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Abstract

Bearing performance significantly affects the dynamic behaviors and esti-

mated working life of a rotating system. A common bearing type is the ball

bearing, which has been under investigation in numerous published studies.

The complexity of the ball bearing models described in the literature varies.

Naturally, model complexity is related to computational burden. In particu-

lar, the inclusion of centrifugal forces and gyroscopic moments significantly

increases the system degrees of freedom and lengthens solution time. On

the other hand, for low or moderate rotating speeds, these effects can be ne-

glected without significant loss of accuracy. The objective of this paper is to

present guidelines for the appropriate selection of a suitable bearing model

for three case studies. To this end, two ball bearing models were imple-

mented. One considers high-speed forces, and the other neglects them. Both

models were used to study a three structures, and the simulation results were
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compared. The bearing behavior is studied at different shaft rotation speeds

and the simulation results are used to determine when the model containing

the centrifugal and gyroscopic forces should be used.

Keywords: Ball bearing, centrifugal forces, dynamical analysis, gyroscopic

moment, inertia effect

NOMENCLATURE

Latin

cd Clearance

d Ball diameter

dm Pitch diameter

ds Bore diameter

d
′
m Pitch diameter under loading

D Diameter

e Eccentricity

E
′

Effective modulus of elasticity

E Modulus of elasticity

f Conformity ratio

F Force

Ip Polar moment of inertia

j Number of ball

Kcon Contact stiffness coefficient

k̃e Approximated ellipticity parameter

L Distance (Figure 6)
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m Mass of the ball

n Number of balls

Mg Gyroscopic moment

r Radius

R Curvature sum

Rd Curvature difference

Rx Effective radii of curvature in x-plane

Ry Effective radii of curvature in y-plane

T Moment

Greek

α Contact angle (improved model)

β Attitude angle (azimuth angle) (simplified model)

γ Misalignment

δ Deformation

ζ̃ Second ellipticity integral

θ Angle between the shaft centerline and ball rotational axis

ξ̃ First ellipticity integral

λ Race control

ν Poisson’s ratio

φ Contact angle (simplified model)

ψ Angular location (improved model)

ω Rotation speed
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Subscripts

ay Solid a, y-direction

ax Solid a, x-direction

B Ball

by Solid b, y-direction

bx Solid b, x-direction

c Centrifugal

f Initial contact angle

h housing

i/in Inner race

j j th ball

o/out Outer race

s Shaft

x Axis x-direction

y Axis y-direction

z Axis z-direction

Superscripts

in Inner

out Outer

r Radial

t Axial

tot Total
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1. Introduction

Bearings have an important role in every rotating machinery systems.

One of the commonly used bearing types is a ball bearing, which is under

investigation in this paper. Modeling the dynamical behavior of a ball bear-

ing includes several simultaneous contacts between the bearing components

that make the accurate simulation of a ball bearing challenging and compu-

tationally heavy. The modeling and simulation provide accurate information

of the dynamic performance of systems that contain ball bearings. However,

depending on the complexity of the model, the computation time varies. It

is possible to simulate ball bearings with excellent accuracy but then there

is a need for more input parameters, including those that are not widely

available.

The basic concept in ball bearings is that the balls rotate inside two steel

rings (races) and the balls are kept separate with a cage. The design varies

depending on the specific type of bearing but the basic concept is the same

in every ball bearing.

Jones [1] presented a general theory for modeling an elastically con-

strained ball and radial roller bearing. The model considers five degrees

of freedom of the inner ring and includes gyroscopic moments and centrifu-

gal forces of the balls. The proposed model was verified later by Harris [2],

Hamrock and Dowson [3] who generalized the proposed theory. The proposed

model did not include any geometrical imperfections, which led to numerous

studies considering the effects of different kinds of defects in the bearing.

There is also a general trend that the earlier models considered fever degrees

of freedom than more recently proposed models when studying the effects of
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imperfections to the dynamical behavior of rotor bearing systems.

Tandon and Choudhury [4] presented a thorough review for detecting de-

fects in rolling element bearings. They classified bearing defects into two

categories, distributed and localized. The defects caused by manufactur-

ing error, improper installation or abrasive wear are called distributed de-

fects; those include surface roughness, waviness, misaligned races and off-size

rolling elements. The defects caused by fatigue are called localized defects;

those include cracks, pits and spalls on the rolling surfaces.

Aktürk et al. [5, 6] proposed a three-degree-of-freedom ball bearing model

where the effects of waviness, axial preload, and the number of balls were

studied.

Jang and Jeong [7] proposed a five-degrees-of-freedom model for a rigid

rotor that is supported at least with two bearings. The model is used to

study the waviness in races and balls. The results are verified with prior re-

searchers. Further, Jang and Jeong [8] included the gyroscopic moment and

centrifugal force of the balls in the model and studied the stiffness, contact

force, displacement and vibration frequencies behavior with different wavi-

ness order in each bearing and validated the results with prior researchers.

Jang and Jeong [9] studied the effect of different waviness order in the model

that contains a pair of bearings and also the eccentricity of the center of mass

of the rotor and bearing span center. The inertia forces were found to have

a major effect when determining the bearing vibration frequencies.

Sopanen and Mikkola [10] presented a six-degrees-of-freedom ball bearing

model theory where the sixth degree of freedom is the friction torque around

the rotational axis. The model considers waviness in the inner and outer races
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as well as the localized defects in the races. In the second part, Sopanen and

Mikkola [11] investigated the clearance variation in the dynamical behavior,

which was found to have a major effect. The low-order waviness generates

vibrations at the frequencies at waviness order multiplied with rotation speed.

They also concluded that when the waviness is near the number of balls, the

vibrations occur near the ball passage frequencies in the races. The localized

defects found to generate frequencies at the bearing defect frequency. The

results were verified with the results available in the literature. The model

does not consider the centrifugal force and gyroscopic moment.

