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This research uses the new efficient Markov chain Monte Carlo (MCMC) simulation
method for statistical analysis that was presented by Marko Laine, the author of a MAT-
LAB toolbox that we used to build simulation models [1].
In this study, we used MCMC to forecast the number of children within the daycare age
bracket. When using MCMC methods, the model is simulated repeatedly to explore the
probability distribution describing the uncertainties in model parameters and predictions
and this is precisely what we need. We tested three different approaches such that each
approach consisted two or three models that used MCMC to approximate parameters and
compute a predictive distribution that shows the spread of uncertainty across the forecast
period. The parameters of interest were fertility rate, survival rate and net immigration
rates.
The results from the MCMC simulation revealed that in all the three approaches that we
used in our experiment, model m3a from the first approach gave results with a lower un-
certainty level. This is because the model error variance of this model was lower than



the rest, and this makes its results more reliable. The results of this research gives a more
realistic indication of the level of uncertainty that one should expect in the population size
of childcare aged children in the next 20 years.
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1 INTRODUCTION

1.1 Background

The demographic fate of any human population is uncertain, yet, many possible trajec-
tories can be devised in an attempt to forecast demographic aspects such as size of a
population over a certain period of time. Population forecasts summarize existing in-
formation about the likely future development of the vital rates (fertility, mortality, and
migration). Keilman pointed out that such population projections should include two spe-
cific elements; a range of possible outcomes, and a probability attached to that range.
Concurrently, these components build up a prediction interval for a given population vari-
able [2].

Given the size and age-structure of a population at some baseline time, it’s size and struc-
ture at any point in the future can be determined from the baseline population. Knowing
such information about the population is useful for the development and assessment of
policy. For instance, if we consider the population in ages 0-6, the under school age pop-
ulation. These numbers are of interest in the planning of daycare services for example,
and the school-age population 7-18 is of interest to the planners of the educational sys-
tem [3].

In order to obtain such vital demographic information about the future, demographers
have used statistical modelling and techniques from time-series analysis to carry out the
task. As we cannot know future events without error, we tend to express our uncertain
knowledge regarding this value in terms of a predictive probability distribution. The me-
dian of the distribution is a value such that we consider it equally likely that the true future
value will be above it and below it. The spread of the distribution around the median de-
scribes the magnitude of uncertainty [3].

In this forecast of the number of children within the daycare ages in Lappeenranta, we use
probabilistic language systematically. All assumptions about the future will be made in
terms of predictive distributions for the vital processes of fertility, survival, and migration
rates. A MATLAB based toolbox developed by Marko Laine is used to derive the effects
of the assumption for the population itself [1]. This toolbox uses Markov Chain Monte
Carlo (MCMC) simulation to do that. In this particular study, 10,000 simulation rounds
were used. The whole population forecast was computed 10,000 times with randomly
varying values for fertility and migration rates.
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1.2 Objective of the study

The main objective of this thesis is to predict the total number of children that will be
within the age bracket of daycare in Lappeenranta municipality for the next 20 years.

1.3 Structure of the study

This thesis is organized as follows: Chapter two surveys the existing literature on popu-
lation projection done by previous demographers, it also points out how our research will
be different from their own work. This is followed by the third chapter that gives a de-
tailed description of how we formulated our simulation models. Chapter four contains the
results and discussion of our simulation models with comparison of outputs from various
approaches used in formulating the models.

Finally, we conclude in chapter five giving the conclusions and improvements that could
be made to our models. We also have Appendix 1 and Appendix 2, that analyses the
connection between Daycare need and unemployment.
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2 Literature Review

Uncertainty has always made it difficult for demographers all over the world to give accu-
rate population forecasts. As a result, demographic outcomes have taken them by surprise
on many occasions. For instance, before World War II, demographers believed that the
level of fertility would decline. However, the baby-boom took demographic forecasters
by surprise. Additionally, the fertility rates were expected to remain at a high level in the
1950’s, but they did not. Also in the 1980’s, the fertility in many European countries was
anticipated to remain near the replacement level (2.1 children per woman). The decline
to 1.3 children per woman in Central and Southern Europe came as a surprise [4].

However, in an attempt to reduce the uncertainty held in the future, many methods have
been devised. For instance, Keilman reviewed three probabilistic projection methods that
are commonly used by forecasters; time-series extrapolation; expert judgement; and ex-
trapolation of historical forecast errors. Time-series methods depend on statistical models
that are fitted to historical data. These methods, however, rarely portray an accurate de-
scription of the past. In the event that a considerable portion of these prior facts remain un-
explained, time-series method often yields a considerably wide prediction intervals when
used for long-term forecasting [2].

In many cases, judgemental methods come handy in correcting or constraining such broad
prediction intervals resulting from time-series methods. The expert-judgement method in-
volves asking a group of experts to give a future probability that a given key parameter
will lie within a certain range. When using this approach, experts often become overly
optimistic and they tend to give narrow intervals which turn out to fit the observed trends
less frequently when they are compared with actual data [2].

