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Target of this book is to propose an approach for modelling drivetrain dynamics in 

order to design further a vibration control system of a hybrid bus. In this thesis two 

approaches are examined and compared. First model is obtained by theoretical means: 

drivetrain is represented as a system of rotating masses, which motion is described 

with differential equations. Second model is obtained using system identification 

method: mathematical description of the dynamic behavior of a system is formed based 

on measured input (torque) and output (speed) data. Then two models are compared 

and an optimal approach is suggested. 
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1 INTRODUCTION 

1.1 Electric and hybrid electric vehicles: description and concepts 

First hybrid electric vehicle (HEV), Lohner-Porsche Mixte Voiturette, was presented 

by Ferdinand Porsche in 1900 [1][2]. The principle of a HEV is to use both electric 

and internal combustion engine (ICE), depending on operating condition, in a way 

when one type of engine works, if it is more efficient to achieve better fuel economy 

or better performance. The way how exactly ICE’s and electric engine’s operation is 

combined determines classification of HEV, i.e. it can be classified in accordance with 

the way in which power is supplied to a drivetrain1. 

In parallel hybrids, both engines are connected to the mechanical transmission and can 

concurrently supply power to wheels, as shown in Fig. 1. ICE of many parallel hybrids 

can also operate as a generator for additional recharging. At present, a full size 

combustion engine with a small electric motor and small battery pack is used in 

commercially available parallel hybrids, because electric motor is not designed to be 

the single source of torque for the vehicle. This type of hybrids is preferable during 

urban stop-and-go traffic conditions and during highway operation. 

Fig. 2 illustrates drivetrain of series hybrids. Where electric motor is fully designed to 

drive the powertrain. Small ICE is used only as a generator for electric motor or as a 

battery recharger. This type of powertrain is usually equipped with a larger battery 

pack than in parallel hybrids, which makes it more expensive. 

                                                 
1 Motor, inverters, batteries are often considered as parts of a drivetrain, especially when speaking about 

HEV. Hereafter transmission and wheels are implied under the definition of drivetrain. 

Fig. 1 - Parallel hybrid powertrain. 
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Power-split hybrids combine the benefits of series and parallel powertrains. 

Consequently, they are more efficient overall, as series hybrid tends to be more 

efficient at lower speeds and parallel tends to be more efficient at high speeds. 

However, the cost of power-split hybrid is higher than others. In addition, hybrid 

technology can be seen as a rational intermediate step towards a zero-emission vehicle 

using a full electrical drive. 

Another type of hybrid vehicle is a plug-in hybrid electric vehicle (PHEV), which 

offers a choice of fuel. I.e. it can be charged up with electricity by plugging it into 

charging station or refilled with fuel at petroleum station. 

In modern HEV different technologies for efficiency increasing are used. One of them 

is regenerative braking: this system converts vehicle’s kinetic energy into electric in 

order to charge the battery instead of wasting it as heat energy. Also some types of 

HEV use ICE for generating electricity in order to either recharge batteries or supply 

electric motor. Another efficiency-improving technology, called start-stop system, 

reduce idle emissions by shutting down ICE at no-load operation and starting it when 

needed. 

HEV and PHEV obviously have its benefits together with challenges: 

 Decrease in greenhouse gas (GHG) emissions. Amounts of generated 

emissions depend not only on what vehicle produces directly while operating, 

but also on the fuel used at the power plants that generate electricity for car 

recharging. Solar, wind and hydro energy is optimal from a GHG point of view. 

Fig. 2 - Series hybrid powertrain. 
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 Decrease in petroleum use. HEV are expected to use up to 60% less petroleum 

than conventional vehicles. Also, because of producing electricity from 

primarily domestic sources, it reduces petroleum dependence. 

 Vehicle cost. PHEV are expected to cost up to $7,000 more than HEV [3]. 

 Fuel cost. The cost of electricity is much less than the cost of petroleum per 

km. 

 Charging time. Normally battery charging takes few hours, but with direct 

current (DC) “quick charge” to 80% of capacity it can take a half an hour [4]. 

However PHEV can be driven without being plugged in. 

Vehicles with full electrical drive and without ICE are called electric vehicles (EV) or 

battery electric vehicles (BEV). They are driven by electric motor, which 

 converts 75% of chemical energy from the batteries [5], instead of 20% 

converting of energy into petroleum for ICE [6], thus providing an energy 

efficient driving; 

 is environmentally friendly, especially if electricity for recharging is produced 

by no air-pollutant power plants; 

 provides smooth and quiet operation and stronger acceleration; 

 requires less maintenance in comparison to ICE. 

However, there are also some challenges and constraints in purely electric cars: 

 charge time (from 4 to 8 hours, however a 30 min “quick charge” exists); 

 battery cost (expense of large battery packs); 

 driving range (150-300 km for EV in comparison to over 500 km for ICE); 

 weight (battery packs are heavy and take considerable amount of space). 

Nonetheless, these challenges are currently under investigation. It is expected that 

improvements in battery technologies will increase driving range and decrease 

charging time, weight, and cost. 
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1.2 Electric vehicles in Finland: background, policies, projects 

Nowadays due to increased attention towards economic and environmental matters 

related to fuel combustion in automobiles, the world is focusing on development of 

sustainable technologies. The transport sector is one of the highest consumers of fossil 

fuels and a significant contributor to GHG emissions. 

According to Fig. 3, GHG emissions in Finland in 2010 accounted for 74.6 million 

tons of CO2 equivalent. From that domestic transport accounted for 18.2%. For both 

domestic and international transport emissions totaled 20.9%. [7] 

Current GHG reduction targets in Finland can be achieved by using biofuels, which 

are in ready supply from Finland’s forests. Because of that EV are not fully subsidized 

at present: there were no policy announcements related to HEV or EV during 2014 [8]. 

However, there is Electric Vehicles System (EVE) program, which is coordinated by 

Tekes, the Finnish Funding Agency for Technology and Innovation. EVE program 

contribute in creating an internationally networked community focused on developing 

new businesses related to EV. As examples of developments in Finnish industry some 

companies might be mentioned: 

 Virta Ltd is a charging nationwide network. Via mobile app one can navigate 

to or reserve a charging station and manage (start/stop) charging mode 

(http://www.virta.fi). 

Fig. 3 - GHG emissions in Finland by sector in 2010. 
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 Linkker is a startup, which is funded by EU and has the aim to support cities 

in transition towards electric bus systems (developing of transition planning, 

sharing best practice and creating a knowledge base) 

(http://www.linkkerbus.com/) 

 Ensto and Symbicon also participate in designing charging stations. Recently 

a charging station was developed, which shows digital advertising to cover 

investment. [9] 

 Visedo is a developer of heavy duty electric and hybrid drivetrain components 

opened its new factory in Lappeenranta and signed several new partnership 

agreements (http://www.visedo.fi/en/). 

The number of hybrid electric vehicles is relatively small in Finland, as shown in Table 

1 below. 

Table 1. Total number of EV, HEV and PHEV in Finland. 

