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ABSTRACT

In this paper, a new image compression method is pre-
sented using the Distance Transform on Curved Space
(DTOCS) and derivative information in �nding posi-
tions for control points. In previous work it has been
shown that the control points are not in exactly opti-
mal positions. This paper presents theoretical consider-
ations according to which the new method enhances the
decompressed image quality particularly in the areas of
rapid changes. The obtained results shown verify the
correctness of the theoretical considerations. The re-
constructed image quality is clearly better measured by
error criteria. Also visually the di�erence is signi�cant.

1 INTRODUCTION

Image compression techniques are commonly divided
into �rst and second generation methods [6]. The sec-
ond generation methods can further be divided into two
groups. The �rst group is characterized by the use of
local operators. Pyramidal coding [1] and anisotropic
nonstationary predictive coding [11] are the main ex-
amples of this groups of methods. The second group
methods attempt to describe an image in terms of con-
tour and texture. Directional decomposition-based cod-
ing [4] and segmentation-based coding [5] are two major
examples of this second group of methods.
A recently introduced image compression method is

based on the linear wavelet theory. With this method
it is possible to obtain both time and space resolution
at the same time giving better compression ratios than
classical methods [2].
In [10] the min-max-Medial Axis Transfrom is used

for image compression giving 1:0 and 2:5 bits per pixel
for noisy chromosome images. Such rates are compa-
rable with those typically obtained in interpolative and
transform coding schemes.
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Commonly distance transforms are used in feature ex-
traction in pattern matching and learning. Their use in
image compression is very rare. The proposed gray-level
image compression method is based on the use of the
Distance Transform on Curved Space (DTOCS), which
is a distance transform for gray-level images. The def-
inition of the DTOCS and a sequential two-pass algo-
rithm to calculate it is presented in [8]. Previously the
DTOCS has been applied to gray-level image compres-
sion [9] with fairly good results. In [9], the DTOCS is
used as part of a compression algorithm to �nd as opti-
mal as possible locations for control points, i.e., points
that are considered fundamental for the reconstruction
of the image. The algorithm is applied directly to the
original image. In this paper, the original image �ltered
with a derivative �lter before the compression algorithm.
giving somewhat better results thane those in [9].

This paper is divided as follows. Section 1 is an in-
troduction on the subject. Section 2 presents the un-
derlying theory of using derivative information with the
DTOCS in compression algorithm. Section 3 presents
the compression algorithm. Results are shown in sec-
tion 4. Finally, section 5 is a conclusion.

2 THEORY

The Distance Transform on Curved Space (DTOCS) is
a distance transform for gray-level images [8]. It can be
utilized in control point based image compression [9].
The compression algorithm presented in [9] is essentially
a 2-dimensional algorithm. However, the main problems
in it, related to �nding curves along which new control
points are placed, are 1-dimensional. Therefore, and
for simplicity, the following distance transform formulas
are presented for a 1-dimensional case. The new method
presented in this paper corrects the main problem also
for the 2-dimensional algorithms.

Let a 2 Z and b 2 Z. The DTOCS distance transform
can be represented in one-dimension as

d1(a; b) =
bX

x=a+1

(kf(x)� f(x� 1)k+ 1) (1)



=

bX

x=a+1

(kf(x)� f(x� 1)k + b� a) ;(2)

where d(a; b) represents the distance between points a
and b, and f(x) is the signal to transform. Likewise, the
chessboard distance transform can be de�ned as in [8],
as the binary image distance transform on digital grid.
Thus, the 1-dimensional function for the chessboard dis-
tance is

d0(a; b) =

bX

x=a+1

1 = b� a : (3)

The di�erence between the distances is thus

�(a; b; f) = d1(a; b)� d0(a; b) (4)

=

bX

x=a+1

(kf(x)� f(x� 1)k) : (5)

Equation 4 can be understood as the sum of the absolute
values of discrete �rst derivatives from a to b, when the
derivative of f(x) is de�ned as

f 0(x) = f(x)� f(x� 1): (6)

A similar distance transform can be de�ned for the
derivative of the signal using the Equation 5. The
derivative distance �1 is de�ned as

�1(a; b; f) = D(a; b; f 0) (7)

=

bX

x=a+1

(kf 0(x) � f 0(x� 1)k) ; (8)

where f 0(x) is de�ned as above.
The compression method based on the DTOCS tries

to place the control points in a way to preserve maxi-
mal amount of image information in decompression, as
the decompression is perfomed using linear interpola-
tion. New control points are placed in such locations,
where the value of the di�erence function � is greater
than some prede�ned threshold. See Figure 1.(a). The
open circles denote the positions for the control points
given by the existing algorithms [9]. No points are in
the ideal bending points.
This problem can be solved by using the derivative

distance function �1. Figure 1 presents an example of
this approach. Figure 1.(a) shows an example signal,
Figure 1.(b) is the derivative of the signal shown in Fig-
ure 1.(a). The black dots in Figure 1.(a) in the bending
points of the signal denote the ideal positions for the
control points from the reconstruction point of view, in
which linear interpolation is used. Since the signal is
monotonously increasing, its derivative is zero or posi-
tive. The control points of the compression are placed
along the increasing part of the function slope with equal
distances. It can be seen that the distance function re-
sponds to changes in the function value. If the points are

placed using the derivative, the places are determined by
the changes in the second derivative, i.e., the curvature
of the signal. The new distance measure �1 is actually
the cumulative sum of the absolute di�erences of the
derivative. It is presented in Figure 1.(c), which shows
that the only points of interest are those, where the value
of the �rst derivative changes, i.e., the bending points
of the original signal, marked with black dots in Fig-
ure 1.(a). This is unlike the original method, where the
points are selected whenever the signal value is chang-
ing enough. Thus, in the new method, more points are
devoted to areas, where the curvature changes rapidly.
Theoretically, this should enhance the decompressed im-
age quality, since the decompression is perfomed by lin-
ear interpolation.

Ideal

(a) (b) (c)
Figure 1. a) Input signal and original distance func-

tion, b) Derivative of the input, c) Distance function
�1.

This approach of using the derivative as the base sig-
nal can be extended to two-dimensional images. In
this study, the image was �rst �ltered with 3 � 3 spa-
tial Sobel �lters presented in [3]. Next, the magni-
tude of the gradient was calculated using the formula
GMAG =

p
G2
X +G2

Y , where GMAG is the magnitude,
GX and GY are the corresponding horizontal and ver-
tical components. The result was then used with the
standard DTOCS compression algorithm to select the
control points.

3 THE COMPRESSION ALGORITHM

Let us make the following de�nitions for the compres-
sion algorithm. Let G(x; y) be the original gray-level
image and F (x; y) be a binary image which determines
the area of calculation. LetH(x; y) be the original image
�ltered using the derivative �lter. In this paper, F (x; y)
= maximum integer if G(x; y) > 0, and F (x; y) = 0 oth-
erwise. The found control points with their gray values
are stored in C = fc1; c2; :::; cNg. Let the chessboard
distance be denoted by dD and the distance generated
by the DTOCS on image H be DH , correspondingly.

The compression algorithm:

1. Select a proper threshold �. Pick randomly some
initial control points ci = (xi; yi; G(xi; yi)) from the
borders of the original image and 8ci : ci  0. Put
the picked points to C = fcig. F n C  maxint.

2. Filter the original image G using a suitable deriva-
tive �lter to obtain the derivative image H .



3. Calculate the DTOCS and the chessboard binary
distance transform. Then scan the images until a
point is found for which jDH(x; y)� dH (x; y)j > �.

4. Resume scanning and form a curve R on those
points for which jDH(x; y) � dH(x; y)j � � holds.
The curve R ends when a point jDH(x; y) �
dH(x; y) < �j is found.

5. Go along the curve R and calculate the DTOCS and
the chessboard distance transform for each curve
point in R. If jDH(x; y)�dH (x; y)j > � put a control
point to (x; y) in image C. Set the corresponding
pixels in C to G(x; y) and all the processed pixels
in F to 0. Set all the other pixels in F to maximum
integer. Goto 5 until the entire curve R has been
handled.

6. Goto phase 3.

7. Code every control point using Hu�man coding for
both its relative distance from the previous point
and for its gray value.

The decompression starts by unfolding the Hu�man
code. Delaunay triangles [7] are formed among the con-
trol points. The gray value of each point inside a tri-
angle is calculated in the following way. Let G(x) be
the gray value of a pixel x = (xx; xy) in the image.
A;B;C are the three corner points of the Delaunay tri-
angle and a; b; c are the three weights of pixel x in tri-
angle �ABC. We have a set of equations, Equations
9-12, from which G(x) can be calculated for all pixels
x = (xx; xy) 2 �ABC :

xx = aAx + bBx + cCx (9)

xy = aAy + bBy + cCy (10)

a+ b+ c = 1 (11)

G(x) = aG(A) + bG(B) + cG(C) (12)

4 RESULTS

The obtained results show that for all numbers of control
points, i.e., for all compression ratios, the error criteria
show lower values and the images look better than in
previous work [9]. Figure 1.(a) shows the original Lena
image of size 512 � 512 � 8 bits. Figure 1.(b) shows
the original airplane image and Figure 1.(c) the original
peppers image of the same size. Figure 2.(a) depicts a
decompressed Lena image which has been compressed
using a standard DTOCS-based compression algorithm
presented in [9]. It has 13459 control points. The signal-
to noise ratio is 22:32 dB and the compression ratio is
1:25 using the star pattern presented in [9]. Without
the stars with same number of points the ratio would be
1:17. Figure 2.(b) shows the same for the airplane image
and Figure 2.(c) for the peppers image. Figure 3.(a)
shows the decompressed Lena image using the derivative

�lter. Figures 3.(b) and 3,(c) show the same for the
airplane and the peppers image.

In Figures 4-6 the dashed lines represent the results
obtained with the original image without derivative �l-
tering. The solid line represents the results with deriva-
tive �ltering. Figure 4.(a) shows the mean average error
versus number of control points for the Lena image. It
can be seen that for normal amounts of control points
the new method gives lower error. Figure 4.(b) depicts
peak signal-to noise ratio. Also it is clearly higher with
the new method. Visually the di�erence is signi�cant,
since the use of the derivative �lter corrects many de-
fects near the edges of the image. This can be seen when
comparing Figures 2.(a) and 3.(a), Figures 2.(b) and
3.(b), and Figures 2.(c) and 3.(c). Figure 5.(a) shows the
mean average error and Figure 5.(b) the peak signal-to
noise ratio for the airplane image. In the airplane image,
the new method reproduces little details better than the
original method. Finally, Figure 6.(a) depicts the mean
average error and Figure 6.(b) depicts the peak signal-to
noise ratio for the peppers image.

(a) (b) (c)
Figure 1. The original images.

(a) (b) (c)
Figure 2. Decompressed images without derivative �l-
tering.

(a) (b) (c)
Figure 3. Decompressed images with derivative �lter-
ing.
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Figure 4.(a) Mean average error,(b) Peak signal to ra-
tio vs. number of control points for the Lena image.
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Figure 5.(a) Mean average error,(b) Peak signal to ra-
tio vs. number of control points for the airplane image.
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Figure 6.(a) Mean average error,(b) Peak signal to ra-
tio vs. number of control points for the peppers image.

5 CONCLUSION

In this paper, a new image compression method is pre-
sented. It is based on the use of derivative information
together with the Distance Transform on Curved Space
(DTOCS) and the chessboard distance transform. The
compression algorithm is applied to an image which has
�rst been �ltered by a derivative �lter. The underly-
ing theory is presented in analytical form, according to
which the decompressed image quality is enhanced par-
ticularly in the areas of rapid changes. The improve-
ment of the reconstructed image quality is clear with all
compression ratios. This is veri�ed by calculating peak
signal to noise ratios and mean average errors, and by
visual inspection.
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Shortest Route on Height Map
Using Gray-Level Distance Transforms

Leena Ikonen and Pekka Toivanen

Lappeenranta University of Technology
P.O.Box 20, 53851 Lappeenranta, Finland

leena.ikonen@lut.fi

Abstract. This article presents an algorithm for finding and visualizing
the shortest route between two points on a gray-level height map. The
route is computed using gray-level distance transforms, which are varia-
tions of the Distance Transform on Curved Space (DTOCS). The basic
Route DTOCS uses the chessboard kernel for calculating the distances
between neighboring pixels, but variations, which take into account the
larger distance between diagonal pixels, produce more accurate results,
particularly for smooth and simple image surfaces. The route opimiza-
tion algorithm is implemented using the Weighted Distance Transform
on Curved Space (WDTOCS), which computes the piecewise Euclidean
distance along the image surface, and the results are compared to the
original Route DTOCS. The implementation of the algorithm is very
simple, regardless of which distance definition is used.

1 Introduction

Finding the shortest path between two points on a three dimensional surface
is a common optimization problem in many practical applications, e.g. robotic
and terrain navigation, highway planning, and medical image analysis. By con-
sidering the digitized surface as a graph, variations of Dijkstra’s classical path
search algorithm become feasible (e.g. [4], [10]). A dynamic programming-based
algorithm for computing distances of fuzzy digital objects is presented in [9].