Changqing and Qinqyu [12] propose a model that has five degrees of

freedom and considers both centrifugal force and gyroscopic moment. They

studied a rotor bearing system under internal clearance, axial preload, radial

load and waviness. The first three were found to have a significant role in

systems stability, and the outer race waviness was found to have the most

effect compared to inner race and ball waviness. Changqing et al. [13]

improved the proposed model and studied the axial preload effect on the

ball bearings dynamical behavior. In the study, it was concluded that the

unstable periodic solution of a balanced rotor can be avoided with the proper

axial preload.

Recently, Nakhaeinejad and Bryant [14] proposed a model of rolling ele-

ment bearings by using graphical vector bond method. The model consists

of nine balls and two rings. The model includes centrifugal force and gyro-

scopic moment, contact elastic deflections and forces, contact slip, contact

separation and defects on races. The model was verified with a test machine

and by using the available solutions in the literature. However, the planar
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model does not consider the axial preload and its effect on the stiffness of the

bearing. Xu et al. [15] studied a crankshaft mechanism where the revolute

joint has been modeled as a ball bearing. The balls are modeled as individual

parts. In the research, the clearance effect and number of balls influencing

the load that individual ball is having are studied. Xu et al. concluded

that by having more balls, the load per individual part is decreased and the

displacement is smaller compared to bearings that have fewer balls.

In conclusion, the research done in developing the ball bearing model can

be categorized into two main fields: the ones which consider dynamical forces

due to high rotation speed and the simplified ones that do not. The research

done earlier usually does not consider the dynamical forces and the models

developed more recently do. It is found that the ball bearing that is modeled

using five degrees of freedom can be used to simulate the dynamical behavior

under imperfections (due manufacturing and installation) accurately. Fric-

tion force can be also added to the model, if the studied application has a

special need for that, (e.g., studying the touchdown bearing behavior when

magnetic bearings fails). However, when considering several degrees of free-

dom and inertia forces, solving the model becomes computationally heavy to

solve. Liew et al. [16] studied the effect of a two and a five-degrees-of-freedom

bearing model with inertia and without. In the study, it was concluded that

the five-degrees-of-freedom model with inertia forces needs 10 times more

time to solve than without the inertia forces.

The objective of this research is to improve the six-degrees-of-freedom ball

bearing proposed by Sopanen and Mikkola [10, 11] by including the centrifu-

gal force and gyroscopic moment to the model. As suggested by Kurvinen et
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al. [17] the models should be implemented into different structures with various sized bearings to discover more general behavior.

The proposed models are utilized in the simulation of rotor dynamics in the

simulation of three industrial applications, a high-speed electric motor (turbo

blower), a high-speed machine and a high-speed generator. The applications

are suited with a pair of different sized bearings; 70 mm, 55 mm and 25 mm,

respectively. The results obtained using the bearing models with and with-

out ball inertia effects are compared and the justification for the inclusion of

computationally expensive centrifugal force and gyroscopic moment effects

is discussed. Finally, the results are used to determine at what rotation

speed inertia forces can be neglected and at what speed they are necessary

to consider.

2. Methods

The simplified model is based on the relative displacements and velocities

between the inner and outer races. Displacements and velocities can be cal-

culated by creating a geometrical relationship. Accordingly, the relationship

between the force-deflection can be expressed. The model has five degrees

of freedom: three translational and two rotational degrees of freedom. The

model includes non-linear Hertzian contact deformation. The geometry and

material parameters are given as input and the bearing forces and torques

are solved. The simplified model does not consider high-speed forces.

The refined model is based on the force equilibrium between the external

applied load and the internal load within the bearing. Rotation dependent

forces, such as centrifugal force and gyroscopic moment of the ball are in-

cluded. In the equilibrium condition, the deformation of the ball bearing is

9



solved.

The ball bearing contains several parts including the cage that holds the

balls in a fixed distance from the inner and outer race. The races connects the

bearing to the shaft and housing. Each part should be considered in details

when creating an accurate mathematical model. However, the model should

be computationally efficient and therefore the following general assumptions

are made to decrease the degrees of freedom in the models:

1. Friction torque is neglected.

2. The effect of elastohydrodynamic film is neglected.

3. The defects and form error of the unit are neglected.

The friction torque and the effects of the hydrodynamic film are neglected

in order to decrease model complexity. The effects of those additional pa-

rameters are assumed to have similar effects on both models. The defects

and form error of the bearing are not included and they are assumed to be

perfectly manufactured (i.e., the balls are round and races are circular.)

2.1. Ball bearing dynamic model without centrifugal and gyroscopic forces

The theory of modeling the deep-groove ball bearing is presented in de-

tail in [10]. The modeling theory is briefly reviewed in this paper in order

to provide a complete presentation. In this study, the ball bearing model

without centrifugal and gyroscopic forces is called the ”simplified model”.

2.1.1. Elliptical contact conjunction

The elliptical contact conjunction is used to determine the contact stiff-

ness between the ball and races. In ball bearings, the ball and race are two
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solids that have a different radii of curvature in two directions. Figure 1

shows the contact geometry and the normal force, F , applied to two solids.

The radius of contact conjunction is defined to be positive when the surface

is convex and negative when concave.

x

y

ray

rax

rby < 0

F rbx < 0
F

F

solid a

solid b
rbx

rby

rax

ray

x

y

y

x

ray
rax

Figure 1: Elliptical contact conjuctions

The curvature sum, R, and curvature difference, Rd, that are used to

define the contact deformation are as
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1
R

= 1
Rx

+ 1
Ry

Rd = R
(

1
Rx

− 1
Ry

)
,

where

1
Rx

= 1
rax

+ 1
rbx
, 1
Ry

= 1
ray

+ 1
rby

(1)

where Rx and Ry represent the effective radii of curvature in the x and y

planes. Subscripts ax, ay, bx and by refer to the radii in solids a and b in

x- and y-directions, respectively. When the normal force is applied to the

solids, the contact area is elliptical. The contact stiffness coefficient, Kcon,

for the elliptical contact conjunction can be calculated as

Kcon = πk̃eE
′
√

Rξ̃

4.5ζ̃3
,

where

k̃e = 1.0339
(
Ry
Rx

)0.6360

,

E
′
= 2

1−ν2a
Ea

+
1−ν2

b
Eb

,

ξ̃ = 1.003 + 0.5968
(
Ry
Rx

)
,

ζ̃ = 1.5277 + 0.6023 ln
(
Ry
Rx

)
.