 EV HEV PHEV Total, all propulsion systems 

Passenger 

vehicles 
410 11,772 530 2,595,867 

 

During 2011-2013 a number of demonstration projects such as 

 Electric Traffic (http://electrictraffic.fi/), 

 EcoUrban Living (http://www.eco-urbanliving.com/), 

 Electric Commercial Vehicles (http://www.ecv.fi/), 

 WintEve (http://winteve.fi/) 

were completed and now replaced with new ones for 2014-2015: 

 Electric Vehicles Goes Arctic (EVGA) aims to find out the needs and problems 

related to operation of EV at low temperature conditions 

(http://evga.winteve.fi/) 

 Electric Commercial Vehicles (ECV) aims to test and research together with 

simulation and modelling of EV. Project gathers companies and research 

institutes to promote and support development of electric cars. 
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 Smart Electric Traffic. The main objective of this project is the utilization of 

success of Finnish companies in the innovation of new businesses. This implies 

building international business compatible with EV: development of charging 

business, improving energy and transportation effectivity, integration of new 

electric transportation solutions into cities etc. 

As a part of ECV here should be mentioned eBus project, which implies a test 

environment for electric buses in the Helsinki area [10]. The eBus platform consists of 

testing electric buses in the internal public transport of Helsinki area and of testing 

prototype electric bus, which allows companies to develop and test their components. 

The eBus platform is linked to many programs and projects related to EV: TransEco, 

EcoUrban Living, “Fuel and Technology Alternatives for Buses” of VTT company. 

And eBus also takes part in international projects such as European Bus System of the 

Future (EBSF) and Hybrid Commercial Vehicle (HCV). 

In summary, it can be said that, in spite of lack of government’s policies towards EV 

in Finland, this sector is gradually developing. There are programs and projects, which 

incentivize collaboration between companies, research institutes and universities in the 

field of EV with the aim not only to improve EV-related technologies but also to 

implement these solutions in successful commercial projects. 

1.3 Structure of the thesis. What is the aim? 

Target of this book is to create a ground, propose an approach for modelling of a 

drivetrain for further designing a vibration control system of a hybrid bus. It is not the 

first project with the aim to model a HEV drivetrain. At Lappeenranta University of 

Technology (LUT) a model of a diesel-electric hybrid drivetrain of underground mine 

loader was combined effectively with multibody dynamics based virtual simulator. 

Target of that research was to emulate the real system with such certainty that the 

system can be used as a product development tool (in case of research the product is 

drivetrain) [11]. 

An object, where vibration control system finally should be implemented, is a hybrid 

bus, which was designed by LUT team in CAMBUS project (Fig. 4). In this project 
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LUT and its collaborators converted a diesel bus into a multi-hybrid which could also 

operate as only diesel drive [12]. 

Powertrain of the hybrid bus consists of ICE, generator, electric motor, battery energy 

storage, frequency converters and drivetrain. Drivetrain is supplied by electric motor, 

which in turn can be supplied either by generator or frequency converter, as depicted 

in Fig. 5.  

In HEV vibrations have more influence on rider comfort because of specific features 

of this kind of vehicle. Namely, while driving ICE starts and stops frequently in order 

to reduce fuel consumption and emissions, another point, as a matter of electric motor 

structure, is that its torque can be increased or decreased more rapidly during 

acceleration or braking than that of ICE. As a result vibrations in drivetrain, associated 

with starting/stopping of ICE and rapid torque changing, increase considerably. 

Therefore, a controller, that is able to suppress torsional vibrations in the drivetrain, 

can provide better rider comfort while driving a hybrid vehicle (HV). In order to design 

such a controller, a model of the drivetrain should be obtained. 

Fig. 4 – Hybrid bus CAMBUS. 

Fig. 5 – Hybrid bus powertrain. 
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By creating a ground, as was said in the first paragraph of this chapter, here is implied 

an attempt to apply a particular approach for drivetrain modelling by the example of 

laboratory setup with mounted electric motor. 

This includes: 

 performing tests on the laboratory setup; 

 describing of mathematical model of the transit drivetrain, based on differential 

motion equations for rotating masses; 

 identification of mathematical model, based on input and output data from the 

tests; 

 simulating the same tests on the mathematical model; 

 comparing the results. 

Based on this information, structure of this research can be depicted as in Fig. 6. 

1.4 Pattern of the text. Order of presentation 

In 2nd chapter mathematical model of drivetrain of Ford Transit van is created, which 

is based on assumed structure of the drivetrain. Namely, that it consist of cardan shaft, 

differential, axles and wheels. Then differential equations of drivetrain are presented 

in continuous state-space form and converted to discrete state-space form. Then a test 

is simulated, in which an input for discrete model is a pseudo random binary sequence 

(PRBS) signal. And, finally, a Fourier transform of the system response to the PRBS 

input and poles of the system are obtained. 

In 3rd chapter performing of the test is described. Frequency converter generates 

particular signal (PRBS) at its output, which in turn creates corresponding torque in 

electric motor. And then, using a sensor, angular speed of rotor is measured. Finally, 

a Fourier transform of rotor angular speed in response to random torque is obtained. 

Then using this input (torque) and output (speed) data a mathematical model is 

identified in Matlab and tested with System Identification Tool. And for this identified 

model poles are found. 
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In 4th chapter comparison of the results, obtained by theory and identification means, 

is presented.  

Fig. 6 – Structure of the research. 
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2 THEORETICAL MODELLING OF THE TRANSIT 

2.1 Transit model 

Laboratory setup is constructed using a rear part of Ford Transit Van, which now 

resembles a flatbed trailer, with mounted electric motor (Fig. 7). 

Fig. 7 - Laboratory setup. 

Conditional representation of system is depicted in Fig. 8. Connection between electric 

motor and trailer frame is interpreted as rigid. 

Fig. 8 – Flatbed trailer laboratory setup. 
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In order to create a mathematical representation of a system the trailer is presented as 

a flexible system of rotating masses in Fig. 9, where 

𝐽1 – inertia of rotor of electric motor, 

𝐽2 – inertia of pinion gear of differential, 

𝐽3 – inertia of ring gear of differential, 

𝐽4 – inertia of wheels. 

Mechanical part of the trailer, drivetrain, represents system of solid bodies with 

mechanical bond constraints. Mechanical bond equations set relations between 

motions in system, and in case of setting relations between velocities of its elements, 

corresponding mechanical bond equations conventionally are integrated. In mechanics 

such bonds are called holonomic [13]. In systems with holonomic bond number of 

controllable degrees of freedom (generalized coordinates, which define the position of 

the system) are equal to the total degrees of freedom. It is known, that the most general 

notation of differential motion equations for such systems is motion equations in the 

generalized coordinates (Lagrange equations): 

 𝑑

𝑑𝑡
(
𝜕𝑊𝑘

𝜕�̇�𝑖
) −

𝜕𝑊𝑘

𝜕𝑞𝑖
= 𝑄𝑖, where 

(1) 

𝑊𝑘  – kinetic energy store, expressed in terms of generalized coordinates 𝑞𝑖  and 

generalized velocities �̇�𝑖; 

𝑄𝑖 = 𝛿𝐴𝑖/𝛿𝑞𝑖 – generalized force, that is defined as sum of elementary works of all 

acting forces that can move a displacement 𝛿𝑞𝑖 

Fig. 9 – Mechanic system. 
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or 

 𝑑

𝑑𝑡
(
𝜕𝐿

𝜕�̇�𝑖
) −

𝜕𝐿

𝜕𝑞𝑖
= 𝑄𝑖

′, where 
(2) 

𝑄𝑖
′ - generalized force, that is defines as sum of all external forces that can move a 

displacement 𝛿𝑞𝑖. 

Lagrange function represents the difference between kinetic 𝑊𝑘  and potential 𝑊𝑝 

energy of the system in terms of generalized coordinates 𝑞𝑖  and generalized 

velocities �̇�𝑖, i.e. 

