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In this paper, we studied the well known Kalman filter. We derived the equations of the
standard KF and the smoothing versions of it. We demonstrated how the KF algorithms
work in estimating the state of a system. The sine curve was engaged as the synthetic data
in our experiment for the purpose of illustration. Furthermore, we discussed dimension
reduction in KF which forms the focus of this paper. The concept of a priori dimension
reduction in KF to nonlinear inverse problems was reviewed; in which the goal is to sequentially infer the state of a dynamical system. The Lorenz model II in [5] was employed
to obtain smoothed solutions of the unknown. Solutions of distinct cases which could be
used to describe the manner in which DR works were obtained using Lorenz model II. We
illustrated how dimension reduction is useful in KF based on ideas of a priori dimension
reduction for a given process estimation.
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Tässä tutkimuksessa tutkittiin tunnettua Kalman-suodatinta. Johdimme standardin Kalmansuodattimen ja tasausversion yhtälöt. Osoitimme kuinka KF-algoritmit toimivat järjestelmän tilan arvioinnissa. Sini-käyrä käytettiin menetelmän havainnollistamiseen. Lisäksi
keskustelimme KF: n dimension vähennyusestä, joka on tämän työn painopiste. Lisäksi
tutkimme KF: ja a priori dimensio-alennuksen käsitteitä käsitteitä epälineaarisiin käänteisiin ongelmiin; jossa tavoitteena on päätellä peräkkäin dynaamisen järjestelmän tila.
Lorenzin II mallia [5] käytettiin tuntemattoman sileiden ratkaisujen saamiseksi. Esitämme tapausten ratkaisut, joita voitaisiin käyttää kuvaamaan tapaa, jolla DR-teokset saatiin käyttäen Lorenzin mallia II. Havainnollistimme, kuinka dimension pienentäminen on
hyödyllistä KF: ssä, joka perustuu tietyn prosessin estimointiin priori ulottuvuuden pienentämiseen.
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1

INTRODUCTION

In this chapter, we seek to project the background of this work and further discuss the
objectives, motivation and structure for the thesis.

1.1

Background

Empirical data is often characterized by noise and randomness in nature. Statistical estimation algorithms play significant roles in various fields such as target tracking. The
Kalman filter (KF) remains one of the most well-known mathematical tools that is used
for stochastic estimation [1]. It is used to estimate the state of a system from indirect and
uncertain (noisy) measurements. The subject "Dimension reduction (DR)" has in recent
times been found relevant in the successful implementation of filtering tools which include KF. "DR" aims to represent higher dimensional data in a lower dimension manifold
(subspace) such that the new representation possesses the structure of the original data.
When this is achieved, it is much easier to carry out our analysis. Preferably, DR leaves
us with the fact that the dimension of the new reduced data should correspond to what
is called intrinsic dimensionality of the data [2]. The intrinsic dimension of a data refers
to the minimum number of parameters required to account for the observed properties of
that data. DR in KF implementation is relevant for the following reasons: Firstly, DR
reduces computer memory requirements for high dimensional problems that involves KF
application. The development of various inexact filtering approaches see [3] and [4] have
been motivated by memory restrictions. Secondly, DR offers computational speedups and
this may be beneficial for real time estimation and control problems on a smaller scale as
discussed in [5].

1.2

Motivation

Kalman filter is a unique tool with many possible applications, for instance in weather
forecasting, vehicle tracking, GPS and navigation, etc. In the pursuit of knowledge and
skills, we seek to fully gain insight on the concepts of Kalman filter and how dimension
reduction works with this tool. The motivation for this work is to understand DR in the
filtering algorithm Kalman filter with experimentation and some numerical applications.
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1.3

Objectives and Restrictions

The goal for this paper is to explore the concepts, acquire insight, experiment and discuss
on DR-Kalman filter. The focus is to apply the method in future related works using real
world data. We seek to implement the concept which we unravel using MatLab.

1.4

Structure of the Thesis

This thesis is structured as follows. In Chapter 2 of this paper, we discuss DR-Kalman
filter in some selected literatures. Next, in Chapter 3, we discuss the derivation of standard
KF and the smoothed version of it. In Chapter 4, we present a discussion on DR-Kalman
filter. The Chapter 5 consists the experimentation of the unraveled algorithms on KF
in MatLab. Chapter 6 illustrates the numerical application on DR-Kalman filter. The
Chapter 7 presents the discussion and conclusion of this paper.
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2

PREVIOUS WORK

In this chapter, we present a brief review on some existing works in relation to DR in
filtering methods. Several approaches of DR have been used in various studies.
The idea of DR has been carried out recently in [5], which we consider as the main focus
of discussion in this paper. The concept of a priori dimension reduction to non-stationary
inverse problems is discussed and implemented in [5]. It must be noted in this case that
the aim is to sequentially deduce the state of a given dynamical system. We are able to
decipher efficiently problems of this nature by the use of filtering algorithms. However,
inverse problems in high-dimensional structures pose computational difficulties due to
numerical discretization of the unknown functions that can lead to high-dimensional problems. This makes it hard to carry out the analysis. To alleviate this challenge, DR methods
are employed to achieve a low-dimensional intrinsic structure of the inverse problem. At
this stage, we can handle the task efficiently and make our analysis on it. In addition, the
DR approach in [5] which we discuss in this paper, other existing methods are discussed
as follows.
In [6], DR is achieved by the decomposition of the covariance structure into one largeand one small- scale component with the application of empirical orthogonal functions.
The reduced order KF method is employed in [7] and [8] to attain dimension reduction
by projecting the model dynamics onto a fixed low dimension space. This method and the
one we focus on share some similarities however, basic distinctions remain, see [5].
The method of reduced rank KF is treated in [9]. Here, the prediction uncertainties are
propagated in the state space only along directions where the variance of the states grows
most rapidly (the referred Hessian singular vectors). The difference between this approach and the one we review in this paper is discussed in [5].
The idea for a DR in space-time Kalman filter by Mardia, in which the state process is
written in terms of some class of basis functions, is stated in [10]. The reduced dimension
is critical for the successful implementation of the KF on higher dimensional space-time
datasets, see [10].
In some instances, DR is sought for particle filtering or a sequential Monte Carlo method.
See details in [11] and some more emphasis also in [5].
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3

