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ABSTRACT 

 

 

Lappeenranta-Lahti University of Technology  

School of Energy Systems  

Master`s Degree Programme in Electrical Engineering 

 

Ilia Budylin 

 

State space control with adaptive observer for active magnetic supported rigid 

rotor system 

 

Master’s Thesis, 2019 

55 pages, 40 figures, 2 tables  

Examiners: D.Sc. Niko Nevaranta 

 

Keywords: active magnet bearing system, LQR control, adaptive observer. 

The theme theme of the thesis is synthesis of the control system applied for mag-

netically levitated rotor system stabilization. The control system of bearingless ma-

chine is considered as an example application.  In this thesis, in order to improve the 

state space control law applied for magnetic levitation, an adaptive state observer is 

proposed and simulated under different operation conditions. 

The performed work allows us to formulate a conclusion on the control method 

applied for the bearingless machine, namely, the necessity and methods of the Multi-

Input-Multi-Output adaptive observer construction.  
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List of abbreviations and symbols  

 

 

Acronyms  

AMB Active Magnetic Bearing 

LQR Linear-Quadratic regulator 

PI Proportional Integral 

SISO Single Input Single Output 

ZOH Zero Order Hold 

  

Letters  

Aair Air gap cross-section 

lair Air gap length 

KI Augmented integrator gain 

xI Augmented integral state vector 

ib  Bias current 

Wce Coenergy stored in the airgap 

𝛾𝑖 Coefficient of the adaptation chain gain 

𝛿𝑖 Coefficient of the adaptation chain gain 

ic Coil current 

N Coil turns number 

P  Constant positive definite matrix, solution to the Riccati al-

gebraic equation 

ωbw Current controller bandwidth 

ki Current stiffness 

Λ  Diagonal  matrix 

I Diagonal identity matrix 

Gd  Disturbance matrix 

df Disturbance signal 
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d Distance from the rotor center 

ω Electrical angle 

x̂  Estimated state vector 

ŷ   Estimated output vector 

f(t) External disturbance function 

μ0 Flux density in the air gap 

cos  Force direction angle 

GM Gyroscopic matrix 

B Input matrix 

i Levitation windings current 

R Levitation windings resistance 

u Levitation windings voltage 

fx Magnetic force in the x axis 

fy Magnetic force in the y axis 

fx1 Magnetic force produce by one electromagnet 

M Mass matrix 

unmax Maximum input signal value 

imax Maximum supply current 

θx Moment acting in the x axis 

θy Moment acting in the y axis 

Ix Moment of inertia of the cross section in the x direction 

Iy Moment of inertia of the cross section in the y direction 

Iz Moment of inertia of the cross section in the z direction 

p Number of outputs 

C Output matrix 

S Output sensitivity transfer function 

G Plant transfer function 

Q  Positive definite constant matrix, output weighting function 
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R  Positive definite constant matrix, input weighting function 

p(s) Poles in the S-domain 

p(z)  Poles in the Z-domain 

kx Position stiffness 

r Reference input vector 

Ω Rotational velocity 

Ts  Sampling time 

K State feedback gain 

T Step size of the trapezoidal rule 

udc Supply voltage 

A System state matrix 

x System state vector 

pf  Vector of external perturbation parameters 
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1. INTRODUCTION 

 

 

An Active Magnetic Bearing (AMB) is a device which supports a rotating shaft 

with an electrically controlled magnetic force without any physical contact by suspend-

ing the rotor in the air. Due to this characteristic there are no problems with wear and 

short service life caused by contact fatigue. Furthermore, magnetic bearings have in-

creased durability, high reliability, lack of lubrication, while they can be used in ex-

treme weather conditions [1].  

Based on the advantages of AMBs over known ones, the following classes of 

applications can be specified where their use is most effective with high rotational 

speeds: turbochargers, milling spindles [2], inertia energy storage, gas turbines [3]. 

The working principle of the control system of magnetically levitated application 

can be generalized as follows: the displacement of the rotor from its reference position 

is measured by sensor, then upon the displacement error, a controller derives a control 

signal, after which it transforms into a control current, that is responsible for remaining 

the rotor levitating in the air gap by means of  generating the magnetic forces of the 

electromagnets. Therefore, the purpose of control law is to stabilize rotor, stiffness and  

damping of such a suspension in levitating state. 

The theory of automatic control has a wide arsenal large amount of tools to en-

sure the necessary characteristics of control systems for various technical objects. 

