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Hyperspectral images consisting of a broad range of contiguous spectral bands ought
to be a valuable tool for land cover type mapping. However, the coarse spatial resolu-
tions of remote sensing Hyperspectral images makes a detailed semantic interpretation
and pixel-wise labeling complex. Indeed, the lack of labeled training data is a common
problem that directly a�ects the application of supervised classi�cation of land cover
type mapping. Due to the speci�c conditions rooted in remote sensing hyperspectral im-
agery, remote sensing hyperspectral images are from high spectral dimensions covering
large spatial extents. HSIs generally come with complex inter-variable non-linear de-
pendencies. The lack of labeled data, the intrinsic high-dimensionality and the spectral
non-linearity present in remote sensing hyperspectral images make any pursuant land
cover type classi�cation a challenging and uneasy task.

The primary objective of the present dissertation is to design and to implement new tech-
niques for the classi�cation of remote sensing hyperspectral images that can e�ectively
perform land cover mapping. To achieve this objective, particular focus is placed on the
integration of non-linear manifold learning with unsupervised classi�cation. In this re-
gard, this dissertation incorporates four main contributions, each achieving satisfactory
results in terms of accuracy and precision of classi�cation.

First, an outlier robust geodesic K-mean algorithm for unsupervised classi�cation of hy-
perspectral imaging data is proposed. The proposed algorithm expands the standard
K-means algorithm by an adaptive density-based geodesic distance that is robust to the
presence of outliers and the data with varying cluster shapes. Second, a framework
of multi-manifold spectral clustering based on a Weighted Principal Component Anal-
ysis is proposed. Unsupervised classi�cation via multi-manifold learning has been an
active area in several pattern recognition applications, but it has not been e�ectively
employed in remote sensing hyperspectral image classi�cation tasks. In this disserta-
tion, multi-manifold spectral clustering is explored as applied in hyperspectral image



classi�cation. Third, a new variant of multi-manifold spectral clustering is proposed
that exploits the Contractive Autoencoder for tangent estimation. The multi-manifold
spectral clustering by the Contractive Autoencoder makes a multi-manifold-based clus-
tering model that is more robust to local data variations and the presence of noisy data.
Fourth, a bipartite-graph-based sequential spectral clustering algorithm is proposed for
the unsupervised classi�cation of large-scale remote sensing hyperspectral imaging data.
The proposed sequential Spectral Clustering deals with the scalability limitations of the
standard Spectral Clustering algorithm and extends its applicability to real-world large
sample size hyperspectral images.

To validate the developed classi�cation algorithms in this dissertation, several publicly
available remote sensing hyperspectral images are leveraged, including hyperspectral im-
ages provided by the standard and widely used instruments such as NASA's Airborne
Visible Infra-Red Imaging Spectrometer (AVIRIS) and the Re�ective Optics Spectro-
graphic Imaging System (ROSIS). The experiments on real-world hyperspectral images
result in the conclusion that the proposed techniques can assist in land cover type map-
ping by remote sensing hyperspectral image classi�cation.

Keywords: hyperspectral images, remote sensing, unsupervised classi�cation, geodesic
distance, local outlier factor, manifold learning, multi-manifold, local tan-
gent estimation, tangential similarity, weighted principal component analy-
sis, contractive autoencoder, spectral clustering, mini-batch k-means
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Chapter I

Introduction

This chapter serves as a general introduction to this dissertation work, presenting the
background, the objectives, the main contributions and �nally the dissertation structure.
The chapter is organized into four sections. Section 1.1 gives a brief research background
presented in this dissertation. Section 1.2 lists the objectives, and Section 1.3 introduces
the main contributions and prints out the publications produced. Finally, Section 1.4
describes the structure of the dissertation.

1.1 Background

Airborne remote sensing imagery is a signi�cant tool that has been integrated into several
areas of scienti�c applications such as oceanographic, terrestrial and atmospheric data
analysis [117, 107]. Remote sensing is a standard technique in land cover mapping,
environmental modeling, monitoring and collection geospatial databases [117].

The use of remote sensing has become a common practice in agriculture and agronomy.
Remote sensing is considered an essential tool for providing valuable information regard-
ing the condition, the scale and the management of agricultural land at varying spa-
tiotemporal scales [28, 123, 9]. Remote sensing is an essential part of forestry monitoring
and management systems that, as a critical contributor, re�nes many exhaustive tasks
in relation to deforestation processes, forest species composition analysis, forest canopy
studies, and forest inventory data collection [59, 28, 69]. Urban land cover mapping
powered by remote sensing has notably enhanced traditional land-use planning methods
by automatic visual image acquisition, processing, and more in-depth visualization [33].
Remote sensing also plays a key role in species monitoring that expands the traditional
�eld-based methods for biodiversity assessments of habitats and quantifying losses and
associated recoveries [92, 5].

Naming just a few examples, remote sensing is indeed one of the most valuable techniques

13



14 1. Introduction

involved in several interdisciplinary �elds of science developed in many real-world appli-
cations. Several remote imaging techniques ranging from active radar imagery to passive
optical photography exist. In this regard, airborne hyperspectral imaging is considered
an invaluable technique in land cover studies.

Hyperspectral Image (HSI) is an extension of the conventional digital imaging that con-
sists of hundreds or thousands of �ne spectral bands. Having several �ne spectral bands,
HSIs can provide detailed information to distinguish a wide range of materials. From
discerning tree species [69], pollution monitoring [34, 128], analysis of inland water and
coastal zones [26, 130, 135] to natural risk analysis (e.g. �re [140], �ood [150], and
ground subsidence and deformation [85]), hyperspectral images are being utilized for de-
tailed land cover classi�cation and mapping [91]. HSIs are coupled with rich spectral, and
generally extensive spatial information that, by exploiting the detailed spectral proper-
ties of the vegetation and mineralogy of di�erent land surfaces, can enhance any related
mapping and monitoring processes.

With recent advances in remote sensing hyperspectral sensors and the processing tech-
nologies, hyperspectral imaging systems are capable of acquiring imaging data with even
higher spatial and spectral resolutions. The increase in the resolution of hyperspectral
images expands their discriminative power and, in turn, promotes their capacity to cap-
ture and identify land cover types, even those with very similar spectral characteristics.
High-resolution hyperspectral imaging data o�ers great potential in determining accurate
land cover types that are bene�cial for any land cover analysis.

However, the high resolution hyperspectral images may lead to several challenges in
land cover mapping applications. As the number of narrow spectral channels increases,
HSIs become more vulnerable to redundant and noisy information. Indeed, redundancy
and noise in hyperspectral images make any further analysis tasks hard. As the spatial
resolution increases, HSIs are prone to contain noisy and outlying descriptors that may
not properly re�ect the true land cover types. Along with theses complexities, a large
amount of spatio-spectral information comes with high computational cost making any
real-time processing di�cult. With the increasing number of high-resolution of spectral
features provided by the recent advanced hyperspectral imaging systems, indeed there
is an urgent need for further development of algorithms to produce accurate land cover
mappings.

1.2 Objectives

The accurate classi�cation of di�erent land cover types is of great importance in re-
mote sensing data analysis. Most of the aforementioned remote sensing applications
either explicitly or implicitly render their performance by the quality of land cover types
classi�cations. Quite obviously, proper classi�cation of land cover types guarantees any
further post-analysis tasks. Hyperspectral images with a large number of contiguous
spectral bands should be a powerful tool in the analysis of physicochemical properties
of di�erent land surfaces. Indeed, HSIs provide subtle discriminatory spectral features
that can boost the accuracy of classi�cation. However, they come with complications
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and thus require certain considerations.

The complexities in the classi�cation of HSIs are two-fold. First, due to the inherent
nature of airborne imagery, hyperspectral remote sensing imaging data typically have a
coarse spatial resolution (1-30 m) which makes a detailed pixel-wise semantic interpre-
tation complex. This lack of semantic meaning of the objects in coarse resolution HSI
makes pixel-wise classi�cation a challenging task. This becomes even more complicated
in the supervised classi�cation of remote sensing HSI where the ratio of sample size with
respect to the number of spectral channels is typically low. So often, the unsupervised
classi�cation of real-world HSIs are intractable due to limited and sparsely labeled train-
ing data. Second, compared to the conventional panchromatic imaging data streams,
HSIs consist of a large number of spectral channels, and they usually include larger spa-
tial extents. The large volume of HSI data can adversely a�ect any subsequent analysis
task. HSIs consisting of several �ne spectral features are highly sensitive to uncertain
resources, instabilities, redundancy and inherent nonlinearity, and thus are more complex
and computationally involved in the process.

The primary goal of this dissertation is to design and implement novel and e�cient algo-
rithms that address the problem of thematic classi�cation of remote sensing hyperspectral
imaging data. To achieve this goal, the dissertation primarily puts a focus on non-linear
manifold learning combined with the unsupervised classi�cation of hyperspectral imaging
to produce land cover thematic maps.

Non-linear manifold learning is utilized to address the problems associated with high
dimensionality, data redundancy and non-linearity observed in remote sensing hyper-
spectral imaging data. Speci�cally, two general lines of manifold learning approaches,
single- and Multi-Manifold learning, are studied in their application to hyperspectral
imaging data.

1.3 Contributions

The work developed in this dissertation has contributed to several novel algorithms that
address the challenges observed in remote sensing hyperspectral image analysis and land
cover mapping. In particular, this dissertation focuses on unsupervised classi�cation
attempting to produce the classi�cation of land cover types in the absence of labeled
training data. To this end, it exploits nonlinear manifold learning and unsupervised
classi�cation to develop practical solutions for land cover mapping of remote sensing
hyperspectral images. The main contributions of the dissertation are as follows:

I) An Outlier Robust Geodesic K-means for unsupervised classification of
remote sensing hyperspectral image classification

Clustering or unsupervised classi�cation is an indispensable technique in several advanced
data analysis tasks such as image segmentation, pattern recognition, and data mining,
where labeled training samples are laborious to produce or not adequate for supervised
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classi�cation. The K-means algorithm is one of the widely used clustering algorithms
applied to unsupervised classi�cation of remote sensing hyperspectral imaging data. The
standard K-means relies on the Euclidean distance to encode the dissimilarity among the
data points and in turn is heavily limited to spherical shape data clusters and su�ers
from the presence of either noisy or outlying data.

In this dissertation, the aforementioned problems are addressed by proposing an outlier
robust geodesic K-means algorithm for unsupervised classi�cation of hyperspectral imag-
ing data. The proposed algorithm features three main contributions. First, it replaces
the Euclidean distance with a manifold-based geodesic distance based on the shared
nearest neighborhood similarity model to address the issues of data clusters with non-
spherical shape and varying data density patterns. Second, it combines the notion of
geodesic distance to the well-known Local Outlier Factor (LOF) model to mitigate the
e�ects of outlying data. Third, it develops a new strategy to integrate outlier scores into
geodesic distances that facilitate the task of parameter tuning. Numerical experiments
with synthetic and real-world high dimensional remote sensing spectral data con�rm the
e�ciency of the proposed clustering algorithm.

II) Weighted PCA-based Multi-Manifold Spectral Clustering of remote
sensing hyperspectral images

Remote sensing hyperspectral imaging data may contain hundreds of spectral channels
with very �ne spectral resolution. Hyperspectral images are from high dimensions and
so are prone to noisy and redundant information. Unsupervised classi�cation applied to
hyperspectral imaging data can easily be a�ected by the inherent high dimensionality
and the complex intrinsic data structure of hyperspectral images. Dimensionality reduc-
tion or more generally manifold learning is a critical stage in the processing pipeline of
remote sensing hyperspectral image classi�cation attempting to mitigate the e�ects of
high dimensionality.

The standard manifold learning algorithms, such Principal Component Analysis (PCA)
[131, 88, 106], Multi-dimensional Scaling (MDS) [165] and Independent Component Anal-
ysis (ICA), make strong assumptions on linear data dependencies and do not properly �t
remote sensing hyperspectral imaging data coupled with complex non-linear structures.
Alternatively, non-linear manifold learning can be viewed as a potential approach that
is not restricted by the linearity assumption and can thus deal with data comprising
complex nonlinear data structures.

However, the majority of conventional nonlinear manifold learning algorithms, such as
Isometric Feature Mapping (ISOMAP) [162, 161], Locally Linear Embedding (LLE) [141],
Laplacian Eigenmaps (LE) [14] and Local Tangent Space Alignment (LTSA) [187], rely
heavily on a single smooth manifold representation and will fail if the intrinsic geometry
structure of data resides on multiple manifolds. Indeed, a manifold learning algorithm
based on a single global manifold assumption cannot be a valid solution for data sampled
from various separate manifolds with possible intersections.

In this dissertation, the framework of Multi-Manifold spectral clustering is proposed for
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the unsupervised classi�cation of remote sensing hyperspectral imaging. Multi-Manifold
spectral clustering assumes that data points of di�erent clusters reside on or are close to
multiple low dimensional manifolds that may intersect each other. Through this Multi-
Manifold representation, classi�cation is performed using the well-known technique of
spectral clustering, where pairwise data a�nities are obtained by examining and com-
paring their local geometric information captured as points on local tangent spaces. As
its key features, the proposed algorithm utilizes the notion of shared nearest neighbor-
hood for the construction of the nearest neighbor connectivity model and a weighted
principal component analysis model for a tangent space estimation.

III) Contractive Autoencoder-based Multi-Manifold Spectral Clustering
of remote sensing hyperspectral images

A Multi-Manifold Spectral Clustering model obtains the data clusters through a graph
representation via pairwise tangential a�nities. Indeed, the end performance of a Multi-
Manifold Spectral Clustering model is dependent on the goodness of the local tangential
similarities by which the pairwise data a�nities are computed. The local tangent spaces
are typically approximated by Principal Component Analysis (PCA) via the local data
neighborhood models.

The quality of the local tangent spaces obtained by local PCA is tightly tied to the
sampling quality local neighborhood models. With the sample size less than the number
of the principal components, the principal direction may cripple by noisy or outlying
data [190, 124]. In this way, the presence of heterogeneous data patterns or the presence
of noise and outliers will hinder the performance of local PCA-based tangent estimation
as well as Multi-Manifold Spectral Clustering.

To address this issue, this dissertation proposes a Contractive Autoencoder (CAE)-based
Multi-Manifold Spectral Clustering. The proposed algorithm is similar to the standard
Multi-Manifold Spectral Clustering but adopts an alternative approach based on the
Contractive Autoencoder to estimate local tangent spaces. The integration of the Con-
tractive Autoencoder into Multi-Manifold Spectral Clustering results in a Multi-Manifold
clustering model that is less sensitive to local data variations and the presence of noisy
data.

IV) Sequential Spectral Clustering of Hyperspectral Remote Sensing Im-
age over Bipartite Graph

Spectral Clustering is a widely-used graph-partitioning-based clustering technique that
has a variety of applications in machine learning pattern recognition tasks. Spectral
Clustering does not make any strong assumptions about the shape of data clusters, and
in turn, it is apt to discover clusters with non-linear dependencies and complex non-
convex shapes. At the same time, the standard Spectral Clustering is a scheme based on
graph representation and heavily relies on pairwise data a�nities and the computation
of the graph a�nity matrix. These complexities make this algorithm intractable with
large-scale data. Indeed, utilizing Spectral Clustering for real-world hyperspectral images
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comprising of a large number of samples leads to several challenges, and its applications
are usually restricted to small-scale test hyperspectral imaging data.

In this dissertation, a bipartite-graph-based sequential Spectral Clustering algorithm is
proposed for the unsupervised classi�cation of large-scale remote sensing hyperspectral
imaging data. Firstly, the proposed Spectral Clustering obtains data a�nities over a
bipartite graph representation by which the computation of one-by-one data a�nities
is reduced to the computation of data a�nities to a small set of representatives, called
anchor points. Secondly, it adopts a sequential singular value decomposition approach
to mitigate the e�ects of data with a large number of samples and large size matri-
ces. Thirdly, it replaces the standard K-means algorithm with a mini-batch K-means
algorithm that accelerates optimal clustering convergence with a lower computational
complexity compared to the standard K-mean. Driving on bipartite graph representa-
tion, dropping the number of a�nities to evaluate into a limited number of anchor points,
combined with a sequential singular value decomposition and a mini-batch K-means ap-
proach make it possible to extend the notion of Spectral Clustering to real-world large
sample size remote sensing hyperspectral images.

1.4 Structure of Dissertation

The remainder of this dissertation is organized as follows: Chapter 2, Remote Sensing
Hyperspectral Imaging, presents the theory of remote sensing hyperspectral imaging and
details the pertinent work�ow. Chapter 3, Manifold Learning, presents an extensive
review of manifold learning presenting the background concepts and common method-
ologies required for the dissertation. The manifold assumption and manifold learning are
described and elaborated upon. The common manifold learning techniques are explored
and mathematically described in a consistent way. Chapter 4, Outlier Robust Geodesic
K-means, develops a K-means clustering algorithm based on outlier robust geodesic dis-
tance for unsupervised classi�cation of remote sensing hyperspectral imaging data. The
methodology, the experimental data, the experimental setup and the results are elabo-
rated upon. Chapter 5, Multi-Manifold Spectral Clustering of remote sensing hyperspec-
tral images, addresses the unsupervised classi�cation of Remote Sensing Hyperspectral
Images through the Multi-Manifold Spectral Clustering framework. This includes two
variants of Multi-Manifold Spectral Clustering algorithms where di�erent approaches are
exploited for tangent space estimation. For each method, the methodology, the experi-
mental data, the experimental setup and the results are presented. Chapter 6, Sequen-
tial Spectral Clustering over Bipartite Graph, describes the proposed sequential Spectral
Clustering algorithm applied to remote sensing hyperspectral imaging that uses bipartite
graph representation. The methodology, the experimental data, the experimental setup
and the results are elaborated upon. Chapter 7, Conclusions, summarizes the objectives,
the methods, the experiments and the results, and concludes the dissertation.



Chapter II

Remote Sensing Hyperspectral Imaging

This chapter provides an introduction to remote sensing hyperspectral imaging, brie�y
describing the de�nitions, the main applications, and the relevant challenges. Section
2.1 presents a background for remote sensing and its implications on land-cover studies.
Section 2.2 introduces hyperspectal imaging and comments on its application to the �eld
of remote sensing analysis. Section 2.3 introduces the general processing pipeline to
hyperspectral image analysis and provides an overview of the steps involved.

2.1 Remote Sensing

Remote sensing is the science of collecting information from targets remotely without the
need to make any physical contact [20]. Remote sensing has been actively used in several
areas of expertise including but not limited to medical [62, 103, 51], material quality
assessment [37, 143, 49], geography [152, 119, 20], and most importantly monitoring
of the earth's surface [65, 70, 54]. In the purpose of this dissertation, remote sensing
particularly refers to the study of properties of objects in the earth's surface through
airborne measurements captured by devices onboard aircraft or spacecraft platforms.

Remote sensing attempts to acquire, record and analyze the data of interest from a
certain physical object, area or phenomenon related to the earth's surface at a distance.
Remote sensing is a crucial tool in the earth surface observation [100]. It has been a
widely-used data collection method for monitoring the disposition of the earth's surface
phenomena [100].

Remote sensing deals with situations where the object of interest is not in the immediate
proximity or physical data acquisition is di�cult. Consequently, it has made contribu-
tions to several real-world applications. It has been extensively used in forest inventory
analysis to monitor forest cover change, forest land degradation, and land productivity
evaluation [59, 28, 69]. Remote sensing is considered an e�ective non-contact mechanism
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Figure 2.1: A pro�le of the electromagnetic spectrum, from the lowest fre-
quency to the highest frequency: [Long-Wave Infrared (LWIR), Mid-Wave In-
frared (MWIR), Short-Wave Infrared (SWIR), Near Infrared (NIR), Visual Spec-
trum (VIS), Ultra Violet (UV), X-Rayss and Gamma Rays] [174].

in medical and healthcare applications performing non-invasive bio-medical measure-
ments [160].

Data acquisition in remote sensing is achieved by sensing and processing a signal re�ected
from the object of interest. Electromagnetic Energy (EM) is a common source of the
transmission signal in many remote sensing applications [147, 36, 28]. Given a source of
electromagnetic energy, remote sensing acquires information regarding the points on the
earth's surface by measuring and monitoring the re�ected magnetic energy.

The EM re�ectance is a prominent measure for identifying land cover types. The re�ected
or the emitted EM energy from surfaces varies by either the physical or the chemical
characteristics of materials. Evaluating characteristics of electromagnetic radiation, EM
pro�les can be utilized to recognize of land cover types [147].

The EM may appear over the whole electromagnetic spectrum, 0 Hz to 300 GHz, ranging
from its lowest frequency radio Micro and Radio Waves (longest wavelength), visible
range and up the highest frequency Gamma Rays (shortest wavelength), Figure 2.1.

Remote sensing sensors that utilize electromagnetic energy can be responsive to various
ranges of the spectrum. Depending on what electromagnetic spectra are covered, several
remote sensing systems with di�erent spectral con�gurations are present.

To acquire the EM energy re�ected from a land surface, remote sensing systems may
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Figure 2.2: A typical structure of signal �ow in a remote sensing system for land
surface observation.

rely either on a natural energy source, e.g. sun, or an external arti�cial source of EM
radiations. Remote sensing systems that solely rely on natural EM energy are referred
to as passive or optical systems, while the remote sensing systems based on an external
EM source are referred to as active systems. Multispectral or hyperspectral spectrom-
eters are two examples of passive remote sensing devices where the re�ectance of the
earth's surface is only captured by the natural electromagnetic radiation. Alternatively,
Synthetic Aperture Radar (SAR) [175] and Light Detection and Ranging (LIDAR) [45]
are two typical active sensors that utilize some external synthetic radiations to collect
the backscattered waves from the earth's surface. This dissertation work puts focus on
the analysis of passive remote sensing systems and only deals with hyperspectral images
for land surface classi�cation.

Regardless of what range of EM or how the spectrum is covered, the overall framework of
a typical remote sensing system consists of the acquisition of the back-scattering or energy
emissions from the earth's surface, followed by the transmission and post-processing that
convert the received emissions to image data. Figure 2.2 shows a typical structure of
signal �ow in a remote sensing system applied to a land surface observation, depicting
the process from data acquisition to image data formation.

