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Abstract

Denis Ndanguza Rusatsi
BAYESIAN ANALYSIS OF SEIR EPIDEMIC MODELS
Lappeenranta, 2015
112 p.
Acta Universitatis Lappeenrantaensis 678
Diss. Lappeenranta University of Technology
ISBN 978-952-265-892-0, ISBN 978-952-265-893-7 (PDF), ISSN-L 1456-4491, ISSN 1456-4491

This thesis concerns the analysis of epidemic models. We adopt the Bayesian paradigm and develop
suitable Markov Chain Monte Carlo (MCMC) algorithms. This is done by considering an Ebola
outbreak in the Democratic Republic of Congo, former Zaïre, 1995 as a case of SEIR epidemic
models. We model the Ebola epidemic deterministically using ODEs and stochastically through
SDEs to take into account a possible bias in each compartment. Since the model has unknown
parameters, we use different methods to estimate them such as least squares, maximum likelihood
and MCMC. The motivation behind choosing MCMC over other existing methods in this thesis is
that it has the ability to tackle complicated nonlinear problems with large number of parameters.

First, in a deterministic Ebola model, we compute the likelihood function by sum of square of resid-
uals method and estimate parameters using the LSQ and MCMC methods. We sample parameters
and then use them to calculate the basic reproduction number and to study the disease-free equilib-
rium. From the sampled chain from the posterior, we test the convergence diagnostic and confirm
the viability of the model. The results show that the Ebola model fits the observed onset data with
high precision, and all the unknown model parameters are well identified.

Second, we convert the ODE model into a SDE Ebola model. We compute the likelihood function
using extended Kalman filter (EKF) and estimate parameters again. The motivation of using the
SDE formulation here is to consider the impact of modelling errors. Moreover, the EKF approach
allows us to formulate a filtered likelihood for the parameters of such a stochastic model. We use
the MCMC procedure to attain the posterior distributions of the parameters of the SDE Ebola model
drift and diffusion parts. In this thesis, we analyse two cases: (1) the model error covariance matrix
of the dynamic noise is close to zero , i.e. only small stochasticity added into the model. The results
are then similar to the ones got from deterministic Ebola model, even if methods of computing the
likelihood function are different (2) the model error covariance matrix is different from zero, i.e. a
considerable stochasticity is introduced into the Ebola model. This accounts for the situation where
we would know that the model is not exact. As a results, we obtain parameter posteriors with larger
variances. Consequently, the model predictions then show larger uncertainties, in accordance with
the assumption of an incomplete model.

Keywords: epidemic models, estimation of parameters, stochastic differential equations, ex-
tended Kalman Filter, Markov Chain Monte Carlo, Ebola, likelihood function. 
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CHAPTER I

Introduction

1.1 Background of the topic

The mathematical modelling of different diseases continues to be an area of active research. The aim
of epidemic modelling is to understand and, if possible, to control the spread of the disease. To do
this, epidemic modelling tries to relate disease dynamics at the population level to basic properties
of the host and pathogen populations and of the infection process. Disease can be either epidemic,
pandemic or endemic.

Definition 1.1.1. An epidemic is an outbreak of an infectious disease affecting a disproportionately
large number of individuals in a population, community, or region within a short period of time.
Whereas, a disease is pandemic if the epidemic spreads to a large region (or worldwide). Moreover,
an infectious disease is endemic when it is maintained in a population without the need for external
inputs.

There is a long and distinguished history of Mathematical models in epidemiology, going back to
the eighteenth century. Since that time, theoretical epidemiology has witnessed numerous develop-
ments. Some of these studies can be found for instance in (Bailey, 1975) by Bailey, Anderson and
May in (Anderson and May, 1991), and Hethcote in (Hethcote, 2000). Thereafter, a great number of
models have been formulated, analysed and applied to a variety of infectious diseases qualitatively
and quantitatively.

A good example is the epidemic models which begin with classical theories by Kermack and McK-
endrick in (Kermack and McKendrick, 1927). These theories have major influence on the develop-
ment of mathematical models for disease spread and are still relevant in many epidemic situations.
Actually, most of the models in mathematical epidemiology are compartmental models, with the
population being divided into compartments with the assumptions about the nature and time rate
of transfer from one compartment to another. For instance, diseases that confer immunity have a
different compartmental structure from diseases without immunity (Al-Sheikh, 2012). As a matter
of fact, Kermack and McKendrick in (Kermack and McKendrick, 1927) laid out a foundation for
modelling infections which, after recovery, an agent gets a complete immunity (or in case of vital
diseases - death). The study suggests that the population is constant, i.e. no births or deaths other
than from the disease are possible or the community is said to be closed. This process is called the

11



12 1. Introduction

classic Susceptible-Infectious-Recovery (SIR) epidemic model. Diseases that belong to this cate-
gory are, for instance, childhood diseases (measles, chikenpox, rubella, . . . ). The dynamics of the
SIR epidemic model have been extensively analysed by Li and Ma (2002); Bailey (1975); Anderson
and May (1991); Ma et al. (2013); Allen (1994) among others. Some models have a latent period
(E) before being infectious. Once becoming infectious, an immigration into class I takes place, to
end up into class R with full immunity or death at the end of the disease. This dynamics is so called
the SEIR epidemic model. Models that allow for births/deaths/immigration/emigration are referred
to as having demography or having a dynamic community (Anderson and May, 1991; Bailey, 1975;
Li and Ma, 2002). More details are found in Section 1.2 of this Chapter.

1.2 Mathematical modeling of SEIR epidemic models

In many infectious diseases there is an exposed period after the transmission of infection from
susceptibles to potentially infective members but before these potential infectives develop symptoms
and can transmit infection (Brauer, 2012; Al-Sheikh, 2012). Moreover, many diseases incubate
inside a candidate for a period of time before he becomes infectious. Consequently, SEIR type
of models are to be studied to investigate the role of an incubation period in disease transmission.
Using a compartmental approach, one may assume that a susceptible individual first goes through
a latent period (and is said to become exposed or in the class E) after infection, before becoming
infectious. Henceforth, the resulting models are of SEIR or SEIRS types, respectively, depending
on whether the acquired immunity is permanent or otherwise.

A number of mathematical models have been developed in the literature to gain insights into the
transmission dynamics of diseases with subpopulation (compartments). Some of the research done
on SEIR models can be found for instance in Zhang et al. (2006); Li et al. (2010); Yi et al. (2009);
Sun and Hsieh (2010); Zhou and Cui (2011); Al-Sheikh (2012); Shu et al. (2012). In this Section,
the classical SEIR is formulated and analyzed. We also study the basic reproduction number (R0)
and the stability of disease-free equilibrium (E0).

1.2.1 SEIR epidemic Model Construction and analysis

To construct the SEIR model, we will divide the total population at time t into four epidemiological
classes which are susceptible (S(t)), exposed (E(t)), infectious (I(t)) and recovered (R(t)). Simi-
larly, standard epidemiological models use a bilinear incidence rate β IS

N based on the law of mass
action (Hethcote et al., 2002; Brauer, 2012). This works well when there is a large number of sus-
ceptible population (Li et al., 2010; Brauer, 2012). But, if the population is saturated with infective,
the incidence rate may have a nonlinear dependence on I (Li et al., 2010; Brauer, 2012). In our study
of SEIR epidemic models, we will assume that the time scale is short enough that demographic ef-
fects may be neglected and the recovered individuals are assumed to acquire permanent immunity;
there is no transfer from R class back to S compartment.

Following the compartment model in Figure 1.1, we model the transition process by the following
system of nonlinear ordinary differential equations
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k

S: Susceptible
E: Exposed
I: Infectious
R: Removed
β: Transmission rate
k: Infection rate
γ: Recovery rate

Transfer diagram of SEIR epidemic model

 S
  E  R

β S I/N γ

 I

Figure 1.1: SEIR Transfer diagram. We assume that the population is closed and no demographic
changes are taken into consideration.

dS(t)
dt

= −β
S(t)I(t)

N ,

dE(t)
dt

= β
S(t)I(t)

N − kE(t),

dI(t)
dt

= kE(t)− γI(t),

dR(t)
dt

= γI(t),

(1.1)

where S(t), E(t), I(t) and R(t) denote the number of susceptible, exposed, infected and removed at
time t, respectively. It is seen that N, the population size is constant because d(S+E+I+R)

dt = 0, and
S(t)+E(t)+ I(t)+R(t) = N⇒ dN

dt = 0. From Equation (1.1), R can be expressed in other variables
R = N−S− I−E.

The model has different parameters, β is the effective per capita contact rate of infective individuals,
k is the rate at which the exposed individuals become infective so that 1/k is the mean latent period
(Li and Ma, 2002). Hethcote et al. (2002) argues that when k→ ∞, or equivalently, when the mean
latent period 1/k→ 0, the SEIR model becomes a susceptible-infectious-recovery (SIR) model.
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Equation (1.1) is reduced to
dS(t)

dt
= −β

S(t)I(t)
N ,

dE(t)
dt

= β
S(t)I(t)

N − kE(t),

dI(t)
dt

= kE(t)− γI(t).

(1.2)

The system of nonlinear ODE (1.2) will be used in some analysis to ease calculations. Many dis-
eases are in form of SEIR epidemics, such as cholera, ebola, marbourg, tuberculous, etc. (Chowell
et al., 2004). In Chapter 4 our main application of SEIR epidemic model will be Ebola Haemorragic
model, case of 1995 in DRC.

1.2.2 SEIR numerical simulations

In this Section, we solve numerically the deterministic SEIR model. We first estimate parameters
(θ = (β ,k,γ)) summarized in Table 1.1.

Table 1.1: Identification of deterministic SEIR parameters using LSQ method.

Parameter Definition Initial value Estimates ss-fit mse
β Contact rate (days) 2 1.9672
1/k Infectious rate (days) 6.25 6.1027 104.2174 0.9563
1/γ Removed rate (days) 7.02 6.8624

After substitution of estimates, we solve the system (1.1) and get the results represented by the two
plots in Figure 1.2.
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Figure 1.2: SEIR epidemic model numerical simulations. The susceptible variable is decreasing
since some of its candidates are immigrating to E. By this time, E and I are increasing and decrease
after a given period. R is increasing exponentially. SEIR epidemic model numerical solutions are
also fitted to simulated daily data. With these synthetic data we see that the model really fit them.



1.2 Mathematical modeling of SEIR epidemic models 15

Since the population is closed, no recruitment to susceptible population but there is a recruitment on
other compartments. An individual reaching the compartment R will never come back to the system.
According to the Figure 1.2, it is seen that the variable S is decreasing exponentially, whereas E and
I are increasing and decreasing after a period of time. This is due to recruitment and migrations
from those compartments. The compartment R is increasing exponentially because all individuals
reaching this state are supposed to remain within it.

1.2.3 Disease-free equilibrium point

For model (1.1) it is not possible to distinguish whether there is an epidemic or not by determining
whether the number of infectives grows or decreases initially (Brauer, 2012; Murray, 2002). A more
general characterisation is given by whether the equilibrium with all members of the population sus-
ceptible is unstable (epidemic) or asymptotically stable (no epidemic) (Brauer, 2012). We will use
a situation in which the disease-free equilibrium is unstable as our definition of an endemic.

For the easy calculation of the disease-free equilibrium point, changes on variables are needed. We
introduce new variables by assuming S = Ns, E = Ne, I = Ni, R = Nr; then the derivatives
become

ds
dt

=
1
N

dS
dt

;
de
dt

=
1
N

dE
dt

;
di
dt

=
1
N

dI
dt

;
dr
dt

=
1
N

dR
dt

.

This form of the horizontal incidence is called the standard incidence, because it is formulated from
the basic principles found in Hethcote (2000). Replacing these new variables in (1.2), the system
becomes,

ds(t)
dt

= −β s(t)i(t),

de(t)
dt

= β s(t)i(t)− ke(t),

di(t)
dt

= ke(t)− γi(t),

dr(t)
dt

= γi(t).

(1.3)

After removing dr/dt (see in Subsection 1.2.1), the system (1.3) changes to

ds(t)
dt

= −β s(t)i(t),

de(t)
dt

= β s(t)i(t)− ke(t),

di(t)
dt

= ke(t)− γi(t).

(1.4)

A suitable domain is D =
{
(s,e, i) ∈ [0,1]3 : s≥ 0,e≥ 0, i≥ 0,s+ e+ i≤ 1

}
and

(s(0),e(0), i(0)) ∈ D.
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Removing the equation of r from (1.4), the disease-free equilibrium can be found by setting (1.4) to
0 and solving the resulting system.

The first steady point where i(t)= e(t)= 0 and s(t)= 1 corresponds to the situation with no infection
present (β ≈ 0) and the entire population is susceptible. This point is written E0 = (1,0,0) and is
called disease-free equilibrium and usually the analysis is centered on determining the stability
properties of it. This model does not admit an endemic equilibrium because equality in the above
equations will hold if i = 0. The disease will disappear in the population when

lim
t→∞

i(t) = 0, lim
t→∞

s(t) = s∞,

and the number that has been infected (final size of the epidemic) is s0− s∞.

To study the stability of the disease free-equilibrium, we first find the Jacobian matrix. If we define
Equation (1.4) as 

f (t) = β s(t)i(t),
g(t) = β s(t)i(t)− ke(t),
h(t) = ke(t)− γi(t).

Then the Jacobian matrix is computed as

J =

∂ f
∂ s

∂ f
∂e

∂ f
∂ i

∂g
∂ s

∂g
∂e

∂g
∂ i

∂h
∂ s

∂h
∂e

∂h
∂ i

 .

Which is

J =

−β i 0 −β s
β i −k β s
0 k −γ

 .

Replacing the disease free equilibrium E0 = (1,0,0) in J,

J0 =

0 0 −β

0 −k β

0 k −γ

 .

Finding the eigenvalues of the above matrix, the characteristic equation corresponding to J0 is a
third-degree polynomial with a characteristic equation given by

−λ
(
λ

2 +(k+ γ)λ − k(β − γ)
)
= 0

and its roots are λ1 = 0 and λ 2+(k+γ)λ−k(β−γ) = 0. The solution of this last quadratic equation
is

λ2,3 =
−(k+ γ)±

√
(k+ γ)2 +4k(β − γ)

2
. (1.5)

Eigenvalues are baseline estimates taken into consideration while analysing the stability of the sys-
tem. Their signs justify if the system is stable or unstable. Substituting the values of the parameters
k,γ and β from the Table 1.1 we get the following eigenvalues: λ1 = −0.7226 and λ2 = 0.4130.
Since these two values are real and opposite signs, the point E0 is unstable and the epidemic will
persist into the host population if no strategies to eradicate it are taken into consideration.
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1.2.4 Computation of SEIR basic reproduction number

The important quantity that must be determined is the basic reproduction ratio (R0), as this provides
the key to transmission dynamics. The basic reproduction number at the beginning of an epidemic
is the average number of persons a single sick individual ("patient zero") will infect (Murray, 2002;
Diekmann et al., 1990; Diekmann and Heesterbeek, 2000; Castilla-Chavez et al., 2001; Heffernan
et al., 2005). If R0 < 1 then the disease will eventually die out, otherwise, it will spread (Driessche
and Watmough, 2002; Brauer et al., 2008).
On the other hand, if R0 equals to 1, the disease remains endemic (Castilla-Chavez et al., 2001;
Heffernan et al., 2005). Generally, the larger the value of R0, the harder it is to control the epidemic.
For simple models, the proportion of the population that needs to be vaccinated to prevent sustained
spread of the infection is given by 1−1/R0 (Heffernan et al., 2005).
The basic reproduction number can be computed in the following way (Diekmann et al., 1990;
Castilla-Chavez et al., 2001; Diekmann and Heesterbeek, 2000). Consider the disease transmission
model consisting of initial conditions and the following system of equations:

ẋi = fi(x) = Fi(x)−Vi, i = 1, . . . ,3

where ẋi represents the system (4.3) and

F =

 β si
0
0

 ,V =

 ke
−ke+ γi

β si

 .

Let E0 denote the disease-free equilibrium of (4.3) and define DF (E0) and DV (E0) to be Jacobian
matrices of F and V at the point E0 respectively as follows

DF (E0) =

0 β 0
0 0 0
0 0 0


and

DV (E0) =

 k 0 0
−k γ 0
0 β 0


Consider F and V being two 2×2 matrices consisting of the first rows and columns of DF (E0) and
DV (E0), respectively. The basic reproduction number is given by the largest eigenvalue of FV−1 :

FV−1 =

(
0 β

0 0

)(
k 0
−k γ

)−1

=
1
kγ

(
0 β

0 0

)(
γ 0
k k

)
which implies

FV−1 =

(
β

γ

β

γ

0 0

)
.

There are two eigenvalues, λ1 = 0 and λ2 =
β

γ
. The largest eigenvalue is:

ρ(FV−1) = R0 =
β

γ
(1.6)
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Substituting β and γ by their corresponding values from Table 1.1, we get R0 = 13.4997 which
is greater than 1, meaning that the epidemic builds up. More effort to eradicate the disease is
recommended. The proportion to be vaccinated to prevent the spread is 1−1/13.4997 = 92.59%.

1.2.5 Relation between R0 and disease-free equilibrium

Even if the calculations of R0 and E0 differ, they correlate while interpreting them. If R0 < 1 then the
disease will eventually die. In addition, if at any time, R0 gets smaller than 1, the disease eventually
disappears from the population, and the disease-free equilibrium E0 is globally stable in the feasible
region. Mathematically,

R0 ≤ 1⇒ lim
t→∞

(s(t),e(t), i(t),r(t)) = (1,0,0,0) = E0.

The disease spreads if R0 > 1 and a unique endemic equilibrium (E∗) is globally asymptotically
stable in the interior of the feasible region and the disease will persist at the endemic equilibrium if
it is initially present, i.e. the epidemic builds up (Diekmann and Heesterbeek, 2000; Murray, 2002;
Heffernan et al., 2005). Mathematically,

R0 ≥ 1⇒ lim
t→∞

(s(t),e(t), i(t),r(t)) = E∗.

Finally, results found in Sections 1.2.3 and 1.2.4 have the similar meaning and interpretation. This
concludes that a researcher may use one of these methods to analyse a certain disease.

In the course of time the epidemic may come to an end. Therefore, one of the most important
questions in epidemiology is to ascertain when this will happen. To answer this question, estima-
tion of parameters linking compartments is crucial. There are many methods of estimating those
parameters, but most of them are showing some weaknesses. The recent approach is the Bayesian
approach which includes uncertainties within the model. In Bayesian approach, the values of the
parameters are estimated from data using estimators that are random variables, and whose distribu-
tional properties may be known (O’Neill, 2002). The unknown parameters θ are treated as random
variables, while the observed data y are treated as fixed, known quantities (O’Neill, 2002). A fea-
ture of Bayesian approach is that we set a prior to the parameters to obtain a posterior distribution.
Within the present context, the posterior distribution for a parameter provides information concern-
ing parameter uncertainty that might be very hard to obtain using other classical approach (Robert
and Casella, 2004). This Bayesian approach is called Markov chain Monte Carlo method (MCMC).

The basic ingredients of MCMC analysis are proposal distribution and likelihood function (Mohin-
der and Angus, 2008). To compute the likelihood function, one can use for instance, traditional sum
of squares method and Extended Kalman Filter method (EKF). The EKF method is powerful since
it estimates both states and likelihood (Mohinder and Angus, 2008). It also take into consideration
the stochasticity of likelihood.

The body of epidemiological literature is already immense. Although most of the models and meth-
ods cannot immediately be applied to epidemics in real-life, they do provide tools for the analysis
of these real epidemics and give qualitative insight in the dynamics of the spread of the infection.
In addition, real-life applications call for more advanced mathematical methods to be developed.

Apart from the modelling of the spread of infections, results from epidemiology have been used in
other sciences as well. One can think of models for rumour spread (Daley et al., 2001), the spread
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of information in economy (Jackson and Yariv, 2006), the spread of computer viruses (Berger et al.,
2005; Ganesh et al., 2005) and even an application of an epidemic model in a model on the spread
of heresies in the Middle Ages (Ormerod and Roach, 2004).

The main reason which makes modelling of infectious diseases different from other types of diseases
is that strong dependencies are naturally present: whether or not an individual becomes infected
depends strongly on the status of other individuals in its vicinity (Andersson and Britton, 2000;
Becker and Britton, 1999). Another reason is that the infection process is only partially observable
(Becker and Britton, 1999).

1.3 Motivation, objectives and research questions

Epidemic modelling, statistical analysis, parameter estimation, hypothesis testing, play an essential
role in bridging the gap between the mathematical theory and public health practices, and this is on
the heart of our discussion.

