Antti Valkeapää

DEVELOPMENT OF FINITE ELEMENTS FOR
ANALYSIS OF BIOMECHANICAL STRUCTURES
USING FLEXIBLE MULTIBODY FORMULATIONS
Thesis for the degree of Doctor of Science (Technology) to be
presented with due permission for public examination and
criticism in the Auditorium 1381 at Lappeenranta University of
Technology, Lappeenranta, Finland on the 18th of December, 2014,
at noon.

Acta Universitatis
Lappeenrantaensis 602

Supervisors

Professor Aki Mikkola
Department of Mechanical Engineering
Lappeenranta University of Technology
Finland
Associate Professor Marko Matikainen
Department of Mechanical Engineering
Lappeenranta University of Technology
Finland

Reviewers

Professor Dan Negrut
College of Engineering
University of Wisconsin–Madison
United States of America
Professor Qiang Tian
School of Aerospace Engineering
Beijing Institute of Technology
China

Opponents

Professor Dan Negrut
College of Engineering
University of Wisconsin–Madison
United States of America
Professor José Luis Escalona Franco
Department of Mechanical and Materials Engineering
University of Seville
Spain

ISBN 978-952-265-682-7
ISBN 978-952-265-683-4 (PDF)
ISSN-L 1456-4491, ISSN 1456-4491
Lappeenranta University of Technology
LUT Yliopistopaino 2014

Abstract
Antti Valkeapää
Development of finite elements for analysis of biomechanical structures using flexible multibody formulations
Lappeenranta, 2014
103 pages
Acta Universitatis Lappeenrantaensis 602
Dissertation. Lappeenranta University of Technology
ISBN 978-952-265-682-7
ISBN 978-952-265-683-4 (PDF)
ISSN-L 1456-4491, ISSN 1456-4491
The absolute nodal coordinate formulation was originally developed for the analysis of structures undergoing large rotations and deformations. This dissertation
proposes several enhancements to the absolute nodal coordinate formulation
based finite beam and plate elements. The main scientific contribution of this
thesis relies on the development of elements based on the absolute nodal coordinate formulation that do not suffer from commonly known numerical locking
phenomena. These elements can be used in the future in a number of practical
applications, for example, analysis of biomechanical soft tissues. This study
presents several higher-order Euler–Bernoulli beam elements, a simple method
to alleviate Poisson’s and transverse shear locking in gradient deficient plate
elements, and a nearly locking free gradient deficient plate element.
The absolute nodal coordinate formulation based gradient deficient plate elements
developed in this dissertation describe most of the common numerical locking
phenomena encountered in the formulation of a continuum mechanics based
description of elastic energy. Thus, with these fairly straightforwardly formulated
elements that are comprised only of the position and transverse direction gradient
degrees of freedom, the pathologies and remedies for the numerical locking
phenomena are presented in a clear and understandable manner. The analysis of
the Euler–Bernoulli beam elements developed in this study show that the choice
of higher gradient degrees of freedom as nodal degrees of freedom leads to a
smoother strain field. This improves the rate of convergence.
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Absoluuttisten solmukoordinaattien menetelmä on kehitetty kuvaamaan joustavia
rakenteita, joissa ilmenee suuria siirtymiä ja kiertymiä. Tässä väitöskirjatyössä
kehitetään absoluuttisten solmukoordinaattien menetelmän palkki- ja laattaelementtejä. Tavoitteena on erityisesti johtaa elementtejä, jotka ovat vapaita yleisesti tunnetuista numeerisista lukkiutumisista. Tulevaisuudessa näitä elementtejä
voidaan käyttää joustavien rakenteiden analysoinnissa, kuten esimerkiksi biomekaanisten pehmytkudosten analysoinnissa. Väitöskirjassa kehitetään useita uusia
Euler–Bernoulli-palkkiteoriaan perustuvia elementtejä, yksinkertainen menetelmä Poissonin paksuuslukkiutumisen ja paksuussuuntaisen leikkauslukkiutumisen
poistamiseksi laattaelementeissä sekä uusi, lähes lukkiutumaton laattaelementti.
Tässä työssä kehitettyjen yksinkertaisten laattaelementtien avulla esitetään selkeästi ja ymmärrettävästi tavallisimmat numeeriset lukkiutumiset, joita esiintyy kontinuumimekaniikkaan perustuvissa absoluuttisen solmukoordinaatiston menetelmän elementeissä. Näiden laattaelementtien numeeriset lukkiutumiset poistetaan
muokkaamalla elementtien elastisen energiankuvauksia elementtimenetelmän
kirjallisuudesta tunnetuilla menetelmillä. Uusien Euler–Bernoulli-palkkiteoriaan
perustuvien palkkielementtien avulla osoitetaan, että hyödyntämällä korkeampia gradienttivapausasteita solmuvapausasteina voidaan elementtien venymäkuvauksen jatkuvuutta nostaa, mikä johtaa jouhevampaan venymäkenttään. Tämä
parantaa elementtien konvergoitumista.
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In the process of writing this dissertation, I have tried to follow two concepts
introduced by Austrian-born mathematician and philosopher Ludwig Wittgenstein
infamously known for his modest goal to solve all of the problems in modern
philosophy. These concepts are [115]:
1. “What can be said at all can be said clearly; and whereof one cannot speak
thereof one must be silent.”
2. “My work consists of two parts, the one which is presented here plus all
that I have not written. And precisely this second part is the important one.”
Of course, Wittgenstein did not solve all of the philosophical problems. I will also
not solve all of the absolute nodal coordinate formulation problems here. Others
will come and do better.
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C HAPTER 1

Introduction

Mechanical and biomechanical structures [23, p. 2–10], [79, p. 34–35] have
been part of active research for hundreds of years. Simple analytic equations
developed using experimental knowledge and mathematical intuition have been
surpassed by methods that rely extensively on general computational frameworks
[89, 96, 113, 90] implemented in modern computers as algorithms for solving
ordinary differential equations (ODE), differential-algebraic equations (DAE),
and partial differential equations (PDE). Increasingly, at the end of twentieth
century and especially in the beginning of twenty first century the finite element
method (FEM) and multibody system (MBS) simulation have gained a foothold
as important computational tools for the structure performance analysis, and as
inseparable part of the product development process.
Models created and simulated according to the principles of the finite element
method and multibody system simulation, enable researchers and engineers to
analyze complex systems in great detail. This order of detail is not attainable
merely by using experimental procedures and interpreting their results. Results of
the simulations in the field of mechanical engineering are then used to accelerate
and improve the multidisciplinary design processes of elaborate mechanical
structures, such as electric cars or high-speed trains. In biomechanics research,
biomechanical system simulations enable the decoding of the normal functions
of biological structures, such as knee joint ligaments [24] and articular cartilage
[75], and to anticipate alterations and adaption, for example, in the strength
of human bones [47]. This information can then be used to shed light on
the possible reasons for pathologies and to develop counter measures, such as
17
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investigating the potentiality of physical exercises to counteract the progression
of osteoporosis [48]. Multibody models can also be used to analyze and optimize
actions in professional competitive sports, see an example of musculo-skeletal
models in Figure 1.1, generated for the analysis of the dynamics of a boxing
match. Furthermore, the models can be used to develop prostheses and clinical
instruments to help surgeons to plan surgical interventions [111]. Remarkably, all
this can be done without the need of building several costly prototypes. Needless
to say, there is no room for building exact physical prototypes in the research on
the biomechanics of human beings. Therefore, accurate, reliable and efficient
computational tools need to be applied and further developed in the research of
biomechanics.

Figure 1.1. Musculo-skeletal models generated using regression equations implemented
in general multibody system code for the analysis of two boxers. Shorter boxer (left) has
fewer muscles (light red cylinders) in comparison to the taller boxer (right) while different
generations of muscle physiology modeling are used in the generation of muscles.

1.1 Biomechanics

1.1
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Biomechanics

The study of biological systems is a prime example of the multidisplinary applied
science field that combines knowledge of material science, hydrodynamics,
stability, control, electrochemical processes and continuum mechanics, just to
name a few. Biomechanics is a branch of applied science that uses the laws
of mechanics to study the biological systems and their function. Just as the
function of the modern electric motor cannot be understood comprehensibly
without considering the laws of mechanics and electromagnetism, the function
of human tissues cannot be explained without considering the mechanics of the
tissues. Even though modern biomechanics is a young branch of science, it
has been shown to have made major contributions to medical science and the
technology in this field [23, p. 10–11], [79, p. 3–30].
In the field of orthopedics and human gait analysis [54] especially, computational tools have become an inseparable part of treatment planning, developing
early intervention methods, and even predicting disease progression and giving
estimations for the patients on the outcomes of their surgeries. The range of
detail in the human musculo-skeletal models used in these computational tools
is tremendous. A simple system study can be the model of an arm or lowerextremity analyzed by using inverse dynamics with the assumption of rigid bodies
interconnected via simplified mechanical joint descriptions driven by literature
based kinematics. In contrast there are the finite element models with full-blown
nonlinear fibre-reinforced poroviscoelastic materials used to model the behaviour
of magnetic resonance imaging based geometries of soft tissues in the knee joint
driven by active three-dimensional deformable muscles contracting according to
activation based on the simulated neural processes with feed-back from muscles.
The range of details that need to be verified and validated in these studies to distill
scientifically valid knowledge is a demanding task and requires rigorous solution
process. According to Yuan–Chen Fung the solution process of biomechanical
studies can be divided in the following categories [23, p. 11]:
1. The study of morphology, anatomy, histology, and the structure of tissues
through experimental methods.
2. Characterizing the material properties of the materials or tissues through
experimental methods.
3. Deriving governing equations using the fundamental laws of physics and
constitutive equations.
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4. Determining the boundary condition of the governing equations by studying
the physiological environment of the organs or tissues.
5. Solving the governing equations with the appropriate initial values and
boundary conditions numerically or analytically.
6. Performing physical experiments and comparisons with the numerical or
analytical results to justify the chosen equations, initial values, boundary
conditions.
7. Conducting physical experiments to confirm hypothesis.
8. Using the validated theory with governing equations with different boundary
and initial values to evaluate outcomes of physical phenomena or surgical
interventions.

The finite element method is used in the study of biomechanics as a tool to
solve the governing equations indicated by the fifth item on Fung’s list, and
hence the finite elements have to be formulated with the consideration of special
characteristics of the biological tissues and organs. It is evolutionarily beneficial
not to consume costly metabolic energy unnecessarily for the excessive growth
of tissues. Therefore, the load-carrying biomechanical structures have evolved
through natural selection and adaptation to the surrounding mechanical environment to comprise of non-uniform geometries and fibre-reinforced materials
with growth induced pre-strain. Consequently, if the finite elements used in the
analysis are not able to describe the geometries and underlying strain and stress
field accurately, or to converge with mesh refinement, it is not possible to reach
the final step of the biomechanical study process. The outcomes of actual physical
phenomena cannot be captured. For this reason, it is utmost important to choose
suitable formulation for the finite element and multibody analyses.

1.2

Multibody system simulation

Multibody system simulation is an approach to set up and solve problems for
complex systems using computer based algorithms. It is a systematic way
to treat several bodies, rigid or flexible, that may undergo large rotations and
translations. The bodies in this approach are interconnected via and actuated by
mathematical functions. The connection between the bodies can be described
by idealized mechanical joints, such as spherical, revolute, prismatic, or planar

1.2 Multibody system simulation
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joints. More elaborate connections can be formed by including, for example,
joint clearance and damping functions, pre-calculated look-up tables defining
constraint equations, or constraints based on a submodel of a detailed finite
element model results. The analysis of the dynamics of a multibody system can
be divided into two main categories based on the unknown variables that need
to be solved: inverse and forward dynamics. In the inverse dynamics analysis,
the motion response of the system as a function of time is known and the aim is
to solve for the unknown forces necessary to produce the motion. In contrast, in
the forward dynamics analysis, externally applied forces, constraints, and initial
conditions are known, and the system is solved for the motion, deformation, and
stress time-histories.
The general description of the multibody system allows assumptions to be
made concerning the flexibility description of the bodies. In several engineering
problems, the deformation of the bodies is not of great interest and the accuracy
of the system response is not diminished noticeably by treating the bodies as rigid.
The assumption of rigid bodies leads to fewer unknowns in comparison to, for
example, a detailed finite element model and, therefore, the computational cost
of solving the dynamics of the system can be substantially reduced. However,
the demand to optimize the material use in mechanical structures has led to more
slender structures where the deformation of the bodies will play an important
role in the response of the multibody system. The desire for a higher precision
control of the multibody system can also require more accurate analysis of the
deformation of the bodies. Furthermore, in biomechanics research the tissues that
are most prone to injuries in daily activities are soft. The interplay of the soft
tissues with the more rigid bones in the musculo-skeletal multibody system can
be more realistically captured by incorporating the flexibility of the bodies into
the analysis.
Several approaches have been proposed for the description of flexibility in
the multibody system dynamics [113]. The simplest methods assume that the
deformations are small within the bodies and that the material behaves linearly.
More specifically, the flexibility descriptions with these assumptions lead to
the use of linear strain-displacement and linear stress-strain relations. The
description of deformable body can be further improved with the methods where
the geometric changes of the body are taken into consideration through the use of
nonlinear strain-displacement relation. Finally, in the most detailed approaches
the description of the material nonlinearity is added in the flexibility description.
Incorporating these details of the large body deformation for the analysis of
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multibody applications led to two different formulations that describe specifically
geometric and/or material nonlinearities. In the finite element community, the
large rotation vector formulation was developed [113] and in the multibody
community absolute nodal coordinate formulation (ANCF) was introduced [94,
95]. Both the large rotation vector and absolute nodal coordinate formulation have
been successfully implemented for the analysis of multibody systems. However,
the more mature large rotation formulation uses independent interpolation of
rotation and position fields, a redundancy that may lead to challenges in the large
deformation analysis [15]. In contrast, the absolute nodal coordinate formulation
uses a general description for the large displacements and rotations of the body
that is free of singularities but its elements can have inconsistencies with the beam
and plate theories.

