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The purpose of this thesis is to compare the accuracy of various volatility forecasting models
in Nordic equity markets. To enable this, daily price data of five Nordic benchmark equity
indices (OMXS30, OMXH25, OMXC20, OBXP and OMX40) is employed over the sample
period 2007–2018. In total, twelve volatility forecasting models are compared: three historical
forecasting models (i.e., 1-month SMA, 3-month SMA, and EWMA), and nine GARCH
variants (i.e., GARCH, EGARCH and GJR-GARCH models based on normal, Student’s t and
skewed Student’s t error distributions. The models are ranked based on MSE and MAE loss
functions, and the statistical significance of the rankings is tested with the Diebold-Mariano
test. Forecasted values are compared to the range-based Yang-Zhang volatility estimators,
which are used as proxies for actual volatility.
The results show that for most of the Nordic indices, the EWMA-based model produces the
most accurate volatility forecasts, with exception being OBXP, for which the GJR-GARCH based variant with Student’s t distribution is the best among the models being compared.
Compared to GARCH models, another historical model (i.e., the one based on 1-month SMA
volatility estimates) also performs well, whereas the prediction power of 3-month SMA-based
model is at best mediocre. For most indices, the forecasting accuracy of symmetric standard
GARCH models is better than that of asymmetric EGARCH and GJR-GARCH models.
Moreover, the impact of more leptokurtic error distributions is only marginal for the GARCHbased estimates. In addition, the direction of this impact is inconsistent, and it varies across the
models and loss functions employed. These results imply that at least for this particular sample
data, more parsimonious models with simpler estimation processes and less strict data
requirements have tendency to provide better volatility forecasts than more sophisticated
models, as these simpler models are more robust to the model misspecifications, as well as more
responsive to quickly adjust to the changes in volatility.
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Tämän tutkimuksen tarkoituksen on vertailla erilaisten volatiliteetin ennustusmallien
suoriutumista pohjoismaalaisilla osakemarkkinoilla. Tämän mahdollistamiseksi viiden
pohjoismaalaisen yleisindeksin (OMXS30, OMXH25, OMXC20, OBXP ja OMXN40)
päivittäistä hintadataa on kerätty vuodesta 2007 vuoteen 2018 asti. Kaiken kaikkiaan tässä
tutkimuksessa verrataan kahtatoista erilaista volatiliteetin ennustusmallia: yhden ja kolmen
kuukauden SMA sekä EWMA-mallia historiallisista ennustamismalleista ja näiden lisäksi
GARCH-, EGARCH- ja GJR-GARCH-malleja normaalijakautuneella, Studentin t-jakaumaa
noudattavalla ja vinoutunutta Studentin t-jakaumaa noudattavalla virhejakaumalla.
Ennustemallit laitetaan järjestykseen perustuen MSE ja MAE tappiofunktioiden arvoihin,
minkä lisäksi järjestyksen tilastollista merkitsevyyttä testataan Diebold-Mariano testillä.
Ennustettuja arvoja verrataan etäisyyspohjaiseen Yang-Zhang volatiliteettiestimaattoriin, jota
käytetään kuvaamaan todellista volatiliteettia.
Tutkielman empiiriset tulokset osoittavat EWMA-mallin tuottaneen tarkimpia
volatiliteettiennusteita lähes jokaiselle tutkitulle pohjoismaalaiselle osakeindeksille lukuun
ottamatta OBXP:tä, jolle Studentin t-jakaumaan perustuva GJR-GARCH-variaatio on
tutkituista malleista paras. Muista historiallisista malleista myös yhden kuukauden SMApohjainen malli suoriutuu hyvin GARCH-pohjaisiin malleihin verrattuna, kun taas kolmen
kuukauden SMA-pohjainen malli on parhaimmillaankin ainoastaan keskinkertainen.
Useimpien indeksien kohdalla yksinkertaisen symmetrisen GARCH-mallin tuottamat
volatiliteettiennusteet ovat tarkempia kuin asymmetristen EGARCH- ja GJR-GARCHmalleihin perustuvat vastaavat ennusteet. Huipukkaampien virhejakaumien vaikutus GARCHmallien tuottamiin ennusteisiin on vähäinen, ja lisäksi niiden vaikutuksen suunta on
epäsäännöllinen ja vaihtelee käytetyistä malleista ja virhefunktioista riippuen. Tulokset
osoittavat, että ainakin tämän tutkimusaineiston perusteella suhteellisen yksinkertaiset
volatiliteetin ennustamismallit toimivat monimutkaisempia verrokkejaan paremmin, koska ne
pystyvät mukautumaan volatiliteetin odottamattomiin muutoksiin verrokkejaan nopeammin.
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1 Introduction
Uncertainty is an intrinsic part of the returns of any financial instrument. One of the most
frequently used methods to estimate uncertainty and risk of a financial instrument is volatility,
which is a statistical measure of how much return of a financial instrument vary around its mean
and is usually measured using standard deviation or variance of the returns. Large deviations
of the return around the mean imply that the financial asset has higher risk and vice versa. The
statistical nature and characteristics of volatility makes it forecastable and necessitates the use
of statistical theory and econometrics to estimate volatilities of the asset prices.
Being a measure of total riskiness of a financial instrument, volatility is one of the key concepts
of finance and it is used in versatile tasks throughout the industry. In risk management volatility
is a key component of many applications and methods, such as Value-at-Risk model (VaR),
which is widely used by financial institutions, companies and supervisory authorities to
calculate maximum potential loss during certain period at the given confidence level.
Furthermore, option pricing models such as Black and Scholes (Black and Scholes, 1973) and
binomial option pricing model by Cox, Ross and Rubinstein (1979) use volatility as one of the
parameters, so more accurate volatility forecasts can provide more effective options pricing.
Additionally, in asset management modern portfolio theory by Markowitz (1952) uses volatility
to assemble a diversified portfolio which maximizes the expected return of the portfolio for a
given level of risk, but it is also used as a factor in rapidly increasing factor-based investing.
Recently, volatility has become an asset class itself, as speculation and hedging using volatilitybased exchange traded products has become more prominent.
Due to its significance in the financial industry, there have been great incentives for academia
and practitioners to create sophisticated econometric models, which could outperform the
forecasting performance of traditional naïve estimation models like simple moving average and
exponential weighted moving average. Especially GARCH (General Autoregressive
Conditionally Heteroscedastic) based models have gained popularity over the years, as these
models can incorporate some stylized facts of financial return series volatility, like volatility
clustering and mean reversion. Volatility clustering as a phenomenon means that volatility in
financial markets often comes in bunches, meaning that large movements in financial returns
are often followed by further large movements, of either sign, and vice versa (Mandelbrot,
1963). Consequently, this makes financial markets to have cycles of low and high volatility
periods. According to Brooks (2008), a possible and intuitive explanation for volatility
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clustering is that the changes of the financial assets are driven by arrival of new information,
which are naturally not evenly distributed over time.
Since the introduction of the first GARCH models researchers have developed plethora of new
innovative extensions to standard symmetric GARCH models such as asymmetric EGARCH
and GJR-GARCH models, which aim to resolve some disadvantages of the standard model and
consider more stylized facts of the financial return series, such as so-called leverage effects.
Leverage effects, or asymmetries in volatility, mean that the volatility of a financial asset tends
to increase more when there is a large negative shock compared to positive shock of the same
magnitude. Furthermore, leverage effect implies that there is an inverse relationship between
returns and volatility. Some of the pioneers in researches concerning the reasons behind this
phenomenon are Black (1976) and Christie (1982), who studied asymmetric volatility in the US
stock markets. According to their discoveries, the decline of stock prices increases financial
leverage of the associated companies, which makes stocks riskier and therefore increases their
volatility.
There are also several other explanations for leverage effects in stock returns. Various
researches claim that leverage effects originate from so-called volatility feedback effect, which
means that an increase in volatility makes the asset riskier, which requires an increase in
expected returns to compensate for the rising risk. Therefore, the price of an asset must decline
to put the risk-return relationship back into the balance. (Andersen et al., 2005)
Many statistical and econometric models assume that distributions of the time-series follow
normal distribution. However, many studies and other empirical findings conclude that
financial return series are frequently leptokurtic, which means that financial return series have
tendency to show fat tails because of outliers and excess kurtosis at the mean compared to
normal distribution. Because of these non-normal characteristics, financial return series tend to
follow distributions, which allow more kurtosis and skewness than normal distribution. If the
assumption of normally distributed returns is used when the return series are in fact leptokurtic,
the model will intrinsically underestimate the probability of the extreme values, which have
especially severe impacts for risk management applications, such as VaR. Several researches
have pointed out the inadequacy of using standard normal distribution when modelling financial
time series, including Mandelbrot (1963) and more recently Wilhelmsson (2006). This evidence
gives motivation for econometric models to consider error distributions, which allow more
kurtosis and skewness, such as Student’s t-distribution and skewed Student’s t-distribution.
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The main purpose of this thesis is to study the relative volatility forecasting performances of
different simple and more sophisticated forecasting models in Nordic equity markets and to
find which forecasting model provides the most accurate volatility forecasts for each index.
Moreover, additional focus is on whether more sophisticated GARCH family volatility
forecasting models can provide more accurate out-of-the sample day ahead forecasts compared
to more traditional volatility forecasting methods, namely simple moving average (SMA) and
exponential weighted moving average (EWMA). Forecasting performance of these historical
volatility estimation models are compared to three more sophisticated GARCH models,
traditional GARCH, exponential GARCH (EGARCH), and Glosten-Jagannathan-Runkle
GARCH (GJR-GARCH). The volatility of five Nordic benchmark blue-chip equity indices are
forecasted: Swedish OMX Stockholm 30 index (OMXS30), Finnish OMX Helsinki 25 index
(OMXH25), Danish OMX Copenhagen 20 index (OMXC20), Norwegian Oslo Børs Index
(OBXP) and OMX Nordic 40 index (OMXN40). Furthermore, in order to research non-normal
characteristics of the distribution of financial time-series data, GARCH models are also
estimated with Students t-distribution and skewed Student’s t-distribution alongside with
normal distribution to test if the forecasting performance could be improved with different
statistical error distributions.
In order to study these issues in context of Nordic equity markets, four research questions are
formulated:
1) Which volatility forecasting model provides the most accurate volatility forecasts for
each Nordic equity indices?
2) Are GARCH models able to provide more accurate volatility forecasts than simpler
historical forecasting models in Nordic equity markets?
3) Can asymmetric GARCH models EGARCH and GJR-GARCH provide more accurate
forecasts compared to standard GARCH model in Nordic equity markets?
4) Does the introduction of Student’s t or skewed Student’s t error distributions improve
the forecasting performance of the GARCH models?
To the best of my knowledge, this research is the first one, which uses all five Nordic benchmark
blue-chip equity indices to evaluate the volatility forecasting performance of different volatility
forecasting models in Nordic equity markets. The results of this thesis can be utilized in many
applications in finance where volatility forecasts are needed, such as in risk management, option
pricing and portfolio management.
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Remainder of this thesis has the following structure. In section 2 the previous literature and
researches about volatility forecasting with GARCH models and traditional historical models
are presented. In section 3 volatility forecasting models and statistical tests of model fitness
used throughout this thesis are introduced, while loss functions, volatility proxy and statistical
test used in forecast evaluation are also described. In section 4 the data used in empirical part
of the thesis is presented along with some descriptive statistics as well as the results of model
fitness tests for each equity index studied. Moreover, forecasting procedure is described in
detail in this section. Section 5 is the empirical part of the thesis, where the relative volatility
forecasting performance of the models is evaluated for each equity indices with rankings and
statistical tests. Section 6 concludes the findings obtained from the empirical part of the thesis,
while also providing limitations of this research and suggestions of further research. Finally,
section 7 summarizes the contents and the findings of this thesis.
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2 Literature Review
2.1 Brief history of volatility forecasting with GARCH models
Modelling and forecasting of volatility of financial assets have for long been in the interests of
practitioners working in the financial industry and academia, as volatility is used in numerous
different applications in the financial industry and corporate finance for example in risk
management, options pricing and asset management. Because volatility is one of the
cornerstones of financial theory there have been great incentives to develop more robust and
precise econometric methods to model and forecast volatility of asset prices. Ideally, these
models could also incorporate some stylized facts of financial return series such as volatility
clustering and leverage effects to the analysis.
Before non-linear volatility forecasting models were invented, ARMA model was frequently
used in volatility forecasting. This model was popularised by Box and Jenkins (1971), and it
claims that the current value of an asset depends linearly on the previous values of an asset
combined with current and previous white noise error terms. Consequently, the model combines
autoregressive and moving average models and requires the underlying time-series to be
stationary. ARMA models have been used to volatility forecasting for example by Cao and
Tsay (1992) and by Rounaghi et al. (2016). However, researchers have argued that there are
several fundamental shortcomings in ARMA models. Durbin and Koopman (2001) concluded
that ARMA models are inherently inappropriate when estimating real world economic or social
data, as the ARMA model demands the time-series to be stationary and real economic data
virtually never satisfies this requirement. Furthermore, some relationships in finance are
intrinsically non-linear, as for example Campbell, Lo and Mackinlay (1997) argued that the
shape of risk-return trade-off of investors and some input variables of the payoffs to options
have non-linear characteristics. According to Brooks (2008), linear models are also incapable
to capture and explain stylized facts of financial time series like volatility clustering, leptokurtic
distribution and leverage effects of asset returns. These findings proved the necessity to
consider alternative models, which could factor in the possible non-linear characteristics and
other stylized facts of the financial data.
The shortcomings of linear models such as ARMA in volatility forecasting led to the
development of non-linear methods, which could also model volatility clustering. Engle (1982)
introduced autoregressive conditionally heteroscedastic (ARCH) model, where the conditional
variance depends on lagged squared errors. The literature about the model and its various
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applications is very comprehensive and some extensive summaries about the findings have been
made, where for example Engle and Bollerslev (1986) and Bollerslev, Chou and Kroner (1992)
have contributed vastly.
However, there are several limitations in ARCH model, which is why it is not frequently used
in recent volatility forecasting studies. ARCH model calculates conditional variance, which
must be strictly positive, because negative variance would not make any sense intuitively. To
assure that conditional variances stay non-negative, all the coefficients of the variance are
usually required to be positive. Nevertheless, the more there are lagged squared errors as
parameters in the conditional variance equation, the more probable it is that some of the
estimated values of the parameters breach the non-negativity constraints. (Brooks, 2008)
Furthermore, there are also several problems concerning the number of lagged squared residuals
used in the ARCH model estimation. According to Brooks (2008), the number of squared
residuals required to capture all the effects to the conditional variance can be considerably high,
which makes the model less parsimonious. Additionally, there is not universally outperforming
method to decide how many lags of squared errors should be included to the ARCH model as
parameters.
To overcome these limitations, Bollerslev (1986) and Taylor (1986) independently enhanced
the original ARCH model by providing an extension, which was named generalized
autoregressive conditionally heteroscedastic model (GARCH). This new model allows
conditional variance to depend both on previous values of squared residuals and lagged values
of conditional variance itself. As GARCH model has several preferable properties compared to
ARCH model, it overtook the ARCH model as the standard method used in volatility
estimation. To mention some of the advantages of the GARCH model compared to the original
ARCH model, GARCH is more parsimonious, avoids overfitting and its parameters have lesser
tendency to exhibit negative estimated values.
However, the standard GARCH model still has some disadvantages. Although it is less likely
that GARCH model would breach the strict non-negativity constraints compared to ARCH
model, there is still a possibility that this event could occur. In order to completely erase the
possibility of the violation of non-negativity constraints, there should be something in the model
coefficients which would force the coefficients to be strictly positive. Furthermore, another
disadvantage of standard GARCH model is that positive and negative shocks are assumed to
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have an impact of same magnitude on volatility, as in the GARCH model the lagged residuals
are squared and consequently, the signs of the residuals are lost. (Brooks, 2008)
Above-mentioned deficiencies in the standard symmetric GARCH model paved way for the
development of asymmetric GARCH models, which can capture the leverage effects and have
some artificial components, which will force the model coefficients to have strictly nonnegative values. Consequently, after Bollerslev and Taylor introduced the traditional GARCH
model and the model gained prominence and popularity, numerous new asymmetric
modifications and extensions to the standard model have been formulated.
Perhaps the two most influential and popular of these new extensions to standard GARCH
model are exponential generalised autoregressive conditionally heteroscedastic (EGARCH)
model proposed by Nelson (1991) and GJR-GARCH model introduced by Glosten,
Jagannathan and Runkle (1993). These models have several advantages over traditional
GARCH model, as they are both capable to capture the possible asymmetric volatility of the
data. The models are also less likely to violate non-negativity constraints compared to standard
GARCH model. In fact, as EGARCH models logarithmic squared conditional variance, the
estimated conditional variance will be positive even if the model parameters are having negative
values. These models are further discussed in section 3, where the applied models are presented
in detail.