This article presents an algorithm for finding optimal routes, or so called
minimal geodesics, between two points on a gray-level height map. Other dis-
tance map approaches for path optimization include level sets propagation [3],
and morphological grassfire algorithms [5]. Our algorithm is based on the Dis-
tance Transform on Curved Space (DTOCS presented in [13]), which calculates
distances on a gray-level surface, when the gray-levels are understood as height
values of the image surface. The Route DTOCS, first presented in [2], is de-
veloped further by using distance definitions, which give more accurate values
for the global distances compared to the original chessboard distance transform.
Particularly the piecewise Euclidean distance calculated with the Weighted Dis-
tance Transform on Curved Space (WDTOCS [13]) produces reliably optimal
routes.

I. Nyström et al. (Eds.): DGCI 2003, LNCS 2886, pp. 308–316, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



Shortest Route on Height Map Using Gray-Level Distance Transforms 309

2 Definitions for Route DTOCS and WDTOCS

In the distance image produced by the DTOCS or the WDTOCS, every pixel
in the calculation area X has a value which corresponds to the distance of that
pixel to the nearest background pixel in XC . The definition of the DTOCS for
any calculation area X can be found in [13]. In the Route DTOCS the same
distance metrics apply, but the complement area XC is restricted to a single
point, and the distance can be calculated according to the following, slightly
simplified, definitions.

A discrete gray-level image is a function G : Z2 → N , where N is the set of
positive integers.

Definition 1. Let N8(p) denote the set of all 8 neighbors of pixel p in Z2. Pixels
p and q are 8-connected if q ∈ N8(p). Let N4(p) denote the set of 4-connected
neighbors, and N8(p) \ N4(p) the set of diagonal neighbors. A discrete 8-path
from pixel p to pixel s is a sequence of pixels p = p0, p1, ..., pn = s, where every
pi is 8-connected to pi−1, i = 1, 2, ..., n..

Definition 2. Let Ψ(x, y) denote the set of all possible discrete 8-paths linking
points x ∈ X and y ∈ XC . Let γ ∈ Ψ(x, y) and let γ have n pixels. Let pi and
pi+1 be two adjacent pixels in path γ. Let G(pi) denote the gray value of pixel pi.

The length of the path γ is defined by Λ(γ) =
∑n−1

i=1 d(pi, pi+1), where the
definition of d(pi, pi+1), i.e. the distance between neighbor pixels pi and pi+1
on the path, depends on the distance transform used. The Weigthed Distance
Transform on Curved Space (WDTOCS) uses the Euclidean distance calculated
with the Pythagoras’ theorem from the height difference and the horizontal
displacement of the two pixels:

d(pi, pi+1) =
{√|G(pi) − G(pi+1)|2 + 1 , pi+1 ∈ N4(pi)√|G(pi) − G(pi+1)|2 + 2 , pi+1 ∈ N8(pi) \ N4(pi)

(1)

In the chessboard DTOCS the distance is defined as the height (gray-level)
difference between the pixels, plus one for the horizontal displacement:

d(pi, pi+1) = |G(pi) − G(pi+1)| + 1 (2)

The distance can also be defined using separate height and pixel-to-pixel
displacements as in DTOCS, but using the accurate horizontal distance between
diagonal neighbors:

d(pi, pi+1) =
{ |G(pi) − G(pi+1)| + 1 , pi+1 ∈ N4(pi)

|G(pi) − G(pi+1)| +
√

2 , pi+1 ∈ N8(pi) \ N4(pi)
(3)

Definition 3. The distance image F∗(x) when XC = {y} is

F∗(x) =

{
min
γ∈Ψ

(Λ(γ)) , x ∈ X

0 , x ∈ XC
(4)
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The same distance image definition is used for the WDTOCS, the DTOCS
and for the distance transform using

√
2 as the horizontal displacement between

diagonal neighbors. The definition of neighbor-distances d(pi, pi+1) used in cal-
culating the path length Λ(γ) determines which version of the distance transform
is produced by the algorithm.

3 The Distance Transformation Algorithms

The two-pass algorithm (see [13]) for calculating the DTOCS or the WDTOCS
image F∗(x) is a sequential local operation (see [7]). The algorithm requires
two images: the original gray-level image G(x) and a binary image F(x), which
determines the region(s) in which the transformation is performed. The calcula-
tion area X in F(x) is initialized to max (the maximal representative number
of memory) and the complement area XC to 0.

The first computation pass proceeds using the mask M1 = {pnw, pn, pne, pw}
in figure 1 rowwise from the top left corner of the image, substituting the middle
point F(pc) with the distance value

F∗
1 (pc) = min[F(pc), min

p∈M1
(∆(p) + F∗

1 (p))] (5)

The distance ∆(p) between pixels pc and p is calculated according to the
definition of the distance transformation that is used:

WDTOCS: ∆(p) =
{√|G(p) − G(pc)|2 + 1 , p ∈ N4(pc)√|G(p) − G(pc)|2 + 2 , p ∈ N8(pc) \ N4(pc)

(6)

DTOCS: ∆(p) = |G(p) − G(pc)| + 1 (7)

√
2-DTOCS: ∆(p) =

{ |G(p) − G(pc)| + 1 , p ∈ N4(pc)
|G(p) − G(pc)| +

√
2 , p ∈ N8(pc) \ N4(pc)

(8)

The backward pass uses the mask M2 = {pe, psw, ps, pse} in figure 1 replacing
the distance value F∗

1 (pc) calculated by the forward pass with the new value

F∗(pc) = min[F∗
1 (pc), min

p∈M2
(∆(p) + F∗(p))] (9)

If the original gray-level map is complex, the two calculation passes may
have to be repeated several times to get the perfect distance map (see [11]).
The distance image F∗(x) is used instead of the binary image F(x) for the next
computation pass repeatedly until the DTOCS algorithm has converged to the
globally optimal distances.

4 The Shortest Route Algorithm

The shortest route algorithm is based on calculating two distance maps, one
for each endpoint of the desired route. Assuming we have a gray-level map G(x)
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pnw pn pne

pw (pc) (pc) pe

psw ps pse

Fig. 1. The masks for calculating the DTOCS. The left mask M1 is used in the forward
calculation pass, and the right mask M2 in the backward pass.

and want to find an optimal route from point a with gray-level value (i.e. height)
G(a) to point b with value G(b), we initialize the binary images Fa(x) and Fb(x)
with XC

a = {a} and XC
b = {b} respectively. Using these two images, we calculate

the distance images F∗
a (x) and F∗

b (x) with one of the distance transformation
algorithms. In the resulting distance maps each value corresponds to the distance
between point x and point a (or b respectively) along an 8-connected path that
is optimal according to the distance definition of the used algorithm, WDTOCS,
DTOCS or

√
2-DTOCS. It can be noted that F∗

a (b) as well as F∗
b (a) equals the

length of the shortest route between points a and b, but the route itself can not
be seen in the separate maps. Using the two maps we define the route distance:

DR(x) = F∗
a (x) + F∗

b (x) (10)

For each point x the value DR(x) is the length of the shortest path from point
a to b that passes through point x. The value F∗

a (x) is the shortest distance from
a to x, and F∗

b (x) is the shortest distance from x to b, and these optimal subpaths
form an optimal path (see [6]). The equal distance propagation curves in [3] are
combined similarly to form minimal geodesics. Now the optimal route from a
to b is the set of points, for which the route distance is minimal. We define the
route:

R(a, b) = { x | DR(x) = min
x

DR(x)} (11)

There can be several optimal paths, and the set R(a, b) contains all points
that are on any optimal path, so this method does not provide an analytical
description of a distinct route (e.g. a sequence of pixels). However, the routes
can be visualized by marking the set of pixels R(a, b) on the original image.
In WDTOCS and

√
2-DTOCS real values are used in the calculations, but the

route distance DR(x) is rounded up to nearest integer before finding the points
with the minimal distance. To summarize, the shortest route algorithm is:

1. Calculate the distance image F∗
a (x) from source point a

2. Calculate the distance image F∗
b (x) from destination point b

3. Calculate the route distance DR(x) = F∗
a (x) + F∗

b (x)
4. Mark points with DR(x) = min

x
DR(x) as points on optimal route R(a, b)

5 Experiments and Results

This section demonstrates how the shortest route algorithm works, and com-
pares the results of implementations with different distance definitions. Figure
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2 presents a step by step application of the algorithm. Figure 2 a) is the origi-
nal gray-level image. Figures 2 b) and 2 c) show the DTOCS-images F∗

a (x) and
F∗

b (x) calculated from the endpoints a and b (marked with ’x’). As the distance
function is symmetrical, it does not matter which endpoint corresponds to a
and which to b. Figure 2 d) shows the route distance image, i.e. the sum of the
DTOCS-images. Images 2 b)–d) are scaled to gray-levels, but original distance
values, which can be beyond 255, are used in the calculation of DR(x). Figure 2
e) presents the final result, i.e. the points in set R(a, b). Figure 2 f) presents the
same route calculated with the WDTOCS. It can be seen that for the complex
image surface representing varying terrain the route is very similar, but sharper
than the route by the DTOCS.

a) b) c)

d) e) f)

Fig. 2. a) Original image, b) distance from source point, c) distance from destination
point, d) sum of distance images, e) route by DTOCS, f) route by WDTOCS.

A sample application, where the shortest route idea is used to solve a
labyrinth, was presented in [2]. Figure 3 a) shows the route through a labyrinth
produced by the original Route DTOCS. The algorithm needs a threshold seg-
mented image, where labyrinth paths get value zero and walls get a very high
value. Then the shortest path from the entrance to the exit of the labyrinth is the
route through the labyrinth. It can be seen in figure 3 a) that the route makes
seemingly extra 90◦ corners when calculated with the chessboard DTOCS.

The explanation to this problem is visualized in figure 4. The route from point
A to B that passes through point x is just as short as as the intuitively optimal
straight route, as there are as many pixel-to-pixel displacements on both routes.
Consequently, there are several optimal discrete 8-connected paths through the
labyrinth, and as the route is defined as the set of all points that are on any
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optimal path, the visualized route becomes wide. Figure 3 b) shows how the
route width decreases when the longer distance between diagonal pixels is taken
into account according to equation 3.

a) b)

Fig. 3. a) Route through labyrinth by DTOCS b) Route through labyrinth by DTOCS
with

√
2 diagonal distances.

BA

x

Fig. 4. Two of several possible routes from point A to B on a flat image surface
according to the chessboard distance definition. The DTOCS distance is the same
along the route through point x as along the straight line, as there are as many pixels
on both routes (each square represents a pixel).

Tests with a gray-scale-ball image show similar results. The routes between
the endpoints of the horizontal diameter of the half-sphere are too wide, when
calculated with the basic Route DTOCS (figure 5 a), but introducing the

√
2-

factor to the diagonal neighbor distances makes the routes as optimal as can
be expected of discrete 8-connected paths (figure 5 b). Using the Euclidean
neighbor distances of the WDTOCS changes the result dramatically, i.e. the
algorithm finds the route across the half-sphere rather than around it (figure 5
c). The differing route lengths are partly a result of the digitization of the sphere
function. Figure 6 shows a cross-section and a horizontal projection of a digital
ball with few pixels. The digitization error is smaller but still present when
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using a higher resolution ball image. Another big factor is that the variation in
surface height increases the WDTOCS-distances less than the distances of the
transforms that add the height difference to the horizontal displacement. The
DTOCS-distance across the ball along the route the WDTOCS algorithm finds
optimal (as in figure 5 c) would be clearly longer than the WDTOCS-distance,
as each neighbor-distance

√
d2 + 1 is replaced with d + 1, where d is the height

difference of the neighbor pixels.
When gray-level variations, i.e. height differences are large, the effect the

horizontal displacements have on the distance value decreases in WDTOCS,
whereas it stays constant in DTOCS and

√
2-DTOCS. The application deter-

mines which approach is better. If the transformation is used to approximate
actual distances along a real surface, using the piecewise Euclidean distance of
WDTOCS is justified. If the gray-level differences represent a different type of
cost than the horizontal displacements, the transformations adding horizontal
and vertical distances may work better and be more easily scalable. To modify
the effect the height differences have on the distance transform, the original im-
age can be scaled before applying the transformation. Alternatively, a weighting
factor can be added to the height difference in equations 1, 2 and 3.

a) b) c)

Fig. 5. a) Route by DTOCS, b) Route by DTOCS with
√

2 diagonal distance, c) Route
by WDTOCS.

6 Discussion

In previous work, the DTOCS algorithm has mostly been used to calculate local
distances. For example in image compression (see e.g. [12]) distance values are
used to measure the variation of the image surface. More control points need to
be stored from image areas, where local distances are high, i.e where gray-level
values change rapidly. In such applications the chessboard distance transform
works well enough, and the use of integer approximations of distance values is
justified to save computation time and space. However, the route optimization
algorithm computes global distances across the whole image, and the approx-
imation error of the chessboard distance accumulates. Particularly on smooth
and simple image surfaces, the chessboard Route DTOCS performs poorly, and
using the WDTOCS produces more reliable optimal routes.
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a) b)

Fig. 6. a) Cross section of digititized ball with the WDTOCS route across the ball.
The height of the bars corresponds to gray-level values. b) flat projection of digitized
ball with the

√
2-DTOCS route around the ball, and the shape of the WDTOCS-route

marked with dashed line for comparison. Each square represents a pixel.

