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Wind energy is one of the oldest, cleanest and most reliable source of renewable energy.
And it has become a subject of interest for many researchers to study on how to maximize
its potential. In this study, the interest is to investigate if there is any variation in the wind
power production by different types of forests. This study entails the Computational Fluid
Dynamics (CFD) modelling including forest and turbine model. The standard actuator
disk model was used in this study. All simulations are implemented with the OpenFOAM
using the realizable k —e SIMPLE-RANS solver. Nine forest cases and a case without for-
est were considered. The reference turbine is a ”5-MW baseline offshore wind turbine”.
It is observed that there is no significant difference in the mean flow of different forest

cases. However, the turbulent kinetic energy varies significantly in the different forests.
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1 Introduction

1.1 Background

Modelling of wind flow in wind farms is of significant interest in wind energy applica-
tions. Diverse experimental, analytical and computational studies have been studied to
predict and improve power generation on wind farms. Several cases have been consid-
ered over the years, some of which include the modelling of wind flows offshore, onshore,
over complex and flat terrains, modelling wind farms with and without forests and so on.
However, the effect of various types of forest in the production of wind power has not
been widely recognized. The main focus of this thesis work is to investigate how best to
maximize wind farm resources in order to produce the highest magnitude of wind power.
Specifically, it addresses the subject of the impact of forest types with varying densities
on wind power production. The following are closely inspected in the research: Are there
variations in the magnitude of wind power produced by different forest types, considering
a number of cases? How does the density of a forest affect the wind power production?

and lastly, what tree type and density produces the highest magnitude of wind power?

Generally, the structure of a forest is determined by the types of trees dominating it and
the density of the canopy layers in the forest. These characteristics have a robust impact
on the mass, momentum and energy transfer in the atmospheric flow and can largely influ-
ence the amount of power generated by the wind turbines located on wind farms. The leaf
area density (LAD) profile is utilized to describe the features of the forest canopy. This
was assisted in an essential way to estimate the spatial distribution of leaves in a forest
by using a Laser scanner. The measured data form a real forest and account for the tur-
bulence in wind flow simulations over forest. Ten cases of wind farms were considered,
these include five different forest types and a wind farm with no forest. The five forests
considered are; Scots pine (Pinus sylvestris) with varying densities- dense Pine, sparse
Pine and very sparse Pine, Japanese Larch (Larix kaempferi Sarg.) in various seasons
taken in August, October, and December, Birch (Betula), European Beech (Fagus sylvat-
ica L.), and Oak (Quercus robur L.). We further investigated the variation of turbulence
and power production in homogeneous forests and heterogeneous forests based on real

forest data from arbonaut laser scanning company, Finland.

The CFD modelling involves forest and turbine models. The reference turbine is the

”5-MW baseline offshore wind turbine” developed by the U.S. Department of Energy’s
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National Renewable Energy Laboratory (NREL). All simulations are done with the “Open
source Field Operation And Manipulation” (OpenFOAM) using the realizable k—e RANS

model.

1.2 Aim and Objectives

The main objective of this thesis work is to study the impact of forest types on wind power

production. The specific objectives are to examine wind power production in;

wind farms without and with forests

sparsely and densely populated wind farms

different forest types

homogeneous and heterogeneous forests.

1.3 Literature Review

Past studies are primarily focused on analysis and CFD modelling of wind turbines and
wind flow simulations. These encompass CFD simulations of the atmospheric boundary
layer (ABL) [2], evaluation of velocity conditions and wall-function roughness modifica-
tions for ABL flow [3], wind flow simulations over complex terrain [4], [5], [6], [7], [8]
and flat terrain [9], to mention a few. An overview of the atmospheric boundary layer was
conducted by Garratt [10]. In his studies, he went through the theory of ABL over conti-
nental and ocean surfaces, his viewpoint is from observational and modelling approaches.
His paper provides a summary of the studies made on ABL and shows how important
the knowledge of boundary-layer processes is as a prerequisite for solving some ABL
problems that are given less attention as outlined in his paper. Also, Blocken et al [2],
in their studies carried out CFD simulations of the atmospheric boundary layer. They
discussed the wall function problems by simulating a neutrally stratified, fully developed,

horizontally homogeneous ABL over uniformly rough, flat terrain.

Including wind turbines in wind flow simulations is an advancement that many researchers
have worked on in wind energy applications. A three dimensional (3D) time-accurate

CFD simulation of the flow field around a wind turbine rotor was presented by Nilay et al
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[11]. Simulations were done using Large Eddy Simulation (LES) and the modelled tur-
bine is the National Renewable Energy Laboratory Phase VI (NREL 1V) horizontal axis
wind turbine rotor. Mukesh and EswaraRao [12] also performed an experiment of the
NREL Phase VI Rotor in NASA/AMES Wind tunnel, a 3D RANS modelling was applied
and the CFD predictions of the modelled wind turbine was presented. Hatwenger et al
[13] presented a 3D modelling of a wind turbine using CFD. They performed standard
CFD simulations using the wind turbine model in the Unsteady Aerodynamics Experi-
ment (UAE) conducted by the US NREL and the results from the 3D standard model
were later used as a standard for the Glauert’s momentum actuator disk model imple-

mented in the study.

While some researchers focused on wind flow applications with or without turbine, some
studies went further by considering wind farms with forest. These include wind flow
simulations in and around forest canopies [14], modelling of atmospheric flows over real
forests for analysis of wind energy resources [15], and generally, numerical simulations
of forest canopies in wind energy applications [16], [17]. Specifically, Agafonova [18]
carried out a numerical study of forest influence on the atmospheric boundary layer and
wind turbines. She investigated the effects of forest canopy over a flat terrain without
turbines in comparison with cases with turbines. LES coupled with forest and turbine

models were implemented in OpenFOAM to model flow behaviour.

However, in terms of modelling turbines in wind flow simulations, various approaches
have been recommended. Considering the wind turbine as a tool that extracts momentum
and energy from the wind, the turbine rotor can then be perceived as an actuator disk
which can be modelled using an actuator disc model (ADM), actuator line model (ALM)
or actuator surface model. ADM can be modelled with rotation or without rotation. ADM
with rotation applies both the tangential force and thrust. It is a function of lift and drag
forces on the blades and it uses the blade element theory (BEM) to calculate lift and drag
forces from the blade characteristics. This model takes into account the non-uniform force
distribution on the rotor disk, hence, the effects of the turbine induced flow rotation can
be captured. Meanwhile, ADM with no rotation applies only thrust and it is based on the
momentum theory of propellers. In this model, the thrust force is exerted on the disc and
the velocity is uniformly distributed on the disc area. This does not apply the tangential
force, and thus does not include turbine-induced flow rotation. The two methods have
been used by researchers; Porté-Agel et al. [19], Lavaroni et al. [20] considered the two
models in their works , Olivares et al [21] also implemented the two models in order to