In many fields, the use of deterministic or stochastic differential equations has became an indispens-
able tool to model the dynamic of variety of phenomena (Al-Sheikh, 2012). Once the model is built,
researchers are using different methods of estimating model parameters, others are assuming them.
Even if it is known that there are numerous methods capable of estimating parameters of epidemic
models, there are some instances in which these methods may be lacking. First, many of the exist-
ing methods do not make full use of the information contained in the sample (Gilks et al., 1996).
Second, not all methods are capable of forecasting states and estimating parameters at the same
time. This is the beauty of Kalman Filtering approach. Another common problem is the inability
to estimate multivariate process, particularly when some elements of the process are latent (Robert
and Casella, 2004).

The purpose of this thesis is to learn about parameters that characterize an epidemic model given
observed data. This can be attained if we are able to model diseases in form of SEIR, to compute the
likelihood function and to estimate model parameters. Ebola is a case study of an epidemic disease
considered in this thesis. Through a transfer diagram we wish to model the disease deterministically,
compute the likelihood function and estimate parameters by least square and MCMC methods. It
is known that while analyzing the stochastic models, maximum-likelihood estimation (MLE) is the
most used method for parameters estimation. Moreover, the likelihood computation can be done
by extended Kalman filter algorithm where parameters can be estimated using MLE and further
sampled using MCMC methods.

To achieve our goals, this research aims to answer the following major questions:

• How can one derive parameter estimates, including their uncertainty, having observed the
sequence of numbers of infected and dead?

• Is the Bayesian inference MCMC method helpful for analysing epidemic models in form of
SEIR?

• Is the filter likelihood–MCMC approach viable to analyse model uncertainty, in case of epi-
demic models of the SEIR class?

• What is the difference between posteriors got from an unbiased Ebola model with those from
a biased one, as modelled as a SDE model ?
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To answer the above questions, we express the used methodology to attain our objectives.

1.4 Methodology

Before describing our specific implementations, we discuss the methodology applicable to all dis-
eases epidemics. All mathematical models of diseases start from the same basic premises: that the
population can be subdivided into a set of distinct classes, depending upon their experience with
respect to the disease. We generally start from model creation to solving differential equations to
end up with statistical analysis. Once the idea for the study is identified, the next step is a critical
review of the existing literature to find out what is known about the subject. It is in this line that we
review the basic SEIR epidemic model, formulation of stochastic differential equations, Bayesian
inference–Markov chain Monte carlo method and Kalman filter approach. Next, we apply those
literatures in analysing Ebola epidemic model deterministically and stochastically. To get an SDE
Ebola model we add bias into the deterministic model and we analyse the steps described in Figure
1.3.

Deterministic Ebola model

Bias

Unbiased model
        Biased model

LSQ MLE MCMC MLEMCMC LSQ

Comparison

Discussions

No Yes

Figure 1.3: Flowchart describing the methodology used while analysing Ebola epidemic model with
and without bias.

Ebola data have been collected from (Khan et al., 1999). Last but not least we compare results
from deterministic to those ones from stochastic and we use MATLAB software for numerical
simulations.

1.5 Author’s Contribution

In this thesis, we focus on the main purpose of mathematical epidemiology: modelling the spread
of Ebola. A huge number of researchers analysed Ebola model in different approaches. Chowell
et al. (2004) used one set of data to analyse the model. They compared two reproduction numbers
got from two different sets of data (data from Congo and Uganda). Lekone and Finkenstadt (2006)
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analysed Ebola model using stochastic discrete-time approximation. They used two sets of data
(onset and death) from Congo. Camacho et al. (2014) used the 1976 Ebola data to constrain the
optimization of SEIR model parameters by Bayesian inference. Towers et al. (2015) established
a model to asses the potential contagion of Ebola-related news media in inspiring Ebola-related
Google searchers or tweets. In addition to that, to estimate the model parameters that optimally
describe each data sample, they use the Monte Carlo method. Recently, (Zhiming et al., 2015)
investigated the transmission mechanism of infected agents with Ebola virus by establishing an
SEIT (susceptible, exposed in the latent period, infectious and treated/recovered) epidemic model.
They used the method of least squares in parameters optimisation. Other researchers such as (Siettos
et al., 2014; Webb et al., 2014; Chowell and Nishiura, 2014; Rivers et al., 2014; Rachah and Torres,
2015) among others have worked on Ebola with different approaches. We had contributed to this
area of research in six Chapters, but bellow are the main contributions.

Our first contribution in this thesis, we formulate Ebola model in form of SEIR and analyse it using
two sets of data (onset and death). As a novel feature, we also formulate the intervention model as
a decreasing function showing the importance of intervention. We compute the likelihood function
using sum of square errors and identify parameters using maximum likelihood and MCMC methods.
As results, data fit the Ebola model and all the diagnostics confirm the viability of the model. This
contribution is depicted in Chapter 4.

The second contribution is based on filtering method for parameters estimation. We convert the
deterministic Ebola model into the Itô SDE Ebola model by adding a bias or noise on each com-
partment. From our knowledge, no one has used the extended Kalman filter method to analyse the
Ebola model. For parameters estimation, the EKF algorithm computes the likelihood function and
then we use the maximum likelihood and MCMC algorithms to optimize the posteriors. At the end
we compare results from deterministic Ebola with those from SDE Ebola model and suggest which
one is the best to be used. This contribution is depicted in Chapter 5.

1.6 Outline of the project

This thesis is divided into six chapters. The first Chapter is the introduction which consists of the
background of the topic, objectives and research questions. In the same chapter, we express the
methodology / methods used to achieve our objectives, we also highlight our contribution followed
by the outline of the thesis.
The chapter describes and analyses the basic SEIR epidemic model in form of ordinary differential
equations. We solve SEIR numerically and estimate model parameters using least square method
with synthetic data. Since the basic reproduction number and disease-free equilibrium are important
in analysing a disease outbreak and prediction they are also computed and interpreted.

The second Chapter starts with the introduction of stochastic differential equations where Brownian
motion, i.e. Wiener process is developed. We also define the Itô and Stratonovich integrals and
their analytical solutions. Since it is not always easy to find the analytical solution for some SDEs,
numerical methods such as Euler and Runge Kutta are reviewed with different examples. We also
review the likelihood method for SDEs parameters estimation supported by an example.

The third Chapter is reviewing the existing literature of Bayesian Inference where the Markov Chain
Monte Carlo method is deeply described with the Metropolis-Hastings algorithm. Because the
Metropolis generates a chain of posteriors, different tests of convergence to the target estimate have
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been highlighted. We end the Chapter with an example of ARIMA model where MCMC method to
estimate parameters is used and the chains convergence test is done.

The forth Chapter is the first application where we analyse EBOLA epidemic model as a case of
SEIR. Ebola model is constructed through a transfer diagram and its parameters are identified by
maximizing the least square of residuals and MCMC methods. We check the fitness of the model
using two observed set of data and after the MCMC results, we proceed on convergence diagnostic.

The fifth Chapter is the second applications. This chapter has two parts: - the first one is the review
of Kalman and extended Kalman filter theories - the second part consists on analysing Ebola as an
SDE model. We start by converting the deterministic Ebola model into SDE. We use the EKF to
compute the objective function and maximum likelihood–MCMC for parameters estimation. The
diagnostic of chains is done by checking if they really converge to the target estimates.

The last Chapter is the general conclusion and recommendations followed by Bibliography.



CHAPTER II

Stochastic differential equations

Modeling of physical systems by ordinary differential equations (ODEs), ignores stochastic effects.
The stochasticity can be included in the ODEs by adding random elements into the differential
equations, and, hence we obtain stochastic differential equations (SDEs). An SDE is a differential
equation in which one or more of the terms is a stochastic process, thus resulting in a solution which
is itself a stochastic process. The SDEs play a relevant role in many application areas including
environmental modeling, engineering, epidemiology and biological modeling and mostly in finance
(Kloeden and Platen, 1995).

2.1 Introduction

In many applications, the experimentally measured trajectories of systems modeled by ODEs do not
behave as predicted. Hence, it seems reasonable to modify the ODEs to include the possibility of
random effects disturbing the system. This results to SDE modeling.

The SDEs typically describe the time dynamics of the evolution of a state vector, based on the
(approximate) physics of the real system, together with a driving noise process. Moreover, the noise
process can be thought of in several ways. It often represents process which is not included in
the model, but present in the real system. However, the time varying behavior of many physical
phenomena can be described by deterministic ordinary differential equation. Suppose X(t) defines
the state of the physical system in the following ODE

d
dt

X(t) = µ(t,X(t)), t ≥ 0, (2.1)

where X(t) is the unknown function. Equation (2.1) can be written as

dX(t) = µ(t,X(t))dt, (2.2)

and in integral form as

X(t) = X(0)+
∫ t

t0
µ(s,X(s))ds. (2.3)

Since there are uncertainties, physical systems behavior often can only be described in terms of
probability and has to be shown by means of a stochastic model. By adding a random disturbance,

23
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depending both on t and X(t), we take a random noise ξt , multiply it with some sufficiently nice
function σ and add it to (2.1). We get a stochastic model

d
dt

X(t) = µ(t,X(t))+σ(t,X(t))ξt , X(t0) = x0. (2.4)

Thus an SDE is an ODE with an added random perturbation in the dynamics. Equation (2.4) can be
written as

dX(t) = µ(t,X(t))dt +σ(t,X(t))ξtdt, X(t0) = x0, (2.5)

or in integral form as

X(t) = X(0)+
∫ t

t0
µ(s,X(s))ds+

∫ t

t0
σ(s,X(s))ξsds. (2.6)

If ξs is a nicely behaving process, then we may study this equation and find its characteristics.
However, it is impossible to compute the last integral of Equation (2.6) using the standard mathe-
matical tools known from the real analysis. In this chapter, we will consider the white noise ξ (t) as
a derivative of Brownian motion (or Wiener process) W (t)

dW (t) = ξ (t)dt, (2.7)

from which Equation (2.5) becomes

dX(t) = µ(t,X(t))dt +σ(t,X(t))dW (t). (2.8)

Section 2.2 describes properties of Wiener process. Equation (2.8) has two parts: µ(t,X(t)) is
the drift term and σ(t,X(t)) is the diffusion or volatility or dispersion coefficient. Note that if the
volatility function is equal to zero, we get an ODE.

A solution of an SDE, if it exists, is a stochastic process called diffusion and the formal interpreta-
tion of an SDE is given in terms of what constitutes its solution. The solution can be strong solution
or weak solution (Kloeden and Platen, 1995; Burrage and Burrage, 1996; Allen, 2007). Both so-
lutions require the existence of a process X(t) that solves the integral equation version of the SDE.
A weak solution consists of a probability space and a process that satisfies the integral equation. In
this case it is possible to construct some Brownian motion W (t) and a stochastic process X(t) such
that the pair is a solution to the stochastic differential equation. A strong solution is a process that
satisfies the equation and is defined on a given probability space (Kloeden and Platen, 1995).

The stochastic integral can be Itô integral or Stratonovich integral (Burrage and Burrage, 1996;
Klebaner, 2005; Øksendal, 2003; Kloeden and Platen, 1995; Allen, 2007). For instance, given a
stochastic integral

∫ b
a W (t)dW (t), the Itô integral is∫ b

a
W (t)dW (t) Ito

=
1
2
(W 2(b)−W 2(a))+(σ − 1

2
)(b−a) (2.9)

and Stratonovich is ∫ b

a
W (t)�dW (t) Str

=
1
2
(W 2(b)−W 2(a)). (2.10)

The symbol � is introduced to denote the Stratonovich integral, to differentiate it from Itô integral.
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2.2 Wiener Process

Definition 2.2.1. A standard one-dimensional Brownian motion is a stochastic process {Wt}t≥0, t ∈
[0,T ] with the following properties (Kloeden and Platen, 1995):

i. W (0) = 0 with probability 1.

ii. t→W (t) is a continuous function of t.

iii. W (t)−W (s) has a normal distribution with mean 0 and variance t−s for 0≤ s < t ≤ . . . < T .

iv. The increments are independent, i.e. W (t1)−W (s1),W (t2)−W (s2), . . . ,W (tn)−W (sn) are
independent for any choice of 0≤ s1 ≤ t1 ≤ s2 ≤ t2 ≤ . . .≤ sn ≤ tn < T .

For instance consider Figures 2.1 and 2.2 illustrating the Wiener process behaviour.
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Sample Wiener Process

Figure 2.1: Sample Wiener process with a small
number of steps (n = 100) to compute at in
[0,1].
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Figure 2.2: Sample Wiener process with a high
number of steps (n = 10000) to compute at in
[0,1].

From Figures 2.1 and 2.2, it is clear that the Wiener process W (t) is a stochastic process. It is
introduced so as to model uncertainties in the underlying deterministic differential equation. The
same figures show the behaviour of a Wiener process for different number of steps to be computed
within the interval [0,1]. It is advised to use a high number of iterations or small step size to allow
the process to capture all the uncertainties within the system. And using a small number of iterations
or big step size, the process will tend to have a deterministic behaviour.

From Definition 2.2.1, we can prove (iv). Here we use the definition (Klebaner, 2005)

E[W 2k
t ] =

(2k)!tk

k!2k and E[W 2k+1
t ] = 0,

which implies that

E[W (ti)W (t j)] = min(ti, t j) = ti. (2.11)
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Equation (2.11) is now used to check the independence of the Wiener increments. Given time
interval 0 ≤ t0 < .. . < ti−1 < ti < .. . < t j−1 < t j < .. . < tn, we show that (W (ti)−W (ti−1)) and
(W (t j)−W (t j−1)) are independent by

E[(W (ti)−W (ti−1))(W (t j)−W (t j−1))] = E[W (ti)W (t j)]−E[W (ti)W (t j−1)]

− E[W (ti−1)W (t j)]+E[W (ti−1)W (t j−1))]

= ti− ti− ti−1 + ti−1 = 0.

Hence, (W (ti)−W (ti−1)) and (W (t j)−W (t j−1)) are independent. The wiener process is a Gaussian
process since all finite-dimension distribution are Gaussian (Klebaner, 2005). The Brownian motion
process W (t) serves as a basic model for the cumulative effect of pure noise. For instance, if W (t)
denotes the position of a particle at time t, then the displacement W (t)−W (0) is the effect of noise
over time t (Klebaner, 2005).

2.3 Itô Integrals

In this Section, stochastic integrals with respect to Brownian motion are introduced and their prop-
erties are given. They are also called Itô integrals and they allow one to integrate stochastic pro-
cess (the integrand) with respect to another stochastic process (the integrator) (Kloeden and Platen,
1995). It is common for the integrator to be the Brownian motion and the result of the integration is
another stochastic process (Allen, 2007).

We base on Riemann-Stieltjes integral to evaluate Itô integral. For instance, given a function X(t),
the Riemann-Stieltjes integral

∫ b
a X(t)dt can be approximated as∫ b

a
X(t)dt = ∑

i≥0
X(ti)(ti+1− ti). (2.12)

In a similar way, the Itô integral
∫ b

a X(t)dW can be evaluated as∫ b

a
X(t)dW (t) = ∑

i≥0
X(ti)(W (ti+1)−W (ti)) . (2.13)

2.3.1 Properties of Itô Integrals

Here we enumerate main properties of the Itô integral of stochastic processes (Klebaner, 2005).

i. If X(t) and Y (t) are simple processes and α and β are some constants, then∫ T

0
(αX(t)+βY (t))dW (t) = α

∫ T

0
X(t)dW (t)+β

∫ T

0
Y (t)dW (t).

ii.

if u ∈ [0,T ],
∫ T

0
X(t)dW (t) =

∫ u

0
X(t)dW (t)+

∫ T

u
X(t)dW (t).
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iii. For the indicator function of an interval I(a,b](t) = 1 when t ∈ (a,b] and zero otherwise, we
have ∫ T

0
I(a,b](t)dW (t) =W (b)−W (a),

∫ T

0
I(a,b](t)X(t)dW (t) =

∫ b

a
X(t)dW (t).

iv. Zero mean property

E
[∫ T

0
X(t)dW (t)

]
= 0.

v. Isometry property

E

[(∫ T

0
X(t)dW (t)

)2
]
=
∫ T

0
E[X2(t)]dt.

2.3.2 Itô formula

Itô’s formula, also known as the change of variable and the chain rule, is one of the main tools of
stochastic calculus.

Definition 2.3.1. (Itô Formula in one dimension) Suppose X(t) is an Itô process with Equation
(2.8). Let f (t,x) : R+×R 7→ R be a function with continuous partial time derivative ∂ f

∂ t , and

continuous second partial space derivative, ∂ 2 f
∂x2 . Then F(t) = f (t,X(t)) is an Itô process, and

(Øksendal, 2003)

dF =
∂ f
∂ t

(t,X(t))dt +
∂ f
∂x

(t,X(t))dX +
1
2

∂ 2 f
∂x2 (t,X(t))(dX(t))2. (2.14)

Note that dt ·dt = dt ·dw(t) = dw(t) ·dt = 0 and dw(t) ·dw(t) = 0 (Øksendal, 2003). Using these
properties, Equation (2.14) can be written as

dF =
∂ f
∂ t

(t,X(t))dt +
∂ f
∂x

(t,X(t))dX +
1
2

σ
2(t)

∂ 2 f
∂x2 (t,X(t))dt, (2.15)

which is

F(t)−F(0) =
∫ t

0

[
∂ f
∂ t

(s,X(s))+µ(s)
∂ f
∂x

(s,X(s))+
1
2

σ
2(s)

∂ 2 f
∂x2 (s,X(s))

]
dt

+
∫ t

0
σ(s)

∂ f
∂x

(s,X(s))dW.

Substituting dX(t) from the Equation (2.8) into (2.15) we get

dF =

(
∂ f
∂ t

(t,X(t))+µ
∂ f
∂x

(t,X(t))+
1
2

σ
2(t)

∂ 2 f
∂x2 (t,X(t))

)
dt +σ

∂ f
∂x

(t,X(t))dW (t). (2.16)

We demonstrate the use of Itô formula to compute integral in the following example.
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Example 2.3.1. We use Itô formula to compute∫
WdW.

Let f (t,x) = x2/2 whereas F(t,x(t)) =W 2/2. Applying Itô formula (2.16), we get

dF =
∂ f
∂ t

dt +
∂ f
∂x

dW +
1
2

∂ 2 f
∂x2 dt = xdW +

1
2

dt.

Thus

d
(

W 2

2

)
= WdW +

1
2

dt,

1
2

∫
dW 2 =

∫
WdW +

1
2

∫
dt,

1
2

W 2(t) =
∫

WdW +
t
2
.

Hence ∫ t

0
W (s)dW =

1
2

W 2(t)− t
2
.

2.4 Stratonovich Integrals

It is possible to make the extra term in equation (2.15) go away, and have stochastic differentials
which work just like the ordinary ones (Øksendal, 2003). This corresponds to making stochastic
integrals limits of sums of the form

∑
i

X
(

ti+1 + ti
2

)
∆W (ti),

rather than the Itô sums,
∑

i
X(ti)∆W (ti).

That is, we could evade the Itô formula if we evaluated our test function in the middle of intervals,
rather than at their beginning (Øksendal, 2003). This leads to Stratonovich integrals. However,
while Stratonovich integrals give simpler change of variable formulas, they have many other incon-
veniences, for example, they are not martingales (Øksendal, 2003). Fortunately, every Stratonovich
SDE can be converted into an Itô SDE, and vice versa, by adding or subtracting the appropriate
noise term (Allen, 2007). However, having a Stratonovich SDE it may be possible to convert it into
Itô SDE using Theorem 2.1.

Theorem 2.1. Suppose that X(t) satisfies the following SDE in the Stratonovich sense

dX(t) = µ(X(t))dt +σ(X(t))dW (t),

with σ(x) twice continuously differentiable. Then X(t) satisfies the Itô SDE

dX(t) =
(

µ(X(t))+
1
2

σ
′(X(t))σ(X(t))

)
dt +σ(X(t))dW (t)
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Thus the infinitesimal drift coefficient in Itô diffusion is µ(x)+ 1
2σ ′(x)σ(x) and the diffusion coeffi-

cient is the same σ(x).

Proof. For proof of the theorem see (Klebaner, 2005).

The following example compares the solutions got by Itô and Stratonovich formulae.

Example 2.4.1. Consider the population growth (Malthusian) equation (Øksendal, 2003)

dNt

dt
= atNt , (2.17)

where N0 is known, and Nt
4
= N(t). We change the ODE (2.17) into SDE and we give its interpreta-

tion using Itô and Stratonovich formulae.

