934.071 0.051 1.522 0.166 2454 325 53 22 0.996 4000 2021-Aug-10
1120.282 0.033 1.639 0.115 10182 901 38 59 0.998 4000 2021-Aug-10
1238.111 0.039 1.779 0.15 3839 430 21 27 0.998 4000 2021-Aug-10
1764.526 0.049 2.025 0.227 7099 1153 19 68 0.997 4000 2021-Aug-10

Table B.6: Efficiency calibration main routine output text-file from the 60Co data:
”Co60_output.txt”.

Energy(KeV) En_err FWHM FWHM_err Area Area_err y0 y0_err R∧2 live_time date
1173.197 0.039 1.652 0.138 3632 385 7 25 0.998 2034 2021-Aug-10
1332.514 0.075 1.725 0.276 3103 646 6 41 0.992 2034 2021-Aug-10
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(a) Spectrum at 1173 KeV.

(b) Spectrum at 1332 KeV.

Figure B.6: Efficiency calibration main routine output figures from the 60Co data.
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Appendix C

Fit results

The following fitting results are presented:

• U-ZrH attenuation coefficient. See Listing C.1 and Figure 4.6.

• SS 304 attenuation coefficient. See Listing C.2 and Figure 4.7.

• Dry-air at sea level attenuation coefficient, using ρ = 1.275 × 10−3 (g/cm3). See

Listing C.3.

• water attenuation coefficient, using ρ = 1.00 (g/cm3). See Listing C.4.

• Detector energy calibration. See Listing C.5 and Figure 5.3.

• Detector efficiency calibration. See Listing C.6 and Figure 5.4.

85
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Listing C.1: Fitting results for the U-ZrH attenuation coefficient. Software used: QtiPlot

0.9.8.9 svn 2288.

1 Non− l i n e a r F i t o f d a t a s e t : Table_U−ZrH , u s i n g f u n c t i o n : A1* exp(−x / t 1 ) +
A2* exp(−x / t 2 ) +y0

2 Weigh t ing Method : No w e i g h t i n g
3 S c a l e d Levenberg−Marquard t a l g o r i t h m wi th t o l e r a n c e = 0 .0001
4 From x = 5.0000000000000 e−01 t o x = 5.0000000000000 e +00
5 A1 = 1.4981728329333 e +00 +/− 2.5667333448330 e−01
6 A2 = 4.1556198768611 e−01 +/− 4.6742861696503 e−02
7 t 1 = 2.1890195045096 e−01 +/− 2.6797879912506 e−02
8 t 2 = 9.6104853538193 e−01 +/− 7.4048873435928 e−02
9 y0 = 2.1049945462284 e−01 +/− 2.3328733363515 e−03

10 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
11 Chi ^ 2 / doF = 5.5770729102001 e−06
12 R^2 = 0.9997790216394
13 A d j u s t e d R^2 = 0.9995948730056
14 RMSE ( Root Mean Squared E r r o r ) = 0.00236158271297
15 RSS ( R e s i d u a l Sum of S q u a r e s ) = 3.90395103714 e−05
16 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
17 I t e r a t i o n s = 18
18 S t a t u s = s u c c e s s
19 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Listing C.2: Fitting results for the SS 304 attenuation coefficient. Software used: QtiPlot

0.9.8.9 svn 2288.

1 Non− l i n e a r F i t o f d a t a s e t : Table_SS ( 3 0 4 ) , u s i n g f u n c t i o n : A1* exp(−x / t 1 )
+A2* exp(−x / t 2 ) +y0

2 Weigh t ing Method : No w e i g h t i n g
3 S c a l e d Levenberg−Marquard t a l g o r i t h m wi th t o l e r a n c e = 0 .0001
4 From x = 5.0000000000000 e−01 t o x = 5.0000000000000 e +00
5 A1 = 4.1462541315204 e−01 +/− 2.7071841617389 e−02
6 A2 = 5.5325664496264 e−01 +/− 1.6310123053161 e−02
7 t 1 = 1.3920983578276 e +00 +/− 7.4250392588271 e−02
8 t 2 = 3.5835912179358 e−01 +/− 2.8623865100671 e−02
9 y0 = 2.3676952975623 e−01 +/− 2.1522477093614 e−03

10 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
11 Chi ^ 2 / doF = 9.7397543395717 e−07
12 R^2 = 0.9999660717949
13 A d j u s t e d R^2 = 0.9999377982906
14 RMSE ( Root Mean Squared E r r o r ) = 0.0009869019373561
15 RSS ( R e s i d u a l Sum of S q u a r e s ) = 6 .8178280377 e−06
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16 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
17 I t e r a t i o n s = 94
18 S t a t u s = s u c c e s s
19 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Listing C.3: Fitting results for dry-air at sea level attenuation coefficient. Software used:

QtiPlot 0.9.8.9 svn 2288.