(2)

where k̃e is the approximated ellipticity parameter, E
′
is the effective modulus

of elasticity, ν is the Poisson’s ratio, E is the material modulus of elasticity

and subscripts a and b refer to solids that are in contact. Parameters ξ̃ and

ζ̃ are the approximation formulae for first and second elliptical integrals [3].
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2.1.2. Ball bearing geometry, total stiffness coefficient and displacements

The geometry of a deep groove ball bearing is shown in Fig. 2, where d is

the ball diameter, rout the outer groove radius, rin is the inner groove radius,

cd is the diametral clearance, Dh is the bearing housing diameter, dm is the

pitch diameter, ds is the bore diameter, Di is the inner raceway diameter,

and Do is the outer raceway diameter, respectively.

d

rout

rin

Di DoDh dm ds

cd
4

y
z

y
z

Figure 2: Main dimensions of a ball bearing

The relation between contact stiffness and deformation, δ0, for a single

ball is expressed as [3]

δ0 =

(
F

Kcon

)2/3

, (3)

where F is the normal load. The total stiffness of a single ball bearing

involves the inner, K in
con, and the outer ring, Kout

con, contact stiffness and that

is expressed as [3]
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Ktot
con =

1((
1

Kin
con

)2/3

+
(

1
Kout

con

)2/3
)3/2

. (4)

2.1.3. Ball bearing forces and moments in the complete ball bearing

Ball bearing forces and moments are calculated from the relative displace-

ments between the rings. Figure 3 shows the layout for each ball and the

relative displacements between the inner and outer ring.

A-A plane

A

2rB
ωin
Rin

Rout

ωout

j th ball
Ay

x

βj

ex

ey

γy

er
j

ez

z

Figure 3: Axial and transverse cross-section in the A-A plane of illustrative structure of a

ball bearing

Radial, er
j , and axial, et

j , displacements in of ball j can be stated as
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er
j = ex cos βj + ey sin βj

et
j = ez − (−γx sin βj + γy cos βj)(Rin + rin)

(5)

where ex, ey, ez are the given relative displacements in x, y, z directions, βj

is the attitude angle (azimuth angle) of ball j and γx and γy are the angular

misalignments of the inner race about x and y axes. The attitude angle can

be calculated for jth ball as follow

βj =
2π(j − 1)

n
, (6)

where n is the number of balls in the bearing [3]. The contact angle for ball

j, φj, is depicted in Fig. 4.

A-A plane
Fj

rBrout
rin

e
t
j

dj

ϕj

Fj

Figure 4: Cross-section of a ball bearing in the A-A plane
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The contact angle, φj, for ball j can be calculated as

φj = tan−1

(
et

j

Rin + rin + er
j −Rout + rout

)
. (7)

The distance between the race surfaces along the line of contact, dj, is

then calculated as

dj = rout + rin −
Rin + rin + er

j −Rout + rout

cosφj

. (8)

The total elastic deformation can then be calculated as

δtot
j = 2rB − dj. (9)

The contact force acting on ball j can be calculated for each ball as

Fj = Ktot
con(δtot

j )3/2, (10)

where Ktot
con is the total stiffness coefficient determined by Eq. 4 [3]. The

resultant bearing forces and moments in the shaft can be calculated in respect

to the x, y and z directions as

Fx = −
n∑

j=1

Fj cosφj cos βj

Fy = −
n∑

j=1

Fj cosφj sin βj

Fz = −
n∑

j=1

Fj sinφj

Tx = −
n∑

j=1

Fj(Rin + r) sinφj sin βj

Ty = −
n∑

j=1

Fj(Rin + r) sinφj (− cos βj)



(11)
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It should be noted that in summations in Eq. 10 only the force compo-

nents where compression exists between the races and ball are included, (i.e.,

δtot
j > 0).

2.2. Ball bearing dynamic model with centrifugal and gyroscopic forces

In high-speed operations, the contact angles in the inner and outer race

contacts are no longer identical. This will have a noticeable effect on the

ball bearings dynamic behavior in high-speed. In this study, the ball bearing

model with centrifugal and gyroscopic forces is called the ”improved model”.

Figure 5 shows the forces and contact angles within a single ball and the

position of the jth ball in the bearing. The ball is subjected to the centrifugal

force, Fc, and the contact forces on the inner and outer races, Fi and Fo. In

addition, a gyroscopic moment, Mg, and counter friction forces are affecting

the ball deformation. The force equilibrium for a single ball can be calculated

when the contact angles are known in the inner and outer races αi and αo,

respectively. Notation λ represent the race control and it has a value of 0

when inner-race control is valid or 1 when outer-race control is valid.

