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ABSTRACT

A method for the analyszs of h}gh- Peed seh&-rmar mducﬁon' moters’ is ;}resented The
- gnalysis is based 'on a new combination of the thrée dimensional Hnear method and the
" transfer matrix method. Both saturation and finite length effects are taken inte . account.
The active region of the solid rotor is divided into saturated and unsaturated parts. The
tdme dependence 1s assumed t0 be sinusoidal and phasor guantites are used in the
solution.

The method-is: applied. .to the calculaticn of smooth solid rotors manufactured of different
materials. Six rotor materials are tested: - three constryction steeis pure iron, a:cobalt-
iron alloy and an aluminium ailoy. The results obtained by the method agree fairly well
with the measured quantities.




PREFACE

This work was carried out at the Laboratory of Elecwric Power Technology, Lappeen-
ranta  University of Technology. The work is part of & research project concerning
high speed technology that has been studied at the Department of Energy -Technology
at the Lappeenranta University of Technology.

I wish 0 express my gratitude to Professor Lauri Aura for his encouregement and
Professor Tapani Jokinen for this interesting research topic. I also wish to thank  the
Finnish  Development Pool for Electric Power Technology and the Lappeenranta
University of Technology for financing this work, I also thank all persons who have
given me aid during the work especially the technical staff of the Laboratory for
.constructing the test machine.

I am obliged to my friend Mrs. Barbara Miraftabi for language revision as well as to Miss
Ulla Ranta for editing this text. Financial support by the Finnish Cultural Foundation is
gratefully acknowiedged.

Special acknowledgement is given to my wife Sisko Helena for her full support and
understanding throughout this work,

Lappeenranta, June 1990

Juha Pyrhénen



CONTENTS
Preface ....ovvieiiiiiiiiniiiniviney i b tea st . S 3
List of Symbols......coiiiiiiiiiiniii i ceraeeas S P B
1 Introduction.........coeennensns P PP P P 7
2 Major Mechanical LImitations, .....coovviiiiiniiiinaiionnn il Ceervenaenn i 8
2.1 Factors limiting the diameter of the rotor.. ..... ceeees evereeeenans et emr e nn st san e 8
2.2 The lengthof the ToOr « v PP
3 The solution of the rotor fields under constant pcrmeabﬁzty O errearareaes 10
3.1 The co-ordinate SYSIOML....ovievviveiannaes SUCPUUON O PP SR 3
3.2 General solution for the rotor fields using linear magnetization......occoivaviiiidienns i2
3.3 Approximate sOlHON ..o e ORI .
3.4 The relation between the rotor and stator fields............ eerrasree st aaas i 24
3.5 The solution for constants a_andb_ ........... USSP PPPRUPPOPRPP SUUTU 26
3.6 The complete solution for rotor fields........ USSP PRI 31
-3.7 Equivalent-circuit impedances........ooo il O O O i+
4 The Effects of saturation .............. et eran e eeaeereeeeaeraer et et 37
4.1 Saturation and finite-length effects in solid-rotor induction machines ........coeviis e 37
4.2 Electromagnetic fields in the saturated rotor of finite length ...l 39
4.3 Muli-layer transfer-matrix method ..o T UR 40
4.4 Determining of the fundamental permeability in a nonlinear material ... 46
4.5 The equivalent circuit impedance of the TOfoF .....coovvvinnens B PN 47
5 Calculating a saturable rotor of finite fength. .. ... FIOTUTITON 49
5.1 Equivalent circuit for the fundamental ........oooonnenn, RPOTTPIRRORY. .
5.2 Analysis of the rotor flelds ...oovviviiiiiiiiiii e 49
6 The magnetizing current of the solid-rotor induction machine....... DI 53
7 Torques due 10 harmIOMES. ..o vviraiit it et e 55
7.1 Winding harmonics....... r v ar e h e tet i et sar ety ey .36
7.2 Slot harmonics...ocovrvinirannn. o v v ety B N 50
A L 11 PR S P 66
8.1 Testmotor and B8 BTTRNEEMENT ..o ottt it s ircorairrasatsas i siaaeaananens R
8.2 Rotrmsterials ..o e N &8
£.3 MNo-load characteristics of diffammmm@ ....................................... e 70
8.4 Losded rumsiig MIOIOE. ..o ottt i e et e s e i e e es T2
8.3 Discussionof thevesults ... .. ..., reien e i e 78
9 Conclusion........ . S D 80

Reforenots . oveeennennans S N eenas f e LBl



List of symbois

Boldface symbols are used for vectors and symbols of complex variables are overdined.

et

TR QN H OO AR PR

wtn

[
-
el

¥

e S
o
o

’“HEF‘“N’?‘%‘O?Q

bﬂwﬁm 2:1

mm

]

G

L L W

abbreviation

factor for calculating the harmonic slot amplitudes
magnetic vector potential

area

magnetic flux density

depth of penetration

rotor diameter

electric flux density

electric field strength

electromotive force

complex constant

magnetic field sirength

peak value of stator current

unit vectors in cartesian co-ordinates
imaginary unit

current density

Carter’s factor

coefficient to calculate linear current density
linear current density

stator stack length, rotor length
number of phases

ordinal, even

ordinal, odd or the number of the layer
number of torns In series per phase of stator winding
number of pole pairs

DOWET

number of staior siots

roior rading

resistance

per unit slip

widih of the slot opening

Poynting vector power density
apparent power

ml

T/m
m?

Asg/m2
Vin

Ys/m
Ajm

s
VA fre
YA



t

T
U
v

X

time

forque

voltage -
magnetic voltage
reactance

X, ¥,z rotor co-ordinates
Xp Y. 2 stator co-ordinates

yA

T
[

"e'.qﬂmd’m& [T o T w BN & L B o = }’Bﬂum < @D mﬂoa L= B0 -4

(N
=

i) &
£

impedance

complex coefficient
factor for calculating the slot harmonic amplitudes

complex function, a measure of field variation in the axial direction

air gap

equivalent air gap

termperature coefficient of resistivity
complex coafficient

magnetomotive force

even complex function

odd complex function

complex function of slip associated with the skin depth

permeability

ordinal of the harmonics

winding factor

resistivity of rotor material

density

conductivity

pole pirch of the fundamental

siot pitch of the stator

pole pitch of the v:th harmonic

magnetic flux

stator anguler frequency

anguiar velocity of the vib harmonic in the rotor
angular velocity of the vih harmonde In the stator
mechanical anguter velogity

w

L«

R

kgfm3
S/m



1 INFRODUCTION

The Department of Energy Technology at Lappeenranta University of Technology has
studied the use of high rotational speeds in energy conversion technology since 1981, In
small energy conversion units, the optimum rotational speed is generally very high, in the
range of 20 000 rpm to 120 000 rpm. The optimum speed means a speed at. which the mini-
mum weight-power ratio and maximum efficiency are reached. Conventional solutions regu-
larty involve a gearbox between the turbomachine (turbine, compressor or pump) and the
electric machine, In high speed energy conversion units the turbomachine and the electric
machine have a common shaft that rotates at a muliple frequency compared with the
synchronous frequency of the common electric rietwork, (Larjola 1988).

High speed electric motors have the advantage of low weight and small size. This makes
them attractive for several applications. Despite the advantages of high speed machines,
their application at ratings between 5..200 kW is stil unusual. There are several serious
difficulties for the designer of the machine to overcome:

- At very high speeds centrifugal forces in the rotor become excessive.
- Contactless bearings are usually demanded.
- Cooling a small but powerful machine may be very difficult.

Fypical examples of high speed electric machines constructed in Lappeenrants are:
the asynchroncus generator 100 kW 30000 pm
the urbocompressor motor 50 kW 60000 pm
the ultra high speed motor 4 kW 150000 rpm

A common feature of these machines is the rotor construction. All successful experi-
ments have employed asynchronous rotors of solid construction. These types of rotors are
strong enough to tolerate excessive centrifugal forces and rigid enough to keep the first
critical frequency above the operating range of the rotor.

Conventonal calculation methods have usually been designed for the analysis of cage or
wound-rolor induction machines with lamdnated votor  cores. Evaluation of the machine
characteristics is based on 2 rough ides of the feld diswibusion in the core. These
methods do not apoly o the snalysis of the rotor fislds of solid rotor induction motors,
The behaviour of solid rotors has been examined widely in the limramre during recem
decades but so far, high speed solid wotor machines, as they are defined here. have
rarely Deen under consideraton.

This ressarch work presenis a calculation method w0 solve Maxwell’s squations in sieady
state operation of the smooth finite length solid rotor. The method is & mew combination of
the three dimensional Huear method and the wensfer-matriz method. Both sewration and
finte length effects are taken in scoount The active region of the solid umsioned



rotor without endrings is divided into saturated and unsatorated parts to facilitate the
three dimensional soluton of the fields. Comparisons between different available rotor
materials are made in order to find out the effect of rotor material parameters on the
behaviour of the high speed machine.

In the beginning of the work -some major limitations of the rotor are considered.. Equa-
tions to calculate the maximum diameter and length of the rotor are given. In chapters 3, 4
and 5 the theory is gradually developed from a magnetically linear rotor of finite length
via a magnetically saturable rotor of infinite length to a rotor which is both saturable and
of finite length. Rotor slits and short -circuit rings have not been examined at all, because
the aim of the study has been to create a calculation method for comparison of different
totor materials. If needed the method can be expanded to include rotor slits, wo. A
comparison of theoretical and test results of a: 12 kW 400 Hz induction machine is given.in
chapter 8. :

Z MAJOR MECHANICAL LIMITATIONS

High speed motors are small and light when compared with conventional 50 Hz motors of
the same power. Mechanical stresses occur in the rotor that create major limitations for-the
rotor design. A normal laminated rotor cannot be used in high speed machines because of
its weakness and insufficient rigidness; one must be satisfied with a -solid rotor which in
electromagnetic terms is much worse than a-laminated one but whose mechanical properties
&Te superior.

2.1 Factors limiting the diameter of the rotor

Bven though the rotor of 2 high speed machine it meannfactyred from 2 solid piece of meial,
the designer cannot ignore the effects of cenwrifugsl force. The maximmpm stress ¢ in 2
cyhindrical solid rotor is caloulated (Yiinen 1970}

g



where
C= §"8t¥ * for a smooth homogenous cylinder,
C= -3:—?' fora cylinder with a small bore,
C= | for a thin cvlinder,

p-is the density of the material,

T is the radius of the rotor,

€2 is the angular velocity of the rotor,
v is Poisson’s coefficient.

Poisson’s coefficients for some pure metals are given in Table 1.

Table 1. Poisson’s coefficients for some pure metals.

Metal v |Metal v
Aluminium |Al 034 |Nickel - -|Ni }0.30
Copper Cu .34 [Titanium Ti .34
fron Fe 0.29 |Cobalt Co 031

2.2°  'Thelength of the rotor

The length of the rotor is Hmited by specific frequencies. Often the dimensions of the
rotor are chosen so that it can operate below the frst critical speed which corresponds o
the first specific frequency. I the construction and bearings of the machine pass the frat
critical spesd, the rowor can be operated Uetween the first and the second specific
frequencies. This demands 2 very high load capscity of the bearings. The maximur length
L of the rotor is glven by the following equation (Wiar 1982):

N =
_ 2wt IBI )
'“*f‘mv A @

e
=TT
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where A is the arca of the cross-section of the cylinder (m?),
E is the modulus of elasticity ~(N/m?),
I is the modulus of inertia {m*),
n is the number of the critical speed,
k= QCIQ is the ratio between the nith cnncal angular velocity and the nominal
angular velocity; safety factor,

i safety factor k is used for the maximum allowable stress in the rotor, the. ratio
L/r can be found using Egns. 1 and 2:

4 o -
L ks . IcE
A \fz? 3)

This ratio determines the relationship between the maximum length and the maximumn radius
of the rotor. L/r is not a function of the angular velocity, and for a cylindrical rotor made
of steel this ratio is about 7, and in practice about 5, when the rotor is operating below
the first critical speed.

3 THE SOLUTION OF THE ROTOR FIELDS UNDER CONSTANT PERMEABILITY

In the following analysis an analytical solution of Maxwell’s equations is found for a smooth
rotor of finite length. The rotor is not equipped with short circuit rings. As a boundary
condition it has been assumed that no flux penetrates into the rotor's endfaces. This is an
approximation that has been tested by Yee (1971). The field solutions are approximate,
hecaunse the solution in closed form becomes impossible without some simpiiﬁcatiéns.

