
LAPPEENRANTA UNIVERSITY OF TECHNOLOGY

Faculty of Technology

Degree Programme in Technomathematics and Technical Physics

Roman Filimonov

CFD MODELING OF DISPERSION WATER FEED IN WASTEWA-

TER CLEANING APPLICATION

Examiners: Professor Jari Hämäläinen
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Fluid particle breakup and coalescence are important phenomena in a number of in-
dustrial flow systems. This study deals with a gas-liquid bubbly flow in one wastew-
ater cleaning application. Three-dimensional geometric model of a dispersion water
system was created in ANSYS CFD meshing software. Then, numerical study of
the system was carried out by means of unsteady simulations performed in ANSYS
FLUENT CFD software. Single-phase water flow case was setup to calculate the en-
tire flow field using the RNG k−ε turbulence model based on the Reynolds-averaged
Navier-Stokes (RANS) equations. Bubbly flow case was based on a computational
fluid dynamics - population balance model (CFD-PBM) coupled approach. Bubble
breakup and coalescence were considered to determine the evolution of the bubble
size distribution. Obtained results are considered as steps toward optimization of
the cleaning process and will be analyzed in order to make the process more efficient.
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1 INTRODUCTION

1.1 Background

Increasing demands for wastewater quality forces forest industry to improve its
wastewater management. This has led to development of new tertiary stages for
cleaning of the wastewaters.

Figure 1: AF-Float™ flotation unit [49].

In one tertiary cleaning process, depicted in Figure 1, dissolved and colloidal material
in the influent is coagulated and flocculated into the flocks. In order to improve the
flotation efficiency of these flocks, during flotation phase they are tried to adhere to
optimum sized micro bubbles which are injected into the dispersion water chamber
by means of the injection nozzles. Thus, the micro bubbles attach themselves to
the flocks and float to the water surface. Then, the floating sludge layer is gently
skimmed from the water surface and scraped to the float box and then removed
from the process, as shown in Figure 2 [49].

Figure 2: AF-Float™ skimming devices [49].
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1.2 Objectives

Since the flocks of the dissolved and colloidal material are fragile and sustain weakly
shear forces of fluid flow, it is necessary to create such water flow conditions that
minimize shear forces. Moreover, for achieving good cleaning results, it is essential
not only to prevent breaking of the flocks during dispersion water feed, but simulta-
neously create sufficient contact between the flocks and the air bubbles. As a result
of CFD modeling, the following processes and phenomena will be clarified:

1. Shear forces involved to a feed of dispersion water into the effluent flow.

2. Mixing of the dispersion water and the effluent flow.

3. Mixing of the air bubbles and the effluent flow.

4. Coalescence and breakage of air bubbles.

To implement this, it is necessary to have efficient and reliable methods and appro-
priate CFD software.

1.3 Research methodology

Present computational fluid dynamics (CFD) software is a set of tools which allows
to model and study a fluid flow. It is widely utilized for simulating and optimizing
processes which are employed in a number of process units of different industries.
Each problem to be studied is setup in the ANSYS FLUENT CFD software which
has broad fluid flow modeling capabilities. The first objective is handled by using a
single-phase Reynolds-averaged Navier-Stokes turbulence model. However, the rest
of the phenomena from the list require a coupled PBM-CFD approach for modeling
coalescence and breakup of air bubbles. Once respective cases setup, each is run on
the CSC Taito supercluster. When calculations are done, the results, presented in
the form of velocity profiles, contours of bubble size class fractions, or other relevant
graphics, will be analyzed.
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1.4 Organization of the study

This study is divided into 7 chapters. Chapter 2 provides and discusses relevant
knowledge about the present topic. Chapters 3 and 4 are devoted to the basic theo-
retical background on fluid dynamics and the population balance model for gas bub-
bles, respectively. Descriptions of the wastewater treatment system and its model
are provided with setup of the cases in Chapter 5. Chapter 6 presents the modeling
results obtained using ANSYS FLUENT CFD software. Finally, conclusions and
possible prospects for the future study are presented in Chapter 7.

2 LITERATURE REVIEW

The demand of industrial applications for a coupled population balance model
(PBM) and computational fluid dynamics (CFD) approach for simulation and anal-
ysis of fluid flow has been increasing rapidly for the past few decades. PBM is
employed in a range of industrial and natural processes to track the number of
particles in the fluid flow [48]. In order to describe the changes in the population
of particles, a balance equation is required. The use of reliable and appropriate
methods for solving the population balance equation (PBE), which is described by
Ramkrishna [39], is essential when dealing with practical problems. There are sev-
eral robust numerical techniques: the method of classes (discrete method) [22], the
quadrature method of moments [34] and parallel parent and daughter classes [9].
PBM also includes different models for bubble breakup and coalescence to simu-
late behavior of air bubbles in multiphase systems which are often encountered in
many industrial devices and processes in engineering. As they govern the bubble
size distribution, the modeling of breakup and coalescence processes have been paid
respective attention [13, 25, 29, 30, 32, 33, 38, 43].

Chen et al. [12] investigated effects of different breakup and coalescence kernels
performing numerical simulations of a flow in a bubble column reactor, and it
was reported that unrealistic results are obtained if the kernels are not compat-
ible. Bayraktar et al. [8] also states that to produce more realistic and reliable
results, the breakage and coalescence kernels should be compatible and therefore
modeled together. Chen et al. [12] used Luo [29] coalescence closure and Luo and
Svendsen [30] breakup closure to achieve the agreement between two-dimensional
simulations and empirical results. However, a breakup rate in their work was in-
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creased by a factor of 10. They also considered the models of Prince and Blanch [38]
and Chesters [13] for bubble coalescence and the model of Mart́ınez-Bazán [32, 33]
for bubble breakup, and it was concluded that the choice of these models does not
significantly affect the simulations as long as the magnitude of breakup is increased
tenfold. It was suggested that disagreement between breakup and coalescence rates
could be caused by the nature of two-dimensional simulations. Their work was ex-
tended by performing three-dimensional simulations which produced better results
[11]. Nevertheless, the disagreement between the breakup and coalescence rates was
not changed, and it was suggested that the possible reason for this is that the stan-
dard k − ε is used. In the study of Olmos et al. [36] the breakup and coalescence
rates were also multiplied by a factor of 0.075 to match the experimental data.

