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Various researches in the field of econophysics has shown that fluid flow have analo-
gous phenomena in financial market behavior, the typical parallelism being delivered
between energy in fluids and information on markets. However, the geometry of the
manifold on which market dynamics act out their dynamics (corporate space) is not
yet known.

In this thesis, utilizing a Seven year time series of prices of stocks used to compute
S&P500 index on the New York Stock Exchange, we have created local chart to the
corporate space with the goal of finding standing waves and other soliton like patterns
in the behavior of stock price deviations from the S&P500 index. By first calculating
the correlation matrix of normalized stock price deviations from the S&P500 index, we
have performed a local singular value decomposition over a set of four different time
windows as guides to the nature of patterns that may emerge.

I turns out that in almost all cases, each singular vector is essentially determined by
relatively small set of companies with big positive or negative weights on that singular
vector. Over particular time windows, sometimes these weights are strongly correlated
with at least one industrial sector and certain sectors are more prone to fast dynamics
whereas others have longer standing waves.
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1 Introduction

The literature has shown that stock market prices behave in a strange way so that
it is difficult to forecast them. They have very many extreme movements; very large
increases or decreases would often occur in the history of stock market prices. "Pro-
ponents of efficient market hypotheses argue that stock prices cannot be predicted
since the market prices have already reflected all known and expected fundamentals"
(K.Tseng, O.Kwon, and L.C.Tjung, 2012). However, given that there is seamless flow
of information to the stock markets and from the fact that the current market price
reflect all relevant information, the current and past history of common stock prices
have been used by various chartists in the attempt of making meaningful predictions
of future prices of a stock.

Several tools and techniques for forecasting stock prices have been designed by prac-
titioners and various types of methods, models and theories have been developed by
academics to assess the basic stock values and prices. Researchers in the field of re-
search called econophysics, have discovered that financial markets behave to a degree
as a fluid in motion. For instance, H.E.Stanley et al., in the article “Similarities and
differences between physics and economics”, considered financial fluctuations like tur-
bulence in a fluid. Nevertheless, unlike in fluid flow, market dynamics act out their
dynamics on a manifold whose structure and geometry is nowadays not defined. This
space is provisionally called corporate space by researchers in computational market
dynamics while they are still studying its geometry.

In this research, we have tried to create local chart to this corporate space, with the
aim of finding static waves and other possible soliton such as patterns in the behavior
of stock market price deviations from an index like S&P500. Seven year time series
of 1930 stocks registered on the New York Stock Exchange have been used as our
data set. A correlation matrix of normalised stock price deviations from the S&P500
index has been calculated. A correlation metric defined as a function of the computed
correlation coefficients, has been utilized to reorganise our dataset for further analysis.
Over four different time windows; 2 year, 1 year, 6 month, and 3 month time windows, a
singular value decomposition of the reorganised covariance matrix has been performed
to illuminate the nature of patterns that may merge. Companies corresponding to the
three dominant singular vectors was identified and patterns among industrial sectors
to which those companies belong was detected.

The rest of this thesis is organised in six sections; Section 2 to Section 7. Section 2
introduces stock price time series and give a general image of the New York Stock Ex-
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change. The third section describes mathematical methods used by others researchers
to analyze stock market prices. In Section 4, the use of time dependent price correla-
tions in understanding the structure of stock market prices has pointed out. In Section
5, we have analysed dominant correlation patterns of stock prices using our dataset.
The results and their interpretations are illustrated in Section 6. in the last section
(Section 7), some discussions and conclusions has been discussed.
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2 Introduction to stock price time series

Places where securities such as bonds, common stocks and options are traded, are
commonly known as stock markets. Like other financial markets, two types of stock
markets may be distinguished: a primary market and a secondary market. A primary
market deals with issues of new securities which are sold trough initial offerings, whereas
existing assets are traded in a secondary market. Meaning that new securities that have
been sold in the primary market, are then traded in the secondary market(Johnson,
Jefferies, and Hui, 2003). Due to the behaviour of the market participants, a stock
market may be characterized as a bull market or a bear market: a bull market is
a stock market where stocks are bought on anticipation of higher growth but when
investors are less active before declines in stock prices, the market is qualified as a bear
market.

The stock market combines the stock exchange, electronic communication networks
and the over-the-counter market. Stocks that are sold in the stock market are listed in
stock exchanges in relation to the country in which the stocks are sold such as the New
York Stock Exchange (NYSE), Tokyo Stock Exchange (TSE), among others. Thus, a
stock exchange is a very important component of any stock market. A stock exchange
expedite the commerce of all kind of securities including company stocks. Investors
may buy or sell a stock only if that stock is listed on an exchange. In a stock market,
shares are sold from an investor to another one at the highest biding price in the market
or at a negotiated price between the buyer and the seller. Historical prices of a stock
are recorded and kept as a time series data for further analysis.

Given that the price of a stock may suddenly change, even with a dramatic drop or
increment, stock price time series fluctuate a lot. Stock prices may often rise or fall
by large percentage amounts and very many such extreme movements have already
occurred in the history of stock prices. Thus, investors hope that over the years, the
invested stocks will become much more valuable than the cost of their acquisition. A
wise statistical approach which can be used to determine the best time a stock should
be bought or sold is to present its prices at various times as a time series, analyze and
model it for future predictions.

"The movements of the prices in a market or section of a market are captured in price
indices called stock market indices" (Wikipedia, 2015). There are many such indices
like the Standard and Poor’s 500 (S&P500) and the Dow Jones Industrial Average
(DJIA) indices among others. Stock market indices are generally market capitalization
weighted and the weight of each stock reflects its contribution to the index. The
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constituents of indices are frequently scrutinised to include or exclude stocks with the
purpose of reflecting the changing business environment (Wikipedia, 2015).