2.2 Previous researches on volatility forecasting with GARCH models
Previous literature on the relative performance of GARCH models against naïve approaches in
volatility forecasting is ambiguous, as in previous researches it has occasionally been difficult
for GARCH models to provide more robust and precise forecasts compared to historical naïve
models. It is apparent that choices such as length of the sample period and forecast horizon,
frequency of the data, choice of the ex post proxy for true volatility and forecast evaluation
criteria have substantial impact on the relative and absolute performance of the different
volatility forecasting methods. Following overview of the previous literature concerning
volatility forecasting with GARCH models demonstrates how diverse methods are employed
in practice and how the results vary between the researches.
Akgiray (1989) was one of the first researchers to investigate the preciseness of GARCH
forecasts. He applied historical, EWMA, ARCH and GARCH methods to daily value-weighted
and equal-weighted stock index data over the period of 1963–1986 to acquire 20-day ahead
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volatility forecasts. The data period was divided to four subperiods with length of six years,
which were all analysed separately to consider possible different volatility regimes inside the
larger period. Modified daily squared returns previously used by Merton (1980) and Perry 1982)
was applied to depict an ex post proxy for true unobservable variance. The research discovered
that GARCH model provided the best fit and forecast accuracy among the alternative less
sophisticated models considered in the research especially during high volatility regimes and
when volatility was persistent.
Tse (1991) forecasted stock market volatility in Tokyo Stock Exchange during the period from
1986 to 1989 using naïve historical forecast, EWMA, ARCH model and GARCH model.
According to the empirical results, EWMA emerged as the best volatility forecasting model
studied, even though there were statistically significant ARCH/GARCH structure present.
Moreover, historical naïve forecasting model was also able to provide more accurate volatility
forecasts than ARCH and GARCH model. Tse (1991) gives several explanations on the
relatively weak performance of ARCH and GARCH models. These models require precisely
estimated parameters and large amounts of data in the estimation process, but the stability of
the parameters may not be robust throughout the sample period if too many observations are
used in the parameter estimation. On the contrary, EWMA has an ability to react rapidly to the
changes in volatility, does not require substantial amount of data in the estimation process and
has robustness to the estimation results. Consequently, EWMA has superior volatility
forecasting performance compared to ARCH and GARCH models especially during turbulent
periods with high volatility, because it is more reactive to the changes in volatility environment.
Additionally, Tse (1991) found that ARCH and GARCH models with normal error distribution
had better forecasting performance compared to their equivalents with non-normal distribution,
even though there was statistically significant non-normality present in the errors.
Kuen and Tung (1992) compared the relative volatility forecasting performance of historical
naïve method, EWMA model and standard GARCH model in Singaporean equity markets
during the period 1975–1988. According to their findings, the outperformance of EWMA
model compared to standard GARCH model was apparent in all indices studied, while historical
naïve model was also able to provide more accurate volatility forecasts than this more
sophisticated model. Moreover, this outperformance of EWMA and historical naïve model was
present during the periods of excess volatility, which was a rather surprising result given that
GARCH process is considered to have some suitable properties for these turbulent periods.
According to Kuen and Tung (1992), the inferior out-of-sample volatility forecasting
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performance of standard GARCH model is most probably due to combined effect of necessity
of accurate GARCH model specification and relatively complicated model estimation
procedure. This may lead to volatility forecasts, which have weak robustness to the
misspecifications of the model. Kuen and Tung (1992) added, that as the maximum likelihood
method used in GARCH estimation process requires substantial amounts of observations in
order to justify the large sample asymptotics, the GARCH model might produce imprecise
forecasts when the parameters of the model are changing. On the contrary, EWMA model is
rather robust to these parameter changes.
Cumby, Figlewski and Hasbrouck (1993) compared volatility forecasting performance of
EGARCH model with naïve historical model by using weekly data from broad sample of US
and Japanese equities, long-term government bonds and dollar-yen exchange rate over the
period 1977–1990. Using this data, they generated week-ahead forecasts of the volatility of
these assets, concluding that the EGARCH model provides more precise forecasting
performance compared to the naïve historical model. However, the explanatory power
measured with R2 from regressions was rather low.
Brailsford and Faff (1996) investigated the relative forecasting performance of eight methods,
applying the random walk, historical mean, simple moving average, exponentially weighted
moving average, exponential smoothing, regression, GARCH and GJR-GARCH models to
generate one-step-ahead forecasts using daily Australian stock market data over the period of
1974–1993. Brailsford and Faff concluded that GJR-GARCH model has marginal edge on the
other utilized models, while the model rankings are quite reactive to the changes of forecast
performance criteria.
Franses and Van Dijk (1996) utilized random walk model, traditional GARCH model, GJRGARCH model and quadratic GARCH model (QGARCH) to produce one-week ahead
volatility forecasts on equity indices of Germany, the Netherlands, Spain, Italy and Sweden.
Weekly stock index data over the period of 1986–1994 was used. According to the findings,
QGARCH model emerged as the most preferable model, if the data does not incorporate any
extreme market movements. If the extreme market movements, like the market crash of 1987,
were not excluded, the random walk model provided the best forecasting performance. On
contrary to the research conducted by Brailsford and Faff (1996), Franses and Van Dijk also
found that GJR-GARCH model was the worst performing forecasting method among the
models considered and it could not be recommended in volatility forecasting. However, this
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contrary result was probably influenced by the fact that the authors used median of squared
errors as a forecast evaluation criterion, which is a method that penalizes non-symmetry.
Walsh and Tsou (1998) tested different volatility forecasting techniques in Australian stock
markets using price data from four indices taken every 5 minutes during the period 1993–1995.
According to their findings, EWMA and standard GARCH models dominated the IEV method
and naïve historical model in every sample interval studied. EWMA seemed to provide slightly
more accurate volatility forecasts than standard GARCH model, but the differences between
the models were only marginal and varied between the loss function used for some sampling
frequencies.
McMillan, Speight and Gwilym (2000) investigated relative volatility forecasting performance
of several naïve and GARCH family models on UK equity indices FTA All Share and
FTSE100. The models utilized in their research included historical mean, random walk model,
moving average, exponential smoothing, exponentially weighted moving average, simple
regression, standard GARCH, threshold-GARCH (TGARCH), EGARCH and componentGARCH. Evaluation of forecast performance was done with daily, weekly and monthly
frequencies, including and excluding the market crash of 1987 and with symmetric and
asymmetric forecast performance criteria. The results were ambiguous, as the rankings of the
forecasting models were significantly influenced by the choices of stock index, forecast
performance criteria and frequency of data. In summary, naïve models like random walk,
moving average and exponential smoothing dominated at low data frequencies and when the
market crash of 1987 was included, whereas GARCH models provided relatively imprecise
forecasts.
Poon and Granger (2003) assembled comprehensive overview of the volatility forecasting
literature by summarizing findings of 93 previous researches. According to the summary, they
concluded that GARCH models tend to provide more precise estimates than standard ARCH
model and asymmetric GARCH models regularly outperform the forecast accuracy of the
symmetric models. However, there were significant variation in the findings and the results
were not homogenous.
Wilhelmsson (2006) contributed to the existing literature on volatility forecasting by
researching the forecasting performance of GARCH(1,1) model on S&P 500 index futures
returns under nine different error distributions over the period 1996–2002. Proxy for true
volatility, which was used as a benchmark for forecasting performance evaluation, was
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constructed from intraday high-frequency 1-min tick price data of S&P 500 index futures. The
research discovered, that the introduction of leptokurtic error distributions result in significantly
improved volatility forecasting performance compared to the forecasting performance achieved
with normal error distribution. This finding was also robust for daily, weekly and monthly
forecasts. The best performing model of the research was GARCH(1,1) with Student’s t
distribution. Additionally, GARCH models outperformed the moving average forecasts with all
loss functions and forecast horizons.
Sharma and Sharma (2015) utilized daily price data of 21 equity indices over the period of
2000–2013 to acquire one-step ahead conditional variance forecasts using seven different
GARCH family models: standard GARCH, EGARCH, GJR-GARCH, TGARCH, AVGARCH,
APARCH and NGARCH. According to the researchers, advanced GARCH variants excel when
complex patterns in conditional variance are modelled, but these methods have also tendency
to model idiosyncrasies of the historical data, which do not influence the future realizations of
the conditional variance process. This had negative impact on the forecast performance of these
models. The research indicated that the last-mentioned effect dominates, as the research found
out that the standard GARCH model usually outperforms the forecasting performance of its
more complex counterparties. According to the researchers, the conclusion was uniform with
the principle of parsimony, which proposes that in respect of out-of-sample forecasting
performance, more parsimonious models are generally better than the more complex ones.
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3 Models
3.1 Volatility forecasting models
3.1.1 Simple moving average (SMA)
Simple moving average is one of the simplest and most straightforward ways to forecast future
volatility of an asset. It takes an arithmetic average over historical period of 𝑁 datapoints and
uses this estimate as a forecast for the next period. The method smooths out substantial price
fluctuations, which makes the method convenient to determine longer-term trends in the price
of the underlying security. In addition to identify long-term trends in volatility, practitioners
often compare simple moving averages with different lengths to discover changes in recent
volatility trends. 𝑁 day length simple moving average of volatility at time 𝑡 can be formulated
as follows:
1

𝜎𝑡 = 𝑁 ∑𝑁−1
𝑖=0 𝜎𝑡−𝑖

(1)

where 𝑁 is the number of days used in averaging. Volatility used in calculation is close-to-close
volatility calculated from daily closing prices. Close-to-close volatility proxy is discussed in
more detail in the overview of volatility proxies later in this section.
The main disadvantage of using simple moving average in volatility forecasting is that the
method does not function well when the volatility spikes are frequent in the markets. If large
data samples are used in the averaging process, the impacts of single large movements in asset
prices are smoothed away. However, if shorter-term data is utilized in simple moving average
calculation, the model indeed adjusts to the recent volatility trends more rapidly, but the
estimate is unstable. All things considered, there are no heterogenous and scientifically proven
way to determine how long should the averaging period be in simple moving average
calculation. Further disadvantage of the model in volatility forecasting is that the model cannot
incorporate stylized facts of financial series, such as volatility clustering or leverage effects.
In this thesis one month and three-month periods are used to calculate two simple moving
averages. As there are approximately 252 trading days during the year, one month and threemonth moving averages are calculated with 21 and 63 previous observations, respectively. It is
also intriguing to see, what is the relative performance of these two different period simple
moving average models in volatility forecasting on Nordic equity indices.
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3.1.2 Exponentially weighted moving average (EWMA)
Exponentially weighted moving average is practically an extension to the simple moving
average method, which allows recent data points to have more weight in the estimation. The
most recent observation has the largest weight and weights for the subsequent observations
decrease exponentially as the time passes. This is the one of the key advantages of the EWMA
model in volatility forecasting compared to the simple moving average method, as EWMA puts
more emphasis to recent volatility, which is more heavily weighted than the previous
observations. Furthermore, the influence of a single observation to volatility decays over time,
as its weight exponentially deteriorates, but never reaches zero.
However, there are some disadvantages in exponentially weighted moving average method,
when it is used in volatility forecasting. As was also the case with simple moving average,
exponentially weighted moving average is unable to capture the stylized facts, such as volatility
clustering and leverage effects of financial return series. Additionally, the method does not
consider the tendency of mean-reversion in volatility, which is a desirable property for volatility
forecasting model. (Brooks, 2008)
There are multiple ways how the formula of the exponentially weighted moving average can be
presented. According to Brooks (1998), volatility estimation generated by the exponentially
weighted moving average model can be formulated as follows:
𝑖−1
𝜎𝑡 = (1 − 𝛼) ∑𝑁
𝜎𝑡−𝑖
𝑖=1 𝛼

(2)

where 𝜎𝑡 is an estimate of a volatility calculated with close-to-close method for the time period
𝑡, and 𝛼 is so called smoothing parameter, which define how much weight should be given to
the most recent observations in the data. The smoothing parameter is a constant, which has a
value from interval 0 to 1. Smoothing parameter values close to one has less smoothing
influence and puts more weight to more recent observations, whereas lower values have more
smoothing effect and recent observations have less impact. The value of the smoothing
parameter can be estimated, but in practice the value 0,94 is frequently employed, which is the
estimated value of smoothing parameter provided by financial risk management company
RiskMetricsTM.
3.1.3 GARCH
Bollerslev (1986) and Taylor (1986) enhanced ARCH model by independently developing
GARCH model. This generalized ARCH model was developed to overcome some of the
deficiencies of the standard ARCH model, such as possible violation of non-negativity
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constraints and high number of lagged squared residuals needed to capture all dynamics of
conditional variance. In generalized ARCH model conditional variance depends both on its own
previous lags and squared lagged residuals. Consequently, GARCH model is more
parsimonious compared to its predecessor ARCH, as the introduction of lagged conditional
variances in the equation reduces the number of lagged squared residuals needed to capture the
volatility dynamics of the data. Therefore, the model has less parameters to be estimated. The
model also has less tendency to exhibit overfitting, which makes the model less probable to
violate the non-negativity constraints. Furthermore, GARCH model can capture some of the
leptokurtic characteristics of financial returns. (Brooks, 2008) The conditional variance
modelled using GARCH with 𝑝 lags of conditional variance and 𝑞 lags of squared residuals can
be formulated as follows:
2
2
𝜎𝑡2 = 𝜔 + ∑𝑞𝑖=1 𝛼𝑖 𝑢𝑡−𝑖
+ ∑𝑝𝑗=1 𝛽𝑗 𝜎𝑡−𝑗

(3)

where 𝜎 2 is conditional variance and 𝑢 is a residual. Parameters 𝜔, 𝛼𝑖 and 𝛽𝑗 are all required
to have non-negative values to fulfil the non-negative constraints of the model, as negative
variance would be counterintuitive. Additionally, 𝛼𝑖 + 𝛽𝑗 < 1 is required to ensure that the
predicted variance 𝜎𝑡2 always equals long-term variance, which can be formulated as

𝜔
1−𝛼𝑖 −𝛽𝑗

.

Consequently, variance reverts to its long-term mean.
However, there are also some shortcomings in standard GARCH model. Although the model
can capture volatility clustering and leptokurtic distribution of the financial return data, it is
unable to consider possible asymmetries in volatility namely size and sign bias. Positive and
negative shocks have an impact of same magnitude, as the sign is lost when residuals are
squared.
According to Brooks (2008), GARCH model with one lag of conditional variance and one lag
of squared residual is usually able to capture volatility clustering in the data. Consequently,
higher order GARCH models are infrequently used in existing literature concerning volatility
forecasting. In this thesis, the prevailing practice is followed and only GARCH(1,1) model is
utilized in volatility forecasting.
3.1.4 EGARCH
EGARCH model by Nelson (1991) is one of the first asymmetric extensions to the standard
GARCH model and it can capture asymmetric characteristics, such as sign and size bias in the

23

data. EGARCH model with 𝑞 lagged squared residuals and 𝑝 lags of conditional variance can
be formulated as follows:
2
ln(𝜎𝑡2 ) = 𝜔 + ∑𝑞𝑖=1(𝛼𝑖 𝑢𝑡−𝑖 + 𝛾𝑖 (|𝑢𝑡−𝑖 | − 𝐸|𝑢𝑡−𝑖 |)) + ∑𝑝𝑗=1 𝛽𝑗 𝑙𝑛(𝜎𝑡−𝑗
)

(4)

where coefficient 𝛼𝑖 measures sign bias and coefficient 𝛾𝑖 measures size bias. As natural
logarithm of conditional variance is modelled, the model will not breach the non-negative
constraints even if the parameters would be negative. Therefore, there are no constraints to
ensure that the parameter values will not violate non-negativity constraints.
As with standard GARCH model, higher order models has rarely been used in previous
researches on volatility forecasting, as EGARCH(1,1) model has been found adequate.
Therefore, only EGARCH(1,1) model is applied in this thesis.
3.1.5 GJR-GARCH
GJR-GARCH model is another asymmetric extension to the standard GARCH model
developed by Glosten, Jagannathan and Runkle (1993), which has an additional term to take
into consideration the asymmetric size and sign effects. The GJR-GARCH(p,q) model with 𝑝
lags of conditional variance and 𝑞 lags of squared residuals can be written as follows:
2
2
2
𝜎𝑡2 = 𝜔 + ∑𝑞𝑖=1 𝛼𝑖 𝑢𝑡−𝑖
+ ∑𝑞𝑖=1 𝛾𝑖 𝑢𝑡−𝑖
𝐼𝑡−𝑖 + ∑𝑝𝑗=1 𝛽𝑗 𝜎𝑡−𝑗

(5)

where 𝐼𝑡−𝑖 is an indicator dummy variable, which takes value 1 when lagged residual 𝑢𝑡−𝑖 is
below zero and value 0 in other occasions and coefficient 𝛾𝑖 captures leverage effects. When
𝛾𝑖 > 0, negative shocks have larger influence on the conditional variance than positive shocks
of the same magnitude. Non-negativity constraints are 𝜔 > 0, 𝛼𝑖 > 0, 𝛽𝑗 ≥ 0 and 𝛼𝑖 + 𝛾𝑖 ≥ 0
to ensure that this condition is not violated. It is notable, that even if leverage term 𝛾𝑖 is below
zero, the model is still adequate if it fulfils the condition 𝛼𝑖 + 𝛾𝑖 ≥ 0. One can note that if
leverage term 𝛾𝑖 = 0, the model transforms to standard GARCH(p,q) model.
As was the case with GARCH and EGARCH models, rarely any other model variant than GJRGARCH(1,1) has been utilized in previous literature concerning volatility forecasting. Because
of this general practice, only GJR-GARCH(1,1) model will be used in this thesis without taking
into account higher order variants.
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3.2 Tests for model fitness
3.2.1 Jarque-Bera test for non-normality
Normality of the financial time-series are tested, as the financial data has tendency to be
leptokurtic with fatter tails and excess peakedness at the mean. If the distributions of the return
series are not normal, it is worthwhile to estimate GARCH models also with the distributions
which allow more these characteristics. In this thesis the Jargue-Bera test is used to assess
whether financial time-series have characteristics matching normal distribution, where there are
no skewness and excess kurtosis is zero. The test statistic JB as calculated as follows:
𝐽𝐵 = 𝑛 [

𝑆𝑘𝑒𝑤𝑛𝑒𝑠𝑠2
6

+

(𝐾𝑢𝑟𝑡𝑜𝑠𝑖𝑠−3)2
24

]

(6)

where
1 𝑛
∑𝑖=1(𝑥𝑖 − 𝑥̅ )3
𝑛
𝑆𝑘𝑒𝑤𝑛𝑒𝑠𝑠 =
3
1
(𝑛 ∑𝑛𝑖=1(𝑥𝑖 − 𝑥̅ )2 )2
1 𝑛
∑𝑖=1(𝑥 − 𝑥̅ )4
𝑛
𝐾𝑢𝑟𝑡𝑜𝑠𝑖𝑠 =
1
(𝑛 ∑𝑛𝑖=1(𝑥 − 𝑥̅ )2 )²
The JB test statistic follows chi-squared distribution with two degrees of freedom under the null
hypothesis of normal distribution. The rejection of the null hypothesis suggests that the data
sample does not follow normal distribution and it could be beneficial to use other distribution
in the models. In this thesis, the confidence level of 95 percent is used to determine if the sample
data follows normal distribution.
3.2.2 Ljung-Box test for autocorrelation
The Ljung-Box test developed by Ljung and Box (1978) is used in this thesis to evaluate if the
in-sample returns exhibit serial correlation. Instead of testing the autocorrelation of individual
lags, the test evaluates if all autocorrelations are simultaneously equal to zero for certain number
of lags. The test statistic of the Ljung-Box test can be formulated as follows:
̂2
𝜌

𝑘
𝑄ℎ = 𝑛(𝑛 + 2) ∑ℎ𝑘=1 𝑛−𝑘
~ 𝜒ℎ2

(7)

where 𝑛 is the size of the sample, 𝑘 is number of lags tested and 𝜌̂𝑘 is the sample autocorrelation
of lag 𝑘. 𝜌̂𝑘 is squared to ensure that coefficient of different sign do not cancel out each other.
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Under the null hypothesis of no autocorrelation in 𝑘 lags, the test statistic follows chi-squared
distribution with ℎ degrees of freedom.
During this thesis, the confidence level of 95 percent is used to test if the null hypothesis of
zero autocorrelation for 𝑘 lags is rejected. The number of lags used in this thesis is chosen to
be 20. At the confidence level of 𝛼, the null hypothesis of no autocorrelation is rejected, if 𝑄ℎ >
2
𝜒1−
𝛼,ℎ .