Extrapolated historical forecast errors can be used to predict the expected errors for the
current forecast. This method was included in the statistical model to calculate the uncer-
tainty of United Nations population forecasts for every country. The components of these
three methods are frequently used side by side. Keilman further argues that regardless
of the approach used by demographers, probabilistic forecasts of the youngest and oldest
age groups demonstrate the most uncertainty, since fertility and mortality are difficult to
foresee [2].

Alho used statistical modelling and techniques from time-series analysis to project the
population of Finland in 2050 and beyond [3]. This method made it possible for him to
estimate the range of large errors one should expect, if future demographic development
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is as volatile as in the past. The uncertain knowledge regarding life expectancy value
was expressed in terms of a predictive probability distribution which was derived from a
stochastic simulation. Alho’s study of past forecasts showed that demographic outcomes
in Finland have repeatedly taken forecasters by surprise just like other demographers in
the world.

Unlike Alho’s work that focused on Finland’s population in general, this research will
only focus on Lappeenranta region located in South Karelia. We will only concentrate on
forecasting the population of children within the daycare age bracket (0 to 6). We will use
the historical data from the years 2002 to 2016 to approximate the fertility, survival and
immigration rates using the Markov Chain Monte Carlo (MCMC) method. These vital
rates will enable us to build simulation models that will be used to make predictions and
represent the uncertainty in them using predictive distributions. We are mainly going to
use an MCMC toolbox written by Marko Laine to run our simulations [1].
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3 Methodology

3.1 Model description

In this research, we restrict our attention to the populations of children within ages 0 to
16. We will take 2002 to 2016 to be the years for which the data is available at time t. We
got these census-based population counts from Lappeenranta municipality.

We developed our models using the concept of Leslie matrix. This is a type of ma-
trix that is used to build demographic models. It takes into account birth and survival
rates of each age cohort over time [5]. In general, a Leslie matrix model takes the form;
n(t+ 1) = Ln(t). Where n(t+ 1) is the population prediction, n(t) is the available pop-
ulation count and the Matrix L is given by;

L =



f 0 0 · · · 0 0

s1 0 0 · · · 0 0

0 s2 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · sn−1 sn



Where f is the fertility rate of female individuals and si is the percentage of individuals
in age cohort i that survive to age cohort i+ 1 in each time step. n is the final age cohort
and sn is the percentage of individuals in age cohort n that survive to the next year and
remain in the same cohort [5].

In this research, we will consider age cohorts 0 to 16. We consider the data up to cohort
16 because having a wide range of data will help improve the certainty of our parameters.
The parameters of interest are fertility rate, survival rate, and net migration flows. We will
denote fertility rate with f , survival rate with s and number of age cohorts with n. These
are precisely the inputs required by the Leslie matrix model which will aid in estimating
these parameters. In order to achieve this, we propose three models that depend on the
original data through initial estimates in different ways. We also made an assumption that
all the children born survive to the next year and throughout their childhood.

To come up with the best possible model to suit our objective, we used three different
approaches when building the models. These approaches are described below alongside
the models, since the first model seemed to work quite well will the first approach, the
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subsequent approaches were applied to the second and the third models only. The un-
certainty in the parameters is approximated using Markov Chain Monte Carlo (MCMC)
method, this method is explained in detail in the next subsection.

3.1.1 Approach a

• First model (m1a)

This is the Leslie matrix model that we described before, we will use the population
counts of children between the age 0 to 16 at time t to forecast the population size
at t+ 1 within the same age cohort. This model takes the form;


n0,t+1

n1,t+1

...
n16,t+1

 =


f 0 · · · 0 0

s 0 · · · 0 0
... . . . · · · ...

...
0 0 · · · s 0

 ×


n0,t

n1,t

...
n16,t



The parameter f is the rate of newborns at time t and s is the percentage of children
that survive to the next age cohort. These rates are estimated using the historical
data, then used in Leslie matrix to make the prediction. For instance, n0,t+1 = fn0,t

means that we are taking the percentage of children born multiplied by the total
number of newborns at time t to get the number of new born at time t+1. Here, we
have si = s, and this means that the rate of children surviving to the next age cohort
is uniform. We also added one to these two parameters to satisfy our assumption
that all children born survives throughout their childhood.

• Second model (m2a)

The second model takes into account the population change due to total net immi-
gration g, which in this case is relative to the age cohort size. This model assumes
that all the children born at time t survive to the next year, and the same applies to
the children in age cohorts 1 to 16. This will rule out the parameter s representing
the survival rates across the age cohorts since we already have it as 1, and we will
only need to approximate f and g.
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The second model is a discrete time approximation to a continuous time process,
therefore, we will add half of net immigrants at the beginning of the forecasting
step and the remaining half will be added at the end, this will boost the accuracy of
our model [6]. The model is given by;


n0,t+1

n1,t+1

...
n16,t+1

 =


f 0 · · · 0 0

1 0 · · · 0 0
... . . . · · · ...