We choose at = rt +σξt , including the uncertainty in the model. Assume rt = r, then at = r+σξt .
Substitute in (2.17), we get

dNt

dt
= (r+σξt)Nt . (2.18)

Which can be written as

dNt = rNtdt +σNtξtdt. (2.19)

By the Itô interpretation, take ξtdt = dWt , then equation (2.19) becomes

dNt = rNtdt +σNtdWt . (2.20)

Equation (2.20) has the Brownian motion’s form and its analytical solution exist. From equation
(2.20), we can write it as

∫ t

0

dNs

Ns
= rt +σWt . (2.21)

If we let Ft = f (t,x) = lnx,x > 0 and taking Nt =Wt and using the Itô formula, we have

d(lnNt) =
dNt

Nt
− 1

2
σ

2dt,

which implies
dNt

Nt
= d(lnNt)+

1
2

σ
2dt. (2.22)

Substituting (2.20) in (2.22) we get:

d(lnNt)+
1
2

σ
2dt = rdt +σdWt .
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If we integrate both sides, we get

⇒
∫ t

0
d(lnNs) =

∫ t

0

(
r− 1

2
σ

2
)

ds+
∫ t

0
σdWs,

ln
(

Nt

N0

)
=

(
r− 1

2
σ

2
)

t +σWt .

Hence,

Nt = N0 exp
((

r− 1
2

σ
2
)

t +σWt

)
. (2.23)

For Stratonovich interpretation, the solution resembles the one of Itô solution without σW (t) on
exponential part.

dN̄t = rN̄tdt +σ N̄t �dW (t) (2.24)

and the solution should be
N̄t = N0 exp(rt +σWt) . (2.25)

Equations (2.23) and (2.25) are both processes of the type

Xt = X0 exp((µt +σWt)) (µ, α are constants).

Such processes are called geometric Brownian motions. From the solutions, different behaviours
are as follows

• If r > 1
2σ2, then Nt → ∞ as t→ ∞
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Figure 2.3: Deterministic and stochastic solutions for Brownian motion for r > 1
2σ2. If r > 1

2σ2,
the population is increasing without bound and it is clear that the Itô solution is the same as the
Stratonovich solution. For the deterministic one, the population is exponentially increasing.

• If r < 1
2σ2, then Nt → 0 as t→ ∞
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• If r = 1
2σ2, then Nt will fluctuate with arbitrarily large and arbitrarily small values as t→ ∞.
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Figure 2.4: Itô and Stratonovich solutions for
the Brownian motion when r < 1

2σ2, the popu-
lation will decay to extinction and for determin-
istic solution, a has to be negative.
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Figure 2.5: Itô and Stratonovich solutions for
the Brownian motion when r = 1

2σ2, the popu-
lation will be fluctuating above and below the
initial value. For deterministic solution, the
population is supposed to be constant as t→ ∞.

2.4.1 Itô formula in higher dimension

For higher dimensions, we define the stochastic process (X(t)), drift coefficients (µ(t)) and Brown-
ian motion (W (t)), respectively, as follows (Klebaner, 2005)

X(t) = [X1(t),X2(t), . . . ,Xn(t)]
T ,

µ(t) = [µ1(t),µ2(t), . . . ,µn(t)]
T ,

W(t) = [W1(t),W2(t), . . . ,Wm(t)]
T ,

and the n×m diffusion matrix σ(t) as

σi j =


σ11 σ12 . . . σ1m
σ21 σ22 . . . σ2m

...
... . . .

...
σn1 σn2 . . . σnm

 .

In particular, notice that W(t) is an m-dimensional Wiener process where the elements Wi(t) and
Wj(t) are independent if i 6= j. The stochastic equation can thus be written as

dXi(t) = µi(t)dt +
m

∑
j=1

σi j(t)dWj(t), (2.26)

for i = 1,2, . . . ,n, and hence,

Xi(t) = Xi(a)+
∫ t

a
fi(s)ds+

∫ t

a

m

∑
j=1

σi j(s)dWj(s), (2.27)
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for i= 1,2, . . . ,n. Let F(t,X) be a smooth function of t and X defined as, F : [a,b]×Hn
SP→R. Then,

Itô formula is generalized in this multidimensional setting to yield the stochastic differential for F
of the form (Øksendal, 2003; Kloeden and Platen, 1995; Morgan, 2000; Battacharya and Waymire,
1990)

dF(t,X) =

(
∂F
∂ t

+
n

∑
i=1

∂F
∂xi

fi +
1
2

n

∑
i=1

n

∑
j=1

n

∑
k=1

∂ 2F
∂xi∂x j

δikδ jk

)
dt

+
n

∑
i=1

n

∑
j=1

∂F
∂xi

σi jdWj(t).

(2.28)

The rule of multiplication in multidimensional Itô formula are dt ·dt = dt ·dwi = dw j ·dt = 0 and
dw j(t) ·dwi(t) = δi jdt where

δi j =

{
1 if i = j,
0 if i 6= j.

The solution of SDEs is hard to find analytically especially for complex or higher multidimensional
models, we then use numerical methods.

2.5 Numerical schemes for SDEs

Stochastic differential equations are becoming increasingly important due to their applications for
modelling stochastic phenomena in different fields, e.g. physics, biology, epidemiology or eco-
nomics (Kloeden and Platen, 1995). Unfortunately, in many cases analytic solutions of these equa-
tions are not available and we are forced to use numerical methods to approximate them (Klebaner,
2005; Shoji and Ozaki, 1998; Singer, 2002; Battacharya and Waymire, 1990; Kloeden and Platen,
1995; Øksendal, 2003).

Let X be a strong solution of the scalar Itô SDE

dX(t) = µ(X(t), t)dt +σ(X(t), t)dW (t), 0≤ t ≤ T,
X(0) = X0.

(2.29)

This means that X solves the integral equation

X(t) = X0 +
∫ t

0
µ(X(s),s)ds+

∫ t

0
σ(X(s),s)dW (s), t ∈ [0,T ]. (2.30)

We assume that X0 is a random variable and the coefficients are deterministic functions, that is

µ : R× [0,T ]→ R,

σ : R× [0,T ]→ R.

Also, we assume that µ and σ are continuous and satisfy a global Lipschitz condition with respect
to x (Klebaner, 2005),

|µ(x, t)−µ(y, t)| ≤ L|x− y|,
|σ(x, t)−σ(y, t)| ≤ L|x− y|,

∀x,y ∈ R, t ∈ [0,T ].
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We derive the first steps of the Itô-Taylor expansion. We consider for instance the autonomous
equation

dX(t) = µ(X(t))dt +σ(X(t))dW (t),

where µ = µ(x),σ = σ(x) do not depend on t. Then

X(t) = X(t0)+
∫ t

t0
µ(X(s))ds+

∫ t

t0
σ(X(s))dW (s). (2.31)

Itô formula is (Carletti, 2006; Klebaner, 2005),

f (X(t)) = f (X(t0))+
∫ t

t0

(
µ(X(s)) f ′(X(s))+ 1

2σ
2(X(s)) f ′′(X(s))

)
ds

+
∫ t

t0
σ(X(s)) f ′(X(s))dW (s)

= f (X(t0))+
∫ t

t0
L0 f (X(s))ds+

∫ t

t0
L1 f (X(s))dW (s),

(2.32)

where the differential operators L0 and L1 are defined as L0 f = µ f ′+ 1
2σ2 f ′′ and L1 f = σ f ′.

In particular, with f (x) = x we get L0 f = µ, L1 f = σ and we retrieve (2.31) (Klebaner, 2005). Next
we take f = µ and f = σ in (2.32) and insert the result into (2.31). We get

X(t) = X(t0)+
(∫ t

t0
µ(X(t0))+

∫ s

t0
L0µ(X(z))dz+

∫ s

t0
L1µ(X(z))dW (z)

)
ds

+
(∫ t

t0
σ(X(t0))+

∫ s

t0
L0σ(X(z))dz+

∫ s

t0
L1σ(X(z))dW (z)

)
dW (s)

= X(t0)+µ(X(t0))
∫ t

t0
ds+σ(X(t0))

∫ t

t0
dW (s)+R1(t, t0),

where the remainder is

R1(t, t0) =
∫ t

t0

∫ s

t0
L0µ(X(z))dzds+

∫ t

t0

∫ s

t0
L1µ(X(z))dW (z)ds

+
∫ t

t0

∫ s

t0
L0σ(X(z))dzdW (s)+

∫ t

t0

∫ s

t0
L1σ(X(z))dW (z)dW (s).

This is the motivation for Euler’s method (Klebaner, 2005).

Next use Itô formula with f = L1σ = σσ ′ and insert into the last term in the remainder to get

X(t) = X(t0)+µ(X(t0))
∫ t

t0
ds+σ(X(t0))

∫ t

t0
dW (s)

+σ(X(t0))σ ′(X(t0))
∫ t

t0

∫ s

t0
dW (z)dW (s)+R2(t, t0),
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where the new remainder R2(t, t0) consists of five complicated terms (Klebaner, 2005). This is the
motivation for Milstein’s method. The practical difficulty of employing Taylor approximations is
that they require to determine many derivatives (Tochino and Ardanuy, 2002).

2.5.1 Euler-Maruyama Scheme

The simplest numerical method for solving SDEs is the stochastic Euler scheme (also called Euler-
Maruyama scheme). It is inefficient due to its strong order of convergence 1/2 (Burrage et al., 2000).
Suppose

0 = t0 < t1 < · · ·< tn < tn+1 < · · ·< tN = T, hn = tn+1− tn, h = maxhn ≤ 1,

X satisfies
X(tn+1) = X(tn)+

∫ tn+1

tn
µ(X(s),s)ds+

∫ tn+1

tn
σ(X(s),s)dW (s). (2.33)

This motivates the Euler method (Carletti, 2006; Klebaner, 2005), which defines {Yn}N
n=0 by

Y0 ≈ X0,

Yn+1 = Yn +µ(Yn, tn)
∫ tn+1

tn
ds+σ(Yn, tn)

∫ tn+1

tn
dW (s).

(2.34)

Since
∫ tn+1

tn ds = ∆tn = hn,
∫ tn+1

tn dW (s) =W (tn+1)−W (tn) = ∆Wn, this can be written as

Y0 ≈ X0,

Yn+1 = Yn +µ(Yn, tn)hn +σ(Yn, tn)∆Wn(tn).
(2.35)

For multidimensional SDEs, we define (Allen, 2007; Klebaner, 2005)

X(t,ω) = [X1(t,ω),X2(t,ω), . . . ,Xd(t,ω)]T ,

W(t,ω) = [W1(t,ω),W2(t,ω), . . . ,Wd(t,ω)]T ,

f : [0,T ]×Rd → Rd

and
g : [0,T ]×Rd → Rd×m,

where Wi(t,ω),1≤ i≤ m are independent Wiener processes. Then a system of SDE has the form

dX(t,ω) = f (t,X(t,ω))dt +g(t,X(t,ω))dW (t,ω). (2.36)

In component form, the system is (Allen, 2007; Klebaner, 2005)

Xi(t) = Xi(0)+
∫ t

0
fi(s,X(s))ds+

m

∑
j=1

∫ t

0
gi, j(s,X(s))dWj(s)

for i = 1,2, . . . ,d.
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Euler method for systems is straightforward and has the form (Klebaner, 2005)

Xn+1(ω) = Xn(ω)+ f (tn,Xn(ω))∆t +g(tn,Xn(ω))∆W n(ω), (2.37)

for n = 0,1,2, . . . ,N, where Xn(ω) ≈ X(tn,ω), ∆t = T/N and ∆Wn = W (tn+1)−W (tn) (Allen,
2007). In component form we have

Xi,n+1(ω) = Xi,n(ω)+ fi(tn,Xn(ω))∆t +
m

∑
j=1

gi, j(tn,Xn(ω))∆Wj,n(ω),

for i = 1,2, . . . ,d, where ∆Wj,n ∼ N (0,∆t) for each j and n (Allen, 2007). The Algorithm 2.1
shows the pseudo-code of this method (Kloeden and Platen, 1995).

Algorithm 2.1 Euler-Maruyama method

i. Initialize M, t0, X0, ∆tk, W0 = 0

ii. for k = 0,1, . . . ,M do

• tk+1 = tk +∆tk
• ∆Wk = Zk

√
∆tk, with Zk ∼N (0,1)

• Xk+1 = Xk +µ(Xk, tk)∆tk +σ(Xk, tk)∆Wk

end for

Example 2.5.1. (from (Kloeden and Platen, 1995)) Generate equidistant Euler approximations on
the time interval [0,1] with equal steps size4= 2−2 for the Itô process X(t) satisfying

dX(t) = aX(t)dt +bX(t)dW (t) (2.38)

with X0 = 1.0,a = 1.5 and b = 1.0. Plot both the linearly interpolated approximation and the exact
solution for the same sample path of the Wiener process.

We know that (2.38) has the explicit solution

Xt = X0 exp
((

a− 1
2

b2
)

t +bWt

)
(2.39)

for t ∈ [0,T ] and the given Wiener process W = Wt , t ≥ 0. Knowing the solution (2.39) explic-
itly gives us the possibility of comparing the Euler approximation with the exact solution and to
calculate the error.
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Figure 2.6: Euler approximation and exact solu-
tion for geometric Brownian motions when the
step size is 2−2.
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Figure 2.7: Euler approximation and exact solu-
tion for geometric Brownian motions when the
step size is 2−4.

The numbers of steps to compute in [0,T ] are different for both Euler approximation and exact
solution (Klebaner, 2005). To simulate a trajectory of Euler approximation for a given time dis-
cretization we simply start from the initial value Y0 = X0, and proceed recursively to generate the
next value (Klebaner, 2005)

Yn+1 = Yn +aYn∆n +bYn∆Wn for n = 0,1,2, . . . .

Figure 2.6 shows that Euler approximation differs from Itô process if we use bigger step sizes. Let
us check what may happen if we use a smaller step size let say4= 2−4 and big n.

0 0.2 0.4 0.6 0.8 1
0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
Numerical solution of an SDE using the Euler Maruyama Method

t

X(t)

 

 
EM Approximation
Exact Solution

Figure 2.8: Euler approximation and exact so-
lution for geometric Brownian motions when
n = 26. Plots on this figure are computed by
comparing the exact and approximated solu-
tion using the same number of steps which is
smaller.
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Figure 2.9: Euler approximation and exact so-
lution for geometric Brownian motions when
n = 28. This Figure shows the behaviour of the
process when the number of steps is high.

From Figures 2.7 and 2.9, we realize that the Euler approximation is closer to the Itô process at the
end point T = 1 when the step size is smaller. We may conclude that the Euler approximation for a
finer discretization would be closer to the Itô process (Fard, 2007).

As it has been said above, the Milstein method has order one. Note that the Milstein method is
identical to the Euler-Maruyama method if there is no X term in the diffusion part σ(X ; t) of the
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equation (Sauer, 2012). In case there is, Milstein will in general converge to the correct stochastic
solution process more quickly than Euler-Maruyama as the step size ∆ti goes to zero (Sauer, 2012;
Rümelin, 1982).

2.5.2 Runge-Kutta Scheme

In SDEs, the Runge-Kutta method is a technique for the approximate numerical solution of an SDE.
It is a generalization of the Runge-Kutta method for ODEs to SDEs (Tochino and Ardanuy, 2002).
The following iterative formulae have been applied by Jabłońska (2011); Rümelin (1982); Carletti
(2006).

K0 = µ(Xi, ti) G0 = σ(Xi, ti),

X (0)
i = Xi +

1
2

K0∆ti +
1
2

G0∆Wi,

K1 = µ(X (0)
i ), ti +

1
2

∆ti), G1 = σ(X (0)
i , ti +

1
2

∆ti),

X (1)
i = Xi +

1
2

K1∆ti +
1
2

G1∆Wi

K2 = µ(X (1)
i ), ti +

1
2

∆ti), G2 = σ(X (1)
i , ti +

1
2

∆ti),

X (2)
i = Xi +

1
2

K2∆ti +
1
2

G2∆Wi

K3 = µ(X (2)
i ), ti +

1
2

∆ti), G3 = σ(X (2)
i , ti +

1
2

∆ti),

and

Xi+1 = Xi +
1
6

3

∑
i=0

(Ki)∆ti +
1
6

3

∑
i=0

(Gi)∆Wi.

If we generalize,

Kn = µ(X (n−1)
i , ti +

1
2

∆ti), Gn = σ(X (n−1)
i , ti +

1
2

∆ti),

X (n)
i = Xi +

1
2

Kn∆ti +
1
2

Gn∆Wi,

and

Xn+1 = Xn +
1

2n

[
n

∑
i=0

Ki∆ti +
n

∑
i=0

Gi∆Wi

]
.

The advantage of Runge-Kutta method is that it does not involve knowing derivatives of the coeffi-
cient functions in the SDEs (Malyutin, 2005). In the case of Runge-Kutta methods for deterministic
problems, the order of accuracy is found by comparing the computed solution with the exact solu-
tion over one step assuming exact initial values (Burrage and Burrage, 1998; Klebaner, 2005). This
necessitates the use of the Taylor series expansion, and a similar situation holds for SDEs in which
a numerical method is compared with the stochastic Taylor series expansion using either the Itô or
Stratonovich calculus (Burrage and Burrage, 1996, 1998).
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2.6 Parameters estimation of SDEs

The term parameter is used to designate a quantity (scalar or vector valued) that is assumed to be
time invariant. If it does change with time, it can be designated (with a slight abuse of language) as
a "time-varying parameter", but its time variation must be "slow" compared to the state variables of
a system (Yaakov et al., 2001).

It is easy to form the SDE, however, in practice the parameters of the resulting SDE model re-
main uncertain or completely unknown (Klebaner, 2005). The identification of parameters is a
very crucial task in modeling stochastic process for the characterization of dynamic phenomena
being considered. Naturally, researchers are interested in obtaining better estimates of parameters
using the observation data. There are many methods for estimating such parameters: generalized
moment methods, the efficient moment methods, exact likelihood inference methods, pseudo like-
lihood methods, simulated likelihood methods, indirect inference methods, filtering based methods,
least square methods sequential Monte Carlo, maximum likelihood, parametric and nonparametric
methods, quasi maximum likelihood, kernel density method, local linearization, least squares, gen-
eralized method of moments, minimum χ2 and MCMC methods (Sørensen, 2004; Singer, 2004;
Young, 1980; Shoji and Ozaki, 1998; Nielsen et al., 2000; Mbalawata, 2014; Allen, 2007; Hurn and
Lindsay, 1999, 1997).

Given a N-dimensional time-homogeneous SDE

dX(t) = µ(t,X ;θ)dt +σ(t,X ;θ)dW (t), (2.40)

the task is to estimate the unknown parameters θ ∈ Rm from a sample of (N + 1) observations
x0,x1, . . . ,xN of the process X(t) at known times ti = i4t for i = 0,1, . . . ,N where 4t = T/N. In
Equation (2.40), dW is the differential of the Wiener process and the instantaneous drift µ(x;θ) and
instantaneous diffusion σ2(x;θ) are prescribed functions of state. In this section, we only discuss
on maximum likelihood method to estimate parameters in SDEs since it is the most commonly used
due to its superior statistical properties (Berndt et al., 1974), whereas other methods like least square
method and MCMC method are discussed in Sections 3.3. Kalman Filtering method will be studied
in Chapters 5.

2.6.1 Maximum likelihood estimation

In statistics, maximum-likelihood estimation (MLE) is a method of estimating the parameters of a
statistical model by maximizing the likelihood function (Allen, 2007). When applied to a data set
and given a statistical model, maximum-likelihood estimation provides estimates for the model’s
parameters. In MLE we seek the parameter values that are most likely to have produced the data
(Allen, 2007). Let p(tk,xk | tk−1,xk−1;θ) be the transition probability density of (tk,xk) starting
from (tk−1,xk−1) given the vector θ . Suppose the initial state is p0(x0 | θ). In maximum likelihood
estimation of θ for a sample time series of length N, the joint density (Allen, 2007)

D(θ) = p0(x0 | θ)
N−1

∏
k=1

p(x(tk),xk | tk1;θ), (2.41)

is maximized over θ ∈ Rm. The value of θ that maximizes D(θ) will be denoted as θ̂ ∈ Rm. For
simplicity, it is more convenient to minimize the function L(θ) = − ln(D(θ)) which has the form



2.6 Parameters estimation of SDEs 39

(Allen, 2007)

L(θ) =− ln(p0(x0 | θ))−
N

∑
k=1

ln(p(tk,xk | tk−1,xk−1;θ)).

