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Since its discovery, chaos has been a very interesting and challenging topic of research.
Many great minds spent their entire lives trying to give some rules to it. Nowadays,
thanks to the research of last century and the advent of computers, it is possible to
predict chaotic phenomena of nature for a certain limited amount of time.

The aim of this study is to present a recently discovered method for the parameter estimation of the chaotic dynamical system models via the correlation integral likelihood,
and give some hints for a more optimized use of it, together with a possible application
to the industry.

The main part of our study concerned two chaotic attractors whose general behaviour
is dierent, in order to capture eventual dierences in the results.

In the various

simulations that we performed, the initial conditions have been changed in a quite
exhaustive way.

The results obtained show that, under certain conditions, this method works very well
in all the case.

In particular, it came out that the most important aspect is to be

very careful while creating the training set and the empirical likelihood, since a lack of
information in this part of the procedure leads to low quality results.

Keywords: chaotic dynamical systems, parameter estimation, correlation dimension,
intractable empirical likelihood, Monte Carlo Markov Chain, optimization.
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INTRODUCTION

The purpose of this work is a quantitative study of chaotic dynamical systems.

The rst time chaos was considered as a research topic was at the end of the Nineteenth
century, when Henri Poincare discovered it while studying the interaction between three
planetary bodies in motion. After that, it has been observed in various natural events,
and mathematical models.

In particular, Edward Lorenz, in the

1960s,

found the so-called buttery eect while

making simulations of weather models using computers. Even a very little change in
the initial data was leading to very dierent weather predictions after a certain interval
of time. In 1963 he found also the Lorenz attractor, i.e., the rst example of a system
of dierential equations of low dimension capable of generating chaotic behaviour.

Since then, weather forecasts, and, more in general, the study of chaotic dynamical
systems, have improved a lot, thanks to the last few decades of study, and every year
higher computing power. Nevertheless, many aspects have still to be investigated.

A very challenging practical problem is the parameter estimation of a chaotic dynamical
system, related to the fact that a x model parameter does not match a unique model
integration, but to a set of solutions, also quite dierent, obtained by setting slightly
dierent initial values, or by varying the particular solver of dierential equations
as well as its specic tolerance. But, despite that the trajectories are dierent, they
approximate the same chaotic attractor, and in this sense they can be considered equal,
or representatives of the same chaotic attractor.

A major breakthrough in the quantication of this sameness has been made by Haario
at all [1], in 2015. In [1] the denition of correlation dimension was extended, in order
to quantify the variability of the samples of an attractor by mapping the trajectories of
the state space into vectors, whose statistical distribution can be estimated empirically.
The study have been conducted on the

Lorenz63 and Lorenz95 systems.

the distribution comes out to be Gaussian.

Surprisingly,

This last result has been proven under

general assumptions by Borovkova at al. in [2].
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Inspired by the Sun Tzu quote,

00

In the midst of the chaos, there is also opportunity.00

we decided to undertake a study based on [1]. Especially, we investigate if there are
some conditions that have to be satised in order to use this kind of method correctly,
if it works also for other chaotic systems, or if the results come from some particular
property of the Lorenz system.

We also study which ODE solver is more suitable

in general for this kind of task. Moreover, we nd some possible applications to the
industry.

This work is organized as follows.

In Chapter

2

we introduce dynamical systems.

In particular we give a denition of chaotic dynamical systems with some additional
properties.

Chapter

3

is devoted to recall some general statistical concepts, such as

Random variables, distributions, Gaussian and Markov processes, that are needed in
order to better understand what follows. Chapter

4

reviews the Monte Carlo Markov

Chain theory. This Section includes the more general Bayesian estimation approach,
as well as the Metropolis algorithm. After that, we introduce a practical class of algorithms, the Adaptive MCMC, giving also a demonstration of the theoretical correctness
of the approach. The Pseudo-marginal approach, needed while dealing with stochastic intractable likelihoods, is introduced as the last part of this chapter. In Chapter

5

we present the core of this work.

We introduce the Haario-Kalachev-Hakkarainen

method for parameter estimation of chaotic dynamical systems, giving an extension
of the denition of the well known correlation dimension and a formal proof of the
weak convergence of the empirical distribution function to a Gaussian distribution.
Subsequently we introduce the two chaotic attractors that we used for the simulations
presented in this work, namely the Rossler and the Chua Penta-Scroll attractors. We
give a step by step explanation of the outputs that comes from simulating the model
with dierent initial conditions before going to present the one that gave the best results. A possible application of this study to the industry is the topic of the Chapter

6

while Chapter

7

provides conclusions and future prospects.
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DYNAMICAL SYSTEMS

Since

00

Chaos was the law of nature, order was the dream of man.00
[Adams H.]

the rst Chapter of this thesis is dedicated to a brief introduction to dynamical systems.

The Section 2.1 describes the general dynamical systems giving a denition and some
properties, mainly taken from [3].

The Subsection 2.2 is devoted mainly to give a

proper a description of the chaotic dynamical systems.

2.1 Dynamical system
A dynamical system

(S, T, R)

possible states), a set of times

is a triple consisting of a State space

T

and a rule

a mapping from the State space

S

s

The set of all

R for evolution, R : S × T −→ S

that gives

into itself. It can be seen as a model describing the

temporal evolution of a system, i.e, the system at a time
a collection of states

S (

at latter time

t + δ,

where

δ>0

t evolves to a state or possibly
describes the temporal step.

Any dynamical system is described by an initial value problem, i.e., there is an initial
state from which the model start to evolve due to the evolution rule. There are dierent
characterizations of dynamical systems; if there is a unique evolution to every state,
it is called deterministic, otherwise, if there is a probability of possible evolutions to a
state it is named stochastic.
The time steps at which the system evolves can be both discrete and continuous. A
deterministic system with discrete time is dened by a map,
evolution of the initial state
be

xn = f n (x0 ).

dened by a

x0

after one time step. After

i.e.,

x1

is the

time steps the state will

On the other head, a deterministic system with continuous time is

f low x(t) = ϕt (x(0)),

the state was

n

x1 = f (x0 ),

x(0).

that gives the state at time

t,

given that at time

0

If the ow is regular enough, it can be dierentialized with respect

to time and thus a dierential equation

dx
dt

= X(x)

is obtained. The function

X(x)

is

the so called vector eld, that gives for any point of the phase space a vector pointing
in the direction of the velocity.
The forward orbit or trajectory is the

time − ordered

from the initial state and the evolution rule.
discrete time the forward orbit

x0

collection of states that follows

In the case of deterministic rule with

is the sequence

x0 , x1 , x2 , ...;

while for a continuous

2
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x(t), t ≥ 0.

state space and time the forward orbit is a curve

2.2 Chaotic dynamical system
In this subsection we be give the Devaneys denition [3] of chaotic dynamical system
and some properties.

Denition 1.
(i)

f

is

f

such that

f

is

where

and

I∈R

V ⊂I

is an interval.

there

n>0

such that

if there

n

a positive integer

∃δ > 0

such that

∀x

and

∀U | x ∈ U

n

|f (x) − f (y)| > δ .

expanding if there ∃δ > 0 with the following property:

n

∃

f n (U ) ∩ V 6= ∅.

is sensitive on initial data

∃y ∈ U
(iii)

f : I −→ I,

topologically transitive if for any open U,

n≥0
(ii)

Let's consider a map

∀x, y ∈ I, x 6= y ∃n|

n

|f (x) − f (y)| > δ.

The property
where

U, V

(i)

is equivalent to require that there exists

are two neighbourhood of the point

x,

x∈U

such that

f n (x) ∈ V,

i.e., given any orbit there exists an

other one that starts arbitrarily near the rst one, but that after a certain interval of
time, separate thanks to the dynamics. Note that this is not required for all the orbits
in a neighbourhood.
The dierence between

(ii)

and

(iii)

is that the

(ii)

requires that all the orbits that have

near starting points separate.

Denition 2.

The map

f

is

chaotic if it has the following properties:

(1) it has a dense set of periodic orbits;
(2) it is topologically transitive;
(3) is sensitive on initial data.

The topological transitivity condition and the sensitivity to the initial data required
in the Denition

2

have dierent natures, the rst is exclusively topological while the

second depends upon the existence of a metric.

It is possible to proof that for the

continuous maps on the interval the sensitive dependence on the initial data follows
from the other two properties.

2
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U ⊂ R

nite, and

f : U −→ U

a continuous map.

f

topological transitive and it has a dense set of periodic orbits then

If

f

is

depends sensibly

on initial data.

Proof:
It has to be proven that there exists a
any

x ∈ U.

(I)

δ

that satisfy the properties of Denition

1

for

The demonstration will be made in the following steps:

∃δ > 0

x ∈ U

such that for any

there exists a periodic orbit

Π

such that

dist(x, Π) = miny∈Π |x − y| ≥ 4δ
(II)

∀ > 0 there ∃ a second periodic orbit Π0
.

(III) Let

k

for

U.

be the minimum period of the orbit

for any

(IV)

Π such that dist(x, Π0 ) ≤

This second armation follows from the hypothesis that the periodic orbits

are dense in

δ

dierent from

p ∈ Π and for any z

i = 0, ..., k.

∀ > 0 ∃w ∈ U

such that

Π0 .

There

∃ a positive µ < δ

|z − p| < µ it follows that |f (z) − f i (p)| <

This armation follows from the continuity of the map.

|x − w| < 

such that

m

dist(f (w), Π) < µ,

where

µ

and a positive integer

(I)

U

. Since

m

such that the

is the constant of the previous point

armation follows from the topological transitivity of

Lets prove the point

such that

i

(III)

This

f.

is innite and the set of periodic orbits is dense,

there exists innite periodic orbits. In particular there must exist two dierent orbits

Π, Π̃.

Dened

δ := 81 dist(Π, Π̃);

is nite, it must be that

δ > 0.

from the fact that the number of points of the orbits

Let then x be any point. From the triangle inequality:

8δ = dist(Π, Π̃) ≤ dist(Π, x) + dist(x, Π̃).
It follows that at least one the following holds:
Since the points

(II), (III), (IV )

dist(x, Π) ≥ 4δ

or

dist(x, Π̃) ≥ 4δ .

follows directly from the hypothesis, they could be

used to prove the Proposition.
Given

m

and

k

m ≤ n ≤ m + k.
From

(I)

and

as in

(III)

and

It follows that

(IV )

(IV ),

we choose an

f n (p0 ) = p0 ∀p0 ∈ Π0 .

one has that

∀p ∈ P i

and

p0 ∈ Π0

n

multiple of

k

that satises

2
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4δ ≤ |x − f n−m (p)| ≤ |x − p0 | + |f n (p0 ) − f n (w)| + |f n (w) − f n−m (p)| ,

where

w

(1)

|x − w| < , and |f m (w) − p| < µ for some p ∈ Π. One
f m (w) = f n−m (f m (w)), thanks to the statement (III) it follows also

is chosen in a way that

can observe that

f n (w) − f n−m (p) = f n−m (f m (w)) − f n−m (p) < δ.
(II)
|x − p0 | <  < δ.

From the other hand, thanks to the
choose

p0 ∈ Π0

such that

statement and the arbitrarity of

,

Combining this informations in the

one can

(1)

one

can obtain

4δ < δ + |f n (p0 ) − f n (w)| + δ,
i.e.,

2δ < |f n (p0 ) − f n (w)| .
Applying once more the Triangle inequality:

2δ < |f n (p0 ) − f n (x)| + |f n (x) − f n (w)|
It follows that e least one of the two following inequalities follows:

|f n (p0 ) − f n (x)| > δ,
Since we chose
points

p

or

statement

w)

(I)

Denition 3.
is

|p0 − x| ≤ 
such that

|w − x| < , it follows that ∃y ∈ U (one of the two
n
n
satises |x − y| ≤  and |f (x) − f (y)| > δ, with δ as in the
and

and some n.

Let

I, L ⊂ R

topologically joint

h : I −→ L

|f n (x) − f n (w)| > δ.

be two closed and bounded subsets. The map

to the map

g : L −→ L

f : I −→ I

if there exists an homeomorphism

such that satises

h ◦ f = g ◦ h.

This can be interpreted as the fact that the homomorphism
the map

f

into the ones of the map

g.

h

transports the orbits of

2
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For the homeomorphism

h

dened in the Denition 3:

h ◦ f n = g n ◦ h.

Proof:

By induction: The property is true for

n − 1,and

it is true for

n=1

for denition. Lets suppose that

n.

prove it for

h ◦ f n = (h ◦ f n−1 ) ◦ f = (g n−1 ◦ h) ◦ f = g n−1 ◦ (h ◦ f ) = g n−1 ◦ (g ◦ h) = g n ◦ h.

Proposition 2.
intervals of

R,

Lets

f : I −→ I

and

g : L −→ L

f

and

g

and suppose that

It follows that if

f

is chaotic also

g

two maps dened on two bounded

are topologically joint by the map

h : I −→ L.

is chaotic.

Proof:
First lets prove that
open interval, and

g

admits a dense set of periodic orbits. Let

−1

h (U ) ⊂ I

exists a periodic point

its counter-imagine.

x ∈ h−1 (U ) ⊂ I.

Suppose that

U ⊂L

an arbitrary

Since the map is chaotic, there

x

has period

n, f n (x) = x.

Considering also the Lemma 1 it turns out that

g n (h(x)) = h(f n (x)) = h(x),
=⇒ h(x) is a periodic point of g. Now lets show that g
U ⊂ L and V ⊂ L two arbitrary open subsets, and
−1

h (U ) ⊂ I
exists

and

−1

h (V ) ⊂ I,

that are open. Since

f

is topologically transitive. Lets
consider their counter-imagine

is topologically transitive, there

x ∈ h−1 (U ) and n such that f n (x) ∈ h−1 (V ). Using again

out that also

h(x) ∈ U

and

n

h(f (x)) ∈ V , =⇒ g

on the initial data follows from the Proposition

the Lemma 1, it turns

is transitive. The sensible dependence

1.

3
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STATISTICAL BASICS

The purpose of this second Chapter is to familiarize the reader with some statistical
concepts, taken mainly from [4], [5], that will be needed in order to better understand
the following Chapters.

In particular, in Section 3.1 we dene the random variable and its distributions, while
Section 3.2 is dedicated to Random vectors and the generalization of the concepts of
the previous Section.
In Sections 3.3 and 3.4 we introduce respectively the Gaussian random vectors and
the Gaussian processes, giving some examples of probability densities useful for understanding the results obtained from the simulations presented in the fth Chapter. A
proper denition of the Markov process and its correlated topics is the subject of the
last Section 3.6 of this Chapter.

3.1 Random Variables and Distributions
Denition 4.

Let

(Ω, F, P ) be a probability space.

any Borel−measurable mapping
where

BR

is the standard Borel

Denition 5.

A real−valued

random variable is

X : Ω −→ R such that for any B ∈ BR : X −1 (B) ∈ F,

σ -algebra.

It will be denoted by

A sequence of random variables

(Xn )

is a

X : (Ω, F) −→ (R, BR ).

random walk if it satises

Xn+1 = Xn + n ,
where

n

is generated independently of

Xn , Xn−1 , ....

symmetric about zero, the sequence is called a

Denition 6.

If

PX : BR −→ R,

X : (Ω, F) −→ (R, BR )

symmetric random walk.

FX (t) := X

R.

It is called the

∀B ∈ BR ,

probability law of X .

X : (Ω, F) −→ (R, BR ) be a random variable;
(BR ) is called the σ−algebra generated by X.

Denition 8.

is

where

is a probability on

−1

n

is a random variable, then the mapping

PX (B) = P (X −1 (B)) = P ([X ∈ B]),

Denition 7.

If the distribution of the

Let

Let

X

be a random variable. Then the mapping

FX : R −→ [0, 1] ,

the

σ − algebra

3
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with

FX (t) = PX (] − ∞, t [) = P ([X ≤ t])
is called the

cumulative distribution function of X.