...
0 0 · · · 1 0

 ×


n0,t + (gn0,t)/2

n1,t + (gn1,t)/2
...

n16,t + (gn16,t)/2

 +


(gn0,t)/2

(gn1,t)/2
...

(gn16,t)/2



Here, we assumed a constant g for all age cohorts. This implies that the same num-
ber of children immigrated in all age cohorts.

• Third model (m3a)

The last model is basically similar to the second model except that the change due to
total net immigration is independent of cohort size. The parameter g in this model
also remains constant for all age cohorts as in m2a.


n0,t+1

n1,t+1

...
n16,t+1

 =


f 0 · · · 0 0

1 0 · · · 0 0
... . . . · · · ...

...
0 0 · · · 1 0

 ×


n0,t + g/2

n1,t + g/2
...

n16,t + g/2

 +


g/2

g/2
...
g/2
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3.1.2 Approach b

This approach came up as a result of adjustments made on the parameter for estimating
fertility rate from the previous approach. In this case, we approximated the fertility rate
separately using available historical birth rates and later we approximated the parameter
responsible for net immigration the same way as we did in the previous approach.

We had both the parameter fc for estimating the constant number of newborns, and fn for
estimating the number of newborns depending on previous year’s number of newborns,
that is, fn×n0,t−1. The number of newborns in the current year would therefore be given
by the expression; nt = fc+fn×n0,t−1. We estimated the parameters fn and fc alongside
g. The adjustments were implemented on the second and the third models as shown below.

• Second model (m2b)


n0,t+1

n1,t+1

...
n16,t+1

 =


fn 0 · · · 0 0

1 0 · · · 0 0
... . . . · · · ...

...
0 0 · · · 1 0

 ×


n0,t + (gn0,t)/2

n1,t + (gn1,t)/2
...

n16,t + (gn16,t)/2

 +


fc + (gn1,t)/2

(gn1,t)/2
...

(gn16,t)/2



• Third model (m3b)


n0,t+1

n1,t+1

...
n16,t+1

 =


fn 0 · · · 0 0

1 0 · · · 0 0
... . . . · · · ...

...
0 0 · · · 1 0

 ×


n0,t + g/2

n1,t + g/2
...

n16,t + g/2

 +


fc+ g/2

g/2
...
g/2
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3.1.3 Approach c

Here, we used the available population counts of newborns to approximate a constant
value that we later used to represent the total number of children born across the fore-
cast years. We then estimated the net immigration parameter g separately, the models are
shown below.

• Second model (m2c)


n0,t+1

n1,t+1

...
n16,t+1

 =


1 0 · · · 0 0

1 0 · · · 0 0
... . . . · · · ...

...
0 0 · · · 1 0

 ×


n0,t + (gn0,t)/2

n1,t + (gn1,t)/2
...

n16,t + (gn16,t)/2

 +


(gn0,t)/2

(gn1,t)/2
...

(gn16,t)/2



• Third model (m3c)


n0,t+1

n1,t+1

...
n16,t+1

 =


1 0 · · · 0 0

1 0 · · · 0 0
... . . . · · · ...

...
0 0 · · · 1 0

 ×


n0,t + g/2

n1,t + g/2
...

n16,t + g/2

 +


g/2

g/2
...
g/2



3.2 Parameter estimation using Markov Chain Monte Carlo (MCMC)
method

MCMC methodology adds uncertainty quantification to statistical modelling. MCMC
comprises Monte Carlo integration using Markov Chains. It is applied by integrating over
possibly high-dimensional probability distributions to make inference to model parame-
ters or to make predictions [7].

Monte Carlo term is used to describe methods that are based on random number genera-
tion. The sequence of samples is generated such that each new point θi+1 only depends
on the previous point θi, and the samples therefore form a Markov Chain. The term θ

here stands for the unknown parameter that is to be estimated. The main concept in the
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MCMC is ergodicity, which guarantees the correctness of the MCMC algorithm in the
sense that the Law of Large Numbers holds, and the averages computed from the MCMC
samples approach the correct expected values as the sample increases [7].

In this research, we use a MATLAB code package that makes it easy to run MCMC analy-
ses. The code package provides a unified interface for specifying models and implements.
We used the documentation from the appendix of the doctoral thesis of the author of the
code and also help mcmcrun to get information on how the package works [1].

3.3 Code description

Each of the three approaches that we described previously used the code package written
by Marko Laine and they all had the same structure except for slight differences in models
formulation. Therefore, we will describe a general overview of the codes that we used in
this research.

We create three m-files, the main program and the sum of squares function that computes
the model response with given parameter values and compares it to the data. The model
response computation is done with a separate model function that computes predictions
using the Leslie matrix.