KALMAN FILTER

In this chapter, we discuss the basic KF derivation from the Bayesian estimation point of
view using the least squares as key focus. We further move on to derive the smoother
version of the standard KF.

3.1

The Least Squares (LSQ) Picture to Kalman filter

According to [12, 13], the KF is the Bayesian solution to the problem of sequentially estimating the states of a dynamical system in which the state evolution and measurement
processes are both linear and Gaussian [14]. In other words, KF is the closed form solution to the Bayesian filtering equations for the filtering model, in which the dynamic and
observation models are linear Gaussian [12, 15] such that
xt = Mt xt−1 + Et

(1)

yt = Kt xt + t

(2)

where, xt ∈ Rn is the state, yt ∈ Rm is the observation, Et ∼ N (0, SEt ) is the evolution
noise, t ∼ N (0, St ) is the observation noise and the prior distribution is Gaussian,
x0 ∼ N (m0 , C0 ). The term Mt is the transition matrix of the evolution model and Kt is
the matrix of observation model.
The LSQ can be very useful in the derivation of the standard KF algorithm. The linear
least square problem with general covariance and prior information provide a good ground
to derive what is called the Kalman gain which in turn becomes a key term in the known
KF-algorithm. We go through some mathematical formulations to discuss on Kalman
filter. Let us consider the Bayes formula:
Π(b) ' p(y | b)p(b)

(3)

where,
• p(y | b) is the likelihood function,
• p(b) is the prior distribution, and
• Π(b) is the posterior distribution of b.
Consider first the standard linear model given by:
y = Xb + ε, ε ∼ N (0, σ 2 I)

(4)
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By going through some manipulations (this is provided in the Appendix 2), the LSQ
solution can be written as:
b̂ = (X 0 X)−1 X 0 y

(5)

cov(b̂) = σ 2 (X 0 X)−1

(6)

Such that,

Next, we solve a general LSQ problem, with error covariance given by cov(ε) = Sε , and
a prior constraint represented by the Gaussian distribution
1

−1

0

p(y|b) ' e− 2 (y−Xb) Sε
1

0

−1

p(b) ' e− 2 (b−ba ) Sa

(y−Xb)

(7)

(b−ba )

(8)

Suppose that both measurement error and the prior distribution are Gaussian with covariance matrices Sε and Sa respectively. If the center point of the prior is denoted by ba , then
from the normal distribution function (in the multi-sense), the expressions represented in
(7) and (8) rightly holds. Note that that we have ignored the constant term in the normal
distribution function. This is for simplicity in computation. Now, we can rewrite (3) as
1

0

−1

Π(b) = e− 2 (y−Xb) Sε

(y−Xb)

1

0

−1

× e− 2 (b−ba ) Sa

(b−ba )

(9)

By taking the logarithm on both sides of (9), the equation simplifies to
− 2log Π(b) = (y − Xb)0 Sε−1 (y − Xb) + (b − ba )0 Sa−1 (b − ba )

(10)

We must suppose that the covariance matrices Sε and Sa are positive definite (so the above
expressions are positive for all b, otherwise, the minimization problem is meaningless).
In that sense, we can ’take square roots’ of the inverses of the covariance matrices. These
may be decomposed by (for example) the Cholesky decomposition: Thus,
Sε−1 = Kε0 Kε ;

Sa−1 = Ka0 Ka

(11)
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Re-substitute (11) into (10) to generate:
−2log Π(b) = (y − Xb)0 Kε0 Kε (y − Xb) + (b − ba )0 Ka0 Ka (b − ba )
= (Kε y − Kε Xb)0 (Kε y − Kε Xb) + (Ka b − Ka ba )0 (Ka b − Ka ba )
= kKε Xb − Kε yk2 + kKb b − Ka ba k2

(12)

˜
This derived expression (12) is the norm for the least square (LSQ) problem ỹ = Xb
where,
!
!
Kε X
Kε y
X̃ =
; ỹ =
,
Ka
K a ba
with N (0, I) as the covariance. Utilizing these new expressions, we can write down the
known formulas:
b̂ = (X̃ 0 X̃)−1 X̃ 0 ỹ
S = cov(b̂) = (X̃ 0 X̃)−1 ,
for the solution and the covariance. It then remains to calculate the expressions:
(X̃ 0 X̃) =

Kε X
Ka

!0
·

Kε X
Ka

!
= X 0 Kε0 Kε X + Ka0 Ka ;

(X̃ 0 X̃) = X 0 Sε−1 X + Sa−1 .
Similarly,
(X̃ 0 ỹ) =

Kε X
Ka

!0
·

Kε y
K a ba

!
= X 0 Kε0 Kε y + Ka0 Ka ba ;