3.2.3 Engle’s ARCH effect test for non-linearity
Financial time-series tend to have non-linear characteristics. To confirm that the error terms
have ARCH effects and that the appropriate non-linear models is chosen, Engle’s ARCH test
by Engle (1982) is utilized. Engle’s ARCH test of non-linearity has a joint null hypothesis that
all squared error terms have coefficients which do not significantly differ from 0. Alternatively,
it can be considered as a test of autocorrelation in squared error terms. The test is formulated as
follows:
2
2
2
𝑢̂𝑡2 = 𝛾0 + 𝛾1 𝑢̂𝑡−1
+ 𝛾2 𝑢̂𝑡−2
+ ⋯ + 𝛾𝑞 𝑢̂𝑡−𝑞
+ 𝑣𝑡

(8)

where 𝑣𝑡 is an error term.
The procedure of Engle’s ARCH effect test and its interpretation is as follows. The test begins
with regression, which is run to obtain the residuals. These obtained residuals are then squared
and regressed on 𝑞 number of own lags to test ARCH of order 𝑞. The test statistic of Engle’s
test for ARCH effects is 𝑇𝑅 2, where 𝑇 is the number of observations and 𝑅 2 the coefficient of
determination of the regression above. The test statistic follows chi-squared distribution with 𝑞
degrees of freedom, where 𝑞 is the number of regressed lags of residuals. If the test statistic
exceeds the critical value of the chi-squared distribution, the null hypothesis is rejected i.e. one
or more coefficients 𝛾𝑞 have values deviating from zero. The rejection of null hypothesis
indicates that there are ARCH effects in the squared residuals, which would justify the
application of non-linear GARCH family models in the volatility estimation. (Brooks, 2008)
3.2.4 Engle-Ng test for asymmetries in volatility
Engle and Ng (1993) proposed a test which can be used to assess if there are asymmetries in
volatility. The possible asymmetries are also known as sign and size bias. The Engle-Ng method
for sign and size bias tests whether there are leverage effects in the sample data, which would
require asymmetric models to capture these characteristics in the data. (Brooks, 2008) In this
thesis, the test is used to determine if the asymmetric volatility models EGARCH and GJR-
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GARCH should be deployed to the return data of the selected stock indices to consider the
leverage effects.
According to Engle and Ng (1993), the joint test for sign and size bias is formulated as follows:
+
−
−
𝑢̂𝑡2 = 𝜙0 + 𝜙1 𝑆𝑡−1
+ 𝜙2 𝑆𝑡−1
𝑢𝑡−1 + 𝜙3 𝑆𝑡−1
𝑢𝑡−1 + 𝑣𝑡

(9)

−
where 𝑣𝑡 is an iid error term. 𝑆𝑡−1
is a slope dummy variable, which gets value of 1 if 𝑢̂𝑡−1 <
+
+
−
0 and zero in other occasions. 𝑆𝑡−1
is defined as 𝑆𝑡−1
= 1 − 𝑆𝑡−1
and it gathers the positive

innovations.
Statistical significance of 𝜙1 suggests that there are sign bias present in the data, implying that
positive and negative shocks have asymmetric impact on volatility. Additionally, statistical
significances of 𝜙2 and 𝜙3 indicate size bias in the data, where the magnitude of the shock is
essential along with the sign of the shock. The joint test statistic is formulated as 𝑇𝑅 2, where 𝑇
is the number of observations and 𝑅 2 is the coefficient of determination of regression of the
above-mentioned formula. The test statistic asymptotically follows chi-squared distribution
with 3 degrees of freedom under the null hypothesis of no sign and size bias.

3.3 Overview of the proxies for realized volatility
The choice of proxy for realized volatility is one of the key decisions in volatility forecasting,
as it can decisively affect the out-of-sample forecast performance and relative ranking of the
models, leading to inconsistent results. Realized volatility can be thought as an ex-post estimate
of true variance, as actual return volatility is not directly observable. This estimate of true
volatility is a vital part of volatility forecasting, as it is applied as a benchmark to which the
accuracy of forecasted values of the models is compared. However, there are no predominating
practices for the calculation of this proxy among practitioners and researchers.
Perhaps the most widely used proxy for realized volatility is cumulative squared returns
calculated from high-frequency intraday tick data. The method has been used as a volatility
proxy for example by Andersen et al. (2000) and was originally developed to model variance
of intraday returns, but it can also be utilized for lower data frequencies, such as daily or
monthly returns. According to Andersen et al. (2003), theoretically the method leans on the
theory of quadratic variation, which argues that under certain conditions realized volatility
calculated from intraday squared returns is an unbiased and efficient estimate of true return
volatility.
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However, there are also some weaknesses in using intraday high-frequency price data to
calculate proxy for realized volatility. Alizadeh, Brandt and Diebold (2002) argued that market
microstructure can have substantial impacts on high-frequency prices and returns, as in
presence of bid-ask spread the so-called bid-ask bounce increases the high-frequency volatility.
The upward bias of high frequency squared returns cumulate when they are added up, which
possibly leads to severe bias in the estimate. Furthermore, there are also some possible problems
concerning the acquiring and processing of high frequency data.
Intraday high-frequency price data for four Nordic equity indices was only available for
relatively short period and was otherwise very costly to obtain. As only daily price data was
available for five Nordic equity indices, cumulative intraday squared returns could not be
utilized as proxies for realized volatility. In the absence of intraday high-frequency data for
Nordic equity indices, a possible method to acquire proxy for realized volatility is using daily
closing price data to calculate daily squared returns.
But why squared returns are used? The motivation behind the choice is traceable to the common
practice in volatility forecasting literature. When variance of the returns 𝜎𝑡2 =

1
𝑛−1

∑𝑛𝑡=1(𝑟 2 −

𝜇) is calculated, the long-term average return is often assumed to be zero. According to
Figlewski (1997), sample mean 𝜇 is very inaccurate measure of mean for small samples, and
he advocates that zero mean of returns reflects long-term mean better. As 𝜇 is assumed to be
zero, formula of variance becomes 𝜎𝑡2 =

1
𝑛−1

∑𝑛𝑡=1 𝑟 2. Consequently, according to this formula

the variance is only dependent on the squared returns. Because of this, squared returns are
frequently used as a proxy for true unobservable variance. However, according to Andersen
and Bollerslev (1998), daily squared return calculated from daily closing prices is a very noisy
estimate of realized volatility, and it provides inconsistent model rankings and weak out-ofsample forecasting despite possibly adequate in-sample fit.
Close-to-close volatility estimator can be written as follows:
𝑁

2
𝜎𝐶𝐿,𝑡 = √𝑛−2 ∑𝑛−1
𝑖=1 (𝑟𝑖 − 𝑟̅ )

(10)

where 𝑟𝑖 is logarithmic returns calculated from daily closing prices, 𝑛 is number of periods used
for volatility estimation and 𝑁 is number of periods per year, which is decided to be 252 trading
days. Sample mean 𝑟̅ is assumed to be zero, which is a practice frequently used in volatility
forecasting literature.
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Luckily, there are several alternative methods applied in the previous literature, which utilize
intraday open, close, high and low prices to obtain proxies for realized volatility. These rangeestimators are appealing when high-frequency intraday data is not available, as they provide
more information about intraday price fluctuations than simple close-to-close proxy calculated
from daily squared returns. Moreover, intraday open, close, high and low prices are generally
available for relatively long time periods and for most of the financial assets. According to
Alizadeh, Brandt and Diebold (2002) and Shu and Zhang (2006), range-estimators are also
more robust to the effects of market microstructure compared to the proxies calculated from
high-frequency data. Since the introduction of these range-estimators, several researchers have
contributed to the development of new estimators, including Parkinson (1980), Garman and
Klass (1980), Rogers and Satchell (1991) and Yang and Zhang (2000). Next, these different
volatility proxies are presented, and their advantages and disadvantages are discussed.
Parkinson (1980) was the first introducing high-low range estimator, which is a popular proxy
for realized volatility, where the estimate of realized volatility for period 𝑡 is the logarithm taken
from ratio of daily high and low price of the trading day. According to Parkinson’s theory, if
the log price process follows Brownian motion with zero drift (expected return is equal to zero)
during the trading day, intraday high-low range estimator is better proxy for realized volatility
compared to simple proxy calculated from daily squared returns. The Parkinson high-low range
estimator used as a proxy for daily realized volatility can therefore be formulated as:
N

𝐻

𝜎𝑃,𝑡 = √4𝑛 𝑥 ln(2) ∑𝑛𝑖=1 ln( 𝐿 𝑡 )2
𝑡

(11)

where 𝐻𝑡 is the highest intraday price of a trading day 𝑡, 𝐿𝑡 is the lowest intraday price of the
same trading day, 𝑛 is the number of periods used for volatility estimation and 𝑁 is number of
periods per year, which is 252 trading days.
Parkinson’s proxy for realized volatility obtained from daily high and low prices incorporates
more information about intraday price fluctuations than simple proxy calculated from daily
squared returns. For example, if there are large intraday price fluctuations, but the closing price
of an asset ends up being close to the open price of the day, the simple proxy calculated from
squared daily returns would imply that the intraday volatility was low, although the fluctuations
could have been substantial during that day. The weakness of the estimator is that it assumes
continuous trading, and therefore it intrinsically underestimates volatility. The estimator is also
not able to capture potential overnight jumps between previous close price and open price.
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Garman and Klass (1980) provided an extension to the Parkinson’s range estimator by adding
intraday open and close prices to the equation. As was also the case with Parkinson’s estimator,
the Garman-Klass proxy is assumed to follow Brownian motion with zero drift. The GarmanKlass estimator for realized volatility can be written as:
𝑁

1

𝐻

𝐶

𝜎𝐺𝐾,𝑡 = √ 𝑛 ∑ [2 (𝐿𝑛 ( 𝐿 𝑡 ))2 − (2𝐿𝑛(2) − 1)(𝐿𝑛 (𝑂𝑡 ))2 ]
𝑡

𝑡

(12)

where 𝐻𝑡 is the highest price, 𝐿𝑡 is the lowest price, 𝑂𝑡 is the opening price and 𝐶𝑡 is the closing
price of the trading day 𝑡. 𝑁 is the number of periods per year and 𝑛 is number of periods used
to calculate the volatility estimate.
As was the case with Parkinson’s range estimator, the proxy developed by Garman and Klass
ignores possible overnight jumps between previous close price and open price, leading the
estimator to underestimate the volatility. Furthermore, the estimator assumes continuous
trading, which leads to slight underestimation of volatility.
The two above-mentioned estimators are built on the assumption that the mean of return, or
drift, is equal to zero. Rogers and Satchell (1991) developed an alternative range estimator to
calculate a proxy of realized volatility for assets, which have non-zero mean of returns. While
the Rogers-Satchell estimator allows non-zero mean of returns, it does not consider overnight
jumps in asset prices. This leads the estimator to underestimate the volatility. Rogers-Satchell
estimator can be formulated as:
𝑁

𝐻

𝐻

𝐿

𝐿

𝜎𝑅𝑆,𝑡 = √ 𝑛 ∑ [ln ( 𝐶𝑡 ) 𝑥 ln (𝑂𝑡 ) + ln (𝐶𝑡 ) 𝑥 ln (𝑂𝑡 )]
𝑡

𝑡

𝑡

𝑡

(13)

where 𝐻𝑡 is the highest price, 𝐿𝑡 is the lowest price, 𝑂𝑡 is the opening price, 𝐶𝑡 is the closing
price of the trading day 𝑡, 𝑛 is the number of periods used in volatility estimate and 𝑁 is number
of periods per year, which in this thesis is 252 trading days
Yang and Zhang (2000) constructed an alternative measure for realized volatility, which can
handle both the drift and opening jumps and has the minimum variance compared to other
estimators with the same properties. The method is basically the sum of overnight volatility
(previous close to next open) and weighted average of open-to-close volatility and RogerSatchell volatility estimator. The Yang-Zhang estimator can be written as follows:
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2
2
2
𝜎𝑌𝑍,𝑡 = √𝑁√𝜎𝑜𝑣𝑒𝑟𝑛𝑖𝑔ℎ𝑡
𝑣𝑜𝑙𝑎𝑡𝑖𝑙𝑖𝑡𝑦,𝑡 + 𝑘𝜎𝑜𝑝𝑒𝑛−𝑡𝑜−𝑐𝑙𝑜𝑠𝑒 𝑣𝑜𝑙𝑎𝑡𝑖𝑙𝑖𝑡𝑦,𝑡 + (1 − 𝑘)𝜎𝑅𝑆,𝑡

2
𝜎𝑜𝑣𝑒𝑟𝑛𝑖𝑔ℎ𝑡
𝑣𝑜𝑙𝑎𝑡𝑖𝑙𝑖𝑡𝑦,𝑡

2
𝑛
̅̅̅̅̅̅̅̅̅̅̅̅
1
𝑂𝑡
𝑂𝑡
=
∑ [ln (
) − ln (
)]
𝑛 − 1 𝑡=1
𝐶𝑡−1
𝐶𝑡−1

2
𝜎𝑜𝑝𝑒𝑛−𝑡𝑜−𝑐𝑙𝑜𝑠𝑒
𝑣𝑜𝑙𝑎𝑡𝑖𝑙𝑖𝑡𝑦

𝜎𝑅𝑆,𝑡 2 =

(14)

2
𝑛
̅̅̅̅̅̅̅̅̅
1
𝐶𝑡
𝐶𝑡
=
∑ [ln ( ) − ln ( )]
𝑛 − 1 𝑡=1
𝑂𝑡
𝑂𝑡

𝑁
𝐻𝑡
𝐻𝑡
𝐿𝑡
𝐿𝑡
∑ [ln ( ) 𝑥 ln ( ) + ln ( ) 𝑥 ln ( )]
𝑛
𝐶𝑡
𝑂𝑡
𝐶𝑡
𝑂𝑡
𝑘=

0.34
𝑛+1
1.34 + 𝑛 − 1

where 𝐻𝑡 is the highest price, 𝐿𝑡 is the lowest price, 𝑂𝑡 is the opening price and 𝐶𝑡 is the closing
2
price of the trading day 𝑡. 𝜎𝑅𝑆,𝑡
is a Rogers-Satchell estimator. 𝑛 is the number of days used in

volatility estimate and 𝑁 is periods per year, which is 252 trading days.
Shu and Zhang (2006) discovered, that when there are large overnight jumps between previous
closing price and subsequent opening price, only the Yang-Zhang estimator was able give
accurate estimates of volatility, as there was substantial downward bias in other abovementioned estimators. As overnight jumps and drift happens in real financial data, it is
appealing to use the Yang-Zhang estimator as a proxy for realized volatility. Therefore, in the
absence of high frequency price data, the Yang-Zhang estimator is utilized as a proxy of realized
volatility in this thesis.

3.4 Forecast performance evaluation
3.4.1 Loss functions MSE and MAE
The list of forecast performance evaluation criteria utilized in the previous literature concerning
volatility forecasting is very long and these criteria vary based on the purpose and subject of
the forecast. Forecast performance evaluation can be complicated, as the forecasted values of
volatility must be compared to some imperfect proxies for realized volatility, which in this
thesis are calculated with the Yang-Zhang estimator. However, only a few loss functions used
in previous literature have proved to be robust to the noise resulting from using imperfect
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volatility proxies as a benchmark volatility for forecasted values. The choice of the robust loss
function for forecast performance evaluation criterion is essential part of the process to ensure,
that an inferior model is not concluded to be the best one.
Patton (2011) contributed to this research area by studying volatility forecast comparison when
imperfect volatility proxies are used as an estimate of true conditional variance. According to
his findings, mean squared error (MSE) has robustness to the noise in the volatility proxy and
asymptotically give the same rankings to the volatility forecasting models despite different
volatility proxies used. He argues that using MSE loss function ensures that relative rankings
of volatility models achieved when the forecasted values are compared to specific volatility
proxy are identical to the rankings achieved if the forecasted values would be compared to the
true unobservable volatility. Furthermore, MSE loss function fulfils sufficient condition of
Hansen and Lunde (2006) and is therefore robust. In this thesis, MSE loss function used in
forecast performance evaluation is formulated similarly as in research performed by Hansen
and Lunde (2005).
1

𝑀𝑆𝐸 = 𝑛 ∑𝑛𝑡=1(𝜎𝑡 − 𝜎𝑓,𝑡 )2

(15)

where 𝜎𝑡 is the volatility proxy measured with the Yang-Zhang estimator and 𝜎𝑓,𝑡 is the
volatility forecast for a given period 𝑡. Consequently, MSE is only reliant on additive forecast
error 𝜎𝑡 − 𝜎𝑓,𝑡 .
However, MSE is quite sensitive to outliers on volatility, because forecasting errors 𝜎𝑡 − 𝜎𝑓,𝑡
are squared. When volatility in the financial markets is high, MSE penalizes high volatility
considerably, even if the high volatility does not correspond to the actual decline of forecast
performance. Because MSE is relatively sensitive to outlier values, there is also need for a
forecast evaluation criterion, which is more robust to possible extreme values. Consequently,
mean absolute error (MAE) is decided to be used as a second error criterion in forecast
performance evaluation, as this loss function is frequently used in volatility forecasting
literature, for example in researches by Akgiray (1989), Cao and Tsay (1992) and Brailsford
and Faff (1996). As its name implies, mean absolute error is calculated as a mean absolute
forecasting error between actual values and corresponding forecasted values. The formula of
MAE can be written as follows:
𝑀𝐴𝐸 =

1
𝑛

∑𝑛𝑡=1 | 𝜎𝑡 − 𝜎𝑓,𝑡 |

(16)
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MSE and MAE loss functions are both used in this thesis to rank the forecasting performance
of different models. As in this thesis unprocessed financial market price data is employed, it is
intriguing to see if and how the model rankings differ depending on which one of these two
different loss functions is used, as raw financial price data is likely to have some extreme values.
3.4.2

Diebold-Mariano test for equal predictive accuracy

Statistical significance of volatility forecasting performance rankings is determined on the basis
of the Diebold-Mariano test for equal predictive accuracy, which is a method to determine if
the differences in volatility performance measured with some loss functions are statistically
significant at the defined confidence level, or just a result of randomness. For the test, two timeseries of volatility forecasts 𝜎𝑖,1 … 𝜎𝑖,𝑇 and 𝜎𝑗,1 … 𝜎𝑗,𝑇 are produced with different volatility
forecasting models. After this, the preciseness of these forecasts is evaluated against the timeseries of the chosen volatility proxy denoted by 𝜎1 … 𝜎𝑇 with a loss function 𝐿, which in this
thesis are squared errors and absolute errors. The relative performance between the models is
assessed with loss differential 𝑑𝑡 = 𝐿(𝜎𝑖,𝑡 , 𝜎𝑡 ) − 𝐿(𝜎𝑗,𝑡 , 𝜎𝑡 ). Under the null hypothesis of equal
predictive accuracy, 𝐸(𝑑𝑡 ) = 0 for all values of 𝑡.
The test statistic of a Diebold-Mariano test can be formulated as follows:
𝐷𝑀 =

𝑑̅
̂ (𝑑̅ )/𝑇
√𝑉𝑎𝑟

(17)