The least squares (LSQ) fitting is performed using the fminsearch optimizer. This opti-
mizer takes in sum of squares function as the first argument, initial guess provided for
the optimizer and the option structure and the last argument is the data matrix that will
be used to compute sum of squares. fminsearch will return the LSQ estimates and the
residual sum of squares.

From there, we specify the input structures needed by the mcmcrun function. The func-
tion requires four inputs; model, data, params and options. The model structure which
is used to define the sum of squares function and the measurement error variance (σ2).
The sum of squares function must be implemented in the form that takes the parameter
vector as the first argument and the data structure as the second argument and returns the
sum of squares value [1].

The params structure defines the parameter names, their starting values and possible
minimum and maximum limits (in this case we had maximum and minimum as negative
and positive infinity respectively). We start the MCMC sampling from the LSQ estimate
obtained from LSQ fitting performed at the beginning. Next, we specify the options struc-
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ture, that controls how the MCMC sampler works. For instance, the number of samples,
the (initial) proposal covariance matrix, the sampling method, and the adaptation interval
for adaptive methods can be given through the options structure [1].

In this case, we run 10,000 iterations with a small proposal covariance as an identity ma-
trix with 0.01 in its diagonal and we perform covariance matrix adaptation at every 100th

step. The adaptation leads to a suitable proposal covariance, which in turn improves the
mixing of the chain of parameters [1]. We also set an option to estimate the measurement
error σ2 which will be sampled along with the other parameters.

Since we have defined all the required inputs, we then call the toolbox built-in function
mcmcrun. The function takes in the structures we just defined and gives out results, the
sampled chain, and the sampled σ2 values. The results are then visualized using the mcm-

cplot function included in the package. Here, we plot the path of the chain, the posterior
distribution of the parameters, the path of the sampled σ2 chain and the histogram of the
σ2 samples [1].

Additionally, we can also visualize the predictive distribution which shows the uncer-
tainty of the model predictions. This can be done by simulating the prediction model
with different parameter values and drawing the prediction curves, these curves show the
uncertainty in our forecast. The function mcmcpred contained in MCMC package sim-
ulates the model responses and the mcmcpredplot function can then be used to visualize
the predictive distributions [1].
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4 Results and Discussion

To validate the models described in the previous chapter, we carried out experiments
using Monte Carlo Markov Chain (MCMC) to estimate the reliability and quantify the
uncertainty in the results produced by the models. This chapter will extensively describe
the results we obtained from the MCMC simulations for each model in all the three ap-
proaches we tried out.

4.1 Initial parameter estimates

The MCMC simulation begins by setting the data matrices and computing the LSQ es-
timates by minimizing sum of squares. These estimates are treated as initial parameter
estimates that will be used to start the MCMC algorithm and eventually produce a sampled
chain of parameters [1]. The measurement error variance σ2 estimated from the residuals
of the model fit is also treated as a random variable and it is sampled along with the model
parameters in the MCMC algorithm. We computed these initial parameter estimates for
all our models in each approach at the onset of the MCMC simulation.

4.2 MCMC Output description

In this subsection, we describe the results obtained from the MCMC simulation. We
visualize the output as one dimensional chain plots that gives the sample paths for each
parameter and as two dimensional posterior distribution plots which show correlation
between estimated parameters. The values calculated at the sampled parameters gives the
distribution of the model predictions, also referred to as predictive distributions. These
distributions are simulated and visualized in graphs, they give information concerning the
spread of uncertainty in the predictions. We will discuss the results for each of the three
approaches and analyse the uncertainty of model results depicted in each one of them.
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4.2.1 Approach a

In this approach, we estimated both the fertility rate and net immigration parameters using
MCMC. The output of the parameter chains and the predictive distributions for each of
the three models are explained here in detail.

• M1a

In this model, we were required to estimate f and s, and then use the historical
population of children in the age bracket 0 to 16 to forecast the population size
within the same age cohort in the next 20 years.

(i) Chain of parameter estimates

The MCMC simulation repeatedly estimates the parameters of the model and
stores them in a chain, the number of times the parameters (fertility and sur-
vival rates) are estimated depends on the number of simulations carried out. In
this experiment, 10,000 runs of simulations were performed and the resulting
chain of parameters were visualized in form of graphics shown in Figure 1.

(a) (b)

Figure 1. (a) Path of the MCMC sampler; (b) The posterior distribution.

Figure 1a shows the path of the MCMC sampler when sampling the fertility
and survival rates. The mixing of the chain is quite good and optimal, and this
is because we used adaptive MCMC. On the other hand, the posterior distri-
bution in Figure 1b shows that there is a little correlation between the survival
and fertility rate, which is good for our model.