According to Timmer (2000), maximizing L(θ) leads to an estimator θ̂ that is asymptotically un-
biased and has least conservative confidence regions. The maximum likelihood estimator θ̂ is the
solution of

d
dθ

L(x(t2),x(t3), . . . ,x(tN);θ) = 0. (2.42)

The transition probability density p(tk,xk | tk−1,xk−1;θ) is found by solving the equations (Klebaner,
2005)

∂ p
∂ s

=− ∂

∂y

(
µ(y,s)p

)
+

1
2

∂ 2

∂y2

(
σ

2(y,s)p
)
= 0, y ∈ R, t < s≤ T. (2.43)

The partial differential equation (2.43) is known as Kolmogorov’s forward equation or the solu-
tions of Fokker-Plank equation (Klebaner, 2005; Jazwinski, 1970). It describes the evolution of
the transition probability density of the Markov process generated by Itô equations.

Since the transition densities are not generally known for most cases, this make hard the task of
finding the analytical optimal value θ̂ (Allen, 2007). Hence, we need to approximate them and one
way is to use Euler approximation. The idea is discretize Equation (2.40) by Euler scheme as (Allen,
2007)

X(tk)≈ xk−1 +µ(tk−1,xk−1;θ)∆t +σ(tk−1,xk−1;θ)
√

∆tηk

where xk−1 = x(tk−1) and ηk ∼N (0,1). This implies that (Allen, 2007)

p(tk,xk | tk−1,xk−1;θ)≈ 1√
2πσ∗2k

exp
(
−(xk−µ∗k )

2

2σ∗2k

)
,

where
µ
∗
k = xk−1 +µ(tk−1,xk−1;θ)∆t,

and
σ
∗
k = σ(tk−1,xk−1;θ)

√
∆t.

This transition density can be substituted into the expression for L(θ) which can subsequently be
minimized over Rm (Allen, 2007). Another difficult task is now to compute the optimum vector θ̂

by minimizing L(θ). A numerical optimization algorithm can be useful for computing the minimum
of L(θ). See Allen (2007); Burrage et al. (2000) for more details.

In the above procedure, the transition densities were approximated using Euler formula. Otherwise,
one can approximate the density through simulation (Allen, 2007) as an alternate. First, for a given
value of θ , one may numerically solve (2.40) starting from xk−1 at tk−1. A standard method can
be used such as Euler’s method or Milstein’s method with one or more steps. This calculation is
repeated M times to obtain M estimated values y1,y2, . . . ,yM for X(t) at t = tk. Indeed, the transition
density p(tk,xk | tk−1,xk−1;θ) is estimated using

p(M)(tk,xk | tk−1,xk−1;θ) =
1

Mh

M

∑
j=1

K
(

xk− y j

h

)
,
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where K is a nonnegative kernel function and h is a bandwidth. A reasonable kernel K and band-
width h are (Allen, 2007):

K(z) =
1√
2π

exp
(
−z2

2

)
and h = 0.9sM−1/5

where

s2 =
1

M−1

[
M

∑
j=1

y2
i −

1
M

(
M

∑
j=1

yi

)]
gives a formula for the sample standard deviation. This method is sometimes called simulated
Maximum likelihood (Allen, 2007).
Next, one minimizes

L(M)(θ) =− ln(p0(x0 | θ))−
N

∑
k=1

ln(p(M)(tk,xk | tk−1,xk−1;θ)).

which corresponds with minimizing the negative log-likelihood function with respect to the param-
eter vector θ (Timmer, 2000).



CHAPTER III

Bayesian inference

3.1 Introduction

In statistics, Bayesian inference is a method of inference in which Bayes’ rule is used to update the
probability estimate for a hypothesis as additional evidence is acquired (Gilks et al., 1996; Brooks,
1998). The idea behind Bayesian inference is that the likelihood and prior are combined using
Bayes’ theorem to compute the posterior distribution. The posterior distribution is the conditional
distribution of the unknown quantities given the observed data and is the object from which all
Bayesian inference arises (Gelman et al., 1996).

This chapter begins with an introduction to the Bayesian approach for statistical inference. We
then introduce Markov chain Monte Carlo (MCMC) methods and review the stochastic processes,
Markov chains with their distributions and the Metropolis-Hastings algorithm is also discussed.
Finally, we show the procedures of MCMC implementation and diagnostic tests supported by an
ARMA example.

3.2 Basic theory on Bayesian approach

In Bayesian inference, the model parameters are regarded as random variables, and the main object
of interest is the posterior distribution of the parameters given the data (Gilks et al., 1996; O’Neill,
2002). Furthermore, the unobservable parameters are treated probabilistically, while the observed
data are treated deterministically (O’Neill, 2002). The posterior density is defined via Bayes’ for-
mula as the normalised product of the prior density and the likelihood. If we denote the posterior
density as p(θ |y), where θ is the unknown parameter to be estimated, y the measurements or obser-
vations, then the Bayes’ formula is (Gilks et al., 1996; Gelman et al., 1996)

p(θ |y) = p(y|θ)p(θ)
p(y)

, (3.1)

where p(y|θ) is the likelihood function dictated by the probability model, p(θ) is the prior distribu-
tion and p(y) is the normalizing constant. The prior distribution contains all information about the
parameter values available to the researcher before the data is considered. Oftentimes researchers

41



42 3. Bayesian inference

use non-informative (or minimally informative) parameters such that the amount of prior informa-
tion included in the analysis is small (Gilks et al., 1996). The normalizing constant can be defined
as

p(y) =
∫

θ

p(y|θ)p(θ)dθ . (3.2)

The posterior distribution is often used to compute many statistics like moments and quantiles. For
instance, given the function f (θ), the posterior expectation of f (θ) is

E[ f (θ)|y)] =
∫

f (θ)p(y|θ)p(θ)dθ∫
p(y|θ)p(θ)dθ

. (3.3)

For complex and multidimensional models, it is difficult to compute the posterior distribution be-
cause integration of the normalization constant

∫
p(y|θ)p(θ)dθ is intractable (Gilks et al., 1996).

When this happens, one way to solve it is to use Markov chain Monte Carlo (Robert and Casella,
2004). MCMC method is a general method based on drawing values of θ from approximate distri-
butions and then correcting those draws to better approximate target posterior distribution, p(θ |y)
(Gelman et al., 1996; Robert and Casella, 2004; Gilks et al., 1996).

3.3 Markov Chain Monte Carlo Methods

The idea behind MCMC method is to produce approximate samples from the posterior distribu-
tion of interest. As stated by Robert and Casella (2004), the MCMC method consists of a class of
algorithms for sampling from probability distributions based on constructing a Markov chain that
has the desired distribution as its stationary distribution. It combines the Monte Carlo method for
sampling randomness and the Markov chain method for sampling independence with its stationary
distribution (Gilks et al., 1996).

3.3.1 Monte Carlo integration

Monte Carlo integration is generally computational algorithm that relies on repeated random sam-
pling to obtain numerical results (Geyer, 1992). It can be used to describe any technique that ap-
proximates solutions to quantitative problems through statistical sampling (Hammersley and Hand-
scomb, 1975). For example, the Monte Carlo integration evaluates the mean of a function (E[ f (X)])
by drawing samples Xt , t = 1, . . . ,n and then approximating it as (Gilks et al., 1996; Geyer, 1992)

E[ f (X)]≈ 1
n

n

∑
t=1

f (Xt).

Monte Carlo simulation is categorized as a sampling method because the inputs are randomly gen-
erated from probability distributions to simulate the process of sampling from an actual population
(Gelman et al., 1996). Excellent surveys on Monte Carlo integration are available (see eg., (Gel-
man et al., 1996; Robert and Casella, 2004; Gilks et al., 1996; Hammersley and Handscomb, 1975;
Geweke and Tanizaki, 2003)).
Meanwhile, one problem with applying Monte Carlo integration is in obtaining samples from some
complex probability distribution and attempts to solve this problem are the roots of MCMC methods
(Robert and Casella, 2004).
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3.3.2 Markov Chain

The Markov Chain is a process where the outcome of a given experiment can affect the outcome of
the next experiment. According to Gelman et al. (1996), a Markov chain is a sequence of random
variables X1,X2, . . ., for which, for any t, the distribution of X t , given all the previous values of X
depends only on the most recent value, X t−1. Samples are drawn sequentially, with the distribution
of the sampled draws depending on the last value drawn. Formally,

P(X t+1 = st+1|X0 = s0,X1 = s1, . . . ,X t = st) = P(X t+1 = st+1|X t = st) (3.4)

where si denotes the state of the chain at time i. In a finite dimension case, a Markov chain may be
described as follow: given a set of state, S = {s1,s2, . . . ,sr} (Tierney, 1994). The process starts in
one of these states and moves successively from one state to another. Each move is called a step. If
the chain is currently in state si, then it moves to state s j at the next step with a probability denoted
by pi j, and this probability does not depend upon which states the chain was in before the current
state (Norris, 1998).

The probabilities pi j are called transition probabilities. The process may remain in the state with
probability pii. If the state space is discrete, the transition probability matrix can be defined as
P = [pi j] and ∑ j pi j = 1 for all i.

3.3.3 Properties of Markov chains

Let Pi j be the probability from state i to state j in n time steps

p(n)i j = P(Xn = j|X0 = i), (3.5)

and pi j be the probability of single-step transition

pi j = P(X1 = j|X0 = i). (3.6)

Then, the Chapman-Kolmogorov equations define the transition probability for n step and for any k
such that 0 < k < n (Sheldon, 2010),

p(n)i j = ∑
r∈S

p(k)ir p(n−k)
r j . (3.7)

i. The marginal distribution P(Xn = x) is the distribution over states at time n and the initial
distribution is P(X0 = x). The evolution of the process through one time step is described by

P(Xn = j) = ∑
r∈S

pr jP(Xn−1 = r),

= ∑
r∈S

p(n)r j P(X0 = r).

ii. A state j is said to be accessible from state i (written i→ j) if there exists an n such that

P(Xn = j|X0 = i)> 0.
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iii. A state i is said to communicate with state j (written i↔ j) if it is true that both i is accessible
from j and that j is accessible from i.

iv. Another Markov chain property needed in MCMC implementation is the periodicity of chain.
A state i has period k if any return to state i must occur in some multiple of k time steps and k
is the largest number with this property. Formally, the period of a state is defined as

k = gcd{n : P(Xn = i|X0 = i)> 0} ,

where gcd is the greatest common divisor. If the chain is not periodic is said to be aperiodic
and gcd{n : P(Xn = i|X0 = i)> 0}= 1.

v. A state i in a Markov chain is said to be transient, if the probability of not returning to i is
non-zero. Let the random variables Ti be the next return time to state i

Ti = min{n : Xn = i|X0 = i} ,

then i is transient if there exists a finite Ti such that P(Ti < ∞)< 1. If the state is not transient,
it is recurrent (the probability of returning to i is 1). In addition, if the expectation of the
return time is positive, the state is said to be positive recurrent. Joining two properties, a state
i is said to be ergodic if it is aperiodic and positive recurrent. If all states in a Markov chain
are ergodic, then the chain is said to be ergodic. A state i is called absorbing if it is impossible
to leave this state, i.e. pii = 1 and pi j = 0 for i 6= j.

3.3.4 Stationary distribution

Let π j(t) denote the probability that the state is j and π(t) =
{

π j(t), j = 1, . . . ,k
}

probabilities for
all states at time t. The vector π is a stationary distribution (equilibrium distribution or invariant
measure) if

∑
i∈S

πi

and satisfies
π j = ∑

i∈S
πi pi j.

An irreductible chain has a stationary distribution if all of its states are positive-recurrent. In that
case, π is unique and is related to the expected return time:

π j =
1

M j
.

If the chain is both irreductible and aperiodic, then for any i and j,

lim
n→∞

p(n)i j =
1

M j
.

where M j is the mean recurrence time (M j = E(Tj)). If the state space is finite, the transition
probability distribution can be represented by a matrix called the transition matrix, with the (i, j)’th
element of P equal to

pi j = P(Xn+1 = j|Xn = i), (3.8)
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and the stationary distribution π is a vector which satisfies the equation

π = πP. (3.9)

If the Markov chain is irreductible and aperiodic, then there is a unique stationary distribution π . In
addition, Pk (the kth power of the transition matrix) converges to a rank-one matrix in which each
row is the stationary distribution

lim
k→∞

Pk = 1π, (3.10)

where 1 is the column vector with all entries equal to 1. This is known as Perron-Frobenius theorem
and it means that as time increases, the Markov chain forgets where it began (its initial distribution)
and converges to its stationary distribution (Sheldon, 2010).

Definition 3.3.1. The Markov chain is said to be reversible with respect to a distribution π , if the
detailed balance condition holds. That is

πi pi, j = π j p j,i.

Summing over i gives

∑
i

πi pi, j = ∑
i

π j p j,i = π j ∑
i

p j,i = π j.

This is written as πP = π .

A general and useful approach to create a Markov chain is the MCMC method where the created
chain has the posterior distribution as its unique stationary distribution (limiting distribution) (Solo-
nen, 2006). The MCMC methods produce ergodic Markov chains (Gilks et al., 1996).

3.3.5 Advantage of using MCMC method

MCMC is a computer-intensive statistical tool that has received considerable attention over the past
few years due to the following reasons:

• Using MCMC theory, it is often quite simple to write efficient algorithms for sampling from
extremely complicated target distributions (Geweke and Tanizaki, 2003).

• In combination with the Bayesian approach, MCMC enables analysis of all of the model
parameters, or any function of them. In particular, this includes parameters or functions of
parameters for which no classical estimator is known (O’Neill, 2002).

• MCMC methods do not require that one has a full analytic description of the properly nor-
malized pdf for sampling to proceed (Gilks et al., 1996).

There exist many MCMC methods in Bayesian inference. In this thesis we will only describe the
Metropolis-Hastings algorithms and Gibbs sampler.
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3.3.6 Metropolis-Hastings algorithm

Suppose that we want to draw a random sample from the distribution p(θ |y), with a complicated
normalization constant. But there exists an approximate distribution for which random draws are
easily available. The Metropolis algorithm generates a sequence of random draws from the approx-
imate distribution whose distributions converge to p(θ |y) (Robert and Casella, 2004; Gilks et al.,
1996; Gelman et al., 1996; Haario et al., 2001).

It can be argued that the Metropolis-Hastings algorithm is an adaptation of random walk that uses
an accept/reject rule to converge to the specified target distribution (Gelman et al., 1996). In fact,
the MCMC algorithm produces a chain of values in which each value can depend on the previous
value in the sequence and the generation of the vectors in the chain θn is done by random numbers
(Chib and Greenberg, 1995).

According to Gelman et al. (1996), the key to the method’s success, however, is not the Markov
property but rather that the approximate distributions are improved at each step in the simulation, in
the sense of converging to the target distribution. Given a condition density q(θ

′|θ), the algorithm
generates a Markov chain (θn) through steps shown in Algorithm 3.1 (Chib and Greenberg, 1995;
Gilks et al., 1996; Brooks and Roberts, 1998; Tierney, 1994).

Algorithm 3.1 Metropolis-Hastings algorithm

i. start with an arbitrary value θ0,

ii. update from θn to θn+1(n = 0,1, . . .) by

• generate ξ ∼ q(ξ |θn),

• evaluate α(θn,ξ ) = min
(

1, π(ξ )q(ξ ,θn)
π(θn)q(θn,ξ )

)
,

• set

θn+1 =

{
ξ with probability α,
θn otherwise.

The distribution π(θ) is often called the target distribution whereas the distribution with density
q(.|θ) is the proposal distribution. If the symmetric proposal distribution holds; i.e. q(ξ ,θn) =
q(θn,ξ ), a particular case of the Metropolis-Hastings is found called Metropolis algorithm. The
probability for the move is

p(θn,ξ ) = q(θn,ξ )α(θn,ξ ). (3.11)

The important thing to check is the detailed balance equation

π(θn)p(θn,ξ ) = π(ξ )p(ξ ,θn), (3.12)

which shows that π is a stationary (invariant) distribution of the chain (Chib and Greenberg, 1995;
Gilks et al., 1996) ∫

π(θn)p(θn,ξ )dθn = π(ξ ). (3.13)

Combined with the Markov chain theory, this proves that the sampling theoretically produces correct
results.
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The required selection of an appropriate proposal density makes the Metropolis-Hastings algorithm
more involved, but it has the advantage of being more general, and is particularly helpful for sam-
pling parameters that lack closed, easily recognizable forms for their full conditional distributions
(Robert and Casella, 2004).

In this particular case, the sequence of iterations θ 1,θ 2, . . . converges to the target distribution in two
steps: first, if the Markov chain is irreductible, aperiodic, and not transient, this simulated sequence
has a unique stationary distribution. Second, the stationary distribution equals this target distribu-
tion and the convergence to the target distribution is proved in the same way for the Metropolis
algorithm (Gilks et al., 1996).

In general, the proposal distributions used in MCMC algorithms should result in well mixing of
chains and in a suitable acceptance rate. Determining which proposal distribution is the best one for
a particular target distribution is a very important, but also a difficult task, because it involves much
trial–and–error. The most used proposal distribution is the Gaussian distribution, however, we do
not know how to obtain a suitable covariance matrix. One way to overcome this problem is to use
adaptive MCMC where the proposal distribution is automatically adapted during the MCMC run
(Haario et al., 2001, 2006; Andrieu and Thoms, 2008; Liang et al., 2010).

3.3.7 Adaptive Metropolis algorithm

In Metropolis-Hastings algorithm, the proposal distribution must be well chosen so that the sam-
pling becomes effective. Then, the problem is to know if really this proposal matches the target
distribution. According to Haario et al. (2001), there are many methods used to improve the pro-
posal during the run, and one simple way is to compute the covariance matrix of the chain and use
it as the proposal. This process is no longer Markovian because a new point requires the knowledge
of the earlier history of the chain not on the previous point (Haario et al., 2001). Then, the crucial
point of the adaptive methods (AM) is how the covariance of the proposal distribution depends on
the history of the chain (Haario et al., 2001).

If n−1 is a time with sampled parameters θ0,θ1, . . . ,θn−1, where θ0 is the initial state, the proposal
distribution qn(.|θ0, . . . ,θn−1) used is a Gaussian distribution with mean at the current point θn−1
and covariance given as

Cn =


C0 n≤ n0

sdCov(θ0, . . . ,θn−1)+ sdεId n > n0,

where sd is a parameter depending on the dimension d of the sampling space, and ε a small positive
number (Haario et al., 2001). Starting the adaptation procedure, C0 an arbitrary strictly positive
initial covariance matrix is defined as well as the length of the initial non-adaptation period n0.
Then, the empirical covariance matrix determined by points θ0, . . . ,θk ∈ Rd is defined as

Cov(θ0, . . . ,θk) =
1
k

(
k

∑
i=0

θiθ
T
i − (k+1)θ̄kθ̄

T
k

)
, (3.14)

where θ k =
1

k+1 ∑
k
i=0 θi.
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According to Haario et al. (2001); Gelman et al. (1996), the covariance Cn satisfies the recursive
formula as follows, where ε prevents it to be a singular matrix.

Cn+1 =
n−1

n
Cn +

Sd

n

(
nθ̄n−1θ̄

T
n−1− (n+1)θ̄nθ̄

T
n +θnθ

T
n + εId

)
. (3.15)

This formula allows the calculation of Cn without much computational cost and the mean θ̄n has a
recursive formula as

θ n = θ̄n−1 +
n

n+1
(θn− θ̄n−1).

By extending the one-step mean formula to k-step, we have

θ n+k−1 =
n

n+ k
θ̄n−1 +

1
n+ k

n+k−1

∑
i=n

θi. (3.16)

The recursive formula for calculating Cn+k is given as follows

Cn+k =
n−1

n+ k−1
Cn

+ Sd

(
n

n+ k−1
θ n−1θ

T
n−1−

n+ k
n+ k−1

θ n+k−1θ
T
n+k−1 +

1
n+ k−1

θnewθ
T
new

)
,

where
θnew = (θn,θn+1, . . . ,θn+k−1),

including new points and Cn+k = f (Cn,θ n,θnew). If the target is a Gaussian distribution, with co-
variance matrix C, the scaling parameter usually is taken as Sd = 2.42/d (Haario et al., 2001).
Adaptive MCMC method helps to tune the proposal distribution and is illustrated in the Algorithm
3.2 (Mwanga, 2014).