monitor turbulence properties in a free wake of an actuator disk.
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The actuator line model (ALM) and the actuator surface model (ASF) are more advanced
than the ADM. Although, ALM also uses an actuator device that extracts energy from
the flow, the airfoil characteristics account for the rotor blades instead of the disc used in
ADM. This model was used by Chaudhari et al. [22], in the numerical study of the effects
of atmospheric stratification on wind-turbine operations, Agafonova [18] also employed
this approach in her thesis where she studied the impact of forest on ABL and wind tur-
bines. The ASM calculates the forces at each airfoil section as a function of the chord. In
this model, the surface forces replace the rotor blades and these forces depend on the local
angle of attack and airfoil shape. Sorensen et al. [23] applied ASM for wind turbine flow
simulations, Dobrev et al. [24] also proposed the use of ASM for the calculation of the
wind flow around turbine rotors. These latter two models have higher performance and
accuracy in CFD simulations when compared with ADM. This is because the methods use
full modelling of the rotor and so all necessary information about the wind turbine and the
flow are well represented. Nonetheless, the major drawback is that several input variables
needed for its computation are not always available or confidential for industrial applica-
tions. Besides, the time and CPU memory required for the simulation is highly expensive
[25]. The standard ADM where the forces are evenly distributed over the rotor disc, and
the thrust force on the disc acts only in the stream-wise direction was implemented in
this study. The model presents a 3 dimensional computation of the turbine-induced thrust

forces.

Investigating several simulation techniques that exist in CFD simulations, there are cer-
tainly many approaches to model fluid dynamics. We may have the Navier Stokes equa-
tion model which uses the finite volume and/or finite difference methods of discretization.
Other models include; the finite element method [26], [27], spectral methods [28], bound-
ary element methods [29], [30], vorticity based methods [31], [32] Lattice Boltzmann
method (LBM) [33], [34], [35], and more!

Navier-Stokes (NS) equations are a powerful tool with a wide range of applications in Sci-
ence and Engineering. They can be modelled with many different approaches and have
been applied in many aspects of fluid dynamics. These approaches include the Direct
Numerical Simulations (DNS) [36], [37], Reynold’s Averaged Navier Stokes Simulations
(RANS) [38], Reynold’s Stress Models (RSM) [39], Large Eddy Simulations (LES) [6],
[7], [8], and Detached Eddy Simulations (DES)[40], [41]. DNS resolves the full NS equa-
tions directly, and all turbulence scales including the smallest scales (Kolmogorov scales)
are modelled. RANS solves the time averaged quantities of the NS equations and the so-

lution produces the mean flow characteristics. RSM directly computes the components of
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the Reynolds stress tensor present in the RANS equations. Each component of the turbu-
lent stress is modelled and their individual effects in the flow are accounted for. Largest
eddies are computed in LES while smaller eddies are modelled using a Sub-grid Scale
(SGS) model. DES combines both LES and RANS; it resolves largest eddies using the
LES mode and boundary layers are assigned to RANS mode [42].

Research has been conducted on many combinations and comparisons of some of these
methods. For example, Vinuesa et al [43] combined DNS and the spectral method in their
paper where they studied aspect ratio effects in turbulent duct flows using DNS and com-
puted the turbulent duct flows using the Spectral method. Tominaga et al [44] compared
by measurements RANS and LES methods in the CFD modeling of pollution dispersion
in a street canyon. It was reported that LES computation gives more essential informa-
tion on instantaneous fluctuations of concentration, which was not obtainable by RANS
computations. Some other researchers have also compared these two methods in different
kinds of flow, [45], [46], [47] [48] and so on. They recurrently prove LES to be very
adequate and out-performing RANS since RANS computations are not able to capture
the unsteady behaviour of the flow, and even the most recent and efficient RANS model
could not essentially improve its performance. Nonetheless, Hanjalic [49] presented a
perspective on the future role of the RANS mode in comparison to the LES mode, espe-
cially in turbulent flows and heat transfer simulations. He argued that RANS will play a
more important role than LES in the future, mostly in industrial and environmental ap-
plications, and that it will be used more as computational demand increases in order to
shorten design and marketing cycles rather than LES that has a very high demand in time
and computational memory. To encapsulate it all, RANS, when compared with the other
methods has emerged to be the most affordable approach that gives reliable predictions

about fluid flows and it is widely used for industrial applications.

RANS in itself has many models most of which are based on the Boussinesq (1877)
eddy viscosity concept [50]. These models predict turbulent viscosity in the flow, they
include a zero-equation model called mixing length model [51], a one-equation model
called Spalart Almaras model [52], and the two-equation models listed as follows: various
forms of k — ¢ models, some of which are, the standard k¥ — ¢ model, Renormalization
group method (RNG) and Realizable £ — € models, there also exists the standard & — w
model and the k£ — w shear stress transport (SST) model to mention a few [53]. Generally,
the standard k£ — € model does not give good results for turbulent flows, other variants

of the model have been proven to give better results depending on the type of flow in
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consideration [53]. In this project, we implemented a 2D and 3D RANS-based CFD
model and a realizable k — € turbulence model on OpenFoam to simulate the wind flow
on different types of wind farms and thereby, examine the effect of different tree types on

wind power production.

1.4 Study Outline

This thesis report is structured as follows; Chapter 1 gives a brief introduction to the
thesis work, including the objectives and the literature reviewed in the course of the study.
Chapter 2 discusses the CFD fundamental equations and other equations related to the
study. Chapter 3 describes in detail the CFD processes carried out in the project. Chapter
4 presents the results from the simulations and the discussion while Chapter 5 concludes
the thesis report based on the objectives stated and results achieved. An appendix section
6 which contains some basic definitions and theorems applied in the study is appended to

this report.
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2 Mathematical Modeling

At the core of every Computational Fluid Dynamics are the fundamental equations. The
equations governing boundary-layer flow are established on the full equations of motion
applied to fluid flow, generally called the Navier-Stokes equations. The purpose of this
chapter is to discuss these equations and some other related equations relevant in this

present study.

2.1 Navier-Stokes Equations (NS)

The Navier-Stokes equations is a non-linear partial differential equations predominantly
used in describing the behaviour of flow. These equations are composed of the continu-
ity equation, obtained from the law of mass conservation, and the momentum equation

obtained from the Newton’s second law of motion:

dp N
ETl V(pV) =0 (D
L v .
Y F=pj—Vp+Vr;= par+ VV(pV) )

The continuity equation is given in Equation (26), while Equation (27) is the original
equation of flow derived from the momentum equation.

Vo= (u,v,w) is the velocity vector in (x,y, z) directions, pg is the gravity force per
unit volume, Vp is the pressure force per unit volume, V.7;; is the viscous force per unit
volume, pdd—‘f is the density acceleration per unit volume, and VV( p\7) is the convective
term.

These equations give a model that describes an unsteady, compressible, turbulent flow.
However, they can be modified such that the properties still describe the flow to be con-
sidered. In this study, the flow is assumed to be two-dimensional; in cases without turbine,
and three dimensional; in cases with turbine (see chap 3), irrotational, steady, incompress-
ible, fully developed, atmospheric boundary layer flow.

Considering a two dimensional flow, only the = and z directions are considered, i.e.

