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Abstract 

Niko Nevaranta 

Online Time and Frequency Domain Identification of a Resonating Mechanical

System in Electric Drives  

Lappeenranta 2016, 67 pages 

Acta Universitatis Lappeenrantaensis 713 

Diss. Lappeenranta University of Technology 

ISBN 978-952-265-995-8, ISBN 978-952-265-996-5 (PDF) 

ISSN-L 1456-4491, ISSN 1456-4491 

In modern machinery, the dynamic performance of electric drives is often limited by the 

mechanical characteristics of the system such as flexibilities. With the growing demand 

for high-performance machinery, there is an increasing need for techniques to estimate 

mathematical models in real time that describe these mechanical systems and the possible 

changes in order to obtain a high-performance control. At the same time, requirements 

for high reliability are continuously increasing, which significantly motivates to improve 

system identification methods for the diagnostics and condition monitoring of mechanical

parts in electric drives.  

A proper real-time system identification method is of great importance in order to obtain 

an analytical model that sufficiently represents the most important characteristics of the

identified system. Even though many identification methods have been proposed in the 

system identification literature, there is a strong motivation to develop computationally 

efficient algorithms for online frequency response estimation. Especially, online 

nonparametric identification could provide several opportunities for fault diagnostics and 

robust controller design. In this doctoral dissertation, the online system identification of

a resonating mechanical system in an electrical drive is studied. The discussion covers

closed-loop identification approaches, which are based on both time and frequency 

domain observations. The time domain identification approach employs a closed-loop

output error-based identification routine. In addition, two different types of frequency 

domain identification approaches are proposed that are based on a time-frequency 

representation of signals by applying sliding-DFT and Kalman filters. It is shown that the

proposed online frequency domain methods provide a good alternative to the

conventional time domain online identification solutions.  

Theoretical approaches are tested with experimental mechanical test setups that can be 

regarded as resonating two-mass systems. The experimental results confirm the feasibility 

of the identification methods by verifying the obtained models according to a given

validation criterion, thereby showing that the system dynamics can be identified with an 

accuracy that makes it possible to apply the proposed approaches for online frequency 

response analysis.  

Keywords: electrical drive, mechanical system, online identification, parameter 

estimation, system identification  
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Nomenclature 

To clarify the nomenclature used in Publications I–VI, some of the symbols listed below 

are provided with their different meanings in the respective publications, indicated by 

(I)–(IV). 

Symbol 

A state transition matrix – 

A amplitude (VI), area (I), steady-state error (I) – 

A(z) discrete-time transfer function polynomial (denominator) – 

a0, a1, a2, a3 discrete-time transfer function parameters (denominator) – 

B(z) discrete-time transfer function polynomial (numerator) – 

b0, b1, b2, b3 discrete-time transfer function parameters (numerator) – 

bs belt damping constant (II), (III), (V) Ns/m 

C measurement matrix – 

C(z) transfer function of the controller – 

Cpc(z) transfer function of the position controller – 

Cpos(z) transfer function of the position controller – 

Ctorq(z) transfer function of the torque controller – 

Cvc(z) transfer function of the velocity controller – 

Cvel(z) transfer function of position controller – 

D belt damping constant (I), (IV), (VI) Ns/m 

d time delay – 

E modulus of elasticity N/m2 

e(k) error signal – 

F force N 

f frequency Hz 

fres resonance frequency Hz 

G(z) transfer function of a system – 

I identity matrix – 

J inertia kgm2 

j imaginary unit – 

K Kalman gain matrix – 

K spring constant N/m 

Keff
 equivalent spring constant N/m 

Kffv feed-forward gain (I) 1/s 

Kp velocity control gain (I) 1/s 

Kpc position control gain (I) 1/s 

Kvc velocity control gain (II) 1/s 

k discrete time instant, index (V) – 

L gain vector – 

L2 distance between rollers (I) m 

l length m 

M maximum peak magnitude – 
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m rate of frequency increase (VI)  – 

mL mass of the cart and the load kg 

N normal force (I), number of samples N, – 

Nf number of frequencies – 

n output noise – 

nb number of numerator coefficients – 

P covariance matrix – 

Pffv velocity feed-forward gain 1/s 

Qk constant for damping (coupling dependent) – 

q order of the system – 

R term for cross-correlation between different signals – 

r radius m 

ru excitation signal – 

S(s) sensitivity function – 

Suy(jω) cross-spectral estimate between input and output signals – 

Suu(jω) auto-spectral estimate of input – 

Sruru
(jω) auto-spectral estimate of excitation signal (VI) – 

Sww(jω) auto-spectral estimate of excitation signal (V) – 

s Laplace-domain variable – 

T torque  Nm 

T(s) complementary sensitivity function – 

Ti integration time s 

Ts sampling time s 

t continuous time – 

u input – 

v velocity m/s 

W(s) weighting function  – 

w excitation signal (V) – 

Xk kth harmonic component – 

x state vector – 

x cart position m 

y output – 

z time-shift operator – 

Greek alphabet 

γ coherence 

δV normalized Vinnocombes distance 

ε prediction error, residual 

εmax maximum acceptable steady-state error (I) 

ζ damping ratio (III) 

θ parameter vector 

θ angular position (I) 

λ forgetting factor (II), (III), tuning parameter (IV) 

μ friction coefficient 
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φ regression vector 

φ angular position rad 

τ index for lag terms 

ϕ phase 

Ω angular velocity rad/s 

ω angular frequency rad/s 

ωb bandwidth frequency (I) rad/s 

ωn natural frequency (III) rad/s 

ωres resonance frequency rad/s 

Subscripts 

act actual 

CL closed loop 

DC dc offset 

eff equivalent 

fr friction 

im imaginary 

max maximum 

min minimum 

re real 

ref reference 

sys system 

tot total 

Abbreviations 

ac Alternating current 

ARX Autoregressive with exogenous inputs 

ARMAX Autoregressive moving average with exogenous inputs 

CLOE Closed loop output error 

dc  Direct current 

DFT Discrete Fourier transform 

DSP Digital signal processor 

FTR Fourier transform regression 

LS Least squares 

LTI Linear time invariant 

MIMO Multi input multi output 

OE Output error 

PI  Proportional integral  

PID  Proportional integral derivative 

PLC Programmable logic controller 

RLS Recursive least squares 

RPEM Recursive prediction error method 

RPLR Recursive pseudolinear regression 
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PAA Parameter adaption algorithm 

PEM Prediction error method 

PMSM Permanent-magnet synchronous motor 

PRBS Pseudo random binary signal 

SDFT Sliding discrete Fourier transform 

SISO Single input single output 

XOR Exclusive-or
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1 Introduction 

In many industrial and robotics applications, precise control of speed and position is 

essential in order to enhance quality and productivity, and to maintain high reliability. 

Nowadays, high-performance ac electrical drives constitute a major proportion of 

industrial motion control applications as they have replaced hydraulic and pneumatic 

actuators or dc drives in modern machinery such as robotics, machine tools, material 

handling, and packaging, to name but a few. Almost every motion control system includes 

some kind of flexibility as a result of the mechanical structure, which may set challenges 

for the control design, because the dynamic performance is usually reduced by the 

mechanical resonances of the system. With the growing demand for high-precision 

machinery, there is an increasing demand for techniques to estimate mathematical models 

that describe these elastic effects in order to obtain high-performance control. At the same 

time, requirements for high reliability are continuously increasing, which significantly 

motivates to improve methods and tools for the diagnostics and condition monitoring of 

mechanical systems. As the deterioration of mechanical parts over time or other 

unexpected changes in the system dynamics may lead to the degradation of the control 

performance or cause unexpected interruptions, it is important to detect the system 

changes as proactive maintenance before they lead to performance degradation. For these 

reasons, real-time system identification techniques may provide a viable solution for 

monitoring of the mechanical parts of a drive. 

 
Typically, the mechanical parts of the electrical drive consist of an actuator (electric 

motor) and several moving or rotating masses, which are coupled together with flexible 

mechanical transmissions such as gearboxes, belts, or long shafts, leading to flexible 

structures and thereby resulting in mechanical resonances. In many industrial 

applications, the mechanical parts of the drive systems may have a very low resonance 

owing to the structure of the system such as 1) a coupling between a long shaft and a large 

load-side mass in rolling mills (Dhaouadi et al., 1993) and paper machines (Michael and 

Sacafas, 2007); 2) flexible transmission rope in elevators (Kang and Sul, 2000), or 3) 

flexible couplings in robotic arms (Wernholt, 2007). Often, these mechanical loads are 

approximated as a two- or three-mass system in order to simplify the system modeling by 

taking into account the dominant resonance frequencies. Even though the real mechanical 

system should be regarded as a complex multi-mass system in most cases, simplified two-

mass or three-mass approximations have been successfully used for control design 

purposes to describe different systems, for example, a two-mass-system approximation 

in the case of rolling-mill drives (Dhaouadi et al., 1993) and conveyor drives (Hace et al., 

2007), and correspondingly, a three-mass-system in the case of elevators (Kang and Sul, 

2000), and other production processes such as windmills (Muyeen et al., 2007). 

 

Naturally, the system complexity and the required model accuracy can pose challenges in 

terms of mathematical modeling. In general, the models can be obtained either by 

considering 1) physical modeling, which is essentially a theoretical approach based on 

physical laws and other well-established relationships; 2) system identification, which is 
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an experimental approach based on measurements from the system, or 3) by applying a 

combination of both approaches rather than by using one method only. However, in many 

cases, the physical models can be very complex and even impossible to obtain, because 

calculating the mechanical parameters can be a highly complex task, or specific ‘datasheet 

values’ are not available. For these reasons, the identification of a mechanical system in 

electric drives has become an increasingly important feature in different high-

performance motion control applications such as a labeling machine in (Peretti and 

Zigliotto, 2009) or robotic arms in (Wernholt and Gunnarsson, 2006). As the control 

performance plays a major role in these applications, the increasing demand for high 

reliability significantly contributes to the improvement of methods, tools, and techniques 

for the identification of a mechanical system. Accurate models are essential for 

supervision and diagnostics purposes similarly as for mechanical design, performance 

simulation, and the like.  

 

In this doctoral dissertation, the online system identification of a mechanical system in an 

electrical drive is studied. In this chapter, the background and motivation of the study are 

presented together with a short introduction to the field of system identification and 

general terminology. This dissertation consists of an introductory part, a summary of the 

journal publications, and six original publications. The introduction is divided into four 

chapters providing conclusions of the relevant publications.  

1.1 Background of the study 

Constructing mathematical models from observed data that sufficiently represent the 

principal dynamics of a dynamic system is a fundamental element in science. The term 

‘system identification’ is usually applied especially when the area of control engineering 

is considered. Naturally, this is an important subtopic also in other fields, because a lot of 

the early work on identification and parameter estimation was developed by the statistics, 

econometrics, and time-series community. The period of 1930–1955 is widely recognized 

as the period of ‘classical’ control theory, but introduction to the system identification 

theory came in the 1960s by Kalman and Bucy with the development of the state-space 

representation for a model-based control. Subsequently, the introduction of the ARMAX 

(AutoRegressive Moving Average with eXogenous inputs) model by Åström and Bohlin 

(1965) can be regarded as a turning point in the field as it led to the predominance of the 

parametric prediction error identification methods (PEM) in various applications 

(Vassiljeva, 2012).  

From 1965 to the late seventies, the model-based control was widely employed in various 

applications and systems by using models obtained through the developed identification 

techniques (Gevers, 2006). During this period, the identification was usually performed 

off-line using the available iterative techniques, and followed by a control design step. 

Soon after this, the development in the field of adaptive control (Åström and Wittenmark, 

1973), (Landau, 1979), which is another example of the model-based control, produced 

control-goal-oriented parameter adjustment schemes that similarly focused on the 
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identifiability issues. Obviously, these research fields could be linked to each other as 

there was a close connection between iterative approaches to the identification for control 

and adaptive control. Because the adaptive control design is strongly connected to system 

estimation, the recursive nature of the applied parameter estimation techniques provided 

effective techniques for real-time system identification. As a result, some of the most 

widely recognized online parameter estimation techniques used in different 

servomechanisms and other applications are the extended Kalman filter (EKF) and 

recursive least squares (RLS) based methods. 

 

In the seventies, the focus of the system identification studies shifted to problems related 

to the closed-loop identification (Gustavsson et al., 1977), and the objectives changed 

towards finding the best possible approximate model from a candidate set of models 

rather than searching for the explicit ‘true’ model. This period also determined the 

fundamental theory behind the closed-loop identification methods, which basically 

depend on the assumptions made of the nature of the feedback, and are thus classified as 

direct, indirect, or joint input-output identification methods. Some possible alternatives 

are for instance the refined instrumental variable method, the joint input-output method, 

the two-stage method, the indirect method, and the method of coprime factors; an 

extensive review of these methods can be found in (Landau and Karimi, 1997b), (Forssell, 

1999), and (Gilson et al., 2011). 

 

The time domain parameter identification approaches received a lot of attention because 

of their accuracy and straightforward presentation of the theoretical relations of systems, 

like transfer functions in the estimation routines, which somewhat limited the 

development of the frequency domain identification methods. Even though many results 

had already been established in the frequency domain identification (Ljung and Glover, 

1981), in the nineties, significant research activity in the area led to the derivation of the 

theories of the ‘modern’ frequency domain identification (Pintelon and Schoukens, 2001). 

One of the main reasons behind the growth of these methods was the establishment of the 

robust control theories in the eighties as most of the analysis and design tools had been 

developed in the frequency domain. This led to the need for tools and techniques to obtain 

frequency domain models with uncertainty descriptions. Typically, the frequency domain 

spectral analysis includes calculations of a discrete Fourier transform of the measured 

data, which is often performed off-line. Previously, because of the limited memory and 

calculation capacity, these calculations were not usually desirable features for practical 

real-time applications, and for this reason, the online frequency domain identification 

methods were not as recognized as the time domain methods. Even though there are still 

computational limitations in some industrial applications, nowadays, online frequency 

domain identification methods have been adopted. Modern power electronics devices 

equipped with FPGA and digital signal processors (DSP) are capable of handling 

extensive calculations. For example, a recent study by (Cespedes and Sun, 2014) has 

applied online impulse-response analysis for gain-scheduling control design in order to 

guarantee the stability of a grid-connected inverter.   
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1.1.1 Identification of resonating mechanical systems  

In the literature there are numerous papers describing identification techniques for various 

mechanical systems. In general, a mechanical system can be identified either in the off-

line or online mode by time or frequency domain observations. Broadly speaking, 

traditional identification techniques can be divided into two main categories: 

nonparametric estimation methods (Heath, 2001) and parametric estimation methods 

(Ljung, 1987). When first faced with an unknown plant, it is often a good starting point 

to perform a nonparametric model identification such as a frequency response analysis. 

This is one of the main reasons why the frequency domain offline identification 

techniques are widely recognized for commissioning purposes, and they have been 

successfully applied to the identification of  closed-loop-controlled resonating 

mechanical systems (Villwock and Pacas, 2008), (Wertz et al., 1999) and (Peretti and 

Zigliotto, 2009). The common factor of these approaches is the fact that in the 

commissioning state, a low-bandwidth PI controller is used, and a pseudo random binary 

signal (PRBS) is superposed to the controller output in order to obtain a valid result from 

the direct identification. Typically, in the commissioning state, the controller tuning is 

based on the rough assumption of the total inertia of the system under study (Schütte et 

al., 1997). Although the obtained frequency response of the system gives a good overview 

of the dynamical behavior (Ferretti et al., 2003), the offline frequency domain 

identification tools typically include a parameter fitting step for the tuning of controllers 

(Pacas et al., 2010) or for the observer design that is used for online monitoring of the 

plant (Bähr and Beineke, 2007). Naturally, this requires an assumption of a certain model 

structure to obtain a reasonable parametric model as discussed in (Yoshioka and 

Hanamoto, 2008). 

On the other hand, the polynomial-based time domain identification approaches have also 

been considered for off-line commissioning purposes of resonating mechanical systems. 

Recent studies (Łuczak and Nowopolski, 2014) and (Saarakkala and Hinkkanen, 2013) 

have applied the direct identification to compare the validity of different types of discrete-

time polynomial models by superposing the PRBS to the output of a low bandwidth PID-

type controller. These studies have shown that the model structure of output error (OE), 

without a disturbance model, gives adequate results even though the data have been 

obtained in a closed loop, and direct identification has been applied. Similar observations 

have been reported in robot identification studies (Wernholt and Gunnarsson, 2006). 

Similarly, for online identification purposes, the polynomial-based time domain methods 

have been successfully applied to the direct online parameter estimation by considering 

their recursive form (Eker and Vural, 2003) and (Garrido and Concha, 2013).  
 

The above-discussed studies mainly focus on the direct identification of a resonating 

mechanical system under closed-loop conditions, but the system identification literature 

also covers numerous practical examples of applying some of the well-established closed-

loop identification methods. Some of methods have been successfully applied to the off-

line identification of different mechanical drivelines such as the instrumental variable 

method for robot identification (Janot et al., 2009), the two-stage method to the 
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identification of a sugar crush mill (Partanen and Bitmead, 1995), the method of coprime 

factors (Graham and de Callafon, 2006) for a PID-controlled multi-mass system, and the 

simple indirect method for wind turbine identification (Novak et al., 1995). However, 

some of these closed-loop identification methods require extensive calculations, which 

have limited their usage for online identification purposes. The family of ‘closed-loop 

output-error’ (CLOE) has provided an efficient solution for online identification (Landau 

and Karimi, 1997a) and (Landau and Karimi, 1997b). The CLOE method has been 

successfully applied to the recursive identification of a flexible three-mass mechanical 

system (Landau and Karimi, 1997a). For a more detailed description of the OE-based 

identification of a flexible mechanical system in closed and open loop, see (Landau and 

Zito, 2011). Moreover, a more recent study (Saarakkala and Hinkkanen, 2015) has 

presented a modified indirect CLOE method for off-line parameter estimation of a closed-

loop-controlled two-mass system.  

1.2 Research methods and objective of the study 

This doctoral dissertation aims at investigating closed-loop online system identification 

methods by which the resonating mechanical system in an electric drive can be identified 

when the system is excited with a persistent excitation signal. Particular attention is paid 

to identify the changes in the system dynamics by focusing on systems that have 

inherently varying resonances owing to the mechanical structure, or the resonance can 

change during the operation. Considering the research focus, based on an extensive 

literature analysis, the following research questions were set to pursue the research 

objectives of this doctoral dissertation: 

 

1) How applicable are the online system identification techniques for parameter 

estimation of a time-varying resonating system in electric drives? 

 

a) Does the two-mass approximation sufficiently capture the essential system 

dynamics? 

 

2) How can online system identification be carried out in the frequency domain by 

tracking a selected band or set of frequencies using a computationally simple   

procedure as a possible identification approach? 

 

a) Is it reasonable to monitor the region around the first resonant frequency in 

order to identify the dominant system dynamics? 

 

The identification problems studied in this dissertation are treated as linear time invariant 

(LTI) ones and carried out in the time and frequency domains using various identification 

methods. The time domain identification method considered in this dissertation is based 

on the recursive polynomial-based closed-loop output-error method (CLOE), which is 

studied in the case of a parameter-varying mechanical system. It should be noted that in 

previous studies by (Landau and Karimi, 1997a) and (Iribas-Latour and Landau, 2013) 
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the feasibility of the CLOE approach has also been studied in applications with varying 

dynamics. In these studies, the identification problem is treated so that the local models 

for different operating points are estimated, whereas in this doctoral dissertation the 

parameter-tracking capability of the CLOE is studied. 

 

In addition to the time domain approaches, in this doctoral dissertation, two different 

types of frequency domain methods are proposed for the online identification of closed-

loop-controlled systems. It is shown that the proposed online frequency domain methods 

provide a good alternative to the conventional time domain online identification solutions. 

Both methods are based on a time-frequency representation of signals by applying 

sliding-DFT and Kalman filters. It is emphasized that in this doctoral dissertation, the 

proposed Kalman-filter-based identification approach is referred to as a frequency 

domain identification method, because the time-frequency presentation of signals using 

the Kalman filter can be regarded as a kind of a short-time DFT resulting in a 

nonparametric presentation of the frequency response. The feasibility of the SDFT-based 

identification approach is studied in the case of a parameter-varying two-mass system by 

using a multisine excitation signal, paying special attention to the detection of the 

position-dependent changes both in the frequency and the time domain by fitting a 

parametric model from the frequency domain observations. Instead, the Kalman-filter-

based frequency domain identification approach is configured so that it is able to use the 

both multisine and chirp excitation signal for the online identification of a mechanical 

system on a sample-by-sample basis.  