The results of Chen et al. [11, 12] are inconsistent with the results obtained by
Wang et al. [44], where various coalescence and breakup closures had significant
influence on the results. In their work, the model of Luo and Svendsen [30] did not
predict the bubble size distribution good enough, while the model of Lehr [25] for
bubble breakup gave acceptable results which are quite close to the results of the
model of Wang [43]. The latter provided reasonable results for all of the conditions
that were presented in the study.

Consequently, different formulations can yield considerably different results and one
model may not be appropriate in order to represent all the characteristics of a certain
process. There are different mechanisms of bubble coalescence and breakup in the
literature [26, 27]. Coalescence due to turbulent collisions of bubbles was considered
in most works, since it is the main mechanism under conditions of a turbulent
bubbly flow [13, 29, 38]. In the case of turbulent flow, bubble breakup is mainly
caused by turbulent eddies collision. The model of Luo and Svendsen [30] considers
only the energy constraint during the bubble breakup, that is breakup takes place
if the kinetic energy of an turbulent eddy is larger than the enhance of the surface
energy due to bubble breakup. Lehr et al. [25] proposed a model based on a force
balance between the inertial force of the colliding eddy and the interfacial force of
the bubble surface. Wang et al. [43] called this balance as the capillary constraint,
and stated that it is the main constraint for bubbles with radius tending to zero
to breakup, as they have very high capillary pressure (interfacial force). Thus, the
bubble coalescence and breakup models should be selected with respect to a given
process.

Almost all flows of industrial and practical engineering interest are turbulent. To
capture a realistic physics of CFD problem, an appropriate turbulence model should
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be applied. Two equation turbulence models are one of the most common type of
turbulence models. The standard or modified k− ε model is the most preferred and
widely used due to its computational economy and reasonable accuracy for a wide
variety of turbulent flows [2, 8, 15, 45].

Considerable attention has been given to a swirling flow, since this type of a flow
configuration occurs in many engineering systems and industrial equipments [19, 35,
37]. Escue et al. [17] studied the swirling flow phenomena inside a straight pipe
and they showed that the RNG k − ε turbulence model matches empirical velocity
profiles better in case of a low swirl. Gupta et al. [20] investigated three-dimensional
flow in a cyclone with tangential inlet and the RNG k− ε model was also found in a
good agreement with the experimental results. Furthermore, the study of Laborde-
Boutet et al. [24] reported that the RNG k − ε model performs better than other
models of the k − ε family and its better accuracy has a positive influence during
the implementation of the population balance.

Both the RNG k−ε model and the population balance model have been implemented
in several CFD software packages. However, in most studies that consider a coupled
PBM-CFD approach, commercial software like FLUENT [12, 16, 28] or CFX [14,
23, 36] is used.

3 BASIC FLUID DYNAMICS

3.1 Governing equations of fluid flow

The basis of CFD is the governing equations of fluid flow - the continuity, momentum
and energy equations. These are the mathematical statements of the following
conservation laws of physics:

• The mass of a fluid is conserved.

• The rate of change of momentum equals the sum of the forces on a fluid
(Newton’s second law).

• The rate of change of the total energy of a fluid equals the sum of rate of heat
addition to and work done on it (first law of thermodynamics).
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The above concepts are only presented in the following sections. The derivation
techniques of those equations can be found in the corresponding literature [1].

3.1.1 Continuity equation

Unsteady flow is considered here, therefore all fluid properties are functions of time
(apart from being functions of space). The unsteady three-dimensional mass con-
servation equation, or continuity equation, of compressible fluid can be written as
follows:

∂ρ

∂t
+∇ · (ρ~u) = 0, (1)

where ρ = ρ(x, y, z, t) and ~u = ~u(u, v, w) are scalar density and vector velocity fields
accordingly. The x, y and z components of velocity are given by

u = u(x, y, z, t)

v = v(x, y, z, t)

w = w(x, y, z, t)

In case of incompressible fluid, which is in the scope of this study, the density ρ is
constant and Equation (1) becomes

∇ · ~u = 0. (2)

3.1.2 Momentum equation

Conservation of linear momentum is described by the following expression:

ρ
∂~u

∂t
+ ρ~u · ∇~u = ρ~g +∇ · ¯̄σ, (3)

where ~g denotes body forces and ¯̄σ is the Cauchy stress tensor, which defines a
contribution of surface forces. The angular momentum of an isolated system re-
mains constant in both magnitude and direction, hence the stress tensor ¯̄σ must be
symmetric

¯̄σ = ¯̄σT (4)
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3.1.3 Energy equation

The energy equation is derived from the first law of thermodynamics and can be
written as:

ρ
∂e

∂t
+ ρ~u · ∇e = ρh−∇ · ~q +∇ · (¯̄σ · ~u), (5)

where e is the specific internal energy, h indicates an internal heat source and q is
the heat flux.

The equation for energy conservation is included for flows involving heat transfer
or compressibility, while conservation equations for mass and momentum are solved
for all flows. Hence, the energy equation will not be considered further.

3.1.4 Navier-Stokes equations

For Newtonian fluid such as water the stress-strain relationship is defined by the
following constitutive relation [5]:

¯̄σ = −pI + 2µ¯̄ε− 2
3µ(∇ · ~u)I, (6)

where p is the static pressure, I is the identity tensor, µ is the dynamic viscosity
and ¯̄ε is the strain rate tensor which is defined as

¯̄ε = 1
2(∇~u+∇~uT ). (7)

By setting (6) into (3) and assuming the fluid to be incompressible (Equation (2)),
the momentum equation is written as

ρ
∂~u

∂t
+ ρ~u · ∇~u = −∇p+∇ · (2µ¯̄ε) + ρ~g.

The following system of equations
ρ∂~u
∂t

+ ρ~u · ∇~u = −∇p+∇ · (2µ¯̄ε) + ρ~g,

∇ · ~u = 0
(8)

is the incompressible Navier-Stokes equations.

3.2 Shear rate

Different layers of fluid flow can have different velocities. This causes a shearing
action between the layers. The rate at which this shear deformation occurs is the
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shear rate. The shear rate is related to the second invariant of the strain rate tensor
¯̄ε, which, for incompressible flow, has the following form [41]:

I2 = −1
2

¯̄ε : ¯̄ε.