2.2 Hyperspectral Imaging

Hyperspectral imaging is a particular type of passive remote sensing that covers a broad
range of the solar EM from VIS to NIR. While a multispectral image generally includes
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(a) (b) (c) (d)

Figure 2.3: From conventional image to hyperspectral image: (a) Grayscale
image, (b) Panchromatic image consisting of only color spectra, (c) multispectral
image and (d) hyperspectral image.

3 to 10 bands of measurements, a HSI often consists of over hundreds contiguous bands
with a bandwidth of 10 nm or less [169].

A HSI is basically seen as a variant of a multispectral image, but the pre�x 'hyper'
is placed to emphasize a large number of electromagnetic spectral channels (see Figure
2.3). A large number of bands with �ne resolution in hyperspectral images provide a
broad range of narrow spectral measurements that enables to capture subtle variations
in re�ected EM.

Hyperspectral imagery extends the conventional panchromatic imaging (consisting of
all three distinct channels of color spectra) by including a broader range of recorded
spectra. An HSI can be viewed as 3-dimensional data, of which its �rst and second
dimensions correspond to spatial pixel coordinates, and its third dimension refers to
spectral information corresponding to that pixel position. Figure 2.4 shows a sample
structure of a hyperspectral image, where a spectral pixel (or pixel spectra) is extracted
and plotted with respect to the range of reception spectra.

A large number of contiguous spectral data of very �ne resolution makes HSIs a powerful
tool in the analysis of physicochemical properties of various land surfaces. The very
�ne spectral resolution in this kind of imaging data provides detailed information that
can help provide a better understanding of the bio-chemical and physical processes.
Hyperspectral imaging is indeed a promising approach that enables many important
applications, such as forest management, consisting of species detection or classi�cation,
environmental monitoring, reconnaissance, rescue and search, active target detection,
surveillance, etc.

Having the knowledge of the spectral re�ectance pro�le of the earth's land types enables
us to obtain more in-depth information of the land areas that cannot generally be ob-
served in the visible range. Figure 2.5 presents several sample plots of air-borne spectral
re�ectance data as a function of the incidental spectral wavelength, taken from the U.S.
Geological Survey (USGS) Library [94]. The spectral plots include six di�erent types of
possible land cover or vegetation types including walnut, Russian olive, aspen, plastic
roof, asphalt, and soil. It is noticeable that even though all the green-leaf vegetation,
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Figure 2.4: Three-dimensional hyperspectral cube where a sample pixel spec-
trum is extracted.
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Figure 2.5: Spectral re�ectance of some common land cover types and vegetation
types over the same spectral wavelengths, taken from the U.S. Geological Survey
(USGS) Library [94].
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Figure 2.6: Water content absorption bands: comparing spectral re�ectance
of dry vegetation with the spectral reference of lawn grass, taken from the U.S.
Geological Survey (USGS) Library [94].

walnut, Russian olive and aspen, retain very similar spectral signatures along the Visible
Spectral range (400-700 nm) [115], they exhibit sharp di�erences in spectral radiance
along the Near Infrared range (NIR) [169]. Analysis of spectral signatures of land cover
vegetations can play a crucial role in various applications of forest-cover classi�cation
[95, 71], under-ground infrastructure monitoring [156, 82] etc [24].

Hyperspectral imaging takes advantage of broad and high resolution spectral features
and includes a wide range of the spectrum that is sensitive to water accumulation, so-
called water absorption bands [66]. Comparing the spectral signatures of several dry
grass vegetation types with lawn grass in Figure 2.6 exhibits a signi�cant drop around
the 970, 1200, 1450 and 1950 nm spectra revealing the water content in vegetation leaves.
The presence of a wide range of water absorption bands makes hyperspectral imaging an
important tool that can be utilized in several inland water and coastal zone analyses and
natural risk analyses [163].

Good knowledge of the type of the scanning device and its main characteristics is crucial
to thoroughly evaluating the performance of any potential e�ciencies in hyperspectral
processing. Two common types of hyperspectral scanning devices are whisk-broom and
push-broom scanners [102].

A whisk-broom scanner, as depicted in Figure 2.7(a) is an optomechanical spotlight
sensor that is built on the combination of a rotating planar mirror and a detector. The
role of the rotating mirror here is to sweep across the �ight track and re�ect a narrow
beam of light energy onto the detector assembly. In this way, a whisk-broom scanner
captures a linear array along the scanning direction, sweeping from side to side across the
scanning direction. The whisk-broom scanner is indeed due to the sweeping motion of the
mirror. The detector assembly in whisk-broom scanners is basically of solid-state form
and the spectral component decomposition is performed by prisms, gratings etc. The
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(a) (b)

Figure 2.7: Illustration of two types spectrometers: (a) whisk-broom and (b)
push-broom scanners.

Instantaneous Field of View (IFOV) or cone angle of the rotating mirror is a key element
in the whisk-broom scanning device that determines the resolution of a single spatial
pixel. As whisk-broom scanners utilize a single detector array to record pixels, they
provide images with a high spectral uniformity. Moreover, this kind of scanner utilizes
just a single detector, and as a result, the inter-calibration is more straightforward than
in other scanning systems. However, relying on the mechanical parts of the rotating
mirror limits the scanning integration time to slower data rates.

A push-broom scanner, as depicted in Figure 2.7(b) is a non-mechanical line scanner that
comprises a wide-angle optical system that focuses on a light strip across the whole of the
scene. In this way, the strip image is collected from a narrow slit, and then is spectrally
separated through a di�raction medium such as a prism, grid, etc, and is �nally collected
onto a linear detector array. The detector in push-broom scanners is commonly a Charge
Coupled Device (CCD) two-dimensional array whose rows store spectral data and whose
columns store spatial data. Images in the push-broom scanner are captured one line frame
at a time, where the pixel spacing (the number of pixel samples scanned) determines the
scanning rate in the cross-track direction on the Focal Plane Array (FPA). The scanning
rate of the along-track direction (the number of frame lines scanned) is determined by
the motion of the aircraft and the pixel scan rate [147, 102].

Compared to a whisk-broom scanner, the push-broom scanner does not depend on any
mechanical part, and therefore it has a longer integration scanning time that permits
higher data rates and higher sensitivity. Even with a longer integration time, in terms of
Signal-to-Noise Ratio (SNR) analysis, homogeneity, and stability, a push-broom scanner
might not perform as well as a whisk-broom scanner. Relying on a detector array, each
pixel spectrum in the line of image is acquired by a separate CCD detector element,
and this makes the uniform calibration of push-broom scanners crucial. Striping is a
typical distortion in push-broom scanners caused by variations in sensitivity between
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neighboring elements of the CCD, which makes noise-reduction a vital pre-processing
step in push-broom scanners [147, 102].

2.3 Hyperspectral Image Processing

Remote sensing hyperspectral image processing features several stages. A typical work
�ow for hyperspectral image processing is shown in Figure 2.8 [28]. These stages are not
essentially independent from each other, but there are certain situations where two or
more of these stages are combined. This section provides a brief review of data acquisition
and preprocessing, as a particular focus is placed on feature extraction and classi�cation,
which are the main subjects of this dissertation.

2.3.1 Data acquisition

Data acquisition is the process of collecting hyperspectral images of remote scenes. There
are two approaches to acquire remote sensing hyperspectral imaging: satelite and air-
borne [167].

Satellite hyperspectral imaging refers to a family of hyperspectral images that are ac-
quired by human-made satellites circling the earth's orbit. This kind of imaging is com-
monly used for military reasons, mapping, environmental surveillance, archaeological
surveys and weather prediction. Satellite imagery imposes lower long-term costs and
bene�ts from a reasonably stable platform. Thus, this kind of hyperspectral imaging is
considered an ideal choice for the regular and continuous application. However, due to
the substantial distance of the imaging scanner from the scene, this kind of imaging has
low resolution and does not �t well with applications where high spatial resolution is
required [167].

Airborne hyperspectral imagery is captured by scanners mounted on aircraft. Compared
to satellite imagery, this approach bears lower costs and has higher �exibility. The �ight
line in airborne imagery can easily be adapted according to the desired viewing conditions
and the target scene. This makes airborne imagery a preferred choice for many small
businesses and commercial, and agriculture applications. The spatial resolution and the
clarity of airborne imagery is typically higher than that of satellite imagery, but the
FOV is smaller. It is clear that this imagery is well-suited to smaller areas where a
higher spatial resolution is more likely needed [167].

2.3.2 Preprocessing

Raw remotely sensed hyperspectral imagery is usually accompanied by recording dis-
tortions in the measured electromagnetic energy [167]. The distortions seen in the raw
re�ectance data are in the form of intensity values, or the geometry appear either along
the pixels of a speci�c wavelength or various wavelengths of a speci�c pixel. To have
a reliable processing �ow through an image correction phase, the potential distortions
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Figure 2.8: A typical work �ow chart for remote sensing hyperspectral imaging
[28].
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should be corrected. Depending on the type of spectral scanning device and the environ-
mental conditions, di�erent sources of distortions may exist in hyperspectral imaging.
The correction of hyperspectral imagery may be divided into geometric and atmospheric
corrections [167].

Geometric correction is a key step in image correction and the enhancement phase that
attempts to alleviate geometric distortions. The primary goal of geometric correction is
to alleviate the errors between the recorded image coordinates and reference coordinates.
Geometric distortions can be systematic or unsystematic. While systematic geometric
distortions arise from certain predictable phenomena such as the earth's rotation and
curvature characteristics of the scene surface, unsystematic distortions are caused by
random factors, such as non-uniformity and random changes of sensor platform position.
Unsystematic distortions are more common on airborne remotely sensed imagery and are
more challenging to �x compared to systematic distortions. The correction of unsystem-
atic distortions usually involves non-parametric approaches that rely on a generalized
mathematical model and are not dependent on the sensor pro�le [167].

The increase in the number of bands and spatial resolution of remote spectral imagery
increases the potential unsystematic distortions. Indeed, having a large number of spec-
tral bands makes geometric correction an involved task. Designing schemes for geometric
correction has been an active research �eld. Geometric correction commonly has been
addressed through the two subsequent tasks of georeferencing and orthorecti�cation.
Georeferencing maps the spectrum pixel to reference coordinates. Here, the reference
coordinates can be obtained either implicitly by a set of �xed Ground Control Points
(GCP) or explicitly by an onboard positioning system. Orthorecti�cation corrects the
spectral imagery for topographic distortions and aligns the pixel spectrum for the terrain
relief distortion via a Digital Elevation Model (DEM) [167].

Atmospheric correction aims to correct errors and disturbances induced by the atmo-
sphere. Before reaching the scanning devices, solar EM goes through the atmosphere
two times and is often distorted by absorption and scattering e�ects of atmospheric
gases and aerosols. Common atmospheric distortions include molecules and aerosol scat-
tering and absorption that arise from the presence of water, carbon dioxide, oxygen, and
ozone [167]. In broader terms, atmospheric distortions may generally be classi�ed into
downwelling di�use irradiance, upwelling atmospheric radiance and atmospheric trans-
mittance [40]. Atmospheric correction aims to eliminate these distortions to be able to
better represent the true re�ected EM radiance .

Several methods have been developed for atmospheric correction of remote sensing hyper-
spectral imagery [136]. Atmospheric correction algorithms fall under three main head-
ings: I) scene-based empirical approaches, II) radiative transfer modeling approaches,
and III) hybrid approaches [60]. Scene-based empirical approaches perform atmospheric
correction by examining captured image statistics. These approaches often require in
situ information about the relative surface and the transmission medium. Indeed, com-
prehensive information about the scene and the transmission medium are the dominant
factors that drive the performance of these methods. Radiative transfer modeling ap-
proaches attempt to eliminate atmospheric distortion through an inverse problem. The
forward models are built based on the radiative transfer including the contributions of
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surface and the atmosphere, and afterward, the atmospheric correction is carried out
based on the inverse of this model. Hybrid approaches combine scene-based empirical
approaches with radiative transfer modeling approaches [60].

2.3.3 Feature Extraction

Since remote sensing hyperspectral imaging data contain hundreds of spectral bands,
they are often prone to the curse of dimensionality [15, 90]. Recent remote sensing
hyperspectral data include numerous �ne resolution spectral channels. Even though a
large number of spectral bands yields data with remarkable discrimination power, the
high dimensionality introduces several complexities in the development of any subsequent
task. High-dimensional data spaces tend to be sparse, and as a result the traditional
strategies for similarity indexing become intractable [172]. The notion of proximity or
distance metric, such as Euclidean distance, is inclined to lose their representation power
in high dimensional space [18, 3].

Even though HSIs are basically come from high dimensions, these data quite likely entail
redundant co-variate features [167]. This turns out that the intrinsic data structure,
compared the input dimension, resides on a subspace of much lower dimension. Thus,
feature extraction is considered a vital stage in the processing pipeline of hyperspectral
image analysis aiming to mitigate the hampering e�ects of the curse of dimensionality.
It aims to obtain a salient representation of spectral covariate features while eliminating
noisy and redundant information. As such, various methods are exploited to perform
feature extraction. These can be categorized into two main groups: feature selection and
feature transformation.

Feature selection refers to a class of methods that aims to identify the most informative
spectral features related to the problem of interest. In particular, given the input spectral
feature set, feature selection deliberately attempts to �nd an optimal subset containing
the most relevant features. In this way, feature selection can be seen as a discrete
optimization problem maximizing or minimizing a certain performance criterion. Feature
selection as a solution always comes from the input spectral feature space and, in turn,
reproduces a representation at the original scale that allows us to perform analysis on
the actual physical range. However, these algorithms generally have high computational
complexity and do not often produce robust results with data involving complex and
non-linear structures.

Feature transformation is an alternative approach to addressing the challenges of high
dimensionality in hyperspectral imaging data. The aim of feature transformation is to
map the original input spectral features onto an intrinsic low dimensional feature space.
In this way, the input spectral features are replaced by their projections on the intrinsic
space that is at a signi�cantly lower dimension. Equivalently, feature transformation
transforms the input basis to the intrinsic basis. In contrast to feature selection, feature
transformation does not preserve the scaling of input spectral features and indeed is not
feasible when the original scaling is required. However, when the original spectral feature
space is not strongly correlated to the actual physical properties, feature transformation
can generate new features that can better represent the correlation of data.
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2.3.4 Classi�cation

Information on land-cover mapping is often the most essential part of several environ-
mental or eco-social remote sensing applications [96, 86]. The identi�cation of land-cover
types is a corner processing step in remote sensing analysis and enables further detailed
processing [87]. Accurate information about land-cover types is vital in the management
of natural resources such as vegetation, which is critical for any living organism and
global climate change [179].

Indeed, land cover or land use identi�cation, generally called classi�cation, is an essential
task in hyperspectral image processing. Classi�cation in hyperspectral image processing
is the task of assigning a set of land cover types (classes) to a set of non-overlapping
regions. Given a metric of interest de�ning homogeneity, classi�cation aims at grouping
homogeneous regions of pixel spectra or pixel spatial-spectra. The results in hyperspec-
tral image classi�cation being commonly obtained by a thematic map that indicates the
land cover types in the image [87].

Similar to many other pattern recognition applications, the classi�cation of remote sens-
ing HSIs may be performed by supervised or unsupervised classi�cation.

Supervised classi�cation identi�es land cover types based on an induced soft model that
relies on a priori knowledge about land cover types. In other words, using external in-
formation about land cover classes relevant to spectral or spatial features, supervised
classi�cation builds a concise model by which it also makes predictions on land cover
types. This prior knowledge is formed with samples of hyperspectral imaging pixel spec-
tra labeled with land-cover types that are generally obtained by analysts, through either
�eld work or interpreting aerial photography.

The quality of training data is critical to supervised hyperspectral classi�cation. It is
well-known that even a concise engineered supervised model that is ill-trained with sparse
or low-quality training data is next to useless.

With that said, the near-optimality of the supervised classi�cation is tigthly dpendent
on the quaility of training data [57]. Scaling range of training data should be uniform
and follow certain standards. A variety of data sources may be utilized to collect training
data, and as a result, the collected data may include data of di�erent ranges that can
negatively a�ect the optimality of supervised classi�cation. Training samples represent-
ing a speci�c land cover type are required to fully capture the true variations within that
class. Numerous factors can a�ect the quality of the collected training signatures of land
cover classes. In particular, the variation in data samples of a land cover type can vary by
di�erent elements such as soil type, soil moisture, and vegetation health. The labeling of
training samples should be accurate and represent the true land cover types. Mislabeling
is a common �aw in training data collection and arises from simple typographical errors,
misdescription due to unclarity in the class identi�cation, or misdescription due to an
analyst's skills and expertise [57].

Mislabeled training data is a common phenomenon in the area of remote sensing where
analysts disagree about 30% of the ground truth labeling aerial photography [134]. In
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particular, it is shown that supervised classi�cation with SVM (Support Vector Machines)
is quite sensitive to mislabeled training data as the classi�cation accuracy may be declined
by 8% with training data including 20% mislabeled cases [56]. While several supervised
cutting edge classi�cation algorithms, like deep neural networks models, are present in the
�eld, high quality labeled spectral data are quite few and limited. If the training data
is limited or signi�cantly a�ected by noisy samples, the classi�cation of hyperspectral
imaging data has a high tendency to over-�t. To perform a supervised classi�cation
leading to satisfactory results, the accuracy of training data is a critical factor.

As supervised classi�cation is not in the main interest of this dissertation, for recent
developments of supervised hyperspectral classi�cation methods, the curious reader may
refer to the reference list [108, 127, 142, 183].

Unsupervised classi�cation does not require any prior knowledge about land cover types
for hyperspectral image classi�cation. The land cover classes are produced automatically
by grouping similar pixels into clusters based on their spectral characteristics. Compared
to supervised classi�cation, it is of greater importance since the currently available labeled
hyperspectral data are often quite sparse and are of quite low quality.

Several unsupervised algorithms in literature have been reported for the task of hyper-
spectral image classi�cation. These algorithms can be classi�ed into �ve broad groups:
partition-based, fuzzy, hierarchical, density-based and graph-based methods.

The partition-based clustering methods, such as K-means [105, 176] and K-mediod [129],
divide data into multiple non-overlapping subsets such that each data point belongs only
to a single subset. The partiton-based methods basically follow an iterative procedure
alternating between the cluster assignment and the cluster-to-data �tting [181]. K-means
and the ISODATA [11] are the two widely used partition-based clustering algorithms to
perform remote sensing HSI classi�cation [151].

The partition-based clustering methods partition data into a set of distinct non-overlapping
clusters. On the other hand, the fuzzy clustering, also known as soft-clustering, methods
divide data into a set of overlapping partitions such that each data point can belong to
two or more data clusters. The fuzzy clustering relies on Fuzzy theory, and the cluster
membership assignment takes a continuous value from [0, 1] interval. A gradual cluster
membership in fuzzy clustering enables to assign data points to multiple data clusters.
In [122], a neuro-fuzzy approach based on a weighted incremental neural network is in-
vestigated for hyperspectral image classi�cation. A multi-objective optimization fuzzy
clustering algorithm is applied to the HSI problem in [12]. The FCM algorithm incorpo-
rating the Gustafson-Kessel clustering is used for HSI classi�cation in [22]. A clustering
algorithm based on Fuzzy C-Means (FCM) and Markov Random Fields (MRF) is studied
in [4].

The hierarchical clustering methods build a hierarchical relationship among data to con-
duct data clustering. Utilizing a distance or a proximity measure capturing the similarity
among the data points, the output of the hierarchical clustering is a set of nested data
clusters organized as a tree. Some hierarchical clustering algorithms applied to HSI
include [98], [116] and [63].
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The density-based clustering methods identify data clusters by the examining the den-
sity pattern of data space. Assuming the data cluster are dense regions, separated by
sparse regions, in the density-based methods a data cluster is given by a dense region
that can have any arbitrary shape. Some of density-based clustering algorithms applied
to HSI classi�cation are [2], [120], [53], [186] and [30]. The Gaussian mixture and the
non-Gaussian mixture models are studied for hyperspectral image clustering in [2] and
[53], respectively. In [120], the hyperspectral image clustering is carried out by a multi-
component Markov chain model. In [30], a clustering approach based on a k-nearest
neighbor graph is applied to HSI classi�cation. A nonlocal weighted joint sparse rep-
resentation classi�cation (NLW-JSRC) method is adopted for the HSI classi�cation in
[186].

The spectral clustering methods relies on graph theory to identify data clusters. Repre-
senting data points as the vertices of a graph and the pair-wise relationship of data points
as the edges of the the graph, these methods capture the local neighborhood information
data by similarity graphs. The graph-based methods utilize graph theory to detect data
clusters. Some graph-basaed clustering methods applied to HSI classi�cation include
[29], [170] and [99]. In [29], a stochastic extension of the k-nearest neighbor clustering
(KNNCLUST) algorithm, built on graph representation, is proposed for HSI classi�ca-
tion. In [170], a spectral clustering algorithm based on an anchor-graph representation
is proposed for large-scale HSI data. The HSI classi�cation is addressed through a graph
representation of the joint spatial-spectral information and the spectral clustering in [99].



Chapter III

Manifold learning

Manifold learning is a critical stage in hyperspectral image (HSI) classi�cation. Con-
sisting of hundreds of �ne spectral channels, hyperspectral images basically come from a
high dimensional space and often su�er from the so-called �curse of dimensionality.� The
high dimensionality of raw HSIs makes these data more susceptible to redundant and
noisy information and so introduces signi�cant problems in any further post-processing.
Feature transformation or in more general terms manifold learning is a technique to al-
leviate the problem of high-dimensionality. This chapter investigates data manifolds and
manifold learning in the case of hyperspectral imaging data. Section 3.1 presents the
theoretical background for manifolds in hyperspectral image space. Section 3.2 describes
the concept of data manifold. Section 3.3, introduces manifold learning and reviews the
dominant manifold learning algorithms.