̂ (𝑑̅ ) is a consistent estimator
where 𝑑̅ is the sample average of the loss differential series and 𝑉𝑎𝑟
of asymptotic variance of 𝑑̅ obtained by taking a weighted sum of the available sample
autocovariances. Under the null hypothesis of equal predictive accuracy, the test statistic
follows N(0,1).
The test has a null hypothesis that two forecasts being compared have the same accuracy. The
alternative hypothesis of the test can vary, as the hypothesis can be that two forecasting models
do not have the same accuracy, the first forecasting model is more accurate than the second one
or that the first forecasting model is less accurate than another forecasting model. In this thesis,
the alternative hypothesis is chosen to be that the first forecasting model is more accurate than
the second one, and the first forecasting model is selected to be the one whose forecasts have
the best ranking based on MSE or MAE loss functions. The statistical significances of the
forecast differences between the best performing model and other forecasting models are tested
one by one separately for each loss function to test the significance of both MSE and MAE
rankings.
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4 Data and Methodology
In the empirical part of this research daily price data of five main Nordic equity indices is used.
All five equity indices are price indices, as the concern of this thesis is only in the evaluation
of relative volatility forecasting performance. For each equity index, daily opening, closing,
high and low prices are obtained from Bloomberg Terminal and the data covers a period starting
from 01.01.2007 and ending to 31.12.2018. The length of the sample period was determined by
the fact, that it was the longest full-year period where all the indices studied have daily price
data available, as OMXN40 was established in late 2006.
For each equity index, the data is divided to two sub-periods: in-the-sample period of
approximately eight years (1.1.2007–31.12.2014) and out-of-sample forecasted period of
approximately four years (1.1.2015–31.12.2018). The data excludes all weekends, national
holidays and any other days, when the trading in equity markets was closed. As there are some
unique national holidays in each of the four Nordic countries considered, the amount of
observations for each index slightly differs. Any other pre-processing is not done for the data.
As the research includes testing volatility forecasting models with different distributions which
allow more kurtosis and skewness of the data, any outliers or extreme values are not excluded
from the data.
Table 1 illustrates and summarizes the information about five Nordic equity indices and data
periods used in this thesis.
Table 1: Summarized information about five Nordic equity indices and data samples used
Index

Ticker in
Bloomberg

Observations

In-the-sample

Out-of-sample

Description

2.1.2015–
28.12.2018
(1005
observations)

OMX
Stockholm
30

OMX Index

3013

2.1.2007–
30.12.2014
(2008
observations)

OMX
Helsinki 25

HEX25 Index

3013

2.1.2007–
30.12.2014
(2008
observations)

2.1.2015–
28.12.2018
(1005
observations)

OMX
Copenhagen
20

KFX Index

2999

2.1.2007–
30.12.2014
(1999
observations)

2.1.2015–
28.12.2018
(1000
observations)

Oslo Børs
Index

OBXP Index

3012

2.1.2007–
30.12.2014
(2008
observations)

2.1.2015–
28.12.2018
(1004
observations)

OMX Stockholm 30 index
incorporates 30 most actively traded
stocks in Stockholm Stock Exchange
and is a market-weighted index.
OMX Helsinki 25 index incorporates
25 most actively traded stocks in the
main list of Helsinki Stock Exchange.
Each company in the index has limited
weight cap of 10 % and it is adjusted
to free float factors.
OMX Copenhagen 20 index
incorporates 20 largest and most
traded stocks of Copenhagen Stock
Exchange. The OMXC20 is a marketweighted index.
Oslo Børs Index is a market value
weighted and free float adjusted index,
which contains 25 most actively
traded stocks listed in Oslo Børs.

3060

2.1.2007–
31.12.2014
(2036
observations)

2.1.2015–
28.12.2018
(1024
observations)

OMX Nordic 40 index contains 40
largest and most actively traded stocks
of the Nordic stock exchanges and is a
market-weighted price index.

OMX
Nordic 40

OMXN40 Index
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Daily closing prices are used to calculate logarithmic return series for each equity index. There
are several reasons why return series are used in econometric analysis rather than simple price
data. Campbell, Lo and MacKinlay (1997) argued that there are important arguments why
returns should be favoured instead of raw price data in econometric analysis. According to
them, for an average investor returns provide scale-free and complete overview of an
investment. This has certain benefits. Because returns are scale and unit-free, returns are more
comparable to each other over time and between different securities and asset classes. Another
argument in favour of return series is that returns have certain advantageous statistical
properties compared to raw price data. One of these preferable statistical properties is that return
series have less tendency to exhibit non-stationarity than raw price data.
Furthermore, the choice of logarithmic return series instead of simple return series in this thesis
is motivated by several reasons. According to Campbell, Lo and MacKinley (1997), logarithmic
returns are more useful compared to simple returns when multi-period returns are considered,
as logarithmic returns are time-additive, meaning that multi-period return is just a sum of single
returns during the period. Additionally, Brooks (2008) argues that as logarithmic returns are
continuously compounded returns, compounding frequency of the return of a security does not
matter, which makes it more convenient to compare returns of different securities and asset
classes with each other.
Logarithmic returns are calculated for each equity index as follows:
𝑝𝑡

𝑟𝑡 = ln (𝑝

𝑡−1

)

(18)

where 𝑟𝑡 is a log return for trading day 𝑡 and 𝑝𝑡 and 𝑝𝑡−1 are daily closing prices for trading
days 𝑡 and 𝑡 − 1, respectively.
Following section introduces all five Nordic benchmark equity indices researched and provides
summary statistics and results of statistical tests for each index to examine their distribution and
the presence of autocorrelation, autoregressive heteroscedasticity and leverage effects in the
data. Additionally, the methodology used in the forecasting procedure and ranking of the
models is described in the end of this section.

4.1 Descriptive statistics of OMXS30
OMX Stockholm 30 index is a Swedish market-weighted equity index, which consists 30 most
actively traded stocks in Stockholm Stock Exchange. The in-sample period for OMXS30 covers
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a time span of 2.1.2007–30.12.2018 and it has 2008 daily observations, while the out-of-sample
forecasting period from 2.1.2015 to 28.12.2018 incorporates 1005 daily observations. In figure
1 daily closing prices and daily logarithmic returns of OMXS30 index are plotted for the whole
sample period. The left plot of this figure shows that OMXS30 has generally had an upward
development during the sample period, although market turbulence following the financial
crisis of 2008, European debt crisis in 2011 and widespread stock market sell-off in 2015 are
clearly visible. These volatile periods are also recognizable in the right plot of figure 1, where
daily logarithmic returns of OMXS30 are plotted. In this graph it is notable, that daily
logarithmic returns fluctuate around their average, which seems to be close to zero. It is also
apparent, that the volatility of returns is not constant over time during the whole sample for
OMXS30, as return variability changes over time, and periods of high and low volatility are
recognizable. These turbulent periods are followed by more tranquil ones, when the volatility
reverts to its longer term mean.

Figure 1: Daily closing prices and logarithmic returns of OMXS30 index

Volatility clustering in form of alternating periods of high and low volatility indicate that there
are positive autocorrelations in logarithmic returns of OMXS30, as large deviations tend to
follow large deviations of either sign, and vice versa. To graphically investigate possible
autocorrelations in the returns during the in-sample estimation period, autocorrelation function
(ACF) for squared returns is plotted in figure 2.
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Figure 2: In-sample ACF plot of squared returns of OMXS30

ACF plot of squared daily returns clearly indicates that there are positive autocorrelations in
squared returns up to lag 20. All the autocorrelations are above the blue-dashed line, which is
95 percent confidence interval. Thereby, it can be interpreted that there is statistical evidence,
that autocorrelation differs significantly from zero.
The next descriptive method for OMXS30 index is the graphical evaluation of the distribution
of the daily logarithmic return series of the in-sample estimation period. This is done with two
graphs: histogram of daily logarithmic returns, where the density of the return series and normal
distribution are plotted and qq-plot to assess normality of the return series. These graphs are
presented in figure 3 below.

Figure 3: Histogram and qq-plot of daily logarithmic returns of OMXS30

In the left plot of the figure it is noteworthy that daily logarithmic returns of OMXS30 show
clear leptokurtic characteristics, as the return series exhibit excess kurtosis compared to the
normal distribution and fatter tails. Moreover, qq-plot presented in the right graph of the figure
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gives further evidence of the leptokurtosis, as the plot shows that the return series has heavier
tails compared to the normal distribution.
Finally, the in-sample summary statistics of OMXS30 logarithmic returns and statistical tests
are presented in table 2 to confirm the conclusions obtained from the graphical evaluation.
Summary statistics for OMXS30 include mean, median, standard deviation, maximum,
minimum, Fisher’s skewness and excess kurtosis of the return series. Additionally, the table
provides test results of the Jarque-Bera normality test and the Ljung-Box test.
Table 2: Summary statistics and statistical tests for OMXS30

OMXS30

Mean

Median

Standard deviation

Max

Min

0.00011

0.00049

0.01537

0.09865

-0.07513

Fisher's skewness Excess kurtosis Jarque-Bera
0.11630

4.32406

Ljung-Box

p-value < 0.05 p-value < 0.05

According to the information on table 2, the in-sample returns of OMXS30 exhibit slightly
positive skewness and notable excess kurtosis over the normal distribution, which imply that
the return series of OMXS30 has leptokurtic distribution instead of normal distribution. This
assumption is further statistically verified by the Jarque-Bera normality test, where null
hypothesis of normality is rejected at the 95 percent confidence level. These findings are in line
with the previous graphical evaluation of the series. Furthermore, the Ljung-Box test confirms
the previous findings in ACF plot, as the null hypothesis that all autocorrelations are zero up to
lag 20 is rejected at the 95 percent confidence level.
Furthermore, Engle’s ARCH Lagrange multiplier test is done on OMXS30 return series to
assess if the return series exhibit significant ARCH effects. ARCH effects are tested up to lag
20 and results of the test are presented in table 3. According to the test, the joint null hypothesis
that all squared residuals have coefficients which do not significantly differ from 0 is rejected
at the 95 percent confidence level. Therefore, there seems to be heteroscedasticity present in
squared residuals, which motivates the utilization of GARCH models in volatility forecasting.
Table 3: Results of Engle’s ARCH Lagrange multiplier test, OMXS30
Engle's ARCH LM test (lags = 20)
Test statistic

435.51

P-value

< 0.05

Additionally, possible leverage effects in OMXS30 return series is evaluated with the EngleNg sign and size bias test. The results of this test are presented in table 4. According to these
results, sign bias test is not significant at the 95 percent confidence level, but the size of the
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impact is contradictory to the literature and common explanation concerning leverage effects,
as the data had positive sign bias at the 95 percent confidence level, but negative size bias are
not significant. This means that there are asymmetries in volatility, and positive shocks have
larger impact on volatility than negative shocks. Furthermore, the joint effect of the test is
significant at the 95 percent confidence level. These results give some motivation to use
asymmetric GARCH models in the forecasting of OMXS30’s volatility alongside with standard
symmetric GARCH model.
Table 4: Results of Engle-Ng test for asymmetries in volatility, OMXS30
Engle-Ng test for
asymmetries in volatility

Test statistic (p-value)

Sign bias

0.171 (0.865)

Negative size bias

0.688 (0.492)

Positive size bias

2.66 (0.008)

Joint effect

13.852 (0.003)

4.2 Descriptive statistics of OMXH25
OMX Helsinki 25 is a Finnish stock index, which contains 25 most actively traded securities
listed in Helsinki Stock Exchange. It is a capitalization weighted equity index, where the
maximum weight of each underlying stock is limited to 10 percent. The in-sample period for
OMXH25 over the period 2.1.2007–30.12.2018 consists 2008 daily price data, whereas the outof-sample testing period from 2.1.2015 to 28.12.2018 has 1005 daily observations. Daily
closing prices and daily logarithmic returns of OMXH25 equity index are presented for the
whole sample period 2.1.2007–28.12.2018 in figure 4. According to the left plot of the figure
where daily closing prices over the whole sample period are displayed, OMXH25 suffered
significantly from the financial crisis of 2008, as the index value declined remarkably during
this turbulent period. However, since then the index has generally trended upwards, although
there are some notable volatile periods during European debt crisis in 2011, widespread stock
market sell-off in 2015 and the volatile beginning of 2018. These periods of high volatility
followed by periods of low volatility are clearly visible in the right plot of figure 4, where the
daily logarithmic returns of OMXH25 are plotted. Although logarithmic returns seem to
fluctuate around the mean of zero during the sample period, the volatility of the logarithmic
returns is clearly not constant over time, as it tends to cluster during the above-mentioned
turbulent time periods.
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Figure 4: Daily closing prices and logarithmic returns of OMXH25 index

The clustering in the daily logarithmic returns in figure 4 gives evidence that there are positive
autocorrelations in the logarithmic returns. To acquire more information about possible
autocorrelation in the return series, autocorrelation function (ACF) for squared returns is plotted
in figure 5 to observe the autocorrelation graphically.

Figure 5: In-sample ACF plot of squared returns of OMXH25

According to figure 5, all the autocorrelations up to lag 20 are above the 95 percent confidence
interval, which is a threshold presented as a blue dashed line in the graph. Hence, there is
statistical evidence, that there are positive autocorrelations in squared returns of OMXH25
index. Because of this positive autocorrelation, volatility tends to exhibit clusters over time.
Next, graphical analysis of the distribution of OMXH25 daily logarithmic returns over the insample period is done using two different graphs in figure 6, where a histogram of daily
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logarithmic returns with density plots and qq-plot is presented to evaluate normality of the
series. The left plot of the figure indicates, that daily logarithmic returns of OMXH25 have
leptokurtic distribution, as the return series has excess kurtosis around the mean of zero and
fatter tails compared to normal distribution. However, there is no prominent skewness visible
in the plot. More evidence about leptokurtic distribution is obtained from the right plot of figure
6, where qq-plot clearly shows that daily logarithmic returns of OMXH25 have fatter tails
compared to normal distribution.

Figure 6: Histogram and qq-plot of daily logarithmic returns of OMXH25

Table 5 provides the in-sample summary statistics for OMXH25 logarithmic returns and results
from the Jarque-Bera normality test and the Ljung-Box autocorrelation test are. For summary
statistics, mean, median, standard deviation, maximum, minimum, Fisher’s skewness and
excess kurtosis of OMXH25 logarithmic returns are presented. Additionally, p-values for the
Jarque-Bera test and the Ljung-Box test are given in table 5.
Table 5: Summary statistics and statistical tests for OMXH25

OMXH25

Mean

Median

Standard deviation

Max

Min

0.00001

0.00024

0.01615

0.09286

-0.08905

Fisher's skewness Excess kurtosis Jarque-Bera
0.04589

3.20604

Ljung-Box

p-value < 0.05 p-value < 0.05

According to the information on the given table, mean and median return of OMXH25 during
in-sample period are very close to zero. Therefore, squared returns can be considered as a
simple, but crude proxy for true unobservable variance. Moreover, the logarithmic return series
has leptokurtic characteristics, as it exhibits excess kurtosis over normal distribution.
Distribution of logarithmic returns is also slightly skewed to the positive side. The Jarque-Bera
normality test further confirms that returns of OMXH25 do not follow normal distribution, as
the null hypothesis of normality is rejected at the 95 percent confidence level. Additionally, the
Ljung-Box test verifies autocorrelation in OMXH25 returns up to lag 20, as null hypothesis of
no autocorrelation is rejected at the 95 percent confidence level.
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Engle’s ARCH Lagrange multiplier test is performed on daily in-sample returns of OMXH25
to assess if there are ARCH effects in the given data. The test is done up to 20 lags and the
results are displayed in table 6. According to the results, the joint null hypothesis that all squared
residuals have coefficients which do not significantly differ from 0 is rejected at the 95 percent
confidence level. These findings indicate, that there is conditional heteroscedasticity or
autocorrelation present in the given in-sample return series, which strengthens the motivation
to use non-linear GARCH models to capture these characteristics of the data.
Table 6: Results of Engle’s ARCH Lagrange multiplier test, OMXH25
Engle's ARCH test (lags = 20)
Test statistic

381.33

P-value

< 0.05

Finally, Engle-Ng test for asymmetries in volatility is used to test sign and size bias in the data.
The results of this test are shown in table 7. According to the information on the table, only
joint effect of the test is statistically significant at the 95 percent confidence level, whereas sign
bias test and positive size bias test are statistically significant at the 90 percent confidence level.
Therefore, there is some evidence of asymmetries in volatility in the in-sample data. To capture
these effects, asymmetric GARCH models are utilized alongside with standard symmetric
GARCH model in the forecasting part of this thesis.
Table 7: Results of Engle-Ng test for asymmetries in volatility, OMXH25
Engle-Ng test for
asymmetries in volatility

Test statistic (p-value)

Sign bias

1.744 (0.081)

Negative size bias

0.253 (0.801)

Positive size bias

1.937 (0.053)

Joint effect

20.675 (0.0001)

4.3 Descriptive statistics of OMXC20
OMX Copenhagen 20 index is a market weighted equity index containing 20 largest and most
actively traded stocks in Copenhagen Stock Exchange. The in-sample period used in model
estimation over the period 2.1.2007–30.12.2014 includes 1999 daily observations of price data,
while out-of-sample period has 1000 observations from 2.1.2015 to 28.12.2018. Daily closing
price data and daily logarithmic returns of OMXC20 index are present for the whole sample
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period in figure 7. The left plot of the figure shows that OMXC20 has generally been on upward
trend since the steep decline during the financial of 2008, although the index value has been
rather stable from the beginning of 2015 onwards. The European debt crisis in 2011 and equity
market sell-off in 2016 also had substantial effects on OMXC20, and these effects are clearly
recognizable as declines in index value during these turbulent periods.

Figure 7: Daily closing prices and logarithmic returns of OMXC20 index

Furthermore, the periods of high volatility are clearly visible in the right plot of figure 7, where
the daily logarithmic returns of OMXH25 are plotted as a graph. Although logarithmic returns
seem to fluctuate around the mean of zero during the sample period, the volatility of the
logarithmic returns is clearly not constant, as it tends to cluster during the above-mentioned
turbulent time periods. Consequently, it is probable that there is autocorrelation present in the
return series.
Next, ACF plot is presented in figure 8 to graphically assess the autocorrelation in the sample
data. According to the plot, there seems to be significant positive autocorrelation present in the
daily logarithmic return series up to lag 20, as all autocorrelations are over the blue-dashed line,
which visualize 95 percent confidence interval. This gives more evidence about volatility
clustering already diagnosed in the right plot of figure 7.
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Figure 8: In-sample ACF plot of squared returns of OMXC20

The distribution of the daily logarithmic returns of OMXC20 over the in-sample estimation
period is evaluated graphically by using histogram with density plots and qq-plot. These two
plots are showed in figure 9 below. Histogram of OMXC20 returns and two density plots
indicate, that the distribution of the logarithmic returns are leptokurtic instead of normal, as
there are clearly excess kurtosis and fatter tails compared to normal distribution. Qq-plot further
confirms the leptokurtosis of the series, as the inverse S shaped curve indicates fatter tails
compared to normal distribution.