The shear rate can be calculated as follows:

γ̇ =
√
−4I2,

or, rewriting the form:
γ̇ =

√
2¯̄ε : ¯̄ε. (9)

3.3 Turbulence modeling

Turbulence is a feature of the flow which is characterized by a high level of fluctuating
vorticity. Turbulent flow contains a great number of eddies of various length and time
scales that interact with each other and have irregular unsteady motion. Turbulence
is encountered in almost all flows of industrial application. Therefore, accurate
modeling of turbulent flows is of high interest in industry, and many turbulence
models of different complexity have been developed to simulate turbulent flows.
More knowledge about turbulence and its models can be gained in the corresponding
books [2, 15, 45].

Direct numerical simulation (DNS) is the most straightforward approach in turbu-
lence modeling which is based on direct solving of the unsteady three-dimensional
Navier-Stokes equations, since they are correct for both laminar and turbulent fluid
flows. However, the computational cost of this method is enormously high for high
Reynolds number, because high Reynolds number turbulent flows require very dense
computational mesh and a small time step. Therefore, the DNS approach is not fea-
sible for the problem with a high Reynolds number value [2].

Large-eddy simulation (LES) extends DNS for practical applications. While all
turbulent scales are resolved in the DNS simulations, LES computes only large
eddies, and small eddies are only modeled. It allows to use a coarser mesh size
and a larger time step, compared to the DNS approach, significantly saving needed
computational resources. Nevertheless, the computational cost of LES remains high
in comparison with other turbulence models [15].

Less computationally expensive models are needed to perform routine simulations.
Reynolds-Averaged Navier-Stokes (RANS) equations include the most computation-
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ally efficient approaches for computing turbulent flows. All RANS-based turbulence
models are mathematically based on the Reynolds averaging, that is the solution
variables in the Navier-Stokes equations are split into a mean part and fluctuat-
ing part. Zero-, one- and two-equation turbulence models are typical examples of
RANS-based models [2]. Two equation turbulence models are the most widely used
and complete models [2, 15, 45]. These models consist of two transport equations
that are employed to describe two independent turbulent flow properties. Some
types of the k − ε family of models are presented below.

3.3.1 Standard k − ε model

The standard k − ε model is based on model transport equations for the turbulent
kinetic energy (k) and its dissipation rate (ε). k and ε are obtained from the following
transport equations [5]:

ρ
∂k

∂t
+ ρ~u · ∇k = ∇ ·

((
µ+ µT

σk

)
∇k

)
+Gk − ρε (10)

and
ρ
∂ε

∂t
+ ρ~u · ∇ε = ∇ ·

((
µ+ µT

σε

)
∇ε
)

+ C1ε
ε

k
Gk − C2ερ

ε2

k
. (11)

In these equations, Gk denotes the rate of turbulence kinetic energy production and
defined as

Gk = µT
2 |∇~u+∇~uT |2. (12)

The eddy, or turbulent, viscosity µT can be calculated by

µT = ρCµ
k2

ε
. (13)

The model constants C1ε, C2ε, Cµ, σk and σε have the following default values:

C1ε = 1.44, C2ε = 1.92, Cµ = 0.09, σk = 1.0, σε = 1.3.

3.3.2 RNG k − ε model

The RNG k − ε model was derived using a statistical technique called the renor-
malization group theory [47]. It has similar form to the standard k − ε model, but
includes some improvements:

• The RNG model has an extra term in its dissipation equation that substan-
tially enhances the accuracy for rapidly strained flows.
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• Accuracy for swirling flows is also improved, since the effect of swirl on turbu-
lence is included in the model.

These features make the RNG k − ε model more accurate and reliable for a wider
class of flows compared to the standard k − ε model.

The transport equations for turbulent kinetic energy and its dissipation rate are [5]

ρ
∂k

∂t
+ ρ~u · ∇k = ∇ ·

((
µ+ µT

σk

)
∇k

)
+Gk − ρε, (14)

ρ
∂ε

∂t
+ ρ~u · ∇ε = ∇ ·

((
µ+ µT

σε

)
∇ε
)

+ C1ε
ε

k
Gk − C2ερ

ε2

k
−Rε. (15)

The main difference between the RNG and standard k− ε models is that ε equation
has the extra term:

Rε = Cµρη
3(1− η/η0)

1 + βη3
ε2

k
,

where
η = k

ε

1√
2
|∇~u+∇~uT |,

η0 = 4.38,

β = 0.012.

The model constants C1ε, C2ε, Cµ, σk and σε have the following values:

C1ε = 1.42, C2ε = 1.68, Cµ = 0.0845, σk = σε = 0.7178.

3.4 Multiphase flow modeling

Multiphase flow refers to any fluid flow simultaneously consisting of more than
one phase. Multiphase flows can be grouped into four main categories: gas-liquid,
gas-solid, liquid-solid and three-phase flows. In addition, two general classes of
multiphase flows might be distinguished: disperse flows and separated flows. The
disperse flows are the flows which consist of finite particles, drops or bubbles (the
disperse phase) distributed in the continuous phase. The separated flows consist of
two or more continuous phases of different fluids divided by interfaces [10].

There are two approaches for modeling of a multiphase flow: the Euler-Lagrange
approach and the Euler-Euler approach [5].

The Euler-Lagrange approach, also known as the Lagrangian discrete phase model,
is appropriate only for modeling of disperse flows. The fluid phase is treated as a
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continuum, in Eulerian manner, while the disperse phase is considered in Lagrangian
manner by tracking a large number of individual particles, drops or bubbles. Thus,
for the disperse phase, the particle position and velocity are functions of time only,
and these are computed from Newton’s second law. The volume fraction of the par-
ticles is assumed to be small enough, making the model unsuitable for applications
where effects of the disperse phase cannot be neglected [5, 46].

The Euler-Euler approach includes models where all phases are considered as con-
tinuous. There are three basic Euler-Euler multiphase models: the volume of fluid
(VOF) model, the mixture model and the Eulerian model. The VOF model is de-
signed for several immiscible fluids where the position of the fluid-fluid interface
is tracked, while the mixture and Eulerian models allow to model separate, but
strongly interacting phases [5]. Some of these multiphase models are described in
the following sections.

3.4.1 Eulerian model

In the Eulerian model all phases are treated separately and a set of conservation
equations is solved for each phase [5].

The volume of phase j is defined by

Vj =
∫
V
αjdV, (16)

where αj denotes the volume fraction of phase j.