1.3

Beam and plate theories

The beam and plate theories that have been verified and validated through physical
experiments to describe the deformation state of the actual physical beams and
plates to a sufficient accuracy are the foundation that new formulations are built on.
Theories based on linear elasticity ranging from classical to third order theories
are briefly reviewed here on the general level to give insight into the absolute nodal
coordinate formulation. Deformation of the transverse normal lines according to
these theories are shown in the Figure 1.2. The history of elasticity [107] has seen
a significant number of different beam [33] and plate [34] theories. In general,
these theories can be classified based on the assumptions made when deriving the
displacement field for the beam or plate structure. Basically, more assumptions
lead to a simpler description of the displacement field and less unknowns need
to be resolved. The beam and plate theories described here are limited to the
classical Euler–Bernoulli beam and Kirchhoff–Love plate theories; Timoshenko
beam and Mindlin plate theories, and to Reddy–Bickford beam and Reddy plate
theories. Other theories are not covered here for the sake of clarity and conciseness.
Futhermore, describing the displacement field using a higher than third order
theory for beams and plates is seldom used. This is because the effort required for
deriving and solving the equations with more unknowns becomes less rewarding
with respect to the gained higher accuracy of the displacements [114, p. 13].
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Figure 1.2. Deformation of the transverse normal lines from classical to third order beam
and plate theories and the resulting transverse shear strain distribution γxy across the
0
thickness. Classical Euler-Bernoulli or Kirchoff theory ∂v
∂x , Timoshenko or Mindlin
theory θRM , and Reddy–Bickford or Reddy theory θRB .
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The assumptions of Kirchhoff–Love plate theory are [55]:

1. Straight lines perpendicular to the mid-plane before deformation remain
straight after deformation.
2. Transverse normals do not experience elongation.
3. The transverse normals rotate in such a way that they remain perpendicular
to the mid-plane after deformation.
Similar assumptions are used in the classical Euler–Bernoulli beam theory. In
this theory, the inelastic cross-section of the beam is assumed to remain straight
and normal to the mid-axis of the beam without warping. The assumptions of
Kirchhoff and Euler–Bernoulli theories are valid only for the analysis of thin
beams and plates since transverse effects are not taken into consideration. These
are beams that have a length to thickness ratio of 50 or greater and plates with
a side to thickness ratio of 50 or greater. Deformations are considered to result
only from bending and the plate’s in-plane stretching and in the case of beams
bending, torsion and in-line stretching.
The effects in the transverse direction become more significant as the thickness of
the plate or beam under analysis increases. The Kirchhoff’s and Euler–Bernoulli’s
assumptions are no longer valid and the use of most assumptions based theories
will under predict deflections and over predict natural frequencies and buckling
loads. Therefore, for the analysis of moderately thick plates with a side to
thickness ratio up to 10 and deep beams with a length to thickness ratio up to
10, another less restrictive set of assumptions needs to be made. Theories built
upon these assumptions are called first-order shear deformation theories [114, p.
3]. The original first-order theories were suggested by Raymond Mindlin for the
analysis plates [73] and Stephen Timoshenko for the analysis of beams [108]. In
the Mindlin plate theory, the following assumptions are made [73]:
1. Straight lines perpendicular to the mid-plane before deformation remain
straight after deformation.
2. Displacement across the thickness of the plate is linear.
3. The thickness of the plate does not to change.
4. Normal stresses are zero across the thickness leading into the state of plane
stress.
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5. The transverse normals are allowed to rotate in such a way that they do not
need to remain perpendicular to the mid-plane after deformation.
These assumptions lead to a shear deformable plate theory where the in-plane
shear deformation and constant shear strain through thickness are obtained.
Similarly, transverse shear deformation is accounted for in the Timoshenko beam
theory by relaxing the normality requirement of the cross-section with respect
to the center line of the beam. One of the drawbacks of the first-order shear
deformation theories is that instead of true quadratic shear strain distribution
through the transverse direction, only a constant transverse shear distribution is
described. This has led to the development of a third-order shear deformation
Reddy plate theory and Reddy–Bickford beam theories [114, p. 13]. In these
theories, the straightness of the transverse normal is relaxed resulting in a more
correct deformation of the cross-section with warping effects. The curving of
the transverse normal fibers, in turn, enables more realistic description of the
transverse shear strains and stresses without the need of shear correction factors.
The plate and beam theories reviewed here do not consider the transverse direction
elongation in the sense that the thickness of the plate or cross-section of the beam
would be allowed to change. This is because the theories are based on the
hypothesis that the three-dimensional deformation state of the beam and plate can
be described with sufficient accuracy by making simplifications in the governing
equations. In contrast, in the fully parameterized beam and plate elements based
on the absolute nodal coordinate formulation such simplifications are not done and,
therefore, these elements should truly describe the three-dimensional deformation
state.

1.4

Absolute nodal coordinate formulation

The finite elements have to be readily formulated to be incorporated into multibody
dynamics computation codes to carry out the numerical analysis of the mechanical
and biomechanical structures reliably. The absolute nodal coordinate formulation
is one suitable computational framework to develop these elements. The absolute
nodal coordinate formulation is a finite element approach that utilizes global
position vectors and their gradients as element degrees of freedom (DOF). This
formulation was first proposed by Ahmed Shabana nearly two decades ago in
1996 [93, 94, 95]. It is designed especially for the analysis of large deformations
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in multibody applications to overcome the shortcoming of conventional finite
element formulations that utilize infinitesimal rotations as DOF, and consequently,
are not able to describe the arbitrary rigid body motion exactly [99]. In the
ANCF, the partial derivatives of the position vector can be used to describe the
cross-section or fiber orientations in the beam, plate, and shell elements. Recently,
three-dimensional solid brick and tetrahedral elements have been proposed to
complement the family of ANCF elements [81]. It has been shown that the ANCF
thin beam [88, 52] and plate [72] elements’ parameterization bears resemblance
to the B-spline representation of curves and surfaces. Furthermore, ANCF can
be extended to rational functions which will lead to rational absolute nodal
coordinate formulation (RANCF) that corresponds to non-uniform rational Bspline (NURBS) representation of curves and surfaces [87]. The higher than
position level continuity between elements often utilized in the isogeometric
analysis has been shown to also improve the rate of convergence for the absolute
nodal coordinate formulation based beam elements [109]. These findings indicate
that the ANCF appears to be versatile; it can be successfully applied not only to
large deformation analysis but to isogeometric analysis as well.
The specific features of this formulation are that in its original form ANCF
leads to an exact description of inertia for the rigid body, the mass matrix is
constant, the elastic forces are nonlinear functions of nodal coordinates, and when
at least two gradient vectors are used as nodal DOF, ANCF elements can capture
deformation modes that are often not included in the other beam, plate, and shell
formulations. In contrast to these classical formulations, transverse deformations
can be accounted for through the use of transverse gradient coordinates at the
expense of a higher number of DOF. However, as is the case with classical finite
element formulations, in the exclusively spatial interpolation of displacement
quantities based ANCF elements, different types of locking phenomena can
emerge due to inconsistent description of the strain field within the elements
and/or due to inaccurate kinematics. Therefore, purely displacement based
elements can converge to inexact solutions in comparison to analytical solutions.
Elements that suffer from numerical locking may also depict a lower order rate
of convergence (ROC) than which is expected based on the interpolation terms
of different deformation components. In order to overcome these challenges,
alternative approaches have been introduced for description of the kinematics of
ANCF elements, such as modifying the number and order of gradient vectors
used in deriving the elements.

1.5 Objective of the dissertation

27

ANCF elements are often categorized based on the number and order of the
gradient vectors in such a way that elements are referred to as low-order (gradient deficient), fully parameterized and higher-order elements. In the gradient
deficient elements, some of the gradients vectors are omitted whereas the fully
parameterized elements utilize all of the gradient vectors at nodal points. The
higher-order elements have higher than first order derivatives employed as nodal
degrees of freedom. Similar approaches, as gradient deficient ANCF elements,
were proposed by Rhim and Lee in 1998 for beam element [86] and Betsch and
Stein in 1995 for shell element [10]. In general, the idea to use positional and
vectorial quantities to parameterize a deformable medium is over 100 years old.
The deformable continuum medium was first described as early as 1906 by the
Cosserat brothers with position and three mutually orthogonal director vectors
leading to a total of six DOF for an arbitrary particle [14].

1.5

Objective of the dissertation

The absolute nodal coordinate formulation was originally developed for the
analysis of structures undergoing large rotations and deformations. The progress
in the research of absolute nodal coordinate formulation during the past decade
has been significant in one of the main research fronts, and more modest in
another important direction. The applications and new research fields where
this formulation has been applied is ever increasing. However, the progress of
analyzing and validating the finite elements thoroughly has been insufficient.
Moreover, there is a need to analyze and refine the finite elements to better
accommodate the requirements of the specific research fields where the absolute
nodal coordinate formulation is applied. Therefore, the objective of this thesis is
to refine finite elements based on the absolute nodal coordinate formulation. The
particular focus is on enabling the analysis of real structures using the absolute
nodal coordinate formulation in the future, one of them being biomechanical
structures.
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1.6

Scientific contribution of the dissertation

This thesis proposes several enhancements to the absolute nodal coordinate
formulation based finite beam and plate elements. The main scientific contribution
of this thesis relies upon the development of elements based on the absolute nodal
coordinate formulation that do not suffer from commonly known numerical
lockings. These elements can be used in the future in a number of practical
applications, for example analysis of biomechanical soft tissues. In this study,
several higher-order Euler–Bernoulli beam elements, a simple method to alliviate
Poisson’s and transverse shear locking in gradient deficient plate elements and a
nearly locking free gradient deficient plate element are presented. In addition, a
micro-sphere material modelling approach is introduced for the absolute nodal
coordinate formulation that enables to describe general material models in a
simple way. This modelling approach is particularly useful for the analysis of
fibre-reinforced biomechanical soft tissues, e.g, articular cartilage and ligamentous
structures. In addition to what is presented in this dissertation, the author has
contributed to the research in published or to be published peer-review articles as
follows:
M ATIKAINEN , M. K., VALKEAPÄÄ , A. I., M IKKOLA , A. M. AND
S CHWAB , A. L. A study of moderately thick quadrilateral plate elements
based on the absolute nodal coordinate formulation. Multibody System
Dynamics 31, 3 (2014), 309–338.
Authors contribution: The author is responsible for the calculation of
some of the numerical results of the commercial finite elements presented
in the static examples and fully responsible of writing and conducting the
research for numerical test for dynamic performance of absolute nodal
coordinate plate element and commercial finite element. Matlab code used
in the dynamical example calculation for the ANCF plate element is for the
major part written by first author of the paper. Minor modifications were
done by the author of this thesis to speed-up the calculation. Theoretical
derivations, ideas for the elements, analytical solutions and implementation
of the ANCF elements were done by other authors, mainly first author of
the paper before the author began his research work. Together the authors
finalized the manuscript.
K ŁODOWSKI , A., VALKEAPÄÄ , A. AND M IKKOLA , A. Pilot study
on proximal femur strains during locomotion and fall down scenario.
Multibody System Dynamics 28, 3 (2012), 239–26.
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Author’s contribution: The idea for the paper was formed conjointly by first
and second author. First author of the article did all the model developments,
material model implementations, and numerical calculations, and bulk
of first draft of the manuscript. The author of this thesis was partially
responsible for literature review, interpreting the results, writing parts in
all of the sections, especially in the discussion and conclusions section.
Together the authors finalized the manuscript.
K ŁODOWSKI , A., M ONONEN , M. E., K ULMALA , J. P., VALKEAPÄÄ ,
A. I., KORHONEN , R. K., AVELA , J., K IVIRANTA , I., J URVELIN , J. S.
AND M IKKOLA , A. M. Merge of motion analysis, multibody dynamics
and finite element method for subject-specific analysis of cartilage loading
patterns during gait - differences between rotation and moment driven
models of human knee joint. under review in Multibody System Dynamics,
(2014).
Author’s contribution: The idea for the paper was formed conjointly by
first three authors. First and second author of the article did all the model
developments, material model implementations, numerical calculations,
and bulk of first draft of the manuscript. The author of this thesis initiated,
planned and helped to conduct the measurement protocol to diminish
measurement errors. The author of this thesis was partially responsible
for literature review, interpreting the results, writing parts in most of the
sections, especially in the introduction, discussion and conclusions section.
Together the authors finalized the manuscript.
YAMASHITA , H., VALKEAPÄÄ , A. I., S UGIYAMA , H. AND PARAM SOTHY, J. Continuum mechanics based bi-linear shear deformable shell
element using absolute nodal coordinate formulation. Journal of Computational and Nonlinear Dynamics, doi:10.1115/1.4028657, (2014).
Author’s contribution: The idea for the paper was formed conjointly by
first, second and third author. The author of this thesis participated in
the literature review, implemented first code versions of the continuum
mechanics and plane stress elements in Maple 8 and Matlab that were
utilized in the element development. The general locking alleviation
methods were proposed by the author of this thesis, though the final
allivation method was formulated by first and third author. The first author
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and third authors wrote the first draft of the manuscript. Together the
authors finalized the manuscript.
VALKEAPÄÄ , A. I., YAMASHITA , H., PARAMSOTHY, J. AND S UGIYAMA ,
H. On the use of elastic middle surface approach in the large deformation
analysis of moderately thick shell structures using absolute nodal coordinate
formulation. under review in Nonlinear Dynamics, (2014).

Author’s contribution: The idea for the paper was formed conjointly by
first, second and fourth author. The author of this thesis wrote the first
general draft of the paper, implemented first code versions of the plane
stress element in Maple 8 and Matlab that were utilized in the element
development. The general locking allivation methods were proposed by the
author of this thesis. The second and fourth author conducted the numerical
studies for the paper. Together the authors finalized the manuscript.

1.7

Organization of the dissertation

This dissertation consists of five chapters. The first chapter introduced the
multibody system dynamics, biomechanics with a specific emphasis on the
characteristic requirements for the finite elements in the study of biomechanical
structures, the absolute nodal coordinate formulation and the related beam and
plate theories. In the subsequent chapter, the kinematics of the absolute nodal
coordinate formulation is presented, variable thickness elements for the absolute
nodal coordinate formulation are discussed, numerical lockings of absolute nodal
coordinate based finite elements are described and the remedies are introduced.
Furthermore, the derivation of elastic forces using the continuum mechanics and
structural mechanics approaches with equations of motion are described, constitutive models for small and large strains are described in general level. Finally,
this chapter ends with introduction of the micro-sphere modelling approach for
the absolute nodal coordinate formulation. In the chapter three, the results for
the higher-order beam Euler–Bernoulli elemens, Poisson’s thickness locking free
plate elements and nearly locking-free gradient deficient plate element are shown.
In the chapter four the results are discussed. Finally, in the chapter five, the
conclusions are drawn as well as suggestions for the future work are outlined.