(X̃ 0 ỹ) = X 0 Sε−1 y + Sa−1 ba .
We can therefore write from the least square solution the following expressions:
b̂ = (X 0 Sε−1 X + Sa−1 )−1 (X 0 Sε−1 y + Sa−1 ba )

(13)

cov(b̂) = S = (X 0 Sε−1 X + Sa−1 )−1

(14)

In other words, the posterior distribution is Gaussian with center point b̂ and covariance
S such that:
− 2logπ(b) = (b − ba )0 S −1 (b − ba ) + c ;
(15)
where c is a constant.
The new form of the LSQ solution in (13) and (14) reduces back to the familiar form
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when the following terms are set to the conditions given by:
Sa = 0 , and Sε = σ 2 I.
The mathematical statement (15) serve to solve completely the least square solution problem with general Gaussian noise and Gaussian prior. However, the solution can be written
in another manner that further clarifies the roles of the prior and measurement. Moreover,
that version is what will yield the KF formula. We formulate the steps as follows:
Let
I = Sa−1 Sa ,
and substitute this into (14). This implies that
S = (X 0 Sε−1 X + Sa−1 )−1 Sa−1 Sa
= (Sa X 0 Sε−1 X + I)−1 [(Sa X 0 Sε−1 X + I)Sa − Sa X 0 Sε−1 XSa ]
= Sa − (Sa X 0 Sε−1 X + I)−1 Sa X 0 Sε−1 XSa
= Sa − (X 0 Sε−1 X + Sa−1 )−1 X 0 Sε−1 XSa

(16)

Next, the following equation is needed to proceed:
(X 0 Sε−1 X + Sa−1 )−1 X 0 Sε−1 = Sa X 0 (XSa X 0 + Sε )−1

(17)

The equation (17) can be rewritten in the form
X 0 Sε−1 (XSa X 0 + Sε ) = Sa X 0 (X 0 Sε−1 X + Sa−1 )
This new form of the equation can be seen to be an identity expression since the simplification of the expressions on both sides produces the same result. Next, we introduce the
notation
G = Sa X 0 (XSa X 0 + Sε )−1 .

(18)

We bear in mind this notation defined in (18) and then substitute (17) into (16) to obtain
the results that follows:
S = Sa − (X 0 Sε−1 X + Sa−1 )X 0 Sε−1 XSa
= Sa − GXSa

(19)

This equation (19) represents the solution of the covariance estimate. In a similar way, we
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can rewrite the formula for b̂ to obtain the new form of the solution by the steps below.
b̂ = (X 0 Sε−1 X + Sa−1 )−1 Sa−1 Sa (X 0 Sε−1 y + Sa−1 ba )
= (Sa X 0 Sε−1 X + I)−1 (Sa X 0 Sε−1 y + ba )
= (Sa X 0 Sε−1 X + I)−1 [(Sa X 0 Sε X + I)ba + Sa X 0 Sε−1 (y − Xba )]
= ba + (Sa X 0 Sε−1 X + I)−1 Sa X 0 Sε−1 (y − Xba )
= ba + (X 0 Sε−1 X + Sa−1 )−1 X 0 Sε−1 (y − Xba )

(20)

Recall the notation G in (18) which has the corresponding expression in the left hand side
(LHS) of (17), the final equation in (20) can be written as:
b̂ = ba + G(y − Xba ).

(21)

The formulations we have obtained so far would help us to simply derive the basic (linear)
Kalman filter. We proceed us follows. Now consider a time-dependent process, the state
vector xt observed at the time point t. Recall our previous notations, where the time
evolution and the observation states are given by the expressions:
xt = Mt xt−1 + Et

(22)

yt = Kt xt + t

(23)

In the two equations (22) and (23), Mt denotes the model for the state evolution and
and Kt is a matrix which multiply xt to obtain the observation of the state respectively.
The error terms Et and t in both equations respectively give the modelling error and the
’usual’ observation error. The model is assumed to contain noise and by the choice of Et
and t we can stipulate how much we trust the model or data.
In the basic form of Kalman filter, the interest lies in the prediction of new values of x
and then correcting the state values by new measured observations y. This takes place
iteratively, as the observations form a time series yt for t = 1, 2, 3, ..., N . The phenomena
may be cast in the form of successive applications of the Bayes formula. In this case,
the prior is represented by the model prediction and the likelihood by the observation
equation in (23). We can detail the case as follows: Suppose the estimate x̂t−1 is obtained
for the state of the previous time point, and the covariance matrix Ŝt−1 has been estimated.
Suppose further that, the errors are Gaussian, with covariance matrices SEt and St . The
model equation then gives the prediction, that is used as the center point of the prior
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distribution;
xat = Mt x̂t−1

(24)

The covariance of the prior can be computed (assuming the xt and Et are statistically
independent):
(25)
Sat = cov(Mt x̂t−1 + Et ) = Mt Ŝt−1 Mt0 + SEt
We now have all the required information to employ the formulas of the general Least
Squares problem: Thus,
• A given Gaussian prior distribution, and
• A given linear (equation) system for the observations.