The distance transform using
√

2 as the diagonal pixel-to-pixel displacement
is an interesting hybrid of chessboard and Euclidean distance definitions, as the
locally Euclidean distance is used as the horizontal pixel-to-pixel displacement,
but the height difference is calculated just as in the chessboard DTOCS. The
theoretical basis for this hybrid distance transform may not be as solid as for
the DTOCS and the WDTOCS, but in route optimization it can give some
interesting results. For example in the labyrinth application the horizontal dis-
placements form the desired route, and the values of the gray-level differences
are not significant, as long as distances along low paths are clearly shorter than
distances over high walls. Other obstacle avoidance problems can be solved us-
ing the route optimization algorithm, and treating the horizontal and vertical
displacements differently can be practical.

Using the piecewise Euclidean distances of WDTOCS gives the most accu-
rate approximations for distances along the image surface. If the slightly heavier
computation of floating point values instead of integers is not a problem, the
WDTOCS algorithm should be used to get the best results in route optimiza-
tion. A question for future research is whether we can define integer kernel
distances, which approximate the Euclidean distance more accurately than the
DTOCS. Borgefors [1] showed that using local distances 3 and 4 for square and
diagonal neighbors in binary images actually gives a better approximation of
Euclidean distance along the horizontal image plane than the distances 1 and√

2 used here. Extending the ideas to gray-level images requires further inves-
tigation into how the height differences affect, and how they should affect the
distance transformation.
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SHORTEST ROUTES BETWEEN SETS ON GRAY-LEVEL SURFACES 
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This article presents a distance transform based algorithm for finding shortest routes along 
gray-level surfaces. Finding the shortest path between two point sets using a point-to-point 
shortest path algorithm would require a minimum path search for each possible end-point 
pair. The new distance transform approach finds the route consisting of all optimal paths 
between two point sets as easily as the route between a fixed pair of points, in near-linear 
time. It is an efficient 2D solution to the 3D path optimization problem

Introduction 

The shortest path along a surface is needed in 
many types of applications. Paths can be 
computed on images representing actual 
surfaces, like height maps in terrain navigation 
applications, or on surfaces representing a cost 
function. Shortest paths could be found with a 

graph search, but the complexity )( 2nO of the 
basic Dijkstra algorithm is a problem in large 
images, where each pixel represents a vertex. 
As edges exist only between neighbor pixels, 
more efficient sparse graph algorithms are 
applicable, but the complexity is still 

)log( nnO for computing one single source 
shortest path. Shortest paths between sets of 
points could be found by computing single 
source shortest paths for each point in the 
source point set, or, if the point sets are large, 
more efficiently with an all-pairs algorithm. 
Our algorithm computes the optimal route 
between sets of points in near-linear time by 
combining distance transform maps. Here the 
route is defined as the set of points, which 
belong to any optimal path. If a distinct path is 
needed, it can be extracted with a simple 
backtracking algorithm.  
  

Shortest Route Algorithm 

The Distance Transform on Curved Space 
(DTOCS) computes distances along a gray-
level surface, when gray-levels are understood 
as height values [9]. The distance maps 
describing the distance of each point to the 

nearest background or feature point are 
produced with a sequential local transformation 
similar to the Chamfer algorithms presented in 
[1]. The DTOCS just adds the difference 
between gray-levels G(p) and G(pc) to the local 
horizontal distance between the neighbor pixels 
p and pc (mask center pixel): 
 

 (1) 
 
The Weighted DTOCS (WDTOCS) uses piece-
wise Euclidean local distances computed with 
the Pythagoras' theorem from the horizontal 
displacement and the height difference: 
 

 

(2) 

 
where NS(pc) denotes the set of square 
neighbors of pixel pc , and ND(pc) the set of 
diagonal neighbors. The WDTOCS produces 
clearly more accurate global distances than the 
DTOCS, which underestimates the length of 
diagonal steps compared to straight steps. The 
sequential distance propagation passes need to 
be repeated until the transformation converges 
to the globally optimal distance map F*(x). 
 
The Route DTOCS algorithm, first presented in 
[5] and refined by using the WDTOCS in [4], 
requires two distance maps F*

a(x) and F*
b(x). 

The route end-point a (resp. b) is the feature, 
from which all distances are computed. From 
the distance maps, a route distance image is 
calculated by a simple addition: 
 



 (3) 
 
The value DR(x) is the distance between the 
route end-points along the shortest path pass-
ing through point x. Consequently, the points 
with the minimal route distance value form the 
desired route, so the definition for the shortest 
route between the two points a and b is:  
 

 
(4) 

 
The same idea has been used in [7] for a 
distance transform adding gray-level values 
along the path. Such a distance definition 
produces minimal cost paths, which are 
inherently different than routes along surfaces. 
 

Finding Routes between Point Sets 

The original Route DTOCS and WDTOCS 
were designed to find the route between two 
single points, but it is quite natural to extend 
the idea to find routes between point sets, or 
areas of the image. In fact, the single point-pair 
route is just a special case of a more general 
route between sets. The DTOCS and the 
WDTOCS, like common distance transforms 
for binary images, compute the distance to the 
nearest feature, i.e. the distance to the nearest 
point or points in the feature point set. The 
route between point sets is found by calculating 
distance maps F*

A(x) and F*
B(x),  where A and 

B are the point sets between which we want to 
find an optimal route. The points with minimal 
values in the resulting route distance image 
form the optimal route between the point sets. 
The end-points of the routes are the points, 
which belong both to the route set, and one of 
the original end-point sets. There can be several 
optimal paths, so the resulting routes are rarely 
one pixel wide. 
 

Extracting a Distinct Path  

Finding all optimal paths as one route can be 
sufficient in many applications, but extracting a 
distinct path, which can be described for 
example with a chain code, can also be 
necessary. A path can be  found from a binary 
distance transform map simply by following 

decreasing distance values from the target point 
towards the source point. However, in the 
DTOCS setting, the step lengths vary, and the 
neighbor pixel with the smallest distance value 
is not necessarily the next pixel on an optimal 
path. The route set defined by the Route 
DTOCS can be utilized in backtracking a path. 
The backtracking starts from a destination point 
b belonging to the route set. The next path pixel 
is chosen among the neighbors, which also 
belong to the route, and have a smaller distance 
value on the map F*

A than the current pixel. As 
there usually is more than one optimal path, 
different paths are found depending on which 
neighbor is chosen. To extract all paths, 
recursive backtracking from each feasible 
neighbor pixel would be required.  
 

Experiments 

Figure 1 demonstrates how the shortest route 
algorithm proceeds, when finding the shortest 
route between two point sets on the image seen 
with the resulting route in figure 1(d). Here one 
set is the top line of the image, and the 
distances from that set to all other points in the 
image can be seen in figure 1(a). The other set 
is the bottom line of the image producing the 
distance map in figure 1(b). The route distance 
image, i.e. the sum of the two distance images 
can be seen in figure 1(c). The resulting route 
can be seen in figure 1(d), where also an 
example of a distinct path extracted with the 
path backtracking algorithm is included.  
 
Another example can be seen in figure 2. The 
route between a point near the center of the 
twirl to anywhere on the rightmost column of 
the image is found using the WDTOCS. In 
figure 2(a)  the surface is used as it is, and in 
figure 2(b) it is scaled with two, so that the 
largest height value 253 becomes 506, doubling 
also the height differences. The effect the 
height differences should have depends on the 
application. If the image represents an actual 
surface, and real distances need to be 
calculated, the height values should be scaled 
so that one unit in gray-level difference 
corresponds to the horizontal distance between 
square neighbor pixels. 
 



 
 

Fig. 1. Finding the shortest route between any point on 
the top line of the image to any point on the bottom line. 

 
 

 
Fig. 2. Route from center to rightmost column 

 
The end-point sets do not have to be connected. 
Figure 3 presents a navigation example, where 
the objective is to find the nearest of three 
destinations, marked with 'o' in figure 3(a), 
starting from one source point marked with 'x'. 
The alternative destination points form one 
end-point set. Figure 3(b) shows the result, i.e. 
the route to the nearest destination. The lengths 
of the shortest routes to the other destinations 
can be read directly from the distance map 
computed with the source point as ``feature'', 
but to visualize the routes a new distance map 
from each destination would be needed. In this 
street map example the gray-levels do not 

correspond to height, but the image is scaled so 
that the height difference between roads and 
other areas are clear enough to make sure all 
paths follow the roads. The image could also be 
segmented to a binary image with roads having 
one value, and background another. Then either 
the two values in the binary image can be 
significantly different (e.g. one zero and the 
other very large), or the height difference in the 
local distance can be scaled with a large value 
to prevent illegal shortcuts. Applying the Route 
DTOCS to this kind of an obstacle avoidance 
problem is very similar to the idea of the 
constrained distance transform, where a path 
along a ternary image, with feature, non-feature 
and constraint pixels are found with a binary 
distance transform modified to avoid the 
constraint pixels, see e.g. [2] for a good 
example. The DTOCS approach makes it 
possible to use several different levels of 
obstacles, i.e. ones that can absolutely not be 
crossed marked with infinite values, and others 
that can be crossed but at a higher cost. Only 
the input image must be edited and the 
algorithm works without any changes. The 
constrained distance transform can cope only 
with the absolute obstacles marked with 
constraint pixels. 
 

 
Fig. 3. Path planning example, where the route to 

the nearest of three destinations is computed. 
 

Complexity Analysis 

The complexity analysis  of the algorithm is not 
straightforward. One two-pass iteration of the 
WDTOCS is clearly of O(n), where n is the 
number of pixels. Adding the distance maps as 
well as finding the minimum can also be done in 
linear time. The problematic part is estimating the 
number of WDTOCS-iterations needed to 



produce the final distance maps, as it depends on 
the size and the complexity of the surface. The 
theoretical worst case situation would be that the 
distance to the pixel with most pixels on its 
shortest path to ne arest feature propagates only 
one pixel forward at each iteration, i.e. the 
number of pixels on the path with most pixels is 
an upper limit on the number of iterations. In 
practice, much fewer iterations are usually 
required. The example in figure 1 needed 15 
iterations for the first distance map and 13 
iterations for the second,  the examples in figure 2 
needed 11 and 12 iterations for the left image and 
15 and 13 for the right image, and the example in 
figure 3 needed 14 and 12 iterations. The 
numbers include the extra iteration needed to 
detect convergence. 
 
When comparing this method to a graph search 
algorithm, the gray-level image corresponds to a 
sparse graph with a large amount of vertices. The 
complexity of a sparse graph modification of 
Dijkstra is in O(n log n) for computing the path 
between one end-point pair. This is comparable to 
the complexity of the Route DTOCS if the 
number of iterations needed for a globally 
optimal distance map is around log(n), which is a 
reasonable estimate (e.g. image size n = 128*128 
→ log(n) = 14). So the Route DTOCS computes 
all optimal routes between two point sets with a 
similar complexity as a graph search calc ulates 
only one shortest path candidate between the sets.  

Discussion 

This paper presented the Route DTOCS, a 
distance transform based method for finding the 
shortest route along a gray-level surface. The 
shortest route between sets of points can be 
found as easily as the shortest route between 
single end-points. The algorithm is very simple, 
and runs in near-linear time. In some practical 
applications the estimate of the shortest route 
achieved by one or a constant small number of 
iterations of the distance transformation could 
be accurate enough, which would make the 
running time linear. 
 
Distances along a gray-level surface could be 
computed also by transforming the 2D gray-
level image to an umbra or surface relief in 3D, 
see e.g. [8]. Distances along the top surface of 
the umbra can be computed with well known 

binary distance transformations in 3D, see e.g. 
[3], constrained to the surface. Also graph 
search combined with estimation of lengths of 
digital curves could be used [6]. However, 
keeping the computation in 2D with the 
DTOCS approach has its benefits, as the 
increase in problem size, which is inevitable 
when transforming to 3D, can be avoided. With 
the most naive representation of the umbra the 
problem size is multiplied with the number of 
gray-levels in the used range (e.g. problem size 
m*n can grow to 255*m*n). Even if only the 
top surface of the umbra is stored, the number 
of voxels is considerably higher than the 
number of pixels in the original image, unless 
the surface is very smooth. Paths also consist of 
fewer pixels in 2D than voxels in 3D. The 
Route DTOCS for finding routes between sets 
of points is thus a simplification in two ways - 
finding all paths as easily as a single source 
path, and solving a 3D problem in a less 
complex 2D setting. 
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Shortest routes on varying height surfaces

using gray-level distance transforms
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Abstract

The distance transform on curved space (DTOCS) and its locally Euclidean modification weighted DTOCS (WDTOCS) calculate

distances along gray-level surfaces. This article presents the Route DTOCS algorithm for finding and visualizing the shortest route

between two points on a gray-level height map, and also introduces new distance definitions producing more accurate global distances.

