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This work focuses on the study of elliptic boundary value problems with Gaussian white
noise on the form LX = W, where L = —A + v, with v > 0. First, the definitions and
some properties of some important tools for this study such as, Gaussian random field and
Gaussian white noise are given. Next, the boundary value problem is solved in dimensions
d = 1,2, for the case of Dirichlet boundary condition. The spectral theorem is used to
show that the operator L admits eigenfunctions that form a complete orthonormal basis
and the boundary value problem is solved in the eigenbasis of L. Finally, the Bayesian
estimation approach for inverse problem is derived, and as application, a one dimensional
deconvolution problem is considered. The mathematical model is discretized on finite

interval and the Bayesian estimation approach is used to estimate the truncated unknown.
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1 INTRODUCTION

In general, many phenomena in nature are modelled using partial differential equations.
These phenomena can sometimes contain a certain level of uncertainty thus making mod-
elling more difficult. Modelling using stochastic partial differential equations turn out to
be the most appropriate way to capture the behaviour of such phenomena. The stochastic

differential equation is used to define the prior is the statistical inverse problem [1,2].

In this work, we study the elliptic Dirichlet boundary values problem modelled by the
following stochastic partial differential equations

LX =W, inD,
X =0,ondD.

(1.1)

where D is a bounded Lipschitz domain, the operator L is defined as —A + v? with v > 0
a constant, the unknown X is a random field and W is a zero-mean Gaussian white noise
on D. In the analytical resolution of the above Equation (1.1), we encounter many diffi-
culties due to the inherent complexity of partial differential equations and the irregularity

of the noise therm W which appears in this equation.

In many problems such as the stochastic Navier-Stokes equations, the stochastic heat
equation [1] and the inverse seismic problem [2], we encounter some irregular stochastic
effects which make them more difficult to solve. Due to the irregularity of these stochastic
effects, it becomes then very difficult to determine the unknown X from the mathematical
model. Sometimes the problems may be ill-posed in the sense of Hadamard, that is, may
not admit a unique solution or the solution may not depend continuously on the data. The
ill-posed problems may be view as inverse problems [3]. To overcome these difficulties,
some methods such as Bayesian statistical method in inverse problems turn out to be a

promising alternative that offers more useful results [3,4].

There exist a vast literature on solving Equation (1.1) in which many authors such as
Walsh in [5], Buckdahn and Pardoux in [6] and Lasanen et al [7] have brought partial
answers under various constraints more or less restrictive on the irregularity of the white
noise . In [7] it is shown in the case of Dirichlet, Neumann and Robin boundary con-
ditions that (1.1) has a unique Gaussian zero mean Banach space-valued random field

solution.

Our main objectives in this work is first to base ourselves on the work done by Lasa-

nen et al [7] to show the existence and the uniqueness of a random field solution of (1.1)



in the eigenbasis of the operator L, where the white noise I has actually a representation
in the eigenbasis of L. Next, we will derive the Bayesian approach to inverse problem as
in [4] and then we will use it to approximate the prior by truncation, that is, to approxi-

mate it by a finite sum.

In order to achieve this goal, we structure our work as follows: Chapter 2 is devoted to
some preliminary results known on Sobolev spaces, Gaussian random variables and some
properties of Gaussian white noise. In Chapter 3 we study the existence and uniqueness
of a Gaussian random field X in the eigenbasis of operator L in dimensions d = 1,2.
In Chapter 4 we derive the Bayesian estimation approach for linear inverse problems. In

Chapter 5 we apply the Bayesian approach to a discretized problem.



2 PRELIMINARIES

In this section, we are going to present the concepts of Sobolev spaces, probability mea-
sure and Gaussian white noise that will be used later on to study the existence and unique-

ness of the solution of Equation (1.1).

2.1 Banach and Hilbert spaces

We recall the definition and some properties of Banach and Hilbert spaces. The proofs of
some results given in these subsections can be found in the books of Douglas Farenick [8]
and Sopka et al [11] .

Definition 2.1.1 ( [8, p. 13]). Let M be a non-empty set. We call distance on M the

function
d: M x M — [0,400]

satisfying the following properties, for all x,y € M
1. d(z,y) =0z =y,
2. d(z,y) =d(y,x),
3. d(z,2) <d(z,y)+d(y,z), =z€M.

The space M endowed with the distance d is called metric space and we denote it (M, d).
We are going to define a complete metric space which will allow us to define the concept

of Banach space.

Definition 2.1.2 ( [11, p. 28]). Let (M, d) be a metric space and (z,), .y @ sequence in
M. The sequence (x,),,cy is said to be Cauchy sequence if (x,,), .\ satisfies the following

condition:
Ve > 0, there exists N € N suchthat d(x,,,r,) <&, VYm,n > N.

Definition 2.1.3 ([11, p. 28]). A metric space (M, d) is complete if all Cauchy sequences

in M are convergent.

Definition 2.1.4 ( [11, p. 59]). A norm on a vector space V' is a function ||.| : V — R
such that, for all u,v € V and o € C, the following properties hold:

1 flulf =0
2 =0 u=0

3. [laull = la [Jull



4. lu Aol < Jlull + vl

If ||-|| is a norm on V/, then the space V' endowed with the norm ||-|| is called normed

vector space and we denote it by (V ||-]|)-

Definition 2.1.5 ( [8, p. 170]). Let M be a vector space and let ||-|| be a norm on M. A
normed vector space M is said to be complete if all Cauchy sequences in M are conver-

gent. A complete normed vector space is called Banach space. The space LP (X)), with
Q) Cc Cland1 < p < oo defined as

) = f Q%(C,/\f(x)|pdx<oo , @0
Q

is Banach space under the norm | f|| = ([, |f(z)|Pdz) e,

Proposition 2.1.1 ( [8, p. 170]). In finite dimensions, every normed vector space is a

Banach space.

Definition 2.1.6 ( [8, p. 23]). Let M be a Banach space. A subspace A of M is said to be
dense in M if A = M, where A denotes the closure of A in M. That is, for an element

a € M, there exists a sequence in A that converges to a.

Proposition 2.1.2 ( [8, p. 57]). A Banach space M is separable if there exist a countable
subset A C M which is dense in M.

Definition 2.1.7 ( [8, p. 195]). An inner product on a complex vector space H is a
complex-valued function (-, -) on the Cartesian product H x H satisfying the following

properties: forall £,n,&1,& € H, and oq,a0 € C
1. {§,€) >0,
2.8 =0=¢=0,

“

(&1 + o, m) = ay (§1,m) + a2 (§2,7m),

4. (&m) = 8.

The following lemma gives the Cauchy-Schwartz inequality in a complex vector space.
Its proof can be found in [8, p. 196].

Lemma 2.1.1. Let H be a complex vector space endowed with an inner product (-, -). For
all ¢, € H, we have

D=

& m)] < (€,6)2 (n,m)?.



Proposition 2.1.3 ( [8, p. 196]). If (.,.) is an inner product on a vector space H, then

lell = (¢, )7 2.2)

defines a norm on H.

