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Abstract
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This thesis studies properties of transforms based on parabolic scaling, like Curvelet-,
Contourlet-, Shearlet- and Hart-Smith-transform. Essentially, two different questions
are considered: How these transforms can characterize Holder regularity and how
non-linear approximation of a piecewise smooth function converges.

In study of Holder regularities, several theorems that relate regularity of a function
f : R? — R to decay properties of its transform are presented. Of particular interest is
the case where a function has lower regularity along some line segment than elsewhere.
Theorems that give estimates for direction and location of this line, and regularity
of the function are presented. Numerical demonstrations suggest also that similar
theorems would hold for more general shape of segment of low regularity. Theorems
related to uniform and pointwise Holder regularity are presented as well. Although
none of the theorems presented give full characterization of regularity, the sufficient
and necessary conditions are very similar.

Another theme of the thesis is the study of convergence of non-linear M —term ap-
proximation of functions that have discontinuous on some curves and otherwise are
smooth. With particular smoothness assumptions, it is well known that squared L?
approximation error is O(M~%(log M)?) for curvelet, shearlet or contourlet bases.
Here it is shown that assuming higher smoothness properties, the log-factor can be
removed, even if the function still is discontinuous.

Keywords: Curvelets, Shearlets, Hart Smith transform, Non-linear approximation,
Holder regularity.
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1 Introduction

Some of the most concrete visual element in images are edges. Edges contain the
information that machine vision systems build by man, as well as human brains,
need to understand the geometry of the environment that they are working with.
Therefore, efficient and robust methods to characterize and detect edges from images
are needed. Moreover, because most images have edges, it would be beneficial to be
able to store efficiently images that contain edges. Edge-like features are apparent
also in some physical non-visual situations, where sudden changes happen on some
boundary, for example conductivity changes inside an object. When these kind of
features are studied numerically, it is often beneficial to use methods that can present
them and find such boundaries efficiently.

In the beginning of this millennium, a new and mathematically very powerful tool for
analysis of images with edges, the curvelet transform [4, 3, 39, 40, 2, 5], was intro-
duced. Motivated by the success of curvelet transform, soon other similar transforms,
like shearlets and contourlets, were also presented [11, 34, 15, 13, 17, 16]. In this the-
sis some mathematical details about the characterization of direction of edges and
regularity properties with this kind of transforms are developed. Some interesting
theoretical result for approximation of images by using these transforms are given.

The Holder regularity of a function is related to the smoothness of the function and
the derivatives of it, and therefore also to the efficiency of polynomial approximation.
Holder regularity properties can also be used as features in signal classification or
pattern recognition [22, 41], as well as for signal de-noising or estimation [27]. The
Holder regularity of a function f can be explicitly analyzed for a relatively small
class of functions. Sometimes there exists no formula, but we only have some dis-
crete samples from f. In these cases, it still is possible to estimate the regularity
by investigating decay properties of the wavelet transform [19, 29]. Since wavelets
are isotropic, some other transform like curvelet or shearlet transform might be a
more natural choice in the case where some directional information about function is
needed. However, the author is not aware of any other research in characterization of
Holder regularities by using parabolic transforms than that presented in [24, 36, 33].

The thesis is organized as follows. The introduction is devoted to give readers unfa-
miliar with transforms, bases, and approximations some idea why they are used and
how they work. Although some mathematical definitions are given in this section,
statements given here are meant to be more descriptive than mathematically precise.
Section 2 gives more mathematical details of transforms that are particularly dis-
cussed in this thesis. Section 3. is all about proving some new results for convergence
of curvelet transform and non-linear approximation properties of curvelet basis. This
is one of the main contributions of this thesis. The last section deals with a study of



characterization of functions and edges by curvelet and shearlet transform.

In this thesis, all theorems and lemmas which have proofs included are original con-
tributions made by the author. Results in Section 3 have not been published before.
Results in other sections are published in [36, 24]. In [36] the author of this thesis was
responsible for technical development of theorems and lemmas. In [24] the original
research idea was from the author, however collaborators, Lakhonchai and Sumetk-
ijjakan, had the main responsibility in technical translation of theorems from [36] to
the shearlet case. All numerical demonstrations in [36, 24] were done by the author
of this thesis.

1.1 Geometry of images and basis functions

Let us think what kind of images there are stored in computers, cameras or mobile
phones. First, there is an object that we want to image. Often, this is done by taking
a photo from one direction with camera. If camera would have an infinite resolution,
a reasonable model for this image would be a function of two variables, f : R? — R,
where f(z) would be associated to the color value in location z.

One of the main themes of this thesis is a theoretical investigation on how well certain
functions f : R? — R can be approximated with a limited number M of coefficients
¢i € R, if each of indexes 7 is associated to some fixed building block f;. As a non-
mathematical example from such approximation, one could think that these building
blocks are like Lego™ blocks. Index ¢ would define in what location on floor the
Lego block f; is, and what are its dimensions. Real numbers ¢; could define how
many blocks f; we would put on top of each others. If f; and f; would have same
location but different sizes, then smaller blocks would be placed on top of bigger ones.
If there would be no limit on how small these blocks can be, we could approximate
arbitrary well any smooth function f : R? — R* by building it from basic Lego™
blocks! The geometry of building blocks f; is of course essential for how easily some
desired shapes can be constructed. For example, discontinuities of f along some line
can be seen as walls in Lego land. With Lego blocks the vertical and horizontal walls
are easier to build than diagonal walls. This would suggest that building blocks with
more orientations would be nice. However, the more special building blocks are used,
the more indexes ¢ must be used. This makes the system more complicated, when
trying to choose the best building blocks f; and the associated coefficients c;.

In this thesis we restrict to functions with finite energy. This restriction is common
and, from a practical point of view, not very restrictive: most functions related to
real signals, at least to images, tend to have finite energy. This class of functions is
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commonly denoted as

)= {18 SR = [ 176 o <o), m
R
where the integral is Lebesgue integral.

In mathematical language, the building blocks f; are called as basis functions and
the set {f;}, is called basis if any function f € L?(R?) can approximated arbitrary
well with some linear combination of f;, i.e. for all € > 0 exists coefficients ¢; such
that ||f — >, cifill, < €. In many applications, like estimation or compression, it is
important that too many building blocks f; are not needed when ¢ is fixed to some
reasonable small number.

The function space L*(R?) is very large, containing many different kind of functions.
Some functions might be very smooth, some very rough since the definition of L?(R?)
does not consider derivatives. Therefore, it is quite clear that same basis can not
be very efficient for approximation of all functions in L?(R?). Also, the domain of
functions, R?, is unnecessary large for most of applications: often values f(x) are
interesting only when z belongs to the unit square [0, 1]?, or to some other compact
set 2 C R2. In this case, the popular and simple method is to set f(z) =0 if z ¢ Q.

1.1.1 Wavelets in Lego™ land and some extensions

The wavelet bases are defined with little more mathematical details later, here the
simple geometric explanation is given. Roughly speaking, wavelet basis can be seen
as set of Lego™ blocks where all blocks are cubes with side the length [ that scales
in powers of two, i.e. [ = C2/, where j € Z. This immediately suggests that wavelet
bases can be used to approximate functions that have horizontal or vertical edges,
but wavelets would not work in best way with diagonal edges. Wavelets would be
also very efficient in approximation of isotropic features like some sharp peaks. The
main geometric difference between Legos and wavelets is that wavelets have been
designed so that also smooth parts of functions can be presented efficiently by them.
Mathematically, this is simply done by demanding them to be smooth enough and
being orthogonal to polynomials of degree high enough, as well as each others. Even
if this sounds simple, keeping them compactly supported, i.e. non-zero only in short
interval, and providing nice digital implementation is not so simple but was a real
break through in the late 80’s [9, 32, 28].

If we could look for new basis every time when f changes, a good approximation for
f by using few f; would be easier to establish. The characteristics of a good basis
depend essentially on properties of f. Exploring those properties might be difficult
or at least a time consuming task. And the basis functions f; should have some clear
structure so that all information about their shapes would be easy to store. These
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bases are called “adaptive bases”. For example if an edge is not horizontal, we can
twist the image so that after twisting the edge is horizontal, and then do wavelet
approximation for this twisted image. Or, we can do the other way round: we twist
the wavelet basis functions so that they see the edge as a straight line. In both cases
we have to first recognize the edge and save information about it somewhere. Saving
the information of geometry is usually not the problem, but finding is. Bandelet basis
implements this idea of twisting wavelets in a very efficient way [26, 25, 31, 30].

Normal wavelets have essentially only two different orientation (third, diagonal ori-
entation, is very weak). One way to generalize wavelets is to increase the number of
orientations. There exists several such approaches like complex wavelets and steer-
able pyramids [35]. A common feature for these constructions is that the number of
orientations is fixed and the same at every scale. These variants of wavelet bases may
work quite nicely in practice sometimes, but theoretically they are far from optimal
in the sense of efficiency of approximation.

1.1.2 Scaling goes parabolic and number of orientations grows

If we want to stick to non-adaptive basis and avoid all problems of exploring geometry
of image, what could be done? As said earlier, more orientations would be nice. Before
adding those let us consider the geometry of smooth curves. Usually by “a smooth
curve” S in R? we mean a curve that has a bounded second derivative. In that case,
there exists a constant C' < oo such that a piece with length y/a from this curve
will fit to a rectangle R that has length about v/a and width about a. This gives an
idea that for efficient analysis or approximation of a function f € L?(R?) that has
singularities along this kind of a smooth curve, we should use basis functions f; in
L*(R?) such that most of its energy is concentrated to this rectangle.

Since orientation for each piece of S can vary, we should use also functions f; with
multiple orientations. Also, we should use multiple scales a since we get otherwise
just rough approximation about S. Basis functions related to smaller scales a could
adapt better to S and therefore the use of them would refine approximation.

The number of orientations also should increase when the scale a gets smaller. This
is because the ratio between length and width of rectangles is about a—'/2. About
a~'/? rectangles are needed to cover a ball with radius 1/a, i.e. to cover all possibly

interested orientations. So at least about a~1/2

differently oriented functions f; should
be available, otherwise they cannot adapt to geometry of S. Emmanuel Candes and
David L. Donoho introduced first this kind of basis functions, called curvelets for
approximation purposes. After that, inspired by curvelets, other bases with similar
properties were developed by other research groups. Best known are contourlets by

Do and Vetterli [11, 34] and shearlets by Kanghui and Labate [15]. Each of these
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transforms are discussed with more details in later sections.

1.2 Approximations of a function

When a photo is taken, we do not necessary get an optimal image (i.e. function
f) but only some approximation because of limited resolution of camera, unperfect
lenses, etc. When an image is saved to computer, camera or mobile, some more
approximations are usually done, even if original image is taken by digital camera.
This is because an image often is too big to save or transfer, and therefore must be
compressed. So, even with an imagined infinite resolution camera, the final image
would be just approximation.

Approximation or compression of a function f € L?(IR?) is often based on algorithms
where f is first represented as a linear combination of basis functions f; € L?(R?),

[= Zcifiy

where ¢; € R, and then coefficients ¢; with small absolute values are rounded to zero.

i.e.

In this kind of process the orthonormality of basis functions f; is often desired since
it gives an easy way to minimize error due to this rounding: If I is the index set

that contains those coefficients that are not rounded zero and f := > crCifiy then

iel
12
Hf — fH = Zi§£1 ;. In this case, if we want to use only M coefficients, the optimal
2 ~

approximation f for f is the one where all but M biggest coefficients ¢; are rounded
to zero. Coefficients ¢; are also simple to calculate in the case of orthonormal basis:

6= {f, 1) 1= foa () i)

However, a slightly more general property called “tight frame” provides the same
property [18]:

Definition 1 The set of functions B = {f;}, in L*(R?) is called a normalized tight
frame for L*(R?) if for any f € L*(R?) there holds

£z = Z|<f, . (2)

Corollary 2 If the set {f;}; in L*(R?) is a normalized tight frame, then any f €
L*(R?) has the representation f =Y, {f. fi) fi

An exact definition of best M-term non-linear approximation with tight frames can
be given as follows

13
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Figure 1: (a) Graph of function f that is smooth; (b) Graph of function g that is
smooth apart from a smooth curve.

Definition 3 Let f =Y, cifi € L*(R?), B = {f;}, be a normalized tight frame and
Inf be the index set that contains indexes i for M coefficients c; with biggest absolute
value |c;|. Best M-term non-linear approximation of f in basis B is given then by

fup = Z cifi, (3)

i€y p

where ¢; = (f, f).

When discussing convergence rates, the notation of type h(M) < O(p(M)) will be
used frequently later. This means that for all M < oo exists coefficients C', indepen-
dent of M such that h(M) < Cp(M).

The rest of this section is devoted to clarify how different the behavior of bases might
be for different kind of functions. While emphasizing differences between bases, all
mathematical details are not mentioned here, some appropriate references are given
in [11, 29, 5].

Figure 1 illustrates graphs of two different kind of functions.