Among the ones that are studied in this thesis is: linear quadratic regulator (LQR). 

The LQR control method is based on minimizing the quadratic function. One of 

the advantage of such method is bigger gain and phase margins [4].  

The LQR controller is leaning on the information of all the states of the sys-tem. 

The magnetically levitated rotor system doesn’t usually have ability to be measured 

fully. In this case, the main challenge of the controller design is coming to designing a 

proper observer, which is able to estimate the variables upon presence of negative dis-

turbance effects. In this thesis, an adaptive observer is pro-posed that can be connected 

with the state space law.   
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2. MODELING OF MAGNETICALLY SUSPENDED ROTOR SYSTEM 

 

 

In general, an active magnetic bearing (AMB) supported rotor system is a com-

plex to model due nonlinear characteristics of the system. The basic system consists of 

two main parts, which are important in the means of modelling the system: the actuator 

and the rotor. The next chapters are devoted to modelling each of the part. Here the 

AMB system modeling principles are applied for bearingless machine. 

 

2.1. Actuator model 

 

An actuator is used to achieve levitation of the magnetic bearing. The value of 

currents which should be produced in the actuator is based on the electromagnetic laws. 

According to [5] the equation describing the currents supplying the pair of electromag-

nets have the following form: 

 




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where ic is the coil coil current, ib the bias current, which is used to linearize the system, 

is considered to have value less than half of maximum current of the coil max5.0 iib  . 

The magnetic force is partial derivative of the energy stored in the air gap to the 

air gap itself [5]:  
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where Wce  is the coenergy stored in the airgap, μ0 is the flux density in the air gap, N 

is the coil turns number, i is the coil current, Aair denotes the air gap cross-section, cos  

denotes force direction angle, lair is the air gap length, 

The magnetic force produce by coupled electromagnets is described by follow-

ing linearized equation: 

 

,,21 xkikfff xcxixxx       (2.4) 

 

where ki and kx are the current and position stiffness, x is the position (movement of the 

rotor), and fx1 and fx2 present the two electromagnets placed at each other, making them 

different sign in the equation. 

The actuator model part is represented by the inner control loop which makes 

the dynamics of the whole actuator subsystem. The model design of the actuator in-

cludes the design of the inner control loop, model for the motor drive and the bearing-

less motor model. The bearingless motor equations with regards to the dq reference 

frame are as follows [6]: 

 

qqqqqq

dddddd

iLiL
dt

d
Riu

iLiL
dt

d
Riu









,           (2.5) 

 

where u denotes the levitation windings voltage in d and q axis respectively, i denotes 

the levitation windings current, R denotes the levitation windings resistance, L denotes 

the levitation windings inductance, and ω denotes the electrical angle. 

The dynamics (2.5) can be modeled by a simple LR-circuit dynamics. When the 

circuit is controlled with a PI-controller, the current control loop with the coefficients 

of the controller corresponding to the desired bandwidth for the system can be designed 

as Kp = L*ωbw and Ki = L/R . The resulting closed loop dynamics of the Simulink model 

is shown in Fig. 1.1.  
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Figure 2.1 – Actuator model with LR-circuit and PI-controller. 

 

The next step is to derive the state-space actuator representation, by obtaining 

the dynamics equation of the actuator. It can be done by using the current controller 

bandwidth [6]. Therefore, the inner loop transfer function is calculated in a following 

way: 

 

,
bw

bw

a
s

G





       (2.6) 

 

where ωbw denotes the current controller bandwidth. The bandwidth, with information 

of current measurements, can be estimated by the form [5]: 

 

max

)9ln(

iL

udc

bw



 ,         (2.7) 

 

where udc denotes th supply voltage, imax denotes the maximum current of the supply.  

 

][ bwbwbwbwaa diagAB  ,     (2.8) 

 

The matrices (2.8) present the actuator dynamics. 
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2.2. Rotor model 

 

Typically, the rotor dynamics are modeled as a flexible system, but in this thesis 

the modeling is simplified to a rigid system. Note that this approximation is often jus-

tified in the case of subcritical machines where the model based control law can be 

designed based on the rigid model. 