In case of n-phase compressible flow, the continuity and momentum equations for
phase j can be written as follows:

∂(αjρj)
∂t

+∇ · (αjρj~uj) = 0, (17)

∂(αjρj~uj)
∂t

+ αjρj~uj · ∇~uj = αjρj~g +∇ · ¯̄σj +
n∑
i=1

~Rij. (18)

ρj is the density of phase j, ~uj denotes the velocity of phase j and ¯̄σj is the jth

stress-strain tensor

¯̄σj = −pI + 2αjµj ¯̄εj −
2
3µj(∇ · ~uj)I,

where p is the static pressure shared by all phases, µj is the dynamic viscosity of
phase j and ¯̄εj is the jth strain rate tensor

¯̄εj = 1
2(∇~uj +∇~uTj ).
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The volume fraction of each phase is calculated by solving the Equation (17) for
each secondary phase. The volume fraction for the primary phase then is computed
from the following expression:

n∑
j=1

αj = 1. (19)

Equation (18) should be supplemented with a suitable expression for the interphase
force ~Rij. This force depends on the friction, pressure and other effects, and the
next conditions must be satisfied:

~Rij = −~Rij, ~Rjj = 0.

A simple interaction force term of the following form can be used:
n∑
i=1

~Rij =
n∑
i=1

Kij(~ui − ~uj), (20)

where Kij(= Kji) is the interphase momentum exchange coefficient. Momentum
exchange between the phases is based on the value of the interphase momentum
exchange coefficient. The exchange coefficient for fluid-fluid flow can be written in
the following form:

Kij = αjαiρif

τi
, (21)

where f is the drag function, and τi is the particle relaxation time:

τi = ρid
2
i

18µj
, (22)

where di is the diameter of the bubbles of phase i.

The Schiller and Naumann [40] drag function is suitable for all fluid-fluid multiphase
computations, and defined as

f = CDRe

24 , (23)

where

CD =


24(1+0.15Re0.687)

Re
, Re ≤ 1000,

0.44, Re > 1000.

Re is the relative Reynolds number. For the primary phase i and secondary phase
j, the relative Reynolds number is calculated from the following expression:

Re = ρi|~uj − ~ui|dj
µi

.

The Navier-Stokes equations for incompressible flow for q phase can be obtained in
the same manner as for a single-phase flow (Section 3.1.4).
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3.4.2 Mixture model

While the Eulerian model solves a set of momentum and continuity equations for
each phase, the mixture model solves continuity and momentum equations for the
mixture [5]. The continuity equation for the mixture can be written as

∂ρm
∂t

+∇ · (ρm~um) = 0, (24)

where ~um is the mass-averaged velocity:

~um =
∑n
j=1 αjρj~uj

ρm
,

and ρm is the mixture density:

ρm =
n∑
j=1

αjρj.

The momentum equation for the mixture is defined as the sum of the momentum
equations for all phases:

∂(ρm~um)
∂t

+ ρm~um · ∇~um = ρm~g +∇ · ¯̄σm +∇ ·
( n∑
j=1

αjρj~udr,j~udr,j

)
, (25)

where ¯̄σm is the stress-strain tensor for the mixture:

¯̄σm = −pI + 2µm ¯̄εm −
2
3µm(∇ · ~um)I,

where µm is the viscosity for the mixture:

µm =
n∑
j=1

αjµj,

¯̄εm is the strain rate tensor for the mixture:

¯̄εm = 1
2(∇~um +∇~uTm),

and ~udr,j is the drift velocity for secondary phase j:

~udr,j = ~uj − ~um.

The volume fraction equation for secondary phase j is determined as follows:

∂(αjρj)
∂t

+∇ · (αjρj~uj) = −∇ · (αjρj~udr,j). (26)

If the phases are moving at different velocities, equations for the relative (slip)
velocities are also solved. The velocity of a secondary phase j with respect to the
velocity of the primary phase i is calculated as

~uji = ~uj − ~ui. (27)
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The relationship between the relative and drift velocities is

~udr,j = ~uji −
n∑
k=1

ck~uik, (28)

where ck is the mass fraction of phase k:

ck = αkρk
ρm

.

The slip velocity function of Manninen et al. [31] for each secondary phase relative
to the primary phase is used to define the form of the relative velocity:

~uji = τj
f

ρj − ρm
ρj

~a, (29)

where τj and f are given by the Expressions (22) and (23) respectively, and ~a is the
acceleration of the particles of the secondary phase:

~a = ~g − (~um · ∇)~um −
∂~um
∂t

.

4 POPULATION BALANCE MODEL FOR GAS

BUBBLES

4.1 Population balance approach

There is a number of industrial fluid flow systems where a secondary phase with
a size distribution of particles, such as solid particles, bubbles or droplets, takes
place. These particles can significantly affect the behavior of the flow system and
involve evolutionary processes which consist of different phenomena related to dis-
persion, dissolution, aggregation and breakage. The population balance approach
is particularly used to predict the size distribution of the particles and can handle
the particle processes [48]. However, to determine the extent of particles influencing
the fluid flow and describe the variation in the particle population, a balance equa-
tion based on the population balance approach is required. Before the population
balance equation will be presented, some basic definitions are introduced.

4.2 Particle state vector and number density function

It is convenient that each particle is distinguished by its external coordinates (~x),
which denote the spatial position of the particle, and internal coordinates (φ), which
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can represent different quantities associated with the particle [39]. The particle state
vector is characterized by a set of external and internal coordinates. From these
coordinates, a number density function n(~x, φ, t), which is denoted as the total
number of particles per unit volume of the particle phase at time t, can be defined,
where ~x and φ belong to the domain of external coordinates Ω~x and the domain of
internal coordinates Ωφ, respectively. The number of particles in the infinitesimal
volume dV~xdVφ is n(~x, φ, t)dV~xdVφ. Then, the total number of particles in the entire
system is ∫

Ω~x

∫
Ωφ
ndV~xdVφ. (30)

The local number density in physical space (the total number of particles per unit
volume of physical space) is given by

N(~x, t) =
∫

Ωφ
ndVφ. (31)

The volume density may be defined as n(~x, φ, t)V (φ), where V (φ) is the volume of
the particle in internal state φ. Then, the total volume fraction of all particles is
given by

α(~x, t) =
∫

Ωφ
nV (φ)dVφ. (32)

The volume of a single particle V is calculated as

V = π

6L
3, (33)

where L is the diameter of a particle.