Algorithm 3.2 Adaptive Metropolis algorithm

• Input: Initial parameter θ1, initial covariance matrix C1, chain length N

• Output: Posterior parameter samples θk
N
k=1

• while the number of iterations is less than the chain length do

– sample a new candidate point: θ ∗ ∼N (θk,Ck)

– compute α(θ ∗,θk) = min
(

1, π(θ∗|y)
π(θk|y)

)
– sample a random variable r from a standard uniform distribution

if r ≤ α(θ ∗,θk) then
Accept: set θk+1 = θ ∗

else
Reject: set θk+1 = θk
end
Update Covariance: Ck+1 = sdCov(θ1, . . . ,θk)+ sdεId

end
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3.4 Implementing MCMC

As said above, the main idea behind MCMC is to generate a Markov chain which has as its unique
limiting distribution the posterior distribution of interest. From different literatures, there is no
guarantee, no matter how long one runs the MCMC algorithm, that it will converge to the posterior
distribution. To run an MCMC algorithm, initialization of parameters is crucial.

3.4.1 MCMC initialization

Using the random walk Metropolis algorithm with a Gaussian proposal distribution, we get the
covariance matrix C to be used as the proposal covariance. It is known that to have a credible
convergence, it is advised to choose the starting point θ0 correctly (Haario et al., 2001). For example,
one can get θ0 by minimizing the sum of square of residuals defined as

L(θ) =
n

∑
i=1

(yi− f (xi,θ))
2 , (3.17)

where yi is a set of data and f (xi,θ) is model solution.

The initial covariance matrix C is obtained by linearization method based on Taylor expansion
around the estimated point (Gilks et al., 1996; Haario et al., 2001) and is given by

l(θ) = l(θ̂)+5l(θ̂)T (θ − θ̂)+
1
2
(θ − θ̂)T H(θ − θ̂)+ . . . , (3.18)

where H denotes the Hessian matrix of the second derivatives of l(θ). Further computations lead to

C = Cov(θ̂)' σ
2(JT J)−1, (3.19)

where J is the Jacobian matrix and σ , the error variance of the model given as

σ
2 ≈ σ

2
MSE =

RSS
n− p

=
∑

i=1
n (yi− f (xi,θ))

2

n− p
, (3.20)

where RSS (Residual Sum of Squares) is the fitted value of the least squares objective function, and
MSE (Mean Square Error) is computed as an average value of residual squares, n is the degree of
freedom and p the number of parameters.

In fact, there are two practical issues that need investigation to establish the reliability of the chain
outcome. In the first issue, there is a way of determining the number of iterations needed for a
given level of precision in a MCMC algorithm (Cowles and Carlin, 1996). We can diagnose lack of
convergence or slow convergence due to bad starting values. To remedy the lack of convergence,
we burn-in the chain, i.e. the number of iterations that need to be discarded from the output. The
second practical issue of monitoring the convergence is that after the burn-in, some thinning of the
chain is required.
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3.4.2 Burn-in and thinning

Since convergence of the chain will occur regardless of the starting point, it is advised to pick any
feasible starting point (Cowles and Carlin, 1996). The time the chain will take to converge will
vary depending on the starting point. To diminish the effect of the starting distribution, most people
discard a certain number of the first draws. One should start start somewhere, let say t, then run the
Markov chain for m steps throwing away all the data without output. This practice is known as the
burn-in.

Once approximate convergence has been reached, in order to avoid the dependence between draws
in the Markov chain, we keep every kth simulation draw from each sequence and discarding the rest.
This is known as thinning. Whether or not the sequences are thinned, if the sequences have reached
approximate convergence, they can be directly used for inferences about the parameters θ and other
quantities of interest (Gelman et al., 1996).

3.4.3 Diagnostics of convergence

A convergence diagnostic procedure is a method for assessing how long to run a Markov chain
in order to obtain observations from the stationary distribution of the Markov chain (Brooks and
Roberts, 1998). From our theory of Markov chains, we expect our chains to eventually converge to
the stationary distribution, which is also our target distribution. However, there is no guarantee that
our chain will converge after M draws (Cowles and Carlin, 1996; Brooks and Roberts, 1998).

There are several tests we can do, both visual and statistical, to see if the chain appears to be
converged. All these tests are summarised in the work of (Cowles and Carlin, 1996) and can be also
found in (Gelman et al., 1996; Brooks, 1998). The following are some tests among many others.

i. We can do summary of an MCMC object to get summary statistics for the posterior. The
results give the posterior means, posterior standard deviations, and posterior quantiles for
each chain.

ii. Trace plot: A trace plot is a plot of the iteration number against the value of the draw of the
parameter at each iteration (Gelman et al., 1996). We can see whether our chain gets stuck
in certain areas of the parameter space, which indicates bad mixing. Figure 3.1 expresses
two plots where the fist one explains good mixing of chain whereas the second shows a bad
mixing (Brooks and Roberts, 1998).

The trace plots for the second parameter which is not mixing indicates a high dependence
between successive iterations, which suggests a slow mixing or convergence rate (Brooks,
1998)

iii. Density Plots: With density plot, we can judge if there is good or bad mixing, otherwise
a burn-in or thinning is required. In most cases, the expected density plot should look like
normal distribution (Cowles and Carlin, 1996; Gelman et al., 1996; Brooks, 1998).
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Figure 3.1: The first figure explains a Good mixing whereas the second shows a bad mixing be-
haviour.
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Figure 3.2: Density plots showing the convergence of a chain with good mixing.

Figure 3.2 is a sample of a chain with good mixing since it looks like normally distributed.

iv. Running Mean Plots: We can also use running mean plots to check how well our chains are
mixing. A running mean plot is a plot of the iterations against the mean of the draws up to
each iteration Gelman et al. (1996).

v. Autocorrelation: Another way to assess convergence is to assess the autocorrelations between
the draws of our Markov chain. It measures how a time series is related to itself over time.
The lag k autocorrelation ρk is the correlation between every draw and its kth lag

ρk =
∑

n−k
i=1 (xi− x̄)(xi+k− x̄)

∑
n
i=1(xi− x̄)2 .

We would expect the kth lag autocorrelation to be smaller as k increases (our 2nd and 50th

draws should be less correlated than our 2nd and 4th draws). If autocorrelation is still relatively
high for higher values of k, this indicates high degree of correlation between our draws and
slow mixing, which is not good.
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Figure 3.3: Autocorrelation plots with 60 lags. The first plot is good since lags are exponentially
decreasing whereas the second is bad.

We would like that the value ρν (empirical coefficient of correlation) approaches zero as
quickly as possible as ν (lags) increases (Gelman et al., 1996) and then stabilize, which is
shown in Figure 3.3.

vi. Rejection rate for Metropolis-Hastings algorithm: We can also get a rejection rate for the
Metropolis-Hastings algorithm and to get the acceptance rate, we just consider 1-rejection
rate as shown in Figure 3.4.
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Figure 3.4: Acceptance-rejection test using 50% and 90% confidence interval.

vii. Geweke Diagnostic: The Geweke diagnostic takes two nonoverlapping parts (usually the first
0.1 and last 0.5 proportions) of the Markov chain and compares the means of both parts, using
a difference of means test to see if the two parts of the chain are from the same distribution
(null hypothesis).

For other test of convergence or diagnostics refer to the book of Gelman et al. (1996). All these
theories will be applied on a real-life situation, SEIR (both deterministic and stochastic) and Ebola
Hemorrhagic Fever model as a case of deterministic SEIR epidemic model. First, let us apply the
MCMC on an ARMA(2,3) model and study the convergence.
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3.4.4 Example of ARMA models

We begin with an ARMA model to highlight the general approach to MCMC-based model fitting,
before discussing more complex problems and the various implementational and practical issues
associated with MCMC methodology in general. In this example, we fit an ARMA(2,3) model to a
vector of time series y1;y2; . . . ;yT with zero unconditional mean. An ARMA(2,3) process is given
by

yt = φ1yt−1 +φ2yt−2 +ψ1εt−1 +ψ2εt−2 +ψ3ε3 + εt , (3.21)

where εt is an independent and identically distributed shock normally distributed with mean zero
and variance σ2, and θ = (φ1,φ2,ψ1,ψ2,ψ3) are parameters.

The likelihood function p(θ |y) is computed as sum of square of residuals and then used in MCMC
method. We first generate data by simulating the ARMA(2,3) with parameter values shown in the
caption of Figure 3.5.
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Figure 3.5: yt = φ1yt−1 + φ2yt−2 + ψ1εt−1 + ψ2εt−2 + ψ3ε3 + εt with n = 500,φ1 = 0.3,φ2 =
0.1,ψ1 = 0.2,ψ2 = 0.1 and ψ3 = 0.2 and the white noise εt ∼N (0,1).

Model estimation and convergence diagnostic
After getting the results from MCMC methods, we test the convergence by different methods stated
in Subsection 3.4.3.
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Figure 3.6: Chain time series scatter plot for estimated ARMA(2,3) model.

From the Figure 3.6 we can see that the series seems stationary - there is no obvious trend or change
in spread, which means a good mixing. We can also argue that there is a dependence in the chain.
Figure 3.7 shows the correlations between the draws of our Markov chains with 95% and 50%
confidence
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From Figure 3.7, it is seen that some parameters are correlated such as φ1 and θ1, and φ2 and θ1.
We could repeat the sampling using a larger thinning parameter in order to reduce the correlation
further. The posterior distribution of parameters is shown by the following histograms represented
by Figures 3.8 and 3.9 with a good mixing.
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Figure 3.8: Normalized histograms of φ1,φ1 and ω1 parameters.
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Figure 3.9: Normalized histograms of ψ2,ψ3 parameters.

These histogram plots do not seem to show any non-stationarity, indicating that no need of the burn-
in period to be discarded, they look pretty nice.

We also compute descriptive statistics such as the posterior mean or percentiles from the random
samples summarized in Table 3.1. To determine if the sample size is large enough to achieve a de-
sired precision, it is helpful to monitor the desired statistic of the traces as a function of the number
of samples. In this case, it appears that the sample size of 10000 is more than sufficient to give good
precision for the posterior mean estimate.

Table 3.1: LSQ and MCMC estimate values
Parameters Least Square Method MCMC methods
φ1 0.0914 0.4616
φ2 0.1442 -0.2217
ψ1 0.2522 -0.3239
ψ2 0.1189 0.1569
ψ3 -0.0963 -0.1498

From Table 3.1, estimates got from LSQ differ from those got from MCMC method, hence, some
reparametrisation, thinning or burn-in are to be done.
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Figure 3.10: Autocorrelation plots for ARMA(2,3) estimated model parameters with 100 as number
of lags.

From Figure 3.10, we would expect the kth lag autocorrelation to be smaller as k increases (our 1st

and 50th draws should be less correlated than our 1st and 2nd draws). Hence, Figure 3.10 shows
that there is a good mixing since lag autocorrelation is becoming smaller when draws increase
(geometric decay). These ACFs look pretty good.



CHAPTER IV

EBOLA epidemic model: a case study in MCMC methods

4.1 Introduction

This Chapter is presenting results from a paper published by Ndanguza et al. (2013) on Ebola. Ebola
hemorrhagic fever is a severe and often deadly illness named after a river in the Democratic Repub-
lic of Congo (formerly Zaïre) where it was first identified in 1976 with a high case fatality rate lying
between 50% and 90% (Chowell et al., 2004). Outbreaks between 1972 and 2007 are shown in
Table 4.1 (Kuhn, 2008; WHO, 2007). The disease first came into the limelight in 1976 in Zaïre and
Sudan in 1972 (Kuhn, 2008). Its origin is still unknown and it is widely believed that Ebola virus
is transmitted to humans from discrete life cycles in animals or insects, but regardless of the orig-
inal source, person-to-person transmission is the means by which Ebola outbreaks and epidemics
progress (Chowell et al., 2004; Khan et al., 1999; Leroy et al., 2004; Pourrut et al., 2005). The trans-
mission is by physical contact with body fluids, secretions, tissues or semen from infected persons
WHO (2004). The incubation period ranges from 2 to 21 days (5-12 days in most cases) (WHO,
2004). The disease begins with acute fever, diarrhea that can be bloody and vomiting followed by
headache, nausea, and abdominal pain which are common (Chowell et al., 2004). Because there is
no specific treatment or vaccine, infected individuals only receive limited care. Most infected peo-
ple die within 10 days of their initial infection (Chowell et al., 2004). For more details on species
of ebolavirus see (Kuhn, 2008; Leroy et al., 2004; Pourrut et al., 2005; Bausch et al., 2008).

Table 4.1: Outbreak cases of Ebola Hemorrhagic Fever in DRC (Kuhn, 2008; Pourrut et al., 2005;
WHO, 2004).

Years Location Cases Death Percentage (%)
1972 (speculative) Zaire (Bowabi) 2 1 50
1976 Zaire (Yambuku) 318 280 88.1
1977 Zaire (Bonduni) 1 1 100

Zaire (Bowabi) 2 0 0
1981-1985 (speculative) Zaire 21 9 43
1995 Zaire (Kikwit) 315 256 81
2007 DRC (Kampungu,Mweka) 249 183 78

57
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Mathematical modeling has emerged as an important tool for gaining understanding of the dynamics
of the spread of infectious diseases (Lekone and Finkenstadt, 2006). The need of accurate models
describing the epidemic process are vital, because infectious diseases outbreaks disturb the host
population and has financial and health consequences. There is also the need to use sound statisti-
cal analysis methods to test the fit of such models to observed data to account for uncertainties by
means of probabilistic models. In this way, statistical analysis studies the model and its fitness to
observed data by considering uncertainties by means of probabilistic reasoning. For more details on
statistical treatment of uncertainties, see (Robert and Casella, 2004; Laine, 2008; Morgan, 2000). In
order to prevent, or at least to reduce an epidemic outbreak (or an infection from spreading), there
is a need of models that can accurately capture the main characteristics of the disease in question
since understanding disease propagation is vital for the most effective reactive measures. These will
be reliable if model parameters are well estimated.

The proposed model is of SEIR type, where the R component is further subdivided into recovered
or dead (see Figure 4.1). We estimate the unknown model parameters and their distribution. This is
a Bayesian problem where the unknown quantities in the models are thought to be random variables
with certain distributions. We note however that analysis of epidemic models is quite complex
because one or several of the model variables may be unobserved. In addition, model parameters
may change over time (eg. interventions to control the spread of the disease may be introduced
during the epidemics) (Lekone and Finkenstadt, 2006). More commonly, observed data sets are
time series of counts of events that have occurred during time intervals such as a day or a week
(Lekone and Finkenstadt, 2006). Herein, we use daily observations.

Very often, only onset data are used to estimate the model parameters, while we propose the es-
timation of parameters by using both onset and death data. The data used are taken from (Khan
et al., 1999) and will be fitted to the simple deterministic (discrete-time) proposed SEIR epidemic
model. The least-square fit of the model will provide estimates for the epidemic parameters (optimal
parameters), which will then be used to calculate the basic reproductive number. These estimated
parameters will be further analyzed using MCMC methods. The model solution is achieved by feed-
ing it with a set of observed epidemiological data from the town of Kikwit in the DRC at a given
time (t). The value of the variables at any other time can be derived from these data and can be
presented in the form of time trends. The main differences of this study with that in (Chowell et al.,
2004) are: we - use both onset and death data to constrain the optimization of model parameters -
only model the 1995 DRC outbreak, not the 2000 Ugandan outbreak - set the time at which mitiga-
tion starts prior to May 9th, 1995 (the date when the outbreak was declared in the Kikwit, DRC) -
use a Markov-chain Monte Carlo sampling to test/validate the model parameter optimization.

The rest of the Chapter is organized as follows: The model is formulated in Section 4.2. Parameter
estimation using Least Square method is presented in Section 4.3, while Section 4.4 deals with
the model parameter estimation using the Markov Chain Monte Carlo simulation. The conclusion
follows in Section 4.5.

4.2 Model framework

We assume the population is closed, that is, the effect of demographic changes (birth and natural
death) is minimal during the course of the epidemic. The total population size N is divided in four
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Figure 4.1: Ebola model flow diagram showing the transition process of candidates to different
compartments.

compartments: S(t) susceptible individuals at time t, the exposed class E(t) with an average incuba-
tion period of 1/k days before progressing to the infectious class I(t), and the removed (death D(t)
or recovered R(t)) class R(t) (where without any ambiguity of notation since the R will henceforth
be referred to as recovered class). Infectious individuals move to the R class (death or recovered)
at the per-capita rate 1/γ . In the absence of treatment, the R-class is termed removed because indi-
viduals reaching it will never have chance to join the process. The model flowchart is depicted in
Figure 4.1.

C(t) is not a compartment, but serves to keep track of cumulative number of Ebola cases from
the onset of symptoms(Chowell et al., 2004). The following deterministic system of nonlinear
differential equations is a slight extension of the model proposed in (Chowell et al., 2004) (also see
(Brauer et al., 2008; Murray, 2002; Lekone and Finkenstadt, 2006)).

dS(t)
dt

= −β (t)
S(t)I(t)

N
,

dE(t)
dt

= β (t)
S(t)I(t)

N
− kE(t),

dI(t)
dt

= kE(t)− γI(t),

dR(t)
dt

= γ(1− f )I(t),

dD(t)
dt

= γ f I(t),

dC(t)
dt

= kE(t).

(4.1)

The effective contact rate β is a function of time accounting for the control intervention. For β1 = β0,
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the transmission parameter β (t) is constant (β (t) = β0). For t → ∞, β (t) decays exponentially to
be constant at β (t) = β1. This behavioral change is captured by equation (4.2).

β (t) = β0 +
β1−β0

1+ e−q(t−τ)
, (4.2)

where τ is the time at which interventions start and q > 0, is the rate of decay from β0 to β1. The
effect of intervention is to reduce the transmission rate β from β0 to β1 < β0. This is depicted in
Figure 4.2. In (Chowell et al., 2004), the transmission rate was also assumed to decrease gradually
from β0 to β1, but β (t) was equal to β0 from the onset of the intervention time τ and then decreases
to β1. In our case, we let τ to be estimated as well: the decrease may starts before reaching the
intervention time (Figure 4.2) because some other preliminary measures might have been taken
before the confirmation of Ebola virus on 9th May 1995 (Khan et al., 1999). In fact, before this
confirmation, Ebola was treated as typhoid-associated abdominal perforation (Khan et al., 1999;
Leroy et al., 2004; Pourrut et al., 2005). This misdiagnosis allowed the virus to spread among
patients and staff in and in the proximity to local hospitals. Quarantine (of exposed individuals) and
isolation (of infectious individuals) were two of the most commonly used control measures before
the identification of the disease as Ebola Khan et al. (1999); Leroy et al. (2004).

In case of (Chowell et al., 2004), only the exposed individuals (infected individuals are counted
immediately after the latent period) data were used and that do not allow the estimation of γ . The
exposed individuals go through a latent period of 6.3 days after which they become infectious for a
period between 3.5 and 10.7 days according to (Chowell et al., 2004). To avoid this, we made a new
model version by splitting the compartment R (removed) in two parts. The two compartments are
the recovered (R) and the dead (D). Then, because we have two sets of data (onset data and death
data), we will use both two to estimate unknown parameters so that the parameter γ is affected by
one of the data set (death data). The model parameters to be estimated are θ = (β0,β1,k,q,γ, f ),
where f is the death probability and (1− f ) is the recovery probability.
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Figure 4.3: Onset data from the 1995 Ebola outbreak in the DRC from March 1st (corresponding to
day 1 on the x-axis) to July 21st 1995.

Data: The 1995 Ebola outbreak began in the Bandundu region, especially in Kikwit town located
on the banks of the Kwilu River, situated at about 500 km south-east of the DRC capital, Kinshasa.
The first identified case-patient was a 42 years old male charcoal worker and farmer who became
ill on 6th January 1995 and died on 13th January 1995 (Khan et al., 1999; Pourrut et al., 2005; Hall
et al., 2008). The Ebola virus was not identified as the causative agent until May 9th 1995 (Chowell
et al., 2004; Leroy et al., 2004; Pourrut et al., 2005). Between May 10 and 19, interventions started
(Hall et al., 2008). By May 11th 1995, 164 reported cases of Ebola were identified, of which 134
individuals had died, where 63 of them were health care workers (38 %) and 47 died (Pourrut et al.,
2005; Hall et al., 2008). The epidemics lasted about 200 days (from the first case on 6th January to
July 24th 1995) but the recorded data starting time and evolution of the epidemic is prior to March
1st 1995. The data were collected from surveillance case report forms by Khan (Khan et al., 1999),
and consist of two time series represented in Figures 4.3 and 4.4 recorded from March 1st to July
21st 1995 (143 days), namely Ebola cases by onset and Ebola death cases, respectively. The Figure
4.3 accounts for a total of 291 cases and Figure 4.4 accounts for a total of 236 deaths. Some data
were not reported, because from the total number of 316 identified cases, 25 cases were not reported
and from 256 of death cases, 20 cases were not reported in the given time series. Overall, 20-25%
of victims were health care workers (Khan et al., 1999; Hall et al., 2008; Pourrut et al., 2005). For
all the hospital staffs infected, physicians had the highest rate of infection 31% (4/13), followed by
technicians/room attendants 11% (7/62) and nurses 10% (22/212) (Hall et al., 2008).