Proposition 3.
FX

(II)

∀t ∈ R,

(I) For all

a, b ∈ R, a < b: FX (b) − FX (a) = PX (] a, b [).

is right−continuous and increasing.

limt−→∞ FX (t) = 1, limt−→−∞ FX (t) = 0.

(III)

Proposition 4.

F : R −→ [0, 1]

Conversely, if one assign a function

that satises

2 and 3 of the previous Proposition, then by point (I) we can dene a probability
: BR −→ R associated with a random variable X whose cumulative distribution

points

PX

function is identical to

Denition 9.
variable

X

F.
associated with the random

is endowed with a density with respect to Lebesgue measure

this density is called the
density of

PX : BR −→ [0, 1]

If the probability law

X,

probability density of X .

If

f : R −→ R+

µ

on

R,

then

is the probability

then

Z
∀t ∈ R :

t

Z

FX (t) =

t

f dµ and lim FX (t) =
t−→∞

−∞

as well as

f dµ = 1,
−∞

Z
PX (B) =

∀B ∈ BR

f dµ
B

3.2 Random Vectors
Denition 10.
Further, let

E

Let

(Ω, F, P )

be a normed space of dimension

Every measurable map
one can take

n,

and

X : (Ω, F) −→ (E, B) is called a random vector.

Let

(Ω, F, P )

Moreover, let, for all

be a probability space and

i = 1, ..., n, πi : R

Xi = πi ◦ X, i = 1, ..., n,

n

−→ R

be the ith component of

X.

equivalent:

X

is random vector of dimendion n.

2. For all

In particular,

(E, B) = (Rn , BRn ).

Proposition 5.

1.

(E, B) a measurable space.
let B be its Borel σ−algebra.

be a probability space and

i ∈ {1, ..., n} , Xi

is a random variable.

X : Ω −→ Rn

a mapping.

be the ith projection, and thus

Then the following statements are

3
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Under the assumptions of the preceding proposition, the probability

measure

Bi ∈ BR 7→ PXi (Bi ) = P (Xi−1 (Bi )) ∈ [0, 1] ,

1 ≤ i ≤ n,

marginal law of the variable Xi . The probability PX associated with the
vector X is called the join probability of the family of random variables

is called the
random

(Xi )1≤i≤n .

Denition 12.
The mapping

Let

X : (Ω, F) −→ (Rn , B(Rn ))

FX : Rn −→ [0, 1] ,

t = (t1 , ..., tn ) :
is called the

be a random vector of dimension n.

with

∀t ∈ Rn ,

FX := P (X1 ≤ t1 , ..., Xn ≤ tn )

joint cumulative distribution function of the random vector X .

Denition 13.

Let

X : (Ω, F) −→ (Rn , BRn )

be a random vector of dimension

n.

If

PX : BRn −→ [0, 1] with respect to X is endowed with a density with
n
Lebesgue measure µn on R (or product measure of Lebesgue measures µ

the probability law
respect to the
on

R),

then this density is called the

the probability density of

X,

probability density of X.

If

f : Rn −→ R+

is

then

FX (t) =

Z

t

∀t ∈ Rn ,

f dµn
−∞

and moreover,

Z
PX =

∀B ∈ BR .

f (x1 , ..., xn )dµn
B

3.3 Gaussian Random Vector
Denition 14.

A random vector

X = (X1 , ..., Xk )0 ,

valued in

Rk ,

is said to be

mul-

tivariate normal or a Gaussian vector if and only if the scalar random variable,
valued in

R,

dened by

Yc := c · X =

k
X

ci X i ,

i=1

has a normal distribution for any choice of the vector
Given a random vector

1, ..., k,

X = (X1 , ..., Xk )0 ,

valued in

c = (c1 , ..., ck )T

Rk ,

∈ Rk .

and such that

it makes sense to dene the vector of the means

µX = E(X) := (E(X1 ), ..., E(Xk ))0

Xi ∈ L2 , i ∈

3
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and the variance−covariance matrix

ΣX := cov(X) := E [(X − µX )(X − µX )0 ]
It is trivial to recognize that

ΣX

is a symmetric and positive semidenite square matrix;

indeed, in the nontrivial cases it is positive denite.

X

Let

be a multivariate normal vector valued in

µX ∈ R

k

is its mean vector, and

ΣX ∈ R

k×k

Rk

for

k∈N

such that

X ∈ L2 .

If

is its variance-covariance matrix, then we

will write

X ≈ N (µX , ΣX ).
Next, we will list a few well known properties of Normal vectors.

Theorem 1.
let

X ∈

L

2

.

characteristic

Let

X

µX ∈ Rk , and ΣX ∈ Rk×k
function of X is as follows:

If

X

and

admits a joint probability density given by


fX (X) =
for

k ∈ N,

t ∈ Rk .

1 0

0

for

is a positive denite matrix, then the

φX (t) = eit µX − 2 t ΣX t ,
Further,

Rk

be a multivariate normal vector valued in

1
(2π)k detΣX

 12

1

0

−1

e− 2 (X−µx ) ΣX

(X−µX )

X ∈ Rk .

Proposition 6.
its components

If

Xi ,

X

is a multivariative normal vector valued in

per

i = 1, ..., k,

are themselves Gaussian.

Rk

for

k ∈ N,

then

The components are

independent normal random variables if and only if the variance−covariance matrix of
the random vector

Proposition 7.
that

X

Let

X ≈ N (µX , Σx ).

the random vector

is diagonal.

X

be a multivariare normal vector valued in

Given a matrix

D ∈ Rp×k ,

with

p ∈ N,

Rk

for

k∈N

and the vector

Y = DX + b is itself Gaussian random vector:

such

b ∈ Rp ,

Y ≈ N (DµX + b, DΣX DT ).
Proposition 8.

Let

X = (X1 , ..., Xn )0

for

n ∈ N∗

be a multivariate normal random

vector such that all its components are i.i.d. normal random variables,
for any

j ∈ 1, ..., n;

Xj ∈ N (µ, σ 2 )

then any random vector that is obtained by applying to it a linear

transformation is still a multivariate normal random vector, but its components may
not necessarily be independent.

3

STATISTICAL BASICS

17

3.4 Gaussian process
Denition 15.

measurable space.

(Xt )t∈T

(Ω, F, P )

Let

An

be a probability space,

(E, B)−valued

of random variables

t∈T

Xt : (Ω, F) −→ (E, B)

ω ∈ Ω,

, the random variable

the mapping

of the process

ω.

for

Denition 16.

T

and valued

t∈T

on

(Ω, F, P )

(Xt )t∈T .
t.

For all

is called the trajectory or path

of the process belongs to the space

A real−valued stochastic process

a

is a family

is the state of the process at time

X(·, ω)
in E.

(E, B)

.

the process

X(·, ω) : t ∈ T −→ Xt (ω) ∈ E

Any trajectory

functions dened in

Xt

an index set, and

stochastic process

(Ω, F, P ) is called the underlying probability space of
(E, B) is dened as the state space or phase space.
Fixed

T

(Ω, F, P, (Xt )t∈R+ )

is called a

ET

of

Gaus-

sian process if, for all n ∈ N ∗ and for all (t1 , ..., tn ) ∈ R+n , the n−dimensional random
vector

X = (Xt1 , ..., Xtn )0 has a multivariate Gaussian distribution, with probability den-

sity

ft1 ,...,tn (X) =

1

n√
(2π) 2 detK


exp − 12 (X − m)0 K −1 (X − m) ,

(2)

where




m = E [Xti ] ∈ R,

 i

i = 1, ..., n,
(3)




 K = Cov X , X  ∈ R, i, j = 1, ..., n.
i,j
ti
tj

3.5 Examples of probability density functions
Below we give a list of probability density functions that could be useful for the interpretation of our numerical results.

3
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•

Density of Normal or Gaussian, denoted by

Chi−square, denoted by
Let

s=

Pn

i=1

N (m, σ 2 ):

(

2 )
1
1 x−m
f (x) = √ exp −
,
2
σ
σ 2π

∀x ∈ R
•

18

x2i ,

σ > 0, m ∈ R.

χ2n

the sum of n univariate random variables. The expression has

the following density function with n degrees of freedom.
n
s
1
 s 2 −1 e− 2
n
2 Γ2

p(s) =
•

n
2

Multivariate Normal distribution
The equation(2) gives the PDF of a Multivariate Normal distribution with mean
and covariance dened in

(3).

If one now consider a zero mean multivariate

Gaussian distribution with covariance matrix
written as

T

x K

−1

T

x = y y , where y = K

− 12

x. K

K,
− 12

the exponential term can be
and

1

K2

are the square roots

of the covariance matrix, and its inverse.
Given that, the covariance of the transformation can be written as:
1

1

1

Cov(K − 2 x) = K − 2 Cov(x)(K − 2 )T
1

1

= K − 2 K(K − 2 )T
1

1

1

1

= K − 2 K 2 (K 2 K − 2 )T
= Id
xT K −1 x = y T y is a squared
T
−1
variables, so x K
x = y T y ≈ χ2n .

Then

sum of

n − independent

standard normal

This result give a way how to verify if a sampled set of vectors follows the Gaussian
distribution with a known covariance matrix.

3.6 Markov process
Denition 17.
(E, B)

Let

(Xt )t∈R+

be a stochastic process on a probability space, valued in

and adapted to the increasing family

(Xt )t∈R+

is a

Markov process

(Ft )t∈R+

with respect to

of

(Ft )t∈R+

σ−algebras

of subsets of

F.

if the following condition is

satised:

n

∀B ∈ B, ∀(s, t) ∈ R+ × R+ , s < t : P (Xt ∈ B|Fs ) = P (Xt ∈ B|Xs )a.s.

(4)

3
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Under the hypothesis of Denition

1.

P (Xt ∈ B|Fs ) = P (Xt ∈ B|Xs )

2.

∀g : E −→ R

measurable such that

17,

the following are equivalent:

g(Xt ∈ L1 )

E[g(Xt )|Fs ] = E[g(Xt )|Xs ]

Proposition 10.

Let

(Xt )t∈R+

be a process dened on

(Ω, F, P ),

the following propri-

eties are true:

•

If

(Xt )t∈R+

is a Markov process

•

If

∀J ⊂ R,

such that

Theorem 2.

J

Every process

Proposition 11.

Let

is nite,

(Xt )t∈R

⇒ (Xt )t∈J
(Xt )t∈J

is a Markov proces

is Markov

∀J ⊂ R

⇒ (Xt )t∈R+

is Markov too.

with independent increments is a Markov process.

(E, BE ) be a Polish space (complete and separable) endowed with

σ − algebra BE of its Bores sets. For t0 , T ∈ R with t0 < T , let (Xt )t∈[t0 ,T ]
(E, BE )-valued Markov process, with respect to its natural ltration.
the

be an

Dened the function

(s, t) ∈ [t0 , T ] × [t0 , T ], s ≤ t; x ∈ E; B ∈ BE
7−→ p(s, x; t, B) := P (Xt ∈ B|Xs = x) ∈ [0, 1]

Satises the following properties:

1.

∀(s, t) ∈ [t0 , T ] × [t0 , T ], s ≤ t, ∀B ∈ BE

the function

x ∈ E 7−→ p(s, x, t, B) is BE − BR − measurable.
2.

∀(s, t), ∀x ∈ E, s ≤ t
B ∈ BE 7→ is a probability measure on BE such that

(5)

3
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1 if x ∈ B



p(s, x, s, B) =

(6)




 0 if x ∈
/B

3. The Chapman−Kolmogorov property:

∀x ∈ E, ∀s, r, t

s ≤ r ≤ t, ∀B ∈ BE
Z
p(s, x, r, dy)p(r, y, t, B) a.s.
p(s, x, t, B) =

such that

E

Denition 18.

Let

a non−negative function dened for t0

p(s, x, t, B)be

≤ s ≤ t ≤ T,

x ∈ E, B ∈ BE , satisfying the conditions 1., 2., 3. of the previous Proposition 11. Then
p is said to be Markov transition probability function or Markovian kernel.

Theorem 3.

E

Let

be a Polish space endowed with its Borel

σ − algebra BE , P0

a

(E, BE ), p(s, x, t, B) with t0 ≤ s ≤ t ≤ T, x ∈ E, B ∈ BE
=⇒!∃(in the sense of equivalence) Markov process (Xt )t∈[t0 ,T ]

probability measure on
a Markovian kernel
valued in

Remark

E

with initial distribution

P0

ad

p

as its Markovian kernel.

Joint probability
"
P (Xt1 ∈ B1 , ..., Xtn ∈ Bn ) = E

n
Y

#
1Bi (Xti ) = E

An

(E, BE )−valued

process

n
Y

#
fi (Xti )

i=1

i=1

Theorem 4.

"

(Xt )t∈[t0 ,T ]

is a Markov process, with tran-

p(s, x, t, B), t0 ≤ s ≤ t ≤ T , x ∈ E, B ∈ BE
only if, for any t0 < t1 < ... < tn , n ∈ N, and for

sition probability function
distribution

P0 ,

if and

fi , i = 0, 1, ..., n

E

and initial
any family

of non−negative Borel measurable real−valued functions

n
Y

!
fi (Xti )

Z

Z

=

i=1

f1 (x1 )p(0, x0 , t1 , dx1 ) · ··

f0 (x0 )P0 (dx0 )
E

E

Z
···

fn (xn )p(tn−1 , xn−1 , tn , dxn )
E

Denition 19.

Let

f ∈ BC(R) (

bounded and continuous) with

Then

Ts,t : BC(R) −→ BC(R) :

kf k = supx∈R |f (x)| .

3
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Z
f 7−→ (T s, tf )(x) :=
is dened as the

Markov law.

Proposition 12.
function

f (y)p(s, x, t, dy) = E[f (X(t))|X(s) = x]
R

The family

p(s, x, t, B)

{Ts,t }t0 ≤s≤t≤T

associated with the transition probability

BC(R),

is a semigroup of linear operators on

i.e., it satises the

following properties.

1. For any

t0 ≤ s ≤ t ≤ T, T s, t

2. For any

t0 ≤ s ≤ T, Ts,s = Id (the

3. For any

t0 ≤ s ≤ t ≤ T, Ts,t 1 = 1.

4. For any

t0 ≤ s ≤ t ≤ T, kTs,t k ≤ 1 (contraction

semigroup).

5. For any

t0 ≤ s ≤ t ≤ T ,

implies

6. For any

t0 ≤ r ≤ s ≤ t ≤ T , Tr,s Ts,t = Tr,t (ChapmanKolmogorov).

Denition 20.
law

{Ts,t },

If

(Xt )t∈R+

and

is a linear operator on

BC(R).

identity operator).

f ∈ BC(R), f ≥ 0

Ts,t f ≥ 0.

is a Markov process with Markovian kernel p and Markov

then the operator

Ts,s+h f − f
, s ≥ 0, f ∈ BC(R)
h

As f = lim
h↓0

is called the

innitesimal generator of the Markov process (Xt )t≥0 .

Remark
The domain DAs consists of all
formly

(and

f ∈ BC(R)

for which the previous limit exists uni-

BC(R)).

therefore in the norm of

Remark
From the preceding denition we observe that

1
(As f )(x) = lim
h↓0 h

Denition 21.
variables is a
bution of

Xt

Z
[f (y) − f (x)]p(s, x, s + h, dy).
R

Given a Markovian kernel

Markov chain,

given

denoted by

xt−1 , xt−2 , ..., x0

p,

a sequence

(Xn ),

X0 , X1 , ..., Xn , ...

if, for any

t,

the conditional distri-

is the same as the distribution of

i.e.,

P (Xt ∈ B|x0 , ..., xt−1 ) = P (Xt ∈ B|xt−1 ).

of random

Xt

given

xt−1 ,

4
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In order to obtain statistics for parameter estimates there are various possibilities.
Between the most popular and wildly used, are the so called Monte Carlo

(M C) random

sampling methods.