We employ the following present notations: Kt in place of X; xt for b and xat for ba ,
and make the right substitutions in (19) and (21) to obtain the new solution. Recall also
(22) and (23), these equations serves as the basic Kalman system and the notation G as
obtained in (18) is what is referred to as the Kalman gain. The basic (linear) KF algorithm
can be projected as:
xat = Mt x̂t−1 , (State propagation)

(26)

Sat = Mt Ŝt−1 Mt0 + SEt , (Error covariance propagation)

(27)

Gt = Sat Kt0 (Kt Sat Kt0 + Sε )−1 , (Kalman gain matrix)

(28)

x̂t = xat + Gt (y − Kt xat ), (State update estimate)

(29)

Ŝt = Sa − Gt Kt Sat , (Error covariance update)

(30)

We can observe from the algorithm that no estimate of model parameters is involved here
but, the state vector itself. The expression xt simply refers to the minimum set of information (data) sufficient to ubiquitously describe the undisturbed dynamical behaviour of
the system [16]. In other words, the state is the least amount of data that is required to estimate the system future behaviour using its information on the past behaviour. Typically,
the state is unknown. To estimate it, we use a set of observed data denoted by the vector
yt .
In addition, the uncertainty of the model is taken into account with the modelling error
terms. Thus, the Kalman gain is a measure of information. Therefore, the bigger the error
terms associated in the modelling the lesser information we are able to obtain in the state
estimation. For instance, bigger error could mean larger values of Sε in (28), and we can
observe that this case would give a smaller gain information.
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3.2

Derivation of Kalman smoother

Next, we present the KF smoother version which provides much better and accurate estimate than the basic KF [15]. The version presented is called the Rauch-Tung-Striebel
smoother (see [15]) or simply the Kalman smoother. We derive the smoothing form of
KF by adopting the approach in [15, 17]. The preliminaries leading to the derivation of
KF is in appendix 1.
By the Gaussian distribution rules, the joint density of xt and xt+1 given y1:t can be denoted by the equation:
p(xt , xt+1 |y1:t ) = p(xt+1 |xt )p(xt |y1:t )
= N (xt+1 |At xt , Qt )N (xt |mt , Pt )
"
#
!
xt
=N
m1 , P1
xt+1

(31)

Where,
!

m1 =

mt
At mt

P1 =

Pt
Pt A0t
At Pt At Pt A0t + Qt

!

By the conditioning rule of Gaussian distribution, we can have:
p(xt |xt+1 , y1:T ) = p(xt |xt+1 , y1:t )
= N (xt |m2 , P2 )
where,
Gt = Pt A0t (At Pt A0t + Qt )−1
m2 = mt + Gt (xt+1 − At mt )
P2 = Pt − Gt (At Pt A0t + Qt )G0t

(32)
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The joint probability distribution of xt and xt+1 given all the data y1:T is
p(xt , xt+1 |y1:T ) = p(xt |y1:T )p(xt+1 |y1:T )
s
)
= N (xt |m2 , P2 )N (xt+1 |mst+1 , Pt+1
"
#
!
xt+1
=N
m3 , P3
xt

(33)

where,
!

m3 =

mst+1
mk + Gt (mst+1 − At mt )

!

P3 =

s
s
G0t
Pt+1
Pt+1
s
s
G0t + P2
Gt Gt Pt+1
Pt+1

The marginal mean and covariance are thus given as:
mst = mt + Gt (mst+1 − At mt )
s
Pts = Pt + Gt (Pt+1
− At Pt A0t − Qt )G0t

(34)

The smoothing distribution is then Gaussian with the above mean and covariance:
p(xt |y1:T ) = N (xt |mst , Pts )
The backward recursion equations for KF smoothing with means mst and covariances Pts
is given by
m−
t+1 = At mt

(35)

−
Pt+1
= At Pt A0t + Qt

(36)

− −1
Gt = Pt A0t [Pt+1
]

(37)

mst = mt + Gt (mst+1 − m−
t+1 )

(38)

s
−
Pts = Pt + Gt (Pt+1
− Pt+1
)G0t

(39)

Notice: The terms mt and Pt are the mean and covariance computed via the KF stage.
The recursion is initiated from the last time step T , such that msT = mT and PTs = PT .
The distinction between the smoothing version of KF and the basic KF is that the solution
computed by the former is conditional on the whole measurement data (y1:T ), while the
solution of the latter is conditional only on the measurements obtained before and at the
time step t (y1:t ).
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4

DIMENSION REDUCTION-KALMAN FILTER

The goal here is to discuss dimension reduction in the filtering algorithm Kalman filter.
We consider the prior-based dimension reduction as in [5].

4.1

Linear dynamical problems and DR

Recall the equations in (22) and (23). These serve as the Gaussian state space model
(system). In this case, Mt ∈ Rd×d gives the forward model that evolves the state over
time and Kt ∈ Rn×d is the observation model that connects the state to the observations.
Suppose Et ∼ N (0, Qt ) and t ∼ N (0, Rt ) with known covariance matrices Qt ∈ Rd×d
and Rt ∈ Rn×n . The system as linear Gaussian can be solved using the Kalman filter as
follows. Consider that at time interval t, the marginal posterior density is given by
a
xt−1 |y1:t−1 ∼ N (xat−1 , Ct−1
)

(40)

The prediction stage involves propagating this Gaussian ahead (forward) with the model
Mt that produces
xt |y1:t−1 ∼ N (xft , Ctf )

(41)

Here, the superscripts a and f are defined in [5] as "analysis" (posterior) estimate updated
with the most current observations and "forecast" (prior) estimate respectively.
The update stage gives the resulting posterior (target) density represented as