1.3 Outline of the doctoral dissertation 

In this doctoral dissertation, the system identification of a mechanical system in an 

electrical drive is studied. The dissertation focuses on the online closed-loop 

identification of a mechanical load of drives that are approximated as a simple two-mass 

system, which sufficiently reflects the first resonance frequency, and thereby the 

dominant poles of the real system. In particular, the dissertation focuses on two-mass 

systems that have varying system dynamics. 

The key focus of the dissertation is on online identification methods, the main topics 

being: 

 Online parameter estimation of changing system parameters of a linear tooth belt 

drive using recursive Output-Error (OE) least-squares algorithms in an open- and 

closed-loop mode. 

 Online direct and indirect nonparametric estimation of a selected band and set of 

frequencies by considering the time-frequency presentation of signals with a 

Kalman filter. 

 Online parametric and nonparametric estimation of a changing system in the 

frequency domain by using a Sliding Discrete Fourier Transform (SDFT) based 

identification routine. 
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The topics are discussed in the following publications:  

Publication I studies the direct off-line parameter estimation of a closed-loop-controlled 

two-mass system by superposing a pseudo random binary signal (PRBS) to the torque 

reference. A discrete time polynomial model with an OE structure is used in the time 

domain identification process. The identified model is applied to design a position control 

scheme for the system. 
 

It is pointed out that Publication I is the only article in this dissertation that focuses 

exclusively on the off-line system identification and a model-based control design rather 

than on online system identification. Moreover, the two-mass-system model considered 

in this paper is different, because the mathematical modeling is based on the conservation 

of mass in a mass-flow system. It should be noted that the main focus of this doctoral 

dissertation is on the online identification approaches, and therefore, more emphasis is 

given on Publications II–VI.  

Publication II addresses the direct online parameter estimation of a tooth belt drive 

system both in open-loop and closed-loop control. The parameters are estimated at a 

standstill and in the operating state by considering the algorithm that is based on a 

recursive output error method and applying the PRBS excitation signal. Furthermore, the 

off-line identification is considered in order to obtain models in different cart positions to 

verify the online estimated results.  

It is remarked that one of the equations presented in the original publication is incorrect, 

and thus, the radius term r included in the left side of Equation (2) should be removed. 

Publication III is a continuation of Publication II. It investigates the direct and indirect 

online parameter estimation of the tooth belt drive system under closed-loop control using 

a recursive closed- loop output error (CLOE) algorithm. The online-estimated values are 

compared with the corresponding values obtained from a simplified two-mass model, 

which is considered as a reference model as it provides position-dependent behavior of 

the parameters but neglects some of the nonidealities of the experimental test setup. 

Moreover, a statistical validation process is used to validate the obtained models. 

Publication IV concentrates on the nonparametric identification of a mechanical system 

at a selected set of frequencies based on a time-frequency representation of signals with 

a Kalman filter. A persistent multisine excitation signal is superposed to the controller 

output, and the direct identification is considered. The experimental online identification 

results are compared with the corresponding values obtained from the online-identified 

frequency responses. For validation purposes, the system dynamics of the experimental 

test setup is varied, and a normalized Vinnicombe gap metric is used as an illustrative 

distance metric to compare the identified models in the desired frequency range when the 

system has been modified. 
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It is pointed out here that one of the equations presented in the original publication is 

incorrect, and thus, the amplitude of Equation (16) should include the square of the 

components. 

Publication V studies the closed-loop online frequency domain identification of a 

mechanical system with varying dynamics; particular attention is paid to detect changes 

in the system dynamics. The proposed nonparametric frequency domain identification 

method is based on a Sliding Discrete Fourier Transform (SDFT) at a selected set of 

frequencies. Moreover, a Least Squares (LS) based identification criterion is applied for 

the estimation of a parametric model from the frequency domain observations.  

Publication VI proposes an online nonparametric frequency response identification 

routine that is based on a Kalman filter, which is configured to perform like a short-time 

Fourier transform (similarly as in Publication IV). The approach exploits the knowledge 

of the excitation signal by updating the Kalman filter gains with the known time-varying 

frequency of a chirp signal to estimate the frequency response on a sample-by-sample 

basis. The paper also discusses the closed-loop system diagnostic options with the 

proposed method. For validation purposes, the system dynamics of the experimental test 

setup is varied and the changes in the anti-resonance and resonance frequencies are 

monitored with the proposed method.    
 

The author of this doctoral dissertation is the principal author of Publications I–VI. In 

Publications II–III and V, the experimental tests were performed in cooperation with 

Mr. Jukka Parkkinen. In Publication V, Niko Nevaranta defined the research problem 

and wrote the paper in collaboration with Dr. Stijn Derammelaere. Dr. Stijn 

Derammelaere contributed to the work by analyzing and implementing the SDFT design 

used in his previous study (Derammelaere et al., 2014).  

The other coauthors have participated in commenting on the papers. In addition, the 

author has been the principal author or coauthor in the following publications. These 

publications are listed here, but are not appended to this dissertation and are therefore not 

discussed in detail. 

VII. Nevaranta, N., Niemelä, M., Pyrhönen, J., Pyrhönen O., and Lindh, T. (2012), 

”Indirect tension control method for an intermittent web transport system,” in 

Proc. of the 15th International Power Electronics and Motion Control Conference 

(EPE-PEMC), pp. 1–6, Novi Sad, Serbia, September 2012. 

 

VIII. Huikuri, M., Nevaranta, N., Niemelä, M., and Pyrhönen, J. (2013), “Sensorless 

Positioning of a Non-Salient Permanent Magnet Linear Motor by Combining 

Current Angle Method and Back-EMF Estimator,” in Proc. of the 39th Annual 

Conference of the IEEE Industrial Electronics Society (IECON), pp. 3142–3148 

Vienna, Austria, November 2013 
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IX. Huikuri, M., Nevaranta, N., Niemelä, M., and Pyrhönen, J. (2014), “Dynamic 

Magnetic Circuit Modeling of Permanent Magnet Linear Motor,” in Proc. of the 

16th European Conference on Power Electronics and Applications (EPE), pp. 1–

9, Lappeenranta, Finland, August 2014. 

 

X. Parkkinen J., Nevaranta N., Niemelä M., Lindh, T., and Pyrhönen J., “Motion 

Synchronization of Biaxial Linear Tooth Belt Drive System,” Int. Review of Elec. 

Eng. (I.R.E.E), Vol. X, no. X, pp. 1–8, 2016 (submitted for publication). 

 

XI. Nevaranta N., Goubej, M., Lindh, T., Niemelä, M., and Pyrhönen, O.,  “Non-

Parametric Frequency Response Estimation of Two-Mass-System using Kalman 

Filter,” in Proc. of the 18th European Conference on Power Electronics and 

Applications (EPE), pp. 1–9, Karlsruhe, Germany, September 2016. (Accepted 

for publication). 

 

1.4 Summary of scientific contributions 

The main scientific contributions of this doctoral dissertation are: 

 Study of direct and indirect parameter estimation in the case of a varying two-

mass resonant system using the recursive OE methods (Publication II and III).  

 Introduction and application of the SDFT-based frequency domain method 

combined with the LS-based parameter fitting algorithm for indirect closed-loop 

identification of varying two-mass resonant system (Publication V). In addition, 

to avoid the possible instabilities and rounding errors modulated-SDFT is applied. 

 Verification and testing of Kalman-filter-based frequency domain identification 

approach for real time nonparametric frequency response estimation (Publication 

IV). 

 Design and introduction of online frequency domain identification approach, 

which is based on a Kalman filter that is synchronized to the instantaneous 

frequency of the chirp excitation signal (Publication VI).  

 The possibility to apply the Kalman-filter-based identification approach for 

closed-loop diagnostics is studied in Publication VI. 
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2  System modeling 

The mechanical dynamics of a rotating electrical drive can be mathematically modeled 

by applying Newton’s second law of rotating bodies. In most cases, the multi-mass 

mechanical loads of an electrical drive can be approximated as two- or three-mass systems 

in order to simplify the overall system modeling by taking only into account the dominant 

resonance frequencies. As a result, the two-mass-system-based modeling has become 

popular in many industrial applications, and numerous advanced control methods have 

been proposed, for example in (Yun et al., 2013) and (Khan and Dhaouadi, 2015) in order 

to obtain high dynamics of the drive system.  

This doctoral dissertation focuses on the identification of two-mass resonant systems. 

Two different types of experimental mechanical systems are considered to experimentally 

verify the identification methods. This chapter introduces the mechanical equations 

governing the physics of the experimental systems under study.  

2.1 Coupled belt drive system 

The two-mass resonant system shown in Fig. 2.1 is a coupled belt drive that consists of 

two moments of inertias (nip rollers) coupled by a flexible belt material. Different belt 

materials can be used to change the coupling stiffness.  
 

 
Fig. 2.1 Coupled belt drive system consisting two moments of inertias coupled by flexible belt material. 
 

The mechanical dynamics of the investigated two-mass system depicted in Fig. 2.1 can be 

described by the following set of equations   

 
J1

dΩ1

dt
=T1−Tfr1 + r1F 

(2.1) 

 

 
J2

dΩ2

dt
=T2−Tfr2 − r2F 

(2.2) 

 

 F = K(r2Ω2 − r1Ω1)+D(r2Ω̇2 − r1Ω̇1) (2.3) 

Equations (2.1) and (2.2) are the elementary dynamic equations for rotation, where J1 and 

J2 represent the total moment of inertias of the nip rollers, Ω1 and Ω2 are the angular 

T1

Ω1

r1 r2

K, D
J1 J2

F F

Ω2
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velocities of the rollers, T1 and T2 are the torques developed by the electrical motors, Tfr1 

and Tfr2 are the frictional torque components, r1 and r2 are the roller radii, and F represents 

the tension force. The dynamics of the coupling is expressed by Equation (2.3), where K 

is the spring constant and D is the damping constant of the belt material. The coupled belt 

drive system is used to verify the Kalman-filter-based online identification routine 

discussed in Publications IV and VI. Moreover, the same experimental system is 

considered in Publication I for validating the controller design based on the off-line 

identified model. It is pointed out that in Publication VI the experimental system includes 

a belt tensioner, which, in practice, changes the system dynamics over to a three-mass 

system. The parameters for the different two-mass system configurations discussed in this 

dissertation are given in Table 2.1.  

Table 2.1. Parameters of the reference system studied in Publications I, IV, and VI 

Parameter*) System 1 System 2 System 3 

Spring constant K [N/m] 3.10·104 5.75·104 7.00·104 

Damping constant D [N/m] 90 120 100 

Roller 1 inertia J1 [kgm2] 0.032 0.032 0.018 

Roller 2 inertia J2 [kgm2]**) 0.032 0.032 0.032 

Resonance frequency [Hz] 11.1 15.1 20.4 

Anti-resonance frequency [Hz] 7.8 10.7 16.6 
*) Roller radii r1 and r2 are 0.05 m      **) Value represents the total inertia 

 

The parameters presented in Table 2.1 are regarded as the nominal reference system 

values for the experimental coupled belt drive system under study. These parameter 

values are based on material properties, experimental tests, and geometrical values. It 

should be noted that the parameters, especially the belt properties, are only known with 

some degree of confidence because of the limited information given in the manufacturer’s 

datasheet. Based on the experimental tests, 5% uncertainty for inertial terms can be 

considered, and based on the belt manufacturer’s tests (ISO 21181, 2005), it is reasonable 

to consider 10% uncertainty for the spring constant. Moreover, the datasheet value for 

damping constant is not available, and thus, the experimental tests and the guidelines 

given in (Frei et al., 1986) have been used to obtain an estimate for the damping constant.  

The transfer function for the reference two mass system has been derived between the 

torque T1 and the angular velocity Ω1 using Equations (2.1)–(2.3). The frequency 

responses of the reference systems calculated from Table 2.1 parameters are depicted in 

Fig. 2.2. The main purpose of these reference models is the theoretical evaluation of the 

proposed identification methods. In Publication IV, the proposed identification approach 

is experimentally validated with the reference systems 1 and 2 in order to study the 

changes in the system dynamics. Similarly, in Publication VI, the experimental system 

is configured so that the system change corresponds to the change from the reference 

system 2 to 3. The parameter changes in the experimental mechanical system have been 

obtained by changing the belt material or by removing the upper roller of the nip roller J1 

(see Fig. 2.1). 
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Fig. 2.2 Frequency responses of the two-mass resonant system configurations calculated from Table 2.1 

parameters. The transfer function between the torque T1 and the angular velocity Ω1 is obtained from 

Equations (2.1)–(2.3). 

2.2 Tooth belt drive 

The other experimental system considered in this dissertation is a tooth belt drive system 

depicted in Fig. 2.3, which includes a linearly moving mass attached between rotational 

masses. Thus, the system is a varying two-mass resonant system, formed from the spring 

constants, which change as a function of position of the mass. Similar kinds of mechanical 

systems with position-dependent dynamics can be found for example in elevators (Kang 

and Sul, 2000) or lead-screw drives (Varanasi and Nayfeh, 2009). This experimental setup 

is considered in Publications II–III for the verification of the closed-loop OE 

identification and in Publication V for the SDFT-based frequency domain method.  

 

 
Fig. 2.3 Tooth belt drive that includes linearly moving mass attached between two belt pulleys. 

The modeling of the tooth belt drive depicted in Fig. 2.3 has been discussed in 

Publications III and V, and thus, the linearized two-mass system approximation is 

discussed here in brief. The differential equations, without friction terms, of the two-mass 

model of the linear tooth belt axis can be defined as follows  

                   

 Js

r
φ̈=

T

r
− bs∙(rφ̇ − ẋ)+Keff∙(rφ − x) 

(2.4) 

 mLẍ=bs∙(rφ̇ − ẋ)+Keff∙(rφ − x) (2.5) 

 

where Js is the inertia of the driven end, r is the radius of the belt pulley, T is the torque 

developed by the motor, bs is the position-dependent belt damping, Keff is the position 

dependent equivalent spring constant of the axis, and mL is the mass of the cart and the 

load on the axis. From Equations (2.4) and (2.5), the transfer function can be derived from 

the torque reference T to the motor mechanical angular velocity Ω. This leads to the 
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following linearized expression for the transfer function, which has a rigid part and a 

flexible part  
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(2.6) 

 

This transfer function represents a linearized system model in different operating points, 

which have a position-dependent equivalent spring constant expressed as 

 

32

32
1eff

)(

)(
)()(

KxK

KxK
xKxK


  (2.7) 

where K3 is the spring constant of the lower part of the belt. K1(x) and K2(x) represent the 

position-dependent spring constants of the belt, which change as a function of l1(x) and 

l2(x), which are the lengths of the tooth belt between the pulleys and the cart as a function 

of cart position x, as illustrated in Fig. 2.3. In the mathematical model (2.4)–(2.5), the belt 

damping coefficient bs has been selected using the guidelines for approximations of 

different flexible couplings (Frei et al., 1986). The position-dependent modeling of belt 

damping is further explicated in Publication III. It should be noted that the parameter 

estimation is based on the transfer function (2.6) that describes the two-mass-system 

approximation of the dominant resonance frequency, which can be used to represent the 

complete mechanical load of the electrical drive in a simplified way. A similar type of 

approximation is common for many different mechanical two-mass systems (Pacas et al., 

2010). Moreover, the absence of static friction such as Coulomb friction effects in the 

model is justified as the online identification experiments are performed during operation, 

and zero velocity is avoided as much as possible. The parameters for the tooth belt drive 

system considered in this dissertation are given in Table 2.2. 

Table 2.2. Parameters of the reference system studied in Publications II, III, and V 

Symbol Parameter 
Nominal 

value1) 
Variation2)  

Js (kgm2) Inertia 0.0028 – 

Keff (N/m)*) Spring constant 5.0∙105 4.0∙105
 – 1.1∙106 

mL (kg) Load and cart mass 6.7 – 

bs (Ns/m) ** Belt damping constant 130 115 – 190 

fres (Hz) Resonance frequency 61 54 – 91 

l3 (m) Dist. between pulleys 2.14 – 

r (m) Roller radius 0.019 – 
*) Tension of the belt has been set to 450 N 

**) Approximated with bs=
Keff

2πfresQk

 and using Qk = 10 (see Publication III) 
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The values of Table 2.2 have been obtained from the manufacturer’s datasheets and from 

the experimental laboratory tests such as the tensile strength test for the belt material. 

Detailed discussion about the tooth belt drive considered in this dissertation and the 

experimental determination of the parameters can be found in (Jokinen, 2010). In Fig. 

2.4, the frequency responses of the tooth belt drive in cart positions 0.35 m, 0.8 m, and 

1.4 m are depicted. From this example figure, the position-dependent system dynamics 

of the tooth belt drive can be observed as the resonances of the system change as a 

function of cart position. This position-dependent behavior is explicated in the 

Publications III and V. The tooth belt drive is identified both in open loop and closed 

loop. However, in many cases the open-loop identification is problematic (or impossible) 

due to the difficulties in designing of the offset torque reference without causing the 

system to rush and the amplitudes of the excitation should be designed so that the 

movement is minimized. In general, the PRBS is suitable for exciting mechanics with a 

limited stroke as it minimizes the movement due to excitation (Shuy and Lee, 2010).  

  
Fig. 2.4 Example frequency responses of the tooth belt drive in the cart positions 0.35 m, 0.8 m, and 1.4 by 

using the parameter values of Table 2.2 and the linearized transfer function (2.6).  

It is worth remarking that, in Publications III and V, uncertainty of 20 percent is chosen 

to emphasize the changing and position dependent damping of the system. 

Correspondingly, 5 percent parameter uncertainty for the spring constant is considered 

that is based on the simplification of the effective spring constant in (2.7) and inaccuracy 

in the initial tension of the belt. Furthermore, for the nominal value of inertia uncertainty 

of 15 percent is chosen to emphasize the inertia terms, such as belt inertias, that are not 

fully known. 
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3 System Identification 

The particular focus of this doctoral dissertation is on the closed-loop system 

identification problems with persistent excitation. This chapter discusses the online and 

off-line identification approaches using time and frequency domain observations and 

introduces the online identification approaches considered in Publications II–VI. 

Furthermore, the excitation signals and the identified model validation are discussed in 

brief.  

3.1 Closed-loop and open-loop identification 

The well-established closed-loop identification approaches are based on assumptions 

made of the nature of the feedback; these approaches can be classified into three 

subcategories. In the direct approach, the method is applied directly to the measured input 

u(k) and output y(k) signals, and the effect of the feedback controller is omitted. In this 

case, no (or only a few) assumptions are made on how the data was generated. On the 

contrary, the idea of indirect methods is to identify the closed-loop system and calculate 

an open-loop system using the knowledge of the feedback law (controller). The third 

category covers the joint input-output approaches in which typically two model structures 

are estimated separately by considering the input and output jointly as outputs of an 

augmented system, which is driven by a reference signal and noise. The estimated 

augmented system provides an opportunity to solve the open-loop loop model and the 

controller from the closed-loop experiment. Basically, in this approach, knowledge of the 

feedback law is not required, although a certain model structure for the controller must 

be known in advance.  In Fig. 3.1, the direct and indirect identification configurations are 

shown, where C(z) is the closed-loop controller, G(z) is the process, r(k) is the reference 

signal, ru(k) is the excitation signal, u(k) is the input signal, and y(k) is the output signal. 

The signals used in the identification are indicated by dashed grey arrows. 

 
Fig. 3.1 a) Direct identification and b) indirect identification in a closed loop.   

It is emphasized that the direct approach in Fig. 3.1a is only applicable for most closed-

loop identification problems when prediction error methods (Ljung, 1987) or some of the 

subspace methods are considered, because there is usually a strong correlation between 

the system input u(t) and the noise n(t) as a result of the feedback loop. However, the 

direct approach can be used to obtain valid results also in the case of other identification 

methods, for instance, when a low-bandwidth controller (Villwock and Pacas, 2008) is 

used or a separate noise estimation routine is considered. Correspondingly, there are 
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various ways to approximate a valid system model under closed-loop conditions. 

Basically, in the case of indirect and joint input-output approaches, the fundamental idea 

is to convert the closed-loop identification problem into an open-loop one by considering 

the excitation signal as an input which is uncorrelated with the noise. In this doctoral 

dissertation, the focus is on the direct and indirect identification.  

In Publications III, V, and VI the open-loop model G(z) is indirectly solved from the 

transfer function 

 G(z)=
Gcl(z)

1−C(z)Gcl(z)
 (3.1) 

where Gcl(z) is the closed-loop model describing the relation of the signals y(k) and ru(k) 

in Fig. 3.1. Particularly, in Publication III the known controller structure C(z) is included 

in the regression vector and in Publications V−VI the open-loop model is solved from 

Equation (3.1).  