In the rst Section of this fourth Chapter, the 4.1, we introduce the general Bayesian
Estimation approach with its rules and we explaine a rst, more primitive, algorithm
of this family, the Metropolis algorithm, [6].
The section 4.2 is dedicated to a more performing method, the Adaptive Metropolis,
rstly introduced by Haario at al. [7], 2001. A formal proof of the correctness (ergodicity) of this last method is made in the Subsection 4.3.
While working with stochastic intractable likelihood, the less famous Pseudo Marginal
methods could the best choice. For this reason the Section 4.4 is devoted entirely to
them, see [8] for more details.

4.1 Bayesian estimation
Let us consider a non linear model

y = f (x, Θ) + ,
where

y

are the obtained measurements,

and unknown parameters

Θ,

f (x, Θ)

is the model with design variables

and the measurement error is denoted by

x

.

The idea is to tune the parameters in a way that error between the measurements

y

and the model outcomes become as small as possible. The Markov Chain random

sampling methods are used to obtain statistics for parameter estimation.
Lets rst introduce the more general Bayesian parameter estimation approach.

In

Θ are interpreted as random variables
and the goal is to nd the posterior distribution π(Θ|y) of the parameters. The posterior

Bayesian parameter estimation, the parameters

distribution gives the probability density for values of

Θ, given measurements y.

Using

the Bayes' formula, the posterior density can be written as

π(Θ|y) = R
Where

l(y|Θ)

l(y|Θ)p(Θ)
l(y|Θ)p(Θ)dθ

represents the likelihood and

p(Θ)

the prior distribution.

The likelihood contains the measurement error model and gives the probability density
of observing measurements

y

given that the parameter value is

Θ,

while the prior

4
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contains all existing information about the parameters.

If one consider a general non linear problem such as

Qn

and employs a

 ≈ N (0, σ Id ), noting that  = y −f (x, Θ), gives likelihood

Gaussian i.i.d. error model

l(y|Θ) ∝

y = f (x, Θ) + 

2

i=1

l(yi |Θ) ∝ exp(− 2σ1 2

Pn

i=1

[yi − f (yi , Θ)]2 ).

(7)

In the posterior density formula the expression is divided by the normalization constant, i.e. by the integral

R

l(y|Θ)p(Θ)dθ, to ensure that the posterior π(Θ|y) integrates

to one.
From posterior distribution dierent point estimates can be derived. Some example of
it are the Maximum a Posteriori
imum Likelihood

(M L)

(M AP )

estimator maximizes

estimator maximizes

l(y|Θ).

π(Θ|y)

and the Max-

If one suppose a uniform prior

within some bounds then ML and MAP coincide. Assuming additionally that the error
is i.i.d. Gaussian, ML coincides also with the classical Least Squares
since minimizing the sum of squares term
to maximizing

l(y|Θ)

in the equation

(7)

SS(Θ) =

Pn

i=1

(LSQ)
2

[yi − f (yi , Θ)]

estimate,

is equivalent

above.

In theory, the posterior distribution gives a full probabilistic solution to the parameter
estimation problem. One can nd the peak of the probability density, and determine,
for instance, the

95% and 99% credibility regions for the parameters.

However, to work

with the posterior density directly one needs to compute the normalization constant in
the Bayes formula that could become challenging since in most of the cases this integral
can not be computed analytically and the numerical integration methods can become
computationally very heavy if the number of parameters is larger than a few. For that
reason the so called Markov chain Monte Carlo (MCMC) methods are very useful since
statistical inference for the model parameters can be done without explicitly computing
this dicult integral. The aim of MCMC methods is to generate a sequence of random
samples

(Θ1 , Θ2 , ..., ΘN )

whose distribution approximate the posterior distribution as

N increases. So instead of using directly the posterior distribution, samples are produced from it. The Monte Carlo term is used to emphasize that the methods that are
based on random number generation. Moreover, it is a Markov Chain since every new
sample point

Θi .

Θi+1

its generated dependently just on the previous point of the chain

Thanks to the Markov Chain theory one can prove that the distribution of the

resulting samples approach the correct target

(posterior).

There are several dierent MCMC algorithms. One of the most important is the random walk Metropolis algorithm. It works by generating candidate parameter values
from a proposal distribution and then either accepting or rejecting the proposed value
according to a simple rule. The Metropolis algorithm can be written as follows:

4
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2. Choose a new candidate

Ξ

24

Θ1

from a suitable proposal distribution

q(·, Θn ),

that

may depend on the previous point of the chain.

3. Accept the candidate with probability

p(Θn , Ξ) = min(1,

π(Ξ)
)
π(Θn )

If rejected, repeat the previous point in the chain. Go back to step
distribution

q

2).

The proposal

in Metropolis algorithm is assumed to be symmetric, i.e., the probability

density of moving from the current point to the proposed point is the same as moving
backwards from the proposed point to the current point:

q(Ξ|Θn ) = q(Θn |Ξ).

One can note that candidate points that gives a better posterior density value than the
previous point are always always accepted. However, also a candidate that have worse
posterior density may be accepted with probability given by the ratio

π(Ξ)
.
π(Θn )

While programming, the accept-reject step can be implemented by generating a uniform random number

u ≈ U (0, 1)

and accepting if

u≤

π(Ξ)
. Let's note that in that
π(Θi )

way the Metropolis algorithm needs only to compute ratios of posterior densities, and
that, thank to this, the normalization constant cancels out. For that reason MCMC
algorithm is computationally feasible in multidimensional parameter estimation problems.

The proposal distribution

q

should be chosen in a smart way, so that it is easy to

sample from and as 'close' to the underlying target distribution
sible.

See gure

(1)

for an example.

(posterior)

as pos-

An unsuitable proposal can lead to inecient

implementation:

•

if one take a too large proposal, the new candidates mostly miss the essential
support

π.

Additionally they are chosen at points where the posterior

π∼
= 0, i.e.,

they are accepted very rarely.

•

contrary if the proposal is too small, the new candidates are mostly accepted
by from a small neighborhood of the previous point. For that reason the chain
moves slowly and may not converge to

π

in a nite number of steps.

4
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Figure 1: Metropolis chain; Top:too Large, Mid:Good, Bottom:too Small

When one deal with multidimensional continuous parameter space a good choice for
proposal distribution could be a multivariate Gaussian distribution.

In the random

walk Metropolis algorithm, the current point in the chain is taken as the centre point
of the Gaussian proposal.

It is a crucial point to nd a suitable covariance matrix so that the size and the shape
(orientation) of the proposal distribution matches as well as possible with the target
density (posterior) to produce ecient sampling.

A good covariance C can be obtained performing a Gaussian approximation of the posterior distribution at the LSQ estimate and choosing the proposal covariance matrix

C = σ 2 (J T J)−1 ,

where

σ2

is the variance and

J

is the Jacobian. This proposal can

match better with the orientation of the target distribution. Supplementary to orientation, it is also possible to scale the proposal distribution in a more adequate way. It
has been found that the ecient scaling for a Gaussian target is

sd =

2.42
, where d is
d

the dimension of the problem (number of parameters). So combining this two things
the Jacobian−based covariance matrix became

C = sd σ 2 (J T J)−1 .

4
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Normally, the prior information one has are some bound constraints for the parameters,
and within it one can consider to use a uniform, 'at' prior,

p(Θ) ∝ 1.

If one assume,

additionally, independent measurement error with a known constant variance

σ2,

the

posterior density can be written as

π(Θ|y) ∝ l(y|Θ)p(Θ) ∝ exp(−

where the term

SS(Θ) =

Pn

i=1 [yi

− f (xi ; Θ)]2

1
SS(Θ))
2σ 2

is the sum of squares function that one

minimize when the LSQ estimate is computed.

Under this assumptions, using this notation one can receive the following Metropolis algorithm with a multivariate Gaussian proposal distribution, covariance matrix
and initial point

Θold = Θ0

1. Generate a new candidate value
2. Generate

C

u ≈ U (0, 1),

Θnew := Ξ ≈ N (Θold , C)

accept the new candidate

Ξ

if

and compute

SS(Ξ)

u < exp(− 2σ1 2 (SS(Ξ) −

SS(Θold )))
•

If

Ξ is accepted, add it to the chain and set Θold := Ξ and SS(Θold ) := SS(Ξ)

•

If

Ξ

is rejected, repeat

3. Return to step

1.

Θold

in the chain.

until the the desired chain length is achieved.

4.2 Adaptive MCMC
As mentioned before the biggest problem in MCMC computations is usually selecting
a proposal distribution that matches well with the target distribution. The proposal
covariance matrix explained above should be considered just as a good starting point,
since it does not always lead to ecient sampling. It can happen, for instance, that
the Jacobian matrix is nearly singular since some parameters might be inadequately
identied by the data that one have. The main idea in the adaptive MCMC methods is
to use the information of the previous sampled points to tune the proposal 'on the run'
as the sampling proceeds.

Computing the empirical covariance matrix of the points

previously sampled is a simple way to implement an adaptive MCMC method. One
can note that since the sampled points depend also on the earlier history of the chain
and not only on the previous point, the chain is therefore no longer Markovian. Despite that, if the adaptation is based on an increasing part of the history, i.e., that the
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number of previous points used in the computation of the empirical covariance matrix
increases constantly while the sampling proceeds, one can prove that the algorithm
gives correct

(ergodic)

results

(See

the end of the section for a formal proof of this

result).

Denition 22.

Let

π

be the density function of the target distribution in

MCMC algorithm is said to be
function

d

f : R −→ R

ergodic

Rd .

An

if, for an arbitrary bounded and measurable

and initial parameter value

Θ0

that belongs to the support of

π,

it holds that

limn−→∞

where

(Θ0 , ..., Θn )

1
n+1

(f (Θ0 ) + f (Θ1 ) + ... + f (Θn )) =

R
Rd

f (Θ)π(Θ)dΘ,

are the samples produced by the MCMC algorithm.

In the Adaptive Metropolis

(AM ) the proposal is taken to be Gaussian with mean cen-

tered at the current point, and the proposal covariance matrix

Id ,

where

>0

(8)

(Θ0 , ...Θn−1 )

are the previously sampled points,

Cn = sd Cov(Θ0 , ...Θn−1 )+

sd

is the scaling factor and

is a regularization parameter that ensures that the proposal covariance matrix

stays positive denite

(normally 0 <  << 1 ).

In order to start the adaptation procedure one has to choose an arbitrary strictly positive denite initial covariance
and an initial time

n0 > 0

C0 (

for example one can choose

C0 = sd σ 2 (J T J)−1 ),

after which the adaptation procedure starts, i.e., the algo-

rithm starts to use the empirical covariance matrix as the proposal. So one have that
the general covariance, at the

Cn =

n − th

step is given by:




C

 0

if n ≤ n0




 s Cov(Θ , ...Θ ) + s I
d
0
n−1
d d

if n > n0

(9)

Since recursive formula for it exists, one do not have to recompute every time the
empirical covariance matrix. Given the points
matrix can be written as:

θ0 , ..., θk ∈ Rd

the empirical covariance

4
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k
1 X T
Cov(θ0 , ..., θk ) = (
θi θi − (k + 1)θ̄k θ̄kT )
k i=0
where

θ̄k =

1
k+1

Pk

i=1 θi is the empirical mean and

θi ∈ Rd

are considered as column

vectors.
The covariance matrix

Cn+1 =

Cn

n−1
Cn
n

+

satises the recursive formula

sd
(nΘ̄n−1 Θ̄Tn−1
n

− (n − 1)Θ̄n Θ̄Tn + Θn ΘTn + Id )

(10)

which permits the calculation of the covariance update with little computational cost.
In addition to that, the only new expression in the update formula is
other parts depends only on the previous mean values.
eect of adaptation goes down as

Θn ΘT
n
, all the
n

One can note also that the

1
, that means that the adaptation aects proposal
n

less and less as the sampling proceeds. It is possible to prove that procedure is ergodic,
but that the same adaptation, with a xed update length for the covariance, is not
ergodic.
All the above discussion can be summarized in the following algorithm:

•

Fix a parameter N for the length of the chain and initialize
choose

•

For

Θ1

given by LSQ tting and

2

T

−1

C1 = sd σ (J J)

Θ1 and C1 , for example

).

k=1:N



Perform the Metropolis step using the proposal



Update

N (Θk , Ck ).

Ck+1 = Cov(Θ1 , ..., Θk ).

4.3 Demonstration of the ergodicity of the Adaptive MCMC
(AM)
Before proceeding with the Theorem itself, it will be made a brief recall about the
stochastic process theory and will be dened the proper set-up.

(E, BE , µ) be
(E, BE ). k·kT V

Let
on

denotes the total variation

n

pn : E × B −→ [0, 1]
map

ME the
norm on ME .

a state space and lets denote by

θ −→ pn (θ, B)

is

set of the nite measures
Let

n ∈ N, n ≥ 1;

a map

is the generalized transition probability on the set

E,

i.e., the

BnE − measurable

and

pn (θ, ·)

for each

B ∈ BE ,

where

θ ∈ En

4
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(E, BE ) ∀θ ∈ En . pn

denes a positive contraction from

MEn −→ ME . One can note that if n = 1 the generalized transition probability reduce
E.

to the standard transition probability on

(pn )∞
n=1 is given.

Lets assume that a sequence of generalized transition probabilities
thermore, let

P0

E. From the Theorems 3 and

be the initial probability distribution on

4 one have that the sequence

(pn )n

P0

and

determine uniquely the nite−dimensional

distribution of the discrete−time stochastic process
Lets now dene the

AM

Fur-

(chain) (θn )∞
n=0

on

E.

chain as a discrete time stochastic process.

The rst assumption we make is that the target distribution is supported on a bounded

E ⊂ Rd ,

set

so that

π(θ) ≡ 0

outside

E.

We chose

E

to be the state space, endowed

σ − algebra BE and µ to be the normalizing Lebesgue measure on E.
π has the (unscaled) density π(θ) with respect to the Lebesgue measure on

with the Borel
The target

E.

An other assumption required is that the density is bounded from above on

some

for

M < ∞,
π(θ) ≤ M,

Let

E:

C

θ ∈ E.

(11)

be a symmetric and strictly positive denite matrix on

n

R with


1
1 T −1
NC (θ) =
exp − θ C θ
np
2
(2π) 2 |C|

the density of the mean-zero Gaussian distribution on

Rd

and denote by

covariance

C.

NC

Thus

The Gaussian proposal transition probability corresponding to the covariance C satises

Z
NC (ξ − θ)dξ,

QC (θ, B) =
B
where

B ⊂ Rd

is a Borel set and

consequence of this is that

Z

dξ

is the standard Lebesgue measure on

m − symmetric: for A, B ⊂ E
Z
QC (θ, A)µ(dθ) =
QC (θ, B)µ(dθ).
QC

is

B

A

one has

A

MC

Lets now give the denition of the transition probability
having the target density

Rd .

π(θ)

MC (θ, B) =

for the Metropolis process

and the proposal distribution

R
B



NC (ξ − θ) min 1,

π(ξ)
π(θ)



QC :

µ(dξ)+
(12)

+χB (θ)
where

MC

B ∈ BE . χB

R
Rd

h



π(ξ)
NC (ξ − θ) 1 − min 1, π(θ)

i

µ(dξ),

denotes the characteristic function of the set

denes a transition probability with state space

E.

B. One can prove that

4
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Denition 23.
constant

 > 0

Let

E

and

be given.

given initial distribution
on

E

dened through

(6)

π

30

be as above and let the initial covariance

Dene the functions

P0

Cn

for

n > 1

by formula

C0

and the

(9).