C HAPTER 2

Absolute nodal coordinate formulation

The absolute nodal coordinate formulation (ANCF) is a finite element approach
that utilizes global position vectors and their gradients as element degrees of
freedom (DOF). This formulation was first proposed by Ahmed Shabana nearly
two decades ago in 1996 [94, 95]. It is designed especially for the analysis
of large deformations in multibody applications to overcome a shortcoming of
conventional finite element formulations that utilize infinitesimal rotations as
DOF, and consequently, are not able to describe the arbitrary rigid body motion
exactly [99]. In the ANCF, the partial derivatives of the position vector can be
used to describe the cross-section or fiber orientations in the beam, plate, and shell
elements. Recently, three-dimensional solid brick and tetrahedral elements have
been proposed to complement family of ANCF elements [81]. It has been shown
that the ANCF thin beam [88, 52] and plate [72] elements’ parameterization
bears resemblance to B-spline representation of curves and surfaces. Furthermore,
ANCF can be extended to rational functions which will lead to rational absolute
nodal coordinate formulation (RANCF) that corresponds to non-uniform rational
B-spline (NURBS) representation of curves and surfaces [87]. These findings
indicate that the ANCF appears to be versatile; it can be successfully applied not
only to large deformation analysis but to isogeometric analysis as well.
The finite elements in this thesis are described concisely by using the digital
nomenclature dncm proposed by Dmitrochenko and Mikkola [18, 19]. In this
nomenclature d is the dimension of the element with n nodes, each of the nodes
having c coordinate vectors, embedded into the m dimensional space. For the sake
of clarity, in this thesis no disctintion is made between thin or thick ANCF plate
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elements in the dncm nomenclature. All plate elements discussed are described
with the d = 3. The elements that have different number of coordinate vectors
in their nodes, the dncm code will be used in the form dn1c1m1
n2c2m2 where 1 refers
to corner nodes and 2 to midside nodes or center of element node. Though, at
first the meaning of the notation may be cumbersome to grasp and may appear
to be awkward, it has the benefit of describing specific information about the
finite element in a precise and concise manner. For example, with the use of this
nomenclature it is evident that the element 3423
423 consist of eight nodes: four corner
nodes and midside nodes, each node has six degrees of freedom, three for position
coordinates and three position vector gradient coordinates, and thus the element
has total of 48 DOF.
In this chapter, as an example, the kinematics of fully parameterized ANCF
beam and plate elements are presented followed by paragraph discussing variable
thickness elements in the ANCF. Next, different numerical lockings occurring
in the beam and plate elements are described and the remedies of each are
introduced. Then, two most common ways to derive the elastic energy for the
beam and plate elements are presented, constitutive models are introduced, and
finally, the equations of motion are derived.

2.1

Kinematics of the absolute nodal coordinate elements

Elements in the absolute nodal coordinate formulation are defined by using shape
functions that interpolate global coordinates and their derivatives. As an example
of the ANCF kinematics, a fully parameterized plate element 3443, introduced by
Shabana and Mikkola [71] in the reference and current configuration is shown in
Figure 2.1. The location of particle p within the element 3443 in the global frame
of reference can be defined with the vector r as follows:
r = S3443 (x)e,

(2.1)

where S3443 is the shape function matrix, e = e(t) is the vector of nodal
coordinates that is function of time t and x is the vector of physical coordinates
x, y and z. The position vector r in the reference configuration at time t = 0 is
defined by
r = S3443 (x)e,
(2.2)
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Figure 2.1. Physical location of an arbitrary particle on the fully parameterized plate
element in the reference p and current configuration p. Gradient vectors α = x, y, z in
(i)
(i)
the current r ,α and in the reference configurations r ,α at node i depicted with arrows.
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where e = e(0). The part of vector of nodal coordinates e that describes the
location and orientation of material point at the node i can be expressed as follows:
h
iT
(i)T
(i)T
(i)T
e(i) = r (i)T r,x
;
i = 1, . . . , n
(2.3)
r,y
r,z
where the partial derivatives are expressed using the notation:
 (i) 
r
∂r (i)  1,α
(i) 
(i)
=  r2,α
r ,α =
α = x, y, z.
;
∂α
(i)
r3,α
The element 3443 interpolation functions can be constructed from the following
set of basis polynomials
[1, x, y, z, xz, yz, yx, x2 , z 2 , x3 , z 3 , x2 z, z 2 x, xyz, x3 z, xz 3 ].

(2.4)

The basis polynomials in Equation (2.4) are incomplete cubic; in-plane coordinates x and z are interpolated cubically and transverse coordinate y is
interpolated linearly. In isoparametric elements, the same shape functions are
used to interpolate the element geometry and displacements. Therefore, the
shape function matrix can be expressed by using local coordinates or normalized
coordinates over biunit cube over which numerical integration can be carried
out more conveniently. Consequently, since the fully parameterized absolute
nodal coordinate elements are isoparametric, the shape function matrix can be
expressed either by coordinates x or by utilizing the normalized coordinates
ξ, η, ζ ∈ [−1 . . . 1]. The shape functions when the physical coordinate system
x, y, z is placed along the middle of the element, are as follows:
S1 =

(2+ζ)(ζ−1)2 (2+ξ)(ξ−1)2
,
16

S2 =

L(2+ζ)(ζ−1)2 (ξ+1)(ξ−1)2
,
32

S3 =

W (ζ+1)(ζ−1)2 (2+ξ)(ξ−1)2
,
32

S4 =

LW (ζ+1)(ζ−1)2 (ξ+1)(ξ−1)2
,
64

S5 =

−1(2+ζ)(ζ−1)2 (ξ−2)(ξ+1)2
,
16

S6 =

L(2+ζ)(ζ−1)2 (ξ−1)(ξ+1)2
,
32

S7 =

−W (ζ+1)(ζ−1)2 (ξ−2)(ξ+1)2
,
32

S8 =

LW (ζ+1)(ζ−1)2 (ξ−1)(ξ+1)2
,
64

S9 =

(ζ−2)(ζ+1)2 (ξ−2)(ξ+1)2
,
16

S10 =

−L(ζ−2)(ζ+1)2 (ξ−1)(ξ+1)2
,
32

S11 =

−W (ζ−1)(ζ+1)2 (ξ−2)(ξ+1)2
,
32

S12 =

LW (ζ−1)(ζ+1)2 (ξ−1)(ξ+1)2
,
64

S13 =

−1(ζ−2)(ζ+1)2 (2+ξ)(ξ−1)2
,
16

S14 =

−L(ζ−2)(ζ+1)2 (ξ+1)(ξ−1)2
,
32

S15 =

W (ζ−1)(ζ+1)2 (2+ξ)(ξ−1)2
,
32

S16 =

LW (ζ−1)(ζ+1)2 (ξ+1)(ξ−1)2
,
64

(2.5)
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where ξ = 2x/L, η = 2y/H and ζ = 2z/W . L is length of the plate, W width
of the plate, and H height of the plate, respectively. The shape functions can be
represented in matrix form as:


S3443 = S1 I S2 I S3 I . . . Sn×c I ,
(2.6)
where I is a 3 × 3 identity matrix and n × c is the number of the shape
functions calculated using the dncm. The ANCF fully parameterized beam
element kinematics can be described with the same definitions. The differences
being of course in the shape functions and number of nodal coordinates used in
the definition of the element kinematics.

Figure 2.2. Physical location of an arbitrary particle on the fully parameterized beam
element in the reference p and current configuration p. Gradient vectors α = x, y, z in
(i)
(i)
the current r ,α and in the reference configurations r ,α at node i depicted with arrows.
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As an example of ANCF beam element kinematics, a fully parameterized beam
element 3243 proposed first by Shabana and Yakoub [98] in the reference and
current configuration is shown in Figure 2.2. The element 3243 interpolation
functions are characterized by following set of basis polynomials
[1, x, y, z, xz, yx, x2 , x3 ].

(2.7)

The basis polynomials in Equation (2.7), similarly to the ANCF plate element
3443, are incomplete cubic with the distinction that now only the axial coordinate
x is interpolated cubically and the cross-sectional coordinates y and z are interpolated linearly. The shape functions when the physical coordinate system x, y, z is
placed along the middle of the element, are as follows:
S1 = 1/4 (ξ + 2) (ξ − 1)2 ,

S2 = 1/8 L (ξ + 1) (ξ − 1)2 ,

S3 = −1/4 η H (ξ − 1) ,

S4 = −1/4 W ζ (ξ − 1) ,
2

S5 = −1/4 (ξ − 2) (ξ + 1) , S6 = 1/8 L (ξ − 1) (ξ + 1)2 ,
S7 = 1/4 η H (ξ + 1) ,

(2.8)

S8 = 1/4 W ζ (ξ + 1) ,

where ξ = 2x/L, η = 2y/H and ζ = 2z/W . L is length of the beam, W width of
the beam, and H height of the beam, respectively. The transverse deformation in
the ANCF plate element 3443 and the cross-sectional deformations in the ANCF
beam element 3243 are both interpolated with coupled in-plane or axial coordinate
terms. These coupled interpolation terms and the isoparametric property of the
fully parameterized elements enable to define linearly varying thickness ANCF
plate and beam elements. In principle, these elements can then be used to model
non-uniform structures. However, the variable thickness element formulation is
not this straigthforward. This will be discussed in the following section.

2.2

Variable thickness elements

In the design of mechanical structures, it is common practice to utilize nonuniform beams, plates and shells due to the more efficient use of material. This
is also true for the biomechanical structures where it is evolutionarily beneficial
not to consume costly metabolic energy unnecessarily for the excessive growth
of tissues. In engineering terms, the safety factor with respect to failure in
biomechanical structures should be as close as possible to optimal with minimum
energy required for adaptation in order to gain advantage in the race of survival
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of the fittest. For example, human bones and ligaments appear to have evolved to
comprise of non-uniform cross-sections in order to accommodate more efficiently
the strain and stress fields resulting from external forces. These mechanical and
biomechanical structures could be analyzed more accurately with specifically
designed variable thickness and width finite elements.
Generally, in the finite element method, nonlinear geometries can be approximated
by a large number of elements with uniform or linearly varying thickness and
width. The use of uniform constant stepwise discretization for the continuous
non-uniform geometry itself causes undesirable geometrical discontinuity. This
will result in to stepwise varying stresses and strains in between the elements.
Therefore, stresses and strains need to be averaged on elements’ interfaces to
determine specific values for these quantities. The error of the stepwise discretization can be used as a measurement of convergence while by increasing the number
of elements this discretization error is reduced. However, the computational cost
of refining the mesh only to describe the specific geometry itself with acceptable
precision can be substantial. The increase of the computational cost can be
circumvented in a natural way by introducing finite elements that are able to
describe the geometry within detail. This should also lead to better approximation
for stress and strain fields within the element.
The fully parameterized ANCF beam and plate elements parameterize a full threedimensional space. Therefore, in theory the ANCF elements can be particularly
conveniently formulated to describe different non-uniform geometries. This is
because of the rich basis of shape functions used in the formulation in comparison
to traditional finite element formulations. Moreover, in the recent study Yamashita
and Sugiyama showed that the transformation of Euler–Bernoulli theory based planar ANCF beam element to non-rational B-spline elements enables to control the
order of continuity between elements [117]. The straightforward transformation
between ANCF and B-spline elements could lead to development of non-uniform
ANCF elements where the continuity of curvatures, compressions and elongations
between elements could be achieved.
The first attempt to describe non-uniform thickness in ANCF elements was
proposed by Abbas, Rui and Hammoudi [1]. In their research, tapering was
introduced to a fully parameterized continuum mechanics based ANCF plate
element 3443 by changing the normally constant thickness variable H in the shape
functions to be a different constant variable for each shape function corresponding
to the nodal points. This modification of the shape functions will in practice scale
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each of the thickness direction gradient vectors and leads to non-uniform thickness
ANCF plate element in the reference configuration. The results presented in the
study do not allow for one to one comparison between the non-uniform and
uniform thickness ANCF plate elements. For that reason, it is difficult to evaluate
if the proposed method is computationally more efficient in comparison to constant
thickness ANCF or classical finite elements.
For the modeling of non-uniform geometry using fully parameterized ANCF
beam element 4243, Orzechowski and Fraczek
˛
proposed two different approaches
to describe a double linearly varying cross-section of a continuum mechanics
based ANCF beam element [83]. The first proposed approach was similar to
the aforementioned thickness direction gradient vector scaling method presented
already by Abbas et al. for the plate element. In the second method, the integration
limits in the thickness and width directions are defined as variables of the length
of the beam. This modification of integration limits leads to integration over a
non-uniform reference volume. The results of their study suggest that the method
of introducing the thickness and width as scaling factors to the corresponding
gradient vectors yields slightly better convergence than method with modification
of integration limits in the large deformation cantilever beam subjected to tip
transverse force. It is not clear what exactly causes the minor difference in the
order of convergence in these two approaches. Nevertheless, as was the case with
the non-uniform ANCF plate element study by Abbas et al., the numerical results
presented do not contain a comparison to uniform beam element.
Besides the lack of comparison to uniform ANCF elements in terms of computational efficiency, these two studies on the fully parameterized tapered ANCF
beam and plate elements have additional considerable limitations. Both Abbas
et al. and Orzechowski and Fraczek
˛
studies considered only ANCF elements in
which the strain energy was derived based on the continuum mechanics approach.
Previous studies on constant thickness fully parameterized ANCF beam element
[103, 92] and similarly on plate element [70, 62, 66] have shown that the use of
continuum mechanics approach will couple the different generalized deformations
of the representative volume. This coupling of deformations will lead to erroneous
results since the elements are not able to converge to corresponding classical
beam and plate theory results. This is mainly because the transverse deformation
is explicitly incorporated in the ANCF contrary to many other formulations.
The transverse deformation is coupled with the axial deformation through the
Poisson’s effect which cannot be described exactly with the low-order polynomial
interpolation terms used in these elements. Clearly, taking into consideration

2.2 Variable thickness elements

39

the varying thickness by scaling the transverse direction gradient vectors or by
modifying the integration scheme does not change the low-order interpolation
of the tranverse deformation which is the fundamental problem in the first place.
Furthermore, it has been demonstrated that the shear strain distribution along the
thickness of a constant thickness original fully parameterized 3243 ANCF element
derived directly from displacement field does not correspond to the correct shear
distribution calculated based on the classical beam theories, see for example study
by Sopanen and Mikkola [103].
Both Abbas et al. [1] and Orzechowski and Fraczek
˛
[83] studies addressed briefly
these limitations in their discussion. Nevertheless, it is difficult to assess the
benefit gained with the introduction of tapering into these elements because of
the limitations described here. More importantly, the two studies disccused here
did not consider the fact that in the tapered structures, the shear strain distribution
along the length in the case of beam and along the length and width in the case
of plate is not constant. Even in the linearly tapered beam, the shear strain
distribution along the length of the beam, see the Reference [26, p. 243–248],
differs considerably from the corresponding constant thickness beam’s shear
strain distribution. Applying directly one of the earlier proposed methods to
correct the shear strain distribution (see for example [92, 66]) used for uniform
elements leads to completely wrong shear strain distribution in the case of ANCF
elements designed to model tapered structures.
There are several methods that can be used to remedy the erroneous shear
strain distribution along the length and transverse direction in the tapered ANCF
elements. In the classical shear deformable uniform Timoshenko beam theory
based finite elements; shear strain distribution in the transverse direction is often
corrected by using constant shear correction factor. This shear correction factor
scales the erroneous shear strain energy of the cross-section to correspond to
correct one. A similar method can be applied to the tapered ANCF elements
simply by defining the shear correction factor as function of the beam length. Alternatively, one can introduce higher-order interpolation terms into the description
of the element kinematics.
The higher-order interpolation terms enables the cross-section of the element
to describe required quadratic shear strain distribution in the transverse direction.
Furthermore, the higher-order interpolation terms effectively remedy also the
Poisson’s thickness locking, first proposed by Matikainen et al. [64]. The
performance of the closed square cross-section ANCF beam elements in torsion
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extending on this idea was futher investigated by Shen et al.[100]. The downside
of using these extra terms in kinematics is higher number of DOF in comparison to
original fully parameterized element. This drawback can be circumvented partially
by not resorting into increasing the global DOF of the element but by enhancing
the shear strain field within the element with extra internal interpolation terms.
This approach is called enhanced assumed strain method (EAS) first proposed by
Simo and Rifai [102]. The internal interpolation terms modulate the erroneous
strain field more effectively than additional global element level DOF since the
selection of the internal variables is directly dictated by desired strain field. A
previous study on the EAS and ANCF elements have used it only to remedy
Poisson’s locking and to improve the bending characteristics of the uniform beam
elements through enhancing the Green–Lagrange strain tensor additively [28].
Though, the enhancement parameters can also be used to improve the shear strain
field within the non-uniform ANCF beam element.