4.3 Parameter estimation using Least Squares Method

Parameters described in system (4.1) were estimated using the onset and death data by least-squares
fit and observed variables are C and D in (4.1). This consists of minimizing the residual sum of
squares (RSS).

RSS =
n

∑
i=1

(Yi− f (Yi,θ))
2

where Yi are observed data and θ the parameter to be estimated. For further optimization formulae
as well as the evaluation of model fit see (Chowell et al., 2004; Demiris, 2004; Robert and Casella,
2004; Morgan, 2000).
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Figure 4.4: Death data from the 1995 Ebola outbreak in the DRC from March 1st (corresponding to
day 1 on the x-axis) to July 21st 1995.

Assuming that there was one exposed individual E0 = 1, means that S0 = 5,365,499 (the whole
population of Kikwit was 5,365,500 during the outbreak period ), I0 = 0, R0 = 0 and C0 = 0 and the
intervention started on 9th May 1995 which corresponds to τ = 70 from the 1st March 1995 at the
beginning of data observation. From (Chowell et al., 2004; Lekone and Finkenstadt, 2006), initial
parameters values are set following these constraints 0 < β < 1;0 < q < 100;1 < 1/k < 21 and
3.5 < 1/γ < 10.7. Hence, model parameters to be estimated are θ = (β0,β1,k,q,γ, f ,τ). Parameter
estimates are listed in Table 5.1.
Table 4.2: Estimated Ebola epidemic model parameters using onset and death data by least square
method at 99.78%.

Parameters Definition Initial values Estimates STD
β0 Contact rate before intervention (days−1) 0.394 0.284 0.0245
β1 Contact rate after intervention (days−1) 0.055 0.0181 0.0104
q Rate from β0 to β1 (days) 0.165 0.155 0.0188
1/k Duration of the Incubation period (days) 1.82 1.646 0.199
1/γ Removal rate (days−1) 5.02 7.40 0.311
f Probability of death (×100%) 81 82.07 0.405
τ Time at which interventions start (days) 70 73.05 0.120

By introducing new variables S = Ns, E = Ne, I = Ni, R = Nr, D = Nd and C = Nc, model
system (4.1) can be non-dimensionalized. In this case, the feasible set is given by

D =
{
(s,e, i,r,d) ∈ [0,1]4 : s≥ 0,e≥ 0, i≥ 0,r ≥ 0,s+ e+ i+ r+d ≤ 1

}
.

Since the last three equations can be decoupled from the rest, the disease-free equilibrium of the
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reduced system
ds(t)

dt
= −β s(t)i(t),

de(t)
dt

= β s(t)i(t)− ke(t),

di(t)
dt

= ke(t)− γi(t),

(4.3)

is E0 = (1,0,0). We note however the System (4.3) does not have any other stationary solution,
consequently, Ebola may not be endemic and the disease will disappear in the population when

lim
t→∞

i(t) = 0, lim
t→∞

s(t) = s∞

. The Jacobian of the System (4.3) at E0 is

J(E0) =

0 0 −β

0 −k β

0 k −γ


and its characteristic equation is given by

−λ
(
λ

2 +(k+ γ)λ +(λ −β )k
)
= 0.

with roots

λ1 = 0, λ2,3 =
−(k+ γ)±

√
(k+ γ)2−4k(γ−β )

2
.

Taking β = β0 in Table 5.1; λ2 = 0.1065 and λ3 =−0.8492 where λi are eigenvalues of the above
Jacobian matrix at the point E0. Consequently, E0 is unstable. This is not a good indicator from the
public health point of view since the aim is to stabilize the epidemic at the disease-free equilibrium.
Thus, the disease could have invaded the susceptible population if no control measures were swiftly
taken, and the endemic point if it existed could have been stable (at least locally, since there is
a simple zero eigenvalue (Carr, 1981)) and the disease threshold parameter R0 is unconditionally
greater than unity. In this case, the disease could have persisted in the population for a longer
time period. It is known that the basic reproduction number, R0 is the measure of the potential for
disease spread in a population and a threshold for stability of a disease-free equilibrium(Bettencourt
and Ribeiro, 2008; Brauer et al., 2008). If R0 < 1, then a few infected individuals introduced into a
completely susceptible population will, on average, fail to replace themselves, and the disease will
not spread. If on the other hand, R0 > 1, then the number of infected individuals will increase with
each generation and the disease will spread.

Using the estimated parameters in Table 5.1, we computed in Equation (4.4) the basic reproduction
number using method developed by (Brauer et al., 2008; Chowell et al., 2004; Guardiola and Vec-
chio, 2003) among others. (Bettencourt and Ribeiro, 2008; Brauer et al., 2008) and (Chowell et al.,
2004) have established other different methods of estimating the basic reproduction number.

R0 =
β0

γ
=

0.284
1/7.40

= 2.106 (4.4)
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Figure 4.5: Time evolution of the Susceptible (left), Exposed, Infected and Recovered classes.

Note that this value found in equation (4.4) is slightly higher than the one estimated in (Chowell
et al., 2004; Lekone and Finkenstadt, 2006). If we calculate the post-intervention reproduction
number (Chowell et al., 2004), Rp = β1/γ = 0.01881×7.40 = 0.1339 which is very low compared
to our critical value of one. This shows how the intervention was successful. Since R0 is greater
than unity (a reason why E0 was found to be unstable), Ebola is capable of invading the susceptible
population if effective intervention measures are not timely. This estimated value of R0 is relatively
low, implying that the epidemic can be curtailed pretty quickly.

When the number of susceptible people decreases, the number of exposed and infected increases
from the beginning of the epidemic outbreak. It is seen that, when the intervention starts at t = 70,
the number of exposed decreases and tends to vanish at t = 143. In other words, when the infection
rate is constant (β = β0), the number of exposed and infected is increasing and when β → β1, the
number decreases. At τ ≥ 70, the transmission rate β decreases from β0 to β1 and recovery picks up
to reach a maximum 58.43, which is fairly closed to the exact number (59) of recovered individuals
from the data. This is depicted in Figures 4.2 and 4.5.

A measure of model fit (R2) can be constructed by taking the ratio of the explained variance to
the total variance, see (Chowell et al., 2004; Robert and Casella, 2004; Morgan, 2000). Using onset
data, R2 = 0.9995 (99.95%), indicating a good model fit. Using death data in addition gives a 98.6%
fit which is not also bad.

The model seems to fit the data as shown by Figure 4.6. For further study, the parameter estimation
uncertainties are analyzed using Markov Chain Monte Carlo method. With this method , it is pos-
sible to examine the probability distribution of the unknown parameters in nonlinear models, which
is different from the approach used in Section 4.3. Moreover, we get distribution of expressions that
depend on the parameters, such as R′.

4.4 MCMC method for parameters estimation and diagnostics

The Metropolis algorithm discussed in (Demiris, 2004; Haario et al., 2001; Robert and Casella,
2004; Morgan, 2000) will be applied to the Ebola data set. Markov Chain Monte Carlo (MCMC)
method consists of sampling from probability distributions based on constructing Markov chains
converging to the posterior distribution. Thus, one can simulate the entire joint posterior distribu-
tion of the unknown quantities and obtain simulation-based estimates of the posterior parameters
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Figure 4.6: Model fitting data plots using both the onset and death data cases through least square
estimates.

that are of interest. Unidentifiability of model parameters, which results from the parameter cor-
relation, nonlinearity of the model and from the characteristics of the data is also revealed by the
MCMC chain. The MCMC yields a matrix of number of simulations × number of parameters dis-
tributed. Herein, we have 7 parameters and 1000000 simulations (we can easily run long chains that
enable us to assess the inaccuracies in the model and to obtain better graphical representations). The
posterior mean, posterior standard deviation and posterior median are reported in Table 4.3 as well
as their 95% confidence intervals. The adaptive metropolis algorithm (AM) (Haario et al., 2001)
was used , with initial proposal distribution given by the linearized covariance obtained by the least
square fit of Section 4.3.

Table 4.3: Posterior mean and standard deviation of the estimated parameters. The nominal 95%
confidence intervals are in the parentheses.

Parameters Unit Posterior mean Posterior STD Post. median
β0 days−1 0.2846 (0.2844 - 0.2847) 0.0176 (0.0166 - 0.0178) 0.2831
β1 days−1 0.0336 (0.0332 - 0.0337) 0.0058 (0.0057 - 0.0058) 0.0338
q days 0.1787 (0.1783 - 0.1790) 0.0168 (0.0150 - 0.0171) 0.1781
1/k days 1.6931 (1.6929 - 1.6932) 0.1327 (0.1325 - 0.1328) 1.6898
1/γ days 7.8181 (7.8178 - 7.8183) 0.3296 (0.3294 - 0.3299) 7.8130
f % 82.4500 (82.4498 - 82.4503) 0.0044 (0.0043 - 0.0045) 82.44
τ days 70.1471 (70,1467 - 70.1473) 0.8287 (0.8284 - 0.8288) 70.1629

From Tables 5.1 and 4.3, the posterior means and standard deviations are relatively in agreement
with the least square estimates obtained from the complete data (onset and death data). As can be
expected, the posterior standard deviations show that the level of uncertainty will somewhat increase
compared to (Chowell et al., 2004) due to the proper search for all parameter combinations that fit
the data.

The mean of the basic reproduction number (R0) is 2.2229 (2.2221 - 2.2232) with standard deviation
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Figure 4.7: Histograms of the distribution for the basic reproduction number (R0).

0.1299 (0.1295 - 0.1303) and varies between 1.9011 and 2.7278. The intervals are 95% confidence
intervals. The distribution of the basic reproduction number is depicted if Figure 4.7.

4.4.1 The Marginal posterior distribution of parameters

Through the MCMC figures, it is easy to get information related to correlation, uncertainty, iden-
tifiability of parameters, convergence of Markov chain to the target distribution etc. Figure 4.8
represents the plot of the time-series for each parameter.

Figure 4.9 gives the same data as 1D posterior distribution. From Figures 4.8 and 4.9, the transmis-
sion rate before intervention (β0) is distributed between 0.2428 and 0.3528 and after intervention
(β1), the transmission rate varies between 0.0124 and 0.0554. This explains the benefits of interven-
tion which decreases the transmission rate from β0 to β1. The distribution of q is Gaussian like in
the interval [0.1287,0.2626]. The incubation period (1/k) ranges between 1.3004 and 2.0953 days
which differs a little bite with theories found in (WHO, 2004) discussed in Section 2.1. The recov-
ery or death rate (γ) is distributed between 6.546 and 9.14557 days−1. The probability of dying f
lies between 80.73% and 84.19%. The intervention date (τ) is between 67 and 73 days and it has
the gaussian shape with mean 70 days.

In Figure 5.9, every parameter is plotted against all other parameters and one-dimensional Kernel
density estimates and confidence regions (50% and 90%, for example may be used).

The scatter plot is a graphical representation between two variables and show the 2D parameter
marginal distribution. For instance, the scatter plot of β0 and k shows that they are correlated. when
β0 increases/decreases, k also increases/decreases. The interpretation is the same for other scatter
plots. Other parameters which are somewhat correlated are β0 with γ and β0 with τ , the date of
intervention. The last correlation means that the smaller the intervention, the larger the infection
rate or the number of infectious people increases when the intervention delays. This is natural: the
same data is explained either with earlier intervention and higher infection rate, or later intervention
but lower infection rate.
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Figure 4.8: Traceplots of estimated unknown parameters using MCMC method.
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Figure 4.9: Histogram plots for the posterior distribution of the unknown parameters.

Parameters which are not correlated are β1 and f , q and γ . The posterior f has no correlation with
many of the remaining posteriors. From Figure 5.9, the dots show the points in MCMC chain from
which the distribution contour lies (50% and 95% regions of the distribution). Next, we find the
area where observation data and model solution lie with certain probability.

4.4.2 Predictive MCMC plots

The MCMC approach can also be used to check the accuracy of the model through prediction plots.

From Figure 4.11, the high variance is observed in the Exposed compartment. Variances are small
in S, I,D and C. The plot 4.12 shows that the model predicted the number of onset and number of
death at 95% posterior limits which are shown by gray area around the model solution. The variance
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Figure 4.10: Pairwise scatter plots for the unknown parameters β0,β1,q,1/k, 1/γ, f and τ .
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Figure 4.11: The model solution using MCMC estimates.
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Figure 4.12: Fit of the estimated values of onset (C) and death (D) cases.

of the predictive distribution reflects the predictive accuracy of the model. If the variance is large,
it will be due to the uncertainties in the model or noise in observations (data collection). It can be
seen from Figure 4.12 that the model fits the rather noisy data sufficiently well and the fit is almost
perfect. The predictive limits of the observations cover the data quite reasonably.

4.4.3 Autocorrelation test

The autocorrelation functions measure how well the MCMC sampler is performing by measuring
the autocorrelation between θ

i and θ
i+p at lag p. The smaller the autocorrelation values, the better

mixing the Markov chain.
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Figure 4.13: Autocorrelation functions of posteriors β0,β1 and kk with 140 lags.
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Figure 4.14: Autocorrelation functions of posteriors gγ,q and τ with 140 lags.
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Figure 4.15: Autocorrelation function of f with 140 lags.

The autocorrelation values from Figures (4.13, 4.14 and 4.13) are decreasing and stabilizing around
zero, this proves that parameters are identifiable.

4.5 Conclusion

This study highlights the importance of Bayesian inference in extracting information contained in
experimental disease data. We formulated a new SEIR epidemic model (a modification of the one
proposed in (Chowell et al., 2004)) by splitting the removed compartment into two classes (Recov-
ered and Dead) in the aim of modeling Ebola Epidemics. Additional parameters (from Equation
(4.2)) to be estimated arise as the model contains control intervention. Model parameters have been
estimated by applying least squares estimation with the aim of fitting the SEIR differential equations
to both observed daily cases (onset) and daily mortality data.

The basic reproductive number is then calculated, its value is found to be greater than one, with a
mean value of 2.2, see Figure 4.7. This value is greater than that obtained by Chowell et al. (2004)
in (Chowell et al., 2004) and this is supported by the following three reasons: (1) in contrast to
(Chowell et al., 2004), we also use the available daily mortality data while estimating model pa-
rameters and γ (the denominator of the basic reproduction number R0) was affected by both data
set (2) the model in (Chowell et al., 2004) is modified by adding a new branch on infected com-
partment. As it has been discussed in (Bettencourt and Ribeiro, 2008), small changes in the model
construction may affect final results (3) the formulation of the transmission rate β (t) in our model
(see Equation (4.2)) which differs from the previous ones, even though the behaviour is almost the
same. Consequently, the disease was capable to invade susceptible population, but its spread was
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possibly halted due to the massive news coverage and the intervention measures that follow the out-
break. With this value of R0, it is evident that the disease-free equilibrium is unstable. The public
health implication of this instability is that Ebola could have invaded the susceptible population (it
is well-known in disease epidemiology that R0 > 1 destabilizes the disease-free equilibrium and
an endemic equilibrium exists), but this did not occur, thanks to the effective intervention measures
that follow soon after the outbreak was declared.

The Markov Chain Monte Carlo (MCMC) method is used to estimate unknown parameters and
other characteristics of the target posteriors by generating chains of samples. Larger differences are
found as our posterior standard deviations exceed the standard errors reported in (Chowell et al.,
2004). Graphical representations are presented to illustrate and support the analytical results as well
as long term model prediction. We note that the predictive distributions generated predicted the
model to a large degree of accuracy. The two approaches, least squares and MCMC, are jointly used
in estimating the model parameters. Finally, there are some notable differences in our estimated
parameters (sing both onset and death data) that may be important to public health, potentially
representing a useful and probably important step forward in the epidemiological analysis of Ebola
disease.
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CHAPTER V

Analysis of bias in an Ebola epidemic model

In the preceding Chapter, we have modeled Ebola deterministically, where the unknown parame-
ters have been identified using MCMC method with likelihood computed from sum of squares of
residuals. The true data seemed to fit the model. In this Chapter, we convert the existing ODE
Ebola model to Itô stochastic differential equations (SDEs) by adding noise on each compartment.
One way of estimating parameters in such dynamical states models is to compute their likelihood.
Then, we use extended Kalman filter (EKF) as the filtering method and sum of square of errors
method to compute an approximation of the likelihood. Once the likelihood function is found, we
use the maximum likelihood and MCMC methods for parameters estimation. These parameter es-
timates are in turn used to provide information concerning quantities of epidemiological interest.
Two cases are analyzed: -the first is when the model error covariance is set to be zero and - in the
second, the bias is fully incorporated into the model. A comparison between the two cases is done to
check whether the bias is having a measure effect on parameters and states estimation. In practice,
we want to check if an estimate obtained from a biased study differs systematically from the true
source population of the study.

We start the Chapter with a review on the Kalman filter for states and parameters estimation. Two
nomenclatures will be used: linear Kalman filter (KF) and extended Kalman filter (EKF); their
strengths and weaknesses will be highlighted. For linear state estimation problems, the KF is used
whereas for nonlinear problems, we stand for EKF (Kalman, 1960). We end up the Chapter by
analysing and comparing Ebola model with or without bias.

5.1 Linear Kalman Filter

The filter is named for Rudolf E. Kalman, one of the primary developers of its theory. Since then,
the Bayesian filters became a very powerful tool when it comes to controlling noisy systems (Yang
and Delsole, 2009). The basic idea of Kalman filter is noisy data in hopefully less noisy data
out (the process of finding the best estimate from noisy data amounts to filtering out the noise)
(Mohinder and Angus, 2008). Moreover, the applications of Kalman filter are numerous: its most
immediate applications have been for the control of complex dynamic systems such as continuous
manufacturing processes, aircraft, ships, economics, navigation, spacecraft among others (Mohinder
and Angus, 2008).

73
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The KF, also known as linear quadratic estimation (LQE), is an algorithm that uses a series of
measurements observed over time, containing noise (random variations) and other inaccuracies,
and produces estimates of unknown variables that tend to be more precise than those based on a
single measurement alone (Mohinder and Angus, 2008). If all noise is Gaussian, the Kalman filter
minimises the mean square error of the estimated parameters (Kalman, 1960; Yang and Delsole,
2009).

The Kalman filter is most often conceptualized as two distinct phases: "Predict" and "Update".
The predict phase uses the state estimate from the previous time step to produce an estimate of
the state at the current time step. This predicted state estimate is also known as the a priori state
estimate because it does not include observation information from the current time step (Mohinder
and Angus, 2008). In the update phase, the current a priori prediction is combined with current
observation information to refine the state estimate. This improved estimate is called the a posteriori
state estimate.

Many dynamic models are usefully written in what is known as state space models (SSMs), this can
also be applied on the two phases of KF. SSMs are made up of dynamic and measurement processes.
For linear case, in this thesis, we deal with continuous dynamic and discrete measurement models.

Definition 5.1.1. The continuous dynamic and discrete measurement models are respectively written
as

dx(t) = F(t,θ)x(t)dt +L(t,θ)dB(t),
yk = Hk x(tk)+ rk,

(5.1)

where F : [0,∞)×Rd → Rn×n and L : [0,∞)×Rd → Rn×s are matrix valued functions, B(t) is an
s-dimension Brownian motion process with spectral density Qc ∈Rs×s, Hk is a measurement model
matrix and rk ∼N (0,Rk) is the measurement noise with covariance Rk. Note that x(tk) and x(tk−1)
can be written as xk and xk−1 respectively (Mbalawata, 2014; Särkkä, 2013).

In Kalman filter, the main goal is to find a way to get the a posteriori state estimate as a linear
combination of the a priori state estimate, and the observed data, at time t. After the updated state is
estimated, the same process is repeated, to dynamically derive the a posteriori state estimate for step
(t+1). This dynamic nature of Kalman filter makes it easy to implement and is shown in Algorithm
5.1 (Mohinder and Angus, 2008; Mbalawata, 2014; Särkkä, 2013) and all notations are taken from
(Mbalawata, 2014; Särkkä, 2013).

Note that F(t),L(t),m−k (t),P
−
k (t),mk as well as Sk,Kk depend on θ, but the dependence has been

dropped for notational convenience.

From Algorithm 5.1, m−k is called the a priori state estimate or the state forecast at time t and
mk is the a posteriori or the updated state estimate at time step t. Similarly P−k and Pk are the a
priori and a posteriori error covariance estimates. If there is no system noise at all (L = 0), we
trust completely the model and if there is no measurement variance at all (S = 0), we trust the
measurements completely (Leander et al., 2014).