The algorithm is very simple to implement, and finds all optimal paths between the two points at once. The Route DTOCS is an efficient 2D

approach to finding routes on a 3D surface. It also provides a more flexible solution to obstacle avoidance problems than the constrained

distance transform.

q 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Finding the shortest path between two points along a

surface of varying height is an optimization problem in

many practical applications, for example in terrain naviga-

tion and medical image analysis The shortest path is a

widely researched problem, with many known solutions.

Variations of Dijkstra’s path search algorithm can be used

by modifying the path optimization problem to a graph

search, as presented, for example, in Refs. [1,2]. A dynamic

programming-based algorithm for computing distances of

fuzzy digital objects is presented in Ref. [3].

This article presents an algorithm for finding shortest

routes, or so called minimal geodesics, between two points

on a surface described with a gray-level height map. The

algorithm is based on gray-level distance transforms, which

are variations of the distance transform on curved space

(DTOCS) presented in Ref. [4]. Other distance map

approaches for path optimization include level sets

propagation as in Ref. [5], and morphological grassfire

algorithms as in Ref. [6]. The DTOCS calculates distances
0262-8856/$ - see front matter q 2004 Elsevier B.V. All rights reserved.
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on a varying height surface represented as a gray-level

image, where gray-levels correspond to height values. The

Route DTOCS algorithm, first presented in Ref. [7], and

refined in Ref. [8], utilizes the distance maps to find optimal

routes. The original chessboard algorithm underestimates

diagonal local distances, and better results are achieved

using the integer approximations three and four for optimal

neighbor distances well known from Ref. [9]. The weighted

distance transform on curved space (WDTOCS) with

Euclidean local distances presented in Ref. [4] produces

more accurate global distances than the integer approxi-

mations, and the new Optimal WDTOCS introduced in this

article improves the results even further by utilizing local

distances proven to be optimal for binary distance trans-

forms by Ref. [9]. The simple Route DTOCS finds all

optimal paths between two points at once, even if there are

alternative paths with the same length. The algorithm does

not extract a single digital path, which could be described

for example with a chain code. Instead it finds the route,

which we define as the set pixels belonging to any optimal

path. If a distinct path is needed, it can be extracted from the

distance maps with a simple backtracking algorithm.

An option for computing distances along a gray-level

surface would be to transform the 2D gray-level image to
Image and Vision Computing 23 (2005) 133–141
www.elsevier.com/locate/imavis
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a binary umbra or surface relief in 3D. A pixel with

gray-value z at location (x, y) in the 2D image corresponds

to the point (x, y, z) in 3D space, and coordinate z is the

height of the umbra at that point (Ref. [10]). Distances along

the top surface of the umbra can be computed with binary

distance transformations in 3D constrained to the surface

(Ref. [11]) or with graph search techniques combined with

estimation of digital curve lengths (Ref. [12]). However,

keeping the computation in 2D with the DTOCS approach

has its benefits, as the increase in problem size, which is

inevitable when transforming to 3D space, can be avoided.

With the most naive representation of the umbra the

problem size is multiplied with the number of gray-levels in

the used range (e.g. problem size m!n can grow to 255!
m!n). Even if only the top surface of the umbra is stored,

the number of voxels is considerably higher than the number

of pixels in the original image, unless the surface is very

smooth. Also the paths consist of fewer pixels in 2D than

voxels in 3D, as each neighbor pixel is reachable with one

step, whose length depends on the height difference. The

same connection in 3D requires a number of voxel steps

corresponding to the gray-level difference.

We will compare the accuracy of different distance

definitions, and show with an example that at least for some

types of surfaces, the WDTOCS produces more accurate

distance values than the best 3D distance transforms. The

WDTOCS and the new Optimal WDTOCS can actually

smooth down some of the discretization error in digital

images, and produce good estimates of distances on the

continuous surfaces the images represent.
2. Definitions for distance transforms

In the distance image produced by the DTOCS or the

WDTOCS algorithm, every pixel in the calculation area X

has a value which corresponds to the distance of that pixel to

the nearest background pixel in XC. The definition of the

DTOCS for any calculation area X can be found in Ref. [4].

In the Route DTOCS, the same distance metrics apply, but

the complement area XC consists of a single point, which

slightly simplifies the definitions.

Definition 1. Let N8(p) denote the set of all eight neighbors

of pixel p. Pixels p and q are 8-connected if q2N8(p). Let

N4(p) denote the set of 4-connected neighbors, and

N8(p)\N4(p) the set of diagonal neighbors. A discrete

8-path from pixel p to pixel s is a sequence of pixels

pZp0,p1,.,pnZs, where every pi is 8-connected to piK1,

iZ1,2,.,n.

Definition 2. Let J(x,y) denote the set of all discrete 8-paths

linking points x2X and y2XC. Let g2J(x,y) and let g

have n pixels. Let pi and pi-1 be two adjacent pixels in path

g. Let GðpiÞ denote the gray value of pixel pi. The length of

the path g is LðgÞZ
Pn

iZ1 dðpi; piK1Þ; where the distance
d(pi, piK1) between neighbor pixels pi and pi-1 on the path is

defined according to the distance transform used.

In the chessboard DTOCS, the neighbor pixel distance is

defined as the height difference between the pixels, plus one

for the horizontal displacement:

dðpi; piK1Þ Z jGðpiÞKGðpiK1ÞjC1 (1)

Obviously, the DTOCS underestimates the length of

diagonal steps. Distance estimates can be improved by

using neighbor distances 3 and 4 shown to be the best

for binary distance transforms in Ref. [9]. To treat

height differences and horizontal displacements in a

similar manner, the gray-level difference is scaled with

three. We call this new distance transform the

3-4-DTOCS:

dðpi;piK1ÞZ
3jGðpiÞKGðpiK1ÞjC3; piK12N4ðpiÞ

3jGðpiÞKGðpiK1ÞjC4; piK12N8ðpiÞnN4ðpiÞ

(

(2)

The WDTOCS uses the piecewise Euclidean distance

calculated with the Pythagoras’ theorem from the height

difference and the local distance in the xy-plane:

dðpi;piK1ÞZ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jGðpiÞKGðpiK1Þj

2 C1

q
; piK12N4ðpiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jGðpiÞKGðpiK1Þj
2 C2

q
; piK12N8ðpiÞnN4ðpiÞ

8><
>:

(3)

The WDTOCS defines the horizontal displacement

between diagonal pixels as
ffiffiffi
2

p
; which despite being the

locally Euclidean distance, does not produce the best

approximations of global distances. The algorithm can be

improved by introducing these optimal local distances

derived in Ref. [9]:

aopt Zð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
K2

p
C1Þ=2z0:95509forsquareneighbors

bopt Z
ffiffiffi
2

p
Cð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
2

p
K2

p
K1Þ=2z1:36930fordiagonalneighbors

As the WDTOCS algorithm itself requires floating

point computation, the accurate optimal values can

easily be introduced without increasing computation time.

The new distance transform Optimal WDTOCS is defined as:

dðpi;piK1ÞZ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jGðpiÞKGðpiK1Þj

2 Ca2
opt

q
; piK12N4ðpiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jGðpiÞKGðpiK1Þj
2 Cb2

opt

q
; piK12N8ðpiÞnN4ðpiÞ

8><
>:

(4)

Definition 3. The distance image F*ðxÞ is

F*ðxÞ Z
min
g2J

ðLðgÞÞ; x2X

0; x2XC

(
(5)

The same distance image definition applies for all the

variations of the DTOCS. The definition of the local
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distances d(pi,piK1), which add up to the path length L(g),

determines which transform the algorithm produces.
3. The distance transformation algorithms

The two-pass algorithm for calculating the distance

image F*ðxÞ is performed by applying sequential local

operations as presented in Ref. [13], computed similarly as

the Chamfer distance maps in Ref. [9]. In addition to the

original gray-level image GðxÞ a binary image FðxÞ is

needed to determine the region or regions in which the

transformation is performed. The calculation area X in

image FðxÞ is initialized to max (the maximal representative

number of memory) and the complement area XC to 0. In DT

literature describing distance as the distance from nearest

feature, e.g. Ref. [9], the features correspond to our

complement or background area.

The first computation pass proceeds using the mask

M1Z{pnw,pn,pne,pw} in Fig. 1 rowwise from the top left

corner of the image, substituting the middle point FðpcÞ

with the distance value

F*
1 ðpcÞ Z min½FðpcÞ; min

p2M1

ðDðpÞCF*
1 ðpÞÞ� (6)

The distance D(p) between pixels pc and p is calculated

according to the definition of the distance transformation

that is used:

DTOCS :

DðpÞ ¼ jGðpÞKGðpcÞj þ 1

3 K4 KDTOCS :

DðpÞ ¼
3jGðpÞKGðpcÞj þ 3; p2N4ðpcÞ

3jGðpÞKGðpcÞj þ 4; p2N8ðpcÞnN4ðpcÞ

(
WDTOCS :

DðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jGðpÞKGðpcÞj

2
þ 1

q
; p2N4ðpcÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jGðpÞKGðpcÞj
2 þ 2

q
; p2N8ðpcÞnN4ðpcÞ

8><
>:

Opt: WDTOCS :

DðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jGðpÞKGðpcÞj

2 þ a2
opt

q
; p2N4ðpcÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jGðpÞKGðpcÞj
2 þ b2

opt

q
; p2N8ðpcÞnN4ðpcÞ

8><
>:
Fig. 1. The masks for calculating the DTOCS. The left mask M1 is used in

the forward calculation pass, and the right mask M2 in the backward pass.
The backward pass with mask M2Z{pe,psw,ps,pse} in

Fig. 1 replaces the distance value F*
1 ðpcÞ calculated by

the forward pass with:

F*ðpcÞ Z min½F*
1 ðpcÞ; min

p2M2

ðDðpÞCF*ðpÞÞ� (7)

The two calculation passes may have to be repeated

several times, using the distance image F*ðxÞ as the ‘binary

image’ for the next computation pass, until the algorithm

converges to the globally optimal distances, Ref. [14]. The

number of passes required for convergence is typically

around 10, but depends on the size and the complexity of the

image surface, and on the number of pixels on the paths. The

worst case scenario would be an image and a path requiring

one iteration for each pixel in the path.
4. The Route DTOCS algorithm

The shortest route algorithm requires two distance maps,

one for each endpoint of the route. Assuming we have a

gray-level image G(x) and want to find an optimal route

from point a with gray-level value G(a) to point b with value

G(b), we initialize the binary images FaðxÞ and FbðxÞ with

XC
a Z fag and XC

b Z fbg; respectively. Using these two

images, which in practice have the single pixel a or b set

to 0 and all other pixels to max, we individually calculate the

two distance images F*
a ðxÞ and F*

b ðxÞ: In the resulting

distance maps each value corresponds to the distance

between point x and point a (or b, respectively) along an

optimal 8-connected path. It can be noted that the values

F*
a ðbÞ and F*

b ðaÞ equal the length of the shortest route, but

the route itself is not known. Using the two DTOCS images,

we define the route distance:

DRðxÞ Z F*
a ðxÞCF*

b ðxÞ (8)

For each point x the value DRðxÞ is the length of the

shortest path from point a to b that passes through point x.

The value F*
a ðxÞ is the shortest distance from a to x, and

F*
b ðxÞ is the shortest distance from x to b, and the optimal

subpaths form an optimal path as proved in Ref. [15]. In

Ref. [5] equal distance propagation curves are combined

similarly to form minimal geodesics. The same idea for

computing minimal paths was presented in Ref. [16], but

with the distance defined as the sum of gray-values along the

path. The resulting minimal cost routes are inherently

different than the actual routes along a surface found by the

Route DTOCS.

The set of points, for which the route distance is minimal,

form the shortest route from a to b, i.e. the route definition is:

Rða; bÞ Z fx jDRðxÞ Z min
x

DRðxÞg (9)

To summarize, the shortest route algorithm is:
(1)
 Calculate the distance image F*
a ðxÞ from source point a
(2)
 Calculate the distance image F*
b ðxÞ from destination

point b
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(3)
Fig.

and
Calculate the route distance DRðxÞZF*
a ðxÞCF*

b ðxÞ
(4)
 Mark points with DRðxÞZminx DRðxÞ as points on

optimal route Rða; bÞ
In the WDTOCS, floating point values are used in the

calculations, so there must be some tolerance in finding

points with the minimum value. In the experiments, the

route distance values were rounded up to the nearest integer.

Instead of finding points with the single minimum value,

a threshold can be used to find points on paths that are

short enough.

There can be several optimal paths, and the route set

Rða; bÞ contains points on any optimal path, and can directly

be used only for visualizing the route. If a single path, i.e. a

sequence of pixels, is needed, one can be extracted with a

simple backtracking algorithm:
(1)
 Start from pixel b on distance map F*
a

(2)
 Move from current pixel xn to its neighbor xnK1, which

fills the criteria:
(a) Decreasing distance: F*

a ðxnK1Þ!F*
a ðxnÞ

(b) Point on route: xnK1 2Rða; bÞ; i.e. F*
a ðxnK1ÞC

F*
b ðxnK1ÞZ DRðxnK1Þ
2. (a)

(f) co
(3)
 Repeat from step 2 until point a with distance value 0

is reached.
The distinct path found by backtracking depends on how

step (2) of the algorithm is implemented, as there can be

several neighbor pixels, which can be the next point along

an optimal digital path. Recursive backtracking from each

neighbor fulfilling the path pixel criteria would be required
Original image, (b) DTOCS distance from source point, (c) DTOCS dis

rresponding WDTOCS route.
to find all the paths. The first criterion for acceptable path

pixel guarantees that the path search proceeds from the

destination point b towards the source point a. The second

criterion is needed to make sure the tracking stays on a

globally optimal path. The most obvious solution to the path

tracking problem would be to start from the destination

point b on distance map F*
a and follow decreasing distance

values towards the source point a, as in the path finding

example for a constrained binary DT in Ref. [17]. This

approach, however, does not work in the DTOCS setting, as

step lengths vary. Checking that the local distance matches

the distance value difference between the two path pixels

would be needed to get correct paths. The same thing is

achieved by the second criterion for acceptable path pixel in

the backtracking algorithm.
5. Route optimization results

The algorithm was tested on several height map images,

and this section presents some results. Each step of the

algorithm is included in the example in Fig. 2 to

demonstrate how the algorithm proceeds. Fig. 2(a) is

the original gray-level image, and Fig. 2(b) and (c) show

the DTOCS-images F*
a ðxÞ and F*

b ðxÞ calculated from the

end points a and b (marked with ‘x’). Fig. 2(d) shows the

route distance image, i.e. the sum of the DTOCS-images,

and Fig. 2(e) the optimal route by the DTOCS. It can be seen

in Fig. 2(f) that the corresponding WDTOCS-route is

sharper than the DTOCS-route.
tance from destination point, (d) sum of distance images, (e) DTOCS route



Fig. 3. Two different optimal paths on the same DTOCS route.
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Fig. 3 shows two different results of the path tracking

algorithm, i.e. two distinct optimal digital paths connecting

the end-points of the same DTOCS route as in Fig. 2(e). The

difference is caused by a different choice of path pixel

among neighbors fulfilling the path pixel criteria in step 2 of

the path tracking algorithm. Both paths consist of pixels

belonging to the route set.

The effect of narrowing the route with more accurate

local distances can be seen in Fig. 4(a) and (b). Fig. 4(c) is

included to demonstrate clearly how the routes computed

with the DTOCS transforms differ from routes that could be

computed with other gray-level distance transforms. Here

the GRAYMAT algorithm was used, which is similar to the

geodesic time distance used in Ref. [16], i.e. it adds gray-

level values along the path. In a terrain navigation

application such a distance transform would be quite

meaningless. It would prefer routes passing via deep

valleys, even though the real shortest route follows a high

ridge, as in the example image. The distances are inherently

different in minimal cost paths, where gray-levels corre-

spond to the cost of traversing the pixel, and in the DTOCS

paths, where actual distances along the varying height

surface are estimated using gray-level differences.

A sample application of solving a labyrinth with the

Route DTOCS (Fig. 5) also shows how using accurate local

distances improve the results. The labyrinth image was

segmented into low ‘paths’ and very high ‘walls’, and the

Route DTOCS was used to find a path through the labyrinth.

In the WDTOCS route, the extra 908 corners seen in the

DTOCS route are eliminated. Using the Route DTOCS in
Fig. 4. Terrain height map representin
an obstacle avoidance problem like this is very similar to the

idea of the Constrained DT, Ref. [15]. The constraint pixels

are marked with very high values, and paths avoid the

obstacles without any changes in the algorithm. The

DTOCS approach also provides a possibility for several

levels of obstacles, i.e. some that can absolutely not be

crossed marked with infinite values, and others that can be

crossed but with a higher cost. This is not a feasible option

with constrained distance transforms.

The test image in Fig. 6 is a gray-scale ball constructed as

a digitization of a mathematical sphere. The height or gray-

value at the center corresponds to the radius of the sphere,

and the values decrease toward the edges reaching zero at

the circumference of the sphere. The tests demonstrate the

same differences between the distance transform definitions

as the previous examples.

The routes between the ‘north pole’ and the ‘south pole’

of the half-sphere are too wide, when calculated with the

chessboard DTOCS (Fig. 6(e)), but introducing the factors 3

and 4 to the square and diagonal neighbor distances makes

the route as narrow as can be expected of discrete

8-connected paths around the ball (Fig. 6(f)). Using the

WDTOCS with Euclidean local distances changes the result

dramatically, i.e. the algorithm finds the route across the ball

rather than around it (Fig. 6(g)). The route by the new

Optimal WDTOCS looks quite similar (Fig. 6(h)), but at

closer look, the route distance values are more accurate.

As the distances between the poles of a sphere should be

the same, pr, along any ‘longitude’, one way to estimate

how well the different transforms approximate the distances

is to compare these route lengths. Fig. 7 shows the lengths of

all routes passing through the ‘equator’ of the sphere, i.e.

the route distance values DRðxÞ along the middle row of

Fig. 6(a)–(d). It can be seen that all the distance

transformations produce overestimates of the correct route

length, except the DTOCS, which overestimates distances

across the ball but underestimates distances around it.

The 3-4-DTOCS produces the largest overestimates of

distances across the sphere, but the route lengths around the

sphere along the horizontal plane are quite accurate, as they

should be, according to the results on best neighbor

distances in Ref. [9]. The error of the 3-4-DTOCS increases
g a ridge surrounded by valleys.



Fig. 5. An obstacle avoidance example: labyrinth solving with DTOCS.
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quickly, when there is some height variation involved. The

WDTOCS route lengths are clearly more accurate than

the integer approximations produced by the DTOCS and the

3-4-DTOCS. The Optimal WDTOCS produces the best

results, approximating both the route length across the ball

and around the ball more accurately than the other

transforms. The route length straight across the ball with

no diagonal displacements is very close to the accurate

value pr, i.e. the optimal weight aopt for the local horizontal

distance almost eliminates the digitization error.

When height differences increase, the effect the hori-

zontal displacements have on the distance values decreases

in the WDTOCS and the Optimal WDTOCS, whereas it

stays constant in the DTOCS and the 3-4-DTOCS.

The application determines which approach is better.

If the transformation is used to approximate actual distances

along a real surface, the piecewise Euclidean distances of

the WDTOCS produces more accurate distance estimates,

and the Optimal WDTOCS can decrease the error in the

horizontal component of the distance values. If, on the other
Fig. 6. Route distances and resulting routes with various distance defin
hand, the height differences represent another type of cost

than the horizontal displacements, the DTOCS and the

3-4-DTOCS, in which the height difference is treated as a

separate term, can work better and be more easily scalable.

To modify the effect the height variation has on the distance

values, the original image can be scaled before applying

the transformation. Alternatively, the height difference in

Eqs. (1)–(4) can be weighted with a suitable factor.

Fig. 8 demonstrates a simple surface, where the

WDTOCS algorithm gives more accurate distance values

than could be achieved with a 3D distance transform on the

corresponding umbra. The image represents a slope, where

the height difference between neighbor pixels is 2. The

WDTOCS path from the point (x,y) with gray-level value z

to the point (xC2,y) with gray-level value zC4 consists of

two steps of length
ffiffiffiffiffiffiffiffiffiffiffiffiffi
22 C1

p
; i.e. the length of the path is

2
ffiffiffi
5

p
z4:47: The corresponding path length using the 3D

distance transform with local distances 3 and 4 by Ref. [11]

would require four steps, two of length 3 and two of length

4, and scaled down with 3, the distance becomes

14/3z4.67. Even with the accurate optimal values for

neighbor distances aopt and bopt, the distance is over-

estimated (z4.65) compared to the WDTOCS value. If the

image is a digitization of a surface with a constant slope

representable with a rational number (whole pixels),

the WDTOCS distance is an errorfree estimate. At best,

the WDTOCS and the Optimal WDTOCS can smooth away

some error caused by digitization of an object, and compute

distances, which are good approximations of geodesic

distances on the original continuous surface.

An obstacle avoidance problem similar to the labyrinth is

presented in Fig. 9, showing an example of route

optimization through a city. The gray-levels do not

correspond to actual heights, but the differences between
itions: DTOCS, 3-4-DTOCS, WDTOCS and Optimal WDTOCS.



Fig. 7. Comparison of route lengths from pole to pole on a digital sphere

using different distance transform definitions. The correct route length is

p(r is also plotted for comparison.

Fig. 8. A simple slope represented with gray-level values (left) and with a

top surface of an umbra in 3D, marked with coordinates of the

voxels (right).
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roads and other image areas must be large enough to make

sure the shortest paths follow the roads. The example

demonstrates how the Route DTOCS algorithm, in addition

to finding all shortest paths between two points, simul-

taneously computes all route lengths between the points.

For example, here the length of the optimal route is

193 units. The length of the shortest route passing through
Fig. 9. Navigation example, where the
the point marked with ‘x’ in Fig. 9(a) is the value of the

route distance at that point, i.e. 281 units. If the value is

good enough (it is worth making the detour) optimal

subroutes can be computed by calculating the Route

DTOCS distance from the source point to the detour

point, and from the detour point to the destination, as can be

seen in Fig. 9(b) and (c).
6. Discussion

The DTOCS algorithm has previously been used to

approximate distances locally, in small parts of the image. In

image compression, Ref. [18], distance values provide an

estimate on how much variation there is on the image

surface. More control points are stored from image areas,

where gray-level values change rapidly. In such applications,

the chessboard distance transform works well enough.

However, the route optimization algorithm computes global

distances across the whole image, and the approximation

error of the chessboard distance accumulates. If the slightly

heavier computation of floating point values instead of

integers is not a problem, the WDTOCS or the Optimal

WDTOCS algorithm should be used to get the best results in

route optimization. A question for future research is whether

we can define integer kernel distances, which approximate

the Euclidean distance well enough. The local horizontal

distances 3 and 4 for square and diagonal pixel neighbors

improve the results significantly compared to the chessboard

DTOCS, but not enough to achieve the performance of the

WDTOCS. Ideas from 3D distance transforms as in Ref. [11]

could be applied, but the problem with the DTOCS approach

is that there is a large number of different step lengths, i.e.

two for each possible height difference value. When height

differences are large, the relative effect of the horizontal

displacement is so small that in practice integer approxi-

mations of square and diagonal local distances would be the

same, unless very large integer factors are used.

Improving global distances by increasing the mask size is

also an option for the DTOCS algorithms, but cannot be

applied without some risks. A very narrow peak, in practice

a one pixel wide obstacle, could be missed when using
route via a detour point is found.
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a 5!5 mask with the ‘knight’s move’ (Ref. [17]). The same

problem makes analysis of distance transform regularity

not directly applicable to the DTOCS algorithms. Distance

transforms are defined to be regular or semi-regular if a

straight line represents the distance between two

pixels (Ref. [11]). In the DTOCS transforms, the straight

line distance can be blocked with pixels that are higher

or lower than the surrounding pixels, and the shortest path

goes around the obstacle. This feature complicates

analysis of the transform, but can also be useful in some

applications. Obstacle avoidance can easily be implemented

with several different levels of obstacles, separating

completely illegal paths, and paths that should be avoided

but not at any cost. Constrained distance transforms

can only handle one type of constraints, pixels which

cannot be crossed.

The Route DTOCS presented in this article is an

exceptionally simple method for finding shortest routes

along a surface. Despite the simple implementation, the time

complexity analysis of the algorithm is not straightforward.

Each iteration of the DTOCS and its variations can be done in

linear time, as well as the addition of the distance images, and

finding the points with the minimal route distance value. But

repeating the distance transformation passes until the

globally optimal distance map is produced introduces an

unpredictable factor to the complexity, as the size and

variance of the image surface, as well as the lengths of the

paths affect the convergence. The worst case scenario would

require as many iterations as there are pixels on the path with

the most pixels. Typically convergence is reached in about 10

iterations, or for very complex surfaces in about 20–30. This

is still a small number compared to the number of pixels in the

images, i.e. the complexity is considerably lower than the

Oðn2Þ of the basic Dijkstra algorithm, when the n pixels

represent n vertices in the graph search. The graphs

corresponding to digital images are sparse, however, as

there are edges only between neighbor pixels, and the time

complexity of Route DTOCS is comparable to more efficient

shortest path algorithms applicable for sparse graphs.

A question for future research is how much the route

distance values change during subsequent iterations of the

distance transformation, i.e. in some applications the first

estimate of the route computed with just one or a few

iterations may be good enough. This provides a possibility

for progressive path optimization. Another option to get a

more efficient method would be to abandon the chamfering,

and compute the distance transform for example with

a modification of the ordered propagation algorithm in

Ref. [15] or the pixel-queue algorithm in Ref. [19]. The

implementation would, however, be more complex for the

DTOCS than for binary distance transforms, as steps have

different lengths. The pixel queue would have to be

implemented as a priority queue to process the pixel with

the smallest current distance first. Otherwise paths with

many short steps might be missed, and wrong distance
values via paths with few longer steps might end up in the

final distance map.