2.3

Numerical locking in the absolute nodal coordinate elements

It is an accepted fact in the finite element community that the use of polynomial
interpolation of displacements from the nodal values can lead to a poor convergence characteristic finite element. This is true even if the kinematics description
would be elegantly formulated, as it is in the case of the fully parameterized
ANCF elements. The strain energy derived directly from the displacement field
will not in general case incorporate all the consistent strain interpolation terms.
The consistent strain interpolation terms are terms that one would expect to be
present based on, for example, beam and plate theories. Thus, the lack of these
consistent strain interpolation terms in the ANCF elements with high polynomial
terms lead to a lower than expected rate of convergence. In this dissertation this
phenomenon is called locking and no distinction is made between locking and
other less severe element pathologies. Locking will effectively make the high
polynomial terms–inherent property of the original fully parameterized ANCF
elements– redundant. In this section, recent developments in ANCF beam and
plate elements are reviewed, numerical locking phenomena are presented, and
remedies for these locking phenomena are introduced.

2.3 Numerical locking in the absolute nodal coordinate elements
2.3.1

41

Beam elements

For a review of the most relevant past and state-of-the-art of ANCF elements
development up till the year 2012 for large deformation analysis, the reader is
directed to consult a review paper by Gerstmayr, Sugiyama, and Mikkola [32].
The first elements proposed in the ANCF were beam elements due to their simpler
parameterization. Beam elements in the ANCF can be divided into classical Euler–
Bernoulli beam elements that do not take into consideration shear deformation and
are parameterized by using position and beam axial slope coordinates. Elements
that utilize also transverse slope coordinates can describe shear deformation and
are considered thick beam elements. The first two-node thin beam element was
introduced by Shabana and different elastic energy definitions were analyzed by
Berzeri and Shabana [9]. Gerstmayr and Shabana further analyzed and developed
a three-dimensional thin ANCF beam element with higher slope vectors as nodal
degrees of freedom [29]. Gerstmayr and Irschik showed that, due to the use
of geometrical curvature, the previously introduced highly coupled axial and
bending deformation descriptions for elastic energy proposed by Berzeri and
Shabana do not correspond to classical beam theory and suggested corrected
definitions [27]. Von Dombrowski included torsion with extra rotation parameters
in thin ANCF elements [112] and Yoo et al. introduced a similar thin beam
element with limited torsional capabilities due to singularities [120]. Recently,
Gruber et al. presented a fully functional torsion capable thin beam with the use of
a director vector and rotation parameters [36]. Sanborn and Shabana discovered
that thin beam elements with ANCF parameterization can be transformed to
B-spline representation and vice versa with certain limitations [88]. Yamashita
and Sugiyama analyzed several two dimensional B-spline and ANCF elements
and introduced a three-node quartically interpolated ANCF element [117].

2.3.2

Plate elements

During the past decade, the ANCF research has seen a wide variety of plate
elements and descriptions of elastic forces for the aforementioned elements to
come forth. In this paragraph, a few publications in regards of development of
ANCF plate elements are highlighted before discussing the numerical lockings
of the plate elements. A discussion about inexact equations of motions with
incremental formulations for plate elements in rigid body motion and the very
first ANCF plate element was presented in the work of Shabana and Christiansen
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[97]. Unfortunately, this research did not include numerical examples for better
assessment of the performance of this then new plate element. Later, Shabana and
Mikkola discussed further the differences between the previously proposed plate
element formulations in the finite element community and ANCF [99]. The fully
parameterized plate element 3443 was proposed by Mikkola and Shabana [71]
with qualitative numerical comparison to finite shell element proposed by Bathe
and Dvorkin [22] implemented in ANSYS commercial finite element code.

Dmitrochenko and Pogorelov generalized the ANCF plate elements and introduced 3333 triangular plate element, 3433 Lagrangian plate element and
Hermitian shape functions based thin plate element 3443 [20]. Dufva and
Shabana analyzed 3433 thin plate element with comparison to previous fully
parameterized element [21]. The same thin plate was later compared to the plate
element 3443 and a classical finite element plate element by Vaziri Sereshk and
Salimi [110]. Dmitrochenko and Mikkola developed two triangular absolute
nodal coordinate thin plate elements based on Specht’s and Morley’s shape
functions to mesh general engineering structures more readily [17]. Recently,
Mohamed introduced a triangular plate element with all gradient vectors as
nodal degrees of freedom leading to fully parameterized triangular plate element
which was an extension based on the previous work of Dmitrochenko et al. [74].
Langerholc, Slavic and Boltežar studied the anisotropic material model for the
ANCF plate element [53]. Finally, Hyldahl, Mikkola and Balling introduced
a 3433 arbitrary Lagrange–Euler (ALE) plate element [44], Hyldahl discussed
particular challenges related to modeling curved shell structures using ANCF
[46, 45], Matikainen, Valkeapää, Schwab and Mikkola introduced a new 3543
plate element and made a comprehensive study on the effects of different lockings
and their remedies for the fully parameterized plate elements [66]. Several simple
gradient deficient ANCF plate elements with only position and transverse gradient
vectors as nodal degrees of freedom were proposed by Olshevskiy et al. [82].
Common to all these ANCF plate element publications is that proposed elements
rely solely on the polynomial interpolation of displacements.
2.3.3

Remedies for numerical locking

The lack of consistent strain interpolation terms in the finite element lead to a
lower than expected rate of convergence. This is because excessive strain energy
is stored in the element and the element will lock. There are locking phenomena
that are not necessarily directly related to the coupled deformation modes that may
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have been rationale for the divergence of ANCF elements from classical analytical
results. The effects of lockings are also not inevitably reduced as the finite element
mesh is made finer and each element is supposed to approach constant strain/stress
state. More importantly, finer mesh does not automatically diminish the effects of
incomplete or even completely wrong strain distribution within element. For these
reasons, it is computationally inefficient to use high polynomial terms - these
terms require a great number of integration points - to describe the strain/stress
field approaching the constant state within the element, merely just to try to
diminish the effect of locking. This will effectively make the high polynomial
terms in the interpolation field redundant. The use of modified material model,
such as setting the Poisson’s coefficient ν equal to zero [103] is also not viable
remedy. In the general case, real material will not have this characteristic behavior.
The effects of locking phenomena are demonstrated in the results presented
in Figure 2.3 where normalized tip displacements (ux , uy ) and rotation ϕz of
an initially straight cantilever subjected to varying magnitudes of external tip
moments Mz modeled with original ANCF 3423 elements and improved ANCF
3423–4 elements are plotted. Normalization of the displacements is carried out by
multiplying with 1/L, normalization of the moment by multiplying with 1/2M0 π
and normalization of rotation by multiplying with 1/2π. The dimensions length
L, width W and thickness H of the cantilever are 12.0 m, 1.0 m and 0.1 m,
respectively . The Young’s modulus E and Poisson’s ratio ν are 1.2 · 106 N/m2
and 0.0, respectively. Analytical solutions are calculated based on the classical
flexural formula [105]:
R=

EIz
Mz

(2.9)

where R is the radius of the deformed cantilever and Iz = W H 3 /12 is second
moment of area around the z-axis. The results presented in Figure 2.3 show
clearly that the mesh with locking ANCF 3423 plate elements is not able to
capture correct displacements even in this simple loading case. It is evident that
the element lockings need to be carefully remedied before using ANCF elements
to analyze any real structures.
In order to eliminate locking phenomena, an accurate description is needed for
the kinematics of ANCF elements with a valid representation of elasticity in
which the strain and stress fields are consistent with the element kinematics. For
example, recently introduced higher-order ANCF beam elements can describe
the deformation mode of a trapezoidal cross-section [64]. For this reason, these
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Figure 2.3. Normalized tip displacements (ux , uy ) and rotation ϕz of cantilever subjected
to various magnitudes of normalized external tip moments M z modeled with mesh of 36
x 2 original locking ANCF 3423 elements and improved ANCF 3423–4 elements as well
as analytical solutions based on the classical flextural formula

higher-order ANCF beam elements do not suffer from the Poisson’s thickness
locking which is known to be present in the fully parameterized ANCF beam
elements. Additionally, shear locking is reduced by including more DOF in
the higher-order beam elements. These additional degrees of freedom enable
to incorporate suitable polynomial terms to desribe shear deformation more
realistically.
A number of different approaches have been proposed to remedy the poor elastic
energy description for the displacement based finite elements in the past. Reduced
integration and selective reduced integration [43, 121] were one of the first simple
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yet effective proposed methods. However, the arising rank-deficiency in the
element stiffness matrix has to be taken in consideration if uniform reduced
integration is applied [7, 84]. The method of incompatible modes [6, 106],
the Hellinger–Reissner two field principle [39] and Hu–Washizu three-field
principle [41] based formulations, and the discrete shear gap method [11] have
followed as some general methods to design improved elements without resulting
into special numerical integration schemes to alleviate locking phenomena. Formulation developments have been categorized and reviewed by Yang et al. [118]
and locking remedies by Sze [104]. Some of these methods have been successfully
applied to the ANCF elements [32, 76]. However, the gradient vector couplings
in the ANCF represent deformations which render the effect of different locking
phenomena difficult to interpret even with linear material model, especially in the
large deformation problems. Therefore, the relevance of lockings can be most
clearly demonstrated with ANCF elements that do not use all of the gradient
vectors as nodal degrees of freedom.
Numerical lockings and their remedies are discussed in this section with the help
of simplest gradient deficient ANCF plate element 3423 proposed by Dmitrochenko
et al. [16] and Olshevskiy et al. [82]. This ANCF element utilizes the same
interpolation functions as the original AIZ element proposed already in 1970 by
Ahmad et al. [2]. The main difference between AIZ element and element 3423 relies on the different description of the element kinematics and nodal degrees of
freedom. The gradient deficient plate element in current configuration is shown in
Figure 2.4. The location of particle p within the element 3423 in the global frame
of reference can be defined with the vector r as follows:
r = S3423 (x)e,

(2.10)

where S3423 is the shape function matrix that contains bi-linear terms in coordinates x and z and linear terms in coordinate y. The kinematic description
of the bi-linear middle surface and linear through-thickness interpolation of
the proposed element leads to several lockings: middle surface and transverse
shear lockings, Poisson’s thickness locking, and curvature thickness locking.
Futhermore, if the material is nearly incompressible or completely incompressible,
that is Poisson’s coefficient ν is 1/2, then the volumetric locking may occure. The
linear interpolation circumvents the possibility of membrane locking since the
element is only able to describe constant zero curvature. Other lockings present
in the element are discussed in the framework of absolute nodal coordinate
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Figure 2.4. Physical location of the mid-surface of the plate pm and an arbitrary particle
p on the gradient deficient plate element in the current configuration. Gradient vectors
(i)
α = y in the current configuration r ,α at node i depicted with arrows.

formulation and the remedies for them are proposed in the following sections.

2.3.4

Middle surface shear locking

The bi-linear displacement field interpolation in the middle surface is not able to
describe pure in-plane bending without shear strains, see Figure 2.5. The excessive
shear strain can be avoided by using uniform reduced integration. However, a
more robust method is to introduce an enhancement to the middle surface strain
field that will solve the problem of excessive shear strain more elegantly. As
discussed in the study on ANCF beam elements [28], the enhancement can
be applied to the infinitesimal strains, deformation gradient, or to the Green–
Langrage strain tensor [51]. Using the enhanced assumed strain method (EAS)
the strains on the middle surface can be now written as follows [101, 102, 3]:
εc = εm + εEAS
m ,

(2.11)

2.3 Numerical locking in the absolute nodal coordinate elements

47

Figure 2.5. Middle surface of the plate subjected to pure bending moments My (left)
depicting expected pure bending without shear strain εxz and element 3423 response
(right) depicting kinematics leading to artificial shear strain

where εm is the middle surface strain field vector calculated based on the displacement field and εEAS
is the enhanced assumed strain field vector is defined as
m
follows:
εEAS
= G(ξ)α,
m

(2.12)

where α is the vector of internal parameters that define the assumed strain field
for element, and G(ξ) is matrix that is defined as follows [102, 101, 3]:

G(ξ) =

|F0 |
T0 −T N (ξ),
|F (ξ)|

(2.13)

where F (ξ) and F0 are deformation gradient matrices at the reference configuration evaluated at the Gauss integration point ξ and at the center of the element
(ξ = 0), and | | is determinant, respectively. The transformation matrix for the
middle surface strains T0 at the center of the element can be defined as follows:



2
F11

F21 F12

2F11 F12





2
F22
2F21 F22
T0 = F12 F21

F11 F21 F12 F22 F11 F22 + F12 F21 ξ=0.