3.1 Motivation

A hyperspectral image contains hundreds of spectral channels with very �ne spectral
resolution and, in turn takes advantage of potentially highly discriminative features.
However, due to high dimensionality, explicit processing of a hyperspectral image is not
straightforward [109]. Like any other sort of high-dimensional data, it may consist of re-
dundant or unwanted noisy information that can degrade the performance of any related
post-processing. The good news is that here the informative spectral information is not
uniformly distributed along the whole ambient spectral space, as will be shown shortly,
and it can be described by a portion of spectral features. In other words, the infor-
mative part of hyperspectral imagery may reside in a low-dimensional space (manifold)
embedded in a high-dimensional ambient space.

With that said, given the high-dimensional hyperspectral data, a realistic representation
of data can be obtained by transforming the input data cloud to a lower-dimensional data
manifold. Once hyperspectral imaging data are captured in such representation, any

33
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down-stream processing such as classi�cation can be carried out more e�ectively. This
leads to improvements in the overall classi�cation performance as well as in computational
complexity.

Figures 3.1 and 3.2 attempt to visually illustrate the concept of an embedded manifold in
the space of hyperspectral imaging. Presenting a real example of a manifold embedded in
hyperspectral imaging space, 500 random spectral samples of di�erent land-cover types
were drawn from the Salinas dataset [1], and then Locally Linear Embedding (LLE)
[141] was applied to obtain lower dimensional embedded manifold projections. Figure
3.1 shows the �rst two dimensions of projections where each land-cover type is color-
coded and is shown in a separate graph-tile. As can be seen, LLE causes data points of
di�erent land-cover types to form di�erent geometric structures. Moreover, the majority
of obtained LLE projections reveal non-linear behavior, and in particular, lie close to a
manifold with a non-linear structure.

Figure 3.1: The 2-dimensional visualization of di�erent land-cover types LLE
projections of the Salinas dataset [1].
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As another example, Figure 3.1 shows projections of the Salinas dataset onto a low two-
dimensional embedded space. The projections were produced by applying t-Distributed
Stochastic Neighbor Embedding (t-SNE) [111] to 8000 random points evenly sampled
across all the land-cover types. Land-color projections are shown by di�erent colors
as described in the legend at the bottom of the �gure. The t-SNE projections represent
di�erent data patterns related to a pertinent land-cover type, each embodied in a distinct
structure where some of them overlap each other. This suggests that the high dimensional
hyperspectral imaging data consists of samples drawn from di�erent clusters that reside
on or close to one or more potentially intersecting manifolds embedded into the high
dimensional space.

Figure 3.2: Visualization of two-dimensional projections of 8000 samples from
Salinas dataset produced by t-SNE [111] (random samples from all data).
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As observed in the above examples, the intrinsic dimension of hyperspectral imaging data
can reside on a lower dimensional space compared to the original input high dimensional
space. Notably, remote sensing hyperspectral images comprising spectral data coming
from di�erent land-cover types manifest a set of distinct non-linear manifolds with poten-
tial intersections. To this end, manifold learning aims to extract such a low dimensional
space from the input high dimensional data, that can characterize the inherent data
patterns.

3.2 Manifold in Hyperspectral Image Space

The geometric realization of a data manifold is the central concept to implement e�cient
manifold learning. A manifold takes the concept of topological vector space from linear
space to curved spaces [110].

Let X be the set of D dimensional N input data points where x ∈ X is a real-valued
vector of dimension D:

x =


x1

x2

...
xD

 .
The set X is a real-valued vector space or a linear space if it is closed under vector
addition and scalar multiplication satisfying the following axioms:

1. Commutativity: xi + xj = xj + xi; ∀xi,xj ∈ X ;

2. Associativity of vector addition: (xi+xj) +xk = xi+ (xj +xk); ∀xi,xj ,xk ∈ X ;

3. Existence of additive identity: x + 0 = 0 + x = x; ∀x ∈ X ;

4. Existence of vector inverse addition: x + (−x) = (−x) + x = 0; ∀x ∈ X ;

5. Associativity of scalar multiplication: µ(λx) = (µλ)x; x ∈ X and µ, λ ∈ R;

6. Distributivity of sum of scalars to scalar multiplication: (µ+λ)x = µx+λx; x ∈
X and µ, λ ∈ R;

7. Distributivity of scalar multiplication to vector addition: µ(xi + xj) = µxi +
µxj ; xi,xj ∈ X and µ ∈ R;

8. Scalar multiplication identity: 1x = x; ∀x ∈ X .

An D-dimensional Euclidean space is a special case of a real-valued vector space equipped
with an inner product that allows us to estimate distances among vectors. The vector
calculus in Euclidean space is limited only to linear spaces. A manifold is the generaliza-
tion of Euclidean space that is locally Euclidean. In topological sense, a second-countable
Hausdro� space Y regards as an d-dimensional manifold if every point y ∈ Y has a local
neighborhood that is homeomorphic to Euclidean space [110].



3.3 Manifold Learning 37

Through manifold representation, one can generalize the vector calculus in Euclidean
space to curved spaces. Compared to vector space representation, a topological manifold
space enables us to capture a global non-linear topological structure while it is locally
Euclidean. Thus, one can build the data models that can be generalized better to the
data with highly complex geometrical structures while preserving the local structure of
data.

Let Y be a d-dimensional manifold embedded in a D-dimensional ambient space where
d ≤ D. Then, for every point x in the input data manifold, there is a neighborhood that
is an open unit ball in Rd [110].

A topological space Y is a manifold if every point y ∈ Y has neighborhoods that can be
continuously mapped onto an open unit ball in Rd and vice versa. In particular, a locally
Euclidean topological manifold is compatible with vector calculus if it is di�erentiable
with the concept of coordinate charts. For example, a circle can be seen as a 1-dimensional
manifold, S1, in a 2-dimensional ambient space R2. Similarly, the surface of a sphere
mimics a 2-dimensional manifold, S2, in a 3-dimensional ambient space R3.

3.3 Manifold Learning

Manifold learning is an active line of research in machine learning algorithms that aims to
learn a lower dimensional embedded manifold from a high-dimensional space [81, 110, 16,
109, 157]. Assuming that the intrinsic geometric structure of the input high dimensional
data lies on a lower-dimensional space, manifold learning algorithms attempt to map
the input data to a lower-dimensional space while preserving the intrinsic geometric
structure. In other words, manifold learning is discrete mapping that relies on certain
features of manifolds and can perform dimensionality reduction.

Given a set of N high-dimensional data points {xi}Ni=1 ∈ X ⊂ RD, a manifold learning
algorithm assumes that the structure of data approximately resides on a lower dimen-
sional manifold Y ⊂ Rd where d is denoted as the intrinsic dimension and d ≤ D. With
Φ is a smooth coordinate mapping on Y, Φ : Y 7→ X , manifold learning is to �nd the
coordinates yi ∈ Y corresponding xi ∈ X .

Knowing that the underlying structure of a manifold can be either linear or nonlinear,
manifold learning algorithms can broadly be divided into two major groups of linear and
non-linear algorithms.

3.4 Linear Manifold Learning

Linear manifold learning algorithms represent the intrinsic manifold through a linear
manifold where the correlation among data variables is linear. A linear manifold, �at
manifold or simply a linear subspace learning algorithm aims to identify a linear subspace
in a high dimensional space while preserving speci�c geometric or statistical properties
of data. In particular, a linear manifold learning algorithm is described by a linear
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transformation of coordinates from the input high-dimensional space to the intrinsic
coordinates.

Recall the input data space X ⊂ RD and the intrinsic space Y ⊂ Rd; the unconstrained
rank-d linear mapping X 7→ Y in matrix form for every x ∈ X and y ∈ Y is as follows:

y = Wx, (3.1)

where W ∈ Rd×D is a linear transformation matrix. Similarly, the linear embedding
Y 7→ X is given as follows:

x = Ay, (3.2)

where A ∈ RD×d is a linear embedding matrix.

It turns out that every coordinate vector is a linear combination of the coordinates of
input space. The following section reviews the two most commonly used linear manifold
learning algorithms PCA andMulti-Dimensional Scaling (MDS).

Principal Component Analysis: Principal Component Analysis PCA is considered
as one of the most in�uential algorithms in multivariate statistical analysis in the 20th
Century. PCA was �rst introduced by [131] and later on re-discovered by Karhunen [88]
and Loeve [106]. This algorithm is relatively simple and e�cient both in terms of theory
and computation. Indeed, PCA is the �rst choice in many real-world applications.

The input to PCA is data vectors, and the output is the intrinsic coordinate vectors,
well-known as principal components. Denote X ∈ RD×N as the zero-mean data ma-
trix containing the data vectors over its columns, PCA �nds the projections of data on
principal components Y ∈ RN×d, known as scores, by linear transformation:

Y = WX, (3.3)

where W ∈ Rd×D is the transformation matrix in Equation 3.1.

PCA follows two heuristics to obtain the intrinsic coordinates: �rst, it aims to �nd
the coordinates that bear maximum variance, and second, it simpli�es the solution by
the orthogonality of coordinates. To this end, PCA evaluates the covariance matrix of
projections for the maximality of variance while imposing the orthonormal constraint.
Avoiding further theoretical abstractions, given the standardized empirical covariance
matrix

Σ =
1

N
XXT , (3.4)

PCA employs the spectral decomposition theorem to estimate the principal coordinates:

Σ = UΛUT (3.5)

where Λ is a diagonal matrix of the ordered eigenvalues and U is an orthonormal matrix
of the eigenvectors. Thus, the intrinsic embedded subspace in PCA is spanned by the
eigenvectors corresponding to the �rst d largest eigenvalues.
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Multidimensional Scaling: Multidimensional Scaling (MDS), also known as Prin-
cipal Coordinate Analysis (PCoA), is an alternative family of linear manifold learning
algorithms [165]. Unlike PCA, this algorithm does not make any assumptions about data
coordinate systems but attempts to preserve the pairwise distances from original input
space to intrinsic space. In other words, MDS formulates the manifold learning problems
as a problem to reconstruct the point con�guration in a low dimensional space utilizing
the distance pro�le.

The input to MDS is the pairwise distances between each pair of data points X ⊂ RD and
the output is the coordinates of points in the intrinsic space Y ⊂ Rd. Depending on how
pairwise distances are being evaluated, several variants of MDS exist [39]. However, this
dissertation mainly focuses on the classical MDS [165] that utilizes Euclidean distance for
capturing data dissimilarities. For further discussion on di�erent approaches to perform
MDS the reader is referred to reference [39].

Let DX and DY be square matrices in RN2

containing the pairwise Euclidean distances
in the input space X and the intrinsic space Y, respectively. In this way, for example
DXij refers to the Euclidean distance between the pair xi and xj , DXij = dX (xi,xj). In
an attempt to �nd the coordinates of points on the intrinsic manifold, MDS aims to
optimize the following objective function:

E(DX ,DY) = min
Y

N∑
i=1

N∑
j=1

(DXij −DYij)
2 (3.6)

Recall the duality between the Euclidean Distance matrices and the inner product ma-
trices (Gram matrices):

G = XTX = −1

2
JDXJ, (3.7)

where J = I− 1
N 11

T and 1 is the column vector of ones. The minimization in Equation
3.6 can be rewritten:

E(DX ,DY) = min
Y

N∑
i=1

N∑
j=1

(GXij −GYij)
2

= min
Y

N∑
i=1

N∑
j=1

(xTi xj − yTi yj)
2

= min
Y

trace((XXT −YYT )2)

(3.8)

MDS obtains the solution to this minimization problem through the eigenvalue decom-
position of the Gram matrix of the input data as [165]

Y = Λ1/2V, (3.9)

where XXT = VΛVT , Λ is the diagonal matrix of the d-top ordered eigenvalues, and
V is the matrix that contains the corresponding eigenvectors. It turns out that if MDS
is utilized by Euclidean distance, the solution to MDS is equal to the solution to PCA
[55]. MDS equipped with Euclidean distance leads to solutions identical to PCA. If
the Euclidean distance in MDS is replaced with a non-linear distance metric, it can be
extended to non-linear models.
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3.5 Non-linear Manifold Learning

Linear manifold learning algorithms such as PCA and the classical MDS, as just de-
scribed, attempt to resolve the redundancy of data through linear mappings to lower
dimensional space. Though these algorithms are simple to implement and e�cient in
several cases, they strictly rely on the underlying linearity assumption and are not ap-
plicable to many real-world scenarios as in high-resolution hyperspectral imagery data
where data usually coincide with inherent nonlinear dependencies, as seen in Section 3.1.
In this direction, nonlinear manifold learning is an alternative family of manifold learning
algorithms that aims to resolve both the redundancy and nonlinearity of hyperspectral
imagery data. The nonlinear manifold learning is a promising research direction, and the
available results are encouraging.

Several non-linear manifold learning algorithms have been developed [162, 161, 173, 144,
141, 14, 47, 111, 126, 187]. However, based on the geometrical structure and the com-
putation complexity involved, these algorithms can be categorized into global, local and
multi-manifold approaches [155]. While the local algorithms emphasize preserving the
local structure and the proximity relationship, the global algorithms aim at preserving
the geometric structure globally.

Even though each of these algorithms utilizes a di�erent philosophy to learn the intrin-
sic data manifold, they often share graph-based representation to capture the desired
manifold statistics, geometry or structure. Thus, non-linear manifold learning can be
seen as a family of algorithms on graph representations particularly focusing on manifold
learning. In this view, non-linear manifold learning is about to capture data structure
by advantaging from the symbolic representations to graph-based data interpretation.

Thus, graph-based representation is a key insight in several manifold learning algorithms.
The following sections brie�y review the taxonomy of graph-based representations in non-
linear manifold learning.

3.5.1 Graph-based representation

Given a set of data vectors sampled from the input D-dimensional space {xi}Ni=1 ∈ X ⊂
RD, an undirected weighted graph is basically represented by a tuple G(V,E) where
V = {vi}Ni=1 is the set of nodes representing the data points, and E = {eij} is a set of
edges connecting the nodes in local proximity [112].

The similarity between a pair of nodes in a graph is described by an edge weight matrix or
so-called a�nity matrix A ∈ RN×N , such that [A]ij refers to the similarity between the
node pair xi and xj . As regards an induced undirected graph, the graph edge weighting
here is commutative, [A]ij = [A]ji and is generally assumed to be non-negative [A]ij ≥ 0.
Thus, [A]ij = 0 implies that there is no edge that links vi to vj , and [A]ij > 0 implies
adjacency between them.

Obtaining graph adjacency weighting, i.e. the a�nity matrix, is a prominent problem in
graph-based learning algorithms. The performance of any manifold learning algorithm
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based on graph representation heavily depends on the goodness of the data a�nities
approximating the pairwise data similarities [188].

The following paragraphs review �ve common approaches for proximity graph construc-
tion:

Fully-connected: Fully-connected graph construction aims to build a complete graph
where an edge connects each node pair. This representation is simply obtained by a
weighting metric de�ning the similarity between graph nodes. Clearly, in this view,
every node is connected to other nodes, and the graph has non-null similarities. Note
that a fully-connected graph can lead to a valid graph representation if the similarity
metric can describe the true local-structure. An example of a fully-connected ruling
model is shown in Figure 3.3(b).

k-nearest neighborhood: k-nearest neighborhood (k-NN) builds a directed proximity
graph connecting each node to its k-nearest neighbors. That is, eij exists between a pair
of nodes vi and vj if vj ∈ Nk(vi), where Nk(vi) denotes the set of k-nearest neighbors
of the node vi. Note that through this representation, the k-nearest neighbors of a
node do not necessarily entirely overlap with the k-nearest neighbors of its neighbor and
as a result, a k-NN based proximity model can only represent undirected graphs with
asymmetric a�nity matrix. An example k-NN connectivity ruling model is shown in
Figure 3.3(c).

The parameter k is the key-insight to the overall performance of k-NN. If the chosen value
of k is too small, then the graph may contain discontinuities leading to an inaccurate
global structure. If the chosen value of k is too large, then the graph may include short-
cut connections that possibly contain an erroneous local structure.

Symmetric k-nearest neighborhood: Symmetric k-nearest neighborhood (k-syNN)
is similar to the original k-NN but constructs an un-directed graph by imposing sym-
metry constraint on k-nearest neighbor connectivity. The symmetry here is achieved by
eliminating edge directions or equivalently combining the pair neighbors that results in
a symmetric neighborhood relationship. In this way, a pair of nodes is connected if one
appears either in its own or that of the others k-nearest neighborhood. Thus, there exists
an edge eij between a pair of nodes vi and vj if vj ∈ Nk(vi) or vi ∈ Nk(vj). An example
of k-syNN connectivity model ruling is shown in Figure 3.3-(d).

Shared k-nearest neighborhood: Shared k-nearest neighborhood (k-shNN) also known
as mutual k-nearest neighborhood (k-mNN) is an alternative ruling to construct undi-
rected graph based on k-nearest neighbor connectivity. To this end, the emphasis is
placed on the mutuality relationship of nodes, and a pair of nodes is considered con-
nected if there are bi-directional edges between them. Thus, there is an edge eij between
a pair of nodes vi and vj if vj ∈ Nk(vi) and vi ∈ Nk(vj). An example of k-shNN
connectivity ruling is shown in Figure 3.3-(e).
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Figure 3.3: Illustration of �ve types of proximity graph construction (k=2): (a)
graph containing six nodes, (b) fully-connected: each node is connected to all
other nodes, (c) k-NN: each node is connected to k-nearest neighbor, (d) k-syNN:
each node is connected to k-nearest neighbors of its own or to the nodes that itself
appears in their k-nearest neighbors, (e) k-shNN: each node is connected to its
k-nearest neighbor nodes that have that node in their k-nearest neighbors. (f)
ε-neighborhood: each node is connected to the nodes whose mutual distances are
less than ε.

ε-neighborhood: ε-neighborhood builds a connectivity graph based on distance thresh-
olding. In this representation, nodes are connected to the other nodes that fall within
a ball of radius ε, or in other words, their mutual distances are less than the threshold
value ε. Speci�cally, ε-neighborhood connects an edge eij between a pair of nodes vi and
vj if dG(vi, vj) < ε, where dG(., .) is a metric that de�nes distance or dissimilarity in the
graph. An example of ε-neighborhood connectivity ruling is shown in Figure 3.3(f).

3.5.2 Global approaches

Isometric Feature Mapping: One of the earliest non-linear manifold learning algo-
rithms is Isometric Feature Mapping (ISOMAP) [162, 161]. ISOMAP can be considered
an extension to the classical MDS that replaces the Euclidean distance by a manifold-
based geodesic distance. ISOMAP relies on a connectivity graph representation, and it
obtains the geodesic distance between a pair of points by the shortest path connecting
the corresponding nodes in the graph. Relying on the geodesic distance that unlike the
Euclidean distance in MDS can capture manifold distances, enables ISOMAP to handle
the manifolds maintaining nonlinear structures.

This algorithm follows two main steps: computing geodesic distance and eigenvalue
decomposition. The use of geodesic distances is the key idea to capturing data non-



3.5 Non-linear Manifold Learning 43

linearities. ISOMAP obtains the manifold geodesic distances over a neighborhood graph
representation of data where manifold geodesics are approximated by the shortest-path.
Thus, the manifold distance between a pair of points dX (xi,xj) is given by the length of
the shortest path connection the corresponding graph nodes.

ISOMAP is an e�cient polynomial time algorithm that �ts data living on a convex
manifold space. Its convergence is asymptotically guaranteed, and given large enough
samples, it would learn the true manifold, invariant up to a rotation and translation
[155].

However, the original ISOMAP cannot handle non-convex manifolds or manifolds with
holes [185]. As ISOMAP utilizes a k-syNN graph representation to compute geodesic dis-
tances, it may go into instabilities with inaccurate k or data of varying local distributions.
ISOMAP strictly relies on graph shortest path estimation and N ×N dense eigenvalue
decomposition that are computationally expensive with a large number of samples N .
This makes ISOMAP ine�cient with large-scale datasets consisting of a large number of
samples.

Landmark Isometric Feature Mapping (L-ISOMAP) [155] and Conformal Isometric Fea-
ture Mapping (C-ISOMAP) [155] are two extensions of ISOMAP that attempt to re-
solve the shortcoming observed in the original ISOMAP. L-ISOMAP addresses the high-
computational burden in the original ISOMAP by sub-sampling termed landmarks. C-
ISOMAP introduces a weighting scheme to reduce the sensitivity of ISOMAP to varying
density patterns.

Maximum Variance Unfolding Maximum Variance Unfolding (MVU) [173] also
known as Semide�nite Embedding (SDE) is a non-linear manifold learning algorithm
that learns intrinsic manifold by isometric mapping. MVU follows similar concept to
ISOMAP but it is di�erent in construction. While ISOMAP builds isometry on the
length of manifold geodesics, MVU puts focus on connectivity and the local Euclidean
distance. Moreover, in exploitation, MVU accommodates semi-de�nite programming and
not eigenvalue decomposition.

Recall the input data X = {xi}Ni=1 and the associated local neighborhoods {Nk(xi)}Ni=1

as given by the k-NN graph. The goal in MVU is to retrieve {yi}Ni=1 such that:

‖xi − xj‖ ≈ ‖yi − yj‖; ∀ xi ∈ X ,xj ∈ Nk(xi) (3.10)

To this end, �rst MVU transforms or �unfolds� data from the non-linear space X to
a linear space Y then seeks for the low dimensional intrinsic space by linear manifold
learning such as PCA or MDS.

Denote ηij ∈ {0, 1} be the kNN membership variable indicating if the points xi and xj
are k-nearest neighbors. MVU approaches non-linear unfolding through an optimization
model maximizing variance of yi ∈ Y:

max
Y

N∑
i,j=1

‖yi − yj‖2, (3.11)
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subject to the isometric constraint:

‖xi − xj‖ ≈ ‖yi − yj‖, ∀(i, j) : ηij = 1 (3.12)

and the centering constraint
yi = 0 (3.13)

De�ne the Gram matrix K such that [K]ij = yTi yj . MVU obtains a solution to the max-
imum variance unfolding optimization in Equation 3.11 by semide�nite programming.

Assuming K is semi positive de�nite follows an optimization in terms of K:

max
Y

trace(K) (3.14)

where the isometry constraint is given as

[K]ii − 2[K]ij + [K]jj = ‖xi − xj‖2 (3.15)

and the centering constraint is given as

N∑
i,j=1

[K]ij = 0. (3.16)

Once the optimal unfolding space Y is composed, the coordinates of the embedded space
are obtained by the classical MDS.