Proof. The three first conditions of Definition 2.1.4 are immediate by using Definition
2.1.7. Now let £, € H, using the fact that (£, n) + (n,&) = 2R, ((£,7)), we have

1€+l = (€ +n,E+n)
= [[€1* + 2Re ((€, ) + [0l

2 2
< €N+ 2[5 m | + [l
<11 + 2 €l Il + InlI* by using Lemma2.1.1

= (llEl + lImlD*.
Hence (2.2) defines a norm on H. [

Definition 2.1.8. A vector space H endowed with an inner product is called inner product

space.

Definition 2.1.9 ( [8, p. 197]). A Hilbert space is an inner product space such that H is

a Banach space with respect to the norm ||£|| = (€, & >%.

For p = 2, the Banach space L?(12) defined in Equation (2.1) is an Hilbert space with the

norm induce by the inner product
(f9) = [ Fa)gialds
Q

Definition 2.1.10 ( [8, p. 221]). Let B be a Banach space. The dual space of X denoted

by B*, is the space of all continuous linear functionals on X. That is,
B* = {T :B — C, T is continuous and linear}.

Proposition 2.1.4 ( [8, p. 221]). The dual space of a Banach space is also a Banach

space.

Let us denote by B** the dual space of B*, we say that the Banach space B is reflexive if
B is the dual of its dual, that is, the application j : B — B** define by

J(E)(P) = D(E), VEE B, VO € B

1s surjective.
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Definition 2.1.11 ( [8, p. 202]). Let H be a Hilbert space. A family (e,,) of elements of H
is an orthonormal basis of H if
1. |len|| = 1, Vn,
2. {en,em) =0, Yn,m, n # m;
3. The linear span of the family (e,,) is dense in H.

If (e,) is an orthonormal basis of H, then every v € H can be written as

hE

u =

o0
(u, €n)en, with [[ull> =Y " |(u,e,)]*.
n=1

n=1

Theorem 2.1.1 ( [8, p. 203]). Every separable Hilbert space admits an orthonormal basis.

2.2 Sobolev spaces

We introduce some function spaces called Sobolev spaces which have a great importance
in the development of partial differential equations. To know more about these spaces,

the reader can refer to Golse [12] and Brezis [10].

Definition 2.2.1 ([10, p. 157]). Let Q2 be an open set of R%. Let 1 < p < oo and m € N.
The linear space W™P(Q)) defined as

WP (Q) = {ueLP(Q); D*ue LP(Q),Va € N |a| <m},

olal
DY = | —~
(2

is called Sobolev space. Here || = a; + - - - + ay.

where

The space WP ((2) is a Banach space with respect to the norm

P
( > HDO‘UHZEP(Q)) , ifl1<p<oo
”u”Wm,p(Q) =

laf<m

(2.3)
max D%l pooqy» @ =400

We denote by W, () the closure of D(2) in W™F(Q), forall m € Nand 1 < p < o0,

where D(£) is the space of test functions, that is, the space of infinitely differentiable

functions with compact support on Q. If p = 2, we denote W™? () = H™ () and

analogously, H["(€) is the closure of D(2) in H™(2). Form € Nand 1 < p < oo the
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space
WP (Q) = ueD(Q), u= Y D, u* € L’(Q)
o <m

defines the dual space of Wi"*(2), with  + -; = 1, where D'(Q) is the space of dis-
tribution on D({2), that is, the space of continuous linear forms on D(f2). The space

W= () is a Banach space with the norm

[ullyy-mar ) (f) = sup (u,v)

lollwm.p @)=L

We can also define a Sobolev space of non-integer order using Fourier transform. Let us
first recall the definition of Fourier transform.

Let us denote by C*>°(IRY) the space of infinitely differentiable functions.

Definition 2.2.2 ([12, p. 150]). The Schwartz space S(R?) is the space of C*(R?) func-

tions decreasing rapidly with all its derivatives, that is,

S (]Rd) = {u €eC*®:a,BeN sup (xﬂ|Dau(x)]) < —1—00},

reRd
for all multi-indices o and p.

The function u(x) = exp(—alz|?), with a > 0 belongs to the Schwartz space S(R?).

Definition 2.2.3 ( [12, p. 162]). A tempered distribution on R? is a continuous linear
form on S(R?).

We denote the dual space of S(R?) by S’(R?) the space of continuous linear forms on
S(RY).

Definition 2.2.4 ( [12, p. 154]). The Fourier Transform of u € S'(R?) is the distribution
Fu defined by
(Fu,v) = (u, Fo), forallv € S(R?).
Definition 2.2.5 ([12, p. 160]). Let s € R. We denote by H® (Rd) the space of functions
ue s (Rd) such that
[ @ier) 1Fu©r de < oo,
Rd

Forall u,v € H® (Rd), the inner product is defined by

(00 ey = [ (116 Fu () Fo ) de

R4
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The associated norm is

2

1 () = (m/(1+€2)sfu(£)2d£ . ueH (RY).

[

Proposition 2.2.1 ( [10, p. 125]). Let s € R and ) C C¢. The Sobolev space H*() is

an reflexive and separable Hilbert space.

2.3 Probability measures

We recall here some measure theoretic concepts that will help to define a Gaussian mea-

sure.

Definition 2.3.1 ( [8, p. 77]). Let Q) be an arbitrary non-empty set. Let 3. be a class of
subsets of ), that is, ¥ C 2. The class Y. is called o-algebra if the following conditions

are satisfied

1. QeY
2. ifA€EX thenQ\ A€ X
3. ifA, €Y fori=1,2,..., then AQAZ-GE-

Let a function P : ¥ — [0, 1] and {A;}3°, C ¥ be a countable collection of disjoint sets.

Then P is called probability measure if the following conditions are satisfied
1. P (fij’l Ai) — S P(A), and
= i=1
2. P(Q) =1

The triple (2,3, P) is called probability space, where 3. is a o-algebra and P is a prob-

ability measure.

Remark 2.3.1. e The couple (£2,Y) is called measurable space.

o The triple (2,3, P) is said to be complete probability space if for all B € ¥, with
P (B)=0andforall A C B one has A € 3.

Definition 2.3.2 ( [8, p. 78]). Let Cy be the collection of all open sets in €). The Borel
o-algebra is the o-algebra generated by Cy and it is denoted by B({2).

An element of B((2) is called a Borel measurable set, or simply Borel set.

Definition 2.3.3 ( [13, p. 42]). Let (2,%, P) be a probability space and (E,11) be a
measurable space. A random variable is a function X : Q0 — E such that X' (A) € %,
forall A € 1L
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In general, if we take F to be a Banach space and II = B (F), then in this case X is an
E-valued random variable.
A family X = {X(t),t € I} of random variables is called random field, where I is the

index set.

Definition 2.3.4 ([13, p. 1]). Let E(X)) be the Borel o-algebra. A measure 1 : E(Q) — R

is called Borel measure.

If P is a Borel probability measure on (R, B(R)), then P is Gaussian if and only if

P(B) = /

The parameters m and o2 are mean and variance of P, respectively.

1 _ 2
exp —M dz, for all Borel sets B.
2ro 202

Remark 2.3.2. o [fm =0, them P is said to be centered or symmetric.

o Gaussian distribution are also called normal.