17



ωc

j th 

ball
2 /n

βj

x

y

cage centerline
inner race

outer race

Fo

ωB

Mg

Fc

αo

αi

2(1-λ)Mg/d

2λMg/d

d'm/2

ωc

Fi

θ

Figure 5: Forces and moments acting on the ball on high-speed operation

In the case of a substantial centrifugal force, the contact angles in the

inner and outer race contacts are different. Pitch diameter under loading,

d
′
m, can be expressed as a function of nominal pitch diameter dm, L4 distance

(Fig. 6), ball diameter d, outer race conformity ratio, fo, and initial contact

angle, αf , as

d
′

m = dm + 2L4 − 2d (fo − 0.5) cosαf (12)

The initial contact angle can be calculated from the diametral clearance,

cd, ball diameter, d, and outer and inner conformity ratio, fo and fi, as

αf = cos−1(1 − cd

2d(fo + fi − 1)
) (13)

The angle between ball rotational axis and bearing centerline, θ, can be

calculated as
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θ = tan−1(
d
′
m sinαo/i

d′m cosαo/i ± d
) (14)

for the outer-race control the contact angle αo is used and in the nomi-

nator the diameter is added and for the inner-race control contact angle αi

is used and in the nominator the diameter is subtracted. [3]

Figure 6 shows the initial and final (loaded) positions of the ball and inner

race curvature center.
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L1

L4

L2

( f i -
 0.5 )d+δ i

αi

L3

δt
δ

r
cos ψ  

Fi

( f i -
 0

.5
 )d

( f o
 - 

0.5
 )dαf

αo

( 
f o

 -
 0

.5
 )

d
+
δ o

Fo

Initial position of 

the ball center

Final position 

of ball 

center

Fixed-outer-race 

curvature center

Initial 

position of 

inner-race 

curvature 

center

Final position of 

inner-race 

curvature center

Figure 6: Deflection of the center of ball and curvature races at angular location ψ [3]

Based on Fig. 6 the following geometric relation for each ball can be

expressed using the Pythagorean theorem as

L2
4 + L2

3 − [(fo − 0.5) d+ δo]2 = 0

(L2 − L4)2 + (L1 − L3)2 − [(fi − 0.5) d+ δi]
2 = 0,

(15)
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where fi and fo are the inner and outer race conformity ratio that is a measure

of the geometrical conformity of the race and the ball in a plane that passes

through the center of the bearing and is transverse to the race (shown in Fig.

2). Forces applied to the ball are shown in Fig. 5, and these can be calculated

when the total elastic deformation in the inner and outer race contacts and

the stiffness coefficients are known as [3]

Fo = Koδ
3/2
o

Fi = Kiδ
3/2
i .

(16)

The equilibrium condition for each ball can be expressed with the help of

Newton’s second law as

Fo sinαo − Fi sinαi − 2Mg

d
(λ cosαo − (1 − λ) cosαi) = 0

Fo cosαo − Fi cosαi + 2Mg

d
(λ sinαo − (1 − λ) sinαi) − Fc = 0,

(17)

where λ has a value of 1 in the case of outer-race control and 0 when inner-

race control is applied. The race control theory was proposed by Jones [1],

where λ is a calculated parameter to define the race in which no slipping

occurs. The required torques to spin the ball against the inner and outer

race is evaluated. A race, which requires more torque to spin, defines the

race control, (i.e., if λ is 1 the outer-race control exists). and when λ is 0

then the inner race contact exists. In Eq. 17 the centrifugal force can be

expressed as

Fc =
1

2
md

′

mω
2
c , (18)

where m is mass of the ball, d
′
mis the pitch diameter under loading and ωc is
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the angular velocity of the cage. The gyroscopic moment of the ball can be

calculated as

Mg = IpωBωc sin θ, (19)

where Ip is the mass moment of inertia of the ball, ωB is the angular velocity

of the ball about its rotation axis, ωc is the angular velocity of the cage and θ

is the angle between the shaft center line and ball rotational axis. Equation

17 can be re-expressed as

Koδ
3/2
o L3

d(fo−0.5)+δo
− Kiδ

3/2
i (D sinαf+δt−L3)

d(fi−0.5)+δi

−2
d
IpωBωc sin θ

(
λL4

d(fo−0.5)+δo
− (1−λ)(D cosαf+δr cosψ−L4)

d(fi−0.5)+δi

)
= 0,

Koδ
3/2
o L4

d(fo−0.5)+δo
− Kiδ

3/2
i (D cosαf+δr cosψ−L4)

d(fi−0.5)+δi

+2
d
IpωBωc sin θ

(
λL3

d(fo−0.5)+δi
− (1−λ)(D sinαf+δt−L3)

d(fi−0.5)+δi

)
−mω2

c

2
(de + 2L4 − 2 (fo − 0.5) d cosαf) = 0.

(20)

The iterative solution is required due the nonlinear equations and the

Newton-Raphson method is utilized to solve the four equations in Eq. 15

and Eq. 20. The unknown variables to solve are L3, L4, δi and δo. Good

assumptions for tangential and radial displacement, δt and δr , can be made

by using a condition of equilibrium applied to the complete ball bearing as

follows

Ft −
n∑

k=1

[
Fkj sinαkj −

2(1−λj)Mgj

d
cosαkj

]
= 0,

Fr −
n∑

k=1

[
Fkj cosαkj −

2(1−λj)Mgj

d
sinαkj

]
cosψj = 0,

(21)
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where Ft is the axial load and Fr is the radial load. [3]

3. Case studies and results

The two developed models are implemented into a three different sized

rotors. In size order from largest to smallest the studied cases are a solid rotor

blower (turbo blower), a high-speed machine and a high-speed generator. The

turbo blower is supported with two 6014 hybrid deep-groove ball bearings,

the machine with two 71911 CE/HCP4A high precision ball bearings and

the generator with two S7005 CE/HCP4A high precision angular contact

ball bearings. The turbo blower rotor’s geometry is similar to that presented

earlier in Pyrhönen et al. [18]. However, in this study, the constant bearing

stiffnesses used in the earlier work have been replaced by stiffnesses obtained

using the developed ball bearing models. The structure for the high-speed

machine and high-speed generator are presented in the following sections.

In the cases inner race bearing stiffness coefficients, critical speed maps and

Campbell diagrams are studied.

3.1. a) Turbo blower structure

The main layout and dimensions of the turbo blower are shown in Fig. 7

while the parameters used in the analysis are shown in Tab. 1.
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Figure 7: Layout and finite element discretization of the turbo blower with two impellers.

The dimensions are in millimeters. The slitted part of the rotor is between nodes 10 and

13.

Table 1: Parameters used in the turbo blower analysis.