4.3 The population balance equation

Assuming that φ is the particle volume [4], the population balance equation can be
written as

∂

∂t
n(V, t) +∇ · (~un(V, t)) = BA −DA +BB −DB, (34)

where ~u represents phase velocity vector, n(V, t) is the number density of particles of
volume V and BA, DA, BB and DB are the birth and death rates due to aggregation
and breakup of the particles respectively.

4.3.1 Birth and death of particles

The breakage and aggregation phenomena cause birth and death of particles. To
model these processes numerically, different expressions are used [4].
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The breakage rate expression, or kernel [30], is defined as

g(V ′)β(V |V ′),

where g(V ′) is the breakage frequency of a group of particles of volume V ′ and
β(V |V ′) is the probability density function (PDF) of particles breaking from their
original volume V ′ to a particle of volume V . The PDF β(V |V ′) is also known as
the daughter particle size distribution function.

The birth rate BB of particles of volume V due to breakage is expressed as

BB =
∫

Ων
pg(V ′)β(V |V ′)n(V ′, t)dV ′, (35)

where g(V ′)n(V ′, t)dV ′ particles of volume V ′ break per unit time, producing
pg(V ′)n(V ′, t)dV ′ particles, β(V |V ′)dV fraction of which is particles of volume V ,
and p is the number of daughter particles produced per parent.

The death rate DB of particles of volume V due to breakage is described by

DB = g(V )n(V, t). (36)

The aggregation kernel [29] a(V, V ′) can be determined as the product of two
quantities:

• the frequency of collisions of particles of volumes V and V ′

• the aggregation efficiency, which is the probability that particles of volume V
coalescing with particles of volume V ′.

The birth rate BA of particles of volume V due to aggregation is defined as follows:

BA = 1
2

∫ V

0
a(V − V ′, V ′)n(V − V ′, t)n(V ′, t)dV ′, (37)

where particles of volumes V −V ′ and V ′ aggregate with each other, forming particles
of volume V .

The death rate DA of particles of volume V due to aggregation has the following
form:

DA =
∫ ∞

0
a(V, V ′)n(V, t)n(V ′, t)dV ′. (38)
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4.4 Kernel functions

Breakage and aggregation kernels are needed to solve the PBM, since the birth
and death of bubbles in gas-liquid systems occur due to the respective phenomena.
There are different kernel functions to model gas bubbles breakage and aggregation
which can be found in the literature [26, 27]. Some of the noticeable kernels for
breakup and coalescence processes of gas bubbles are presented below.

4.4.1 Lehr breakage kernel

The Lehr breakage kernel [25] includes both the breakage frequency and the PDF of
breaking particles. The breakage rate expression for particles of volume V ′ forming
the daughter particle of volume V is defined as

Ωbr(V, V ′) = ΩB(V ′)η(V |V ′), (39)

where ΩB(V ′) is the breakage frequency and η(V |V ′) is the normalized daughter
particle distribution function. In general, Expression (39) is written as the integral
over the size of eddies λ hitting the particle with diameter d and volume V ′. The
integral is taken over the dimensionless eddy size ξ = λ/d:

Ωbr(V, V ′) = K
∫ 1

ξmin

(1 + ξ)2

ξn
exp(−bξm)dξ, (40)

where the parameters are as follows:

K = 1.19σ
ρε1/3d7/3f 1/3 ,

n = 13
3 ,

b = 2Wecritσ

ρε2/3d5/3f 1/3 ,

m = −2
3 .

Here σ and ρ are surface tension and liquid density accordingly, ε is the turbu-
lent dissipation rate, f is the breakage frequency which is dependent on material
properties and impact conditions, Wecrit is the critical Weber number which is used
to estimate a maximum stable bubble diameter. It is supposed that breakup of a
bubble occurs when a critical Weber number value is achieved [18].
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4.4.2 Luo aggregation kernel

The Luo aggregation kernel [29] consists of the collision frequency and the coales-
cence probability. For the coalescence between particles with volumes Vi and Vj, the
aggregation rate can be written as

Ωag(Vi, Vj) = ωag(Vi, Vj)Pag(Vi, Vj), (41)

where ωag(Vi, Vj) is the frequency of collisions and Pag(Vi, Vj) is the probability of
aggregation. The collision frequency is defined by the following expression:

ωag(Vi, Vj) = π

4 (d2
i + d2

j)ninjūij. (42)

Here ūij is the characteristic velocity of collisions of two particles with diameters di
and dj and number densities ni and nj:

ūij =
√
ū2
i + ū2

j ,

where
ūi = 1.43(εdi)1/3.

The probability that collision results in coalescence is given by

Pag(Vi, Vj) = exp

− c1

[
0.75(1 + x2

ij)(1 + x3
ij)
]1/2

(ρ2/ρ1 + 0.5)1/2(1 + xij)3 We
1/2
ij

, (43)

where c1 is a unknown constant of order unity that has to be adjusted, the size ratio,
xij = di/dj, ρ1 and ρ2 are densities of the primary and secondary phases respectively,
and the Weber number is defined by

Weij =
ρ1diū

2
ij

σ
.

4.5 Integration of PBE into CFD

Due to bubble-liquid and bubble-bubble interactions, PBE should be solved simul-
taneously with a CFD solver in order to have accurate simulations. The discrete
method (the method of classes) [22] is employed to compute the numerical solution
of the PBE. The method is based on the representation of the bubble population as
a set of discrete size classes, or intervals. In this manner, the size distribution that
is coupled with CFD problem can be obtained.
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4.5.1 Discrete method

As has been mentioned, in the discrete method, the population of bubbles is dis-
cretized into a finite number of size intervals. The advantages of this approach are
its robust numerics and that it gives the particle size distribution (PSD) directly.
However, it can be computationally expensive if a large number of size classes is
needed [4].

The PBE in terms of volume fraction of bubble size class i can be written as follows:

∂

∂t
(ρsαi) +∇ · (αiρs~us) = ρsVi(BA,i −DA,i +BB,i −DB,i), (44)

where ρs is the density of the secondary phase, Vi is the volume of bubble size class
i and αi is the volume fraction of bubble size class i, defined as

αi = NiVi, (45)

where
Ni(t) =

∫ Vi+1

Vi
n(V, t)dV. (46)

The fraction of bubble size class i is calculated as

fi = αi
α
, (47)

where α is the total volume fraction of the secondary phase.