The S&P500 index includes exactly 500 selected stocks of the USA having the largest
capitalization. In S&P Dow Jones indeces LLC (2014), it is said that "the S&P500
does not simply contain the 500 largest stocks; rather, it covers leading companies
from leading industries. The S&P500 represents a broad cross-section of the U.S.
equity market, including common stocks traded on NYSE and NASDAQ" (National
Association of Securities Dealers Automated Quotation system). This index is one
of the most significant indexes on NYSE. Its value reflects the total capitalization of
companies from the fact that the weight of each company in that index is proportional
to its capitalization. The S&P 500 index is calculated utilizing this formula:

It =

∑n
i PitQit

Dt

.

The index value at time t (It) is proportional to the sum of products of prices and
shares at time t (Pit and Qit respectively) for all present companies (n) and inversely
proportional to the divisor at time t (Dt).

The Dow Jones Industrial Average index (or simply Dow Jones) is a weighted index of
the market price of the 30 most significant companies traded on the New York Stock
Exchange and the NASDAQ. It is "an index that shows how 30 large, publicly owned
companies based in the United States have traded during a standard trading session in
the stock market" (R.E.Gearhart, 2011). The DJIA index value is a ratio of the sum
of prices of all the 30 companies and the divisor:

Index =

∑
Prices

Divisor
.

The index divisor in index calculation is a scaling factor and it should be always
adjusted. It may be adjusted whenever there is a change in stocks: to ensure that
numerical values of an index are not altered by changes like stock splits and spinoffs,
the adjustments of the divisor are required. For instance, the DJIA’s divisor was at
the beginning the total number of companies which was making this index to be the
arithmetic average. After a number of adjustments, its current value is less than one;
S&P Dow Jones indeces LLC, 2015 shows that on March 19, 2015, the divisor was
changed from 0.15571590501117 to 0.14985889030177 as a result of the Visa Inc stock
splits and the Apple Inc which replaced AT&T Inc.
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2.1 New York Stock Exchange

The history of New York Stock Exchange (NYSE) started on May 17, 1792 when
twenty-four New York City stockbrokers and dealers signed the so-called Buttonwood
Agreement. The event was held outside at 68 Wall street under a Buttonwood tree.
The Bank of New York was the first to be listed on NYSE among five securities that
were traded in New York city. At that time, the NYSE was a major financial pivot.
On April 4, 2007, the NYSE merged with Euronext N.V to form the NYSE Euronext.

The NYSE operates as a continuous auction floor trading stock exchange each week day
from 9:30 am to 4:00 pm except on national holidays. The major players on the floor
are specialists and brokers. Floor brokers are employees of member firms who execute
trades on the exchange floor on behalf of the clients of those firms or of the firms
themselves. They move around the floor, collect orders of buying or selling stocks and
bring them to the specialists. Dealing with a number of specific stocks, each specialist
is located in one place on the floor. The number of stocks to be traded by one specialist
depends on trading volume of stocks. The responsibility of a specialist is managing
the actual auction and accepting orders from brokers. In addition, specialists have to
ensure that their specified stocks always have a market. There is a strong interaction
between these two major players, creating a system capable of providing investors with
competitive prices on the basis of the present supply and demand in the market.

The top level of more than 3000 companies listed on NYSE are reported by the DJIA.
International Business Machines (IBM) and Exxon Mobil Corporation (XOM) are the
highest weighted stocks from those included in DJIA which is the second oldest index
after Dow Jones Transportation Average (DJTA). The IBM carries a weight of 75% of
the DJIA index and a weight of 69% is placed on XOM (Exchanges Journal, 2015).
Companies listed on NYSE are from several economic sectors such as finance, health
care, energy among others. For instance, the sector of XOM is energy, whereas IBM
belongs to technology sector.

There are several other indices that report stocks listed on NYSE including S&P Dow
Jones equity indices which "identifies important industries in the U.S. equity market,
approximates the relative weight of these industries in terms of market capitaliza-
tion and then allocates a representative sample of stocks within each industry to the
S&P500" (S&P Dow Jones indeces LLC, 2014). The stock prices of stocks used to
compute the S&P500 provide a dataset to our research.

Companies listed on NYSE are classified into 12 industrial sectors: Basic Industries,
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Capital Goods, Consumer Durables, Consumer Non-Durables, Consumer services, En-
ergy, Finance, Health care, Miscellaneous, Public Utilities, Technology, and Trans-
portation. These sectors have different proportions of companies among all companies
listed on NYSE. The summary of the proportions of companies by industrial sectors is
given in Table 1 (the numbers are as published on the website of NASDAQ on January
12, 2016). However, a considerable number of companies listed on NYSE are not clas-
sified: the actual list contains 3253 companies but 962 of them do not belong to any
of the mentioned sectors. More detailed information about these sectors can be seen
on http://www.nasdaq.com/screening/industries.aspx.

Table 1: Number of companies by sector on NYSE

Sector Number of companies Percentage

Basic Industries 203 6.240

Capital Goods 188 5.78

Consumer Durables 66 2.029

Consumer Non-Durables 110 3.381

Consumer Services 471 14.479

Energy 235 7.224

Finance 387 11.897

Health care 113 3.474

Miscellaneous 49 1.506

Public Utilities 220 6.763

Technology 188 5.78

Transportation 61 1.875

Non-classified 962 29.573

Tolal 3253 100

Each of these industrial sectors is presented in the dataset of our research and patterns
among them are discussed in Sections 5 and 6.
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3 Mathematical analysis of stock prices

At any time, stock market crashes in the global economy may occur unpredictably.
Thus, investors and traders should always be aware of such extraordinary movements
in stock market prices. Abergel et al., 2015 stated that the Black Monday (October
29, 1929) was the date on which investors saw one of the biggest falls in the global
stock markets. The S&P500 index declined by more than 20% and the Hong Kong
market fell by an incredible amount of 45% by month end. Also, in a single trading
day, the DJIA dropped 22.6% on October 19, 1987 which was a drop of 36.7% from its
high. A half of trillion dollars of wealth was obliterated during this crash. A loss of 8
trillion dollars of wealth was noticed in a crash of 2000: the NASDAQ dropped 45.9%
from September, 2000 to January, 2001 (Lai, 2015). Such financial crises motivate
researchers in modelling and forecasting stock prices and many other financial and
econometric time series. Mathematical and statistical analysis methods have a non-
replaceable role in the analysis of financial and econometric time series.