Definition 2.3.5 ( [13, p. 203]). Let (X2, X, P) be a probability space. A random variable

on (2, %, P) is Gaussian if its distribution is Gaussian, that is,

1 _ 2
P(X € B)= / N exp (—%Tm)) dz, for all Borel sets B.
B

A Gaussian random variable with a centered or symmetric distribution is called centered
or symmetric. We can also define a Gaussian random variable on an infinite dimensional
Banach space B.

Let us denote by B* the topological dual of B and (-, -}BJB* the duality between B and B*.

Definition 2.3.6 ( [7, p. 5]). Let B be a separable Banach space and let P be a Borel
probability measure on B. Then P is Gaussian if and only if for each continuous linear

functional A € B*, the push-forward measure
py=PoA! (2.4)

is Gaussian on R.

Definition 2.3.7 ( [7, p. 5]). Let X be a B-valued random variable. X is called Gaussian
if and only if (X, ")y p. is Gaussian for all b* € B*.

For sake of simplicity, let us take B to be a reflexive separable Banach space. We will

adopt the following notations for the mean and the covariance operator of a B-valued
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random variable X. Let us denote by m the mean of X, that is,
(m, 0" )g g = E(X,0)pp. V" € B
and we denote by C'x the covariance operator of X defined from B* to B such that

(Cxb*, )0 = E (X = m, b g (X — m, b5 V0" € B,

_ / F(w)dP(w)

2.4 The Cameron-Martin space

Here

Definition 2.4.1 ( [7, p. 5]). Let B be a separable reflexive Banach space and let X be a

Gaussian B-valued random variable with zero mean and covariance operator Cx which

6%, = /(Cxb*, b*)g ., Wb € B

and we denote by By, the closure of B* in the norm ||-|| ,

is non trivial. Set

Let us recall the definition of 1 x-measurable linear functional.

Definition 2.4.2 ( [13, p. 80]). Let ux be a Gaussian measure on a Banach space B. A
function f on B is called ji-measurable linear functional on (B, jx) if there exist a linear
subspace B of full measure and linear in the usual sense function fy on B, that coincides

with f ux-almost surely.

If a px-measurable linear functional f : B — R is defined in such a way that f; will be

linear on all of B, then such a version of f is called proper linear version.

Proposition 2.4.1 ( [13, p. 80]). Let jux be a centered Gaussian measure on B. If f is

Lx-measurable linear functional on X, then f is a centered Gaussian random variable.

Through this work, we denote the elements of B, by f which can be identified with

[tx-measurable linear functionals on B.

Lemma 2.4.1. Every f in B, can be identified with the p.x-measurable linear functional
b— f(b) that are Gaussian random variables with zero mean on the space (B, B, ux).

Moreover, the covariance

fgux /f (b)px (db),

~

« . .
where f,q € B, defines an inner product on By, —and the corresponding norm is

(7.4),.= 7.,
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Theorem 2.4.1 ([1, p. 10]). (Fernique)
Let B be a reflexive separable Banach space, and let X be a B-valued Gaussian random

variable. There exists a constant & > 0 such that E [exp (o ||XH2)} < 0.

The covariance operator C'x : B* +— B can be extended to a continuous mapping from
B . to B. In order to show this, we use the fact that E [ X||” < co forall 1 < p < oo
which is a consequence of Fernique theorem. Let us define a mapping on B} x B* by

(f, 5*) — Ef(X) <X, B*>B’B* .

It is clear that this mapping is bilinear. Let us show that it is bounded. Using Cauchy-
Schwartz inequality, we have:
b b (2.5)

) =l

Since B is reflexive, then the covariance operator C'x can be extended to a continuous

B0 (x5, 1< (BRX?) (B2

]B*

mapping also denoted by C'x from B}, to B. That is,

~

(OxFib) =Ef(X)(X.b)gp , VF € B}, W € B,

nx?

Definition 2.4.3 ( [13, p. 60]). Let B be a separable reflexive Banach space and X be a
Gaussian B-valued zero mean random field with covariance operator Cx : B}, =~ — B.

The Cameron-Martin space of X is defined as the set
H,, = C’X(IBZX).

The inner product on H,, , is defined as

umwz/ﬂm@wwm

and the corresponding norm is

(F P = 11l

Forall f € H,,, or fe B, .., we denote CXJ?: f.
We have the following theorem that gives a fundamental property of the Cameron-Martin

space.

Theorem 2.4.2 ( [13, p. 102]). Let X be a Gaussian random variable. The Cameron-
Martin space and the space B, —of all measurable linear functional on B are separable

Hilbert spaces.
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2.5 White noise

Now, we are going to give the definition and some properties of Gaussian white noise.

Definition 2.5.1 ([7, p. 102]). Let D C R and B(D) be Borel sets of D. We define white
noise W as a collection {W (A) : A € B} of random variables with zero mean and finite
covariance E [W(A)W (B)] = AN B, forall A, B € B(D).

The white noise W is Gaussian if each random variable has a normal distribution. The

way to construct functional is through stochastic integral

W(A) = / La(@)dIV,, (2.6)

with respect to d-dimensional field which is actually a Gaussian field with zero mean and
covariance

E [W,W,] = min(x1,y,) - min(z4,ya), Yoy € R%

We can define white noise functional by replacing characteristic functions 1 4 in Equation
(2.6) by functions ¢ € L?*(D) such that

W () = / o)AV @.7)

White noise defined by Equation (2.7) is a Gaussian random variable with zero mean and

variance

EW (¢)W (¢) = E [[W(9)["]

_e| [ otaw,

=E | [ |¢(x)]*dz
e
= ||¢H%2(D)'

In this work, we consider a version of white noise which actually has a representation

W =Y Wie, (2.8)

k=1

where W}, are Gaussian random variable such that W}, ~ N(0, 1), and (ey,) is an orthonor-
mal basis of L?(D).
We are going to prove some properties of white noise which actually has representation
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(2.8). Let (ex) be an orthonormal basis of L?(D) and W = Y 7~ | Wye,. By Proposition
2.2.1, L*(D) is a separable reflexive Banach space and the covariance operator of W
denoted by Cy maps from L?*(D) to L?*(D). Moreover, we have

(Cwo, 9)r2 = E(W,0)(W, ¢) = |62

and by Definition 2.4.3, it follows that the Cameron-Martin space of the white noise W is
L*(D).