We now describe how the best M-term approximation of these would behave in three
different bases. Let

e [ be Fourier-basis (i.e. functions f; are modulated versions of sines and cosines).

e W be wavelet basis (i.e. functions f; are translated and scaled versions of
single “generating” function ). This kind of basis is used, for example, in the
JPEG2000 image compression standard.

e C be curvelet, contourlet or shearlet basis (detailed definitions in later sections).

14



The function f in Figure 1 a) is at least two times differentiable with bounded deriva-
tives. For this type of function we have

Ilf— fM,F||§ <O(M™?)
If = fuwls < O(M~2)
If = fucly < OM2)

Notice that in this case all transforms had the same approximation rate. Things
change dramatically when the function is taken from a different class. Suppose that
the function g has a discontinuity along a smooth curve and otherwise it has exactly
the same differentiability properties as f had. Function g is illustrated in Figure 1
b). For functions like g, the approximation now reads as:

lg — 9M7F||§ < O(M?)
lg — grwlly < OM™)
lg — guclls < O(M2logy(M)?)

The approximation rate with wavelet basis collapsed now far worse than what it was
for f. The approximation rate with Fourier basis was even worse than with wavelet
basis. Comparing Fourier and wavelet basis, the curvelet basis hardly noticed the
discontinuity of g.

In the above examples, the approximation rates for f were actually optimal, meaning
that there exist no other bases that could do better. For g, the curvelets achieved
also almost optimal approximation rate: for functions that are smooth apart from
(smooth) discontinuity curves the optimal rate would be O(M~2). Bandelets provide
this optimal rate, but bandelet basis is an adaptive basis [26]. So, comparing optimal

rate, the curvelet basis had only the extra factor log,(M)3.

However, in practical
applications M rarely is less than 2! which means that despite of logarithm, this
factor is still quite large. One of the main theme of this thesis is to investigate if
this factor can be removed from curvelet approximations, also when the function has
a discontinuity along a smooth curve. Theorem 17 states that under some extra

assumptions for smoothness this can be done.

1.3 From approximations to estimates

Despite of the fact that transforms based on parabolic scaling have some excellent
theoretical properties for approximation and compression, they have not been able to
make breakthrough on these fields yet. However, in some noise removal application,
these transforms are really superb compared to the wavelet transform, that has been
a popular method during last decades. Although this thesis does not focus to noise
removal or signal estimation, non-linear approximation can be powerful tool in solving
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these problems. More precisely: approximations are good estimates. Therefore the
approximation theory that is considered in this thesis has a direct relation to signal
estimation and noise removal. In this section we shortly explain why.

Suppose that f is corrupted by noise from a measurement devise or some other source.
If the magnitude of noise e is independent of values of f, the model between f and
observed function m is given by

m=f+e.

The problem is to find an estimate for f when m is given (measured). Now m can be
written as

m=> (m, fi) fi=> (e, fi) + (f, ) i

i i
From this form it can be seen that if f; are designed so that |{e, f;}| tend to be small
as compared to the M largest values of |(f, f;)|, then largest values of (m, f;) are close
to values of (f, f;). This is the usual case when the noise level |le||3 /|| ]2 is not too
high and the basis is such that best M-term approximation is efficient. To be a bit

more precise, we can write

mmy.B = Z <m7fi>fi

€10, m

= > e f) it DAL f

i€lM,m i€l m

Z (e, fi) i + fmp + D,

1€10,m

where

h= Y LS fi— Yo RRE=Y (L

€T m\ a1, s i€In, N\t icJ
If M is not too large compared to the noise level, the index set J is probably
quite small, even empty. Also in this case if & € J, then probably [{f, fr)| =
min {|(f, fi)| : ¢ € Inp}. If M is too large, then all |(f, fx)|, k € J, are relatively
small (the level and pattern of the noise e essentially limit how small), but there may
be a lot of them: the size of the set might start to grow in the worst case almost
linearly with respect to M. For the estimation error we can write

| f —muasll <\ f = fusll + | fa,s — marsl|

<|If = fupl+{[ D (e fi) | + 2]

1E€IM, m

= If = fasl+ [ D e fl? + Al

i€In,m

=F + Ey,+ E5
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The term E? increases approximately linearly with respect to M. Therefore, small
M is desired. Because E is just a M-term approximation error of f, it is important
that this error decreases as fast as possible, since we no not want to have a large
M. Moreover, as explained above, F3 tends to grow also when M grows too large.
Because all of this, fast convergence of || f — fa,g|| is important. It is worth to note
that the faster is the decay rate of Fy, the more early E3 start to grow with respect
to M. This somehow tells that the noise can not be removed totally, no matter how
efficient M-term approximation is. This is natural, since random noise causes always
some uncertainty.

For functions that are smooth apart from a smooth discontinuity curve, curvelets are
actually almost optimal basis for this kind of estimation [4, 39].

In addition to this simple thresholding method, the remaining coefficients also can
be shrunk and this might visually improve the estimate [12]. However, even for this
shrinking method, it is essential that a basis with good non-linear approximation
properties is used.

2 Multiscale transforms based of parabolic scaling

2.1 Mathematical notations

Let us start with some notations that will be used frequently later. The dilatation
(or scaling) matrix D1 that provides a parabolic scaling is given as

0 2)

Denote by R_y the matrix affecting planar rotation of € radians in clockwise direction,

R ) g

i.e.

Inverses of these matrices are therefore Dzl =D, and Rjé = Ry.

For general (non-index) vectors x = (z1,75) € R?, we denote 2 := z}'2%* and norm
is the usual Euclidean norm ||z|| := y/2% + x3. For each scale a and direction 6, let
us define the norm

0]l = HDiR—HUH for v € R?. (6)

An immediate consequence of the above definitions is that % < ||l < 1 when

O0<a<l.
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The vector vy is defined as the unit vector parallel to the major axis of the ellipsoidal
[v]l,0 =1, ie.
Vy ‘= Rg(o, 1)T (7)

The length of the major axis of this ellipsoidal is 1/a and the length of the minor axis
is a, i.e. ellipsoidal becomes more and more needle like when scale a goes to zero.

Partial derivatives of a function f : R?> — R are denoted by 9" f = 9}'95* f where
0; means the partial derivative with respect to the i*"-variable and the index vector
v = (v1,1) is in N2, with |v| = v + va.

The Fourier transform is defined by
f(f) = f(z)e 2™ @8 dy, for & € R?, (8)
R2

so that the Plancherel’s formula becomes

(f,9) = (f,9), (9)

and the Fourier inversion formula reads
f@)= [ f(&eme de. (10)
R

Although for general f € L?(R?) the Fourier transform should be defined in a bit
more complicated way (see the definition for example from [29]). However, Fourier
transforms are applied in proofs only to functions for which the above definitions are
equivalent.

We will often use the notation
0 = Zkall?,
5 ;

where 0 < |k| <,a"'/2. The advantage of this notation will make sense in later
sections, when we investigate convergence of non-linear approximations.

Characteric function x4 : R* — {0, 1} of a set A is defined as

wo={ g (1)

2.2 Wavelet transform

To emphasize new ideas of curvelets, shearlets and contourlets compared to wavelets,
some basics about wavelet bases and transforms are first revised.

18



2.2.1 Continuous wavelet transform

Like the Fourier-transform defined in the previous section, Continuous Wavelet Trans-
form (CWT) is an integral transform defined by the formula

Wi(a,b) = /}R (e,

where the

banlw) = a V(diag(a!,a~)(z — b)),
a>0,beR?and v € L*(R?). Mother wavelet v should also satisfy the so called
admissability conditions that ensure the existence of inverse transform. Some details
can be found in [10]. The most interesting property that follows in practical situations
from admissability conditions is that

g Y(z)dx = 0. (12)

This means that a wavelet should have a zero-order vanishing moment. In practice,
also higher order vanishing moments are demanded. These vanishing moments are the
key for approximation properties. In comparison, curvelets, contourlets and shearlets
have directional vanishing moments, defined in section 2.7.1, that wavelets do not
necessary have. Especially, the scaling law of wavelets means that even if ¢ has
directional vanishing moments to some directions, the number of directions do not
grow when the scale a decreases, as it does with parabolic scaling.

A direction parameter can be easily added to wavelet transform, just simply add the
rotation

Wy(a,b,0) = /Rz f(@)apg(x)d,
Yapg(x) = a M(diag(a™, a )Re(x — b)).

However, this rotation does not add any more directional vanishing moments.

2.2.2 Wavelet basis

When constructing wavelet bases for L?(IR?), the usual approach that leads to efficient
digital implementation is to construct three different mother wavelets 1 : R? — R,
1 = 1,2,3 by tensor products applied to a mother wavelet and a so called scaling
function (or father wavelet) that are related to multiresolution analysis. Basis func-
tions for L?(R?) are found then by properly sampling parameters a and b for functions
wffb)(m) However, usually digital implementation is actually made with finite impulse
response (FIR) filters. This approach gives wavelets with three different orientations.
Details can be found for example in [29]. Using more than one generating func-
tion is also the idea used with shearlets and contourlets, which also leads to more
straightforward digital implementation than what curvelets have.
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2.3 Hart Smith transform

The first transform that is considered is the Hart Smith transform. According to our
knowledge, only continuous Hart Smith transform is introduced in literature and a
related basis for L?(R?) has been never presented.

Originally this transform was defined in Fourier domain and L'-normalization was
used[38]. In this thesis we use the variation that was described in [6, 7] which adopts
L*-normalization.

For a given ¢ € L*(R?), a family of functions ¢ is defined by

() = a Ty (D%R—o (z — b)) ;

for 6 € [0,27), b € R? and 0 < a < ag, where ag is a fixed coarsest scale. The Hart
Smith’s directional wavelet transform is defined as an integral transform

ff (a, b, 9) = <(pab97 f> .

This is a true affine transform based on parabolic scaling, i.e., the family {@um}
is generated by translating, rotating, and parabolically dilating a single generating
function ¢.

Because of this, we can think that the energy of ¢, is essentially concentrated
on the ellipse centered at b with minor axis of length “about” a and major axis of
length “about” 4/a pointing in the direction vg. This means that the kernel function
wapy becomes “needle shaped” when the scale goes small. The only visible difference
to directional wavelet transform is the use of parabolic scaling instead of isotropic
scaling.

High-frequency function is a square integrable function whose Fourier transform is
supported outside a ball of some fixed radius. For high-frequency functions the fol-
lowing reconstruction formula is proposed in [6]. See also [38, 7].

Theorem 4 There exists a Fourier multiplier M of order 0 so that whenever f &€
L2(R?) is a high-frequency function supported in frequency space ||€]| > %, then

f= / /%/ (@aba, M f) %bedbcwf (13)

The function M f is defined in the frequency domain by a multiplier formula ]\//[7(5) =
m(||€])f(€), where m is a standard Fourier multiplier of order 0 (that is, for each
k>0, there is a constant C, such that for allt € R, |m®(t)] < Cy (1 + |t|2)7k/2).

The restriction to high frequency functions makes the reconstruction formula a bit
useless in some situations. In the study of characterization of regularity, the problems
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do not arise: a general f € L? can be first divided to low and high frequency parts fr,
and fg, i.e. produce f, first by lowpass filtering and then set fg = f — f,. Because
fr is always infinitely differentiable, regularity properties of f = fr + fg depend only
on fy. Therefore tools for working with just high frequency functions are enough for
this problem. However, this kind of preprocessing with lowpass filter is not necessary
(see for example the proof of Theorem 24).

Another inconvenience in using Hart Smith transform is that we have to use a Fourier
multiplier M. Generally, by Plancherel’s formula we get

(easos M) = (G mFDF) = (m-DZatas f ) = (Mipaao, 1)

Because of this and the fact that @up and Mg are duals [6, 7], the reconstruction
formula can be written also in the form

ao 27 da
f:/ / / (M@ap, f) Pabe dbdf) —
0 0 R2 a
oo da
= / / / <()0(lb67f> Mgpabedbdg 73
0 0 R2 a

The geometrical properties of the functions @u and Mgy are very similar. First,
because translation in spatial domain means modulation in frequency domain, the
parameter b will just translate Mpqe. Secondly, since m is purely a radial function
in Fourier domain, it does not affect rotation properties, i.e. 6 act as a rotation
parameter also for My.g. True parabolic scaling is the only property that is lost
because of Fourier multiplier. In Section 2.7.3 it is shown that if ¢ is properly chosen
then @upp and My have essentially the same decay properties (see Lemma 11).
This will lead to the fact that @9 and Mg can be used in exactly the same way
when investigating regularity properties with techniques presented in this thesis.

2.4 Curvelet transform

Since curvelets are the most used basis and curvelet transform the most used trans-
form in this thesis, they are reviewed in details in this section. The continuous curvelet
transform (CCT) is used in regularity analysis in Section 4.2 and the discrete curvelet
transform, i.e. curvelet basis, is utilized in theorems of Section 3.

