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The aim of this thesis was to study the LOMEP line narrowing algorithm detailed by Kaup-
pinen et al. 2001a and its applicability on CARS spectra. Experimental CARS spectra exhibit
features such as varying spectral line widths and shapes which are assumed constant for each
constituent line shape in the LOMEP algorithm.

The results of the line narrowing showed convergence on the correct line positions for the
simulated spectra except when line shapes were positioned close to each other. The heights
of the line shapes did not behave well during the LOMEP algorithm and showed erratic
results. The results were found to be stable within a range of assumed FWHM values but
choosing the other parameter values for the algorithm was found to be problematic. The
Voigt line shape was found to be more erratic compared to the Lorentzian line shape. In
the case of the sucrose spectrum, the algorithm produced similar results as in the reference
material used but with additional line shape positions identified.
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List of symbols and abbreviations

f frequency
t time
W (t) A window function
δ(f) Dirac delta function
F Fourier transform
FSD Fourier self-deconvolution
LOMEP Line shape Optimized Maximum Entropy linear Prediction
FWHM Full Width at Half Maximum
CARS Coherent Anti-Stokes Raman Spectroscopy
HR Measured spectrum
WR Assumed common line shape
A Area
V Voigt profile
G Gaussian profile
L Lorentzian profile
w(t) Fourier self-deconvoluted time signal after apodization
Hext Extended measured spectrum
h Impulse response coefficient
Ij Extrapolated time signal sample
r Reflection coefficient
e Residual
b Residual
N Number of samples used
M Number of impulse response coefficients
q Quality factor
S Smoothing function
wLP Extrapolated time signal
ws Smoothed out time signal
HLN Resulting line narrowed spectrum
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1 Introduction

1.1 Background

Spectra are continuous measurements of physical properties of a sample. In optical spec-
troscopy these measurements are done as a function of wavelength or frequency of light.
The spectra are made up of multiple overlapping constituent line shapes and the positions
and heights of these line shapes represent the physical properties under investigation. The
physical properties that can be determined using CARS spectroscopy are the rotational and
vibrational modes of molecular bonds and by extension from this the chemical composition
of the sample.

But as can be seen in Figure 1 just by looking at the measurement spectrum the exact posi-
tions of the shapes and their respective heights are not obvious. For complex spectra, this
kind of visual inspection would become more and more infeasible. The line shapes might
lie close to each other resembling a single line shape or the height of a line shape could be
relatively small providing no visible hump in the spectrum. And this is the case with CARS
spectroscopy. So there is an interest in extracting the positions and heights algorithmically
and this is the topic of this thesis.

1.2 Research objective and scope of the thesis

The objective of this thesis was get acquainted with and to implement the LOMEP line nar-
rowing algorithm detailed by Kauppinen et al. 2001a and apply the algorithm on simulated
and experimental CARS spectra consisting of overlapping spectral lines to determine the
number of individual spectral lines along with their respective positions and heights as ac-
curately as possible. The theory and technology of CARS spectroscopy used to produce the
experimental spectral data were not considered to lie within the scope of the thesis.

1.3 Research methodology and arrangements

The first step in the research was to get familiar with steps and theory of the LOMEP line
narrowing algorithm to be able to implement it successfully. When programming each step
of the algorithm the intermediate result was checked and verified to fit the theoretical back-
ground. The algorithm implementation was tested out with multiple simple spectra for which
the exact structure of the spectral lines was known and therefore the result’s fit could be eval-

6



uated.

The second step was to research the characteristics of CARS spectra. This was done to have
appropriate simulated spectra as test material and also to be able to choose an appropriate a
constant line shape for the spectrum to be used with the LOMEP algorithm.

After these steps, the results were computed and deliberated on. For both the simulated
and experimental spectra the evaluation of the fit of the line narrowed spectrum was done by
checking the positions and heights of the line shapes visually. For the experimental spectrum,
no calibration data was available to compare the results to.