Many years ago, based on the Efficient Market Hypothesis, an important time series
such as the prices of a financial good would not be essentially distinguishable from a
stochastic process. Random walk hypothesis and the martingale model were utilized
to statistically prove that the price changes could not be forecasted and these unpre-
dictable price changes were initially considered as implications of the Efficient Market
Hypothesis (Lo, 2007). It is also stated in N.Li (2010) that "the classical views of a
Brownian motion model under the efficient market hypothesis holds that market re-
turns are independent of each other and market crashes operate at the shortest time
scales". However, the belief that market prices are unpredictable has been rejected by
a considerable number of literature. Researches have shown that unpredictable time
series may arise not only from a stochastic process but also from a deterministic non-
linear system. Thus, modelling and forecasting stock prices has been an open research
area for researchers in different domains including mathematics.

Mathematical analysis of stock prices adopts heavily predictive algorithms from applied
mathematics and econophysics areas. These areas present many complex mathematical
formalisms which can be utilized to model future prices such as wavelet transform
theory, log-periodic oscillations, and percolation methods, among others.

When analysing complex dynamics such as the one found in stock markets, wavelets
was found to have a distinct advantage over standard frequency methods like Fourier
transform methods from the fact that they are well localized in both time and scale.
The literature shows that wavelets may be used to decompose stock series with mul-
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tiresolution analysis, to denoise stock price series, to characterize brusque changes in
the stock prices, to detect the self-similarity of stock series and make near future pre-
dictions of financial data (Lai et al., 2007). For instance, using wavelets, Wong et al.
(2003) proposed "a modelling procedure that decomposes the series as the sum of three
separate components,namely trend, harmonic and irregular components". They used
that procedure to model US dollar against DM exchange rate data, and forecast the
data ten steps ahead. Lai (2015) demonstrates that wavelets provide a better resolu-
tion in the time domain and are more useful for capturing the changing volatility of
business cycles. He shows that wavelets present orthogonal decomposition, maintain
local features in decomposition and provide multiresolution analysis. Thus, he uses
them as a filter to extract business cycles from quarterly stock data.

Various research works show that market crashes are often preceded by speculative
bubbles which are mainly characterised by power law acceleration of market prices
and log-periodic oscillation (Feigenbaum and Freund, 1996; Sornette, Johansen, and
Bouchaud, 1996). Thus, log-periodic oscillations use "long-term historical data to de-
scribe macro movements in the market, such as impending crashes and market bubbles"
as it is said in the article A Discrete Stock Price Prediction Engine Based on Financial
News by R.P.Schumaker and H.Chen. For instance, the log-periodic power law was
used by Pele, Mazurencu-Marinescu, and Nijkamp (2013) to investigate the herding
behaviour of the Bucharest Stock Exchange; they were capable of demonstrating that
"log-periodic power law models are a useful tool for recognizing the behaviour of a stock
market bubble and have good abilities for predicting the critical point of a bubble" and
they accurately forecasted the stock market crash in January 2008.

Originally percolation theory "concerns the movement and filtering of fluids through
porous materials" (Cram101, 2012). In recent years, "an extensive mathematical model
of percolation has brought new understanding and techniques to a broad range of
topics in nature and society" (Wang et al., 2012) including financial market analysis.
Percolation models can be used to narrow trading actions and price movements. The
following illustrative example was given by R.P.Schumaker and H.Chen: a lattice of
traders may be modelled, where a single stock and at each time interval is indicated by
a cluster of traders, the choice of buying, selling, or of sleeping is given to traders. This
method is then used to model the supply and demand of securities and the potential
impact on security prices.

Since the stock prices behave in a strange way, all the mentioned alternative mathe-
matical methods used to analyze them, were proven to be inefficient in predicting the
stock prices. Thus, the structure and geometry of stock prices need to be understood
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well in order to predict them.

4 Time dependence of stock price correlations

One way to explore and understand the structure of stock market prices is to study pair-
wise correlations between stock prices. A varying degree of cross-correlations between
pairs of stock prices is assumed to be present in financial markets. This assumption is
basic in the selection of the most efficient portfolio of financial goods. Thus, one may
extract patterns between stocks based on the pairwise cross-correlations among stocks.
Several investigations on cross-correlation of stock prices, especially of stocks listed on
the NYSE were conducted by various researches with various objectives.

Mantegna (1999), based on the quantification of the degree of similarity between the
synchronous time evolution of a pair of stock prices by correlation, he utilized the
synchronous correlation coefficient of the daily difference of logarithm of closure price
of stocks used to compute the DJIA index and those used to compute the S&P500 index
to investigate a topological arrangement which is present among stocks of each of the
two portfolios in NYSE (Mantegna, 1999). The topological arrangement of the stocks
was based on a metric defined in terms of correlation coefficients given in Equation (1):

dij =
√

2(1− ρij) (1)

where ρij is the correlation coefficient between stocks i and j. The distance matrix
formed by the computed distances between all the pairs of stocks in a market portfolio
was used to build a minimum spanning tree that connects the stocks of the portfolio. It
was generally concluded that the created minimum spanning tree selects a topological
space for the stocks of a portfolio traded in a financial market which is capable of
giving an economically meaningful taxonomy. This topology was found to be useful
in theoretically describing financial markets and in the search of economic common
factors that affect specific groups of stocks (Mantegna, 1999).

Interested in knowing "whether there exists any pulling effect between stocks", in the
article “Time dependent cross correlations between different stock returns: A directed
network of influence” by Kullmann, Kertész, and Kaski, 2002, the time dependent
cross correlation coefficients of the returns of stocks at the NYSE were analyzed. The
time-dependent correlation functions used were defined as

CA,B
δt (τ) =

〈rAδt(t)rBδt(t+ τ)〉 − rAδt(t)〉〈rBδt(t+ τ)〉
σAσB

(2)
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where σ2 = 〈(rδt(t)−〈rδt(t)〉)2〉 stands for the variance of the returns and the notation
〈·〉 denotes averaging over the whole trading time T . Two types of mechanisms for
generating significant correlation between two stocks were mentioned. (a) Both stock
prices may be simultaneously influenced by external effects such as political news,
resulting in a maximum of the correlation at zero time shift. (b) One stock pulls
another one which means that one of the stocks is influenced by the other one so
that the changes in prices of the influenced stock will come later as a reaction to the
changes in the prices of the other stock. It was shown that a small pulling effect exists
between pairs of stocks on the NYSE except between the pairs of the stocks in the DJIA
index. It was also proven that the characteristic time shift provided by the position of
maximum correlation is of the order of a few minutes.