1 f
2
2
p(xt |y1:t ) ∝ exp − kxt − xt kC f + kyt − Kt xt kRt
t
2

(42)

Equation (42) is Gaussian with known mean and covariance matrix given by the standard
Kalman filter formulas derived above and also seen in [15].
Suppose the unknown state xt is parametrized such that
xt = xft + Pr αt

(43)

where, Pr ∈ Rd×r is a fixed reduction operator that is time invariant and xft is the predicted (prior) mean. The matrix Pr serves as the reduced subspace basis of the unknown
state xt and can be constructed by computing the SVD of the prior covariance matrix
P
= W ΛW 0 . The basis Pr from the leading r eigenvectors Wr = (w1 , w2 , ..., wr ) is com-
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puted as well as the square roots of the correspondent eigenvalues Λr = (λ1 , λ2 , ..., λr )
1
such that Pr = Wr Λr2 . In this case, the dynamics of states can be encapsulated in a lower
P
dimensional manifold spanned by the leading eigenvectors supposing the Λ values of
can be decomposed quickly. The filtering equations for the subspace coordinates αt can
now be obtained assuming that the marginal posterior (target) distribution for αt−1 at time
t − 1 is
a
, Φat−1 )
αt−1 |y1:t−1 ∼ N (αt−1

(44)

From the parameterized state in (43), by putting t = t − 1, we obtain the transform given
by
xt−1 = xft−1 + Pr αt−1

(45)

The equation (45) helps to produce the Gaussian distribution in the full state space model
such that we have
a
xt−1 |y1:t−1 ∼ N (xft−1 + Pr αt−1
, Pr Φat−1 Pr0 ).

(46)

By the forward propagation of (46) with Mt , the mean and covariance matrix can be
obtained for the predictive distribution xt |y1:t−1 ∼ N (xft , Ctf ) in the original coordinates
given by
a
xft = Mt (xft−1 + Pr αt−1
)

Ctf = Mt Pr Φat−1 (Mt Pr )0 + Qt

(47)
(48)

Using this as the prior, and substituting (43) into (42), we obtain the following marginal
posterior density of αt as


1
f
2
2
p(αt |y1:t ) ∝ exp − kPr αt kC f + kyt − Kt xt − Kt Pr αt kRt
t
2

(49)

The mathematical expression (49) is equivalent to the linear problem with Gaussian likelihood yt − Kt xft ∼ N (Kt Pr αt , Rt ) with zero mean Gaussian prior given by αt ∼
N (0, (Pr (Ctf )−1 Pr0 )−1 ). The posterior for this case becomes αt |y1:t ∼ N (αta , Φat ), where

−1
Φat = (Kt Pr )Rt−1 (Kt Pr )0 + Pr (Ctf )−1 Pr0

(50)

αta = Φat (Kt Pr )0 Rt−1 rt

(51)
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with rt = yt − Kt xft given by the prediction residual. The expression Pr (Ctf )−1 Pr0 does
not equate to identity (I) as in the case of the static problems discussed in section 2.1 of
[5]. Therefore, Pr does not whiten the prior. The term (Ctf )−1 Pr0 can be conveniently
evaluated by substituting Φat−1 = At A0t into (48) to obtain
Ctf = Mt Pr At (Mt Pr At )0 + Qt

(52)

where, At ∈ Rr×r is the component of Φat−1 = At A0t . For simplicity, we represent
Mt Pr At as Bt and by using the Woodbury matrix identity given by (G + U HV )−1 =
G−1 − G−1 H(H −1 + V G−1 U )−1 V G−1 , we obtain the expression of
(Ctf )−1 = (Qt + Bt Bt0 )−1
−1 0 −1
0 −1
−1
= Q−1
t − Qt Bt (Bt Qt Bt + Ir ) Bt Qt

(53)

−1
where, Ir is the r × r identity matrix. Note that he term (Bt0 Q−1
also has dit Bt + Ir )
f −1
mension r × r. As such, a given product (Ct ) b can be conveniently computed provided
Q−1
t b remains easily solved. This condition must be met for this technique to work. In
practice, Qt is stated by the user usually as a simple (for instance) diagonal matrix.
In summary, the reduced Kalman filter with a fixed basis in a single stage as in [5] can be
computed by the following algorithms. The reduced Kalman filter in one stage with input
a
and Φat−1 ) and output (αta and Φat ) is given as:
(αt−1
a
i. The prior mean xft = Mt (xft−1 + Pr αt−1
) is computed.

ii. The decomposition Φat−1 = At A0t is performed.
iii. The matrix Bt = Mt Pr At is also computed.
iv. The term (Ctf )−1 Pr0 is computed with the help of (53).
v. The expressions αta and Φat are computed using (51) and (50), respectively.

4.2

Nonlinear dynamical problems

In nonlinear dynamical problems, the state space system can be represented as
xt = M(xt−1 ) + Et

(54)

yt = K(xt ) + t

(55)
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where M is the nonlinear forward model and K is the measurement model. The terms Et ,
t are the model and observation errors respectively. With nonlinear application problems,
the standard KF is unsuitable to resolve the . This introduces us to the extended KF and
ensemble KF which are useful in solving and discussing nonlinear problems.