Proposition 2.5.1. Let W be as in Equation (2.8). The following conditions are satisfied:

1. W has zero mean and covariance
E<VV7 ¢><VV7 ¢> = <¢7¢>L27 for Clll¢, w € L.
2. Let ¢ € L?, we have
Lone
Eexp(i(W, ) = exp (5167 )
Proof. The random variable W has zero mean, since W}, ~ N (0, 1) and we have
E(W,¢) =E> Wigp = > EWiey = 0.
k=1 k=1

For ¢, 1 € L?, we have

E (W, ¢) (W,4) =E <Z Wk€k7¢> <Z Wkek,¢>]

k=1
:E(

Mg

oo
eka 617 ka/l
11=1

Z ek>¢ 6k7 EW]? = <¢aw> .
k=1

£
Il

Since W), has Gaussian distribution, we have:
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E exp(i(W, ¢)) = HEeXp (i (Whrek, #))
k=1

8
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Il
—_
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g 8 3
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ol
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Il
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g 8

k=1_"_
e (-54) [ e (e (o)) i
P 27" V2 ’
Lo
= exp (3001,
we have thus the proof. [

roposition 2.5.2. The white noise W is a ~5-¢(D)-valued Gaussian random variable.
P tion 2.5.2. The wh w H

Proof. We show the claim for D = [0, 1]%. Let us show that I/ belongs to H~2~<, for all
¢ > 0 according to Definition 2.2.5. Let W, be an extension of W on R? such that

WE - Z Wkekl[o’l]d.

k=1

Let us denote by FW, the Fourier transform of /. We have that FIW, € S’. Now we

just need to show that

/(1 +IEP) T |FW () de < oo
Rd

By the definition of Fourier transform, we have

FW(E) = (We, exp(—i§ - x)),
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and
/ (14 €[2)" |FW ()2 de = / (14 €2)° |(We, exp(—ic - o)) d.

Rd

So, taking the expectation of this, we have

E / (14 1¢2)"|FW (€ de| =E / (14 [€P)° [(Wo, expl—i - 2) de

d

— [ (I E (W exp(—i€ - o)) dg

R4

- / (1+ |§\2)8 / exp(—i& - x) exp(i€ - x)dédx

Rd [0,1)¢

d

[e.e]

:/(1+|§|2)5d§< C/(1—|—|r|2)8rd_1dr

R4 0
00

< C'/r25+dldr < +00.
1

So when s < —%, we can deduce

/(1 +1€1)7 |FW ()] d < +o0

Rd

hence W, belongs to Sobolev space H*, and in particular to ~5 forall e > 0. Us-

ing Pettis measurability theorem (see [13]), we deduce that W is a H _%_€(D)—Valued

Gaussian random variable. O]
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3 EXISTENCE AND UNIQUENESS OF SOLUTION

Our main objective in this chapter is to show the existence and uniqueness of a Gaussian
random field X satisfying the following partial differential equation with Gaussian white
noise

LX =W. 3.1

3.1 Presentation of the equation

Let D C R? be a open bounded domain. We define the differential operator L on D by

L:=—-A+17 (3.2)

where A is the Laplacian operator defined for any function ¢ : D — R as A¢ =
Zd ¢ and v > () is a constant.

i=1 9z?°

Definition 3.1.1 ( [8, p. 216]). Let H be an Hilbert space. A linear operator L : H — H
is bounded if there exists M > 0 such that

Lol < M[|a

Definition 3.1.2 ( [8, p. 331]). Let H be an Hilbert space and (-, -) be the inner product
in H. A bounded linear operator L : H — H is said to be self-adjoint if

(L) = (@, Ly), forallg,¢ € H.

Definition 3.1.3 ( [8, p. 284]). Let H be an Hilbert space. A linear operator L : H — H
is compact if for every bounded sequence (uy,)>1 in H, the image sequence (Luy,)y>1 has

a convergent subsequence.

Theorem 3.1.1 ( [8, p. 348]). (Spectral Theorem)
Let V' be an infinite dimensional, real Hilbert space. Let A : V' — V be a continuous lin-
ear, self-adjoint, compact operator. Then the eigenvalues of A form a decreasing sequence

(g )k>1 of strictly positive reals which tends to zero and there exist an orthonormal basis

(r)k>1 of eigenfunctions of A.

Theorem 3.1.2 ( [14, p. 7]). (Lax-Milgram)
Let H be a Hilbert space and let a be a bilinear form on H x H such that

1. ais bounded on H, that is,

|a<¢7¢)’ S CH¢HHH¢HH7 for all ¢7’l/} S H7
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2. a is coercive, that is, there exist ¢ > 0 such that

la(p, ¢)| > c||¢||u, forall ¢ H.

Then for any f € H*, there exist a unique solution ¢ € H such that
a(gbaw) :C<f7 ¢>H7 forall w € H.

Theorem 3.1.3 ( [10, p. 162]). (Poincaré Inequality)
Let D C R? be an open bounded domain. Then there exists a constant Cp, depending on
D and p such that, for all ¢ € H}(D)

||¢||L2(D) < C||V¢||L2(D).

Theorem 3.1.4 ( [10, p. 165]). (Rellich)
Let D C R? be a bounded domain. The inclusion map form H}(D) into L*(D) is a

compact operator.

Now, let D € R? be an open bounded domain. We consider the following variational
eigenvalue problem that consist of finding A € R and ¢ € H} (D) — {0} such that

a(p, ) = Mo, ¢)2, forall 1 € Hy(D), (3.3)

where a is a bilinear symmetric form given by

a6, ) = / V(2) Vi a)di + v / o(2)(x))da.

D

Using Green’s formula, the above problem can be reformulated into the following
Lp=MA¢, inD, with ¢ =0, ondD (3.4)

that is A and ¢ are eigenvalue and eigenfunction of L respectively. The solutions of

Equation (3.3) can be given by the following theorem.

Theorem 3.1.5. The eigenvalues of Equation (3.3) form an increasing sequence (\g)i>1
of positive reals which tends to infinity, and there exists an orthonormal basis (¢y)g>1 of

L?(D) of associated eigenvectors, that is,

or € Hy(D) and a(¢p, ) = Meldw, )2, forall + € HY(D). (3.5)
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Proof. Let f € L*(D). We define the following problem
Find ¢ € H;(D) such that a(¢,) = (f, 1)z, forall v € Hy(D). (3.6)

Using Theorem 3.1.2 we show that Equation (3.6) admits a unique solution ¢ € H}(D).
If we take 1) = ¢ in Equation (3.6), we have

¢ € Hy(D) suchthat a(¢,¢) = (f,¢);2, forall ¢ H)(D).

Set
Té=(f )L

The bilinear form a is continuous and bounded in H'. Moreover a is coercive since

a(6,6)| = |T| = |(f. &) 2] = / foda

< [Ifllz2lillee < CUFN 2 M0l g

since the embedding of H}(D) into L*(D) is continuous by Rellich Theorem. It follows

that 7" and a are continuous. Furthermore, using Poincaré Inequality we have

a(6, )] = / VoPde + 2 / AfPdz = |VIPa + 12 6]%
D D
> IVo3: > cllol|3:  with ¢ > 0.

Hence a is coercive. Let us denote by ¢ = A f the unique solution of (3.6), where A is a

linear operator defined from L?(D) into H} (D) as follows:
Af € Hy(D), suchthat a(Af 1) = (f, )2, forall ¢ H)(D). (3.7

Since the operator A : L?(D) — H}(D) and by Rellich Theorem H} (D) is compactly
embedded into L2(D), then it follows that the operator A : L?*(D) — L*(D) and is
compact. To show that A is self-adjoint, let us take 1) = Af in Equation (3.7). Then we

have

<f7 Ag>L2 - CL(Af, Ag) = (I(Ag,Af) = <97Af>L2

since a is symmetric. Since all the hypothesis of Theorem 3.1.1 are satisfied, we can now
apply it and we have that the eigenvalues of A form a decreasing sequence (p)g>1 of

strictly positive reals which tends to zero and there exist an orthonormal basis (¢ )x>1 of
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eigenfunctions of A, with
Ay, = Pty

Coming back to Equation (3.3), we have

a(¢,¥) = Mo, ¥)r2 = Ma(Ag, ), forall o € Hy(D),

SO,

a(gb—/\Agb,@/))zo:gzb:/\A(ﬁ:Agb:%gb.