Note that, for the continuous-discrete case, m−k and P−k are written as m−(tk) and P−(tk) respec-
tively. The differential equations for the continuous-discrete prediction step can be solved by any
numerical scheme with the initial conditions given as m−k (tk−1) = mk−1, P−k (tk−1) = Pk−1, and the
prediction result as m−k , m−k (tk), P−k , P−k (tk) (Mbalawata, 2014; Särkkä, 2013).
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Algorithm 5.1 Continuous Kalman filter

i. Initialize the mean m0 and covariance P0.

ii. For k = 1,2, . . ., perform the following.

• Prediction step:

dm−k (t)
dt

= F(t)m−k (t),

dP−k (t)
dt

= F(t)P−k (t)+P−k (t)FT(t)+L(t)Qc LT(t).
(5.2)

• Update step:
Sk = Hk P−k HT

k +Rk,

Kk = P−k HT
k S−1

k ,

mk = m−k +Kk
(
yk−Hk m−k

)
,

Pk = P−k −Kk Sk KT
k .

(5.3)

The Kalman filter is very powerful in several aspects: it supports estimations of past, present, and
even future states, and it can do so even when the precise nature of the modeled system is unknown
(Jazwinski, 1970). Despite of it’s efficiency in solving discrete linear filtering problems, Kalman fil-
ter suffers in the case of high dimensional or non-linear models (Leander et al., 2014). For example
for high dimensional state vector in dynamical model, Kalman filter (KF) suffers from computa-
tional issues. For a model with p unobserved state vector, the error covariance matrix consists of
p(p+ 1)/2 unknowns at each time point (Gelb, 1974). This restricts the use of Kalman filter to
moderately low dimensional problems. As a solution, (Gelb, 1974) developed extended Kalman fil-
ter (EKF), which follows the formulation of the Kalman filter with the Jacobian of dynamic matrix
in place of the linear dynamic matrix.

5.2 Extended Kalman Filter

As one may recall in previous Section, the Kalman filter provides optimal solution when both the
measurement model and the dynamic model are linear. Problem arises if one of them turn out to
be non-linear in nature. The basic idea of the extended Kalman filter is thus to linearize about each
state estimate. It also provides state estimation by linearizing the mean and the covariance estimates
in Kalman filter (Gelb, 1974). Here the nonlinear SSMs are defined as

Definition 5.2.1 (Continuous–discrete non-linear SSM). The continuous dynamic and discrete mea-
surement models are respectively written as

dx(t) = f(x(t), t,θ)dt +L(x(t), t,θ)dB(t),
yk = h(x(tk))+ rk,

(5.4)

where f : Rn× [0,∞)×Rd → Rn is the non-linear dynamic model function, L : Rn× [0,∞)×Rd →
Rn×s is the matrix valued function B(t) is the Brownian motion process, h : Rn→ Rm is the mea-
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surement model function, and rk is the Gaussian or non-Gaussian noise (Mbalawata, 2014; Särkkä,
2013).

In EKF, the SSM (5.4) is linearized and then the KF is applied. The linearization is done by Taylor
series expansion; and the resulting EKF algorithm is presented in Algorithm 5.2.

Algorithm 5.2 Continuous extended Kalman filter

i. Initialize the mean m0 and covariance P0.

ii. For k = 1,2, . . ., perform the following.

• Prediction step:

dm−k (t)
dt

= f(m−k (t), t),

dP−k (t)
dt

= Fx(m−k (t), t)P−k (t)+P−k (t)FT
x (m

−
k (t), t)

+L(m−k (t), t)Qc LT(m−k (t), t).

(5.5)

• Update step:
Sk = Hx(m−k )P−k HT

x (m
−
k )+Rk,

Kk = P−k HT
x (m

−
k , t)S−1

k ,

mk = m−k +Kk
(
yk−h(m−k )

)
,

Pk = P−k −Kk Sk KT
k .

(5.6)

As in KF Algorithm (5.1), for notational convenience, the dependency of θ has been dropped out
in prediction and update steps components. In Algorithm 5.2, Fx(x, t) is the Jacobian matrix of
f(x, t) and Hx(x) is the Jacobian matrix of h(x). In the continuous-discrete case, the initial condi-
tions are m−k (tk−1) = mk−1, P−k (tk−1) = Pk−1, and the prediction result is given as m−k , m−k (tk),
P−k , P−k (tk). Note that the accuracy of EKF depends on how severe the SSM non-linearities are
(Jazwinski, 1970).

Although EKF has been effective in many real life cases, it is not an optimal estimator as it fails to
account for the full non-linear dynamics (Julier et al., 1995). Linearization leads to sub-optimal and
unstable error covariance evolution (Jazwinski, 1970). These issues can be resolved by involving
higher order moments. But that would make it more computationally expensive. Another limitation
of the method is that all the elements of the diffusion matrix must be non-zero, and each element
should be a function of a single state variable only, with no two elements on the same row depending
on the same state variable (Nyberg et al., 2007; Leander et al., 2014).

(Evensen, 1994) and (Julier et al., 1995) introduced Ensemble Kalman filter (EnKF) as a new ap-
proach to solve nonlinear state estimation with the purpose of handling large-scale nonlinear ocean
models. It was introduced as a way to solve the computational problem that arises in cases of KF
and EKF. This new approach is not discussed in this thesis.

For a more detailed treatment of the filtering problem see Maybeck (1982) and (Jazwinski, 1970)
and for stochastic control problem, see Åström (2012).
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5.3 Kalman and extended Kalman filter likelihood functions

The filtering approach has been used also as a tool for estimating unknown parameter in a state
space representation. From the Algorithms 5.2 and 5.1, all the expressions in predicted and update
steps depend on the parameter θ and has to be estimated. By running the KF through the data with
fixed θ, we get the following distributions (Mbalawata, 2014)

p(xk | y1:k−1,θ) = N(xk |m−k (θ),P
−
k (θ)),

p(xk | y1:k,θ) = N(xk |mk(θ),Pk(θ)),

p(yk | y1:k−1,θ) = N(yk |Hk m−k (θ),Sk(θ)).

(5.7)

If we know the prior distribution of parameters, θ∼ p(θ), then, using Bayes rule, we can form the
posterior distribution of the parameters as

p(θ | y1, . . . ,yM) ∝ p(y1, . . . ,yM | θ) p(θ), (5.8)

where p(y1, . . . ,yM | θ) is the marginal likelihood of the measurements given θ defined as (Särkkä,
2013),

p(y1, . . . ,yM | θ) =
M

∏
k=1

p(yk | y1:k−1,θ) =
M

∏
k=1

N(yk |Hk m−k (θ),Sk(θ)). (5.9)

As pointed out by Mbalawata (2014), if we denote ϕ(θ) as the negative marginal likelihood, then

ϕk(θ) = ϕk−1(θ)+
1
2

M

∑
k=1

ln |2πSk|+
1
2

M

∑
k=1

(yk−Hkm−k )
TS−1

k (yk−Hkm−k ). (5.10)

The same procedure is followed to compute the likelihood function for parameters estimation by
EKF algorithm as follows (Mbalawata, 2014)

ϕk(θ) = ϕk−1(θ)+
1
2

M

∑
k=1

ln |2πSk|+
1
2

M

∑
k=1

(
yk−h(m−k )

)TS−1
k

(
yk−h(m−k )

)
. (5.11)

Having Equation (5.10) or (5.11), we can use for example maximum likelihood, maximum a posteri-
ori or MCMC methods to estimate parameters. This problem has shown to have a biased solution in
most implementations, due to the neglected parameter dependence of the gain matrix in the Kalman
filter (Ljung, 1979).

The EKF approach to parameter estimation has extensively been studied by Wiberg and DeWolf
(1993) in a series of papers, using an averaging approach. They derive comparatively complicated
but tractable recursive parameter estimation algorithms that are consistent also for estimation of
the parameters in the noise covariance matrices. An essential extension that is done in their algo-
rithms compared to standard EKF, is the retention of also the third order moment in the parameter
and covariance update, which essentially takes care of at least the nonsymmetric distribution of the
parameter estimation errors. In Melgaard (1994), the application of filtering and prediction to esti-
mation of physical parameters of a dynamic system is extensively investigated.
For this thesis, we use the EKF approach to estimate SDE Ebola model parameters.
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5.4 Modeling Ebola model with Itô stochastic differential equations

In reality many phenomena in nature are affected by stochastic noise. Therefore, modeling them
using SDEs is potentially one of the best way to capture their features (Øksendal, 2003; Battacharya
and Waymire, 1990; Kloeden and Platen, 1995). The mathematical modeling of SEIR diseases are
largely done deterministically and the literature on this topic is quite extensive (Li and Jin, 2005;
Hethcote and Levin, 1989; Hethcote, 1989; Ndanguza et al., 2013; Anderson and May, 1991; Heth-
cote, 2000; Li and Jin, 2005) to name but a few. The ODEs explain how a system changes over time
and justifies the effect of the starting point to the initial solution and so forth. However such model-
ing do not take into consideration some of uncertainties which may occur. It is mainly this limitation
that motivated us to model the Ebola epidemic model with Itô stochastic differential equations. We
aim to incorporate uncertainties into the Ebola model studied in Chapter 4 in order to capture the
random fluctuations which may be observed along the time.

Both deterministic and stochastic models have advantages and disadvantages. SDEs models are
to be used if their analysis and interpretation is possible and the population is somewhat small,
however, for large populations, deterministic models better capture their dynamics. The stochastic
modeling should be preferred over deterministic modeling because

• most natural way of studying the spread of disease is stochastic since it defines the probability
of transmission of disease between individuals (Andersson and Britton, 2000),

• SDE model converges to deterministic when the population size becomes large (Kloeden and
Platen, 1995),

• if we consider a small community with an epidemic outbreak, it seems reasonable to assume
some uncertainty in the final number infected (Anderson and May, 1991),

• the deterministic models are not the most relevant for modeling the start of an epidemic where
the number of infectious individuals is small (O’Neill, 2002),

• estimation of parameters and states require the knowledge about uncertainty in estimates.
Stochastic modeling enables estimation of parameters from disease outbreak data to be equipped
with standard errors (Li and Jin, 2005),

• stochastic models are, in general, more realistic since the spread of diseases is stochastic in
nature (Li and Jin, 2005).
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5.4.1 From deterministic to SDE epidemic models

The deterministic Ebola model studied in Chapter 4 is

dS(t)
dt

= −β (t)
S(t)I(t)

N
,

dE(t)
dt

= β (t)
S(t)I(t)

N
− kE(t),

dI(t)
dt

= kE(t)− γI(t),

dR(t)
dt

= γ(1− f )I(t),

dD(t)
dt

= γ f I(t),

dC(t)
dt

= kE(t),

(5.12)

where β is a function of t defined as

β (t) = β0 +
β1−β0

1+ exp(−q(t− τ))
. (5.13)

All the model compartments and parameters have been defined in Chapter 4 and N = S(t)+E(t)+
I(t)+R(t)+D(t) since C(t) is not a compartment.
In general, inference problems for disease outbreak data are complicated by the facts that data
are usually incomplete in the sense that the actual process of infection is not observed (O’Neill,
2002). However, there is an increasing need to extend deterministic models to stochastic models
which describe the key features of epidemic spread. There are many ways suggested by different
researchers to convert an ODE into an SDE.
For example Rezaeyan and Farnoosh (2010); Øksendal (2003); Kloeden and Platen (1995) among
others simply include a noise term into source. Following this approach, the model system (5.12)
will now read

Ṡ = −β (t)S(t)I(t)
N dt−σ1

S(t)I(t)
N dB1(t),

Ė = (β (t)S(t)I(t)
N − kE(t))dt +σ1

S(t)I(t)
N dB1(t)−σ2kE(t)dB2(t),

İ = (kE(t)− γI(t))dt +σ2kE(t)dB2(t)−σ3γI(t)dB3(t),

Ṙ = (1− f )γI(t)dt +(1− f )γσ3I(t)dB3(t),

Ḋ = γ f I(t)dt +σ3γ f I(t)dB3(t),

Ċ = kE(t)dt +σ2kE(t)dB2(t).

(5.14)
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Here ξ (t)dt is written as dB(t), where Bi(t) is a Brownian motion. Parameters to be estimated are
now θ = (β ,k,γ, f ,σ1,σ2,σ3). EKF method may be hard to apply to this SDE model since the
diffusion part has multiplicative dependent states (Leander et al., 2014). Another inconvenient of
this conversion is that it increase the number of parameters in diffusion part.
Another way of conversion of ODE to SDE was proposed by Ditlevsen and Gaetano (2005). They
suggest a method of converting an ODE to an SDE by adding a Brownian motion only on one
sensitive compartment, let say E(t) of System (5.12), with diffusion coefficients σ1 and σ2 to get

Ṡ = −β (t)S(t)I(t)
N dt,

Ė = (β (t)S(t)I(t)
N − kE(t))dt +σ1

S(t)I(t)
N dB1(t)−σ2kE(t)dB2(t),

İ = (kE(t)− γI(t))dt,

Ṙ = (1− f )γI(t)dt,

Ḋ = γ f I(t)dt,

Ċ = kE(t)dt.

(5.15)

This leads to a hypoelliptic SDE (Ditlevsen and Gaetano, 2005), that is, a stochastic differential
system in which only few equations include a volatility term, the other equations being of ODE type.
No explicit solution exists for this SDE. Parameters to be estimated are then θ = (β ,k,γ, f ,σ1,σ2).
Since all compartments are not affected by noise, this conversion method is not recommended.

Another method of converting a system of ODEs to a system of SDEs of the Itô type has been pro-
posed and developed by (Allen, 2007; Allen et al., 2008; Allen and Allen, 2003) with the following
steps: first, a discrete stochastic model is developed for the dynamical system under study which
is experiencing random influences. Specifically, for a small time interval ∆t, the possible changes
with their corresponding transition probabilities are determined. Second, the expected change and
the covariance matrix for the change are determined for this discrete stochastic process. Third, this
information leads to the stochastic differential equation model for the dynamical system into con-
sideration. If we define x = [S E I R D C]T then the ODE (5.12) can be converted to SDE by
Allen’s method as
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dx(t) =



−βS(t)I(t)
N

βS(t)I(t)
N − kE(t)

kE(t)− γI(t)

γI(t)− f γI(t)
f γI(t)

kE(t)


dt

+

√√√√√√√√√√√√√√√√√√√√√√



βS(t)I(t)
N −βS(t)I(t)

N 0 0 0 0

−βS(t)I(t)
N

βS(t)I(t)
N + kE(t) −kE(t) 0 0 −kE(t)

0 −kE(t) kE(t)+ γI(t) −γI(t) 0 kE(t)

0 0 −γI(t) γI(t)+ f γI(t) − f γI(t) 0

0 0 0 − f γI(t) f γI(t) 0

0 −kE(t) kE(t) 0 0 kE(t)



dB(t),

(5.16)

with parameters θ =(β ,k,γ, f ). From (5.16), two challenges may happen. -It is not easy to compute
the square root of such diffusion matrix, since the matrix has to be positive definite (Higham, 1986)
- the diffusion coefficients of the resulting SDE are state–dependent, hence some of Kalman filter
like EKF method become inaccurate in solving the SDEs (Leander et al., 2014).

Cuenod et al. (2011) propose a stochastic version of system with independent Brownian motions
B(t) on each equation and corresponding diffusion coefficients σi. System (5.12) changes to (with
additional parameters)

Ṡ = −β (t)S(t)I(t)
N dt +σ1dB1(t),

Ė = (β (t)S(t)I(t)
N − kE(t))dt +σ2dB2(t),

İ = (kE(t)− γI(t))dt +σ3dB3(t),

Ṙ = (1− f )γI(t)dt +σ4dB4(t),

Ḋ = γ f I(t)dt +σ5dB5(t),

Ċ = kE(t)dt +σ6dB6(t).

(5.17)
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Reducing the number of equations, the system (5.17) changes to system (5.18) by leaving out the
compartment R (Ndanguza et al., 2013).

Ṡ = −β (t)S(t)I(t)
N dt +σ1dB1(t),

Ė = (β (t)S(t)I(t)
N − kE(t))dt +σ2dB2(t),

İ = (kE(t)− γI(t))dt +σ3dB3(t),

Ḋ = γ f I(t)dt +σ4dB4(t),

Ċ = kE(t)dt +σ5dB5(t),

(5.18)

where in matrix form, the system (5.17) is written as



Ṡ

Ė

İ

Ḋ

Ċ


=



−β (t)S(t)I(t)
N

β (t)S(t)I(t)
N − kE(t)

kE(t)− γI(t)

γ f I(t)

kE(t)


dt +



σ1 0 0 0 0 0

0 σ2 0 0 0 0

0 0 σ3 0 0 0

0 0 0 σ4 0 0

0 0 0 0 σ5 0


d
−→
B (t).

Parameters to be estimated are now θ = (β = (β0,β1,q,τ),k,γ, f ,σ1,σ2,σ3,σ4,σ5) and dB1 =
dB2 = dB3 = dB4 = dB5. These new parameters σ1,σ2,σ3,σ4 and σ5 are called bias parameters
injected into the existing Ebola model studied in Chapter 4. The resulting SDE (5.18) has an explicit
Gaussian solution (Cuenod et al., 2011). As many SDE systems do not have analytical solutions,
it is necessary to solve these systems numerically. The simplest stochastic numerical method is the
Euler-Maruyama method (Fard, 2007):

yn+1 = yn +hn f (yn)+
d

∑
j=1

g j(yn)∆w j
n, (5.19)

where hn = tn+1− tn and ∆w j
n = w j(tn+1)−w j(tn) ∼ N(0,hn) for j = 1,2, . . . ,d. It is known that

there are two ways of measuring the accuracy of a numerical solution of an SDE which are strong
convergence and weak convergence (Kloeden and Platen, 1995). Strong convergence will be used
because each trajectory of the numerical solution is close to the exact solution (Burrage et al., 2000).
Although the Euler method for ordinary differential equations has order 1, the Euler-Maruyama
method has strong order of convergence 0.5 and it converges to the Itô solution (Fard, 2007).

The numerical solution of the system (5.18) is shown in Figure 5.1. Looking at the model numerical
solution, it is seen that noise is now allowed to enter in all compartments. If no system noise is
present, the model will reduce into the standard ODE case.
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Figure 5.1: Numerical simulations of Ebola stochastic differential equations. S(t) represents the
number of Susceptible along the disease outbreak. It is a decreasing function since there is no
recruitment but an outflow with parameter β . E(t) starts by increasing with rate β and decreases
in 1/k days. The same for I(t) with recruitment rate of 1/k and emigration rate of 1/γ . C(t) is a
cumulative function and D(t) an increasing function since it does not have an outflow.
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5.5 Unbiased Ebola epidemic model

In this Section, we introduce bias into the data and neglect the model uncertainties. Bias, refers to
the presence of systematic error in a study. In practice, this means that an estimate of association
obtained from a biased study differs systematically from the true association in the source population
of the study. In this Section, we first assume that there is no bias into the model or the model noise
covariance is equal to zero or all bias parameters are close to zero. The model error covariance
matrix is often seen as a tuning parameter in EKF (Solonen et al., 2014). Then, we analyse the
model (5.18) by ignoring values of the model covariance errors (Qc) from the prediction step

dm−k (t)
dt

= f(m−k (t), t),

dP−k (t)
dt

= Fx(m−k (t), t)P−k (t)+P−k (t)FT
x (m

−
k (t), t)

+L(m−k (t), t)Qc LT(m−k (t), t).

Having the model noise covariance Qc being close to zero, means that the model is minimally or
not disturbed by noise. Hence, the problem to be solved is almost pure deterministic. Therefore, the
problem to be solved is in form of

dx(t) = F(t,θ)x(t)dt,

where

x(t) =



S(t)

E(t)

I(t)

D(t)

C(t)



f (x(t),θ) =



−β (t)S(t)I(t)
N

β (t)S(t)I(t)
N − kE(t)

kE(t)− γI(t)

γ f I(t)

kE(t)
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and

θ =



β0
β1
q
τ

kk
gγ

f


.

Expanding f (x(t)) into a Taylor series expansion about x0t

f (x(t)) = f (x(t)) |x0t
+

∂ f (xt)

∂xt
|x0t

[xt−x0t ]+H.O.T (5.20)

(H.O.T means High Order Term) and drop the high order terms (H.O.T.), recognize that xt −x0t =
δxt to write

f (xt) = f (x0t )+Ftδxt , (5.21)

where

Ft =
∂ f (xt)

∂xt
|x0t

.

At each time step, the Jacobian is evaluated with current predicted states. This process essentially
linearizes the non-linear function around the current estimate.

5.5.1 Extraction of data for computation purpose

To be able to use the EKF package tools, some data are needed. The initial conditions of the state
and state covariance need to be specified for the EKF algorithm. The initial states are fixed and
included in the likelihood function, whereas the initial model covariance for this implementation
has been chosen to be zero.

The following data are useful:

• The dynamics model is given in form of SDE, let say

dx(t) = F(t,θ)x(t)dt +L(t,θ)dB(t),

• initial mean vector values m0, for our case let’s say m0 = [S0,E0, I0,D0,C0],

• the observation matrix H

H =

[
0 0 0 1 0
0 0 0 0 1

]
,

• the observations are the two sets of data D(t) and C(t),

• covariance matrix P0 = Σ0 = L(θ)×L(θ)T and is a zero 5×5 matrix,

• covariance matrix of observation R or measurement noise is a 2×2 matrix,

• computation of the derivative of the drift part,

• the time step of the observations dt.
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5.5.2 Parameters identification and numerical simulations

Parameter estimation is a very difficult problem, especially for large systems, and a lot of effort
devoted to it would be needed. For instance, estimating a large number of parameters often proved
to be computationally too expensive. This has led to the development of techniques determining
which parameters affect the system’s dynamics the most, in order to choose the parameters that are
important to estimate (Blanchard et al., 2007). We use three methods for parameters identification
namely; LSQ, EKF–ML and MCMC. Their respective values are tabulated in Table 5.1.

From the EKF algorithm, given a set of observations, the addressed problem is the estimator of θ

that minimizes

ϕk(θ) = ϕk−1(θ)+
1
2

M

∑
k=1

ln |2πSk|+
1
2

M

∑
k=1

(
yk−h(m−k )

)TS−1
k

(
yk−h(m−k )

)
. (5.22)

Therefore, Equation (5.22) is our objective function and we use the ML and MCMC methods for
parameters identification.

In a Bayesian inference, a prior distribution is set on the parameters of interest θ ∼ π(•). The aim
is to estimate the posterior distribution of θ given the observation y, which is given by the Bayes
formula p(θ | y) ∝ f (y;θ)π(θ). Estimators of θ are then obtained with the posterior mean E[θ ,y]
or the median of the posterior distribution, for instance.

The EKF is used to generate the likelihood function that can integrate with the current observation
and introduces MCMC techniques.

Table 5.1: Estimated Ebola epidemic model parameters using onset and death data by LSQ, EKF-
ML and MCMC methods. All the methods are almost producing similar results.

Parameters Initial values LSQ EKF –ML LSQ–MCMC MLE–MCMC
β0 0.26 0.2613 0.2616 0.2539 0.2551
β1 0.036 0.0363 0.0362 0.0405 0.0406
q 0.22 0.2214 0.2212 0.2522 0.2527

1/k 1.53 1.5223 1.5257 1.3599 1.3757
1/γ 7.81 7.8917 7.9015 7.7727 7.7422

f 0.82 0.8268 0.8254 0.8240 0.8238
τ 71 71.8841 71.7901 72.75 72.7003

R0 2.0306 2.0621 2.0627 1.9732 1.9624

From results obtained in Table 5.1, we see that estimates are in agreement with the ones found using
LSQ and MCMC methods in Chapter 4 of this thesis.
In addition to that, all the results tabulated in Table 5.1 are almost the same regardless to the meth-
ods used in identifying parameters. The most closest methods in providing same results are LSQ
and EKF-ML. In the same table, we also compute the value of basic reproduction number for each
method. It is important to realise that all the values are close and are in agreement with the one
obtained in Chapter 4. Plotting the observed value against a reference distribution is more informa-
tive than all other ways. Hence, from the estimates got in Table 5.1, we compare observations with
model predictions D(t) and C(t) in Figures 5.2 and 5.3 where parameters are estimated using LSQ
and EKF-ML methods.
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Figure 5.2: We fit the onset C(t) and death D(t) data to numerical solutions of the System (5.18)
with zero diffusion part. Parameters within the system are estimated using LSQ method. From this
Figure, we may conclude that the model fits the data.
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Figure 5.3: We fit the onset C(t) and death D(t) data to numerical solutions of the System (5.18)
with zero diffusion part. Parameters within the system are estimated using filter likelihood approach.
From this Figure, we may conclude that the model fits the data.
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5.5.3 States estimation using EKF algorithm

For state estimates, the EKF algorithm produces estimates that minimize mean-squared estimation
error conditioned on a given observation sequence. We compare EKF states obtained by using
parameters estimated from LSQ and filter likelihood functions. The comparison is explained by
Figure 5.4.
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Figure 5.4: Fitting onset C(t) and death D(t) data to states simulated using EKF algorithm. In this
Figure, EKFek f means estimated states obtained after substitution of parameters obtained by filter
likelihood method. EKFlsq stands for estimated states obtained after substitution of parameters
obtained by LSQ method. We see that the states C(t) and D(t) are fitting their corresponding data
quite pretty. In other words, there is no differences between the observations and predictions.

While computing, the EKF runs slower due to the need for a numerical algorithm to solve the drift
part of system (5.18). Moreover, the EKF is a two-part algorithm consisting of prediction and
updating, which iterates through all observations. In the prediction part the current estimated states
and covariances are used to create predictions of the two first moments of the state and observation
to a time point t given the information at time t−1.
Updating is performed at measurement time points, where the states and covariances are updated
accordingly. These explanations are supported by Figure 5.4. These variables show seemingly
random but self-similar long-term behaviors.

5.5.4 Basic reproduction number

The Basic Reproduction number which provides a measure of the transmissibility of an infectious
disease, is a function of two variables β0 and γ . Since these two parameters are chains, R0 is also a
chain and is represented by Figure 5.5.

With an infection for which R0 > 1, a population will be protected from epidemic outbreaks as long
as the proportion of susceptibles is kept below the threshold by vaccination; this effect is known as
herd immunity (Castilla-Chavez et al., 2001; Heffernan et al., 2005).
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Figure 5.5: From Table 5.1 and this Figure, it is seen that R0 is oscillating between 1.56 and 2.61,
implying the spread of the Ebola epidemic. Thus the target, in controlling a particular outbreak of
infection, is to take steps to bring R0 below one by reducing the rate of infectious contacts or the
duration of the infectious period. Since the R0 histogram distribution is almost gaussian, this is a
good indicator of chains convergence.

5.5.5 Diagnostic of Chains convergence

The most straightforward approach for assessing convergence is based on simply plotting and in-
specting traces and histograms of the observed MCMC sample. MCMC creates a sample from
the posterior distribution, and we usually want to know whether this sample is sufficiently close to
the posterior to be used for analysis. From our theory of Markov chains, we expect our chains to
eventually converge to the stationary distribution, which is also our target distribution. However,
there is no guarantee that our chain has converged after M draws. We can never be sure, but there
are several tests we can do, both visual and statistical, to see if the chain appears to be converged.
Graphical display is an important component of the MCMC process. It provides the visual dis-
plays of MCMC output for checking the behavior from the random sampling process, including
convergence of Markov chains and independency of samples.

MCMC TRACE PLOT AND DENSITY PLOTS

One method for detecting lack of convergence is to examine the traces of several MCMC chains
initialized with different starting values.
One way of testing the convergence is to use the MCMC trace plot and Marginal density plot.
Figure 5.6 explains that mixing of the samples is relatively good. We may also want to visualize the
marginal posterior distributions or simply marginal density plot, see Figure 5.7. It is the best way to
use a kernel density estimate of the posterior to smooth the distributions (Gelman et al., 1996).

HISTOGRAM PLOTS

Histograms shown in Figure 5.8 are used to plot the density of data, and often for density estimation:
estimating the probability density function of the underlying variable.
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Figure 5.6: MCMC chains of parameters are represented as a trace plot and show the values the
parameter took during the runtime of the chain. It seems that there is a perfect mixing since samples
can move from one region to another in 1 step. It is the easiest ways to determine that stationarity has
not been achieved by simply visualize the state of the chain through "time" (iterations, sometimes
called generations). It can be very informative to plot each parameter as a function of iteration
number to produce a time series plot.
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Figure 5.7: Kernel density plots of the seven studied parameters (β0,β1,q,kk,gγ, f and τ). Basically,
it is the (smoothed) histogram of the values in the trace–plot, i.e. the distribution of the values of
the parameter in the chain. Marginal densities are an average over the values a parameter takes
with all other parameters "marginalized", i.e. other parameters having any values according to their
posterior probabilities. When their distribution is gaussian, this is a positive test of convergence.
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Figure 5.8: Histograms plot for the model parameters. The total area of a histogram used for
probability density is normalized to 1. If the length of the intervals on the x-axis are all 1, then a
histogram is identical to a relative frequency plot. It is seen that all the parameters’ distributions are
gaussian, which is a sign of good mixing.
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Figure 5.9: 2D (Together with 1D) marginal parameter posteriors plot. High correlation is an indi-
cator of poor mixing, so that we need a larger sample size to obtain a comparable variance. From
this Figure, it is seen that there is no strong correlation among pairs of posteriors distribution which
means that there is a good mixing. Parameters with high positive correlations are q with β1 and 1/k
with β0.

PAIRS

The data is displayed as a collection of points, each having the value of one variable determining the
position on the horizontal axis and the value of the other variable determining the position on the
vertical axis. This kind of plot is also called a scatter chart, scattergram, scatter diagram, or scatter
graph. We plot Figure 5.9 showing the scatter between two by two of the parameters and check if
there is a strong correlation among them.

AUTOCORRELATION DIAGNOSTIC

We would expect the kth lag autocorrelation to be smaller as k increases (our 1st and 50th draws
should be less correlated than our 1st and 2nd draws). This is depicted in Figure 5.10. This allows
users to examine the relationship among successive samples within sampled chains.

MCMC PREDICTIVE

Besides the parameters distributions, we are also interested in how the uncertainty in parameters
affects the model prediction. We derive the distribution for the response curves of the model; instead
of one fit, we get an area where the model prediction lies with certain probability. The MCMC
predictive plot is depicted in Figure 5.11.
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Figure 5.10: Estimated parameters autocorrelation functions with 200 lags. The autocorrelation
coefficients (x-axis) decay toward zero, and stabilize around zero as the number of lags (y-axis)
increases. This is a sign of a good mixing.
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Figure 5.11: MCMC predictive fitting the Ebola model solution to D(t) and C(t) daily data. The
grey areas in the plot correspond to 95% posterior regions. In the plots two kind of "areas" are
plotted around the most probable response curve. First of all, we simulate the model response with
the sampled parameter values, and form a confidence interval for the response at certain points in
the x-axis. In the plots this area is plotted with darker grey color and this area represents the area
where the model prediction curve lies with a certain probability. Secondly, we add our estimate of
the measurement error to the simulated responses to produce "noisy responses". Then we similarly
form a confidence interval at certain points in the x-axis for these responses, and fill the area with a
lighter gray color. This represents the area from which the observations (current and forthcoming)
can be found with a certain probability.

5.6 Biased Ebola epidemic model

We introduced bias into the model i.e. the model noise covariance is different from zero and solve
the System (5.18). We fix the bias parameters (σ1 = σ2 = σ3 = σ4 = σ5) with two different values
and compare their results. Firstly, we let the bias parameters have a value which is less than 0.001
let say 10−4 for instance and secondly, with high values between 0.01 and 1, let say 0.1 and estimate
the remaining parameters. Results are summarized in Table 5.2. They are obtained from maximiz-
ing the filter likelihood function (ML) and MCMC methods. For MCMC results we consider the
mean of posteriors. One can also use the LSQ method but results are closer to those from MLE.

Table 5.2 enclosures parameter estimates by taking into consideration the process noise covariance
matrix (Qc 6= 0). We compare results in two ways: (1) when the bias is small 10−4 (2) when the
bias is some how high. We observe the effect of noise in (2). As a matter of fact, we also show
the influence of bias through graphical representation depicted in Figures 5.12 and 5.13 when fixing
σs = 10−4 and σs = 0.1 respectively.

We also check the correlation between model parameters by fixing the bias parameters σs, and this
is explained by Figure 5.16 and Figure 5.17.

The bias injected into the model has an influence on the fitness of the model and since the model
is stochastic, we get different solutions while solving it many times. We also use Euler-Maruyama
algorithm to solve the System (5.18). The lack of fitness and high variance are due to three reasons:
(1) the EKF algorithm has an uncertainty its self (2) the Euler-Maruyama numerical solution has
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Table 5.2: Estimated Ebola epidemic model parameters using onset and death data by likelihood-
EKF and MCMC method. For MCMC method, we consider the mean of posteriors.

σs are equal to 10−4 σs are equal to 0.1
Parameters Initial values MLE MCMC MLE MCMC

β0 0.26 0.2616 0.2551 0.2614 0.2760
β1 0.036 0.0362 0.0406 0.0365 0.0755
q 0.22 0.2212 0.2527 0.2198 0.5365

1/k 1.53 1.5257 1.3757 1.5216 1.0936
1/γ 7.81 7.9015 7.7727 7.8984 6.2982

f 0.82 0.8254 0.8238 0.8254 0.8169
τ 71 71.7901 72.7003 71.7747 73.0135
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Figure 5.12: Fitting the SDE model solution
to D(t) and C(t) daily data using estimated pa-
rameters by EKF-MLE method and fixed σs =
10−4. In contrast with what was expected as in-
fluence of bias into the results, still the model fit
the data as it was in unbiased Ebola model.
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Figure 5.13: Fitting the SDE model solution to
D(t) and C(t) daily data using parameters es-
timated by EKF-MLE method and fixed σs =
0.1. It is seen that the model does not fit the data
compared to Figure 5.12 where the bias param-
eters are small.
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Figure 5.17: Pairwise scatter plot for bias parameters where σs are high with value 0.1.

a random value multiplied on each bias parameter of the model and (3) in Bayesian approach,
estimators are considered as random variables. From the results above, one can conclude that results
got by considering σs small are almost similar to unbiased model studied in Section 5.5. Therefore,
in the next part of the work unbiased situation will cover both σs close to zero and small.
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5.7 Comparison of results obtained from unbiased and biased Ebola model

As it has been mentioned earlier in the introduction of this thesis in Chapter 1, one of the main
objectives of the work is to compare results from two different cases (when the model error co-
variance is close to zero and when it is different from zero). In Table 5.3, comparison between the
two approaches is made in term of parameters estimation. We have considered the maximum likeli-
hood and MCMC results, where the likelihood is computed using the EKF algorithm. We draw the
conclusion basing on MCMC results and conclude if there is a low/moderate or high difference in
posteriors. We fix the following criteria to help while drawing the conclusions:

| par(MCMCQ=0)−par(MCMCQ 6=0) |


< 0.01 : low
∈ [0.01,0.1[ : moderate
≥ 0.1 : high

Table 5.3: Comparison of unbiased and biased Ebola epidemic model in term of parameters iden-
tification. For MCMC method, we consider the mean of posteriors. For unbiased we consider
σs = 10−4.

Unbiased model Biased model Conclusion
Parameters Initial values MLE MCMC MLE MCMC

β0 0.26 0.2616 0.2551 0.2614 0.2760 There is a moderate
discrepancy with

difference of 0.0209.
β1 0.036 0.0362 0.0406 0.0365 0.0755 There is a moderate

among discrepancy with
difference of 0.0349.

q 0.22 0.2212 0.2527 0.2198 0.5365 There is a high
discrepancy with

difference of 0.2838.
1/k 1.53 1.5257 1.3757 1.5216 1.0936 There is a high

discrepancy with
difference of 0.2821.

1/γ 7.81 7.9015 7.7727 7.8984 6.2982 There is a high
discrepancy with

difference of 1.4745.
f 0.82 0.8254 0.8238 0.8254 0.8169 There is a low

discrepancy with
difference of 0.0069.

τ 71 71.7901 72.7003 71.7747 73.0135 There is a high
discrepancy with

difference of 0.3132.

From Table 5.3, it is seen that estimates are different in the two cases. The only parameter where
there is a low discrepancy between the two cases is the death rate ( f ). This means that including
the noise in the model or not, the value of death rate will be the same. Most of other parameters are
having a high discrepancy in the two cases. Other parameters are having moderate discrepancies.

At each identification method, it was important to compute the basic reproduction number R0. The
following Table 5.4 will help to confirm the effect of bias in the basic reproduction number estima-
tion.
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Table 5.4: Comparison of unbiased and biased Ebola model in term of basic reproduction number.
Unbiased model Biased model Conclusion

BRN MLE MCMC MLE MCMC
R0 2.0670 1.9828 2.0646 1.7383 high difference

of 0.2445 among the two
different values of R0

From the Table 5.4, the unbiased R0 values are different from the ones got from biased model.
Hence, the bias is having an effect on basic reproduction number.

5.8 Conclusion

We have reviewed and treated bias as a quantitative problem. From the results found in this Chapter,
researchers should aim at avoiding bias in the design of a study whenever it is possible. Otherwise,
adjust for it in the study analysis. If bias is analysed, it is important to explore and report its mag-
nitude. Our analysis has shown that after including bias into the Ebola model, the reported results
have slightly changed compared to the unbiased Ebola model. But if the magnitude of the bias is
high, there would be a considerable difference between results from the two cases. However, bias
is most valuable when a study is likely susceptible to a limited number of systematic errors. Re-
sults show that the more the increase of bias, the more the noise in states simulation and parameters
estimation compared to the deterministic one.

One may ask himself what is the best method providing the optimal solution? The answer may
be that all methods are good and appropriate for parameters estimation for both deterministic and
stochastic differential equations. Numerical simulations of states after substituting respective es-
timates got from different methods into the model have been performed and most of all are in
agreements. But as it has been said by previous researchers, the SDE models are preferred if they
are capable to capture all the uncertainties which may happen in the dynamic of the system.
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CHAPTER VI

General conclusion and recommendation

This thesis highlights the importance of Bayesian inference and estimation via Markov chain Monte
Carlo in extracting information contained in disease data. One of the advantages of the Markov
chain Monte Carlo method is that it allows for a lot of flexibility in how to model uncertainties in
the model and data. Furthermore, with MCMC it is possible to examine the distribution of unknown
parameters in nonlinear models, whereas traditional fitting techniques only produce linearized es-
timates around a single MAP point. We focussed on the SEIR epidemic model assuming a closed
community. In other words, the N individuals in the community do not leave the system, and eventu-
ally all will be infected if no means of stopping such outbreak are set out. Even in more sophisticated
models, such an assumption is sometimes necessary in order to reach a solution. The question is not
how many susceptible individuals will become infectious (since, according to the model, all will be
infected), but perhaps how quickly the epidemic is spreading and when will the spread slow down.

Many diseases can be modeled in the SEIR form. Ebola epidemic model is one of them, we have
formulated it using a system of ODEs and we analysed it accordingly. We have estimated Ebola
model parameters by applying usual LSQ and MCMC methods with the aim of fitting the SEIR
differential equations to both observed daily cases (onset) and daily mortality data. The intention of
this thesis was to construct an accurate model for Ebola outbreak in form of SEIR through simula-
tion runs of the MATLAB software programs. As a novel feature, the intervention measures were
modelled as an empirical curve, whose parameters turned out to be well identified in addition to the
original model parameters.

Beyond that, we tackled the SDEs epidemic models and developed different approaches of esti-
mating parameters. In this thesis, we have used the MLE and adaptive Markov chain Monte Carlo
method, where the likelihood function is computed using EKF algorithm. We analysed the SDE
model in two different ways: the diffusion part set close to zero, i.e. no bias into the model; and the
diffusion part set different from zero, in order to take a bias of the model into account. It was shown
how increasing bias or model uncertainty has an expected impact on parameter posteriors and on
the estimation of model prediction uncertainties.

Unbiased models should be used only if the disease dynamics is well known. In other cases biased
models are to be preferred, and a way to analyse them was demonstrated in this thesis. Unbiased
models can also serve as introductory models when studying new phenomena. We see that there is
no conflict between the two approaches and believe that both types of models play an important role
in better understanding the mechanisms of disease spread.

101
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From this thesis experience, Bayesian approach is finally the most adaptable method since it can be
applied to any model (one or several trajectories, with or without noise observation) as soon as the
transition density is explicit.

Henceforth, we have shown that the proposed extended Kalman filtering method appears to be
functional in epidemic models. Future researchers may focus on topics not considered here, such
as the uncertainty quantification of predictions during an epidemic, or the optimality analysis of
the contact rate function. Moreover, due to the current situation of the spread of Ebola in Africa,
researchers are advised to work on spatial modeling of Ebola. We also recommend researchers to
employ other sophisticated disease models with MCMC methods for their analyses, together with
other filtering methods, such as Gaussian or particle filters.
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