Chapter 2 is a short description of each reference material and their relevance, Chapters 3
and 4, Theory and The LOMEP algorithm, detail the steps of the LOMEP algorithm and
their mathematical background. Test material and software, chapter 5, elaborates the char-
acteristics of used spectra as test material for the LOMEP algorithm and the software with
which algorithm was implemented. The chapters Results and Conclusions illustrate the ob-
tained results for the test material spectra and discuss the performance and applicability of
the LOMEP algorithm.

2 Literature review

The foremost source used in this thesis was the book Fourier Transforms in Spectroscopy by
Jyrki Kauppinen and Jari Partanen. The book details the LOMEP algorithm and its theoret-
ical background and justifications. In addition there were a book , Practical Raman Spec-
troscopy, by Peter Vandenabeele and an article , Lineshapes in coherent anti-Stokes Raman
spectra of gases, by Michele Marocco and et al. which were used to confirm the relevance of
the Lorentzian line shape for CARS spectra and also the reason to test out Voigt profiles for
the LOMEP algorithm.

3 Theory

3.1 Assumptions on spectra

The spectra used are considered to be a linear combination of individual spectral line shapes.
The spectral lines are assumed to have a constant line shape with only their position and
height varying. This is stated to be a reasonable assumption for most spectra by Kauppinen
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et al. 2001b. This linear combination of line shapes is expressed as

HR(f) =
∑
i

AiWR(f − fi), (1)

where HR(f) is the measured spectrum, Ai the area (intensity) and fi the location of the ith
line. The constant line shape common to each line is WR(f) and which has an area of one.
This is demonstrated in Figure 1.

Figure 1: Measurement spectra (blue) are assumed to be a linear combination of multiple line shapes
of different areas at different positions. The constituent spectra are shown in red and yellow.

The theoretical common line shape is Lorentzian in CARS spectroscopy but in practice,
many effects can cause line shape broadening. This results in a Voigt profile for the line
shape as stated by Vandenabeele 2013 and Marrocco et al. 2014. The Voigt profile is a
convolution of a Lorentzian line shape and a normal distribution.

WR(f) = V (f, δ) = G(f, δ) ∗ L(f) (2)

where V is the Voigt profile, δ the standard deviation of the normal distribution G and L is
the Lorentzian line shape. The Lorentzian line shape can be expressed as

L(f) =
1

1 + x2
(3)

where x is

8



x =
fi − f
fwidth/2

(4)

where fwidth is the full width at half maximum (FWHM).

3.2 Fourier self-deconvolution

The individual line shapes in equation 10 can also be represented as a convolution of the
constant line shape and appropriate delta functions as

∑
i

AiWR(f − fi) = WR(f) ∗
∑
i

Aiδ(f − fi). (5)

This is smoothing (convolving) infinitely sharp spikes with height Ai at position fi with
the constant line shape. Illustration can be seen in Figure 2. Let us consider the Fourier
transform of expression 5.

F
{
HR(f)

}
= F

{
WR(f) ∗

∑
i

Aiδ(f − fi)
}

(6)

and by applying the convolution theorem F
{
f ∗ g

}
= F

{
f
}
F
{
g
}

we get

F
{
HR(f)

}
= F

{
WR(f)

}
F
{∑

i

Aiδ(f − fi)
}
. (7)

Division by F
{
WR(f)

}
leads us to

F
{∑

i

Aiδ(f − fi)
}

=
F
{
HR(f)

}
F
{
WR(f)

} . (8)

This is called Fourier self-deconvolution in the frequency domain. Note that this result re-
quires that F

{
WR(f)

}
6= 0. Ideally, this provides us with exact heights and positions of the

individual line shapes but in practice, we generate a sinc function due to inevitable trunca-
tion of the registered spectrum. In addition to this there is unavoidable numerical instability
and so the signal deteriorates to noise as stated by Kauppinen et al. 2001c. Therefore the
signal has to be apodized by some window function. Introducing this to equation 13 we
obtain a formula
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w(t) =
F
{
HR(f)

}
F
{
WR(f)

}W (t) (9)

where W (t) is the window function to cut off the unstable part of the signal resulting in w(t)

which is used in the LOMEP algorithm.

Figure 2: Spectra are considered to be a convolution of Dirac delta functions and a constant line
shape which are shown in red and blue respectively. Ideally, the delta functions could be extracted
using FSD.