9p  Olpu) | O(pw)

ot | ox 0. U
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And for a steady flow, properties of flow do not change with respect to time, i.e.

dp oV 0
ot ot 7
for an incompressible flow, density is constant at any point in the flow field. Hence, the

continuity equation is reduced to

ou v
or Oy
V.(pV)| =0. 3)

For a Newtonian viscous fluid, stresses, 7;;, are called the normal viscous stresses if i = j,

and are called shear stresses if 7 # j. The normal viscous stress is defined according to

Tuncer and Cebeci [54], as
8ui
i = 2 ;
e (3%‘)

and the shear stresses as

Ou;  Ou,; L .
VT = 1 ( 82; + 81;] ) , 1,7 = 1,2, 3 denotes the x, y, z directions respectively. (4)
i 7

Solving the viscous terms in Equation (27) with F =0, the equation is reduced and given

in general as;

o L. .
rar t pV.VV = —Vp + uV?V (5)

and for a steady flow;
pV.VV = —Vp+ uV*V

where, p is the density of fluid, V = (u,v,w) is the velocity vector, P— pressure, ji—

viscosity, V2— Laplace term.
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2.2 Reynold’s Averaged Navier-Stokes Equations (RANS)

Generally, turbulent flow is time dependent, rotational and three dimensional. At present,
no solution of u(z,y, z,t) and p(x,y, z, t) is known to be a solution to the Navier-Stokes
equations due to its non-linearity. Therefore, our interest is in the average values of pres-
sure and velocity fields. This leads to an approach known as Reynold’s decomposition.

The time averaged pressure and velocity quantities are defined as,

w@,y,zt) =u+u vy 2t) =0+
w(z,y,z,t) =0 +w' ple,yzt)=p+p. (6)

Where () represents a time-average value and (/) shows fluctuations about the time aver-
aged quantity.

Applying the Reynold’s decomposition to the Navier-Stokes equations as given in Equa-
tions (3) and (5), an expression showing the components of the mean quantities was de-
rived. The linear terms in the equations simply become the time averaged quantities of
interest, while time averaging the non-linear term produces a set of unknown quantities
VW called Reynold’s or turbulent stresses.

On derivation, the Navier-Stokes equations become

ou;
"ot TPz, T "om M (axj * axi) P, (i) ®

which is the Reynold’s Averaged Navier Stokes equation, generally known as RANS
equations.

The Navier Stokes equations (3), (5) can be discretized and solved directly on a regular
mesh, without loosing the efficiency of the standard solution approaches [55]. Such sim-
ulation technique is called Direct Numerical Simulation (DNS), an example of such is
the transient flow simulation in Matlab presented by Vuorinen and Keskinen, 2016 [56].
Moreover, there exists some valuable tools in turbulence models for practical applications
in fluid flows, such as sub-grid scale models for Large Eddy Simulation (LES) [6], [18]
and RANS models for steady and unsteady fluid flow simulations. According to Chaud-
hari et al [6], LES estimates the real scale wind flow more precisely than RANS and wind
tunnel scale wind flow almost as accurately as DNS [6], but the computational power re-
quired in LES is very high and DNS requires a very high resolution of grid in memory
and time so as to obtain a high degree of accuracy in solutions. However, RANS simu-

lation requires less computational requirements and the time averaged values reduce the
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complications in the flow problem.

2.3 Turbulence Model

Turbulence models are used to approximate the mean flow behaviour for turbulent flow.
This mean flow is governed by the RANS equations and the Reynolds stress term u;u; is
modelled using the Boussinesq hypothesis;

ou; Ou; 20u, 2
fu = — = 8ii | — =pké;;
ity = e (89@- * Ox;  30xg ]) 3"

This hypothesis gives an approximation that offers a relatively low computational cost for
turbulent viscosity ji;, and it is implemented in the Spalart - Allmaras one equation model
and in k£ — € and k — w two equation models for turbulent flow.

The k —e€ is a two-equation model which focuses on the general mechanisms of turbulence
as a function of two transport equations; the transport of turbulent kinetic energy (k), and

its dissipation € as given in Equations (9) and (10) .

v Y (et 7t _ 9
dt  pOoxy <O‘k 8xk> + p \ Oxy + ox; ) Oxy, \[%’ ©)
b 7
de 1 0 [ Oe Ciug € (Ou;  Ouy \ Ouy €2
= _Z t — —Cy—. 10
dt  pOoxy (O‘E axk> + p k \Oxy + ox; ) Oxy, 2 p (10
\ N iy L
I I IIT
where
k‘2
Kt = /OOM?

I - diffusion term, II - production term, III - dissipation term and the model constants are:
C,=0.09,C, =144,C, =192,0, = 1.0,0, = 1.3 [57].
The k — e model is modelled in such a way that it is consistent with with the log law and

also describes turbulent length scales in moderate to complex flows.

2.3.1 Realizable £ — ¢ Model

Realizable k — ¢ model is one of the attempts made to improve the standard £ — ¢ model

described in the previous section. The distinctions of realizable k£ — e model from standard
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k — e model is the alternative approximation for turbulent viscosity:

k? 1 k?
=pC,— whereC, = | —————~ now varies instead of being constant.
He =P o W p <A0+Asuek> ¢ nowy g

Ay, As and u* are functions of the velocity gradient. This model ensures that normal

2

stresses stay positive, i.e. @* > 0 and (wu;)? < @;?a;% In this model, the transport

equation for k£ remains unchanged from the £ — ¢ model and that of € becomes

d 0 0
_6:—(Iu—|—&> g€ + pC1 S, — pCy——
81‘]‘

dt o, or z; +Cle 035Gb

—

The realisable £ — € model is employed in this present study.

2.4 Boundary Layer Velocity Profile

Atmospheric boundary layer (ABL) is the intermediate neighbourhood of the earth sur-
face in which the velocity gradient normal to the surface is very large. ABL is directly
influenced by its contact with a fixed surface, for example, land, forests, sea and oceans,
buildings of a city. The atmospheric flow at the fixed surface is brought to rest by the
shear stress 7, at the surface. The ABL velocity profile builds up gradually from the earth
crust such that the velocity increases from the ground to a maximum in the main stream
of the atmospheric flow. The ABL is divided into two main parts, namely; the inner layer
and the outer layer. Considering the inner layer of an ABL, the mean velocity profile in
this layer is affected by the shear stress (7,,) at the surface, density (p), dynamic viscosity
(1), and the distance (z), from the ground surface. The mean velocity (%) can therefore

be expressed as,

The velocity profile in inner scaling takes the form;

ut =2 = #(yT), and,
Ur

yr=L - ey, =2 (11)
ly v -

1/2
(+) denotes the inner scaling, [, is the viscous length scale, and u, = (T—w> 18 the

velocity scale, called the friction velocity.
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The parameter y ™ is a dimensionless quantity, it is a function of velocity scale and viscous
length scale from the wall, and this is termed the Reynolds stress. In practice, when the

Reynolds stress is large, assume 50, the Reynolds stress becomes the wall shear stress,

. . . Ou . .
Tw, and the relation between this shear stress and the mean strain, —, is independent of

dy
viscosity [54].
Mathematically,
ou
=l 12
Tw =t 9 (12)
Ou 1w _uzp _up (13)
Oy p v

the velocity gradient can then be estimated as,

ou  u,
—=— 14
9y~ ny (14)
Where k is experimentally found to be 0.41. Non-dimensionalizing (14), we have,
dut 1
dyt Kyt
hence, by integration,
+_ 1 +
um=—Iny" +c. (15)
K

Equation (15) is called the law of the wall, and it empirically determines the relation of
turbulence flow near fixed surfaces. Here c is a constant, found out experimentally to
be between 5.0 to 5.2. For y© < 4, (linear sublayer) the turbulent shear stress pu/v’ is
insignificant because u' and v" are assumed to be zero at the surface, and the velocity
distribution obeys the viscous law, as defined according to Newton’s Law of viscosity
(Definition 25), and also given in Equation (13) so that

The region where y* < 50 is referred to as the viscous sublayer. Here, the viscous stresses
are typical, and the velocity distribution varies from Equation (15). Figure 1 shows the
ABL velocity profile.