For a

the adaptive Metropolis (AM) chain is a stochastic chain

by the sequence

(pn )∞
n=1

of generalized transition probabilities,

where
(13)

pn (θ0 , ..., θn−1 , B) = MCn (θ0 ,...,θn−1 ) (θn−1 , B)
for all

n ≥ 1, θi ∈ E (0 ≤ i ≤ n − 1),

and for subsets

B ∈ BE .

Before to proceeds lets recall the denition of the coecient of ergodicity.
Let

T

be a transition probability on

E

and set

δ(T ) = supµ1 ,µ2

kµ1 T −µ2 T kT V
kµ1 −µ2 kT V

(14)

,

where the sup is taken over dierent probability measures

λT

on

(E, BE ).

B −→ E T (θ, B)λ(dθ) and for bounded measurable funcR
R
T f (θ) = E T (θ, dξ)f (ξ) and λf = E λ(dξ)f (ξ). Obviously

represents the measure

tions one can write

µ1 , µ2

R

0 < δ(T ) < 1.
When

δ(T ) < 1 the mapping T is a strict contraction on ME

dened by the total variation norm on

ME .

with respect to the metric

It can be easily found from the denition

that

δ(T1 T2 ...Tn ) ≤

n
Y

δ(Ti ).

i=1

An equivalent condition for the uniform ergodicity of the Markov chain having transition probability T is that

δ(T k0 ) < 1

for some

k0 > 1.

A transition probability

that is obtained from a generalized transition probability by `freezing'
variables will be dened since needed for our purpose.
probability

pn (n > 2)

θ̃n−2 = (θ0 , θ1 , ..., θn−2 )

and a xed (n- 1)-tuple

ξ∈E

and

rst

Given generalized transition

(θ0 , θ1 , ..., θn−2 ) ∈ En−1 ,

and dene the transition probability

pn,θ̃n−2 (ξ, B) = pn (θ0 , θ1 , ..., θn−2 , ξ, B)
for

the n − 1

B ∈ BE .

Finally we are ready to state and prove the main result of this section.

we denote

4
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Let

supported on a bounded measurable subset
from above. Let

(Θn )

>0

and let

P0

π

be the density of a target distribution

E ⊂ Rd

be any initial distribution on

by the generalized transition probabilities

f : E −→ R,

E.

is bounded

Dene the AM chain

(13)

as in Denition 23. Then the AM

π:

for any bounded and measurable

chain simulates properly the target distribution
function

π

, and assume that

the equality

Z
lim (f (Θ0 ) + f (Θ1 ) + ... + f (Θn )) =

n−→∞

f (Θ)π(dΘ)
E

holds almost surely.

For the proof of the previous Theorem it is required the following result that will be
proven latter.

Theorem 6. Assume that the nite−dimensional distributions of the stochastic process(Θn )∞
n=0
on the state space
probabilities

(pn )n

E satisfy the Theorem 4 ,

while the sequence of generalized transition

is assumed to satisfy the following three conditions:

(i) There are a xed integer

k0

δ((pn,θ̃n−2 )k0 ) ≤ λ < 1
(ii) There are a xed probability measure

πpn,θ̃n−2 − π

λ ∈ (0, 1)

and a constant

≤
TV

c0
,
n

such that

∀θ̃n−2 ∈ En−1 and n ≥ 2 :
π

on

E

and a constant

c0 > 0

such that

∀θ̃n−2 ∈ En−1 and n ≥ 2

(iii) We have the following estimate for the operator norm

πpn,θ̃n−2 − πpn+k,θ̃n+k−2
where

c1

is a xed positive constant,

1) − tuple θ̃n+k−2

Then, if

f : E −→ R

n, k ≥ 1

ME −→ME

≤ c1

k
n

and one assumes that the

is a direct continuation of the

(n + k −

(n − 1) − tuple θ̃n−2 .

is bounded and measurable, then the equality

(8)

holds almost

surely.

The auxiliary constants that will be used in what follows



or

C0 ,but

ci , i = 2, 3, ...,

depend on

E,

their actual values are not important for the demonstrations itself, so will
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not be explicited.

Demonstration of the Theorem 5:
Thanks to the Theorem 6 it suces to prove that the AM chain satises the conditions

(i) − (iii).
For proving the condition
that

(i) one can observe that, directly from the (9) and by the fact

E is bounded, all the covariances C = Cn (θ0 , ..., θn−1 ) satisfy the matrix inequality
0 ≤ c2 Id ≤ C ≤ c3 Id .

Therefore the corresponding normal densities
below on

E

for all

ξ ∈ E,

and

(11)

and

(12)

(15)

NC (ξ − ·)

are uniformly bounded from

together yield the bound

pn,θ̃n−2 (ξ, B) ≥ c4 π(B)∀ξ ∈ E and B ∈ E,
with

c4 > 0.

It can be proven that

δ(pn,θ̃n−2 ) ≤ 1 − c4 ,

Secondly we verify the condition
given

θ̃n+k−2 ∈ E

n+k−1

pn,θ̃n−2 − pn+k,θ̃n+k−2

prove that

(i)

Lets assume that

with

n≥2

k0 = 1.

and observe that, for

, one has

ME −→ME

ξ ∈ E and B ∈ BE
R2 = Cn+k (θ0 , ..., θn+k−2 , ξ).

Fixed

(iii).

which proves

≤ supθ∈E,B∈BE pn,θ̃n−2 (θ, B) − pn+k,θ̃n+k−2 (θ, B)

R1 = Cn (θ0 , ..., θn−2 , ξ) together with
Denition 23 and the formula (12), one can

and introducing
Using the

(16)

4
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pn,θ̃n−2 (ξ, B) − pn+k,θ̃n+k−2 (ξ, B) = MR1 (ξ,B) − MR2 (ξ,B)


Z
π(ξ)
(NR1 − NR2 )(ξ − θ) min 1,
≤
µ(dξ)
π(θ)
ξ∈B
Z
+ χB (ξ)
(NR1 − NR2 )(ξ − θ)
ξ∈Rd



π(ξ)
× 1 − min 1,
µ(dξ)
π(θ)
Z
|NR1 (z) − NR2 (z)| dz
≤2
Rd
Z 1
Z
d
ds
dz
≤2
NR +s(R2 −R1 ) (z)
ds 1
0
Rd
≤ c5 kR1 − R2 k .
(17)
At the last stage were applied (15), so to deduce that the partial derivatives of the

NR1 +s(R2 −R1 ) (z) with respect to the components of the covariance are integrable
R with bounds that depend only on , C0 and E.

density
over

d

Using the recursion formula 10 it is clear that in general

kCt − Ct+1 k ≤

c6
, for
t

t > 1.

Applying this inductively and using the uniform boundedness previously dened, of
the covariances

Ct

, one can easily see that

k
kR1 − R2 k ≤ c7 (E, C0 , ) ,
n
and therefore the previous estimates implies the

(iii).

Finally, in order to apply the Theorem 6 we need to check only the condition
Fix

ξ˜n−2 ∈ En−1

and denote by

∗

C = Cn−1 (θ0 , ..., θn−2 ).

kC ∗ − Cn (θ0 , ..., θn−2 , ξ)k ≤
where

c8

in independent from

ξ ∈ E.

pn,θ̃n−2 − MC ∗
From the fact that

π

MC ∗

It follows that

c8
,
n

Using a similar procedure as in

can deduce that

ME −→ME

≤

(16) and (17) one

c9
.
n

is a Metropolis transition probability one can have that

obtaining

π − πpn,θ̃n−2 = π(MC ∗ − pn,θ̃n−2 ) ≤
which completes the proof of the Theorem 5.

(ii).

c9
,
n

πMC ∗ =

4
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Corollary 1.

Under the assumptions of the Theorem 5 the covariance

stabilizes during the algorithm.

sd cov(π) + Id ,

Proof:

34

where

cov(π)

In fact, as

t −→ ∞

the covariance

Ct

almost surely

Ct

converges to

denotes the covariance of the target distribution

The result follows directly from the Denition

f (Θ) = Θi

plying the Theorem 5 with the choices

and

(9)

of the covariance

f (Θ) = Θi Θj ,

where

π.

Ct

by ap-

1 ≤ i, j ≤

d.

Remark:
While running the AM algorithm one may also determine the covariance by using only
an increasing part of the near history.

One possibility could be to determine

Θ[n/2] , Θ[n/2]+1 , ..., Θn .

using only the samples

Cn

by

This procedure is easily implementable

in practice and also in this case, the Theorem 5 proofs, with some little changes in the
demonstration, yields that the simulation is exact. One can nd similar remarks also
considering the case where one updates the covariance only every

4.3.1

n0 − th

step.

Proof of the Theorem 6

In this subsection will be proven the Theorem

6

by showing that a related process is a

mixingale that satises an appropriate law of large numbers.

Proposition 13.

Let be

(Θn ) the chain on the state space E and the generalized transi-

tition probabilities

(pn )n

fulll the conditions of Theorem 6. Lets denote the

generated by the chain up to time

n≥1

and

function

f

k ≥ 2.
on

E,

n

by

Fn = σ(Θ0 , Θ1 , ..., Θn )

and write

σ −algebra
1
λ = λ k0 . Let
0

Then for all initial distributions and for any bounded measurable

the inequality

E(f (Θn+k )|Fn ) −

R

f (ξ)π(dξ)
E

∞

≤ c(c0 , c1 , λ) inf 1≤j≤k



j2
n+k−j


+ λ0j kf k∞

(18)

holds.

Proof: One can assume that πf =

R
E

f (ξ)π(dξ) = 0 since the general case can be then

obtained by applying the Proposition for the function

f − πf.

Let

can note that from the denition of conditional expectation and
the following holds almost surely

(4)

n ≥ 1, k ≥ 2,

one

it follows that the

4
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E(f (Θn+k ) |Fn ) =
R
R
= ξn+1 ∈E pn+1 (Θ0 , Θ1 , ..., Θn , dξn+1 ) ξn+2 ∈E pn+2 (Θ0 , Θ1 , ..., Θn , ξn+1 , dξn+2 )
···

R

 
p
(Θ
,
Θ
,
...,
Θ
,
ξ
,
...,
ξ
,
dξ
)f
(ξ
)
... .
0
1
n n+1
n+k−1
n+k
n+k
ξn+k ∈E n+k

Lets consider the notation

(Θ0 , ..., Θn ) = Θ̃n .

Q be the transition probability,

where

condition yields for arbitrary values of



R
ξn+k ∈E

Θ̃n

Θ̃n

Since in the following

interfere with the integration, it can be considered as a free variable
Let

(19)

(or

a constant).

Q(ξ, dz) = pn+2 (Θ̃n , ξn+k+1 , ξ, dz).
and

ξn+1 , ..., ξn+k−1

does not

The

(iii)

such that


pn+k (Θ̃n , ξn+1 , ..., ξn+k−1 , dξn+k ) − pn+2 (Θ̃n , ξn+k+1 , dξn+k ) f (ξn+k )
(20)

≤ c1 kf k∞

k−2
.
n+2

This last estimate allows us to write

(19)

in the form

E(f (Θn+k ) |Fn ) =
R
R
= gk (Θ̃n ) + ξn+1 ∈E pn+1 (Θ̃n , dξn+1 ) ξn+2 ∈E pn+2 (Θ̃n , ξn+1 , dξn+2 )
···

R

···

where

(21)

p
(Θ̃n , ξn+1 , ..., ξn+k−2 , dξn+k−1 )
ξn+k−1 ∈E n+k−1

R

 
p
(
Θ̃
,
ξ
,
dξ
)f
(ξ
)
... ,
n n+k−1
n+k
n+k
ξn+k ∈E n+2

gk = gk (Θ̃n )

gk (Θ̃n ) ≤

···

R

R

satises

p (Θ̃n , dξn+1 )
ξn+1 ∈E n+1

R
ξn+2 ∈E

pn+2 (Θ̃n , ξn+1 , dξn+2 )

k−2
p
(Θ̃n , ξn+1 , ..., ξn+k−2 , dξn+k−1 )f (ξn+k )c1 kf k∞ n+2
ξn+k−1 ∈E n+k−1

≤ c1 kf k∞

k−2
.
n+2



· ··



(22)
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Follows the iteration of the procedure by replacing the generalized transition probability

pn+k−1 (Θ̃n , ξn+1 , ..., ξn+k−2 , dξn+1 ) with the transition probability Q in the formula (21).
So one can obtain

Z

Z
pn+1 (Θ̃n , dξn+1 )

E(f (Θn+k )|Fn ) =
ξn+1 ∈E

Q(ξn+1 , dξn+2 )
!

ξn+2 ∈E

!

Z
···

Q(ξn+k−1 , dξn+k )

· ··

ξn+k ∈E

+ g2 (Θ̃n ) + g3 (Θ̃n ) + ... + gk (Θ̃n ),
where

Z

Z

pn+2 (Θ̃n , ξn+1 , dξn+2 )

pn+1 (Θ̃n , dξn+1 )

gj (Θ̃j ) =

ξn+2 ∈E

ξn+1 ∈E

Z
···

(pn+j (Θ̃n , ξn+1 , ..., ξn+j−1 , dξn+j )
ξn+j ∈E

− pn+2 (Θ̃n , ξn+j−1 , dξn+j ))Qk−j f (ξn+j ) · ··
Qk−j



.

(k −j)−th iterate in the transition probability Q, and one can use the
R
k−j
notation (Q
f )(θ) = E Qk−j (θ, dξ)f (ξ). From the fact that Qk−j f ∞ ≤

denotes the

standard

kf k∞

one can obtain from the condition

|gj | ≤ c1

(iii)

that

j−2
kf k∞ .
n+2

Putting all this together one can nd that

E(f (Θn+k )|Fn ) = n,k +
where

n,k = n+k (Θ0 , ..., Θn )

|n,k | ≤
One can note, writing that

(i).

From

(ii)

R
ξn+1 ∈E

pn+1 (Θ0 , ..., Θn , dξn+1 )Qk−1 f (ξn+k ),

(23)

satises

Pk

j−2
j=2 c1 n+2

kf k∞ ≤

[(k − 1)/k0 ] = k 0 ,

and the denition on

Q,

c1 k 2
n

that

kf k∞ .

(24)

0

δ(Qk−1 ) ≤ λk ,

one can nd that

in accordance with

4
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k−1

πQ

−π ≤

k−2
X

j+1

37

k−2
X
c0 (k − 1)
c0
≤
≤
,
n+2
n+2
j=0

j

− πQ

πQ

j=0

and, using the assumption that

Qk−1 f

∞

πf = 0,

one can estimate

= sup δθ Qk−1 f
θ∈E

≤ sup (δθ − π)Qk−1 f + πQk−1 f
θ∈E
0

≤ 2λk kf k∞ + (πQk−1 − π)f


c0 (k − 1)
k0
≤
+ 2λ
kf k∞ .
n+2
combining this last with

(23)

and

(24),

it follows that



k2
n

between

1

kE(f (Θn+k )|Fn )k∞ ≤ c̃(c0 , c1 , λ)
that is valid for all


+ λ[(k−1)/k0 ] kf k∞ ,

(25)

n, k ≥ 2.

One can observe that for any index

j

and

k

the standard property of the

conditional expectation holds that

kE(f (Θn+k )|Fn )k∞ ≤ kE(f (Θn+k )|Fn+k−j )k∞ .
By replacing

n

with

n+k−j

and

k

by

j

in the estimate

(25),

one can nally deduce

that

kE(f (Θn+k )|Fn )k∞ ≤ inf 1≤j≤k c̃(c0 , c1 , λ)



j2
n+k−j


+ λ[(j−1)/k0 ] kf k∞ .

And the Proposition follows from this last estimate.