Equation for the rotor with respect to the center of the mass is as follows [5]: 

 

FqGqM M   ,        (2.9) 

 

where M denotes the mass matrix, Ω is the rotational velocity, GM the gyroscopic 

matrix. The matrices are as follows: 
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where Ix and Iy denote the moment of inertia of the cross section in the x and y direc-

tions, respectively, Iz denotes the rotational moment of inertia which occurs to be in the 

z axis, fx and fy denote the magnetic forces in the x and y axis, respectively, and θx and 

θy are the moments acting in the x and y axis, respectively. The Figure 2.2 serves to 

better illustrate coordinates described. 

 

Figure 2.2 – Rotor characteristics scheme (taken from the [6]). 
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Variable q = [xA yA xB yB]T is the rotor position vector in the xy-axis. However, 

not all parts of the plant are located at the center of mass, elements like the displace-

ment sensors and the magnetic bearings. In order to locate them a coordinate transfor-

mation is needed. A way to do it is through introducing the transformation matrices to 

the locations: sensors qs = [xD;s yD;s xND;s yND;s]
T and the magnetic bearing qb =[xD;b yD;b 

xND;b yND;b]
T: 

 

,, qTqqTq ssbb       (2.11) 
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where d is the distance from the rotor center according the Fig. 2.2, and subscripts A 

and B denotes the different AMBs in the system 

Previous equations make it possible to write the rotor model in the state-space 

representation: 
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where index in the Mb refers to the magnet bearings location in the mass matrix,   

denotes the rotational speed and G is the gyroscopic matrix. 

Thus, having the state-space representation it is easy to derive Simulink model 

in the state-space form (Fig. 2.3). 
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Figure 2.3 – Simulink model of the rotor. 

 

The next step of modelling the plant is to obtain full model of the system. 

 

2.3. Full model 

 

The system parameters are taken from the real bearingless machine system dis-

cussed in [6] and are shown in the table 2.1. 

 

Table 2.1 – System parameters. 

Parameter Symbol Value Unit 

Nominal speed Ωnom 30 000 r/min 

Nominal power per motor unit Pnom 5 kW 

Rotor mass m 11.65 kg 

Rotor inertia J 0.232 kgm2 

Resistance, levitation winding R 0.27 Ω 

Induction, levitation winding L 3.27 mH 

BM location a, b 107.5 mm 

Position sensor location c, d 211 mm 

Air gap length lδ 0.6 mm 

Rotor length lr 480 mm 

BM lamination length lrl 61 mm 

BM lamination diameter drl 68.8 mm 

BM stator outer diameter ds 150 mm 

Axial disk thickness la 8 mm 

Axial disk diameter da 112 mm 

Rotor shaft diameter drs 33 mm 

Current stiffness, measured Ki 29 N/A 

Position stiffness, measured Kx 672 N/mm 

Current stiffness, FEM Ki,FEM 29.6 N/A 

Position stiffness, FEM Kx,FEM 618 N/mm 

Maximum input, deviation unmax 2 A 

Maximum output deviation mn 25 μm 
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From the modeling perspective, combining the actuator model (2.8) with the ro-

tor model (2.13) produces the full plant model: 
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    (2.14) 

 

Note that, the table 2.1 doesn’t provide rotor inertia in z-plane. To have an ap-

proximation of how much is the rotor inertia in z-plane will consider rotor as a solid 

cylinder (Fig. 2.4). 

 

Figure 2.4 – Solid cylinder with xyz-axis. 

 

The inertia moments are as follows: 
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Meaning: 
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From the characteristics of the rotor it is known that the rotor length is 0.48 m, 

rotor mass is 11.65 kg and Ix inertia is 0.232 kgm2. Therefore, Iz is: 

 

222 017.0)48.065.11
12

1
232.0(2)

12

1
(2 kgmmhII xz  , 

 

The resulting Simulink representation is shown on the Fig. 2.5 and the bode di-

agram of the rotor dynamics system on Fig. 2.6. 

 

 

Figure 2.5 – The full Simulink model of the plant. 

 

Figure 2.6 – Bode diagram of the rotor system. 
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The actuator in this specific plant has fast dynamics compared to the rotor part, 

so that it is convenient to scope the bode diagram not of the full system but of the rotor 

part. 

As it can be seen from the Figure 2.6 there is a response to the input currents 

besides main diagonal which means presence of the cross-coupling in the model. Note 

that the gyroscopic effect is not seen in the plot and naturally it will have an impact on 

the controlled system dynamics. The modeling of the gyroscopic effect is studied next.   