Outer-layer profile for “—;5 depends on Reynolds number [54]. However, ABL velocity
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Figure 1. ABL velocity profile

profile follows a Logarithmic law [54] such that,

Us z
u=—In (—)
K 20

u 1s the mean velocity, « is the Von Karman constant, w. is the frictional velocity, z is the
reference height and z; is the height when the horizontal wind speed approaches zero also

known as the roughness length.

2.5 Forest Canopy Model

The vegetation cover has a great effect on the behaviour of atmospheric boundary layer
flow. Therefore, there is a need to describe the relation of the forest effect on the turbu-
lent characteristics. The forest model used in this study defines the RANS equations in

connection with the forest drag force (f;) by the canopy elements and gravitational force
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g; as source terms.

da;
ou; _ 0y . 8p ou; adj 0 AN
Por + pujﬁ_xj Oz " (8% - 3%‘) pf)xj (wuwj) = fi = i a7

where f; = —Cpay|ulu; is the drag force describing the canopy force as presented in
[58]. The model constant C;; = 0.15 is the drag coefficient, oy defines the LAD, and u
is the velocity scalar. The source terms f;, g; equals zero for a no forest case, here, we
assume oy = 0 and g = (0,0, 0). In cases with forest, the LAD profile data is imputed as

ay which defines the characteristics of the forest of interest.

2.6 Turbine Modeling

The basic theory of a wind turbine operations is based on the law of mass and momentum
conservation. This theory was presented by Albert Betz in 1919 and published in 1926
[59]. Mechanically, wind turbines convert kinetic energy from the wind to electrical en-
ergy. The energy in the wind propels the blades around the rotor connected to the main
shaft of the turbine. This in turn spins the generator to produce electricity. Because the
flow field around the rotor is very complex, blades are pitched in such a way that it either
maximize power extraction at a given wind speed or control power production at wind
speeds above the capacity of the wind turbines to produce electric power. This can be
best described using the power curve of a pitched-controlled horizontal axis wind turbine
(HAWT). This depicts that a wind turbine produces varying electrical power output at
different wind speeds.

Figure 2 shows that nothing happens between 0O to a certain windspeed called the cut-in
wind speed (region I), then power rises up once the cut-in windspeed is reached (region
IT) and increases as the windspeed increases until it gets to the rated windspeed, here, the
windspeed is above the capacity of the wind turbine to produce power. Therefore, the
blades pitch such that they accommodate the wind power coming in but with no power
production, hence, the electric power produced at this region is the same (region III).
When the windspeed is typically above 25m /s, the turbine shuts down due to loads and
fatigue issues on the blades. At this point, no power can be produced.

If we consider the wind turbine as a tool that extracts momentum and energy from the
wind evenly over the rotor swept area, the rotor can then be viewed as a thick actuator
disk that reduces the momentum of the axial wind. The rotor blade is modelled using a

simple model called an actuator disc model (ADM).
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Figure 2. Power curve of a pitched-Controlled HAWT
2.6.1 Actuator Disk Model

The actuator disc is defined as the area swept by the blades and its analysis is based
on the basic stream tube analysis. Stream tube is an imaginary structure bounded by
streamlines and its analysis helps to describe the flow of wind across an actuator disc.
It is assumed that the actuator disc is non-rotating and the volume flow rate is constant
along the stream tube. The analysis is such that if the wind enters the streamtube with
a uniform speed, the wind speed inside the streamtube steadily decreases as the wind
turbine extracts momentum and energy from the wind. Therefore, the stream tube houses
the wind passing through the turbine. As the turbine extracts energy, the wind in the

stream tube expands and the cross-sectional area of the stream tube increases [60].

The rotor disc area (A) is computed based on the rotor diameter (D);
m
A=-D?
4
The upthrust force (7') that the wind applies upon the blades in the direction of the wind

is defined as

1

T = szuQCT (18)
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Figure 3. Illustration of stream tube

The power (P) extracted by the turbine is given as
1 3
P=3 pAu’AC,

p is the density, u is the axial velocity, Cr is the thrust coefficient and C), is the power
coefficient.

The power coefficient (C,) of the turbine can be defined as

_ P

C, 7

19)

where P, is the electrical power generated by the wind turbine rotor and P, is the me-

chanical power of the turbine defined as

1
P = 3 pAu? (20)

The trust coefficient (C'r) can thus be calculated based on the induction factor («), using

the relations

and
Cr=4a(l —a) (21)
then,

a=1——. (22)
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3 CFD Model

This chapter presents the Computational Fluid Dynamics (CFD) processes in this study
and its implementations using OpenFOAM. All desired quantities, flow properties, initial

conditions, resolutions in space and time for the simulations are discussed further;

3.1 Forest Cases

The interaction between forest canopy and atmospheric boundary layer flow is controlled
by the amount and distribution of leaves and stems in the forest. This is often evaluated
by using the leaf area density (LAD) profile data of a forest with the aid of a scanning
LiDAR [61]. LAD is the total one-sided leaf area per unit of canopy volume and leaf area
index (LAI), F, is defined as the one-sided leaf area per unit ground surface area in forest

canopies and is calculated by integrating the LAD data with respect to height;

h
F:/afdz
0

where «, is the LAD profile data and & which is the forest height is set to 20m in this
study.