4.2.1

The Extended KF and DR

The model and observation matrices in standard KF system are replaced with their linearized forms. The process and observation noises are assumed to be additive. Therefore,
the mean is evolved (propagated) with the nonlinear forward model and the prediction
is calculated with the nonlinear measurement model. In some instances, Mt and K are
t)
t−1 )
substituted with ∂M(x
, respectively. In large scale problems, the explicit
and ∂K(x
∂xt−1
∂xt
computation of these matrices is infeasible. As such, often, we derive analytically the
linearized model as an operator and this makes it viable to evolve the state forward with
the linear model. These so-called tangent linear codes (gradients) are applied in stages
(iii) and (v), see page 20. These codes are used in the weather forecasting setting. This is
identical to calculating products Mt b where b ∈ Rd×1 . The term Bt = Mt Pr At in stage
(iii) can be computed by applying the linearized forward model to r columns of Pr At .
In stage v, Kt Pr is required and this is computed by applying the linearized observation
model to the r columns of Pr . In that sense, we only propagate r state vectors via the
linearized models in both scenarios instead of d state vectors in the standard KF.

4.2.2

The Ensemble KF and DR

The concept of Ensemble KF is to represent the state and its uncertainty with samples
and then replace the covariances in the filtering equations with their empirical estimates
calculated from the samples [5].
Suppose we consider the state space model in which the forward model is nonlinear while
the measurement model is linear such that
xt = M(xt−1 ) + Et

(56)

yt = Kxt + t

(57)

DR in Ensemble KF requires the representation of the distribution of αt with samples or
an ensemble of states. Suppose we consider that at time interval t − 1, we have Nens
a,1
a,2
a,Nens
posterior samples {αt−1
, αt−1
, ..., αt−1
} present, sampled from the Gaussian posterior
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a
N (αt−1
, Φat−1 ). In the full state space model, the corresponding samples becomes xa,i
t−1 =
a,i
f
xt−1 + Pr αt−1 . The samples from the posterior are moved forward with dynamical model
a,i
such that xf,i
t = M (xt−1 ) in the prediction stage. The empirical covariance matrix of the
predicted samples is computed and this is added to the model error covariance to get the
prediction error covariance such that

Ctf = Cov(M(xt−1 ) + Et )
' Xt Xt0 + Qt ,
where

(58)

h
i
a,1
f
a,2
f
a,Nens
f
(xt − xt ), (xt − xt ), . . . , (xt
− xt )
√
Xt =
∈ Rd×Ne ns .
Nens

Therefore, Xt Xt0 serves as the empirical covariance estimate calculated from the prediction ensemble. The mean xft is considered as the posterior mean from the initial stage
a,i
propagated through the process (evolution) model, xft = M (xft−1 + Pr αt−1
), instead of
√
the empirical mean calculated from the prediction ensemble, which is divided by Nens .
See [5] for details.
The reduced dimension ensemble filter algorithm remains the same as that of the reduced
KF formulas if the measurement model is linear. The only distinction is that the prior covariance matrix Ctf is defined via the prediction ensemble. In the case where Nens  d,
handling of (Ctf )−1 as required in step five of 4.1, can yet be performed efficiently by
using the Woodbury matrix identity such that
(Ctf )−1 = (Xt Xt0 + Qt )−1
−1
0 −1
−1 0 −1
= Q−1
t − Qt Xt (Xt Qt Xt + Ir ) Xt Qt

(59)

Now, when applying (Ctf )−1 to a vector, we are to note that the inversion of an Nens ×Nens
is employed instead of an r × r matrix. In summary, one step of the reduced dimension
a
ensemble KF with input (αt−1
and Φat−1 ) and output (αta and Φat ) is as follows:
a
i. Obtain Nens samples from N (αt−1
, Φat−1 ) and transform samples into the full state
space such that
a,i
xft = xft−1 + Pr αt−1
.
a,i
ii. Estimate the prior mean xft = M(xft−1 + Pr αt−1
) and propagate the samples such
that
a,i
xf,i
t = M (xt−1 ).
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h
iii. Generate Xt =

(xa,1
t

−

xft ), (xa,2
t

ens
xft ), . . . , (xa,N
t

−
√
Nens

−

i

xft )

.

iv. Compute (Ctf )−1 Pr using the matrix inversion expression (59).
v. Determine αta and Φat via equations (51) and (50) respectively.

Note: The computational cost associated with the Ensemble algorithms is determined
(influenced) by the number of basis vectors r and the number of ensemble members Nens ,
see remarks 3 to 7 in [5] for more discussions.

4.2.3

Construction of the Reduced Subspace

In this section, we discuss on the possible approaches how to estimate the covariance
P
matrix
and construct the projection matrix Pr .
Principal Component Analysis (PCA): The idea of PCA can be employed on "snapshots" for the formation of low dimension subspaces in high dimensional dynamical systems. The "snapshots" are possible model states derived from existing model simulation
or data. See [5] for more discussions on the approach in some fields of application.
The main attraction is dynamical systems without steady states, for instance, chaotic models when non-stationary inverse problems are considered. In this setting, trajectories obtained from either adequately long free model simulation or multiple model simulations
with randomized initial constraints are used. With a given sufficient number of snapshots
1
2
{x(i) }N
i=1 , the subspace basis can be computed by Pr = Ur Λr through the eigen decomposition of the empirical state covariance given by
N

1 X (i)
(x − x̄)(x(i) − x̄)0
Σ=
N − 1 i=1

(60)