The mean of the fertility rate chain obtained from the simulation is approxi-
mately 0.00244 with a small standard deviation of 0.00247, this implies that
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on average, the number of children increases by a very small percentage in
each prediction year. Whereas, the average survival rate is 0.00232 with a
standard deviation of 0.00165. This means that almost all the children survive
to the next age cohort and child mortality is very rare.

(ii) Predictive distribution

The MCMC results were also used to study how the uncertainty in fertility
and survival rates affects model predictions. This was done by simulating the
model with different fertility and survival rate values given in the chain of pa-
rameters from the MCMC output. Although we were only interested in the
distribution of the childcare aged children (0 to 6), we built our models for
ages 0 to 16 because we wanted to improve certainty of our parameters.

We computed the predictive distribution for newborns, one year olds and so
on up to six year olds, but in this study we only analysed newborns, three year
and six year olds. Those are the ages we will focus on when analysing our
predictive distribution results in the rest of this study. Figure 2 and Figure 3
visualize the predictive distribution of the model fit and predictions calculated
from the MCMC samples (green lines), the LSQ fit (black line) and the data
points (red circles). The predictions are from the year 2004 to 2024.

Figure 2. Predictive distribution of the newborns.
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(a) (b)

Figure 3. The predictive distribution of: (a) three year olds and (b) six year olds.

From Figure 2 and Figure 3, it can be seen that the predictions follow the trend
of the actual data for the first few prediction years before it spreads out. This
is because we have the true population for the age cohorts at the beginning and
it changes thereafter because we only have the population of the age cohorts
resulting from the prediction made on the newborns.

Generally, the uncertainty in predictions increases as the number of forecast
years increases. From the shape of the prediction lines, we can also see that
the forecast indicates a slight increase in the number of children with ages be-
tween 0 to 6 in the next 20 years.

(iii) Model error variance

The model error variance σ2 was regarded as a random variable and since it
was sampled along with the parameters in the MCMC algorithm, a separate
chain containing different possible σ2 values was obtained separately in the
MCMC results. The sampled σ2 chain was plotted and the histogram of the
samples was computed, this is displayed in Figure 4.



21

Figure 4. The variance of the model error

The mean of the chain containing error variance of model m1a is approxi-
mately 12, 701, which is quite high.

• M2a

In the second model, 10,000 runs of MCMC simulation repeatedly performed to es-
timate fertility and net migration rates. The resulting estimates of these parameters
were outputted in a chain and analysed as follows.

(i) Chain of parameter estimates
Figure 5a shows the path of the MCMC sampler when sampling the fertility
and net migration rates. The mixing of the chain is optimal and Figure 5b
clearly shows that the fertility and the net migration rates are negatively cor-
related, this means that the two parameters are explaining the same kind of
variability in the model.

Here the value of f is negative, that is approximately −0.000018 with a small
standard deviation of 0.0034. This indicates that over the forecast years, the
number of newborns could reduce by a very small number but this is unlikely
to happen. On the other hand, the value of net immigration rate is positive
0.0023 with a standard deviation of 0.00166. This means that a very small
number of children immigrates in every forecast year.
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(a) (b)

Figure 5. (a) Path of the MCMC sampler; (b) The posterior distribution.

(ii) Predictive distribution

Figure 6 and Figure 7 illustrates the distribution of model predictions of the
day care aged children in the second model. These graphs are quite similar to
those obtained in m1a.

Figure 6. Predictive distribution of the new born.
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(a) (b)

Figure 7. The predictive distribution of: (a) three year olds and (b) six year olds.

We can therefore deduce that the uncertainty of population growth of daycare
going children grows over the forecast periods as illustrated in the graphs.
Generally, the population size of the children between the ages 0 to 6 is ex-
pected to grow gradually over the years though with a small rate. This can be
clearly seen from the shape of the prediction lines in the predictive distribution
graphs.

(iii) Model error variance

The mean error variance of this model is 12, 656, this is slightly smaller than
that of model m1a. This implies that the results obtained from model m2a are
quite reliable compared to the results from m1a.

Figure 8. The variance of the model error
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• M3a

The simulations and analysis carried on the third model were similar to the ones
performed on the previous two models. The results are shown below in detail.

(i) Chain of parameter estimates

As in the second model, the parameters of interest were the fertility and net
immigration rates. Figure 9a shows the path of the MCMC sampler, which
displays an optimal mixing and the posterior distribution in Figure 9b also
shows a negative correlation between fertility and net immigration rates.

(a) (b)

Figure 9. (a) Path of the MCMC sampler; (b) The posterior distribution.

The mean net immigration rate here is 1.6952 with the standard deviation of
1.1674, this accounted for the percentage of children who immigrated.

(ii) Predictive distribution
The distribution of model predictions of the day care aged children shown
in Figure 10 and Figure 11 has a similar trend to those of m1a and m2a. The
number of daycare aged children seems to slightly increase over the prediction
period as observed earlier in the previous two models.
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Figure 10. Predictive distribution of the new born.