(2.14)

The matrix N (ξ) consist of polynomial terms of the enhanced strain field in the
parametric domain. The simplest enhancement to alleviate the middle surface
shear locking can be defined as follows:
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ξ 0 0 0





N (ξ) = 0 η 0 0 ,
0 0 ξ η

(2.15)

which introduces four component vector of internal parameters α. Naturally, more
internal parameters can be used [3] that will increase the number of elements
in the matrix N (ξ). This may improve the element performance though with
higher computational cost. Nevertheless, the N (ξ) should fulfill in general case
the condition
Z
N (ξ)dξ = 0,

(2.16)

V0

where V0 is the reference volume of the element. The previous equation will
ensure that the assumed stress will vanish over the reference volume of the element
and the element will pass the patch test [102]. The variation of the strain energy
with respect to the nodal coordinates taking into consideration the enhanced
middle surface strain field can be now written as

Z
δWint = H
A0

εEAS
m )dA0

Z

δ(εm )Dm (εm +
+H
δ(εγ )Dγ εγ dA0 +
A0
Z
Z
(2.17)
δ(εκ )Dκ εκ dA0 + H
δ(εyy )Eεyy dA0 .
A0

A0

where Dm is in-plane elasticity matrix , Dγ shear elasticity matrix, and Dκ bending elasticity matrix, respectively. The internal parameters α can be determined
iteratively such that the following condition is fulfilled:
Z
A0



∂εEAS
m
∂α

T

(εm + εEAS
m )dA0 = 0.

(2.18)
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Transverse shear locking

Finite elements that are not able to describe pure bending without vanishing
transverse shear strains will store excessive shear strain energy. This will cause
the elements especially in the thin structures to behave stiffer than what is
expected based on the order of bending deformation interpolation. The absolute
nodal coordinate formulation based finite elements are no exception to this
rule. The transverse shear locking can be avoided through the use of reduced
integration. However, in most cases this leads to extra zero energy modes which
are nonphysical. Alternatively, a more robust remedy without extra zero energy
modes is achieved by using a method of assumed strains which was originally
proposed by MacNeal for small displacement analysis for the tri- and quadrilateral
plate as well as membrane elements [58]. Later, Bathe and Dvorkin generalized
this method for continuum shell element [22] and for general mixed interpolation
of tensorial components (MITC) shell elements [5]. This method is known as
assumed natural strain method (ANS). In this approach, the covariant strains
evaluated at Barlow points are tied to assumed natural strain interpolation points
through the use of Lagrange multipliers. The Barlow points are unique points
where the strain field terms are exactly correct. These sampling points for different
plate elements are presented in the literature [40]. In the bi-linear shell element,
the transverse shear strain γxy for the element is zero where coordinate z is zero
and the transverse shear strain γzy is zero where coordinate x is zero. The extra
energy modes can be avoided by using a linear interpolation for the assumed
natural shear strains which will retain correct rank for the stiffness matrix. The
linear interpolation requires tying points that are located at the positions A, B, C
and D indicated in Figure 2.6.
The assumed natural transverse shear field can now be defined as follows:

1−η C
1+η D
γxy +
γ ,
2
2 xy
1−ξ A 1+ξ B
=
γ +
γ ,
2 zy
2 zy

ANS
γxy
=

(2.19)

ANS
γzy

(2.20)

C
D
A
B
where γxy
, γxy
, γzy
and γzy
are the transverse shear strains at the tying points. The
use of modified locations for the Gauss numerical integration points that were
used in the previous absolute nodal coordinate formulation based bi-linear plate
element study [16] results in the same strain field evaluation as what is presented
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Figure 2.6. Tying points for the assumed natural stain method applied to remedy
transverse shear locking

here. However, the assumed natural strain method is general method that does
not required special treatment, for example, in the numerical integration scheme
or stabilization method [7].
2.3.6

Poisson’s thickness locking

The use of linear interpolation in the thickness co-ordinate leads to thickness
locking in the element. This is called Poisson’s thickness locking because it is the
Poisson’s ratio ν that couples the middle surface strains to the through thickness
strain. In the case of pure bending, the axial strains in the element should lead
to linearly varying thickness strains. However, the linear interpolation through
thickness leads to constant thickness strains which in essence causes the element
exhibit overly stiff behavior since the thickness strain does not vanish on the
neutral axis, see Figure 2.7. In the case of thin plate with Hookean material model,
the thickness locking can be remedied with assuming plane stress condition that
will effectively decouple the middle surface and through thickness strains. This
is one of the most economical ways to treat the Poisson’s thickness locking.
Alternatively, higher interpolation through thickness [65] or seven parameter shell
formulation with EAS [12] can be used.
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Figure 2.7. Slice of plate subjected to pure bending moments Mz (left) depicting expected
through thickness strain εyy and element 3423 response (right) depicting constant strain
field leading to Poisson´s thickness locking

2.3.7

Curvature thickness locking

The transverse direction gradient vectors are artificially elongated in the curved
initial configuration and large deformation analyses. Remedies for the artificial
elongation have been proposed clearly and concisely by Gebhard and Schweizerhof [25]. In the ANCF beam elements [31, 77, 78] this artificial thickness
strain have been avoided by using Lobatto numerical integration for the transverse
direction strain components. Lobatto integration includes the integration interval
boundaries which coincide with nodal points of the ANCF elements in the
parametric domain. Therefore, the use of Lobatto numerical integration points
leads to same thickness strain field evaluation as what is achieved with assumed
natural strain method. However, the assumed natural strain method is a more
general remedy and does not require special treatment of the numerical integration
method. The linear interpolation tying points are located at the positions at nodal
points indicated in Figure 2.8. The assumed transverse normal strain field can
now be defined as follows:
εANS
=
yy

4
X

Sj ε(j)
yy ,

(2.21)

j=1
(j)

where εyy and Sj are the transverse normal strain at the nodal point j and
corresponding nodal point shape function, respectively.
2.3.8

Volumetric locking

Simarly to the Poisson’s thickness locking, the volumetric locking is controlled
significantly by the material parameters. Namely, it is the Poisson’s coefficient
that characterizes the coupling between axial deformation, transverse deformation,
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(i)

Figure 2.8. Through thickness strain tying points εyy at nodes i for the assumed natural
stain method applied to remedy curvature thickness locking

and deformation perpendicular to both of the aforementioned deformations. If the
material is nearly incompressible or completely incompressible, that is, Poisson’s
coefficient ν is 1/2, then volumetric locking may occur. The volumetric locking
emerges from the fact that in the incompressible material model within the volume
of finite element the determinant of the deformation gradient J = |F | has to be
exactly equal to one. This preserves the volume of the element as is required
by the definition of incompressible material. In this case, the deformations
within the element can only take place as distortional deformations, shearing
of the element. The plate element 3423 has only one point within the element
that has determinant of deformation gradient exactly equal to one. This point
is located in the center of the element, see for example Belytschko et al. [8].
Therefore, if the material model allows to decouple the dilational and distortional
deformations, the volumetric locking can be remedied by evaluating the dilational
strain energy by using selective reduced integration. Alternatively, the effects
of volumetric locking can also be mitigated, for example, by EAS [38] or by
utilizing independent stress field interpolation [39].
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Locking remedies through the use of higher-order gradient degrees
of freedom

The transverse shear and Poisson’s thickness lockings can be eliminated without
resorting to using the assumed natural strain method, the enhanced assumed strain
method or plane stress assumption in the absolute nodal coordinate formulation
with the use of higher-order gradient degrees of freedom. This can be accomplished with complete quadratic interpolation terms (1, x, y, z, xy, xz, yz, x2 ,
y 2 , z 2 ) and an additional third order term xyz needed for the twisting of the plate.
The resulting displacement field is well balanced and is able to describe pure
bending without spurious shear strains. Furthermore, the quadratic term z 2 will
resolve the Poisson’s thickness locking by allowing the linearly varying thickness
strains. The proposed 11 interpolation terms can be realized in the element 3423
133
that has 33 degrees of freedom. Alternatively, if the plate is thin, the plane stress
assumption can be used and the quadratic term z 2 can be dropped out leading into
a element 3423
123 that has 30 degrees of freedom.

2.4

Description of elastic energy in the absolute nodal coordinate formulation elements

In principle, there are two main ways to derive strain energy for the ANCF
elements: continuum and structural mechanics approaches. The continuum
mechanics approach is based on the assumptions of continuous medium and,
therefore, a full deformation gradient tensor is used. In the continuum mechanics
based elastic energy description, fully parameterized ANCF elements can be
straightforwardly used because the gradient coordinates in the parameterization
of these elements define directly elongation, compression and shear within
representative volume of the material. In other words, the gradient coordinates
are used as column vectors in the deformation gradient tensor within the fully
parameterized ANCF elements.
The benefit of using the deformation gradient tensor in the definition of the
strain energy is that most linear and nonlinear constitutive laws used in structural
mechanics can be implemented without any other assumptions than continuous
medium. In addition, an initially deformed reference configuration can be
accounted for geometrically in a consistent way. The challenge of using the
continuum mechanics approach is that the deformations are coupled. This
complicates the choice of interpolation functions since the fully parameterized
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ANCF elements parameterize a volume. The ratios between length, width, and
height of the volume define what kind of strain field occurs in the deformed
volume and to which beam, plate or shell theory this strain field belongs. In most
of the ANCF studies, the range of applicability of the fully parameterized ANCF
elements with continuum mechanics based strain energy definition is not explicitly
declared. Therefore, the interpolation functions of these elements should fulfill
the requirements of classical thin, moderately thick and thick theories for beams,
plates, and shells, depending of course on the type of element in case. In addition,
the fully parameterized ANCF elements should capture the exact deformation state
of arbitrary point continuously throughout the volume of the element. Satisfying
all these requirements is difficult. The exact deformation state requirement can be
relaxed through the use of numerical integration. In this case the deformation state
needs to be exact only at integration points. In conclusion, one should carefully
define if the ANCF element with continuum mechanics based strain energy is
applicable for the analysis of thin structures, for moderately thick structures, for
thick structures, or for any combination of the previous.
The second approach, structural mechanics approach, or often in ANCF literature
denoted as elastic line/plane approach, relies on the generalized strains: axial,
two shear, torsional and two bending strains. In this approach, the generalized strain components are described through the use of curvatures and extensional/compressional components on the center line of the beam element or on
the center plane of the plate or shell element. This strain energy description is
applicable to both the gradient deficient as well as the fully parameterized ANCF
elements. Contrary to continuum mechanics approach, the challenges related to
applicability of the fully parameterized ANCF elements are circumvented. This is
because different strain components need to be defined according to assumptions
made in the definitions of the geometrical parameters and their relationships.
Unfortunately, with the use of this approach the volumetric continuum parameterization is lost because the deformations are decoupled. This complicates
the implementation of different constitutive laws and the use of all gradient
coordinates is not sensible. In this chapter the elastic energy using both methods
is derived for the beam and plate elements.

2.4.1

Plate element strain energy using structural mechanics approach

The elastic forces can be derived for the thin plates using the assumption of plane
stress. This will alleviate the Poisson’s thickness locking as was discussed in the
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preceeding section about numerical lockings. The elastic forces with the plane
stress assumption for the element 3423 are defined here similar to Schwab and
Meijaard did for the 3D ANCF beam element [92]. Generalized deformations
with respect to material coordinates in the mid-surface of the element can be
defined as follows:
∂r
∂x

=

∂S3423 (x,0,z)
e,
∂x

∂2r
∂x∂y

=

∂ 2 S3423 (x,0,z)
e,
∂x∂y

∂r
∂y

=

∂S3423 (x,0,z)
e,
∂y

∂2r
∂x∂z

=

∂ 2 S3423 (x,0,z)
e,
∂x∂z

∂r
∂z

=

∂S3423 (x,0,z)
e,
∂z

∂2r
∂y∂z

=

∂ 2 S3423 (x,0,z)
e.
∂y∂z

(2.22)

Using the preceding definitions the in-surface strains on the mid-surface are
defined as follows:

∂r T ∂r
εxx
−1 ,
∂x ∂x


1 ∂r T ∂r
εzz =
−1 ,
2 ∂z ∂z
 T 
∂r ∂r
εxz =
,
∂x ∂z
1
=
2



(2.23)
(2.24)
(2.25)

where εxx , εzz and εxz represent the longitudinal deformation of the element,
width wise deformation of the element, and middle surface formation of the
element, respectively. The transverse shear deformations can be defined

γxy =

γzy =

∂r T ∂r
∂x ∂y



∂r T ∂r
∂z ∂y



,

(2.26)

,

(2.27)

and the through thickness strain as
εyy

1
=
2




∂r T ∂r
−1 .
∂y ∂y

(2.28)
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The following assumption is used in the derivation of the curvature deformation
components [16]
∂S3423 (x, 0, z) ∼
e = n,
∂y

(2.29)

where n is the surface normal of the element. Taking into consideration the
assumption presented in the preceeding equation, curvature strains can be defined
as follows [16]:

κxx =

∂ 2r
∂y∂x

T 

∂r
∂x


,

T  
∂ 2r
∂r
κzz =
,
∂y∂z
∂z
 2 T    2 T  !
∂ r
∂r
∂ r
∂r
−
∂y∂x
∂z
∂y∂z
∂x

(2.30)



κxz =

1
2

(2.31)

(2.32)

where κxx and κzz are bending strains and κxz twisting strain, respectively. The
strain components can be collected into following vectors:
T
εxx εzz εxz

T
εγ = γxy γzy

T
εκ = κxx κzz κxz

εm =



(2.33)
(2.34)
(2.35)

where εm is the vector of mid-surface strains, εγ the vector of transverse shear
strains and εκ the vector of bending related strains, respectively. For a linear
isotropic material model in plane stress condition and constant plate thickness H,
the following matrices of elasticity can be defined:


1 ν 0
E 

Dm =
(2.36)
ν 1 0  ,
2
1−ν
1−ν
0 0 2
H3
Dκ =
Dm ,
12

(2.37)
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Dγ =

E
2(1 + ν)

"

cxy

0

0

czy
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#
,

(2.38)

where E is Young’s modulus, ν Poisson’s ratio, cxy and czy transverse shear strain
distribution factors, and integration over the thickness of the plate has been carried
out for the bending elasticity matrix Dκ . The strain energy is now defined as
follows:

Wint

H
=
2

Z

Z
H
εm Dm εm dA0 +
εγ Dγ εγ dA0 +
2 A0
A0
Z
Z
H
εyy Eεyy dA0 .
εκ Dκ εκ dA0 +
2 A0
A0

(2.39)

The vector of elastic forces can be defined as follows:
∂Wint T
.
fe =
∂e

(2.40)

The vector of elastic forces defined in the previous equation is evaluated in this
thesis by numerical integration.
2.4.2

Beam element strain energy using structural mechanics approach

In this section, the elastic energy of the two-dimensional beam elements will
be explained briefly. The elastic energy using structural mechanics approach
for a thin two-dimensional absolute nodal coordinate formulation based beam
element can be derived by using definitions of curvature and axial deformation.
The curvature with respect to the undeformed beam’s reference line is defined as
[27]
ε1xx =

r1,x r2,xx − r2,x r1,xx
,
kr ,x k2

(2.41)

where || || is l2 -norm. Equation 2.41 is valid for planar problems only. The axial
strain is expressed in terms of the gradient vector of the position vector
ε0xx = kr ,x k2 − 1.