3.3 Extending the spectrum and Fourier transform of the Dirac delta
function

The LOMEP algorithm includes extending the measured spectrum to negative values. This
can be expressed as

Hext(f) =
∑
i

Ai(WR(f − fi) +WR(f + fi)), (10)

where Hext(f) is the extended spectrum. This provides an even function for which we know
Fourier transform to be real valued. In equation 13 we have an expression of the form

F
{∑

i

Aiδ(f − fi)
}

(11)

and with the extended spectrum following similar logic used in section 3.2 results in

F
{∑

i

Ai(WR(f − fi) +WR(f + fi))
}
. (12)
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Knowing

F
{
Aiδ(f − fi)

}
= Aie

2πitfi (13)

and applying this to equation 12 and due to linearity of the Fourier transform we get

F
{∑

i

Ai(WR(f − fi) +WR(f + fi))
}

=
∑
i

Ai(e
2πitfi + e−2πitfi). (14)

And with z + z∗ = 2 Re(z) we get

∑
i

Ai(e
2πitfi + e−2πitfi) = 2

∑
i

Ai cos 2πtfi (15)

a linear combination of non-decaying cosine waves. Again introducing the window function
we have a more simple expression for w(t) as

w(t) = 2W (t)
∑
i

Ai cos 2πtfi (16)

which is an apodized linear combination of non-decaying cosine waves. This is an impor-
tant result when considering if the signal is predictable using linear prediction. With signal
w(t) going on infinitely the reconstruction with F−1{w(t)} provides the exact positions and
heights of the spectral lines. But this is not the case in practice and so the signal is extrapo-
lated further using linear prediction.

3.4 Linear prediction and extrapolation

Linear prediction is a means of estimating a missing sample of a sampled function Kauppinen
et al. 2001d. This linear prediction is done as a linear combination of previous samples each
multiplied by a weight hl or in other words an impulse response. A single predicted sample
I

′
j is expressed as

I
′

j = ∆x
M∑
l=1

hlIj−l (17)
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where M is the number of samples and impulse response coefficients used to extrapolate the
signal. In this thesis ∆x = 1 is used which simplifies the previous form into

I
′

j =
M∑
l=1

hlIj−l. (18)

Considering only real-valued impulse responses the expression is equally valid for backward
prediction as stated by Kauppinen et al. 2001d.

As shown by Kauppinen et al. 2001d an exponential wave I(t) = Aei2πνt+iφ and linear com-
binations of exponential waves are predictable. In addition to this, it is shown that linear
combinations of n sinusoids require a minimum of 2n impulse response coefficients to ex-
trapolate free of errors. As a single spectral line in the measured spectrum is represented
by single cosine wave in the time domain it can be deduced that using 2n coefficients to
extrapolate, a maximum of n spectral lines can be narrowed and singled out. An example
of backwards prediction is shown in Figure 3. The extrapolated time signal is written as
wLP (t).

Figure 3: Backwards prediction of a w(t) signal for a simple spectrum of two spectral lines. The
backwards prediction is shown in red with the w(t) shown in blue.

3.5 The impulse response

The LOMEP algorithm uses Burg’s formula and Levinson–Durbin recursion to determine
a time signal’s impulse response coefficients. As shown by Kauppinen et al. 2001e that
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assuming the signal to be predictable in both directions we obtain the following system of
equations



h
(m)
1 = h

(m−1)
1 −∆xrh

(m−1)∗
m−1 ,

h
(m)
2 = h

(m−1)
2 −∆xrh

(m−1)∗
m−2 ,

...
h
(m)
m−1 = h

(m−1)
m−1 −∆xrh

(m−1)∗
1 ,

h
(m)
m = r.

(19)

where the last coefficient r in the new and longer impulse response is called the reflection
coefficient, the superscript indicates the length of the impulse response and subscript the
position of the signal sample. The superscript of (m − 1) indicates the previous impulse
response coefficients are used to compute the coefficients of the new, longer (by one) impulse
response. The desired impulse response of length m is therefore determined recursively
starting from a single coefficient.