Thegc simplifications are: o
i. The rotor materizl is sssumed @ be Em@a: 5C s rﬁiaﬁm ;saﬁnuab*kty M and c&zs{iﬁcavzw s are
constants. The material is homogenous and isotropic. There i3 no hysteresis.

b

. The surfacs of the f{}ts:}z" Qs smonth,
3 The curvature of the toior Is lgnord and dm stator and rotor ane expanded o
fiat, infinitely thick bodies. Bguations ars wrinien in cartesian co-ordinates.

it

. The stator has an infindte permeability in the direction of the laminations.
3. The staior windings and cuwrrenis create an nfinitesiveaily thin sinusoidal curment
shest on the surface of the stator bore. This current shest does not vary axially,
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6. The flux density normatl to the endfaces is zero.. .

7. The radial flux density in the air gap does not vary radially. The mistake made here is

quite small when the air gap is small compared to the diameter of the rotor.

The solution is found in a form of Fourier-series. The following aspects must be
noted: Several solutions are found; a particalar solution is found when sufficient
boundary conditions, usually at the rotor surfaces, are determined. The boundary
conditions used give the advantage of avoiding the need to examine how the stator
windings continue outside the stator stack Iength. The soluton is not wvalid outside
the rotor. This method was first used by Bondi and Mukherji (1957) and later develop-
ed by Yee (1971).

3.1 The co-ordinate system

in the following co-ordinates fixed with both the rotor and the stator (x, v, z) and (XI’
¥, ) are used respectively; x is fixed with the rotor and x; with the sttor. The origin
of _the rotor co-ordinates is at the surface of the rotor and axially (z) at its midpoint, Fig.
1.

Figure L. Co-ordingtes at the swrface of the rotor,



12

When the rotor is rotating at a slip s in the direction of the negative x-axis, the relation-
ship between x and x| may be written as follows (Richter 1954):

X =%~ (1»s)€ﬁ§t~;- . ' Y]

where is number of pole pairs

is rotor radius

-is time:

p
T
s is per unitslip
i
o is stator angular frequency

By using the abbreviation a and the pole pitch T

P
aml o =2 )
P
Eqn. 4 can be rewritten
ax; + ot =ax + sw;t. {6)

The stator current creates a linear current density K, which can be written in amperes

per metre.
- j(axiﬂnst' -
KzzRe{KOZe 3 Q)
where Tis the peak va_iue.of the stator current and
R R
ngp.cp(im*ﬁp@&)&; : )

Here o is mumber of phisses
# is number of frns in series por phase of stator winding
Eis winding factor. '

3.2 General solution for the rotor Geids using Hnear magnetization

(enersl sgoadons of the fleld thar James Clerk Maxwell derived in 1260 musmt be used
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as a starting point. Maxwell’s differential equations relate magnetic field strength H
with current density J and elecwic field density D and also electric field strength
E with magnetic flux density B. The equations also determine the divergence of
BandE.

Vi =] +&-D), | (%a)
VxE= - 9B © (9b)
VB=0, 9c)
VE=0, Cen | ) - od)

The latter part of E.qn. 9a représenting Meaxwell’s displacement current is onziﬁcd, because
it is negligible compared with the conducting current at frequencies which do oceur in the
machine. Solutions are obtained here using the magnetic vector potential A, which is
defined by
VxA=8 , {10a)
Va=0. (10b)

The material equadons can be cxpressed using conductivity o, relative permeability b
snd the permeability of free space Mo

cE=J, (11a}
big H=yH =8 {11k}

Keeping ¢ and o as constants the differential eguation for vector potential A s
obtained by using Eans. ¥ ang 10,

V(vA) -Vh=suc-ga. (1

Because the divergence of the vector poisntial is equal o zevo and the Laplace operator is

I .2 L2
728 8 8 e second onder differeasial equation is foand
v ma 24—& 5 “%Q 5, the second onder differential equation is found as

X dyt Azt
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PA. PA. FA 9A.

1,200 L0 g et _ a3
w2 o ek E

whereiisx,yorz
In steady state a time-harmonic solution for the vector potential in the rotor is found.
A also varies sinuscidally with x in the rotor, thus expressed as a complex exponential

function

K j (ax+se ) Z
Ay, L =Aly,Z) e . (14)

Differentiating Eqn. 14 gives the opportunity to rewrite Eqn. 13 in the complex plane

W |
—yt ¥t =a K+ jimmssxi ) (15)
oy oz
Using the annotation
2 4 - 1
A = jo spo = e = ] (16
s 1 2
g SHO)
where d is the depth of peneiration, Eqn. 15 can be rewritien
PR PR 5 5
~——§—+~—2~==(a +?‘)Ai' {17y
ay Jz
The divergence eguation for & in cartesian co-ordinates is
8K, 9K, oA, \
VA = =3 **fg;“ e ) {18}

In deriving the sclution for the soitw felds the necessary boundsry conditions into the
sciution are chosen in a convenient manner as:
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(1) The current has no axial component at the ends of the rotor, i.e.

§z=KZ=0,whenz=i . (1%

b

{2) The magnetic flux density has no axial component at the ends of the rotor, i.e.
B, =0,whenz=tk - 20)
z 2

(3) Because of the symmewy of the machine about the xy-plane, the following conditions
of symmetry apply: \

P -
Fote s -

@ A@=-A ()

® A= Ay () @n

© A,@=A (2.

{4) Since the flux attenuates when it penetrates into the conductin g material, the following condition
applies:

limA, B=0. ' (22}
Y —>-o0

The superposition principle can be employed to simplify the mathematics in obtaining a
solution for the rotor fields. Separate solutions for the following three cases are found:

Any peneral case of flux distibution in 3 linear clectwomagnetic circnit cas be presenied
with these three (ypss of flelde, The complete goneral solution is then found by super-
position of the thwee solutons. The next presentation is uspally simplified by lesving

- {ax + 56 .
factor ¢ Hax s ﬁzg} out. [t must, however, be remembered at all dimes,
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3.2.1 The solution of rotor fields, when Xz #0and "ﬁ'z =0"

Because A, (z) A (—z) according to Egn. 2lc., A may be written as a Founer-senes in
z using cosine terms only.’ To apply the condition af Eqn. 19 E = A = {J, when z = +L 3
it is convenient to take 2L as the fundamental wave length and to use odd terms only.
Thus

K=Y {f(y,n) co's(n’ftz/L)} - : @3
n=13.. ' . C .

Since the solution for the component Xz of Eqn. 17 is first searched, we write

¥Z, 62
o a2t

=%+ WK A, 4

The method of scparatmg vanablcs is used and the solution for A 1s written using aid
funcnonsﬂ andQ

A,y =H» QD). | 25)

Afier substituting this in Eqn. 24 separating the variables gives

3!;- (—339 @+ =42 (26)

L _1_
Hoay* Qo
The expression on the left involves functions dependent only on y while the éxpression
on the right involves functions only on z. Hence both expressions must be equal w &
constant, This immediately yields two ordinary linear differential equations  for
¥ and G, namely

(27}

§n{ag+kz%%2}§z§ q
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The annotation pz is employed
p2 = - (az +2%+ kz) . (28)

General solutions for these Egns. are of the form: H(y) = R costky) + § sintky) and,

Q(z} = T cos(pz) + U sin{pz), where R, §, T and U are constants. Because a Fourier-
series in z.containing cosine terms only is searched, it is marked that U=0and T # 0 in
order {0 get & nonzero solution, Thus Q(z) is :

Q) =Tecos(pz). (29)
According to condition 19 it is found that

p=n%,wheren&1,3,5... . (30)

The solution for k is now found by using Eqn. 28

3
k=j1J(n-’-‘L-) +josuo +a® . 31

‘This yields

_ 2 ] - 2 ki
H(y}:RCOSj'J(H%) +jmssua+a2y+Ssinj\j(n%) +ja)ss;m+a2y. (32)

Since cos(iy) = cosh(y) and sin(jy) = j sinh(y), using the condition of Eqn. 22 gives § =
-jR. Now, if 2 contzains all constants, the solution for Xz is found 1o be

5
2 e 2
_ "+ (nyy +A%y : .
Agxz§ . aﬂﬁ L cos { BZ ) o JaxtsmD) (33)
Bl %, =

The following snnotation will be used

z

[ 4 n g
Z i .
xﬁm&‘;a Hary e, | (34)
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Solutions for A_ and A must be found next. The cquations needed are Eqn. 17, Eqn. 18
and Eqn. 22. Since B, = 0, the curl Eqn. 10a gives the following condition

dA_ dA
R e

In addition, the condition of Eqn. 21 applies. Proceeding analogously gives solutions for
Xx and Ky. ‘The solutions together are

Hax+seo B
A = S'e ™ sin (B2) ot
X §=1,3...

_— K.y :
X = Re ¥ g g_}?)e}(ax«l—smst)’

sin { (36)
¥ n=13.. .

— Ky :
A, =213a“e n cos(nm)e}(aﬁsmsﬂ.
n=1,3...

By substituting solution 36 in Eqns. 18 and 35, solutions for R’ and §’ can be obtained

R,=S’1<n“ na,

g 2 =K.,
ja n24“(1‘7\‘”;)2 N

(37)

§ =B 8L
0+ (L ©

Se the solution for the first type of field has been obtained.

3.2.2 The solution of rotor felds when ;’%:2 = § and 7‘:‘372 £

According o Egno 10a @ van be written for the axial component of e magnetic flux
density

Eé oy g e .
Eé} é%‘h gﬁa 38
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This together with Eqn. 21 implies that B () = - B 9, and § may therefore be
expressed as a Fourier series in z using sin-terms onIy Since B "= 0, when z =
% L/2 according to Eqn, 20, the Fourier-series contains even terms only.

B, =), g(y.m) sin (mrz/L) . (39
m=2,4,6..

Egns. 9 and 10 give the following relations

E--4%. (40)

VxB = -uﬁ—gg" . . . (41

Since 'Kz = 0, also, its time derivative is zero

ﬁ-!:o.' ' - (42)

Egn. 41 now gives

dB, 9B,

&1 ;;y——_ . | (43)

In additfon equation which is of the same form as Egn. 17 is valid for the magnetic
field density B

B, B, ., ,_ -
——i—-i-—fz—ﬂ(a + & }Eig (44
y" oz
E gy* gzg individually satiefy Hgn 44, Together with Egn. 43 and the div @gamré
eqguation for flux demsiy B. The solution orocesds  snalogously with the previous
ones. Factor may/L is added o ghmplify further muthematios,

- Y .
B =R’ %’ﬁ e ™ posfmmz/l), (45}
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= e SmY S |
Bya m%‘fﬁe..m cos(mnz/L), _ : . . {46)

Ky
B, =8"Fe ™ sin(mnz/L), R 7

where X has an analog form with Eqn. 34 and b o IS @ constant. Substitution in Eqn. 43
gives

m T @8

Divergence equation 9¢ gives the solution for 8’

_ azme - bmnfnL |

¥ X R “9
Now the following equations are achieved for the flux densities, when A, =0 andB, #0

5 2 by mn Y j(ax+sey 1) : '

B, =) e ™ cos(mmz/L) o ¥, (50)
m=24,6..

- Koy : '

B,<Y, by e ™ cos (ma/L) SEHOGD 51)
m=2,4.6... -

. azb - b 19 X_y :

B,=Y, — B BT intmme/Ly B (52)
m=246... m

In this case, when A_ = 0, according to Eqn. 10a the following solution for A and Ky is
Found: ' '

BE_ ¥ Semesarn o
w e T ey T ol GRS B
Az" 7 E}m = sosimrg/ise 57,
me=2.4.8...
{53
T ja bm K ; | Hax+se b
A Ak cos{mnz/ll e 87
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3.2.3 The solution of the rotor fields when Kz = "B_‘,‘L =0

Because Kz = (), the divergence Eqgn. 10b gives

dA_ dA
E +5t 0. 4

Because B_ =0, the curl Eqn. 10a gives

&, 9K -

= =0 (55)
Eqns. 17, 54 and 35 give

A, = e?Y (R cosh(Az) + S sinh(Az)) (56)

The condition of Eqn. 21(a} requires -that the constant R = (; therefore the solutdon for
this special case Kz 2§Z =(is

=G e sinh (A2)/sinh(AL/2) ¢ JEXHON 57
& =G ™ sinh (Aa)/sinh(AL/2) g JAXFSBY

where G is a complex constant. The other constant sinh(AL/2) is added to simplify further
mathematics.