3.2 Excitation signals 

A persistent excitation condition must be met in parameter estimation to guarantee 

convergence of the parameters, which, in practice requires that the excitation signal 

should excite frequencies across the desired range with a variance as large as possible. In 

most cases, the input signals are limited to certain maximum allowed values, for instance 

the torque and velocity in electric drives. Therefore, the PRBS is preferable for this type 

of applications as the large variance is easily obtained by a binary signal, and it varies 

between two values (e.g. −1 and 1). The statistical properties of the PRBS have been 

discussed further in (Villwock et al., 2008). Similarly, the swept sinusoid, stepped 

sinusoid and the random-phase multi-sine has been widely applied in the identification of 

different systems.  More about the properties of different excitation signals can be found 

for example in (Pintelon and Schoukens, 2001).   

In Publications IV−V, multisine signals are considered with Np samples in the period, 

which can be determined as 

 





fN

k

tfAtr
1

kkku )2cos()(   
(3.2) 

        

where Ak are the amplitudes of each frequency component, frequencies fk chosen from 

the grid {
2πl

Np
, l=1,…,

Np

2
-1}, and the random phases ϕ

k
 uniformly to the interval [0, 2π). It 

should be noted that, in Publication V the Schroeder multisine is considered, and thus, 

the phases are chosen as  

 ϕ
k
=ϕ

1
−

πk

kmax
. (3.3) 
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In Publications II, III, and V, because of the nonlinearities, the identification is carried 

out in a well-defined operating region. This means that the amplitude of the input signal 

is limited. The PRBS and the Schroeder multisine with a flat-amplitude spectrum (Ak = 

A) meets this requirement. Obviously, if the amplitude is chosen too high, the system no 

longer operates around the desired operation point, and nonlinearities may be dominant. 

It should be mentioned that in the off-line frequency domain identification literature, the 

nonlinear behavior of the system is usually determined by considering multisine 

excitation signals with different realizations of random phases in order to obtain linear 

dynamics of the nonlinear system. Moreover, the knowledge of the possible nonlinear 

distortions is obtained by calculating variances and covariance. For online identification 

purposes, if practical applications are considered, this would require extensive 

calculations and memory storage space, which is usually the main disadvantage of online 

DFT-based identification methods (Barkley and Santi, 2009). In addition, the fact that the 

Schroeder phases (3.3) are not random over k makes this type of multisine less suited for 

nonlinear detection. The work by (Pintelon and Schoukens, 2001) provides a useful 

review of the properties of different excitation signals and their usage in nonlinear 

distortion detection.  

 

In Publications V−VI, a linear chirp signal is considered that can be expressed as 

 

 ru(k)=A∙cos(2π∙f(t)∙t+ϕ), (3.4) 

where the time-varying frequency f(t) can be written as  

 

 f (t)=
m

2
t+f

0
, (3.5) 

 

where f0 is the starting frequency, and m is the rate of frequency change over the time 

duration T 

 

T

ff
m 01  . (3.6) 

 

In Publication V, the chirp is applied for off-line identification purposes in order to obtain 

a nonparametric model behavior in certain cart positions. This result is used to show that 

the online nonparametric frequency domain method is suitable for tracking position-

dependent changes in the system. Correspondingly, in Publication VI, the chirp 

excitation signal is considered with the nonparametric Kalman-filter-based identification 

approach so that the known time-varying frequency (3.5) is used to update the Kalman 

gains. This is further discussed in Section 3.5.2. 
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3.2.1 Properties of the excitation signals 

When comparing the basic properties of the excitation signals under consideration, it is 

evident that the only excitation signal that can exclusively excite the frequency band of 

interest is the multisine. The other signals, the chirp and PRBS, excite frequencies outside 

the desired band. One of the main advantages of the PRBS over other signals is that the 

signal is formed from sequences of rectangular pulses, which can take two different levels 

(binary). Basically, the pulses of the PRBS represent a kind of an approximation of a 

discrete-time white noise, thereby resulting in a spectral content rich in frequencies 

(Landau and Zito, 2011). The binary form provides computational benefits as it can be 

generated easily by means of shift registers with feedbacks, which reduces the memory 

storage requirement. In addition, the one of the main advantage of the binary signals is 

the low crest factor. Moreover, the binary signals provide a good spectrum for the 

excitation signal, but their disadvantage is that the binary sequences are mostly for linear 

system analysis, and hence, they are not efficient in detecting nonlinearities. Furthermore, 

the frequency content of the PRBS is not accurately tunable, which can be considered a 

minor drawback. Depending on the type of the excitation signal, the safety issues of 

practical mechanical applications can set certain limitations, and in most cases, the system 

should preferably not be excited at its resonance frequency. Especially, when sinusoidal 

excitation signals are applied, avoidance of the resonance region can be problematic. The 

risk of resonances can be circumvented to some degree when the PRBS are considered 

(Pacas et al., 2004).  

On the other hand, in the case of basic chirp signals, the frequency is decreased or 

increased linearly from the initial frequency f0 to the desired final frequency f1. Thus, the 

major part of the power is equally distributed between these frequencies, which can be 

considered an advantage. However, the amplitude spectrum of the chirp signal is not 

completely flat (Pintelon and Schoukens, 2001), which basically indicates that other 

frequencies with a lower signal-to-noise ratio are also introduced to the signal. This has 

an impact on the length of the required measurement, which, again, is directly 

proportional to the desired accuracy. Thus, the main disadvantage of the chirp signal is 

that a slow sweeping is usually required for precise measurement in order to reduce errors 

and obtain accurate results, which prolongs the duration of the experiment. A second 

drawback can be found when considering identification of systems with nonlinear 

dynamics. The chirp signal can have a disturbing effect, because a number of other 

spectral lines are also excited with the frequency lines of interest. Despite these 

limitations, the chirp-excitation-based offline identification is widely applied for instance 

to the identification of the flexibilities of industrial robot manipulators (Östring et al., 

2003) and (Saupe and Knoblach, 2015). 

As a final conclusion, the selection of a suitable excitation signal is based on personal 

preference, identification method, technical limitations of the application, and many case-

specific secondary selection criteria (e.g. no power outside the desired frequency band). 

The selection criteria for the different excitation signals under study have been further 

discussed in Publications II–VI.   
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3.3 Polynomial-model-based identification 

The parametric identification techniques are typically based on a fixed, in advance 

determined structure of a mathematical relation, and the parameters of the structure are 

fitted to the data. Thus, the selection of a proper model structure and degree is of great 

importance in the case of parametric methods. In most cases, the prior knowledge of the 

model dynamics can be used to select the degree of the model directly, or the appropriate 

model degree can be, for instance, iteratively searched by analyzing the statistical 

properties of different candidate models (Raol et al., 2004). In this doctoral dissertation 

the time domain parameter estimation is based on a prior knowledge of the model 

structure of the systems. For instance, by transforming the continuous time transfer 

function (2.6) into an equivalent discrete time transfer function, we obtain 

 

 y(k)=
B(𝑧)

A(𝑧)
u(k)+n(k) (3.7) 

 

where the y(k) is the system output, u(k) is the input signal, and n(k) is the output noise 

of the system. The numerator and denominator parts in Equation (3.7) are                                              

B(z) = b1 + b2z
-1 + b3 z

-2 and A(z) = 1 + a1z
-1 + a2 z

-2 + a3z
-3, respectively. The output of 

this pulse transfer function (3.7) can be denoted as 

 y(k)=φ(k)
T
θ (3.8) 

where φ(k) is the regression vector and θ is the parameter vector, which depend on the 

identification configuration. In Publication I, the direct identification is considered with 

an OE model, which is based on the prediction error method (PEM). The PEM-type of 

identification with an OE model is valid for the direct closed-loop identification under 

certain assumptions (Gilson et al., 2011), and its applicability to the off-line direct 

identification of closed-loop-controlled resonating mechanical systems has recently been 

studied in (Saarakkala and Hinkkanen, 2015) and (Łuczak and Zawirski, 2015).  

3.3.1 Online identification in the time domain 

The standard RLS algorithms are well known for their low computational complexity and 

good numerical properties, and they have been successfully applied to the online 

parameter estimation of different industrial applications both in open-and closed-loop 

control. The basic form of the RLS algorithm can be expressed as  

 

 θ(k)=θ(k − 1)+L(k)ε(k) (3.9) 

 ε(k)=y(k) − φ(k)
T
θ(k − 1) (3.10) 
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(3.12) 

 

where θ is the unknown parameter vector, L(k) is the gain vector, ε(k) is the prediction 

error, y(k) is the measured output, φ(k) is the regression vector, P(k) indicates a covariance 

matrix, and λ is the forgetting factor  10   . Typically, these real-time estimation 

problems have been solved by using direct closed-loop parameter estimation methods, 

where the influence of the feedback controller is omitted (Garrido and Concha, 2013). In 

some cases, this can lead to biased parameter estimates. Motivated by the features of the 

closed-loop output-error (CLOE) recursive algorithm in (Landau and Karimi, 1997a) in 

Publication III, the indirect closed-loop method uses the known excitation signal and 

structure of the controller in the regression vector. Obviously, the standard RLS form 

(3.9)–(3.12) is the same for the recursive pseudolinear regression (RPLR) that is used as 

the parameter adaption algorithm (PAA) in the CLOE-based identification. The basic 

form of the CLOE algorithm is based on the utilization of the known controller C(z) in 

the regression vector with the closed-loop predictor ŷ(k)=φ(k)
T
θ(k) as follows 

 û(k)= − C(z)ŷ(k)+ru(k). (3.13) 

The method has been successfully applied to the real-time parameter estimation of closed-

loop-controlled three-mass flexible transmission systems (Landau and Karimi, 1997a), 

and more recent studies (Saarakkala and Hinkkanen, 2015) have presented a modified 

CLOE method for off-line parameter estimation of a two-mass system. However, in 

Publication III the system has time-varying parameters, and thus, the recursive algorithm 

under consideration includes a forgetting factor in order to obtain good tracking 

properties.   

3.4 Off-line nonparametric methods 

Most of the nonparametric identification methods apply the frequency domain 

characteristics of the system, and usually no (or few) prior assumptions are made with 

respect to the model structure. The spectral and correlation analyses, for instance 

(Villwock and Pacas, 2008) and (Barkley and Santi, 2009), are well-known examples of 

identification methods that can be regarded as nonparametric. Basically, in the correlation 

analysis, time domain observations are used, whereas the spectral analysis is a frequency 

domain method. Moreover, other identification methods such as the step-response-based 

approaches in the continuous- or discrete-time domain can also be referred to as 

nonparametric methods. Evidently, in the case of frequency-response-based methods, it 

is typically required that the measured data are available in the frequency domain. 

However, the measured data are usually acquired as a record of time series, and thus, in 

order to perform a signals analysis, the time domain signals must be converted into the 

frequency domain by applying some transformation technique.  
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In general, the frequency response of a linear system with an input signal u(t) and  an 

output signal y(t) can be expressed by the ratio of the cross-spectral estimate of the input 

and the auto-spectral estimate of the input and output as  
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This transformation can be achieved in different ways (Villwock and Pacas, 2008), but it 

results in extra calculations, and its accuracy is highly dependent on the chosen 

transformation method (Saarakkala, 2014). Moreover, the frequency domain observations 

can be applied to estimate a parametric model, but the calculation burden increases further 

as an additional parameter-fitting algorithm is needed. As a conclusion, the nonparametric 

identification methods are usually nonrecursive and require extensive calculations, 

implying that the identification must often, be performed by off-line data processing.  

Compared with the off-line time domain approaches, there are, however, several 

advantages in the estimation of parametric models by fitting the frequency domain data. 

Obviously, the main advantages include the data reduction as a large number of time  

domain samples can be replaced by a small number of spectral lines (Pintelon et al., 

1994), and the use of a periodic excitation signal provides an opportunity to perform the 

estimation only at the frequencies where it is available. Moreover, the effect of noise is 

reduced as a large amount of data is compressed into a number of frequency points, and 

noisy (nonexcited) frequency lines are eliminated. These aspects are used extensively and 

relatively easily in most modern off-line frequency domain nonparametric identification 

methods (Pintelon and Schoukens, 2001). The primary disadvantage of the frequency 

domain analysis is the required calculations of the discrete Fourier transform of the 

measured data. These calculations are not usually desirable features for real-time 

applications, which has, limited their usage in online frequency domain identification. 

For online identification purposes, the monitoring of a system at a selected set or band of 

frequencies is a desirable feature. When the behavior of these frequencies has to be 

tracked in real time, it is worth considering a DFT algorithm that provides benefits in the 

terms of computational efficiency and real-time performance.  

 

In this doctoral dissertation, the off-line frequency domain identification approach 

(Villwock and Pacas, 2008), which is based on the Welch method, is used as a benchmark 

method to compare and validate the online frequency domain identification methods 

studied in Publications V–VI. More specifically, in Publication VI, the LS-based 

parameter-fitting algorithm of Levenberg and Marquardt is applied for the parameter 

estimation of a two-mass system.  

3.5 Online identification in the frequency domain 

For online identification purposes, the recursive time domain parameter estimation 

methods have received the most attention as they have been shown to overcome many of 
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the drawbacks of classical frequency domain techniques in terms of closed-loop issues, 

accuracy, computational cost, and memory storage requirements. As a result, the online 

identification in the frequency domain is not widely recognized in the system 

identification literature that focuses on the problems related to the closed-loop 

identification. Naturally, some nonparametric methods have been proposed for real-time 

frequency response estimation, for instance, in (Holzel and Morelli, 2011) where a real-

time recursive Fourier transform regression (FTR) has been suggested for linear model 

identification. The method is based on the selection of the band of frequencies that covers 

the frequency range of interest and the LS-based fitting criterion is used for the estimation 

of the unknown parameters. However, the method is only applicable to systems for which 

the full state can be measured (or otherwise observed) since it is an equation error based 

method (Raol et al., 2004). Another method has been introduced in (Olivier, 1994), where 

a Fourier-Laguerre series is proposed for the open-loop identification of a linear system. 

However, this method can be also regarded as a parametric identification method, as in 

practice, it require initial selection of the model complexity. Furthermore, a recent study 

by (Barkley and Santi, 2009) have applied nonparametric cross-correlation identification 

method for real-time loop transfer function identification of a dc-dc converter. Even 

though the authors have used an FPGA board with an additional memory block for 

experimental validation, the method requires extensive calculations and memory storage 

space, which set certain limitations to its applicability. However, it is pointed out that the 

modern power electronics devices equipped with FPGA and digital signal processors 

(DSP) are capable of handling extensive computations that enable the efficient use of 

online frequency-domain identification methods and adaptive control (Cespedes and Sun, 

2014).  

 

The online frequency domain identification methods studied in this doctoral dissertation 

are the SDFT and the Kalman-filter-based short-time DFT, which are not well-recognized 

methods in the system identification literature, but they have been successfully applied 

for other purposes. For example, the SDFT algorithm has been used for the prognosis of 

power electronics devices or for fault diagnostics of electric motors (Abed et al., 2001) 

by tracking of a prior-known fault frequency. On the contrary, the Kalman filter approach 

discussed in thesis has been applied for tracking the harmonics components in the power 

system voltage and current waveforms (Girgis et al., 1991) and (Kamwa et al., 2014).  

3.5.1 Sliding discrete Fourier transform  

The SDFT is well known as a simple but effective technique for real-time spectral 

analysis, and it has been successfully used in some industrial applications, for instance, 

for sensorless control (Derammelaere et al., 2014) or fault diagnostics (Abed et al., 2001). 

The SDFT relies on the fact that at each new time instant n, only one measurement sample 

is added to the sum, and only the oldest measurement sample is removed from the window 

as illustrated in Fig. 3.3.  
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Fig. 3.2 a) Principle of the SDFT and b) the SDFT implementation.  At each new time instant the last sample 

x(n) is added and the oldest sample x(n–N) is removed from the window. The derivation of the SDFT is 

given in Appendix B. 

The SDFT has not been widely applied for real-time identification purposes, and only a 

few relevant studies can be found in the system identification literature (LaMaire et al., 

1987) and (Hashimoto and Ishida, 1999). It should be noted that both of these studies 

apply the SDFT for identification for control purposes, and more specifically, for the 

adaptive control, whereas Publication V exclusively concentrates on the identification 

issues of a closed-loop servomechanism when the SDFT is applied. Thus, the main focus 

of Publication V is to show that the SDFT can be effectively used to the nonparametric 

frequency domain identification in real-time using a short record of data in the sliding 

window. Moreover, for validation purposes the LS-based identification criterion is 

applied for the estimation of a parameter vector θ that corresponds to the model structure 

(3.7) 

 

 θ=(Φ
T
Φ)

−1
Φ

T
Ψ, (3.15) 

where Φ = [φ
nR 

 φ
nI 

]
2∙i×(2∙q+1)

T
is the matrix of the real and imaginary equation pairs of a 

third order (q = 3) model 

 

 G(ejωnTs)=Xn+jYn (3.16) 

for the frequencies n = 1…i, denoted as  
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Finally, the matrix Ψ represents the real and imaginary components of the equation pairs  
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Ψ = [
Xncos(qωnTs) − Ynsin(qωnTs)

Xncos(qωnTs) − Ynsin(qωnTs)
]

2∙i×1

T

. 
(3.19) 

This type of a parameter estimation routine results in an iterative least-squares solution 

in the frequency domain. It should be noted that a well-chosen weighting function 

W(ejωnTs) could be used to improve the quality of the estimates, for instance, by using the 

denominator coefficient A(ejωnTs) of the previous estimation. Obviously, the LS-type 

parameter estimation routine is preferable for off-line identification purposes, but it is 

considered in Publication V in order to show the applicability of the SDFT-based 

nonparametric identification routine. Moreover, the structure of the matrices (3.15) for 

the frequency domain observations can be chosen differently; for instance in (Hashimoto 

and Ishida, 1999), the nonparametric model is combined with the known controller 

structure in order to adapt the controller parameters.  

3.5.2 Time-frequency representation of signals using a Kalman filter 

Basically, the standard Kalman filter solution is an extension of the recursive least squares 

parameter (RLS) estimation method (3.9)–(3.15). Traditionally, the Kalman-filter-based 

online identification tools proposed in the literature such as (Schütte et al., 1997) and 

(Perdomo et al., 2013) can be considered parametric time domain methods. This is due to 

the fact that the proposed methods takes explicitly into account prior knowledge about 

the system dynamics, and in most cases, this information is based on the use of a 

parametric model obtained from off-line identification. However, in this doctoral 

dissertation, particularly, in Publications IV and VI, the proposed Kalman-filter-based 

identification approach is referred to as a frequency domain identification method, 

because the time-frequency presentation of signals using the Kalman filter can be 

regarded as a kind of a short-time DFT resulting in a nonparametric presentation (3.16) 

of the frequency response. The Kalman-filter-based short-time DFT can be obtained by 

considering the following simplified state-space representation 

 
x(k+1)=Φ(k)x(k)+w(k) 

z(k)=Hx(k)+v(k), 
(3.20) 

where x(k) is the state vector, Φ(k) is the state transition matrix, H(k) is the measurement 

matrix and z(k) is the output of the Kalman filter. v(k) and w(k) are the measurement and 

model error vectors, respectively. For the state estimation problem, the following Kalman 

filter solution can be written 

 
x̂(k+1)=Φ(k)x̂(k-1)+K(k)[z(k) − Hx̂(k − 1)], 

(3.21) 

 

where K(k) is the Kalman gain. In Publications IV and VI, the Kalman filter under study 

can be regarded as a kind of a fixed-coefficient state observer with predetermined stability 

characteristics. Thus, the Kalman filter gain is selected as  
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K(k)=

Φ(k)HT(k)

H(k)H
T(k)+λ

 
(3.22) 

 

where λ is the tuning parameter. The derivation of (3.22) is further discussed in 

Publication VI. The following state vector is considered to estimate a nth frequency 

component ωn  

 

 
x(k)= [

xreal(k)

ximag(k)
] 

(3.23) 

 

where xreal(k) and ximag(k) are the real and imaginary components of the signal that can be 

estimated by considering the following transition matrix 
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(3.24) 

 

where Ts is the sample time. From the viewpoint of system identification, the signal 

component representation with a Kalman filter provides an opportunity to recursively 

estimate the frequency contents of the signals. In Publication IV, the Kalman-filter-based 

fixed-coefficient state observer depicted in Fig. 3.3a is used for the online identification 

of a closed-loop-controlled two-mass system by using a multisine excitation signal. 

Moreover, in Publication VI, a similar observer is considered, but the state transition 

matrix, and thus, the Kalman gain, is updated with the known time-varying frequency 

(3.22) as depicted in Fig. 3.3b.   

 
Fig. 3.3 Examples of the Kalman filter configurations: a) fixed coefficient state observer considered in the 

Publication IV for tracking of multisine excitation signal. b) State observer for tracking of a swept sinusoid 

considered in Publication VI. 