In order to better describe the impact of different forest types on wind power, the LAD
profile data for 5 forest cases were selected from literatures alongside with two real data
collected from arbonaut company; a homogeneous data for a pine forest and an hetero-
geneous case for a mixed forest. In some cases, we considered the seasonal variations
on the production of wind power generated by the same forest. The estimated leaf area
density profile of a Japanese larch (Larix kaempferi Sarg.) plantation in August, October
and December was extracted from a study carried out by Takeda et al [62]. The LAD
data for a Scots pine (Pinus sylvestris) was collected from [63], this was a dense pine tree.
The three LAD profiles in Figure 4a applies the same profile of the extracted data, but
with varying density and biomass. These data are assumed to represent data for dense,
sparse and very sparse populated pine trees. These practically corresponds to the data
gotten during summer, autumn and winter respectively. In addition, the LAD profile data
for Birch (Betula) was gotten from [64], the estimated leaf area density for groups of
European beech (Fagus sylvatica L.) was extracted from [65]. A structured LAD profile
data of an oak (Quercus robur L.) stand identified by a uniform upper canopy vegetation,

measured in summer was also considered in this study [66] .
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Figure 4. Extracted LAD profile data for Pine and Larch Forests in different seasons
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Figure 6. LAD profiles for European Beech

LAD profile data for pine forest with LAI = 4.2 corresponds to the dense pine forest. A

comprehensive table of the LAI values describing the forest densities is given below;
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Table 1. Corresponding LAI values for the forest cases

Forest Cases | LAI Description
NF - No Forest
P1 4.2 Dense Pine
P2 2.8 Sparse Pine
P3 1.4 | Very sparse Pine
L1 6.9 Larch - August
L2 5.3 | Larch - October
L3 4.5 | Larch - December
Bir 9.6 Birch
Bch 5.6 | European Beech
Oak 4.17 | Oak - April 24

3.1.1 Description of Real Data

Two data sets were provided for 2 areas; area 1 is dominated by the pine forest and area
2 is composed of mixed forest. Projection is EUREF-FIN-TM35FIN and the projected
areas were 2600 m X 1750 m for area 1 and 2400 m X 750 m in area 2. For the sake of
uniformity in geometry and size, we extracted a 2400 m X 350 m data set in the stream-

wise and spanwise directions, respectively, for both areas. These contained individual

rasters with only one band, those are 2 m slices from LiDAR. Both areas have rasters
with 5 m pixel size.

Figure 7. Projected land areas. Left: Area 1 in Paltamo. Right: Area 2 in Pihtipudas
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Figure 8. Google Map

Figure 7 shows the pictures of the area with green borders showing the specific forest
land scape covered. The smaller area where the mixed forest data was gotten is close to
Pihtipudas in the Northern central, Finland and the larger area habiting pine forest is close
to a municipality called Paltamo, Kainuu region, Finland. These towns are shown on the

Google Earth map in Figure 8 .

3.2 Turbine Properties

In this study, the NREL offshore 5-MW wind turbine was simulated using the turbine
sitting tutorial in OpenFoam with a steady state RANS simpleFoam solver. Turbulence
was modelled by implementing the realizable £ — ¢ model. The wind turbine represents
a typical utility-scale multi megawatt turbine suitable for land and sea operations [67].
The specifications for the reference turbine in [67] was used, except the hub height which
is taken to be 150m because of the 20m tall forest included in the geometry. The full
properties of the turbine used in this study are presented in Table 2;

The (z,y, z) coordinates of the turbine upstream point is (0, 0, 150) m which is the center
of the domain. The x-axis represented the streamwise direction, the y-axis is directed
spanwise to wind direction, while the z-axis indicated the vertical height from the tower

base.

The velocity, u,.; = 5.3 m/s , at the hub height was taken from the simulation results



29

Table 2. Turbine Properties

Power rating SMW
Rotor configuration 3 blades
Blade thickness 3m
Rotor radius 63 m
Area swept 12445.22 m?
hub height 150 m

carried out in this present study for cases without turbine. C), and Cr are measured for the
model turbine using Equations (19) and (21). The rotor power was estimated using the
power curve of the wind turbine output in [67], and the mechanical power of the turbine
is calculated as defined in Equation (20). Hence, C,, ~ 0.48 and Cr ~ 0.6. It is assumed
that the disc area provides no resistance to air flow, thrust loading and velocity are uniform
over the disk. Also, since it’s a non-rotating ADM, viscous effects are not considered, i.e.
no drag nor momentum diffusion. The effects of the modelled turbine are examined in
the simulations rather than resolving the whole NREL 5-MW turbine geometry. Figure 9

shows the surface of the actuator disk modelled

Figure 9. Axial view of the modelled actuator disk
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3.3 Computational Domain

The first step in a CFD process is to construct the geometry of the fluid flow. This de-
scribes the domain and helps to enhance an intuitive or visual understanding of the flow.
In this study, a two dimensional (2D) geometry of a wind farm was constructed in the
case of forest without wind turbine, this simply represent a two dimensional view of a
real forest, also, a three dimensional (3D) geometry was created for forest cases with
wind turbine. This covers the (x,y, z) view of a typical forest including a turbine.

The two geometries are 2400 m in the stream-wise direction and a vertical height of
400 m. The width of the 3D domain was taken to be 350m. Trees of about 20 m tall were
included in the geometry and a turbine of 150 m high was also included in the 3D cases.

A mesh was generated by discretizing the domain into a number cells in which the fluid
flow equations could be solved numerically. The blockMeshDict utility in OpenFOAM
was employed in this process. There are (480 x 1 x 126) cells in the 2D domain grid, and
(480 x 70 x 126) cells in the 3—D domain grid. The cell expansion ratios (1 1 2.5) are
used in the two geometries, the vertical height is stretched in such a way that the width
of the start cell is 2 m and the width of the end cell is 5 m. This was done to make the
computational cells around the trees small enough to account for the flow characteristics
in and over the forest. This concept is generally referred to as the wall function mod-
els, where the grid near the wall is fine compared to the grids at the main stream of the

domain. Figure 10 shows the overview of the computational domain.

3.4 Boundary Conditions (BCs)

Different types of boundary conditions assigned to the boundaries of a computational
domain allow the inflow and outflow of fluid in the domain through the cells. Boundaries
control the flow of fluid in a domain and specify fluxes in the domain . The boundaries
used in this study are as shown in Figure 11. We have the inflow, outflow, sides (left, right
walls), top and terrain. The boundary data for velocity, pressure, turbulent viscosity (1),
turbulent kinetic energy (k) and dissipation (¢) are assigned to these boundaries, that is,
the face zones of the discretized domain, while source terms, such as the LAD data and

the turbine properties are applied to the cell zones.
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Figure 10. An overview of the computational domain
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Figure 11. Different boundaries used

3.4.1 Mapped BC

This BC recycles the flow properties from an inlet plane to the offset plane on each time
step, it is as accurate as doing a periodic simulation. Good accuracy is achieved with this
recycling method, provided that the mapped plane is at a large distance enough from the
inflow plane, this also helps to avoid extra periodicity. This method was described by
Baba-Ahmadi et al [68] and has often been used by Chaudhari [7],[6]. In this study, the
offset value which specifies the mapped plane is 900 m in the 2D case and 600 m in the
cases with turbine. The corresponding outlet BC for velocity is the mapped inletOutlet

with a uniform value «(0 0 0).
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3.4.2 Slip BC

The slip BC assumes the velocity normal to the surface is zero and shear stress is zero,
but for the no slip BC, the condition assumes shear stress 7,, on the wall, thus, the fluid
will have zero velocity relative to the wall. In this study, the slip BC was assigned to the

top and sides boundaries while the no slip was assigned to terrain.

3.4.3 Neumann and Dirichlet BCs

A Dirichlet BC describes the value of a flow property at the boundary, i.e. u(x) =

constant, while a Neumann BC describes the flux at the boundary, i.e.a—z = constant. The
Neumann BC was applied to the pressure at the inflow boundary and terrain, it was also
used at both inflow and outflow boundaries for v,, and at the outflow boundaries of k£ and
e. Dirichlet applies in the outflow boundary for pressure and this was defined to be the

static pressure.