Demonstration of the Theorem 6:
For

n≥1

and

k ≥ 0,

using the Proposition

13

one can obtain that,

(26)
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E(f (Θn+k ) −

where

ψ(0) = ψ(1) = 2 kf k∞ ,

R
E

f (ξ)π(dξ)|Fn )

and for

ψ(k) ≡ c(c0 , c1 , λ) inf 1≤j≤k



38

k≤2

j2
k−j



denition of the

(28)

σ − algebra Fn ,

(27)

2

kf k∞ ≤ c0 (c0 , c1 , f, λ) logk k ,

where this last estimate is obtained by choosing
From this stage the estimate

≤ ψ(k)

one can have

0j

+λ

∞

j = log k/log(1/λ0 )

for

(28)

k ≥ k1 (λ0 ).

for the asymptotic independence, together with the

makes it clear that

f (Θn ) − Ef (Θn )

is a mixingale.

Let us recall here the denition of mixingales.
Let

(Fn )∞
n=−∞

A sequence

be an increasing sequence of

(Ξn )∞
n=1

on a probability space.

of square−integrable random variables is a mixingale (dierence)

sequence if there are real sequences

∞,

sub − σ − algebras

(rm )∞
m=0

and

(an )∞
n=0

such that

rm −→ 0

as

m −→

and

kE(Ξn |Fn−m )k2 ≤ rm an and kΞn − E(Ξn |Fn+m )k2 ≤ rm+1 an
for all

n≥1

and

m ≥ 0.

In the case that we are considering, i.e.,
constant sequence and
condition in
so that

(29)

(29)

Fn

be the trivial

Ξn = f (Θn ) − Ef (Θn ),

σ − algebra

for

n < 0.

with

(an )

The right-hand side

is automatically satised. Furthermore, one may choose

rk < C()k

−1

for every

 > 0.

The conclusion holds from observing that

=⇒ limn−→∞ Ef (Θn ) =

E

rk = ψ(k),

Thus one could apply directly the law of large

numbers for mixingales in the form of Hall and Heyde to the sequence

R

to be a

f (Θn )−Ef (Θn ).

(27)

f (ξ)π(dξ).

4.4 Pseudo-marginal MCMC
There are many models of which is not possible to obtain an analytical likelihood. In
such cases it is possible to estimate an unbiased marginal likelihood.
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Lets suppose that one want to sample from a target

π(Θ)

q(Ξ|Θ).

using a proposal

The required acceptance have the form:

α(Θ, Ξ) =

We suppose that

π(Θ)

π(Ξ)q(Θ|Ξ)
π(Θ)q(Ξ|Θ)

is dicult to evaluate

(30)

(commonly

because it is a marginal

version of some higher−dimensional distribution), but a Monte Carlo estimate of it,
that will be denoted as

r(Θ),

is computable. Substituting it into the formula

(30)

the

new acceptance ratio is:

α(Θ, Ξ) =

r(Ξ)q(Θ|Ξ)
.
r(Θ)q(Ξ|Θ)

(31)

In many cases this new acceptance ratio will lead to a Markov Chain that have

π(Θ)

as its equilibrium distribution.
The only requirement needed for obtaining this surprising result is that the likelihood
estimated,

r(Θ)

is non−negative and unbiased, i.e., that the expected value with re-

spect to the Monte Carlo error for a given xed value of
Let be

W =

r(Θ)
the noise in the estimate of
πΘ

from

Θ.

When

c = 1,

a new

Θ

W ≥ 0.

If one view it as a joint update of

q(Ξ|Θ)π(ŵ, Ξ),

and

α(Θ, Ξ) =

The new target of the chain is
The marginal
Given that

Θ

Θ

E(r(Θ)) = π(Θ).

c≥0

is a constant independent

E(r(Θ)) = π(Θ).

An other assump-

and

α

W.

w,

the new candidates

(Ξ, ŵ)

are proposed

can be rewritten as:

ŵπ(Ξ)π(ŵ|Ξ)q(Θ|Ξ)π(w|Θ)
.
wπ(Θ)π(w|Θ)q(Ξ|Θ)π(ŵkΞ)

π(Θ)wπ(w|Θ).

(32)

This last is a joint density for

can be derived by integrating over the range of

E(W |Θ) = c,

The

At each iteration of the algorithm in addition to

it is also proposed a new value for

from the density

where

it reduces to the case when

tion normally needed is that

is

π(Θ), and suppose that W ≈ π(w|Θ).

E(W |Θ) = c,

main condition required is that

Θ

W

(Θ, w).

with respect to

it comes out that the new density is proportional to

Note that at every iteration, the old value of

w

have to be kept and

r(Θ)

w.

π(Θ).

must be

included in the new acceptance rate, i.e., one should not compute a new Monte Carlo
estimate for the likelihood of the old state of the chain.
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Finally, we are ready to go to analyse more deeply the core of this work.

The studies conducted in the following Chapter are based on the method used in the
article [1] which will be explained in Section 5.1.

After that, in Section 5.2 we be

introduce two chaotic attractors which are used for all the simulations and results,
the Rossler and the Penta−scroll Chua attractors.

Their behaviour is deliberately

dierent from the Lorenz one, in order to check whether there are some variations in
the outcomes. A step by step presentation and explanation of the results obtained by
running the codes is the subject of Section 5.3.

In all the other sections of the Chapter we present the results and conclusions obtained
from simulating the same models with some variations, made in order to give an answer
to the following questions:

•

How long training set is needed in order to have reliable results?

•

Does there exist a minimal length of the time interval that have to be considered
in order to have good quality results?

(Setion 5.4)

(Section 5.3)

Does there exist maybe also

a maximal length after which there is no reason to increase the length? Do these
two lengths coincide?

•

What happens if the number of samples used is lower with respect to the length
of the interval studied?(Section

•

5.6)

What happens if the number of samples used is larger with respect to the length
of the interval studied?

(Section 5.5)

•

Which ODE solver is more reliable for this kind of problems?

•

Is it always possible to conduce this kind of studies? Or there are some hypothesis
that have to be satised?

•

(Section 5.8)

(Section 5.7)

What happens if one increases the number of radiuses?(Section

5.9)

5
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5.1 The Haario-Kalachev-Hakkarainen method for parameter
estimation of a chaotic dynamical system
In this section we summarize the method used, see [1] for more details.
The main problem concerning the parameter estimation of chaotic models is the fact
that a xed parameters does not match one model integration, but a set of solutions,
also quite dierent, obtained by varying slightly the initial values, or by varying the
particular solver of dierential equations chosen, as well as its specic tolerance.
But, despite these trajectories are dierent, they approximate all the same chaotic
attractor, and in this sense, can be considered equal, or representatives of the same
chaotic attractor.
The article proposes a statistical approach to quantify whether a trajectory belong or
not to that same attractor.
Various denitions have been formulated to characterize the geometry of a chaotic attractor. In [1] one of them, namely the denition of correlation dimension was modied,
so as to quantify the variability of sampling of an attractor by mapping the trajectories
of the state of the phases in vectors, whose statistical distributions can be estimated
empirically.
In particular a cost function was derived that allows a statistical quantication of the
variability of the trajectories of the sampling dates from the attractor in certain time
intervals.

This cost function is stochastic, but with a limited variability, such that

allows the MCMC method to estimate the parameter posterior distribution.
Such distributions appear to be Gaussian, which is an important result because it
provides a powerful and well-known tool that allows us to compare the trajectories.

5.1.1

Statistical distance based on generalized correlation integrals

A brief summary of the notion of Correlation Integral will be done in order to better
understand the innovation proposed in [1].
Lets

s = (s1 , ..., sN ) ∈ Rn

at time points

be a vector of a trajectory in the Euclidean space, evaluated

ti , i = 1, ..., n.

For

C(R, N ) =

R > 0,

1
N (N −1)

the

P

i6=j

Correlation Sum is given by:

#(ksi − sj k < R),

(33)
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Correlation Integral is

dened as the limit

C(R) = lim C(R, N ).
N −→∞

So, for a given value R, one takes the total number of points located closer to each other
in a phase space than R, normalizes by the number of pairs
limit for

N −→ ∞.

The

Correlation Dimension ν

N (N − 1) and consider the

of the chaotic attractor to which

the trajectories belongs can be found by:

C(R) ≈ Rν
that can be written, in a more explicit form as:

log C(R)
R−→0 log(R)

ν = lim

However, in numerical practice, just a nite set of sample vectors

si

of a trajectory

can be used, normally given by simulating a dynamical system and evaluating the
state
and

si = s(x, Θ, ti )

Θ

at time instants

are the model parameter.

ti ,

for

i = i, ..., N,

where

x

For approximating the limit

are the initial values

R −→ 0

one should

consider a small scale values of the ratio above, and the log-log plot produced by
evaluating

log C(R)

at dierent values of

log(R).

In order to perform the numerical

approximation of the correlation dimension, a number of selections have to be made.

Instead of approximating the fractal dimension of an attractor by the small scale properties of trajectory samples, the target is to use the construct of correlation integrals
to get a measure for the distance between dierent model trajectories. As a tool for
this, [1] re-interpreted the denition in
Typically, the

1, ..., N.

C(R, N )

The condition

(33).

values are calculated from a single trajectory sample

i 6= j

si , i =

is added in order to eliminate the point itself from the

count of the neighbourhood. One can note that this same expression can be computed
also for two dierent trajectories, obtained from the same model but using dierent

Θ and/or initial values x. So, lets now consider two dierent trajecs = s(Θ, x) and s̃ = s(Θ̃, x̃), and rewriting (33) for this two one can obtain:

model parameters
tories

C(R, N, Θ, x, Θ̃, x̃) =

For

Θ̃ = Θ

and

Correlation sum

x̃ = x

the formula

(with i 6= j

1
N2

P

(34)

i,j

#(ksi − s˜j k < R).

(34)

reduces to the original denition of the

rule considered again

).
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Similarly to what was done for the numerical calculation of the standard Correlation

dimension, a nite set of values

R = (R1 , ..., RM )

for the radius is chosen. However,

dierently from the standard case, in which only the small scale properties of the trajectories, is used
values

Rk

C(R, N, Θ, x, Θ̃, x̃) is evaluated at all the scales Rk , k = 1, ..., M. The

are chosen in an appropriate manner to cover both the properties of small

and large-scale of the trajectory samples.
If one xes both the time intervals of the sampling

y = C(Θ, x, Θ̃, x̃)

one can write

for the vector given

Let rst consider the case when
variability of the vector
It follows that

y

Θ = Θ̃ = Θ0 ,

ti , i = 1, ..., N and the
by C(R, N, Θ, x, Θ̃, x̃).

vector

i.e., when the model is xed.

is quantied by the randomization of the initial values

y = C(Θ0 , x, Θ0 , x̃)

R,

The

x, x̃.

is a M−dimensional stochastic vector , for which

it is possible to determinate numerically the distribution, which from now on will be
denoted by

D(Θ0 ).

It can be noted also that even very small perturbations, after a predictable time interval lead to dierent trajectories, but such disturbances are irrelevant as long as the
trajectories converge to the same attractor. An initial time interval should be skipped
while computing

y, in order to ensure that the distribution in independent on the initial

perturbations.

The expressions

y = C(R, N, Θ, x, Θ̃, x̃)

provide the empirical cumulative distribution

function of the respective set of distances

di,j = ksi − s̃j k .

Under some regularity conditions, given

R

C(R, N, Θ, x, Θ̃, x̃),

and

N

xed, one has that the values of

which are averages of random variables, converge to a Normal

distribution. A formal proof of this result have been made in the the article [2], which
will be reported in the Subsection 5.1.3.

In the numerical experiments that follow,

the average and the covariance of the sample is calculated by simulated the training
set, and it is veried that the approximation of empirical distributions of
Gaussian.

D(Θ0 )

are

Having done this one can determine which vectors can be considered as

samples of this same distribution.

5.1.2

Parameter estimation by the correlation integral likelihood

The distribution of
ters

Θ 6= Θ0

y = C(Θ0 , x, Θ0 , x̃)

can now be used to determine other parame-

that generate trajectories, which t to this same distribution, i.e., such

that the variability of the trajectory given by the dierence of the parameters used is
indistinguishable from the one given by chaotic system with xed parameters. Despite
the statistics of the vector

y

are unknown, they can be estimated. Samples of

y

can be
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simulated numerically from a training set obtained by repeated computations of the
values of the trajectories in xed time intervals by varying the initial values.
In this way one get the likelihood function that allows to create, using a proper MCMC
sampling method

(AM

for example), the posterior distribution of the parameters.

One can note that, given the chaoticity and the perturbation of the initial values, the
evaluation of the likelihood is non−deterministic. But, despite this, the average distances in

C(R, N, Θ, x, Θ̃, x̃),

integrates the information contained in the trajectories

in such a way that this variability becomes considerably limited, allowing the use of
MCMC methods in a usual way
At a pseudo code level this procedure can be summarized in:

1. Select a reference parameter value for

Θ0 .

2. Create a training set of the vectors

y = C(Θ0 , x, Θ0 , x̃)

x, x̃.

varying initial values

3. Create the empirical statistical distribution
computing the mean

via simulations with

µ0

and the covariance

D(Θ0 )
Σ0

as a Gaussian likelihood, by

of the training set vectors

4. Sample this likelihood to nd those model parameters

y = C(Θ0 , x, Θ0 , x̃) belongs to the distribution D0 .

Θ

for which the vector

The samples are created with

a standard MCMC method but with randomized initial values

5.1.3

x, x̃

Weak convergence of the empirical distribution function to a Gaussian distribution

The demonstration of the result comes mainly from [2]. Before proceeding with the
result itself, there will be made a number of denitions aimed to facilitate its comprehension.

Denition 24.

Let

(Ω, F, P )

be a probability space and let

(Zn )n∈Z

be a stationary

stochastic process.

(i) We call a sequence
measurable function

(Xn )n∈Z
f

a

two-sided functional

dened on

R

Z

of

(Zn )n∈Z

if there is a

such that

Xn = f ((Zn+k )k∈Z ).
One can note that

(Xn )n∈Z

is necessarily a stationary stochastic process.
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(ii) Similarly, if

(Zn )n≤0
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is one-sided and if

Xn = f ((Zn+k )k≤0 )
for

n≤0

f,

and measurable

(Xn )n≤0

then

is called a

one-sided functional of

(Zn )n≤0 .

Denition 25.

(Zn )n∈Z

A process

is called

absolutely regular if βk −→ 0 where

(
βk = 2 sup
n

)
sup (P (A|An1 ) − P (A))

A∈A∞
n+k

(
= sup sup
n

I X
J
X

)
|P (Ai ∩ Bj ) − P (Ai )P (Bj )|

i=1 j=1

where the last supremum is over all nite
all nite

A∞
n+k −

0

(an )n∈Z

f : RZ −→ R

(i) A two-sided functional

C>0

are constants

satisfying

and

0<α<1

an = a0n

for

partitions

(A1 , ..., AI )

and

(B1 , ..., Bj ).

measurable partitions

Denition 26.

An1 −measurable

is called

Lipschitz if there

such that for any two sequences

−l ≤ n ≤ l

(an )n∈Z

and

one have

|f ((an )) − f ((a0n ))| ≤ Cαl .
(ii) Similarly, a one-sided functional

0≤n≤l

f : RN −→ R

is called Lipschitz if

an = a0n

for

implies

|f ((an )) − f ((a0n ))| ≤ Cαl ,
for some constants

Denition 27.

Let

are constants with

C>0

and

0 < α < 1.

r ≥ 1 and dene the σ−f ields Al−l = σ(Z−l , ..., Zl ). Suppose (al )l≥0

al −→ 0. (Xn )n∈Z

satises the

r-approximation condition if

E|X0 − E(X0 |Al−l )|r ≤ al .
Alternatively, one can say that
stants

(al )l≥0

of

Denition 28.

(Zn )n∈Z .
Let

(Xn )n∈Z

is an

There is a similar denition in the one-sided case.

h : Rk −→ R

be a measurable function, invariant under permu-

tation of its arguments. Then we dene the
the kernel

h

by

 −1
X
n
Un =
m
1≤i <...<i
1

where

{Xn }n∈N

distribution

F.

r-approximating functional with con-

U-statistic of degree m corresponding to
h(Xi1 , ..., Xim ),
m ≤n

is a stationary sequence of k-dimensional random vectors with common
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Denition 29.
tribution on

g : R −→ R

Let

R.

We say that

φ : (0, ∞) −→ (0, ∞)

g

be a measurable function, and let

is

p-continuous

φ() = o(1)

with

as

 −→ 0

with respect to

F

F

46

be some dis-

if there exists

such that

E(|g(X) − g(X 0 )|p 1{|X−X 0 |≤} ) ≤ φ()
X

holds for all random variables

While working in the context of

p − continuity ,
that

h(X, Y )

and

X0

with distribution

U − statistics

and

0

h(X , Y )

are close whenever

F.

one need to generalize the concept of

h : R2 −→ R2 .

so to make it sweetable also for kernels

0

(35)

X

and

X

0

are close in

The request is

p − mean

with

respect to a restricted class of probability distributions.

Denition 30.

Let

(Xn )n∈Z

be a stationary stochastic process and let

be a measurable, symmetric kernel. Then

φ : (0, ∞) −→ (0, ∞)

with

φ() = o(1)

as

h is p-continuous
 −→ 0 such that

h : R2 −→ R

if there exists a function

E(|h(X, Y ) − h(X 0 , Y )|p 1{|X−X 0 |≤} ) ≤ φ()
X, X, Y with marginal distribution F
F × F or PX0 ,Xk for some k ∈ N.

for all random variables
either has distribution

Let

(Xn )n≥1

be a stationary ergodic process of

F (t) := P (X1 ≤ t).
Fn : R −→ R by

marginal distribution function
can be dened as

(36)

R − valued

and such that

(X, Y )

random variables with

The empirical distribution function

1
# {1 ≤ i ≤ n : Xi ≤ t}
n
n
1X
1(−∞,t] (Xi )
=
n i=1

Fn (t) =

This distribution can be considered as a natural estimation of the true distribution
function

F (t).

Thanks to the Ergodic Theorem

Fn (t)

converges to

F (t)

almost surely.
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For this reason, it is important to study the asymptotic properties of the normalized
dierences

(known

also as normalized dierences)

Wn (t) =

p
(n)(Fn (t) − F (t)).

Fn (t) is the distribution function that, for all the values Xi , with 1 ≤ i ≤ n
R
1
1
, it places a mass . Given that, Fn (t) can be rewritten as Fn (t) =
1(−∞,t] (s)dFn (s),
n
n

Noting that

and therefore

Wn (t) =

√

Z

Z
1(−∞,t] (s)dFn (s) −

n


1(−∞,t] (s)dFn (s)

This last rappresentation motivates the study of the generalized empirical process

Wn (t) =
where

√
√ R
n ut (s)d(Fn (s) − F (s)) = n

1
n

Pn

i=1 ut (Xi ) −

R


ut (x)dF (x)

(37)

U = {ut , t ∈ [0, t0 ]} is a one-parameter class of functions, satisfying the following

properties

0 ≤ ut (x) ≤ 1, ∀t ∈ [0, t0 ], ∀x ∈ R

(38)

us (x) ≤ ut (x), f or0 ≤ s ≤ t ≤ t0 , ∀x ∈ R.

(39)

One can assume, without loss of generality that

t0 = 1

and thus dene

G(t) = Eut (X0 ) and gt (x) = ut (x) − G(t).
[0, 1] G can be assumed to be Lipschitz, i.e., that there exists a constant
for all t, s ∈ [0, 1]

On the interval

C

such that

|G(t) − G(s)| ≤ C|t − s|

One can view

{Wn (t), 0 ≤ t ≤ 1}

continuous functions on

[0, 1]

as a random element of

(40)

D[0, 1],

the space of right-

with left limit, equipped with the Skorohod topology.
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Theorem 7.

Let

(Xn )n∈N

be a

1 − approximating

functional with constants

of an absolutely regular process with mixing coecients

P∞

δ/(2+δ)

k=0

for some
that

0 < δ < 1.

ut , t ∈ [0, 1],

Let

U

k 2 βk

(ak )k≥0

satisfying

< ∞,

(41)

be a class of functions satisfying

1 − continuous

are

(βk )k≥0

48

in the sense of

(35),

(38)

and

(39),

with the same

and assume

φ

for all

t.

Assume moreover that

P∞

δ/(2+2δ)

k=0

k 2 ak

< ∞, and

Assume moreover that the function
process

P∞

k=0

√
k 2 (φ( 2ak ))δ/(1+δ) < ∞

G(t) satises the condition (40).

(42)

Then the empirical

{Wn (t), 0 ≤ t ≤ 1}n∈N , dened in (37), converges weakly in D[0, 1] to the mean-

zero Gaussian process

{W (t), 0 ≤ t ≤ 1}

with covariance structure

Cov(W (s), W (t)) = Cov(us (X1 ), ut (X1 ))
P∞
P
+ ∞
k=1 Cov(us (Xk+1 ), ut (X1 )).
k=1 Cov(us (X1 ), ut (Xk+1 )) +
Moreover, the series on the r.h.s. of

W

(43)

converges absolutely, and the limiting process

has continuous sample paths with probability

Denition 31.

Let

(Xn )n≥1

(43)

1.

be a stationary stochastic process and let

h : Rm −→ R

be a measurable symmetric function. Then

Un (t) :=
is called a

1
n
m

X

1≤i1 ...≤im ≤n

1{h(Xi ,...,Xi )≤t } , t ∈ R,
m
1

U-statistic empirical distribution function or an empirical distribution

function of U-statistic type.

When

The

t

is xed,

Un (t)

is a

U − statistic

with kernel given by

U − statistic empirical distribution f unction

1{h(Xi ,...,Xi )≤t } .
m
1

is the natural estimator for

U (t) = P (h(Y1 , ..., Ym ) ≤ t)
where

Y1 , ..., Ym

are independent random variables, that have the same marginal dis-

tribution as the process

Un (t)

(Xn )n≥1 .

When the considered observations are independent,

has many nice properties, such as: it is unbiased and it is the minimum variance

estimator of

U (t).

When one have to deal with statistical applications, approxima-
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{Un (t) − U (t), t ∈ R}

tions for the distribution of the process

are required.

such a cases is when one have to determine the condence bands for
This leads naturally to the study of the empirical process of

{Wn (t), t ∈ R},

Wn (t)

One of

{U (t), t ∈ R} .

U − statistics

structure

dened by

Wn (t) =
where

49

is also known as

√
n(Un (t) − U (t)),

U − process.

Let

H = {h(x, y, t) : t ∈ [0, 1]}
(Xn )n∈Z

denote a class of kernel functions, and let
One can dene the processes

be a stationary stochastic process.

({Un (t), t ∈ [0, 1]})n≥1 , {U (t), t ∈ [0, 1]} and ({Wn (t), t ∈ [0, 1]})n≥1

by

X
2
h(Xi , Xj , t),
n(n − 1) 1≤i<j≤n
Z
U (t) = h(x, y, t)dF (x)dF (y),

Un (t) =

Wn (t) =

√
n(Un (t) − U (t)).

Lets moreover assume that for all

x, y ∈ R

(A)

0 ≤ h(x, y, t) ≤ 1, h(x, y, 0) = 0,

(B)

h(x, y, t)

is increasing in t, for xed

Dene

and

t ∈ [0, 1]

x, y ∈ R.

Z
h1 (x, t) =

h(x, y, t)dF (y).
Rk

One can note that, if the kernel function
the function

h1

Lipschitz conditions on

C>0

satises the conditions

satises analogous conditions, namely

and it is increasing in t.

constant

h

0

(B),

then

In addition to that, one have to impose also the uniform

EX0 ,Xk h(X0 , Xk , t)

and

EX0 ,Xk h(X0 , Xt , t),

i.e., there exist a

such that

s, t ∈ [0, 1]

and

k ≥ 1.

conditions, will be proven that the
with mean

and

0 ≤ h1 (x, t) ≤ 1, h1 (x, 0) = 0

|U (t) − U (s)| ≤ C|t − s|, |Eh(X0 , Xk , t) − Eh(X0 , Xk , s)|
holds for all

(A)

≤ C|t − s|

(44)

In the following result, under some regularity

U − process converge weakly to a Gaussian process

and covariance given by
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E(W (s)W (t)) = 4Cov(h1 (X1 , s)h1 (X1 , t))
P
+4 { ∞
k=1 Cov(h1 (X1 , s)h1 (Xk+1 , t)) + Cov(h1 (X1 , t)h1 (Xk+1 , s))} .

Theorem 8.
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(45)

1 − approximating functional with constants (ak )k≥0 of
an absolutely regular process with mixing rate (βk )k≥0 . Suppose that the class of kernels
H

satises

the same

(Xn )n∈Z

Let

(A)

(B),

and

φ − f unction

be a

ht

that

for all

is uniformly

t ∈ [0, 1])

1 − continuous (i.e.

that

(36)

holds with

(44)

hold. Moreover assume that the

k 2 (ak + βk )1/2 < ∞,

(46)

√
k 5 φ( ak ) < ∞,

(47)

and that

following summability conditions hold:

P∞

k=0

P∞

k=0

in addition to

(41)

√
(42). Then the process (Wn = n(Un (t) − U (t)), t ∈ [0, 1])n∈N
D[0, 1] to the mean-zero Gaussian process (W (t), t ∈ [0, 1]) with

and

converges weakly in

covariance structure given by
the limit process

Proof:

W

(45).

Moreover, the series

has continuous sample paths on

According to the

Hoef f ding 0 s

(45)

[0, 1]

converges absolutely, and

with probability 1.

projection method cited in [2],

Un (t)

decomposed as

n

Un (t) = U (t) +

2X
(h(1)(Xi , t) − U (t)) + Rn (t),
n i=1

where

Rn (t) =

X
2
(h(Xi , Xj , t) − h1 (Xi , t) − h1 (Xj , t) + U (t))
n(n − 1) 1≤i<j≤n

is the reminder of

Un (t).

Thus, the process

Wn (t)

can be rewritten as

n

√
√
2 X
Wn (t) = √
(h1 (Xi , t) − U (t)) + nRn (t) = Wn0 (t) + nRn (t),
n i=1
where

n

Wn0 (t)

2 X
=√
(h1 (Xi , t) − U (t)).
n i=1

can be
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One can note that the process
indexed by the functions
weakly in
by

{Wn0 , 0 ≤ t ≤ 1}

h1 (x, t).
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has the form of an empirical process

Thus, the Theorem 7 implies that

D[0, 1] to the mean-zero Gaussian process W

Wn0

converges

with covariance structure given

(45).
(Wn )n≥1
√
{ nRn (t), 0 ≤ t ≤ 1}

This establishes weak convergence of

to some limit, provided one can prove

that the reminder terms

converge in probability to

0.

See [2] for

the proof of this last.

Application of the Theorem 8 to dimension estimation
In what follows will veried the conditions of the kernel function as well as the mixing
behaviour of the process.
Lets assume that the data sequence

(Xn )n≥0

is generated by one of our dynamical

(βk )k≥0 and the 1 − aproximating rate
[2]). Lets denote by F the marginal dis-

systems. The conditions about the mixing rate
are assumed to be satised

(

see Section

1

of

tribution of the sequence having a compact support. While estimating the correlation
dimension, one have to study the sample correlation integrals

Un (t) =
which is a

U − process

X
2
1 ≤ i, j ≤ n1{kXi −Xj k≤t}
n(n − 1)

having

h(x, y, t), 0 ≤ t ≤ r0 ,

given by

h(x, y, t) = 1{kx−yk≤t} .
Withouth loss of generality one can assume that

r0 = 1.

The terms of the Hoeding

decomposition are given by

Z
1{kx−yk≤t} dF (y) = P (kx − Y k ≤ t, )
Z Z
U (t) =
1{kx−yk≤t} dF (x)dF (y) = P (kX − Y k ≤ t)

h1 (t) =

F. Since the mono
tonicity and boundedness conditions (A) and (B) of the class of kernels 1{kx−yk≤t} , 0 ≤ t ≤ 1
where

X

and

Y

are independent random variables with distribution

are automatically satised, it remains to verify conditions

1 − approximating
that the kernels
continuity

φ()

condition.

(44)

as well as the uniform

Thanks to some arguments made in [2] one can nd

h(x, y, t), 0 ≤ t ≤ 1,

are uniformly

1 − continuous

if

P (t −  ≤ kX0 − Xk k ≤ t + ) ≤ φ(),
P (t −  ≤ kX − Y k ≤ t + ) ≤ φ().

with modulus of
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holds for all

F.

0 ≤ t ≤ 1,  > 0, k ≥ 1,

This inequalities follows with

where

X and Y

φ() = 2C ,

are independent with distribution

if one can show that

P (s ≤ kX0 − Xk k ≤ t) ≤ 2C|t − s|
P (s ≤ kX − Y k ≤ t)
holds for all

s, t ∈ [0, 1].

Since

(48)

The second part of the condition
product distribution

kX − yk

(44)

it is sucient to verify the

(48).

its in general easier to verify, as it involves the

F × F. In the case when F

the Lebesgue measure,

(48)

≤ 2C|t − s|

implies also

(48)

52

has a bounded density with respect to

also has a bounded density and thus

P (s ≤ kX − Y k ≤ t) ≤ M |t − s|
where

M

kX − Y k It
case), i.e., if

is an upper bound on the density of

integral obey an exact scaling law

(as

in our

holds also if the correlation

U (t) = cta , 0 ≤ t ≤ t0 ,
where the exponent
for

a ≥ 1,

since according to the mean value Theorem, one have that

0 ≤ s ≤ t ≤ t0
U (t) − U (s) = ta − sa = (t − s)aψ a−1 ,

where
part of
here.

φ ∈ (s, t).

It can be noted that

(48) holds.

The rst part of

aψ a−1

is bounded as

a≥1

so that the second

(48) its much more dicult to verify and is omitted
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5.2 Rossler and Chua models
Before proceeding with the numerical experiments the equations of chaotic attractors
of Rossler and

P enta − scroll Chua (5Chua)

and their graphical behaviour will be

introduced.
The information about the two attractors comes mainly from [10], [11], [12], [14], [13],
[15], [16].

5.2.1

Rossler attractor
(49)

The Rossler ODE system

invented by Otto Rossler in

system that generates chaos. It has a

(X, Y, Z)

and

3

parameters

a, b, c.

3 − dimensional

1976,

is a simple ODE

State space given by the triple

It is possible to construct a circuit which produces

the Rossler chaotic behavior, that can be visualized using a

2D

oscilloscope display.

See [13] for more informations about how to build it. The system is given by











dX
dt

= −Y − Z,

dY
dt

= X + a ∗ Y,

dZ
dt

= b + Z ∗ (X − c).

(49)

In our study the following initial values and following constants were used:

Rossler
Parameters

a = 0.2

b = 0.2

c = 5.7

Initial values

X0 =0.1

Y0 = 0.1 Z0 = 0.1

Table 1: Summary of the parameters used for the Rossler simulations
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Penta-scroll Chua attractor

The Chua circuit is a circuit invented by Leon Chua in the

Inductor L (with

internal resistances), two

and a non−negative non−linear

1983,

Capacitors C1 , C2 ,

Resistor Ri .

composed by an

a linear

Resistor R

This kind of circuit has been shown to

be the simplest autonomous electric circuit capable of exhibiting chaotic behaviour. In
this form it has a

3 − dimensional

State space and

4

parameters.

(a) Chua circuit diagram
Figure 2:

Where:

inductor (mH),

C1 , C2

Vcc+,−

(b) Chua circuit

are capacitors (nF),

Ri

are the resistances

(Ω),

L is the

is the battery voltage (V), [11]

It is possible to increase the chaoticity of the state space by adding more components
to this same kind of circuits.

The result is that both the number of scrolls and the

amount of parameters needed to represent it increase.
In what follows we will study the

13-parameters P enta−scroll Chua attractor (5Chua).

In the

5Chua ODE system the 3-dimensional State space is given by the triple (X, Y, Z)

where

X, Z

represents the voltage while

Y

represents the current trough the Inductor.

The parameters values comes from the circuit components.
calculated from the values of
slope of the

i − th

L, C1 , C2 , R while ci

and

mi

The values of

a, b

are

represent break−point and

segment respectively. Fore more detail about how to construct a

real Chua circuit, or to more deeply understand how the parameters used comes out

5

PARAMETER ESTIMATION OF A CHAOTIC DYNAMICAL SYSTEM

55

see [11], [12] , [14], [15], [16]. The system reads as























dX
dt

= a ∗ (Y − h)

dY
dt

=X −Y +Z

dZ
dt

= −b ∗ Y,

(50)

where h is given by

5

1 X
h = m5 ∗ X + ∗
(mi−1 − mi )(|X + ci | − |X − ci |)
2 i=1
In the study were used initial values and constants given below

5Chua
Parameters

a = 14

m0 = 0.9/7 m1 = −3/7 c1 = 1.0 c2 = 2.15

b = 20

m2 = 3.5/7 m3 = −2/7

c3 = 3.6 c4 = 6.2

m4 = 4/7 m5 = −2.4/7

c5 = 9

Y0 = 0.1

Z0 = 0.1

Initial values

X0 =0.1

Table 2: Summary of the parameters used for the 5Chua simulations

In the Figures

(3)

one can see two dierent attractors analysed from dierent angles.
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Figure 3: The two attractors from dierent angles, above Rossler, below 5Chua.

5.3 Simulations, general study of the Rossler and 5Chua attractors
In this section we give a step by step explanation of the outputs obtained by simulating
the two models with the parameters summerized in Table

(3).

Note that in all the

gures, the Rossler attractor will be presented on the left side while the

5Chua attractor

on the right side.

In the Figures

(4a) and (4b), The X

variable is represented by the blue line, the

able is represented by the red line while the yellow one represents the
red circles are the

N = 1500 measurements si

made from the attractors at

spaced time points over the integration interval
calculate an

N ×N

matrix D,

Dij = ksi − sj k ,

Before proceeding with the calculation of
choose good values for

Rk .

Y

[0, T ], T = 3000.

Z

vari-

variable.The

N

uniformly

The program then

of distances between the points.

C(Rk , N ), k = 1, ..., M

As made in [1] were used values

it is important to

Rk = b−k R0 ,

found in

3. The selection of b, M, and R0 have to be made in a way that the largest ball
B(si , R0 ) contains all the trajectory points of s̃j ∀i, j and M is such that RM = b−M R0

Table

is small enough.
Then were created the
sualizable in Figures

log − log

(5a)

and

curve

(5b).

log(C(Rk , N )) vs log(Rk ), k = 1, ..., M

All the other blue ones in the same gures are

computed in a similar way considering

NN

randomized initial values, where

as vi-

C(R, N, Θ0 , x, Θ0 , x̃)

NN

instead of

C(R, N )

represents the length of the training set.

for
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(a) Rossler: X-blue, Y-yellow, Z-red, the red (b) 5Chua:X-blue,Y-yellow,Z-red, red-dots are
dots are the measurements

measurements

(c) Rollser: 3D State space of simulations
Figure 4: The

3D

(d) 5Chua: 3D State space of simulations

state space with respective measurements, (T=3000,N=1500)

y = C(Θ0 , x, Θ, x̃) was approximated
calculating the mean µ0 and the covariance matrix Σ0 of

After that the distribution of the random vector
with a Gaussian distribution,
the training set.

In order to verify that it has a Gaussian behaviour, were computed the statistics of
the expression

(µ0 − y)Σ−1
0 (µ0 − y)

which should follows the

degrees of freedom , for a Gaussian y. As one can note in

χ2M

distribution, with

M

(5c) and (5d) the distributions

matches very well.

The Gaussian likelihood estimated from the training is saved since it is needed in the
next steps.

The non−normalized likelihood for

exp(JΘ0 (Θ, x)),

where

JΘ0 (Θ, x)

Θ 6= Θ0

is given as the expression

is given from

1
JΘ0 (Θ, x) = − (µ0 − y(Θ, x))Σ−1
0 (µ0 − y(Θ, x))
2
with

µ0 and Σ0 given by the training set We can write Y (Θ, x) = C(R, N, Θ0 , x0 , Θ, x) =

C(Θ0 , x0 , Θ, x)

since

R

and

N

are xed. We can note that

x

and

x0

are randomized
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(a) Rossler:log(C(Θ0 , x, Θ0 , x̃))vs.log(Rk )
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(b) 5Chua:log(C(Θ0 , x, Θ0 , x̃))vs.log(Rk )

(c) Rossler: approximated distribution in blue, (d) 5chua: approximated distribution in blue,

χ2 -test

χ2 -test

in orange

Figure 5: Correlation curve modied blue and the

in orange

χ2 −tests, (T=3000,N=1500,M=10)

for each evaluation.
To compute the parameter posterior distribution was used the AM sampling method.
Figures

(8)

visualize the

also in Figures

(6a)

and

2D

marginal distributions obtained for the two models. Note

(6b)

that the chain points are mixing well, as theoretically

expected.

The

3D

shape of the posteriors is presented in Figure

as a crushed biscuit.

(9).

As one can note it looks

The two green points represents two boundary points of the

biscuit while the two red ones are taken voluntarily outside the that region, on the
same direction as the green points.
These four points are used to compare graphically the attractors obtained from the
parameters inside the biscuit vs. the one obtained from the basic initial parameters,
and parameters outside that area vs. the same basic initial parameters.
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(a) Rossler: chain mixing
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(b) 5Chua: chain mixing

Figure 6: The two models chain mixing, (T=3000,N=1500)

(a) Rossler: posterior distribution of each (b) 5Chua: posterior distribution of each
parameter

parameter

Figure 7: The two models posterior distribution of each parameter, (T=3000,N=1500)

From the graphical result it is possible to conclude that, at least in this case the results
are not the same as in the Lorenz one, since the attractors obtained from boundary
points of the posterior distribution do not represent very well the initial attractor (even
if more internal points of the parameter posterior of this represent it well).
However, the external points generate attractors that are denitely not representatives
of the initial chaotic attractor. This led us to go to inspect whether there are some
conditions that have to be changed in order to improve the quality of the results.
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(a) Rossler:

2D projections of posterior (b) 5Chua: 2D projections of posterior pa-

parameters

rameters

Figure 8: 2D projections of the posterior distributions, (T=3000,N=1500)

(a) Rossler: 3D posterior, green boundary (b) 5Chua: 3D posterior, green boundary
pnt., red out pnt.

pnt., red out pnt.

Figure 9: The parameters posterior distributions in 3D, (T=3000,N=1500)
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Rossler attractor

5Chua
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attractor

Model

T, Sim. len.

3000

3000

N, Num. obs.

1500

1500

Solver

RK4

RK4

Solver step

10−3

10−3

Tot. Num. par.

3

13

Ref.par.val.

a = 0.2

a = 14

b = 0.2

b = 20

c = 5.7

m0 =

0.9
7

(0.1, 0.1, 0.1)

(0.1, 0.1, 0.1)

20000

20000

max. dist.

28

28

b, base

1.8

1.8

k, min. exp of b

1

1

M, max. exp of b

10

10

Algorithm

AM

AM

Chain length

20000

20000

Init. val.

Correlation function

NN, leng. train. set

R0 ,

MCMC

Table 3:

Summary of the parameters used while simulating the model with. Simu-

lation length=T=3000, Number of observations=N=1500, Total number of observations= Tot.

Num.obs, Tototal number of parameters= Tot.Num.par., Reference pa-

rameters= Ref.par.val., Initial values=Init.val., Length of the training set=NN, Biggest
radius=R0, Number of radiuses=M
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Rossler:

bound- (b)

Rossler:

bound- (c) 5Chua:

boundary (d) 5Chua:

ary param1.-green, ini- ary param2.-green, ini- param1.-green,
tial param.-blue

tial param.-blue

param.-blue

62

boundary

initial param2.-green,

initial

param.-blue

Figure 10: Attractors from 2 parameters inside the condent region (green) vs attractor
from initial parameters (blue), (T=3000,N=1500)

(a)

Rossler:

param1.-red,
param.-blue

outside (b)

Rossler:

initial param2.-red,
param.-blue;

outside (c)

5Chua:

initial param1.-red,
param.-blue

outside (d)

5Chua:

outside

initial param2.-red,

initial

param.-blue

Figure 11: Attractors from 2 parameters outside the condent region (red) vs attractor
from initial parameters (blue), (T=3000,N=1500)
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Test for understanding how long training set is needed
Since the computation time for the training set was long, we made a test in order
to optimize the number of points in the training set, NN, without loosing the precision of the distribution obtained. For the accuracy estimation were considered the
dierence between the estimated distribution and the theoretical

P

i∈Int

|χest − χtheo |

where

Int

obtained by training set of

N N = 50000

start to increase, see Table

(4)

i.e.,

and then reduce

dif f _χ :=

2

χ − test.
the dif f _χ for

is the interval considered for

The criteria adopted for the optimization was: compute

χ2M ,

NN

the

χ2 − test

until this error do not

for the results.

It comes out that the training set size of

N N = 15000 − 20000

is a good choice for

having a good precision with lower computation time.

Table 4: Dierences in
N=1500

length train. set

Rossler

5Chua

500

0.1364

0.1611

1000

0.1198

0.1524

2500

0.1054

0.1611

5000

0.0865

0.0932

10000

0.0788

0.0726

15000

0.0691

0.0651

25000

0.0654

0.0565

50000

0.0929

0.0600

χ2 -test

while considering dierent training set length, T=3000,

5

PARAMETER ESTIMATION OF A CHAOTIC DYNAMICAL SYSTEM

64

5.4 Model simulated considering too short interval of time
The second aspect that we be analysed is the integration time interval
select

T = 100 and N = 100 measurements from the attractor.

[0, T ].

We take

One can note that with

such conditions the computational time is much shorter.

Immediately form the Figures 12 it is possible to note that the attractors general
behaviour is not represented very well in such a small time interval. Indeed Rossler
remains predictable.

(a) Rossler: X-blue, Y-yellow, Z-red, red-dots (b) 5Chua:X-blue,Y-yellow,Z-red, red-dots are
are measurements

measurements

(c) Rollser: 3D State space of simulations
Figure 12: The

3D

The log-log curves,

(d) 5Chua: 3D State space of simulations

state space with respective measurements, (T=100,N=100)

log(C(R, N, Θ0 , x, Θ0 , x̃) vs log(Rk ), k = 1, .., M

represented in

Figures 13a, 13b illustrates two opposite situations. The one coming from the simulation of the

5Chua

attractor has a dramatic behaviour

(as

expectable), with a very

high variability, while the Rossler's log-log plot shows a very regular behaviour, even
higher that the one of the rst example

(T=3000,N=1500).

This have obvious consequences also on the

χ2 − test

visualizable in Figures 13c, 13d.

Even in this case the Rossler distribution matches very well with the theoretical one,
while the

5Chua

one is evidently shifted.
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Rossler attractor

5Chua
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attractor

Model

T, Sim. len.

100

100

N, Num. obs.

100

100

Solver

RK4

RK4

Solver step

10−3

10−3

Tot. Num. par.

3

13

Ref.par.val.

a = 0.2

a = 14

b = 0.2

b = 20

c = 5.7

m0 =

0.9
7

(0.1, 0.1, 0.1)

(0.1, 0.1, 0.1)

20000

20000

max. dist.

28

28

b, base

1.8

1.8

k, min. exp of b

1

1

M, max. exp of b

10

10

Algorithm

AM

AM

Chain length

20000

20000

Init. val.

Correlation function

NN, leng. train. set

R0 ,

MCMC

Table 5: Summary of the parameters in the case when (T=100,N=100)

The Figure 14 reveals that the

5Chua

chain was mixing very slowly while the Rossler

one have a good behaviour.

From the Figures 18, 19 it is possible to note that the Rossler attractor obtained from
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(a) Rossler:log(C(Θ0 , x, Θ0 , x̃))vs.log(Rk )
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(b) 5Chua:log(C(Θ0 , x, Θ0 , x̃))vs.log(Rk )

(c) Rossler: approximated distribution in blue, (d) 5chua: approximated distribution in blue,

χ2 -test

in orange

χ2 -test

in orange

Figure 13: Correlation curve modied blue and the

(a) Rossler: chain mixing

χ2 − tests,

(T=100,N=100)

(b) 5Chua: chain mixing

Figure 14: The two models chain mixing, (T=100,N=100)
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(a) Rossler: posterior distribution of each (b) 5Chua: posterior distribution of each
parameter

parameter

Figure 15: The two models posterior distribution of each parameter, (T=100,N=100)

(a) Rossler:

2D projections of posterior (b) 5Chua: 2D projections of posterior pa-

parameters

rameters

Figure 16: 2D projections of the posterior distributions, (T=100,N=100)

the boundary points of the posterior distribution are excellent representatives of the
initial attractors but that also the external points are good as well. This result means
that the Rossler's posterior distribution should be expanded in order to include also all
the other good representatives that in this case are missing. This is a perfect example
of the danger of using deterministic time interval.
In the contrary, in the

5Chua case it is clear that both boundary green points generate

chaotic attractors with dierent topology with respect to the initial case and thus can
be considered as a total fail. This case illustrates the risk of using a time interval long
enough to create chaos, but too short to explore the attractor properly
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(a) Rossler: 3D posterior, green boundary (b) 5Chua: 3D posterior, green boundary
pnt., red out pnt.

pnt., red out pnt.

Figure 17: The cruched biscuit-parameters posterior distribution 3D, (T=100,N=100)

(a)

Rossler:

bound- (b)

Rossler:

bound- (c) 5Chua:

boundary (d) 5Chua:

ary param1.-green, ini- ary param2.-green, ini- param1.-green,
tial param.-blue

tial param.-blue

param.-blue

boundary

initial param2.-green,

initial

param.-blue

Figure 18: Attractors from 2 parameters inside the condent region (green) vs attractor
from initial parameters (blue), (T=100,N=100)
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Rossler:

param1.-red,
param.-blue

outside (b)

Rossler:

initial param2.-red,
param.-blue;

outside (c)

5Chua:

initial param1.-red,
param.-blue

outside (d)

69

5Chua:

outside

initial param2.-red,

initial

param.-blue

Figure 19: Attractors from 2 parameters outside the condent region (red) vs attractor
from initial parameters (blue), (T=100,N=100)
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5.5 Model simulated using too many observations
The following Section is devoted to the study of the case when the time interval
is given by

T = 300

with

N = 3000

[0, T ],

measurements form the attractor, and thus

will be called the over-sampled case. A rst comment is that over-sampling of the
attractor have a very strong inuence on the computational time needed for making
the simulations, increasing it exponentially.

In Figures 20 it is possible to note that under such conditions the attractors behaviour
is represented very well. However, the measured state vectors are now far from independent samples from the attractor

(a) Rossler: X-blue, Y-yellow, Z-red, red-dots (b) 5Chua:X-blue,Y-yellow,Z-red, red-dots are
are measurements

measurements

(c) Rollser: 3D State space of simulations
Figure 20: The

3D

(d) 5Chua: 3D State space of simulations

state space with respective measurements, (T=300,N=3000)

In both cases the variability in the log-log curves is higher that in the previous ones.
This leads to a systematically shifted distribution

(to

the left) as notable in Figures

21c, 21d.

Contrariwise to what happened in the previous case, the Rossler's chain has very short
jumps around the initial value, while the
see Figure 22.

5Chua

one have a more common behaviour,
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attractor

Model

T, Sim. len.

300

300

N, Num. obs.

3000

3000

Solver

RK4

RK4

Solver step

10−3

10−3

Tot. Num. par.

3

13

Ref.par.val.

a = 0.2

a = 14

b = 0.2

b = 20

c = 5.7

m0 =

0.9
7

(0.1, 0.1, 0.1)

(0.1, 0.1, 0.1)

20000

20000

max. dist.

28

28

b, base

1.8

1.8

k, min. exp of b

1

1

M, max. exp of b

10

10

Algorithm

AM

AM

Chain length

20000

20000

Init. val.

Correlation function

NN, leng. train. set

R0 ,

MCMC

Table 6: Summary of the parameters of the over-sampled simulation

A consequence of this fact is that the Rossler's posterior distribution, Figure 23a projections are very thin and high around the initial parameter values, while the the
are more normal.

5Chua0 s
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(b) 5Chua:log(C(Θ0 , x, Θ0 , x̃))vs.log(Rk )

(c) Rossler: approximated distribution in blue, (d) 5chua: approximated distribution in blue,

χ2 -test

in orange

χ2 -test

in orange

Figure 21: Correlation curve modied blue and the

(a) Rossler: chain mixing

χ2 − tests,

(T=300,N=3000)

(b) 5Chua: chain mixing

Figure 22: The two models chain mixing, (T=300,N=3000)
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(a) Rossler: posterior distribution of each (b) 5Chua: posterior distribution of each
parameter

parameter

Figure 23: The two models posterior distribution of each parameter, (T=300,N=3000)

(a) Rossler:
parameters

2D projections of posterior (b) 5Chua: 2D projections of posterior parameters

Figure 24: 2D projections of the posterior distributions, (T=300,N=3000)

The graphical results obtained from Figures 26 and 27, reveals that in the Rossler case
one point represent quite well the initial attractor while the other can be considered
as a discrete representation of the initial case, really on the boundary of being acceptable or not. Even if more internal points are good representatives, also this time the

5Chua

boundary points could not be considered as good representatives, even if their

behaviour are much better with respect to the previous cases.

5

PARAMETER ESTIMATION OF A CHAOTIC DYNAMICAL SYSTEM

74

(a) Rossler: 3D posterior, green boundary (b) 5Chua: 3D posterior, green boundary
pnt., red out pnt.
Figure

25:

The

pnt., red out pnt.
cruched

biscuit-parameters

posterior

distribution

3D,

(T=300,N=3000)

(a)

Rossler:

bound- (b)

Rossler:

bound- (c) 5Chua:

boundary (d) 5Chua:

ary param1.-green, ini- ary param2.-green, ini- param1.-green,
tial param.-blue

tial param.-blue

param.-blue

boundary

initial param2.-green,

initial

param.-blue

Figure 26: Attractors from 2 parameters inside the condent region (green) vs attractor
from initial parameters (blue), (T=300,N=3000)
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Rossler:

param1.-red,
param.-blue

outside (b)

Rossler:

initial param2.-red,
param.-blue;

outside (c)

5Chua:

initial param1.-red,
param.-blue

outside (d)
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5Chua:

outside

initial param2.-red,

initial

param.-blue

Figure 27: Attractors from 2 parameters outside the condent region (red) vs attractor
from initial parameters (blue), (T=300,N=3000)
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5.6 Model simulated using too few observations
After have considered the the over-sampled case we decided to go to inspect what happens in the under-sampled case, i.e., when the time interval considered is

3000

with

N = 300

[0, T ], T =

equidistant measurements. As notable from Figure 28 it is very

hard to understand the general behaviour of the two attractors from such a sparse
measurements.

(a) Rossler: X-blue, Y-yellow, Z-red, red-dots (b) 5Chua:X-blue,Y-yellow,Z-red, red-dots are
are measurements

measurements

(c) Rollser: 3D State space of simulations
Figure 28: The

3D

(d) 5Chua: 3D State space of simulations

state space with respective measurements, (T=3000,N=300)

It is possible to note from the Figures 29 that the blue log-log curves separate much
faster from the red one than in the previous experiments. Nevertheless, the

χ2 − test

in both cases reveals a much better match of the two distributions with the theoretical
one. Indeed, now the measurements can be considered as independent samples from
the attractor.

Even if the the chain mixes very well and the posterior distribution shapes seems
reasonable,see Figures 30,31,32,33, the boundary points of the posterior distributions
generate attractors that do not characterize suciently the one generated from the
initial parameters.

As notable in the Figures 34 all the green attractors are clearly
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attractor

Model

T, Sim. len.

3000

3000

N, Num. obs.

300

300

Solver

RK4

RK4

Solver step

10−3

10−3

Tot. Num. par.

3

13

Ref.par.val.

a = 0.2

a = 14

b = 0.2

b = 20

c = 5.7

m0 =

0.9
7

(0.1, 0.1, 0.1)

(0.1, 0.1, 0.1)

20000

20000

max. dist.

28

28

b, base

1.8

1.8

k, min. exp of b

1

1

M, max. exp of b

10

10

Algorithm

AM

AM

Chain length

20000

20000

Init. val.

Correlation function

NN, leng. train. set

R0 ,

MCMC

Table 7: Summary of the parameters of the under-sampled simulation

shifted with respect to the blue one. We can conclude that too few observations simply
do not give enough informations, leading to a large variability.
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(b) 5Chua:log(C(Θ0 , x, Θ0 , x̃))vs.log(Rk )

(c) Rossler: approximated distribution in blue, (d) 5chua: approximated distribution in blue,

χ2 -test

in orange

χ2 -test

in orange

Figure 29: Correlation curve modied blue and the

(a) Rossler: chain mixing

χ2 − tests,

(T=3000,N=300)

(b) 5Chua: chain mixing

Figure 30: The two models chain mixing, (T=3000,N=300)
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(a) Rossler: posterior distribution of each (b) 5Chua: posterior distribution of each
parameter

parameter

Figure 31: The two models posterior distribution of each parameter, (T=3000,N=300)

(a) Rossler:
parameters

2D projections of posterior (b) 5Chua: 2D projections of posterior parameters

Figure 32: 2D projections of the posterior distributions, (T=3000,N=300)
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(a) Rossler: 3D posterior, green boundary (b) 5Chua: 3D posterior, green boundary
pnt., red out pnt.
Figure

33:

The

pnt., red out pnt.
cruched

biscuit-parameters

posterior

distribution

3D,

(T=3000,N=300)

(a)

Rossler:

bound- (b)

Rossler:

bound- (c) 5Chua:

boundary (d) 5Chua:

ary param1.-green, ini- ary param2.-green, ini- param1.-green,
tial param.-blue

tial param.-blue

param.-blue

boundary

initial param2.-green,

initial

param.-blue

Figure 34: Attractors from 2 parameters inside the condent region (green) vs attractor
from initial parameters (blue), (T=3000,N=300)
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Rossler:

param1.-red,
param.-blue

outside (b)

Rossler:

initial param2.-red,
param.-blue;

outside (c)

5Chua:

initial param1.-red,
param.-blue

outside (d)
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5Chua:

outside

initial param2.-red,

initial

param.-blue

Figure 35: Attractors from 2 parameters outside the condent region (red) vs attractor
from initial parameters (blue), (T=3000,N=300)
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5.7 Eect of the number of points and time interval
Since we realized that the variability of the chain is one of the main indicators for
obtaining good quality results we decided to make a test that shows how the chain

T and the number of measureT = 100, 300, 600, 900, 1500, 3000 and N =

values variate while changing the time considered
ments

N.

In particular we chose values

100, 300, 600, 900, 1500, 3000.

The graph should be read in the following way, from the

left to the right, rstly the time considered in xed
measurements varies from
ered to

T = 300

N = 3000,

N = 100

to

N = 3000,

(T = 100)

and the number of

then increase the time consid-

and repeat the previous step till the number of measurements is

then increase again the time and so on until it reaches the maximum

(T = 3000, N = 3000).

The graph visible in Figure 36 reveals that for the Rossler case

increasing the time considered and the number of measurements decreases the variability of the chain with very low variability in all the time cases when the number of
measurements is hight (N=3000), while in the

5Chua

case the chain start to oscillate

less just when both the time considered and the number of measurements are high

(T = 3000, N = 3000).

(a) Rossler Test

(b) 5Chua Test

Figure 36: Test for the variability of the chain
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5.8 Stability of the ODE solver
Given the fact that specially in the

5Chua

case the variability is quite high, we de-

cided to check if something happens while changing the ODE solver. From the results
obtained, it is possible to conclude that both our
the Matlab

ODE45

and

ODE15s

F ortran/M atlab − RK4

solver and

solvers were generating similar results, thus we de-

cided to continue with our one, since it is much faster.

In Figures 37 are reported

the attractors generated from the same initial conditions, varying just the ODE solver
used.

Figure 37: Attractors generated from same initial values varying the ODE solver

In some cases, when we were making the study for initial parameters taken near the
boundary limits under which the solution of the ODE exists nite, the model were
blocking on some points while computing the MCMC chain. It is important to insert
in the code all the prior knowledge about the parameters that one have, in order to
reject the eventual points that are outside the existence region, before going to check
if it is acceptable for the MCMC chain, since in this way the ODE solver will not stack
at some point loosing a lot of computing time.
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(b) Model 1 rossler a=0.3
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(c) Model 1 rossler a=0.38

(e) Model 1 rossler a=0.382
(d) Model 1 rossler a=0.382 lengthx10

(f) Model 1 rossler a=0.383

Figure 38: Visualisation of how the Rossler attractor change varying the parameter a

(a) Model 1 rossler a=0.383 (b) Model 1 rossler a=0.383 (c) Model 1 rossler a=0.383
length 100

length 125

length 130

(d) Model 1 rossler a=0.383 (e) Model 1 rossler a=0.383 (f)
length 135

length 150

Model

1

rossler

a=0.4

length 55

Figure 39: Slow motion of how the Rossler attractor explode for a outside the existence
region
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5.9 Simulations made using more radiuses while computing the
modied correlation integral
After a lot of simulations we could assert that the best way for having good quality
results would be to consider enough long time intervals with a proper sampling of the
attractor, let say, in our test cases, at least

(T = 4500, N = 2500 − 3000).

But in this

way the computational time grows as well.

To overcome this problem, aware that the point is to increase the informations while
making the training set, we decided to keep xed the initial values
with

N = 1500,

but to increase the number

to decreases the base values

(M = 20, b = 1.5)

and

b.

M

of radiuses considered, obviously going

The combinations considered were

(M = 30, b = 1.25).

[0, T ], T = 3000

(M = 10, b = 1.8),

Increasing these values increased also the

computational cost, but denitely in a more limited way than in the cases when the
time considered

T

and the number of measurements

N

were doubled of even tripled.

As notable from the Figures 40, increasing the number of radiuses

M

increase infor-

mation collected from the attractor and thus the width of the posterior distributions
decreased.

(a) Rossler:Posterior distributions

(b) 5Chua:Posterior distributions

Figure 40: Posterior distributions obtained with: M=10, M=20, M=30

In Figure 42 were compared the chaotic attractors obtained from the boundary points
of the posterior distributions shown in Figure 41 with the one obtained from the initial parameter values.

From the graphical results it is possible to note a signicant

improvement in the results in all the four considered cases, and that, the orange attractors, i.e., the one obtained from the boundary points of the posterior distribution
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attractor

Model

T, Sim. len.

3000

3000

N, Num. obs.

1500

1500

Solver

RK4

RK4

Solver step

10−3

10−3

Tot. Num. par.

3

13

Ref.par.val.

a = 0.2

a = 14

b = 0.2

b = 20

c = 5.7

m0 =

0.9
7

(0.1, 0.1, 0.1)

(0.1, 0.1, 0.1)

20000

20000

28

28

b, base

1.8, 1.5, 1.25

1.8, 1.5, 1.25

k, min. exp of b

1, 1, 1

1, 1, 1

M, max. exp of b

10, 20, 30

10, 20, 30

Algorithm

AM

AM

Chain length

20000

20000

Init. val.

Correlation function

NN, leng. train. set

R0 ,

max. dist.

MCMC

Table 8: Summary of the parameters used while simulating the model with various
(R,b)

with

(M = 30, b = 1.25) can be considered really as representatives of the initial chaotic

attractors, while this last is untrue for all the cases visualizable in Figure 43
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(a) Rossler:Posterior distributions
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(b) 5Chua:Posterior distributions

Figure 41: Posterior distributions with highlighted boundary and external points

(a)

Rossler:boundary (b)

points 1

Rossler:boundary (c)

points 2

5Chua:boundary (d)

points 1

5Chua:boundary

points 2

Figure 42: Rossler attractor from boundary points: initial parameters(blue), boundary
with M=10(green), boundary with M=20(heavenly), boundary with M=30(orange)

5

(a)

PARAMETER ESTIMATION OF A CHAOTIC DYNAMICAL SYSTEM

Rossler:external (b)

points 1

Rossler:external (c)

points 2

points 1

5Chua:external (d)
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5Chua:external

points 2

Figure 43: Rossler attractor from external points: initial parameters(blue), external
with M=10(red), external with M=20(brown), external with M=30(pink)
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APPLICATION OF THE STUDY TO THE INDUSTRY

00

T he most incomprehensible thing about the world is that it is comprehensible.00
[Einstein A.]

Given the fact that potentially this kind of method is applicable in many dierent
cases, we will give just a few of these.

The approach can be used to understand whether an electric circuit that generate Chaos
is working properly or if there are some parts of it that have some altered properties
that thus leads to dierent performances.

In principle, it can be used to inspect whether the nowadays Climate has changed,
thanks to humans intervention, if compared with the one of the last century, or if the
weather patterns are within natural variability. However, this kind of experiment would
require a very high computational and storage capacity, a huge amount of measurement
data and a careful assessment that the training set and the empirical likelihood used are
proper, since, as we saw in our experiments, sometimes, its easy to obtain misleading
results.

The approach can be used also for studying pure empirical data.

The only higher

requirement is that the training set from which the empirical likelihood is created is
enough long, so to represent all the variability of a natural behaviour. This likelihood
could be then used to decide whether a new given measurement falls within the natural
variability or if it represent some new, dierent, event.

We leave these as future works.
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CONCLUSIONS

In this work we present a recently discovered method for the parameter estimation of
chaotic dynamics based on an extension of the correlation dimension denition and
the correlation integral likelihood, together with a Monte Carlo Markov Chain method

(M CM C).
We give denitions of basic concepts such as:

chaotic dynamical systems, random

variable, Gaussian process, Markov process, so to familiarize the reader with the studied
topic and the notion used. Various MCMC methods are presented, giving particular
importance to the Adaptive MCMC and the Pseudo-marginal since they are used in our
simulations. We introduce and present the methodology used for parameter estimation
together with a formal proof of the weak convergence of the empirical distribution
function to a Gaussian distribution, under some general assumptions.
We develop a separate chapter for the presentation of the two chaotic attractors used
in the simulations, i.e., the Rossler and the Chua Penta-scroll attractors.
We give a detailed comments of the outputs coming from the model simulated under
various initial conditions.

In particular, we report a more standard case, one when

the integration time interval is too short, the over-sampled and the under-sampled
cases, before going to present a test for the eect of the ODE solver and number of
points and time interval to the results.
The last simulation that we present is the one in which, during the evaluation of the
likelihood, the number of radiuses considered were increased. This lead to remarkable
improvements of the results at a low increase in the computational cost.
In the very last Chapter of the work we presented some possible applications to the
industry together with possible future works.
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