3.5.3 Local Approaches

Local nonlinear manifold learning algorithms attempt to resolve the embedding to the
low-dimensional manifold through a graph representation in which certain local neigh-
borhood information of the input data is preserved. Local approaches are advantageous
over the embedding problems where the data lies over a space whose local geometry is
close to Euclidean, but its global geometry is not. The local approaches usually involve
sparse matrix computation and to a certain extent are computationally e�cient. Several
local non-linear manifold learning algorithms have been proposed, but the most popular
ones are Kernel Principal Component Analysis (KPCA) [144], Locally Linear Embedding
(LLE) [141] and Laplacian Eigenmaps (LE) [14].

Kernel Principal Component Analysis: Kernel Principal Component Analysis
(KPCA) [144] expands the classical linear PCA beyond the linear manifold assump-
tion. Similar to PCA, KPCA is basically an eigenvalue-decomposition based approach,
but rather than explicitly evaluating data in intrinsic space, it exploits the pairwise
similarities, known as kernel functions.

In essence, the theoretical grounds of KPCA are built on the family of kernel methods
[25] that allow us to handle more complex data manifolds involved with intrinsic non-
linearities. The main idea in KPCA is to transform data containing non-linearities to
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a higher dimensional space, through a non-linear mapping function, where data depen-
dencies become linear. Once the data is mapped to a linear space, then it is followed
the classical PCA to perform dimensionality reduction. In other words, KPCA can be
seen as an attempt to adapt non-linear problems such that they meet the requirements
needed by the classical PCA.

To this end, KPCA exploits the so-called kernel trick [153] to compute data covariances
by which it also eliminates computing the embeddings. The input to KPCA is the data
vectors and a semi-positive de�nite kernel function to compute data dissimilarities. The
output to KPCA, similar to PCA, are the coordinates of the intrinsic space Y ⊂ Rd.
Indeed, the type of kernel is a signi�cant determinant factor of the quality of intrinsic
coordinates. KPCA utilized with linear kernels is nothing but the classical PCA. Popular
kernels include Gaussian, Polynomial, and hyperbolic tangent.

Let κ(., .) be a positive semi-de�nite kernel on X × X , that is for every xi,xi ∈ X , the
kernel (Gram) matrix

K =


...

. . . κ(xi,xj) . . .
...

 .
is positive semi-de�nite or

κ(xi,xj) =< κ(.,xi), κ(.,xj) >, (3.17)

where < ., . > denotes the vector dot product, and κ(.,xi) and κ(.,xj) represent the
functions when xi and xj are �xed, respectively.

Then, κ(., .) can be viewed as a real valued function, denoted by Ψ, that implies a
transformation mapping the input space X to a high dimensional dot-product kernel
(Hilbert) space H [146]:

Ψ :X 7→ H
x 7→ κ(.,x)

(3.18)

Without loss of generality, assume H is a zero-mean space,
∑N
i=1 Ψ(xi) = 0. Thus,

KPCA obtains the intrinsic manifold Y ∈ Rd in the kernel space by applying PCA to
the covariance matrix in H:

Σ̄ =
1

N

N∑
i=1

Ψ(xi)Ψ(xi)
T (3.19)

that results in the eigen-decomposition problem:

Σ̄ = VΛVT . (3.20)

The �nal solution is obtained by the kernel trick and formulating Equation 3.20 in forms
of dot products [153]:

NK = V̄Λ̄V̄T , (3.21)



46 3. Manifold learning

where Λ̄ and V̄ are respectively the diagonal matrix of the ordered eigenvalues and the
eigenvectors matrix of the kernel matrix K. In this way, the projection of input data on
the intrinsic coordinates can be obtained by:

Y = KV (3.22)

KPCA theoretically sounds simple and it can be easily applied to non-linear problems.
However, it lacks an intuitive geometric interpretation, and as a result, the choice of the
kernel function is not straightforward [97]. Moreover, as one can easily see, the standard
KPCA requires us to build a kernel metrics between pairs of data, and therefore its usage
may be limited in the case of large real world datasets.

Locally Linear Embedding: Locally Linear Embedding (LLE) [141] is an unsuper-
vised nonlinear manifold learning algorithm that aims to restore intrinsic manifolds by
preserving the local data structures. The local structure in LLE is constructed through
a linear combination of the k-nearest neighbors and the embedding problem is resolved
through an eigenvector-based optimization approach provided that the local structure of
the every data point is preserved. This follows the geometrical intuition that a topologi-
cal manifold can be represented by a collection of overlapping coordinate charts and any
smooth embedding preserves the local relationships.

Unlike the Local-Principal Component Analysis (L-PCA) and ISOMAP, which only re-
constructs the data manifold locally or globally, LLE takes a hybrid approach combining
a local and a global data pro�le. It is local as it attempts to preserve the local data struc-
tures, and it is global as it �nds a global coordinate system through a single eigenvalue
decomposition.

The input to LLE is the data vectors {xi}Ni=1 sampled from a non-linear space X ⊂ RD.
LLE assumes that the neighborhoods of the data manifold can be captured in high
dimensional space and the geometric structure of the data manifold can be represented
by an undirected graph. The output from LLE is the coordinates of points {yi}Ni=1 in
the intrinsic space Y ⊂ Rd.

LLE utilizes the data k-nearest model Nk(xi) to perform data reconstruction in the
embedded intrinsic space. It assumes that each point xi can be reconstructed by a
weighted linear combination of the points in the neighborhood:

xi ≈
∑

j∈N (i)

wijxj . (3.23)

where wijkj=1 is the reconstruction weight coe�cient. LLE obtains the optimal recon-
struction weights by minimizing the reconstruction cost:

min
wi

‖ xi −
∑

j∈N (i)

wijxj ‖2, (3.24)

subject to the sparseness constraint:

wij = 0, if j /∈ N (i) (3.25)



3.5 Non-linear Manifold Learning 47

and the translation invariance constraint:∑
j∈N (i)

wij = 1. (3.26)

Applying the obtained optimal weighting to the intrinsic space Y, LLE �nds the optimal
embedded coordinates by minimizing the reconstruction cost:

min
yi

n∑
i=1

‖ yi −
∑

j∈N (i)

wijyj ‖2 . (3.27)

subject to the centering constraint to eliminate the degree of freedom that yi is translated
by a constant amount:

n∑
i=1

yi = 0n×1 (3.28)

and the unit covariance constraint constraint to avoid degenerate solutions:

1

n

n∑
i=1

yiy
T
i = Id×d (3.29)

Let Y ∈ Rd×N be the matrix of the projection in Y with columns [Y].j = yj , W be
the matrix of the reconstruction weights wij = [W]ij . We can rewrite the quadratic
optimization in Equation 3.27 in matrix form as

‖ (III −W)Y ‖2F= YTMY, (3.30)

where M = (III −W)T (III −W).

LLE obtains Y by the eigenvalue decomposition problem:

MYT = ΛYT , (3.31)

where Λ is a diagonal Lagrange multiplier matrix. To this end, the optimal Y is obtained
by the (d+1) eigenvectors of M corresponding to the d+ 1 smallest ordered eigenvalues
(λ0 ≤ λ1 ≤ . . . λd ) where the �rst eigenvector is constant and is excluded.

LLE is a non-iterative global optimizer algorithm that does not get stuck in local optima
[166]. However, LLE has a number of limitations. The eigenvectors computed in Equation
3.31 are not guaranteed to be independent. LLE cannot deal with unevenly or sparsely
sampled data. Moreover, as the weighting scheme in original LLE is relatively sensitive
to small changes in the neighborhood, it can easily be a�ected by the presence of noisy
data and the neighborhood graph meta parameters.

Nevertheless, LLE has gained great popularity and become the backbone of many man-
ifold learning algorithms [14, 187, 47]. In particular, the famous Stochastic Neighbor
Embedding (SNE) [47] algorithm and its other variants such as t-Distributed Stochas-
tic Neighbor Embedding (t-SNE) [111] and trust-region Stochastic Neighbor Embedding
(tr-SNE) [126] can be seen as extensions to LLE that exploit a stochastic framework in
�nding the intrinsic space of lower dimension.
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Laplacian Eigenmaps: Laplacian Eigenmaps (LE) [14] is a non-linear manifold learn-
ing algorithm that relies on spectral graph theory. LE is similar to LLE, but rather than
characterizing the local structure of the data manifold by geometric intuition, it models
the local structure of the data manifold by spectral graph theory. In LE, data manifold is
approximated as a neighborhood graph and, analogous to the Laplace-Beltrami operator
[35] on manifolds, the embedding is provided by the Laplacian of the adjacency graph.

The input to LE is the data vectors {xi}Ni=1 sampled from a non-linear manifold X ⊂ RD,
and the output is the coordinates of points {yi}Ni=1 in the intrinsic space Y ⊂ Rd. LE
makes similar assumptions as in LLE.

LE follows three main computational steps. It starts by building a nearest neighborhood
graph representation of data. In particular, the graph edge weights are determined by
the heat kernel (Gaussian kernel):

wij =

{
exp(−‖xi−xj‖2

t ), xj ∈ N (xi) r xi ∈ N (xj)

0, otherwise

Consider the simpli�ed embedding problem when d = 1, that is Y = {y1, y2, . . . , yn}.
Denote the data vector by y = [y1, y2, . . . , yn]T . Given the weighted adjacency matrix
W, (wij = [W]i,j), LE computes the embedded coordinates by minimizing the following
cost function: ∑

i,j

(yi − yj)2wij . (3.32)

By this means, the cost function penalizes any instance where a pair of close points in
ambient high dimensional space are mapped into far distant points in an intrinsic low
dimensional space. Setting D =

∑
j wij and L = D−W, the minimization cost function

turns out to be∑
i,j

(yi − yj)2wij =
∑
i,j

(y2
i + y2

j − 2yiyj)wij

=
∑
i

y2
iDii +

∑
j

y2
jDjj − 2

∑
i,j

yiyjwij

= 2yTLy

(3.33)

The general embedding problem of a graph onto a d-dimensional space is given by

min
Y

∑
i,j

‖ Yi − Yj ‖2 wij (3.34)

or equivalently by
min
Y

YTDY=1

tr(YTLY) (3.35)

As in the case d = 1, the solution to the minimization problem is given by the generalized
eigenvalue problem:

LY = λDY. (3.36)
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Similar to LLE, the �rst eigenvector of L is excluded, and the optimal solution of Y is
given by its (d+1) eigenvectors corresponding to the d+ 1 smallest ordered eigenvalues.

Sharing the same assumptions, LE has advantages and disadvantages similar to LLE.
Several extensions to the original LE have been proposed [46, 154, 84, 114]. Hessian
Eigenmaps (HE) [46] extends LE replacing the Laplacian operator by the Hessian oper-
ator. The Hessian operator is utilized to eliminate the de�ciency of the Laplacian, as it
is guaranteed of asymptotic convergence over a broad range of assumptions.

The key importance of LE revolves around its underlying solid theory in spectral graph
theory. LE shares similar theoretical grounds with many other machine learning algo-
rithms such as spectral clustering [73, 42] and graph partitioning [21]. Indeed, LE is one
of the most popular and well-studied non-linear manifold learning algorithms.

Local Tangent Space Alignment: Local Tangent Space Alignment (LTSA) [187] is a
non-linear manifold learning algorithm that relies on manifold tangent bundle alignment
to recover the intrinsic manifold. LTSA is di�erent from the previous non-linear algo-
rithms in two main directions. First, it characterizes the embedded manifold along the
overlapping local tangent spaces, rather than directly manipulating the manifold surface.
Second, it adopts a di�erent approach to perform the eigenvalue decomposition.

LTSA has inputs and outputs, and makes assumptions similar to LE and LLE. There are
three main computational steps involved in performing LTSA. The �rst step is to compute
local tangent coordinates of the embedded intrinsic manifold, followed by computing a
local coordinate transformation matrix. The second step is to build and to align a global
transformation matrix. The third step is to obtain coordinate points in the intrinsic
manifold.

Given a point xi ∈ X and the associated nearest k-neighbors Nk(xi), LTSA computes
the corresponding orthogonal projections {p̃ij}j∈Nk(xi) on the tangent space of X at x̄i
denoted Tx̄i

X by:

p̃ij = {xj − x̄i}j∈Nk(xi) (3.37)

where x̄i is the center of the set including xi and its neighboring points. Denote P̃i ∈
RD×k as a matrix containing the projections p̃ij and rewrite Equation 3.37 in matrix
form:

P̃i = XiH, (3.38)

where Xi is the matrix containing neighbors to xi and H = Ik − 1
k1k1

T
k ∈ Rk×k is

the centralizing matrix. LTSA applies PCA to P̃i by the Singular Value Decomposition
(SVD):

XiH = USVT (3.39)

that provides the coordinates of the local tangent space of Y at ȳi, TȳiY ⊂ Rd, given by
the d left singular vectors Ud corresponding to the d-reduced SVD.

XiH = UdSdV
T
d . (3.40)
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Let f be a parametrization (embedding) from TȳiY to X such that xj = f(yj). By
applying Taylor expansions about the neighborhood of ȳi, one can see:

xj − x̄i = ∇f(ȳi)
T (yj − ȳi) (3.41)

that for all {xi}ni=1 turn outs:

XiH = ∇f(x̄i)YiH. (3.42)

Using Equation 3.40, rewrite for YiH:

YiH = (∇f(x̄i))
−1XiH

= (∇f(x̄i))
−1UdΣdV

T
d

(3.43)

Denote L = (∇f(x̄i))
−1Ud and SdV

T
d = Θi. Then, this follows:

YiH = LΘi, (3.44)

that turns out that L = YiHVdΣ
−1
d gives the local coordinate relations in TȳiY.

From this, LTSA obtains optimal embedded coordinates by a cost function governing the
global alignment:

E(Y) =
∑
i

‖YiH− LΘi‖2F

=
∑
i

‖YiH−YiHVdΣ
−1
d Θi‖2F

=
∑
i

‖YiH(I−VdV
T
d )‖2F

(3.45)

Denote Wi = H(I−VdV
T
d ), it follows

E(Y) =
∑
i

‖YiWi‖2F (3.46)

LTSA converts the local relations for all Yi instances to a single global model. It achieves
this by extending the k × k matrix Wi to an N ×N matrix K:

K =
n∑
i=1

Wi (3.47)

that de�nes a single global alignment kernel matrix. Note that K is de�ned as a sym-
metric positive-de�nite matrix. Then this results in LTSA having a non-iterative cost
function:

min
Y

YYT =I

‖ YK ‖2F , (3.48)

that can be solved through the eigenvalue decomposition of K.

Compared to the previous methods LLE and LE, LTSA has signi�cantly lower compu-
tational complexity as it employs eigenvalue decomposition on local data patches rather
than on the entire data. However, the performance of LTSA depends on the distribution
pattern and the intrinsic linearity of the data clusters.
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3.6 Multi-Manifold Approaches

The non-linear manifold learning algorithms described above are generally limited by the
assumption of a single global manifold. That is, these algorithms strongly assume that
the data is sampled from a single manifold and as a result, they can only represent data
in terms of a single global coordinate system. The single manifold assumption sounds a
valid choice that allows us to utilize many geometric tools. However, in many complex
real-world situations, this can be seen as quite restrictive as data point clouds might
include several classes that each resemble a separate manifold of distinct geometry. Thus,
if data is drawn from multiple manifolds, the algorithms based on the single manifold
assumption would not achieve satisfactory results [17].

To this end, multi-manifold learning is considered as an alternative line of research that
attempts to retrieve an intrinsic data structure consisting of multiple manifolds. The
insight here is that the data is comprised of di�erent classes, and a single global coordinate
system is not su�cient to characterize the structure of data. Multi-manifold learning
concerns with data as a union of multiple manifolds where each manifold is attributed
to a speci�c data class.

During the last decades several multi-manifold learning algorithms have been proposed.
A large group of these algorithms expands the conventional learning algorithms from sin-
gle manifold models to multiple manifolds. In [178], an ISOMAP based multi-manifold
learning for non-intersecting manifolds is introduced. The multi-manifold problem in
this algorithm is addressed by a two-sided geodesic distance model governing the inter
and intraclass geodesic distances di�erently. In [159], Manifold Clustering also known
as k-manifold proposed to resolve the multi-manifold learning with possible intersec-
tions. This algorithm is initialized by ISOMAP but afterward accommodates Expecta-
tion Maximization (EM) combined with MDS to simultaneously partition and build the
intrinsic manifolds. Isometric multi-manifold learning [52] is another algorithm based
on ISOMAP to perform multi-manifold learning. This algorithm exploits a top-down
approach to characterize data manifolds, carrying manifold identi�cation and manifold
learning separately. A graph embedding-based manifold learning, named Multi-Manifold
Discriminant Analysis (MMDA) is proposed in [182]. In this algorithm, data manifolds
are discovered through a Fisher discriminant analysis framework and perform Locality
Preserving Projection (LPP) [77] for intrinsic manifold learning. In [133, 78], extensions
is made to the well-known Locally Linear Embedding (LLE) for data with multi-manifold
structures.

Another taxonomy of methods in multi-manifold learning incorporates the manifold
structure into the clustering problem. These algorithms do not necessarily aim at the
discovery of the intrinsic manifold coordinates. But, instead, relying on multi-manifold
modeling, they mainly pursue data clustering as manifolds according to a speci�c local
geometry of interest. In [13, 64, 145], dimension or density information of data is incor-
porated into the clustering algorithm. Multi-manifold clustering via energy minimization
is performed in [72]. In [48], a sparse-coding-based spectral clustering is proposed. In
[6], High Order Spectral Clustering (HOSC), spectral clustering is done based on higher
order graph a�nities.
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As a special case of multi-manifold clustering, several algorithms are based on the spectral
clustering utilizing local tangent space a�nities [67, 171, 68, 7, 41, 75]. These algorithms
that are typically known as Multi-Manifold Spectral Clustering (MMSC) can be seen
as variants of the standard spectral clustering algorithm where the data a�nities are
de�ned by the similarity of local tangent spaces. The detail assessment of MMSC through
unsupervised classi�cation of HSI is addressed in Chapter 5.



Chapter IV

Outlier Robust Geodesic K-means

This chapter proposes an outlier robust geodesic K-means algorithm for unsupervised
classi�cation of high dimensional data with application to hyperspectral image classi�ca-
tion. In this context, the proposed algorithm features three novel contributions. First, it
employs a shared k-nearest neighborhood (k-shNN)-based distance metric to construct
the proximity graph representation of data. Second, it combines the notion of geodesic
distance to the well-known Local Outlier Factor (LOF) scoring model to evaluate the
local density patterns. Third, it introduces a new ad-hoc strategy to integrate data out-
lier scores into geodesic distances, de�ning a density-based geodesic distance. Numerical
experiments with synthetic and real-world remote sensing hyperspectral data show the
e�ciency of the proposed algorithm in clustering of high-dimensional data in terms of the
overall clustering overall accuracy and the average precision. The chapter is organized as
follows: Section 4.1 brie�y reviews the K-means algorithms and the associated challenges.
Section 4.2 investigates the framework of density sensitive geodesic K-means and presents
the main steps involved. Section 4.3 introduces the outlier robust geodesic algorithm and
describes the key features involved. Section 4.4 and 4.5 describe the experimental setup
and evaluation data. Section 4.6 presents experimental results and evaluations.

4.1 Introduction

The K-means algorithm is one of the widely-used clustering algorithms in the area of
cluster analysis, and it has been integrated into various image processing, data mining and
pattern recognition applications. K-means is an objective function-based optimization
scheme that iteratively assigns data to K clusters while attempting to minimize intra-
cluster variation.

The K-means algorithm is simple and scalable to a wide range of data types. K-means
assumes Euclidean distance as the metric to measure data dissimilarities and thus tends
to produce clusters of spherical shape. Although this assumption has been shown to be
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reasonable for many applications [168, 176], it is not universally true with data clusters of
non-spherical and complex shapes, such as spatial data and hyperspectral remote sensing,
as shown in Section 3.1. Moreover, the standard K-means algorithm can adversely be
a�ected by outliers and thus is not able to achieve realistic results if the clusters are
contaminated by outlying or noisy data.

To address the shortcomings of the standard K-means, several variants of the K-means
algorithm have been developed [58, 89, 176]. The density-sensitive geodesic K-means [8],
henceforth DGK-means, is an extension to the standard K-means that tries to address the
issues of non-spherical clusters and outlying data. The DGK-means algorithm replaces
the Euclidean distance with a manifold-based geodesic distance metric, which is resistant
to outliers. With proper initialization, the DGK-means algorithm is e�cient and often
produces reasonable results. However, this algorithm su�ers from two main di�culties:
�rst, it can easily be a�ected by the curse of dimensionality, and second, it may fail if
the data clusters come from di�erent density patterns.

To this end, this dissertation work investigates the DGK-means and proposes an outlier
robust geodesic distance-based K-means algorithm, called the ORGK-means. The pro-
posed ORGK-means algorithm attempts to address both issues of high-dimensionality
and data of varying cluster densities. Three main contributions are made in this algo-
rithm. First, an alternative pairwise distance measure based on Shared Nearest Neigh-
bors (SNN) criterion is proposed. The main strength of the proposed distance measure
comes from the notion of SNN as a remedy to the curse of dimensionality. SNN, origi-
nally introduced as a similarity measure based on nearest neighbors [83], is considered
an e�ective method for problems involving high-dimensional data, clustering of data of
varying size and distribution and data contaminated with outliers [79]. Its utilization
has been reported in several applications with high-dimensional data [184, 50, 121, 164]
and outlier-scoring algorithms [189]. Second, in an e�ort to produce a more realistic
outlierness measure, the well-known Local Outlier Factor (LOF) based on the notion
of geodesic distances, replaces the classic k-NN density estimation. By using geodesic
distance based LOF, the ORGK-means algorithm is expected to be robust to density
�uctuations. Third, to provide more �exibility in modeling and improved usability, a
double sigmoid function with adaptive parameter estimation is proposed to integrate
outlier scores into the distances.

4.2 Density sensitive geodesic K-Means algorithm

There are three main features in the DGK-means algorithm: general distance K-means,
density sensitive geodesic distance, and geodesic K-means. Most of this section para-
phrases the Geodesic K-means in [8].

4.2.1 General distance K-means

The DGK-means reformulates the whole update process in the standard K-means to
a generative procedure, called general distance K-means, that can utilize any distance
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metric. Let X = {xi}
N

i=1
be the set of N real-valued data points of dimension D to be

clustered ontoK data clusters C = {Cl}Kl=1. Given the distance metric dX : X×X → R+,
the general K-means algorithm aims to minimize the objective loss function:

WGD(X) =
K∑
l=1

∑
xi∈Cl

∑
xj∈Cl

d2(xi,xj). (4.1)

Let (X , dX ) be the metric space. Knowing that X can be mapped onto Euclidean space,
the minimization of the objective function in Equation 4.1 can be performed iteratively
without explicitly calculating the cluster centroids. Denoting the cluster membership
function at iteration t + 1 by γ

t+1
(xi) : X → {l}Kl=1, the cluster assignment update for

every data instance xi is given as follows:

γt+1(xi) = arg min
1≤l≤K

(
2

Nl(t)

∑
xr∈Cl(t)

d2
X (xi,xr)−

1

N2
l (t)

∑
xr,xr′∈Cl(t)

d2
X (xr,xr′)

)
, (4.2)

where Nl(t) is the number of samples in the data cluster Cl at the previous iteration t.

4.2.2 Density Sensitive Geodesic Distance

The geodesic distance is the fundamental element in the DGK-means algorithm impos-
ing the global structure of the data. Through the sparse k-nearest neighborhood graph
representation of the data, denoting the data points as the graph nodes and the cor-
responding pairwise distances as edge weights, the distance between two data points is
given by the sum of the edge weights of the shortest path connecting them.

Geodesic distance based on pure Euclidean distance may be inaccurate in the presence
of noisy data and outliers. To reduce the e�ects of outliers, the DGK-means algorithm
incorporates the outlierness pro�le of data into geodesic distance estimation. It achieves
this through an exponential transfer model that adjusts the geodesic distance between
two points by their corresponding local densities:

ωij = exp
( 1

σ2
max

(
f̂(xi), f̂(xj)

))
‖xi − xj‖. (4.3)

The DGK-means algorithm captures the outlierness of data by their local densities, par-
ticularly computed using an unbiased model of the multivariate k-NN density estimator.
The density of points in the k-NN term is de�ned over its surroundings modeled by the
spherical region whose radius Rkxi is equal to the distance from the point to its kth

nearest neighbor.

f̂(xi) =
k − 1

N vol(xi)
, (4.4)



56 4. Outlier Robust Geodesic K-means

where N is the number of samples and vol(xi) regards to the volume of a D-dimensional
sphere at xi with radius Rkxi.

Although this formulation produces robust geodesic distances in low dimensions, it does
not perform well in high-dimensional spaces. The geodesic distances on the k-nearest
neighborhood graph based on Euclidean distance su�er from the concentration problem
in high dimensions and cannot capture thoroughly the similarity of data points [58].
Moreover, the k-NN density estimator in the DGK-means algorithm can easily be a�ected
by the curse of dimensionality. k-NN density estimator relies on the computation of
the volume of the sphere to represent the far-end local neighborhood of data, which is
numerically intractable with a low number of data samples in high dimensions.

The unit sphere shrinks and becomes sparse with increasing dimensionality which makes
the k-NN density estimator converge slowly. The number of samples needed for obtaining
accurate density estimates grows slowly with the dimension of data [125]. In particular,
one can show that the accuracy of density estimates of a N = 50 samples kernel density
estimator with the target density of the standard Gaussian in one dimension can be
obtained with more than N = 106 samples in ten dimensions [148]. In essence, the
increasing sample sizes in modern data ingestion can not still help with high dimensions.

4.2.3 Geodesic K-means

The DGK-means as per the general distance approach requires all intra-cluster distances
to be computed and is computationally expensive. The DGK-means algorithm may be
reformulated within a randomized baseline that eliminates the multiple invocations of
intra-cluster pairwise distance computations. The DGK-means achieves this through a
randomized process in which virtual cluster centroids are estimated over a random sample
set of each data cluster at each iteration.

Given the k-neighborhood graph representation of data, G, let W be the matrix of
geodesic distance weights and rs be the sampling rate. The distance from each data
point xi to the l-th virtual cluster centroid, {l}Kl=1, denoted by x̃N+l, is estimated as:

`(x̃N+l,xi) =
2

[rsNl(t)]

∑
xr∈Sl(t)

d2
G,W (xi,xr)−

1

[rsNl(t)]2

∑
xr,xr′∈Sl(t)

d2
G(xr,xr′), (4.5)

where Sl(t) is the set of [rsNl(t)] samples randomly taken from the data cluster Cl(t) at
iteration t.

Based on the obtained distances from the virtual centroids, the graph G̃ is augmented
by adding the nodes x̃nl

and the edges to the xi in Nk(xn+l). The corresponding edge
weights are augmented to the edge weight matrixW(n+l),i equal to `(xn+l,xi). The clus-
ter assignment is explicitly updated considering the distance to virtual cluster centroids:

γt+1(xi) = arg min
1≤l≤m

dG̃,W (xi, x̃n+l) (4.6)
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4.3 Outlier Robust Geodesic K-means Algorithm

The ORGK-means follows the same outline as that of the DGK-means algorithm but
introduces three particular improvements in the formulations of the geodesic distances,
the density estimation, and the weighting transform model.

4.3.1 Distance Metric based on Shared Nearest Neighborhood

The proposed ORGK-means algorithm adopts an alternative strategy based on the no-
tion of Shared Nearest Neighborhood (SNN) similarity to compute pairwise distances.
Distance measures based on SNN, also referred to as secondary SNN-distance measures,
have been shown e�cient in high dimensional data space [79, 164] that can perform well
with data of di�erent sizes, shapes and varying distributions [50]. SNN-based similarity
of a pair of points is the degree by which their underlying patterns overlap with one
another. In terms of the sparse k-nearest neighborhood graph as described in Section
3.5.1, the SNN-similarity of two data points is seen as the number of points shared by
the k-nearest neighbor lists of those points.

Given the set of k-nearest neighbors Nk(xi) and Nk(xj) of the points xi and xj , the
SNN-based similarity is given by the number of their common neighbors:

sim
SNNk

(xi,xj) = |Nk(xi) ∩Nk(xj)|. (4.7)

A normalized SNN similarity measure is de�ned by the ratio of the number of common
neighbors simSNNk

(xi,xj) to the total number of neighbors k called as simcosk:

simcosk(xi,xj) =
simSNNk

(xi,xj)

k
. (4.8)

Several SNN-based distance measures can be constructed based on the simcosk metric
[79].

dinvk(xi,xj) = 1− simcosk(xi,xj)

dacosk(xi,xj) = arccos(simcosk(xi,xj))

dlnk(xi,xj) = − ln simcosk(xi,xj)

(4.9)

In this work, the SNN-based inverse distance dinvk is utilized.

dinvk(xi,xj) = 1− simcosk(xi,xj) (4.10)

4.3.2 Geodesic-based Local Outlier Factor

The ORGK-means algorithm proposes a geodesic-based Local Outlier Factor (gLOF) to
rank the outlierness of data. LOF [27] is an outlier scoring algorithm that relies on the
k-nearest neighborhood model and the notion of local reachability density. In the same
way as LOF, gLOF bene�ts from several advantages. First, it is a non-parametric and
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model-free approach that does not make any assumptions regarding the distribution of
data. Second, it is less sensitive to changes in the density of data distribution patterns.
gLOF incorporates both the local and the global structure of the data, and therefore it
provides a richer outlier scoring scheme.

To compute the outlier score of an individual point, gLOF compares its local density with
those in its neighborhood. The local density in gLOF is obtained via local reachability
density that is described below. It takes the ratio of the local reachability density of the
data point to the median local reachability density of its surrounding neighbors. This
is di�erent from the original LOF where the arithmetic mean is utilized to approximate
the local neighborhood reachability density. The core idea in utilizing the median is to
make the density estimator more robust to outlying points. When an external point or
a point belonging to other clusters is located in the neighborhood, the mean is likely
to misrepresent (underestimate) the dispersion of neighborhood local densities as they
are dominated by the local density of that outlying point. In such cases, the median is
considered a reasonable choice that is more robust to outliers.

Formally, the gLOF score of a point xi is given by:

gLOFk(xi) =
median {lrdk(xj)}xj∈Nk(xi)

lrdk(xi)
, (4.11)

where lrd(xi) describes the local reachability density of the point xi over its local neigh-
borhood.

The local reachability density is loosely estimated as the inverse of the median of the
reachability geodesic distances to the point xi from its neighbors. The local reachability
density at point xi is de�ned as follows:

lrdk(xi) =

(
median

{
rdk(xi,xj)

}
xj∈Nk(xi)

)−1

. (4.12)

where rdk(xi,xj) refers to the reachability geodesic distance from xi to xj given by:

rdk(xi,xj) = max(Rk(xi), dG(xi,xj)). (4.13)

Here, Rk(xi) is the geodesic distance from xi to its k-th nearest neighbor and dG(xi,xj)
is the geodesic distance from xi to xj . The geodesic distance is de�ned by the shortest
path over the k shared nearest neighborhood graph representation with the SNN-based
inverse distance metric dinvk. The reachability distance rdk(xi,xj) is asymmetric, and
its role is to enhance the stability of results. It is de�ned to smooth out the statistical
�uctuations in dG(., .) when it is small compared to the distance of k-th neighboring point.
The larger the value of k, the greater the smoothing is applied. The gLOF value of a
point xi located in a homogeneous region with uniform density (inlier) is approximately
1, but it is of higher value if the density of the local neighborhood of its neighbors is
higher than the density of the local neighborhood of the point itself (outlier).
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4.3.3 Weighting transform model

The �rst-order exponential weighting model used in the DGK-means algorithm is de-
signed to map density values within a [0 1] interval onto [1 ∞]. Such a weighting model
does not suit the ORGK-means algorithm where the outlierness of the data is ranked
by gLOF scores not limited to the range [0 1], nor is the normalization straightforward.
Besides, the model used in DGK-means strongly depends on the scaling parameter σ
whose selection is not well-de�ned.

To address these issues, the ORGK-means algorithm relies on a sigmoid function model to
transform the outlier scores to the geodesic distances where the extreme outlier scores are
eliminated. Speci�cally, the weighting transform model is built upon the double sigmoid
function whose parameters are adaptively tuned by an examination of the genuine outlier
score distribution in an ad hoc manner.

Denote the outlier scores of the points xi and xj , obtained from the gLOF model, by si
and sj respectively. The proposed weighting function is given by:

ωij =


(

1 + exp
[
− 2

max(si,sj)−τ
α1

])−1

, if si, sj < τ(
1 + exp

[
− 2

max(si,sj)−τ
α2

])−1

, otherwise

where τ is the threshold parameter beyond which a data point is considered an outlier.
The α1 and α2 are edge parameters that de�ne the region [τ − α1 τ + α2] at which the
weighing function is approximately linear, see Figure 4.1.

Choosing a proper value for the threshold parameter τ is highly dependent on the data
as gLOF produces a varying range of scores relative to the underlying local and global
structures of data. However, since the scores obtained by gLOF are typically positively
skewed, the value of parameter τ can be set to the mean of the genuine score distribution.
In positively skewed distributions, the mean pulls towards the direction of skew (the
direction of the outliers) and therefore can provide an approximate basis for the decision
about the outlierness of data.

The mean of the genuine score distribution can reasonably approximate the maximal
inlier score value, but the value can become too large if there are erratic deviations
in score values or the genuine distribution is extremely skewed. To address this issue,
the mean is estimated over truncated data such that a certain percentage of data, op,
corresponding to the largest outlier scores is discarded. The mean obtained in this manner
resembles the truncated mean estimator that is less sensitive to extreme outliers.

Inspired by the de�nition of skewness as the measure of asymmetry about the mean, the
value of α1 can be set to truncmeanop(si)−mode(si) and the value of α2, not as critical
as τ and α1, can be set to any value lower than max(si)− truncmeanop(si).
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Figure 4.1: Weighing transform model by double sigmoid function. τ : the
threshold parameter beyond which a data point is considered an outlier; α1 and
α2: the edge parameters de�ning the linear region [τ − α1 τ + α2]

4.4 Experimental Setup

The e�ciency of the proposed ORGK-means was evaluated as compared to a num-
ber of methods including standard K-means, k-NN-based geodesic K-means, SNN-based
geodesic K-means and density-based geodesic K-means, respectively denoted as K-means,
GK-means/KNN, GK-means/SNN and DGK-means. To ensure fair evaluation, all the
algorithms were experimented by a pre-known number of clusters and identical randomly
initialized data-to-cluster assignments. Given the number of clusters as well as the initial
data-to-cluster assignments, the proposed ORGK-means algorithm requires the param-
eters: the top percentage of outliers op and the number of nearest neighbors k, to be
speci�ed.

The top outlier percentage op de�nes the percentage of data points that are considered
as extreme outliers. The extreme outliers can heavily a�ect the end clustering results
and so are excluded during geodesic distance computation and the clustering. The top
outliers percentage op can be set empirically by a domain expert or can be approximated
by the analysis of the genuine outlier score distribution. Here, in the case of the synthetic
datasets, the value for op was chosen based on the original percentage of added outliers,
and in the case of the real datasets, it was chosen empirically by searching the range
from 0.01 to 0.1.

The number of nearest neighbors k de�nes the neighborhood size in the NN-model and
signi�cantly a�ects the performance of computing geodesic distances and outlier scores.
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From geometric intuition, a neighborhood size that is too widely de�ned may ignore
small-scale local patterns on the data manifold and may result in inaccurate geodesic
distances. Very large-sized neighborhood may also include data points of di�erent clusters
in a local neighborhood, proportionally over-smoothing outlier scores. On the other hand,
very small neighborhoods may break a uniform data manifold into several disconnected
sub-manifolds leading to granular clusters and misleading outlier scores.

Determining a proper value for k is not a trivial task, and here the experimental results
are reported by the �xed values that have achieved optimal performance. In particular,
the number of nearest neighbor versus overall accuracy was searched for within the range
from 5 to 150, and only the best cases were reported for the methods used.

4.5 Data

Evaluation of the proposed ORGK-means algorithm for clustering in high dimensions
was carried out using synthetic and real remote sensing hyperspectral data.

Synthetic data: To investigate the ability of the proposed ORGK-means algorithm several
datasets of di�erent dimensionality were generated. The datasets were constructed to
generate unbiased data sampled from the Gaussian distribution over an increasing range
of dimensions [2, 4, 8, 16, 32, 64, 128, 256, 512] that share certain attributes. Outliers
were uniformly scattered with the outlier ratio of 5% and 10% of the total number of
samples. Inspired by [79], data series were generated from the three classes of 8-Relevant,
Half-Relevant and All-Relevant, each di�ering in the portion of informative variables
that are relevant to clusters. As an example, in the 8-Relevant data series, only eight
variables are correlated to the data clusters, and the rest of the variables are random data
sampled from the standard Gaussian distribution. Each dataset contained 500 samples
that were uniformly divided into 7 clusters whose mean and variance were uniformly
randomized ensuring data came from well-separated clusters of various distributions and
that every pair of clusters had 10% overlap at most. In total, 6 data series were used
for the experiments: 2 data series for each class that ranged over certain dimensions
[2, 4, 8, 16, 32, 64, 128, 256, 512].

Real data: Two di�erent benchmark hyperspectral image datasets were used for experi-
ments: Botswana and SalinasA.

The Botswana dataset was acquired by NASA EO-1 satellite over the Okavango Delta,
and the corrected version of the data included 145 bands. Seven out of the 14 classes
with an equal number of 225 samples were chosen for the experiment. A total of 1575
data samples of dimension 145 were distributed to 7 classes.

The SalinasA is an 86×83 subscene from Salinas hyperspectral image. Th original Salinas
dataset was collected by the Airborne Visible Infra-Red Imaging Spectrometer (AVIRIS)
over Salinas Valley in southern California, USA. The hypercube is characterized by a
3.7m pixel size and 224 bands (including the noisy bands), but the water absorption
bands, including 59 − 67, 81 − 82, 108 − 112, 154 − 167 and 224, are excluded in the
experiments. The test hypercube consists of 7138 samples of dimension 204 comprising



62 4. Outlier Robust Geodesic K-means

of 6 di�erent classes of broccoli, senesced corn, 4-week romaine lettuce, 5-week romaine
lettuce, 6-week romaine lettuce and 7-week romaine lettuce.

4.6 Results

Performance comparisons of the proposed ORGK-means algorithm and the other meth-
ods applied to synthetic data are shown in Figure 4.2, giving the overall accuracy versus
the scaling dimension. Simulation results on All-Relevant and Half-Relevant data series
show the improvement introduced by ORGK-means over the other competing methods,
speci�cally GK-means/KNN, GK-means/SNN and DGK-means.

However, there are a few exceptions in which the K-median stands as the out-performer.
This observation can be explained by the synthetic data having been generated from an
isotropic Gaussian mixture model residing on linear space where K-means equipped with
geodesic distance does not necessarily yield higher separability power.

The results on 8-Relevant as expected, show that the performances of all compared
clustering algorithms were a�ected as dimension grew while the ORGK-means performs
slightly better than the others. This is to con�rm the hampering e�ects of irrelevant
attributes on the distinguishability of data clusters present in high dimensions. This ob-
servation also indicates that the ORGK-means algorithm, similar to the other compared
methods, is not able to handle high dimensional data when irrelevant variables dominate
the feature space.

Table 4.1 summarizes the clustering performance, in terms of Overall Accuracy (OA)
and macro average Positive Predictive Value (PPVm), achieved by the proposed ORGK-
means algorithm and the other methods. Figure 4.3 and Figure 4.4 show the clustering
maps obtained by the competing methods on real hyperspectral test data, Botswana and
SalinasA, respectively.

The clustering results on Botswana dataset shows the proposed ORGK-means clustering
achieved the highest performance in term of overall clustering accuracy. The OA of the
proposed ORGK-means is 89.3%, where as the the overall clustering accuracy of the
best-performer among the competing methods, K-median, is 86.2%.

The clustering results on SalinasA dataset shows the proposed ORGK-means clustering
achieved the highest performance both in terms of OA and PPVm. In particular, The
OA of the proposed ORGK-means is 83.8%, where as the the overall clustering accu-
racy of the best-performer among the competing methods, K-means, is 61.8%. While all
the competing algorithms were not able to identify the 6-week romaine lettuce (yellow-
region), the 7-week romaine lettuce (brown-region) and the senesced corn (blue-region),
ORGK-means successfully separates these regions. However, there are some boundaries
in the senesced corn, blue region, that have been classi�ed with the 7-week romaine let-
tuce, brown-region. Knowing that these regions mainly belong to class boundary regions,
the observed miss-classi�cation can be explained by the presence of mixed spectral or
class information from adjacent regions due to rasterization of vector data.
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Table 4.1: Highest overall clustering OA and macro averaged PPV (in percent-
age) obtained by the considered clustering algorithms and the optimal number of
nearest neighbors k.

Botswana Salinas A

Methods
k OA PPVm k OA PPVm

[%] [%] [%] [%]

K-means - 77.8 71.5 - 61.8 46.0
K-median - 86.2 87.7 - 52.7 58.7
GK-means/kNN 75 84.2 87.1 10 59.4 45.5
GK-means/SNN 125 81.5 73.2 10 59.0 57.5
DGK-means 15 74.2 73.1 10 32.4 45.5
ORGK-means 125 89.3 79.6 50 83.8 78.3

Overall, comparing the performance of the ORGK-means with geodesic based K-means
reveals the hampering e�ects of high dimensionality and outliers on the Geodesic based
K-means. The proposed ORGK-means gave the best results among the competitors,
reaching a higher separation rate, though some data points were assigned as outliers.
The results con�rm the superior performance of ORGK-means over other methods being
prone to the outliers and the distortion of distribution of data.

4.7 Summary

In this chapter, an outlier robust geodesic K-means (ORGK-means) algorithm is proposed
for clustering of high dimensional data. The proposed ORGK-means extends the stan-
dard K-means algorithm by using an outlier-adjusted geodesic distance. In the proposed
ORGK-means algorithm, SNN-based distance metric is utilized as the pairwise dissim-
ilarity measure. The geodesic-based LOF, exploiting both local and global structural
information, is introduced to rank the degree of outlierness, and an adaptive weighting
transform model based on the double sigmoid function is proposed to adjust geodesic
distances. The proposed ORGK-means algorithm was evaluated using synthetic and real
world high-dimensional data.
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Figure 4.2: Clustering performance comparison on the synthetic dataset over
increasing dimensionality; (a-b) All-Relevant (%), (c-d) half-Relevant, (e-f) 8-
Relevant
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Figure 4.3: Clustering performance comparison on Botswana test data; (a) RGB
rending, (b) ground truth (c) K-means, (d) K-median, (e) GK-means/KNN, (f)
GK-means/SNN (g) DGK-means and (h) ORGK-means.
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Figure 4.4: Clustering performance comparison on SalinasA test data; (a) RGB
rending, (b) ground truth (c) K-means, (d) K-median, (e) GK-means/KNN, (f)
GK-means/SNN (g) DGK-means and (h) ORGK-means.



Chapter V

Multi-manifold spectral clustering

Unsupervised classi�cation plays a key role in remote sensing hyperspectral image anal-
ysis. Arising complexities from high dimensionality of hyperspectral imagery imply the
need for dimensionality reduction as a vital preprocessing step. In this chapter, remote
sensing hyperspectral imaging data is considered within the framework of multi-manifold
learning with possible intersections. To this end, two distinct algorithms based on Multi-
manifold Spectral Clustering applied to unsupervised classi�cation of hyperspectral im-
agery are proposed.

The �rst proposed algorithm exploits a weighted principal component analysis model
based on multi-manifold clustering built on the notion of shared nearest neighborhood
similarity. The second proposed algorithm combines Contractive Autoencoder-based
tangent estimation with Multi-manifold Spectral Clustering algorithm. The proposed
algorithms follow the same outline as the general multi-manifold clustering but exploit
di�erent approaches for tangent space estimation. The experimental results on several
benchmark hyperspectral datasets reveal the superiority of the proposed algorithms in
terms of clustering overall accuracy over approaches based on conventional dimensionality
reduction techniques.

Section 5.1 provides a short introduction to the multi-manifold learning problem em-
ployed for remote sensing hyperspectral image processing. Section 5.2 revisits the Multi-
manifold Spectral Clustering framework described in Section 3.6 and elaborates on the
main steps involved. Section 5.3 and Section 5.4 present the proposed Multi-manifold
Spectral Clustering algorithms on weight principal component analysis and Contractive
Autoencoder respectively. Section 5.5 summarizes this chapter.

67
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5.1 Introduction

Unsupervised classi�cation is of great importance in the processing of remote sensing hy-
perspectral imagery where producing labeled training samples is a laborious and ambigu-
ous task. The high dimensionality and the complex intrinsic structure of hyperspectral
imaging data make the unsupervised classi�cation even more of a demanding problem.
Indeed, unsupervised classi�cation and Dimensionality Reduction (DR) in terms of man-
ifold learning are considered to be the two essential techniques in hyperspectral image
processing.

Several manifold learning algorithms have been utilized in the unsupervised classi�cation
of hyperspectral images [43]. The early algorithms mainly include linear approaches such
as Principal Component Analysis (PCA) and Multidimensional Scaling (MDS) assuming
that the intrinsic data manifold originates from a linear structure. Due to nonlinear-
ities, caused by e�ects, such as multi-path scattering, variations in sun-canopy-sensor
geometry, nonhomogeneous composition of pixels, and attenuating properties of media
[10], the recent manifold learning algorithms have been devoted to nonlinear approaches
such an Isometric Feature Mapping (ISOMAP), Kernel Principal Component Analysis
(KPCA), Locally Linear Embedding (LLE), Local Tangent Space Alignment (LTSA) and
Laplacian Eigenmaps (LE).

As described in Section 3.6, these non-linear algorithms generally assume that data points
uniformly reside on a single smooth manifold and attempt to obtain a lower dimensional
representation while preserving speci�c geometric properties. However, this can not
always be a valid case for remote sensing hyperspectral data, knowing that the intrinsic
data geometry likely lies on multiple manifolds. Indeed, a manifold learning algorithm
based on the single global manifold assumption is not considered a genuine solution to
achieve satisfactory results if the data is drawn from multiple submanifolds even with
possible intersections.

In this chapter, to address the limitation of manifold learning based on the single mani-
fold assumption, two algorithms based on Multi-manifold Spectral Clustering applied to
remote sensing hyperspectral imaging data are proposed. The processing �ow of the pro-
posed algorithms are similar to the local PCA-based Multi-manifold Spectral Clustering,
but they adopt tangent space estimators that are more robust with respect to noisy data
as well as data with intersecting submanifolds.

In the �rst algorithm, the notion of the k-shared nearest neighborhood (k-shNN) model is
utilized to construct the connectivity model and to compute the pairwise similarity of the
data. By this means, the aim is placed on addressing the issues of high dimensionality,
outlying data, and data manifold intersections. Shared Nearest Neighbors (SNN) or
particularly SNN-based metrics have been shown to be e�ective in dealing with high-
dimensional data and clusters of varying sizes and distributions as well as outlying data
[79]. Besides, to obtain a more robust tangent estimator, in place of PCA, an alternative
approach, which is built on Weighted Principal Component Analysis (WPCA)- based on
a new weighting scheme, is utilized.

In the second algorithm, a Contractive Autoencoder (CAE)-based tangent estimator is
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integrated into the Multi-manifold Spectral Clustering framework. The purpose here is
to build a more generative model that is less dependent on the locality information of
data manifolds. The Contractive Autoencoder is a speci�c regularized autoencoder that
performs data reconstruction and is less sensitive to input variations. CAE enhances
the basic autoencoder with the contraction regularizer where the reconstructions become
more robust to noisy and local variations. Evaluating hidden activations in a CAE
through an embedding problem enables us to capture local tangent spaces. Tangent
estimation by CAE does not explicitly rely on the local neighborhoods of data, but
implicitly follows a global data reconstruction process examining the local data variations.
In turn, integrating the CAE into the Multi-manifold Spectral Clustering results in a
clustering model that not only considers the data local structures but also can leverage
the global structure of the data manifold.

5.2 Multi-manifold Spectral Clustering

This section revisits the main steps of the proposed Multi-Manifold Spectral Cluster-
ing (MMSC) algorithm described in Section 3.6. This brie�y covers the methodologies
used for building the nearest neighborhood model, estimating local tangent spaces, and
computing the pair data a�nities where d ≤ D.

Given the input real-valued data set of the original high dimensional space X = {xi}
N

i=1
∈

RD, the MMSC assumes that the intrinsic structure of data resides on K di�erent lower
dimensional sub-manifolds in Rd. The MMSC algorithm aims to cluster the data points
to K di�erent groups through a three-step procedure: tangent space estimation, a�nity
estimation, and spectral clustering.

5.2.1 Tangent space estimation

An MMSC algorithm characterizes the properties of manifolds by their local tangent
spaces. Intuitively, the geometry of a manifold embedded in an abstract manifold can
implicitly be approximated by its local tangent spaces. Precisely, in the context of
di�erential geometry, a smooth (di�erentiable) manifold is referred by a topological space
that is equipped with a particular additive intrinsic structure. In this sense, the tangent
spaces on a manifold as derivatives at points, are connected to and indeed characterized
by this intrinsic structure.

The use of tangent space to characterize the manifold structure is not unique to MMSC
and has had precedents in various areas of machine learning [187, 180, 137]. Indeed, the
quality of the estimated local tangent spaces has direct impacts on manifold sampling
and the accuracy of data a�nities.

All the tangent spaces of a continuous manifold have the same dimension, equal to the
dimension of the manifold. In practice, if the manifold is smooth enough, the subspace
constructed by the local tangent space at a point on the manifold can be approximated
by PCA.
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Let xi be a point of interest on the submanifold M, then the tangent space associ-
ated with this point is represented by TxiM. Recall the neighborhood of xi as Nk(xi),
described in Section 3.5.1, where the tangent space analysis is performed. The corre-
sponding coordinates of the orthogonal projections of the neighboring points on Txi

M
with respect to the local origin is given by

p̃ij = {xj − x̄i}xj∈Nk(xi), (5.1)

where x̄i is referred to the arithmetic mean of the points in the local neighborhood. Then,
one can represent the tangent space Txi

M by the corresponding canonical spanning
Pi = {p̃ij}kj=1:

TxM = span(Pi). (5.2)

Denote P̃i ∈ RD×k as a matrix containing the projections p̃ij . The canonical vectors of
Pi can be approximated by PCA decomposition of the local covariance matrix:

Σi =
1

k
P̃iP̃

T
i = UΛUT . (5.3)

where Λ is the diagonal matrix containing the descending ordered eigenvalues and U is
the matrix of the corresponding eigenvectors.

As the underlying intrinsic manifold of M is basically of a lower dimension d than the
ambient dimension D, (d ≤ D), this turns out to approximate the coordinates of the
local tangent space of the intrinsic manifold Y at ȳi, Tȳi

Y ⊂ Rd can be approximated by
the eigenvectors of the d-largest eigenvalues corresponding to the d-reduced eigenvalue
decomposition:

Σi = UdΛdU
T
d , (5.4)

that provides:
TxiM = span(Ud) (5.5)

5.2.2 A�nity Estimation

The data a�nities in MMSC are de�ned as the similarity between the points corre-
sponding to local tangent spaces, captured by their principal angles. To this end, MMSC
integrates the k-nearest principal angle similarity to the k-nearest neighborhood similar-
ity.

Given a pair of points xi and xj , let Txi and Txj be their tangent spaces, respectively,
and assume 1 ≤ dim(Txi) = d ≤ dim(Txj ) . The principal angles between Txi and Txj ,
Θ(Txi

, Txj
) = [θ1, θ2, . . . , θd]

T where

0 ≤ θ1 ≤ . . . θl ≤ . . . ≤ θd ≤
π

2
(5.6)

are recursively given as

cos(θl) = max
pk∈Txi

,qk∈Txj

pTk qk , k = 1, . . . , l − 1 (5.7)
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subject to
‖ pk ‖=‖ qk ‖= 1, pTpk = qTqk = 0, (5.8)

where pk and qk are the set of the principal vectors of the pair tangent spaces [23].

Let Nk(xi) and Nk(xj) be the k-nearest neighbors sets that approximate the local prox-
imity models at points xi and xj . The MMSC computes a pair data a�nity as

[A]ij =

{
(
∏d
l=1 cos(θl))

α, if xi ∈ Nk(xj) or xj ∈ Nk(xi)

0, otherwise
(5.9)

This similarity metric quanti�es the a�nities of neighboring points by the product of the
cosine of the principal angles of the corresponding tangent spaces Θ(Txi , Txj ), and on
the other hand assigns the the lowest a�nity to the points that either do not reside in
the local neighborhood or do not belong to an identical data manifold. In turn, with a
pair of points that are located in proximity at a local patch of the data manifold it has
a value of [0, 1] and 0 otherwise.

5.2.3 Spectral Clustering

Given the a�nity metrics, the data clusters are obtained by spectral clustering. Spectral
clustering (Spectral clustering (SC)) is a prominent unsupervised learning approach to
graph theory that relies on implications of balanced graph cuts [31, 44], random walks
[113, 118] and perturbation theory [80] to cluster data. This algorithm is a graph-based
clustering algorithm that relies on the a�nity or kernel matrices to capture the structure
of a graph. Spectral clustering builds a graph of data captured by a normalized graph
a�nity matrix. Examining the structure of the graph via the normalized graph a�nity,
SC partitions the graph to a set of disjoint subgraphs. The a�nity metric on local tangent
spaces, as de�ned in Equation 5.9, tangential similarities can capture structural a�nities
of data coming from a di�erent manifold. Spectral Clustering on tangential similarities
partition data according to the pertaining manifold.

Let D ∈ RN×N be the graph degree matrix whose diagonal elements are column sums
of the a�nity matrix, [D]ii =

∑
j [A]ij . Spectral clustering classi�es data points based

on the eigenvectors of the graph Laplacian. The graph normalized Laplacian matrix is
de�ned as

L = I−D−
1
2 AD−

1
2 (5.10)

where I is the N ×N identity matrix.

The normalized spectral clustering formulates the clustering problem through the opti-
mization problem:

G∗ = arg min
G

trace(GTLG), (5.11)

where G is the class indicator matrix and GTG = I.

The objective function in Equation 5.11 can be solved through the general eigenvalue
problem, and that follows G∗ as the d eigenvectors of the Laplacian matrix L corre-
sponding to its d largest eigenvalues.
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Let each row of the matrix G∗ be a projected point in Rd. The end data clusters are
obtained by applying K-means to the projected data points. This leads to dividing G∗

into K partitions and classifying input data samples as K non-overlapping clusters.

5.3 Weighted Principal Component Analysis-based Multi-manifold

Spectral Clustering

This section presents the main features of the proposed Multi-Manifold Spectral Clus-
tering (MMSC) based on Weighted Principal Component Analysis (WPCA). The main
features in the proposed MMSC model include the notion of shared nearest neighborhood
connectivity to model local manifold structure and local data a�nities, and a weighted
PCA model to estimate local tangent spaces.

5.3.1 Shared Nearest Neighborhood-based A�nity

Multi-manifold spectral clustering relies on a graph-based representation to approximate
the connectivity and the geometric structure of data. Indeed, the nearest neighborhood
connectivity model plays a critical role a�ecting the end performance of a manifold
learning spectral algorithm as it approximates the local connectivity and the structure
of data.

The proposed MMSC algorithm achieves this by adopting the notion of SNN similarity to
construct proximity local patches of data. The SNN-based similarity of two data points
is the degree by which their underlying patterns overlap with one another. In terms of
the k-NN proximity graph, the SNN-similarity of two data points is seen in its most basic
form as the number of points shared by the k-nearest neighbor lists of the points. In this
work, however, the SNN-based inverse distance dinvk is utilized [79]. Given a pair of
data points xi and xj and the corresponding k nearest neighbor sets Nk(xi) and Nk(xj),
respectively, dinvk(xi,xj) is given by:

dinvk(xi,xj) = 1− simcosk(xi,xj) (5.12)

where simcosk(xi,xj) is the normalized SNN cosine similarity measure de�ned by:

simcosk(xi,xj) =
|Nk(xi) ∩Nk(xj)|

k
. (5.13)

The proposed algorithm similar to the standard formulation of Multi-manifold Spectral
Clustering determines the a�nity between the data points by the similarity between their
local tangent spaces as de�ned by the Binet-Cauchy metric but replaces the symmetric k-
nearest neighborhood model with the k-nearest neighborhood model built on SNN-based
similarity.

For a pair of points xi and xj and the shared neighbors set SN (xi,xj), the a�nity is
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given by:

[A]ij =

{
(
∏d
l=1 cos(θl))

α, if xi ∈ SN (xi,xj) and xj ∈ SN (xi,xj)

0, otherwise
(5.14)

where cos(θl) is the cosine of the principal angle between Txi
and Txj

Notice that the a�nity de�ned here is similar to the original Multi-manifold Spectral
Clustering, but it di�ers in the way that the pair similarities are de�ned over a shared
nearest neighborhood model of the data.

5.3.2 Weighted Principlal Component Analysis tangent estimation

Tangent estimation by the classical PCA, as described in Section 5.2.1, can heavily be
a�ected by the problem of noisy, missing or outlying data. The classical PCA does
not make any di�erence between data sampled from a genuine underlying distribution
or data corrupted by noisy measurements, and as a result, can quickly lead to poor
representations. In particular, as PCA relies on the quadratic error criterion, its outcome
can be degraded even with the presence of a few disrupted data. This phenomenon is more
pronounced in PCA applied to local tangent estimation where the number of samples in
a local neighborhood is usually limited, and PCA will fail even with only a tiny number
of corrupted points.

A more robust tangent estimation may be achieved by a Weighted Principal Component
Analysis (WPCA). WPCA performs tangent estimation through a weighted sample co-
variance matrix. Recall point xi and its neighborhood set Nk(xi). If a weight wij is
associated with each data point xij in Nk(xi), the origin point x̄i is given by a weighted
mean as

x̄i =
1∑
wij

∑
xij∈Nk(xi)

wijxij . (5.15)

This is followed by an estimate of the projections P̃i on Txi
according to Equation 5.1.

To obtain the canonical coordinates, WPCA further modi�es the covariance matrix by:

Σi =
1∑
wij

P̃iWiP̃
T
i = UΛUT . (5.16)

where Wi = diag(wij ) is the diagonal weighting matrix. Here, Wi is the key parameter
governing the importance of neighboring points.

Several weighting schemes may be used for this purpose. In the proposed algorithm,
the local tangent spaces of each data point xi ∈ X is obtained by a weighted principal
component analysis (WPCA). Analogous to the probability model used in Stochastic
Neighbor Embedding (SNE) [47], a weighting scheme as

wij =
exp (−dinv2

k(xi,xj))∑
xr∈SN(xi),xj)

exp (−dinv2
k(xi,xr))

(5.17)
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is proposed. The weighting model in 5.17 resembles an asymmetric probabilistic neigh-
borhood membership model that determines how likely a point appears to be a genuine
sample from the true data distribution. The intuition here is to estimate local tangent
spaces as more emphasis is placed on samples with smaller local distances than on widely
separated data samples.

5.3.3 Experimental setup

The proposed MMSC algorithm based on weighted principal component analysis was
evaluated using real world benchmark remote sensing hyperspectral imaging data. The
performance of the MMSC was compared to other clustering methods including the
standard K-means and spectral clustering (SC) along with PCA, LLE and LTSA utilized
for dimensionality reduction. To ensure fair evaluation, all algorithms were experimented
with the true number of clusters and a �xed embedding dimension. For each method
considered, we repeated the clustering process ten times with random initialization.

5.3.4 Data

Two di�erent benchmark hyperspectral remote sensing data, Salinas and Pavia Center,
were used for the experiments. The Salinas dataset was collected by AVIRIS over Salinas
Valley in Southern California, USA. The hypercube data is characterized by a 3.7m pixel
size and 224 bands (including the noisy bands). The data set consists of 16 di�erent
classes of land covers including: broccoli 1, broccoli 2, fallow, rough ploughed fallow,
smooth fallow, stubble, celery, untrained grapes, soil/vineyard, senesced corn, 4-week
romaine lettuce, 5-week romaine lettuce, 6-week romaine lettuce, 7-week romaine lettuce,
untrained vineyard, vineyard with vertical trellis and shadow. Due to the close similarity
between the spectral features of the untrained grapes and the untrained vineyard, the
untrained vineyard class was excluded from the experiments. A total of 900 samples
from each land cover class were randomly chosen and for better visualization arranged
in the form of a rectangular cuboid. The RGB rendering and the ground truth of the
test Salinas hypercube are shown in Figs. 5.1(a) and 5.1(b).

The Pavia Center dataset was acquired by the Re�ective Optics System Imaging Spec-
trometer (ROSIS) sensor over the city of Pavia, Italy. The hypercube data is charac-
terized by a 1.3m pixel size and 102 bands with no noisy bands. The data set consists
of 9 di�erent classes of land cover including water, trees, asphalt, self-blocking bricks,
bitumen, tiles, shadows, meadows and bare soil. The shadow class was excluded from the
experiments. A total of 400 samples from each land cover class were randomly chosen
and for better visualization arranged in the form of a rectangular cuboid. The RGB
rendering and the ground truth of the test Pavia Center hypercube are shown in Figs.
5.2(a) and 5.2(b).
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5.3.5 Results

Table 5.1 summarizes the clustering performance, in terms of OA and PPVm, achieved
by the competing methods. Figure 5.1 and Figure 5.2 show the clustering maps obtained
on the hyperspectral test data, Salinas and Pavia center, respectively. Overall, in both
cases, the proposed algorithm gave the best results, reaching a higher separation rate.

The clustering results on Salinas hypercube shows the proposed WPCA-based MMSC
outperforms the other methods governed by the single manifold assumption. In particu-
lar, the OA of the proposed MMSC+WPCA is 96.9%, where as the the overall clustering
accuracy of the best-performer among the competing methods, SC+LTSA, is 80.3%.
Notably, to large extent, the proposed MMSC+WPCA achieved to distinguish vineyard
with vertical trellis class (�rst block from top) from the untrained grapes class (eight
block from top) that seem to have a signi�cant spectral similarity. This observation
suggests that MMSC+WPCA compared to SC methods based on single manifold as-
sumption gains higher discrimination power on data classes where there exists signi�cant
spectral or structural similarity.

The clustering results obtained from Pavia center shows similar behavior observed with
Salinas hypercube. The OA of the proposed MMSC+WPCA gained 94.2%, while the
the overall clustering accuracy of the best-performer among the competing methods,
SC+LTSA, is 78.6%.

(a) (b) (c) (d) (e) (f) (g)

Figure 5.1: Clustering performance comparison on Salinas test hypercube; RGB
color rendering in (a), followed by the corresponding ground truth in (b). Clus-
tering results obtained by (c) PCA+K-means, (d) PCA+SC, (e) LLE+SC, (f)
LTSA+SC, (g) Proposed MMSC.
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(a) (b) (c) (d) (e) (f) (g)

Figure 5.2: Clustering performance comparison on Pavia Center test hypercube;
RGB color rendering in (a), followed by the corresponding ground truth in (b).
Clustering results obtained by (c) PCA+K-means, (d) PCA+SC, (e) LLE+SC,
(f) LTSA+SC, (g) Proposed MMSC.

Table 5.1: Highest overall clustering OA and macro averaged PPV (in percent-
age) obtained by the considered clustering algorithms and the optimal number of
nearest neighbors k.

Salinas Pavia Center

Methods
k OA PPVm k OA PPVm

[%] [%] [%] [%]

K-means - 67.7 62.6 - 70.5 69.4
SC+PCA - 78.5 76.1 - 77.0 83.8
SC+LLE 24 79.9 78.4 68 78.4 85.0
SC+LTSA 40 80.3 77.7 10 78.6 85.0
Proposed MMSC+WPCA 40 96.9 96.9 9 94.2 95.2

5.4 Contractive Autoencoder- based Multi-manifold Spectral Clus-

tering

The local PCA-based multi-manifold clustering algorithms attempt to identify the local
tangent spaces by explicitly examining the local neighborhood of each data point. Relying
on local PCA for tangent estimation, these algorithm focus too much locally and their
quality is highly dependent on the data sampling quality at data local neighborhoods.
These algorithms will fail if the random �uctuations of noisy data dominate the intrinsic
variations along the data manifold since PCA will not be able to truly identify the
directions of data variations.
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The number of data points is vital for accurate exploitation of PCA. Any manifold
learning algorithm based on local PCA will not work as expected if the sample size in
local proximity does not �t the pertaining structure and the dimension of data [17]. The
required number of data points in PCA approximation grows exponentially with manifold
curvature and manifold dimension [17]. Indeed, the application of the local PCA-based
multi-manifold clustering to hyperspectral imaging data would raise issues as the sample
size is often limited compared to the inherent high dimensionality of data.

In this chapter, a generalized MMSC algorithm that does not strictly depend on the lo-
cality of data to perform local tangent estimation is proposed. As the special feature, the
proposed algorithm utilizes a regularized autoencoder namely the Contractive Autoen-
coder (CAE) for local tangent space estimation. The use of the Contractive Autoencoder
alleviates the strict reliance on local data sampling for tangent space estimation and pro-
vides a more generative MMSC model considering both local and global structure. Once
tangent spaces are obtained in this way, the proposed algorithm �ows similarly to the
standard form of Multi-manifold Spectral Clustering and performs spectral clustering on
local tangent space a�nities. Contractive Autoencoder-based Multi-manifold spectral
clustering enables us to examine not only the local structure of data, but also the global
structure. The following describes the notion of Contractive Autoencoder and elaborates
its application to tangent space estimation.

5.4.1 Contractive Autoencoder Tangent Estimation

Contractive Autoencoder (CAE) is an improved variant of the basic autoencoder that
directly attempts to produce robust latent representations that are less sensitive to in-
�nitesimal variations in input data. CAE achieves this by balancing the reconstruction
loss through an analytical regularizer term that penalizes the Frobenius norm of the Jaco-
bian of the encoder. Through the manifold realization of data, Riafai et. al [139, 138, 137]
show that as the reconstruction objective in CAE attempts to produce accurate recon-
structions, the contraction regularizer aims for the hidden representations that are also
indi�erent in all directions of input space. That is, the hidden representations in CAE
prefer to change only along the directions of nearby training data points and accordingly
tend to resemble a data manifold that is locally �at.

This observation leads to inspect the derivatives of the hidden representations with re-
spect to the input data for estimation of the coordinate systems of the local tangent
spaces as successfully exploited [137]. Following this direction, one may utilize CAE for
local tangent space estimation.

A basic autoencoder is comprised of an encoder and a decoder. The encoder transforms
data from the input space to the latent representations, and the decoder transforms
the latent representations back into the input space. Formally, a data vector from the
original input space x ∈ RD is mapped onto the latent representation h ∈ Rd with
encoder function f(x) and the reconstruction of that input data x̂ is obtained from the
latent representation with decoder function g(h).

A basic autoencoder learns the encoder and decoder parameters Θ through minimizing
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the average reconstruction loss given by the following objective function:

JAE =
∑
x∈X

L(x, x̂) =
∑
x∈X

L(x, g(f(x))), (5.18)

where L(., .) is the reconstruction loss function that can be de�ned by the squared error
for a linear decoder:

L(x, x̂) =‖ x− x̂ ‖2 (5.19)

or can be de�ned by the Bernoulli cross entropy loss function for a logistic sigmoid
decoder:

L(x, x̂) = −
D∑
i=1

xi log (x̂i) + (1− xi) log (1− x̂i). (5.20)

The encoder function f(x) is of the form:

h = sh(Whx + bh), (5.21)

where Wh ∈ Rd×D and bh ∈ Rdh are encoder network parameters, and sh(.) is a
nonlinear element-wise function, commonly de�ned by logistic sigmoid sigmoid(z) =
(1 + exp(−z))−1.

The decoder g(h) has the following form:

x̂ = sr(Wrh + br), (5.22)

where Wr ∈ RD×dh and br ∈ RD are decoder network parameters. Typical choices for
sr are sigmoid and identity functions. To reduce the number of parameters to train and
assist the training of an autoencoder, the decoder may be tied to the encoder where the
connection weight parameters are (Wh = W, Wr = WT ). In this way, the autoencoder
network parameters set is de�ned by Θ = {W,bh,br}.

The Contractive Autoencoder is constructed by adding up an additional penalty term
to the reconstruction objective cost function in Equation 5.18. The role of the added
penalty term is to contract the reconstructions at training samples and make the recon-
struction process robust to small variations in input data. CAE achieves this through
the regularizer formed by the squared Frobenius norm of the Jacobian of the encoder
function, ‖ Jf (x) ‖2F . The objective function in CAE becomes

JCAE =
∑
x∈X

L(x, g(f(x))) + λ ‖ Jf (x) ‖2F , (5.23)

where λ is a non-negative parameter controlling the strength of contraction regularizer.
For an autoencoder with sigmoid encoder activation function, the jth row of the Jacobian
of the encoder, Jf (x)j. is obtained as

Jf (x)j. =
∂fj(x)

∂x
= fj(x)(1− fj(x))Wj.. (5.24)

Recalling the embedded submanifold assumption, the tangent space can be given by
the image of Jacobian of the submanifold embedding map (here in CAE, the encoder
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function), which also equals the column space of the Jacobian matrix. This motivates
CAE to obtain the local tangent spaces of the points through the principal vectors of
the transpose of the encoder Jacobian matrix. That is, CAE estimates the local tangent
spaces by obtaining the principal directions captured by the Jacobian matrix. In practice,
at a given point x, CAE estimates the coordinate axes of a local tangent space by the
Singular Value Decomposition of the transpose of the Jacobian matrix:

JTf (x) = USV, (5.25)

where U and V are left- and right-singular vectors, and S is the diagonal matrix con-
taining singular values.

Spectral analysis of the Jacobian matrix shows that the majority of singular values of
the Jacobian are zero (or close to zero), and only a few of them are reasonably large.
Accordingly, the set of the orthonormal bases Bx is given by the set of columns vectors
of U corresponding to the dominant singular values

Bx = {U.k|Skk > ε, } (5.26)

which spans the tangent space at point x, Tx:

Tx = {x + v|v ∈ span(Bx)}. (5.27)

5.4.2 Experimental setup

The proposed MMSC algorithm based on the Contractive Autoencoder was applied to
real world hyperspectral. The performance of the MMSC was evaluated by comparing
with the clustering approaches based on the single manifold assumption and the MMSC
algorithm based on local PCA. By this means, the aim is to empirically verify if the
Contractive Autoencoder-based multi-manifold clustering helps to improve the clustering
of remote sensing hyperspectral imagery data.

As per the formulations described in Section 5.4.1, the local tangent spaces are computed
using an over-complete single-layer CAE. The architectures for CAEs used for Pavia
Center Scene and Salinas test hypercubes are 102-150-102 and 204-250-204 respectively.
The logistic sigmoid function was set for the encoder and the linear activation was set
for the decoder. Since the contraction coe�cient, λ in Equation 5.23, signi�cantly a�ects
the quality of CAE for local tangent estimation, we report CAE over di�erent values of
contraction coe�cient λ.

The network models were trained with all available samples over the squared error func-
tion with Stochastic Gradient Descent (SGD) driven by the momentum acceleration.
The standard Spectral Clustering (SC) algorithm with the a�nity metric de�ned in Sec-
tion 5.2.2 is considered as the common baseline in all the experiments. Aiming for fair
evaluation, all the SC experiments were performed with a pre-known number of clusters
and over �ve trials with random initialization. The performance of the clustering results
were reported by the Overall Accuracy (OA) and the macro-averaged Positive Predictive
Value (PPVm). Notice that, since the architecture and the parameters utilized in the
experiments are not optimal, the results may even be improved with deeper or wider
network architectures.
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5.4.3 Data

The proposed MMSC algorithm was evaluated with two di�erent test hypercubes built on
two benchmark hyperspectral remote sensing datasets: Salinas and Pavia Center Scene.

The Salinas dataset was collected by AVIRIS over Salinas Valley in Southern California,
USA. The hypercube data is characterized by a 3.7m pixel size and 224 bands (including
the noisy bands). The data set consists of 16 di�erent classes of land covers including:
broccoli 1, broccoli 2, fallow, rough ploughed fallow, smooth fallow, stubble, celery,
untrained grapes, soil/vineyard, senesced corn, Romaine lettuce 4wk, Romaine lettuce
5wk, Romaine lettuce 6wk, Romaine lettuce 7wk, untrained vineyard, vineyard with
vertical trellis and shadow. Due to the close similarity between the spectral features of
the vineyard with vertical trellis and the untrained vineyard, the vineyard with vertical
trellis class was excluded from the experiments. A total of 900 samples from each land
cover class were randomly chosen and for better visualization arranged in the form of
a rectangular cuboid. The RGB rendering and the ground truth of the test Salinas
hypercube are shown in Figs. 5.3(a) and 5.3(b).

The Pavia Center Scene dataset was acquired by the ROSIS sensor over the city of
Pavia, Italy. The hypercube data is characterized by a 1.3m pixel size and 102 bands
with no noisy bands. The data set consists of 9 di�erent classes of land cover including
water, trees, asphalt, self-blocking bricks, bitumen, tiles, shadows, meadows and bare
soil. The shadow class was excluded from the experiments. A total of 400 samples from
each land cover class were randomly chosen and, for better visualization, were arranged
in the form of a rectangular cuboid. The RGB rendering and the ground truth of the
test Pavia Center Scene hypercube are shown in Figs. 5.4(a) and 5.4(b) respectively.

5.4.4 Results

The clustering results obtained by the proposed CAE-based MMSC (MMSC+CAE) and
the competing methods, Spectral Clustering with PCA (SC+PCA), MMSC with local
PCA (MMSC+L-PCA), MMSC with basic Autoencoder (MMSC+AE) are summarized
in Table 5.2. The results of the Overall Accuracy (OA) and the macro average Positive
Predictive Value (PPVm) show that MMSC+CAE slightly outperforms all the other
methods. In particular, in the case of Pavia Center Scene test cube, CAE with the three
reported contraction coe�cients resulted in higher clustering results compared to other
methods.

Figure 5.3 and Figure 5.4 show the clustering maps obtained by the competing methods
with Salinas and Pavia center test hypercubes respectively. The clustering maps ob-
tained by the proposed MMSC+CAE with three di�erent values of contraction coe�cient
are shown in sub-�gures of (f), (g) and (h). The clustering maps show MMSC+CAE
with reported coe�cient values led to better clustering performance compared to the
other methods. In particular, it is observed that MMSC+CAE achieves better separa-
tion power on data classes of not very similar spectral classes, but it cannot fully resolve
the data clusters with quite similar spectral features, e.g. in Salinas the untrained grape
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Table 5.2: Highest overall clustering OA and macro averaged Positive Predictive
Value (PPVm) (in percentage) obtained by the considered algorithms and the
optimal number of nearest neighbors k.

Salinas Pavia Center

Methods
k OA PPVm k OA PPVm

[%] [%] [%] [%]

SC+PCA - 82.8 81.0 - 81.6 83.8
MMSC+LPCA 30 89.2 87.6 35 92.6 93.8
MMSC+AE 30 89.2 87.6 5 93.4 94.5
MMSC+CAE (λ = 0.001) 30 89.3 87.6 5 93.7 94.7
MMSC+CAE (λ = 0.003) 30 89.2 87.6 5 93.8 94.8
MMSC+CAE (λ = 0.010) 10 89.4 91.5 5 94.3 94.9

and the untrained vineyard classes, the �rst and the eighth blocks from the top.

It is likely that this issue relates to the Jacobian of the encoder function in CAE used
for tangent space estimation. To obtain tangent spaces the Jacobian cannot di�erentiate
between the structures of data submanifolds within intersection regions, and inevitably
it results in inaccurate tangent spaces that impair the clustering performance. Overall,
these observations indicate that to some extent CAE can e�ectively be used in MMSC
for estimating tangent spaces, but it will su�er from data with high spectral similarity,
i.e., data with potential highly intersecting submanifolds.

5.5 Summary

In this chapter, remote sensing hyperspectral imaging data is considered within the
framework of multi-manifold learning with possible intersections. To this end, two dis-
tinct algorithms based on the Multi-manifold Spectral Clustering applied to unsupervised
classi�cation of hyperspectral imagery are proposed.

The �rst proposed algorithm exploits a weighted principal component analysis model
based on multi-manifold clustering built on the notion of shared nearest neighborhood
similarity. The second proposed algorithm combines Contractive Autoencoder-based
tangent estimation with Multi-manifold Spectral Clustering algorithm. The proposed
algorithms follow the same outline as the general multi-manifold clustering but exploit
di�erent approaches for tangent space estimation. The experimental results on several
benchmark hyperspectral datasets reveal a slight outperformance of the proposed al-
gorithm in terms of clustering overall accuracy over approaches based on conventional
dimensionality reduction techniques.
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(a) (b) (c) (d) (e) (f) (g) (h)

Figure 5.3: Clustering performance comparison on Salinas test hypercube; RGB
color rendering in (a), followed by the corresponding ground truth in (b). Clus-
tering results obtained by (c) SC+PCA, (d) MMSC+LPCA, (e) MMSC+AE,
(f) MMSC+CAE (λ = 0.001), (g) MMSC+CAE (λ = 0.003), (h) MMSC+CAE
(λ = 0.01).
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(a) (b) (c) (d) (e) (f) (g) (h)

Figure 5.4: Clustering performance comparison on Pavia Center Scene test
hypercube; RGB color rendering in (a), followed by the corresponding ground
truth in (b). Clustering results obtained by (c) SC+PCA, (d) MMSC+LPCA, (e)
MMSC+AE, (f) MMSC+CAE (λ = 0.001), (g) MMSC+CAE (λ = 0.003), (h)
MMSC+CAE (λ = 0.010).



Chapter VI

Sequential Spectral Clustering over a Bipartite Graph

Spectral Clustering is an appealing graph-partitioning technique with outstanding per-
formance on data with non-linear dependencies. However, Spectral Clustering applied to
hyperspectral imaging data is restricted to small-scale datasets. This chapter presents
a sequential spectral clustering for unsupervised classi�cation of hyperspectral images
that can be extended to large-scale real-world data. The proposed spectral clustering
is built on a bipartite graph representation, which also takes advantage of a sequential
singular value decomposition and mini-batch K-means. Experimental results based on
several well-known benchmark hyperspectral datasets including Botswana, Salinas, In-
dian Pines, Pavia Center Scene and Pavia University Scene con�rm the out-performance
of the proposed algorithm concerning the state of the art clustering algorithms.

Section 6.1 gives an introduction to the application of spectral clustering to hyperspectral
image analysis. Section 6.2 shortly reviews the standard Spectral Clustering algorithm.
Section 6.3 presents the proposed sequential spectral clustering including the main steps
involved. Section 6.4 and Section 6.5 respectively describe the experimental setup and
evaluation data. Section 6.6 presents the experimental results and the evaluation of the
e�ectiveness of the proposed algorithm. Section 6.7 summarizes the chapter.

6.1 Introduction

Spectral clustering [73, 42] is a popular graph-based clustering approach based on eigen-
value decomposition of a data a�nity matrix. Spectral clustering integrates spectral
graph theory into the clustering problem with non-convex sample spaces capturing a
broad range of data clusters with di�erent geometric structures.

Spectral clustering is built on a sparse graph representation of the data, where each
node in the graph represents an entity in data space and the graph edges represent the
respective a�nities. Commonly, the d eigenvectors corresponding with the d largest
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eigenvalues of the graph Laplacian matrix are used to cluster the entities into discrete
clusters of high similarity.

There are neither explicit nor implicit assumptions about data cluster shapes in SC. Not
relying on a speci�c data clusters makes SC a promising candidate for clustering data
with potential non-linearities. SC is an appealing clustering algorithm, but it does not �t
well with large sample size datasets. In its construction, it heavily depends on building a
pairwise a�nity matrix, which involves high memory requirements and thus is ine�cient
even with data containing a moderate number of samples.

The challenges confronting spectral clustering in large-scale applications are three-fold.
First and foremost, the complexity of pairwise similarities, in particular, the Laplacian
matrix, is quadratic in terms of the sample size. For a set of data containing N samples
with D-dimension data entries, the time complexity and the space complexity of con-
structing a Laplacian matrix are O(N2D). This quadratic complexity introduces serious
scalability problems with the existing processing frameworks that make this algorithm
infeasible when dealing with large scale applications likely to be seen in hyperspectral im-
age clustering tasks. Second, eigenvalue decomposition in spectral clustering is commonly
involved with a large Laplacian matrix and so can be computationally very involved. The
time and space complexity of well-known eigenvalue decomposition solvers like Lanczos
[158] and pre-conditioned conjugate gradient (CG-based) [93] are O(iN2D) and O(N2D)
respectively, where D is the number of principal eigenvectors and i is the number of iter-
ations. Third, the traditional SC relies on Loyd's standard K-means algorithm [177] to
partition data to discrete groups. Even though K-means is e�cient with large data sets,
it cannot reasonably meet the requirements when clustering results are quickly needed
or regularly called as an intermediate subroutine.

As a result, standard spectral clustering has not generally been applied to analysis of
remote sensing hyperspectral imaging data, and even the existing approaches in this
context are usually limited only to data containing a small number of samples neither
can then be applied to large datasets [76, 104, 74].

There are several extensions of spectral clustering for large-scale applications. In [32], a
fast and scalable spectral clustering algorithm called the Sequential Matrix Compression
(SMC) method is proposed. In this algorithm, the computational complexity is addressed
by reducing the dimensionality of the Laplacian matrix. In [101], a sequential spectral
clustering algorithm on a bipartite graph realization of data is implemented.

Not many extensions of spectral clustering have been utilized for hyperspectral image
classi�cation. Two multi-manifold spectral clustering algorithms on tangential similari-
ties is proposed in [76, 74] and applied to hyperspectral imaging data, but the experiments
are restricted to hypercubes of a small number of samples. In [104], a spatial-spectral
co-clustering algorithm is proposed based on a bipartite graph representation data. This
co-spectral clustering is shown e�cient with hyperspectral data, but it is limited to the
data of a few thousand samples. In [170], a fast spectral clustering with anchor graphs
is introduced for hyperspectral imaging data where data-anchor points a�nities are ob-
tained through local regularization of combined spatial-spectral features. Although a fast
SC algorithm has been shown promising [170], it still su�ers from several complexities,
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particularly in computing a�nity matrix involved in real-world applications. It can also
be observed that a simple nearest-neighbor a�nity metric based on pure spectral features
can outperform the proposed formulation of spatial-spectral a�nity [170].

In this chapter, a new algorithm from the family of spectral clustering algorithms with
low time and space requirements for large-scale hyperspectral applications is proposed.
Inspired by the work [101], the proposed algorithm follows a sequential procedure that
can be e�ectively extended to large-scale applications of remote sensing hyperspectral
imaging data. Similar to [101], the proposed algorithm utilizes a bipartite graph rep-
resentation on a radial basis function (Gaussian) kernel to capture data a�nities, and
applies sequential Singular Value Decomposition (SVD) to the eigen-decomposition. By
this means, the aim is to reduce the computational burdens that accompany building
large-scale graph Laplacians and eigen-decomposition. The mini-batch K-means [149]
was utilized to compute the anchor points in the bipartite graph and the �nal data
cluster assignment. The performance of the proposed algorithm was evaluated with �ve
benchmark remote sensing hyperspectral image datasets, namely Botswana, Salinas, In-
dian Pines, Pavia Center Scene and Pavia University Scene. The experimental results
demonstrated the enhanced competence of the proposed algorithm compared to current
state-of-the-art algorithms both in terms of clustering performance and computational
complexity.

6.2 Spectral Clustering

Spectral Clustering relies on a graph representation to cluster data as per partitioning
of a similarity graph. Let X = {xi}Ni=1 denote the set of data points sampled from the
D-dimensional original input space. The aim of SC is to cluster the data points X to K
di�erent disjoint groups. Spectral clustering represents data as an undirected weighted
graph G(V,E) where V = {vi}Ni=1 is the set of nodes representing the data points and
E = {eij} is a set of edges connecting the nodes in local proximity. Graph G is commonly
represented by the symmetric k-nearest neighborhood (k-syNN) proximity graph where
a pair of nodes are connected if either of them appears in the others' local neighborhood.

The structure of the graph is captured by a weighted a�nity matrix A ∈ RN×N . The
ijth element [A]ij describes the strength of similarity between the graph node vi and
the graph node vj . Given a pair of points xi and xj , and their k-nearest neighbors sets
Nk(xi) and Nk(xj), an entry in the a�nity matrix can be de�ned using a Radial Basis
Function (RBF) or Gaussian kernel as

[A]ij =

{
(exp(−γ ‖ xi − xj ‖2), xi ∈ Nk(xj) or xj ∈ Nk(xi)

0, otherwise
(6.1)

where γ is a meta parameter that scales the kernel width.

Let D ∈ RN×N be the graph degree matrix whose diagonal elements are column sums
of the a�nity matrix [D]ii =

∑
j [A]ij . Spectral clustering partitions data points based

on the eigenvectors of the graph Laplacian. The normalized graph Laplacian matrix is
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de�ned as
L = I−D−

1
2 AD−

1
2 (6.2)

where I is the N ×N identity matrix.

The normalized spectral clustering formulates the clustering problem through the follow-
ing optimization problem:

G∗ = arg min
G

trace(GTLG), (6.3)

where G is the class indicator matrix and GTG = I.

The objective function in Equation 6.3 can be solved through the general eigenvalue prob-
lem. Thus G∗ is obtained by the d eigenvectors of the Laplacian matrix L corresponding
to the d-largest eigenvalues.

Let each row of the matrix G∗ be a projected point in Rd. The end data clusters are
obtained by applying K-means to the projected data points. This results in K non-
overlapping sets of input data samples.

6.3 Sequential Spectral Clustering

The Sequential Spectral Clustering (SSC) algorithm expands the classical spectral clus-
tering to large-scale data applications. SSC achieves this in three di�erent ways. First,
it obtains the data a�nities over a bipartite graph, which reduces the computational
complexity and memory requirement of computing graph a�nity. Second, it solves the
eigenvalue problem through a sequential procedure. Third, it employs the mini-batch
K-means algorithm for anchor point estimation and the end cluster assignment that will
be computationally more e�cient with large datasets.

6.3.1 A�nity matrix on a bipartite graph

SSC uses a bipartite graph representation of data to estimate the data a�nity and the
graph Laplacian. Recall the set of data points X = {xi}Ni=1. SSC �nds a proper set of p
anchor points, Y = {yi}pi=1, such that for any pair of points xi and xj , there is an anchor
point y ∈ Y that falls in their local proximity. By this means the distance between xi
and xj can be approximated by the transit distances through the anchor point y ∈ Y:

dist(xi,xj) ≈ dist(xi,y) + dist(y,xj). (6.4)

Given that the number of anchor points is much smaller than the number of data points
(p � N), the approximation of pairwise distances through anchor points on a bipartite
graph lowers the computation complexity from O(N2D) to O(NpD), which is computa-
tionally more e�cient.

The set of anchor points Y may be obtained with random sampling or more e�ciently
with the cluster centroids generated by K-means clustering over the raw input data.
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Given a proper set of anchor points Y, SSC builds a nearest neighborhood graph between
the raw data points and the anchor points and then computes the corresponding a�nities
graph, the so-called biadjacency matrix, using RBF kernel Equation 6.1 as

[Z]ij =

{
(exp(−γ ‖ xi − yj ‖2), xi ∈ Nk(yj) or yj ∈ Nk(xi)

0, otherwise
(6.5)

Let Z ∈ RN×p be row normalized, i.e. each row sums up to 1. The complete design
a�nity matrix A ∈ R(N+p)×(N+p) containing all the data a�nities is given as

A =

[
0 Z

ZT 0

]
. (6.6)

Denote the degree matrix as

D =

[
Dr 0
0 Dc

]
, (6.7)

where Dr is a diagonal matrix containing the row sums of Z at its diagonal and Dc is
a diagonal matrix containing the column sums of Z at its diagonal. Notice here as the
matrix Z is row normalized then Dr is an identity matrix of size N , Dr = IN .