 𝐿 = 𝑊𝑘 − 𝑊𝑝. (3) 

Lagrange equations provide unified and sufficiently simple method for mathematical 

description of dynamic processes of mechanic system. Number of equations is defined 

only by number of degrees of freedom. 

Various angular or linear displacements can be chosen as generalized coordinates for 

equations. As a consequence preliminary speed reduction is not required in 

mathematical description of mechanical system dynamics with Lagrange equations. 

However, in most cases before reduction operation it is impossible to compare with 

each other various system masses and stiffness quantitatively, therefore, main masses 

and elastic linkages cannot be identified, which in turn define the minimum number of 

degrees of freedom, that is required to be taken into account in designing. Thus, 

generation of reduced design model and its possible simplification is the first important 

step in calculation of complicated mechanical systems independently of method of 

obtaining its mathematical description. 

For mechanic system in Fig. 9 generalized coordinates are angular displacements 𝜑1,

𝜑3, 𝜑4 and generalized velocities are 𝜔1, 𝜔3, 𝜔4. 

As only inertia elements can store kinetic energy in mechanical systems, kinetic energy 

is expressed as follows: 

 
𝑊𝑘 =

𝐽1𝜔1
2

2
+

𝐽23𝜔3
2

2
+

𝐽4𝜔4
2

2
,where 

(4) 

𝐽23 - equivalent reduced inertia of differential. Reduction of inertia to angular velocity 

𝜔3 is based on condition of total kinetic energy conservation, i.e. 
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 𝐽23𝜔3
2

2
=

𝐽2𝜔2
2

2
+

𝐽3𝜔3
2

2
. 

(5) 

After dividing both parts of equation by 𝜔3
2  and multiplying by 2  the following 

expression for reduced inertia is obtained: 

 
𝐽23 = 𝐽2

𝜔2
2

𝜔3
2 + 𝐽3. 

(6) 

Thus, 𝜔2 is excluded from further equations. Potential energy is determined as strain 

energy: 

 
𝑊𝑝 =

𝑘12(𝜑1 − 𝜑2)
2

2
+

𝑘34(𝜑3 − 𝜑4)
2

2
. 

(7) 

Consequently, Lagrange equation is now 

 
𝐿 =

𝐽1𝜔1
2

2
+

𝐽23𝜔3
2

2
+

𝐽4𝜔4
2

2
−

𝑘12(𝜑1 − 𝜑2)
2

2
−

𝑘34(𝜑3 − 𝜑4)
2

2
,where 

(8) 

𝜑2 is reduced to 𝜑3 as depicted in Fig. 10. 

 𝜑2 = 𝜑3

𝑟3
𝑟2

. (9) 

After derivation of 𝐿 with respect to consecutively 𝑞1, 𝑞3, 𝑞4 the following system of 

equations is formed: 

Fig. 10 – Angle reducing. 



21 

 

 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�1
) −

𝜕𝐿

𝜕𝑞1
= 𝐽1

𝑑𝜔1

𝑑𝑡
+ 𝑘12(𝜑1 − 𝜑2), 

(10) 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�3
) −

𝜕𝐿

𝜕𝑞3
= 𝐽23

𝑑𝜔3

𝑑𝑡
− 𝑘12 (𝜑1 − 𝜑3

𝑟3
𝑟2

)
𝑟3
𝑟2

+ 𝑘34(𝜑3 − 𝜑4), 
(11) 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�4
) −

𝜕𝐿

𝜕𝑞4
= 𝐽4

𝑑𝜔4

𝑑𝑡
− 𝑘34(𝜑3 − 𝜑4). 

(12) 

This system of equations represents the left part of differential motion equations for 

mechanical system in (2). To form the right part 𝑄𝑖
′, the sum of external forces should 

be determined. As far as the rotating system is non-conservative the right part includes 

external torques and components due to viscosity: 

 𝑄1
′ = 𝑇𝑚, (13) 

 𝑄3
′ = −𝑑34(𝜔3 − 𝜔4) − 𝑏23𝜔2, (14) 

 𝑄4
′ = 𝑑34(𝜔3 − 𝜔4) − 𝑇𝑙 . (15) 

In (14) 𝜔2 – is reduced to 𝜔3 as depicted in Fig. 11: 

 𝜔2 = 𝜔3

𝑟3
𝑟2

. (16) 

In (14) and (15) the first summand represents shaft damping torque that arises in the 

damper and is proportional to the angular velocity differences of the ends. In (14) the 

second summand represents torque losses due to gear viscosity. 

Fig. 11 – Velocity reduction. 
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After combining left (10), (11), (12) and right (13), (14), (15) parts and transposing 

summands the following system of motion differential equations is defined: 

𝐽1
𝑑𝜔1

𝑑𝑡
= 𝑇𝑚 − 𝑘12(𝜑1 − 𝜑2), 

(17) 

𝐽23

𝑑𝜔3

𝑑𝑡
= 𝑘12 (𝜑1 − 𝜑3

𝑟3
𝑟2

)
𝑟3
𝑟2

− 𝑘34(𝜑3 − 𝜑4) − 𝑑34(𝜔3 − 𝜔4) − 𝑏23𝜔2, 
(18) 

𝐽4
𝑑𝜔4

𝑑𝑡
= 𝑘34(𝜑3 − 𝜑4) + 𝑑34(𝜔3 − 𝜔4) − 𝑇𝑙. 

(19) 

These equations depicts the second Newton’s law. In according to it, acceleration of 

solid body varies proportionally to the sum of all applied moments, including moments 

caused by elastic interaction with other solid bodies of a system. 

Physical meaning of (17)-(19) can be explained from Fig. 9. Motor torque 𝑇𝑙 is applied 

to the left end of elastic element (shaft), causing its twisting, what in turn causes 

occurrence of elastic torque  𝑇12 = 𝑘12(𝜑1 − 𝜑2) . Torque difference 𝑇𝑙 − 𝑇12  is 

applied to the first inertia 𝐽1 and determines its angular acceleration. By this means the 

first equation is the motion equation for the first rotating mass (electric motor). On the 

right end of elastic element (shaft), that tends to increase its angular velocity, torque 

𝑇12 is formed, which is moving torque for the second inertia 𝐽2. Torque 𝑇12 is loaded 

by the sum of elastic and damping torques 𝑇34 = 𝑘34(𝜑3 − 𝜑4) + 𝑑34(𝜔3 − 𝜔4) of 

the second elastic element (axle) and losses due to viscous gear friction 𝑏23𝜔2. Thus, 

the second equation is the motion equation for the second and third rotating masses 

combined (differential). The same explanation is applicable for the third equation, 

which is motion equation for the fourth mass (wheels). 