2.4.1 Continuous Curvelet transform

There exists different constructions of curvelets, the one used in [6, 7] is reviewed
in this section. This continuous curvelet transform (CCT) has a simpler inversion
formula than that of Hart Smith transform. Still, it has essentially similar decay
properties as g, just like My have. See Lemma 11.
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CCT is defined in the polar coordinates (r,w) of the Fourier/frequency domain. Let

W be a positive real-valued function supported inside (3,

and let V be a real-valued function supported on [—1,1], called an angular window.

2), called a radial window,

Windows W and V should meet the following admissibility conditions:

/000 W(r)Zg =1 and /1 V(w)?dw = 1. (14)

1

At each scale a, 0 < a < ag, Ya00 is defined by
Faoo (1 cos(w), rsin(w)) = aiW (ar)V (w/v/a) forr>0and w € [0,2n).
For each 0 < a < ag, b € R?, and 0 € [0,27), a curvelet Y is defined by
Yabo (T) = Yaoo (Rg (x — b)), for z € R2 (15)

Notice that now curvelets have a little bit different generating function « for each scale.
This is different to Hart Smith or wavelet transform. Also, because of definition of
radial window, functions 4 are high frequency functions.

The continuous curvelet transform is, just like Hart Smith or wavelet transform, an
integral transform

Ly (a,b,0) = (Yas, f) forall 0 <a < ag,beR? and 6 € [0,27).

In [6] it was assumed that V and W are C*°, which implies that the curvelets and
their derivatives have rapid decay. For purposes of this thesis, it would be enough
to assume only that V and W are CV for N large enough. This assumption would
then ensure that the resulting curvelets and their derivatives up to desired order (in
regularity analysis, largest « of interest), would decay fast enough. Anyway, to keep
notations a bit more nice, the assumption that V., W € C is used also in this thesis.
Lemma 10 will state that this construction will lead to directional vanishing moments
with increasing number of directions when a degreases.

The following reconstruction formula exists for curvelet transform, for all f € L?(R?)
[7].

Theorem 5 There exists a bandlimited purely radial function ® such that for all
f e LX(R?),

da

—,
a3

ag 2w
= o (Dy, f) Py db+/0 /0 /}R2 (Yabos f) Yavo db dO (16)
where ®y(x) = (x — b).

Just like with Hart Smith transform the low frequency part [o, (@, f) @, db of func-
tion f is uninteresting in this thesis since continuous curvelet transform is used here
only in regularity analysis.
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2.4.2 Discrete Curvelet transform

Candes and Donoho have presented a slightly different way to construct curvelet tight
frames [7, 4], both leading to essentially similar basis functions. We give a fast review
on how the construction used in [5] is related to CCT defined above. The aim is not
to be very rigorous mathematically, but clarify that the construction can be done
essentially so that basis functions have the same geometric properties as Y4 related
to CCT. Details can be found in [5].

First, remember that J,00 in CCT was defined as product of a (smooth) radial and
angular window. In the discrete curvelet transform we have a very same starting point:
compactly supported and smooth angular and radial windows are first defined, and
then a window w, is defined as product of those windows. Next this window is moved
to left side of the & -axis by reflecting it around &, axis, let us denote this by ws. The
final window is then 7400 := w; + wo.

We would like to note that other conditions for window functions are little different
from the admissability conditions presented in the continuous case. These so called
"partition of unity” properties, are explained in [5] with details.

Next the translation parameter is constructed. First define rectangles r; and ry s.t.
supp(w,) C r1Ury. For L2(r1 Ury) define now orthonormal basis by using orthonormal
basis of complex exponentials in both directions & and &. For this basis {f, s}, the
index b = (by, by) describes coefficients in exponents of basis function. Curvelet basis
functions 740 for fixed scale a and orientation § = 0 are defined now in Fourier
domain by

Yab0 = Ya00 * fa,b'

Notice, essentially, that multiplying in Fourier domain by complex exponential means
the same as translation of function in spatial domain. Therefore, by taking inverse
Fourier transform of 74,0, the term f,, affects essentially as a translation while the
term 7q00 describes the shape of 740. Basis functions f,;, are chosen so that when
b1 changes by one, translation in x; direction is about length a, and if by changes by

one, translation in z, direction is about a'/2.

Note: to be specific, f,; does not affect only as an translation for ¢, but that part of
it that would affect the shape can be included in the original radial window. Details
can be found again from [5].

The rotation parameter is now easy to add. Just define vup0(2) := Yapo(R—g2).

It is still unclear how parameters a and 6 should be discretized. As discussed in the
Section 1.1.2, from the approximation point of view it would be good if there are

—1/2

about a different angles. Therefore, the only question is how to discretize a. For

example, a = 277 would work otherwise fine, but then the number of orientations is
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not always integer, and therefore it should be rounded on every other scale. So, from
implementation point of view, the choice a = 4™7 = 27% might be better. Generally
any discretization of type a = ¢/, where ¢ > 1 is constants, would lead to same
results [5].

The last thing would be to introduce some basis functions ®, that are concentrated
to low frequencies, just as in the continuous case. However, from a theoretical point,
these are not very interesting: in regularity analysis the low frequencies do not matter,
and for the convergence of the M-term approximation the fixed single scale can not
contain too many basis functions with with large coefficients, as long as these basis
functions have a rapid decay. Once again, details of construction of ®;, are given in
[5]. The set {yapo} U {®Pp} forms now the normalized tight frame for L?(R?) [5].

2.5 Shearlet transform

In this section only a short revision on shearlet transform is given. The aim is to
emphasize its differences to curvelet and contourlet transforms. In later sections
some theorems related to shearlets are revised from [24], and numerical examples
are given. All this will demonstrate that shearlets are very similar to curvelets and
contourlets.

2.5.1 Continouous Shearlet transform

This section follows the definitions and notations in G. Kutyniok and D. Labate[23].
Previously the function i was related to wavelets. Wavelets are not considered in
later sections and ¢ is from now on related to shearlets. While other transforms
had rotation parameter 6, corresponding parameter for shearlets is shearing s, which
emphasize the difference.

Given v and 1y € L*(R), let v € L*(R?) be defined by

7/;(5) = @1(51)7/32 (gj) (17)

when f = (61752) S R2 with 51 # 0.
Definition 6 Let 1) € L*(R?) be given by (17) where

i. 1 € L3(R) satisfies the admissibility condition, and 1[)1 € C*(R) with supp Uy C
[_27 _%] U [1 2]}

2

ii. |9]ly, =1, and 1y € C®(R) with supppy C [—1,1] and ¢y > 0 on (—1,1).
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Such a function v is called a shearlet function. Notice that the roles of ¥, and )y
are somewhat similar to the roles of angular and radial window functions in CCT,
although polar coordinates are not used. The use of polar coordinates is the key
point that make a digital implementation of curvelet transform a bit problematic and
shearlets try to avoid that.

A continuous shearlet system is the set of functions generated by v, namely,

{qpm —a iy (M (-—1): a€ICRY, s€SCR te R2} ,

where M,, = B,D,, B, is the shear matriz <(1) 15), and D, is the diagonal matrix

(3 \95> The continuous shearlet transform (CST) of f is then defined by
SHyf(a,s,t) = {fitbast), a EICRT, s €S CR, t€R%.

The most striking difference between shearlet and curvelet transform is that the
rotation matrix is now replaced by shearing matrix. This shearing matrix changes
the geometry while the rotation matrix kept the geometry. The bigger s is, the more
the geometry of 1, differs from the geometry of 1,0,. This might make a direct
interpretation of the values of SHyf(a,s,t) a bit complicated. For shearlets, the
proper choice for set I of scales is a bit more delicate question, that will be specified
a little later, as well as a set S of shear parameters.

Directly from the definition of 1) we have

Vast(§) = age_mg%l(aflw? <\}5 <§j - S>> ‘

The support for each function LZ)ast satisfies therefore

SUPD oy € {(51,52): ¢ c H,—l] U [1 2] ,

2a’ a

53}
1

For this shearlet system the following reconstruction formula holds.

Theorem 7 Let 1 = R, S =R, and ¢ € L?(R?) be a shearlet function. Then, for

all f € A(R),
da
f: /RZ/R/R+ <wast7f> %ggdsdt . (18)

A drawback in the above reconstruction formula is that the interval for shearing
parameter is huge comparing to interval [0, 27) for 6 in 16.
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If the set S is not all of R, then two different type of shearlets are needed: horizontally
and vertically oriented.

The original shearlet do well as long as the shearing parameter s is not large. Consider
the subspace of L?(R?) given by L*(C) = {f € L*(R?): supp f C C'} where C'is given
by

C= {(51,62) € R%: |¢| > 2 and ‘?‘ < 1},
1

Theorem 8 Let I ={a:0<a < 1} S ={s:|s| <2} and ¢ € L*(R?) be a shearlet
function. Then, for all f € L*(C

= 42[2/ (Vast; f wm dsdt (19)

From now on S = {s: |s| <2} and I = {a: 0 < a < 1}. Theorem 8 takes care of f
that are supported on horizontal cones in Fourier domain.

Next define “vertical” shearlets that can reproduce the functions that are supported
on vertical cones in Fourier domain. Most easily this is done by changing roles of &;
and & in every formula above:

FOE) = 501, 62) = () (ﬁ) (20)

where ¢1, 1/)2 are defined as in Definition 6. The shearlets w ¢ are defined by 1/)%
a~ iy ((MSJQ)- (-— t)), where M{Y = B{D{” with B{"”) = BT and D{"”) = (\Of 2)

Then {wast} is a continuous shearlet system for L2(C™)) where C") is the vertical

!

cone;

cW = {(gl,gz) e R?: |&| > 2 and

&
&

“Vertical” continuous shearlet transform is then

SHY J(a,5,0) = (£0)).
and we have $)(€) = ate M, (a&y) (97 (& —5)). bence

suppul) C {(51,52): & e H—;a] U [;@ﬂ b _,

&2

Now the part C®) U C of Fourier plane is taken care and only the low frequency part

<\/5}.

R2\ (C™ UC) is left. As argued before, this might not be very interesting in context
of this thesis but it can be done: Let W (z) be such that W(f) € C*°(R?) and
TP 166 [ W) + x(© [ 1P =1, forae. ¢ €,
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where € = {(51,52) ER*: €] < 1} and Cy = {(51,52) eR*: €] > 1},

Then it follows that W is a C*®-window function on R? with Vﬂ\ =1 for £ €
[-1/2,1/2]* and W = 0 outside the box [—2,2]2. Finally, let Po, f = fxe, and
Pe,f = fxc,- Then, for each f € L?(R?) we have

s = [ =00 W=+ [ [ [ e Pof) aato) s

v v d
v [ (vlhpeas) vt S asa
R2

It is worth to notice that functions v, and 1/1,(;3 are actually very similar. Their
supports go away from origin of the Fourier plane essentially similarly as what happen
for curvelets when scale a degreases.

2.5.2 Discrete Shearlet transform

Moving from continuous transform to discrete transform happens with shearlets in
a quite similar way as it happened with curvelets: sampling parameters a, ¢t and s
of continuous shearlets. This must be done separeately for horizontal and vertical
shearlets. As an example, in horizontal case the samples are of form a; = 27% for
J 20, s =ky/a; = k277 for =2 <k <2 and tjpy, = By, Da,m for m € Z2.

With some extra conditions for i, and 1, this kind of straightforward construction
leads to tight frames for L*(R?). Details can be founded in [14].

2.6 Contourlet transform

The contourlet transform is not a main theme of this thesis, since none of theorems in
the thesis is written for contourlets. However, there is a good reason to believe that
similar theorems might exist also for contourlets, since this transform is so similar to
curvelet and shearlet transform. Here we discuss similarities and differences of the
contourlet transform as compared to transforms presented in earlier sections.

The major difference is that the contourlet transform is defined with iterated (di-
rectional) filter bank structure. So, the nature of transform is discrete and it has an
efficient implementation with digital filters. Contourlet basis functions are defined via
these filters, but there is no real need to construct basis functions since all numerical
calculations are done directly by using filters.

Essentially, two different kind of approaches are proposed to design these filters. First
is the method that tries to maximize the number of directions for directional van-
ishing moments. The second method proposes to use filters with (approximately)

27



ideal frequency selectivity. This method leads to a very similar frequency support
for basis functions as with shearlets. If these filters are designed so that they lead to
rapidly decaying basis functions, then contourlet basis functions would have essen-
tially similar properties as those of shearlet or curvelet basis functions. In that case,
theorems similar to the ones presented in Section 3 for curvelets might hold also for
contourlets. However, the author of the thesis is not aware of existence of this kind
of filters. If filters with finite length are used in design of contourletes, then related
contourlet basis functions have compact support but ideal frequency selectivity, that
was mentioned before, is not possible. For more information about contourlets and
filter desing, see [11, 34, 8].

2.7 General properties of transforms

In this section it is shown that all functions @9, M@, and v.,e do have the same
essential properties that are needed for proofs of theorems in later Sections 3 and 4.
This will make all of them almost equivalent when investigating Holder regularities
in the Section 4. For approximation of function, that is discussed in Section 3, only
properties of curvelets -y, are important since those theorems are related only to
curvelets. Although proofs for theorems in this section are written only for 7,49 that is
defined as in CCT, they would be almost identical for basis functions of curvelet tight
frames since, discussed in Section , the construction is essentially similar. Lemmas as
presented in this section are from [36]. Similar lemmas hold also for shearlets [24].

2.7.1 Directional vanishing moments

For any nonzero vectors v and v in R?, let us denote the angle from v to v’ in clockwise
direction by Z(v,v").

Definition 9 A function f of two wvariables is said to have a L-order directional
vanishing moments along a direction v = (vy,v2)T (suppose that vy # 0; if v; = 0
then ve # 0 and we can swap the two dimensions) if

/t"f(t,tvg/vl—c)dt:O, VeeR, 0<n<L.
R

Essentially, the above definition means that any 1-D slices of the function have vanish-
ing moments of order L. Notice from the definition that f has directional vanishing
moment along direction v if and only if the same holds along direction —v. The
Lemma 10 below essentially relates directions of vanishing moments to scale a.

Lemma 10 There exists C < oo (independent of a,b and 0) such that the curvelet
functions vape have directional vanishing moments of any order L < oo along all
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directions v that satisfy ©/2 > |/ (vg,v)| > Ca'/?. Moreover, if there exists finite and
strictly positive constants Cy,Cy and Csy such that supp(p) C [Cy, C1] x [—=Csy, Csl,
then the above is true also for functions pae and Mpapg.

Proof.  Because m is smooth and bounded, the Fourier transforms @gp(§) and
m(||€]]) Pape (€) of functions e and Mg have the same compact support (and the
same order of differentiability). This makes them equivalent in the sense that both
satisfy conditions of the Lemma and therefore it is enough to produce a proof for
Yapp- Moreover, compact support in frequency domain implies that @9 and M@
are in C'™°.

Let a > 0,b € R* and 0 = 0, so vy = (0,1)T. Let v = (v1,v9)T = (cos@,sin@)T
be a unit vector such that |Z(vg,v)| > Ca'/2. We make now a restriction to values
0 € 10,7/2), i.e. 0 < Z(vg,v) < w/2. On this interval we always have Z(vg,v) <
tan(Z(vg, v)). Choose now C' = Cy/Cy. Because

_ /2
U1 1/2 Cha™!
Lt > / >C =
U2 an (£(vg,v)) (vo,v) > Ca Gt

it follows that the lines passing through the origin with slopes £ do not intersect
the rectangle [a='Cy, a™'C}] x [~a~Y2Cy,a~/2Cy). In particular, since supp(@ap) is
a subset of the rectangle, it does not intersect with the line & = —Z—;&. Now, since
rotation commutes with Fourier transform, we have supp(@apy) = R, supp(@apo) and
S0

supp(Zam) N {(&1,€2): &2 = f%sl} =0
< supp(@ap—o)) N R {(&1,&): & = —%51} =0
> supp(@an—on) N{(&,&): & =01 =0

Consequently, all partial derivatives of ‘P@) vanish on the &;-axis. This property
of Yap—gy implies that it has directional vanishing moments along the direction of
x1-axis of any order L. Indeed, if we denote g(xs) := f:c?gpab(,gg(xl,xg)dxl then
differentiating under the integral sign gives

0 = 0} Gan—0(0, &)
</ x?%@ab(_o/)(xl,xQ)d%) e*Zwixzfzde
g

.732)6_27”1252 d:EQ

= (—2mi)"

for all & € R, which implies that g(x2) = 0. Therefore, .0 has vanishing moments
along the direction v. For angles 6" € (7/2, 7] one can make similar derivations since
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[a=1Cy,a"1C)] x [—a~2Cy,a=1/2Cy] is symmetric about the &-axis. And proof for
the case 6 = 0 is complete.

The general case for § € [0,27) follows easily from the fact that @ just rotates the
function pge. Because @g 9 has directional vanishing moments along the direction v
if and only if @0 have directional vanishing moments along direction R_gv and

|£(ve,v)| = [£(R-gvg, R_gv)| = |£(vo, R-gv)|,

we can denote R_gv := (cos@,sin@)’ and make exactly same calculations as in
the case # = 0. For curvelets, one can use exactly the same proof because clearly
supp(Yao0) C [a71C1, a7 0] x [—aV/2Cy, a1/2Cy) for some strictly positive Cy, C}

and Cy. =

2.7.2 Smoothness of kernel and basis functions

Smoothness of basis functions is an important subject in approximation and compres-
sion applications. If basis functions are very rough, the visual quality might be bad
even if the error || f — f ]|, is fairly small. With basis functions used in this thesis
this is not an issue since all basis functions had compact support in Fourier domain,
that makes them to be C'*° functions.

2.7.3 Decay of kernel and basis functions
A result on the decay of 09, 0V M ©ape, and 0”49 is given below.

Lemma 11 Suppose that the windows V and W in the definition of CCT are C*
and have compact supports. Then for each N = 1,2, ... there is a constant Cy such
that

Cra-3/41V]
Vi €R? [0 yum(w)] < — 22

< N (21)
L+ [z — )12

Moreover, if ¢ € C* and if there exist finite and strictly positive constants Cy,C1,
and Cy such that supp(p) C [Ch, C] x [=C2, Cy], then (21) also holds for functions
Pabe and Mpap.

Proof. We produce a proof only for Mpg. The proof is identical for @9 and, at
the end of the proof, we will point out differences of proof for curvelets.
We first recall the basic properties of the Fourier transform:

f@) = (=2miz)"g(x) & f(€)=0"3(¢)

fl@)=0"g(x) <« f(&) = (2mi&)"5(¢).
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Therefore we have
[, Akt = (i g (o), (22)
R

where A is the Laplacian i.e. A := 0? + 05. We restrict first ourself to the case § =0
and b = 0. Fix an index vector v := (v, 15) and define

9a(®) = Mpago(Daz)  and  ho(z) = 0"ga(x) = a7 (8" Mpano) (D).

A straightforward computation yields

ha(€) = (i27€)" §a(€)
= (2mi€)"a /2 MSano(Dl/af)
= (27i&)"a"**m(||D1/a&]|) Paco(D1/a€) (23)
= (2mi€)" a3 2m( HDl/a§H “(€)a*?
= (2mi&) a4 m (IID1ag|De(€)

If we now replace § by h, and z by D; /o in equation (22) we get
’ 747_[_2 ||D1/ $||2 kaU1+U2/2(aVMg0a00)(x)‘
= | (=47 |Dyjaa|*) Pa(D1ja)
= | [ st
R2
<
R2
- [ |t as
R2
a’3/4/ |Ak ((2mi&)"m |

< Ca™3/",

(A% Fa) ()| [e2Pv] dg

(€))| dg

In the last step we used the observation that |Ak (2mi&)*m ’ | <C
where C' is independent of a. This is a direct consequence of the fact that if £ €
supp(¢) then

-n

|TTL(n)(HD1/afH)| < C |’Dl/a§||7n < C ||(ailclaO)T|| = Ca". (24)

When k = 0 this reduces to

|G,V1+V2/2((3VMLPGO())(ZE)| < Ca’3/4.
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By combining the above estimates, we get
@ (1 4 Dy ) 0" Miguon) (0)
= [ 4420 Mg ()| + | (47 D] [*)"a +*2/2(0 M) 2)
< Ca™3/4,

which finally gives the inequality

Ca—3/4—V1—V2/2 Ca—3/4—V1—V2/2

v < < .
10" M pago)(2)] < 1+ (2m) ||D1/a93||2k R HDl/afCH%
Now we give brief arguments how we get estimate for general 6 and b. Because
translation do not change regularity properties, it is clear that all above would hold
also for a general b. Rotation will clearly change properties of partial derivatives of a
function. However, taking partial derivative of a smooth function My with respect
to x; is the same as taking directional derivative of M. to direction R_g(1,0)%.
Since a directional derivative is a linear combination of partial derivatives, and partial
derivatives with respect to z; and x5 in the above calculations produced factors
a~17"2/2_in the worst case we will get factor a=*1=*> = a~ "l instead of a1~/
For curvelets the only essential difference is that we choose g,() := Ya00(Dax), which
leads to formula

ha(€) = (27i€)” a™**Ga00(D1/a)

- _ 1/2 (25)
= (2mi€)” a1 W (\/ff + af%) Vv (a /2 arctan a§§2) :

1

From compact supports of V and W we easily see that there exists positive constants
C" and C" s.t. £ € supp(h,) implicates C' < & < C” and |&| < C” for all sufficiently
small a. Therefore it is also easy to see from (25) that partial derivatives of h,(&) are

bounded by Cla=%/%, and so we get the same estimate as before. m

We would like to remark that, by geometric arguments, the above lemmas would be
valid also when supp(¢) C (([—C1, Ci] U [Cy, C1]) X [=C%, Cs]). This is important if
one prefers a real valued function ¢.

3 Approximation of piecewise smooth functions by
Curvelets

In later sections we will constantly build estimates for expressions that contain pa-
rameters a, b and k or 6 (recall the notation § = gkal/ ). Although some of these
estimates hold for all a, b and k, for our purposes it does not matter if estimates hold
only for a < ag, for some constant ag. This is because at coarse scale the ®; are used.
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Many estimates consider how the transform start to decay when the angle parameter
|k| exceeds some constant value kg, that depends only on f and 7. The optimal value
for kg is out of interest here since it would just affect to a constant in front of final
estimates. Therefore, we will define that the notation

expressionl(a, b, k) = expression2(a, b, k)

is equivalent to the existence of a constant C' € R, independent from a, b and k (i.e.
6) such that
expressionl(a, b, k) = C - expression2(a, b, k)

for all b € R?, a < ag and k > ko. Similarly
expressionl(a, b, k) < expression2(a, b, k)

is equivalent to that there exists a constant C' € R, independent from a, b and k such
that
expressionl(a, b, k) < C' - expression2(a, b, k)

for all b € R?, a < ap and k > kg. With help of these notations we do not have to
update constant coefficients all the time.

3.1 Piecewise smooth functions

In the introduction, the class of piecewise smooth functions was discussed without
mathematical details. Here we will give a bit more rigorous definitions. We restrict
to functions f € L*(R?) that have singularities only along smooth curves S € R We
start by giving rigorous definition for a smooth curve. In [5] where the convergence
rates of || f — far||5 are studied, S is defined in polar coordinates. However, inside the
proofs the boundary is often considered locally as function of one variable. This is
close to the approach used in design of bandelets [26], that are adaptive orthogonal
basis which have optimal convergence rate of ||f — fa||2>. We choose to define the
boundary in this way since we can use then smoothness properties more directly in
proofs.

Definition 12 Assume that a plane curve S € R? has tangent in all points and s, ,
1s a square centered at p and having side length r. Inside this square the coordinates
are defined so that xy-axis is parallel to the tangent of S at p, xo-axis orthogonal to
x1-azis and origin in p. If there exists ro > 0 s.t. Vr < rqg inside sp, the curve S
is a function g,, : R = R, g, € C", and all first n derivatives of g, are bounded
by a constant C' (independent from p and r), then we say that S is C™ smooth with
bounded derivatives.
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Next we define the class F,,, of functions for which the convergence of || f — fu, BHg
is studied.

Definition 13 We say that f € F,, if it is of the form f = xr2\af1 + Xaf2, where
f1, f2 € C*(R?) and have bounded derivatives and compact supports, and A is a
compact set with boundary curve S that is C™ smooth with bounded derivatives.

Now, for example, if f € Fy 5 then curvelets have the approximation rate || f — fM,cﬂz <
CM~2(log(M))? but wavelets still have only the rate || f — farwl; < CM .

We make some remarks on Definition 13. In practice, supports are often restricted
to the square [0,1]? (or more generally a rectangle) since this is quite standard in
real applications, as in analysis of images. Secondly, F,,, does not contain functions
where S could have corners, which is usually the starting point. In some publications,
such as [5] a careful analysis of the effect of corner points to the approximation rate
is performed, but often it is omitted, see [11, 15]. Third, the author is not aware of
any research with n,a > 2 when transforms based on parabolic scaling are studied.
With adaptive basis like bandelets [25] this kind of research is done. The last note
is that there could be more than one region and boundary curve if those would not
intersect each others. However in literature only this simple case of one curve is
usually considered since techniques for proofs of theorems are the same.

3.2 Decay of transforms of piecewise smooth functions

The next theorem shows that by assuming more smoothness for f and .S, the trans-
form will decay faster when orientation turns away from orientation of S.

Theorem 14 Let f € F,,,,, b € S and §' ~ ka'/? be angle between magor axis of Yape
and tangents of S in point b, then

a3/4 ’ |€/| 5 a1/2
3/4 o 1/2
| e s 5§ 5F 2 n=2 W1z (26)

W n >3, |‘9l|2a1/2

for any fized e < 2.
Proof. From the parabolic scaling law its clear that

/]R? F(@)yapo(z)dx| S a*lt, (27)

/2 The real challenge is to find good

estimate when |0’| > a'/2. The proof is somewhat long, so we divide it in five different

We use this estimate for "small” angles |¢'| < a

steps:

34



1. Localization of function and definition of appropriate coordinate systems
2. Partitioning of R?

3. Performing local twisting of function

4. Technical calculation of estimates of integrals in restricted domain

5. Extending estimates to whole domain.

1. Localization of function and defining appropriate coordinate systems For simplicity,
we define z-axis as in the definition 12. In that case 8’ = 6. We also choose b = 0,
although it would be sufficient that ||b]|,, < 1.

a,0 ~

The main ingredient of the proof is “twisting” the discontinuity curve to a straight
line to gain maximum advantage from vanishing moments of v,59. We actually make
that twisting by a change of variable in integration. To avoid the error between
twisted and real integral being too large, we do not make this change in the whole
domain but only in a small region.

Next, we define w, € C*(R?) to be a smooth window function s.t. w,(z) = 0 when
lz]| > /2 and w,(z) = 1 when ||z|| < r/4. Therefore

/ fYavodz
]R?

Because the size of window w, is independent of a and ~ has rapid decay, it is clear
that for all N < oo there exists Cy s.t.

. (28)

+ ’/ Wy fYappdx
]R‘Z

< ‘Az(l - w'r)f'yabedx

< Cya®. (29)

/ (1 - wr)f’Yab9dx
R2

Now fix r be so small that S can be presented as a function g(z;) inside the support
of w,. By definition of F,, ,, it follows that if n > 2, then

9(0) = 4'(0) = 0. (30)

2. Partitioning of R?. We will divide R? to small parallelograms by dividing it first
by horizontal lines and then by lines parallel to major axis of ..

First we divide R? with horizontal lines to slices R;,, i € Z, that have same heights
hr which obey
hr = a'?|sin(8)| < a/? 0] ~ a|k|. (31)
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We can then write

)
= Z/ XRi,a,wa’Y(lbed:E
R2

‘1:1 (32)
/ XRi.oWr [ YabodT
R2

/ Wy fYapodw
]R?

<3

li|=1

Next, make a division with lines parallel to the main axis of y,6. We set distance
between each line being the same as length of translations caused to curvelet uu
when b, increase or decrease by one, i.e. this length is about a. This divides each R;,
to parallelograms R, ,; that are aligned with major axis of 4. Notice that each of
these parallelogram fit inside some rectangle that have side lengths about a and a'/?
and orientation angel equal to . Also it is essential to notice that now each slice R; ,

is constructed from these disjoint parallelograms R; ;.

We will first investigate the slice R;, that contains x;-axis and is therefore most
“corrupted” by the singularity curve. Without loss of generality, the partition R? =
U‘Oi‘lj:lRm can be chosen so that the index ¢ that refer to this slice is ¢ = ¢ = 0.

Let us investigate a point u = (u1,us) € S. Because ¢'(0) = 0 and ¢” is bounded,
lug| < |ug|®. Therefore with relatively small values of |I|, inside in each Ry, there
exists a much smaller region A; ,; (another parallelogram with sides oriented similarly
to sides of Ry 4,) such that u € Ry ,; only if w € Ay ;. By the construction, the side
of Ay, that is aligned with the x;-axis has always the same length d,

a a al/?

sin(6) S ~ T (33)

d =~
a'’Z [kl k[’

but the heights can vary. However, techniques we use later require that this height,
let denote it by ha, is the same for all A;,;. We set this height to be

a
hAzis, 34

where € > 0. The particular choice € = 0 will lead to the decay estimate that provides

well known non-linear approximation rate O(M ~2(log(M))3.

However, by choosing
e > 0 and assuming f and S being a bit smoother, we will gain a decay estimate that

will provide the approximation rate O(M ~?2).

Next we derive the bound ,,,4, such that

€S, € Ryap, I| <lmaz = € Apay (35)
Since 1
A

sup |1~ ——— +|l|d, 36

meA1?a1l‘ 1 [tan ()] U (36)
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we get

sup [g(21)] S sup |an|?
TEA, €A,

il a,l il a,l

ha ?
~ I d
(i +119)
al/? |la1/2>2
< + — 37
< (7 + i @7
2
< (|l|a1/2>
~A K|
_Fa

k*-

Because we need sup,cy, | [9(21)] < ha, we will put a condition for I:

1?a
C<y
K2~ A (38)
e IS kT
We denote now the bound found as

Inaz & |K|' 2. (39)

By the construction, we can set regions Ay ,; so that UﬁT:oAiﬁaJ is a horizontal slice

of R? and U‘IHZBAW@,I is parallelogram. We add to this parallelogram two “small”

right-angled triangles, A; and As, so that
Ry = (Ui;miIAi’,l,a) UA L UA, (40)

is rectangle. Notice that area of A; and A, is really negligible compared to the area
of Ujjret A -

3. Performing local twisting of function Inside Ry we will perform a “twisting”, i.e.,
make a change of variable that will allow us to consider f as smooth in direction of
T1-axis.

Let us define the twisting operator T, : R* — R? by formula

T1o1o) = (931,1’2—}%477‘1302‘9(551)) . (21,22) € Ry
Ty(w1,22) : { b (o) . (er20) & Ry (41)

For a subset R of R? operator T}, is defined similarly
TyR = {Ty(x1,22) | (x1,22) € R}. (42)
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It is essential to notice that
TyRr = Ry. (43)

Even more vital is to notice that if apart from S, f is n times continuously differ-
entiable (with bounded derivatives) and first n derivatives of g are continuous and
bounded, then first n derivatives of the function

f(l') = XRi/‘awa(Tgx)a (44)

in direction of z;-axis are bounded and continuous inside Rz, and elsewhere in slide
Ry, function f(x) behaves essentially like f.

We perform now the change of variable

x = Tyy, (45)

dr _{ det(J(y))dy , ye€ Rr
dy

) y ¢ RT
_ %dy ) ) S RT
_ { (1+ sqn(y)2)dy , y € Ry
dy , Y ¢ Ry’
which gives
[ p)@hatorie| =| [ Fo)detI )ity @0
vhere F) det((w)
— F() de _ ) fy)det(J(y)) , y€hr
) = Flo)dertat) = { 4 e ()
and
’?abQ(y) = ,Yabé’(Tg ) (49)

Notice that with this kind of change of variables the integration must be done sep-
arately inside and outside of region Ryp, if regularity properties are used. This is
because the mapping T, might destroy all regularity properties on the border of Rr.
We observe now some properties of A and 7,49. Since

ha — |y2|

<1
<, (50)

o)l S i, 19wl S|, 0<

it is quite clear that
h(y] S1, yeR, (51)
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‘ah(y) < { % 9 Y € RT (52)
oy |~ L1, yé¢Rr
and for 2 <m <n )
O™ h(y) ‘ { 4 y € Ry
< ha 53

On the border of Ry the function 7,9 is discontinuous but all decay properties of Y9
(and it’s derivatives) remain. Also

Y(y) =(y), Yy & Rr. (54)

However, unlike 7449, the function 7,49 does not have directional vanishing moments.
Because of that we will “recreate” function 7gpe:

/R2 (Lr, ,wrf)(2)Vabe(2)da

[ niaatnis .

— /R 2 h(y) Fave (y) — Yae (y) + vabe(y))dy’

IN

[ 1) Gianto) sl +

/R ) h%ba(y)dy' :

4. Technical calculation of estimates of integrals in restricted domain Estimates for
the integrals

I =

[ 1) ats) i)t -

/ h(y)(%ba(y)—me(y))dy’ (56)

and

L= (57)

/ hYae (y)dy
]R2

can be made separately. We first consider the integral I5.

Remember, that in domain R;, function h is smooth in direction of y;-axis and
therefore we can use efficiently directional vanishing moments of . For that we
construct function P so that it is good polynomial approximation for A in 4;-direction.
First we take a 1-D slice hy,(y1) of h in direction of y, i.e.

Py, (y1) == h(y1, y2)- (58)

Then we define
P(y) == Py, (y1), (59)
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where P,,(y1) is n — 1:th order Taylor polynomial of h,,(y;). Next we use a basic
trick to divide integral I5 to two different integrals

I, = / h“/abedy'
R2

= / (h—P‘i-P)’Vabgdy‘
R2

(60)
< / (h— P)’Yabady’ + ‘/ P%bedy’
R2 R2
=1lo + I
Because of directional vanishing moments of -,
/ Py, (Y1) Vabe(y1, y2)dyr = 0. (61)
R

Since Py, is absolutely integrable (because of rapid decay of 7), we can use the
theorem of Fubini to make integration first in direction of y; and get

]22 =

/ P’yabgdy‘ =0. (62)
R2
From now on let us denote

R; = (U|l\§lma1Ri’,l,a) UA U A,. (63)

Integral I, is first divided to three parts

Iy = / (h - P)’Yabedy’
]R2

= / (h — P)yapody
R

i’ a

< / (h = P)Yapody
Ri’a\RI

= D11 + Io12 + Ins.

(64)

+

/ (h — P)'Yabé)dy‘ + / (h — P)medy‘
RI\RT RT
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The key for creating an estimate for I is rapid decay of :

/ (h - P)’Yabedy
Rz’a\Rl

S/ |h — P |Vabe| dy
Ry \Rr

1211 =

&_34
< max {1, ||y ||"} ——dy
gy ) e
00 a3/
S D> /R max {1, |dI|" } ‘”Kdy

‘llflma.r sal

3/4

Z hrdmax {1, |dI|" } T (65)

\ll lmaz
oo a-3/4

< hpd———————

llzl”;(m 1 + |l|K—1—n

< hRda*/‘* lnaa| T2

o [k| &34 || KAz (=)

Ikl

a3/

~ o [KO/D ===

When € < 2 and K is chosen to be large enough this estimate is clearly acceptable.

For integral I the approach is quite similar, now we just use Taylor’s theorem to
bound |h — P|;

Iy9 = / (h — P)’Yabedy‘
Rr\Rr
lmax -3/4
a
< / — Pl ——dy
K
”lz(] l\Azal 1+ Hy”a,e
lmax —3 4

/

a

S (Jif+1 d
Z/ i+ 0P e

|1|=0 ual\Amz

l

max l 1

= R
< hed |d|" o™

ql/2 n+l »
alk] ( ) a=?".
K|
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Estimate used for ||y|[, , follows from the fact how we divided R* to "grid” of paral-
lelograms Ry 4;: just have to count how many grid lines has to be crossed when move
from origin to point y. From above we especially get

n=2 = Iy <a”*|k|7> <a®* k|, (67)

n>3 = Iy, <a* k7 <k, (68)

that are acceptable. For integral I53 the approach is identical to I51o

1213 =

/ (h— P)"/abedy’
Rr
Imax _3/4
< Z / 76@

[1|=0 1+| |a6

l
max d l 1 n 73/4
52/ e
S Sae ha 111 (69)

lmax 73 4
<3 (I +1)"
=0 1415

S dldl"a™

n+1
< ﬁ q~3/4
RN '
Notice that when n = 2 this bound is ¢**|k|™ and when n = 3 the bound is

ﬁa‘?’/‘* < a®*k~® i.e. it is acceptable.

As a summary, if we wish to get I, bounded by a/4 \k|73, then n = 2 is enough. If we
wish to get bound I, by a®/* |I<:\73723 for 2 > & > 0, then n > 3 is a sufficient condition.

Now we turn to investigate I;. The key point is to make an estimate for the difference
[Fabe (¥) — Yave ()| We first remind that

Fave (4) = Yaro ()] = [Yave (Toy) = Yars (y)] - (70)

The difference between the arguments is therefore

|Tg(y) - yl
= ’(ybyz) - (yhyQ - hAi:A|y2|9(y1))’
A~ Y2 71
=0, 242l ()
A
< ha ;A|y2|y%
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Notice, especially, that in g; direction there is no difference in arguments. Now by

remembering that derivatives of v, have rapid decay (11), we can write that inside

Ai’,l,a holds

|%b0( gy) Vabo ()]

Y
S 7h | 2|y% sup ‘3(0’1)7@0(?%)‘
A YEA 1.4

hA_|?JQ| g @ T

ST YR
—7/4

Another important fact to notice is that

y€Aia = |nl S haltan(8)| +dI| S dllf.

With these observations, and since h is bounded, we finally get

h(y)(%be(y) — Yaro(y))dy
/|7ab0 ’Vabe(y)\dy
*/R Yave (y) — Yare (y)| dy

Imax

S Z / [Fabo (y) — Yabo ()| dy

|]=0 Ayt 1a
lmaz
s> [
=14 La |l|
lmaz
< Z had(dl)?
l1j=1 |l|
Shad®a™ ™
~ a3/t
~ |k|3+6

Since we got Iy, I < T

‘Sﬁ, the estimate is now ready for the slice Ry, = Ry .