The reflection coefficient is the starting point from which everything else is computed and
the coefficient is computed using Burg’s formula which according to Kauppinen et al. 2001e
is an effective method. The Burg’s formula is expressed mathematically as

r = h(m)
m =

2

∆x

N−1∑
n=m

e
(m−1)
n b

(m−1)∗
n−1

N−1∑
n=m

[
|e(m−1)
n |2 + |b(m−1)

n−1 |2
] (20)

where N is the number samples used with e
(m−1)
n and b

(m−1)
n−1 being prediction residuals.

These residuals are also determined recursively from the previous residuals e(m−2)
n and b(m−2)

n−1

using

{
e
(m−1)
n = h

(m−1)
1 −∆xrh

(m−1)∗
m−1 ,

b
(m−1)∗
n−1 = h

(m−1)
2 −∆xrh

(m−1)∗
m−2 .

(21)

These equations are applied until an impulse response of the desired length is determined.
The initial condition and work flow of the recursive algorithm is divided into 3 steps by
Kauppinen et al. 2001e. The steps can be described in the following way:

Step 1. Determine the desired length M and have a number of signal samples be N >M .
Set m = 1 with b(0)n = e

(0)
n = In.
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Step 2. Compute h(m)
m with equation 20, the Burg’s formula. Apply Levinson-Durbin recur-

sion given by equation 19 if m >1.

Step 3. When m = M the impulse response is accepted. Otherwise increase m by 1, com-
pute the residuals given by equation 21 and repeat Step 2.

3.6 The q-curve

The impulse response coefficients computed using Burg’s formula are used to extrapolate the
w(t) signal a single sample forward. The extrapolated signal is recursively used to predict
the signal again until an extrapolated signal of the desired length is achieved. As stated by
Kauppinen et al. 2001f the quality of longer extrapolations needs to be quantified. This is
evaluated by using the determined impulse response coefficients to predict the signal w(t)

backwards to negative t-values and comparing the result to the known samples in the positive
direction.

This comparison is done by evaluating the sum of squared differences of the backwards
extrapolated signal and the original signal from starting index J to the index N0 which cor-
responds to the last sample used but which does not need to be equal to N the length of the
signal used to compute the impulse response coefficients. In this thesis, N0 = N was used.
The difference is then normalized by the squared sum of the known signal samples. This can
be written as

q = 1−

√√√√√√√√
N0−1∑
j=J

|Î−j − Ij|2

N0−1∑
j=J

|Ij|2
(22)

where Î−j is a backwards predicted sample with Ij being the corresponding known signal
sample.

The resulting q-factor is a function of M and N which are the number of impulse response
coefficients used and the number of known samples used to determine the coefficients. The
q-factor is drawn as a function of M or N resulting in the q-curve. The maximal value of
the q-curve is used to determine the optimal M and N parameters. An example is shown in
Figure 4.
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Figure 4: A q-curve for a simple spectrum consisting of 2 spectral lines. An optimal N -parameter
value of 11 is emphasized with a red circle.

3.7 Smoothing of extrapolated signals and inverse Fourier transform

After applying the linear prediction on the time signal w(t) (equation 23) the extrapolated
samples are smoothed out with an apodization function S(t). This results in less noise around
the narrowed spectral lines as illustrated by Kauppinen et al. 2001a. The effect of the smooth-
ing on the time signal wLP (t) is illustrated in Figure 5. This smoothed out signal is expressed
as

wS(t) = S(t)wLP (t). (23)

This smoothed out signal is then inverse Fourier transformed back into the frequency domain
producing a spectrum with its spectral lines narrowed. An example line narrowed result is
laid out in Figure 6. The resulting spectrum is therefore

HLN(f) = F−1
{

(t)wLP (t)
}
. (24)
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Figure 5: An ideally non-decaying wavew(t) in equation 23 which is shown on the left was smoothed
out with a tapering cosine function resulting inwS(t). This signal is then inverse Fourier transformed.

Figure 6: The original spectrum shown in blue with the line narrowed spectrum computed with
equation 24 in red. The positions and respective heights of the spectral lines are easily identifiable.