To form a mathematical model of a physical system as a set of input, output and state 

variables related by first-order differential equations a state-space representation is 

used. General form of a continuous time-invariant state-space model is as follows: 

�̇�(𝑡) = 𝑨𝒙(𝑡) + 𝑩𝒖(𝑡)              

𝒚(𝑡) = 𝑪𝒙(𝑡) + 𝑫𝒖(𝑡),where 

�̇�(𝑡) – state vector, 𝒚(𝑡) – output vector, 𝒖(𝑡) – input vector, 

𝑨 – state matrix, 𝑩 – input matrix, 𝑪 – output matrix, 𝑫 – feedthrough matrix. 
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From obtained differential equation the system of 5th order can be formed. Firstly, all 

five equations should be written in convenient form: 

 
�̇�1 = −

𝑘12

𝐽1
(𝜑1 − 𝜑2) +

𝑇𝑚

𝐽1
 (20) 

 

�̇�3 = −
𝑑34 + 𝑏23

𝑟3
𝑟2

 

𝐽23
𝜔3 +

𝑑34

𝐽23
𝜔4 +

𝑟3
𝑟2

𝑘12

𝐽23
 (𝜑1 − 𝜑2) −

𝑘34

𝐽23

(𝜑3 − 𝜑4) (21) 

 
�̇�4 =

𝑑34

𝐽4
𝜔3 −

𝑑34

𝐽4
𝜔4 +

𝑘34

𝐽4
(𝜑3 − 𝜑4) −

𝑇𝑙

𝐽4
 (22) 

 �̇�1 − �̇�2 = 𝜔1 −
𝑟3
𝑟2

𝜔3 (23) 

 �̇�3 − �̇�4 = 𝜔3 − 𝜔4 (24) 

Now these equations can be written in matrix state-space form: 

[
 
 
 
 

�̇�4

�̇�1

�̇�3

�̇�1 − �̇�2

�̇�3 − �̇�4]
 
 
 
 

=

[
 
 
 
 
 
 
 −

𝑑34

𝐽4
0

𝑑34

𝐽4
0

𝑘34

𝐽4

0 0 0 −
𝑘12

𝐽1
0

𝑑34

𝐽23
0 −

𝑑34+𝑏23
𝑟3
𝑟2

 

𝐽23

𝑟3

𝑟2

𝑘12

𝐽23
−

𝑘34

𝐽23

0 1 −
𝑟3

𝑟2
0 0

−1 0 1 0 0 ]
 
 
 
 
 
 
 

[
 
 
 
 

𝜔4

𝜔1

𝜔3

𝜑1 − 𝜑2

𝜑3 − 𝜑4]
 
 
 
 

+

[
 
 
 
 
 0 −

1

𝐽4
1

𝐽1
0

0 0
0 0
0 0 ]

 
 
 
 
 

[
𝑇𝑚

𝑇𝑙
](25) 

[𝑦] = [1 0 0 0 0]

[
 
 
 
 

𝜔4

𝜔1

𝜔3

𝜑1 − 𝜑2

𝜑3 − 𝜑4]
 
 
 
 

    (26) 

 

2.2 Calculation of model parameters 

For solid cylinder inertia is calculated as 

 
𝐽 =

𝑚𝑟2

2
=

𝜌𝑣𝑟2

2
=

𝜌𝜋ℎ𝑟4

2
,where 

(27) 

mass of cylinder 𝑚 = 𝜌𝑣, volume 𝑣 = 𝜋𝑟2ℎ and density 𝜌 = 7800 𝑘𝑔/𝑚3. 
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Rotor inertia: 

 

𝐽1 =
𝜌𝜋ℎ1𝑟1

4

2
=

=
7800

𝑘𝑔
𝑚3 ⋅ 3.14 ⋅ 0.3 𝑚 ⋅ (0.15 𝑚)

4

2
=

= 1.8599 𝑘𝑔 ⋅ 𝑚2 

 

Pinion gear inertia: 

 

𝐽2 =
𝜌𝜋ℎ2𝑟2

4

2
=

=
7800

𝑘𝑔
𝑚3 ⋅ 3.14 ⋅ 0.07 𝑚 ⋅ (0.05 𝑚)

4

2
=

= 0.0054 𝑘𝑔 ⋅ 𝑚2 

 

Differential inertia consists of two components: ring gear and rotating cage. 

Ring gear inertia: 

 

𝐽3′  =
𝜌𝜋ℎ

3′

2
(𝑟

3′𝑜𝑢𝑡

4 − 𝑟
3′𝑖𝑛

4 ) =

=
7800

𝑘𝑔
𝑚3 ⋅ 3.14 ⋅ 0.05 𝑚

2
⋅

⋅ ((0.1 𝑚)4 − (0.085 𝑚)4) =

= 0.0293 𝑘𝑔 ⋅ 𝑚2 
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Rotating cage inertia: 

 

𝐽3′′  =
𝜌𝜋ℎ3′′

2
(𝑟3′′𝑜𝑢𝑡

4 − 𝑟3′′𝑖𝑛
4 ) =

=
7800

𝑘𝑔
𝑚3 ⋅ 3.14 ⋅ 0.15 𝑚

2
⋅

⋅ ((0.075 𝑚)4 − (0.035 𝑚)4) =

= 0.0554 𝑘𝑔 ⋅ 𝑚2 

Thus, differential inertia is  𝐽3 = 𝐽3′ + 𝐽3′′ = 0.0847 𝑘𝑔 ⋅ 𝑚2. 

Wheels inertia: 

 

𝐽4  = 2 ⋅
𝑚𝑤ℎ𝑟4

2

2
= 2 ⋅

16.5 𝑘𝑔 ⋅ (0.35 𝑚)2

2
=

= 2.0212 𝑘𝑔 ⋅ 𝑚2 

For solid cylinder polar moment of inertia is calculated as 

 
𝐼 =

𝜋𝐷4

32
 

(28) 

and for hollow cylinder 

 
𝐼 =

𝜋(𝐷4 − 𝑑4)

32
,where 

(29) 

𝐷 – outer diameter, 𝑑 – inner diameter of a cylinder. 

Shaft polar moment of inertia: 

 

𝐼12  =
𝜋(𝐷

4
4 − 𝑑4

4)

32
=

=
3.14 ⋅ ((0.07 𝑚)4 − (0.064 𝑚)4)

32
=

= 0.71 ⋅ 10−6 𝑚4 
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Axles polar moment of inertia: 

 

𝐼34  = 2
𝜋𝐷4

4

32
= 2

3.14 ⋅ (0.03 𝑚)4

32
=

= 0.1589 ⋅ 10−6 𝑚4 

 

Stiffness coefficient for cylinder is calculated as 

 
𝑘 =

𝐺 ⋅ 𝐼

𝑙
, where 

(30) 

𝑙 – height of cylinder, 𝐼 – polar moment of inertia and 𝐺 = 200 𝐺𝑃𝑎 – modulus of 

rigidity. 

Shaft stiffness coefficient: 

𝑘12 =
𝐺 ⋅ 𝐼12

𝑙12
=

80 ⋅ 109 𝐺𝑃𝑎 ⋅ 0.71 ⋅ 10−6 𝑚4 

1.3 𝑚
= 289969.2 

𝑁 ⋅ 𝑚

𝑟𝑎𝑑
 

Axle stiffness coefficient: 

𝑘34 =
𝐺 ⋅ 𝐼34

𝑙34
=

80 ⋅ 109 𝐺𝑃𝑎 ⋅ 0.1589 ⋅ 10−6 𝑚4

0.6 𝑚
= 21186.6 

𝑁 ⋅ 𝑚

𝑟𝑎𝑑
 

Gear viscous friction coefficient: 

Losses for viscous friction in differential are assumed as 1% per tooth gear. There are 

two connections inside differential: cardan shaft – ring gear and ring gear – axle. 

Therefore, losses in differential for viscous friction are estimated as 2% of rated torque.  

Motor, mounted on the transit, is Visedo electric motor, which rated speed is           

 𝑛𝑟 = 2000 𝑟𝑝𝑚, rated torque 𝑇𝑟 = 429.7 𝑁 ⋅ 𝑚 and rated power 𝑃𝑟 = 90 𝑘𝑊. 