P
(i)
where, x̄ is the empirical state mean given by x̄ = N1 N
i=1 x .
Considering higher dimensional dynamical problems, it is infeasible to form the empirical
covariance directly and employ compact (dense) matrix eigen decomposition methods. In
such scenario, the Krylov subspace approaches or randomized methods see [5] can be
P
applied in addition with matrix-free operations. The matrix vector product with
can be
computed by eigen decomposition.
The number of snapshots influences the quality of the basis Pr and a sufficiently large N
value should be selected to encapsulate the model essential behaviour. This kind of basis
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can be built with un-regularized empirical covariance estimates without the assumption
of any specific form for the covariance structure. The regularized covariance estimate
method is employed in the case where the number of snapshots available s limited. Here,
certain assumptions about, the covariance structure are recommended to regularize the
estimation task. See [5] for more discussion on the technique.
Also, the next approach is the regularized covariance estimation. Here, inference is
made on the state correlation structure from snapshots and a prior information such as
smoothness assumptions. See [5] for more thorough discussion on this method both for
stationary and non-stationary Gaussian Processes.
The main challenge lies in computing the Pr term which can be fixed or time dependent.
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5

EXPERIMENTATION

In this chapter, we conduct numerical experiments (simulations) on the concepts discussed earlier in Chapter 3.
The first experiment we consider is with the basic Kalman filter. We implement the algorithm for the case where we are interested in tracking the sine curve. We initially create
a sine signal as the true measurement and obtain the noisy signal by adding noise to our
real measurement. The initial value of noise in the noised data in our experiment is zero-µ
Gaussian with std of 0.05. We also consider the spherical covariance matrix of the parameters where signal values do not vary according to the Gaussian random walk structure as
in [15]. That is, we allow the error parameters in (27) to have the same magnitude. The
result of this experiment is illustrated in Figure 2. We compare the result with the normal
signal with addition of noise to the sine data in Figure 1. We can observe that the Kalman
filter estimation of the sine signal provides possible options of the state estimate(s) with
some amount of better estimation.
In addition, we consider the case where the KF parameters (in Q) are allowed to vary
according to the Gaussian random walk structure as in [15]. The output for this case is
in Figure 3. We can see that the KF estimate here is sort of comprising random moves
unlike the KF estimation in Figure 2. The error structure allowed in (27) has high values
to some extent.
Next, we implement the KF smoothing algorithms derived in 3.2. The results can be seen
in Figure 4. From this chart, it can be observed that the smoother version of KF gives
improved tracking on the sine signal. Recall, this is generated from the same noisy data.
Now, we must note that the KF is an estimation method. For that matter, if the noise
involved in the data is somehow allowed to vary, say to 0.15 for the noisy data, we expect
some difference in the output of tracking the sine curve. This claim can be illustrated in
the Figures 5, 6, 7 and 8. Thus, the choice of noise chosen has a strong influence on the
KF estimation of a given phenomena. The smaller the noise involved in the data the better
the KF estimation will be and vice versa. This confirms the earlier assertion made on the
Kalman gain as a measure of information being influenced by the error accompanied in
the state estimation modelling.
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Figure 1. The real sine signal with the noised counterpart created by adding noise to data. Here,
the noise is 0.05.

Figure 2. The tracking of sine signal with KF without the involvement of drift. From the data
with noise 0.05.
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Figure 3. The tracking of sine signal with KF involving drift using data with noise 0.05.

Figure 4. The tracking of sine signal with Kalman smoother using the data with noise 0.05.
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Figure 5. The original sine signal with the noised counterpart created by adding noise to data.
Here, the noise is taken to be 0.15.

Figure 6. The tracking of sine signal with KF without the involvement of drift. From the data
with noise 0.15.
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Figure 7. The tracking of sine signal with KF involving drift using data with noise 0.15.

Figure 8. The tracking of sine signal with Kalman smoother using the data with noise 0.15.
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6

APPLICATION

In this chapter, we present some numerical application on dimension-reduction in the
filtering algorithm KF. We base our application on the Extended KF by adopting the
procedures in [5].

6.1

Lorenz model II

We consider Lorenz 96 model in the general sense for the case of mini scale nonlinear
application. The model II explained in [5] is used. The process model can be represented
as an ODE system of N formulas:
K
K
X
X
dZm
=
(−Zm−2J−j Zm−J−i + Zm−J+k−i Zm+J+k ) /(J 2 − Zm ) + Fm (61)
dt
k=−K j=−K

where m = 1, ..., N is the number of component equations, J is a chosen odd integer
. The variable terms recur at regular intervals, such that Z−i = ZN −i and
and K = J−1
2
ZN +i = Zi for all i ≥ 0. In the case where J = 1, we obtain a reduced version equivalent
to the Lorenz 96 model discussed in [18]. The Fn term is called the forcing constant. This
value is perceived to cause the chaotic behaviour in the model.
We can give an illustration of the Lorenz model II solution by using the following scenarios. The values of J we consider are 7, 11, 19, 35, 67 with their respective Fm corresponding values as 10, 10, 12, 14, 30 taken into account for all m values.
From the Figures 9, 10, 11, 12 and 13, we can observe that smoother solutions are obtained as the value of J increases. We can show how dimension reduction performs in
various scenarios using these smoother solutions. The fewer the basis vectors required
to explain the unknown, the smoother the solution. See [5] for more discussion on this
illustrated example.
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Figure 9. Solution to Lorenz model II with J = 7 and N = 240 at one time step.

Figure 10. Solution to Lorenz model II with J = 11 and N = 240 at one time step.
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Figure 11. Solution to Lorenz model II with J = 19 and N = 240 at one time step.