Young’s modulus 210 GPa

Material density 7800 kg

m3

Poisson’s ratio (rotor) 0.3

Properties of the slitted part

Area 0.0251 m2

Second moment of area 6.2832 × 10−5 m4

Impeller mass properties

Mass 19.0 kg

Polar mass moment of inertia 0.5 kg m2

Diametral mass moment of inertia 0.3 kg m2

Stiffness of impeller attachment

Translational 1.0 × 1011 N
m

Rotational 1.5 × 106 Nm
rad

Rotor unbalance masses

D1 Impeller (node 23) 36 g mm @ 270◦

D1 Rotor end (node 9) 50 g mm @ 0◦

D2 Rotor end (node 14) 50 g mm @ 0◦

D2 Impeller (node 24) 50 g mm @ 90◦

Total mass of the rotor 174.85 kg
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The turbo blower is supported with two SKF 6014/HC2 deep-groove ball

bearings and those are located in nodes 4 and 19 (Fig. 7). The main bearing

dimension and parameters are shown in the Tab. 2.

Table 2: Dimensions of the 6014/HC type deep-groove hybrid ball bearing

Bore diameter ds 70 mm

Outer diameter D 110 mm

Width W 20 mm

Pitch diameter dm 89.85 mm

Ball diameter d 11.91 mm

Number of balls n 14

Diametral clearance cd 5.5 µm

Bearing damping coefficient cb 0.55 Ns
mm

Inner and outer race conformity Ri, Ro 0.52

Static load rating C0 31 000 N

Modulus of elasticity (races) Er 207 GPa

Poisson’s ratio (races) νr 0.3

Modulus of elasticity (balls) Eb 315 GPa

Density (balls) ρb 3200 kg

m3

Poisson’s (balls) νb 0.26

Reference speed nmax 16.000 rpm

Misalignment γy 0◦

Both bearings are loaded with a 300 N axial load and a 700 N radial load

(z-direction). The bearing support is considered to be rigid. The initial

guess for the radial displacement, δr, is 70 µm and for the axial direction,

δt, is 10µm. Using Equations 15 and 20 the initial deformations δi, δo and

initial distances L3 and L4 can be obtained.

3.2. b) High-speed machine structure

The main layout and dimensions of the high-speed machine are shown in

Fig. 8 while the parameters used in the analysis are shown in Tab. 3.
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Figure 8: Layout and finite element discretization of the high-speed machine. The dimen-

sions are in millimeters. The impellers are located at nodes 1 and 35.

Table 3: High-speed machine parameters used in analysis

Young’s modulus (rotor) 210 GPa

Material density (rotor) 7800 kg

m3

Poisson’s ratio (rotor) 0.3

Impeller mass properties

Mass (node 1) 6.0 kg

Polar mass moment of inertia 0.055 kg m2

Diametral mass moment of inertia 0.031 kg m2

Mass (node 35) 5.1 kg

Polar mass moment of inertia 0.028 kg m2

Diametral mass moment of inertia 0.017 kg m2

Rotor unbalance masses

Rotor (node 15 and 21) 0.681 g mm @ 0◦

machine (node 1) 0.165 g mm @ 0◦

machine (node 35) 0.135 g mm @ 0◦

Total mass of the rotor 26.0 kg

The high-speed machine is supported with two 71911 CE/HCP4A angular

contact ball bearings. The bearings are located at nodes 9 and 25 (Fig. 8).

The main bearing dimension and parameters are shown in the Tab. 4.
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Table 4: Dimensions of the 71911 CE/HCP4A angular contact ball bearing

Bore diameter ds 55 mm

Outer diameter D 80 mm

Width W 13 mm

Pitch diameter dm 67.538 mm

Ball diameter d 7.938 mm

Number of balls n 21

Diametral clearance cd 5.5 µm

Inner and outer race conformity Ri, Ro 0.52

Static load rating C0 10 600 N

Modulus of elasticity (races) Er 207 GPa

Poisson’s ratio (races) vr 0.3

Modulus of elasticity (balls) Eb 315 GPa

Density (balls) ρb 3200 kg

m3

Poisson’s (balls) vb 0.26

Reference speed nmax 43 000 rpm

Misalignment γy 0◦

Both bearings are loaded with a 800 N axial load and a 90 N radial load

(z-direction). The bearing support is considered to be rigid. The initial

guess for the radial displacement, δr, is 50 µm and for the axial direction,

δt, is 10µm. Using Equations 15 and 20 the initial deformations δi, δo and

initial distances L3 and L4 can be obtained.

3.3. c) High-speed generator structure

The main layout and dimensions of the high-speed generator are shown

in Fig. 9 while the parameters used in the analysis are shown in Tab. 5.
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Figure 9: Layout and finite element discretization of the high-speed generator. A perma-

nent magnet is located between nodes 22 and 25. The dimensions are in millimeters.

Table 5: Parameters used in the high-speed generator analysis

Young’s modulus (rotor) 210 GPa

Material density (rotor) 7800 kg

m3

Poisson’s ratio (rotor) 0.3

Young’s modulus (PM) 150 GPa

Material density (PM) 8400 kg

m3

Poisson’s ratio (PM) 0.3

Rotor unbalance masses

Rotor end (node 1) 0.485 g mm @ 0◦

Permanent Magnet (node 22) 0.148 g mm @ −90◦

Total mass of the rotor 2.5 kg

The high-speed generator is supported with two S7005 CE/HCP4A an-

gular contact ball bearing. The bearings are located at nodes 9 and 38 (Fig.