(2.42)
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The strain energy of one beam element of length l can be written as:
Wint

1
=
2

l

Z


ε0xx EAε0xx + ε1xx EIz ε1xx dl,

(2.43)

0

where EA represents axial stiffness and EIz bending stiffness. The vector of
elastic forces can be defined as follows:
fe =
2.4.3

∂Wint T
.
∂e

(2.44)

Strain energy for beam and plate elements using continuum mechanics approach

In the continuum mechanics based elastic energy description, the strain energy can
be defined straightforwardly because the gradient coordinates in the parameterization of define directly elongation, compression and shear within representative
volume of the material. Therefore, the deformation gradient tensor can be defined
as follows:
∂r
∂r
F =
=
∂r 0
∂x



∂r 0
∂x

−1
,

(2.45)

where r = S3443 e(t = 0) = S3443 e0 is the position vector in the reference
configuration at time t = 0 and r is the position vector in the current configuration
The Green–Langrange strain tensor can now be defined using the deformation
gradient tensor as follows:
1
E = (F T F − I),
2

(2.46)

where I is identity tensor. The variation of the strain energy with respect to the
nodal coordinates is now defined as follows:
Z
Z
∂E
dV · δe,
(2.47)
δWint =
S : δE dV =
S:
∂e
V
V
where : denotes the double dot product and S is the second Piola–Kirchhoff stress
tensor. The vector of elastic forces can be obtained from the previous equation as
follows:
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Z
fe =

S:
V

2.5

∂E
dV.
∂e

(2.48)

Constitutive models

A constitutive model characterizes the behavior of two physical quantities under
some excitation field. The nature of the excitation field can be electromagnetic,
thermal or externally applied stress field. In the structural solid mechanics, a
constitutive law often describes how the material behaves under an external
force field; namely what is the relationship between stress and strain within
a representative volumetric unit of the material. Several different constitutive
models have been proposed in the history of the elasticity. These constitutive
models each have their limitations that arise from the assumptions that are made
when the models are derived.
Constitutive models in the solid mechanics can be characterized based on the
basis one uses to derive the model. One way to categorize the material models is by defining if the material model is phenomenological, mechanistic, or
hybrid material model. This categorization is used here for the sake of clarity.
Phenomenological models are constructed based on the general observations of
the material behavior. Based on these observations a generated constitutive law
can capture overall behavior of the material sufficiently without considering the
mechanistic interlaying details of the material. In contrast, mechanistic models
are developed through the characterization of more detailed mechanistic behavior
of the material. Hybrid material models use features from both phenomenological
and mechanistic models. In this chapter the constitutive models are presented for
small and large strains, as well as micro-sphere material modelling approach for
the ANCF elements.
2.5.1

Small and large strains

The simplest linear constitutive model is Hookean material model which stems
from Hooke’s law. In this material model the relationship between stress and
strain is linear. It is applicable for a linear small displacement analysis where the
displacements and strain within the material are small. This material law has been
used in some of the early ANCF beam element studies in order to compare results
to analytical solutions. However, this Hookean material is not applicable to large
displacement analysis. The Hookean material model can be extended into large
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displacement nonlinear regime which leads to the simplest hyperelastic material
model, the so called Saint Venant–Kirchoff material model. Hyperelastic material
laws are defined by using strain energy density function which relates stress field
to deformation gradient. The Saint Venant–Kirchoff material model can be used
in the nonlinear large displacement analysis when the strains are small within
the material. However, if the strains become large, this constitutive model will
lead to erroneous description of the elastic energy since the relationship between
stress and strain is still linear. The Saint Venant–Kirchoff material model is the
most common material model used in the analysis of the ANCF elements because
of its simplicity. In the analysis of material where the strains become large, a
nonlinear stress-strain relationship has to be used. Biomechanical soft tissues are
materials that can be defined as anisotropic viscoelastic nearly incompressible
fibre-reinforced materials that go through large strains in their physiological
loading environment.
2.5.2

Micro-sphere material modelling

The micro-sphere approach was first generalized for rubber elasticity and rubber
inelasticity in publications by Miehe et al. [68, 69, 37]. Micro-sphere material
modelling technique enables to incorporate micro-level phenomena into the
analysis of material. This modelling approach can be used to relax the assumption
of the homogeneous continuum and thus it can be used to analyze heterogeneous
materials rather straightforwardly, such as fibre-reinforced materials that are often
present in the tissues analyzed in the biomechanics. Micro-sphere can also be
used to define families of fibers within the material which is cumbersome in
other material modelling approaches. In this approach, it is assumed that the
micro-level phenomena can be captured by introducing a computational unit
sphere in three-dimensional case and a unit circle in two-dimensional case. This
unit computational regime can then be used to describe material model as simple
one dimensional description of it. With the use of computational sphere and
specially designated numerical integration, the one dimensional description is
then extended to two or three dimensional constitutive model. Micro-sphere
material modelling approach is presented here for the absolute nodal coordinate
formulation on a general level and numerical studies with this approach are left for
the future research. The mesh level, element level and micro level discretizations
in the implementation of the micro-sphere material modelling approach for a
two-dimensional shear deformable ANCF beam element are shown in Figure 2.9.

2.5 Constitutive models

61

Figure 2.9. Mesh level, element level, and micro level discretization in the micro-sphere
material modelling approach in two-dimensional case. Gradient vectors α = x, y in the
(i)
current configuration r ,α at node i depicted with arrows.
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2.6

Equations of motion

The equations of motion are derived following closely the Lagrangian description
derivation presented in the reference [61]. The weak form of the equations of
motion in the Lagrangian description can be derived from the functional I, see
for example [35, p. 32–45], which can be written as [61]
Z

t2

I=

(Wkin − Wpot ) dt ,

(2.49)

t1

where t1 and t2 are integration limits with respect to time t, Wkin is the kinetic
energy of the element and Wpot is the potential energy which includes the internal
strain energy Wint and the potential energy Wext due to conservative external
forces. The potential energy can be written as follows [61]:
Wpot = Wint − Wext .

(2.50)

In this study, non-conservative forces are not taken into account. The variation of
the functional I leads to [61]
Z

t2

(Wkin − Wint + Wext ) dt = 0 .

δI = δ

(2.51)

t1

The variations of the energies can be written as [61]
Z
ρṙ · δ ṙ dV,

(2.52)

S : δE dV,

(2.53)

b · δr dV,

(2.54)

δWkin =
ZV
δWint =
ZV
δWext =
V

where ρ is the mass density, S is the second Piola-Kirchhoff stress tensor, E
is the Green–Langrange strain tensor and b is the vector of body forces. In the
special case of gravity, the body forces can be written as b = ρg, where g is the
field of gravity. Integrating the variation of the kinetic energy in Equation (2.49)
by parts within the time interval t1 and t2 yields [61]
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t2 Z
.
t1

Z
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t2

ρṙ · δr dV +



Z
−

ρr̈ · δr dV −

t1

V

V

(2.55)

Z

Z

b · δr dV dt = 0 ,

S : δE dV +
V
t2
.
R

where the term

V



V

ρṙ · δr dV = 0 because the position vector is specified at

t1

the endpoints t1 and t2 . The weak form of the equations of motion for an element
can be written as follows [61]:
Z

Z

Z

ρr̈ · δr dV +

S : δE dV −

V

V

b · δr dV = 0 .

(2.56)

V

Using interpolation for the position vector r, the variations of energy with respect
to the nodal coordinates can be expressed. The variation of the kinetic energy can
be represented as [61]
Z
ρr̈ · δr dV = ë

δWkin =

T

V

Z

ρS T
dncm S dncm dV · δe ,

(2.57)

V

from which the mass matrix of the element can be identified as follows [61]:
Z
M=

ρS T
dncm S dncm dV .

(2.58)

V

As can be concluded from Equation (2.58), the mass matrix is constant as it is not
a function of the nodal coordinates. The virtual work for the externally applied
forces can be written as [61]
Z

Z

T

δWext =

b δr dV =
V

bT S dncm dV · δe ,

(2.59)

V

where b is the vector of body forces. The vector of externally applied forces can
be identified from Equation (2.59) as follows [61]:
Z
f ext =
V

bT S dncm dV .

(2.60)
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Results

In this chapter, the results of analyses of the higher-order Euler–Bernoulli beam
423
elements 12c2 and 1n22, two plate elements, 3423
123 and 3133 that utilize higher-order
gradient degrees of freedom defined at the centers of the elements and different
versions of gradient deficient plate element 3423 are presented.

3.1

Higher-Order Euler–Bernoulli beam elements

The higher-order Euler–Bernoulli beam elements proposed in this thesis are
analyzed using a static large deformation cantilever subjected to transverse
direction tip load. The analytical solution based on extensible Euler elastica
for the large deformation cantilever problem has been determined iteratively by
Gerstmayr and Irschik [27]. This iteratively determined solution is used as a
reference solution to which the ANCF beam elements 12c2 and 1n22 results are
compared.
3.1.1

Large deformation cantilever beam problem analyzed with different
mesh refinement strategies

In this section, the large deformation cantilever beam with a rectangular cross–
section depicted in Figure 3.1 is studied as a numerical example to show the
differences between the rate of convergence (ROC) for different mesh refinement
strategies. A similar cantilever beam modeled with cubic Euler–Bernoulli ANCF
65
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beam elements 1222 was examined by Gerstmayr and Irschik [27], where the reference solution is obtained iteratively based on the extensible elastica theory [60].
The parameters of the beam are: length L = 2 m, height H = 0.1 m, width
W = 0.1 m, and Young’s modulus E = 2.07 · 1011 N/m2 . The vertical tip load
is defined to be f beam = [0, −3EIz /L2 ] N, leading to large deformation. At the
clamped end, all positional and first gradient degrees of freedom but not r1,x are
fixed. Addittionally, the higher-order gradient degrees of freedom related to beam
elements 12c2 at the clamped end are left unconstrained. The same boundary
condition definitions are used in the other ANCF-based higher-order plate [66]
and beam finite elements studies [29, 63].

Figure 3.1. Cantilever beam length L and height H subjected to transverse tip load
f beam leading to large tip displacements (ux , uy )

Mesh refinement strategies used in this study are the conventional h-refinement
and two different p-refinements illustrated in Figure 3.2. The strategy of the
h-refinement method is to increase the number of elements based constant order
interpolation of each element. For this reason, the original ANCF-based Euler-
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Bernoulli type beam element denoted by dncm code 1222 is used for h-refinement.
The element 1222 has two nodes, including a position vector and one gradient
vector at each node, and therefore a cubic interpolation for position was employed
in the formulation. Opposite to the increasing number of elements with loworder interpolation is the strategy of p-refinement that increases the order of
interpolation within the element. In this study, two different methods for the
p-refinement are used. The first p-refinement method increases the polynomial
terms within the element by introducing internal nodes to the elements. In contrast,
the second p-refinement method utilizes higher-order gradient degrees of freedom
to enrich the polynomial field within the element while keeping the number of
element’s nodes unchanged. With the p-refinement methods, new ANCF beam
element interpolation types are used in this study. These elements are described in
Table 3.1, where the corresponding p-refinement method, element’s dncm code,
degrees of freedom, base functions, and choice of degree of freedom are shown.

h-refinement

p-refinement with
increasing number
of internal nodes

p-refinement with
increasing number
of gradient degrees
of freedom

h-refinement

h-refinement

Figure 3.2. Different mesh refinement strategies for the 2D Euler–Bernoulli ANCF beam
elements

The numerical example is solved using Maple 8 commercial symbolic computation software capable of solving numerical problems with an arbitrary number
of digits. In the cantilevered beam example, 30 digits are used in the numerical
calculation. The tangent stiffness matrix is determined using a five-point finite
difference scheme and the off-balance force l2 -norm convergence criteria of 1 ·
10−16 . It is possible to integrate the axial strain energy analytically. Unfortunately,
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Table 3.1. p-refinement strategies with respect to (WRT) internal nodes or gradients,
element dncm code, basis functions and corresponding degrees of freedom for the ANCF
beam elements

p-refinement dncm DOF

Basis function

Choice of DOF

WRT

1222

8

1, x, x2 , x3

r, r ,x

internal

1322

12

1, x, . . . , x5

r, r ,x

16

7

r, r ,x

9

nodes

1422

1, x, . . . , x

1522

20

1, x, . . . , x

r, r ,x

1622

24

1, x, . . . , x11

r, r ,x

WRT

1232

12

1, x, . . . , x5

r, r ,x , r ,xx

gradients

1242

16

1, x, . . . , x7

r, r ,x , r ,xx , r ,xxx

20

9

r, r ,x , r ,xx , r ,xxx , r ,xxxx

11

r, r ,x , r ,xx , r ,xxx , r ,xxxx ,
r ,xxxxx

1252
1262

24

1, x, . . . , x
1, x, . . . , x

the bending strain energy containts rational terms and analytical integration
is not possible for this part of the strain energy. Therefore, for the sake of
consistency, both parts of the strain energy are integrated numerically using Gauss
quadrature. The number of Gauss integration points is defined such that the
exact integration is fulfilled significantly enough for the purpose of convergence
analysis for each element. The convergence in terms of defined off-balance
force l2 -norm for each mesh analysis was obtained using eight iterations with
full Newton’s method. The rate of convergence (ROC) numerical values are
calculated using a linear fit in a double logarithmic scale. Convergence of the
absolute displacement error in ux and uy with respect to the extensible elastica
solution using the p-refinement method based on increasing internal nodes in the
element, i.e., using 1n22 elements, are shown in Figure 3.3. The convergence of
the absolute displacement error with increasing number of higher-order gradients
in the element, i.e., using 12c2 elements are shown in Figure 3.4.
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3rd order int., ROC = 4.53
5th order int., ROC = 7.91

−3

th

10

7 order int., ROC = 10.4
9th order int., ROC = 14.3
11th order int., ROC = 17.6

10−6
10−9

3rd order int., ROC = 4.67

10−1
Absolute error in y-displacement (m)

Absolute error in x-displacement (m)

100
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5th order int., ROC = 7.36
7th order int., ROC = 9.50
9th order int., ROC = 12.9

10−4

11th order int., ROC = 16.9

10−7

10−10

10−12

10−13

10−15
10−18

10−16
10

1

2

10
10
Degrees of freedom (-)

101

3

102
103
Degrees of freedom (-)

Figure 3.3. Convergence of the absolute error with respect to extensible elastica solution
with different elements with interpolation orders implement with keeping the number of
gradient fixed and by increasing number of nodes 1n22 and uniform h-refinement

3rd order int., ROC = 4.53
5th order int., ROC = 8.51

−3

th

10

7 order int., ROC = 11.8
9th order int., ROC = 17.4
11th order int., ROC = 33.5

10−6
−9

10

3rd order int., ROC = 4.67

10−1
Absolute error in y-displacement (m)

Absolute error in x-displacement (m)

100

5th order int., ROC = 7.90
7th order int., ROC = 10.9
9th order int., ROC = 16.6

10−4

11th order int., ROC = 27.1

10−7

10−10

10−12

10−13

10−15
10−18

10−16
10

1

2

10
10
Degrees of freedom (-)

3

101

102
103
Degrees of freedom (-)

Figure 3.4. Convergence of the absolute error with respect to extensible elastica solution
with different elements with interpolation orders implemented with increasing the number
of gradient degrees of freedom 12c2 and uniform h-refinement

3 Results

3rd order int., ROC = 4.53

10−1

p-ref. (3rd –11th ), ROC = 13.4
gradient-ref. (3rd –11th ), ROC = 13.4

10−3
10−5
10−7
10−9

10−11

Absolute error in y-displacement (m)

Absolute error in x-displacement (m)
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3rd order int., ROC = 4.67

10−1

p-ref. (3rd –11th ), ROC = 13.3
gradient-ref. (3rd –11th ), ROC = 13.3

10−3
10−5
10−7
10−9

10−11
101

102
Degrees of freedom (-)

103

101

102
Degrees of freedom (-)

103

Figure 3.5. Comparison of convergence of the absolute error with respect to extensible
elastica solution with two different p-refinement strategies using only one element and
uniform h-refinement with original cubic elements 1222
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3.2

Poisson’s thickness and transverse shear locking free plate
elements

423
The two plate elements, 3423
123 and 3133 that utilize higher-order gradient degrees
of freedom defined at the centers of the elements to alliviate Poisson’s thickness
and tranverse shear lockings are analyzed in this chapter. The correcteness of the
elastic forces is first analyzed through a linear static example for both elements.
Subsequently, the element 3423
133 performance is analyzed more throughly with
eigenfrequency analysis.