 

The fundamental theory behind the Kalman-filter-based short-time DFT was initially 

proposed by Bitmead et al. (1986), and after that, it has been applied for online system 

identification (Parker and Bitmead, 1987) and diagnostics purposes (Jenssen and Zarrop, 

1994). These methods have been successfully used for the frequency response 

identification of open-loop and closed-loop systems using a multisine excitation signal. 

Basically, in Publication IV for the tracking of a multisine excitation signal, the state-

space realization of the Kalman filter requires a large block-diagonal form for the selected 
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set of frequencies. Obviously, the fixed Kalman filter gain sets the tracking properties for 

all frequencies as the same (Bitmead et al., 1986). However, a more recent study by 

Goubej (2015) has used an improved approach of (Bitmead et al., 1986) for real-time 

identification of a mechanical three-mass system so that the frequency components of the 

observer are weighted differently.  

 

It is emphasized that one of the main targets of this doctoral dissertation is to study the 

applicability of the proposed Kalman-filter-based identification routines under operating 

conditions that somewhat correspond to the commissioning state, that is, a soft controller 

is considered. For this reason, in Publications IV–VI, the direct identification approach 

is considered, which, in practice provides valid results only when the signal generator 

injects a high-frequency excitation compared with the closed-loop bandwidth. Obviously, 

the indirect identification approaches avoid problems with correlation of the input and 

output signals, and thus, are preferable if the proposed identification routine is applied, 

for instance, to performance assessment of control loops. In Publication VI it is shown 

in brief that the indirect identification with the Kalman filter is also applicable to 

determine the open-loop frequency response from the closed-loop experiments.  

 

3.6 Validation 

Model validation is one of the most important steps in the system identification. 

Especially, when considering system identification from the viewpoint of control design, 

usually the main objective is to find the best possible approximate model in a given class 

and according to a given criterion rather than to search for the ‘true’ model. Obviously, 

an exact system model is optimal for all kind of applications, but in practical identification 

cases, the task is to approximate a ‘true’ system, and hence, the target application should 

be used to estimate the quality of the model. Naturally, if the identified model is used for 

controller design, it is more important to achieve the control performance goals than the 

distinctive quality of the model. This is the main reason why the closed-loop identification 

criterion is usually determined as a function of the desired closed-loop controller 

performance criterion. Usually, simple models can be successfully used, for instance, to 

design a high-performance control, but the critical part of the identification is to find 

which terms or dynamics should be included in the model that sufficiently captures the 

essential system behavior. In Publication I, the identified OE model is used for a 

cascaded position controller design, which is then compared with the design obtained 

with the reference model. Basically, in this example case, the validation process is 

completed through the obtained controller performance, which shows that the 

identification improves the system model.   

3.6.1 Residual analysis 

The well-known validation tool is the residual analysis, which is based on statistical 

properties of the residuals ε(k)=y(k) − ŷ(k) which is shown in Fig. 3.5.  
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Fig. 3.4 a) ARX model structure, b) OE model structure, and c) validation by residual analysis (see 

Publications III and V). note: in the publications, A(z) and B(z) are used to denote the numerator and 

denominator, respectively.  

 

The auto-correlation test is commonly applied to evaluate the whiteness of the residuals  
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but for the OE model considered in Publications II–III,  the emphasis of the residual 

analysis is on the cross-correlation  
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since noise is not included in the OE structure, and thus, the modeling focuses on the 

dynamics of system rather than on the disturbance properties (Ljung, 2010). For the same 

model class, the cross-correlation between the residual and the delayed prediction model 

output sequence can be used to evaluate the model (Landau et al., 2011)  
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In general, the whiteness test is used to evaluate the goodness of the identified model by 

evaluating the residual autocorrelation function (3.25), which should remain within a 

specified confidence interval in order to pass the uncorrelation test of the residuals. 

Correspondingly, the cross-correlation in the residual analysis should show the 

uncorrelation of the past inputs, thereby resulting in stochastically verified parameter 

estimates. The confidence interval considered in Publications III and V corresponds to 

a 3% level of significance of the hypothesis test for a Gaussian distribution, and thus, a 

stochastically valid model should verify the condition |R(τ)| ≤ 2.17/√N. To a certain 

extent, these confidence intervals are reasonable, but as a result of modeling and non-

Gaussian error, it is usually preferable to consider the practical limit|R(τ)| ≤ 0.15 (Landau 

et al., 2016). Moreover, in (Landau et al., 2011) it has been proposed that the online-

estimated model is valid if the positive lag values verify the condition τ = 1,2,…, max(na, 

nb+d). One reason to emphasize the positive lags during the model validation is the 

possible influence of feedback in the system, which may result in a correlation for 

negative lags. For this reason, it should be noted that for model validation purposes, the 
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possible correlation in negative lags is not a reason to reject the obtained model (Ljung, 

2010).   

 

The results of the model validation are discussed in Publications III and V. It is pointed 

out that the parametric models obtained with the identification methods are different in 

the general model class, but the same validation test can be used for a practical 

comparison. The second observation should be made on the fact that the system under 

study has time-varying parameters, which leads to certain limitations in the validation 

procedure. It is worth pointing out that the term ‘statistical properties’ can be slightly 

misleading when this type of a model validation procedure is applied to a continuously 

time-varying system. However, the dynamics of the tooth belt drive system is studied in 

a well-defined operating range and the independent validation data have been collected 

under approximately same circumstances as the identification data, and thus, the basic 

behavior of the system can be assumed to be the same. Thus, it can be assumed that, at 

least to a certain extent, the tests can be used, especially when the validity of different 

local models is tested in a well-defined operating area for instance in a narrow position 

interval.  
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4 Results 

The research work produced several results. In this chapter, the experimental verification 

of the identification methods are discussed and the summary of the research results are 

presented.  

First, the configurations of both the experimental tests setups under study are introduced. 

Furthermore, it is described how the identification experiments were conducted. After 

that, the most important findings and conclusions of the research results is presented in 

the form of short summary. Finally, a comparison of the online identification methods is 

made and perspectives from the viewpoint of controller design via system identification 

is discussed in brief. 

4.1 Experimental verification  

The coupled-belt drive system, shown in Fig. 4.1a, is studied in Publications I, IV and 

VI, whereas the tooth belt-drive system, shown in Fig. 4.1b, is considered in Publications 

II, III and V. 

Fig. 4.1 Experimental two mass resonant systems: a) coupled belt drive system and b) tooth belt-drive 

system.  

In the case of coupled belt drive system depicted in Fig. 4.1a, the rollers are driven by 

frequency-converter-supplied permanent magnet synchronous motors (PMSM), and a 

programmable logic controller (PLC) is used for data acquisition and to implement the 

excitation signals, PI controller, and references. The other experimental test system 

depicted in Fig. 4.1b is a linear tooth belt drive with a limited stroke, which includes a 

moving mass attached between the belt pulleys. The other pulley is driven by a frequency-

converter-supplied PMSM, and the other pulley is free-running. A programmable logic 

controller (PLC) is used for data acquisition and to implement the excitation and reference 

signals, but the frequency converter (ASCM1) which have a commercial motion control 

software is used to implement the cascade position control. The used motion profiles are 

created in the PLC and fed to the frequency converter at every 500 μs. In both 

experimental systems, the angular velocity is measured with an absolute encoder mounted 

on the driving motor. The technical data of the experimental test setups are given in 

Appendix A.  

 

φ1 φ2

b)

T1

Ω1

a)

M2M1

PLC

Speed

encoder

Frequency

converter

Frequency

converter

Speed

encoder

M

PLC

400 V  

50 Hz

Driving 

motorLoading

motor

Ω2

T2

400 V  

50 Hz

T

Driving 

motor

400 V  

50 Hz

Belt coupling

Nip roller 1 Nip roller 2

Free-running

belt pulley

Driven

belt pulley

Moving

mass

Toothed belt



Results 44 

In this doctoral dissertation, the system in Fig. 4.1a is considered to be an 

electromechanical system with free movement so that the other nip roller is treated as a 

driven one, and the other is used as a load to set the tension of the belt. Thus, the system 

is operated at the desired constant nonzero velocity, and the identification is carried out 

so that the excitation signal is added to the torque reference signal after the system has 

been stabilized to the desired velocity. An illustrative example of the velocity, torque and 

excitation signals during the identification experiment are shown in Fig. 4.2a when the 

PRBS has been superposed to the velocity controller output. Correspondingly, in the case 

of the tooth belt drive, the application provides linear motion over a limited stroke, and 

therefore, identification must be performed within a limited operating range. 

Consequently, the experiments become more complicated as smooth motion profile must 

be designed and an adequate position control is required during the tests. Similar 

restrictions can be found from some of the robot joint (Wernholt and Gunnarsson, 2006) 

and feed-drive system (Kim and Chung, 2005) identification problems, where the 

freedom of motion is similarly limited. Example of identification experiment in the case 

of tooth belt drive system is shown in Fig. 4.2b when the system is excited with multisine 

during trapezoidal motion profile.     

 

      

       

      
a)                                                                                b) 

Fig. 4.2 References and signals during the identification experiment of: a) coupled belt drive using PRBS 

and b) tooth belt drive using multisine excitation signal. 
 

The measured signals shown in Fig. 4.2 are given as an illustrative example in order to 

clarify the difference in the identification experiments carried out with the tests setups 

under study. In the case of the coupled belt drive with free movement, the closed-loop 

identification experiments are carried out at nonzero velocity, that is, by operating the 

system at 10 rad/s when the belt is pre-tensioned to 50 N. Whereas in the case of the tooth 

belt drive trapezoidal motion profiles are considered and the zero velocity is avoided as 
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much as possible, in order to mitigate the effect of the nonlinear friction to the estimation 

result. The limitations of the identification experiments with the tooth belt drive are 

further discussed in Publications II–III and V. 

 

In the practical experimental verification, the maximum length PRBS is the only signal 

that has been generated online in the PLC by using XOR-ports-based shift register. The 

multisines and the chirp excitation signals were designed and prepared in Matlab, and 

subsequently stored in the PLC. Depending on the identification method, the measured 

input or the known excitation signal are used with the measured output to estimate 

frequency response directly or indirectly from the closed-loop experiments. In order to 

obtain valid results from the identification, the offset components of the signals 

corresponding to the operating point has been removed or considered in the estimation 

routine. Moreover, the identification experiments have been carried out several times in 

order to verify the proposed identification methods and to obtain independent data for 

validation purposes.  

4.2 Summary of the key results 

In this section the most important findings and conclusions of the research results are 

presented in the form of short summary. At first, the Kalman-filter-based online 

identification methods and experimental results obtained with the coupled belt drive are 

discussed. This experimental test setup, with various mechanical configurations, has been 

considered for both online and offline identification purposes and widely discussed in 

Publications I, IV and VI. For this reason, only the key findings are discussed in brief in 

this section. Thus, the both Kalman-filter-based online identification approached are 

studied in the case of the mechanical system configuration 2 of Table 2.1. Three different 

excitation signals; the PRBS, multisine and chirp are considered for the determination of 

frequency responses. In the case of the multisine and chirp, the Kalman-filter-based 

approaches are applied for online nonparametric frequency response estimation, whereas, 

the PRBS is used to obtain offline post-processed frequency response.  

 

In Fig. 4.3 the online estimated frequency responses are compared with the offline-

identified frequency response.  The frequency responses has been directly estimated from 

the closed-loop experiments. Evidently, the online-identified frequency responses are in 

a good correspondence with the offline-identified one although small discrepancies can 

be noticed, as expected. This result is important as it clearly validate the applicability of 

the proposed Kalman-filter-based identification approaches for real-time frequency 

response estimation at a selected band frequencies. Moreover, the time-frequency 

presentation of signals using the Kalman filter can be regarded as a kind of a short-time 

DFT resulting in a nonparametric presentation of the frequency response. Such a 

presentation has its advantages, such as compactness and computational simplicity, when 

considering online identification of a closed-loop-controlled mechanical system at a 

selected band of frequencies. Furthermore, the presentation also provide several 
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opportunities to closed-loop diagnostics as was discussed in Publications IV and VI. The 

changes in the mechanical system could be observed by applying the nonparametric form 

to calculate Vinnicombe’s gap between to models in Publication IV. Moreover, the 

online estimated Nyquist curve in Publication VI  provided the opportunity to calculate 

the controller performance- and system-related parameters by considering different 

distances in the Nyquist plot.  

 

The tooth belt drive was used to validate the closed-loop parameter estimation routines; 

the recursive time domain OE methods and the SDFT-based frequency domain 

identification approach. In the case of the OE methods the system was excited with the 

PRBS whereas in the case of the SDFT the Schroeder multisine was considered. Besides 

the fundamental differences between the identification methods and the excitation 

signals, the identification experiments have been carried out differently in Publications 

II–III and V. Thus, it is more preferable to discuss the key findings of these Publications 

separately. 

4.2.1 Publications II and III 

The direct and indirect recursive OE methods were studied in the case of a closed-loop-

controlled parameter-varying mechanical system in Publications II and III. Because, 

Publication III was a direct continuation of research work done in Publication II, 

thereby the key results of the both studies are summarized here. The online and offline 

OE methods were applied for direct parameter estimation in Publication II in order to 

monitor the changes in the mechanical system. The identification problem was treated as 

LTI system identification in a well-defined operating range and the two mass system 

approximation of the dominant frequency (2.6) was considered as a model structure in 

the estimation routines. The identification experiments has been carried out similarly as 

depicted in Fig. 4.2b, but a constant velocity of 0.06 m/s profile is used and the PRBS 

 

 
Fig. 4.3 Online estimated frequency responses using the Kalman-filter-based identification approaches 

compared to the offline post-processed frequency response.  
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was superposed to the torque reference. In Publication III the same identification 

problem was considered, but the parameter estimation was carried out indirectly. In Fig. 

4.4 the directly and indirectly estimated parameters from the measurements are shown 

with the reference model. The uncertainty related to the reference system parameters are 

shown with the shaded area.  

 

 

 

 
Fig. 4.4 Indirectly and directly estimated system parameters compared to the reference model parameters. 

 

Fig. 4.4 summaries the key findings related to the online identification results discussed 

in Publications II and III. It can be concluded that the directly and indirectly estimated 

parameters are in a satisfactory agreement with the parameter behavior of the reference 

model, and evidently, the position depended behavior can be captured by the two mass 

model structure. It can be also observed that indirectly estimated numerator parameters 

are smoother than the directly estimated ones, because the use of closed-loop predictor 

(3.13) improve the identification in closed-loop conditions. Even though, the directly and 

indirectly estimated parameters are in a good agreement with the reference model, the 

residual analysis with cross correlation tests (3.26) and (3.27) is applied for validation 

purposes. The cross correlation based validation for directly and indirectly estimated 

parameters are shown in Fig. 4.5.  

 

 
Fig. 4.5 Validation of the directly and indirectly estimated parameters with cross correlation analysis.  
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The validation result in Fig. 4.5 indicates that the indirect parameter estimation 

outperforms the direct estimation routine. The cross correlation values remains under the 

practical confidence limit 0.15 and are close to the 97% confidence limit. The 97% 

confidence limit have been determined as 2.17/√L, where L = 4500 which represents the 

number of the samples considered in the cross validation.  

 

As a final conclusion, the experimental results and the validation tests show that the 

indirect closed-loop identification method is feasible for estimating parameters of 

parameter varying system. As applied, the model estimation captures the changing 

parameters of the system and position dependent system dynamics can be clearly 

observed. Even though linear identification methods are utilized, the obtained parameter 

values show an acceptable agreement with the reference model and the validation data, 

and thus, the proposed indirect closed-loop identification method is feasible for online 

estimation of the tooth drive parameters. 

4.2.2 Publication V 

The SDFT-based online frequency domain identification routine was studied in 

Publication V. The Schroeder multisine with a frequency range of 20 Hz to 120 Hz with 

a frequency resolution of 5 Hz was considered as an excitation signal and the SDFT was 

applied to indirect nonparametric frequency domain identification. The identification 

experiments were carried out as depicted in Fig. 4.2b and a constant velocity of 0.38 m/s 

profile was used. Moreover, the frequency domain observations were used to fit 

parametric model by using LS-based identification routine (3.15)–(3.19) in order to 

validate the proposed method. In Fig. 4.6 the estimated parameters are shown with the 

reference model.  

    

  

  
Fig. 4.6 Online estimated system parameters compared to the reference model parameters. 
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In Fig. 4.6 it can be concluded that the LS-estimation captures the changing parameter 

behavior from the frequency domain observation. However, it is worth remarking that the 

online parameter estimation routine is considered in a narrow frequency band and a 

separate noise model is not estimated, and thus, for these reasons discrepancies can be 

expected. By applying the cross correlation based validation tests (3.26) and (3.27), the 

estimated parameters can be evaluated. The cross correlation based validation tests for 

the estimated parameters are shown in Fig. 4.7. The number of the samples L = 3000 has 

been considered in the cross validation.    

 
Fig. 4.7 Validation of the estimated parameters with cross correlation analysis.  

The result in Fig. 4.7 show that the cross correlations are close to the 2.17/√L confidence 

limit, thus indicating that the estimated parameters are valid in terms of cross-correlation 
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computational burden when a large number of frequency components are included in the 

excitation signal. Similarly, the fixed state observer form of the Kalman filter also suffers 

from the same computational drawback, and , requires an initial selection for the tuning 

parameter, which sets the desired tracking properties for the filter. When these methods 

are applied to the identification of an electromechanical system, it can be assumed that 

they are, at least to a certain degree, applicable to provide a nonparametric frequency 

response estimate in a computationally efficient manner by using recursive computations 

to obtain a DFT as was shown in Publications IV and V. Thus, if only a limited frequency 

range is to be identified, the online frequency domain approach can be more preferable 

compared with the time domain methods. This is also an important aspect from the 

perspective of fault diagnostics.  

The frequency domain observations can be applied with arbitrarily chosen frequencies to 

estimate a parametric model, but the computational burden increases further as an 

additional parameter-fitting algorithm is needed, as it is reported in Publication V. It is 

evident that if a parametric model has to be estimated online, the technical limitations 

related to the memory and calculation capacity of the practical application can favor the 

well-known efficient time domain methods with a low computational complexity such as 

the recursive CLOE method discussed in Publication III. Even though the recursive time 

domain methods require somewhat more initialization such as selection for the model 

complexity, the well-known fact that these methods can, in practice, function with an 

extremely low excitation is an appreciated property when practical mechanical 

applications are considered (Landau and Zito, 2011).    

In Publication VI, a nonparametric Kalman-filter-based identification approach was 

proposed to estimate the frequency response in real time. The main drawback of this 

method is that it has to be synchronized to the frequency of the excitation signal, which 

has instantaneous frequency variation over time, for instance, the chirp. This property 

also introduces the second disadvantage of the method, that is, a slow sweeping is 

essentially required for a precise measurement. However, the chirp has an important 

advantage as it can be narrowed to the desired band of frequencies, which is the main 

contributor to the feasibility of the approach. Thus, the approach can be applied to identify 

and monitor different frequency regions of an electromechanical system in a frequency-

by-frequency manner. The computational complexity of the method is low because only 

a few states are estimated simultaneously. 

As a final conclusion, it can be stated that there is no single selection criterion that can be 

used to decide which identification method discussed in this dissertation is the most 

feasible one for mechanical applications, and which would always lead to a good and 

valid identified model. For example, in the case of many practical parameter estimation 

problems, it is necessary to reconsider the excitation conditions, the applied estimation 

algorithm, or the experimental conditions in order to obtain acceptable results. Moreover, 

in this dissertation, the applicability of the proposed identification methods was validated 

with experimental resonating systems, but when applied to a practical industrial 
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application, the final purpose of use, safety issues, and the technical limitations direct the 

selection.  

4.4 Discussion  

This doctoral dissertation focused on the online identification of the dominant dynamics 

of resonating mechanical systems, with a specific objective to identify a predefined 

frequency band around the first resonance frequency of the system. Especially, the 

proposed nonparametric frequency domain identification approaches were suitable for 

this purpose by exciting the system with an excitation signal containing a predefined set 

of frequencies. However, when considering the system identification problems from the 

viewpoint of the controller design, the main target is to build a parametric representation 

of the system by considering a prior-determined model structure that is estimated from 

the collected input/output data. In most cases, estimated and validated simple models can 

be successfully used to design a high-performance control, but the critical part of the 

identification is to find which terms or dynamics should be included in the model that 

sufficiently capture the essential system behavior. In this section, this topic is discussed 

from the perspective of neglected system dynamics. Certain aspects related to the 

controller design through identification are discussed in brief. 