The particle birth and death rates in case of N bubble size classes are determined
in the following forms:

BA,i =
N∑
k=1

N∑
j=1

a(Vk, Vj)NkNjxkjξkj, (48)

BB,i =
N∑

j=i+1
g(Vj)β(Vi|Vj)Nj, (49)

DA,i =
N∑
j=1

a(Vi, Vj)NiNj, (50)

DB,i = g(Vi)Ni, (51)

where

ξkj =


1, Vi < VA < Vi+1,

0, otherwise.
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Here, VA is the volume of a particle due to the aggregation of particles k and j:

VA = xkjVi + (1− xkj)Vi+1,

where

xkj =


VA
VN
, VA ≥ VN

VA−Vi+1
Vi−Vi+1

, otherwise

where VN is the largest bubble size class.

4.5.2 Sauter mean diameter

To couple population balance modeling of a secondary phase with a problem of
fluid dynamics, a Sauter mean diameter can be used as the particle diameter of the
secondary phase. For the discrete method, this is calculated as follows:

d32 =
∑
nid

3
i∑

nid2
i

. (52)

5 MODELING OF THE DISPERSION WATER

CHAMBER

5.1 Model assumptions and simplifications

The key part of the unit, the dispersion water chamber, is shown on Figure 3. The
chamber is modeled to gain more knowledge about the processes and phenomena
which occur inside the system.

Figure 3: Dispersion water chamber [49].
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However, some assumptions and simplifications were applied to the model of the
cleaning process and the dispersion chamber.

The first simplification is that flocks of the dissolved and colloidal material in the
effluent flow are neglected, thus it limits the model of the system to single- and
two-phase flows only.

The second hypothesis concerns the injection nozzles. Since the nozzles have tan-
gential orientation with respect to the surface of the chamber, it can assumed that
axisymmetric swirl takes place inside. Hence, the nozzles were omitted in the model
and replaced by appropriate boundary conditions in order to reproduce behavior of
the flow similar to the real one. This simplification decreases the size of the compu-
tational domain and reduces a computational cost required for simulations without
significant effect on the flow behavior.

The reader is advised to take 1 m as the value of the diameter of the pipe with
influent flow to understand the physical size of the system.

5.2 Geometric model

Geometric model of the dispersion system was created in ANSYS GAMBIT 2.4.6
software, see Figure 4.

Figure 4: Dispersion water chamber (ANSYS GAMBIT geometric model).

As the wall thickness was neglected, some dimensions of the model can be slightly dif-
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ferent from the originals. In general, the design of the geometric model corresponds
to the real dispersion chamber well enough and the changes should not significantly
affect the processes and phenomena which occur in the system, therefore, reliable
enough results can be obtained.

5.3 Mesh generation

To create a mesh for the computational domain, the model was imported to ANSYS
ICEM 14.5 CFD mesh generation software. ANSYS ICEM geometric model of the
chamber is illustrated in Figure 5.

Figure 5: Dispersion water chamber (ASNYS ICEM geometric model).

Before the final version of the mesh was created, a mesh independence study had
been completed in order to ensure that the solution is independent of the mesh reso-
lution. Eventually, unstructured tetrahedral mesh, consisting of 3 969 526 elements,
was generated, see Figure 6.
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Figure 6: Meshed dispersion water chamber.

Mesh is an important aspect that plays a key role in the correctness of the solution,
as poor quality elements can cause inaccuracy and instability in the computational
process. The basic criteria of mesh quality were applied in order to evaluate the
quality of the elements.

The orthogonal quality is an indicator of the quality of the cells. The worst cells
have an orthogonal quality value closer to 0 and the best cells have an orthogonal
quality value closer to 1 [3].

Figure 7: Histogram of orthogonal quality values
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Another significant criterion of the mesh quality is the aspect ratio which is a mea-
sure of how much the mesh cells are stretched. An aspect ratio value of 0 means
that an element has zero volume and an aspect ratio value of 1 corresponds to a
perfectly regular element [3].

Figure 8: Histogram of aspect ratio values

Equiangle skewness of the elements is one more common measure of the mesh quality.
Equiangle skewness values of 0 and 1 are the worst and ideal cases, respectively [3].

Figure 9: Histogram of equiangle skew values
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Figures 7, 8 and 9 indicate overall good quality of the generated mesh. In a com-
bination with appropriately selected solution methods, an accurate solution can be
obtained, hence real behavior of the flow can be captured.

5.4 Single-phase flow case setup

Single-phase flow case, that is water flow only, is setup to calculate the general
behavior of the water flow in the dispersion system. All calculations were performed
in ANSYS FLUENT 15.0 CFD software. The key points of the single-phase case
are presented in the following sections.

5.4.1 Turbulence model

The RNG k−ε turbulence model is employed to represent turbulent properties of the
flow. This model is more accurate and performs better, compared to the standard
k − ε model, in modeling of axisymmetric and swirling flows. The standard model
constants, presented in Section 3.3.2, were used in the simulations.

5.4.2 Boundary conditions

Velocity inlet boundary condition is used to define the velocity of the effluent flow
in the main pipe. Similarly, velocity inlet boundary conditions are applied to inlet
zones on the chamber surface. Pressure outlet boundary condition is set on the
output of the system to specify a pressure. The rest parts are considered as walls
(Figure 10).
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Figure 10: Types of boundary conditions

Effluent flow velocity was determined to be 0.55 m/s. Tangential component of the
velocity vector was set to 1.77 m/s on the inlets of the chamber surface to define
swirl velocity.

Hydrostatic pressure of 10727 Pa, corresponding to the depth of 1.1m, is specified
on the outlet boundary to include the hydrostatic (gravity) contribution. Standard
atmospheric pressure of 101325 Pa is also taken into account when absolute pressure
is calculated.

Turbulence parameters such as turbulence intensity and turbulence length scale
should also be specified to estimate turbulent properties at the inlets. Commonly,
a turbulence intensity of 1% or less and 10% or greater correspond to low and high
turbulence intensity levels, respectively. For the present case the medium intensity
of 5% is used for the inlet boundaries. Turbulence length scale boundary values
are based on the relationship between the turbulence length scale and the hydraulic
diameter of a duct [7].

No-slip boundary conditions are enforced at the walls.