3.4.4 ABL Wall Functions

Wall function is an important concept in ABL flows, the wall surface consists of some
elements of roughness, such as mud, snow, grass, bushes, gravel, and so on which are
impossible to be explained and solved directly even with a very fine computational mesh
[6]. Hence, their effects to wind flow is approximated using wall functions.

The logarithmic law of a rough surface is defined as

_ Ur z
i="m (_)
K 20

where % is the mean velocity, x is the Von Karman constant which is experimentally ap-
proximated to be 0.41, w. is the frictional velocity, z is the reference height and 2 is the
roughness length. zj is a parameter that is used to model the height when the horizontal
wind speed approaches zero and it is taken to be 0.01 in this study.

The wall functions used in this present study are nutAtmroughWallFunction, epsilonWall-
Function and kqRWallFunction in openFOAM.
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3.5 Numerical Scheme

The behaviour of fluid is generally based on the Navier Stokes (NS) equations derived
from the fundamental laws of mass and momentum conservation as described in Chapter
2. These equations contains some non-linear term that make it complex and difficult to be
solved analytically. Since there is no analytic solution for the NS equations, there exists
some numerical solutions that allow the equations to be solved on a computational grid. In
this study, the RANS equations were solved using the Semi-Implicit Method for Pressure
Linked Equations implemented (SIMPLE) solver in OpenFOAM. This is a steady state
RANS simpleFoam solver in OpenFOAM in which the forest canopy model was incor-
porated as source term. OpenFOAM is a ¢™* toolbox that is based on the Finite Volume
(FV) discretization technique. This method applies Gauss divergence theorem (Theorem
4) on an integral over a number of control volume, the equations are then discretized
over a collocated grid where flow variables are evaluated at the cell centres. Some of the
advantages of the FV method is that it is not limited to a specific grid type, mass and
momentum are conserved even on a coarse grid. The simpleFoam solver implements the
SIMPLE algorithm to solve NS equations. The SIMPLE method proposed by Patankar
and Spandling [69] and the algorithm is presented in the Appendix of this report.

The numerical schemes executed in OpenFOAM are outlined in the fvSchemes file in the
system directory of the OpenFOAM package. This file specifies the numerical schemes
for each term in the NS equation. Table 3 describes the numerical schemes used in this
study, knowing fully well that the accuracy and reliability of the solution depends on the

numerical schemes employed. The Preconditioned (bi-)conjugate gradient (PCG/PBiCG)

Table 3. Description of numerical schemes

Mathematical terms Keywords Numerical schemes

Time derivatives ddt steadyState

Gradient V gradSchemes Gauss linear

divergence V. divSchemes bounded Gauss linearUpwindV grad()
Laplacian V2 laplacianSchemes Gauss linear corrected

interpolation of point values interpolationSchemes linear

Gradient normal to cell face snGradSchemes corrected

equation solver was implemented, tolerances of 10~° and relaxation factors 0.3 were set
to control the solution. PCG solver is meant to solve the resulting symmetric matrix equa-

tions, while PBiCG solves asymmetric matrix equations. The Residuals of the solution



34

are evaluated at each iteration such that convergence is achieved when the residuals falls
below the specified tolerance. The residual control was set to be 10~* and the residual
was evaluated for all the flow variables. The residuals were displayed graphically using
a gnuplot in order to monitor the solution over time. Below is an example of the plot of

residuals for a fully converged solution.
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Figure 12. Residual Plots of a converged solution



35

4 Results and Discussion

This chapter presents the results from this study, with discussions and the limitations.

4.1 Results Validation

Two sets of simulations were performed in this project. The first set was without a turbine
while the second set was with a turbine. There are ten simulations in all for each set of
cases. The simulations without turbine were validated against the results from a study
carried out by Chaudhari et al [70]. A LES model was employed for neutral and stable
ABL conditions to investigate the effects of thermal stratifications on the ABL profile
over forest. The study covered different forest types with varying LAD profiles to study
how the forest density affects the wind resources. Since LES is quite accurate simulation
technique, it was found to be a good choice to validate the present results and a reasonable

agreement is observed between the two data sets.

Validation with Normalized TKE
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Figure 13. Turbulent kinetic energy
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Figure 14. Velocity magnitudes

Figure 13 shows the turbulent kinetic energy (TKE) profile of the dense pine from the
present study in comparison with the reference data for the same forest [70]. Figure 14
shows the velocity magnitudes from the two studies. The vertical height is normalized by

tree height. The results from this study are thus presented in the subsequent sections.

4.2 Impact of Forest Types on ABL without Wind Turbine

4.2.1 Homogeneous Forests

The TKE profile in all cases are presented in Figures 15, 16 while Figures 17 and 18 show
the velocity magnitudes in all cases. The vertical height is normalized by the height of

the model turbine.

It is observed that the very sparse Pine tree has the highest magnitude of TKE in the
three pines cases. It is approximately 6.8% and 8.5% higher than the sparse and dense
Pine respectively. Generally, the Pine forest cases emerge to have the highest TKE in all
forest cases we considered. Taking the dense Pine forest as the Pine reference case, it is
about 3.84% higher than Oak and approximately 11.84% higher than Larch. There is no
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significant difference in the Larch cases in different season. The Beech and Birch forests
seem to have the same TKE profiles as the Larch forest cases in all seasons.

Comparing the forest and non-forest cases, also taking the dense Pine as a reference forest
case, it is observed that the TKE over forest is 84.13% higher than in non-forest case.

In all, the TKE increases drastically in the forest area and reaches a peak at the upper
canopy layer. It then diminishes gradually above the tree-top height, but never to zero.
This is because, the forest canopy imposes a drag force on the ABL flow and thus produces
turbulence in the wake of the forest. The velocity magnitudes in all forest cases are nearly

uniform at all points.

4.2.2 Heterogeneous Forests

The heterogeneous data was simulated and the results were compared with the reference
forest case. The LAD data is digitally represented in Figure 19, and the results are pre-
sented in the Figures 20 and 22.

Figure 19. Heterogeneous LAD profile for the mixed forest from Pihtipudas

Figures 20 and 21 show the comparison of the mixed forest from the heterogeneous data
and the dense Pine from the homogeneous (theoretical) data. It can be seen that there is a
significant difference in the turbulent kinetic energy. The dense pine is about 28% higher
in magnitude than the heterogeneous forest, while there seems not to be a significant
difference in the velocities. These differences are perhaps due to the differences in the
LAD profile data. The maximum LAD data point in the dense pine is 0.378 and that of
heterogeneous is 0.19, this depicts the actual difference in the forest characteristics, but
the result, especially in kinetic energy, should be in the opposite, considering the fact that
the heterogeneous forest is more sparse compared to the dense forest and non-uniform.
Therefore, there is a need to verify the heterogeneous results experimentally in order to

determine the accuracy of the LiDAR data.
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The heterogeneous forests from the two areas are compared in Figures 22 and 23 and they
exhibit the same behaviour in both turbulence and velocity profiles, even though the data
were collected independently from areas far apart. We can thus infer from this observation

that there is no difference in the forest characteristics of the two forest data.
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Figure 20. Turbulent kinetic energy for homogeneous (dense Pine) and heterogeneous forest
(mixed forest)
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Figure 21. Velocity magnitudes (dense Pine) and heterogeneous forest (mixed forest)
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Figure 22. TKE comparison of the two heterogeneous cases
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Figure 23. Velocity comparison of the two heterogeneous cases
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4.3 Impact of Forest Types on Wind Turbine Wake

In order to study the impact of forest types on wind turbine wake, the velocity contours
on the XY and YZ planes at the hub height are presented for the non forest case and the
three Pine forest cases. Figures 24 show the wake development downstream in the non

forest and Pine forests cases.