3.2.1

Square cantilever plate subjected to distributed transverse force and
moment

423
In this linear static test the performance of elements 3423
123 and 3133 to model a
case of infinitely-wide cantilever plate under two free end loading scenarios are
analyzed: distributed transverse force and distributed moment, see Figure 3.6.

Figure 3.6. Cantilever plate length L, width W and height H clamped at boundary B1
subject to distributed a) transverse force and b) moment

The boundary conditions are defined at the boundaries B1 ,B2 and B4 similar to
previous ANCF plate study conducted by Schwab et al. [91]. The analytical
solutions (see reference [91]) for free end transverse displacement and rotation
under the distributed transverse force are
wqexact
y

q y L3
=
3D

and

ϕexact
qy

qy L2
=
,
2D

(3.1)
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where qy is the distributed transverse force and D = (EH 3 )/12(1 − ν 2 ) is the
plate stiffness constant. The analytical solutions (see reference [91]) for cantilever
plate free end transverse displacement and rotation for the distributed transverse
moment are
exact
wM
=
z

Mz L2
2D

and ϕexact
Mz =

Mz L
,
D

(3.2)

where Mz is the distributed moment around the z-axis. The normalized with
respect to the analytical result transverse displacements calculated with both
elements at the free end of the plate and the normalized rotations around the
z-axis are shown in Table 3.2. The transverse displacements at the free end of the
plate with different height to lenght ratios modeled with element 3423
133 are shown
in Table 3.3, Table 3.4 and Table 3.5. Additionally, for comparison reasons, in
Table 3.5 the results of 24 global degrees of freedom solid-shell commercial finite
element SOLSH190 are shown since this element is able to describe the correct
quadratic transverse shear strain distribution [4].
Table 3.2. Normalized displacements (wqy , wMz ) and normalized rotations (ϕqy , ϕMz ) of
the infinitely wide cantilever plate subjected to distributed transverse force and distributed
423
moment modeled with 3423
113 and 3133

Element

3.2.2

wqy (-)

ϕqy (-)

wMz (-)

ϕMz (-)

3423
123

0.0002

0.0002

0.0002

0.0002

3423
133

0.7500

1

1

1

Completely free (FFFF) square plate natural frequencies

The eigenfrequency analysis of a square plate with completely free boundaries
analyzed in the previous ANCF plate element studies [91, 66] is modeled using
plate ANCF plate element 3423
133 . The abbreviation FFFF is used to indicate
that all boundaries of the ANCF element are left free. The eigenfrequency
analysis is a simple and effective way to verify that the locking phenomena are
removed from the element strain field description without leading into extra
zero eigenmodes.
p The dimensionless natural frequencies defined by Ω = ω/ω0
with ω0 = π 2 D/(ρHL4 ) are used, where D = (EH 3 )/12(1 − ν 2 ), ρ, H
and L are plate stiffness constant, material density, height and length of the
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Table 3.3. Transverse displacements wqy and normalized displacements wqy of the
inifinitely wide cantilever plate subjected to distributed transverse force qy = 5 ·
10−2 N/m modeled with element 3423
133 . Analytical solution based on thin plate theory
and H/L = 0.001.

Mesh

wqy (mm)

wqy (-)

1x1
2x2
4x4
8x8
16 x 16

6.5000
8.1251
8.5314
8.6333
8.6638

0.7500
0.9375
0.9844
0.9962
0.9997

Analytical

8.6667

1

Table 3.4. Transverse displacements wqy and normalized displacements wqy of the
inifinitely wide cantilever plate subjected to distributed transverse force qy = 50 N/m
modeled with element 3423
133 . Analytical solution based on thin plate theory and H/L =
0.01.

Mesh

wqy (mm)

wqy (-)

1x1
2x2
4x4
8x8
16 x 16

6.5000
8.1256
8.5319
8.6335
8.6587

0.7500
0.9375
0.9844
0.9961
0.9990

Analytical

8.6674

1

plate, respectively. The correct amount of only six rigid body modes with zero
eigenfrequencies is obtained in the analysis for all the studied meshes using
Matlab R2013a. The first ten dimensionless eigenfrequencies are summarized in
Table 3.6 for the element 3423
133 .
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Table 3.5. Transverse displacements wqy and normalized displacements wqy of the
inifinitely wide cantilever plate subjected to distributed transverse force qy = 5 · 104 N/m
modeled with element 3423
133 . SOLSH190 results are presented for comparison and
analytical solution based on thin plate theory and H/L = 0.1.

wqy (mm)

Mesh

wqy (-)

1x1
2x2
4x4
8x8
16 x 16

6.5619
8.1869
8.5932
8.6947
8.7201

0.7510
0.9370
0.9835
0.9951
0.9980

Analytical

8.7372

1

SOLSH190 (mm)
6.5620
8.1869
8.5932
8.6947
8.7201

Table 3.6. First ten dimensionless eigenfrequencies Ω = ω/ω0 of the completely free
(FFFF) square plate modeled with ANCF element 3423
133 with with Poisson’s ratio ν = 0.3
for a number of mesh refinements. Analytical solutions are the first ten dimensionless
transverse eigenfrequencies. A relative plate thickness of H/L = 0.01 was used.

No
1
2
3
4
5
6
7
8
9
10

1x1
1.4383
2.2739
3.0985
99.9498
99.9488
101.7257
101.7257
138.6262
184.3540
184.3540

2x2

4x4

1.4380
2.2738
3.0984
7.2402
7.2402
38.7812
38.7812
69.5408
69.7948
76.6847

1.4317
2.0382
2.5650
7.0561
7.0561
9.2362
9.2362
16.9896
18.3921
23.6849

8x8
1.3947
2.0016
2.4913
4.1189
4.1189
6.4223
6.4223
8.8476
9.2820
9.6726

16 x 16 Analytic [91]
1.3685
1.9893
2.4667
3.5697
3.5697
6.2448
6.2448
6.6321
7.1964
7.9719

1.3646
1.9855
2.4591
3.5261
3.5261
6.1900
6.1900
6.4528
7.0181
7.8191
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Nearly locking-free gradient deficient plate element

This chapter contains the numerical examples through which the correctness of
the plate element 3423 elastic energy description is verified. In the numerical
results the effects of different locking phenomena (see Table 3.7) are presented
and analyzed. In addition, the computational performance of the ANCF element
is compared to Midlin-Reissner theory based 24 degrees of freedom commercial
finite element SHELL181 element. According to ANSYS manual incompatible
modes are used in the SHELL181 element formulation to alleviate erroneous
in-plane bending [4]. It is not clear how many incompatible modes ANSYS
implementation uses and what exactly is the used implementation. Nevertheless,
Simo et al. have shown that there is equivalence between some incompatible
modes based elements and the EAS elements [102] and Yeo et al. have shown
the equivalence between hybrid assumed stress method and EAS [119]. Based
on these findings, in this study it is assumed that the number of incompatible
modes used in SHELL181 corresponds to number of internal EAS variables
used in the absolute nodal coordinate formulation based element 3423. This
warrants comparing the number of elements and not the number of active degrees
of freedom.
The element 3423 has no discretization in a transverse direction,and therefore,
the Poisson’s thickness locking and curvature thickness locking phenomena are
fundamental problems. Poisson’s locking is caused by the erroneous transverse
normal strain distribution induced by the coupling with the in-plane strains. While
it has been shown that the EAS is required to incorporate the linearly varying
transverse normal strain in the continuum mechanics approach, the Poisson’s
locking can be automatically removed with the use of plane stress assumption in
the elastic middle surface approach for thin to moderately thick shell structures.
The curvature thickness locking, on the other hand, is caused by erroneous
elongation of the transverse gradient vectors when the element is bending and
twisting. This locking can be alleviated by the assumed natural strain as has been
applied to the continuum mechanics based shell element [10].
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Table 3.7. Different versions of locking remedies (ANS for transverse shear strains, EAS
for in-plane strains, ANS for transverse normal strain) applied to the ANCF 3423 element.
Binary code is used to indicate if no remedy is applied 0 and if remedy is applied 1 for
certain strain component.

Element

ANS for transverse
shear strains

EAS for in-plane
strains

ANS for transverse
normal strain

3423–1
3423–2
3423–3
3423–4

0
1
1
1

0
0
1
1

0
0
0
1

3.3.1

Rectangular cantilever plate subjected to distributed force and moment

General finite elements have to be able to describe both linear and nonlinear
problems without numerical locking. In this linear static test the performance of
element to model a case of infinitely-wide cantilever plate under distributed
transverse force, see Figure 3.6. The normalized transverse displacements
calculated with elements ANCF 3423–(2–4) and ANSYS SHELL181 at the free
end of the plate and the normalized rotations around the z-axis in are shown in
Table 3.8.

3.3.2

Rectangular cantilever plate subjected to point force

In this large deformation static test the performance of element to model plate
stracture under large transverse point force is analyzed. The rectangular cantilever
plate dimensions length L, width W and thickness H are 1.0 m, 1.0 m and 0.01 m,
respectively. The Young’s modulus E and Poisson’s ratio ν are 2.1 · 108 N/m2
and 0.3, respectively. The vertical tip load is defined to be f plate = [0, −50, 0]
N which will cause large dermation in the plate structure. An error tolerance of
off-balance l2 -norm 1 · 10−5 is used in the nonlinear analysis. The absolute error
with respect to 100 x 100 SHELL181 element results in transverse displacement
at the free end of the plate at the point A calculated with different number of
elements for the flat plate are shown in Figure 3.7.
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Table 3.8. Normalized transverse displacements wqy and normalized rotations ϕqy of
the inifinitely wide cantilever plate subjected to distributed transverse force with ANCF
3423–(2–4) and SHELL181 with mesh refinement

wqy (-)
Mesh

ϕqy (-)

3423–(2–4)

SHELL181

3423–(2–4)

SHELL181

0.8179
0.9220
0.9783
0.9944
0.9991
1.0009

0.8178
0.9218
0.9779
0.9939
0.9983
0.9995

1.1021
0.9890
0.9904
0.9962
0.9992
1.0013

1.1021
0.9890
0.9903
0.9959
0.9985
0.9993

1x1
2x2
4x4
8x8
16 x 16
32 x 32

Absolute error in y-direction (m)

100

10−1

10−2

10−3
ANCF 3423–1

10−4

ANCF 3423–2
ANCF 3423–3
ANCF 3423–4
SHELL181

10−5
101

102

103

104

Number of elements (-)

Figure 3.7. Convergence of ANCF element with different locking phenomena removed
3423–(1–4) and SHELL181 solutions to SHELLL181 results with 100 x 100 elements in
cantilevered plate subjected to tranverse tip point force f plate

3.3.3

Cantilevered quarter cylinder subjected to point force

This static test examines the performance of elements 3423–(1–4) to model
quarter cylindric shell stracture subjected to transverse point force shown in
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Figure 3.8. The radius of curvature R, width of the shell W and the thickness are
1.0 m, 1.0 m and 0.01 m, respectively. The Young’s modulus E and Poisson’s
ratio ν are 2.1 · 108 N/m2 and 0.3, respectively. The tip load is defined to be
f plate = [0, 0, −20] N which will cause large dermation in the plate structure.
The boundary conditions are defined at the boundary B1 to be clamped with
contraining all the degress of freedom. An error tolerance of off-balance l2 -norm
1 · 10−5 is used in the nonlinear analysis. The absolute error with respect to 100 x
100 SHELL181 element results in z-direction displacement at the free end point
A with different number of elements for quarter-cylindrical shell are shown in
Figure 3.9.

Figure 3.8. Cantilevered quarter-cylindrical clamped shell subjected to z-direction point
force
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Absolute error in z-displacement (m)

101

100

10−1

10−2

ANCF 3423–1
ANCF 3423–2
ANCF 3423–3
ANCF 3423–4
SHELL181

10−3
101

102

103

104

Number of elements (-)

Figure 3.9. Convergence of ANCF element with different locking phenomena removed
3423–(1–4) and SHELL181 solutions to SHELLL181 results with 100 x 100 elements in
quarter-cylindrical clamped cantilevered shell subjected to tranverse tip point force f plate

3.3.4

Completely free (FFFF) square plate natural frequencies

The eigenfrequency analysis of a square plate with completely free boundaries is
conducted for the element 3423–4.
The dimensionless natural frequencies defined
p
2
by Ω = ω/ω0 with ω0 = π D/(ρHL4 ) are used, where D = (EH 3 )/12(1 −
ν 2 ), ρ, H and L are plate stiffness constant, material density, height and length
of the plate, respectively. The correct amount of only six rigid body modes with
zero eigenfrequencies is obtained in the analysis using Matlab R2013a. The first
ten dimensionless eigenfrequencies are summarized in Table 3.9 for 3423–4 that
has all of the locking phenomena removed with ANS and EAS methods.
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Table 3.9. First ten dimensionless transverse direction eigenfrequencies Ω = ω/ω0 of
the completely free (FFFF) square plate modeled with ANCF element 3423–4 with
Poisson’s ratio ν = 0.3 for a number of mesh refinements. A relative plate thickness of
H/L = 0.01 was used.