 

2.4. Gyroscopic feedback implementation 

 

The gyroscopic matrix G in the form (2.3) is multiplied by the rotational speed 

 . It means that the product can change based on the speed. In order to implement this 

effect a structural feedback with the following matrix is done: 
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Matrix Ar in the (1.3) then, has the following form: 
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The rotor system with the gyroscopic effect is presented on the Fig. 2.7. 
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Figure 2.7 – The system with gyroscopic matrix application. 

 

The rotational speed is taken as a linear increasing function as shown in Fig. 2.8. 

 

 

Figure 2.8 – Rotational speed signal. 

 

The nominal speed taken from the Table 1.1 is 30000 rpm which equals 3141 

rad/sec. In the simulations, the upper limit taken higher at the point of 1.15* nom. It 

must be remarked, that as the flexibilities are not modeled the proposed control laws 

should be analyzed against a full model. Nevertheless, the adaptive observer is vali-

dated against gyroscopic effect using a rigid controller to show the performance. 
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2.5. Disturbance application design 

 

The quality of the controller can be defined by different means. One of the most 

important ones is how it can deal with disturbances. 

The external disturbance f(t) is a model of the influence of the environment on 

the plant. Examples of disturbances in technical systems are changes in supply voltage, 

radio interference, etc [7]. 

The function f(t) is limited to a known number *)(:* ftff  . Usually there is 

much more information about this function than its limitation. This information de-

pends on the scope of the control system. In this connection, we will assume that: 

 

),,()( tpftf f

n      (2.18) 

 

where pf is n dimensional vector of external perturbation parameters, ),( tpf f

n  is a 

known function, which is determined by the scope of the control system. The vector pf  

is unknown and its components satisfy the inequalities: 

 

,fififi
ppp       (2.19) 

 

in which 
fi

p  and ,fip  ( fni ,1 ) are known numbers. 

The function ),( tpf f

n  is such that for all values of the parameters from the set 

(1.19): 
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Moreover, the given boundary f* should be achieved: 
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The function ),( tpf f

n  is called a typical disturbance. Further, the notation is 

used: 

 

,ffp          (2.22) 

 

where Ωf is the set described by inequalities (2.19) and (2.20). 

Up to notation, the following is preserved for the specifying influence: 

 

),,()( tpgtg g

n         (2.23) 

 

where pg is the ng  is dimensional vector of the parameters of the specifying influence, 

gn is a known function, which is determined by the scope of the control system. 

The function ),( tpg g

n  is called the typical reference action. Next, a type of ex-

ternal disturbance functions f(t) – step disturbance – is considered: 
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      (2.24) 

 

where value 
0f

p  satisfies the following inequality: 

 

*,
0

fp f             (2.25) 

 

in which f* is a given number. 

The Irms of the actuator is 8 A, so in that case maximum actuator current is 

AII rms 122max  . The disturbance signal is taken in a form of constant step signal 

with the amplitude equal to the 10% of the maximum actuator current: 

 

AIf 2.1121.0*1.0 max   
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This signal represents control current noise in the system. 

The disturbance can be implemented by introducing a step function in the control 

signal chain (Fig. 2.9). 

 

 

Figure 2.9 – Rotor dynamics model with the disturbance application. 

 

Having the disturbance described the control laws can now be tested with it. In 

this thesis, the studied control laws are evaluated under disturbance conditions. 
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3. DYNAMIC SYSTEMS LINEAR OPTIMAL CONTROL METHOD 

 

 

The most important task of the synthesis of automatic systems is to ensure the 

stability and the required quality of the processes occurring in them [8]. In many cases, 

the solution of these problems can be obtained in the class of linear control laws. The 

well-known classical methods of proportional and integral regulation, the use of serial 

and parallel compensators with differentiating and more complex properties, the use of 

the principles of subordinate (cascade) regulation and others. Within the framework of 

the modern theory of automatic control, using the mathematical language of the state 

space, other control methods that are more general and universal than those listed above 

have been additionally developed. These are methods of modal control, linear perfect 

model tracking, linear optimal control, state reconstruction of dynamic systems and a 

number of other approaches. A feature of all these methods is the algebraic approach 

to the synthesis and calculation of parameters of control laws. This allows formalizing 

the relevant techniques and thereby opening the way for automating the synthesis of 

these types of systems with the help of digital computers. 

 

3.1. LQR control 

 

Consider the problem of linear-quadratic regulator (LQR) [9]. 