U Magnitude

2

46 '

4. 5.25

Figure 24. Velocity contours from the XY plane at hub height. From top to bottom: NF, P1, P2,
P3

From Figure 24, the forest cases exhibit a more rapid wake recovery than the non forest
case. Meanwhile, the wake recovers more rapidly in the very sparse Pine than in the other
two Pine cases. There is a strong distinction between the wake of the non-forest and forest
cases. The non forest case shows large wake development downstream and the effect of
the turbine on the flow before the turbine is more apparent in this case compared to the

forest cases.

Figures 25, 26, 27, 28, 29 show the contour plots for the velocity distribution behind the
disc. The planes are sited at 1D, 2D, 3D, 5D and 7D downstream. These Figures further
show the effect of wake in the case of non forest and the three Pine cases. They clearly
show the wake development from 1 diameter (near the turbine location) until 7 diameters
away. These contours established the fact that the non forest case has a longer wake

development than the forest cases. The very sparse Pine amongst the Pine cases has the
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shortest wake development. Figure 30 shows the plot of the deficit velocity taken on three
horizontal planes located at 1D, 3D, and 5D, away from the wind turbine. The vertical
height is normalized by the rotor radius and the velocity deficit is given as,

AU — Uwake - Uinflow

Uinflow

These plots show the magnitudes of the velocity deficit, thus supporting the wake be-
haviour shown in Figures 24 to 29. It is can be seen that the velocity deficit is large at

x= 1D and becomes smaller as it approaches x= 5D.

U I\/Ic:lgni’rude
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Figure 25. YZ view of the wake velocity at X = 1D. From left to right: NF, P1, P2, P3.
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Figure 26. YZ view of the wake velocity at X = 2D. From left to right: NF, P1, P2, P3.
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Figure 27. YZ view of the wake velocity at X = 3D. From left to right: NF, P1, P2, P3.
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Figure 28. YZ view of the wake velocity at X = 5D. From left to right: NF, P1, P2, P3.
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Figure 29. YZ view of the wake velocity at X = 7D. From left to right: NF, P1, P2, P3.
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4.4 Power Output for all Cases

The power calculation is based on the one-equation model presented by Aditya Choukulkar
et al [71], where they proposed a new formulation for calculating the expected power from
a wind turbine in the presence of wind shear, turbulence, directional shear and direction
fluctuations. The model uses turbulence parameters at varying heights on the rotor swept
area to estimate power production.

The formulation to quantify the wind power content is given as,

1 al Oui \’ p: o} ’
—— 73 i _ A 9 ,
Peq—2p0p;Ui H?’(ZZ) {1 5 2} A, (23)
where 7 represents the vertical slices on the rotor swept area. C), is the power coefficient,
o2, is the variance of velocity fluctuations at i level, U; is the wind speed at i*" level, o3,
is direction fluctuation at i*" level, and A; is rotor area at i** level. This model was used
to calculate turbine power.

In this study, results from the simulations without turbine were used for the power calcula-
tion. The turbulence intensity and the power difference were also calculated and presented

alongside the calculated power production in Table 4. The power difference is defined as;

P orest Pnon— ores
forest forest| 4 100%

Pnonfforest

It is observed that the magnitude of power produced in all the cases is comparatively

Table 4. Comparison of power output for forest and non -forest cases

Forest Cases | I (%) | Power (KW) | Power Difference (%)
NF 5.37 550.53 —
P1 13.51 575.80 4.59
P2 13.73 576.79 4.77
P3 14.36 579.66 5.29
L1 12.71 572.35 3.96
L2 12.90 573.17 4.11
L3 12.95 573.38 4.15
Bir 12.83 572.86 4.06

Oak 13.25 574.65 4.38
Bch 13.08 573.86 4.25
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close to the expected power output for the model turbine as presented in Figure 31 [1].
Table 4 shows that there is no substantial difference in the power production in forest and
non forest cases. In the forest cases, the highest power difference occurred in the sparse

pine forest while the least is obtained in the Larch forest in August. Examining the effect

6,000 Region 1V 2 2
— GenSpeed, rpm
— GenPwr, kW
— RotThrust, kN

4,000 RotTorg, kN-m

3,000

2,000 /

1,000

0

3 4 5 6 7 8 9 M0 11 12 13 14 15 16 17 18 19 20 21 22 23

Figure 31. Power curve for the NREL SMW turbine [1]

of turbulence on power production, various studies have shown that turbulence intensity
increases the magnitude of power at lower wind speed and decreases the magnitude near
rated wind speed [72], [73]. Considering the mean flow velocity in this study, the results

are in agreement with the fact demonstrated in [72].

Nonetheless, comparing the results with the results from the studies of Agafonova [18],
where she made use of the Actuator Line Model (ALM) using LES to study the turbulence
and power production in cases with and without forest, there appeared to be a significant
difference in the power production between forest and no forest cases and the power
produced in non forest case was higher than in the forest case [18]. Thus, it was expected
that the power produced in the non forest case should be higher than the forest cases, but
the reverse is the case in these results as presented in Table 4 and this was attributed to

one of the limitations in the power model in use [71].

24

25
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5 Conclusions

The impact of forest types on wind power production was investigated in this study and
the variation in wind power production in different forest cases was examined. A case
of no forest and five forest cases with varying densities were considered, and two cases
of heterogeneous forest data were also investigated. The OpenFOAM software was used,
with the NREL SMW turbine and forest model and the steady state RANS SIMPLE solver
was employed. The results from the simulations of wind farms without turbine were
validated with an LES results from [74] and the results showed the highest TKE for sparse
forest. For the Larch forests considered at different seasons, there was no significant
difference in the TKE produced in the three cases considered, whereas, the study showed
that Oak tree produces more TKE than Birch, Beech and Larch forests. Meanwhile, the
TKE difference in the case of no forest compared to the dense Pine forest chosen as a
reference forest case was approximated to be 84.13% .

The heterogeneous forest cases were also compared with homogeneous forest and it was
concluded that an experimental verification has to be carried out to ensure the validity of
the results.

A turbine simulation was performed to have a visual understanding of the velocity wake
over different forest cases. It was found out that the case with no forest has the longest
wake development such that the velocity recovers towards the outlet of the domain, while
the velocity recovers faster in the forest cases.

Finally, the magnitude of power was calculated and it was seen that even though there are
remarkable differences in the turbulence intensity of the cases considered, there were no
significant differences in the values of power. This was later discovered to be due to the
power equation model used which was found to be currently inaccurate for the cases we
examined in this study.