Figure 9: Histogram and qq-plot of daily logarithmic returns of OMXC20

Table 8 provides summary statistics and results of the Jarque-Bera normality test and the LjungBox autocorrelation test for the in-sample returns of OMXC20. According to the results, the
logarithmic return series seems to exhibit slight negative skewness, but substantial excess
kurtosis compared to normal distribution. These results are analogous to the inferences of the
previous graphical evaluation of histogram and qq-plot. Non-normality of the series is verified
with the Jarque-Bera normality test, where the normality of the series is rejected at the 95
percent confidence level. Additionally, the Ljung-Box test reinforces the previous observations
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of autocorrelation in the return series, as the null hypothesis of no autocorrelation up to 20 lags
is rejected at the 95 percent confidence level.
Table 8: Summary statistics and statistical tests for OMXC20

OMXC20

Mean

Median

Standard deviation

Max

Min

0.00025

0.00087

0.01426

0.09496

-0.11723

Fisher's skewness Excess kurtosis Jarque-Bera
-0.16810

6.39967

Ljung-Box

p-value < 0.05 p-value < 0.05

Daily logarithmic returns of OMXC20 index are tested with ARCH Lagrange multiplier test to
discover possible autoregressive conditional heteroscedasticity in the data, which would
motivate the use of non-linear GARCH models to capture these effects. The test is performed
up to 20 lags and the results of this test are presented in table 9 below. The joint hypothesis that
all squared residuals have coefficients differing significantly from zero is rejected at the 95
percent confidence level. Therefore, the daily logarithmic return series of OMXC20 exhibits
significant ARCH effects during the in-sample estimation period.
Table 9: Results of Engle’s ARCH Lagrange multiplier test, OMXC20
Engle's ARCH test (lags = 20)
Test statistic

565.61

P-value

< 0.05

Possible asymmetries in volatility of OMXC20 is tested with the Engle-Ng sign and size bias
test. The results of this test for in-sample estimation period are presented in table 10 below.
According to the results, there seems to be no sign or size bias present in the logarithmic returns
of OMXC20, as all four tests are not rejected at the 95 percent confidence level, implying that
the positive and negative shocks have equivalent impacts to volatility. Although there seems to
be no leverage effects present in the OMXC20 return data, asymmetric GARCH models are
also estimated for OMXC20 to assess the relative rankings of the forecasting models.
Table 10: Results of Engle-Ng test for asymmetries in volatility, OMXC20
Engle-Ng test for
asymmetries in volatility

Test statistic (p-value)

Sign bias

0.3350 (0.738)

Negative size bias

0.649 (0.517)

Positive size bias

1.280 (0.200)

Joint effect

2.770 (0.428)
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4.4 Descriptive statistics of OBXP
Oslo Børs Index (OBX) is a capitalization weighted and free float adjusted equity index, which
incorporates 25 most actively traded stocks of Oslo Børs. OBX became a total return index in
2006, and therefore its price index variant OBXP is used in this thesis to make the indices more
comparable. The in-sample estimation period for OBXP over the period 2.1.2007–30.12.2014
has 2008 daily observations, while the forecasted out-of-sample over the period 2.1.2015–
28.12.2018 consists 1004 daily prices. In figure 10 below, daily closing prices and logarithmic
returns of OBXP index are plotted. According to the left plot of the figure, after the sharp
decline of index value during the financial crisis of 2011, OBXP has generally been trending
upwards driven by recovering global economy. However, there are some substantial decreases
of index value during the sample period for example during 2015 and end 2018, when
significant decline in oil prices dragged energy-weighted OBXP index down. This is one of the
special features of the OBXP index, as its development is heavily dependent on prevailing oil
prices.

Figure 10: Daily closing prices and logarithmic returns of OBXP index

The right plot of the figure 10 displays daily logarithmic returns of OBXP during the whole
sample period 2.1.2007–28.12.2018. It is clearly visible from the graph that volatility has not
been constant during the sample period, as volatility has exhibited apparent clustering. When
the two graphs of figure 10 are compared with each other, it is recognizable that volatility
clustering has occurred during the previously mentioned turbulent periods.
According to the graphs in figure 10, there seems to be positive autocorrelation present in
logarithmic returns, as volatility tends to cluster during the sample period. In order to obtain
more information about possible positive autocorrelation in the return series, autocorrelation
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function is plotted in figure 11. The ACF plot provides further evidence about significant
positive autocorrelations in the return series during the in-sample period, as all autocorrelations
are above the 95 percent confidence level marked with blue dashed line up to lag 20.

Figure 11: In-sample ACF plot of squared returns of OBXP

Next, the normality of in-sample daily logarithmic returns of OBXP index is evaluated using a
histogram containing density plots and qq-plot. These plots are presented in figure 12 below.
The histogram and density plots in the left graph of figure 12 indicate, that the distribution of
OBXP returns during the in-sample period is leptokurtic instead of normal, as the return series
has higher kurtosis and fatter tails due to outlier values. Qq-plot further confirms the inference
made from histogram and density plots, as inverse S shaped curve refers to fatter tails compared
to the normal distribution.

Figure 12: Histogram and qq-plot of daily logarithmic returns of OBXP

Table 11 contains summary statistics of OBXP over the in-sample period. According to the
information provided by summary statistics, the distribution of the return series of OBXP has
clear leptokurtic characteristics, as the return series is slightly negatively skewed during the insample period and has substantial excess kurtosis over the normal distribution. The Jarque-Bera
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normality test fortifies the observations of leptokurtosis provided by previous graphical
assessment and skewness and kurtosis values, as the null hypothesis of normality of the series
is rejected at the 95 percent confidence level. Moreover, the presence of autocorrelation in
return series is verified with the results of the Ljung-Box autocorrelation test, as the null
hypothesis of no autocorrelation up to lag 20 in the return series is rejected at the 95 percent
confidence level.
Table 11: Summary statistics and statistical tests for OBXP

OBXP

Mean

Median

Standard deviation

Max

Min

0.00000

0.00079

0.01826

0.11020

-0.11270

Fisher's skewness Excess kurtosis Jarque-Bera
-0.53150

6.22305

Ljung-Box

p-value < 0.05 p-value < 0.05

The presence of autoregressive conditional heteroscedasticity in the in-sample return series is
tested with Engle’s ARCH test, which is performed up to 20 lags. The results of this test are
displayed in table 12 below. According to the information on table 12, null hypothesis of no
autocorrelation in squared residuals is rejected at the 95 percent confidence level. Consequently,
there are significant ARCH effects present in the in-sample data sample of OBXP, which can
be modelled with non-linear GARCH models.
Table 12: Results of Engle’s ARCH Lagrange multiplier test, OBXP
Engle's ARCH test (lags = 20)
Test statistic

716.75

P-value

< 0.05

The Engle-Ng test for asymmetries in volatility is performed for the residuals obtained from
the fitted GARCH model to evaluate if the shocks of different sign and size have different
magnitude of impact on volatility. The results of this test presented in table 13 imply, that there
is positive size bias in the data. Furthermore, the joint effect test of sign and size bias indicates
the presence of leverage effects, as the null hypothesis of no sign and size bias is rejected at the
95 percent confidence level.
Table 13: Results of Engle-Ng test for asymmetries in volatility, OBXP
Engle-Ng test for
asymmetries in volatility
Sign bias
Negative size bias

Test statistic (p-value)
1.203 (0.229)
0.532 (0.594)

Positive size bias

2.144 (0.032)

Joint effect

16.601 (0.0009)
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4.5 Descriptive statistics of OMXN40
OMXN40 is the joint benchmark equity index of Nordic countries, which contains the 40 largest
and most actively traded stocks in Nordic stock exchanges. The index is capitalization weighted
price index. The in-sample estimation period of OMXN40 from 2.1.2007 to 31.12.2014 has
2036 daily price data, while the out-of-sample period consists 1024 daily observations. Daily
closing prices and logarithmic returns of OMXN40 are visualized in figure 13. According to
the left plot of the figure, after the collapse during the financial crisis in 2011 the index has been
trending upwards, although the development has somewhat stabilized during the recent years.
There are also several substantial declines during the sample period, for example during the
financial crisis period 2007–2009, European debt crisis in 2011, widespread stock market
downturn in 2015 and escalating trade war tensions in the end of 2018. These volatile times are
also visible in the right plot of the figure 13, where daily logarithmic returns display clear
clusters during these periods.

Figure 13: Daily closing prices and logarithmic returns of OMXN40 index

Volatility clustering in daily logarithmic returns of OMXN40 provides some evidence that there
might be positive autocorrelation present in the data. To obtain more information about this
inference, autocorrelation function is plotted for in-sample squared returns in figure 14 below.
According to the information of the graph, there are significant positive autocorrelation in
squared returns, as all autocorrelations up to 20 lags are positive and above the blue dashed
line, which is the upper boundary for the test statistic beyond which the autocorrelation is
significant, which is at the 5 percent level.
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Figure 14: In-sample ACF plot of squared returns of OMXN40

The distribution of OMXN40 in-sample logarithmic returns is evaluated with two graphs
presented in figure 15. According to the left graph where a histogram of returns and two density
plots are displayed, returns seem to have leptokurtic distribution, as the distribution the returns
have excess kurtosis and fatter tails compared to normal distribution. Moreover, qq-plot
provides more evidence for leptokurtosis, as the return series has more extreme values
compared to the normal distribution.

Figure 15: Histogram and qq-plot of daily logarithmic returns of OMXN40

Summary statistics of OMXN40 in table 14 provides more information about the characteristics
of OMXN40 in-sample logarithmic returns. Kurtosis statistic strengthens the hypothesis of
leptokurtic distribution acquired from the graphical evaluation of the figure 15, as the return
series has significant excess kurtosis over the normal distribution. Non-normal distribution of
the logarithmic returns is verified by the Jarque-Bera normality test, based on which the null
hypothesis of normality is rejected at the 95 percent confidence level. Furthermore, as graphs
and ACF plot already implied, according to the Ljung-Box test there is significant
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autocorrelation present in the in-sample returns of OMXN40 up to lag 20, as null hypothesis of
no autocorrelations is rejected at the 95 percent confidence level.
Table 14: Summary statistics and statistical tests for OMXN40

OMXN40

Mean

Median

Standard deviation

Max

Min

0.00006

0.00057

0.01603

0.09376

-0.08719

Fisher's skewness Excess kurtosis Jarque-Bera
-0.01091

4.17198

Ljung-Box

p-value < 0.05 p-value < 0.05

Engle’s ARCH Lagrange multiplier test is conducted to the in-sample return series in order to
check whether there is autoregressive heteroscedasticity present in the data. The test is done
with 20 lags and the results are shown in table 15. High value of the test statistic and low pvalue indicate, that there is significant autocorrelation in squared residuals, as the null
hypothesis of no autocorrelation is rejected at the 95 percent confidence level. The presence of
ARCH effects motivates the use of non-linear GARCH models in volatility forecasting, as these
models can capture the features of autoregressive heteroscedasticity.
Table 15: Results of Engle’s ARCH Lagrange multiplier test, OMXN40
Engle's ARCH test (lags = 20)
Test statistic

468.01

P-value

< 0.05

The Engle-Ng test for asymmetries in volatility is used to check if the in-sample returns data
have sign and size bias, which would motivate the use of asymmetric GARCH models to
capture these characteristics. According to the results presented in table 16, the sign bias test
and both size bias tests are not rejected at the 95 percent confidence level, but there seems to
be a statistically significant joint effect, as the null hypothesis of no sign and size bias is
rejected. Therefore, there seems to be some asymmetries in volatility present in the data,
which could be captured by asymmetric GARCH models.
Table 16: Results of Engle-Ng test for asymmetries in volatility, OMXN40
Engle-Ng test for
asymmetries in volatility

Test statistic (p-value)

Sign bias

1.825 (0.068)

Negative size bias

0.116 (0.908)

Positive size bias

1.587 (0.113)

Joint effect

16.013 (0.001)
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4.6 Forecasting Procedure
The main objective of this thesis is to evaluate the relative forecasting performance of historical
and GARCH family models with different distributions. For this purpose, the sample data for
each five Nordic stock indices considered is divided for in-sample and out-of-sample periods.
Rolling window with length of in-sample period is preferred for the estimation of model
parameters over expanding window, which uses all previous observations in the sample data.
The decision is motivated by previously observed fact that volatility changes over time. By
choosing the rolling window, the models use more recent observations and therefore consider
possible changes in prevailing volatility regime. Instead of using fixed model parameters, the
model parameters are re-estimated periodically, a practice recommended by Brownlees et al.
(2011) to respond to the effects of parameter drift. Re-estimation frequency of 21 days, or
approximately once per month, is chosen due to computational reasons instead of at least once
a week, which is the frequency originally suggested by Brownlees et al. (2011). Model fitting
is only done for the GARCH family models, as SMA and EWMA models are non-parametric
and do not need to be fitted.
Out-of-sample forecasting procedure and forecast evaluation is done for each GARCH models
as follows:
1. Models are fitted with the in-sample data. Fitted models are used to forecast oneday ahead annualized volatility.
2. Estimation window is rolled one step ahead and the oldest observation is excluded
from the estimation, so that the length of the estimation window stays the same.
3. Every 21st trading day, model parameters are re-estimated to consider the parameter
drift.
4. Steps 1, 2, and 3 are repeated until the end of the out-of-sample period to acquire
volatility forecasts for each day.
5. When forecasts are obtained each day for the out-of-sample period, the forecasted
values are compared with “actual” volatility measured with the Yang-Zhang
volatility estimator. Loss functions MSE and MAE are calculated to evaluate the
forecasting performance of the models.
6. After MSE and MAE have been calculated for each model, the models are ranked
based on the values of the loss functions. The statistical significance of these
rankings is then evaluated with the Diebold-Mariano test for equal predictive
accuracy.
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For SMA and EWMA the forecasting procedure is the same except for the model fitting and
re-estimation part, as these models are non-parametric and do not need to be fitted.
Additionally, the rolling estimation window considered in these models equals to the length of
the period being averaged. For example, one-month SMA has a rolling estimation window of
21 days, which is a length of month when one year is assumed to have approximately 252
trading days.
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5 Empirical results and analysis
5.1 Results for OMXS30
Table 17 provides MSE and MAE loss function values for each volatility forecasting models
considered and the rankings of the models based on these values. According to the information
summarized on the table, GARCH with normal distribution is the best performing volatility
forecasting model, as it narrowly triumphs over EWMA when MSE loss function is used.
Differences in the loss function values are only marginal for the four best performing models.
Contradictory to the evidence provided by the descriptive statistics and the Jarque-Bera
normality test, GARCH model with normal distribution outperforms its peers with Student’s tdistribution and skewed Student’s t-distribution, even though the graphical evaluation and
summary statistics clearly indicated that the logarithmic returns of OMXS30 have leptokurtic
distribution with excess kurtosis and fatter tails compared to normal distribution. Moreover, the
null hypothesis of normality was rejected on the basis of the Jarque-Bera normality test. It is
also noteworthy that both simple moving average models provide more accurate forecasts
compared to more complex asymmetric volatility models EGARCH and GJR-GARCH.
When the performance of the forecasting models is evaluated with MAE loss function, EWMA
is the most accurate forecasting method among the models. Also, one-month simple moving
average is able to outperform the forecasting performance of all the non-linear GARCH family
models, although the differences in MAE between one-month simple moving average and three
standard GARCH models is rather small. Among the GARCH models, GARCH models with
Student’s t-distribution and skewed Student’s t-distribution are able to provide more accurate
forecasts than the standard GARCH variant with normal distribution, which is in line with
leptokurtic distribution of the OMXS30 return series found from the descriptive statistics.
When both MSE and MAE rankings are considered, EWMA seems to have upper hand
compared to other models. Even though EWMA has the second-best performance among the
models considered when MSE is used as a loss function, the difference to GARCH is only
marginal. However, when MAE is used to evaluate the forecasts, EWMA is the most accurate
model with clear difference to competing standard GARCH model with different distributions.
To conclude these findings, the ranking of EWMA seems to be most consistent one among the
best performing models with both MSE and MAE.
The impact of different error distributions to volatility forecasting accuracy of the GARCH
models is only minor when standard GARCH variants are compared with each other. However,
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the differences between the variants with different error distributions are more significant when
the performance of EGARCH and GJR-GARCH models are compared to each other. The
relative performance of the same models with different error distributions is somewhat
inconclusive: the models with normal distribution seem to have better performance compared
to their counterparts when MSE is used as a loss function, but there are no clear patterns visible
between the same models with different error distributions when MAE is applied.
On the other hand, asymmetric volatility models are consistently among the worst ranking
models with both loss functions. This outcome is rather surprising, as the Engle-Ng test for
asymmetries in volatility indicated that there are statistically significant positive size bias and
joint effect in OMXS30 returns at the 95 percent confidence level.
Appendix 1 contains the graphs where the forecasted volatilities for each volatility forecasting
model are plotted against “actual” volatility measured with the Yang-Zhang estimator.
Table 17: Volatility forecasting performance rankings for OMXS30
Model

MSE

Ranking

Model

MAE

Ranking

GARCH(1,1)
normal

0.002605

1

EWMA

0.038963

1

EWMA

0.002609

2

SMA 1M

0.040854

2

0.040918

3

GARCH(1,1)
Student-t

0.002613

3

GARCH(1,1)
Student-t

GARCH(1,1)
skewed Student-t

0.002614

4

GARCH(1,1)
skewed Student-t

0.040948

4

SMA 3M

0.003175

5

GARCH(1,1)
normal

0.040989

5

SMA 1M

0.003383

6

GJR-GARCH(1,1)
Student-t

0.043678

6

0.003404

7

SMA 3M

0.043903

7

0.003424

8

GJR-GARCH(1,1)
normal

0.044043

8

0.003427

9

GJR-GARCH(1,1)
skewed Student-t

0.045216

9

0.003692

10

EGARCH(1,1)
normal

0.048283

10

0.004115

11

EGARCH(1,1)
Student-t

0.052660

11

0.004168

12

EGARCH(1,1)
skewed Student-t

0.052887

12

GJRGARCH(1,1)
normal
EGARCH(1,1)
normal
GJRGARCH(1,1)
Student-t
GJRGARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t
EGARCH(1,1)
skewed Student-t