(a) (b)

Figure 11. The predictive distribution of: (a) three year olds and (b) six year olds.

(iii) Model error variance

The mean error variance of model m3a is 12, 648, which is lower than that
of model m2a and m1a. This means that in general, the results obtained from
model m3a have a lower uncertainty compared to the results from models m1a

and m2a. This is because of the small model error variance in m3a.
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Figure 12. The variance of the model error

4.2.2 Approach b

Here, we approximated the fertility rate separately using the available historical
birth rates and later we approximated the net immigration parameter as in the the
first approach. We obtained chain plots that show the paths of the sampler for the
parameters g (net immigration), fc (estimates the constant number of newborns)
and fn (estimates the number of newborns depending on previous year’s num-
ber). The number of children born in the current year would therefore be given
by nt = fc + fn× nt−1 as explained earlier. We also obtained the posterior distri-
butions of the three parameters including the predictive distribution for the daycare
aged children.

We took up this approach with the aim of getting rid of the negative correlation
between fertility rate and net immigration rate that is shown in Figure 5b and Fig-
ure 9b. As it can be seen, these two Figures belong to M2a and M3a, the model
M1a has quite good posterior distribution and no adjustments are needed. The re-
sults from the MCMC simulation for M2a and the M3a are given as follows;



27

• M2b

The number of MCMC simulation runs remained unchanged as in the first approach
(that is; 10,000 simulations).

(i) Chain of parameter estimates

The chains of the three parameters we are estimating exhibits an optimal mix-
ing as seen in Figure 13a. The correlation between the parameters fc and fn
(responsible for fertility rates), and the net immigration parameter g signifi-
cantly reduced, and it implies that the adjustments we made were worthwhile.
However, there is a negative correlation between fc and fn, and it means that
these two parameters are most likely performing the same functions in the
model. This is shown in Figure 13b.

(a) (b)

Figure 13. (a) Path of the MCMC sampler; (b) The posterior distribution.

The mean values of the chains in Figure 13a that we obtained are; fc = 763

with the standard deviation of 484, fn = −0.10651 with the standard devia-
tion of 0.70404, and g = 0.00267 with standard deviation of 0.00189. Here,
the value of g is slightly higher than that of model m2a, this indicates that
there is also a positive change in the population due to immigration in this
model.
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(ii) Predictive distribution

The spread of the predictions for the day care aged children in this model are
given in Figure 14 and Figure 15.

Figure 14. Predictive distribution of the newborns.

The spread of the new born children in future shows a wide fluctuation from
the year 2015 to 2024, the prediction lines are not as straight as in model m2a.
Although most of the prediction lines in Figure 14 follow the trend of the ac-
tual data (red circles), we can not clearly tell the direction this age cohort size
will take from the year 2017 onwards. This is quite different from the results
obtained from m2a in which the trend of the predictive distribution was clearly
defined, it indicated a slight increase in the number of children in the next 20
years.

On the other hand, the predictive distribution of the children with ages three
and six is not very different from that of model m2a apart from the small fluc-
tuation towards the end of the forecast period.
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(a) (b)

Figure 15. The predictive distribution of: (a) three year olds and (b) six year olds.

Generally, from these results we can see that the uncertainty of population
growth of daycare going children grows visibly over the forecast periods. This
is to be expected because as the prediction years increases, we lack enough in-
formation on the population of children in that period and this could be one of
the reason for the wide fluctuation towards the end of the prediction years.

(iii) Model error variance

The mean of the model error variance in model m2b is 13, 286, this is higher
than the model error variance of m2a by 630. Therefore, the results obtained
from m2a have smaller uncertainty than that of m2b, this can also be seen from
the wide spread of predictive distribution in Figure 14 and Figure 15. Below
is the model error variance of m2b.

Figure 16. The variance of the model error
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• M3b

The simulations and analysis carried on model m3b were similar to the ones per-
formed on the M2b and the results are shown below.

(i) Chain of parameter estimates

The path of the MCMC sampler is quite good and the correlation between the
fertility and net immigration rates has diminished as in M2b. This approach
appears to have satisfied our aim of doing away with the strong correlation
that existed between the two parameters in approach a. Figure 17b illustrates
how the adjustments we made on the previous approach has transformed our
posterior distribution.

(a) (b)

Figure 17. (a) Path of the MCMC sampler; (b) The posterior distribution.

(ii) Predictive distribution

The spread of predictive distribution for the new born children is not different
from what we obtained from model m2b. The prediction lines in Figure 18
are totally different from what we had in model m3a which had a clear spread
of predictions over the forecast years. Here, the direction of prediction lines
makes it difficult to clearly interpret the trend of the newborns over the forecast
period.
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Figure 18. Predictive distribution of the new born.

(a) (b)

Figure 19. The predictive distribution of: (a) three year olds and (b)six year olds.