9). The main bearing dimension and parameters are shown in the Tab. 6.
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Table 6: Dimensions of the S7005 CE/HCP4A angular contact ball bearing

Bore diameter ds 25 mm

Outer diameter D 47 mm

Width W 12 mm

Pitch diameter dm 35.15 mm

Ball diameter d 6.35 mm

Number of balls n 14

Diametral clearance cd 5.5 µm

Inner and outer race conformity Ri, Ro 0.52

Static load rating C0 4150 N

Modulus of elasticity (races) Er 207 GPa

Poisson’s ratio (races) vr 0.3

Modulus of elasticity (balls) Eb 315 GPa

Density (balls) ρb 3200 kg

m3

Poisson’s (balls) vb 0.26

Reference speed nmax 56 000 rpm

Misalignment γy 0◦

Both bearings are loaded with a 265 N axial load and a 20 N radial load

(z-direction). The bearing support is considered to be rigid. The initial

guess for the radial displacement, δr, is 50 µm and for the axial direction,

δt, is 10µm. Using Equations 15 and 20 the initial deformations δi, δo and

initial distances L3 and L4 can be obtained.

3.4. Results of the simulations

Two bearing models were implemented into three different size rotor mod-

els. An analysis was performed using a custom in-house code in Matlab soft-

ware. The rotor is modeled by finite element method (FEM) [19] and the

used element type is the Timoshenko beam element [20]. The stiffness of the

bearing inner race, critical speed maps and Campbell diagrams are studied.
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3.4.1. Ball bearing stiffness coefficients

In the simplified ball bearing model, the bearing stiffness coefficient does

not depend on the rotation speed. On the contrary, in a high-speed bearing

model, the bearing stiffnesses are strongly dependent of the rotation speed.

The diagonal stiffness values for the simplified bearing model in the transla-

tional direction are shown in the Tab 7.

Table 7: Axial and radial stiffnesses with the simplified bearing model

Model Axial stiffness Radial stiffness Radial stiffness

x ( N
m

) y ( N
m

) z ( N
m

)

Turbo blower 2.021 × 107 2.8445 × 108 2.7784 × 108

High-speed machine 5.628 × 107 4.0941 × 108 4.0958 × 108

High-speed generator 2.648 × 107 2.0158 × 108 2.0158 × 108

In the turbo blower model, the bearing is designed for a maximum ro-

tation speed of 16 000 rpm which was also kept as the maximum value for

the stiffness calculation. The high-speed machine bearings were designed

for a maximum of 43 000 rpm and the stiffness was studied to 45 000 rpm.

The smallest, high-speed generator bearings were designed for the maximum

rotation speed of 56 000 rpm. The generator bearing stiffness values were

studied up to 70 000 rpm. The stiffness values as a function of rotation speed

with the improved bearing model are shown in Fig. 10 for the turbo blower

(a), Fig. 11 for the high-speed machine (b) and Fig. 12 for the high-speed

generator (c). In these figures, the stiffness calculated with the simplified

bearing model is also included.
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Figure 10: Bearing stiffnesses in the axial and radial directions as a function of rotation

speed in turbo blower (0-16 000 rpm)

The stiffness coefficient in the blower decreases rapidly if the rotation

speed is above 2000 rpm and at the maximum rotation speed, the axial stiff-

ness decreases by a total of 18.0%, the radial direction in y-direction by 27.0%

and the z-direction by 30.0% (i.e. direction of the applied force) from the

initial stiffness coefficient.
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Figure 11: Bearing stiffnesses in the axial and radial directions as a function of rotation

speed a high-speed machine (0-45 000 rpm)

The stiffness coefficient in the high-speed machine decreases in the axial

direction 14.0% and in the radial directions 31.9% from the original value to

the value at 45 000 rpm.

32



(c)

0 1 2 3 4 5 6 7

x 10
4

2.2

2.4

2.6

x 10
7

Rotation speed [rpm]

A
xi

al
 s

tif
fn

es
s 

[N
/m

]

 

 

x−direction improved
x−direction simplified

0 1 2 3 4 5 6 7

x 10
4

1

1.5

2

x 10
8

Rotation speed [rpm]

R
ad

ia
l s

tif
fn

es
se

s 
[N

/m
]

 

 

y−direction improved
y−direction simplified
z−direction improved
z−direction simplified

Figure 12: Bearing stiffnesses in the axial and radial directions as a function of the rotation

speed of a high-speed generator (0-70 000 rpm)

In the high-speed generator the axial stiffness decreases 18.3% and the

radial stiffness 39.4% when comparing the stiffness value in the zero rotation

speed and in the maximum calculated 70 000 rpm.

In the studied cases, the stiffness decreases as the rotation speed increases

and that is caused by the centrifugal force and gyroscopic moment affecting

the ball. Based on Tab. 7 and Fig. 10, 11 and 12, it can be concluded that, at

low rotation speeds, the stiffness coefficients are in good agreement between

the two models. In the studied cases, when the stiffness begins to decrease a
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clear variation is visible. For the first case, a, when the rotor rotation speed

is below 2000 rpm the stiffness is constant. For the second case, b, when

the rotor rotation speed is below 7500 rpm the stiffness is constant. For the

third case, c, when the rotor rotation speed is below 16 000 rpm the stiffness

is constant. The rotation speeds and the velocity range when the stiffness is

constant are shown in Tab. 8. The maximum rotation speed for each bearing

is given by the manufacturer.

Table 8: Limiting rotation speeds when the stiffness starts to decrease

Model Constant stiffness Bearing Maximum Percentage from the

(rpm) rotation speed (rpm) designed maximum

Turbo blower 0–2000 16 000 12.5

High-speed machine 0–7500 43 000 17.4

High-speed generator 0–16 000 56 000 28.6

Based on these three cases, the range where the stiffness is constant shows

a linear relationship with the bore diameter. The relationship shows that the

smaller the bearing, the higher percentage from the maximum rotation speed

the bearing can be rotated before the stiffness decreases due to the centrifugal

force and gyroscopic moment affecting the balls.

3.5. Critical speed maps

In the critical speed map, the effect of support stiffness on the critical

speeds are shown. From this, it can be seen how increasing the bearing

stiffness affects the critical speeds. At low stiffness, the support stiffness

(bearings) primarily defines the critical speeds. Once the support stiffness

increases enough, the critical speeds reach a constant value (i.e. increasing

the bearing stiffness has no effect on the critical speed). Above this point,
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the rotor flexibility defines the critical speeds. [21]

a) Turbo blower

In the critical speed map, the general relation between the support stiff-

ness and the system can be seen. Figure 13 shows the critical speed map

where the radial bearing stiffness (y- and z-directions) vary. The axial (x)

stiffness coefficient is set to zero. Critical speed maps are plotted on the zero

rotational velocity for an unconstrained system. In the turbo blower, three

first modes are shown.

a)

10
7

10
8

10
9

10
10

0

0.5

1

1.5

2

2.5

3
x 10

4

Stiffness [N/m]

C
rit

ic
al

 s
pe

ed
 [r

pm
]

 

 

1st mode

2nd mode

3rd mode
Stiffness z−dir.
Stiffness y−dir.

Figure 13: Undamped critical speed map. The radial stiffness is varied at zero velocity.
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The first two modes have an inclining section when the bearing stiffness

increases above 2.0 × 108 N
m

. Below this value, the bearing stiffness mainly

determines the critical speeds of the rotor system. Correspondingly, for bear-

ing stiffnesses higher than 2.0 × 108 N
m

, the flexibility of the rotor has a more

significant influence on the critical speeds. In this case, the variation of bear-

ing stiffness will have an effect on the third mode but not on the first two

modes.

b) High-speed machine

Figure 14 shows the critical speed map of the high-speed machine, where

the radial bearing stiffness (y- and z-directions) varies and the two first modes

are shown.
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Figure 14: Critical speed map of high-speed machine

The two first modes have an inclining section when the bearing stiffness

increases above 1.0 × 109 N
m

. Below this value, the bearing stiffness mainly

determines the critical speed of the rotor system. Correspondingly, for bear-

ing stiffnesses higher than 1.0 × 109 N
m

, the flexibility of the rotor has a more

significant influence on the critical speeds. In this case, the bearing stiffness

variation will have an effect on both modes.

c) High-speed generator
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Figure 15 shows the critical speed map of the high-speed generator, where

the radial bearing stiffness (y- and z-directions) varies and the two first modes

are shown.
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Figure 15: Critical speed map of high-speed generator

The two first modes have an inclining section when the bearing stiffness

increases above 1.0 × 108 N
m

. Below this value, the bearing stiffness mainly

determines the critical speed of the rotor system. Correspondingly, for bear-

ing stiffnesses higher than 1.0 × 108 N
m

, the flexibility of the rotor has a more

significant influence on the critical speeds. In this case, the variation of
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bearing stiffness will lower the critical speeds so that the second mode will

decrease more than the first mode.

3.5.1. Campbell diagrams

a) Turbo blower

In a Campbell diagram, the natural frequencies of the rotor-bearing sys-

tems are shown as a function of rotation speed. The critical speeds are found

from the diagram. The Campbell diagrams for the turbo blower with two

bearing models are shown in Fig. 16.
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Figure 16: Campbell diagrams of the turbo blower: a) simplified bearing model and b)

improved bearing model.

It can be seen in Fig. 16 that the Campbell diagrams are identical up to

6000 rpm rotation speeds and as the rotation speed increases, the whirling

frequencies start to differ. The first two critical speeds occur approximately

at the same rotation speed in both bearing models. The third and fourth

critical speeds occur in the improved bearing model at a lower rotation speed
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than in the simplified bearing model. The first critical speed is a backward

whirling mode, the second is also a backward whirling mode, the third is a

forward whirling mode and the fourth is a backward whirling mode (see Fig.

16. A comparison of the critical speeds in the two bearing models is shown

in Tab. 9.

Table 9: Turbo blower critical rotation speed from the Campbell diagram

# Critical speed rpm

Simplified model Improved model Difference [%]

1 8378 8372 0.07

2 8836 8816 0.23

3 13977 12861 8.68

4 14160 13065 8.38

The first two critical speeds occur close to each other and there is no

clear difference between the models used to study this case. A clear differ-

ence can be seen at the third and fourth critical speeds. The critical speeds

in the case of a high-speed ball bearing model are over 8% lower than with

the simplified bearing model. The obtained results are in agreement with the

critical speed map (Fig. 13) where the first and second critical speeds are not

affected by the different bearing stiffnesses as the third and fourth critical are.

b) High-speed machine

The Campbell diagrams with the simplified and improved bearing models

for the high-speed machine are shown in Fig. 17.
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Figure 17: Campbell diagrams of the high-speed machine. a) simplified bearing model

and b) improved bearing model.

It can be seen in Fig. 17 that the Campbell diagrams are in good agree-

ment up to 15 000 rpm and as the rotation speed increases, the whirling fre-

quencies start to differ. When the rotation speeds are faster than 15 000 rpm,

the whirling frequencies in the improved model are lower compared to the
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simplified model. With the high-speed machine, the differences in all the first

four critical speeds are similar in magnitude. The faster the machine rotates,

the bigger the difference between the two models are. The first critical speed

is a backward whirling mode, the second is a forward whirling mode, the

third is a backward whirling mode and the fourth is a forward whirling mode

(see Fig. 17). A comparison of the critical speeds in the two bearing models

is shown in Tab. 10.

Table 10: Critical rotations speed in high-speed machine from the Campbell diagram

# Critical speed rpm

Simplified model Improved model Difference [%]

1 32324 31093 3.80

2 34155 32480 4.90

3 37796 36483 3.50

4 39798 37910 4.70

The critical speeds in the improved ball bearing model are from 3% to

almost 5% lower than with the simplified bearing model. The difference is

the same magnitude with all the first four critical speeds. It can also be seen

from the critical speed map (Fig. 14) why the four first critical speeds have

approximately a similar effect on the bearing stiffness.

c) High-speed generator

The Campbell diagrams for the high-speed generator are shown in Fig.

18. The Campbell diagram with the simplified model is calculated up to

90 000 rpm in order to show the third and fourth critical speeds.
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Figure 18: Campbell diagrams of the high-speed generator: a) simplified bearing model

and b) improved bearing model.