Next, the Diebold-Mariano test for the equal predictive accuracy is utilized to discover whether
the outperformance of the best ranking forecasting models is statistically significant, or just a
result of randomness. The test is done with both squared and absolute errors as loss functions,
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so that the test can be used for both obtained model rankings. According to the Diebold-Mariano
test where squared errors are used as a loss function, the most accurate forecasting model
GARCH(1,1) is statistically unable to outperform the forecasting accuracy of EWMA,
GARCH(1,1) model with Student’s t-distribution and GARCH(1,1) model with skewed
Student’s t-distribution, as the null hypothesis of equal predictive accuracy is not rejected at the
95 percent confidence level for these models. However, the null hypothesis of equal predictive
accuracy is not rejected only narrowly for the GARCH(1,1) models with Student’s t-distribution
and skewed Student’s t-distribution, as the null hypothesis would have been rejected at the 90
percent confidence level for these models. For other volatility forecasting models, the null
hypothesis of equal predictive accuracy with standard GARCH(1,1) model with normal error
distribution is clearly rejected.
The results from the Diebold-Mariano test calculated with absolute errors are more
unambiguous. According to the findings presented in table 18, EWMA is also statistically more
accurate than all the competing volatility forecasting models, as the null hypothesis of equal
predictive accuracy is rejected at the 95 percent confidence level for all other models
considered.
Altogether, EWMA seems to be the best performing volatility forecasting model for OMXS30.
Even though EWMA is not the best performing model when loss function MSE is used in
forecast evaluation, the differences in forecasting accuracy compared to the best ranked model
GARCH(1,1) with normal error distribution are not statistically significant according to the
Diebold-Mariano test. However, when the Diebold-Mariano test with absolute errors as a loss
function is used to test the statistical significance of MAE rankings, the outperformance of
EWMA

compared

to

other

volatility

forecasting

models

is

unquestionable.
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Table 18: Results of Diebold-Mariano tests for OMXS30

Diebold-Mariano test for the equal predictive accuracy
H0: Two models have equal predictive accuracy, H1: First model is more accurate

Squared errors

Absolute errors

GARCH(1,1) normal is the best model (MSE)

EWMA is the best model (MAE)

Model

Test Statistic

P-value

EWMA

-0.044

0.482

GARCH(1,1)
Student-t
GARCH(1,1)
skewed Student-t

Model

Test Statistic

P-Value

SMA 1M

-3.640

1.37E-04

-3.152

8.12E-04

-3.213

6.57E-04

-3.203

6.81E-04

GARCH(1,1)
Student-t
GARCH(1,1)
skewed Student-t
GARCH(1,1)
normal

-1.338

0.090

-1.392

0.082

SMA 3M

-3.334

4.28E-04

SMA 1M

-4.326

7.61E-06

GJR-GARCH(1,1)
Student-t

-4.468

3.95E-06

GJR-GARCH(1,1)
normal

-5.519

1.71E-08

SMA 3M

-5.774

3.87E-09

EGARCH(1,1)
normal

-8.807

< 2.2E-16

GJR-GARCH(1,1)
normal

-4.993

2.97E-07

GJR-GARCH(1,1)
Student-t

-5.336

4.76E-08

GJR-GARCH(1,1)
skewed Student-t

-5.662

7.48E-09

-6.149

3.89E-10

-9.990

< 2.2E-16

-13.930

< 2.2E-16

-12.968

< 2.2E-16

-14.003

< 2.2E-16

-12.936

< 2.2E-16

GJR-GARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t
EGARCH(1,1)
skewed Student-t

EGARCH(1,1)
normal
EGARCH(1,1)
Student-t
EGARCH(1,1)
skewed Student-t

5.2 Results for OMXH25
Table 19 summarizes the forecasting performance and the rankings of the volatility forecasting
models for OMXH25 index. According to the results, EWMA provides the most accurate
volatility forecasts among the models considered when MSE is used as a loss function to
evaluate forecasts. Unlike with OMXS30, this outperformance is distinct compared to the
second-placed GARCH models. It is also notable that all GARCH and EGARCH models
provide more accurate forecasts than other historical volatility forecasting models 1-month and
3-month SMAs. However, these 1-month SMA and 3-month SMA are able to outperform all
GJR-GARCH models.
The rankings based on MAE loss function are quite consistent with the MSE rankings, as
EWMA is again clearly the best performing model. On the contrary to the rankings based on
MSE loss function, both SMA models perform quite well, as 1-month SMA is the second-best
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model and 3-month SMA is able to outperform all the EGARCH and GJR-GARCH models
studied. Again, asymmetric volatility models have the worst forecasting performance.
Although the logarithmic returns of OMXH25 seem to have leptokurtic characteristics, the
effects and direction of different error distributions in GARCH models are inconclusive.
According to the results, it cannot be stated that the GARCH models with Student’s tdistribution or skewed Student’s t-distribution provide regularly more accurate forecasts than
the comparable models with normal error distribution.
Again, asymmetric volatility models have the worst forecasting performance among the models
tested. The outperformance of standard GARCH models compared to EGARCH and GJRGARCH models is slightly surprising, as the Engle-Ng test for asymmetries in volatility
indicated that there are significant sign bias, positive size bias and joint effect present at the 90
percent confidence level, and these asymmetric volatility models should be able capture these
effects.
The graphs of volatility forecasts against the “actual” volatility measured with the Yang-Zhang
estimator are provided in appendix 2 for each volatility forecasting model.
Table 19: Volatility forecasting performance rankings for OMXH25
Model

MSE

Ranking

Model

MAE

Ranking

EWMA

0.002667

1

EWMA

0.040690

1

GARCH(1,1)
skewed Student-t

0.002845

2

SMA 1M

0.042254

2

GARCH(1,1)
normal

0.002855

3

GARCH(1,1)
skewed Student-t

0.044865

3

GARCH(1,1)
Student-t

0.002861

4

GARCH(1,1)
Student-t

0.045097

4

EGARCH(1,1)
normal

0.003155

5

GARCH(1,1)
normal

0.045197

5

EGARCH(1,1)
Student-t

0.003363

6

SMA 3M

0.047034

6

EGARCH(1,1)
skewed Student-t

0.003367

7

EGARCH(1,1)
normal

0.047914

7

8

GJR-GARCH(1,1)
Student-t

0.048811

8

9

GJR-GARCH(1,1)
normal

0.048900

9

10

EGARCH(1,1)
skewed Student-t

0.049267

10

11

EGARCH(1,1)
Student-t

0.049374

11

12

GJR-GARCH(1,1)
skewed Student-t

0.049780

12

SMA 1M
SMA 3M

0.003407
0.003448

GJR-GARCH(1,1)
normal

0.003546

GJR-GARCH(1,1)
Student-t

0.003591

GJR-GARCH(1,1)
skewed Student-t

0.003772
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The Diebold-Mariano test is utilized to assess the statistical significance of MSE and MAE
rankings for OMXH25. First, the test is done with squared errors as loss functions to evaluate
the statistical significance of MSE rankings, where EWMA is the best ranked model. According
to the test results for MSE rankings presented in the left section of table 20, EWMA is
statistically more accurate than all the other volatility forecasting models, as the null hypothesis
of equal predictive accuracy is rejected for each model at the 95 percent confidence level.
The results for MAE rankings presented in the right section of table 20 are similarly
unambiguous when the Diebold-Mariano test is done with absolute errors in order to evaluate
the statistical significance of MAE rankings. According to these findings, the best ranked model
EWMA is also statistically more accurate volatility forecasting model than all the competing
models, as the null hypothesis of equal predictive accuracy with the best ranked EWMA model
is rejected at the 95 percent confidence level for all the other models examined.
Table 20: Results of Diebold-Mariano tests for OMXH25

Diebold-Mariano test for the equal predictive accuracy
H0: Two models have equal predictive accuracy, H1: First model is more accurate

Squared errors

Absolute errors

EWMA is the best model (MSE)

EWMA is the best model (MAE)

Model

Test Statistic

P-value

Model

Test Statistic

P-Value

GARCH(1,1)
skewed Student-t

-1.824

0.034

SMA 1M

-2.870

2.05E-03

-1.789

0.037

-6.833

4.17E-12

-1.989

0.023

-7.187

3.30E-13

-6.965

1.64E-12

-7.494

3.34E-14

-8.815

< 2.2E-16

-9.485

< 2.2E-16

-9.575

< 2.2E-16

-10.086

< 2.2E-16

-10.326

< 2.2E-16

-10.289

< 2.2e-16

GARCH(1,1)
normal
GARCH(1,1)
Student-t
EGARCH(1,1)
normal
EGARCH(1,1)
Student-t
EGARCH(1,1)
skewed Student-t

-4.696
-6.527
-6.492

SMA 1M

-5.755

SMA 3M

-6.035

GJR-GARCH(1,1)
normal
GJR-GARCH(1,1)
Student-t
GJR-GARCH(1,1)
skewed Student-t

-5.006
-5.294
-5.844

1.33E06
3.36E11
4.24E11
4.33E09
7.93E10
2.78E07
6.00E08
2.55E09

GARCH(1,1)
skewed Student-t
GARCH(1,1)
Student-t
GARCH(1,1)
normal
SMA 3M
EGARCH(1,1)
normal
GJR-GARCH(1,1)
Student-t
GJR-GARCH(1,1)
normal
EGARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t
GJR-GARCH(1,1)
skewed Student-t
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5.3 Results for OMXC20
Volatility forecasting performance measured with MSE and MAE loss functions and the
relative rankings of the forecasting models for OMXC20 are provided in table 21. According
to the results on the table, the standard GARCH model with Student’s t-distribution is the most
accurate volatility forecasting model by narrowly beating the standard GARCH model with
skewed Student’s t-distribution, when MSE is used in ranking. The overall performance of
standard GARCH models is generally good based on MSE ranking, as GARCH model with
normal error distribution has the fourth best performance. However, the performance of
historical volatility forecasting models is mixed. EWMA continues its strong performance in
volatility forecasting, but both SMAs underperform, as they are the two worst forecasting
models by clear margin.
EWMA emerges as the most accurate forecasting model before standard GARCH model with
Student’s t-distribution, when MAE is used to rank the models. On contrary to its
underperformance when MSE is used, 1-month SMA has the third best forecasting performance
with MAE ranking, which greatly illustrates how sensitive the model rankings are to different
loss functions. However, the forecasting precision of 3-month SMA does not improve
significantly, when loss function is changed to MAE.
Student’s t-distribution and skewed Student’s t-distribution seem to slightly improve the
volatility forecasting accuracy for GARCH and GJR-GARCH models, but the results are
inconclusive. However, EGARCH model with normal distribution consistently outperforms the
comparable models with Student’s t-distribution and skewed Student’s t-distribution.
Altogether, asymmetric GARCH models provide less accurate forecasts than the standard
GARCH model and they are consistently ranked among the worst performing models in terms
of both MSE and MAE. In this case, the underperformance of asymmetric volatility models is
not surprising, as the Engle-Ng sign and size bias test did not find any asymmetries in volatility
present in OMXC20.
The graphs where the forecasted values are plotted against volatility proxy measured with the
Yang-Zhang estimator are provided in appendix 3.
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Table 21: Volatility forecasting performance rankings for OMXC20
Model

MSE

Ranking

Model

MAE

Ranking

GARCH(1,1)
Student-t

0.002328

1

EWMA

0.037579

1

GARCH(1,1)
skewed Student-t

0.002329

2

GARCH(1,1)
Student-t

0.040254

2

EWMA

0.002407

3

SMA 1M

0.040308

3

GARCH(1,1)
normal

0.002444

4

GARCH(1,1)
skewed Student-t

0.040324

4

EGARCH(1,1)
normal

0.002671

5

GARCH(1,1)
normal

0.041675

5

GJR-GARCH(1,1)
Student-t

0.002862

6

GJR-GARCH(1,1)
Student-t

0.042847

6

GJR-GARCH(1,1)
normal

0.002905

7

GJR-GARCH(1,1)
skewed Student-t

0.043423

7

GJR-GARCH(1,1)
skewed Student-t

0.002924

8

EGARCH(1,1)
normal

0.043978

8

EGARCH(1,1)
skewed Student-t

0.002924

9

GJR-GARCH(1,1)
normal

0.044233

9

EGARCH(1,1)
Student-t

0.002928

10

SMA 3M

0.045837

10

SMA 1M

0.003108

11

EGARCH(1,1)
Student-t

0.045861

11

SMA 3M

0.003524

12

EGARCH(1,1)
skewed Student-t

0.045905

12

The statistical significances of obtained MSE and MAE rankings are tested with the DieboldMariano test for the equal predictive accuracy. First, the test is done with squared errors as loss
function to evaluate significance of MSE rankings, where GARCH(1,1) model with Student’s
t-distribution emerges as the best ranked model. The results presented in the left section of table
22 reveal, that the outperformance of standard GARCH(1,1) model with Student’s t-distribution
is also statistically significant, as the null hypothesis of equal predictive accuracy compared to
the best ranked GARCH(1,1) model with Student’s t-distribution is rejected at the 95 percent
confidence level for all other volatility forecasting models considered in this research.
Then, the Diebold-Mariano test is done with absolute errors as loss function to assess the
statistical significance of rankings based on MAE. According to the results presented in the
right section of table 22, the best ranked volatility forecasting model EWMA also provides
statistically more accurate forecasts than the other forecasting models, as the null hypothesis of
equal predictive accuracy is rejected for each competing model at the 95 percent confidence
level.
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According to the results of two Diebold-Mariano tests, EWMA seems to be the best volatility
forecasting model for OMXC20 when all things are considered. Although the standard
GARCH(1,1) model with Student’s t-distribution is the best model based on MSE values, the
differences of volatility forecast performance between the model and third ranked EWMA
model are not statistically significant. However, when the Diebold-Mariano test is utilized to
rankings based on MAE values, EWMA’s volatility forecasting performance is statistically
more accurate than any other model’s forecasting performance.
Table 22: Results of Diebold-Mariano tests for OMXC20

Diebold-Mariano test for the equal predictive accuracy
H0: Two models have equal predictive accuracy, H1: First model is more accurate

Squared errors

Absolute errors

GARCH(1,1) Student's t is the best model (MSE)

EWMA is the best model (MAE)

Model

Test Statistic

P-value

Model

Test Statistic

P-Value

GARCH(1,1)
skewed Student-t

-0.338

0.368

GARCH(1,1)
Student-t

-3.103

9.58E-04

EWMA

-0.751

0.226

SMA 1M

-5.268

6.90E-08

GARCH(1,1)
normal

-12.670

< 2.2E-16

GARCH(1,1)
skewed Student-t

-3.225

6.29E-04

EGARCH(1,1)
normal

-5.871

2.16E-09

GARCH(1,1)
normal

-4.547

2.72E-06

GJR-GARCH(1,1)
Student-t

-5.061

2.09E-07

GJR-GARCH(1,1)
Student-t

-4.583

2.30E-06

GJR-GARCH(1,1)
normal

-6.157

3.70E-10

GJR-GARCH(1,1)
skewed Student-t

-5.062

2.07E-07

GJR-GARCH(1,1)
skewed Student-t

-5.573

1.25E-08

EGARCH(1,1)
normal

-6.548

2.91E-11

EGARCH(1,1)
skewed Student-t

-9.355

< 2.2E-16

GJR-GARCH(1,1)
normal

-5.916

1.65E-09

EGARCH(1,1)
Student-t

-9.278

< 2.2E-16

SMA 3M

-9.263

< 2.2E-16

SMA 1M

-4.625

1.87E-06

EGARCH(1,1)
Student-t

-8.754

< 2.2E-16

SMA 3M

-5.972

1.17E-09

EGARCH(1,1)
skewed Student-t

-8.869

< 2.2E-16

5.4 Results for OBXP
According to the forecasting performance rankings provided by table 23, the standard GARCH
model with skewed Student’s t-distribution is the best performing forecasting model among the
models tested, as the model narrowly outperforms standard GARCH model with Student’s tdistribution and GJR-GARCH model with Student’s t-distribution. It should also be noted, that
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unlike with the previous forecasting results of other Nordic indices, GJR-GARCH models are
able to provide accurate forecasts, as GJR-GARCH models with Student’s t-distribution and
normal distribution are third and fourth best models being tested, respectively. Furthermore, the
relative performance of historical volatility models is at best mediocre, as the most accurate
historical forecasting model EWMA has the sixth position and 3-month SMA is the worst one.
GJR-GARCH models with Student’s t-distribution and normal distribution are the two most
accurate models, when MAE loss function is used to rank the models, and all GJR-GARCH
models provided more accurate forecasts than standard GARCH models. These models are
followed by historical volatility models EWMA and 1-month SMA, which perform
significantly better in terms of MAE compared to the rankings based on MSE. 3-month SMA
and all EGARCH models are again among the worst performers.
The effect of different error distribution to the volatility forecasting accuracy is inconclusive
based on the results of table 23. For standard GARCH models, skewed Student’s t-distribution
and Student’s t-distribution provide more accurate volatility forecasts compared to the model
with normal distribution, but the differences are just minor. Among the GJR-GARCH models,
the model with Student’s t-distribution provides the best volatility forecasts. On contrary,
EGARCH model with normal distribution outperforms its comparable models with Student’s
t-distribution and skewed Student’s t-distribution.
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Table 23: Volatility forecasting performance rankings for OBXP
Model

MSE

GARCH(1,1)
skewed Student-t

0.002766

GARCH(1,1)
Student-t

0.002783

GJR-GARCH(1,1)
Student-t

0.002795

GJR-GARCH(1,1)
normal

0.002825

GARCH(1,1)
normal

0.002838

EWMA
GJR-GARCH(1,1)
skewed Student-t
SMA 1M

0.002928
0.003013
0.003372

EGARCH(1,1)
normal

0.003513

EGARCH(1,1)
skewed Student-t

0.003701

EGARCH(1,1)
Student-t

0.003731

SMA 3M

0.003761

Ranking

Model

MAE

Ranking

1

GJR-GARCH(1,1)
Student-t

0.044321

1

2

GJR-GARCH(1,1)
normal

0.044647

2

3

EWMA

0.045085

3

4

SMA 1M

0.045273

4

5

GJR-GARCH(1,1)
skewed Student-t

0.045828

5

6

GARCH(1,1)
skewed Student-t

0.045848

6

7

GARCH(1,1)
Student-t

0.046049

7

8

GARCH(1,1)
normal

0.046576

8

9

EGARCH(1,1)
normal

0.049732

9

10

SMA 3M

0.050777

10

11

EGARCH(1,1)
skewed Student-t

0.050866

11

12

EGARCH(1,1)
Student-t

0.051152

12

The Diebold-Mariano test is again used to test the significance of the obtained rankings. The
results of this test are presented in table 24 below. According to the test variant with squared
errors as loss function, the highest ranked model with MSE criterion, standard GARCH(1,1)
model based on Student’s t-distribution, is not statistically more accurate than the models with
third and fourth highest rankings, GJR-GARCH(1,1) with Student’s t-distribution and GJRGARCH(1,1) model based on normal distribution, as the null hypothesis of equal predictive
accuracy is not rejected at the 95 percent confidence level. For other volatility forecasting
models the null hypothesis is rejected at the same confidence level. Interestingly, for the secondranked model GARCH(1,1) with Student’s t-distribution the null hypothesis of equal predictive
accuracy is clearly rejected at the 95 percent confidence level, thereby implying that the high
ranking of the model is just a result of randomness.
Next, the Diebold-Mariano test with absolute errors as loss function is used to study the
significance of the rankings based on MAE, according to which GJR-GARCH(1,1) with
Student’s t-distribution is the highest ranked model. According to the results presented in the
right section of table 24, the null hypothesis of equal predictive accuracy is rejected for all other
competing volatility forecasting models than third ranked EWMA and fourth ranked 1-month
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SMA at the 95 percent confidence level. Again, it is interesting to discover that the null
hypothesis is also clearly rejected for second ranked GJR-GARCH(1,1) with normal
distribution, which also suggests that the high ranking of the model is due to randomness.
To conclude the abovementioned findings, GJR-GARCH(1,1) model with Student’s tdistribution seems to be the most consistently performing model for OBXP when the results of
two Diebold-Mariano tests are considered. Although the model is only the third best ranked
according to MSE values, GJR-GARCH(1,1) with Student’s t-distribution has statistically
equal predictive accuracy compared to the best ranked GARCH(1,1) model with skewed
Student’s t-distribution, as well as to fourth ranked GJR-GARCH(1,1) model with normal
distribution. However, as GJR-GARCH(1,1) model with Student’s t-distribution is the highest
ranked model based on MAE values, only EWMA and 1-month SMA are able to provide
statistically equal predictive accuracy. As a result, GJR-GARCH with Student’s t-distribution
has equal predictive accuracy compared to the most accurate models with both loss functions
considered, and any other volatility forecasting model does not fulfil this condition.
Table 24: Results of Diebold-Mariano tests for OBXP