The predictive distribution of the children with ages 3 and 6 is also quite sim-
ilar to that of model m2b.
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(iii) Model error variance

The model error variance of model m3b is 13, 315, this is higher than the
error variance of the models we analysed before especially in Approach a.
It implies that the results from m3b has a lot of uncertainty compared to the
previous models.

Figure 20. The variance of the model error.

4.2.3 Approach c

We adopted this approach with the aim of solving the problems that came up from
the second approach. In the previous approach, we could not help but notice a sig-
nificant correlation between the two parameters that we used to estimate fertility
rate in the population (fc and fn). Although our initial problem of the strong corre-
lation between net immigration and fertility rate parameters had been resolved, we
also need to do away with this correlation because it actually means that the param-
eters fc and fn are performing the same functions and having both in our model is
not necessary.

Therefore, in our attempt to eliminate this correlation, we came up with a third
approach where we fitted the available population counts of newborn children sep-
arately. Since we had discussed this approach extensively in the previous chapter,
we will go straight to the results obtained from the MCMC simulation for M2c and
M3c.
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• M2c

The number of MCMC simulation runs remained unchanged as in the previous
approaches.

(i) Chain of parameter estimates

Here, only net immigration parameter was left to adapt with MCMC, and
hence the generated chain contained possible values of parameter g. Fig-
ure 21a shows the path of the sampler when sampling net immigration rate
and a histogram showing its distribution, in this case we don’t have a posterior
distribution because there is only one parameter.

(a) (b)

Figure 21. (a) Path of the MCMC sampler; (b)Distribution of the net immigration rates.

The mean of the chain obtained from MCMC is 0.002661 with the standard
deviation of 0.00161. The positive net immigration here indicates a positive
change in the population size of the children although the increase in signifi-
cantly small.

(ii) Predictive distribution

The constant number of newborn children that we obtained from fitting the
historical data of newborns from the years 2002 to 2016 is approximately 693

as shown in Figure 22. This value was later used to represent the number of
children born across all the forecast years. In this case, we assumed that in
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each of our prediction year, the number of children born will remain constant
at 693.

Figure 22. The predictive distribution of new born.

The predictive distributions for three year and six year olds of model m2c

(shown in Figure 23) are particularly narrower compared to models m2b and
m2a. Most of the actual data points of the three year olds fall outside the pre-
diction lines, the forecast follows the trend of these actual data for the first
three years then it remains constant thereafter. On the other hand, the predic-
tions of six year olds follow the true data trend for the first six predictions then
remains constant until the end of the prediction period.

(a) (b)

Figure 23. The predictive distribution of: (a) three year olds and (b) six year olds.
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(iii) Model error variance

The mean error variance of model m2c, present is Figure 24, is 12, 667. This
is slightly higher compared to that of m2a.

Figure 24. The variance of the model error

• M3c

The path of the sampler and the histogram showing the distribution of net immigra-
tion is shown in Figure 25.

(i) Chain of parameter estimates

(a) (b)

Figure 25. (a) Path of the MCMC sampler; (b)Distribution of the net immigration rates.
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The mean net immigration rate obtained from this model is 1.896 with the
standard deviation of 1.126. This rate is roughly similar to that obtained from
model m3b although the standard deviation in this case is slightly lower. Since
the size of newborns across the forecast period was set to a constant value, net
immigration will now cater for any change of the population size within age
cohorts 1 to 6.

(ii) Predictive distribution

Here, we also set the number of newborns across the forecast period to the
constant that we obtained in model m2c. The predictive distributions in Fig-
ure 26a are also not far from the results we got in model m2c.

(a) (b)

Figure 26. The predictive distribution of: (a) three year olds and (b)six year olds.
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(iii) Model error variance

The mean error variance of the model m3c, present in Figure 27, is 12, 660.
This is smaller compared to the mean error variance of model m3b but also
slightly higher than that of model m3a. Therefore, the results obtained from
model m3a appears to be more reliable than the ones from all the other models
since it has the smallest model error variance.

Figure 27. The variance of the model error
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5 CONCLUSIONS

As childcare becomes more widely available, affordable, and acceptable, it is imperative
for policy makers to get a clear picture of the direction population growth of children
within this age cohort will take in future.

In this research, we use Markov Chain Monte Carlo (MCMC) method to simulate the
population of children within the ages 0 to 16 in Lappeenranta municipality. We chose
to use MCMC method because it provides ways of performing the model calculations in
a unified and more practical manner. A predictive analysis of the model is also easily
available after the MCMC run and the results of the analysis are presented in a way that
can be easily understood.