The DTOCS algorithms process two-dimensional

images, which essentially represent three-dimensional

surfaces. As distance transforms for three-dimensional

images are well known, and thoroughly researched, it is a

tempting—and a quite feasible—option to transform the

gray-level height map back to its original domain, a

surface in 3D space. We suggest the opposite approach—

computing distances along 3D surfaces using 2D gray-

level images, as a more efficient and in some cases more

accurate method than the 3D distance transforms. Further

research on the new Optimal DTOCS is required to

estimate how well it performs generally compared to the

well-established 3D distance transforms with optimal local

distances.
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Distance Transforms

Leena Ikonen

Lappeenranta University of Technology,
Department of Information Technology,

PO Box 20, 53851 Lappeenranta, Finland
leena.ikonen@lut.fi

Abstract. Geodesic distance transforms are usually computed with se-
quential mask operations, which may have to be iterated several times
to get a globally optimal distance map. This article presents an efficient
propagation algorithm based on a best-first pixel queue for computing
the Distance Transform on Curved Space (DTOCS), applicable also for
other geodesic distance transforms. It eliminates repetitions of local dis-
tance calculations, and performs in near-linear time.

1 Introduction

Distance transformations were among the first operations developed for digital
images. Sequential local transformation algorithms for binary images were pre-
sented already in the 1960s [8], and similar chamfering techniques have been
used successfully in 2D, 3D and even higher dimensions, see e.g. [2], [3], [1].
By modifying the definitions local distances, the chamfering can be applied to
gray-level distance transforms as well. The Distance Transform on Curved Space
(DTOCS) and its locally Euclidean modification Weighted DTOCS (WDTOCS),
which compute distances to nearest feature along a surface represented as a gray-
level height map, have been implented as mask operations [12].

Instead of propagating local distances in a predefined scanning order, the dis-
tance transformation can begin from the set of feature pixels, and propagate to
points further away in the calculation area. A recursive propagation algorithm
was presented in [7], where the distance value propagates from the previously
processed neighbor. If the new value is accepted into the distance map, i.e. it
is smaller than the previous distance value of the same pixel, the procedure is
repeated recursively for each neighbor. The efficiency of the recursive propa-
gation is highly dependent on the order in which the neighbors are processed.
An unwise or unlucky choice of propagation order causes numerous repetitions
of distance calculations, as shorter paths are found later on in the transforma-
tion. The ordered propagation algorithm, also presented in [7], eliminates some
of the repetitions. First the boundary of the feature set, and then neighbors
of already processed pixels, are placed in a queue, from which they are then
taken to be processed in order. Similar pixel queue algorithms are also presented
in [9] and [14].

E. Andres et al. (Eds.): DGCI 2005, LNCS 3429, pp. 228–239, 2005.
c© Springer-Verlag Berlin Heidelberg 2005



Pixel Queue Algorithm for Geodesic Distance Transforms 229

The recursive and ordered propagation, and pixel queue algorithms, can be
seen as applications of graph search, where each pixel represents a vertex, and
edges exist between neighbor pixels. Local distances can be defined as weights
of connecting edges. The recursive propagation proceeds as a depth-first-search,
and first-in-first-out pixel queue algorithms are applications of breadth-first-
search. This article presents a best-first-search algorithm for computing gray-
level distance transforms based on a priority queue, which is implemented effi-
ciently as a minimum heap. A distance transform algorithm utilizing the priority
queue idea was presented in [13]. Bucket sorting is used to find the pixel with
the smallest current distance. The algorithm is applicable only for integer dis-
tances, as a separate storing bucket is needed for each distance value. Our heap
based priority queue works for any distance values, including the real valued
modifications of the DTOCS. Experiments demonstrate that convergence of the
sequential transformation as well as the ordered propagation algorithm is highly
dependent on the image size and complexity, whereas the near-linear pixel queue
algorithm slows down only slightly with increasing surface variance.

2 Distance Transforms

The Distance Transform on Curved Space (DTOCS) calculates distances along
a gray-level surface, when gray-levels are understood as height values. Local
distances are defined using gray-level differences. The basic DTOCS simply adds
the gray-level difference to the chessboard distance in the horizontal plane, i.e.
the distance between neighbor pixels is:

d(pi, pi−1) = |G(pi) − G(pi−1)| + 1 (1)

where G(p)denotes the gray-value of pixel p, and and pi are subsequentpixels
on a path. The locally Euclidean Weighted DTOCS (WDTOCS) is calculated
from the height difference and the horizontal distance using Pythagoras:

d(pi, pi−1) =
{√|G(pi) − G(pi−1)|2 + 1 , pi−1 ∈ N4(pi)√|G(pi) − G(pi−1)|2 + 2 , pi−1 ∈ N8(pi) \ N4(pi)

(2)

The diagonal neighbors of pixel p are denoted by N8(p) \ N4(p), where N8(p)
consists of all pixel neighbors in a square grid, and N4(p) of square neighbors.
More accurate global distances can be achieved by introducing weights, which
are proven to be optimal for binary distance transforms, to local distances in the
horizontal plane. The Optimal DTOCS is defined in [6] as

d(pi, pi−1) =

⎧⎨
⎩

√
|G(pi) − G(pi−1)|2 + a2

opt , pi−1 ∈ N4(pi)√
|G(pi) − G(pi−1)|2 + b2

opt , pi−1 ∈ N8(pi) \ N4(pi)
(3)

where aopt = (
√

2
√

2 − 2 + 1)/2 ≈ 0.95509 and bopt =
√

2 + (
√

2
√

2 − 2 −
1)/2 ≈ 1.36930 as derived in [2] by minimizing the maximum difference from the
Euclidean distance that can occur between points on the binary image plane.

pi−1



230 L. Ikonen

3 Pixel Queue Transformation Algorithm

Pixel queue algorithms are simple to implement for binary distance transforms.
With equal step lengths the distances propagate smoothly from the feature set
outwards, and the distance corresponds to the number of steps. As step lengths
vary in the DTOCS transformations, several short steps along a smooth area
of the image can create a shorter path than just one or a few steps along an
area with high variance. Distances can not propagate as pixel fronts moving
outwards from the feature set, or a path with a few long steps might be found
instead of a shorter path consisting of many short steps. Both recursive and
ordered propagation algorithms can compute the correct global distances also in
the DTOCS setting, if neighbors of updated pixels are processed whether or not
they have been processed before. However, this is very inefficient, as numerous
repetitions of local distance calculations are needed. The new efficient pixel
queue algorithm utilizes a priority queue implemented as a minimum heap:

1. Define binary image F(x) = 0 for each pixel x in feature set, and F(x) =
max for each x in calculation area.

2. Put feature pixels (or boundary) to priority queue Q.
3. While Q not empty

p = dequeue(Q), Fq(p) was the smallest distance in Q.
If Fq(p) > F(p) (obsolete value), continue from step 3.
F(p) becomes F∗(p) (value is final).
For neighbors x of p with F(x) > F∗(p)

Compute local distance d(p, x) from original image G
If F∗(p) + d(p, x) < F(x)

Set F(x) = F(p) + d(p, x)
enqueue(x)

end if
end for

end while

The initialization of the queue can be implemented in two different ways
without affecting the result. Only feature boundary pixels need to be enqueued
in the initial step, but enqueueing all feature pixels yields the same result. Pro-
cessing non-boundary feature pixels does not cause any changes in the distance
image, and hence no further enqueueings of neighbor pixels. The application de-
termines which approach is more efficient, e.g., if distances from the background
into a small object are calculated, the external boundary of the object should
be used rather than enqueueing the whole background.

The best-first approach eliminates repetition of local distance calculations.
Using the priority queue ensures that the propagation always proceeds from a
point, which already has its final distance value. As local distances, which by
definition are non-negative, are added to distance values taken from the queue,
the currently smallest distance can never decrease further. So once a pixel is
dequeued, it will not be enqueued again. However, as step lengths vary, a distance
value that has propagated from a point with a final optimal value, may still be



Pixel Queue Algorithm for Geodesic Distance Transforms 231

replaced with a smaller one. Small local distances can create new shorter paths.
This will cause the same pixel to be enqueued repeatedly, first with a larger
distance value and then with smaller ones, before the first instance has been
dequeued. Once the final distance value is dequeued, other instances of the pixel
in the queue become obsolete, and could be removed. However, it is easier to just
discard them when they are dequeued in the normal priority queue order. Not
processing neighbors x of point p, which already have a distance value smaller
or equal to F(p), eliminates a significant amount of local distance calculations,
including the reverse directions of previously calculated distances, i.e., if d(pi, pj)
is calculated during the transformation, d(pj , pi) will never be needed.

The local distances are treated similarly as in the pixel queue transforma-
tion in [9]. The current pixel is considered the source point, and new distance
values are assigned to all neighbors, for which the path via the source point is
the shortest found so far. The recursive and ordered propagation algorithms in
[7] as well as the sequential transforms view the current point as the destina-
tion with each neighbor as a possible source. Local distances from all neighbors
within mask must be calculated to obtain one new distance value. The “greedy”
approach of calculating distances forward from a source point was tested also
for the sequential algorithm, but the effect on convergence was insignificant.

4 Complexity Analysis

The forward and reverse pass of a sequential local transformation can be done in
linear time, as there is a constant number of operations per pixel. The problem
with the complexity analysis is that the number of passes needed varies a lot
depending on the size and the complexity of the image surface. Smooth and
simple images can usually be transformed in just a few iterations, but it is
possible to construct example images, which require one iteration for each pixel
on the path with the most pixels. Typical values for test images in our previous
works have been about 10-15 two-pass-iterations, which for an image of size
128×128 is in the ballpark of log n = 14, which would make the whole algorithm
about O(n log n). However, with larger images and more complex surfaces, the
number of iterations needed increases. The Experiments section will present
512 × 512 example images converging in about 70 iterations, which is clearly
more than log n = 18.

The priority queue transformation propagates local distances from each pixel
only when it is dequeued with its final distance value. This means that each
local distance in the image is computed only once, or some not at all, if neigh-
bor pixels can be discarded due to already smaller distance values. Sequential
algorithms recalculate each local distance at each iteration, which can be very
costly, especially in transformations requiring heavier floating point calculations,
like the WDTOCS. Updating the priority queue adds a factor to the computation
time, as each enqueueing and dequeueing takes O(log nq) time, where nq is the
number of pixels in the queue. The value nq varies through the transformation
representing the boundary of the area, where distances are already calculated.
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An upper limit on the complexity can be estimated using the fact that at
each step after dequeueing one pixel, at most 7 pixels can be enqueued. The
path through the current point must come from somewhere, so at least one
neighbor must already have its final value. At each step one pixel value becomes
final, so the number of efficient steps is n − nf , where nf is the number of
feature pixels. Even with the extra enqueueings, and dequeueings of obsolete
pixels, the number of steps is in O(n), which makes the complexity of the whole
algorithm O(n log nq), or worst case complexity O(n log n). The theoretically
maximal queue length, about 6n, is a gross overestimate, as distances propagate
locally as pixel fronts, which means that in practise only about half the neighbors
of a pixel are enqueued with new distance values. Also after the n − nf efficient
steps leaving one final distance value, the queue should be empty, and certainly
not at its maximum length. Experimental results will provide a more realistic
estimate on the number of queue operations and the average length of the queue.

5 Experiments

The priority queue algorithm was tested on gray-level images with varying sur-
face complexity to compare with the sequential local transformation, and also
with the ordered propagation algorithm implemented with a first-in-first-out
pixel queue, like in [9]. The distance images were compared to make sure they
were identical - and at first they were not. The sequential implementation cal-
culated distances only at points, where the whole mask fit on the image, so
errors appeared in areas, where the shortest path from the feature passed via
edge pixels. Instead of modifying the mask at the edges, the border effects were
corrected by adding an extra row or column to each edge before the mask trans-
formation, copying the edge values to the corresponding extra row or column.
With this correction the distance images were identical for the DTOCS, and
within calculation accuracy tolerance for the WDTOCS. The pixel queue algo-
rithms propagate distances to existing neighbors, so distances near edges are
calculated correctly without tricks.

The performance of the algorithms was compared using the images seen in
Fig. 1. The Mercury height map, Fig. 1 a), and the Lena image, Fig. 1 b),
represent highly varying surfaces. The Lena image is obviously not an actual
height map, but is used similarly in these tests. The Ball image, Fig. 1 c), is
constructed as a digitization of the sphere function, i.e. the highest gray-value in
the center corresponds to the radius of the sphere. The fourth test image, Flat,
consists of a constant gray-value representing the smoothest surface possible.
Testpoint grids were created (see example on the Ball image, Fig. 1 c), and
distances from one testpoint to everywhere else in the image were calculated. The
grids contained 244 points, and averages calculated from these 244 independent
runs are visualized in figures 2 - 6. The sequential algorithm was faster only for
the integer DTOCS on the Flat images. The larger and more complex the surfaces
were, the more clearly the pixel queue algorithm outperformed the sequential
transformation, and also the ordered propagation. The ordered propagation was
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(a) Mercury (b) Lena (c) Ball

Fig. 1. Test images used. An example of a test point grid is shown on the Ball image
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Fig. 2. Average run times of DTOCS (black bar) and WDTOCS (white bar) using
Priority Queue, Sequential and Ordered Propagation algorithms

slightly faster than the sequential algorithm in most cases, as despite numerous
repeated pixel enqueuings, processing all pixels several times in the sequential
transformations is more costly. For very smooth surfaces where distances proceed
evenly as pixel fronts, the ordered propagation is faster than the priority queue,
as first-in-first-out queue operations take constant time.

The run times (Fig. 2), and the number of local distance calculations (Fig. 3)
are proportional to the number of iterations in the sequential algorithms, and
the number of iterations needed grows with the size and the complexity of the
image (Fig. 4). The pixel queue transformation eliminates a lot of computation
by calculating only those local distances, which are needed. If each local dis-
tance was calculated exactly once, the 256 ∗ 256 images would require 260610
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Fig. 3. Average number of local distance calculations needed in DTOCS (black bar)
and WDTOCS (white bar) using Priority Queue, Sequential and Ordered Propagation
algorithms
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Fig. 4. Average number of iterations needed in sequential DTOCS (black bar) and
WDTOCS (white bar). The number of iterations indicated for the pixel queue algorithm
is a comparison number calculated from the run times

local distances, and the 512∗512 images 1045506 (rows∗ (columns−1) horizon-
tal, columns ∗ (rows − 1) vertical, and 2 ∗ (rows − 1) ∗ (columns − 1) diagonal
distances). Each iteration of the sequential transformation calculates each of
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these local distances twice, once in both directions. Some local distance cal-
culations could have been eliminated from the first iteration by scanning the
image to the feature pixel without calculating distances, saving about half an
iteration.

The only source for repetition in the priority pixel queue algorithm is the
calculation accuracy of floating point distance transforms. A distance value may
be considered new, and consequently the pixel enqueued, even if it is smaller
than the previous value only because of computation accuracy. Despite adding
a threshold to the comparisons (the new value must be 0.001 smaller to be ac-
cepted as new), a few pixels ended up being enqueued repeatedly in the complex
surfaces, e.g., the number of enqueueings minus the number of obsolete pixels
found from the queue was at most 262190 for the 512 ∗ 512 Mercury surface of
262144 pixels. In the WDTOCS transformations of the smooth images, and of
course in all the DTOCS transformations, the number of enqueueings minus the
number of obsolete pixels equals the number of pixels.

The running times of C-implementations of the algorithms on a Linux com-
puter with an AMD Athlon 1.678 GHz processor indicate that particularly for
the floating point WDTOCS distances the pixel queue algorithm is superior-
ior. The speed of the priority queue operations, enqueue and dequeue, is not
affected by the choice of floating point versus integer distances, so the rela-
tive cost of repeating the local distance calculations in numerous iterations is
higher when using floating point values. In addition, the WDTOCS typically
requires a few more iterations, causing even more repetitions. For example for
the Mercury height map of size 512 ∗ 512 the speedup of the pixel queue trans-
form compared to the sequential transform is 3.94/0.30 ≈ 13 for the integer
DTOCS and 14.49/0.43 ≈ 34 for the floating point WDTOCS. The Optimal
DTOCS was not tested here, as one integer and one floating point distance
transform were enough to demonstrate the efficiency of the pixel queue algo-
rithm. The advantage would be even more clear in the case of the Optimal
DTOCS, which requires an additional multiplication operation to calculate each
local distance.

The number of iterations marked for the pixel queue algorithm in Fig. 4
is calculated as the number of sequential iterations that could have been per-
formed in the time consumed by the pixel queue algorithm. As the running time
for one iteration should be constant for a certain image size and local distance
definition, the comparison number can be used to estimate how much the per-
formance of the pixel queue algorithm depends on the complexity of the image
surface. The value ranged in the DTOCS tests of 512 ∗ 512 images from 3.54
(Flat image) to 5.39 (complex Mercury surface), while the number of iterations
of the sequential DTOCS ranged from 2 to 71.50. This means that the running
time of the pixel queue algorithm is much better predictable. One larger image,
the Mercury 768 ∗ 768 surface, was tested to provide experimental basis to the
claim of near-linear complexity. The average runtimes were 0.66 and 1.01 sec-
onds for the priority queue DTOCS and WDTOCS, and 9.52 and 41.72 seconds
for the sequential DTOCS and WDTOCS. Compared to the 256 ∗ 256 images,
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the corresponding 512 ∗ 512 images took about 4 times longer to transform with
the priority pixel queue algorithm, and the fact that the 768 ∗ 768 Mercury im-
age took about 9 times longer than the 256 ∗ 256 image suggests a continuing
linear trend.
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Fig. 5. Number of pixel enqueuings in DTOCS (black bar) and WDTOCS (white bar)
for the priority queue (left) and the ordered propagation (right). The horizontal line
on each bar indicates the number of pixels in the image, so the section of the bar above
the line shows how many pixels get enqueued repeatedly. Notice the different scales

More statistics on the pixel queue transformation are shown in Fig. 5 and
Fig. 6. The number of enqueued pixels, i.e. the number of enqueue and dequeue
operations, is somewhat larger than the number of pixels. The more complex
the surface, the more pixels get enqueued repeatedly when new shorter paths
are found. The number of pixel enqueuings in the ordered propagation algorithm
is in a larger magnitude, and also grows very rapidly with the size and complex-
ity of the image (see Fig. 5). The average and maximum queue lengths (Fig. 6)
are calculated from the average and maximum queue lengths recorded at each
run. The largest average and the largest maximum queue length for each test
image is indicated as lines on top of the bars. The average queue lengths for the
768 ∗ 768 Mercury surface not included in the graphs were 5295 for the DTOCS
and 6073 for the WDTOCS, and the longest queue encountered contained 14069
pixels � n = 768 ∗ 768 = 589824. In general, the queue lengths seem to grow
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Fig. 6. Average and maximum queue lengths in DTOCS (black bar) and WDTOCS
(white bar). The horizontal lines above the bars indicate the maximum values, i.e. the
largest average queue length and largest maximum queue length

sublinearly with the size of the image. As queue lengths are in a clearly smaller
magnitude than the number of pixels, the algorithm is in practise linear.

6 Discussion

The DTOCS algorithms have been presented as geodesic distance transforms
without proper explanation on how and why they may be called geodesic. The
DTOCS distances resemble geographical geodesic distances. Discrete paths fol-
low the gray-level surface like the shortest path between two cities follow the
surface of the geoid. In image analysis the term geodesic distance refers to a
situation where paths linking image pixels are constrained to remain within a
subset of the image plane [11]. In the DTOCS setting paths can cross any areas
of the image, but path lengths can become huge. The DTOCS can be used in
the same manner as constrained distance transforms, marking constraint pix-
els with values differing so much from the rest of the image plane that the
shortest paths will never cross those pixels. In such a situation the distances
propagate similarly as in a geodesic, i.e. constrained, distance transform. The
pixel queue algorithm could be used to calculate both types of transforms, as
well as gray-level distance transforms calculating minimal cost paths, e.g. the
geodesic time transform with distances defined as the sum of gray-values along
the path [10].

The presented pixel queue algorithm was demonstrated to be efficient, out-
performing the sequential algorithm in almost all test cases. The running times
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do grow a bit with increased surface complexity, but not nearly is much as the
running times of the sequential transformation. The complexity of the algorithm
is O(n log nq), but as nq � n it performs in near-linear time. The number of
local distance calculations is minimized, i.e. each local distance in the image is
computed at most once, which is a clear benefit compared to the iterated sequen-
tial transforms, particuarly if the local distances require heavier floating point
computations.

Previous DTOCS experiments have been made on quite small images. The
experiments here demonstrate the expected effect of increasing the image size,
i.e. the number of iterations needed for convergence becomes quite unpredictable.
The sequential transformation may still be useful, but in applications with high
resolution images, the pixel queue algorithm is more efficient. Another benefit
of the pixel queue approach is that distances are calculated exactly where they
are needed. If, for example, an image of an object on a background is trans-
formed, the sequential transformation calculates unnecessary distances on the
background. The pixel queue algorithm naturally proceeds from the border into
the object. Also, as distance values are known to be final once they are dequeued,
a real time application could utilize some values before the whole transforma-
tion is done. If the feature set is disconnected, the distance values propagated
from each feature will be mixed in the priority queue, but distance values near
each feature will be calculated early in the transformation. When the propa-
gating fronts meet, the transformation is final. This idea could be utilized for
developing a tesselation method.

Another approach, which ensures that obtained distance values are immedi-
ately final is presented in [4]. The parallel implementation is based on the fact
that in binary distance transforms each pixel with distance value N must have a
neigbor with distance value N −a or N −b, where a and b are the local distances
to square and diagonal neighbors. Pixels with a 0-valued neighbor are updated
first, and then pixels with a neighbor of each possible successively increasing dis-
tance value. Thus, the distance values propagate similarly as in the pixel queue
transformation presented here.

Pixel queue algorithms can be implemented also in higher dimensions. For
binary voxel images in 3D, as well as for binary images in 2D, where distances
propagate as smooth fronts, ordered propagation with a first-in-first-out queue
would probably work as well or even better than the priority queue approach.
However, if the voxels have values other than 0 and 1, and path lengths are
defined using voxel values on the path resulting in varying local distances, the
priority queue algorithm could be useful. Larger neighborhoods, for example 5∗5
in 2D or 5 ∗ 5 ∗ 5 in 3D, could be introduced to the pixel queue algorithm, but
in the DTOCS setting larger neighborhoods need to be used with care, as they
can result in illegal paths across very narrow obstacles.

The pixel queue algorithm could easily be modified to record the path of the
shortest distance, by storing the direction from which the path propagated to
each pixel. However, only the first found path would be recorded even though
there are usually several equally short paths. The Route DTOCS algorithm for
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finding the route between two points [6] or point sets [5] requires two distance
maps, one for each end-point set. The route consists of points on any optimal
path, and a distinct path can be extracted using backtracking. In shortest route
applications large complex images with long paths are typical, so the priority
pixel queue algorithm improves the method significantly.
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Abstract. This article presents a nearest neighbor transform for gray-
level surfaces. It is based on the Distance Transform on Curved Space
(DTOCS) calculated using an efficient priority pixel queue algorithm. A
simple extension of the algorithm produces the nearest neighbor trans-
form simultaneously with the distance map. The transformations can be
applied for example to estimate surface roughness.

1 Introduction

Nearest neighbor, or nearest feature transforms, are closely related to distance
transforms, and should preferably be achieved using the same algorithm. In the
case of binary images, distance transforms can be derived from nearest neighbor
transforms, but not vice versa [8]. Distance transformations were among the
first image processing algorithms. Rosenfeld [10] presented a sequential local
transformation algorithm for calculating distances in binary images in 1966, and
similar chamfering techniques have been applied widely in the field, e.g., [1],
[9], [13]. The transformations propagate local distance values across the image
with a mask operation, which may have to be iterated several times to achieve
globally optimal distances for gray-level images.

Alternatives to chamfering include ordered and recursive propagation [9],
and pixel queue algorithms [11], [16]. The recursive propagation proceeds like
a depth first search, while ordered propagation and pixel queue algorithms are
applications of breadth first search. The efficiency of the depth first search is
highly dependent on the propagation order, and breadth first approaches elim-
inate some of the repetition of distance calculations caused by finding shorter
paths later on in the transformation. Gray-level distance transforms with varying
local distances can be calculated correctly with ordered or recursive propagation,
if neighbors of updated pixels are reprocessed. However, this is very inefficient
for gray-level distance transforms of complex surfaces with highly curved paths.
The ordered propagation seems to be more efficient in calculating the Distance
Transform on Curved Space (DTOCS) [13] than the chamfering approach, but
the priority pixel queue algorithm, which corresponds to a best first search,
clearly outperforms both in large complex images [4]. A priority pixel queue
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idea by Verwer [15] is implemented with bucket sorting, which is applicable
only with integer distances. Bucket sorting is also utilized in the transforma-
tion algorithm by Cuisenaire and Macq [3], where Euclidean distance values are
obtained by gradually increasing the propagation neighborhood. The priority
queue algorithm for calculating the geodesic time by Soille [12] also enumerates
all possible distance values. The priority value is increased with one when no pix-
els with the current priority value are found in the queue. As the geodesic time
sums gray-values along digital paths, the distance values can become very large,
which also means a lot of priority values must be tested. Our minimum heap
based transformation is applicable for any positive distances, including floating
point distance values, and processes only distance values, which are needed. The
priority queue approach enables easy implementation of the nearest neighbor
transform, which can be calculated simultaneously with the distance transform.
The unified distance transformation algorithm by Paglieroni [8] also calculates
the nearest neighbor and distance transformation simultaneously using horizon-
tal and vertical scans in a parallel architecture.

This article is organized as follows. The distance transforms are presented in
Section 2 and the pixel queue transformation algorithm in Section 3. Section 4
presents the nearest neighbor transform, and Sections 5 and 6 some application
ideas. Section 7 contains conclusions and discussion.

2 The Distance Transforms

The Distance Transform on Curved Space (DTOCS) calculates distances along
a gray-level surface, when gray-levels are understood as height values. Local dis-
tances, which are summed along digital paths to calculate the distance transform
values, are defined using gray-level differences:

d(pi, pi−1) = |G(pi) − G(pi−1)| + 1 (1)

where G(p) denotes the gray-value of pixel p, and pi−1 and pi are subsequent pix-
els on a path. The locally Euclidean Weighted DTOCS (WDTOCS) is calculated
from the height difference and the horizontal distance using Pythagoras:

d(pi, pi−1) =
{√|G(pi) − G(pi−1)|2 + 1 , pi−1 ∈ N4(pi)√|G(pi) − G(pi−1)|2 + 2 , pi−1 ∈ N8(pi) \ N4(pi)

(2)

The diagonal neighbors of pixel p are denoted by N8(p) \ N4(p), where N8(p)
consists of all pixel neighbors in a square grid, and N4(p) of square neighbors.
More accurate global distances can be achieved by introducing weights, which
are proven to be optimal for binary distance transforms, to local distances in the
horizontal plane. The Optimal DTOCS is defined in [5] as

d(pi, pi−1) =

⎧⎨
⎩

√
|G(pi) − G(pi−1)|2 + a2

opt , pi−1 ∈ N4(pi)√
|G(pi) − G(pi−1)|2 + b2

opt , pi−1 ∈ N8(pi) \ N4(pi)
(3)
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where aopt = (
√

2
√

2 − 2+1)/2 ≈ 0.95509 and bopt =
√

2+(
√

2
√

2 − 2−1)/2 ≈
1.36930 as derived by Borgefors [1] by minimizing the maximum difference from
the Euclidean distance that can occur between points on the binary image plane.

3 Pixel Queue Distance Transformation Algorithm

The DTOCS has previously been calculated with a mask operation, which has to
be iterated several times before the distance map converges [13]. The larger and
more complex the image surface is, the more iterations are needed, whereas the
pixel queue approach slows down only slightly with increased surface complexity
[4]. The efficient pixel queue algorithm eliminates repetition of local distance
calculations by using a priority queue implemented as a minimum heap:

1. Define binary image F(x) = 0 for each pixel x in feature set, and F(x) =
max for each non-feature x.

2. Put feature pixels to priority queue Q.
3. While Q not empty

p = dequeue(Q), Fq(p) was the smallest distance in Q.
If Fq(p) > F(p) (obsolete value), continue from step 3.
F(p) becomes F∗(p) (value is final).
For neighbors x of p with F(x) > F∗(p)

Compute local distance d(p, x) from original image G.
If F∗(p) + d(p, x) < F(x)

Set F(x) = F(p) + d(p, x)
enqueue(x)

end if
end for

end while

If the feature point sets are large and connected, it can be beneficial to
enqueue only the feature boundary pixels in step 2. of the algorithm, but the
same result is achieved as when enqueuing all feature pixels. The priority queue
approach for calculating distances ensures that distance values are final when
they are dequeued, and propagated further. Repeated enqueuings are possible if
a new shorter path is found, but previous instances of the pixel in the queue can
be eliminated based on obsolete distance values. The local distance calculation
between two pixels is never repeated, as only pixels with final distance values
can be source points, and pixel pairs, where the destination point already has a
smaller distance value than the source point are also eliminated. The complexity
of the pixel queue algorithm is in O(n log nq), where nq is the length of the
queue, which varies throughout the transformation. Typically, nq � n, so the
algorithm is in practise near-linear [4].

4 Nearest Neighbor Transform

The nearest neighbor transform can be viewed as a discretized version of the
Voronoi diagram dividing the image to polygons around the feature or site points,
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so that each pixel belongs to the region of the closest site. In fact, Voronoi dia-
grams can be used to calculate Euclidean distance transforms for binary images
[2], including voxel images in arbitrary dimensions [7]. The nearest neighbor
transform assigns to each pixel the identity of its nearest feature pixel. The
nearest site is here determined according to DTOCS distances, i.e. distances
along the varying height surface, but the same algorithm works for any distance
transforms with non-negative distance values. As local distances based on gray-
values can vary a lot, the nearest neighbor transform can result in any shapes
of regions around each site.

The nearest neighbor transformation produces a tesselation image, which is
initialized to zero at non-feature pixels, and to a unique seed value 1..nf at each
of the nf feature pixels. A simple extension of the priority pixel queue algorithm
calculates the nearest neighbor transform simultaneously with the distance trans-
form. When a pixel with a new distance value is enqueued, the corresponding
pixel in the tesselation image gets the seed value of the pixel from which the
distance value propagated. If the same pixel is enqueued repeatedly, the seed
value is replaced with the new one. The final seed value identifies the feature
pixel from which the propagation path of the final distance value originated.
Points equally distant from two or more seed points will end up in the region
from which the distance propagated first. A similar region growing algorithm
for Voronoi tesselation of 3D volumes resolves collisions of neighboring regions
using Euclidean distances [6], but in the DTOCS with curved paths, the Eu-
clidean distance between the pixels does not correspond to the real distance the
transformation approximates.

An example of a nearest neighbor transform can be seen in Fig. 1. The
familiar ’Lena’ image represents a varying height surface, and a nearest neighbor
transform using an evenly spaced grid of seed points is calculated. The original
image is shown with the seed points in Fig. 1 a), and the resulting nearest
neighbor transform is shown in Fig. 1 b) with seed values marked on each region.
As distances are calculated along the surface with the DTOCS, seed points in
areas with more variation are surrounded by small regions (e.g. seed value 23).
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a) Orig. with grid points b) Nearest Neighbor Transf. c) DTOCS roughness map

Fig. 1. Nearest neighbor transform and roughness map from an even grid of points
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In smooth areas distances can propagate further, covering more pixels. Region
borders are more likely to appear near locations, where there are abrupt changes
in gray-values, causing large local distances. This can be seen for example in
regions 21, 16 and particularly 11, where the brim of Lena’s hat is clearly visible.
This suggests that the nearest neighbor transform could be applied to segmenting
highly varying textures from smoother ones. The roughness map in Fig. 1 c) will
be explained in Section 6.

5 Propagation Visualization

The nearest neighbor transform can be used to visualize propagation of distance
values. The points in the feature set can be numbered as seed points for the
nearest neighbor transform, and when the distance values propagate, the seed
values propagate as well. When the distance map is final, the tesselation map
shows from which feature point each distance value has propagated. On a varying
image surface with several feature points, some feature seed values propagate
only in a small area, or not at all, if distance values spread fast from points in
the vicinity of the point. The order in which feature pixels are enqueued, and
in which neighbors of the dequeued pixel are processed, affect the propagation
order. Equal distances could be achieved along several different paths, but the
seed values indicate via which points the values have in practise propagated.

a) Original image b) DTOCS image c) Nearest neighbor transf.

Fig. 2. Example surface with its distance transform and propagation tesselation

Figure 2 shows a height map, its distance image and the propagation tes-
selation map, when the feature point set consists of all points in the leftmost
column. The color of an area in Fig. 2 c) identifies the feature point from which
the distance value has propagated. It can be seen that the number of different
seed values propagating decreases towards the end of the distance transforma-
tion, i.e. when the highest distance values towards the right edge of the image
are reached, only two different seed values are left of the original 128 feature
point values used in the 128 ∗ 128 surface image. The feature points with the
three furthest spread seed values are marked with ’x’ on the tesselation image.
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6 Roughness Measurement

The distance and nearest neighbor transforms can be combined into a method
estimating the roughness of a gray-level surface. Figure 1 c) shows an exam-
ple of a roughness map, where the values marked on each region of the nearest
neighbor transform indicate the average roughness of that region. The values are
calculated as the average of normalized distance values within each region. The
normalized values are obtained by dividing the curved DTOCS distances calcu-
lated from a grid of feature points with the corresponding straight distances. The
straight distance, or chessboard distance, is simply the larger of the coordinate
differences between the point in question and its nearest neighbor grid point.
The more variation there is around the grid point, the larger are the normalized
distances, and subsequently the roughness value of the region. An estimate of
the global roughness of the image surface can be calculated as the average of all
normalized distances. In future works, the method will be applied to measuring
roughness of paper from microscopic gray-level images.

7 Discussion

The main contribution of this paper is the new nearest neighbor transform algo-
rithm for gray-level surfaces based on the priority pixel queue distance transfor-
mation. The algorithm is very simple, and fast, as its complexity is near-linear.
The nearest neighbor transform is calculated simultaneously with the distance
transformation, and the value of a pixel is known to be final once it is dequeued.
This means that intermediate results can be used in time critical applications,
or if a complete distance transformation is not needed. For instance, if the dis-
tance transforms are used to find a route along a surface, as presented in [5],
the transformation starts from the source point, and can be interrupted once the
destination point is reached, that is, when the destination point is dequeued. Ob-
viously, the path of the shortest distance could be recorderd during the distance
transformation by storing the direction from which the distance propagates to
each pixel, but only a single path would be found, whereas the Route DTOCS
algorithm [5] finds points on any path. The nearest neighbor transform could
also be utilized in some shortest path problems. The actual path is not found,
but the nearest of several destinations can be selected by calculating the near-
est neighbor transform with the alternative destinations as features, and then
selecting the destination with the seed value, which the source point obtained in
the transformation.

An application idea of using the distance and nearest neighbor transforma-
tions for surface roughness evaluation was also presented. Generally, the DTOCS
is well suited for measuring the amount of variation in a gray-level image. The
first application of the DTOCS involved selecting control points for image com-
pression [14]. To store information from locations, where gray-levels change, the
control points were selected from boundaries, at which the curved DTOCS dis-
tances normalized with the corresponding chessboard distances exceed a given
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threshold. The priority queue approach could produce the boundary in a straight-
forward manner by not enqueuing pixels after reaching the threshold. The im-
plementation utilizing sequential DTOCS has to search for the boundary in the
transformed image. In general, equal distance curves can be found easily with
the priority queue approach, and also limiting the transformation to some maxi-
mum distance value is trivial, unlike in mask operations, where the whole image
must be processed to be sure distance values are globally optimal.

The curved DTOCS paths are similar to paths formed in constrained dis-
tance transforms, see for instance [9], and in fact, the DTOCS can be used as a
constrained distance transform. Constraint pixels are marked with values differ-
ing so much from other image areas, that paths to other pixels will generally not
cross them. The same idea can also be implemented by multiplying the gray-level
difference used in the local distance definition by a large factor. A maximum dis-
tance value can be set, so that the transformation finishes without calculating
the distances to the constraint pixels, which otherwise would get huge values.
The DTOCS can be applied in obstacle avoidance problems with several levels
of obstacles, for example areas that can be crossed with a higher cost in addition
to completely constrained areas. All accessible areas in an obstacle avoidance
setting could be found by using the DTOCS or the nearest neighbor transform
with a maximum allowed distance, and at the same time, the shortest path to
the destination could be found in a navigation application.

References

1. Gunilla Borgefors. Distance Transformations in Digital Images. Computer Vision,
Graphics, and Image Processing, 34:344–371, 1986.

2. Heinz Breu, Joseph Gil, David Kirkpatrick, and Michael Werman. Linear time
Euclidean distance transform algorithms. IEEE Transactions on Pattern Analysis
and Machine Intelligence, 17(5):529–533, May 1995.

3. O. Cuisenaire and B. Macq. Fast Euclidean distance transformation by propaga-
tion using multiple neighborhoods. Computer Vision and Image Understanding,
76(2):163–172, November 1999.

4. Leena Ikonen. Pixel queue algorithm for geodesic distance transforms. In Discrete
Geometry for Computer Imagery (DGCI), pages 228–239, Poitiers, France, April
2005.

5. Leena Ikonen and Pekka Toivanen. Shortest routes on varying height surfaces
using gray-level distance transforms. Image and Vision Computing, 23(2):133–141,
February 2005.

6. C. A. Kapoutsis, C. P. Vavoulidis, and I. Pitas. Morphological iterative closest point
algorithm. IEEE Transactions on Image Processing, 8(11):1644–1646, November
1999.

7. Calvin R. Maurer, Rensheng Qi, and Vijay Raghavan. A linear time algorithm
for computing exact Euclidean distance transforms of binary images in arbitrary
dimensions. IEEE Transactions on Pattern Analysis and Machine Intelligence,
25(2):265–270, February 2003.

8. David W. Paglieroni. Distance Transforms: Properties and Machine Vision Ap-
plications. CVGIP: Graphical Models and Image Processing, 54(1):56–74, January
1992.



Distance and Nearest Neighbor Transforms of Gray-Level Surfaces 315

9. Jim Piper and Erik Granum. Computing Distance Transformations in Convex and
Non-convex Domains. Pattern Recognition, 20(6):599–615, 1987.

10. Azriel Rosenfeld and John L. Pfaltz. Sequential Operations in Digital Picture
Processing. Journal of the Association for Computing Machinery, 13(4):471–494,
October 1966.

11. Jaime Silvela and Javier Portillo. Breadth-first search and its application to image
processing problems. IEEE Transactions on Image Processing, 10(8):1194–1199,
2001.

12. Pierre Soille. Morphological Image Processing: Principles and Applications.
Springer-Verlag, 2 edition, 2003.

13. Pekka J. Toivanen. New geodesic distance transforms for gray-scale images. Pattern
Recognition Letters, 17:437–450, 1996.
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