It can be seen in Fig. 18 that at rotation speeds up to 16 000 rpm, the

Campbell diagrams are identical, and as the rotation speed increases, the

whirling frequencies start to differ. The first two critical speeds occur ap-

proximately at the same rotation speed and the third and fourth critical
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speeds occurs at a lower rotation speed than in the simplified bearing model.

The first critical speed is a backward whirling mode, the second is a forward

whirling mode, the third is a backward whirling mode and the fourth is a for-

ward whirling mode. A comparison of the critical speeds in the two models

is shown in Tab. 11

Table 11: Critical rotations speed from the Campbell

diagram

# Critical speed rpm

Simplified model Improved model Difference [%]

1 68026 66438 2.33

2 69568 67756 2.60

3 798531 69981 12.36

4 805011 70300 12.67

1 occurs over the speed range

The two first critical speeds occur close to each other and there is over 2%

difference between the models used to study this case. A clearer difference

can be seen in the third and fourth critical speeds. The critical speeds in the

case of a high-speed ball bearing model are over 12% lower than with the

simplified bearing model. The critical speed map (Fig. 15) clearly explains

why the first and second critical speeds are not affected by the different

bearing stiffnesses as the third and fourth critical are.

4. Discussion

In the case of ball bearings, an increase in model complexity leads to an

increased number of input parameters and initial guesses that are crucial for

successful simulation. The theoretical background for modelling ball bear-

ings, including the centrifugal and gyroscopic forces, has been available since
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1960. Nevertheless, it is still unclear under which conditions (e.g. size of the

rotor or rotation speed range) there is an obligation to use or not use the

model including the high speed effects.

The studied cases show that the bearing stiffness coefficients are in agree-

ment with the simplified and improved model at low rotation speeds. In fact,

the results shows that in the improved bearing model, the bearings coeffi-

cients are almost constant up to a certain rotation speed. When the stiffness

is constant, then there are no real benefits of using the improved ball bearing

model. The largest case with the biggest bearing bore diameter, the turbo

blower, concludes that it can be rotated up to 2000 rpm with the simplified

bearing model having zero difference to the improved model. The second

largest case with the medium-sized bore diameter, the high-speed machine,

concludes that it can be rotated up to 7500 rpm having zero difference to

the improved model. The smallest case, the high-speed generator, with the

smallest bore diameter concludes that it can be rotated up to 16 000 rpm

having zero difference to the improved model. It should be noted that in ball

bearing modeling, there are several parameters and factors to be considered

and the relationship shown in this paper is only valid with the studied cases.

In the literature, it is stated that for low and moderate speeds that the

centrifugal and gyroscopic forces can be ignored and at high speeds, it is

obligatory to consider them. For the studied rotors and with the used bear-

ing types, the results are in agreement with the general statement in the

literature. It should be noted that the results might vary even with the same

structure when, for example, the clearance or bearing loading is varied. Due

to this, common rules for the studied structures cannot be suggested.
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In all the cases the stiffness decreased when the rotation speed increased.

Similar results are shown in the study by Butner et al. [22].

The critical speed map shows that the stiffness variation in the high

speed bearing model does not decrease the stiffness sufficiently for it to have

an influence on the first two critical speeds. The difference between the third

and fourth critical speeds can also be seen in the critical speed map. As the

bearing stiffness decreases, the critical speeds also decrease.

In the Campbell diagram, in the improved bearing model, the critical

frequencies decreases as the rotation speed increases. The difference in the

Campbell diagram calculations shows behavior similar to that which was

presented in an early study by Cao and Altintas [23]. From the critical speed

map at zero velocity, similar behavior can also be seen. Depending on which

location the bearing stiffness is in on the critical speed map, (i.e. are the

bearing stiffness defining the critical speeds or the rotor itself), the decrease

in the critical speed varies in the studied cases.

The appropriate bearing model selection can be a subject of argument.

The stiffness values for the studied rotors from both models (Figures 10, 11

and 12) show that if the values obtained with the improved model are close

to the values obtained from the simplified model then the simplified model

is justified. As the stiffness values diverge from the simplified model results

when the speed is increased then the critical speed map should be plotted.

A sensitivity analysis of the rotor critical speeds due to bearing stiffness

variation should then be investigated. If the critical speeds are sensitive then

the improved model should be used and the Campbell diagram should be

plotted to see the detailed effects. Then the safety margin from the critical
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speeds to the specific operation speed can be determined.

5. Conclusion

The paper presented the implementation of two different ball bearing

models in three rotors supported by two identical ball bearings, a turbo

blower, a high-speed machine and a high-speed generator, respectively. The

main findings from the study can be concluded as follows.

1. The ball bearing stiffness coefficients obtained from the two ball bearing

models are identical in the turbo blower up to 2000 rpm, in the high-

speed machine up to 7500 rpm and in the high-speed generator up to

16 000 rpm.

2. With the improved model, where the centrifugal force and gyroscopic

moment is included, the stiffness for the turbo blower at 16 000 rpm

is decreased by 18% in the axial direction, 27% in the radial direction

y and 30% in the radial direction z where a load is applied. For the

high-speed machine the axial stiffness is decreased at 45 000 rpm 14%

in the axial direction, and 32% in the radial directions. For the high-

speed generator at 70 000 rpm the stiffness is decreased 18% in the axial

direction and 39% in the radial directions.

3. In the turbo blower case, a clear difference in the Campbell diagram

is visible over 9000 rpm between the simplified and improved bearing

models. For this structure after 9000 rpm, the improved bearing model

is justified. In the high-speed machine the two bearing models start

to differ noticeably above 15 000 rpm and in the higher rotation speeds

the improved model is justified. In the high-speed generator, the two
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bearing models differ at higher than 16 000 rpm then, the improved

model is justified.

For future development, the studied models could be tested with actual

bearings and could also try to eliminate parameters in order to propose an

analytical equation for the modeling purpose of what the limiting rotation

speed is when the improved model should be used.
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