Hence the eigenvalues (A )x>1 from Equation (3.3) form an increasing sequence consist-
ing of the inverses of eigenvalues (1 )r>1 of A. The eigenfunctions are exactly the same

as (¢r,)x>1 and form an orthonormal basis of L?(D). Thus, the theorem is proved. ]

We have then shown that L. admits an orthonormal basis of eigenfunctions, which form
a complete orthonormal set of L?(D). This complete set of orthonormal eigenfunctions
form a basis for the infinite dimensional Hilbert space. Let us denote the eigenfunctions of
L by e, under Dirichlet conditions, and let us denote by A, the corresponding eigenvalues.

Then L must satisfy the following problem
L@k = /\kek.

Next, we consider the Gaussian white noise IV that we have presented in the previous

chapter which has the following representation
W=> Wy, (3.8)
k=1

where W), ~ N(0,1) are independent, and (e;) is a complete orthonormal basis in a

Hilbert space.
Based on all what we have defined so far, we are now able to reformulate our main objec-
tive and thus we have the following problem:

Problem 3.1.1. Show the existence and uniqueness of a Gaussian random field X which
is solution of the equation
LX =W,

in the eigenbasis of L.
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3.2 Existence and uniqueness

In this subsection, we are interested solving Problem 3.1.1. We are going to solve the

problem in dimensions one and two.

Lemma 3.2.1. Let D C R? be a Lipschitz domain. Let H,,,, be the Cameron-Martin space
of a zero mean H™"-valued Gaussian random variable X, such that H,, . is continuously
embedded into H (D). Then X has realizations in H'~2~¢(D) almost surely, for all
e > 0.

The following result shows the existence of a unique random field solution of Problem
3.1.1.

Theorem 3.2.1. Let D C R be a bounded open interval. Let W be the Gaussian white
noise define in Equation (3.8). Then there exists a zero mean H~"(D)-valued Gaussian
random field X, with r > % —1= % such that

1. The Cameron-Martin space of X denoted by H,,, (D) is continuously embedded
into H*(D) and for all h € H,,, (D) we have Ah € L*(D).

2. The operator L defined in Equation (3.2) has eigenspace representation and the

solution of Problem (3.1.1) and can be represented as eigenspace expansion.
Moreover, H™"(D)-valued Gaussian random field X is unique.

Proof. We prove the theorem for dimensions d = 1, 2. The prove can be done similarly
for dimension for d > 3. Let D = (0,1) C R. We have shown that L admits an

orthonormal basis of eigenfunctions (ej) and L must satisfy the following problem:
Lek = )\kek.

Let us consider the case of Dirichlet boundary condition, the eigenvalues and eigenfunc-

tions of L can be computed as follow. We know that
Lep(z) = (—A +v%)er(z) = Meew(z) € D =(0,1).

So
Aey(r) + aep(z) =0, with a=X—1v?>0, (3.9)

since under Dirichlet boundary condition, the Equation (3.9) has solution only when o >

0. Let a = b?, the characteristic equation is

4+ b =0=r = =ib.
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Dirichlet Eigenfunctions of L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. Dirichlet eigenfunctions of operator L in dimension one.

The general solution is given by
er(x) = ¢ exp(ax) cos(bx) + ¢y exp(ax) sin(bx),
where a is the real part of 7. Applying boundary condition e;(0) = e;(1) = 0 we obtain
er(x) =sin(kmx) and by = kw, kinteger.
Hence we deduce that eigenfunctions and eigenvalues of L are defined by:
er(x) = V2sin(krz) and A, = (km)? 4+ 12, kinteger and v > 0. (3.10)
Eigenfunctions of operator L in dimension one for fixed value of parameter v are pre-

sented in Figure 1.

We consider the expansion of X in term of normed eigenfunction as

X(z) =) Xper(x), (3.11)
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and we write L in its eigenspace as

ZXkLek ZXkAkek Z\/_Xk [(km)? + k%] sin(knx).

Furthermore, the Gaussian white noise defined by Equation (3.8) can also be represent in

term of eigenfunctions as
+00
W = Z V2 - Wy sin(knz).
k=1

We have

LX(z)=W(x)= Z\/_Xk (km)* + v*] sin(krx) Z\/_Wksm krx).

k=1

Since, eigenfunctions e, (z) = sin(kmx), k integer are orthonormal in L?(D), taking the

inner product with a fixed eigenfunction e (x), we have
Xi[(k)? + %] = W,

It follows that
Wi,

(k)2 + v?’
which is well defined since v > 0 and W}, ~ N(0, 1). Substituting Equation (3.18) into

X = (3.12)

Equation (3.11), we obtain

— V2 W
X(z) = Z (k‘\{r_)z——{—];z sin(kmx) (3.13)
k=1

In order to show the uniqueness of a Gaussian random field X, we assume that there exists

two Gaussian random fields X; and X5 which are solutions of Problem 3.1.1. That is,
LX, =W and LXy = W.

Then we have
L(X; — X5) =0, almost surely. (3.14)

It is known from deterministic problem

LX = f, with f € L*(D)



27

Solution of LX=W

0.6

08 \ \ \ \ \ \ \ \ \
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
N=500, v=5

Figure 2. Gaussian random field X in dimension one.

that there exists a unique solution, for any function. Since 0 is a function of L?*(D), we
then have the that the solution X = X; — X, of Equation (3.14) is unique. Then

X1 —X5=0, thus X; =X, almostsurely.

O

The following Figure 2 shows the zero mean Gaussian random field for a one dimensional

Problem 3.1.1 and Figure 3 shows its covariance for a fixed value of parameter v.

We are now going to solve Problem 3.1.1 in two dimensional case. We mainly prove
Theorem 3.2.1 by considering D = (0,1)*> C R?. We recall that in dimension two, that
Laplace operator is defined as

Oey(x, Oey(x,
Aek(z,y) = ’gx2y)+ ka(y2 ),

From the same idea as in dimension one, we have

Aep(z,y) + aep(z,y) =0, with a=\—-1*>>0, (z,y)eD=(0,1)?2 (3.15)
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Covariance of X

1 1
0.9
08 0.8
107
06 0.6
05
04 0.4
03
02 0.2
0.1

0

0 02 04 06 0.8 1

N=500, v=5

Figure 3. Covariance of a Gaussian random field X in dimension one.