5.4.3 Solution methods

ANSYS FLUENT provides various approaches for solving a wide range of flows.
Used techniques and formulations are briefly discussed to explain why a particular
method is more preferable and optimal for the present case. Specific choice is also
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based on the analysis of the simulations that have been performed with using of
different methods and techniques.

Pressure-based solution approach is employed, which was originally developed for
low-speed incompressible flows. Besides, the pressure based solver provides mix-
ture and Eulerian models for modeling multiphase flow. The Pressure-Implicit with
Splitting of Operators (PISO) pressure-velocity coupling scheme is applied to obtain
a pressure-correction equation. PISO belongs to the class of segregated algorithms
where the governing equations are solved sequentially, therefore, the segregated algo-
rithms are considered to be memory-efficient. Also, PISO algorithm is recommended
for all unsteady flow simulations [2, 5, 42].

Green-Gauss Node-Based method is applied to evaluate gradients. Although, the
node-based gradient scheme is computationally more expensive than the cell-based
gradient schemes, it is known to be more accurate and stable, particularly on un-
structured meshes [5].

The Pressure Staggering Option (PRESTO!) pressure interpolation scheme is used
to interpolate pressure values on the cell surfaces. This scheme is recommended
when dealing with a swirling flow [2, 5].

For better accuracy and stability, second order upwind spatial discretization scheme
is employed for the governing equations being solved [2, 5, 42].

Unsteady simulations of the flow are considered, therefore the governing equations
should also be discretized in time. Second order implicit temporal discretization is
used to have more accurate results compared to the first order discretization [5].

5.5 Two-phase flow case setup

Injection of air bubbles into the system transforms the single-phase flow into a two-
phase flow. The water flow with dispersed micro air bubbles is defined as bubbly
flow [5]. Thus, an appropriate approach for multiphase modeling should be selected.



5 MODELING OF THE DISPERSION WATER CHAMBER 38

5.5.1 Multiphase model

Bubbly flow can be classified as the gas-liquid disperse flow (Section 3.4). The
Eulerian or mixture multiphase models are suitable for modeling of this flow regime.
In the Eulerian model all phases are treated as interpenetrating continua and a set
of conservation equations is solved for each phase, while the mixture model has
a similar approach, but the governing equation are solved for the mixture only.
Although, the mixture model is a simplified multiphase model, it is used to obtain
an initial solution before applying the Eulerian model.

5.5.2 Breakage and aggregation kernel functions

The main characteristics of the dispersion system are turbulence and presence of
tiny air bubbles, therefore reasonable selection of breakage and aggregation models
should be done with respect to these features. Lehr breakage model, described in
Section 4.4.1, is employed to simulate the breakup of bubbles. This model supports
the following common assumptions:

1. The breakup of bubbles in turbulent flows occurs due to the arrival turbulent
eddies of different length scales onto the surface of bubbles [30].

2. Only binary breakup is assumed, since it is the main manner of breakup in
turbulent flows [21].

3. Capillary constraint is applied, because the capillary pressure is the major
constraint for bubbles with radius close to zero to breakup. In this case the
capillary pressure is very high, thus the arriving eddy may not have enough
dynamic pressure to overcome this pressure [43].

Luo aggregation model, considered in Section 4.4.2, is applied to compute the coa-
lescence of bubbles. According to this approach, the fluctuating turbulent velocity
of the liquid is the main mechanism that promotes collisions between bubbles. Be-
sides, this model supports a common assumption that coalescence of two bubbles in
liquids occurs in three steps [29, 38]:

1. The bubbles collide, trapping a small amount of liquid between them.

2. This liquid drains out until the liquid film separating the bubbles achieves a
critical thickness.



5 MODELING OF THE DISPERSION WATER CHAMBER 39

3. Film rupture occurs and the bubbles coalesce.

Thus, the rate of bubble coalescence in the model depends on the collision frequency
and coalescence efficiency, or coalescence probability.

For the Lehr breakage kernel and the Luo aggregation kernel, the surface tension of
the water was set to 0.07 N/m. Also, the critical Weber number was defined to be
0.06 [25] for the Lehr breakage kernel.

5.5.3 Population balance boundary conditions

The PBE is solved by the discrete method (Section 4.5.1) in this setup. Therefore,
the number of bubbles size classes with corresponding volume fractions should be
determined a priori.

Bubble size class number [#] Bubble size class [mm] Fraction [%]

0 0.39 0

1 0.37 0

2 0.34 0

3 0.31 0

4 0.29 0

5 0.26 0

6 0.23 0

7 0.22 0

8 0.2 0

9 0.18 0

10 0.16 0

11 0.14 0

12 0.12 0

13 0.1 10

14 0.08 15

15 0.06 15

16 0.05 30

17 0.04 20

18 0.02 10

Table 1: Bubble size classes with corresponding fractions.
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The air bubble population were discretized into 19 bubble size classes as shown in
Table 1. The classes 13 - 18 represent the bubbles which are originally injected into
the system. The total fraction of the injected air bubbles is set to 4 %.

The same solution methods and approaches as for the single-phase flow case are
employed here. Second order upwind scheme is also used for discretization of the
population balance equation to achieve better accuracy.

6 RESULTS

6.1 Single-phase flow case

The results for the described single-phase water flow are presented here. 67 seconds
of the modeled system were calculated applying 0.001s time step and maximum 10
iterations per time step. This was enough to achieve a convergence and resolve
time-dependent features of the flow. The following criteria were also used to judge
the convergence [6]:

• The residuals have decreased to an acceptable degree, usually to a value less
than 10−3.
For the present case, the residual of the continuity equation reduced to the
degree of 10−5 and the rest to the degree of 10−8.

• The domain has net mass imbalance less than 0.2 %.
Much lower value of mass imbalance was observed in this case.

To evaluate the convergence, the general flow pattern was also taken into account,
and reasonable behavior was found. Several velocity profiles are presented here.



6 RESULTS 41

Figure 11: Contours of velocity magnitude for the main pipe (single-phase flow).

Figure 12: Contours of velocity magnitude for the dispersion chamber (single-phase

flow).
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Figure 13: Contours of Y Velocity for the outlet of the dispersion chamber (single-

phase flow).

Figure 14: Contours of Y Velocity for the dispersion chamber (single-phase flow).
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Figure 15: Velocity vectors colored by velocity magnitude for the dispersion chamber

(single-phase flow).