No
1
2
3
4
5
6
7
8
9
10

1x1

2x2

1.4360
1.4379
101.7252
2.3478
101.7288
3.1995
101.7605
4.0377
115.9857
4.0377
115.9857
7.3672
138.6329 98.8893
138.6543 98.8898
141.3197 101.7244
141.3197 101.7288

4x4
1.3990
2.1170
2.7252
3.8008
3.8008
7.3443
8.4368
8.4368
8.6664
10.5056

8x8
1.3685
2.0173
2.5265
3.6025
3.6025
6.7028
6.7522
6.7522
7.4742
8.5233

16 x 16 Analytic [91]
1.3463
1.9813
2.4658
3.5361
3.5361
6.3213
6.3213
6.5046
7.1231
7.9828

1.3646
1.9855
2.4591
3.5261
3.5261
6.1900
6.1900
6.4528
7.0181
7.8191
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Quarter cylinder pendulum

The nonlinear dynamics of a thin shell structure is analyzed in the last numerical
example to verify the performance of the ANCF 3423–4 element. A quarter
cylinder that has the same dimensions as the in the quarter-cylindrical clamped
shell subjected to point force example is used. The material parameters are
mplate = 5 kg, 2.1 · 108 N/m2 and ν = 0.3 plate’s mass, Young’s modulus and
Poisson’s coefficient, respectively. The corner located at the origo of the global
coordinate system (see Figure 3.8) of the quarter cylinder is connected to the
ground with a spherical joint. Newmark-β method is used for time integration with
automatic time stepping and an error tolerance of off-balance l2 -norm 1 · 10−5 is
used. The global x-,y- and z-positions at point A are shown in Figures 3.10–3.12.
ANCF 3423–4 (16 x 16)

ANCF 3423–4 (32 x 32)

ANCF 3423–4 (64 x 64)

SHELL181 (100 x 100)

1.25
Global x-coordinate of point A (m)

1.00
0.75
0.50
0.25
0
−0.25
−0.50
−0.75
−1.00
−1.25
−1.50
0

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

Time t (s)

Figure 3.10. Global x-position of point A in quarter-cylindrical shell pendulum modeled
with ANCF 3423–4 and SHELL181 elements with different uniform mesh sizes
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ANCF 3423–4 (16 x 16)

ANCF 3423–4 (32 x 32)

ANCF 3423–4 (64 x 64)

SHELL181 (100 x 100)

1.25
Global y-coordinate of point A (m)

1.00
0.75
0.50
0.25
0
−0.25
−0.50
−0.75
−1.00
−1.25
−1.50
0

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

Time t (s)

Figure 3.11. Global y-position of point A in quarter-cylindrical shell pendulum modeled
with ANCF 3423–4 and SHELL181 with different uniform mesh sizes

Global z-coordinate of point A (m)

ANCF 3423–4 (16 x 16)

ANCF 3423–4 (32 x 32)

ANCF 3423–4 (64 x 64)

SHELL181 (100 x 100)

1.25
1.00
0.75
0.50
0.25
0
−0.25
−0.50
−0.75
−1.00
−1.25
−1.50
−1.75
−2.00
0

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

Time t (s)

Figure 3.12. Global z-position of point A in quarter-cylindrical shell pendulum modeled
with ANCF 3423–4 and SHELL181 with different uniform mesh sizes

C HAPTER 4

Discussion

4.1

Higher-Order Euler–Bernoulli beam elements

Compared to the p-refinement strategy with increasing internal nodes within the
element, the p-refinement strategy with the higher-order beam elements 12c2
leads to a clearly higher rate of convergence after including an order of nine
interpolation in the ANCF elements. This can be seen by comparing the rates
of convergence given in Figure 3.3 and in Figure 3.4. Using an interpolation
order of 11, the higher-order beam elements 12c2 produce a convergence rate of
33.5, whereas the elements with the increased number of the internal nodes 1n22
produce a rate of 17.6. Comparison of convergence of the absolute error with
respect to an extensible elastica solution with two different p-refinement strategies
using only one element shown in Figure 3.5 reveal that without h-refinement both
p-refinements lead to the same ROC of 13.4. This result shows that the higher
gradient degrees of freedom can improve the rate of convergence only when these
degrees of freedom are shared with another adjacent element.
On the other hand, the use of higher gradient degrees of freedom imposes higher
continuity between the elements. At least in the case of the studied cantilever
beam example, the higher gradient degrees of freedom improve the approximation
of the bending and axial strain fields substantially, and therefore the displacement
approximation is better at the tip of the beam. This conclusion is further supported
by comparing the results presented in Figure 3.4 to those of the study by Yamashita
and Sugiyama on the ANCF elements and B-spline elements [117]. It can be
verifed from the presented results that the use of higher derivatives of the position
83
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field as nodal degrees of freedom does not always result in deterioration of the
element’s performance.

4.2

Poisson’s thickness and transverse shear locking free plate
elements

The normalized results given in Table 3.2 for the higher-gradient degree of
423
freedom plate elements, 3423
123 and 3133 , in the case of the square cantilever plate
subjected to distributed transverse force and moment, show that the element 3423
123
suffers from Poisson’s thickness locking. This is to be expected since the element
does not have the required z 2 term to describe the correct through thickness
strain distribution. However, this element does not suffer from transverse shear
locking since the quadratic terms, x2 and y 2 , enable pure bending deformation to
take place in-plane coordinates. The results in Table 3.2 reveal that the element
3423
133 is free from Poisson´s thickness locking and transverse shear locking in
the linear static case with square element geometry since the normalized values
are equal to one, in the case of moment loading. Futhermore, the normalized
tranverse displacement with one 3423
133 element is close to the previous studies result
conducted with a fully parametized plate element 3443 with Poisson’s thickness
locking removed by setting Poisson’s coefficient ν = 0 [91, 66].
By comparing the results with the mesh refinement given in Table 3.3 and in
Table 3.4 with earlier studies [91, 66] it can be seen that the element 3423
133 has good
convergence characteristics in thin to moderately thick plates in comparison to the
earlier proposed ANCF elements with a higher total number of degrees of freedom.
The comparison given in Table 3.5 to the ANSYS SOLSH190 element result
with mesh refinement show that the element 3423
133 leads to nearly identical results.
ANSYS SOLSH190, which has 24 DOFS and additional 7 EAS parameters that
are used to alleviate lockings, is able to describe the correct quadratic transverse
shear strain distribution [4]. In contrast, ANCF 3423
133 element has 33 DOF and
is not able to capture the correct transverse shear strain distribution through the
thickness. However, these differences in the total number of degrees of freedom
and in the elastic energy description are not reflected in the element’s performance
in simple linear static numerical examples, as can be seen in the nearly indentical
results given in Table 3.5 for these two element types.
The results of the eigenfrequency analysis of the square plate with completely free
boundaries shown in Table 3.6 for the element 3423
133 futher validate that the element
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is free from Poisson’s thickness and transverse shear lockings. The normalized
ten lowest eigenfrequencies converge towards the analytical results. There are,
however, fewer degrees of freedom to capture bending modes in this element in
comparision to, for example, the fully parameterized element 3443–LSA with
linearized shear angles (LSA) or in the higher-order element 3543 [66]. This is
directly reflected in the single element eigefrequency analysis (Table 3.6) where
only the first three bending modes can be captured with one 3423
133 element. Some
of the higher normalized eigenfrequencies after the first three bending modes are
in fact related to in-plane deformation. This drawback of element 3423
133 is not too
drastic as can be seen in the results with a greater number of elements.
The element 3423
133 bears resemblance to the incompatible elements proposed
previously in the finite element community. These elements were first proposed
by Wilson and futher developed in later studies by other researchers [6, 106].
These types of elements utilize incompatible modes to resolve the shear locking in
the plane and three dimensional elements. Later, it was discovered that the
incompatible modes based elements are special cases of the EAS elements
by Simo and Rifai [102]. The element 3423
133 is an absolute nodal coordinate
formulation based, incompatible element where the in-plane deformations are
not nescessarily compatatible between adjacent elements. This violation of the
material continuum is nescessary in order to improve the element performance
without resorting to an element with kinematics that has a substantial number of
global degrees of freedom such as element 3543 that has 60 DOF. However, as is
shown in the results, the element 3423
133 convergences towards analytical solutions
with a mesh refinement. The violation of the continous material continuum
becomes ever smaller as the elements approach a constant strain state. In this
case, the linear interpolation terms will have a higher influence on the deformed
shape that the element 3423
133 takes, and possibly the non-physical gaps between the
elements will diminish. An alternative to the 3423
133 element is the bilinear ANCF
element 3423 with EAS terms to circumvent inconsistencies in the strain field,
derived based on the displacement field. The results of this element are discussed
in the next section.

4.3

Nearly locking-free gradient deficient plate element

The results in the case of a square cantilever plate subjected to distributed
transverse force in Table 3.8 show that ANCF 3423–(2–4) and SHELL181
elements lead to similar results with mesh refinements. The ANCF elements are
slightly more flexible in the normalized results. The differences in the normalized
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results are likely to stem from a numerical solver and element formulation in the
ANSYS commerical software. ANCF 3423–(2–4) and SHELL181 elements are
able to describe transverse displacement and free end rotation exactly correctly
under moment load and are not shown in the results. However, ANCF 3423–
1 element in which the transverse shear locking is not removed is not able to
describe pure bending. It can be seen from Table 3.8 results that not all of the
locking phenomena are activated in the linear static example, since the results
with ANCF 3423–(2–4) elements are the same.
The nonlinear analysis of the rectangular plate subjected to point force results in
Figure 3.7 calculated with a different number of elements reveal that in the case
of large deformation analysis each of the lockings play a sigfinicant role. It can
be seen that the element ANCF 3423–1 which has none of the locking remedies,
provides the lowest rate of convergence. The element ANCF 3423–1 results are
clearly not realistic. In contrast, the result with element ANCF 3423–4 which
has all of the lockings alleviated shows the expected linear rate convergence with
smallest absolute errors. The elements ANCF 3423–3 and ANCF 3423–4 results
differ in absolute error but a similar rate of convergence can be observed. The
difference in these elements is caused by the curvature thickness locking, which
is alleviated in the element ANCF 3423–4 but not in the element ANCF 3423–3.
The results in transverse displacement at the free end point A with a different
number of elements for the quarter-cylindrical shell shown in Figure 3.9 indicate
that the differences between ANCF 3423–3 and ANCF 3423–4 elements are not
as large in the case of a curved structure.
The results of the eigenfrequency analysis of the square plate with completely
free boundaries are summarized in Table 3.9 for the element 3423–4 that has all
of the lockings removed with the ANS and EAS. In all of the mesh cases, only six
rigid body modes with zero natural frequencies were obtained in the analysis, and
the spurious modes are not exhibited. The 3423–4 element leads to a better rate of
convergence in eigenfrequencies in comparison to the fully parameterized ANCF
3443 element which suffers from numerical locking phenomena [66]. Finally,
the results presented in Figures 3.10–3.12 show that the results obtained using
the ANCF 3423–4 element agree well with the reference solution obtained using
ANSYS SHELL181 elements in the example of the quarter cylinder pendulum.
Despite the good results obtained with the ANCF 3423–4 element, linear interpolation of displacements in membrane behavior has its inherent challenges
when the element shape is distorted [59]. Futhermore, the volumetric locking was
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not analyzed in the numerical examples. Although, the numerical studies were
limited to a compressible St. Venant–Kirchhoff material model it is important
to realize that materials with nearly incompressible behavior are challenging to
model even with the remedies applied in this thesis. However, the effects of
volumetric locking can be mitigated, for example, by EAS or selective reduced
numerical integration [38]. Furthermore, it has been shown in the literature that
the enhanced assumed method based elements may become unstable in the case
of large strains [13] and homogeneous stress states [116]. Methods to stabilize
elements that use EAS have been suggested [50]. Nevertheless, if the strains
within the element remain modest, the remedies discussed in this research can be
used to improve the performance of other plate and shell elements in the absolute
nodal coordinate formulation.
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C HAPTER 5

Conclusions and future work

This work proposed several enhancements to the absolute nodal coordinate
formulation based finite beam and plate elements. The main contribution of the
work relies upon the development of new elements that can be used in the analysis
of biomechanical soft tissues in the future. This study presents several higherorder Euler–Bernoulli beam elements, a simple method to alliviate Poisson’s and
transverse shear locking in gradient deficient plate elements, and a nearly lockingfree gradient deficient plate element. The element 3423–4 is named in this study
nearly locking-free because volumetric locking was not under investigation and
no conclusions about the presence of this locking phenomenon can be made based
on the numerical examples.
The absolute nodal coordinate formulation based plate elements developed in this
thesis were specificly chosen to be only sufficiently elaborate to describe most of
the common numerical lockings encountered in the formulation of a continuum
mechanics based description of elastic energy in the absolute nodal coordinate
formulation. Thus, with these fairly straightforwardly formulated elements that
are only comprised of the position and transverse direction gradient degrees of
freedom, the pathologies and remedies for the numerical locking phenomena
have been presented in a clear and understandable manner. Other, more elaborate
absolute nodal coordinate formulation based fully parameterized plate elements
may not have been suitable for this kind of analysis. This is because of the coupled
deformations present in these elements and more cumbersome kinematics.
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5 Conclusions and future work

The plate elements formulated here, however, do not harness the full potential
of the absolute nodal coordinate formulation. For example, the enforcement of
higher continuity between plate elements through the choice of suitable higher
gradient degrees of freedom is expected to improve the rate of convergence
significantly. This has been already shown to take place with the plate and shell
finite elements based on other formulations in the context of isogeometric analysis
[42].
The analysis of the Euler–Bernoulli beam elements developed in this study show
that the choice of higher degrees of freedom leads to more smooth strain field
in comparison to the original cubic Euler–Bernoulli beam element. The more
smooth strain field improved the rate of convergence in the studied cantilever
beam example. The analysis of the continuity of the strain fields in the beam, plate,
shell, and solid absolute nodal coordinate formulation elements will allow the
development of sophisticated mesh refinement strategies in future research. These
mesh refinement strategies may shed light on the accuracy and computational
efficiency of the absolute nodal coordinate based elements in comparison with
the traditional finite element formulations. Furthermore, the higher continuity
between the elements is of utmost important in the case of contact formulations.
This is because the low order elements, often implemented in the commercial finite
element codes, are not able to describe the true geometry correctly and artificial
smoothing is applied. These geometry approximations may lead to artificial peaks
in the contact forces between contact surfaces. Therefore, new computationally
efficient and accurate beam, plate, shell, and solid ANCF elements need to be
developed to capture the higher continuity so that the challenges in contact force
oscillations, for example, in the articular cartilage contact analysis with biphasic
poroviscoelastic material models, can be overcome.
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