Letting
er(z,y) = ur(w)ve(y),

plugging into Equation (3.15) and separating gives

which can be true only if each term on the left hand side is a constant. So we have
u',; +v.ur =0 and vg + Yyvr = 0,

with v, and ~, constant. Solving these two equations as in dimension one with Dirichlet

boundary conditions
uk(O) =0= ’U,k(l) and ’Uk(O) =0= 'Uk(l),

and using the fact that

we get eigenfunctions

ex(r,y) =2+ emy 1, (2, y) = sin(myx) sin(lyy),

and eigenvalues

Ve = Y, = (myem)? + (L) + V2
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x10° Dirichlet Eigenvalues of L

25 1

0.5F 7

| | | |
200 400 600 800 1000 1200 1400 1600

Figure 4. Dirichlet eigenvalues of operator L in dimension two.

Figure 4 and Figure 5 show respectively the Dirichlet eigenvalues and eigenfunctions of

operator L in dimension two for fixed value of parameter v.

We consider the expansion of X in term of eigenfunctions as

+o0o
X(z,y) =) Xper(,y), (3.16)
k=1

and we write L in its eigenspace as

—+00 —+00

k=1 k=1

= Z 2 - Xp[(mem)? + (lxm)? + v sin(mymz) sin(l, 7).
k=1

Furthermore, the Gaussian white noise representation defined by (3.8) in dimension two
is
+oo

W = Z 2 - Wy sin(mymz) sin(lxmy).

k=1
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Figure 5. Dirichlet eigenfunctions of operator L in dimension two.

We have
LX(x,y) = W(x,y),

which implies

+oo >
Z Xi[(mam)? + (Im)? 4 V3] sin(my o) sin(lmy) = Z Wi, sin(mymax) sin(lpmy).
k=—00 k=1

(3.17)
Since, eigenfunctions ey (z,y) = sin(mygmz) sin(lymx), my and [, integer, are orthonor-

mal in L?(D), taking the inner product with a fixed eigenfunction ey, (,y), we have
Xk[(mkw)z + (lkﬂ')z + V2] = Wk,

It fOllOWS that
(ml ﬂ—)Z (l 7.‘-)2 V2 ) ( )

which is well defined since v > 0 and W}, ~ A/(0,1). Substituting Equation (3.18) into

Equation (3.16), we obtain the solution

2-W . .
X(z,y) = Z (mer)? + (lk];r)Q "y sin(mygmz) sin(lxmy). (3.19)

k=—o0
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Zero mean Gaussian random field X

(0] 0.2 0.4 0.6 0.8 1
N=100, »=5

Figure 6. Gaussian random field X in dimension two.

Covariance of X
0.03
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Figure 7. Covariance of a Gaussian random field X in dimension two.

By the same way as in dimension one, we prove that the Gaussian random field X is
unique. The zero mean Gaussian random field solution of Problem 3.1.1 and its covari-

ance are illustrated in the following Figure 7 for fixed value of parameter v.
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4 BAYESIAN ESTIMATION

In this section, we develop the Bayesian estimation approach that arises in Bayesian ap-
proximation for inverse problems. We follow the same approach as in [4, 15, 16]. The
Bayesian approach to inverse problem consist of determined the unknown from the math-

ematical model and finite-dimensional noisy measurement.

In the Bayesian approach, the solution of the inverse problem is posterior distribution
and it is determined with the knowledge of the measurement, the mathematical model and
the prior distribution. The posterior distribution gives us the degree of confidence that any
candidate solution might be the true function. The prior contains our beliefs about the

unknown that we wish to update with the help of new information.

We start our discussion by considering the linear inverse problem that can be modelled in
finite dimensions as
Y=GX+FE, 4.1

where, Y € R is a finite dimensional vector of measurement, the function G : RY —
RM is an operator mapping the unknown Gaussian random variable X € R into the
measurement in the absence of measurement noise. We suppose that the measurement
noise F is independent of the unknown X and such that £ ~ N (0, C'), where C is its the

covariance matrix.

4.1 Bayes theorem

We recall that the Bayes formula from probability theory, that gives the conditional prob-
ability of an assumption A knowing assumption B. Let P be a probability measure given
in Definition 2.3.1. Let A be the assumption and B be that observed measurements under

assumption A. Then the Bayes formula is given by

P(B|A)P(A)
P(B)

We are going to adapt this version of Bayes formula to give an expression of the posterior

P(A|B) = , with P(B) # 0. 4.2)

distribution of the unknown X in Equation (4.1). We will now denote with 7 a probability

density function (pdf) of a distribution of a random vector.

Theorem 4.1.1. Let X be a Gaussian random field which has a known prior distribution
7(X), let Y be a vector of measurements such that w(Y') > 0. Then the posterior pdf of
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X given the measurement Y is given by

7(X)m(Y|X) .

T(X|Y) = )

Note that 7(Y") does not depend on X and therefore can just be considered as a normal-

ization constant. The posterior probability distribution becomes

T(X|Y) x n(YV|X)7(X), 4.3)

7

where the symbol 7 o ” means "is proportional to". The probability of observing the

measurement Y, given the random field X defines the likelihood. Based on Equation
(4.1), the likelihood can be written as

m(Y]X) o exp [—%(Y —-GX)'C MY - GX)] :

Since X is a Gaussian random variable, we choose the prior distribution to be Gaussian

with a given zero mean and covariance matrix X. The prior density is then written as:
L ore
(X)) ox exp —§X YTX|.
It follows from Equation (4.3) that the unnormalized posterior distribution is:

mT(X|Y) o exp {—%(Y ~-GX)TCHY - GX) — %XTE‘lX] : (4.4)

Let’s simplify Equation (4.4) and write it in a form of a Gaussian probability distribution

function. Let

Q= —%(Y -GX)'o 'Y - GX) - %XTElX.
We have
Q= —%(Y -Gx)'c Ny -GX) - %XTE‘IX
= —%YTClY + %XTGTClY + %XTGTCIY — %XTGTchX — %XTle
= —%YTC‘lY + %XTGTC‘lY + %YTC‘lGX - %XT(GTO‘lG +X7HX

If we denote by
Cpost = (GTCT'G+37)7!, (4.5)
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the covariance for the posterior distribution, then we have

1 1 1 1
Q=—=Y"CY 4+ - XTC LChoaCT'Y + 5YT(J—lc:(J—l Chos X — §XT(JMX

2 2 post post
1 T ~—1 1 T~—1 1 T -1
= _§Y C7Y — §(X - :uPOSt) CYpost()( - ,Upost) + §:upostc(post:ulf’05t

where fip05 18 the mean for the posterior distribution given by

Mpost = CYpostCTYchilyv
—(GTC' G+ x G,

The posterior probability distribution function is then Gaussian and given by

1
71-(‘XD/) X exp _§(X - ,upost)TC;;);t(X - ﬂpost) . (46)

4.2 Estimators

We have seen previously that the solution of Equation (4.1) is defined as the posterior
distribution. We are going to see that when the posterior distribution is known, one can
compute several point estimates which are defined as the most probable value of the un-
known Gaussian random field X, having prior informations and measurements. Given the
posterior distribution 7(X|Y"), one of the most common estimator in Bayesian statistic is
the Maximum A Posteriori estimator, denoted here by Xyap, and which can be computed
as:

Xmap = arg max m(X]Y).

Using the posterior Equation (4.6), we have

1 _
Xmap = arg min {§(X — ttpos)” Cpou(X — Hpost)} : 4.7

Hence
XMAP = Hpost-
Another estimator used in Bayesian statistics to estimate the unknown X is called Condi-

tional Mean, denoted Xy, that provides the conditional mean of the unknown X condi-

tioned on the measurement Y. It can be compute as:

Xem = E[X|Y] = / Xr(X|Y)dX. (4.8)

Remark 4.2.1. For Gaussian prior, the Maximum A Posteriori coincides with the Con-
ditional Mean. Note that the existence is guaranteed for the Gaussian case, where also

Xcwm is unique, but Xyap may not be unique.
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S EXAMPLES

5.1 One-dimensional deconvolution problem with white noise prior

Let us consider a one dimensional deconvolution problem that consist of estimating a

function f(¢), 0 < t < 1 from the following noisy model

1

Y(s) = /g(s —t)f(t)dt +oes, 0<s<1, (5.1)
0

where e, is noise and g is the convolution kernel given by

For estimation of the function f in the Equation (5.1), we are going to use Bayesian

estimation. We choose the test function f to be

f(t) = max(0.1 - max — 2(10t — 5)* + 4(10t — 5)* + 24(10t — 5)*—
30(10t — 5) + 10,0) — 0.5(20¢ — 15)(20t — 5),0)  (5.2)

The discrete form of Equation (5.1) on finite interval is given by

1

Y(s;) = /g(sj —t)f(t)dt +oe;, 0<s; <1. (5.3)

0

Inserting the discrete approximation of the integral into the Equation (5.3) by a quadratic

rule gives
1 N 1
[ ot =00t = 3" oty — 0 ()
0 J=1
N
j=1
where
k 1
te =+ Xp=f(tr) G = NQ(SJ — 1)

The discrete approximation of e; can be done as follows: If we denote (2; = [%, jil} ,
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Exact and noisy data

6 —
® Exact data
® Noisy data
5 -
4+
3 o
2 b
1 fis
0 . . ;
0 0.2 04 0.6 0.8 1
Figure 8. Exact and noisy data for N = 100 data points.
we have
1 1
e; = e(s)ds = (e, 1g
= T 100 T ]

So we obtain

since

VI

then we have

€; NN(O, \/N])

The Equation (5.3) can then be written in the form

Y = GX + oW, (5.4)

where the N x N matrix G is defined by G = Gj;, Y; = Y (¢;) and W = (¢;) is a
random normally distributed zero mean noise, for 1 < j, &k < N. The following Figure 8

shows exact and noisy data using the true function given by Equation (5.2).
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w107 Naive solution

0.1 02 03 04 05 06 07 08 09

Figure 9. This figure shows the Least Squares solution of Equation (5.1).

The naive solution, that is, the Least Squares solution of Equation (5.1) is

X = (G"G)' GTY.

The reconstructed solution of Equation (5.4) using Bayesian estimation is given by

1 I \!
X=—GTG + —) GTY
<\/N VN
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10 ¢ — True function
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Figure 10. This figure shows the reconstructed solution of Equation (5.1) using white noise prior.

5.2 One-dimensional deconvolution problem with the prior X ~ N(0,7?L~?)

Let consider the following mathematical model

Y =GX +E, (5.5)

where E is a white noise, such that E ~ N(0,02I). We assume that X is a zero mean
Gaussian random field satisfying
LX =W,

where W is the white noise and L is the operator given in Equation (3.2). The covariance

matrix of X is given by
Cov(X) = Cov(yL'W) = »? (L_l)T Cov(W)L™t =~2L 72,
since Cov(W) = I and L is symmetric. We have

1
m(X) o exp {—2—72||LX||2} :
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Figure 11. This figure shows the reconstructed solution of Equation (5.1) using the prior X ~
N(0,7v2L72).

For our statistical model, the likelihood is
1 2
m(Y|X) xexp | —=—||Y — GX]||*| .
202
So the posterior distribution is given by
(XY) Ly - ex |2 - )
T X exp 5,2 207 )

we have . |
_ ; 2 2
X—argm)%n{T‘QHY—GXH +2_'y2||LX|| }

The reconstructed solution of Equation (5.5) using Bayesian estimation is given by

X = (02GTG + 4721 oG,
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5.3 Discretization of the problem by truncation

We consider the inverse problem given by the following mathematical model:
Y =GX + oW, (5.6)

where Y is the measurement data, IV is the Gaussian white noise defined by Equation

(3.8), GG is the convolution operator defined as follow

GI(s) = [ als =Dt
The function g is given, here we take the function g defined as
g(x) = 2aexp (z|), witha > 0.

The unknown random field X has representation

X = i Xkek,
k=1

where (e)r>1 is an orthonormal basis of eigenfunctions.

5.3.1 Discretization with truncated prior

In order to make numerical computation, we need to model the unknown random field in

finite dimensions. We consider the following truncation of a random field X as prior

N
X =~ Z Xkek-
k=1
Then the inverse problem given by Equation (5.6) becomes

N
Y = Z X, Gey + oW. (5.7)
k=1

Now we take our observations in finite dimension as follows:

N
(Y,e;) = <Z XkGek,€j> + (oW, ¢j)
k=1

N
= Xi(Gex. ;) + (W, ¢)),

k=1
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where

(Gey, ;) = / ( / g(s—t)ek(t)dt> e;(s)ds,

with j = 1,..., N. Using Proposition 2.5.1 of white noise, we have that (¢\V, ¢;) has

zero mean and covariance
E(oW, ex) (oW, e;) = o*{ey, e;) = o*ly.

Thus W ~ N(0,0%I). We consider the following notations Y; = (Y, e;) and W; =
(W, e;). Then we have

y, = iXk / ( / o(s — t)ek(t)dt) e;(s)ds + oW, (5.8)

The discrete approximation of the integrals on finite interval {2 = [0, 1] can be done using

the construction of Riemann integral, which implies that for any function f : [0, 1] — R,

[ He)ds =37 s,

J=1

we have

where s; = jAs and As = %, for j =1,..., N. We then have

1 L
/g(s—tek NZ g(s — 1))
" —

and

/1 jg(s—t)ek(t)dt

M= 22
2| - MZ

g(s —t;) ) e;(s)ds

k(%’)) ej(si)-

+ oW, (5.9)

sy

WE
o

22
2|'—‘ St~

@
I

—
<.
I

—

Then from Equation (5.8), we obtain

Y’Z&EZZQ (t;)e;(s1)

=1 j=1




This can be written in the following form:

N
Y; =Y XiGjr + oW

k=1

We then have a finite-dimensional inverse problem
Y =GX + oW,

where

with

N N
1 .
ij = mzzg(sz —tj)ek(tj)ej(si), fOI'j,]{? = 1,

The unknown is represented as

X=X, k=1,---N

where X, is defined in the previous section by Equation (3.18).