4.4.1 Relation of neglected system dynamics to control design 

In many industrial motion control applications, the control law of preference is a simple 

P-position control cascaded with a PID velocity loop combined with feedforward terms 

(Jokinen, 2010). In this doctoral dissertation, the experimental identification and control 

design validation have been carried out by using electrical drives with commercial motion 

control software, and therefore, the cascade control structure has been under 

consideration. With this type of a controller structure, some design compromises have to 

be made with the performance, for example in the case of resonating systems, because all 

the closed-loop poles cannot be freely placed (Jokinen, 2010). In Publication I, the 

position cascade controller with the velocity feedforward was designed based on the 

reference and identified model by loop shaping. In the controller design, the sensitivity 

S(s)=(1+C(s)∙G(s))
-1

and complementary sensitivity T(s) = C(s)·G(s)·S(s) transfer 

functions with the weights were applied to obtain the performance criteria. However, in 

practice, several modeling errors associated with the parametric structure are expected to 

occur as a result of the neglected high-frequency system dynamics such as possible higher 

resonance modes, actuator or sensor lags, or measurement noise. These unmodeled 

dynamics limits the achievable bandwidth and may have an adverse effect on the 

performance and stability of the controller.  

For resonating two-mass systems, various model-based controller design methods have 

been proposed in the literature such as different pole-placement assignment techniques 

for a two-degree-of-freedom PI controller (Zhang and Furusho, 2000), (Szabat and 

Orlowska-Kowalska, 2007). Especially, when using an identified model for the controller 
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design, it has been shown that pole placement combined with a loop-shaping technique 

improves the control design stability (den Hamer et al., 2005). Obviously, neglecting the 

high-frequency dynamics of the system can be justified to a certain degree, but it is of 

importance in the controller design. These frequency regions should be considered in the 

controller design procedure by shaping the input sensitivity function S(s)·G(s), and thus, 

the relation between the input and output disturbance of the system in order to improve 

the stability of the control loop. Correspondingly, the output sensitivity function 

S(s)·C(s), the relation between system input and output disturbance, is related to the 

robustness and disturbance rejection properties of the closed-loop control. These 

sensitivities should also be considered in the controller design for instance by introducing 

predefined fixed parts for the controller. As an example, a work by (Landau and Zito, 

2011) provides practical guidelines to use sensitivity functions for the pole placement 

controller design based on identified models.  

4.4.2 Identification in closed loop 

The closed-loop identification approaches proposed in this dissertation were studied 

under operating conditions that approximately correspond to the commissioning state; 

that is, a soft controller was considered. Publication I was the only article appended to 

the dissertation that discussed the controller design by system identification. On the other 

hand, Publications II−VI exclusively studied the applicability of online identification 

methods for the identification of resonating mechanical systems. It obvious that a low 

bandwidth controller, which does not significantly damp the resonance mode of the 

system, is essentially required to achieve good estimates in the range of frequencies that 

are of interest. This is usually the first step in order to achieve an initial model for the 

control design. After the control design step, the closed-loop identification should be 

performed again with the designed controller to obtain higher precision for the critical 

frequency regions. For instance, with the time domain methods discussed in this 

dissertation, this can be achieved by filtering the excitation signal ru(k) through the output 

sensitivity function (Landau et al., 2011). This introduces an option to use control goal 

objective-oriented identification, and thus, provides an opportunity to redesign the 

controller or monitor the closed-loop performance. The frequency domain identification 

methods discussed in this work could be used for similar purposes
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5 Conclusions and further study 

This doctoral dissertation studied various online identification techniques for the 

identification of a mechanical system in electrical drives. The discussion covered a 

closed-loop time domain identification approach that is fundamentally based on the 

recursive parameter estimation with an OE-structure as well as nonparametric frequency 

domain approaches that are based on the time-frequency representation of signals using 

SDFT and Kalman filters. All the discussed methods relied on different persistent 

excitation signals, and thus, the considered excitation inputs included continuous sine 

sweep (chirp), pseudo random binary signal (PRBS), and multisines. Moreover, the 

dissertation focused on the online identification of a mechanical load of electric drives 

having dynamics that can be approximated as a two-mass system. The studied 

identification methods were verified by two different experimental test setups; with a 

coupled belt drive and tooth belt drive. The experimental results show that the studied 

closed-loop identification methods are applicable for estimating parameters of a 

servomechanism with a limited stroke as well as of an electro-mechanical actuator with 

free movement.  

First, by considering the time domain online identification methods studied in 

Publications II–III, a polynomial-model-based identification method was applied. It was 

shown that the estimated two-mass model can be treated as a best linear approximation 

of the mechanical coupling in a certain operating point, and thus, the essential system 

dynamics in different cart positions can be online identified. This means that the two-

mass-system approximation of the dominant resonance frequency can be used to 

represent the complete mechanical load of the drive in a simplified way. 

Moreover, Publication IV and VI proposed a nonparametric methods to estimate the 

frequency response of a closed-loop-controlled servomechanism in real time using a 

Kalman-filter-based identification routine. The discussion also covered the closed-loop 

system diagnostics options with the proposed method in brief. The advantages of this type 

approach compared to well-established standard identification methods include: simpler 

calculations and the recursive form, which does not require storage of the whole 

experiment record and the possibility of detection of changes in computationally efficient 

manner. The main drawback is the rapid changes in the excitation signal that can 

introduce transients to the system which can distorts the frequency response 

measurement, as the proposed Kalman filter method assumes a steady state response to a 

constant frequency harmonic signal from its definition. Thus, as a result in Publication 

VI, the longer duration of the experiment is essential in order to obtain reliable results, 

and hence, a slow frequency sweeping is required. Nevertheless, this type of identification 

routine may be applied for the identification of changes in the desired band of frequencies, 

which is desirable feature from the viewpoint of diagnostics.  

Finally, Publication V discussed and evaluated the application of the SDFT for indirect 

nonparametric frequency domain identification of a closed-loop-controlled mechanical 

system with varying system dynamics. The paper showed that the nonparametric behavior 
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of the frequencies of interest can be effectively identified and tracked in the frequency 

domain by using a short record of data in the sliding window. Because this results in a 

nonparameteric characterization of dynamic system, it provides several opportunities to 

diagnostics and supervision purposes such as fault detection, as well as for real-time 

dynamic modelling required by self-tuning control algorithms. The paper also showed 

that the parameters of the simplified two-mass system approximation can be obtained 

from the frequency domain observations by considering a Least-Squares (LS) based 

identification criterion for the estimation of a parametric model. Similar type of linear 

model estimation routine from the nonparametric frequency response observations has 

been successfully applied for nonlinear flight application in (Holzel and Morelli, 2011). 

Thus, the method proposed here could provide interesting opportunities for the 

monitoring of changing resonating mechanical systems for instance in a wind mill 

application.  

 

In the course of the study, certain topics of further interest have arisen in the case of the 

studied online identification methods. 

5.1 Suggestions for future work 

Even though a linear identification method was applied in Publications II–III, the 

obtained parameter values show an acceptable agreement with the reference model, and 

thus, the proposed indirect closed-loop identification method is valid for online estimation 

of the tooth belt drive parameters. However, for this specific application, the 

nonlinearities could be parameterized and introduced in the regression vector. Moreover, 

even though the model validation gave stochastically valid parameter estimates the bias 

could be reduced by filtering the input and output using the estimated denominator 

polynomial.   

Obviously, the main drawback using the LS algorithm in Publication V for parameter 

estimation from the viewpoint of online identification is the increased computational 

burden in conjunction with the number of frequency points considered in the estimation. 

This issue is considered in the future research by applying a recursive form of the LS 

algorithm for the parameter estimation so that the resonator outputs of the SDFT are used 

in a frequency-by-frequency manner. However, this implies an undesirable feature as the 

estimation is basically delayed, and thus, limits its usefulness for certain applications, yet, 

but could be feasible to detect system changes for diagnostics purposes.   

In Publication VI, it is evident that the identification method requires further 

improvement, for instance, the selection of the Kalman filter gain for different frequency 

regions in conjunction with a swept excitation signal amplitude design. Moreover, the 

state-space representation could be extended to the observer form so that the states of the 

corresponding signals and the transfer functions associated with the relation of these 

signals could be estimated simultaneously. This observer form could be useful for 

diagnostics purposes and change detection.  



Conclusions and further study 55 

As a final suggestion, the future research work dealing with the topic of controller design 

should include the implementation and testing of advanced controllers that are updated 

or their performance is monitored with a real-time identification method. The frequency 

domain identification methods discussed in this dissertation could provide several 

opportunities for an advanced controller. Firstly, the uncertainties and modelling errors 

can be directly interpreted in the frequency domain, which are important metrics of 

robustness. The nonparametric presentation with uncertainties could allow an advanced 

controller structure with a robust learning scheme or adaptation that compensates for the 

errors with different adaptation weights for the identified frequencies. Obviously, the 

price of these opportunities is the large computational load of the required frequency 

domain calculations.  
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Appendix A: Technical data for the test setups 

In this appendix, the technical data related to the components of the experimental setup 

are given. 

Table A.1: Technical data for the coupled belt drive test setup. 

PMSM  BSM 100N–2250 AD (Baldor) 

Rating plate 300 V, 50 Hz, 1200 rpm, 2.54 kW 

Moment of inertia (motor) 0.0022 kgm2 

Absolut encoder (multi-turn) ppt count 2048 

Frequency converter   ASCM1–04AM–016A–4 (ABB) 

Voltage (supply) 380–480 V 

Current (supply) 17–19.8 A 

Frequency (supply) 48–63 Hz 

Voltage (output) 0–100 % of supply voltage 

Current (rated output) 16 A 

Frequency (output) 0–500 Hz 

Belt material I HNB–12E (Habasit) 

Thickness 2.4 mm 

Mass of belt (belt weight): 2.8 kg/m2 

Width 25 mm 

Length 2600 mm 

Tensile force for 1 % elongation (static, 

after relaxation)* 

20 N/mm, 11 N/mm 

Belt material II NHM–10EKBV (Habasit) 

Thickness 2.1 mm 

Mass of belt (belt weight): 2.5 kg/m2 

Width 25 mm 

Length 2600 mm 

Tensile force for 1 % elongation (static, 

after relaxation)* 

8 N/mm, 5.5 N/mm 

* Habasit Standard SOP3-155 / EN ISO21181
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Fig. A.1 Dimensions of the rubber-coated rollers of the coupled belt drive.   

Table A.2: Technical data of the tooth belt drive test setup. 

PMSM  CFM90M (SEW) 

Rating plate 288 V, 150 Hz, 3000 rpm, 4.55 kW 

Moment of inertia (motor) 0.0027 kgm2 

Absolut encoder (multi-turn) ppt count 2048 

Frequency converter   ASCM1–04AM–024A–4 (ABB) 

Voltage (supply) 380–480 V 

Current (supply) 20.2 A 

Frequency (supply) 48–63 Hz 

Voltage (output) 0–100 % of supply voltage 

Current (rated output) 24 A 

Frequency (output) 0–500 Hz 

Tooth belt guide   DGE–ZR–RF–40 (Festo) 

Dist. between pulleys  2.14 m 

Max. stroke 1.6 m 

Max. added mass (load)  30 kg 

Max. torque 12.1 Nm 

Max. velocity 10 m/s 

Max. acceleration 50 m/s2 

Repeat accuracy ±0.1 mm 

Cart length 0.44 m 

Cart mass 2.7 kg 
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Appendix B: Derivation of the SDFT 

At discrete time instant n the kth harmonic components Xk(n) within a period of N samples 

can be expressed as 

 

Xk(n)= ∑ x(n − (N − 1)+l)e
−jk(

2π
N

)l

N-1

l=0

 (B.1) 

The Fourier component Xk(n) at time instant n can be expressed as 

                Xk(n)=x(n − (N − 1))+x(n − (N − 1)+1)e
−jk(

2π

N
)
+x(n)e

−jk(
2π

N
)(N−1)

      (B.2) 

By considering the same form to the previous component Xk(n-1) following is obtained 

Xk(n − 1)=x(n − N)+x(n − (N − 1))e
−jk(

2π

N
)
+x(n − 1)e

−jk(
2π

N
)(N−1)

    (B.3) 

Moreover, by subtracting (B.3) from (B.2)  

 Xk(n)=(Xk(n − 1) − x(n − N))e
jk(

2π

N
)+x(n − 1)e

−jk(
2π

N
)(N−1)

            (B.4) 

By considering the notation  

 e
jk(

2π

N
)
=e

−jk(
2π

N
)(N−1)

               (B.5) 

thus the (B.4) can be rewritten as 

 

Xk(n)=(Xk(n − 1) + x(n) − x(n − N))e
jk(

2π

N
)
          (B.6) 

Thus, at each time instant n the only the last sample x(n) is added and the oldest sample 

x(n-N) is removed from the window. 
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Abstract

A proper system identification method is of great importance in the process of acquiring an analytical
model that adequately represents the characteristics of the monitored system. While the use of different
time-domain online identification techniques has been widely recognized as a powerful approach for system
diagnostics, the frequency domain identification techniques have primarily been considered for offline
commissioning purposes. This paper addresses issues in the online frequency domain identification of a
flexible two-mass mechanical system with varying dynamics, and a particular attention is paid to detect
the changes in the system dynamics. An online identification method is presented that is based on a
recursive Kalman filter configured to perform like a discrete Fourier transform (DFT) at a selected set
of frequencies. The experimental online identification results are compared with the corresponding values
obtained from the offline-identified frequency responses. The results show an acceptable agreement and
demonstrate the feasibility of the proposed identification method.

Keywords: Kalman filter, Nonparametric estimation, Online identification, Short-time DFT, Two-mass
system

1 Introduction

The identification of a mechanical system in electric
drives has become an increasingly important feature in
different high-performance motion control applications
such as robotics, machine tools, material handling, and
packaging, to name but a few. As the control perfor-
mance plays an important role in these applications,
the increasing demand for high reliability significantly
motivates to improve the methods, tools, and tech-
niques for the diagnostics and condition monitoring of
a mechanical system. The deterioration of mechan-
ical parts over time or other unexpected changes in
the system dynamics may lead to degradation of the
control performance. These adverse effects can cause
unexpected interruptions to the production processes,
for example, in material handling. Thus, it is impor-
tant to detect the system changes as proactive main-

tenance before they lead to performance degradation,
which could eventually lead to production losses. For
these reasons, different system identification techniques
for the condition monitoring of mechanical parts are
viable methods to enhance the reliability of electrical
drives.

In the literature there are numerous papers describ-
ing identification techniques for different mechanical
systems. In general, a mechanical system can be iden-
tified either in the offline or in online mode by time-
or frequency-domain observations. Broadly speaking,
traditional identification techniques can be divided into
two main categories: nonparametric estimation meth-
ods (Villwock and Pacas, 2008), (Wang et al., 2011),
(Ruderman, 2014) and parametric estimation methods
(Saarakkala and Hinkkanen, 2013). For commission-
ing purposes, frequency-domain offline identification
techniques are widely recognized, and they have been

doi:10.4173/mic.2015.3.3 c© 2015 Norwegian Society of Automatic Control
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successfully applied to parameter estimation of differ-
ent mechanical systems in closed-loop control (Beineke
et al., 1998), (Beck and Turschner, 2001). Corre-
spondingly, other studies have considered the closed-
loop time-domain identification of mechanical systems
for parameter estimation and control design purposes
(Saarakkala and Hinkkanen, 2013), (Nevaranta et al.,
2013), (Calvini et al., 2015). Especially, recent ad-
vances in time-domain prediction error approaches
(Toth et al., 2012) have mitigated the closed-loop is-
sues. Some of these methods have been successfully
applied to online parameter estimation by considering
their recursive form (Nevaranta et al., 2015), (Garrido
and Concha, 2013). For online identification purposes,
recursive time-domain parameter estimation methods
have received the most attention as they have been
shown to overcome many of the drawbacks of classical
frequency-domain techniques in terms of closed-loop is-
sues, accuracy, computational cost, and memory stor-
age requirements.

Despite the above theoretical development, there are
hardly any studies available on the issues related to
the use of frequency-domain techniques for online sys-
tem identification. As the computational capacity has
increased, the real-time frequency domain techniques
could introduce attractive features for example for the
online monitoring of a mechanical system at a selected
set of frequencies. In (Morelli, 2000), a real-time equa-
tion error method based on finite Fourier transform in
the frequency domain is used for linear model iden-
tification. Another approach has been reported in
(Jenssen and Zarrop, 1994), where a recursive Kalman
filter is configured to perform like a Fourier transform
(Bitmead et al., 1986). These methods are regarded as
a short-time discrete Fourier transform. In (LaMaire
et al., 1987), (Kurita et al., 1999) adaptive frequency
domain online identification based control law have
been proposed. Furthermore, other frequency domain
identification methods used in real-time have been re-
ported in (Barkley and Santi, 2009). However, these
methods have high memory storage requirements for
data acquisition (Kurita et al., 1999) or take an itera-
tive form (Barkley and Santi, 2009).

Even though several studies have applied different
online and offline methods to identify the dynamics of
the mechanical parts, to the authors knowledge, none
of the previous studies have discussed or considered
online identification of a mechanical system in the fre-
quency domain. In practice, the advantages of fre-
quency domain techniques based on a Fourier trans-
form are that the bias and drift are removed from the
measured data. Secondly, by using a priori knowledge
of the expected frequency range, that is, a selected set
of frequencies of the excitation signal, the data to be

analyzed can be easily reduced. Motivated by the fea-
tures of the short-time DFT algorithm in (Jenssen and
Zarrop, 1994), (Bitmead et al., 1986), (Kamwa et al.,
2014), the objective of this paper is to study online non-
parametric identification of the frequency response in
selected frequency points and monitoring of a velocity-
controlled two-mass-system in a closed-loop control. In
particular, the main idea of using the short-time DFT
for identification purposes presented in (Jenssen and
Zarrop, 1994) is considered, but here the theory is sup-
ported by measurement results, and the identification
is carried out in a different manner. The direct identi-
fication is considered by using the measured input and
output signals.

This paper studies an example case of the frequency-
domain online identification of a two-mass-system. The
system under study is a coupled belt system with me-
chanical dynamics consisting of two moments of in-
ertias coupled by flexible belt material. The online
identification is performed by exciting the system with
a multi-sine excitation signal and using a short-time
DFT. In the approach, nonparametric identification is
performed at a selected set of frequencies that are cho-
sen from the offline-identified frequency response and
prior knowledge of the system dynamics. For valida-
tion purposes, the system dynamics of the experimen-
tal test setup is varied by changing the belt material in
the system. Furthermore, the normalized Vinnicombe
gap metric is used as an illustrative distance metric in
order to compare offline- and online-identified models
in the desired frequency range when the system has
been modified.

The contents of the paper are organized as follows.
First, a mathematical model of the flexible belt sys-
tem under consideration is developed and introduced
in Section 2. After that, the online identification pro-
cedure for the mechanical system under study is in-
troduced in Section 3. Finally, the experimental test
setup is presented and identification results are shown
and analyzed in Section 4. Section 5 concludes the
paper.

2 Model of the Two-mass-system

The investigated two-mass-system is a coupled belt sys-
tem with mechanical dynamics consisting of two mo-
ments of inertias coupled by flexible belt material as
depicted in Figure 1. The dynamics of the mechanical
system in Figure 1 can be described by the following
set of equations

J1
dΩ1

dt
= T1 − Tfr1 + r1F (1)
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T1Ω1 T2Ω2

r1 r2

K, D
J1 J2

F F

 

Figure 1: Flexible two-mass-system

J2
dΩ2

dt
= T2 − Tfr2 − r2F (2)

F = K(r2Ω2 − r1Ω1) +D(r2Ω̇2 − r1Ω̇1) (3)

Equations (1) and (2) are the elementary dynamic
equations for rotation, where J is the moment of in-
ertia, is the angular velocity, T is the torque, Tfr is
the frictional torque component, r is the roller radius,
and F represents the tension force. The dynamics of
the coupling is expressed by (3), where K is the spring
constant and D is the damping constant of the belt
material. In this paper, the dynamics of the two-mass-
system is modified in order to show the applicability
of the proposed identification method. The reference
models for the system under study are calculated from
the material properties and the geometrical values pre-
sented in Table 1. The reference models are used to
compare the experimentally identified models. It is
pointed out that the original parameters of the exper-
imental test setup, especially the belt properties, are
only known with some degree of confidence.