Let given linear stationary system of n -th order: 

 

   BuAxtx  ,   00 xx  , (3.1) 

 

where x  – is the n -dimensional state vector, u  – is the m -dimensional vector of con-

trol actions, and further we assume 1m  (scalar control), and A  and B – are the con-

stant matrices of the corresponding dimensions. 

Consider also the quality functionality. 
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  



0

dtuuxxJ TT RQ , (3.2) 

 

where Q  and R   are positive definite constant matrices  ( 0Q , 0R ), and here we as-

sume 0 rR  (is scalar). 

Then the problem of determining the input variable  tu ,  t0 , minimizing 

the functional (3.2) is called a stationary linear-quadratic problem [10, 11] (LQR 

problem). 

As is known [10], the solution of the stationary LQR problem of optimal con-

trol is given by the control law: 

 

xu K        (3.3) 

 

where K  is constant matrix, determined by the ratio: 

 

PBPBRK
TT r 11         (3.4) 

 

In expression (3.4) P is a constant positive definite matrix, is a solution to the 

equation: 

 

01  
QPBPBRPAPA

TT ,    (3.5) 

 

which is called the Riccati algebraic equation. 

Thus, the equation that minimizes the functional (3.4) is constructed in the 

form of a linear feedback along the state vector of the plant. 

In order to calculate the LQR controller, further steps are taken. One should 

choose the diagonal weighting matrixes in the equation (3.2): weight function Q called 

output and R called input. The weighting functions determine the relation between the 

states in the system. To obtain the weight functions Q and R different methods arise. 
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One of the them is called Bryson's rule [11], where weight is described by the relation 

of the output matrix C as follows: 

 

,CQCQ
T       (3.6) 

 

where C is the output matrix. 

The output weights are selected by the maximum acceptable value of the output 

as the change from the reference output: 
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where mn denotes the maximum output signal value. The input weights are selected by 

the maximum acceptable value of the input as the change from the reference input: 
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where unmax denotes the maximum input signal value. The maximum values are 

presented in the Table 2.1 and are 2 A for the input deviation and 25 μm for the output 

deviation. 

To find the gains of the LQR-controller there is a Matlab special function 

lqr(A,B,Q,R,N), which calculates the optimal gain matrix. The variables in the com-

mand are as follows: 
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 A, B – corresponding matrices of the plant; 

 Q,R,N – weight matrices for the input, output control respectively. 

The LQR control alone doesn’t eliminate the steady-state error. In order to per-

form this control action an integral state can be add to the modal control. The system 

with the integral action is as follows [6]: 
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where A denotes the state matrix of the system in the state-space representation, B 

denotes the input matrix, C denotes the output matrix, xI denotes the state vector of the 

integral action, I denotes the diagonal identity matrix, x denotes the system state vector, 

u and r denote input vector of the system and  the reference, respectively. The feedback 

control law with additional state has the following form: 
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tx
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where K denotes the gain of the state feedback and KI denotes the augmented integrator 

gain. 

In the modeling, a saturation block is added so the control current will not exceed 

the maximum current of the actuator. The Irms of the actuator is 8 A, so in that case 

AII rms 122max  . This value is standing for the limiting current. 

The LQR control system model is presented on Fig. 3.1. 
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Figure 3.1 – LQR control system Simulink model. 

 

In order to test the LQR controller, three different cases are taken into model-

ling the system: disturbance, uncertainty and gyroscopic dynamics influence (Figs. 

3.2 – 3.4). In Fig. 3.2 the disturbance dynamics is shown. 

 

 

Figure 3.2 – Disturbance application transient. 

 

The transients start from the value 4.2*10-4 and this value presents the lowest 

position of the rotor in the space. The disturbance is applied at the 0.1 second. 
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Figure 3.3 – Uncertainties application transient. 

 

Uncertainties in the system are taken in a form of different position and current 

stiffness that are nonlinear in nature. These parameters as 70% of their actual values. 

Next the gyroscopic effect is shown in Fig. 3.4.  

 

 

Figure 3.4 – Gyroscopic application transient. 
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Figure 3.5 – Gyroscopic feedback under rotation of the rotor. 

 

The inertia in gyroscopic matrix is taken as 0.064 kgm2, four times the esti-

mated value, to test the limits of the system concerning this effect. The Fig 3.4 shows 

that the system is capable of handling this effect, but doesn’t reveal processes inside 

the system. The Fig 3.5 shows how the gyroscopic feedback influences the system 

and equals velocity multiplied by GΩ. It is seen the graph is stable and is not con-

verging. 