Figure 12. Lorenz model II solution with J = 37 and N = 240 at one time step.
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Figure 13. Lorenz model II solution with J = 67 and N = 240 at one time step.

6.2

Reduced KF for state estimation illustration

The DR in KF here is done on the Extended version. Our earlier discussion on DR KF
for nonlinear dynamical problems suggests the construction of reduced subspace. This
P
requires that one computes the covariance and projection matrices ( and Pr ), respectively.
The Lorenz model II is used to generate new observations assumed to be the true state.
This is obtained from using the last column values of initial state observations generated
previously by the Lorenz model II. The covariance of the true state is obtained. We apply
PCA here to select the principal leading components. We assign the value of 20 principal
components here. The Figure 14 backs the choice we make.
The next Figure 15 represents the reduced Extended KF case for state estimation. Here,
we consider the Lorenz model II with J = 37 and N = 240 at single time interval.
Data is generated for the prediction by simulating the model. A unit percent of random
perturbations from the normal distribution is added to the forcing constants. This incurs
noise effect into the prediction model. The frequency for the observation is taken to be
2 units and we observe every 10th state vector (Z1 , Z11 , ..., Z231 ). This overall produces
21 observations per measurement time interval. The units of time we consider for the
data generation here is 20 (in the step of 0.025 with starting point of 1). The 4th order
Runge-Kutta method is used to solve the ODE.
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Figure 14. Visualization of the principal components

Figure 15. Resulting figure from the application of DR with Extended KF
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7

DISCUSSION AND CONCLUSION

In this chapter, we present a summary discussion on the derivation of KF, with the experiments and the numerical applications on dimension-reduction KF projected in this paper.
Finally, we give a conclusion on the paper.
With the LSQ idea and basics of probability distributions (which include the Bayesian
principle), we are able to derive the KF and its smoothing version equations somewhat in
a simplified manner. In various other derivations, the approach is not the same as in our
case, see [19] for instance.
From the experimentations, we can suggest that KF is a useful tool in the estimation
problems of dynamical state systems. We can claim that the KF tools provide a better
estimate of states when there is low (minimal) noise structure involved in the estimation
problem.
The Lorenz model II solutions demonstrated here provide the grounds for us to show
how DR runs in some independent cases. This does not form part of our main thesis
discussions but for the purpose of illustration and some emphasis. The model used is
assumed to be chaotic and hence, the predictions are obtained from the model’s chaotic
behaviour. See [5] for more detailed discussion.
We used the Extended KF and implemented the idea of DR to illustrate how the tracking
of some phenomena works. We do not seek to make any comparison here between the
standard Extended KF and the reduced version of its kind. We leave this for future work
due to time constraint.
In conclusion, we are able to present on the basic KF with some experimentation for
illustrative purposes. The idea of DR in KF for nonlinear dynamical problems is also
discussed in this piece of work. In addition, a numerical application involving DR in KF
(specifically, Extended KF) for state estimation purpose is illustrated.
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Appendix 1. Preliminaries to Kalman Smoother (Ks) Derivation
• Consider the Gaussian probability distribution of rv x with mean m and given covariance matrix P : x ∈ Rn and P ∈ Rn×n


1
1
0 −1
N (x|m, P ) =
exp − (x − m) P (x − m)
(2π)d/2 |P |1/2
2
Suppose also x and y has the Gaussian densities
p(x) = N (x|m, P )
p(y|x) = N (y|Hx, R)
Then, the joint and marginal distributions of x, y can be represented as:
x
y

!

m
Hm

∼N

!

P
P H0
HP HP H 0 + R

,

!!

y ∼ N (Hm, HP H 0 + R)
• Suppose the rv x and y have joint Gaussian probability distribution
x
y

!
∼N

a
b

!
,

A C
C0 B

!!

Then, the marginal and conditional densities of x and y can be given as:
x ∼ N (a, A)
y ∼ N (b, B)
x|y ∼ N (a + CB −1 (y − b), A − CB −1 C 0 )
y|x ∼ N (b + C 0 A−1 (x − a), B − C 0 A−1 C)

(continues)

Appendix 2. Deriving the LSQ estimate b̂ and its covariance
Recall the equation,
y = Xb + ε, ε ∼ N (0, σ 2 I).
We can assume that no measurement noise is involved. Such that, ε = 0.
In addition, we suppose X is matrix such that there exist the transpose form. This implies
that,
X 0 · y = X 0 · (Xb + ε)
X 0 y = X 0 Xb + X 0 · ε
We can write that,
X 0 y = X 0 Xb
Solving for b estimate implies,
X 0 X b̂ = X 0 y
Now, suppose all variables in matrix X are linearly independent, then (X 0 X)−1 exist. So
that,
(X 0 X)−1 X 0 X b̂ = (X 0 X)−1 X 0 y
And thus,
b̂ = (X 0 X)−1 X 0 y.
Next, we can obtain the covariance in the following manner:
cov(b̂) = cov((X 0 X)−1 X 0 y)
Using the identity that,
cov(Ax) = Acov(x)A0
And noting that our variable of interest is y, we can write the following.
cov(b̂) = [(X 0 X)−1 X 0 cov(y)X(X 0 X)−1 ]
= cov(y)[(X 0 X)−1 X 0 X(X 0 X)−1 ]
= σ 2 (X 0 X)−1
We should note that cov(y) = σ 2 I = σ 2 . And thus, we obtain the final result of cov(b̂) as
above.