4 The LOMEP algorithm

The LOMEP algorithm is presented by Kauppinen et al. 2001a in six (6) steps. There are two
(2) assumptions for the algorithm. These are that the constant line shape function WR(f) is
known and that the time signal of the spectrum is real and symmetric.

The LOMEP is applied in the following way:
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Step 1. Identify the relevant part of the spectrum. Extend it to the negative f -values to have a
symmetric spectrum and Fourier transform the symmetric spectrum to obtain a time
domain signal.

Step 2. Divide the obtained time signal by F
{
WR(f)

}
or in other words, apply the Fourier

self-deconvolution in the time domain. The result is a linear combination of non-
decaying cosine waves which can be extrapolated. Identify the point at which to
start extrapolating the signal.

Step 3. Set N = M + 1. Compute the q-factor.

Step 4. Choose the parameter values which provided the maximal q-factor. Use them to cal-
culate the impulse response coefficients and extrapolate the signal as far as needed.

Step 5. Smooth out the extrapolated signal by a smooth apodization function and extend the
smoothed out time signal to negative t-values.

Step 6. Inverse Fourier transform the time signal. This provides a line narrowed spectrum in
the f -domain.

It is further noted by Kauppinen et al. 2001a that the relevant part of the spectrum should be
chosen so that the derivative of the spectrum at the ends are as close to zero as possible. This
is done as not to have discontinuities in the spectrum.

5 Test material and software

Spectra used to study and test out the effects of the LOMEP algorithm were two simulated
spectra and two experimental CARS spectrums of amide and sucrose. The simulated spectra
were constructed using Lorentzian line shapes.

Both simulated spectra consist of a total of nine (9) spectral line shapes. The first has varying
heights for each of the spectral lines to test out the ability to retain relative heights of lines.
For the second one, the first two (2) line shapes are positioned closely together to test out the
ability to pick out closely lying line shapes.

For the experimental amide spectrum, Lorentzian and Voigt line shapes were considered for
WR(f). No reference data was available to compare the results of line narrowing. In the
case of sucrose spectrum, reference data was available and only Lorentzian line shapes were
considered.
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This thesis used MATLAB 2016 by The MathWorks n.d. for the implementation and appli-
cation of the LOMEP algorithm. All computations, figures, and results were done using the
same software.

6 Results

6.1 First simulated spectrum

The underlying spectral lines for the first simulated spectrum are shown in Figure 7. The
obtained q-curves for the first case can be seen in Figure 8. Multiple values of parameter N
were tested and results of these are illustrated in Figures 9,10, 11,12 and 13.

Figure 7: First simulated spectrum with positions and heights of the underlying spectral lines shown
in blue and black respectively.
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Figure 8: Q-curve for the first simulated spectrum. An optimal N value predicted was 7. Multiple
local maxima are visible.

Figure 9: The line narrowed spectrum for N = 7. The optimal solution predicted by the q-curve.
Real spectral line positions are marked by black circles.
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Figure 10: The line narrowed spectrum for N = 30.

Figure 11: The line narrowed spectrum for N = 38.
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Figure 12: The line narrowed spectrum for N = 49.

Figure 13: The line narrowed spectrum for N = 71
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6.2 Second simulated spectrum

The underlying spectral line structure is shown in Figure 14 for the second spectrum. The
obtained q-curves for the second case can be seen in Figure 15. As before multiple values of
the parameter N were tested and results of these are illustrated in Figures 16,17, 18,19, 20
and 21.

Figure 14: Second simulated spectrum with positions and heights of the underlying spectral lines
shown in blue and black respectively. Note the closely positioned first and second spectral lines.

Figure 15: Q-curve for the second simulated spectrum. An optimal N value predicted was 12.
Multiple local maxima beyond this value are visible.
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Figure 16: The line narrowed spectrum for N = 12.

Figure 17: The line narrowed spectrum for N = 29.

23



Figure 18: The line narrowed spectrum for N = 41.

Figure 19: The line narrowed spectrum for N = 46.

24



Figure 20: The line narrowed spectrum for N = 62

Figure 21: The line narrowed spectrum for N = 82
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6.3 Experimental amide I spectrum

For the amide I spectrum Lorentzian and Voigt line shapes were tested. For the Lorentzian
line shape, FWHM value of 1.85 was used. The results can be seen in Figure 22. For the
Voigt line shape, FWHM of 0.5 and a standard deviation of 2.0 were used. A result of the
Voigt profile experimentation is shown in Figure 23.

Figure 22: Results of line narrowing with Lorentzian line shape with FWHM = 1.85 with N = 37
for an experimental spectrum.

Figure 23: Results of line narrowing with Voigt line shape with FWHM = 0.5, δ = 2.0 and N = 42
for an experimental spectrum.
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6.4 Experimental sucrose spectrum

The LOMEP algorithm was also used for sucrose CARS spectrum but using only a Lorentzian
line shape. The Lorentzian line shape FWHM value of 5.5 was used. The results can be seen
in Figure 25. A reference data for the frequencies of a sucrose solution by Mathlouthi et al.
2001 was used to compare the results of the line narrowing. The reference data was cali-
brated to fit the prominent peak at 855 cm−1. This is illustrated in Figure 24.

Figure 24: Sucrose CARS spectrum in blue with presumed spectral line positions and height in black.
The reference positions can be seen to be reasonable.

Figure 25: Results of line narrowing with a Lorentzian line shape with FWHM = 5.5 and N = 40
for a sucrose spectrum. The reference positions are emphasized with black circles. The lines were
not narrowed as dramatically as in the cases of simulated spectra.
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Figures 26, 27, 28, 29, 30, and, 31 show the effect of using different thinning factors in the
line narrowing implementation for the results shown in Figure 25.

Figure 26: Line narrowed spectrum with a thinning factor of 0.5.

Figure 27: Line narrowed spectrum with a thinning factor of 1.
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Figure 28: Line narrowed spectrum with a thinning factor of 2.

Figure 29: Line narrowed spectrum with a thinning factor of 4.
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Figure 30: Line narrowed spectrum with a thinning factor of 8.

Figure 31: Line narrowed spectrum with a thinning factor of 16
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7 Discussion

The results of the simulated spectra showed clear convergence on the correct positions for
the line narrowed line shapes except in the case of closely positioned line shapes. This is
reasonable as in a spectrum with multiple line shapes the Fourier transformed time signal
is more complex. As can be seen in equation 16 each line shape is represented by a cosine
wave of frequency related to the position fi. This means the closely positioned lines are in the
time domain represented by similar cosine waves which makes them more difficult to pick
out from the time signal with multiple cosine waves of not as closely matching frequencies.
Therefore the exact number of spectral lines can not be absolutely determined in spectra with
closely positioned spectral lines with multiple other line shapes.

The heights of the line shapes, on the other hand, did not behave well during the LOMEP
algorithm and showed erratic results depending on the choice ofN used. The q-factor did not
produce any noticeable benefits as the positions seem to converge independent of the choice
of q and the optimal values of N were suboptimal as theoretically, the parameter should be
at least eighteen (18) to narrow nine (9) individual spectral lines, as noted in chapter 3.4.
This could be worked on by altering the N0 parameter used in the LOMEP algorithm. Also
increasing N and therefore M too high started resulting additional spectral lines appearing
in the line narrowed spectrum.

For the experimental spectra, similar results were acquired in terms of line positions with dif-
ferent FWHM values for the Lorentzian line shape which was considered to be an excellent
result. This was because even without exact information on the line shape reasonable results
could be obtained. But as with the simulated spectra, the heights were not well behaved.

With the Voigt line shape, with the amide I spectrum, finding a fitting line shape was more
difficult as there were 2 parameters defining the line shape. Even with this, a result was
obtained which showed additional lines where there reasonably should be one. But the results
were more erratic when choosing different N values.

As for the sucrose spectrum, results showed again convergence on the line positions with
differing parameter values. When compared to the reference data the positions of the line
narrowed spectrum are reasonably close but with additional lines present. This was most
likely a result of differing line widths present in the original spectrum.
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8 Conclusions

The LOMEP can be used to determine line positions when approximately knowing the un-
derlying line shape but closely positioned lines can not be identified reliably. The heights of
the lines can not be reliably determined using the LOMEP algorithm from spectra containing
multiple spectral lines.
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