1 Non− l i n e a r F i t o f d a t a s e t : mu_air , u s i n g f u n c t i o n : y0+A* exp(−x / t )
2 Weigh t ing Method : No w e i g h t i n g
3 S c a l e d Levenberg−Marquard t a l g o r i t h m wi th t o l e r a n c e = 0 .0001
4 From x = 5.000000000000000 e−01 t o x = 3.000000000000000 e +00
5 A = 1.163050315515671 e−04 +/− 2.797332545048948 e−06
6 t = 9 .356254760088659 e−01 +/− 5.459712907443973 e−02
7 y0 = 4.183352742484886 e−05 +/− 1.667462445572188 e−06
8 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
9 Chi ^ 2 / doF = 1.141689184445767 e−12

10 R^2 = 0.998385746576642
11 A d j u s t e d R^2 = 0.997175056509123
12 RMSE ( Root Mean Squared E r r o r ) = 1.06849856548606 e−06
13 RSS ( R e s i d u a l Sum of S q u a r e s ) = 5.70844592222884 e−12
14 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
15 I t e r a t i o n s = 4
16 S t a t u s = s u c c e s s
17 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Listing C.4: Fitting results for water attenuation coefficient. Software used: QtiPlot

0.9.8.9 svn 2288.

1 Non− l i n e a r F i t o f d a t a s e t : mu_water , u s i n g f u n c t i o n : y0+A* exp(−x / t )
2 Weigh t ing Method : No w e i g h t i n g
3 S c a l e d Levenberg−Marquard t a l g o r i t h m wi th t o l e r a n c e = 0 .0001
4 From x = 5.000000000000000 e−01 t o x = 3.000000000000000 e +00
5 A = 1.011271948358569 e−01 +/− 2.248839825546909 e−03
6 t = 9 .287064542632377 e−01 +/− 4.900954946406285 e−02
7 y0 = 3.682631912874770 e−02 +/− 1.294383148628840 e−03
8 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
9 Chi ^ 2 / doF = 7.894612558092721 e−07

10 R^2 = 0.998185441688644
11 A d j u s t e d R^2 = 0.997278162532966
12 RMSE ( Root Mean Squared E r r o r ) = 0.000888516322759055
13 RSS ( R e s i d u a l Sum of S q u a r e s ) = 5.52622879066491 e−06
14 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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15 I t e r a t i o n s = 4
16 S t a t u s = s u c c e s s
17 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Listing C.5: Fitting results for the energy calibration. Software used: QtiPlot 0.9.8.9 svn

2288.

1 Non− l i n e a r F i t o f d a t a s e t : En_cal , u s i n g f u n c t i o n : m*x+b
2 Weigh t ing Method : No w e i g h t i n g
3 S c a l e d Levenberg−Marquard t a l g o r i t h m wi th t o l e r a n c e = 0 .0001
4 From x = 2.9678000000000 e +02 t o x = 2.1813000000000 e +02
5 b = 1.6128725799862 e−01 +/− 1.4351357056681 e−02
6 m = 2.7241299822901 e−01 +/− 5.2478808175147 e−06
7 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
8 Chi ^ 2 / doF = 1.9728334547744 e−03
9 R^2 = 0.9999999914643

10 A d j u s t e d R^2 = 0.9999999906883
11 RMSE ( Root Mean Squared E r r o r ) = 0.04441658985981
12 RSS ( R e s i d u a l Sum of S q u a r e s ) = 0.04537516945981
13 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
14 I t e r a t i o n s = 2
15 S t a t u s = s u c c e s s
16 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Listing C.6: Fitting results for the efficiency calibration. Software used: QtiPlot 0.9.8.9

svn 2288.

1 Non− l i n e a r F i t o f d a t a s e t : T a b l e 1 _ e f f −i n t r , u s i n g f u n c t i o n : a0+a1 * l n ( x
/ 1 4 0 0 ) +a2 * l n ( x / 1 4 0 0 ) ^2+ a3 * l n ( x / 1 4 0 0 ) ^3

2 Weigh t ing Method : No w e i g h t i n g
3 S c a l e d Levenberg−Marquard t a l g o r i t h m wi th t o l e r a n c e = 0 .0001
4 From x = 6.616280000000000 e +02 t o x = 1.332514000000000 e +03
5 a0 = 6.521938730638986 e−02 +/− 3.721546109434949 e−03
6 a1 = −5.452271928808760 e−02 +/− 1.636171728697593 e−02
7 a2 = 4.426450163647222 e−02 +/− 1.769554957110380 e−02
8 a3 = 6.727988717629377 e−03 +/− 4.996748026604047 e−03
9 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

10 Chi ^ 2 / doF = 7.677277818841558 e−05
11 R^2 = 0.992651320814131
12 A d j u s t e d R^2 = 0.989979073837452
13 RMSE ( Root Mean Squared E r r o r ) = 0.00876200765740453
14 RSS ( R e s i d u a l Sum of S q u a r e s ) = 0.000921273338260987
15 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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