3 Short-Time DFT

The standard method for spectrum analysis is the dis-
crete Fourier transform, which, in practice, requires an
N array of samples. For real-time implementation, a
recursive Kalman filter can be configured to perform
like a Fourier transform (Bitmead et al., 1986). Thus,
the short-time DFT can be obtained by using the fol-
lowing simplified state-space representation

x(k + 1) = Ax(k) (4)

y(k) = C
T
x(k)

where the matrices A and C
T

for the nth frequency
component ωn are written as

An =

1 0 0
0 cos(Tsωn) sin(Tsωn)
0 − sin(Tsωn) cos(Tsωn)

 (5)

Cn =
[
1 1 0

]
(6)

Table 1: Parameters of reference systems

Parameters Ref. system A Ref. system B

K[N/m] 5.75·104 3.10·104
D[Ns/m] 100 90
J1[kgm

2] 0.032 0.032
J2[kgm

2] 0.032 0.032
fres[Hz] 15.1 11.1

where Ts is the sample time. Thus, the state vector
consists of the DC offset and the real and imaginary
components of the signal at the frequency ωn, and it is
described byxdc(k + 1)
xre(k + 1)
xim(k + 1)

=
1 0 0

0 cos(Tsωn) sin(Tsωn)
0 − sin(Tsωn) cos(Tsωn)

xdc(k)
xre(k)
xim(k)

(7)

The equation for the output is given as

y(k) =
[
1 1 0

] xdc(k)
xre(k)
xim(k)

 (8)

The second and third element of the state vector x(k)
consist of a frequency component and its derivative.
Thus, the output y(k) formed from the real part of the
signal components. The Kalman filter solution for the
state estimation problem can be written as

x̂(k + 1) = Ax̂(k) + K(k)(y(k)−C
T
x̂(k)) (9)

where y(k) is the measured signal and the Kalman gain
K(k)

K(k) =
AP(k)C

T

C
T
P(k)C + r

(10)

where r represents variance in the measurement. The
covariance matrix P(k) is calculated as

P(k) = AP(k − 1)

[
I +

CC
T
P(k − 1)

C
T
P(k − 1)C + r

]
A

T
(11)

As the covariance matrix is updated, the optimal gain
has a time-varying nature. For practical purposes, fix-
ing the covariance matrix at P = εI gives the steady-
state values of the Kalman gain vector, which can be
calculated offline as

K(k) =
AC

C
T
C + r

ε

(12)

This expression gives a filter expression that is a fixed
coefficient state observer with predetermined stability
characteristics (Kamwa et al., 2014). Furthermore, this
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form gives a simple tuning rule for the gain: the gain
only depends on the ratio r/ε as the known matrices A
and C are calculated beforehand. Thus, the choice of
ε directly influences the tracking and error covariance;
for instance, a small value gives slow tracking and a
small error covariance. The ratio of r and ε is defined
as

λ =
r

ε
(13)

This form provides an opportunity to use only one tun-
ing parameter λ in the filter design. The state-space
realization can be modified so that more than one fre-
quency component can be considered at the same time
by using the block-diagonal representation

A =


A1 0 0 0
0 A2 0 0

0 0
. . . 0

0 0 0 An

 (14)

and correspondingly, the output matrix has the form

C
T

=
[
1 0 1 0 · · · 1 0

]
(15)

As the signal is in a complex form, the amplitude of
the nth component can be calculated by

|x(n)| =
√
x
(n)
re + x

(n)
im (16)

3.1 Estimating with Short-time DFT

In order to show the tracking properties and the influ-
ence of the tuning parameters of the Kalman filter, the
following signal is considered as an example

y(t) = 2 + 1.3 sin(30πt) + 1.7 sin(80πt) + e(t) (17)

where e(t) is the disturbance in the signal that con-
sists of a Gaussian noise part and three sine compo-
nents with frequencies [26, 54, 72]π. The amplitude
for the disturbance is set to 0.25. The Kalman filter is
tuned to track frequencies ω1-7 = [20, 24, 30, 36, 60,
70, 80]π that include both the sine components of the
signal (17) and the other components close to the dis-
turbance frequencies. Figure 2 a) shows the estimated
amplitudes for the frequencies ω1-7. Moreover, Fig-
ure 2 b) depicts the tracking properties in the case of a
second sine component of (17) when the tuning param-
eter λ is varied. It can be noticed in Figure 2 a) that
the amplitudes of the desired frequency components of
(17) are estimated correctly under disturbances. Fur-
thermore, the amplitudes of the other frequencies con-
sidered in the Kalman filter design as well as in e(t) are
estimated near zero. In Figure 2 b), the effect of the
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Figure 2: a) Estimated amplitudes of the signal (λ =
100) and b) tracking properties when the
tuning parameter λ is varied.

tuning parameter λ is clear: when λ increases, the er-
ror in the estimate increases, but the tracking is faster.
These results show that the desired frequency compo-
nents can be tracked by the proposed method.

4 Experimental Results

In the experimental evaluation, a mechanical system
consisting of two nip rollers coupled by a flexible belt
is considered. Both of the rollers are directly coupled
to BSM100N-2250AD permanent magnet synchronous
motors manufactured by Baldor. The motors are con-
trolled with high-performance ABB ACSM1 frequency
converters. The velocity feedback signals are measured
using high-resolution absolute encoders. An AC500
programmable logic controller (PLC) by ABB is used
to implement the process controllers and the excita-
tion signals. The experimental test setup is illustrated
in Figure 3.

4.1 Offline Identification

In this paper, the offline identification is considered for
two specific purposes. Firstly, based on the offline iden-
tification results, the desired set of frequency points to
be monitored by the online method are selected, and
thus, the frequency contents of the excitation signal are
obtained. Secondly, the dynamics of the experimental
system is identified in order to have a more realistic
model for comparison.

The experimental offline identification tests are car-
ried out in the nominal operation point of the system
at a velocity of 10rad/s when the belt tension was set
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Figure 3: a) Experimental system applied in the labo-
ratory measurements. Both of the rollers are
driven by Baldor BSM100N-2250AD perma-
nent magnet synchronous motors and con-
trolled by ABB ACSM1 frequency converters
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Figure 4: a) Offline-identified phase and magnitude
response compared with the mathematical
model (reference model A). The red dots are
the selected frequencies to be monitored by
the proposed online method.

to 50 N. The identification of the controlled system is
carried out so that the system dynamics is excited with
a pseudo random binary signal (PRBS) with 7-register
and amplitude changes between the values -2.3 Nm and
2.3 Nm. The velocity is controlled by a closed-loop
PI control, and the excitation signal is added to the
output of the controller. By using a low-bandwidth
controller, the system dynamics can be identified with-
out losing principal information (Villwock and Pacas,
2008), (Garrido and Concha, 2013), (Garrido and Con-
cha, 2014). In Figure 4, the experimentally identified
phase and magnitude responses are compared with the
frequency response of reference model A of Table 1.
The offline-estimated nonparametric model is in a sat-
isfactory agreement with the reference two-mass model.
Even though there are small discrepancies between

the models, the characteristics of the two-mass-system
are evident in the measured phase and magnitude re-
sponses. It is pointed out that the direct comparison of
the offline-identified model with the reference model of
the mechanical system is difficult as the original param-
eters are only known with some degree of confidence.
Nevertheless, the identification result is in a satisfac-
tory agreement with the mathematical model.

As stated above, for online identification purposes,
the monitoring of the mechanical system at a selected
set of frequencies is a desirable feature. Based on the a
priori assumption of the system dynamics and the of-
fline identification result, the selected frequency points
to be monitored are illustrated by red dots in Figure 4.
The selected set includes eight frequency components
close to the resonance frequency from 2.9 Hz to 23.9
Hz with a frequency resolution of 3Hz.

4.2 Estimation of Measured Output

Periodic signals are considered in this paper with Np

samples in the period, and in particular, with a random
phase multisine signal, which can be written as

ru(t) =

Nf∑
n=1

Ak cos(2πfkt+ φk) (18)

where Nf is the number of frequencies, Ak are the am-
plitudes of each frequency component, fk are the fre-

quencies chosen from the grid 2πl
Np

,l=1,...,
Np

2 -1 and ran-

dom phases uniformly at an interval between 0 and 2π.
The signal contains frequencies in the frequency range
of 2.9 to 23.9 Hz with the frequency resolution of 3 Hz,
and the amplitudes are chosen as one. The frequency
response is only estimated at the excited frequencies.
Figure 5 e) shows an example of a multisine signal am-
plitude in the frequency domain.

In order to illustrate the short-time DFT for online
identification, the system is first excited with a dif-
ferent multisine excitation signal as illustrated in Fig-
ure 5. As the output of the Kalman filter is formed
from the estimated states (8), it represents an estima-
tion of the measured signal y(k) calculated from the
DC offset and real components. Similar type of an
estimation problem for identifying the amplitudes of
a harmonic signal has been considered in (San-Millan
and Feliu, 2015). In this paper, the estimation proper-
ties of the Kalman filter are considered in the case of
measured velocity. It is worth mentioning that the am-
plitude of the excitation signal has been intentionally
set high for illustrative purposes. In Figure 5 a)-d),
the measured velocity is compared with the estimated
output. The excitation signal contains different fre-
quencies as depicted in Figure 5 e). In Figure 5 a),
the system is excited with an excitation signal with
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Figure 5: Estimated velocity compared with the mea-
sured velocity. a) The system is excited with
f1, b) with f1 and f2, c) with f1-f4, and d)
with f1-f8. e) The frequency contents of the
multisine signal with a frequency range of 2.9
Hz to 23.9 Hz with a frequency resolution of
3Hz.

only one frequency f1, in Figure 5 b) with two frequen-
cies f1 and f2, Figure 5 c) with four frequencies f1-f4,
and in Figure 5 d) with eight frequencies f1-f8.

It can be seen in Figure 5 that the estimated sig-
nals are in a satisfactory agreement with the measured
signal. Especially, in the cases a)-c), there are only
slight discrepancies between the signals caused by the
noise in the measurement and the small eccentricity of
the roller. In Figure 5 d), the largest estimation error
can be detected in the case when the excitation signal
contains more frequencies; nevertheless, the estimated
signal behavior agrees well with the measured one. As
a conclusion, the excited frequencies can be clearly ob-

 

C(z) G(z)
+

-

r(k)

ru(k)
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+

Multisine

PI-control System

Kalman 
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Figure 6: Scheme of the closed-loop identification.

served with the Kalman filter, thus indicating that the
short-time DFT can be obtained.

4.3 Online Identification

First, the experimental test setup with reference pa-
rameters A (see Table 1) is considered. The system is
excited with a multisine signal as depicted in Figure 5
e). The velocity is controlled with a low bandwidth PI
controller, and the online estimation is performed di-
rectly by using the measured input u(k) and the output
signals y(k) by Kalman filters as illustrated in Figure 6.
The tuning parameter of the Kalman gain is chosen as
λ = 100. It is pointed out that the effect of the feed-
back controller is now omitted as a low-bandwidth con-
troller is used. By using (16), the amplitudes of the de-
sired frequencies can be calculated. Thus, the ratio of
the output magnitudes to the input magnitudes can be
used for the estimation of the frequency response at the
excited frequencies. In Figure 7, the online-estimated
frequency response points are compared with the fre-
quency responses of the offline-identified model and the
reference model. Although there are slight differences
between the reference frequency response and the esti-
mated frequency points, the form of the resonance fre-
quency can be clearly seen from the online estimated
result. However, the online estimation result shows
similar behavior as the offline-identified frequency re-
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sponse, as it was expected. Moreover, we can see that
the frequency component f7 has the largest error com-
pared with the reference and offline-identified models.
However, these results are not directly comparable be-
cause of the fundamental difference between the exci-
tation signals and the estimation methods. Neverthe-
less, the online estimation result is in a good agreement
with the offline-identified model. Evidently, the online-
identified nonparametric models in different frequency
points describe the system behavior and validate the
accuracy of the proposed estimation method.

4.4 Changes in the System Dynamics

The results in Figure 7 show that the dynamics of the
two-mass system in the chosen frequency points can be
identified directly by using Kalman filters that perform
like a Fourier transform. In order to further verify the
online method, the system dynamics of the experimen-
tal test setup is varied by changing the belt material
between the rollers. Thus, in this paper, the modi-
fied system is regarded as reference system B with a
different resonance frequency (see Table 1). In Fig-
ure 8, the online-estimated frequency points of both
systems are compared with the offline-identified fre-
quency responses. It can be observed in Figure 8 that
the dynamics of the system has changed. Even though
the change is small, it is enough to demonstrate that
the resonance of the system has changed, which can
be clearly noticed from the offline-identified frequency
responses. More importantly, the same change can
also be observed from the online-estimated frequency
points. Especially, the change can be seen from the fre-
quency points f3 and f4 that are close to the resonance
and antiresonance frequencies of both systems. Fur-
thermore, it can be noticed that the online-identified
frequency component f7 has the largest error compared
with the offline-identified model in both magnitude re-
sponse results. Moreover, the online-identified phase
responses show more error compared with the offline-
identified ones. Nevertheless, the online-identified re-
sults are in a satisfactory agreement with the offline-
identified ones, thereby indicating that the short-time
DFT can be applied to online identification. The char-
acteristics of the two-mass system are evident in the
online-identified amplitude and phase responses.

4.5 Distance Between the Identified
Models

Typically, in order to measure the distance between
the transfer function models of linear time invariant
(LTI) systems, different gap metrics are used. The
Vinnicombe metric (v-gap metric) between two plants
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GA(jω)and GB(jω) is defined by (Vinnicombe, 1993)

Ψ [GA, GB]=
|GA(jω)−GB(jω)|

(1 + |GA(jω)2|)
1
2(1 + |GB(jω)2|)

1
2

(19)

The v-gap distance is determined as

δv (GA, GB) = ||GA(jω), GB(jω)| |∞ (20)

for the frequencies 0≤ ω ≤ πfs with the normalized lim-
its 0 ≤ δv < 1. In other words, a frequency-based com-
parison of two systems can be obtained. By considering
a known controller C(jω) and a system model G(jω), a
complementary sensitivity function can be written

T (jω) =
G(jω)C(jω)

1 +G(jω)C(jω)
(21)
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In general, the v-gap metric can be used to compare
the stability conditions of a controller designed for a
certain plant against a set of system models. However,
in this paper, the v-gap metric is only used as an il-
lustrative distance metric in order to compare offline-
and online-identified models when the system has been
changed. The solid black line in Figure 9 illustrates the
frequency-based v-gap of the of system models that
are built from the known controller and the offline-
identified model (21). It can be seen in Figure 9 that
the change in the distance between the systems is no-
ticeable as the gap of the systems is higher in the fre-
quency region near the resonances. Furthermore, it
can be noticed that the frequency region after the res-
onance has a small gap between the systems. In prac-
tice, this shows that there is uncertainty in the iden-
tification. Thus, in the case of parametric identifica-
tion of two-mass system dynamics, this would corre-
spond to an error in the inertial parameters. Never-
theless, the distance metric clearly shows the system
changes when the resonance of the system is varied.
The online frequency domain identification yields non-
parametric models in the form of G(jωn) at a selected
set of frequencies, thereby leading to an option to mon-
itor system changes in the desired frequency points.
In Figure 9, the same distance metrics have been cal-
culated for the online-identified nonparametric models
similarly as in the case of the offline-identified ones.
It can be observed in Figure 9 that the distance cal-
culated by using online-identified frequency points in-
dicates the same change in the dynamics as the of-
fline result. More importantly, even though the online-
identified frequency response in Figure 8 shows some
error in different points, the distance of these points
in Figure 9 is in a good agreement. Moreover, the ad-
vantage of the online frequency domain identification
is the nonparametric model form that can be used,
without loss of generality, to monitor changes in de-
sired frequency points rather than within the whole
frequency range. However, the Vinnicombe gap can be
problematic distance metric, especially when consider-
ing robust controller design for system with resonances,
because large distance is easily formed from the differ-
ences in the resonances. On the other hand, using the
gap-metric as an online change indicator in interesting
frequency points such as -3 dB closed-loop bandwidth
point could lead to possibility of monitor changes of
control performance.

5 Conclusions

In this paper, an online nonparametric frequency do-
main identification method has been presented that can
be used to monitor a mechanical system at a selected

set of frequencies. It is based on a Kalman filter that
performs like a Fourier transform. By using the a priori
knowledge of the expected frequency range, the filter
can be tuned in advance to track the desired frequency
components. The method was verified by experimental
measurements, which confirmed the applicability of the
proposed method. The results were validated by com-
paring the offline-identified frequency response and the
online-identified frequency points. Furthermore, the
experimental test setup was changed to further ver-
ify the method with different resonances. The results
show acceptable agreement, thus indicating that the
proposed method is suitable for the online frequency
domain nonparametric identification of a mechanical
system. The future work will focus on the closed-loop
identification with special reference to the influence of
the controller and noise on the estimation result. More-
over, by considering the adaptive form in the proposed
Kalman filter, the identification could be carried out
with different excitation signals for instance with a sine
sweep, thereby providing the opportunity to use a sim-
ple state-space form for one frequency component.
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T., Pyrhönen, O., and Pyrhönen, J. Online esti-
mation of linear tooth-belt drive system parame-
ters. IEEE Trans. Ind. Electron, 2015. 0(0):1–10.
doi:10.1109/TIE.2015.2432103.

Ruderman, M. Tracking control of motor drives
using feedforward friction observer. IEEE
Trans. Ind. Electron, 2014. 61(7):3727–3735.
doi:10.1109/TIE.2013.2264786.

Saarakkala, S. and Hinkkanen, M. Identification of two-
mass mechanical systems in closed-loop speed con-
trol. in Proc. IEEE IECON, 2013. pages 2905–2910.
doi:10.1109/IECON.2013.6699592.

San-Millan, A. and Feliu, V. A fast online esti-
mator of the two main vibration modes of flexi-
ble structures from biased and noisy measurements.
IEEE/ASME Trans. Mechatronics, 2015. 20(1):93–
104. doi:10.1109/TMECH.2014.2304302.

Toth, R., Laurain, V., Gilson, M., and Garnier, H. In-
strumental variable scheme for closed-loop lpv model
identification. Automatica, 2012. 48(9):2314–2320.
doi:10.1016/j.automatica.2012.06.037.

Villwock, S. and Pacas, M. Application of the welch-
method for the identification of two- and three-
mass-systems. IEEE Trans. Ind. Electron, 2008.
55(1):457–466. doi:10.1109/TIE.2007.909753.

Vinnicombe, G. Frequency domain uncertainty and
the graph topology. IEEE Trans. Automatic Cont.,
1993. 38(9):1371–1383. doi:10.1109/9.237648.

Wang, Z., Zou, Q., Faidley, L., and Kim, G. Y.
Dynamics compensation and rapid resonance iden-
tification in ultrasonic-vibration-assisted micro-
forming system using magnetostrictive actuator.
IEEE/ASME Trans. Mechatronics, 2011. 16(3):489–
497. doi:10.1109/TMECH.2011.2116032.

165



 



Publication VI 

Nevaranta, N., Derammelaere, S., Parkkinen, J., Vervisch, B., Lindh, T, Niemelä, M.,

and Pyrhönen, O.  

“Online Identification of a Two-Mass System in the Frequency Domain using a Kalman

filter” 

Modeling, Identification and Control, vol. 37, no. 2, pp. 133–147 

© 2016, Norwegian Society of Automatic Control. Reprinted, with permission of 

Norwegian Society of Automatic Control 



 



Modeling, Identification and Control, Vol. 37, No. 2, 2016, pp. 133–147, ISSN 1890–1328

Online Identification of a Two-Mass System in
Frequency Domain using a Kalman Filter

Niko Nevaranta
1

Stijn Derammelaere
2

Jukka Parkkinen
1

Bram Vervisch
2

Tuomo Lindh
1

Markku Niemelä
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Abstract

Some of the most widely recognized online parameter estimation techniques used in different servomech-
anism are the extended Kalman filter (EKF) and recursive least squares (RLS) methods. Without loss
of generality, these methods are based on a prior knowledge of the model structure of the system to be
identified, and thus, they can be regarded as parametric identification methods. This paper proposes
an on-line non-parametric frequency response identification routine that is based on a fixed-coefficient
Kalman filter, which is configured to perform like a Fourier transform. The approach exploits the knowl-
edge of the excitation signal by updating the Kalman filter gains with the known time-varying frequency of
chirp signal. The experimental results demonstrate the effectiveness of the proposed online identification
method to estimate a non-parametric model of the closed loop controlled servomechanism in a selected
band of frequencies.

Keywords: Kalman filter, Non-parametric estimation, Online identification, Short-time DFT, Two-mass
system

1 Introduction

System identification techniques for the diagnostics
and condition monitoring of a mechanical system are
key tools to enhance the reliability of electrical drives.
An adequate system identification technique is of great
importance in the process of acquiring a mathemati-
cal model that sufficiently represents the essential sys-
tem dynamics. In terms of how the collected in-
put output data are transformed into a mathemati-
cal model, the methods proposed for identification of
mechanical systems can be broadly speaking divided
into two main categories: parametric identification
(Ljung, 2010) and non-parametric identification tech-
niques (Heath, 2001). Moreover, the identification can
be performed in offline or in online mode by time- or
frequency-domain observations.

Different time-domain methods based on a least
squares criterion are commonly used in off-line identifi-
cation of mechanical systems in open-loop (Nevaranta
et al., 2014) or closed-loop control (Saarakkala and
Hinkkanen, 2015). Similarly, for online identification
purposes, some of these methods have been success-
fully applied to online parameter estimation by con-
sidering their recursive form (Nevaranta et al., 2015a).
One of the most widely recognized tools for estimat-
ing parameters of the mechanical system online is the
extended Kalman filter (EKF) method (Schutte et al.,
1997), (Perdomo et al., 2013). Basically this technique
is an extension of the recursive least squares parameter
(RLS) estimation method, which is also widely used for
online identification in different applications. Broadly
speaking, these methods can be regarded as paramet-
ric identification techniques, because they are usually

doi:10.4173/mic.2016.2.5 c© 2016 Norwegian Society of Automatic Control
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based on fixed, a priori determined, structure of mathe-
matical relation, and thus, the parameters of structure
are fitted to the data. In the case of non-parametric
identification, typically no (or few) assumptions are
made with respect to the model structure. The well-
established non-parametric frequency-domain identi-
fication methods (Heath, 2001),(Villwock and Pacas,
2008), (Schoukens et al., 2012) are non-recursive, and
based on the availability of the whole data record re-
quired to perform the necessary calculations. This im-
plies that the identification must, in practice, be per-
formed using offline or batch data processing.

Despite the theoretical development of offline
frequency-domain identification methods, there are
only a few studies available on the issues related to
the use of non-parametric techniques for online iden-
tification purposes. In (Barkley and Santi, 2009) a
non-parametric cross-correlation identification method
is proposed for loop transfer function identification in
closed loop. The method provides accurate frequency
response estimates, but it requires a large amount
of data processing and memory storage space. In
(LaMaire et al., 1987) a less time-consuming identifi-
cation method has been presented that applies sliding
window to calculate Discrete Fourier Transformation
(DFT) to fit parametric model for identification for
control purposes, but in practice, the method is not
stable (Duda, 2010). In addition, frequency-domain
approaches that are based on adaptive neural net-
works have been proposed for adaptive control (Ku-
rita et al., 1999), (Yen, 1997). Furthermore, in (Holzel
and Morelli, 2011) a real-time equation error method
based on a finite Fourier transform in the frequency
domain has been suggested for linear model identifica-
tion. Another method has been introduced in (Olivier,
1994), where a Fourier-Laguerre series is proposed for
the open-loop identification of a linear system. How-
ever, these methods can be regarded as parametric
identification methods as they require initial selection
of the model complexity.

Motivated by the features of the Kalman-filter-based
short-time DFT identification routines proposed in
(Parker and Bitmead, 1987), (Nevaranta et al., 2015b)
for frequency response identification of open-loop and
closed-loop systems using a multi-sine excitation sig-
nal, the objective of this paper is to study the same
routine in the case of a swept chirp excitation signal.
In particular, the main idea of using the Kalman filter
for estimating time-varying signals in a complex form is
considered, but here the knowledge of the time-varying
frequency of the excitation signal is used to update
Kalman gains. This provides an opportunity to use a
simple state space realization for tracking a selected
band of frequencies of a swept excitation signal in-

stead of large block-diagonal form (Jenssen and Zarrop,
1994) for a selected set of frequencies of a multi-sine
signal. It is worth pointing out that in recent studies
by (Goubej, 2015), (Goubej et al., 2013), (Kshirsagar
et al., 2016) a similar type of identification routines
has been considered, but in practice, the method in
(Goubej, 2015) is different as considered in this paper,
because in (Goubej, 2015) the block-diagonal form is
used to estimate harmonic content of the swept exci-
tation signal. Moreover, (Kshirsagar et al., 2016) con-
siders Least Mean Squares (LMS) based adaptive filter
structure, and the persistent excitation signal is su-
perposed to the position reference of the closed-loop
system, whereas in this paper, the swept excitation is
added to the output of closed-loop controller and a
Kalman filter is used.

The method proposed in this paper can be regarded
as an online frequency response estimation routine
that is based on an instantaneous estimation of the
system response. The performance of the proposed
method is verified by an experimental closed-loop con-
trolled servomechanism, and the obtained online iden-
tification results are compared with the corresponding
offline post-processed spectral transfer function esti-
mates. While the main focus of this paper is on the
non-parametric online identification, the closed-loop
system diagnostic options with the proposed method
are also discussed in brief. The diagnostics is based
on the identified open-loop system model that is used
to calculate the loop transfer function with the known
controller.

The contents of the paper are organized as follows.
Section 2 discusses the problem statement and the
tracking of the chirp signal with the Kalman filter.
Section 3, the mechanical system under study is intro-
duced and the proposed non-parametric identification
method is studied by simulations. Section 4 shows ex-
perimental identification results, and the system mon-
itoring opportunities of the proposed method are dis-
cussed in short. Section 5 concludes the paper.

2 Problem Statement

In general, different systems can be identified either in
open loop or closed loop by considering transfer func-
tion estimates that are formed by the ratios of auto-
and cross-spectral estimates. This type of frequency-
domain identification is a well-established and common
approach for different systems under very general exci-
tation conditions (Heath, 2001). In the open-loop case,
the spectral transfer function estimate can be formed
by taking the ratio of the cross-spectral estimate be-
tween input and output Ŝuy(ejω) with the auto-spectral

estimate of the input Ŝuu(ejω); thus, the frequency re-
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sponse estimate becomes

Ĝ(ejω) =
Ŝuy(ejω)

Ŝuu(ejω)
(1)

The spectral estimates can be obtained in differ-
ent ways (Villwock and Pacas, 2008), but in general,
Eq. (1) gives a good approximation of the real system
G(ejω) based on the assumption that the measurement
noise n(k) and the input are uncorrelated, meaning that
Sun(ejω) = 0. This type of frequency response estima-
tor Eq. (1) has been successfully used in the identi-
fication of a closed-loop controlled system by setting
the controller bandwidth relatively low (Beineke et al.,
1998) (Villwock and Pacas, 2008). However, when
noise is affecting the system input u(k), the method can
give poor frequency response estimations if a separate
noise model estimation is not included in the estima-
tion routine.

In this paper, the closed-loop system shown in Fig-
ure 1 is considered, where G(z) is the unknown linear
transfer function of the system to be identified, and
C(z) is the known linear transfer function of the con-
troller. The closed-loop controlled system is considered
a stable linear time-invariant (LTI) system, which is
excited by a known excitation signal ru(k), and an un-
known noise signal n(k) affects the system output y(k).
The measured output y(k) can be expressed as

y(k) = G(z)u(k) + n(k) (2)

where u(k) is the measured input of the system. The
closed-loop system can be expressed, without a refer-
ence signal r(k), as follows

y(k) = G(z)S(z)ru(k) + S(z)n(k) (3)

u(k) = S(z)ru(k)− C(z)S(z)n(k),

where S(z) is the sensitivity transfer function

S(z) =
1

1 + C(z)G(z)
(4)

By using the following notation Gcl(z)=G(z)S(z) and
considering the relation between y(k) and ru(k) in Eq.
(3), the open-loop transfer function can be expressed
as

G(z) =
Gcl(z)

1−Gcl(z)C(z)
(5)

Thus, the open-loop transfer function can be in-
directly solved from the closed-loop spectral trans-
fer function estimate that is formed from the cross-
spectral estimate between output and excitation sig-
nals Ŝyru(ejω) and auto-spectral estimate of the exci-

tation signal Ŝruru(ejω)

C(z)

G(z)+ru(k) u(k) y(k)

n(k)

+

System

-

Controller

r(k)

Excitation signal

 

Figure 1: Closed-loop controlled system. The swept
excitation signal is superposed to the con-
troller output.

Ĝcl(e
jω) =

Ŝyru
(ejω)

Ŝruru(ejω)
(6)

The main advantage of the indirect identification
method is that the open-loop model Ĝ(ejω) can be
correctly estimated even without estimating any noise
model (Heath, 2001). The frequency-domain identifi-
cation schemes Eq. (1) and Eq. (6) are well established
and commonly applied to the identification of different
systems. The primary disadvantage of the frequency
domain analysis includes the required calculation of a
discrete Fourier transform of the measured data, which
is often performed offline. Basically, in the case of of-
fline data processing, the computation time do not im-
pose any limitations, since all the input-output data
are collected prior to analysis. These calculations are
not usually desirable features for online estimation pro-
cedures that deals with real-time updates when new
data is available during the operation. Therefore, the
issue of computational requirements for estimation be-
comes important. For online identification purposes,
the monitoring of the mechanical system at a selected
set or band of frequencies is a desirable feature. When
the behaviour of these frequencies has to be tracked
in real time, it is worth considering a non-parametric
identification algorithm that provides benefits in the
terms of computational efficiency and real-time per-
formance. This paper proposes a Kalman-filter-based
frequency domain identification method that is syn-
chronized to the instantaneous frequency of the chirp
excitation signal.

2.1 Time-Frequency Representation of
Signals using a Kalman Filter

For real-time implementation, a recursive Kalman filter
can be configured to perform like a sample-by-sample-
based Fourier transform (Bitmead et al., 1986). The
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short-time DFT can be obtained by considering the
following simplified state-space representation

x(k + 1) = Φ(k)x(k) + w(k) (7)

z(k) = Hx(k) + v(k)

where x(k) is the state vector, Φ(k) is the state tran-
sition matrix, and H(k) is the measurement matrix.
v(k) and w(k) are the measurement and model error
vectors. The following Kalman filter solution can be
written for the state estimation problem

x̂(k) = Φ(k)x̂(k − 1) + K(k)[z(k)−Hx̂(k − 1)] (8)

where K(k) is the Kalman gain vector

K(k) =
Φ(k)P-(k)H

T
(k)

H(k)P-(k)H
T

(k) + R(k)
, (9)

where R(k) is the measurement error covariance ma-
trix, and P-(k) is the state prediction covariance de-
fined as

P-(k) = Φ(k)P(k − 1)Φ(k)T + Q(k), (10)

where Q(k) is the model error covariance matrix, and
estimation error covariance P(k) is updated as

P(k) = [I−K(k)H(k)]P-(k) (11)

The following state vector is required to estimate a nth
frequency component ωn

x(k) =

[
xreal(k)
ximag(k)

]
(12)

where xreal(k) and ximag(k) are the real and imaginary
components of the signal that can be estimated by con-
sidering the following transition matrix

Φ(k) =

[
cos(Ts · ωn) sin(Ts · ωn)
-sin(Ts · ωn) cos(Ts · ωn)

]
(13)

where Ts is the sample time. Furthermore, the ampli-
tude of the tracked frequency can be directly calculated
at any time instant k from the estimated state variables
as follows

A(k) =
√

x2real(k) + x2imag(k) (14)

It is worth noticing that the first and second element
of the state vector Eq. (12) consist of a frequency com-
ponent and its derivative. Thus, the output z(k) of the
signal model Eq. (7) is formed from the real part of
the signal components by using measurement matrix
H(k) = [1 0]. Moreover, as the covariance matrix is
updated Eq. (11), the optimal Kalman gain K(k) has

a time-varying nature. As proposed in (Bitmead et al.,
1986), fixing the covariance matrix at P(k) = αI and
choosing R1x1 = r gives the steady-state values of the
Kalman gain vector

K(k) =
Φ(k)H

T
(k)

H(k)H
T

(k) + r
α

, (15)

This expression gives a filter expression that is a
fixed-coefficient state observer with predetermined sta-
bility characteristics (Kamwa et al., 2014), and the
states can be straightforwardly estimated by using Eq.
(8). Furthermore, this form provides a simple tuning
rule for the gain: the gain depends only on the ratio
r/α as the matrices Φ(k) and H(k) are known. Thus,
the choice of α directly influences the tracking and er-
ror covariance; for instance, a small value yields slow
tracking and a small error covariance. Setting λ = r/α
gives the opportunity to use only one design parameter
in the Kalman gain.

2.2 Chirp Excitation Signal

As discussed in (Jenssen and Zarrop, 1994) and
(Nevaranta et al., 2015b), in the case of a multi-sine ex-
citation signal the state-space realization Eq. (12)and
Eq. (13) can be modified so that more than one fre-
quency component can be estimated at the same time
by using the block-diagonal representation. However,
this modification increases the computational burden,
and the estimator is slightly slower as more states are
estimated simultaneously at the same time instant k.
When considering the chirp excitation signal, it can
be expressed as sinusoid so that the frequency is time
varying

ru(k) = A · cos(2 · π · f(t) · t + φ) (16)

The time-varying frequency f(t) can be expressed as

f(t) =
m

2
t+ f0 (17)

where f0 is the starting frequency of the chirp, and m
is the rate of frequency increase over duration T

m =
f1 − f0
T

(18)

Hence, the frequency is linearly swept from the start-
ing frequency f0 to the desired end frequency f1. When
considering the transition matrix Eq. (13) for tracking
a single frequency component, the Kalman gain Eq.
(15) is fixed. In the case of chirp, the swept sinusoid
can be tracked with proposed fixed Kalman gain filter
by updating Eq. (13) with the known time-varying fre-
quency Eq. (17). In this case, the Kalman gains behave
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sinusoidal as a function of frequency, because the tran-
sition matrix Φ(k) is frequency dependent. Thus, de-
pending of the frequency of the sinusoid to be tracked,
the fixed Kalman gains are different. As a conclusion,
depending on the Kalman filter configuration used, for
instance Eq. (9) or Eq. (15), the frequency to be
tracked must be considered in the Kalman gain up-
date routine. In practice, the frequency of the swept
sinusoid can also be estimated as proposed in (Bittanti
and Savaresi, 2000) and the time-varying Kalman gain
is updated with the estimated state instead of a priori
known value.

3 Monitoring and Identification of
a Mechanical System

From the viewpoint of system identification, the signal
component representation with Kalman filter provides
an opportunity to recursively estimate Fourier compo-
nents of the signals depicted in Figure 1 in the form
Ŷ(ejω,k), Û(ejω,k) and R̂u(ejω,k). Thus, by writing the
frequency response description

Ŷ (ejω, k) = Ĝ(ejω, k)Û(ejω, k) (19)

the non-parametric system model Ĝ(ejω,k) can be on-
line identified in a phasor form from the corresponding
states xreal(k) and ximag(k) of the estimated signals.
This allows to estimate the frequency response by a
magnitude and phase as

|Ĝ(ejω, k)| =
√

Re[Ĝ(ejω, k)]2 + Im[Ĝ(ejω, k)]2 (20)

φ̂(ejω, k) = tan−1

(
Im[Ĝ(ejω, k)]

Re[Ĝ(ejω, k)]

)
(21)

The magnitude Eq. (20) is generally expressed in dB
as 20 · log 10|Ĝ(ejω, k)|. As a conclusion, the proposed
method can be used to estimate frequency responses as
Bode or Nyquist (polar) plots on a sample-by-sample
basis. It should be noted, that the sample-by-sample
recursive calculations are basic properties or options
of other well-known online frequency domain iden-
tification methods, such as Sliding-DFT (Nevaranta
et al., 2016) or Fourier transform regression (Holzel
and Morelli, 2011). However, these methods are based
on the utilization of a moving window to store pre-
defined amount of samples, whereas the method pro-
posed in this paper, the frequency response is pro-
cessed online from the current values of the measured
input-output signals by synchronizing the Kalman fil-
ter to the instantaneous frequency of the excitation sig-
nal. In other words, the frequency response estimate
is obtained from the instantaneous states. However,

the main drawback is the rapid changes in the excita-
tion signal that can introduce transients to the system
which can distorts the frequency response measure-
ment, as the proposed Kalman filter method assumes
a steady state response to a constant frequency har-
monic signal from its definition (Goubej, 2015). Thus,
a longer duration of the identification experiment is es-
sential in order to obtain reliable results, and hence, a
slow frequency sweeping is required.

In order to show the feasibility of the method, in
this paper, the online-estimated frequency responses
are analysed and validated by comparing the obtained
magnitude and phase with the reference model. More-
over, the time-frequency presentation of signals with
Kalman filter yields a non-parametric model in the
form of G(jω) in the selected band of frequencies,
thereby leading to an option to directly use this re-
sult with the known controller C(jω) to calculate loop
transfer function L(jω) = C(jω)·G(jω). Thus the result
is also analysed with the Nyquist plot, and opportuni-
ties for loop-diagnostics purposes are discussed.

3.1 Two-Mass-System

In this paper, an experimental mechanical system with
different mechanical configurations is considered to ex-
perimentally verify the identification method. The pa-
rameters presented in Table 1 are regarded as the ref-
erence system values for the experimental coupled belt
drive system under study. First, the proposed identifi-
cation method is studied by simulations by considering
a closed-loop controlled two-mass system depicted in
Figure 2 with both reference system A and B param-
eters from Table 1. The dynamics of the mechanical
system in Figure 2 can be described by the following
set of equations:

J1
dΩ1

dt
= T1 − Tfr1 + r1F (22)

J2
dΩ2

dt
= T2 − Tfr2 − r2F (23)

F = K(r2Ω2 − r1Ω1) +D(r2Ω̇2 − r1Ω̇1) (24)

Equations (22) and (23) are the elementary dynamic
equations for rotation, where J1 = J11 + J12 and J2

Table 1: Parameters of reference systems

Parameters Ref. system A Ref. system B

K[N/m] 5.75·104 7.00·104
D[Ns/m] 120 100
J1[kgm

2] 0.032 0.018
J2[kgm

2] 0.032 0.032
fres[Hz] 15.1 20.4
fares[Hz] 10.7 16.6
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K, D

J21

T1Ω1

J12

T2Ω2

J22

J11

Belt tensioner

F
F

r1

r2

Nip roller 2Nip roller 1

Figure 2: Coupled belt system consisting of nip rollers
coupled by a flexible belt. A belt tensioner
is used to set the tension in the system. The
inertia ratio of the system can be adjusted
by removing the upper rollers.

= J21 + J22 represents the total moment of inertias
of the nip rollers 1 and 2, Ω1 and Ω2 are the angular
velocities of the rollers, T is the torque, Tfr is the fric-
tional torque component, r is the roller radius, and F
represents the tension force. The dynamics of the cou-
pling is expressed by Eq. (24), where K is the spring
constant, and D is the damping constant of the belt
material. A more detailed discussion on the mechan-
ical system considered in this paper can be found in
(Nevaranta et al., 2015b).

The identification experiments are carried out so
that the nip roller 2 is treated as a driven one, and
the nip roller 1 is used as a load to set the tension of
the belt. The angular velocity Ω2 of the nip roller 2 is
controlled with a PI-controller, whereas the nip roller 1
is controlled by a torque controller. Thus, the system
is operated at the desired constant nonzero velocity,
and the identification is carried out so that the exci-
tation signal is added to the torque reference signal of
nip roller 2 after the system has been stabilized to the
desired velocity. The signals used in the identification
are the torque input u(k) = T2 and angular velocity
y(k) = Ω2.

3.2 Frequency Response Estimation

The identification tests are performed so that a con-
stant velocity profile 10 rad/s is used, and persistent
excitation is superposed to the torque reference. A
chirp signal is considered as an excitation signal, which
is swept from 35 to 1.5 Hz during 17 s and the ampli-
tude is chosen as 1 Nm. The controller C(z) of the
system is a low-bandwidth PI-controller with a pro-
portional gain Kp = 10 1/s and integration time Ti =
0.1 s. The feedback delay of 4 ms is considered in the
simulations and assumed to be known in the estimation
routine, and the Kalman filter tuning parameter is set
λ = 8. In the simulations, white noise, zero mean, with

a standard deviation 0.1 is added to the output signal
y(k). A direct identification method Eqs. (19)–(21) is
considered, where input u(k) and output y(k) signals
are used in the identification process. Obviously, the
inherent problem of direct identification schemes arises
as a result of correlation between the input and out-
put signals used in the identification experiment, but
as the low bandwidth controller is considered the di-
rect identification is applicable for frequency response
estimation (Villwock and Pacas, 2008). It is also re-
marked that, in practical applications several noise and
disturbances sources can be found which influences the
frequency response estimation. In this paper, the pro-
posed identification method is further validated with
an experimental test setup when disturbance sources
such as field-bus delays, encoder noise, torque control
of the frequency converters and friction influences to
the estimation.