Tóth and Kertész (2006) also used the time-dependent correlation function given in
equation (2) to analyse the temporal changes in the cross-correlations of returns on
the NYSE. They showed that positive cross-correlations of returns in time between
daily returns of stocks vanished in a time shorter than 20 years. They found that the
asymmetry of time-dependent cross-correlation functions have a downward trend even
for high-frequency data. It was also shown that the position of peaks of the time-
dependent cross-correlation functions is shifted towards the origin while these peaks
become sharper and higher which results in reduction of the Epps effect (the Epps
effect refers to the phenomenon that the equal time correlation between the returns
of two different stocks decreases as the sampling frequency of data increases, as it is
shown in Epps (1979)).

In order to identify possible key features of a stock exchange Zeleva (2015), performed
a basic statistical analysis of the cross-correlations of price deviations from an index
on NYSE. Correlations of prices of the DJIA and the S&P500 indexes on NYSE for
1930 companies during a seven year period of time were studied and these prices were
found to present three main features. First, the distribution of correlations coefficients
is not normal; it seems to be a reflected Maxwel-Boltzman distribution. Second, the
distribution of price returns in a short period of time looks different from those in a
long period of time, implying that the NYSE is not an ergodic system. It means that
a stable mean correlation in a short period of time is not the same mean when a long
period of time is considered. Third, a singular value decomposition of the correlation
matrix shows that the singular vectors corresponding to the first largest singular values
are collinear and are not orthogonal over time (Zeleva, 2015). However, her work does
not identify companies corresponding to the singular vectors and the patterns between
industrial sectors appearing in each state defined by the dominant singular vectors are
not known. These open research questions left by Zeleva are investigated in the rest of
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this thesis.

5 Analysis of dominant correlation patterns of stock

prices

5.1 Normalization of price deviations from an index

The necessity to normalize stock market prices before conducting any correlation anal-
ysis on them results from the general presence of bias due to scale differences and
non-stationarity. There exist several normalization methods which can be applied to
stock prices and sometimes it may be difficult to choose the most appropriate method
to your analysis.

The linear regression normalization method has been used in this paper to normalize
the prices of stocks with respect to DJIA and S&P 500 indexes. Utilizing this method,
the normalized prices are given by the following model, where Pn and Po represent,
respectively, the normalized price and the initial price, and θi, i = 1, 2, are model
parameters to be determined;

Pn = θ2 × (θ1 + Po). (3)

To estimate these parameters, the least square estimation method has been utilized.
The cost function for parameter estimation is given by:

SS =
∑

[θ2 × (θ1 + Po)− index]2. (4)

Further analysis has been performed using the differences between the normalized prices
and the index:

Dif = Pn − index. (5)

The graphical view of these price deviations are illustrated in Figure 1.

5.2 Covariance analysis and correlation metrics

Suspecting the existence of interrelationships among stocks of an exchange market, we
need to investigate the behavioral similarities and differences among the stocks of the
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Figure 1: Deviations of normalized stock prices from S&P 500 index over a seven years

period of time.

NYSE. The variance-covariance matrix of stock prices may capture the correlations
between all possible pairs of those stocks for which the diagonal and off-diagonal terms
are called the variance and covariance, respectively. The sign of the covariance between
variables indicates the trend of their linear relationship: a positive covariance indicates
that variables tend to show similar behavior whereas a negative sign indicates that
they tend to have an opposite behavior. Therefore, linear relationships among stocks
listed on NYSE may be identified by the variance-covariance matrix of prices of those
stocks. However, since the magnitude of the covariance is not easy to interpret, the
correlation coefficient as normalized version of variance is utilized to show the strength
of the linear relationship by its magnitude.

There exist several correlation metrics such as Spearman Rho coefficient metric, Kendall
Tau metric, and Pearson correlation coefficient metric. The Pearson correlation coeffi-
cient metric has been used here as a measure of linear relationships among stocks. Its
calculation is given by this formula:

ρij =
cov(i, j)

σi × σj

where cov(i, j) is the covariance of stocks i and j , σi and σj are respectively the
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Figure 2: Normalized correlation coefficients of the stock price deviations from S&P

500 index

standard deviations of stocks i and j. This correlation metric is symmetric and iden-
tical: that is ρij = ρji and ρii = 1. It varies between −1 and 1 and its values 1, 0,
and −1 respectively indicate a perfect correlation, absence of correlation and a perfect
anticorrelation between stocks.

It has been shown that the normalized distribution P (ρ) of correlation coefficients
between stocks in S&P500 index presented in Figure 2 is shifted to the right hand
side indicating that many of the stocks are positively correlated. The behavior of this
distribution of correlation coefficients of our dataset for various window length was
more characterized by Zeleva (2015).

5.3 Singular value decomposition analysis

The correlation values in the variance-covariance matrix (C) reflect the noise and re-
dundancy in the measured data. In the field of dynamics, large values in the diagonal
terms correspond to fascinating dynamics while small values correspond to noise. On
the other hand, large values correspond to high redundancy while small values cor-
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respond to low redundancy. Therefore, one may be interested in maximizing those
interesting dynamics and minimizing that redundancy that is maximizing variances
and minimizing covariances and these require a linear transformation to the matrix
C. Practically, the rank of the covariance-variance matrix is small, meaning that the
number of interesting dynamics is often limited. The performance of a singular value
decomposition (SVD) of that matrix can help in identification of those interesting
dynamics.