In view of some of the limitations encountered and stated in this study, there is a lot to
be done to improve the present work. Considering more forests with similar LAI values
can make the forest cases more comparable. The study on heterogeneous forests can
be taken up also in order to validate the projection method used to collect the forest
data and to establish a definite relation between the LiDAR data and the LAD profile
data. Furthermore, a full rotating ADM approach in RANS simulation would have given
better results to predict power production, or the ALM approach with LES could also be
implemented to have a more reliable power predictions. The power equation model can
also be improved or a better and more accurate approach should be adopted to calculate

the power production from different forest types.
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6 Appendix

6.1 Theorems and Definitions

Some basic theorems and definitions;

Theorem 1 (Newton’s Second Law) Newton'’s second law of motion states that the prod-

uct of mass (m) and acceleration (a) of fluid elements is equal to the sum of the external
forces F. [76]

i

Theorem 2 (Law of Conservation of Mass) The law of conservation of mass states that

for a unit volume, there is a balance between the masses entering and leaving per unit

time. [76]

PAme - pAout‘/out

My, = Moyt
p - density, v - flow velocity, A - cross sectional area and m is the mass flow rate.
Definition 6.1 (Momentum) Momentum is defined as the product of the mass flow rate
and the velocity [76]. Mathematically,

F =mV, (24)

where V = (u,v,w)

Theorem 3 (Newton’s Law of Viscosity) Newton’s law of viscosity states that given a

straight parallel motion of a fluid, the tangential stress between two adjacent layers is
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proportional to the velocity gradient in a direction perpendicular to the layers.

Tocd—u

dy’

ou
=— 25
T “ay’ (25)

T is the shear stress, | is the coefficient of viscosity (dynamic viscosity), y is the direction
perpendicular to the fluid motion and u is the velocity of fluid. [77]

Theorem 4 (Gauss Divergent Theorem) The Gauss divergence theorem states that a
volume integral of the divergence V. of a vector F' can be transformed to an area in-

tegral of the surface that defines the volume.

/ VEAV = 7{ F.iidA

The theorem is named after a German mathematician called Johann Carl Friedrich Gauss
(1777-1855).

6.2 SIMPLE - Semi-Implicit Method for Pressure Linked Equations

The governing equations for one dimensional, steady and incompressible flow are;

Continuity equation
V.pu=20 (26)
Momentum equation
V(puu) = — VP + uV3u (27)

Where u is the velocity in the x direction, and P, i, p are pressure, viscosity and, density
respectively.

Using Gauss Divergence theorem on the volume integrals; for the continuity equation, we



have

V.pu= 0

/pudv: /pu.dA:O

(2

Using finite volume discretization, we have

(pud)e — (puA)y = 0
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Where e, w are faces of the cells representing east face and west face respectively to the

solution point p. Thus, the discretized continuity equation is
(pA)ecue = (pA)wttw =0

For the momentum equation;

oP  d*u
Veulpu) == 50 T 150
oP  d*u
/V(puu)dv =— / <_3:E +'u_0$2) dv
oP du
/(puu).nds =— %dv + /,u%.nds

on discretization, we have

(pud)eue — (puA)yu, = — (PGA_—;CBU)UP G K%> B (

d d
Let i any (2 A = S be a source term, then
dxr ), dxr ),

(Pe — Pw)

5 A+ S

(pud)ete — (puA)ww = —

du
dx

).J4

Apllyy = Z Unetine + (Pw — Py)A+ S

nc=0

(28)

(29)

Whereas, the pressure - velocity coupling is solved using pressure correction method. The

pressure correction equation is given as

p=p +p

w=u"+u

(30)
€1y
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where p* is the previous value and P’ is the correction.

The continuity equation (28) becomes

(pA) Uz — (pA)uUy, = — [(pA)UZ — (pA)u U] = b (32)

e The idea is to start with discrete continuity equation (28) and then substitute it into

the discrete momentum equation (29) to get an equation for the discrete pressures.
e SIMPLE solves for a related quantity called pressure correction;

e make a guess for the pressure field and then solve the discretized equations,

that gives the velocity such that

n
aytty, = D anetiy, + (P — Py)A+ S (33)
nc=0
where u* 1s the solution obtained from the discrete momentum equations using

a guessed pressure P*, S represent a source term.

e Since P* is only a guess, the velocity computed does not satisfy the discrete

continuity equation,

e make corrections to the velocity and pressure so that corrected velocity satisfy

discrete continuity equation (28);
(pA)ctte = (pA)witw = 0

The corrected values are given in (30) and (31) as the pressure-velocity cor-
rection equations.

It should be noted that because the initial values are not accurate, they don’t
satisfy continuity and momentum equations and thus, corrections has to be

made in order to satisfy both equations.
e Corrected velocity and pressure should satisfy momentum equation.
e Subtracting Equation (33) from (29) yields the velocity correction equation

apl,, = Z netiy, + (P — B))A+ S
nc=0

1 & A
!/ _ ne / Pl _ P/
Uy ap E Anclly,e + ( w p)

ap

+ 8.

nc=0
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S o aneul,, was dropped and we have

nc=0
A
!/ — Pl _Pl o S
Uy ( w p)ap+

A
U,e :(PZ;_PE)E—}_S

The obtained velocity correction are put in the continuity equation (32) and
thus,

(pA).A (pA)., A

T(P; - Pp) — m (P —P))=b
A) A A),A A) A A) A
:i(@)e_@)w)%_@)e%_@)w%ﬁ% (34)
agp Qp ag Qap
Therefore,
A
Ue = u; + (PI; — Pfg)a—
E
A

Uy = Uy, + (Pyy — P))—
ap

The new velocity is the sum of the start velocity and prime velocity as a func-
tion of the pressure corrector. And the b term is the amount by which the
starred velocity do not satisfy continuity. If the pressure guess is correct, the
starred velocity would satisfy continuity and the pressure correction would be

Z€10.

Correspondingly, we have flow rates and corrections;
Let F' = puA be the flow rates, then

F*=pu*A
F' = pu’A and,
F=F"+F

Recall that the starred velocity does not satisfy the continuity equation, that is,

Fr—F5 40

However, the corrected values will;

Ff+F —F'—F, =0
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6.2.1 Under-relaxation

. . . . n /
Under-relaxation is done to achieve convergence of a solution. Because ) ' _, ancul,
was dropped in the velocity correction equation, it puts all the numerical burden of veloc-
ity correction on the pressure correction. However, large pressure correction gives poor

pressure iterates and so a need to under-relax pressure correction in correcting P*,
P=P'+q,P; 0<a,<1.

We do not under-relax velocity correction because corrected velocity will not satisfy con-

tinuity if we do.

6.3 SIMPLE Algorithm

1. Guess velocity and pressure ©* and p* respectively

2. Solve momentum equation to obtain v* using P* for pressure term

3. P’ is calculated from pressure correction equation (34)

4. Solve P’ equation to obtain the pressure correction at all cell centroids
5. Correct velocity and pressure using Equations (30) and (31)

6. Check for convergence. If converged, stop, else, go to 2.
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