Now the complete general soluton can be written. The following two annotations are
nsed for simplicity

Y -Tw® ¥

n=135%.. =& m=245. m

%4 . K.y . .
i w o Haxsss
ke sinlnzneflos X K+ 1)

g B e gintmme/iy Glamtse 1

+G ¢ ginh(Az)(sink(AL7Y) o JEKTSWS 58)
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- na Lx xy ;
A = 5 a 5 5 e Bt sin(nﬁm)el(ﬂ+smst)
Y T n“+(Lin)

T it singu) 4500
m m

5 G e sinh(Az)/(sinh(AL2)) ¢I@XFSOY (59)
< %Y jax+se 1)
Az =Z a,c cos(nmz/L) e e . (6D
£ |

3.3 Approximate solution

To facililitate the following analysis, some simplifications mmst be introduced at this point.
The simplifications are valid when the ratio between the depth of penetraton and the pole
pitch is small.

‘7“2’ >> 2% 61

Ixzi >> (ar/L)? or (m/L)% - (62)

Inequalities 61 and 62 both hold except at very small slips. The use of these inequalities
greatly simplifies further mathematics. The first simplification is found as

K =K =3k {63)

By using Hga. 53, eguadons 58.60 are greatly simplified wunce dee factors @xp{xﬁy}
and explx, v} can be brought ouside the suromation signs. Bguations 58,60 then become

, . o)
K = %& o Y ———Ts sinfunz/L) +
" i "5’{ L}vjﬁ:}



MY, 4 sin(unzil)

m

+G e® sinh(Az)/sinh(AL/2) ,

A lyz 2-}{ 5 sin(nnz/L)

n

W)

42N b sinmra)

m

-j G ¢ sinh(Az)/sinh(AL/2) ,

A
Az-—e yZ ancos(nnz/L) .

n -

According to Eqn. 10a the approximate expressions for B are

2,2
n n +(L3Un)

n

4_—&:%@ elyz m tin cos(mnz/L}
m

+jGhe™ cosh(rz)fsinh(AL/2) ,

H o= Lzﬁ\.z ely .
y 2

= -{g
a +(L?tj1t)

+ % e ;@E b, m cos(mm/L)

4]

x4 s .
+ O™ cosh(Rz)ysinh{AL/2) |

H m?;mﬁr%;%&?E 8, sin{mmy/L) .

m

3 cos(nrz/L)

3 cos{nnz/L.)
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(64)

(65)

(66)

67

{68}

.S



3.4 The relation between the rotor and stator fields

Ampere's law for quasi stationary fields is

j H-dlaj JdS =31 (70
c S
y‘ A Xy ij
stator )
YAy Josid
B | I C
air qap i |
s
rotor A 'B X -
7 S >
z direction of rotor movement

Figure 2. Application of Ampére’s circuital law around the integration path C" ABCDA

To determine the constants a - b m and G addidonal boundary conditions are required.

Application of Ampere’s circuital law in the air gap around path ABCDA in Fig. 2 yields
the following relation for the air gap fields with respect to the stator axes:

3 : 0
K, Ax, = st(y = ())A.x1 +j Hﬁy (x4 +AocE iy + Héy (4 Jdy
» :
& 8
mﬁgg{ym@'}mg %g ﬁ&; {x, +Ax, Jdy ng H 3:?,{:‘( iy {71y
2 ég‘ b i EY
T

Since B 18 sssumed oot fo be a Tuncton of y in the air gap, it can be written according

oy the definttion of derivative
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oH. ,
- 5 :
=H (v = 0)Ax, +3 -3-;? Ax; . (72)

The current sheet is now

- o
S &
K, =(Hg, + ;10 X )y =0. 3

Since at y = 0‘;’ ﬁax = H, and an = "B"y , Eqn. 73 forms a boundary condition for the
rotor fields. Eqn. 73 can also be written in rotor co-ordinates:

K, =(H+ )y=0. S 14

The other boundary condition is obviously
A y=0)=E (s=0)=0. o (5)

This is 2 necessary condition to get the normal component of current at the rotor surface
to be zero. Eqn 74 is more easily evaluated by using partial differentiation with respect
to z. When y = {}, the following can be written:

aﬁ aH dB. aH
5
g""" (g‘“‘“"” g‘&l (= {g“"’* g;*j )y e ]

Sitice Vo = WF S ég& according to Hone. 9 and 10 the following can be writien st the sotor

surfuce (v = §) when ‘;% is identically zero:
+

3w B : -
§§Ez=§§31~% (7T
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Daring the following operations the constants of Eqn. 86 are denoted by Mand N.

2 2
j 2 b, M sin(% 2) sin (Ff- _,=J  Nsin(%-z) sinh(Azydz . (88)
L |
3
The left side of Eqn. 88 can be written
L L
7 3
-%m j b Mcos(mg O )y dz- %Zﬂ,ﬁj b Mcos(m’ﬁ 9 yudz. (89)

L
2

The latter part of this is equal to zero. The former term is. always -equal to zero, when 2 #
m, and is equal to 1/4 bm ML, when & =m . Now the following can be written for b -

L
3
b =%j -% (e Az, e lz) sin( 27 )dz (90)
™
2
After having evaluated the integral, bm is written afier substitution of M and N
m
71 5
B = {-1} 4m GhfA - 8L . _
E GE g
e ¢ ¥
33} m:“ (5 3
A differintial equation iv obtainid from Hqn. 36 by using the Substtution
9%

z L Shk{m; =8z,
m
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Eqn. 86 is rewritten
R'(z) + S f(z) = T sinh(Az) , : 93

s ;
2 (k2

where R=-(E2) (m’-—g3),
1

My, ©4)

oG A L2
= —g it )
n° ¢inh(AL/2)

By using the boundary condition f(1/2) = O the solution for f(z) is obtained as 'a sum of a
general solution and a partcular solution:

sinh

2
{ 32~x2+5%3— (1+(E2) )]

G A(A-a) sinh (32)

- ©95)
2
2,2, A La } y
g g~ & %m{l-ﬁ-(g}m } }J sinh(AT/2)
Thiz can be sinplified mm&rka%%yy when
<2 & g 2
% >>ﬁ{3+{f&g) . (56}
§

This vields
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Gh sinh(Az)

fz) = “@¥h) sinh(L/2) - on
( a+A) sinh
The solution is now substituted in Eqn. 81:
na
i) sin(anz/L) = j G ( A Smh(?t.z)
. 02+ (WK)Z LA “(h+a) si nh(TU2)

©8)

Like b, a, can also be solved by using the theory of Fourier-series. Eqn. 98 is
maiuyhed by sin{ o sz} and integrated with respect to z in the range of [-1/2,
+1/2]. This yislds

Yg 2 12
¢ Eed x
a1 Lan
. y 2 5’ k coﬁz{kﬁ.ﬁ} e mEl
6 R ] ) AEAR) LY NTAI

2 "'}.iﬁ

| S—
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o + (W/m) } S ©9)

Equations 91 and 99 for b, and a respectively can be greatly simplified by using
equation 61 and the following mequahty‘

W <<1. | (100}

This yields

n-1
_ud 2 coth{AL/2) vya 1
a, =Gjz (D i: w—i{lw‘l*‘kzcmh(zﬁﬂ‘)

n? + L/ 7 } o aon
2 ., yL.2
a(n? +( X5

LU

2 2
LA 4m
b =G (==} 1} . (102)
m™ Y n a(m? + (GL/m) Dm? + (L)

3.6 The complete solution for rofor fields

Houations 64..69 together with equatons 97,102 give simplified equations for A
and B in closed form with respect 1o the complex constant . This solution is of the
sarne form ag the solution by Yee (1971

aw
B mg| Sy e ) G | fessog), (103
L sinh(y 3 sinbs(A 5
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T iy AY Ay, sinh(Az) jlax+swo t)
Ay—jG(e -ey)siﬂh( 2)6 $7, (104)

A, =] GeMY [ coth(AL/2) +:;‘-coth(7u2) -

a _cosh(yz) j(ax+st 1)
hinh(?m)} ¢ 57, (105)

- J\ L. .a L, a_coshyz
szle{ e y[ coth(lf)-i-?coth(?—f)»? Eﬁh*ﬁ%%}

# (VM) R } S (106)

BymaG{ e?‘y[ ca&(k%ﬂ%coﬁ;(y%)a-

+(x a, cosh(yz) wé

a”7 by L/2) ¢
A, ay A cosh{Az j(ax-+s t)
+2(eM - y}——XL—)_sinh( 173 ] e’ s, | (107)
B =2 e}"y(}i: sinh(yz)  sinh(dz) :| e j{ax«i»smst}. (108)
z sinh(y 1/2) sinh(A L/2)

It can be seen from the result given for Kz that Kz- (z = & L/2) # O contrary to the
stipulated boundary condidons. This is a result of the approximations used, and does not
detract from the value of the results. This implies that A and §z decrease sharply to
zero at the ends of the rotor over & smail axial length of the rotor. By substituting the
results of Egns. 103,108 into the original differential equations, it is obvious thar the
emor caused by the approxitmatons is negligible except ar poinis in the rotor less than a
skin depth from both the ar gap and the rotor ends. provided that Egns, 61 and 100
hold,

363 The solotisn for constent 0

The Equation 74 was derived by the aid of Ampére's clrouital aw; G can now be solved
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with Egns. 74 and 7, when solutions for H and H are known in closed form. By
substntutmgH and aB)/ax Eqn 79 can be wnacn .

L 3.5 Aa
K,= GJ[:coth(x )(uu iy )+(uzi10¥ Ll(),l,)czoth("iz)

y¥ad a’8 35 ah . cosh(yz) ' N
iuo ot liO}ll'f)Slnh(“{UZ):} : (109)

When negligible terms are left out, the solution for G is found

ik, |
KOPO . (110

(326+-E-_-)[coth(?t )+ 2 coth{“{z)}
1

G=

Two other gquantities of intevest are the fluxes @x and Eﬁz in the rotor per unit width.

These fluxes are found by integrating the respective flux densities,

0
Exgj § dy, v]G[Coth(lUZ)-i-w cotn(y1/2) - coshlyz) 1
, smh(’? L2y
+2g[ cosh{iz) ] J o JExtsep).
&L sinh() 142)
0
3 m_’ B dy, =G( sinh{vz}  ginh(hz} }sj{axﬂm Sz} ) a1
z smh(“f L/2) sish(A L/2)

The quantiative npture of some vesiors in Hone 103308, 111 snd 110 s sketthed in
Fig. 3. The quantitics are shown at the voior swfaces with respect o = "51; . B8 shown in
Hig. 3, is not zero at the ends of the rotor, a8 was required by the boundary conditions.
This is 2 result of the approximations made o obmin the soluions. A Hkely form of the

actual distribution is shown by the dotted line in the Fig, 3.
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Equations 108...113 indicate’ that all the eddy currents are concentrated close to the. rotor
surfaces at the air gap rotor interface and the endfaces. At the rotor surface in the
middle of the rotor, the axial component of the eddy current has a maximum and is the
only component present.

ZL_
Zh_
e 0] PN
-Liz Leiz

Figure 3. Approximate quantities- at the surface of the rotor at standstill normalised with
respect to values at the midpoint of the rotor.

The axial component decreases gradually towards the ends of the rotor. While the axial
component decreases, the currents flowing in a circumferential direction near the rotor-air
gap interface increase. The axial currents decrease sharply to zero close to the ends of
the rotor which corresponds to currents penetrating radially into the rotor near the end-
faces. The eddy currents of a two-pole machine are sketched in Fig. 4.

Concan- ;
ieation ;.

Figure 4. Approximate sketch of eddy currents of @ two-pole miachine,

[N S % // Eday |2 N
i&;& j‘/f//’ Current 4 i
NS |
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The flux density dismibution is related to the eddy cuwrrent distribution. The tangential
flux is concentrated near the ends of the rotor, corresponding to the deeply penetrating
component of eddy current. There is a substantial axial component of flux corresponding
to the tangential flow of currents, The resulting air gap flux density is greatest at the
ends of the rotor.

3.7 Equivalent-circuit impedances.

Flux is the surface integral of the flux density

T

2

J E; (y=0)dx dz . 113
T

2

The induced electromotive force is calculated by the induction law of Faraday
E = -d®/dt. Integratng the flux ®_ (Bqn. 113) and differentiating with respect to
time, the air gap voliage of the machine is found per stator tarn. The air gap impedance
is found by multiplying the air gap voliage by the effective stator turns and then dividing
by the stator current:

2
2 ;}:(1-?)