The SVD of a matrix C ∈ <m×n of rank r is obtained by expressing the matrix C as
a sum of rank one matrices. That is

C =
r∑
i=1

σiuiv
T
i .

where vectors ui, i = 1, ..., r are mutually orthogonal and called right singular vectors,
vi, i = 1, ..., r are left singular vectors and also mutually orthogonal and σ1 > σ2, ... >

σr > 0 are called singular values. In matrix form one can write the SVD of C as:

C = UDV T ,

where U = [u1u2...ur], V = [v1v2...vr] and D =


σ1 0 . . . 0
... σ2

...
...

...
... . . . ...

0 . . . . . . σr

.
The singular values represent the energy contained in the data and they can provide a
natural criterion to select a singular vector: the smaller the singular value is, the less
significant is the corresponding singular vector.

The singular value decomposition "can be looked at from three mutually compatible
points of view" (R.Rodrigues and K.Asnani, 2011). First, one can be considered it as
"a method for transforming correlated variables into a set of uncorrelated ones that
better expose the various relationships among the original data items". Second, it is
a method used to identify and order the dimensions along which the most variation
in data points are displayed. Last, the SVD can be seen as a data reduction tech-
nique from the fact that one can approximate the "original data points using fewer
dimensions" (R.Rodrigues and K.Asnani, 2011). The SVD of the covariance matrix C
of the normalized stock price deviations from indexes given in Equation (5) has been
performed and then the subspaces spanned by the singular vectors corresponding to
the three largest singular values were analysed.

The matrix resulting in Equation (5) has been reorganised based on the the permutation
vector of the node labels of the leaves of the hierarchical cluster tree of the stocks. The
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complete linkage method has been utilised to generate the spanning tree in Matlab
and those permutations have been obtained as one of the outputs (because of a large
number of stocks, the spanning tree is huge and it is not presented here). To make this
hierarchical spanning tree, stocks have been sorted by Euclidean distance computed as
a function of correlation coefficients, similarly to the distance used in Mantegna, 1999,
presented in Equation (1). In Matlab, the correlation matrix, the distance matrix and
the permutations used have been computed as follows:

1. The correlation matrix ρ = corrcoef(Dif) (the corrcoef matlab command re-
turns pearson correlation coefficient)

2. The distance between stocks (i) and (j) is computed by dij =
√

2(1− ρij) and the
obtained distances are stored in matrix D. This distance satisfies three axioms
of an Euclidean distance.

(a) dij = 0 if i = j

(b) dij = dji

(c) dik ≤ dij + djk

3. Z = linkage(D,’complete’), we define a tree of hierarchical clusters of the
rows of D. Clusters are based on the complete linkage algorithm using Euclidean
distances between the rows of D.

4. [H,T,OUTPERM] = dendrogram(Z, n,’labels’,stocks), we have generated a
dendrogram and the routine returns the permutation vector (OUTPERM) of the
node labels of the leaves of the hierarchical spanning tree.

The covariance matrix of rearranged differences has been computed in four different
time windows (deeply described in Subsection 5.4) and a singular value decomposition
has been performed for each time window. The dimension of our dataset has been
reduced and our analysis has been only carried out on the three subspaces spanned
by the singular vectors corresponding to three highest singular values. It is known
that the singular vectors (SV ′s) of any matrix should be orthogonal to each other but
Figure 3 shows that our obtained three dominant SV ′s named SV1, SV2 and SV3, are
not orthogonal. Further analysis has been conducted on the stocks belonging to the
subspaces spanned by these three dominant singular vectors.
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Figure 3: Graphical representation of projections of deviations from index to the spaces

spanned by the three dominant singular vectors

5.4 The impact of correlation time window to stocks in a stock

market

For each of the three dominant singular vectors, we have identified stocks which belong
to spanned subspaces and possible patterns among stocks appearing in the top twenty
or bottom twenty listing of those stocks have been studied. The lists are based on the
weights of components in each singular vector: the components of singular vectors have
been decreasingly ordered and simultaneously the stocks whose indexes correspond to
the components were identified. To characterize the dynamics of each of the identified
stocks, the analysis has been done for four different time windows. First, the behavior
of stocks has been studied using periods of two years overlapping for one year (2 years
- 1 year) over seven years and this corresponds to five different evaluation cases since
the year is equivalent to 264 working days. Second, the seven year period of time has
been divided into one year windows overlapping for six months (1 year - 6 months)
resulting in twelve times of evaluation. Third, six months windows overlapping for
three months (6 months - 3 months) have been used and stocks have been evaluated
twenty-five times. Fourth, the smallest time windows utilized have been three months
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time windows overlapping for two months (3 months - 2 months) which have allowed
us to characterize the identified stocks seventy-six times.

The expectation that SV1 should be more significant than SV2 and SV2 more significant
than SV3 is valid for all the studied time windows with a non-significant exception to the
smallest time window. The number of companies representing the subspaces spanned
by SV1, SV2 and SV3 are given in Table 2 for each of the four time windows.

Table 2: Number of companies by SV ′s and by time window

Windows SV1 SV2 SV3

2 years 189 186 161

1 year 390 350 338

6 months 598 526 510

3 months 889 842 852

Considering each singular vector individually, for the subsequent windows of the same
length, companies have relatively low significance in the subspace obtained. For in-
stance, the persistence of stocks appearing in the top twenty companies for the SV1
presented in Figure 4 shows that only four companies continuously come two times
over the five subsequent windows. A similar behavior has been observed for all the
four studied time windows. However, for a given time window, a company may belong
either to all the three subspaces or to two of them at the same time which means that
the three subspaces intersect. Table 3 illustrates relative frequencies of overlaps be-
tween subspaces for a same time window or for different time windows: the frequencies
have been calculated using 50 companies most frequent in different subsequent time
windows for each singular vector and for each of the four time window lengths. For
instance, 46% of the 50 most frequent stocks in S13 appear also in S23, 46% is common
to S13 and S33, the S13 intersect to S16 with 44% of the 50 companies, to S26 with
36% of the 50 companies, to S36 with 40% of the 50 companies. In this table, one
can see that the SV ′s for the long time windows are almost totally orthogonal and the
orthogonality is gradually lost when moving from long to short time windows.

On the other hand, when the three subspaces are combined, a significant number of
companies may continuously be present in the three subspaces at least two times.
Figures 5, 6, and 7 respectively show the persistence of companies when the 2 years
- 1 year windows, 1 year - 6 months windows, 6 months - 3 months windows and
3 months - 2 months windows are utilized. For the case of two years time windows
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Figure 4: Overlaps in the subsequent 2 years - 1 year windows for the first dominant

singular vector

overlapping for one year, one can see that some companies appear 4
5
times but more

than 3
4
of the total number of companies in that subspace only appear once. Utilizing

one year time windows overlapping for 6 months, only 24 companies appear more than
6
12

times among 698 companies contained in those states while 337 companies appear
once. Using the 6 months - 3 months windows, 293 companies occur 1

25
times but there

is one company which appears 18
25

times. When the 3 months - 2 months windows are
used, there is a company which comes 61

76
times while 176/1130 companies appear only

one time over the 76 time windows. Given that for each of the three time windows
there exist some companies significantly appearing in the subsequent windows (not
necessarily in a continuous way), we believe that there exist some economic sectors
which dominate in each of the subspaces generated by our SV ′s.
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Table 3: Relative frequencies overlaps between windows

S13 S23 S33 S16 S26 S36 S11 S21 S31 S12 S22 S32

S13 100 46 46 44 36 40 12 24 30 4 4 18

S23 46 100 46 24 48 48 6 28 30 0 4 14

S33 46 46 100 34 36 48 8 20 24 2 4 14

S16 44 24 34 100 30 30 26 20 30 4 2 18

S26 36 48 36 30 100 34 10 32 44 2 0 24

S36 40 48 48 30 34 100 16 24 26 0 6 12

S11 12 6 8 26 10 16 100 12 2 16 8 20

S21 24 28 20 20 32 24 12 100 26 2 10 22

S31 30 30 24 30 44 26 2 26 100 0 4 16

S12 4 0 2 4 2 0 16 2 0 100 0 6

S22 4 4 4 2 0 6 8 10 4 0 100 8

S32 18 14 14 18 24 12 20 22 16 6 8 100

5.5 Identification of dominant companies from SV ′s distribu-

tions

Since we get many signals when the three SV ′s are pooled together, we prefer to use
statistics of companies appearing in at least one of the subspaces to identify dominant
companies for each of the three window lengths. The four window lengths have resulted
in a different number of companies from various economic sectors. The two year window
length gives a result of 457 companies, the analysis that utilizes a one year window
gives 698 stocks, the 6 month window length leads to 873 companies and the 3 month
window provides 1130 companies. These companies present different frequencies of
signals for subsequent windows and for each time window length which means that
there are some companies which dominate the SV ′s distribution for each time window
length. We qualify a company as dominant in a given SV ′s distribution if it persists
at least to 50% degree or more and we list out only those companies here. We identify
companies which have at least 3 signals, at least 6 signals, at least 13 signals, and at
least 38 signals, respectively, for the two year window length, the one year window
length, the 6 month window length, and the 3 month window length and list them in
Tables 4, 5, 6 and 7.

Dominant companies come from various economic sectors and the weights of sectors
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are different which means that some sectors are more dominant than others for each
time window length. For instance, when you read Table 4; Asia Tigers Fund, Inc.
(GRR), Goldman Sachs Group, Inc. (GS-B), McCormick & Company, Incorporated
(MKC.V), PHH Corp (PHH), and Boston Beer Company, Inc. (The) (SAM) companies
have equal number of signals but they are from different sectors (respectively unknown,
unknown, Consumer Non-Durables, Finance, and Consumer Non-Durables).
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Table 4: The most dominant companies in SV ′s distribution for 2 years time window

length

Company name Number of signals Sector

GRR 4 n/a

GS-B 4 n/a

MKC.V 4 Consumer Non-Durables

PHH 4 Finance

SAM 4 Consumer Non-Durables

TYY 4 n/a

CUZ 3 n/a

CUZ-A 3 n/a

GPC 3 Capital Goods

GPX 3 Consumer Services

GS-D 3 n/a

HBC.P 3 n/a

HW 3 Capital Goods

HXM 3 N/a

MIC 3 Energy

MMC 3 Finance

NUS 3 Health Care

NWY 3 Consumer Services

OCR-B 3 n/a

OPY 3 Finance

RAI 3 Consumer Non-Durables

RMD 3 Health Care

RY 3 Finance
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Table 5: The most dominant companies in SV ′s distribution for 1 year time window

length

Company name Number of signals Sector

HXM 9 n/a

HBC 8 n/a

HYF 8 n/a

OPY 8 Finance

GME 7 Consumer Services

HBA-Z 7 n/a

HXL 7 Basic Industries

ORA 7 Public Utilities

RMD 7 Health Care

CFI 6 Health Care

GMK 6 n/a

GRT 6 n/a

GSK 6 Health Care

HW 6 Capital Goods

MET-B 6 n/a

MOS 6 Basic Industries

NXP 6 n/a

NXR 6 n/a

NXY-B 6 Finance

OMG 6 n/a

RLH 6 Consumer Services

RNE 6 Basic Industries

SCD 6 n/a
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Table 6: The most dominant companies in SV ′s distribution for 6 months time window

length

Company name Number of signals Sector

HBC 18 n/a

HXL 16 Basic Industries

OFG 15 Finance

RMD 15 Health Care

GOL 14 Transportation

OPY 14 Finance

RSO 14 Consumer Services

GSK 13 Health Care

HBA-Z 13 n/a

HCN 13 Consumer Services

HUB.B 13 n/a

NXY-B 13 Finance
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Table 7: The most dominant companies in SV ′s distribution for 3 months time window

length

Company name Number of signals Sector

HBC 61 n/a

HCN 48 Consumer Services

RIT 47 n/a

RLH-A 46 n/a

HBA-Z 42 n/a

KEY 42 Finance

PHH 42 Finance

GSK 41 Health care

HBA-F 40 n/a

NXY-B 40 Finance

RL 40 Consumer Non-Durables

HXL 38 Basic Industries

NWL 38 Consumer Non-Durables

RSO 38 Consumer Services

UTF 38 n/a
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6 Results and Interpretations

6.1 Identified industrial sectors across windows

The identified companies for SV ′s belong to different industrial sectors but some of
them are unknown. Stocks utilized in this thesis are from 12 known economic sec-
tors including Basic Industries Capital Goods, Consumer Durables, Consumer Non-
Durables, Consumer Services, Energy, Finance, Health Care, Miscellaneous, Public,
Utilities, Technology, and Transportation but 37,720% of them are from unknown in-
dustrial sectors. These sectors have different periodicity across windows as is presented
in Table 8. In this table we illustrate the occurrence of industrial sectors relatively to
the 50 most dominant companies for each of the four time windows, in comparison to
the average frequency of sectors relatively to the total number of companies (1930).
The frequency for each window reflects the number of companies that come from the
corresponding sector and are listed among the 50 most frequent companies appearing
in at least one of the SV ′s when that window is used.

Table 8: Industrial sectors relative occurrences by windows

Sector Average 3 months 6 months 1 year 2 years

Basic Industries 6,062 4 8 12 4

Capital Goods 6,477 2 8 4 4

Consumer Durables 2,383 2 2 2 0

Consumer Non-Durables 3,731 4 4 0 6

Consumer Services 12,176 12 14 12 10

Energy 6,218 2 2 4 6

Finance 10,155 14 10 10 12

Health Care 3,523 2 6 6 4

Miscellaneous 1,088 0 0 0 2

Public Utilities 6,062 2 0 4 4

Technology 2,850 2 4 0 0

Transportation 1,554 2 2 0 4

n/a 37,720 52 40 46 44

Considering an industrial sector as dominant across a window, if its relative frequency is
over 150 % of the total average percentage of that industrial sector among all companies,
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and as strong if that percentage is over 200 % of the average, Table 8, shows that
no industrial sector is dominant in the 3 month window but each of the other three
windows is dominated by at least one industrial sector. With the shortest time window,
except the frequency of the finance sector which is slightly higher than the average,
the frequencies of all other sectors are below their average frequencies. The 6 month
window is only dominated by health care sector but the basic industries, consumer non-
durables, consumer services, technology and transportation sectors are also significant
in this window even if they are not dominant. The 1 year window which is dominated
by the basic industries, does not at all have the consumer non-durables, miscellaneous,
technology and transportation sectors. The transportation sector which is significant
in the two shortest windows is strong in the longest window. The miscellaneous sector
is dominant in the 2 year window but does not appear at all in other windows.

6.2 Characterizing the three dominant singular vectors

We have characterized each of the three SV ′s by time window length and by dominant
industrial sectors. The statistics are also computed for the first 50 most frequent
companies in each window for each of the singular vectors. The relative frequencies of
industrial sectors for each of the SV ′s are given window by window in the Tables 9, 10,
11, and 12 respectively for 3 month, 6 month, 1 year and 2 year windows. The frequency
of each industrial sector is compared to the total average percentage of that industrial
sector among all companies. Using the same criterion used to characterize an industrial
sector as dominant or strong is Subsection 6.1, we have identified dominant and strong
industrial sectors in each of the three subspace, for all the four time windows.

From Table 9, the results show that any SV ′s which is not dominated by at least one
industrial sector, has a number of sectors that are significant in that subspace. (a) The
SV1 is dominated by three industrial sectors; the consumer non-durables, the finance
and the health care sector. The capital goods, consumer durables, miscellaneous,
technology and transportation sectors do not appear in this subspace. (b) The SV2
is not dominated by any industrial sector, but sectors like basic industries, finance
and technology are very significant in this subspace. (c) The SV3 is dominated by
the consumer non-durables, and the transportation sector is strong in this subspace.
Thus, it is obvious that there is no industrial sector which is dominating in all the three
subspaces. The finance sector is remarkable in all the three subspaces and no companies
from the miscellaneous sector which appear in the 50 most frequent companies with
this time window.
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Table 9: Industrial sectors relative occurrences for the three dominant SV ′s when a 3

months window length is utilized.

Sector Average SV1 SV2 SV3

Basic Industries 6,062 6 8 2

Capital Goods 6,477 0 4 2

Consumer Durables 2,383 0 2 0

Consumer Non-Durables 3,731 6 4 6

Consumer Services 12,176 14 10 6

Energy 6,218 4 4 2

Finance 10,155 16 12 12

Health Care 3,523 6 2 2

Miscellaneous 1,088 0 0 0

Public Utilities 6,062 2 0 0

Technology 2,850 0 4 2

Transportation 1,554 0 0 4

n/a 37,720 46 50 62

Analysing the results presented in Table 10, more patterns can be detected for each
subspace. (1) The SV1 is strongly dominated by the health care and technology sec-
tors. Consumer services and finance sectors are also very significant in this subspace.
(2) The capital goods and consumer services, health care and technology sectors are
significant in the subspace spanned by the SV2. (3) The SV3 is strongly dominated
by transportation sector and a bit less dominated by the basic industries, health care,
and miscellaneous sectors. The public utilities sector is not significant in all the three
subspaces for this time window length.

Comparing results from the 3 month and the 6 month window lengths, the health care
sector remains the dominant sector to SV1 and the transportation sector is strong in
SV3 for these two time windows. The miscellaneous sector which does not appear at
all in these subspaces for the 3 months window, is dominant in SV3 for the 6 months
window. the consumer durables are non-significant in all the three subspace for these
windows.

The Table 11 illustrates the frequencies of sectors for the three SV ′s when the 1 year
window length is used. Similarly to the 3 month window, the Miscellaneous sector



6.2 Characterizing the three dominant singular vectors 35

Table 10: Industrial sectors relative occurrences for the three dominant SV ′s when a

6 months window length is used.

Sector Average SV1 SV2 SV3

Basic Industries 6,062 2 6 10

Capital Goods 6,477 6 8 2

Consumer Durables 2,383 0 2 2

Consumer Non-Durables 3,731 0 2 2

Consumer Services 12,176 14 16 12

Energy 6,218 6 2 6

Finance 10,155 12 8 10

Health Care 3,523 8 4 6

Miscellaneous 1,088 0 0 2

Public Utilities 6,062 2 2 2

Technology 2,850 6 4 4

Transportation 1,554 2 2 4

n/a 37,720 42 44 38

does not appear in any of these three subspaces. From this table, it is clear that the
SV1 is strongly dominated by the transportation sector and the energy sector is also
dominant in this subspace. The subspace spanned by SV2 is strongly dominated by
the health care sector. The SV3 is dominated by the basic industries, and consumer
services and public utilities sectors are much significant in the subspace generated by
this singular vector.

Increasing the time window to 2 years, we have also noticed from Table 12, that each
of the three subspaces is dominated by specific industrial sectors. (i) The subspace
spanned by the first dominant singular vector is dominated by three sectors; consumer
services, finance, and miscellaneous sectors. This subspace is strongly dominated by
the consumer durables and transportation sectors. (ii) The one spanned by SV2 is
also dominated by the health care, energy and miscellaneous sectors. (iii) The third
subspace is dominated by three sectors that include consumer non-durables, finance,
and health care sectors. The transportation sector is also strong in this subspace.

Overall, different window lengths result in different dominant industrial sectors in the
subspaces spanned by the three dominant singular vectors. The health care sector
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Table 11: Industrial sectors relative occurrences for the three dominant SV ′s using a

1 year window length.

Sector Average SV1 SV2 SV3

Basic Industries 6,0622 2 8 10

Capital Goods 6,477 6 6 6

Consumer Durables 2,383 0 2 0

Consumer Non-Durables 3,731 2 0 0

Consumer Services 12,176 12 16 14

Energy 6,218 12 6 6

Finance 10,155 14 6 10

Health Care 3,523 2 8 4

Miscellaneous 1,088 0 0 0

Public Utilities 6,062 8 6 8

Technology 2,850 4 2 2

Transportation 1,554 4 2 0

n/a 37,720 34 38 40

dominates in at least one of the three subspaces for all the time windows. Except for
the longest time window, the transportation sector is strong in SV3. The capital goods
and the public utilities do not dominate in any of the SV ′s for all windows and their
frequencies are not consistent (the frequencies may be above the average in some cases
or they may have high negative deviations from the average in other cases). Industrial
sectors which do not dominate in any of the three subspaces when short time windows
are used, may become dominant when the time window is long. For instance, the
consumer durables sector seems to be non-significant for the 3 month, 6 month, and
1 year windows but it is very strong in SV1 for the 2 year window. Whenever the
consumer services, finance, and health care sectors have not met our criterion to be
classified as dominant sectors, they have been found to be significant in all the three
subspaces for all the four time windows. These sectors may be considered as the most
stable sectors given that their frequencies do not negatively deviate much from the
average of this sector among all companies in all the three subspaces, and for all the
time window lengths.

Recalling the results presented in Subsection 6.1, the behaviour of each industrial sector
in the union of the three subspaces is a reflection of its behaviour in the individual
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Table 12: Industrial sectors relative occurrences for the three dominant SV ′s when 2

years windows are used.

Sector Average SV1 SV2 SV3

Basic Industries 6,062 4 8 2

Capital Goods 6,477 8 8 6

Consumer Durables 2,383 6 0 2

Consumer Non-Durables 3,731 0 4 6

Consumer Services 12,176 22 16 14

Energy 6,218 2 10 4

Finance 10,155 16 12 16

Health Care 3,523 2 6 6

Miscellaneous 1,088 2 2 0

Public Utilities 6,062 6 2 2

Technology 2,850 2 0 4

Transportation 1,554 4 0 4

n/a 37,720 26 32 34

subspaces, discussed in this subsection. Sectors which are dominant in individual
subspaces are either dominant or significant in their union. However, the sectors which
are not strong in at least one of the subspaces can not be dominant in the union. In
addition, the sectors which have been considered as stable with significant frequencies
for all windows in all subspaces, are also significant in the union of these subspaces for
all time windows. Moreover, when a sector has not appeared at all in individuals, a
high probability of not appearing in the union has been observed.
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7 Discussion and conclusion

The geometry of the manifold on which market dynamics act out their dynamics has
been a challenge for researchers in computational market dynamics. In this thesis,
we have attempted to create local charts for this manifold by first calculating the
correlation matrix of normalized stock price deviations from the S&P500 index. We
have analyzed these cross-correlation coefficients in order to find standing waves and
other soliton like patterns in the behavior of those stock price deviations.

To assess the nature of patterns that may emerge in the behavior of stock price de-
viations, a singular value decomposition of a seven year time series of the New York
Stock Exchange has been performed over four different time windows. Based on the
weights of the first three dominant singular vectors, we have analysed the behavior of
stocks that appear in the top twenty or bottom twenty on each singular vector. Each
of the subspaces spanned by those three dominant singular vectors is determined by a
relatively small set of companies with big positive or negative weigths on that singular
vector. Those companies have relatively low persistence in those subspaces for the
subsequent windows of the same length. Moreover, the subspaces intersect each other
but it has been shown that the SV ′s are almost totally orthogonal for the long time
windows and the orthogonality is gradually lost as we move from long to short time
windows. The number of companies with big positive or negative weights as well as
persistence of some of those companies, increase when the three subspaces are pooled
together.

This study has shown that certain industrial sectors are more prone to fast dynamics
whereas others have longer standing waves. The most persistent companies are from
various industrial sectors for all SV ′s and for all the four time windows. For each
SV ′s, some of those industrial sectors dominate others across time windows. The
results indicate that for each of the three subspaces, there are a number of industrial
sectors whose dynamics are fast and others which have slow dynamics. Moreover,
certain sectors like the health care and finance have the ability to dominate in almost
all the SV ′s regardless of the used time window length.

The fact that our dataset does not provide industrial sectors for all the stocks used to
calculate the S&P500 index, has much affected the obtained results. A high proportion
of companies with fast dynamics belong to unknown industrial sectors. Therefore, for
the future work, with this approach, we recommend to use data of only companies
whose sectors are known to improve the results.
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