Diebold-Mariano test for the equal predictive accuracy
H0: Two models have equal predictive accuracy, H1: First model is more accurate

Squared errors

Absolute errors

GARCH(1,1) skewed Student's t is the best model
(MSE)

GJR-GARCH(1,1) Student's t is the best model
(MAE)

Model

P-value

Model

Test Statistic

P-Value

-8.575

< 2.2E-16

GJR-GARCH(1,1)
normal

-9.452

< 2.2E-16

-0.378

0.353

EWMA

-0.897

0.185

-0.767

0.222

SMA 1M

-1.008

0.157

-8.235

< 2.2E-16

-23.006

< 2.2E-16

EWMA

-2.114

1.73E-02

-2.476

6.65E-03

GJR-GARCH(1,1)
skewed Student-t

-3.066

1.09E-03

-2.802

2.54E-03

SMA 1M

-4.968

3.38E-07

-3.694

1.10E-04

-8.515

< 2.2E-16

-14.668

< 2.2E-16

-9.972

< 2.2E-16

-4.996

2.92E-07

-10.226

< 2.2E-16

-17.167

< 2.2E-16

-5.837

2.66E-09

-17.893

< 2.2E-16

GARCH(1,1)
Student-t
GJR-GARCH(1,1)
Student-t
GJR-GARCH(1,1)
normal
GARCH(1,1)
normal

EGARCH(1,1)
normal
EGARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t
SMA 3M

Test Statistic

GJR-GARCH(1,1)
skewed Student-t
GARCH(1,1)
skewed Student-t
GARCH(1,1)
Student-t
GARCH(1,1)
normal
EGARCH(1,1)
normal
SMA 3M
EGARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t
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5.5 Results for OMXN40
According to the relative rankings of the volatility forecasting models provided in table 25,
EWMA emerges as the most accurate forecasting model with both MSE and MAE. Among the
other historical forecasting models used, both 1-month and 3-month SMAs are also ranked
rather well, as these models are only surpassed by the best ranked EWMA and standard
GARCH models when MSE values are used in forecast performance evaluation. It is also
noteworthy, that according to MSE values, 3-month SMA are able to provide more accurate
volatility forecasts than its 1-month counterpart. The performance of SMA models is even more
impressive when MAE is used to evaluate the forecasting accuracy of the models, as 1-month
SMA is the second-best model after EWMA and 3-month SMA is only outperformed by these
other historical forecasting models and standard GARCH models.
Standard GARCH models has the most accurate forecasts among the GARCH family models
with both loss functions, even though Engle-Ng sign and size bias test indicated significant
joint effect present at the 95 percent confidence level. Furthermore, standard GARCH model
variants with Student’s t-distribution and skewed Student’s t-distribution provides better
forecasts than the standard GARCH model with normal error distribution, although the
differences between the models are marginal. The performances of asymmetric GARCH
models are inadequate with both loss functions. Moreover, as is also the case with standard
GARCH models, there is no consistent outperformance of the models with Student’s tdistribution and skewed Student’s t-distribution over models with normal distribution.
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Table 25: Volatility forecasting performance rankings for OMXN40
Model

MSE

Ranking

Model

MAE

Ranking

EWMA

0.002539

1

EWMA

0.03801

1

0.002611

2

SMA 1M

0.03906

2

0.002611

3

0.04272

3

0.002623

4

0.04273

4

SMA 3M

0.003175

5

0.04293

5

SMA 1M

0.003229

6

0.04378

6

0.003370

7

0.04728

7

0.003427

8

0.04773

8

0.003430

9

0.04917

9

0.003718

10

0.04966

10

0.003878

11

0.05288

11

0.003897

12

0.05303

12

GARCH(1,1)
Student-t
GARCH(1,1)
skewed Student-t
GARCH(1,1)
normal

EGARCH(1,1)
normal
GJR-GARCH(1,1)
Student-t
GJR-GARCH(1,1)
normal
GJR-GARCH(1,1)
skewed Student-t
EGARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t

GARCH(1,1)
Student-t
GARCH(1,1)
skewed Student-t
GARCH(1,1)
normal
SMA 3M
GJR-GARCH(1,1)
Student-t
GJR-GARCH(1,1)
normal
GJR-GARCH(1,1)
skewed Student-t
EGARCH(1,1)
normal
EGARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t

Again, the Diebold-Mariano test is utilized to test whether the best ranked volatility forecasting
models have also statistically better performance compared to other forecasting models. First,
the test is done with squared errors as loss function to assess the statistical significance of MSE
rankings. According to these results presented in the left section of table 26, the null hypothesis
of equal predictive accuracy compared to the best ranked EWMA model is not rejected at the
95 percent confidence level for second ranked GARCH(1,1) with Student’s t-distribution, third
ranked GARCH(1,1) with skewed Student’s t-distribution and fourth ranked GARCH(1,1) with
normal distribution.
When the Diebold-Mariano test is done with absolute errors as loss function to evaluate the
statistical significance of MAE rankings, the results presented in the right section of table 26
are less dispersed. Now the null hypothesis of equal predictive accuracy compared to the best
ranked EWMA model is only not rejected for second placed 1-month SMA at the 95 percent
confidence level. Moreover, the null hypothesis is clearly rejected for all three standard
GARCH models, which have equal predictive accuracy compared to EWMA when the DieboldMariano test is done based on squared errors as loss function.
Altogether, it seems that EWMA has an advantage over all the other volatility forecasting
models studied. Although EWMA is the highest ranked model in both MSE and MAE rankings,
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there are some models according to the Diebold-Mariano test which have statistically equal
volatility forecasting accuracy than the EWMA model. However, the performance of EWMA
is most consistent across the two rankings and test variants, as not even one of the competing
volatility forecasting models have equal predictive accuracy in terms of both test variants.
Table 26: Results of Diebold-Mariano tests for OMXN40

Diebold-Mariano test for the equal predictive accuracy
H0: Two models have equal predictive accuracy, H1: First model is more accurate

Squared errors

Absolute errors

EWMA is the best model

EWMA is the best model

Test
Statistic

P-value

Model

Test
Statistic

P-Value

-1.004

0.158

SMA 1M

-2.106

0.02

-1.026

0.152

-8.177

< 2.2E-16

-1.135

0.128

-8.285

< 2.2E-16

SMA 3M

-4.604

2.07E-06

-8.376

< 2.2E-16

SMA 1M

-6.107

5.07E-10

SMA 3M

-6.821

4.53E-12

EGARCH(1,1)
normal

-7.560

2.02E-14

GJR-GARCH(1,1)
Student-t

-9.833

< 2.2E-16

GJRGARCH(1,1)
Student-t

-5.943

1.40E-09

GJR-GARCH(1,1)
normal

-10.574

< 2.2E-16

GJRGARCH(1,1)
normal

-6.120

4.69E-10

GJR-GARCH(1,1)
skewed Student-t

-11.400

< 2.2E-16

GJRGARCH(1,1)
skewed Student-t

-7.263

1.90E-13

EGARCH(1,1)
normal

-13.966

< 2.2E-16

-10.574

< 2.2E-16

-16.032

< 2.2E-16

-10.719

< 2.2E-16

-16.211

< 2.2E-16

Model
GARCH(1,1)
Student-t
GARCH(1,1)
skewed Student-t
GARCH(1,1)
normal

EGARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t

GARCH(1,1)
Student-t
GARCH(1,1)
skewed Student-t
GARCH(1,1)
normal

EGARCH(1,1)
skewed Student-t
EGARCH(1,1)
Student-t
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6 Conclusions
6.1 Discussion
The main theme of this master’s thesis was to examine the volatility forecasting performance
of different forecasting models in Nordic equity markets, with additional focus being on the
relative forecasting performance of different GARCH model against simpler historical
forecasting models. Moreover, the differences between the forecasting accuracy of symmetric
and asymmetric GARCH models and GARCH models with different error distributions were
studied. Based on these objectives of the thesis, four research questions were formulated. Next,
the findings to these research objectives are discussed.
Which volatility forecasting model provides the most accurate volatility forecasts for each
Nordic equity indices?
Based on the results obtained in the empirical part of this thesis, EWMA appears to be the most
accurate volatility forecasting model for OMXS30, OMXH25, OMXC20 and OMXN40.
Although EWMA is not always the best performing model based on both MSE and MAE
rankings for these equity indices, the Diebold-Mariano tests reveal that EWMA has always
statistically equal or better forecasting performance than the best performing model of both
MSE and MAE rankings. This is not achieved by any other volatility forecasting model
considered. It is also notable, that EWMA is consistently able to provide indisputably the most
accurate volatility forecasts based on MAE criterion and the Diebold-Mariano test with absolute
errors as loss function. The only exception to this regularity was with OMXN40, where 1-month
SMA provides statistically equal forecasting performance compared to EWMA. The
outperformance of the EWMA model in volatility forecasting is in line with the previous
researches of Tse (1991), Kuen and Tung (1992) and Walsh and Tsou (1998), although none of
these studies are identical to this thesis for example in terms of forecasting models, data and
methodology used.
OBXP is the special case among the other Nordic equity indices, as the GJR-GARCH model
with Student’s t-distribution is the best performing model when both loss function rankings and
the Diebold-Mariano tests are considered. This result is clearly different compared to other
Nordic indices, as for these indices GJR-GARCH models are consistently among the worst
performing ones alongside EGARCH models. EWMA also performs well for OBXP, as the
model has equal predictive accuracy compared to GJR-GARCH model with Student’s tdistribution when the Diebold-Mariano test with absolute errors as loss function is used to test
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the statistical significance of the MAE rankings. However, GJR-GARCH model with Student’s
t-distribution has an advantage over EWMA when MSE rankings and the Diebold-Mariano test
with squared errors as loss function are used in comparison.
Are GARCH models able to provide more accurate volatility forecasts than simpler historical
forecasting models in Nordic equity markets?
According to the existing volatility forecasting literature, more sophisticated GARCH based
models should be able to forecast and model volatility more accurately than traditional
historical volatility forecasting models, as non-linear GARCH models can capture certain
stylized facts of financial return series, such as volatility clustering, leverage effects and mean
reversion of volatility. However, in this thesis, historical volatility model EWMA provides
statistically the most accurate and consistent volatility forecasting performance for OMXS30,
OMXH25, OMXC20 and OMXN40 according to the MSE and MAE rankings and following
Diebold-Mariano tests, therefore outperforming all the GARCH models examined in this thesis.
GARCH based model is only able to provide more accurate volatility forecasts than EWMA
for OBXP, as GJR-GARCH model with Student’s t-distribution emerges as the most consistent
and accurate model for this index.
The outperformance of EWMA model compared to the GARCH models for the majority of the
indices is a rather surprising result, given that the Engle’s ARCH test indicated that there are
ARCH effects present in the squared residuals for each index. However, the result is not unique
in the volatility forecasting literature, as for example Tse (1991), Kuen and Tung (1992) and
Walsh and Tsou (1998) have all found that for equity indices EWMA is more accurate volatility
forecasting model than GARCH.
There are some possible explanations why EWMA is able to outperform the volatility
forecasting performance for the majority of the equity indices. According to Kuen and Hoong
(1992), even though GARCH process is good at modelling in-sample statistical structure of the
residuals, the model fails to generate accurate and robust out-of-sample forecasts. The authors
argue, that the need for accurate model specification and rather complicated estimation of the
model leads to forecasts, which have weak robustness to the imprecise specification of the
model. Kuen and Hoong (1992) also claim, that because of the characteristics of the maximum
likelihood methodology used in the model, the forecasting accuracy of GARCH model may
deteriorate when the model parameters change, while EWMA seems to be quite robust to these
changes.
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Tse (1991) also contributes to possible explanations by showing that the forecasts obtained
from the GARCH model reacted slower to the changes in volatility compared to EWMA, while
EWMA rapidly adjusts to the changes in the volatility. According to this argument, GARCH
model may be outperformed by the more reactive EWMA model during the periods of
fluctuating volatility. However, the empirical findings and modelling choices of this thesis
provide slightly contrary evidence against this explanation. As can be seen in the appendices
where for each index the annualized volatility forecasts are plotted against the proxy of realized
volatility, GARCH family models seem to have some tendency to overpredict compared to the
simple historical volatility models during the periods of higher volatility. This tendency
deteriorates their overall forecasting performance compared to the simple historical volatility
forecasting models, which smooth the largest deviations in their averaging process.
Additionally, in this thesis the parameters of the GARCH models are re-estimated every 21
trading days, which is a practice aimed to make the GARCH models more adjustable to the
prevailing trends of volatility.
The second historical model used in this thesis is 1-month SMA. For this model, the results
compared to the GARCH based models are more ambiguous. Generally, 1-month SMA is able
to forecast the volatility of the Nordic equity indices quite well, as for most indices the model
is among the best performing half of the models considered based on MSE and MAE rankings.
However, the rankings of 1-month SMA vary vastly between these rankings. It was interesting
to discover that 1-month SMA is consistently higher ranked when the models are evaluated
with MAE values compared to the rankings based on MSE values. This matter is illustrated by
the observation that the model is among the four most accurate forecasting models for all
indices when MAE is used in forecast performance evaluation, but at best mediocre when MSE
is used to rank the models. Moreover, although there is a broad dispersion between the rankings
given by different loss functions, 1-month SMA is found to have higher positions in both
rankings compared to EGARCH models for OMXS30, OBXP and OMXN40 and compared to
GJR-GARCH models for OMXS30, OMXH25 and OMXN40.
The third historical volatility forecasting model tested in this thesis was 3-month SMA. Unlike
its shorter equivalent 1-month SMA, the volatility forecasting performance of the model is at
best mediocre, as the model is generally positioned at the centre or lower half in both rankings
for all the indices. However, even though the 3-month SMA is a very simple volatility
forecasting model, it is able to outperform the forecasting performance of all EGARCH models
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in the case of OMXS30 and the performance of all GJR-GARCH models in the case of
OMXH25.
These results also provide some evidence about the relative performances among the three
simple historical volatility models utilized in this thesis. For all indices, EWMA is
unsurprisingly able to provide the most accurate forecasts among the historical volatility
forecasting models, followed by 1-month SMA and then by 3-month SMA. 1-month SMA
outperform 3-month SMA in terms of both MSE and MAE rankings for the majority of the
Nordic equity indices considered, with only exceptions to this rule being OMXS30 and
OMXN40 indices, where 3-month SMA achieves higher MSE ranking.
A possible reason behind this outperformance of EWMA model compared to the two SMA
models is that EWMA assigns higher weights to the most recent observations. This heavier
weighting of the most recent observations makes EWMA able to adjust to the changes in the
volatility environment more rapidly compared to the SMA models, which give the same
weighting to all the observations of the averaging period. Moreover, a possible explanation
behind why 1-month SMA is generally more accurate volatility forecasting model for Nordic
equity indices than 3-month SMA is somewhat similar: as the averaging period is shorter for 1month SMA, the model reacts to the changes in the volatility environment faster compared to
3-month SMA. These issues are not necessarily so influential during the stable periods in the
markets when the volatility is at low levels, but their magnitudes are emphasised during the
periods of high volatility.
Can asymmetric GARCH models EGARCH and GJR-GARCH provide more accurate forecasts
compared to standard GARCH model in Nordic equity markets?
Existing theory concerning volatility forecasting argue, that asymmetric GARCH model
variants, such as EGARCH and GJR-GARCH, should be able to model and forecast volatility
more accurately than the symmetric standard GARCH model. This claim is based on the
argument that these asymmetric models can incorporate additional stylized facts of the volatility
of the financial return series beside volatility clustering and mean reversion, such as size and
sign bias. However, the results of the previous empirical researches concerning volatility
forecasting suggest, that in practice, the findings on this matter have been more ambiguous, as
in many studies symmetric standard GARCH models and even simple historical models have
been able to provide more accurate volatility forecasts than these sophisticated asymmetric
volatility forecasting models. These ambiguous previous findings in volatility forecasting
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literature motivated the third research question of this thesis, which is whether these asymmetric
GARCH models can outperform the forecasting accuracy of the symmetric GARCH model in
five Nordic benchmark equity indices studied.
First, the in-sample return series of each five indices were tested with the Engle-Ng test for
asymmetries in volatility to discover whether there are sign and size bias present in the insample data of the returns. The results of these tests are quite uniform, as for most of the indices
there are some type of asymmetric volatility present in the in-sample return series, except for
OMXC20, for which no significant leverage effects of any type are not found.
Despite these findings, when the relative volatility forecasting performance of the models is
evaluated and ranked with MSE and MAE loss functions, symmetric standard GARCH models
emerge as the outperforming models compared to their asymmetric counterparts EGARCH and
GJR-GARCH for most of the equity indices studied. Only for OBXP index, some asymmetric
models are able to outperform the standard GARCH models, as GJR-GARCH models seem to
provide more accurate volatility forecasts than the standard GARCH models when both loss
function rankings are used in the forecast accuracy evaluation. It is also rather surprising that
EGARCH models are consistently among the worst performing forecasting models for most of
the indices.
There are several possible explanations behind the outperformance of standard GARCH models
against their asymmetric counterparts. As Sharma and Sharma (2015) concluded in their
research concerning equity index volatility forecasting with different GARCH models, more
sophisticated GARCH model variants are efficient when complex patterns in volatility are
modelled. However, these sophisticated models also tend to model idiosyncrasies of the
historical data, which do not influence the actual future volatility. Consequently, this effect
deteriorates the volatility forecasting performance of the sophisticated GARCH models.
According to the findings of Sharma and Sharma (2015), the latter effect has greater impact in
out-of-sample volatility forecasting compared to the advantages of sophisticated models in
modelling complex patterns of volatility, as symmetric standard GARCH model was usually
able to provide more accurate out-of-sample forecasts than its more sophisticated equivalents.
The researchers argued, that the results are coherent with the principle of parsimony, which
claims that more parsimonious models have tendency to generate more accurate out-of-sample
forecasts than more complex forecasting models.
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Does the introduction of Student’s t or skewed Student’s t error distributions improve the
forecasting performance of the GARCH models?
The final research objective of this thesis is to assess whether the introduction of more
leptokurtic Student’s t and skewed Student’s t error distributions can improve the forecasting
accuracy of the GARCH models compared to the models with normal error distribution. The
reason behind this hypothesis is the previous empirical findings on leptokurtic distribution of
the financial return series, which means that financial return series have tendency to exhibit
excess kurtosis and fatter tails compared to the normal distribution. Because fatter tails in
financial return distributions suggest that the extreme values are more probable compared to
the frequency indicated by normal distribution, the choice of error distribution has utmost
importance in volatility forecasting with GARCH models, especially if the volatility forecasts
are used in risk management applications. According to the empirical results of this thesis, some
weak evidence of outperformance is found in favour of the GARCH models with leptokurtic
error distributions over the GARCH models with normal error distributions. Yet, the results are
very dispersed between the indices and between the different loss function rankings.
There seems to be some evidence that the models with more leptokurtic error distribution have
an advantage over the performance of the model with normal error distribution when standard
GARCH models are used, even though the forecast performance differences between the
models are generally marginal. For OMXC20 and OMXN40, the GARCH model with
Student’s t-distribution appears to outperform the volatility forecasting performance of its
counterpart with normal error distribution, while the model with skewed Student’s t-distribution
provides better volatility forecasting accuracy than the model with normal error distribution for
OMXH25 and OBXP. The relative performance of the standard GARCH models with different
error distributions is more ambiguous for OMXS30, as MSE rankings favours standard
GARCH model with normal distribution, while the MAE rankings favours the model with
Student’s t error distribution. However, as the forecast performance differences between the
models with alternative error distributions are only marginal, it could be argued that there are
no significant differences between the standard GARCH model with more leptokurtic error
distributions compared to the model with normal error distribution.
The results for EGARCH are more uniform, as EGARCH model with normal distribution is
able to provide more accurate volatility forecasts than its equivalents with more leptokurtic
error distributions for all indices and loss function rankings. In contrast to the previously