Equation, specifying viscous friction losses in differential, is written as follows: 

 
𝑏23 ⋅ 𝜔2 = 𝑏23 ⋅ 𝑛𝑟 ⋅

2 ⋅ 𝜋

60
= 0.02 ⋅ 𝑇𝑟 , then 

(31) 

 
𝑏23 =

0.02 ⋅ 𝑇𝑟 ⋅ 60

𝑛𝑟 ⋅ 2 ⋅ 𝜋
= 0.041 

𝑁 ⋅ 𝑚 ⋅ 𝑠

𝑟𝑎𝑑
 

(32) 
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Axle damping coefficient 𝑑 is estimated as 𝑑34 = 0.1 
𝑁⋅𝑚⋅𝑠

𝑟𝑎𝑑
 

2.3 Modelling and analysis in Matlab 

In Matlab a continuous-time state-space model sys is created by using function ss with 

arguments a, b, c and d which are state, input, output and feedthrough matrices 

correspondingly. A PRBS input signal is used to analyze the system (Appendix 1). 

Scheme of the simulation is shown in Fig. 12. 

System response to PRBS is simulated by using function lsim with arguments sys, u 

and t which are model in state-space form, PRBS input and time vectors 

correspondingly. Result of simulating is depicted in Fig. 13. 

Only one frequency of 4.76 Hz is clearly seen from the graph. To estimate frequency 

content of the system response Matlab function fft (fast Fourier Transform) is used. 

Fig. 13 – System response to PRBS. 

Fig. 12 – Simulation scheme. Input and output signals. 
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The result of a Fourier transformation of a real-valued function 𝑓(𝑡) is often called the 

frequency domain representation of the original function. In particular, it describes 

which frequencies are present in the original function. Fig. 14 represents frequency 

content of the output signal. The dominant amplitude is at frequency that is slightly 

less than 5 Hz. 

Frequency of dominant amplitude can be confirmed by checking the poles of the 

system. If a system has a pair of complex poles close to the imaginary axis, frequency 

content has a peak at frequencies in the proximity of the pole. I.e. imaginary part of 

one of them should be equal to radial frequency 𝜔, which corresponds to approximate 

5 Hz of ordinary frequency 𝑓. Relation between 𝜔 and 𝑓 is 𝜔 = 2𝜋𝑓. To find poles of 

the system function pole is used. Poles are as follows: 

    𝑥1,2 = −0.8 ± 𝑗5266, 

    𝑥3,4 = −0.1 ± 𝑗28.4, 

    𝑥5 = −0.01. 

Third and fourth poles have radial frequency of 𝜔 = 28.4 rad/s, after dividing by 2 

and 𝜋 value of ordinary frequency is obtained, which is 𝑓 = 4.52 Hz, which in turn is 

close to that one in Fig. 14. 

Fig. 14 – FFT of system response to PRBS. 
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Creating a discrete-time model sysd is needed, because it is expected that identified 

model will be a discrete-time model. After converting model from continuous to 

discrete state-space form, using the c2d function, following values of poles are 

obtained: 

    𝑥1,2 = 0.9598 ± 𝑗0.2786, 

    𝑥3,4 = −0.7269 ± 𝑗0.6744, 

    𝑥5 = 0.999. 
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3 LABORATORY SETUP 

3.1 Description 

Test is performed on the flatbed transit (Fig. 7). The scheme is depicted in Fig. 15. 

Electric motor, which is mounted on the transit, is connected to the frequency 

converter, which is supplied by batteries. 

Initially, using the script, which was written by Henri Montonen, a PhD student at 

LUT, in structure test (ST) language2, the data sequence is generated in frequency 

converter. Using this data, particular output power is generated to provide 

corresponding torque in motor. Motor speed is measured by speed sensor and sent back 

to frequency converter. Measured data is transmitted to personal computer (PC) using 

proprietary monitoring software “PowerUser”, supplied by the manufacturer of the 

frequency converter “Visedo”. 

During the first tests the transit was blocked from moving by joining it to the tow bar 

of the hybrid bus and merely loading it with weight of ~100 kg. This factor make it 

possible to assign varying of rotor speed to flexibility of the drivetrain: elasticity of its 

parts and looseness of connections between them. But in this case exists a possibility 

of bus impact on data, which is measured during the test, because bus suspension 

appears to be included in laboratory setup, see Fig. 16. 

                                                 
2 ST language is a high level block structured language, which syntactically resembles Pascal. It is 

defined in the IEC-61131-3 standard as one of five languages, designed for programmable logic 

controllers. 

Fig. 15 – Test scheme. 
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Initially, as connection between PC and frequency converter was used serial protocol 

RS-485. But after taking first few measurements it became obvious, that considerable 

amount of data was missed. This problem is related to connection type. Signal at 

frequency converter output is updated every 2 ms, while through serial protocol data 

packages are sent only every 80 ms. Thus, PC cannot receive information from 

frequency converter fast enough to identify all changes in signal. Additionally, 

sampling time is not constant. 

To resolve this issue another type of connection between PC and frequency converter 

was utilized. Henri Montonen implemented a CANopen protocol interface with 

constant sampling time of 10 ms via existing CANopen port of frequency converter, 

which was used for data acquisition. But still connection sampling time was five times 

longer than that of frequency converter. And at the stage of system identification 

modelled and estimated systems demonstrated a set of differences, which led to a 

question if some important dynamics were lost due to the duration of data 

measurement sampling time and other factors, e.g. influence of bus suspension. 

Thus, one more test was performed with sampling time of 2ms. A set of 5 experiments 

was measured with different time duration. Main distinction between this and previous 

tests is that transit was blocked rigidly and independently from the bus this time, thus 

providing isolated measurements without influence of bus suspension on the 

Fig. 16 – Bus impact on test performing. 
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laboratory setup. After analyzing of test results an assumption that some important 

dynamics were lost due to low sampling frequency was not confirmed. 

As a test for further data analyzing and processing was chosen the last one. The reason 

of it was that laboratory setup included two factors, which provided accurate and 

precise presentation of system dynamics during this test: isolated system and high 

sampling frequency. Results of all 5 experiments resembles each other in sense of 

frequency content of the output signal – angular speed. But due to different time 

duration of the experiments and different number of torque switches between zero and 

PRBS a particular trend is observed. Namely, with increasing of experiment time 

duration and decreasing of number of torque switches frequency content of the output 

more and more resembles that one of the system, which was modelled in Matlab (Fig. 

14). Based on this information data of the 5th experiment was chosen for further 

processing. For the purpose of legibility and conciseness data of only this 5th 

experiment from last test is presented below. 

Structure of identification part is depicted in Fig. 17. Firstly, measured data have to be 

prepared for further estimation needs. Then two modelling approaches are applied: 

black box and grey box. The difference is that the first approach is done without 

concerning of system internal structure and in the second approach system structure is 

taken into account partially. After estimation stage a set of models is obtained. They 

have to be compared in order to choose the one, which is the simplest and fits the data 

well. And the last step is validation of parameters for chosen model. Validation is done 

with the theoretical model of the laboratory setup. After simulation, when theoretical 

model is fed with PRBS signal, input and output data is obtained. This data can be 

used for estimating a model, which is chosen from the model set, and check if it fits 

data well and if it is necessary to adjust model parameters. 
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3.2 Data preprocessing 

The test scheme with input and output signals is shown in Fig. 18. A Visedo 

PowerMASTERTM frequency converter is used to simulate white noise as a torque 

input for the electric motor. Inside the frequency converter the script for PRBS 

generates torque reference signal for the torque controller of the frequency converter. 

Actual torque in electric motor differs from torque reference due to inability to vary 

from one value to another instantly. Actual torque values are only estimated, not 

Fig. 18 – Test input and output signals. 

Fig. 17 – Identification process structure. 
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measured. Figures below (Fig. 19 – Fig. 22) depict torque reference inside the 

frequency converter, estimated actual torque, actual speed of the rotor and Fourier 

transform of the rotor speed. 

 

 

Fig. 19 – Torque reference PRBS signal. 

Couple of pulses during first second of experiment. 

Fig. 20 – Estimated actual torque 

during first second of experiment. 

Fig. 21 – Measured actual rotor speed 

during first second of experiment. 
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Parameters of torque reference are chosen based on consideration that signal have to 

be positive all the time during the test in order to prevent clonking in drivetrain and 

possibility of breaking drivetrain parts, if torque changes its sign. Clonking in 

drivetrain may arise due to clearances between adjacent parts of the drivetrain, when 

metal parts hit each other during operation mode. 

On the first two graphs (Fig. 19 and Fig. 20) value of 1000 is equal to 1 p.u. Since the 

nominal torque of the motor is 429.7 N·m, then value of 1 is equal to 

 1 ⋅ 429.7 𝑁 ⋅ 𝑚

1000
= 0.4297 𝑁 ⋅ 𝑚. 

(33) 

Therefore (Fig. 19) PRBS amplitude and mean value are correspondingly: 

 (250 − 200) ⋅ 0.4297 𝑁 ⋅ 𝑚 = 21.485 𝑁 ⋅ 𝑚, (34) 

 200 ⋅ 0.4297 𝑁 ⋅ 𝑚 = 85.94 𝑁 ⋅ 𝑚. (35) 

On the third graph (Fig. 21) value of 1000 also equal to 1 p.u. Since the nominal speed 

of the motor is 2000 rpm, then value of 1 equal to 

 1 ⋅ 2000 𝑟𝑝𝑚

1000
= 2 𝑟𝑝𝑚 = 2 ⋅

2𝜋 𝑟𝑎𝑑

60 𝑠
= 0.209 

𝑟𝑎𝑑

𝑠
, 

(36) 

and rotor speed value (Fig. 21) is mainly inside interval of 

 
±10 ⋅ 0.209

𝑟𝑎𝑑

𝑠
= ±2.09 

𝑟𝑎𝑑

𝑠
. 

(37) 

Limit on horizontal axis of the graph with frequency content (Fig. 22) is 50 Hz, and 

dominant harmonic has a frequency of approximate 5 Hz. 

Fig. 22 – Frequency content of the rotor speed. 

X-axis is scaled to 50 Hz. 
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Seeing that decreasing of sampling time to 2 ms was not necessary in order to represent 

system dynamics better in comparison to 10 ms, the signal is decimated in Matlab. 

This operation makes the signal smoother and, as a result of reducing data array, 

calculating time shorter. 

In Matlab decimate function involves two steps: lowpass data filtering and resampling 

the data by selecting every Rth point from the filtered signal, where R is the decimation 

factor. Lowpass filter in most cases is necessary, because signal's highest frequency 

must be less than half of after-decimation sampling rate. This condition represents 

Nyquist criteria. 

For the given signal with sampling frequency 500 Hz Nyquist frequency is 250 Hz. 

Consequently, to avoid aliasing there has to be no components of interest with 

frequency higher than 125 Hz. As it is seen from the graph with frequency content of 

rotor speed (Fig. 21) harmonics with frequencies higher than 50 Hz are negligibly 

small. Torque signal also meets Nyquist criteria. Therefore, Matlab decimate function 

may be applied with default lowpass filter parameters. The result of decimating signals 

is shown in Fig. 23 

There are two short intervals at the beginning and at the end of experiment with 

relatively high amplitudes of rotor speed. First interval at the beginning can be 

observed in Fig. 21 and interval at the termination is depicted in the low part of Fig. 

35. This performance of signal can be explained as a result of mechanic transient 

Fig. 23 – Decimated rotor speed and torque signals. 
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processes during start and stop of motor operation, because at these intervals torque 

increases rapidly from zero to mean value of 86 N·m or vice versa. As in most cases 

while normal operating torque does not deviate so dramatically in a stepwise fashion, 

these outliers should be excluded from further data processing, what can be observed 

in Fig. 24. 

Additionally torque signal has non-zero mean value. It is generally recommended to 

remove means by detrend Matlab function. The reason for this is because, typically, 

linear models describe responses for deviations from a physical equilibrium. Thus, 

models can be estimated around zero without modeling the absolute equilibrium level 

in physical units. 

Fig. 24 depicts initial (light-grey) and preprocessed (black) data. For initial data 

different range interval is selected and mean value is subtracted. Also preprocessed 

data is divided into two parts: before and after 25th second. First part is used for 

estimating a model and second – for validating. 

With this data preparation part is completed. 

 

 

 

Fig. 24 – Data, prepared for further processing. 



38 

 

 

3.3 Model identification 

Under identification process here is meant estimation, validation and comparison of 

models, which are obtained with different methods and its parameters. 

As a part of this stage a brief introduction to system identification methods, which will 

be discussed further, is given below. 

It is assumed that the unknown system 𝐺 can be represented by a linear time-invariant 

of a finite order (LTIFD) system. For system 𝐺 discrete input  𝑢(𝑡) and output 𝑦(𝑡) 

signals are measured, but in addition output contains an undefined disturbance 

signal 𝑣(𝑡). Mainly, 𝑣(𝑡) can originate from several sources: non-measured inputs, 

measurement noise, non-linearity etc. In System Identification 𝑣(𝑡)  is commonly 

restricted to particular noise model such that the signal can be rewritten as a product 

of 𝐻 and 𝑒(𝑡), where H is a monic and minimum phase transfer function and 𝑒(𝑡) is a 

white noise. So a single equation for assumed system structure is 

 𝑦(𝑡) = 𝐺 ⋅ 𝑢(𝑡) + 𝐻 ⋅ 𝑒(𝑡), (38) 

which is shown in Fig. 25. 

And the goal of system identification here is to determine transfer functions 𝐺 and 𝐻 

from the measured data. For this purpose transfer functions are written as rational 

functions and the goal converts to determination of coefficients in fractions of 

polynomials. This system structure is called polynomial. The way the rational fractions 

for 𝐺 and 𝐻 are expressed provides distinction between various polynomial models: 

Fig. 25 – General system structure. 
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autoregressive with exogenous term (ARX), autoregressive with exogenous term and 

moving average (ARMAX), output error (OE), Box-Jenkins (BJ). 

ARX 

Equation G H 

𝐴 ⋅ 𝑦(𝑡) = 𝐵 ⋅ 𝑢(𝑡) + 𝑒(𝑡) 
𝐵

𝐴
 

1

𝐴
 

 

The ARX model structure is characterized by the common denominator A for 

deterministic – 𝐺 – and stochastic – 𝐻 – parts of the system, for this reason 𝐺 and 𝐻 

have the same set of poles. This can be unrealistic, because ARX model defines some 

of the noise model dynamics as system dynamics. 

ARXMAX 

Equation G H 

𝐴 ⋅ 𝑦(𝑡) = 𝐵 ⋅ 𝑢(𝑡) + 𝐶 ⋅ 𝑒(𝑡) 
𝐵

𝐴
 

𝐶

𝐴
 

 

In the ARMAX model the “MA” refers to a Moving Average that is introduced by an 

extra 𝐶 polynomial in the nominator of the noise model, i.e. the system structure of the 

model includes the stochastic dynamics, thus providing more flexibility than the ARX 

model in handling models that contain disturbances. 

OE 

Equation G H 

𝑦(𝑡) =
𝐵

𝐹
⋅ 𝑢(𝑡) + 𝑒(𝑡) 

𝐵

𝐹
 1 

 

In OE model the system dynamics is described separately from the stochastic 

dynamics. The Output Error model structure assumes that the disturbance is a white 

noise signal, that is why 𝐻=1, so no parameters is used for simulating the disturbance 

characteristics. For this model structure the denominator of 𝐺  is described with a 

polynomial 𝐹 instead of the 𝐴. This way the 𝐴 is reserved for the common part in the 

denominators of system and noise models. 

Box-Jenkins 

Equation G H 

𝑦(𝑡) =
𝐵

𝐹
⋅ 𝑢(𝑡) +

𝐶

𝐷
⋅ 𝑒(𝑡) 

𝐵

𝐹
 

𝐶

𝐷
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The Box-Jenkins model structure represents the most general structure. Both system 

and noise are modelled by polynomial fractions, so that disturbance properties are 

divided from the system dynamics. 

Approach that is described here firstly is called black-box modelling. It is usually a 

trial-and-error process, where parameters of different model structures are estimated. 

In this approach primary interest is fitting the data to model regardless of a particular 

mathematical model structure. In other words system is viewed in terms of its inputs 

and outputs without knowledge of its internal characteristics. In general, identification 

begins with simple linear structure and continues with more complex models. 

Matlab provides powerful instrument with graphical user interface (GUI) for 

identification purposes, called System Identification Toolbox. Almost all operations 

below are realized via this interface. 

Estimation process here is started with simple ARX model. As parameters for this 

structure model orders 𝑛𝑎 , 𝑛𝑏  and delay – the number of samples before the input 

affects the system output – 𝑛𝑘 are specified. In most cases with more complex model, 

i.e. with higher orders, the best fit is obtained. But often this is not acceptable, because 

the real system might be described with less parameters without significant losses in 

representing of its dynamics. 

In order to try few combinations of poles (which number is 𝑛𝑎), zeros (which number 

is 𝑛𝑏 − 1) and delays the first estimation of ARX model is done with Matlab order 

selection function, i.e. only range between 1 and 10 is defined for values of model 

parameters. Fig. 26 represents the result of order selection. The horizontal axis is the 

total number of parameters 𝑛𝑎 + 𝑛𝑏, the vertical axis – unexplained output variance – 

is the portion of the output not defined by the model. It is seen that unexplained output 

variance remains approximately constant for the combined number of parameters from 

5 to 20. This indicates that model performance does not improve at higher orders. 



41 

 

 

Thus, model with lower order might fit the data equally well. Finally, after order 

selection two set of parameter values for estimation an ARX model are chosen: 

𝑛𝑎 = 10, 𝑛𝑏 = 10, 𝑛𝑘 = 1 and 

𝑛𝑎 = 2, 𝑛𝑏 = 4, 𝑛𝑘 = 1. 

After estimation process two models are obtained: arx10101 and arx241. Numbers in 

model name relate to its order and delay. This models fit validation data to ~71% and 

~68% correspondingly (Fig. 27). However, the indicated fits cannot be considered as 

a close approximation of the transit dynamics. For vibration controller design much 

more accuracy is needed. 

Fig. 26 – ARX model structure selection. 

Fig. 27 – Comparison of ARX models with validation data. 
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The low-order model provides approximately the same to high-order model fit, 

consequently parameters close to arx241 model will be used for other model 

structures. 

For estimation of ARMAX model, in addition to  𝑛𝑎 and 𝑛𝑏, number of poles for the 

disturbance model, 𝑛𝑐, have to be specified. The default value is chosen, so 𝑛𝑐 = 2. 

Model amx2421 fits validation data to ~71%. 

For estimation of OE model two parameters, except for delay, have to be specified: 𝑛𝑏 

and 𝑛𝑓. For  𝑛𝑓 default value of 2 is chosen. Model oe321 fits validation date to ~71%. 

For estimation of BJ model in addition to already chosen parameters 𝑛𝑑 have to be 

specified, 𝑛𝑑 is equal to default value of 2. Model bj42221 fit validation data to ~72%. 

For estimation of transfer function model only number of poles and zeros are specified. 

Model tf1 is estimated for discrete-time with 2 poles and 3 zeros and fits validation 

data to ~71%. 

For estimation of state-space model only a number of states, which is equal to number 

of poles, is specified. Model pss2 is estimated for continuous-time with 2 states and 

fits validation data to ~69%. 

Fig. 28 shows how well the model output matches measured output in the validation 

data set. 

Fig. 28 – Comparison of model output with validation data. 
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As a good model here is considered the simplest model that best describes the 

dynamics and successfully simulates or predicts the output for different inputs. Thus, 

as satisfying this definition, two models can be distinguished: tf1 and oe321. 

The second approach is so-called grey-box modelling. In this method system’s internal 

characteristics are known partially and to complete the model both theoretical structure 

and measured inputs and outputs are utilized. 

To estimate a model with identifiable parameters Matlab function idss is used. It allows 

to specify constraints on state-space model parameters. E.g. the values of some 

elements can be fixed, or range of values for free elements can be specified. 

The model is created under following conditions: 

 5th order of A matrix; 

 fixed zero values for the B matrix, except for the first row; 

 fixed C matrix, 𝐶 = [1 0 0 0 0]; 

 fixed zero D matrix. 

These points provides common features between identified and theoretical (25) 

models: order, input, output matrix, no feedthrough. 

With Matlab advice function, which analyzes the data for estimation, a possible 

indication of feedback was found. In this case it is recommended to estimate a model 

with large enough disturbance model, thus, also a disturbance 𝐾 matrix is set to be 

estimated for state-space model. Model sys_ident fits validation data to 71%, see Fig. 

29. 
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Since in grey-box modelling approach better match for model and measured output 

was not achieved and the order of obtained model is relatively high, for further 

processing will be used OE model oe321. 

Now model oe321 have to be validated, i.e. to be checked if it adequately represents 

theoretically modelled system dynamics. For this purpose data that is obtained after 

simulation is used: PRBS and model response (Fig. 13). Simulation scheme for model 

validation is depicted in Fig. 30. 

First estimation shows that model fits data to only 63%, see Fig. 31. After a few 

attempts to achieve better result new parameters were chosen: 𝑛𝑏 = 2, 𝑛𝑓 = 3,   𝑛𝑘 =

1 . With these orders new OE model oe231 fits the simulation data to 99.56%. 

Therefore, this model can be used for system identification with measured data. Result 

Fig. 29 - Comparison of model output with validation data. 

Fig. 30 – Simulation scheme for model validation. 
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of estimation shows a 71.4% fit, which is one of the best among all models, see Fig. 

32. 

Also Fourier transform can serve as one more validation criteria for oe231 model. 

Namely, if set a PRBS as an input signal for oe231 and check the frequency content 

of the output, it should resemble the frequency content of measured rotor speed (Fig. 

22). The value of PRBS amplitude is 21.485Nm that is equal to torque reference signal 

as was calculated in (34). Figure below depicts frequency content of measured rotor 

Fig. 31 – Comparison of oe321 and simulated outputs 

Fig. 32 – Comparison of all models outputs with validation data. 
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speed (light-grey) and of oe231 output signal (blue). Both graphs on Fig. 33 have 

similar trend. 

Poles of oe231 identified model are as follows: 

    𝑥1,2 = 0.8847 ± 𝑗0.2566, 

    𝑥3 = 0.4439. 

If not to preprocess data, only decimate it, i.e. if data range is from beginning to the 

end of test and has mean values, oe231 model fits data to ~56% (Fig. 34). 

Fig. 33 – Frequency contents of measured rotor speed and output of oe231 model. 

Fig. 34 – Comparison of oe231 and simulated output (blue). Full data range 
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It is seen from Fig. 35, that significant part of output differences arises from beginning 

and termination of the test, when motor torque varies drastically from zero to mean 

value at the start and vice versa at the end. 

  

Figure 35 – Comparison of oe231 (blue) and simulated output (grey) 

at test beginning (up-left), continuation (up-right) and termination (down). 
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4 COMPARISON OF THE RESULTS 

Firstly, frequency content of model outputs is compared. In most situations, scaling is 

really not all that important. The overall shape of the spectrum matters much more 

than the absolute scale. That is why, for the sake of clarity, Fourier transform of 

identified model oe231 output is scaled to Fourier transform of theoretically obtained 

model sysd  – discretized version of model (25) and (26) – output. Fig. 36 shows that 

both outputs have resonant frequency of ~5 Hz. But frequency content of oe231 output 

(light-grey) is “richer”, i.e. it has much more harmonics with amplitude values more 

than 10% of dominant harmonic amplitude value in interval from 2 Hz to 12 Hz. While 

the frequency content of sysd output (blue) has a distinctive peak at dominant harmonic 

and negligently small amplitudes at other frequencies. 

Secondly, pole placement of both discrete-time models is analyzed (Fig. 37). Sysd 

model has two pairs of conjugate complex poles and one positive real pole inside unit 

circle but almost on it. Absolute values of poles are 0.9994, 0.9999 and 0.9916. 

Practically this means that response of sysd model has two sinusoid components and 

one exponential component that are decaying very slowly, because poles, placed on 

the unit circle, are responsible for constant or non-decaying oscillatory components. 

Oe231 model has one pair of conjugate complex poles and one real pole inside the unit 

circle and two real zeros: at the origin and on the unit circle. This pole placement 

Fig. 36 – Frequency contents of oe231 and sysd outputs. 
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corresponds to one sinusoid decaying component and one exponential decaying 

component. Zero on the unit circle cause the gain to be zero at frequency where zero 

is placed. Since positive real zero on the unit circle corresponds to zero frequency, 

consequently there is no constant component in oe231 response. Zero placed on the 

origin have no effect on the magnitude response. 

Thirdly, bode plot is analyzed (Fig 38). Both systems have a resonant amplitude peak 

at ~4.5 Hz, this fact confirms the Fourier transform of the output signal (Fig. 36) and 

pole placement analysis (Fig. 37) and both systems have similar dynamics trend at 

frequencies above 4.5 Hz, while below this frequency dynamics are quite different. 

Namely, sysd model has a positive amplitude response at frequencies below 0.05 Hz 

with values up to 28 dB, when oe231, conversely, has a negative amplitude response 

of -57 dB in the same frequency range. The phase shifts of both systems are also the 

opposite of each other at 0.1-4 Hz frequency range: sysd’s phase shift is -90° and 

oe231’s is +90°. In spite of the fact that systems have an amplitude peak and zero 

phase shift at the same resonant frequency, their response to input signal still will be 

different at this frequency, because the sign of amplitude response is different: sysd 

has ~7 dB and oe231 has ~-13 dB amplitude response. This means that the output 

signal of sysd will be ~2.3 times as large as its input signal and the output of oe231 

will be ~0.22 times the input amplitude at frequency 4.5 Hz. 

 

Fig. 37 – Pole placement of oe231 and sysd models. 
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After analyzing of pole placement and bode plot of both models it is seen that oe231 

and sysd have different dynamics or responses. In order to confirm this assumption a 

response of sysd model to measured input can be checked and compared with 

measured rotor speed.  

Fig. 39 shows that theoretical model, sysd, cannot emulate real system dynamics 

properly: model output and validation data does not match. Frequency content of 

model output shows two dominant harmonics at 5 Hz and 0 Hz frequencies (Fig. 40). 

These harmonics correspond to sysd conjugate complex pole in the right-half plane 

and real positive pole respectively (Fig. 37). 

Fig. 38 – Bode plot of sysd and oe231 models. 
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Fig. 39 – Comparison of sysd model output and measured rotor speed. 

Fig. 40 – Frequency content of sysd model output. 
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5 CONCLUSION 

It is very hard to model drivetrain theoretically, because many factors with unknown 

parameters have to be taken into account. These factors, which cannot be modelled, 

have a significant influence on system dynamics. It is better to use system 

identification approach for vibration controller designing needs. 

However, identified in this thesis models did not provide sufficient approximation of 

transit dynamics. But though identified model does not fit data well, it may be reliable 

in certain frequency regions. Therefore, it might be reasanoble to compute a regulator 

for obtained model and test it. It is also recommended to conduct an investigation into 

non-linear function approximation methods in order to achieve a better model fit. 

Test performing on laboratory setup needs more investigation and analyzing of the 

results. It is not straightforward how to separate all factors: drivetrain dynamics, 

influence of other components (tyre dynamics, looseness in connections etc.) and 

measurements uncertaintes. Additionally, investigation into test performing on 

laboratory setup will help to interpret correctly results of the same tests on the bus, 

since identification method implies performing of it. But test is not limited to standstill 

in the bus case, it can be identified while moving. Also it is expected, that influence of 

other components is different in the case of the bus. For example, the influence of tyres 

is less than in the case of laboratory setup. Therefore, laboratory setup does not have 

exactly the same dynamics as the bus drivetrain and it is recommended to apply system 

identification approach on determining hybrid bus drivetrain dynamics. 
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APPENDICES 

Appendix 1 

PRBS is generated by simply shifting bits. Matlab code: 

% Pseudo-Random Binary Sequence generator 
% Henri Montonen, LUT 
% 2015 

  
% Length of the sequence 
slen = 700; 

  
% Initialize 
out0 = 1; 
out1 = 1; 
out2 = 1; 
out3 = 1; 
out4 = 1; 
out5 = 1; 
out6 = 1; 
out7 = 1; 
out8 = 1; 

  
for i=1:slen 
    M8 = and(out0,1); 
    M7 = xor(and(out1,0),M8); 
    M6 = xor(and(out2,1),M7); 
    M5 = xor(and(out3,1),M6); 
    M4 = xor(and(out4,0),M5); 
    M3 = xor(and(out5,0),M4); 
    M2 = xor(and(out6,0),M3); 
    M1 = xor(and(out7,1),M2); 

     
    output(i)=out0; 
    out0 = out1; 
    out1 = out2; 
    out2 = out3; 
    out3 = out4; 
    out4 = out5; 
    out5 = out6; 
    out6 = out7; 
    out7 = out8; 
    out8 = M1; 
end 
output=output-0.5; 

 