 

3.3. Observer design 

 

The linear control laws based on state space model are leaning on the information 

of all the states of the system. Often due to physical limitations in practical system not 

all the states can be measured by using sensors. In order to circumvent this problem a 

state observer can be used. 

Consider the control object described by the following equation: 

 

;

;

Cxy

BuAxx




      (3.11) 

 

where x is the state vector, u is the input vector, y is the output vector, A, B, C are the 

constant matrices. 

The observer equation is then written as: 
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where x̂  and ŷ  are the estimated state and output vectors correspondingly, K is a ma-

trix that provides the required type of transient assessment of the state vector. 

The observer Simulink model is presented on the Fig. 3.6. 

 

Figure 3.6 – The observer Simulink model. 

 

The observer design is performed in that way that its dynamics is faster than 

this of the plant. By placing the observer poles to be faster than the plant poles (Table 

3.1) and using place() function in Matlab the state estimator gains can be found. 

Table 3.1 – Poles of the plant 

System Pole 

Rotor dynamics 

-339.653951643364 

-258.740317160156 

258.740317160156 

339.653951643364 

-339.653951643364 

-258.740317160156 

258.740317160156 

339.653951643364 

Actuator 

41995.8825943467 

41995.8825943467 

41995.8825943467 

41995.8825943467 
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The last four poles are referring to the actuator model and the other belong to 

rotor dynamics model. 

One can implement a simplified version of control system into the full one, due 

to the fact, that the dynamics of the actuator are much faster than the dynamic of the 

rotor in this particular case. 

 

3.3. Full control system 

 

Controller based on the estimator model can now be reviewed, after the observer 

design. The dynamics of the observer is considered to be much faster than the control-

ler, so that it can be implemented by just connecting the observer into the scheme (Fig. 

3.7). The scope of the system is presented on the Figs. 3.8 – 3.11. 

 

Figure 3.7 – Control system Simulink model. 

 
Figure 3.8 – Disturbance application transient. 
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Figure 3.9 – Uncertainties application transient. 

 

 

Figure 3.10 – Gyroscopic application transient. 

 

Figure 3.11 – Gyroscopic feedback under rotation of the rotor. 
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It is seen from the Fig. 3.10 and 3.11, that the control system with observer be-

comes unstable under effect of gyroscopic feedback. This change in the system behav-

ior is explained by the inability of the observer to cope with the unmodeled in its struc-

ture gyroscopic dynamics. One way to solve the problem is to update the controller to 

be more robust or include a linear parameter varying structure to handle the changing 

dynamics. To do so an analysis concerning the sensitivity function is made. 

 

 

3.4. Sensitivity function analysis 

 

The parameters of the automatic control system during operation do not remain 

constant to the calculated values. This is due to changes in the external conditions, 

inaccuracy of manufacturing individual devices of the system, aging of elements, etc. 

Changing the parameters of the control system, i.e., changing the coefficients of the 

system equations, causes a change in the static and dynamic properties of the system 

[12]. 

The dependence of the characteristics of the system on changes in any of its 

parameters is estimated by sensitivity. By sensitivity it is understood the property of 

the system to change its operational mode. 

The simplest sensitivity analysis method is the numerical study of the parametric 

model of the system within the entire variation range of the determining parameters 

set. The practical application of this approach, as a rule, turns out to be inexpedient or 

impossible because of the huge amount of calculation required and the immensity of 

the results obtained. 

The main method of research in the theory of sensitivity is the use of so-called 

sensitivity functions. Let m ,,1   be the set of parameters forming the complete set of 

 . In this case, the state variables ,)1(1, ni   and the quality indicators sJJ ,,1   are 

unambiguous functions of the parameter m ,,1  , that is: 
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Partial derivatives 
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 ),(
,

),(
 are called sensitivity functions and are de-

rivatives of various state variables and quality indicators on the parameters of the cor-

responding determining group. 

Let’s consider the key features of a control system (Fig. 3.12). 

 

 

Figure 3.12 – Overall control system diagram. 

 

On this picture symbols are, r – reference signal, K – controller transfer function, 

G – plant transfer function, Gd – disturbance matrix, d – disturbance signal, y – output, 

u – control signal. 

The output sensitivity function of the system can be described as a transfer func-

tion in the following way [13]: 

 

GK
S




1

1
,            (3.14) 

 

The peak gain of the output sensitivity function describes the maximum gain of 

the disturbance. Consider the peak value of the sensitivity function as the parameter to 
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be adjusted. The output sensitivity function of the LQR control system presented on 

the Fig. 3.13. 