74

presented results of standard GARCH model, the differences between the EGARCH models
with different error distributions are prominent, as the introduction of more leptokurtic error
distributions significantly deteriorates the volatility forecasting accuracy of these models.
There is also some evidence that more leptokurtic error distribution could improve the volatility
forecasting accuracy of GJR-GARCH model, as for OMXC20, OBXP and OMXN40 the model
with Student’s t error distribution is able to provide better forecasting performance than its
counterpart based on normal error distribution. Additionally, for OMXS30 and OMXH25 the
model with Student’s t error distribution is also able to improve the forecasting accuracy
compared to the model with normal error distribution when the forecasts are evaluated with
MAE loss function, while the model with normal error distribution provides better results based
on MSE. However, the differences between the volatility forecasting performances between the
GJR-GARCH models with alternative error distributions seem to be rather small, especially
between the models with Student’s t and normal distributions.
Overall, it could be argued that the introduction of leptokurtic error distributions has only minor
impact on the volatility forecasting accuracy of GARCH, EGARCH and GJR-GARCH models
compared to the normal error distribution, as generally there are no large differences between
the models based on loss function values. Moreover, the direction of this impact is inconsistent
and varies between the models and loss functions used in forecast evaluation.

6.2 The limitations of the study
There are several limitations concerning reliability and validity in this thesis. As was already
discussed in the literature review, when the previous researches about volatility forecasting with
GARCH models are examined, it is apparent that choices such as length of the data, forecast
evaluation criteria and volatility proxy all have substantial effects on the relative and absolute
performances of different volatility forecasting models. Because of these choices, the results of
previous volatility forecasting literature are very ambiguous.
The length of the daily price data gathered for each index was chosen to be from the beginning
of 2007 to the end of 2018. The main reason behind this choice was that this was the longest
full-year period, over which data for all the Nordic equity indices was available, as OMXN40
index was established in late 2006. It is essential to have the sample periods of equivalent length
for all the indices to make the results more comparable. The selection of the longest available
sample period for volatility forecasting and modelling is further supported by earlier empirical

75

findings, which state that GARCH models are more efficient when the longest available data is
utilized (Brownlees et al., 2011). Nonetheless, if the longer sample periods were used for other
equity indices than OMXN40, the relative and absolute performances of the volatility
forecasting models could have been different.
It could also be argued, that prevailing volatility environments during the sample period could
have significant impact on the relative volatility forecasting performance of the models, as some
models could be more accurate during periods of high volatility and less accurate when
volatility is at low levels. This problem is addressed by choosing the longest possible sample
period, over which the data for all the indices is available. In this thesis, the selected sample
period from the beginning of 2007 to the end of 2018 incorporates wide scale of different
volatility environments, ranging from turbulent periods of financial crisis and European debt
crisis to periods of tranquillity with low volatility. Consequently, the estimation and forecasting
of the models incorporate comprehensive information about volatility process from different
volatility regimes, which gives robustness to the results. However, again the relative and
absolute performances of the volatility forecasting models could have been different, if the
longest available period for other indices would had not dictated by the availability of the data
for OMXN40.
The choice of the forecast evaluation criteria can also have significant influence on the volatility
forecasting performance of the models, as the relative rankings of the models can differ
substantially when the evaluation is done with different loss functions. This is also the case in
this thesis, as the positions of the models vary depending on whether MSE or MAE is used in
model ranking. It could be questioned, whether the forecast evaluation based on these two loss
functions is robust enough to provide reliable results. However, the loss functions used in this
thesis have many advocates, as for example Hansen and Lunde (2006) and Patton (2011) have
argued that MSE is a very robust loss function in volatility forecast evaluation, while MAE
provides robustness to the outlier values.
The main limitation of this study is the unavailability of intra-day tick data for Nordic equity
indices, which is often used in previous volatility forecasting literature to construct a proxy for
realized volatility. Because the intra-day tick data was not available, volatility proxy was chosen
to be constructed using a range-based Yang-Zhang estimator, which incorporates most
information compared to the competing range-based estimators, as it utilizes daily open, high,
low and closing prices, while also considering overnight jumps. However, as all the range-based
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estimators assume continuous trading, the Yang-Zhang estimator has tendency to underestimate
the actual volatility. This underestimation of the actual volatility can have several impacts on
various sections of this thesis, as the estimator is used as a volatility proxy in loss functions
MSE and MAE, which are applied to rank the volatility forecasting models. The conclusions of
this thesis could change, if for example a volatility proxy formed from intra-day tick data were
used instead of the Yang-Zhang estimator.

6.3 Suggestions of further research
This thesis solely concentrates on GARCH and historical volatility forecasting models, and
therefore omits a variety of other forecasting methods, such as stochastic volatility models and
high frequency realized volatility models, which could potentially give more accurate forecasts
than the models examined in this thesis. Additionally, there are plethora of alternative GARCH
models presented in the previous volatility forecasting literature. It would be intriguing to study,
if these even more sophisticated models would be able to outperform the volatility forecasting
performances of the models introduced in this thesis. Additionally, further improvements to the
volatility forecasting performance of EWMA model could perhaps be made by adjusting the
smoothing parameter periodically, which is a procedure suggested by Tse (1991).
Furthermore, this research could be extended to consider multiple forecast horizons, while it
could also be worthwhile to test the relative performance of the volatility forecasting models
during different sub-periods. It would also be very interesting to study how the results might
change if cumulative intra-day tick data or other range-based estimators were used as a proxy
for actual realized volatility.
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7 Summary
The main purpose of this thesis was to study relative performance of different volatility
forecasting models in five Nordic benchmark equity indices: Swedish OMXS30, Finnish
OMXH25, Danish OMXC20, Norwegian OBXP and joint Scandinavian large cap index
OMXN40. Because of its profound importance and versatile applications in the financial
industry, there have been growing interest among academia and practitioners to develop more
and more sophisticated volatility forecasting models to capture the characteristics of the
volatility.
Among the more sophisticated volatility forecasting models, especially GARCH model has
gained popularity in volatility forecasting, as this model can incorporate some special
characteristics of financial return series, also referred as stylized facts, such as mean reversion
of volatility and volatility clustering. Moreover, numerous extensions to the standard GARCH
model have been proposed, which consider even wider range of stylized facts of financial return
series, such as asymmetric impact of volatility, also known as leverage effects. Among the most
popular extensions to the standard GARCH model are EGARCH and GJR-GARCH models,
which allow asymmetric shocks in volatility. However, despite these apparent benefits of more
sophisticated GARCH models, the previous conclusions in existing volatility forecasting
literature are rather ambiguous, as in many studies, these models have been unable to
outperform simpler and more parsimonious historical forecasting models, such as simple
moving average (SMA) and exponentially weighted moving average (EWMA). Furthermore,
in the previous literature, standard GARCH model has more or less frequently been able to
provide better forecasting accuracy than asymmetric EGARCH and GJR-GARCH models,
which should be able to incorporate more stylized facts of the financial return series.
Empirical findings have also concluded, that financial return series are often leptokurtic,
meaning that the distributions of these return series have tendency to show fatter tails and excess
kurtosis at the mean compared to normal distribution. If the distribution of the returns is
assumed to be normal when the actual return distribution is leptokurtic, the econometric model
will intrinsically underestimate the probability of the extreme values, which could have severe
impacts, for example, in risk management applications. Yet, normal distribution is still
frequently utilized in financial econometric models including GARCH models, even though
several studies have given evidence of its inadequacy and favoured more leptokurtic
distributions, such as Student’s t-distribution or skewed Student’s t-distribution.
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In order to study these issues in the context of Nordic equity markets, four research questions
were formulated:
1) Which volatility forecasting model provides the most accurate volatility forecasts for
each Nordic equity indices?
2) Are GARCH models able to provide more accurate volatility forecasts than simpler
historical forecasting models in Nordic equity markets?
3) Can asymmetric GARCH models EGARCH and GJR-GARCH provide more accurate
forecasts compared to standard GARCH model in Nordic equity markets?
4) Does the introduction of Student’s t or skewed Student’s t error distributions improve
the forecasting performance of the GARCH models?
The sample data for each equity index consisted daily opening, high, low and closing prices for
the period of fourteen years starting from the beginning of 2007 and ending in the end of 2018,
while closing prices were used to calculate logarithmic returns for the full period. Additionally,
this full sample period was divided to in-sample estimation period with length of 8 years and
out-of-sample forecasting period of 4 years. For each equity index, statistical tests were done
for in-sample data in order to assess their normality and possible ARCH effects and
asymmetries of volatility in the data.
One of the most important choices in the process of volatility forecasting is the selection of
proper proxy for actual realized volatility, as it is used as a benchmark in forecast performance
evaluation. For this purpose, various range-based volatility estimators were introduced, and
their properties were discussed. Among these estimators, a proxy suggested by Yang and Zhang
(2000) seemed to be the most suitable proxy for actual realized volatility, as it has some
preferable properties over all the other volatility estimators considered.
In total, twelve volatility forecasting models were tested for each equity index. Three of these
models were simple historical forecasting models 1-month SMA, 3-month SMA and EWMA,
whereas the remaining nine models were standard GARCH, EGARCH and GJR-GARCH
models estimated with normal distribution, Student’s t-distribution and skewed Student’s tdistribution. For each index, one-day ahead forecasts of annualized volatility were produced for
the out-of-sample period. The precision of these forecasts was evaluated with MSE and MAE
loss functions, and rankings based on these loss functions were formed to discover the relative
performance of the volatility forecasting models. Furthermore, the Diebold-Mariano test for
equal predictive accuracy was used to assess the statistical significance of these rankings.
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The first research question of this study was concerned about which forecasting model is able
to provide most accurate volatility forecasts for each Nordic equity indices. Based on model
rankings and subsequent Diebold-Mariano tests, EWMA seems to have provided the most
accurate and consistent volatility forecasting for OMXS30, OMXH20, OMXC20 and
OMXN40, when all rankings and statistical test were considered. Even though EWMA was not
always the best ranked model based on both loss function rankings, the Diebold-Mariano tests
found out that the model always had statistically better or equal forecasting accuracy compared
to the other forecasting models in terms of both MSE and MAE rankings, while the same did
not hold for any other model. For OBXP, the results were different, as GJR-GARCH with
Student’s t-distribution was the outperforming model, which was quite surprising given that
GJR-GARCH models were among the worst performing models for other indices. However,
EWMA also performed well for OBXP index.
The second research question was aimed to discover whether GARCH models can provide
better volatility forecasting performance compared to simpler historical volatility models. As
was already discussed, EWMA was the best performing volatility forecasting model for
OMXS30, OMXH25, OMXC20 and OMXN40, when the models were compared based on their
rankings and Diebold-Mariano test. A GARCH-based model was only able to provide more
accurate volatility forecasts than EWMA for OBXP, as the GJR-GARCH model with Student’s
t-distribution emerged as the most consistent and accurate model for this index. Additionally,
the performance of two SMA models against GARCH models was twofold, as 1-month SMA
performed generally well, but the forecasting performance of 3-month SMA was mediocre at
best.
Several possible explanations for the outperformance of EWMA compared to GARCH models
were discussed. According to Kuen and Hoong (1992), while GARCH models are efficient in
modelling statistical structure of in-sample residuals, these models are often unable to provide
accurate out-of-sample volatility forecasts. This originates from the need for accurate model
specification and rather complicated estimation procedure, which together lead to weak
robustness of the forecasts. Additionally, Tse (1991) has argued that EWMA adjusts to the
changes in volatility faster compared GARCH models, and this reactiveness enhances the
volatility forecasting performance of this model.
The purpose of the third research question was to study the relative forecasting ability of
symmetric standard GARCH model and asymmetric EGARCH and GJR-GARCH models.
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According to the rankings based on loss function values, symmetric standard GARCH models
emerged as the outperforming models compared to their asymmetric counterparts EGARCH
and GJR-GARCH for most of the Nordic equity indices. An exception to this rule was OBXP
index, for which GJR-GARCH models seemed to provide more accurate volatility forecasts
compared to standard GARCH models when results of both rankings were considered. It was
also rather surprising that for most of the indices examined, EGARCH models were consistently
among the worst performing forecasting models.
These results were rather surprising as the in-sample Engle-Ng test for asymmetries in volatility
implied that for most of the indices there were some type of asymmetric volatility present in
the in-sample returns, with exception being OMXC20. Possible explanation to the
outperformance of symmetric GARCH model was provided by Sharma and Sharma (2015),
who concluded that while more sophisticated asymmetric GARCH models are convenient in
modelling complex patterns in volatility, these models tend to model idiosyncrasies in historical
volatility, which do not have impact on actual future volatility. According to Sharma and
Sharma (2015), the latter effect dominates, consequently deteriorating the out-of-sample
forecasting performance of more sophisticated models. These findings are coherent with
principle of parsimony, implying that more parsimonious models have tendency to produce
more accurate out-of-sample forecasts than more sophisticated forecasting models.
The final research objective of this thesis was to assess whether more leptokurtic Student’s t
and skewed Student’s t error distributions can improve the forecasting accuracy of the GARCH
models compared to the models with normal error distribution. Based on the model rankings, it
seemed that the introduction of leptokurtic error distributions had only marginal influence on
the volatility forecasting accuracy of GARCH models compared to the normal error
distribution, as generally there were no large differences between the models based on loss
function values. Moreover, the direction of this impact was inconsistent and varied across the
models and loss functions used in the volatility forecast evaluation.
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Appendices
Appendix 1: Forecasted daily annualized volatilities plotted against volatility proxy,
OMXS30
1-month SMA:

3-month SMA:

EWMA:
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GARCH(1,1), normal distribution:

GARCH(1,1), Student’s t-distribution:

GARCH(1,1), skewed Student’s t-distribution:
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EGARCH(1,1), normal distribution:

EGARCH(1,1), Student’s t-distribution:

EGARCH(1,1), skewed Student’s t-distribution:
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GJR-GARCH(1,1), normal distribution:

GJR-GARCH(1,1), Student’s t-distribution:

GJR-GARCH(1,1), skewed Student’s distribution:
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Appendix 2: Forecasted daily annualized volatilities plotted against volatility proxy,
OMXH25
1-month SMA:

3-month SMA:

EWMA:
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GARCH(1,1), normal distribution:

GARCH(1,1), Student’s t-distribution:

GARCH(1,1), skewed Student’s t-distribution:
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EGARCH(1,1), normal distribution:

EGARCH(1,1), Student’s t-distribution:

EGARCH(1,1), skewed Student’s t-distribution:
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GJR-GARCH(1,1), normal distribution:

GJR-GARCH(1,1), Student’s t-distribution:

GJR-GARCH(1,1), skewed Student’s t-distribution:
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Appendix 3: Forecasted daily annualized volatilities plotted against volatility proxy,
OMXC20
1-month SMA:

3-month SMA:

EWMA:
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GARCH(1,1), normal distribution:

GARCH(1,1), Student’s t-distribution:

GARCH(1,1), skewed Student’s t-distribution:

95

EGARCH(1,1), normal distribution:

EGARCH(1,1), Student’s t-distribution:

EGARCH(1,1), skewed Student’s distribution:

96

GJR-GARCH(1,1), normal distribution:

GJR-GARCH(1,1), Student’s t-distribution:

GJR-GARCH(1,1), skewed Student’s t-distribution:
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Appendix 4: Forecasted daily annualized volatilities plotted against volatility proxy,
OBXP
1-month SMA:

3-month SMA:

EWMA:
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GARCH(1,1), normal distribution:

GARCH(1,1), Student’s t-distribution:

GARCH(1,1), skewed Student’s t-distribution:
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EGARCH(1,1), normal distribution:

EGARCH(1,1), Student’s t-distribution:

EGARCH(1,1), skewed Student’s t-distribution:
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GJR-GARCH(1,1), normal distribution:

GJR-GARCH(1,1), Student’s t-distribution:

GJR-GARCH(1,1), skewed Student’s t-distribution:
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Appendix 5: Forecasted daily annualized volatilities plotted against volatility proxy,
OMXN40
1-month SMA:

3-month SMA:

EWMA:
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GARCH(1,1), normal distribution:

GARCH(1,1), Student’s t-distribution:

GARCH(1,1), skewed Student’s t-distribution:

103

EGARCH(1,1), normal distribution:

EGARCH(1,1), Student’s t-distribution:

EGARCH(1,1), skewed Student’s t-distribution:
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GJR-GARCH(1,1), normal distribution:

GJR-GARCH(1,1), Student’s t-distribution:

GJR-GARCH(1,1), skewed Student’s t-distribution:

