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Abstract

In this study, feature selection in classification based problems is
highlighted. The role of feature selection methods is to select impor-
tant features by discarding redundant and irrelevant features in the
data set, we investigated this case by using fuzzy entropy measures.
We developed fuzzy entropy based feature selection method using Yu’s
similarity and test this using similarity classifier. As the similarity
classifier we used Yu’s similarity, we tested our similarity on the real
world data set which is dermatological data set. By performing feature
selection based on fuzzy entropy measures before classification on our
data set the empirical results were very promising, the highest classi-
fication accuracy of 98.83% was achieved when testing our similarity
measure to the data set. The achieved results were then compared with
some other results previously obtained using different similarity classi-
fiers, the obtained results show better accuracy than the one achieved
before. The used methods helped to reduce the dimensionality of the
used data set, to speed up the computation time of a learning algorithm

and therefore have simplified the classification task.
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1 INTRODUCTION 1

1 Introduction

Many real world problems are characterized by large dimensionality data
sets, most of them are burdened with uncertainty of different kinds, the
analysis and the learning from them requires a preprocessing method in or-
der to discard uncertainties. In machine learning one of the crucial problem
when dealing with big data sets is the selection of the relevant features and
elimination of non important features. In addressing this problem different
methods of data reduction have been used and managed to eliminate the
redundancy and non-important features present in the data sets. Among
them feature selection (FS) has been shown to be a powerful approach of
dealing with high dimensional data by selecting relevant features from data
set at the same time removing irrelevant and (or) redundant (highly corre-
lated with others) features that harm the quality of the results, and therefore
build a good learning model [18]|. A good feature selection techniques should
be able to detect and model the noisy and misleading features from the do-
main problem and help to get a minimal feature subsets but still keep the

important information present in the original data [19].

Feature selection methods have been successfully used in many areas such as
machine learning, pattern recognition, systems control, and signal processing
[19]. Interesting applications are found in bioinformatics [17] especially in
medical diagnosis to reduce the size of features collected during the clinical
testings and experiments [2], physicians are confronted with massive data
sets which are ranged from simple blood pressure and heart rate to magnetic
resonance imaging and electronencephalogram waveforms, they have to deal
with them correctly in order to avoid the cost associated with misdiagnosis,
failure to diagnose or delayed diagnosis and therefore improve accuracy in

well treating and serving the patients.
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As far as medical data sets are concerned, in this study dermatological data
about erythemato-squamous diseases will be analyzed to test our model.
This data set was successively used in classification by different researchers:
in 1988 Giivernir developed a classification algorithm VFI5( for Voting Fea-
ture Intervals ) and apply it to the differential diagnosis of erythemato-
squamous diseases, he built up a genetic algorithm which he combined with
the VFI5 algorithm to determine the weight of the features in the domain
of differential diagnosis of erythemato-squamous, the obtained weights facil-
itated the VFI5 algorithm in a sense that 99.2% classification accuracy was
achieved [14]. Further research in 2005 by Ubeyli and Giiler showed a new
approach based on adaptive neuro-fuzzy inference system (ANFIS) for the
detection of erythemato-squamous diseases, the ANFIS model was assessed
in terms of training performance and classification accuracies and showed to
perform well in detecting erythemato-squamous diseases, the model achieved
a total classification accuracy of 95.5% which is concluded to be good in com-

parison to the one of 85.5% achieved with the stand-alone neural network

[9].

In [24] Pasi Luukka and Leppélampi presented a new approach based on
similarity classifier with generalized mean and applied it medical data: the
presented method managed to detect erythemato-squamous diseases, a good
mean classification accuracy of 97.02% was obtained. In recent published
study [26] fuzzy entropy measures were used in feature selection. This
method successfully managed to discard the non-important features in the
data sets, this has positively facilitated the classification task which was done
by using the similarity based on Lukasiewicz structure where a mean accu-
racy of 98.28% was achieved. In this study wrapper feature selection method
based on fuzzy entropy measures is performed to get rid of unwanted fea-
tures present in the data set [27], the use of fuzzy entropy based-feature

selection will facilitate our classification task to be performed faster and to



1 INTRODUCTION 3

increase the classification accuracy. We will test the efficiency of the similar-
ity classifier constructed from Yu’s norm [20] [25] on dermatological data set.
Matlab™ software will be used for the computation purpose. The structure
of this thesis is organized as follows: In Chapter 1 we give general introduc-
tion to the feature selection methods, its usefulness in many areas of research
especially in medicine. Mathematical background on fuzzy sets theory and
fuzzy data analysis methods is presented in Chapter 2. Feature selection
methods: filter, wrapper and embedded methods are briefly introduced in
Chapter 3. In Chapter 4 we will present the classification and similarity
classifier methods. Next comes Chapter 5 which comprises the data sets and
its properties, then the obtained results using Matlab software. Finally in
Chapter 6, a comparison of our results with some other previously obtained
is done, conclusion and suggestions for future work are also presented in this

part.
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2 Mathematical background

Various mathematical methods were successfully used for year to define,
structure and to solve real life problems. Among them, great contribution
of statistical and optimization methods in different areas such as medicine,
economics etc. In addressing solutions to some problems researchers con-
fronted various challenges whereby some problems presented various types
of uncertainties [16] which were coming from many sources, more uncer-
tainty in the problem the less precise was its understanding. The sources
of uncertainties can be such as: errors of measurement, deficiency in history
and statistical data, insufficient theory, subjectivity and preference of hu-
man judgements etc, among different uncertainties we have randomness of
occurrence of events, imprecision vagueness and ambiguity. Different types
of uncertainties can be categorized as stochastic and fuzziness, stochastic
uncertainty are related to the occurrence of event and the stochastic systems
related are solved by using probability theory, on the other hand fuzziness
uncertainty are originated from vagueness of human language and behavior,
impreciseness and ambiguous in the system of data whereby the information
could not be well described and defined due to its limited knowledge and
deficiency. Lotfi A. Zadeh [31] introduced the Fuzzy sets theory and fuzzy
logic which was specifically the mathematical representation of uncertainty
and vagueness and provide formalized tools for dealing with the imprecision
intrinsic to many problems which are perception based, he allowed uncer-
tainty to exist in the characteristic function, this made fuzzy sets theory to
be the extension of the classical set theory where instead of an element in the
universe to be a member or non-member he added the degree of membership.
Various useful applications and solutions have been provided by fuzzy sets
to many real life problems and its usefulness has been growing rapidly since
fuzzy sets theory was found to be a good bridge to characterize and quantify

the uncertainty within different areas, some of the pertinent applications are
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found in approximate reasoning, fuzzy pattern recognition, fuzzy modeling,
expert system, fuzzy control and fuzzy arithmetic, etc. In his paper [31],
Zadeh addressed much on the set membership as key to decision making
when faced with uncertainty [29], therefore all the operations on fuzzy sets
are defined based on the membership function which is considered as the

gradual property for fuzzy set.

2.1 Crisp set versus Fuzzy set

Let A be a crisp set defined over a Universe X, the classical set theory is built
on the fundamental concept such that element is either a member A or not,
this concept can be clarified using the characteristic function (membership
function) p4(x) taking only two values 1 to indicate if an element x € X is

a member of A and 0 otherwise:

1 forxeA
pa(z) = (1)
0 forz¢ A

In fuzzy set theory this property is generalized by accepting even partial
membership of a set, this make the fuzzy set theory to be an extension of

the classical (crisp) set theory.

Example 1 consider the universe X = {a,b,c,d,e, f,j} and its subsels

A = {b,d,e}. Only three elements of six in X are members of A. We

have:pa(b) = pa(d) = pale) =1 pa(a) = palc) = pa(f) =0

Example 2 In a basketball team the coach wants to select the tall players:
players with 2.09m are obviously qualified, in order for the coach to select
some other players he needs to base on their degree of tallness, player whose

height is 1.8m s not as tall as well as the one with 2.03m , as the height
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increases the membership grade increases, this example is presented in Figure

1.

Crisp setA Fuzzy set A

Membership
function

Heights(m) ; 5 gg Heights(m

Figure 1: Crisp set, Fuzzy set.

Definition 1 (Fuzzy set) If we allow our valuation set {0,1} to be the real
interval [0, 1] then A is called a Fuzzy set [16], [5] [12].
The membership function of fuzzy set is denoted by:ua; that ts pa : X —

0,1].

wa(x) is the degree to which x € A, the closer the value of the degree of

membership pa(x) is to 1, the more x belongs to A.

Notice that A is completely determined by the set of ordered pairs: A =
(@, pa(z)), v € X.

Example 3 Suppose that we want to classify 5 people: John, Petter, Mary,

Bob and Bill who drink beer using the property " being drunkard”. Let A be

fuzzy set that describes them,

A = {(John,1)(Peter,0.2)(Mary,0.1)(Bob,0.8)(Bill,0.9)}. Obviously, John
is more drunkard than everyone because his degree of drunkenness is high i.e

his degree of membership is 1, whereas Mary is less drunkard with member-

ship degree 0.1.
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Zadeh proposed a more convenient way of notation for a fuzzy set A.

Definition 2 When X is a finite set x1, ..., xn, a fuzzy set on X is noted as

n

A= pa(@)/m, s pal@n) fon = pala) /. (2)

i=1

When X is not finite, we write

A= / ja(a) (3)

Example 4 X = N: positive integers.
Let A={0.1/7+0.5/8+0.5/9+1.0/10 +0.8/11 + 0.5/12 4+ 0.1/13}.

A is a fuzzy set of integers approximately equal to 10.

Example 5 X = R : real numbers.
Let 1a(¥) = e

2.2 Basic properties of fuzzy sets

In the following we will define some basic properties of fuzzy sets theory [31],

[4]

Definition 3 (Identity of two fuzzy sets ) Two fuzzy sets A and B are
identical, denote A = B iff Ve € X : pa(x) = pup(z).

Definition 4 (Inclusion) A fuzzy set A is a subset of B, denotes A C B
iff Vo € X : pa(z) < pp(x)

Definition 5 (Convexity) A fuzzy setA is convez if the membership func-

tion of pa is quasi-convez, i.e Vx,y € X and X € [0, 1] the condition
pa(Ar + (1 —N)y) > min(pa(z), pa(y)) is satisfied.
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Definition 6 (Support) Let A be a fuzzy subset of X, the support of A
denoted supp(A) is the crisp subset of X whose elements all have none zero

membership grades in A.

That is, supp(A) = {x € X : pa(x) > 0}.

Definition 7 (Core) We define the core of a fuzzy set as the crisp subset
of X such that pa(x) = 1,
that is, core(A) ={z € X : pa(x) =1}.

Definition 8 (Width) The width of a fuzzy set A is w(A) = sup[supp(A)]—
inf[supp(A)]

Definition 9 (Height) The height of a fuzzy set A is the number hgt(A) =

supzex{pa(z)}

Definition 10 (Normality) A fuzzy set A of a classical (crisp) set X is
said to be normal if there exists an © € X such that pa(x) = 1 or simply

hgt(A) =1, otherwise A is subnormal.

Points € X with pa(z) = % are called cross-over points. The empty sets ()

and the Universe X are incorporated by Vo € X:pp(z) = 0,ux(z) = 1.

Notice that if a fuzzy set is not normal means hgt(A) < 1 and core(A) = 0, it
can be normalized for example by stretching mapping. One such a stretching

mapping is
A(x)
hgt(A)

T+

(4)
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The height, the core and support of a fuzzy set are shown in following Figure

2.

Core(A)

Supp(A)

Figure 2: Height, support and core of a fuzzy set A.

Example 6 To illustrate the previous definitions consider:

a fuzzy set A such that A(z) = =% 2 € [4,8]and O elsewhere . what is the

core, support and height?

1. core(A) ={x € X : pa(z) =1}, core(A) =0.

2. supp(A) ={z € X : pa(x) > 0}, supp(A) = (4,8).

3. hgt(A) = supyex{pa(x)}, hgt(A) = %.

Since our fuzzy set is not normalized we can normalize it by

* hgt(A) T 4
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2.3 Union, intersection and complement

Definition 11 Given three fuzzy sets A and B on the universe X.
For a given element x of the universe X, the following function-theoretic
operations for the set-theoretic operations of union, intersection, and com-

plement are defined for A, B on X:

1. paup(x) = max(pa(z), pp(x)): Union.
2. panp(z) = min(pa(z), up(x)): Intersection.

3. pg(x) =1—pa(x): Complement.
These operations are known as the standard fuzzy operations.

Let us illustrate these operations numerically by an examples:

Example 7 : Given the universe set X = {1,2,3,4,5}, let A and B be two

discrete fuzzy sets,

A=1+054034 02 gng =054 074 02404

Using the previous definitions we can calculate:

4. Difference: A|B= AN
Bl[A=BnA=93+
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The standard fuzzy sets operations are the same as those for classical sets
when the range of membership values is restricted to the unit interval. How-
ever, these operations are not the only ones which can be applied to fuzzy
sets. These standards operation can be generalized to a broad class of func-
tions whose members can be considered as their fuzzy generalization [29]:
these functions are quantified as fuzzy intersection and fuzzy union and are

referred in the literature as t-norms and ¢-conorms (or s-norms).

2.4 t-norm and ¢-conorm

The triangular norms (¢-norm) and triangular conorms (¢-conorms), which
generalize the form of intersection and union, are next well described and

later will be used to construct our similarity measure:

For any z,y,z and u € [0, 1]

Definition 12 (t-norm) A two-place function T : [0,1] x [0,1] — [0,1] is

called t-norm if the following conditions are satisfied:
1. T(x,1) = z: one identity;
2. v <z,y<u=T(x,y) <T(z,u): monotonicity;
3. T(x,y) =T(y,x): commutativity;
4. T(T(x,y),2z) =T(x,T(y,2)): associativity.

Definition 13 A t-norm is called Archimedean if and only if T is continuous

and Vx € [0,1] : T(z,z) < z.

Example 8 Find out whether the algebraic product T(x,y) = xy is a t-

norm.
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We have to wverify if the t-norm conditions are verified by using the given
rule:

for any z,y,zand d € [0, 1]

1. T(z,1) = z1 = x: identity;

2. ifr < zand y > d then T'(z,y) = xy > zd
and T'(z,y) > T(z,d): monotonicity;

3. T(x,y) =xy =yx =T(y,z): commutativity;

4. T(x,T(y,2)) = 2T(y, 2) = x(yz) = (zy)z = T((zy)z) = T(T(2,y),2):

associativity.

Definition 14 (t-conorm) A two-place function Sn :[0,1] x [0,1] — [0,1]
is called t-conorm if the above conditions are satisfied:

1. Sn(x,0) = x: zero identity;

2. y<z,y<u= Sn(x,y) < Sn(z,u): monotonicity;

3. Sn(z,y) < Sn(y,x): commutativity;

4. Sn(Sn(z,y),z) = Sn(x, Sn(y, z)): associativity.

Example 9 :
Prove whether the given expression Sn(x,y) = x +y — xy is a t-conorm, it

means we have to verify whether the conditions of t-conorm are satisfied:

1. Sn(z,0) =z +0— 20 = z: zero identity;
2. y<z,y<u= Sn(x,y) < Sn(z,u): monotonicity;

3. Sn(x,y)=z+y—axy=y+x—yx=5Sn(y,x): commutativity;
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4. Sn(Sn(z,y),z) =x+y+z—axy—axz—yzt+ayz=z+(y+2z—yz) —
z(y+ z —yz) = Sn(z, Sn(y, z)): associativity.

Notice that t-norms are functions which are called fuzzy intersections and
unions are the common shorthand term for triangular norms, t-norm and t-
conorm only differ on their boundary conditions. Some additional properties

of t-norm and ¢-conorm are presented in the following definitions [20].

Definition 15 (Continuity) 7" and Sn are continuous functions:
A t-norm T : [0,1] x [0,1] = [0,1] is continuous if for all convergent se-
quences (xy)n € N(Y,), € N € [0,1]" we have T'(limy o0 p limy 00 Yn) =

Definition 16 A continuous t-norm that satisfies this condition:
T(x,x) < x (for t-norm) or Sn(z,z) > x for t-conorm Yx € [0,1] is called

an Archimedean t-norm (respectively t-norm or t-conorm,).

Definition 17 A t-norm (t-conorm) is strict [1] if it is continuous on [0, 1]?

and strictly increasing in each place on [0,1]% so that T(z1,y) < T(x2,v),

whenever x1 < x9,y > 0, T(x,y1) < T(x,y2), whenever x > 0,11 < yo.

Definition 18 (Duality of t-norms ) A function
Sn : [0,1] x [0,1] — [0,1] 4s dual t-conorm of t-norm such that for all

x,y € [0,1] both the following equivalent equalities hold

1. Sn(z,y) =1-T(1 —z,1 —y)

2. T(z,y) =1-Sn(l—-=z,1-y),

where (1 —x) and (1 —vy) are respectively complements of x and y.
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The duality of t-norms is of a great importance since it combines ¢t-norms
together and helps to transform ¢-norm to t-conorm and vice-versa, also
duality helps to change the order in a way that if two t-norms are ordered

as 11 < T5 then the corresponding t-conorms are ordered as S1 > So.

Triangular norms have been of great use and investigation i.e starting from
pioneering work of Schweizer/Sklar (1961, 1983) and Ling (1965). We will
focus our attention mainly on the properties of t-norms with the idea in mind
that the similar results for t-conorm can be obtained by the duality relations

[18).

Example 10 :

Einstein sum is a t-conorm function, its bivariate form is given by

Sn(xy,xe) = f_ﬁ;ﬁé by using the dual form of the t-conorm we get the cor-

responding t-norm which is

— L1T2
T(z1,22) = 2—x1—T2+T1T2

Next we present a list of the main well know and most frequently used t-

norms [12], [20]:

Tnin(x,y) = min(z,y) : Minimum; (5)

Tprod(x,y) = xy : Algebraic product; (6)

Toproa(x,y) = max(0,z +y — 1) : Bounded product; (7)



2 MATHEMATICAL BACKGROUND 15

x: wheny=20

Tps(z,y) =< y: when oz =0 : Drastic Sum; (8)
1:  otherwise

TH(z,y) = oy ,a > 0 : Hamacher’s t-norm ;  (9)
« a+(l-a)z+y—ozy —

(8 = 1)(8Y — 1)
B—1

1
Tg(m,y) =1-—min((1—2)"4+(1—-y)")7,1,7 > 0: Yager’s t-norm; (11)

TBF(Q:,y) = logg(1 + ),8>0,8#1:Frank’s t-norm; (10)

T,?O(:U,y) =1-

1
T,k > 0:Dombi’s t-norm ; (12)

L+ ((155)F + (F5k)

r4+y—1+0xy
146

TQW(:E,y) = max(0, ),0 > —1: Weber’s t-norm ; (13)

Tde(x,y) = maz(0, (2P + yP — 1)%),]9 > 0 : Schweizer — Sklar’s t-norm;
(14)
TY"(z,y) = maz(0,(1 4+ N)(z +y — 1) — Azy), A > —1: Yu’s t-norm (15)

By using the duality we can easily establish the Yu’s t-conorm, which is

SYU(x,y) = min(l,z 4y + day), A > —1 (16)
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2.5 Fuzzy relation

As the fuzzy set is the extension of crisp set the concept and properties of

crisp relations are also generalized to fuzzy sets relations [29].

Definition 19 (Fuzzy relation) Let X and Y be non-empty sets, a fuzzy
relation R is a mapping from the cartesian space X XY to the interval [0, 1],
where the ‘strength’ of the relation is expressed by the membership function

ur(x,y) of the relation for ordered pairs (x,vy) respectively from the two sets.

When X =Y our fuzzy relation R is called a binary fuzzy relation.

Definition 20 (Fuzzy Cartesian product) Let A be a fuzzy set for the
universe X and B, a fuzzy sets from the universe Y. The Cartesian product

between A and B results in a fuzzy relation R: AXB = R C X XY, where the

fuzzy relation has membership ur(z,y) = paxp(z,y) = min(pa(x), pp(y))

Definition 21 (Similarity relation) A fuzzy relation T on X is called

similarity relation on X the following axioms hold:

1. Reflexivity: Yx1 € X : pp(z1,z1) = 1: Every object is completely

similar to itself;

2. Symmetry: Vay,xo € X : pup(x1,x0) = pr(xe,21): the degree in which
x1 18 similar to xo coincides with the degree in which xo is similar to

Ty
3. Vxy,xe,23 € X : pr(r1,x3) > maxy, (min(ur(z1, z2), ur(xe, 3))). If

x1 18 stmilar to xo and xo 1s similar to x3 then x1 1s similar to x3

A fuzzy binary relation which is is reflexive, symmetric and transitive is

known as a fuzzy equivalence relation or similarity relation [21]. The idea
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behind fuzzy equivalence relation is to compare elements according to their
grade of equivalence and classify them. We can use this knowledge in our
classification task to construct classes of objects which are similar or equiv-
alent. Since the theoretical operations of fuzzy set are the base for fuzzy
logical operation, we will use fuzzy logic equivalence to establish the law
which will help us to compare similar objects in our classification task. In
the book [22] Lowen defined different ways classical logic connectives can be
extended to fuzzy logic, he showed how the notion of t-norms, t-conorms and

negation can be combined to derive the equivalent relation of the form:

E(pa(x), po(2)) = T(Sn(pa(x), po(x), Sn(pi(), pa())) (17)

Va(x), up(z) € [0,1], where S,, denotes fuzzy union and 7' denotes fuzzy
intersection, a and b are fuzzy sets, @ and b are respectively the complements
of a and b. This equation (17) will be used later to construct our similarity

measure.
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3 Feature Selection Methods

Feature is any aspect quality or characteristics of any object, usually in big
data sets not all the features are important to describe the target concept
that is why feature selection method is needed to select a subset of the origi-
nal feature present in a given data set that provides most useful information.
The feature selection task can be formulated as follows: given a feature set
Y = (y1,92, .-, yn) find a subset Z = (y1,y2, ..., yx) of Y with k& < n, which

optimizes an objective function W(Y).

The process of feature selection is very important because it reduces the di-
mensionality of the data and enables learning algorithms to operate faster
(reduction of the computation time) and more efficiently and, therefore, in-
creases the accuracy of the resulting model. Feature selection is performed
using feature selection algorithm which in general comprises the following
components [32]: search strategy: feature space is searched and a subset
select from the candidates: i.e sequential feature selection. The forwards
feature selection begins with an empty sets of features (zero features), eval-
uates all features subsets and select the ones with best performance criteria.
The backwards feature selection starts with all features and repeatedly re-
moves features this way improving best the performance criteria. In general,
machine learning provides the technical basis of data mining for feature sub-
set selection, which can be grouped as [18]: filters, wrappers, and embedded

techniques.

3.1 Filter Methods

In filter techniques, we evaluate the relevant of features based on some dis-
criminating criterion that looks at the general characteristics of the data with

the idea of producing the most promising subset before learning commences.
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It is a preprocessing step where undesirable features that have little chance
to be useful in the analysis of data are filtered out through checking data
consistency and elimination of features whose information is represented by
others or considered as irrelevant. These methods do not use the learn-
ing algorithm or large data set. The results of such method are usually a
ranked list of features where at the top of the list are relevant features and
at the bottom of the list are not so relevant or totally irrelevant features.
Filter methods provide the cheapest approach to the evaluation of feature
relevance, moreover filter methods performed before help wrapper and/or

embedded methods to be more feasible.

3.2 Wrapper methods

Wrapper techniques incorporate the learner (classifier ) in the process of
selecting the most relevant subset features, and may improve the overall
machine learning algorithm performance. Wrapper methods use the learning
machine to measure the quality of subsets of features without incorporating
knowledge about specific structure of classification function and can therefore
be combined with any learning machine. In wrapper methods we search
for an optimal feature subset trough testing the performance of candidates
subsets using the learning algorithm. However this process is proved to be
slower than the filter methods because the induction algorithm is repeatedly
called. Wrapper methods are known to be more accurate than filters due
to the fact that they are oriented to the specific interaction between an
induction algorithm and its training data but it is more computationally

expensive, and do not scale up well high dimension data set.



3 FEATURE SELECTION METHODS 20

3.3 Embedded methods

Embedded methods differ from others feature selection method in the way
feature selection and the learning interact. Filter methods do not incorporate
learning while wrapper methods use a learning machine to measure the qual-
ity of subsets of features without incorporating knowledge about the specific
of structure of the classification or regression function, and can therefore be
combined with any learning machine. In contrast to the above two methods,
embedded methods do not separates the learning from the feature selection

part, the structure of the class under consideration plays a crucial role.

Notice that every family of feature selection methods (filter, wrapper and
embedded) has its own advantages and drawbacks. In general, filter methods
are fast since they do not incorporate learning. Most wrapper methods
a search for optimal features, the learning algorithm is called repeatedly
and this make the wrapper methods to be slower than the filter methods,
the embedded methods are faster than the wrapper methods. Embedded
methods tend to have higher capacity than filter methods and are therefore

more likely to overfit.
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We expect filter methods to perform better if only small amounts of training
data samples are available or in case of very high dimensional data. With
high dimensional data, embedded methods will eventually outperform filter

methods. The above three methods where introduced in [13] summarized in

Figure 3.
_ Feature _
All features — Filter —— _, . —IPredictor
subset
~ Multiple
All features —\—— Feature *Predictor
* subsets
\
— Wrapperr
Feature

Embedasdl|— subset
method
\Predictor

All features

Figure 3: Filter, wrapper and embedded methods.
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3.4 Fuzzy feature selection methods

Fuzzy set and fuzzy logic theory provide a way of measuring and reducing
uncertainties in data sets through different methods [5], fuzziness measures

and fuzzy entropy measures are below defined and discussed.

3.4.1 Fuzziness measure

Fuzziness measure is defined as follows:

Definition 22 Given o universe set X and a nonempty family C of a subsets
of X, a fuzzy measure on (X,C) is a function g : C — [0, 1] that satisfies the

following requirements:
(R1). g(0) =0 and g(X) =1, (boundary requirements);
(R2). YA,B € C, if AC B, then g(A) < g(B), (monotonicity);

(R3). For any decreasing sequence Ay C Ay C --- € C if U2, €C, then
lim; 00 9(Ai) = g(Ui21)

(continuity from below);

(R4). For any decreasing sequence Ay D Ay D --- € Cif (2, €C, then
limi o0 9(As) = 9(NZ4)

(continuity from above).

The boundary requirement (R1) states that since the () does not contain any
element, it cannot contain the element of our interest, on the other hand
since the universal set contain all elements under consideration therefore it
must contain our elements of interest as well. Requirement (R2) explains

that the membership degree of an element in a subset A C B is smaller than
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the degree of membership of an element in B. R3 and R4 are considered

in case of infinity universal set.

In many cases we are interested in having suitable measures of impreciseness
and vagueness since the uncertainty of data can have different sources [4],
this takes us to fuzzy measures. Fuzzy measures give us a good knowledge on
of how far a given fuzzy set is from a well defined classical (crisp) reference

sets.

3.4.2 Fuzzy entropy measures

Fuzzy entropy represents the fuzziness of a fuzzy set, fuzziness of a fuzzy set
is represented through degree of ambiguity, hence the entropy is obtained

from fuzzy membership itself.

Definition 23 (Entropy) Entropy is a measure of the amount of uncer-
tainty in the outcome of a random experiment, or equivalently, a measure of

the information obtained when the outcome is observed [7].

This will play an important role in this research because of its importance
in partitioning the input feature space into decision regions and selecting
relevant features with good separability for the classification task [7]. Various
definitions of fuzzy entropy have been proposed, basically, a well-defined

fuzzy entropy measure must satisfy the following four axioms [7], [4]:

1. E(A) = 0iff A € 2%, where A is a non empty sets and 2% indicates

the power set of A,
2. E(A) =1iff pa(z;) =1vV1i,

3. E(A) < E(B)if pa(z) < pp(x) when pp(z) < 0.5 and pa(x) >
pup(z) when pp(z) > 0.5
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4. B(A) = B(A°)

In the following we will define some of well known fuzzy entropy measures
[4]. De Luca and Termini suggested that the corresponding to Shannon

probabilistic entropy, the measure of fuzzy entropy should be:

n

Hy(A) = =) (palzs)log palx;) + (1 — palx;)) log(l — pa(z;)))  (18)
j=1

where p4(z;) are values in [0, 1].

This fuzzy entropy measure is considered to be a fuzziness measure [4], and
it evaluate global deviations from the type of ordinary sets, i.e. any crisp set
A, leads to H(A,) = 0. Note that the fuzzy set A with pa(z) = 0.5 plays

the role of maximum element of the ordering defined by H.

Newer fuzzy entropy measures were introduced by Parkash [4] and are defined

as follows:

Hy(A;w) = ;wj(smw + sinw 1) (19)

(1 — pa(z)))

Hs(A;w) = ij(cos 5

=1

—+ cos

- TFMA2($J') S 0

These fuzzy entropy measures(18), (19), (20) will be used in feature selection
process to evaluate the relevance of different features in the feature set, this
is done by discarding those features with highest fuzzy entropy value in
our training set: if the entropy value is high we assume that the feature
is not contributing much for the deviation between classes, then it will be
removed in our feature set. This process will be repeated for all features in
the training set. The classification of the data set becomes relevant after

removing irrelevant and redundant features in the data set.
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3.5 Feature selection based on entropy measures and Yu’s

similarity

The notion about the feature selection based on entropy measure and similar-
ity measure was originally introduced in [26] and is extended in this study to
cover the similarity based on Yu’s norm which is applied to dermatology data
set, the main idea is first to create ideal vectors V; = (v;(f1), ..., vi(fn)), i =
1, ..., N that represent the class ¢ as well as possible. This can be user defined
or calculated from some samples set X; of the vectors X = (z(f1),....,z(fp))
which are known to belong to class C;. Here we use the generalized mean to

create these class ideal vectors.

We then calculate the similarities (S(z, Vi)) between the samples = and all
the ideal vectors V;. The role of similarity measure is to evaluate the degree
of the resemblance or likeness of matched objects, for this purpose we have
chosen the similarity measure developed from Yu’s norms (15), (16) and it
will help to compare similar objects in the classification task. This similarity
measure was constructed by replacing Yu’s norms (15), (16) in the relation

(17) and is below defined:
S(z,v) = max(0, (1+ ) (Sn(z,v)+ Sn(z,v)—1) — ASn(Z,v)Sn(z,v)), (21)
where A > 1 is a weight parameter,
Sn(z,v) =min(l,z + v+ \zv) (22)

and negation is written as T = 1 — x for z,v € [0, 1]¢.

In calculating the similarity for our samples vectors and ideal vectors we get
j similarities where j is the number of features. We then collected those
similarities into one similarity matrix. At this step comes the idea of us-
ing the entropy measures to evaluate the relevance of the features, we used

the equation (18) with p4(z;) being similarity values, we remarked that the
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higher similarity values are, the lower the entropy values are. If the simi-
larity values are close to 0.5 we conclude that we get high entropy values,
this underlying idea will help us to identify the features with high entropy
values. By summing the entropy values for all the samples in learning set
for the feature we get t entropy values for t features, Since hight entropy
value corresponds to high uncertainty, we will remove all features with hight
entropy values in samples because based on the assumption that they are
not contributing much for the deviation between classes, this procedure can
be repeated to remove all those non important features. The above method

is illustrated in the Figure 4.

Medical data
Feature with Similarity
Data selection (FS) > features classifier
l removed
h 4

F S,uses of entropy

and similarity Uses of similarity

measure

measurcs

Figure 4: Feature selection based on entropy measures and Yu’s similarity.
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The feature selection based on similarity and fuzzy entropy measure is demon-

strated in the following pseudo-code algorithm (1).

Algorithm 1 Pseudo code for feature selection.

Require: idealvec[l,...,l], Datalearn[l,...,m]
for j =1tom do
for i=1tot do
for k=1tol do
Snlli][j][k] = Sn(1 — Datalearnli][j], idealvec[j][z][k])
Sn2[i][j][k] = Sn(Datalearn[i][j], 1 — idealvec[j][i][k])
simli)[j)[k] = maz[0, (1 — \)(Sn1 G + Sn2[[F][K] — 1) — ASn1 (][] k1 Sn2[] 1K)
end for
end for
end for
Sort similarity values sim[i][j][k] according to feature set U
fori=1totdo
HIi] = — Sy cp milelingus(@) + (1 — i (@)in(l — ps(z))
end for
J = argmax; H|[i]

Remove J:th feature from the data.

The algorithm presents m samples, t features, [ classes. In the algorithm
datalearn stands for the learning set matrix, a typical learning algorithm re-
quires two sets of examples [32]: training sets to produce the learned concept
description and test sets to evaluate classification accuracy. The algorithm
computes similarity values which are then sorted in one large matrix of ml xt
from which the fuzzy entropy values for each feature summing through ml
values can be calculated for each feature. We then find feature with big fuzzy
entropy value and remove them in our data set. After feature removal we

use the classifier (21) to classify the remaining data.

We illustrate the feature selection based on similarity and fuzzy entropy

measure in the following example:
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Example 11 (Feature selection with Lukasiewicz measure) Consider

the following data in Table 1.

Table 1: Feature selection example.

object V1 V2 V3
1 3 2
o1 5 16 7
1 5 6
0z CRRE T
6 1
03 1 £ 1
10 7
04 1 L

We know that objects O1 and O2 belong to class A and objects O3 and O4
belong to class B, use the (26) and (18) measures to remove variables with
. ‘ _ 4 4
highest uncertainty. The mean vector for class A and B are g = [0.5, 15, 7],
up = [1, 180, 7] to compute the similarity measure between objects and mean

vectors we use the equation (26).

S(01, pa) = [1, {5, 2], S(02, pa) = [1, {5, 2], S(O3, ug) = [1, 75, 7], S(O4, up) =

8 4
[ 16, 7]-

This similarity values are next presented in matrix form

SR
1 % 7
1 2 35
1 & 4
0 7
8 4
1 % 7]

Next we calculate fuzzy entropy for our variables V1,V2,V3, and remove
variables with highest uncertainty, we use the equation (18 ) to compute the

entropy values, we get h(V1) =0,h(V2) = 1,65,h(V3) = 2.37.

We decide to remove variable V'3 because of its highest entropy values.

Example 12 The same example is again down presented using our simi-

larity measure (21): To compute the similarity measure between objects and
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mean vectors we use the similarity based on Yu’s norm (21) when the pa-

rameter A\ = 1. These similarity values are presented in Table 2

Table 2: Similarities in feature selection example.

similarity V1 V2 V3
S(O1,pna) 1 1 0.8367
(02, 14) 1 1 0.7959
(O3,p4) 0.5 096 0.6327
(O4,pp4) 05 04 05714
(Ol,up) 0.5 0.56 0.8367
( )
( )
( )

S
S

»n »n U»n

O2,up) 05 0.8  0.7959
1 0.92 0.6327
1 0.8 0.5714

SOSuB
SO4IU,B

Next we calculate fuzzy entropy values for our variables V1,V2,V3, and re-
move the variable with highest uncertainty. For calculating entropy we use
the equation (20, and we get h(V1) = 1.66, h(V2) = 1.50, h(V3) = 2.55.

Next we decide to remove variable V3 because of its highest entropy values.
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4 Similarity classifier

The problem of classification is basically one of partitioning the feature space
into regions, one region for each category i.e establish boundaries in feature
space. ldeally, one would like to arrange this partitioning so that none of
the decisions is ever wrong. When this cannot be done one would like to
minimize the probability of error [26]. Simply, the classification task can be
understood in this way: assigning objects to classes (groups) on the basis
of measurements made on the object. Usually, the problem of classifica-
tion starts with a vaguer general knowledge about the situation together
with a number of designed samples particular representatives of the patterns
we want to classify, then our problem will consist in exploiting the given
information to design the classifier. Classifiers are divided into categories
according to their learning methods: supervised learning and unsupervised
learning. In classification, learning means that the algorithm usually learns
through samples of how the classification should be done and then it can
classify data sets with similar problems. In supervised learning the set of
classes is specified in advance and the goal is to decide whether candidate
objects belong to those classes. In unsupervised learning the goal is to decide
which object should be grouped together, no classes are specified in advance.
This classification process is again clarified as follows: given the data to be
classified, k samples, we first calculate ideal vectors, secondly we compute
the similarity between the samples and ideal vectors, lastly we classify the

samples based on the highest similarity value.

In classification we have chosen to use a similarity measure developed from

Yu’s norm (21)

We would like to classify a set X of objects to N different classes C1, ..., Cy
by their features. Let D be the number of different kinds of features fi,...fp.
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We assume that the values for the magnitude of each feature is normalized
so that it can be presented between [0, 1], this implies that the object we
want to classify are vector belong to [0, 1]7.

In the first step we determine the ideal vector V; = (vi(f1),...,vi(fD)),
i = 1,...,N that represent the class i as well as possible,this vector can
be user defined or calculated from some samples set X; of the vectors X =
((f1),...,z(fp)) which are known to belong to class C;. We can actually

use the generalized mean to calculate V; which is.

ST af)™m Vr=1,..,D (24)

where the power value m is fixed for all ¢ and D, and #X; is the number of
samples class 1.

In the second step, we have to make a decision to which class an arbitrary
chosen x € X belongs, this can be done by comparing it to the ideal vector
by means similarity measure (21). Briefly, the method compares the ideal
vector to every sample in the test set using the similarity measure. We decide

that x € Cj if

S(x,v;) = max S(x,v;) . (25)

1=1,...,

In this way, the sample is classified to a class with highest similarity value.

Next we demonstrate the above steps with an example:
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Example 13 :

Given data that presents siz samples each having four measured values (fea-
tures) (f1,..., f4) in Table 8 and we know which class they belong, we get
a new sample: © = [69,31,51,20] without the knowledge to which class it

belongs. Compute using Similarity based on Lukasiewicz structure:

S(x,v) = %Z(l — |z(fr) —o(fp)l), forl, v] € [0, 1] (26)

, to which class the given sample belongs?

Table 3: Similarity classifier problem.

F1 F2 F3 F4 Classes
64 382 45 15 1
69 81 49 15 1
74 28 61 19 2
79 38 64 20 2

Solution:

All values are positive. The mazimum values for Features are: [79, 38,64, 20]

Calculate the mean vectors: vy, vo for classes: vi = [64*2'69, 32‘531, 45‘549, 15‘515] =
[66.3,31.5,46.5, 15]

- [74+79 28+38 61464 19+20]
2= 2 o 2 2 2

= [76.5,33,62.5,19.5].

Next we compute the total similarity values between samples and mean vec-
tors that are representing the classes:

S(UC,Ul):%(l—\M\-Fl |31=8L5 315‘+1 31465 465‘+1_|20 15):0.9087
S(a,v0) = ( —|89=765 765‘+1_‘31 33H_l |51-62.5 625’4_1_‘20—2769.5’):0_9119

By looking at our stmilarity values we conclude that our sample belongs to

the second class which correspond to the highest similarity value of 0.9119.
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5 Data set and Results from data set

5.1 Dermatological data set

The data set used in this study are freely available from UCI machine learning
data repository [27] and came from Gazi University and Bilkent University:

it was donated by N. Ilker and H.A. Guvenir. The fundamental properties
of the data set is shown in Table 4.

Table 4: Dermatological data set and its main properties.

Data set Nb. classes | Nb. features | Nb. cases

Dermatology | 6 34 366

The department of dermatology is concerned with the diagnostic of erythemato-
squamous diseases which are grouped as follow: soriasis, seboreic dermati-
tis, lichen planus, pityriasis rosea, cronic dermatitis, and pityriasis rubra
pilaris, they all present common clinical features of erythma and scaling
with slight variation. Although biopsy is required for the diagnostic of
erythemato-squamous diseases it was remarked that these diseases share
many histopathological features, a disease may show at the beginning stage
the feature of another and may have the characteristic feature at the fol-
lowing stage, this make the problem of erythemato-squamous diseases more

seriously and a real concern of the department of dermatology.
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The following Table 5 shows different attributes and class distribution of

data dermatology data set:

Table 5: Class distribution of dermatology data set.

Class Attributes clinical Histopathological
Psoriasi (111) Att. 1: erythema Att. 12: melanin incontinence
Seboreic dermatitis(60) Att.2: scaling Att. 13: eosinophils in infiltrate
Lichen planus (71) Att. 3: definite borders Att. 14: PNL infiltrate
Pityriasis rosea(48) Att. 4: itching Att. 15:fibrosis of the papillary dermis
Cronic dermatitis(48) Att.5:koebner phenomenon Att. 16:exocytosis
Pityarisis rubra pilaris (20) Att. 6: polygonal papules Att.17:acanthosis
Att.7:follicular papules Att. 18: hyperkeratosis
Att.8:0ral mucosal involvement Att. 19: parakeratosis
Att.9:knee and elbow involvement Att. 20: clubbing of the rete ridges
Att.10:scalp involvement Att. 21: elongation of the rete ridges
Att.11:family history Att.22: thinning of the suprapapillary epidermis
Att.34:age Att. 23: pongiform pustule
Att. 24: munro microabscess
Att. 25: focal hypergranulosis
Att. 26: disappearance of the granular layer
Att. 27: vascularization and damage of basal layer
Att. 28: spongiosis
Att. 29: saw-tooth appearance of retes
Att. 30: follicular horn plug
Att. 31: perifollicular parakeratosis
Att. 32: inflammatory mononuclear infiltrate
Att. 33: band-like infiltrate
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5.2 Results

In this part, we present the obtained result from our data set analysis.

The given data set was divided into two parts: one part was used for training
and another for testing and this procedure was repeated randomly 30 times,
we computed mean classification accuracies and variances. Also parameter
ranges where studied. For the ideal vector computations in the general-
ized mean, range m € (0, 1] was shown to provide highest accuracy and for
parameter p in similarity measure range p € [5,20] seemed to provide the
highest results. In the following Table 6 we present how the choice of dif-
ferent p values affects the classification accuracy values. There the first row
shows different p values, the second row shows the classification accuracies
percentages obtained by using De Luca and Termini fuzzy entropy measure
as the feature selection method. In the third row the classification accuracy

percentages obtained by using Parkash fuzzy entropy measure are shown.

Table 6: Feature removal using De Luca and Termini, and Parkash measure

w.r.t parameter p value.

Parameters 0.1 0.2 0.3 0.4 0.5

Accuracies%(Luca) 98.61 | 98.83 | 98.61 | 98.61 | 98.39
Accuracies%(Parkash) | 98.83 | 98.72 | 98.61 | 98.50 | 98.39

Both the two feature selection methods De Luca and Termini and Parkash en-
tropy measures applied to the similarity matrix contributed much to achieve
high classification accuracy, value 98.83% was obtained. With 99% confi-
dence interval the mean classification accuracy is 98,83+0.2 (with Student’s
t-distribution p & ¢;_2S,/v/n). In the following Figure 5, we can see how
parameter values from the classifier (generalized mean m and p value from
similarity measure) effected the mean classification accuracy and variance.
In the first case De Luca and Termini’s fuzzy entropy measure was used as

feature selection method before actual classification and its performance is
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seen in Figure 6a and 6b. Parkash fuzzy entropy measure was used in the
second case as feature selection method and again after that classification
results were done with similarity classifier, its performance is seen in Figures

6¢ and 6d.

Mean classification accuracies Variances

N

St

Wi

o
9
8

o
@
8

W,
/7%//////

o
©
®

Classification accuracy
g

no
S

p-values m-values

(a) classification acuracy(DeLuca and (b) Variance
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(c) classification accuracy(Parkash measure) (d) Variance

Figure 5: Mean classification results and Variances plotted with respect to

parameter p and mean values using entropy measures on Dermatology set.
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The results with the highest mean accuracies together with the correct num-

ber of the removed features are are presented in the following Table 7:

Table 7: Classification result.

Methods Mean accuracy(%) | Variance | Dim | Removed features
sim+Luca 98.83 0.0442 33 17
Sim+Parka | 98.83 0.0237 33 1

As it can be seen in the Table 7 the use of De Luca’s fuzzy entropy mea-
sure with 33 features in the data set the highest mean accuracy was ob-
tained. With Parkash’s fuzzy entropy measure highest mean accuracy was
also achieved after removing one feature in the data set. In Figure 6 one
can see how reducing the number of features from the data set effected the
classification accuracies for both fuzzy entropy measures. After removing
more than 10 features classification accuracies started to deteriorate quite
rapidly. In the Figure 6 results are also studied w.r.t. parameter p value in

feature selection process to see how it effects the results.
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Figure 6: Classification accuracies w.r.t. reduced features for data sets (Der-

matology).
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In the Table 8 we present and compare our results with some others pre-
viously obtained using the different similarity classifiers with the feature

selection method applied to the same data set.

Table 8: Obtained accuracies with different classifiers.

Classifiers Mean accuracy%
Sim-using Lukasiewicz 96.04
Sim-using Yu’s norm 97.19

FS + Sim-using Lukasiewicz | 98.28

FS+Sim-Yu’s measure 98.83

In the Table 8 we present the results for similarity classifier using generalized
Lukasiewicz similarity which was taken from [26], similarity classifier using
Yu’s norm taken from [25], in the first two case no feature selection method
was done, in the second case we show the results when feature selection
method is combined with generalized Lukasiewics similarity [26]. As we
can see from the results, the proposed method produced the highest mean
classification accuracies and also clearly enhanced the mean accuracy with

this data set. Results shown in this study are shortly cited in author’s paper

[6]
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6 Conclusion and future work

In this study, the fuzzy entropy and similarity based feature selection was
performed, the used entropy measures (18), (19), (20) managed to discard
redundant and irrelevant features in our data set. We reduced the computa-
tion time and this has positively impacted our similarity classifier see (4) to
achieve highest classification accuracy of 98.83% when testing our similarity
measure to real world data set. The results in Table 8 show that the used
method managed to achieve the highest accuracy when comparing it with
some other results previously obtained, we assure that this is the best accu-
racy ever obtained with the same data set. we remarked the used method
help to reduce the dimensionality of large data sets but also to speed up the
computation time of a learning algorithm and therefore simplify our classi-
fication task. Notice that over 98% mean accuracy was achieved with the
methods after removing 10 features from the data set, which is about 30%

reduction of features from this data set.

For future work we acknowledge that these are not the only fuzzy entropy
measures that exist and usage of these with different similarity measures is
a subject which needs to be thoroughly addressed in the future. Creation of
ideal vectors in the feature selection process is one future area of investiga-
tion. Also beside these, creation of pool of similarities and proper selection

via optimization is also one research area.
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