(73)

5. Eatending estimates to the whole domain For other slices R;, we use similar

approach. The key is to notice how in all estimates we used rapid decay property of
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Yabo, 0 form Although we never wrote it before, we divide the summation over

1+mK
| as
I’ﬂlﬂ/l‘ lmaz
Z (& e—d K ~ Z A—x (75)
=0 1+|l| = Ill

when calculating any estimates. With this trick we do not have to worry about [ = 0.
Now for slices R; 4, © # 0, the essential decay estimate is
1 < 1 1 1
R e i T e

(76)

This means that in all calculations compared to case ¢ = 0, we get an extra factor
Iil%”' We divide investigation to "small” and ”large” values of |i|. Let investigate

first the case |i| = |k|", where 0 < k < 1/2.

o]

1Ri1awr f’YabHdI

[e's} (o] 3/2
Z ”Z:O 1+|z+l|

< - 3/2 -
%an< P 1+|z+l|>

[il=Ik| =1

ad /4
< Z <|| K/ZZ 3/2|Z|K/2>
\k| =1
IR

[i]=|k[*
3/4

| |K/2

< a
~ |k|(K/2—1)K :

With a fixed xk we just have to choose K large enough.

Next consider values i < |k|*. We note that “twisting” is not necessary if we do not
let || grow too large, i.e. if region R; do not intersect with S. In the case i = 0
the bound |I| < l;50, was used only when estimating s, to take care of large values
of |I|. The value for l,,,, was chosen so that “twisting error I5; does not grow too
large. If Ry NS = 0, we do not need any twisting, so generally in this case we could
consider some other (smaller) bound for |I|. However, it turns out that |I| < |k|'~*/
will provide Ry NS = 0 when 0 < |i] < |k|". We check this now.

For every region R;,;

| < lil a2 + il d < (li] + [1/k[)a'/?

V& thar = { o] ~ lik] a

44



and
y€Riar = o)l S lwil* S (il + [1/k])*a. (79)
Therefore
likla Z (il + |l/k])’a = RianNS=0. (80)

Now we just have to check that the left hand side of (80) holds for all |¢| < |k|*. This
can be done simply by noticing that

(o] + 1/RD* S (il + R S i < kP (81)
and [k| > |k[** we get
likla 2 [k[*a 2 (i + |1/k])a. (82)
We have now shown that
0 <[l SIK, [l Slnae = RigaNS=0 (83)

which means that for all slices R;, we can use exactly same techniques (in case ¢ # 0
twisting step can be omitted). By remembering that in the case i = 0 we used in
all non-zero estimates the rapid decay property of v, it’s clear that with general i we
get again therefore an extra factor M%/Q Detailed steps to create Izl%/z are the same
as in case |i| = |k|” and we omit them. The estimate for with small values of |i| is
therefore

LN

D

|i|=0

|k 3/4
a 4
S S o
= 3te |- —K/2
li|=0 |k| A |Z| /
3/4

/ XRi,awafY(led'r
R2

a
s

and the final estimate
o34
<

~ W (85)

/ £ () Yoo ()
Rz

comes now by putting (77) and (84) together. m

The previous theorem considered only the case when b € S. However, this is hardly
ever the case, if we do not consider a continuous transform but coefficients of a
discrete curvelet transform. If v would have compact support, then this would not
be so restrictive since we could do exactly the same calculations for b such that
supp(Yars) NS # 0. Unfortunately, this is not possible since v has compact support
in Fourier domain. All calculations in the proof of theorem still work same way
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for some finite number of b that that are closest to point p € S. However, since
supp(Yapg) NS # O for all b, we are interested also how ‘ fR2 f (l’)"}/abg(l’)dﬂf| decay as
function of b when the distance between b and S grows. The next theorem give some
estimate for this.

Theorem 15 Let f € Fy,,, N > n, p € S be point that minimizes L = |D,Ro(b — p)|
and 0 = ka'/? be the angle between major azvis of ey and tangent of S at point p.
Then for any K >0 and 0 <& < 2

IR

max 9§ a .0 < al?

3/4+N a®/*
VLK } (86)

n=2, |02

n >3, 10| = a'/?

)

3/4+N/2 _a®/4
§ max Cl/ /,W

3/44+N/2 _ a3/t
max a / / Y ‘k|3+ELK

bl

Proof. We divide the investigation in two parts: [k|'™/* < L and |k|'™/* > L.

The case |k|'"*/* < L is quite simple to check. Let A be a rectangle with side lengths
La and La*/ 2 center in D,Ryb and orientation the same as with ~yqp0.

We can use similar tricks as in the proof of Theorem 14. Let us think the coordinate
system where z; axis is parallel to major axis of Y9, T2 axis is parallel to minor
axis of Y49 and b is in origin. First we take slices from f in direction of x5 axis and
construct Taylor polynomials Py, (x2) of one variable for those slices. Then we define
a polynomial P : R? — R by P(z) := P,,(z2). We have

- F(@)yapo(2)d

+

< / (f(2) — P(x)) ()

2 / P yas(a)ds
< / 1) = P@)] o) d

-/ M) = P aa(w)]

=hL+ 1.

n ‘/A|f(x) = P(@)|[Yavo ()] dz

Because of rapid decay of v, by using very similar calculations as for I5;; in the proof

of Theorem 14, we get

3/4 3/4

a a

< <
LS T2k ~ |k|(175/2)1( LK (88)

that is clearly acceptable since K can be arbitrary large. Because AN S = (), the
integral I, can be handled similarly to I3;2 in (66) by using Taylor’s approximation
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theorem. This gives
I < a4, (89)

In calculations of I; and I, instead of parallelograms R, ,; that were used in proof
of Theorem 14, we use rectangulars that are oriented like 7, and take a double
summation over both ¢ and [, so that the whole domain R? is handled at one time.
The advantage of the use of rectangulars instead of parallelograms is that we get the
factor aV instead of (a'/2/ |k|)". By combining I; and I it follows that

3/4
< max {a?’/‘”N, a} . VE'TE2 <L (90)

g F(@)Yapo()d W F LF

Now we turn to case |k|'™/* > L.

First we investigate that the smoothness of S implies that point p must belong to x;
axis always if |k| > ko, for some ko < oo, and |k|'~*/* > L.

Let assume that p &~ (a/2, aj) ¢ x1-axis. With this notation, |i| + || ~ L < |k|* /2.
Since in this coordinate system |g'(a'/?)| &~ a'/? |k|, it follows that

lg(a/?i + a'/?) — g(a'/*)| Z a|k|. However, if u is the intersection point of S and
ri-axis, then is |u; — p1| =~ a'/?j/|k|. Therefore there exists ko s.t. for all k > ko
holds [|b — ull,, < [[b = plly,. This contradict the definition of that p should be closest
point and therefore the assumption p ¢ x;-axis must be wrong.

By the same arguments that were used in the case |k|'™/* < L, for those |k| < ko
that satisfy [|b—ull,, > [|b—plly, We give estimate

’LK/

3/4
< max {a3/4+N a} : (91)

f(@) a0 (z)d
R?

Now we can concentrate only to the situation where z; axis intersects with .S in point
p. The calculations for estimate follow the proof of Theorem 14. Without loss of
generality, we can restrict b € Ry ,. Essentially in the Theorem 14 was p = b. Now,
since L = |DyRy(b — p)|, rapid decay of v give an extra factor L= to estimate
(74) that restricted to slice Ry, i.e.,

o’/ n=2
TLIBLE =
fravodz| S { \kla§/4 >3 (92)
Ro,a \k|3+5LK7 n =z o.
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Let us investigate other slices R;, a bit more careful. With similar calculations as in
the proof of Theorem 14 we get

o0 oo
fil=1 j1|=|x]* ==/

o0 3/4

a
< C
< AT

li|]=1

/ favedx
R.

iva,l

(93)
a3/

S c |k|(175/2)K
a3/4

|k|K/ LK,’

where K’ can be arbitrary big since K can be chosen to be arbitrary large. The last
step comes from the assumption L < [k|'™/%. When |I| < |k|'"*/* and i # 0, f can be
assumed to be in C’N(Ullk‘k'lﬁ/gRi,a,l) and therefore again, with similar calculations

/ favedx
R.

as in proof of Theorem 14, we get

Jil=0 [t}=0 |/ fFizet
- oo a3/4+N/2 (94)
e I R

li|=1
< G 3/AHN/2.

The final estimate comes noticing that from estimates (90), (92), (91), (93) and (94)
the estimates (92) and (94) dominate over other estimates. m

3.3 Convergence rate of non-linear approximation

It has been proved that the following theorem holds for curvelets, contourlets and
shearlets [5, 11, 15].

Theorem 16 Let fy; 5 be M-term non-linear approzimation of f by using curvelets,
contourlets or shearlets. If f € Fao, then ||f — farglls < O(M2(logy(M))?).

The next theorem states that by assuming more regularity, we can eliminate the fac-
tor (logy(M))®. We note that Theorem 17 and the proof are written for curvelets
but they would be probably similar for contourlets and shearlets (with compact sup-
port in Fourier domain). For compactly supported contourlets and shearlets some of
techniques used in the proof may not work.
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Theorem 17 Let fy ¢ be M-term non-linear approzimation of f by using curvelets.
If f € Fss, then ||f — fucly < O(M~2).

Proof. Slightly different discretizations and notations may be used. We choose
a=27and ¢ = k279/2,

Estimate (86) gets now the form

’/R2f7ab9

We will look how many of the coefficients fR [ have magnitude over e, i.e., we

demand that
/ fYavo
R2

We will investigate separately ”distant domain”, ”smooth domain” and ”rough do-

< max {2(77/273/97 9=8/4 =3 e LR (95)

€< . (96)

main” curvelets.

First we look at the distant domain. Let us take a ball B that has diameter about
double the size of diameter of support the of f. Let us assume a while that boundary
of this ball would be a discontinuity curve. In that case we can use for all b ¢ B
the estimate | [, fyae| < 279/ |k|7®7¢ L~ without any problem. By applying
this to (96) we can calculate the number of remaining ”distant domain coefficients”,
denoted by M. Calculations are exactly similar to those we will do later for M, the
number of remaining rough domain coefficients, so we omit the details here. That
way calculating the estimate will be

My < 23, (97)

Next we move on to smooth domains. On every level j there exists N; < 2927/221/2 ~
227 curvelets that are centered inside ball B. Curvelets on ”smooth domain” are those
that are centered so far away from discontinuity curve S that

2(75/273/4)j > 273]‘/4 |k‘7375 L—K'
In that case |fR2 f’}/aw’ < 2713/4 Therefore (96) gives a bound for scale j <

log, (e*/13/C). With higher scales (96) can not be true. This means that the total
number M;(e) of smooth domain coefficients that obey (96) is bounded by

10g2(574/13/0)
M) > 2K Bge (98)

j=1
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Finally, we move on to rough domain. Here curvelets are so close to the discontinuity

curve that
2(75/273/4)j < 273_7/4 |k‘7376 LiK.

In this case

€ < / Prao| S 279 k[ LR (99)
R2
From (99) we get a bound L,, for L:
Ly~ ¢ VEQ=31/(4K) || (Z3=2)/ K (100)

By substituting L = 1 into (99), we get a similar bound k,, for |k|,
fo Ao €L/ (3+2)9 =35/ (43+0)) (101)

and finally by substituting L = 1, kK = 1 we get bound j,, for j:
Jm = log, (€743/C). (102)

Since the discontinuity curve S has finite length, there exists about 1/(a/ [sin(6)]) <
1/(277/(|k| 277/%)) ~ 27/2 |k| basis functions 7Y s.t. angle between the major axis of
Yape and tangent of S is about |k|277/2 and ||b — Pllag = 1. Moreover, with fixed p and
k, the number of parameters b that satisfy ||b—pl|,, ~ L is clearly bounded by L2,
Therefore, the upper bound for total number of essentially similarly oriented basis
functions is about |k|279/2L2. This bound is of course all but sharp, but it does not
matter because K in (95) can be arbitrary big, as we will see. Notice that if Fourier
domain window functions in definition of curvelets would not be C'*° we would have
to be much more careful with this bound. We are now ready to derive a bound for
M,., the number of rough domain curvelets that satisfy (96).

Jm  km Lm
M, SN 2P k)DL
j=1 k=1 L=1
Jm  km
oS 22k L,

=1 k=1

Jm km
o Y i1/2-9/4K) § |2 K
=1 k=1 (103)

Jm

~ 3K Z 91(1/2-9/4K) . 3(=3-2)/K+2

j=1
Jm

ro /049§ 9i(1/2-6/a+)
Jj=1

o 2/ (3+e) (—4/3(1/2-6/(4(3+¢)))

~ 6_2/3.
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The last step follows just by simplifying the exponent and using standard summation
formula. Notice that above the exponent (1/2 —6/(4(3 +¢))) would be zero if € = 0.
In that case, taking sum over range of j we would get log factor to final estimate, and
this would lead to the approximation error O(M ~%(log(M))?).

The total number M of coefficients above threshold € (as a function of €) is
M = My+ M, + M, < e2/3, (104)
and it follows that € (as function of M) has the bound

e(M) < M3/2, (105)

Now, because the functions v, form a tight frame, we can write an error estimate
for a non-linear approximation where only M terms that obey (96) are kept. Let p
be permutation operator that rearranges a sequence to descending order. Then

[e¢]

1F = Farells = Y o Ya0)* |} o)

m=M

<D (em))?

5 vy oo

zg m3

m=M

~ M2,

N

4 Characterization of Holder regularities

4.1 Definitions of Holder regularities

Hélder regularity of functions of two variables is defined as follows.

Definition 18 Let a > 0 and o ¢ N. A function f: R? — R is said to be pointwise
Holder regular with exponent « at u, denoted by f € C*(u), if there exists a polyno-
mial P, of degree less than a and a constant C, such that for all x in a neighborhood
of u

[f(z) = Pu(z —u)| < Cullz —ull®. (107)
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Let Q be an open subset of R?. If (107) holds for all z,u € Q with C, being a
uniform constant independent of u, then we say that f is uniformly Holder regular
with exponent o on Q or shortly, f € C*(Q).

The uniform and pointwise Holder exponents of f on € and at u are then defined as
a(Q) == sup{a: f € CYQ)}

and
ap(u) == sup{a: f € C¥u)}.

Following [37], we define the local Holder exponent as follows.

Definition 19 Let (I,)nen be a family of nested open sets in R?, i.e. I, C I, with
intersection N, I, = {u}. The local Holder exponent of a function f at u, denoted by
ag(u), is
ag(u) = lim oy(1,).
n—oo
In many situations, local and pointwise Hélder exponents coincide, e.g., if f(x) = |z|”
then a,(0) = ;(0) = 3. However, local Holder exponents a;(u) is also sensitive to
oscillating behavior of f near the point u. A simple example is f(z) = |z|” sin (1/|z|)
3

for which o,(0) = 8 but (0) = 7=, i.e, a; is influenced by the wild oscillatory

behavior of f near 0. For more on the nature of oy and «, see [37, 21]

Finally, we give a definition of directional regularity.

Definition 20 Let v € R? be a fized unit vector and u € R%. A function f: R? — R
is pointwise Holder regular with exponent o at uw in the direction v, denoted by
f € C*(w;v), if there exist a constant C,,, and a polynomial P,, of degree less than
a such that

|f(u+ ) = Puy(N)] < Cuo|AI*

holds for all A in a neighborhood of 0 € R.

If one can choose C,, so that it is independent of u for all u € Q C R? and the
inequality holds for all X € R such that v+ Av € §2, then we say that f is uniformly
Holder regular with exponent « on Q in direction v or f € C*(;v).

A simple example of functions with varying directional Holder regularities at the
origin is f(z) = r®®, where (r,0) are the polar coordinates at x and a(f) is any
continuous positive function. It is easy to see that f € C*9(0;(cos6,sinf)). In
applications, the problem of determining directional smoothness arises naturally in
medical imaging such as the X-ray pictures of bones [1]. Whether or not it is possible
to prescribe arbitrary directional smoothness at different points is still open, see [20].
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4.2 Characterizations of Holder reqularities by CCT and Hart
Smith transform

4.2.1 Characterization of uniform regularity by CCT and Hart Smith
transform

Let us first note here that in the proofs of Theorems 21 and 23 we do not need
vanishing moments in more than one direction (for example in the direction of x;-
axis). In fact,

/}Rz G (1) Pu(z — ) — /R Gu00(2) Pa(Ro( — 1) + b)dz — 0,

because P,(Ry(x — u) + b) is a polynomial.
The following theorem gives a necessary condition for Holder regularity in terms of

decay of Hart Smith or curvelet transforms.

Theorem 21 If a bounded function f € C*(R?), then there exist a constant C and
a fized coarsest scale ag for which

[{bars, f)| < Ca®*i
for all 0 < a < ap, b€ R?, and § € [0,27).
Proof. Without loss of generality, we can assume that b = 0 and § = 0. The general

case follows by simple translation and rotation of f because uniform regularity is
invariant under those operations.

We first recall that uniform regularity of f means that there exist a constant C'
independent of u € R? and, for each u, a polynomial P, of degree less than o such
that

[f(2) = Pu(z —u)| < Cl|lz — ul*

for all € R% Therefore, for each z, € R, there exists a polynomial P ,,) such that,
for all z; € R,

|f(21,22) = Po)(21,0)| < Cl(21,29) — (0, 22) | = Cla1|*. (108)

Also, since ¢4q9 has rapid decay, the integral fR2 ’P(Uﬁm)(xl, 0)ba00 (:Jc)| dx is finite which
allows us to apply Fubini’s theorem and write

/ P(o,xQ)(93170)¢a00($) dr = / </ P(o,xz)(l’h 0)¢a00($1>372)d$1) dxy
R2 R \JR
- / 0dzs = 0, (109)
R
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where we have used the assumption that ¢,g9 has directional vanishing moments of
any order along the zy-axis for a sufficiently small. By using (108), (109) and (21)
we get

[(Pave, f)] = ‘/}RZ (f(@) = Po,sp)(21,0)) dago(z)da

< [ 150 = Pounlor, 0| [ban(o)] do
< g d
S [ el lban(a)] da

a3/
< / ]
]R2

2N
L

a3/4
5/ |az | ‘
R? 1+ [yl

a+3/4
<a .

dy

A sufficient condition for a function f to be C' is given in the next theorem. Un-
fortunately, the condition here is not the same to the necessary condition presented
above, due to the effect of parabolic scaling.

Theorem 22 Let f € L*(R?) and a > 0 a non-integer. If there is a constant C' < 0o
such that

[ Gara. [)] < CaF,
for all 0 < a < ag, b€ R?, and § € [0,27), then f € C*(R?).

We omit the proof of this theorem since it is essentially the same as that for the
pointwise case, see Theorem 24.

4.2.2 Characterization of pointwise regularity by CCT and Hart Smith
transform

Pointwise regularity estimates are harder to obtain than those for uniform regularity.
Necessary conditions and sufficient conditions derived here will differ even more than
in the uniform case.

Theorem 23 If a bounded function f € C%(u), then there exists C' < oo such that

a3 b—u «
[(Gabo, f)| < Caz™s <1 + Ham ) (110)

or all0 < a < ag, be R, and 0 € |0,27).
for all 0 b € R? doelo,?2
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Proof. Because f is bounded, the polynomial approximation property (107) holds in
all R? although by definition it holds only in some neighborhood of point u. Therefore
the proof is similar to that for uniform regularity, but we obviously do not have varying
polynomials for different z,. We do have

(6o D1 < [ lowola)l|f(x) = Pulo = )] da
o~ ul”
Lo

_g/ o — ul® p
2N x
g2 L+ |[DijaRop(z — )|
a’%+%/ IRoDay +b —uf]”
g2 L4y

5 Ca7%+%/ HRGDay” + HZ?V_ u” dy
R2 L+ [yl

a)
since we can choose N large enough so that the last integral is finite. We have also
1/2

a

lw

A

%
S

Q

b—u

34a
< Cai™z <1—|— pRYE

used the fact that RyD, is a bounded linear operator with norm ||[R¢D,|| = a n

Theorem 24 Let f € L*(R?) and o be a non-integer positive number. If there exist
C < o0 and o < 2« such that
) )

for all 0 < a < ag, b€ R?, and § € [0,27), then f € C*(u).

b—u
al/2

|<¢ab67f>| S CCLO‘J"% (1 +

Proof. First we divide f € L*(R) to low and high frequency parts f; and fy.
As discussed before, regularity of the function f depends only on regularity of high
frequency part fy, and therefore it’s enough to calculate estimates only for fy. It
is clear that, for a small enough, <gz§ab97 fL> = 0 as the frequency support of g is
moving farther away from the origin. Because of that and by Plancherel’s formula,
we have

(Pave, f) = (Pavos L) + (Dave, [r) = (Pavo, frr) -

- Q) . (112)

Therefore the assumption (111) gives

5

(Pavs frr)] S a®Fs (1 +
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Without loss of generality, we can choose ag = 1 in (13). We use the notation
x = u+ M, where ||v|| = 1. Here we can set u = 0, the general case follows by simple
translation. The reconstruction formula (13) can be rewritten

— Y A, (13)

j=—o0

/2 /0% /Rz (Gabg f11) g () db ) — da

We try to approximate fy by polynomial

where
27+1

LaJ -1

Z ZkaA

T j=—o0

Next we investigate how fast the terms (Av - V)*A;(\v) go to zero when j — —oo.
First, by using assumptions of the theorem, implication (112) and the decay estimate
(21), we can derive

lak—lal ( )’

201 o

frr) OF Dbl (2)
o o —3/4—k
/ / / a1 2 2N dbd‘gd%
2i 0o Jr2 1L+ [z — bHa,e a
/ / v / <1+ = — RgDay O”) oo/ 323/ da
R2

dy o ==
a'’? T T
g a2 (1402 (2] + [ReDay”)) g
/ / / dy df
R2

27+1

b
a2

2J+1

1+ [yl a’
<[ 2 (14 g+ a2 el g
f L ya
R? + lyll

9i+1
s arr(ora el )

2

23((1 k) +02]a k—a'/2) || H (]_14)
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Therefore

(v V)*A; ()| = \(vlal +0200)" A (M)

=0

k

k-1 l 2]((1 k) 2](04 k—a'/2) 1y |/
> () It + X

=0

174N

S (2100 giteko ey (115)

Then, by the triangle inequality,

.
) = B0 = | 2 800 =50 3 (0 V)Fa,00)

We investigate now coarse and fine scales separately and therefore we choose J such
that 2771 < |\ < 27. It’s essential to notice that our generic constant C' can remain
independent of J in all calculations. By noticing that each summand is the absolute
error of the approximation of A;(Av) by its Taylor polynomial of degree ||, we get,
for coarse scales,

|)\‘ la]+1

Z (la) + 1)!

< Z |/\‘L04J+1 <2j(a—LaJ—1) + Qj(a—taj—l—a'/2)|/\|a’)
j=J

< wLaHl ((2J+1)(a—taj—1) + (211+1)(a—LaJ—1—a'/2) wa’)

sup |(v-V) lal+1A i(hv)|
hel0,A]

< ||l (|A|<a—m—1> n |)\|(a—LaJ—1—a’/2)|/\|a’)
SIAY,
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where the estimate (115) was used in the second inequality. At fine scales we use
directly the estimate (115) and get

J-1 o) (g

A
DA ) =Y T V)R (0)
j=—00 k=0
J-1 , ‘ Lo |)\|k ,
<y (2](1  gila=a’/2)| AI“/) +3 FQ](afkv
j=—o0 k=0
ST

The assumption o < 2« was needed to make infinite summations to converge. Be-
cause ||z|| = |A|, the theorem is proved. m

4.2.3 Characterization of singularity lines by CCT and Hart Smith trans-
form

In this section we study what kind of directional information the decay of the trans-
forms can provide. Comparing to previous theorems, we now approve a weaker rate of
decay of [{¢ae, f)] for some angle 6. Loosely speaking, this angle can define direction
where f has low regularity, for example 1-dimensional singularity. We first consider
new sufficient conditions for regularity.

Theorem 25 Let f € L*(R?), u € R?, and assume that o > 0 is not an integer. If
there ezist o < 2a, 0y € [0,27], and C < oo such that

o

b —
Ca®ti 1+ Hlu . if 10— 6| > a?
all? ~

[(Pave; )] < —
at3 —
Ca i 1+Ha1/2

, if 10— 0o < a'/?

for all 0 < a < ag, b€ R?, and § € [0,27), then f € C*(u).

Proof. Let us denote Iy, , := 0y + Ca'/?[—1,1]. The only difference from the proof
of Theorem 24 is that, in the derivation of (114), we split the integral with respect to

/ df = / do + / db.
[0,27] [0,27\']\]901& 1,

00.a

the angle 6 into

The first integral obviously gives the same estimate as in (114), while the second

1/2

yields an extra factor of 2C'a'/# instead of 27. m

We now give a simple example. Let f(z1,x2) = g(x1, x2)|z2|*, where g is a bounded
positive C*(R?) function. Then f € C*({(z1,0)|z; € R},v9) N C®(R?, vy/2). First
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we recall that ¢q has vanishing moments of any order to all directions v such that
|Z(v,v)| 2 a/?. Therefore it is clear that

[(Gave, [)| S @™ whenever |4(vﬂ/27v9)| > ql/?

for any N < oo. With similar methods as in the uniform regularity case, we can
derive
{(¢ase, £)| S a®F3/* whenever  |Z(vr/2,v9)| S a.

For angles a < ‘é(vﬁ/z,vgﬂ < a'/?, the same estimate cannot be so easily obtained.
The next theorem gives more precise necessary decay condition for special type of
functions that includes our example. Essentially these functions might have aligned
singularity lines. Because local Holder exponent is used in the assumption of this the-
orem, we actually consider not only traditional singularities but also wild oscillatory
behavior.