In Figure 3 a)–b) the directly online estimated fre-
quency responses are shown for both reference systems
A and B when noise is affecting the system output
and also in the noise-free case. Moreover, in Figure 3
c)–e) the signals used in the identification experiment
are evaluated by the residual ε(k) = z(k)−H(k)x̂, and
the Figure 3 f) shows the frequency contents of the
swept excitation signal. It can be seen that the on-
line estimated frequency response is in a satisfactory
agreement with the reference systems. Especially when
noise-free case is considered, the online-estimated re-
sults agree well with the reference systems, and only
a small difference can be seen in the low-frequency
band. For the noisy cases, the identified magnitude
and phase responses are in a good correspondence with
reference models, and the characteristics of the two-
mass system are evident. It is pointed out that the
noise included in the simulation is chosen so that it
over-emphasizes disturbance in the anti-resonance re-
gion. Even assuming measurement disturbances, the
resonance and anti-resonance frequencies are clearly
visible from the online estimated frequency responses.
Moreover, when evaluating the tracking properties of
the proposed Kalman filter it can be noticed in Fig-
ure 3 c) that a good estimation accuracy is obtained
as the residual between the excitation signal and esti-
mation is low. In the noise-free case in Figure 3 d)–e),
the residual remains low during the sweep, but as can
be expected, the residuals are higher especially in the
frequency region around the resonance frequencies. It
should be noted that the quality of the obtained fre-
quency response estimate depends on the amplitude
chosen for the excitation signal, which is related to the
signal-to-noise ratio similarly as in the case of other
identification studies considering persistent excitation
(Schoukens et al., 2012),(Schoukens et al., 2000).
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Figure 3: Online directly estimated open loop frequency responses for reference systems A and B a) in the case
of a noise-free system and b) when noise is affecting the system output. The tracking properties of
the Kalman filter are evaluated with residuals of the signals used in the identification: c) Residual of
the excitation signal and estimation. d) Residual of the input signal and estimation. e) Residual of
the output signal and estimation. f) Frequency contents of the excitation signal

The duration of the sweep and the selection of the
Kalman gain is directly related to the tradeoff of the
filter tracking and error properties. It is evident that
the duration of the identification experiment related
to the selection of the Kalman filter tuning parameter
has an influence to the accuracy of the frequency re-
sponse estimation. In Figure 4 the directly identified
frequency responses are shown in the case of reference
system A when the Kalman filter tuning parameter λ,
the excitation signal amplitude A and duration T of
the identification experiment (length of sweep) is var-

ied. Figure 4 clearly shows that the accuracy of the
estimated frequency response depends on the length of
sweep chosen for the excitation signal, and obviously,
the excitation signal amplitude should be chosen be as
large as possible in order to achieve a good signal-to-
noise ratio. Especially, it can be noticed in Figure 4
that when the sweep is fast, T = 5s, the identified re-
sponses deviates from the reference system even though
the tuning parameter is varied. Moreover, this shows
the the main disadvantage of the proposed identifica-
tion method as a slow sweeping is required for precise
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Figure 4: Online identified open loop frequency responses when the Kalman filter tuning parameter λ and
amplitude A of the excitation signal and duration T of the identification experiment is varied. The
red solid line represents the reference system A.

measurement in order to reduce errors and obtain ac-
curate results, which prolongs the duration of the ex-
periment. The proposed method for online frequency
response estimation is further validated and discussed
in the case of experimental results in Section 4.

3.3 Loop-transfer Function

When considering classical robustness margins or per-
formance indicators, the controller design usually in-
volves determination of parameters such as modulus
Mm, gain Gm and phase Pm margins and cross-over
frequency ωc. In practical applications, it is usually
desirable to determine the frequencies at which a given
closed-loop system achieves a certain magnitude or
phase. In particular, methods such as relay-experiment
(de Arruda and Barros, 2003) can be regarded as a kind
of frequency domain identification for control methods
that utilizes only a few points of the frequency response
of the loop transfer function to design, for instance,
PID controllers. Similarly, the desired open-loop dy-
namics can be online shaped by considering for instance
an adaptive structure (Balchen and Lie, 1987).

The open-loop transfer function G(jω) can be es-
timated with the proposed method on a sample-by-
sample basis, which makes it possible to use the pro-
posed method to calculate the loop transfer function
in a real-time by using the known controller C(jω) to
obtain L(jω). As the online identification method esti-
mates instantaneous non-parametric model frequency-
by-frequency, it also allows to determine rough esti-
mates of Mm, Pm and ωc during the identification
experiment by considering different distances in the
Nyquist plot. In this paper, the regions inside the unit

circle of the Nyquist plot are determined as regions I,
II, III and IV. Region I is located in the plane defined
by the negative imaginary and real axes, and thus, this
region determines the behaviour at low frequencies.

If the sweep starts exciting low frequencies, and thus
at first, the critical frequency ωc can be determined by
calculating the distance of Nyquist curve to the origin
frequency-by-frequency as follows

d1(ω)= |L(jω)|=
√

(0− Re[L(jω)])2 + (0− Im[L(jω)])2

(25)

and finding the frequency at which the curve intersects
the unit circle, thus |L(jωc)| = 1. After the estimated
Nyquist curve has intersected the unit circle and the
curve lies in the region I, the modulus and the phase
margin can be roughly determined by estimating the
distance of the curve to the critical point (-1,0j) by

d2(ω)=|1+L(jω)|=
√

(−1−Re[L(jω)])2+(0−Im[L(jω)])2

(26)

By using the first value of this distance metric, d2(ωc),
the phase margin can be obtained as

Pm = cos−1

(
d2(ωc)− 2

−2

)
(27)

The modulus margin can be estimated by finding the
minimum distance of the curve in region I to the crit-
ical point, thus Mm = min

ω
|1 + L(jω)|. Moreover, as

the system under study is a controlled two-mass sys-
tem, the estimation routine can be further extended
to obtain mechanical parameters in region II, which is
located in the plane defined by the negative imaginary
and positive real axes. By considering the distance

140



Nevaranta et al., “Online Identification of a Two-Mass System in Frequency Domain using a Kalman Filter”

 
-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

Im
ag

in
ar

y
 a

x
is

Real axis

 

 


c
 = 2.7 Hz

P
m

 = 63.5°

M
m

 = 0.958

f
res

 = 15.3 Hz
f
ares

 = 10.7 Hz

I II

IIIIV

Ref. system LA(j!) On-line est. (noise-free sys.) L̂(j!)

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

Im
ag

in
ar

y
 a

x
is

Real axis

 

 


c
 = 2.7 Hz

P
m

 = 61.3°

M
m

 = 0.915

f
res

 = 15.5 Hz
f
ares

 = 10.4 Hz

I II

IIIIV

Ref. system LA(j!) On-line est. (noise included) L̂(j!)

Figure 5: Frequency-by-frequency online-estimated Nyquist curves compared with the reference curve in the
case of noise-free system and when the noise is affecting the system output. Equations (25)-(27) are
used to determine controller performance parameters Mm, Pm and ωc in region I. Moreover, the system
parameters ωares and ωres in region II are determined by calculating the corresponding distances Eqs.
(25)–(26). The critical point (-1, j·0) is indicated by a red cross.

metrics Eqs. (25)–(26) the anti-resonance ωares and
resonance ωres frequencies can be determined in region
II similarly as the margins. Hence, the anti-resonance
frequency can be estimated in region II by finding the
minimum distance to the origin d3(ωares) = min

ω
|L(jω)|

calculating the distance of the curve similarly as in Eq.
(25). Correspondingly, the resonance frequency can
be estimated by finding the maximum distance of the
curve to the critical point d4(ωres) = max

ω
|1 + L(jω)|

similarly as in Eq. (26).
In the Figure 5 the sample-by-sample online-

estimated Nyquist curve is shown with the distance
metrics Eqs. (26)–(25) that are used to calculate con-
troller performance- and system-related parameters in
the case of reference system A. The closed-loop con-
troller has been designed so that Pm = 63.5◦ and
fc = 2.7 Hz. Evidently, in the noise-free case the
online-identified Nyquist curve is in a good correspon-
dence with the reference loop transfer function, al-
though small discrepancies can be noticed. The be-
haviour of the low frequencies is similar with the results
in the Figure 3, which further shows that the largest
estimation error is in the low frequency band, as ex-
pected. It is clear that this is partially due to the start
of the chirp excitation, which causes a transient that
can also be noticed from the Figure 3 at t = 5 s af-
ter the initialization. Naturally, the duration of the
sweep and the selection of the Kalman gain have an
effect on the frequency response estimation. For this
purpose, the known limitation of Kalman filter is the
tracking and error tradeoff based on the choice of the
Kalman filter tuning parameter λ. Thus, choosing a
value of the tuning parameter λ for the Kalman filter
is a case-specific compromise, similarly as reported in
(Kshirsagar et al., 2016).

In this paper, the rough control performance esti-
mates in region I are only considered for illustrative

purposes and to further demonstrate the possibilities
of the identification method. It can be seen that the on-
line estimated controller-behaviour-related parameters
are close to the actual ones; nevertheless, it is pointed
out that especially an erroneous estimate of the cross-
point fc directly influences to the estimate of Pm as can
be noticed in the noisy case. It is clear that the em-
phasized estimation error in the low-frequency region
influences these estimates. When considering the dis-
tances in region II, the estimated system parameters
fares and fres correspond well with the ones of reference
model A illustrated in Table 1 in the case of both sim-
ulations. The estimation of these values are further
discussed in Section 4.

For actual performance monitoring purposes, it
could be more preferable to use a separate soft con-
troller to perform the identification experiments in
order to analyse the desired controller performance
in region I. In practice, the proposed online distance
metrics can be used for diagnostics purposes for in-
stance by considering a predetermined safety limits in
region I. Moreover, the loop-transfer function could
be estimated directly from the closed-loop experiment
(Barkley and Santi, 2009), (Bhardwaj et al., 2016).
These issues will be considered in the future research,
and thus not further discussed in this work, where the
main focus is to analyse and validate the feasibility of
the proposed method for frequency response estima-
tion.

4 Experimental Results

The proposed online identification routine is vali-
dated with the experimental two-mass-system used in
(Nevaranta et al., 2015b) and depicted in Figure 6. The
rollers are driven by frequency-converter-supplied per-
manent magnet synchronous motors (PMSM), and a
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programmable logic controller (PLC) is used for data
acquisition and to implement the excitation signals,
PI controller, and references. It is pointed out that
now the experimental system includes a belt-tensioner,
which, in practice, changes the system dynamics over
to a three-mass-system. However, in this paper, the
frequency region around the dominant resonance fre-
quency is considered in the online identification, which
usually sufficiently reflects dominant behaviour of the
real system. The tests are performed so that the same
PI-controller parameters are considered as in the sim-
ulations, and also the chirp excitation signal is kept
same, thus swept from 35 Hz to 1.5 Hz during s 17 s
interval. In addition, to further verify the online iden-
tification method, the system dynamics of the experi-
mental test setup is varied by changing the belt mate-
rial and the inertia ratio of the system from 1 to 0.56.
The results in Figure 8 have been obtained by using an
experimentally chosen Kalman filter tuning parameter
λ = 8.

Moreover, in order to validate the rough online es-
timates of the anti-resonance fares and resonance fres
the experimental system is offline identified by consid-
ering the open-loop identification method proposed in
(Villwock and Pacas, 2008). A PRBS is used to excite
the system, and the experimental frequency response
estimate Ge(jω) is obtained by Welch method. Then,
the calculation of the mechanical parameters of the an-
alytical frequency response function Gmodel(jω) of the
reference two-mass system is accomplished on the ba-
sis of the M frequency response data points, and the
best fit is iteratively searched by minimizing the error
function

J (ϑ) =
M∑
i=1

|Ge(jωi)−Gmodel(jωi ,ϑ)|2 (28)

where Ge(jωi) are the experimental frequency re-
sponse data and Gmodel(jωi ,ϑ) is the analytical model
function with the parameter vector ϑ = [J1, J2,K,D].
In the parameter estimation, the reference model pa-
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Figure 6: Electromechanical system used for experi-
mental verification.

rameters of Table 1 are used in the initialization, thus
in the first iteration.

The offline identification experiments are carried out
so that the PRBS is generated by a seventeen-cell shift
register with values 2.1 Nm and -2.1 Nm (the rated
torque being 11.55 Nm). The sampling of the data
acquisition is set to 2 ms. In Figure 7, the online-
estimated frequency responses are compared with the
offline post-processed ones for both system configura-
tions: a) reference system A and b) reference system B,
respectively. Moreover, the offline post-processed fre-
quency responses are compared to the ones calculated
by using the identified parameters Eq. (28).

The characteristics of the three-mass-system are
clearly visible in the offline frequency responses, and
when the mechanical configuration is changed over
from reference system A to B, the change of the first
resonance is evident. This change can also be seen in
the online-estimated frequency response results. The
obtained results clearly show a similar behaviour, and
the dynamics of two-mass system are seen in the online-
estimated amplitude and phase responses in the se-
lected band of frequencies. Again, it is worth remark-
ing that the offline post-processed frequency response
is estimated applying the whole data of the identifi-
cation experiment using the PRBS excitation signal,
and correspondingly, the online ones are obtained on a
sample-by-sample basis from the swept excitation; and
thus, these results are not directly comparable. Nev-
ertheless, the offline- and online estimated frequency
responses are in a good agreement, which clearly in-
dicates that the proposed identification method yields
accurate results.

With the results of the parameter-fitting for the cor-
responding mechanical parameters, the resonance and
the anti-resonance frequencies of the two-mass system
approximation can be calculated. In Table 2, the es-
timated mechanical parameters for the both experi-
mental system configurations are shown. The system
change can also be seen in the estimated parameters,
and especially, the effect of the change in the inertia ra-
tio as the resonance and anti-resonance of the system
changes. It should be noted that a two-mass-system
parameter-fitting is considered for the offline identified
frequency responses that have three-mass system char-
acteristics, and thus, the mechanical parameter esti-
mation results cannot be directly compared to the ini-
tial assumption of the system dynamics. However, the
offline-estimated resonances f̂res and anti-resonances
f̂ares are used as benchmark values to validate online
estimated ones.

In Figure 8, the frequency-by-frequency online-
estimated Nyquist curves are compared with the offline
post-processed ones, and the proposed online distance
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configuration correspond to reference system A and b) reference system B, respectively.
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metrics are used to calculate the controller performance
and system parameters. Evidently, the offline- and
online-identified Nyquist curves are in a good corre-
spondence although small discrepancies can be noticed.
Moreover, the system change can be clearly noticed as
the size of the resonance loop changes. It should be
noted, that the distance metrics in region I are prob-
lematic as the largest estimation error is expected in
the low frequency region, and the estimated values can
be only used as rough estimates of the controller perfor-
mance during the identification experiment. Again, it
is pointed out that these values are considered for illus-
trative purposes only in order to further demonstrate
the prospects of the proposed identification method.
When focusing on the online-estimated resonance and
anti-resonance values in Figure 8, it can be noticed
that these values are close to the offline-estimated ones
shown in Table 2, thus indicating that instantaneous
estimates give reasonable results.

In Figure 8 it is clear that, the duration of the sweep
and the selection of the Kalman gain has an effect on
the frequency response estimation. In order to further
validate the online-estimated results, the experimental
system configuration B is identified using three differ-
ent experimental data sets, and the proposed distance
metrics are tested by varying the Kalman filter tun-
ing parameter. In Figure 9, the estimated values ob-
tained from the identification experiments are shown
as a function α. It can be seen that similar values of
fres and fares can be estimated by using different val-
ues in the Kalman filter gain. Obviously, this result
also depends on the amplitude chosen for the excita-
tion signal, which is related to the signal-to-noise ratio,
but it clearly shows instantaneous values can be used
to obtain reasonable estimates. This can be also no-
ticed from the minimum distance estimation to critical
point. Thus, these results indicate that the proposed
online identification method can be used for diagnostics
purposes for instance by considering different fault clas-
sifiers and/or combination rules. Moreover, the results
show the problem of the low-frequency region identifi-
cation as a larger deviation in the estimated Pm and fc
parameters can be noticed. These values do not explic-

Table 2: Offline-estimated parameters for different sys-
tem configurations

Parameters System conf. A System conf. B

K̂[N/m] 7.51·104 8.70·104

D̂[Ns/m] 140.1 92.7

Ĵ1[kgm
2] 0.036 0.037

Ĵ2[kgm
2] 0.033 0.016

f̂res[Hz] 17.5 20.1

f̂ares[Hz] 12.7 16.7
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Figure 9: Estimated system and performance parame-
ters as a function of the Kalman filter tuning
parameter α (r = 1). Data sets 1–2 include
chirp with f0 = 35 Hz to f0 = 1.5 Hz and a
data set 3 f0 = 50 Hz to f0 = 1.5 Hz during
17 s.

itly describe controller-performance-related behaviour.
However, as shown in (Ferretti et al., 2003), a rough
estimate of fc can be obtained similarly during the com-
missioning state of a PID-controlled two-mass system
by using a chirp excitation signal, and successfully used
for controller design validation.

4.1 Supporting results and discussion

The main objective of this paper is to propose a
nonparametric online frequency response estimation
method that is suitable for tracking of a selected band
of frequencies, with a specific objective to identify a
predefined frequency band around the first resonance
frequency of the system. Figure 7 shows that the
offline-identified frequency response clearly indicates a
three-mass system dynamics.

To further validate this observation, in Figure 10,
the experimental system configuration A is also identi-
fied with a chirp excitation signal, which is swept from
100 Hz to 1.5 Hz (during 17 s) and compared with
the results shown in Figure 7 a). When the frequency
band of the chirp excitation signal is extended, the dy-
namics of three-mass system is clearly noticeable in the
online-estimated frequency response. This result fur-
ther indicates the feasibility of the proposed identifica-
tion approach, but also shows that the Kalman filter
tuning parameter should be preferably chosen differ-
ently for different frequency regions. This issue is also
considered in the future research.
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Figure 10: Online-estimated frequency responses com-
pared with the offline post-processed fre-
quency response. The Kalman filter tuning
parameter is set λ = 8.

As discussed in Section 2, the open-loop transfer
function can be estimated indirectly from a closed-loop
identification experiment by using the excitation sig-
nal and the output signal in the identification routine
and by considering the relation of the signals Eq. (5).
In Figure 11, the indirectly estimated open-loop of-
fline and online frequency responses are shown. The
results confirm the remarks in previous results about
the good correspondence between the off-line and on-
line estimated frequency responses. More importantly,
by comparing the directly and indirectly obtained re-
sults in Figures 11, it can be seen that the obtained
open-loop models are rather similar with only minor
noticeable differences. These results clearly indicate
that the proposed non-parametric online identification
routine supports the well-established frequency domain
closed-loop identification theories (Heath, 2001), and
thus, can be applied accordingly to determine the open-
loop frequency response from closed-loop experiments.
Furthermore, in the case of indirect identification, the
proposed method gives more design freedom in the
parametrization of Kalman filter as the excitation sig-
nal used in the identification is known in advance.

In this paper, the experimental results clearly val-
idate the proposed methodology and effectiveness of
using online Kalman filters for frequency response anal-
ysis. The known limitation of the Kalman filter is its
convergence time and tracking tradeoff with respect
on the choice of tuning parameters. This limitation
requires the frequency sweep to be slow. However,
usually in the case of chirp-excitation-based identifi-
cation, the duration of the sweep must be designed
long in order to reduce errors and obtain accurate re-
sults (Östring et al., 2001). A second drawback can be
found when considering identification of systems with
nonlinear dynamics. The chirp signal can have a dis-
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Figure 11: Indirectly estimated online frequency re-
sponse compared to the offline post-
processed frequency response Eq. (6) by
using the signals ru(k) and y(k) and known
controller G(z) in the identification. The di-
rectly online-estimated frequency response
is also shown.

turbing effect, because a number of other spectral lines
are also excited with the frequency lines of interest. De-
spite these limitations, the chirp-excitation-based of-
fline identification is widely applied for instance to the
identification of the flexibilities of nonlinear industrial
robot manipulators (Östring et al., 2003), (Saupe and
Knoblach, 2015).

5 Conclusions

This paper presented an online non-parametric ap-
proach that is based on a time-frequency presentation
of signals in order to estimate a frequency response of
a closed-loop controlled servomechanism in a compu-
tationally efficient manner. The method is based on
a fixed-coefficient non-parametric Kalman filter, which
is updated with the known frequency of the chirp exci-
tation signal. The results from the simulations and ex-
perimental tests show that the approach can be used to
achieve reasonable estimates of the frequency responses
in real time on a sample-by-sample basis. The online
estimated frequency responses during operation were
compared with the corresponding frequency responses
obtained by off-line identification using the whole data
of the identification experiment collected prior to the
estimation. The results show acceptable agreement,
thus indicating that the proposed method is suitable
for the online frequency-domain nonparametric iden-
tification of a mechanical system. Moreover, it was
experimentally validated that the method is feasible to
detect system changes for diagnostics purposes.

As the deterioration of mechanical parts over time
or other unexpected changes in the system dynam-
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ics may lead to the degradation of the control perfor-
mance or cause unexpected interruptions, it is impor-
tant to detect the system changes as proactive main-
tenance before they lead to performance degradation.
The future work will focus on the performance assess-
ment and diagnostics opportunities of the identification
method and the option to diagnose mechanical faults
e.g. changes in the resonances resulting from deterio-
ration.
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