Since our objective was to forecast the population of children within the daycare age
bracket, we used the census-based data of children with ages 0 to 16 to estimate our pa-
rameters and then later computed the predictive distribution of children with ages 0 to
6 using these parameters. We took 2002 to 2016 to be the years for which the data is
available at time t and we used it to make predictions up to 20 years. The goal is to
give a realistic indication of the level of uncertainty one can expect. In all cases we have
attempted to provide an empirical basis for the assessment of uncertainty. We make the
assumption that future uncertainty is similar to the past experience. This is how the pre-
dictive distributions of this forecast were interpreted.

We developed our models based on the concept of Leslie matrix model, this matrix is
used to build demographic models. Leslie matrix model takes in fertility and survival
rates and uses the available population counts to make the predictions. We used three
different approaches when building the models and we approximated the uncertainty in
our parameters using MCMC method.

Aprroach a consisted of three models; model m1a which was exactly like the Leslie ma-
trix model, the parameters of interest were fertility rate (f ) and the survival rate (s), model
m2a takes into account the population change due to total net immigration g, which in this
case is relative to the age cohort size. This model assumes that all the children born at
time t survive to the next year, this means that we only estimated parameters f and g. The
last model m3a is quite similar to m3a except that the change due to total net immigration
is independent of cohort size. we used MCMC to carry out parameters estimation and
compute predictive distribution.
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We took up Approach b with the aim of getting rid of the negative correlation between
fertility rate and net immigration that was shown by the posterior distributions of the mod-
els m2a and m3a. Here, the parameters approximated by MCMC were; g, fc (estimates
the constant number of newborns) and fn (estimates the number of newborns depending
on previous year’s number). The number of children born in the current year was then
given by nt = fc + fn × nt−1. The results from the MCMC simulation showed that
the negative correlation that existed in the previous model had diminished. However, the
posterior distribution of parameters fn and fc displayed a strong negative correlation.

This lead us to approach c, where we approximated a constant value of newborn children
and used it to represent the fertility rate across the forecast years. The parameter g was
then approximated using MCMC as in the previous approaches. This particular approach
did not have a posterior distribution since we were only approximating only one parame-
ter using MCMC.

We analysed and compared the results of the obtained predictive distribution in each
model by looking at the spread of uncertainty into the future and the value of model
error variance. The mean error variance of the model enabled us to identify the model
with the lowest level of uncertainty. In this case, model m3a had the smallest mean error
variance of 12, 648. This implies that the results we obtained from this model were more
reliable than the rest. Although the posterior distribution of this model had shown corre-
lation between fertility rate and survival rate, its results appears to give a more realistic
indication of the level of uncertainty to be expected in the population size of child care
age children in the next 20 years.

The models used in this study could also be extended, and instead of forecasting the size
of children within the daycare age bracket, we can forecast the daycare need, that is the
expected number of children in daycare in the future. These numbers could be very help-
ful when planning for future daycare provision.
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Appendix 1. Daycare need vs Unemployment rate

At the beginning of this research, the main focus was on daycare need and the unemploy-
ment rate in Lappeenranta. The plots obtained from these two data sets, showed that there
could be some significant relationship between Daycare need and the unemployment rate.
Figure A1.1 and Figure A1.2 shows the monthly comparison of total number of children
in daycare and the unemployment rate, respectively.

Figure A1.1. The number of children in daycare from 2008 to 2017.

Figure A1.2. The rate of unemployed job seekers in Lappeenranta, monthly comparison.

(continues)



Appendix 1. (continued)

From Figure A1.1, it can be seen that the daycare need varies depending on the season of
the year. For instance, the daycare need is significantly higher during Winter and Spring
seasons, whereas during Summer months, the daycare need decreases suddenly and goes
up gradually during Autumn months.

Similarly, Figure A1.2 displays the same kind of variation but in this case the unemploy-
ment rate is high during Winter and Summer months and quite low during Spring and
Autumn seasons. Looking at these two graphs, we can easily conclude that there exists
some kind of correlation between the two data sets.

This assumption is quite reasonable since the daycare need depends on the employment
status of the parents, that is, many parents who have jobs tend to have a high demand of
daycare for their children than those who are unemployed. Therefore, high unemployment
rate may mean low daycare need and this can be one reason for the correlation of the two
graphs during Summer months. The correlation might also be because the older children
leave daycare during July and June while the younger ones start daycare in August.



Appendix 2. Correlation between Daycare need and Unemployment rate

Let’s dig in and see what kind of correlation exists between the two variables. Since
unemployment rate data was already available in percentages, we only need to compute
the proportion of children who went to daycare from the total population of daycare aged
children (ages 0 to 6). Figure A2.1 and Figure A2.2 displays the relationship between the
two variables in detail.

Figure A2.1. Correlation between daycare need and unemployment rate, monthly comparison.

(continues)



Appendix 2. (continued)

Figure A2.2. Correlation between daycare need and unemployment rate.

From Figure A2.1 and Figure A2.2, it can be seen that there exists some correlation be-
tween daycare need and the unemployment rate as expected, but then the correlation is
quite small and not significant.
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