Theorem 26 Let f be bounded with local Holder exponent o € (0,1] at point u and
[ € C*TIHE(R2 vy,) for some 0y € [0,27m) with any fized € > 0. Then there exist
o € |a—¢€,a] such that for a >0 and b € R?,

a®ti, if 16— o] > a2,

< , —_—s
G NS s (”Hb u ) 10— 00] S i
a

Proof. From Definition 19, for all ¢ > 0, there exists a ball B(u,r.) such that
ay(B(u,r:)) > o — e. This means that

lw

|f(x) = f)] < Ccllz =y ) < Celle = y)|* ™, Va,y € Blu,re)

For simplicity we assume again that uv = 0 and 6, = 0, the general case follows by
simple translation and rotation. For angles 6 such that |£(vg,vg)| < Ca'/? we can
write that

oma 1 =| [ (70) = 100.22)) )

—3/4
< , 0 T QZ(B(OJE)) a d
$ J Mo o)

—3/4
o (B(0,re a
5/ [ER (w) dx
R? L+ [lz =0l

a;(B(0,r2)) a(B(0,r¢)) a®/
5/ (@l PO 4 fojee e )(m)dy
R2 1+ [yl

b ozl(B(O,rg))>

a

~ aal(B(O,Tg))+3/4 <1 + H
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So we choose o = o (B(0,7.)). We then turn to the investigation of angles 6
such that |Z(vo,ve)| = a'/2. Our method is similar as making the integration of
(dapg, f) by taking line integrals to direction of z5. This idea arises from the fact that
f has the high uniform regularity in that direction. Since the regularity property
that we will use now is invariant under translation, the estimate we will get here is
the same for all b and we can restrict to the case b = 0. We start by taking the
rectangle A, := [—a™¢,a™]* for some 0 < ¢ < 1/2, to be determined later. We notice
that RgD,A, is oriented similarly to the essential support of ¢gp and A, — R? and
RyD,A, — 0 when a — 0. We will also use here the notation v(z) := z1vp/ |cos(8)],
i.e. v(z) lies on major axis of RyD,A, and v(z) — z is always parallel to zy-axis.

[{Pave, f)| =

/Rz (f(x) = Puwy(z — v(‘f))) Gaop(x)dz

<

/Rz\R Do A (f(@) = Puw)(@ = 0(2))) Gaop(x)dx

+

/R (f@) = Pl = v(a)) ol

For the first integral we can write

/ (f(:n) — Py (x — v(x)) Daos(x)dx
R2\RgDaAq

ot UO-Ret_ e,
R2\RoD, A, 1+ [l=lI25%
: RyD,y) — Py(ReDay — o/
za;/ |/ (RoDay) 9(2]3 Y=Yy < ca,
R2\A, L+ [y

where y = v(RgD,y) and K can be chosen arbitrarily large. That is because
i) 1+ ||ly|*™ will clearly dominate the integration since it grows much faster than
f(ReDoy) — Py(RgDay — 3') when we choose N large enough (since f is bounded)
and #) ||y|]| > a”¢, i.e., when c is first fixed, we just choose N large enough to make
K as large as necessary.

The length [ of the part of the line parallel to the xs-axis lying inside the rectangle
RyD, A, is at most || < v/2a/?7°. Let us now assume that f € C%(R?, vp,) i.e. for
every y € R? there exists a polynomial P, such that

[f (@) = Py(z —y)| < Cllz —y[™, when (z —y) | vy,

for all = in some neighborhood of y. Now RyD,A, C B(0,r) clearly for any fixed r
when a is just small enough. Therefore, for z € RgD,A,,

as < a(1/27c)as

|f(@) = Py (@ = v())] S |1
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With these, we obtain an estimate for the second integral

/ (F(z) = Puwy(@ — v(2))) Gup(x)da
RyDaAq
(3-cJary?
atdvat (1
< / TPy WS |

Therefore we have the condition
as(1/2—¢)+3/4 > oy(0) + 5/4.

Now we remember that we can choose any ¢ € (0,1/2) and, therefore, for any small e
€ . . e
we can choose ¢ = ——————. With this the above condition is clearly true when
dag + 2 4 2¢

as > 20q(0) + 1 +e.

4.3 Characterization of Holder regularities by CST

Similar theorems as those presented in the previous section hold also for the contin-
uous shearlet transform. Proofs are quite similar to the case of CCT and Hart Smith
transform, see [24].

Theorem 27 If a bounded function f € C*(R?), then there exists a constant C' such
that

[(Cast, f)] < Ca®*5 and ‘<¢£27f>‘ < Ca®ti
forall0 <a<1,se[-2,2] andt € R%

Notice, especially, how similar the above theorem is to Theorem 21 that was related
to curvelet and Hart Smith transform. Next three theorems are shearlet versions from
Theorems 22, 23 and 24.

Let us recall that (Pgf) = fXE where F is either the cones C, Cy defined in Section
251, or T = {(&,&) : |&1] < 2 and |&] < 2}.

Theorem 28 Let f € L*(R?) and a > 0 be a non-integer. If there is a constant
C < oo such that, for each 0 < a <1, s €[-2,2] and t € R?,

(W, Pen )| < Ca5 and |42 Peuf )| < Cat,
then f € Ca(ﬂ@),
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Theorem 29 If a bounded function f € C*(u) then there exists C' < oo such that

> and

a) (116)

a,3 t—u
|(Yast, f)| < Ca2td <1_|_ Hal/2

4 a3 t—u
‘<17Z]((11937f>’ S Ca2+4 <]_—|— Hal/2

forall0 <a<1,s€[-2,2] andt € R

Theorem 30 Let f € L*(R?), u € R?, and o be a non-integer positive number.
Suppose there exist C < oo and o < 2« such that, for all 0 < a <1, s € [-2,2] and

t € R?,
t—u ) ne

a) . (118)

Let I', denote the vertical line passing through v and I', 5, denote the line passing

|<1/)asta P01f>| < Ca”""'% (1 4

and

v atd t—u
it s ot 1+

Then f € C*(u).

through u with slope —i. Observe that we may write I', = T’y so that (xq,z2) €
Iys, if and only if zy = —so(wy — u2) + wy. The next theorem characterizes again a
direction and regularity of a singularity. It is written in a bit more general form than
the corresponding Theorem 26 for curvelets, since assumptions are a bit weaker.

Theorem 31 Let f be bounded with f € C*(T, 5, R% (1,0)) when a € (0,1] and f €
CPet1e(R2; B, (0, 1)) for some sy € [—2,2] with any fivede > 0 and u = (uy,uz) € R.
Then there exists C' < oo such that for 0 < a <1, t = (t1,ts) € R?, and s € [—2,2],
Ca®ti, if |s — so|l 2 /a,
[(Yast, f)] < Claot? (1+ t1 + Sola — up — Splua )7 if |s — 50| < va.

a

4.4 Regularity estimates by discrete curvelet and shearlet
transforms

All theorems that state necessary conditions would be straightforward to state also in
discrete case by demanding that values for a, 6, b, t and s are taken from some discrete
sets. In theorems that state sufficient conditions, the reconstruction formula is needed
in proofs. Transformation of proofs for discrete case would go again quite painless,
instead triple integrals we would have just triple summations whenever reconstruction
formulas would be used. Of course then we could not use change of variable in
estimates, but we would use decay lemmas in similar way as in proofs in section 3.
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4.5 Numerical demonstrations of convergence rates

In this section it is demonstrated by simple example how parameters sg, 6y and «
from Theorems 25, 26, 30 and 31 can be estimated numerically. Demonstrations are
done for continuous shearlet transform and Hart Smith transforms.

4.5.1 Test settings

As generating kernel function ¢ the tensor product of the Meyer scaling function
op : R — R and wavelet function ¢y, : R — R ie., ¢(z1,22) = ¥pr(1)dp(xe) is
used. Support of this function in Fourier domain meets the conditions in Lemmas
10 and 11, hence is suitable for our analysis. For more details about Meyer scaling
function and wavelet, see for example [10].

We first choose the test set S of functions
S = {f(Roy) : f(z) = e "Na1|* 0 € (0,1],6) € [0,7]} .

All functions f € S clearly meets the conditions in Theorem 26. Notice also that for
a particular f € S, the local and pointwise Holder exponents at the origin are the
same.

As a test case we pick f(z) = e I#l]2,]%? € S. From the formula of f we clearly see
that o = 0.25 and 6y = 0. The question is: Can we explore these values from some
graphs if we only know that f € S7 It turns out that one can read these values from
the behavior of the Hart Smith transform or shearlet transform.

Theorems related to Holder regularity in this thesis considered only line shaped singu-
larity curves. However, it is interesting to try if numerical calculations would suggest
that similar theorems may hold also for more general shapes of singularity curves. For
this, we numerically estimate shearlet transform of function h(z) = e~ Il|z; — 22|02,
Notice that h is otherwise similar to f but has singularity along parabola instead of

line. Graphs of f and h are shown in Figure 2.

4.5.2 Numerical calculations with Hart Smith transform

Numerically the transform can be calculated just for some finite discrete set of scales
in finite time. We investigate scales a = 27%, i € I C N, i.e., we use similar scales
that are often used for discrete shearlet, curvelet or contourlet transform.

Let us define the function

oy (i) := logy (|{p2-iva, F)])
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Figure 2: (a) Graph of f; (b) Graph of h .

o0

—+—a=005% 27"
—&—a=005% 47"
—+— =005 87
—+—8=005% 1687
——g=005 327
—E—a=0051 64712
- + 3A)i+C

1 1;_ é 4 E B = -

Figure 3: Decay behavior of Ip(s) across scales a = 21 at various angles @ for the
function f(z) = e~lel|z,|%2
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and numerically evaluate its values when b = 0. This is illustrated in Figure 3.

The fact that Ca'/? = C27%/? is the critical angle, i.e. 6, = 0, is more clearly
emphasized once we define

9(i,7) == Ipo(i) + (e + 3/4)i, where j := —2log, |6,

whose graph is shown in Figure 4.

Figure 4: Graph of ¢(i,7) with different scales a = 2¢ and angles C' = 279/2 for the
function f(z) = e~lel|z,|%2

There clearly exists a line i = j + ¢, where ¢ is a constant, that divides the domain of
g into two parts, the one where g is approximately constant (these are “small angles”
where Ipo(i) decays slower) and another one where g still decays (these are “large
angles” where Iyy(i) decays faster).

From Figures 3 and 4 we can see that Ipo(i) = —(0.25 + 3/4)i + C for angles small
enough compared to the scale (|0] < C7279/2), i.e., it satisfies a sufficient condition
on small angles for f being in C%?°(0). For |6] larger than C7279/2 I(i) < —(0.25+
5/4)i + C. So sufficient condition on large angles is also clearly satisfied. Therefore
Theorem 25 suggest that o > 0.25. To be precise, similar calculations should be done
also for b # 0. Since Ig(i) ~ —(0.25 4+ 3/4)i + C for |#] < C277/2, Theorem 26 says
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that the Holder exponent cannot be higher than 0.25. Therefore, the estimate is that
a =~ 0.25.

In this simple example, we actually get a pretty good estimate . for a from the
investigation of a function o (i, 0) := Ipo(i + 1) — Igo(i). Figure 5 shows how the error
E(i,7) :=logy, | — a,(i,0)| behaves.

Figure 5: Estimation error E(i, j) with different scales a = 27 and angles § = C277/2
for the function f(z) = e I#l|z, |02

Naturally E(i, ) behaves very similarly to g(i,j) and small estimation errors occur
only on the domain where ¢ is constant. Moreover, these errors seem to decrease
along the lines i = j + ¢, i.e., the finer scales (and the smaller angles) we use, the
better estimation accuracy we get. However, our implementation limits the accuracy
of the estimation errors to be about 1073 (this accuracy is achieved in many (i, 5)
couples), the peak value being 10738 at scale i = 5.

In the examples, values of inner products (f, p.) are estimated by approximating
integrals by sum of samples. Since lengths of supports of ®); and ¥ are infinite,
tails must be cut off. For both functions the support is chosen to be [—10,10]. This
causes significant relative error for values when scale is small and true values of inner
products should be small. Strange behavior in some graphs at fine scales and angles,
where the transform is too small in value, are caused by errors numerical estimation
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of inner products. All implementations are made with MATLAB.

4.5.3 Numerical calculations with shearlet transform

Regularity analysis of f is done in the same way with shearlets as with Hart Smith
transform. The only small difference is in implementation: shearlet transform uses
shearing matrix M, while Hart Smith transform uses rotation matrix Ry.

Similarly to Figure 3, Figure 6 illustrates the logarithmic decay rate of the continuous
shearlet transform

Lot (i) := logy (|(¥a-ist, £)1) -

Moreover, similarly to Figure 4, also shearlet transform can be represented in a more
illustrative form if the shear parameter s is written in the form s = C277/2 and the
function

94, 7) := Lioa-irayo(i) + (o + 3/4)i

is considered. Figure 7 shows this graph for functions f and h, whose graphs were
shown in Figure 2. It is interesting to notice that even if h does not posses a singularity
line but singularity along parabola, the decay behavior is very similar to f. The
transition from slow decay to fast decay just seems to take a few more scales for h
than for f.
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Figure 6: Decay behavior of shearlet transform across scales a = 27" at various shear
parameter s for the function f(x) = e~ lI#ll|z|%%

Figure 7: Illustration of decay behavior of shearlet transform of (a) f; (b) h .
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