- 2 MW¥ 1
Zg=2 L 1+ L aw
3 Tm Pt T Y G { coth(h 1/2) + & coth(y m)}

a b

¥ the air gap imwpedance is caleulsted by assuming the machine to be infinitely long (Yee,
1971, we get

s HE
R I B P
E§~wm§?§ 5 mywmﬂé:

& Ed +¥.§i

Thus a finie-length factor Fg{s} may be defined by which the air gap impedance must be
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multiplied to account for the effect of finite rotor length:

: 2
-i—ﬁ(luf-*?_)
F ) =Za/Zo=1+ .
g %5 coth(A L/ 2) +% coth(y Lé2)

{116)

The following interesting properties of F g(s) are noticed: When s = 0, "F"g(s) = 1. This
is intuitively understandable: when there is no slip there are no eddy currents and the
length of the rotor has no effect on the factor. ?g(s) increases monotonically with
slip:

lim l'ﬁg(s)i-~ 142 | am
s —3o0

In general, F (oo) is not negligible. For small induction motors, it may be greater
than 2; a typxcal value for a large wrbogenerator is about 1.2. Eqn. 116 may then be
used to estimate the effect of finite length. The air gap impedance 25 is easily found
to be equivalent to parallel impedances Zrn and Z.

&
=S

— ““2“. - .1 . oy
mempwr 5 _Lms)_;g, (118)

ay 2L
=’ 2 P 4
2 { s } : (119)
=mPr Ty Lagd g coth Lj2) + & coth(‘y L/2) *""“”72
L.

'fm is the usual magnetization impedance and TZ:’, is the rotor impedance of an infinitely
long machine multiplied by

2.
al.
coth(A 172 + % oothiv L/2) -

Fs)=1+ (120)

(s

3
When examining the absolute valne snd the phase angle of factor F (s, it is notcable

sthat they are quite insensitive to changes i e permeability anc ti’ic siip of the roor
Thus F_ is almost a real constant depending ez:miy on machine dimensions.
£
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In Eqns. 118 and 119 the components of air gap impedance - the magnetization
impedance and the rotor impedance - are presented. By knowing the stator resistance and
the leakage inductance, it is -possible to form the equivalent circuit for the solid rotor
induction machine, Fig. 5.

Figure-5. The equivalent circuit for the fundamental of the solid-rotor-induction-miachine
representing stator rtesistance R, stator leakage reactance X ., magnetizing reactange
X, and rotor impedance Z.. The phase_voltage is given as U and The air gap voltage as Ug
Stator, rotor and magnetizing currents are [, It and L, respectively.

4 THE EFFECTS OF SATURATION
4.1 Saturation and fihite-iength effects in solid-rotor ind_ucﬁon machines

In the previous chapter the three dimensional solution for eIcctmmagnétic ﬁéids in a solid
rotor under constani _permeabﬂity” was found. The constant phase angis of the rotor
impedance, given by the linear theory as ,4&0 is comirary to many experimenial resuits,
which have invariably shown that the phase angle of unlaminated rotors is less than 45°,

An imporiant featwre of solid-rotor induction machines is thar the magnetic field stongth
at the surface of the rotor is aéua’iiy sufficiently high 1o drive the rotor weil_inﬁg magnetic
The Boding  npoolinesr  theory  (Maclesn 1954),  (Agarwal 1959,
(Kesavamurthy, Rajagopalan 1959), (Angst 1962), (Chalrers 1962}, {éaméﬁsaﬁ 1968,
(Rajagopalan, Balarama Murty 1969), (Krshnamurthy, Veluchamy 19725, (Yee, Wilson
19725, (Liese 1979, (Riepe 1981a) of flux penematon into solid .ze::amr material considers
that the fox density within the mmizrial may exist only at & magnitude equal io a saturation

sgfuration,
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level B This rectangular approximation to the B-H-curve is good only at high levels of
magnenzatzon When the applied magnetizing' force is assumed to be- sinusoidally distribut-
ed, the rotor phase angle is given by this analysis as 26.6° (MacLean 1954), (Chalmers,
Woolley 1972), (Yee, Wilson 1672). Using either the linear theory or the limiting nonlinear
theory always gives a constant power factor for the rotor impedance independent of the
slip, current or rotor material. This, however, is contrary f©o experimental results. In
practice the phase angle of the rotor impedance is somewhere bet_wee.n these two extremes
given by the linear theory and the limiting nonlinear theory. -

Another method to determine the unpedance, of a solid rotor is to use a nonlmear function
for the B-H-curve. The nonlinesr. variation of the fundamental B-H-curve is included in
its entirety by substituting the equauon B, ca{l-2/m (C and n are constants), which
fits the magnetization curve quite ‘well. This form was used by Pillai {1969) as a power-law
approximation to the Bl-ﬁ-curve -when H varies smusmdany He concluded that the rotor
phase angle ¢ which is given by cos¢ =(n/(Zn- 1)) is vu-tuaﬂy constant, independent
of the slip but varying according to the exponent of H, lying between 353° when n = 2
and- 45° when n = . Test results show that the teal phase angle of the rotor impedance
appmachcs P‘xllal s value for proper value of n when shp increases and the surface of the
fotor is driven into magnetic saturation. At a. very ‘low sl:p the phase angle appfaaches
45°. So the varying range of the phase angle is resmicted between Pillai’s value and
45°.

Louis A. Pipes (1956) presented a mathematical technigue for determining the magnetic
and electmic field intensities and the cwrent density in plane conducting metal piatcé of
constant permeability produced by an external impressed alternating magnetic field. The
fundamental Maxwell field cquatlons are used as the basis of the analysis and expressmns
for the amplitudes of fields and currents are written in matrix form. ‘

This method was later generalised by Greig and Freeman (1967). They calculated the
elecromagnetic travelling fields in clectrical machines, The generalised structure consider-
ed comprises a number of laminar regions of infinite extent in the plane of lamination and
of ‘arbitrary thickdess. The travelling field is produced by applied current sheet at’ the
interface between two layers, distributed sinusoidally along the plane of lamination and
flowing m}ﬁﬁaﬁv to the disection of the motion. The use of 2 mansfer matrix provides the

facitity 1o introduce mumerical values ditecily in the matrix foismulation.

This mhzﬁqm”ﬁas later been further devsloped by Freeman {1968) who published later
(1974} 2 vevw versinn of the mehnigus in poler co-ordinaies. Polar co-ordinate repregens-
tion wat also used by Repe {1981 th), Cartesizs co-ordinates in muth-laver ﬁeﬂr&smmmﬁ
have been used by Yamads (i?’}‘{}}* Chabmers and Hamdl (1982) and Bergmann {2@3 This
techaigue giver faiddy good resuln S the zrfsgﬁedmm ef srhocth infindely long rotors and
¢an'be used for calculation of the stator. too.
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The problem of end effects in solid rotors presents an indisputable difficulty. Several
authors have not taken these effects into consideration at all. This is perhaps justifiable if
the rotor is equipped with thick end rings of very low impedance that make the current
paths as nearly axial. Kesavamurthy and Rajagopalan (1959) introduced an empirical factor
to modify the value of p, the resistivity of rotor material, t0 incorporate the correction for
end effects. They found it possible o get a close agreement between predicted and
experimental results. There is, however, no information given how the empiral factor for
end effect correction was arrived at. '

Angst (1962) proposes a complex correction factor that is applicable to the effective
rotor impedance. Deriving the factor involves the solution of the thtee dimensional field
problem under constant permeability. Yee (1971) also solves the three dimensional field
problem under constant permeability. This kind of an approach implies considerable axial
vatiation in the alr gap fiux density {se¢ Fig. 3.}, and this is limited usually in practice,
because of saturation in the stator teeth and rotor end areas {(Woolley, Chalmers 1973).
This assumption is, however, not quite valid in this case since the maximum flux density of
high speed machines is normally limited to considerabiy lower values than in 50 Hz machines
in order to avoid excessive iron losses in the stator {for example the maximum stator iooth
flux density at no-load condition is about 1 T at nondnal voltage of the 400 Hz test
machine used in this work).

The present work also mitxally separates the two phenomena discussed in this chapter.
An assumption is made that the rotor can be devided info saturated and unsaturated parts
so that the behaviour of the rotor can be predicted using the three dimensional solution
represented in the previous chapter together with the non-linear multi-layer method. This
kind of an approach cannot be avoided unless z fully numerical three dimensional solution is
used. A three dimensional analytical solution of Maxwell’s equatzons for the overall non-
linear problem is virtually impossible.

4.2 Electromagnetic fields in the saturated rofor of finite-length

The squetdons for mtor felds in closed form in 2 Hnear case were presented in Chapter
3. The gualitapve nature of the field distribotion in 2 finite length rotor i iilustrated in
Flg, & It iz sssumed that the flux & of the machine con be divided Inwp two compononts,
Flax s’iﬁg enters the votor at the sy gap snd follows a ciowwferentdal path nesr the air
gap. Flax @2 enters the rotor ¢ the air gap and follows an axisl peth near e alr gap and-
then & path acvoss the ondfaces, %1 comresponds 1© the axial eddy cumrents, and é’ﬁ?z wy the
end currents.
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a2
|

@ by

Figure . 6. The COmponents. of flux in a two-pole rotor. CD} {a}. corresponds to the axxai_,
eddy currents, and ) to the end currents, Stator stack” and the effective area of the
rotor are of equal lengﬂ%

Equations 103...108 show that the tangential magneuzmg force H . has a2 maximum at the
mldpomt of the rotor. and dzmlmshes towards the endfaces . (sec Figure 3.) CD is
associated w1th the most heavily saturated parts of the rotor, while (I>2 follows an
unsaturated path in the rotor, when the machine is rowting at its n_ormal working range of
slip. . . o _ ' L S -
The gim of the following analysis is to derive the rotor impedance for a partly saturat-
ed rotor by using & multi-layer transfer-matrix methed to describe the electromagnetic
fields ~ associated with (I)l, and by using the linear theory to describe the fields
associated with <I>2.

4.3 Muiti-layer transfer-matrix method

The mmitd-laver wansfer-mapix wethod has Deen developed by several authors e was
mennoned in secton 41 In dis method the machine is divided imto numerous Iaminar
-3

regions of infinite extent. Fig. 7 presents the general muld-laver model and. the
co-ordinage system.
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Figure 7. General multi-layer model with current sheet on boundary 4-5.

Even though the origin is now situated at a different -point, the directions of the
co-ordinate axes are the same as in Fig. 1. Also in this study the. curvature of the: ‘rotor
is neglected. Additionally the layers are assumed to be infinitely large- since the end
effects are not yet examnined. '

‘This multi-layer problem may be stated, with reference to Fig. 7, as follows. In a
general sense, a current sheet J = Re {J’ exp jlax + © t}} lies between two layers.
Regmns 1.N are layers of ‘material: with  resistivity p, and relative permeability i...
The probiem is to determine the field distribution in all regions, and hence, if required,
the power loss in and forces acting on any region.

A stationary reference frame is chosen in which the exciing field wavels with velocity
{s}s/a (wys). Region n, in which the angular frequency Is @ = §.0 is therefore
wavelling st velochy (I -3 ;&%Za {reifs) reiative to the siationary zsfemme fmme

Congider s general region n, ay in Fig. & The normal componest of the mgn@m fhay
density on the lower boundary is B _, and the tangential component of the magaetis fieid
srength is H it The ‘,ewagpwdmg v%.%ma 2t the upper boundsry e E and H o FEEDES-
tively. The uzhﬁ in the region varies everywhere as Re lexp jax + a}:eﬁ:z; i.
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n+l
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n-1 H 4

Figure 8. General regionn,

The general region is assumed to be planar, and all end effects are neglected, as is
magnetic saturation. Displacement currents in the conducting media are also assumed to be
negligible. The current sheet varies sinusoidally in the x-direction and with time; it is of
infinite extent in the x-direction, and infinitesimally thin in the y-direction. The
necessary boundary conditions may be written as follows:

a) E-y is continuous across a boundary.
b) All field components disappear.at y = oo, .
¢) If a current sheet exists between two regions, then ﬁ’ H -7, where H’ is the magnetizing
force immediately above the current sheet and H -1 is the magnetizing force immediately-
below the current sheet, .

Maxwell’s Equations 9 and Eqgn. 11 glve the following analogously with Eqn. 15
FEOE JEE  wa) 778 | Mo sl Pes sEEE

e JEFDLL, irw i
azg Fowr & stga o &R T Feitsen Sy 4w
2 B (a “j’\} uenn s) , }sz e D/é’?f:ﬂ ’33:/: A A (:N A . f F ) 3 v/./ »/f:»’w {(121) i
ay ) g‘__’:‘a.,..? PR l,/;( P R o B .b)?,“ /,
. : : o ’ - . 27
) £ N ~ 3 7F

i o B e pl ST e, w5 )
the following snnotation is used . < ! d
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For region n, when n = N or 1, the solution to Egn. 121 may be written
B, =(Acosh @, y)+Csinh B, y))e jax+an) (123)

where constants A and C are to be found from the boundary conditions, Since
the divergence of B is zero and B = 0 in a region, H, can be solved. These give

9B . dB

37> =8, (A sinh @y) +Cosh B, y))e Jaxto ) X (124)
H_is now found by integration:

2 §n X j(ax+a 1)

H, = R, (Asinh (8, y) + Ccosh (B, y) Je n” . (125)
The following annotation is used

e &,
= el - R S
Bﬁ mja iloﬂn ’ B ,; L P . {126)

ggwﬁf}‘(s?

¥

Now, according to Greig and Freeman (1967), the following matrix equaton may be
written for region n, when ﬁx = ﬁn and ﬁy = f_fn .

B | leosh®_ s ) I—;— sinh (8.5 ) | B, B
o= n =t d (127
H En sinh(®_ § ) cosh(® S ) H_ H

The mawix [T ], following Pipes (1956) is called the transfer-matrix for region n. Also
solving for the field in the top reglon on the boundary Eny

Higr = BBy (28

&

In the twp region N the magnetic fleld density and the magnetic fleld siength must
dinilnish gradually o zero decording to boundary condition (b), So
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By=By e n**N-1 ) (129)
8 (En.1-Y
H.=5.8 n*=N-1 77
Hy= -BN By i® . (130)
Solving for the field in the bottom region on the boundary gy
H; =B, B;. - - : S Qs

In region 1, where the magnetic field density must approach zero as y diminishes, it can
be written:

- . B.(y-gp)
Boe | 31'

i (132)

- _ 8.(y-gp
H=FBe ' L. (133)

The transfer-matrix may be used as follows, bearing in mind boundarv conditions (a) and
{c). The current sheet lies between regions r and r+1.

"]'"3"? —i = _E-z : . . .
el T | T TEJ BE (134)

H, Hy |

S A

B [ ‘é o7 i" 1 P %

. = Ty s o ¥ TS B R A © {135
w0 oL N tﬂ N-2p el g 7l

pOM-1 S

The analysls above mey be programoed o commpute ihe clechomegnetic fields sod power flow
a2 sl boundaries when 'fiﬁ oF ﬁﬁ fe given gt any boundsry. In this work the computing
is commenced by sssuming & low value of tangental field HE at the inner roww surface
and calculating the comesponding normal component of flux density B, by using Eqa,
131. The rtansfer-matrix fechnigue then evaluates %WE and ﬁﬂ gt sl inzﬁrwiay@r bounda-
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ries up to the surface of the rotor. At this interface, where H_ comresponds to the total
rotor current, the model is combined with a conventional equivalent-circuit representation
of the air gap and stator. Iterative adjustment of 'H”l is made to adapt the conditions at
the rotor surface. '

To take into account the non-linear magnetization characteristic of any unlaminated steel
layer, such a layer is represented by a number of thin sub-layers. The permeability of
each sub-layer is taken as corresponding to the tangential magnetizing field swength in
the preceding sub-layer. The B-H-curve of the different materials may be represented by
20 data points between which a linear approximation is used.

The general form of the Poynting vector is

S=ExH . _ _ _ (136)
The Poynting vector in complex plane is
(137)

The time-average power density in (W/m?) passing through a surface may be found by
using one of the following two expressmns,

2) n=rr+llN-1

s T : . .
P =03 Rc{ E H '} (138)

*

— —— - —_ W

where Bn = Hn -J ,whenn=rand Hn = Hn*, whenn=r+1...N-1 .
bin=1,2,..r
=0 ER" )
Py n =03 Re{ H } (139)
In Hgns. 138 and 139 "E-Yi is the component of eleciric field strongth in the z-direction:
E =-(0 /OB, . {140}

The met power density imio 3 regon is the difforence between the power density in and
the power density oug:
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®
=
=1
v
1
P
7

- G)S s e Y e WY
pn_—-Re{———(B_H B, H 1)} | - (141)
The mechanical power density de{reloped by the region under slip s a is
Prech = Pall-sp) . - (4
The IZR loss developed by the region is

P -P

n" “mech ™ %n Pn (1.43)

4.4 Determining of the fundamental permeability in a nenlinear material

A ginusoidally varying magnetic field swength H = Hsinat creates a non-sinusoidal
magnetic field density in a satrable material (Deleroi, Kovacs 1990). The amplitude
spectrum of this field density can be numerically determined with the DC-magnetization
curve of the material. In Fig. 9 it can be seen how the flatened B(wt)-wave contins a
fundamental amplitude which is remarkably higher than the real maximum value. In a pure
power analysis the harmonics can be left out of the examination, because according to the
Poynting vector, only waves with the same frequency create torque. So the saturation-
dependent fundamental permeability of the material must be determined,

,Bu

8t e Bilet]
FE L LB et
| By
Ho i
A TR S

I

B H
e N
; :

3

3 w,

wt .

Figure 9. Deiermining the fundamental magnetic field density By{wt) produced by an
exterpal  tmpressed  sinuscidsily  sierpatng  magnede  field  swength Hisw) and  the
By-H-curve with DU-magnetization curve.
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With reference -to Fig. 9 the fundamental amplitude B1 of the Fourier-series of the field
density B(wt) is found by numerical integration: =

kL

ﬁl =%.[ B(wt) sin(@ndot . (144)
0

The fundamental permeability of a particular working point is determined as

)

m@=BA o | (145)
4.5 The equivalent circuit impedance of the rotor

To be able to work out the equivalent circuit, the stator current component required to
balance the magnetomotive force due to currents in the rotor solid iron must be known.
These rotor currents can be examined with the rotor impedance referred to the stator.
This impedance is determined by the ratio of the voltage ﬁr , which is induced in stator
windings by the rotor flux, to the corresponding rotor current I; -‘-:referred to the stator.
‘When the flux distribution is known it is possible to determine the rotor impedance in &
closed form. In Fig. 10 the stator windings have been presented between two infinite half
spaces. The permeability of the stator laminations is assumed to be infinite, and the air
gap O is assumed 1o be zero so that the respective magnetomotive forces e left out-of the
examinaton. No mistake {3 made, because the effect of these magnetomotive forces can be
calculated separately (Chapter 6). The stator windings carry currents IIU ) IiV . IlW'

o = W e

# Hdi

t
H
L T : ;
| H _ ﬁ é ( &0
éy AL :;gl Tx'%{s &g E_x el Wt del XY Y
Vo I T T T
£ W2 Y1 U2 OWT vz ou w2 v Uz oWl

Figure 10, Stator windings and the litegradon path 1o calculate the votor impedance.
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According to Ampere’s law (BEgm: 70 the line integral calculated following the contour of a
surface is equal to the sum of currents which flow through the same surface. This law is
applied to the integration path of Fig. 10 and only the fundamental of the current sheet is
examined. The magnetomotive force is designated B.

0

5.4 m N§ ol T L

§==3 > \r“ilr-j ere} dx , (146)
-tzp

where Erx is the tangential magnetic field strength at the rotor surface and m the number
of phases. ﬁrx is not a function of x, thus

0 —
. 2H
= 7 ax . X%
9_J erc] dx = It | (147)
-

The rotor current referred to the stator is then

Pe—cime g o (149)
T amNE V2~ - - :

The air gap flux of the machine is found by integrating the radial flux density at the rotor
surface over' a pole pitch, Faraday’s induction law, gives an equation for the rotor voliage
per phase referred to the stator: :

.
LB
’ &
P 2m NGl
Tomvjo Yool B e™pan=j—2T"H_. (150)
SyF Y V2 a 24
fﬁ
el
2
FPinally the roter impedance referred (o the sisor I8 found:
T e (NEL B
B by g iyd 5T
Z. e 2 e i {1513

»
¥ =
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5§ CALCULATING A SATURABLE ROTOR OF FINITE LENGTH

8.1 Equivalent circuit for the fundamental

The equivalent circuit applicable to the steady state fundgmental performance of an
induction machine was shown in Fig. 5. In the present analysis the a priori assumption is
made that the air gap and the rotor phenomena can be represented by separate branches
of the equivalent circuit. This assumption is almost always made and seems to be
reasonable for finite-length machine models, wo. In the derivatdon of the equivalent
circuit parameters, -it is comsion to -associate the load current 'I';--with ‘I:I'x(yzt}) as was
done in Chapter 4. Such a simple relationship does not hold here, since H (y=0)) varies
with axial position on the rotor surface. The equivalent circuit impedance is:

e (152)

where {Aja is the peak stator-induced voltage,
m is the number of phases,
P : -
8’ is the complex conjugate of the complex apparent power flow into the rotor,

5.2 Analysis of the rotor fields

Equations - 103..108 give the rotor fields when a constant magnetic permeability . is
assumed. The equations are written with respect to rotor co-ordinates. The analysis
proceeds from Eqns. 103..108 with the gassumption that the tfangential magnetic field
strength at the rotor surfaces {y = O or 2 = & L/2) is disuibuted in essentially the same
way as when no saturgtion occurs. More explicitly, it is assumed that st any given slip s
the distribution is described by the Bans. 103,108 in wans of the pavameter (s}

sing the magnetic field stength as & boundary condition, the tangential elecic field
wirsngth a3t the olor surfaces and the fux per pole are dewmrnned. The Poyoung vecior
at the rotor swiace is then formed and the rotor impedance fij determimed osing Egn
152,

Since the felds comespouding © %2,{%% &) are described psing & constant melstive
permeability i, . E (v = O}, Ey (z = 472} and B, (¢ = #1/2) arc deiermined directly
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from Eqns. 103..108, as-is 52 E, (7= 0) and @ ‘are determined from H(y =
assuming that the magnetic propcmes of the material can be descnbed using the muifz-
layer ransfer-matrix method deviding the roter also in disks.

Using Egns. 106..108 for flux densities also gives - magnetic field ‘strengths. The
following modifications are made: 1) The flelds are written with respect to stator
co-ordinates. 2) Annotation Hy is used.

- ----———G§7LE (153)
70 gl | |
It is also assumed that. [?\.[ >> a and !7\.[ > M . These. as_.sumpzions give for ﬁx in rotor
co-ordinates
H, (ym9)~w;G;\e3(3"*S“’ ”[ coth(X )+mcoth(1~—) 2 ﬁﬁ‘%} . s
HoH ¥ sinh@3)
Eqn. 154 can be wriiten in a new form after substitutions:
a cosh(yz)
2. m Yo YL .
— i DN sinh (%) :
M (y=0) = 20— { | (155)
28l cotn(X )2 comy
S i

where the term ziméNl(KpD) is the magnetic field swength used for infinitely long
‘machines (Agarwal, 1960); (Bergmann 1982} i.e. machines equipped with ideal end rings.

When it is noticed that the phase angle of the imaginary unii is #/2 and the phase angle
of X is w4, Eqn 154 using ﬁﬂ and according to Egn. 6 can be written in. stator

co-ordinates
37t o 1
H, 5=0)=Tye 4 e o @{ ot ) + £ oty - £ 28h0R) | (156
: 7 & nhi 5 )
Respectively, it con be wrinen
g" § "%”“ sinhfh D]
H, (y=0) ge §._ inh(yz ﬁ’*‘-ﬁ% g HERyTOE. (157

siuhify E-} sinh{==
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. i Jax,+@ t)

H ( ='}2‘ )=H, cj y & corh(n‘ yeo LS, (158)
o JF gy dExgren .

H (z=75)=Hye e 5 (159)

Similar equations also apply at the other end of the rotor (z = —-Ij‘-). Provided that ¢ is
constant Eqns. 9b and 10z give

E=-0A/t (160)
The electric field swength in the tangential direction at the rotor  surface 'E'-(ya-a()),

E (z=t L/2) and the normal component E ( =% 1/2) are found by denvaung Eqns 1(}3 and
104 and by subsnmtmg the values of y and z

o o
- iz J(ax +@ s _
E,(y=0)=Hye ¢ VoHghph ¢ sTeinhCr) (61
Smh("{z) ’

= L n: ay  d@xro ' B
Ex(z=§~}m-H0e \fm"';lou o o Ye o - ae

i{ax,+@ 1)

=5 = H VagEah Ve 1. (163)

Finally ﬁ—z (y=0) must be determined by using diskwise the nonlinear method presented
in chapter 4 (Fig. 11). Eqn. 134 is written again by using the annotations for the normal
component of flux density and the tangential component of magnetic field strength:

]
A A e T S T o {“x%‘

yfsmé T0 1T ] T;g : y% . {164y
o P TE o R %. 3 gfﬁf :

vy i_, Xﬁ'

Bgr. 184 i programmed W compuie the field quentiies atf the bounderies between sl
layers. The procedure siarts by zssuming & low value of tangental field strength H " doep
in the totor (Fig. 11} A the rsotor sorface the valee H e is compared with the
tangendal field strength value of the Jinear theory (see Bgn. 155). The value of ﬁgi is
trerarively chenged untl the Belt suengihs at dhe rotoy surface are 2gual.
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Figure 11. The rotor is divided into disks as well as into layers.

The electric field strength in z-direction at the surface of the rotor according to Eqn. 140 is
E,(y=0) = (so/a) E‘yr . . _ (165)

®, can be obtained by integrating, over surface y=0, that component of B y (v=0) which
corresponds to the tangential electric field stength E. « (y=0). The curl equation of the
clectric field strength gives '
3 - -
$E-HE-55,. (166)
By now choosing only the component that corresponds to the flux 352 Egns. 161 and 166
give

_ o J(ax + @ t)
By if-gf— dt= HOe \f ot b pls e ﬁ%l—) (167)
vz . 2

Integrating over surface y = 0 gives

P

B
i
e T
bxit
@
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51 is computed by using diskwise the multi-layer transfer-matrix method. The air gap
voltage of the machine is calculated with Faraday’s induction law

ﬁa*'ims%(6;+$2)- e (169)

The complex power that flows into the rotor is found by integrating the Poynting vector
over the rotor sarfaces:

+12 ' e

* ) %
‘s‘-=m[ j 12Ey=0H, (y=0dz +J (DEy=0H ¢=0d
- LR - L2
0 0
*® ¥
+ Ey (Z=U2)ﬁx(121»/2)d_yﬁj %(Z=_U2)—HY(Z¢U2NY-} (170

6 THE MAGNETIZING CURRENT OF THE SOLID-ROTOR INDUCTION MACHINE

The determine the magnetizing cument of the machine the magnetomotive force of the
magnetic path of the machine must be calculated. This magnetomotive forve (mmf) is the
line integral of the magnetomotive forces in different parts of the machine. If the path of
the heaviest induction is chosen the top value @m of the mmf is found. With respect to
Fig. 12 and assuming the two air gaps 1o be identical the magnetomotive force of the

machine is
- o o s g i ) .
Vo= z‘ggﬁfgv o= Hadl = ZE He di+i HaB Ji{ B4, (17
J .
(o) Cs _ C,

where the subeoripte are; 3 for adr gap, v for rotor, s for stator.
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Figure 12. The integration path of the magnetomotive force.

In chapter 5 the method to calculate the rotor impedance f?:; was preécﬁted. This impedance
contains all effects of the fundamental waves in the rotor including the magnetizing of the
rotor material. An assumption is made that the air gap and rofor phenomena can be
represented by separate branches of the equivalent circuit (Fig. 5). The magnetizing
reactance X of the cqmvaient carcun then centams the effects of the stator laminations
and the air gap only

The top value of the magnctcmomve force created by a current I, in an m-phase stator
winding is : ' '

”~

7 m 4 EN :
V=% = » V21 an
The magnetomotive force is so distributed in the air gap that both positive and negative
values of the amplitude V affect during the same @me on the integration path. Thus the
effective value of the magnmzmg current I that ‘corresponds 1o the air gap and stator
phenomens i

G .o
Emmg 4%%1;3 . (173
— IRER
w 5 )

This gives an opportunity t© determine the magnetizing reactance Xm of Hig. 5 as a raio
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between the air gap voltage U 5 and the current I

x=-f~§—. o & A

7. TORQUES DUE TO HARMONICS

In addition to the fundamental the stator slots and windings create harmonic magnetomotlve'
forces in the air gap. The harmonic mmfs rotate in oppos1te directions at different speeds
The frequencies of the eddy currents induced by the harmonic mmfs are high and ‘the
depths of penetration are smail The harmonics generate remarkable losses in a sohid
rotor. The effects of these harmonics in asynchronous motors have been examined for
instance by Agarwal (1960), Boller and Jordan (1963), Jordan and Taegen (1965), Jordan
and Raube (1972) and Bergmann {1982). :

On the rotor surface several alternating excitations of dlffenng frequenczes are super-
imposed. The effects of the fundamental can reliably be calculated by determining the
fundamental permeability fiy as was explained in section 4.4, but the excitation on the
surface of the rotor varies in such a complicated manner that great difficulties arise whan
trying to determine the permeabilities for the numerous harmonics.

Usually just one incremental permeability W, is used for all harmonic mumfs, For example
Bergiann (1982) has used the value B = 40 g to describe the behaviour of all the
harmonics in a solid rotor made of ST60-s£eei Chalmers et al, {(1980) have reported some
basic - measurements -of the incremental permeability of steel ‘under conditions where wo
alternating. excitations were superimposed. A thin ring of “mild stcel' was separately
excited with two coils. The incremenial permeability with an AC-signal superimposed on 4
steady feld (HDC > &0 Alem) varied in the range of e = 23 Mo .55 Ho depending on the
values of the AC-flux density so that the highest vaiues of the AC-flui density (B AC =

0,4 T gave the highest incremental permesbiiity.

When the test was repeated o get results for AC-ncremental permeability over a range
of low frequency RMS magnetizing force Hifg h, was found w vary in the vange of B
200 jigy- Al Hy (0 Afemn < Hyp < < 160 Ajcm) depending mainly on the )éﬁagﬁsﬁﬁﬁg fores of f}%@
AC szg*z&i so that the highest valus Hy o~ = 43 Akm gave the lowest incremental permeability
of g = 40 g at He= 165 Adom, The endency © get oven tower values of permeability (i
=12 ;sg} at higher v&mg of Hi > V60 Aforn wag also seen.
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7.1 Winding harmonics

The travelling velocity of the fundamental on the stator surface is faster than the
velocities of the harmonics. The ordinal of the stator harmonic v for an m-phase stator wind-
ing is given by (Richter 1954);

v=2g1m+} _ (175)

where g; is an arbitrary positive or negative integer and m is the number of phases. If v
is posmva, the harmonic is rotatmg in the same direction as the fundamental, and in the.
opposn:e direction lf Vv is pegative. The angular velocity of the harmomc with respcct to'
the stator 1s '

16

B =5 - - ‘ (176)

The harmonic field induces a fundamental voltage into the stator. The order of the
harmonic thus implies the amount of wavelengths per one pair of fundamental poles er
The number of poie pairs and the pole pitch of the harmonic are thus

p,=Wp, - | arm

. _
T, :‘—,9- . (178)

The amphmde of the wvith harmonic mmf expressed with the fundamental amplitude V
and the winding factors §E and & yior the fundamental and the v:th harmonic respectzvely-
is .

szvﬁe%’ - | S

where § = {180y

s:m_!;
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Here w/t_ is the ratio between the coil pitch and the pole piich of the stator winding and Qs
is the number of stator slots. The slip of the rotor with respect to the wv:ith stator
harmonic is

8, = I-v{l-s8). : (18D
The angular velocity of the v:th harmonic in the rotor is thus

@, =0, (1-v{1-9). | | sy

The effects of the harmonics can be studied with the help of the equivalent circuit given
in Fig. 13 (Richter 1954).

Figure 13. Simplified complete equivalent circuit
of the induction motor including the hammonic
machines. The - maximum impedance between
points B and C Zpe is of the order of 1.2 % of

Zpc

Tt can be shown that the maximum valoe of the impedance between points B and © with
weference o Fig. 13 Zgg i of the oder of 1.2 %, of 2 AT and hence calculations ame
much simplified # Zge is ignored in calowlering the cusents in the motor windings.
Thus, the moior cwvents ame calculaied for varipss valuss of slip by comsidering the
fundamental field oniy. The performance of the harmonic fields can be determined by
considering thero as consiang current phenmmens.
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Considering - the air gap and stator phenomena the magnetizing reactance of the vith
harmonic referred to the stator is (Agarwal 1960) :

2
X =X .1 §") (183)
mv " “ml 2 (ET :
This is not quite valid for the stator phenomena but since the pole pitches of the harmonics
(Eqn. 178} are very short the effects of stator laminations are not more accurately studied.
If constant permeability and conductance are used Egns. 9a, 9b and 11a give
V2H = jo, ouH . (184)
Because the pole pitch of the harmonic v is small, the end effects are ignored and the
problem is considered as a plane wave penetrating into a conducting med;a

(185)

&’H

gv - joo, OuH, =0 .

If the co-ordinates are so chosen that y = 0 at the surface of the rotor the solution for
Eqn. 185 is using constants A and &,

Ol ¥y
R L A" :
w=Are +A, e (186)
Because ﬁxv must vanish when y goes- towards minus infinity, must be zero. The
solutionis '
g
= MELOR Y
{187)

The axial electvic field srengih is

F ool g Ll+j [ o
By 65%@ S & Va,on H .
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The relation between the electric and magnetic field strengths is called the surface
impedance of the harmonic v:

Y
g é’,-/l .
7 AR A A 5. ¥ QN rregprrry
ZV = ==L = @, Of . {1893
H, cV2

0 : .
N ZH
w _4m T i _] X XY : .
g =20 57 -} WX dx =2 (190)
v w2 D, ™v J ia,
-‘cv
_ pVE
i;vmuz—-fi"";l’—————— , (191)
m&, N V2 ja, :
where  a, = %—-—- = %’}T’Qx‘" . The harmonic v induces a voltage, which is. referred to
v
stator:
v
2
- N 5 2w NE L
U, =-jo %y 3%" —~——f’—"—— B__. (192)
SVi Nz a,, w
Y
2
The normal flux density grw can be expressed by the axial eleciric field sirength grzv
&
H on.-iY .
E’rzv“ a 33‘}"‘%’“ | . {153
The wior harmonic impedancs iy aow writtens
, UL 2@ 2 E
A A P ml,  rzv
7 o (NE Pty A (194}
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The surface impedance of the v:th harmonic in Eqn. 189 may now be referred to. the stator
with the help of Egn. 194.

7.2 Slot harmonics

in machines which posses open or semiclosed stator: slots the induction on the surface of
the rotor is modulated in a cumbersome way by the alternations of the air gap perme-
ance. In this case where the rotor surface is smooth thc problem becomes easier to
handie. The stator permeance is assnmed to be infinite,

7.2.1 Amnalysis of the air gap induction aiternations
Because the pole pitch ':p of the fundamental is multiple compared with the tooth pitch

T of the stator, the induction can be examined in the area of one tooth pitch, Hg.
14,

Bld! &
8T'ﬂ
[ .,
10 e — g e e g S
5= \\\i\_
19 o
]
& 5w
. _
o b ¥ CI?—‘(E)
s c _
! g
o J/
o v v LY, I
f &
0 T 'r\i}.g 4 AR ¢ 2
e an

Figure 14, Per unit induction over a stator slot.

The magnetic flax density has a constamt value under the weth and drops under the
effective siot widih 5. Helier and Hamata (1977) have intoduced an equivalemt relaton for
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the magnetic induction over the slot pitch. If origin is fixed with the middle point of a
tooth this relation is written over oné slot pitch with reference to Fig. 14:

| B<a>=3m[ 1- By - Byoosres (a-‘%;»]

for the interval (m'QS -16s/Dysas(n/Q ot 1.6 /Dy,
(195)
Bia) = Bmax

for the interval 0 < @ < (1'¢.'IQs - 1.6 3/D), (K/QS +1.6s/D<ac< ch/QS
The distribution calculated by the Heller-Hamata-relation is in good agreement with the

actual one, Bermann (1982} inmtroduced a Fourier-series to evaluate the induction over one
slot pitch © ¢ With reference to Fig. 14 this Fourier-series is written:

B@) =B, [1-3, (DB ko cos kQ)] (196)
k=1
. 5’
2 sinkn %—'}
where a,, = § , 197
kn [ 1-(k %1—)2}
L s
B, = By =Bmax“ Bmin=£~1—u2‘ Zu
1 Bmax 2 Bmax 201 +u2)

Z 2
a=is -w\j Gy o =f s vy (198)

Hons. 198 ave given by Richier (1967). The flux densities given by Eqns. 185 and 196 e
compared in Fig. 15 over a stator slot starting &t the center of the slor. Close agresment
between these two relations 19 seen. Egn. 196 is used in further presentation.
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Figure 15. Companson of the flux densities over a stator slot (8/s = 0.75 mmy/2.2 mm, D =
100 mm, Q = 24) given by Eqns. 195 and 196.

The sentence in brackets in Egn. 196 represents the permeance function of the slotied

air gap. Since factor Byy

tuation in B(o) by the first five terms of the Fourier-series.
'If we consider an arbitrary magnetomotive force which is superposed on the permeance
function of the slotted air gap, we must find out how these work together. The angle ¢ is

measured starting in the middle of the coil section of phase U, Fig. 16.

U W, U W, v
LR

i g L ! P
0 %2 x 3n/2

e

gl

igure 16. The co-ordinate system 1w caloulate the slot harmonics.

decreases quite rapidly it is- possible to describe the fluc-
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Using Eqn. 190 to calculate the individual harmonic mmfs the resulnng air gap magneto-
motive force in a three phase machine (m=3) is

§0 () =Z j @We. Jve ' ' (199)
v=6g+]

The following annotation will be used:
4o .
z=x - | - 200)

v v=bg+l

R

The place dependent permeance function correspouds to the inverse of the air gap

’o‘%&f%‘[ -3 blk(eist%e‘kas“)} 201
¢ k : :
1 +1N1+1 . ' o _
b =7 B, 1 ¥es 11:(( 1)} (202)
g + iNi + 1

EBactor ((«l}k) takes into consideration the poéi;!;ion of a tooth or siot depending
on the number g of stator slots per phase and pole and the number iNl by which the coil
span deviates from the pole pitch. Since

<

5 =2msqs~—~6qs,

the air gap induction can be written as

TP R ke -Gl et |
B{o) =i 55~ 2, By | ¢ L I M YRR S D T
» 1

Here the windings induced magrctomotive forces have been multiplied by the inverse of
the alr gap fomcdon for ap iidividusd valve of k¥ which givés place dependent induction
Bio). Although the air gap is not smooth and thus additional harmonics exist, the ordinals
of il harmomics wdll follow patierm v = 6gtl. This gives en opportunity o rewrite Hgon
203 in the form
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Eqn. 204 gives the opportunity to calculate the stator induced voltage:

_ _ Ssveska) L,
Uss =2 i Xev| Tov-Pik™F sy v+ Bkq Iy (vesig J
v

gs(v - 6kq) v - } 0
+ I 5}
Sev v - 6kq, 0 (v-6kq)
Here Xsmv is the magnetizing reactance of the vith harmonic motor (Eqn. 183). The
annotation

Svieke) | } |
bn::“"&"'w“‘ =7 By kes 2y (206)

which is obtained using Eqn. 202 and the definition of the winding factor, simplifies Eqn.
205:

U85-=Z 3 X smy oy~ Tovics ~ Tovic) 207)
v . _

- 1 v =

Tovice =2 P1 ¥os 1 vE 6 T, To VE6K9y- (208)

Eqns. 207 and 208 are valid for all kinds of three phase single- and two-layer windings.
According w0 Egn. 207 the vith harmonic motor can be illustrated as in Fig. 17. The
seurce currents of Fig, 17 are determined by Hgn, 208 which shows thar the fondarmental
motor and the harmonic motors cannot be solved separately because they have an effect on
gath other vis the current souwrces, Hatmonic mackines, the ordinal of which devige by
:é:ékqg, creae ihe curreny sources of the harmonic motor V. As iterative soluytion is thus
unavoidable. Bergmann (1982) has shown that the power related with the current sources
disappears since every source power hag a counterpart that nwkes the powsr sem zoro,
Thus the current. smzrc&s do not disturb the power balance of the machine.
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Figure 17. Equivalent circuit for the vith harmonic motor. The numerous cwrent sources -
represent the effect of stator slots and they generate additional voliages in the magnetiz-
ing reactance, o

This method, however, is quite cumbersome because every harmonic machine is connect-
ed with numerous other machines via the permeance function. Big mistake is not made if
the method is simplified by leaving out all slot waves that are generated without the
fundamental. This can be done because the winding factors of anything other than the slot
harmonies are small, Slot harmonics do occur at ordinals

Q, :
veks® 41 k=319243 ., (208)

and they have the same winding factor as the fundamental, Examining Eqns. 207 and 208
shows that at ordinals v < {6 k g s) the winding harmonics and the slot harmonics
strengthen each other since a 1k is positive and otherwise weaken each other. I the
method is simplified the voltages of the slot harmonics are

-
£
H

F51 e ki i 5o ; -
Ogs1+6ka,) = Fsm(1+6kq)| oc1v6kq) 3 P1¥es b1l (46k3) Ty

k=], 42 3. {209}
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8. RESULTS

8.1 Test motor and test arrangement

The theory of the previous ‘chapters is gpplie’c.i"‘ to the calculation of the operaton
characteristics of different smooth massive rotors of a 12 kW 400 Hz induction machine.
The motor has a conventional three-phase stator with semiclosed slots. The main

parameters of the test motor are given in Table 2.

Table 2. Parameters of the solid rotor test motor.

Number of pole pairs,p ' ' 1
Number of phases, m ' 3
Number of stator slots, Q s 24
Number of stator slots per phase and pole, q 4
‘Number of turns in series per phase of stator winding, N 14
Winding factor, £ - 0.9577
Stator oater diameter/mm : 235
Stator bore/mm R : 100
Width of the stator slot opening/mm 22
Stator length/mm 100
Stator stack length/rom 96
Stator cooling channel width/mm 4
Air gap, §/mm 0.75
Rotor diameter D/mm 98.5
Rotor length*/mm ' 100
Rated voltage U /V - 225/i30
Connection star
Rated current, 1 gA £5
Rated frequency fiz 4G4
Stator resistance, R JmQ a1 20 C, 400 Hz 4 26
Stator leskage inductance, L - fub § 58.4

* in the calculations the rowor and the stator were assumed to be of sgual
lengih, L = 96 mm, and thus the effect of stator cooling channel was neglecied
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The winding scheme of the stator and the form of the stator slots are given in Fig. 18,

L S
G011 1213141516 1718 1l9
i | & . i
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| |
. _ | .
US WBW2 VI VS UBU2 W1 W5 V6 V2 Ul Staforsiot

Figure 18. The winding scheme of the stator and the form “of the stator slot; The winding
is made of round enameled copper wire. There are 98 wires per slot, 14 wirés in parallel of

which 5 are 0.8 mm in diameter and 9 0.85 mm in diameter. Points Uy- Usg and Up- Ug are -
connected together to-form two branches in parallel. Analogous connections are m in .
other phases, too. The total weight of stator copper is 5 kg Material of the stator

laminations: Surahammars Bruk. CK-30

The high speed motor was tested with the measurement system. presentcd in Fig. 19.

ECDA Eddy Currént
Dynamometer

“test motor”

Figure 19. The test arvangement of the 12 kW 400 Hz induction motor. Strimberg SAMI
100 F inverter supphies & 170 kW two-pole induction miator which mme 2 70 EVA nine-pole
brughless synchronous genessior. The test motor s loaded by & water cooled eddy current
dynamometer 2 WB 65 HS manufactuwed by Vibre Meter. ‘The supply frequency of the test
reetor can be controlled between 150 Hz and 550 Hz and the voltage between O V and 440 V.
The eddy curent dynamometer contains a Pid-conmoller o adjust the speed of the st
motor by conmrolling the load torgue. The measuring devipes are: M1, Nooma AU-POWER
Anglyzer T 5155 with three Momms cumenmt wangformers {volage, curreni, power fasion
sower, imaccuracy smafter than 30,5 % of range); &2, Philips PM 6570 coumer {frequency;
tnaccuracy smalier than 1070 Hz) M3, Vibro Meter elecwonics 2354.-21300KF (torque, speed,
power, inacouracy smaller than 30,5 % for sorque and smadler than 1 digit for speea).
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8.2 Rotor materials . .
Six rotors made of different materials were tested. The materials included three
construction steels, pure iron, an aluminium alloy and a mixture of cobalt and iron. The

chemical consistencies of the ferromagnetic materials are given in Table 3.

Table 3. Chemical consistencies of the ferromagnetic rotor materials.

Table 3. |additive% atleast .

' % at most
MATERIAL C Si Mn P 5 G N Mo Vi Co
Vacofer S1¢ |- = - - - - - - - - -
(Pure Iron)  10.007 - - - 0.0015 0.01 0.006 0.006 - -
Vacoflux 50* |- - - - - - - - - -
{FeCo) 0.007 - - - 0.0015 0.01 0006 0006 2.0 490
MoC 315M*%#*(0.32 815 0.50 - - 120 120 015 - -
{steel) 0.39 040 080 0035 0035 160 1.60 025 - -
Fe 520 - 0.15 090 - - - - - - -
{steel) 0.18 0.55 .50 0.040 0.045 - - - 0.09 -
Fe 52 - - - - - - - - - -
(sieel) 0.20 (.55 150 0.045 0045 - - - - -
* Trade marks of Vacuumschmeltze GmBH
** Trade mark of Ovako Steel

The magnetic properties of the differemt rotor materials were measured on rings and the
resistivities p and the temperature coefficients £ of Tesistivities were measured on broken
rings with 1 A/mm? direct current density and are givenin Fig. 20a, b, c. d, e.

B/Y

i s AR B s il
a 5548 WHLL MAAdcm

{a}
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Figure 20. Electomagaetic propertics of the ferromagnedc rotor materials (a) Vacofer 51,
(b) Vacoflux 50, (c) MoC 315M, (d) Fe520, (¢) Fe52. The B-H-hysteresis loops were
measured on rings with direct cument magnetization. The. average curves were used in
calculations. The resistivities p and the temperature coefficients & of the resistivities were
measured on broken rings with 1 A/mm? direct current density.

The aluminivm alloy tested was Al Si 1 Mg the resistivity of which is py0r = 3,8 - 1078
and the temperawre coefficient € = 4,0 - 15}"3 xL The permeability of the alloy is
approzimaiely the same as the permeability of free space.

8.3 Neo-load characteristics of different rotors

The motor was driven with a synchronous generator ar 400 Hz supply frequency. The
No-load test with FeSZ0-rotor was performed using dhree votor diameters 005 mm 990 mm
and 91.5 mm and conseguently three air gaps 8 (0.75 mm, 1 mm and 125 men respeciively)
o check the validity of the method for calculadng the stator harmonics. The resplis of
these measuTements are given in Fig. 21,
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Figure 21. Measured no-load losses with three FeS20-rotors of different diameters
friction losses and stator copper losses subtracted, supply frequency 400 Hz.

The stator currents were 21,1 A, 26.0 A and 305 A at 130V respectively. The stator core
foss at 130 V 400 Hz was evaluated with conventional methods to be about 200 W. When this
value was subtracted from the values of the curves of Fig. 20 the no-load losses of the
rotors were found. The rotor loss decreases from 800 W via 550 W to 450 W at the nominal
phase vcﬁtage of 130 V when the air gap increases from 0.75 mm to 1.25 mm. Using the
incremental permea%:sﬂsty b= 40 Hg that Bergmann {1982) suggests gives astonishingly
good caloniation resalts at this no-load operation point. The calculated rotor losses were
BOOW, 5T0 W and 448 W f@gwmwig;

There wers some difficulties in {}iétaining the different moateriale and this was the reason
for the facr thar ie all mosors the nomdnal rotor diameter of 985 mem was not resched
Table 4 gives the Oifferent rotor dimmeters and no-ioad logses at EJE?E} = 130 ¥, 400 Hz
noingl polnt.
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Table 4. Measured no-load losses with
calculated to correspond to 0.75 mm air gap.

different rotors. The values in parenthesis are

Material Rotor diam./8/mm VA [Rotor loss/kW ar 130V, 400 Hz
Vacofer 81 9%.30/0.85 24.1 0.80 (0.86)

Vacoflux 50 98.50/0.75 20.7 0.71

MoC315M 98.50/0.75 21.1 0.81

Fe 520 9&8.50/0.75 21.1 0.80

Fe 52 98.150.925 | 25.5 | 0.68 (0.81)

According to calculations the loss of Vacofer Si would i increase 0 860 W 1f the air gap were
.75 mm and the loss of Fe32 would increase o BI0 W in the same case {in parenthesis in
Table 4). These losses are mainly caused by the slot harmonics of the stator. The higher
the resistivity of the rotor material is the lower is the ioss caused by the slot harmonics,

The sluminivm alloy rotor was also tested and it became guite obvicus that aluminiom
cannot be used as rotor muaterial with this kind of stator. The No-load running speed of
the aluminivm rotor was 600 rpm at 45 V, 200 A, 400 Hz. The starting torque of the rotor
was about 0.5 Nm at 45 V, 200 A, 400 Hz. These figures show that fundamental magnetic
flux pencirates weakly imo the aluminium rotor when using normel stator construction and
the ieakage ftuxes of the machine mainly determine its behaviour.

8.4 Loaded renning motor

The most interesting working area of the high speed induction motor is at small slip. The
motor equipped with different rotors was loaded by = Eaig%z speed eddy current dynameo-
made it

meter which was azgmy;}agi «w;% speed control unk o ?E‘ﬁu@iﬁ‘*ﬁf&ﬁ% the ship.

speed characleristica of ihe differont  rofors.

This
possible @ wace the lorque Vs These
meagured charactenistics are given in Fig, 22,

The figure clewrly indicates the large differences at low dip. The ﬁ-gh@% wegue i
regched with Yacofer 51 which has the lowest *&ﬁsim*gz of the ferromagnetic m&mném

tested and 2.15 T saturation flux density. The extremely high saturadion flux density 2.3 T
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Figure 22. The measured torque of the fest motor equipped with different rotors as a
fanction of the rotational speed, at nominal voltage, Uy = 130 V, 400 Hz. The curves are:
1. Vacofer S1, 2. Fe 52, 3. Fe 520, 4. MoC 315, 5. Vacofldx 50

of Vacoflux 50 is not enough to make it a good material because of its quadruple resistivity
compared with Vacofer $1. At a slip of 10 Hz 12.8 kW output power was measured for
Vacofer S1 and 9.3 kW for Fe 52 while only 4.8 kW was reached with Vacoflux 50. So
Vacofer gives 38 % higher' and 167 % higher torque at 10 Hz slip than Fe 52 and Vacoflux 50
respectively. The difference between Fe 52, Fe 520 and MoC 315 gives an indication of the
effect of the permeability of the rotor material since the resistivities of these three
materials are almost the same but large differences are measured between the B-H-curves.

The flexible disc pack coupling between the motor and the dynamometer generated a
500 W friction loss at 400 Hz rotating frequency. So the total friction loss of the assembly
at nominal speed varied between 600 W and 750 W depending on the rotor diameter. This
has been taken into account when comparing the calculated electromagnetic torque of the
machine with the measured values. In the following figures the calculated” and measured
sopque, current and power factor versus rotafing speed are presented for Vacofer 51 and
Fe52 which gave the highest torgues &t low slip. . Dwring the messwements e
weoperatre of the siator windings was kept under 150 Uc. The highest rotor temperaturs
weasured after rapid siop was about 250 O The totor emperature crestes a guite large
possibility of emor since rotor resistivity is a very sigaificent factor when calculating the
performance of the motor. In the computations, constsnt temperatures of 140 ¢ and 200 °C
were used for siator and rotor respectively.
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The torque, current, power factor and efficiency of Vacofer S1 and Fe52-rotors as
functions of the rotating speed are shown in the following figures. o '

10 : X 7

%5 340 356 360 370 380 390 400
’ nitis

Figure 23. The torque T computed and measured for the test motor equipped with Vacofer
Si-rotor as a fanction of the rotational speed, Uph = 130 V, 400 Hz (Computation, solid
ling; Measurement, dots) : _ :
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Figwre 24, The current [ and power facior cos® compuied snd measured R e o motor

sgupped with Vacofer Slootor as 2 function of the rogtional speed, ini‘} = 130 ¥, 400
Hz. (Computation, solid line; Measurement, dots for current, + for COIQ),



75

1
09 _ 1
0.8

/"’.‘. )
0.7+ et R

0.6 s

9,44 . 3

03 » L]

a2

G

H

i i

939 340 150 260 370 380 390 400
nitis

Figure 25. The efficiency 1 computed and measured for the test motor equipped .with
Vacofer Slrotor as a function of the rotational speed, Uph = 130 V, 400 Hz.
(Computation, solid line; Measurement, dots}. . _

When calculating the effects of harmonics in this rotor the value p_ = 40 Hg that Bergmann-
(1982) suggested for the incremental permeability secemed not to give good agreement with
the measured values. Value B = 80 ';10 was used instead. The permeability to calculate
the flux (I)z (Fig. 6) was chosen from the B-H-curve at the pointof 1.5 T.
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Figues 26, The torque T compuied and measured for the twst motor egquipped with
FeSZ-rotor ag 2 funcoon of the romtional speed, Uy, = 130 V, 400 He (Computation,
solid ne; Measurement, dots) s
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‘Figure’ 27, - The current I and power factor cos¢ computed and measured for the test -
motor equipped with Fe52-rotor as a function of the rotational speed, Uph = 130 V¥, 400
Hz. (Computation, solid line; Measurement, dots for current, +for cosQ) ' .
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Figare 28. The efficiency 7 computed and measured for the test motor equipped with

Fe32-otor as & function of the rotational speed, i)’ph = 130 V, 400 Hz. {Computaticn,
solid Hne; Measurement, dots)

Yalue Ho = 40 Ha for the incresmental permeability seemed o be quite valid for calculating
the effect of hammonics in the FedZaotor in the working area. The permesbility o
caloalare the flox {?z {Fig. 8} was now alse chosen from the B-H-curve ai the oot of 1.5

All the rotors were tested in the slip range of 0. w0 L. The effacts of harmonics created o
saddie-torque curve when the supply frequency was 300 Hz o higher. Ar 200 Bz Supply
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frequency no saddle-torque was ‘measured. Figure 29. shows the torque behaviour of the
Fe52-rotor at lowered phase voliage Uph = 100 V, 400 Hz. Slip varies between 0 and 1.
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Figure 29. The torque measured and calculated for the test motor equipped with Fe52-
rofor as a function of the rotational speed at lowered voltage, Uy, = 100 V, 400 Hz.
Curves 1, 2 and 3 are computed using different values for the ifcremental permeability,
see text. (Computation, solid line; Measurement, dots).

Lowered voltage was used to reduce extremely high rotor losses and thus make the
measurement somewhat easier. In addition to the measured points there are three computed
curves. The first curve was calculated assuming constani incremental permeability B =
40 Ho when computing the effect of harmonics in the slip range of 0.2 to 095, It is seen
that this incremental permeability does not give high enough negative torque for the
harmonics. This is an indication of the fact that the rotor saturation with respect to the
harmonics changes, when the fundamental saturation changes. The second curve was
computed using the incremental permeability By = 4G Hy in the slip range of O to G2 and
one fourth of the fundamenal permeability ar the rotor surface at higher slip when this
value was under 40 p, The third curve was computed with the same method but using one-
b of e fundamentsl permesbility By © mputed by the multi-layer wansfer-maiix
method on the rotor surface. This gave the value of abowt by = i) Hy for ihe incremenial
sermeability in the slip range of 0.6 o 1.0, This indicares thet the effect of harmowics at
high slip should be more accurswly calculated so that the permeability concerning
differsni  havmonic waves couid be determined dwring the computing process. The
preroquisite for the method presemed here s that the permeability of the harmonics is
known in advance. Accurate kaowledge of the mﬁe&biii&y concerming different harmonics
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is very difficult to obtain. In addition to the fundamental, forty harmonics from -119 to
+121 were taken into account during the computation. :

Figure 30 gives some indication of the depth of penctration of the fundamental magnetic
field density wave in solid rotor material. It also shows how the ampliude of the
fundamental magnetic field density increases with slip. The surface of the rotor material is
highly saturated and it is possible with reference to the work of Chalmers etal. (1980}
that the value H = i0 Ko for the incremental permeability is reached in heavily saturated
rotor surfaces.

204
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T

g 20 ~30 =40 ' yiem

Figure 30. The penetration of the fundamental field density wave into solid rotor material
(MoC 315M) with different slips using the multi-layer transfer-matrix. method to compute
the rotor phenomena with constant current 90 A, 400 Hz in the stator windings.

8.5 Discussion about the resulis

Since the solution for the elecromagnetic fields in the smooth solid rotor of firfite feagth'is
&néiyﬁca.’i' as far as possible, the caﬁ}puﬁing times are short, The accuracy of the method is
fairly good bul it necessitates knowledge of some parameters beforehand, This' makes the
application of the method difficult ax large slip if no 128t resplis are avallable, The main
wtarking ship area  can be faly religbly calculated The end effects have significant
influeace on the roior behaviowr, The greater the slip the greater ave the end offerts,

The most significant factor that complicaies the compurison bBetween the measured and
compuied resulis is the temmperature of the machine, The high' currents in forgue versus
spead measureraents chiise elevated resistive losses which rapidly teise the temperamre of
the rotor. In high speed machines where the rotors are small the wemperature rise may be
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very rapid. The temperature has a remarkable effect on the resistivity of the stator
windings ‘and the rotor material and thus on the performance of the machine: As ‘it is
difficult 1o measure the temperature of the rotor during the test, the duration of the test
should be as short as possible in onder to limit-the temperature rise. In additon the
machine should have reachied a steady state before measuring steady-state quantities.

During the tests the temperature of the stator windings was kept under 130 ¢ and
each working point was measured during a period of about 6 seconds starting with the
rotor rotating at intended speed and rapidly raising the voltage. The speed conwol unit of
the dynamometer kept the speed constant during the measurement. Despite the extreme
care taken to tecord all test data at about the same temperature, there still remained a
possibility of significant error. It is possible to have 25 % or even higher difference
between torques measured . for cold and warm rotors at small slip. At high slip the differ-
ence. can reach even higher values. These figures give an “idea of 'the amount of
uncertainty - that is caused by the 1mpossxb1hty of knowing the -exact tcmpcramrc distri-
bution of the machine. : :

The temperature approximation (140 OC for stator and 200 °C for rotor) used for
computing seems to give fairly good agreement between calculated and measured
properties. At low slip the error is less than 10 %. The possibility of error is-largest at
about 300 Hz rotor frequency which means a slip of 0.75. In this area the rotor is heavily
saturated and good. knowledge of the behaviour of the incremental - permeability is needed
to obtain satisfactory results. This is perhaps the worst defect of this- analytical miethod
since it is virmally impossible to have exact knowledge of the permeabilities of all the
different harmonics.

The tests indicate that large variations in machine properties do occur when - using
different materials. The highest torque is reached with a ‘material that has high saturation
flux density and good conductivity. Vacofer 81 is this kind of a material but the effect of
slot harmonics should be dampened to achieve high efficiency, too. One: method of getting
better machine properties is to use axial slits on the rotor surfuce. The method presented
here can also be used, after some modifications, for calculating the behaviour of axially
slit massive rotors. ‘The effects of slitting the rotor have not been considered during this
work in order to make the comparisons between different materigly easier. Ancther my thod
to dampen the effects of slot harmenics on the rosor surface iz o use some ferromagnetc
material of high resistivity as 2 thin layer on the rotor surface. The thickness of e laver
should be about the same size as the depth of penetation of the towsst harmonics. The
efferts of coating the Tofor have not been exarnined sither

The test materials used here arg all commercially available and no atempis were made
w cresie & mew motal slloy that would possess ides! properties for a high speed solid
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rotor. In the litterature (Wei, Bing-gui 1987) some mentions of the good properties of
copper-iron alloys are found, but during this work no such material was availabe and
these qualities remain to be tested in further experiments... : .

The mechanical- strengths of the test materials are such that the weakest {pure iron)
tolerates about 35000 rpm and the toughest (MoC 315) about 80000 rpm when used .as a
smooth rotor, the diameter of which is 100 mm.

9. CONCLUSION

The: combined calculation method partly employing the three dimensional linear method and
partly the: multi-layer transfer-matrix  method has been adopted to treat smooth solid
rotors. The. three-dimensional features: of the rotor are taken into account using the two
dimensional transfer-matrix method slicewise for the saturated parts of the. rotor and.the
three-dimensional linear method- for the unsaturated .parts.  The equivalent circuit
resistance and leakage inductance of the stator were measured beforehand.

The main purpose of the work has been to find. out the -effect of rotor material
parameters on the behaviour of the machine. Rotors made .of six different materials were
tested. The materials included three construction steels, pure iren, -an aluminium alloy and
a mixture of cobalt and iron. Test resulis clearly indicate that the highest torque is
reached with the material that has both high saturation flux density and good conduc-
tivity. Extremely high saturation flux density or very good conductivity alone do not give
good torque for the rotor. Tests with cobali-iron and aluminium gave an indication of this.

This work creates the interesting question of whether it is possible to find & strong
material with a B-H-curve like that of pure iron but with remarkably lower resistivity.
The efficiency of a high-torque rotor made of this material could be made. better by slitting
the surface or by coating it with a high Tesistivity, ferromagnetic material,

The mathematical solution presented hers. is’ analytical as far as possible. The rmain
computing effort consists of the transfer-matrix method and consequently the computing
dmes are short. The compuied snd measwmed resulis agree within 10 % at low skip. Ae
lgher ship the effect of hermondes becomes doovinamt asd the rotor sawradon becomes
complicated o handle. Good  agreement hetween computed and weasured quantites s
reached also st high slip ¥ the incrementsl permeability concerning harmonics is cormeetly
chosen.
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