6.3.2 Eigen decomposition

SSC performs the eigendecomposition of the normalized Laplacian through a sequential

procedure. De�ne Ẑ = ZD
− 1

2
c , then the normalized Laplacian of bipartite graph can be

obtained by the singular value decomposition of Ẑ. Let Ẑ have a SVD of

Ẑ = UΣVT , (6.8)

then the data class matrix is given as

Ĝ = [UT
d , VT

d ]T , (6.9)

where Ud and Vd are the matrices of truncated left and right singular vectors of the d
largest singular values of Ẑ.

The basic SVD is commonly computed using a batch time algorithm where all the data
points need to be processed at once. Processing the whole data at the same makes the
basic SVD intractable with substantial values of N , exceeding the memory requirements.
Recall that matrix Ẑ is a thin matrix, i.e. p � N . The SVD of Ẑ can be written in
the form of a decomposition of ZTZ and vice versa. To perform the eigendecomposition
and not to write the complete Z on the memory, ZTZ can sequentially be computed
through the outer product of its columns and rows. Denote z.i and zi., respectively, the
i-th columns and i-th row vectors of Z, then

ZTZ =
∑
i

z.izi.. (6.10)

The matrix V is obtained by the decomposition ẐT Ẑ = VΣ2VT . This follows by

U = ẐΣ−1V. (6.11)
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6.3.3 Mini-Batch K-means

The traditional K-means algorithm can be computationally intensive if used for large-
scale hyperspectral image applications. To this end, SSC employs the mini-batch K-
means [149] clustering for obtaining anchor points and the data clusters that aggregate
multiple samples at each iteration. The mini-batch has been shown to converge to a more
optimal solution than Stochastic Gradient Descent (SGD) based on individual samples as
it has a tendency to bear lower stochastic noise [149]. The mini-batch K-means exploits a
sequential procedure that notably reduces the computation and memory burdens that are
present in datasets with large numbers of samples, mainly from O(iKND) to O(iKsD),
where s is the batch size whose value is generally much smaller than the number of
samples (s� N).

6.4 Experimental Setup

This section presents the experimental setup that evaluates the performance of the pro-
posed SSC algorithm over real-world hyperspectral imaging data.

The experiments on the proposed SSC are two-fold where the nearest neighborhood (NN)
and the RBF a�nity metrics are employed to obtain data a�nities. For brevity, these
approaches are denoted by SSC+NN and SSC+RBF respectively. The performance of the
proposed SSC are compared with the standard K-means (KM), Spectral Clustering (SC),
Fuzzy C-Means (FCM), [19] and a state of the art Anchor Graph-based SC algorithm
for HSI, Fast Spectral Clustering with Anchor Graph (FSCAG) [170].

All the codes are written in Python and the sciket-learn [132] implementations are used
for K-means and Spectral Clustering, and Scikits [61] toolbox for FCM. The results for
FSCAG are reported from the original paper that include results on Indian Pine, Salinas
and Pavia Center Scene datasets.

The clustering performance is evaluated utilizing the ground truth data labels. The
evaluation is performed by three metrics of Overall Accuracy (OA), the macro averaged
F1 (F1m) score and Cohen's kappa score (κ) [38]. To ensure fair evaluations, all the
experiments are performed with the pre-known number of clusters and are repeated over
ten trials with random initialization. The clustering results are reported with respect to
the maximum obtained OA.

A �xed value of p = 1000 is de�ned for the number of anchors along all the test datasets.
The graph parameters, the number of neighbors k, and the kernel width scalar γ, are
found by cross-validation using the overall accuracy. Notice that here the results are
reported with a �xed number of anchors, but the results may even be improved with
larger values of p particularly for Pavia University Scene dataset.
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6.5 Data

The evaluation of the SSC algorithm was carried out over 5 popular benchmark hyper-
spectral remote sensing datasets: Botswana, Salinas, Indian Pines, Pavia Center Scene
and Pavia University Scene. A summary of each test dataset is listed below:

Botswana The dataset was acquired by the Hyperion sensor on the NASA EO-1 satel-
lite over the Okavango on May 31, 2001. The raw image includes 242 bands with 30m
pixel size along 7.7km. The test hypercube consists of only 145 bands where uncalibrated
and noisy bands including water absorption bands were removed.

Salinas The dataset was collected by AVIRIS over Salinas Valley in Southern Cali-
fornia, USA. The hypercube data includes 512 lines by 217 samples characterized by
a 3.7m pixel size and 204 bands where 20 water absorption bands are discarded. The
test data consists of 54129 test samples divided into 16 di�erent classes of land covers
including: broccoli 1, broccoli 2, fallow, rough ploughed fallow, smooth fallow, stubble,
celery, untrained grapes, soil/vineyard, senesced corn, Romaine lettuce 4wk, Romaine
lettuce 5wk, Romaine lettuce 6wk, Romaine lettuce 7wk, untrained vineyard, vineyard
with vertical trellis and shadow. The RGB rendering and the ground truth of the test
Salinas hypercube are shown in Figs. 6.2(a) and 6.2(b).

Indian Pines The dataset was collected by AVIRIS over the Indian Pines test site
in northwestern Indiana, USA. The hypercube data includes 145 lines by 145 sam-
ples characterized by a 3.7m pixel size and 200 bands where 24 water absorption and
noisy bands are discarded. The test data consists of 10249 test samples divided into
16 di�erent classes of land covers including Alfalfa, Corn-notill, Corn-mintill, Corn,
Grass-pasture, Grass-trees, Grass-pasture-mowed, Hay-windrowed, Oats, Soybean-notill,
Soybean-mintill, Soybean-clean, Wheat, Woods, Buildings-Grass-Trees-Drives, and Stone-
Steel-Towers. The RGB rendering and the ground truth of the test Indian Pines hyper-
cube are shown in Figs. 6.3(a) and 6.3(b).

Pavia Center Scene The dataset was acquired by the ROSIS sensor over the city of
Pavia, Italy. The hypercube data is characterized by a 1.3m pixel size and 102 bands with
no noisy bands. The test data consists of 148152 test samples divided into 9 di�erent
classes of land cover including water, trees, asphalt, self-blocking bricks, bitumen, tiles,
shadows, meadows and bare soil. The RGB rendering and the ground truth of the test
Pavia Center Scene hypercube are shown in Figs. 6.4(a) and 6.4(b) respectively.

Pavia University Scene The dataset was acquired by the ROSIS sensor over Pavia
University, Pavia, Italy. The hypercube data is characterized by a 1.3m pixel size and
103 bands with no noisy bands. The test data consists of 42776 test samples divided into
9 di�erent classes of land cover including asphalt, meadows, gravel, trees, painted metal
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sheets, bare soil, bitumen, self-blocking bricks, and shadows. The RGB rendering and
the ground truth of the test Pavia University Scene hypercube are shown in Figs. 6.5(a)
and 6.5(b) respectively.

6.6 Results

The clustering results obtained by the proposed SSC and the competing algorithms:
K-means, SC, FCM, FSCAG are presented in Table 6.1. The results reveal the outper-
formance of the proposed SSC with respect to all the competing algorithms in terms of all
three evaluation metrics. In particular, SSC performs signi�cantly better than FSCAG
which is a state of the art anchor graph-based SC.

Table 6.1: Highest clustering overall accuracy (OA), macro averaged F1-score (F1m) and
kappa score (κ) reported in percentage on the test hyperspectral image data. The highest
scores are underlined.

Botswana Salinas Indian Pines Pavia Center Pavia Uni.

Methods
OA F1m κ OA F1m κ OA F1m κ OA F1m κ OA F1m κ
[%] [%] [%] [%] [%] [%] [%] [%] [%] [%] [%] [%] [%] [%] [%]

KM 61.3 59.2 58.2 68.1 69.7 65.1 33.3 32.3 26.7 32.0 45.6 26.5 41.2 44.6 30.9
SC 62.1 60.8 59.0 -4 -4 -4 31.9 30.9 25.5 -4 -4 -4 -4 -4 -4

FCM 65.3 65.4 62.4 65.3 70.0 62.4 27.0 23.4 21.1 45.8 44.1 36.2 36.4 38.1 26.1
FSCAG1 -2 -2 -2 74.6 -3 71.7 41.2 -3 35.2 81.5 -3 74.4 -2 -2 -2

SSC+NN 75.5 77.3 73.5 80.3 86.2 77.9 41.8 36.8 34.4 87.4 70.3 82.3 67.2 58.2 56.4
SSC+RBF 79.3 78.8 77.6 81.8 86.1 79.8 42.9 39.0 36.5 92.3 75.4 89.1 68.2 52.4 62.2

1 The FSCAG results are reported from the original paper.
2 The result reported on FSCAG do not include Botswana and Pavia University Scene datasets.
3 The F1m score is not reported in the original paper.
4 Triggers out-of-memory exception.

Evaluating the a�nity metrics employed by SSC, the results show that SSC reported
with RBF leads to better clustering performance compared to SSC based on the nearest
neighbor. Overall, the proposed SSC clustering framework proved to be e�cient for
hyperspectral image clustering tasks.

Figures 6.1 to 6.5 show the clustering thematic maps on the test hyperspectral image
data. The clustering maps con�rm the quantitative results listed in Table 6.1 as the
proposed SSC gains the highest discriminative power.

Evaluating the clustering maps obtained by the proposed SSC, the majority of the mis-
classi�cations appear on the pixel regions along class boundaries. These errors are es-
pecially triggered by neighboring classes as is vividly seen in clustering maps of Pavia
Center Scene and Pavia University Scene in Figure 6.4 and Figure 6.5. In this regard,
we see that the possible causes may relate to the adjacency e�ect and the native coarse
resolution of remote sensing imaging data.

Moreover, SSC achieves better separation power on the data classes with more distant
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(a) (b) (c) (d) (e) (f) (g)

Figure 6.1: RGB rendering, ground truth and clustering thematic plots on
Botswana hypercube: (a) RGB color rendering (b) Ground truth (c) K-means,
(d) SC, (e) FCM, (f) SSC+NN and (g) SSC+RBF

spectral similarity compared to the data classes that contain very similar or mixed spec-
tral features. In particular, this kind of clustering error can be observed in the Salinas
and Indian Pines clustering maps as shown in Figures 6.2 and 6.3. In the case of the
Salinas dataset, the untrained grape (dark purple) and the untrained vineyard (green
blocks), expected to have a high degree of spectral similarity, are the data classes where
high rates of mutual misclassi�cation occur.

Similar observations can be made for the Indian Pines dataset that also involves notable
misclassi�cations. This is mainly because of the spectral similarities that are present
among di�erent classes in the Indian Pines dataset. Recall that Indian Pines was cap-
tured in June when most of the crops such as corn and soybeans were in the early stages
of growth with less than 5% soil coverage. This results in the pertinent land-cover classes
in Indian Pines pose a high spectral similarity and in turn, it signi�cantly su�ers from
lower overall clustering performance compared to the other datasets considered in the
experiments.

Overall, these observations show that to a large extent SSC can e�ciently be used for
HSI clustering, but to achieve higher clustering performance, certain a�nity measures
are required that can resolve high spectral homogeneity.

6.7 Summary

In this chapter, the application of a Sequential Spectral Clustering (SSC) algorithm for
remote sensing hyperspectral image clustering was proposed and investigated. The pro-
posed Sequential Spectral Clustering algorithm �ows through a sequential procedure on
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(a) (b)

(c) (d)

(e) (f)

Figure 6.2: RGB rendering, ground truth and clustering thematic plots on Sali-
nas hypercube: (a) RGB color rendering, (b) Ground truth, (c) K-means, (d)
FCM, (e) SSC+NN and (f) SSC+RBF.

a bipartite graph representation of data to address the time and space complexities in-
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volved in traditional Spectral Clustering. To evaluate the performance of the proposed
algorithms, several experiments were made with �ve popular hyperspectral benchmark
datasets including Botswana, Salinas, Indian Pines, Pavia Center Scene and Pavia Uni-
versity Scene datasets. The evaluation results con�rmed the e�ciency the proposed
Sequential Spectral Clustering in outperforming the traditional and a state of the art
Spectral Clustering algorithms.

However, along with this leading performance, the experiments also show that the pro-
posed Sequential Spectral Clustering may face di�culties in case of the HSI data contain
high homogeneous spectral features. As the current implementation of SSC relies only
on spectral features, future work may proceed to integrate spatial information to spectral
features for SSC application of remote sensing hyperspectral imaging data.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 6.3: RGB rendering, ground truth and clustering thematic plots on In-
dian Pines hypercube: (a) RGB color rendering, (b) Ground truth, (c) K-means,
(d) Spectral Clustering, (e) FCM, (f) SSC+NN and (g) SSC+RBF.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.4: RGB rendering, ground truth and clustering thematic plots on Pavia
Center Scene hypercube: (a) RGB color rendering, (b) Ground truth, (c) K-
means, (d) FCM, (e) SSC+NN and (f) SSC+RBF.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.5: RGB rendering, ground truth and clustering thematic plots on Pavia
University Scene hypercube: (a) RGB color rendering, (b) Ground truth, (c) K-
means, (d) FCM, (e) SSC+NN and (f) SSC+RBF.



Chapter VII

Conclusions

This chapter concludes the dissertation, summarizes its main �ndings and contributions,
limitations of the current work, and also outlines directions for future research. The
chapter is organized into three sections. Section 7.1 provides a summary of the disser-
tation. Section 7.2 discusses the limitations and possible future work and concludes the
dissertation.

7.1 Summary

In this dissertation work, the unsupervised classi�cation of remote sensing hyperspectral
imaging data was addressed and studied. With the main focus placed on non-linearity
of remote sensing hyperspectral images, the dissertation exploits the potential nonlinear
manifold learning and unsupervised classi�cation, which e�ectively perform land cover
mapping of remote sensing hyperspectral images. In this direction, four main contribu-
tions emerged from this dissertation work, each leading to satisfactory results in terms
of accuracy and precision of classi�cation.

I) K-means is a wildly used clustering algorithm that takes advantage of simplicity
and ease of implementation. However, since K-means utilizes Euclidean distance for
encoding data similarities, it has theoretical limitations on being unable to discover non-
spherical shape clusters. Chapter 4 of this dissertation proposes an extension of the
standard K-means algorithm to tackle with nonlinearity and non-spherical shape data
clusters commonly observed in remote sensing hyperspectral images. The proposed K-
means algorithm is characterized by three main features: First, to be able to discover
non-spherical shape data clusters, an outlier robust manifold geodesic distance based
on the notion of shared nearest neighbor similarity is utilized in place of Euclidean
distance. Second, the well-known Local Outlier Factor (LOF) is integrated into the
geodesic distance estimation models to reduce outlier e�ects. Third, an adaptive strategy

98
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is applied to integrate outlier scores into geodesic distances to enhance model parameter
tuning. Both the quantitative and the qualitative evaluation results reveal improvements
achieved in the clustering of real-world hyperspectral imaging data compared to the
standard K-means algorithm.

II) Due to the high dimensionality and the inherent nonlinearity of hyperspectral imag-
ing data, dimensionality reduction, or in more general terms manifold learning, has been
extensively used with the unsupervised classi�cation of remote sensing hyperspectral
imaging data. The majority of conventional manifold learning algorithms applied to
hyperspectral image classi�cation, whether they be linear models such Principal Com-
ponent Analysis (PCA), Multi-dimensional Scaling (MDS) and Independent Component
Analysis (ICA) or non-linear models such Isometric Feature Mapping (ISOMAP), Lo-
cally Linear Embedding (LLE), Laplacian Eigenmaps (LE) and Local Tangent Space
Alignment (LTSA), strongly rely on a single smooth data manifold that does not �t to
the intrinsic geometric structure of remote sensing hyperspectral data where di�erent
clusters commonly lie on multiple manifolds each posing di�erent geometric structure.

Section 5.3 of Chapter 5 of this dissertation proposes a family of Mmulti-manifold Spec-
tral Clustering for unsupervised classi�cation of hyperspectral imaging data. Assuming
di�erent clusters resemble di�erent manifolds that can also intersect with each other,
the proposed algorithm performs data clustering according to a combined global and
local similarity model. The problem of Mmulti-manifold Spectral Clustering was tack-
led through a similar procedure as in the standard spectral clustering but utilized a
di�erent approach to obtain data a�nities considering the multi-manifold assumption.
To this end, the a�nities among data points were captured by pairwise similarities of
the corresponding local tangent spaces. In particular, the notion of the shared nearest
neighborhood connectivity model was combined with a Weighted Principal Component
Analysis (WPCA) to perform tangent space estimation. Experimental results on two
benchmark hyperspectral datasets showed that the proposed Mmulti-manifold Spectral
Clustering algorithm obtained superior results compared to the standard spectral clus-
tering, coupled with prior manifold learning algorithms based on the single manifold
assumption. It is anticipated that this proposed algorithm could also be applied to other
areas where the multi-manifold assumption �ts the geometric structure of data manifolds.

III) The local tangent space estimator is a pivotal contributor to the Mmulti-manifold
Spectral Clustering model and actively drives its end performance. Estimating accurate
local tangent spaces is essential to truly encoding data similarities and eventually to
achieve satisfactory clustering results. As in the case of local PCA-based tangent esti-
mators that heavily rely on local neighborhood representations, the quality of tangent
spaces is susceptible to the presence of heterogeneous data patterns or outliers.

Section 5.3 of Chapter 5 of this dissertation proposes a Contractive Autoencoder (CAE)-
based multimanifold spectral clustering. The proposed algorithm follows a similar work-
�ow to the standard multi- manifold spectral clustering but employed a variant of the
autoencoder, namely the Contractive Autoencoder for local tangent estimation. The
integration of Contractive Autoencoder into Mmulti-manifold Spectral Clustering led to
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a multi-manifold clustering model that is less susceptible to local data variations and
the presence of outlying data. Experimental results on two benchmark hyperspectral
datasets revealed that the proposed Contractive Autoencoder based Mmulti-manifold
Spectral Clustering has achieved slightly improved results compared to the local PCA-
based Mmulti-manifold Spectral Clustering.

IV) Spectral Clustering is considered an e�cient clustering algorithm that can deal
with data clusters sampled from complex and non-convex structures, but, on the con-
trary, it notably su�ers from scalability issues due to the space requirements and the
temporal constraints imposed by large pairwise data a�nity matrices. Chapter 6 of
this dissertation extends the standard spectral clustering algorithm to address its scal-
ability issues. In the proposed algorithm, a bipartite graph representation with a se-
quential framework was utilized to mitigate the scalability issues in spectral clustering.
Speci�cally, three main contributions were incorporated in the proposed sequential spec-
tral clustering algorithm. First, the data a�nities were obtained through a bipartite
graph representation, which bene�ts from signi�cantly lower space and temporal com-
putational complexities. Second, the eigendecomposition is performed sequentially by
Singular Value Decomposition lowering that facilitates the eigendecomposition of large
sample size matrices. Third, in place of the standard K-means, a mini-batch K-means
approach was utilized to accelerate the optimal clustering convergence. Comprehensive
evaluations on a variety of benchmark remote sensing hyperspectral imaging data con-
�rmed the e�ciency of the proposed sequential spectral clustering algorithm compared
to other state of the art algorithms.

7.2 Discussion

The proposed algorithms for unsupervised classi�cation of hyperspectral imaging data
have been shown to be e�cient, leading to promising results when applied to real-world
benchmark hyperspectral data. However, there are issues and limitations that could be
considered in possible future work.

The proposed outlier robust geodesic K-means was proven to be e�ective at improving
the clustering accuracy of remote sensing test hyperspectral images. However, this algo-
rithm involves the computation of geodesic distances over a shared nearest neighborhood
connectivity graph that is prone to be computationally expensive. Dependency on pair-
wise geodesic distance can diminish the e�ciency of the proposed outlier robust geodesic
K-means for large-scale real-world hyperspectral data and time-demanding applications.

The results obtained by the two proposed Mmulti-manifold Spectral Clustering algo-
rithms dictate that clustering based on the multi-manifold assumption compared to clus-
tering based on the traditional manifold learning algorithms, built on a single manifold
assumption, such as PCA, LLE and LTSA is more promising and well-�tted to hyper-
spectral image classi�cation both in terms of accuracy and precision. These algorithms
revealed to be successful in dealing with hyperspectral data containing data clusters with
overlapping structures.
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However, these proposed multi-manifold-based algorithms seem to not be quite as ef-
fective when there are high spectral similarities or signi�cant intersections among data
clusters, e.g. as observed in the case of the Salinas dataset between the untrained grape
and the untrained vineyard land-cover classes. This can be explained by the strong re-
liance of these methods on a nearest neighborhood connectivity model to estimate the
data a�nities that become ine�cient with overlapping data clusters with a high degree
of intersections. Moreover, the current development of the proposed algorithms only
incorporated the standard spectral clustering that relies on the computation of pairwise
data a�nities. This can also bring about high space and time complexities when dealing
with large sample-size remote sensing hyperspectral imaging data.

The proposed Sequential Spectral Clustering (SSC) algorithm is built over a bipartite
graph representation aiming to alleviate the complexity of the clustering algorithm. This
algorithm was successfully applied to �ve popular hyperspectral benchmark datasets in-
cluding Botswana, Salinas, Indian Pines, Pavia Center Scene and Pavia University Scene
datasets. The obtained results have proven the e�ciency of the proposed SSC algorithm.
The present implementation of this algorithm was particularly developed in order to re-
duce the computational complexity of the standard spectral clustering algorithm based
on the Radial Basis Function (RBF) similarity kernel. However, it would be worthwhile
to explore the e�ciency of the proposed SSC within a multi-manifold or a spatio-spectral
framework for remote sensing hyperspectral image unsupervised classi�cation.
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