2
Cov(X,) = v Wi
[(km)? + V2]
= 7—22 X I
[(km)? + v?]
hence,
X ~ N(0,%).

We have shown that oW ~ A(0, o*1). The prior density of X is then

1
m(X) o< exp [—TVZXTZ_IX} :
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(5.10)

(5.11)

Since oW ~ N(0, I), where o is known, the likelihood of our discrete Equation (5.11),

1S

1
7(Y|X) o exp {—@HY - GX||2} :
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Using Equation (4.3) it follows that the posterior distribution is given by

1 1
Y |X —— Y = GX||? - = X"y X[ .
m(Y[X) o exp | =5 5[ Y — GX|* — 2

If we denote by
1 1
=——[Y - GX|* - =XTx"'X

and reasoning and in Section 4.1, we have:

Q= —%(Y —- GX)"(Y - GX) — %XTE‘IX
= —%YTY + %XTGTY + %YTGX — %XTGTGX — %XTle
= —%ﬂYTY + Q%QXTGTY + T;YTGX — %XT(GTJ_QG + ¥y HX
Let us denote by
Chost = (0 2GTG +x71)7! (5.12)

the posterior covariance, then we have

1 1 _ 1 _
Q = _WYTY - §<X - :U’POSt)Cpoit(X - /JJPOSt) - 5”[?05th0§”¥’0$7

where
oot = (072GTG + 7)o 2GTY. (5.13)

The posterior probability distribution function is Gaussian and it is given by

1 _
T(X[Y) o< exp | =5 (X = prpos) Cpone (X = ttpost) |

where Cpoq and fip04 are respectively the posterior covariance and the posterior mean for
the Equation 5.11. It follows that the Maximum A posteriori is defined by

Xpar = (0 °GTG + 27N 02 GTY = ppon (5.14)

5.3.2 Posterior covariance matrix

We are going to compute the posterior covariance operator and covariance matrix of

N
X = Z Xkek
k=1

using the truncated prior.
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Let denote by V'V be the N-dimensional subspace of L?(0,1). Let f and g in V¥, we

define posterior covariance operator of X as a linear mapping

c. VN YN
and we have
(Cf 9 X, f(X
N
=E <Z Xer, > <Z kaek/,g>
k=1
N

IE Z X5 X (ex, f) (ew, 9)

_ Z E [XiXp] (ex, f) (ex 9) -

k=1 k'=1

By definition, the elements of the posterior covariance matrix of X is
[Cpost]kk/ =K [Xka’] )

so we have

N N
postf g Z Z post Lk’ ek'a f> <6k/, g>

k=1 k'=1

= / [/ (Z Z [Crost] s €x(5) - f(s)> dseg(t) - g(t)] dt

k=1 k=1

/ [ Comsls 00719 - g(t)d.

The above covariance operator C is defined for any function f € V"~ by

Cf(t) = /Cpost(s,t)f(s)ds,

which is an integral operator, with kernel defined by

N N
Cpost(sa t) = Z Z post kk! ek ek/ (t)

k=1 k'=1

(5.15)

(5.16)
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Exact data and noisy data Yk

5 ® . T T T T

® [Exact data

® Noisy data
4 ke =l
3 3 |
2 L =

0 20 40 60 80 100 120
N=101, sigma=0.02 =6

Figure 12. Coefficients exact and noisy data using continuous true function.

5.3.3 Numerical reconstruction

For numerical reconstruction, we first consider the test function on [0, 1] to be a continu-

ous function and defined by
f(t) =t -max(0.3- (t — 1)*(t + 1)(t +2/5)2,0).

The measurements are compute from Equation (5.10) using the above continuous true
function and the following Figures 12 and 13 show the exact and noisy data and Maximum
A Posteriori of the data.

Using Xyap defined by Equation (5.14) and eigenfunctions e, defined by Equation (3.10)

we reconstruct the function N
X =) (Xuar),
k=1

The following Figure shows the true function and reconstructed solution X in the case of

discontinuous true function.

The posterior covariance matrix of the truncated prior

N
X = Z Xkek
k=1



Maximum A Posteriori of coefficients Xk
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0.7 E
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05} B
0.4 e
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Figure 13. Maximum A Posteriori estimate.
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Error bound
= True function
151 m—— Reconstructed solution
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Figure 14. True function and CM-estimate X using a continuous true function.
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Posterior covariance of X

0.03

0.025

0.02

0.015

0.01

0.005

0.2 0.4 0.6 0.8 1
N=101, sigma=0.02, =6

Figure 15. Posterior covriance of X using continuous true function.

given by Equation (5.16) is represented in the following Figure 15.

Let us consider the true function to be discontinuous, for instance the test function f given
by

f@)=tif +<0.3, f(t)=—4t>+2 if t <06, and f(t)=—4t>+4 if t > 0.6.

The measurements are compute from (5.10) using the above true discontinuous function
and the following Figure 16 shows the exact and noisy data using discontinuous true

function.

The following Figure shows the true function and the reconstructed solution in the case

of discontinuous true function.

The posterior covariance matrix of the truncated prior

N
X = Z Xkek
k=1

given by Equation (5.16) represented in the following Figure 18



Exact data and noisy data Yk

8 ~ T T T T T
® [Exact data
® Noisy data
6 3 |
4 o |
2 - .|
)

2ty -
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Figure 16. Exact data and noisy data using discontinuous true function.
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Figure 17. True function and CM-estimate X using discontinuous true function.



Posterior covariance of X

0.2 04 0.6 0.8 1
N=101, sigma=0.05, »=3

Figure 18. Posterior covriance of X using discontinuous true function.
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6 CONCLUSION AND DISCUSSION

In this work, our goal was first to use the approach developed in Lasanen et al [7] to show
the existence of the unique zero mean Gaussian random field field satisfying Equation
(1.1) in the eigenbasis of operator L, and next to use Bayesian estimation approach to
approximate the truncated prior. At first, we have recalled some definitions and properties
about Sobolev spaces and probability measure that later allowed us to define and study
some properties of Gaussian random variables and Gaussian white noise. Afterwards,
with the help of spectral theorem (Theorem 3.1.1), we have shown that the operator L
admits an orthonormal basis of eigenfunctions and we have expressed the unique zero
mean Gaussian random field solution of (1.1) in the eigenbasis of L. In dimensions d =
1,2, we have represented the unknown Gaussian random field X and its covariance for a
fixed value of parameter v. Finally, we first applied the Bayesian estimation approach the
estimate the unknown from a one-dimensional deconvolution problem. The Least Squares
solution is quite irregular. The reconstruction of the solution is done in the first case using
white noise prior and in the second case using the prior X ~ A(0, L=2) defined by
the partial differential equation LX = W. The reconstructed solution using the prior
X ~ N(0,L™?) is more better than the reconstructed solution using white noise prior.
Next, we applied the Bayesian estimation method on discretized mathematical model in
order to approximate the truncates prior. The numerical reconstruction of the solution is
done using first a continuous test function and next a discontinuous test function. In both
case of true function, the reconstructed solution strongly depends on the noise level and
the fixed value of parameter v. The Bayesian estimation technique used in this work is
more convenient for inverse problems, especially if one wish to determine the probability
distribution of the unknown X, having only knowledge of prior information and noisy
observations. The estimation of the truncated prior using Bayesian statistical approach

can be apply in tomography problems.
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