As can be seen in Figures 13,14, reversed flow is observed in the left part of the
dispersion chamber which can be explained by the presence of vortices, see Figure 15.
Such behavior can be due to the 90-degree bend of the main pipe which also causes
significant difference in the velocity of the flow between the right and the left parts
of the chamber, see Figures 11, 12.
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Figure 16: Velocity vectors colored by tangential velocity for the surface of the

dispersion chamber (single-phase flow).

Figure 17: Velocity vectors colored by tangential velocity for the dispersion water

flow before mixing with the effluent flow (single-phase flow).

Tangential velocity, see Figures 16, 17, corresponds to the swirl velocity when ax-
isymmetric swirl is modeled.
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Contours of shear rate are presented on the Figure 18 below:

Figure 18: Contours of shear rate for the dispersion chamber (single-phase flow).

The Figure 18 indicates that the values of shear rate are higher in the regions where
the effluent flow and the dispersion water flow mix together, while the values for the
rest area are substantially lower.

6.2 Two-phase flow case

The results for a CFD-PBM approach are given in this section. Simulations were
continued from the point where computation of the single-phase flow was stopped,
and 10 seconds of the water flow with air bubbles were simulated with the same
time step and amount of iterations per time step. Despite the fact that the residu-
als decreased to a sufficient level, the domain had net mass imbalance a little higher
than 0.2 %. Besides, the solution changed with more iterations, hence more compu-
tational time is required to have more general solution. However, specific features
of the dispersion system can already be observed for the present solution, and useful
conclusions can be done.

Some velocity profiles are introduced here. Further, phase-1 and phase-2 correspond
to the water phase and air phase respectively.
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Figure 19: Velocity magnitude contours for the main pipe (phase-1, two-phase flow).

Figure 20: Velocity magnitude contours for the dispersion chamber (phase-1, two-

phase flow).
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Figure 21: Contours of Y Velocity for the outlet of the dispersion chamber (phase-1,

two-phase flow).

Figure 22: Contours of Y Velocity for the dispersion chamber (phase-1, two-phase

flow).
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Figure 23: Velocity vectors colored by velocity magnitude for the dispersion chamber

(phase-1, two-phase flow).

Compared to the single-phase flow, reversed flow in the chamber is not observed now,
see Figure 23. It can be seen in Figures 19-22, there are no considerable changes in
the behavior and upward velocity of the water flow in the right part of the chamber.

Figure 24: Velocity vectors colored by tangential velocity for the dispersion water

flow before mixing with the effluent flow (phase-1, single-phase flow).
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Since the air is injected simultaneously with the dispersion water, the swirl velocity
decreased insignificantly, see Figure 24. In common, it can be observed that the air
plays essential role in the general behavior of the flow.

Figure 25: Contours of shear rate for the dispersion chamber (phase-1, single-phase

flow).

Figure 25 shows that the level of shear rate has not changed considerably.

Contours of volume fraction of bubble size class 0 from Table 1 are depicted on
different planes located on various depth of the dispersion chamber.
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(a) At the depth of 1m from the outlet. (b) At the depth of 0.8m from the outlet.

(c) At the depth of 0.5m from the outlet. (d) At the depth of 0.3m from the outlet.

Figure 26: Contours of volume fraction of bubble size class 0 at various depth

(phase-2, two-phase flow).

Figure 27: Contours of volume fraction of bubble size class 0 on the outlet (phase-2,

two-phase flow).
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Coalescence of the bubbles occurs very intensively. As the result, the class of bubbles
with size of 0.39mm dominants in the bubble size distribution, see Figures 26, 27.

(a) At the depth of 1m from the outlet. (b) At the depth of 0.8m from the outlet.

(c) At the depth of 0.5m from the outlet. (d) At the depth of 0.3m from the outlet.

Figure 28: Contours of volume fractions of air at various depth (phase-2, two-phase

flow).

Figure 29: Contours of volume fractions of air on the outlet (phase-2, two-phase

flow).
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It can be observed in Figures 28, 29 that the air volume fraction decreases with the
distance to the outlet. Particularly, the fraction of air on the outlet is considerably
lower in the left part of the chamber. The latter can be explained by the slower
upward flow in the left part.

7 CONCLUSIONS

Three-dimensional geometric model and numerical study of the dispersion water
chamber were implemented using ANSYS CFD software. Two transient cases were
considered: single-phase water flow and gas-liquid bubbly flow. The RNG k − ε

was employed in the single-phase flow case setup to compute the entire flow field
and, particularly, investigate the process of mixing of the dispersion water and the
effluent flow. A CFD-PBM coupled approach was applied in the case of two-phase
flow. Bubble breakup and coalescence were taken into account to estimate the
evolution of the bubble size distribution and explore the behavior of bubbles during
the mixing process. The corresponding breakage and aggregation kernel functions
were selected with respect to the characteristics of the dispersion system. Some of
the received results and data will be used to analyze phenomena which occur in the
dispersion chamber. Besides, the model developed in the present thesis can benefit
the further optimization of the wastewater treatment process by adjusting various
system parameters and performing new calculations, especially, in obtaining of the
flow conditions that minimize shear forces, but simultaneously allow effective mixing
of the dispersion water and the effluent flow.

7.1 Outlook and recommendations

The maximum values of shear rate are in the regions where the effluent flow and the
dispersion water flow mix together. Simulations with new boundary conditions for
the inlets of the dispersion chamber surface could be done to add more knowledge
about arising shear forces.

The results of the two-phase case show that more computational time is required
to obtain fully converged solution, especially more time is needed for air to be
completely distributed over the dispersion chamber.

The simulation results on the PBM indicate that further estimation of air bubble
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size classes is needed in order to have more comprehensive bubble size distribution.
Thus, it is necessary to carry out more simulations with different initial bubble
size classes. Besides, when the distribution is estimated, different breakage and
aggregation models might be applied to validate the results.

As has been mentioned in Section 5.1, the present model is limited to single- and
two-phase flows only by neglecting the flocks in the effluent flow. Hence, one of
the possible extension of the study is to develop a model which enables to simulate
gas-liquid-solid three-phase flow, particularly, bubble-particle interaction. The latter
requires a literature review to be done to gain insight into the phenomenon. However,
gas-solid flow case could also be considered separately in order to study the behavior
of the flocks.
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