Fig. 3.13 shows all the Input/Output relations. This means that for each output 

there are 4 characteristics corresponding to responses to each of the input. However, 

the main diagonal of this picture is of the main interest, as it represents the main pro-

cesses occurring in the model. Moreover, it can be concluded that the character in each 

of the sensitivity function part on the main diagonal is the same. 

 

 

Figure 3.13 – LQR control system output sensitivity function. 

 

In the future when providing the sensitivity function only the Input 1/Output 1 

graph is listed for a better visual representation (Fig. 3.14). 
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Figure 3.14 – LQR control system of Output 1/Input 1 output sensitivity function. 

 

From the Fig. 3.14 it is seen the system has the maximum gain of 2.73 dB. 

The idea behind tuning the controller based on the output sensitivity function is 

to increase the gain of the controller K in (3.14) so that maximum gain of S becomes 

smaller. 

 

 

Figure 3.15 – Scaling controller results on sensitivity function. 

 

From the Figure 3.15 it is seen that the peak gain of the function dropped the 

maximum gain value from 2.73 dB to 1.17 dB. 

The system performance under negative effects is shown in Fig. 3.16 – 3.18. 
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Figure 3.16 – Disturbance application transient. 

 

Figure 3.17 – Uncertainties application transient. 

 

 

Figure 3.18 – Gyroscopic feedback under rotation of the rotor. 
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As seen from the Fig. 3.16 – 3.18 the system now handles all the negative effects, 

however, this improvement is done by means of the controller, and the observers still 

isn’t showing good state variables tracking. 
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4. ADAPTIVE OBSERVER 

 

 

Another solution to the gyroscopic effect or modeling uncertainty handling is 

through implementation of the better observer based on the adaptive theory. This type 

of method is used to create a high-quality observer, because it is able to take into ac-

count the uncertainties and cross-coupling effects that arise in the system.  

In addition to evaluating state variables, adaptive observers identify unknown 

factors, that is, external influences that cannot be measured directly, and parameters of 

system, values which are initially unknown. Parameters to be determined are obtained 

by adding additional integrators into structure, whose input signals are the difference 

between the measured and estimated values of plant state variables. 

 

4.1. Adaptive observer design 

 

The observer taken for the problem is considered in [14], namely observer with 

adaptation to plant parameters. 

At first, consider a plant with one input u(t) and one output y(t) – scalar signals. 

Regarding the plant, it is only known that it is of the n-th order, has some structure 

(transfer function) and the values of the parameters are unknown. Only input u(t) and 

output y(t) signals available. The task is to synthesize an adaptive observing device 

that will evaluate the state vector of the plant x(t) and identify all the parameters of 

the plant. 

Let an object be characterized by a transfer function, the degree of the numera-

tor of which is at least one less than the degree of the denominator: 
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where the coefficients Ai, Bi are unknown. 
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Divide the numerator into a denominator by a polynomial (n-1)-degree, all roots 

of which are single real and negative, that is, by a polynomial: 

 

)())(( 32 nsss    ,     (4.2) 

 

where ),,2(0 nii  . After that, decompose numerator and denominator into sim-

ple fractions, represent the transfer function (4.1) in the form: 
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The object (4.3) can be characterized by the following equations for state varia-

bles 
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where   – diagonal )1()1(  nn  matrix, with ),,2( nii   on its diagonal. That so: 
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are parametric vectors with unknown element (4.4). 

The representation of an object by equations (4.5) is called canonical. The valid-

ity of this representation can be verified by composing the transfer function according 

to the form: 
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Indeed, substituting the expressions arising from (4.5) instead of A, b, and mak-

ing simplifications, the expression (4.3) is obtained. 

Since the output signal y=x1 can be measured, an object (4.5) can be represented 

in the form: 
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where x  is )1( n  vector, corresponding to the unknown part of the state vector 

 Tnxxx 21 ,  TT 11 r . 

Consider the object (4.5), as well as the object  Λr ,T , fully observable. The ob-

servability of an object (4.5) depends on the properties of this object. As for the ob-

servability of the object  Λr ,T , it is provided by the specified choice of elements of 

the matrix Λ . 

Equations describing the adaptive observer are as follows: 
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where 

 

𝐫𝑇 = [1,   ,1]𝑇 , 𝜆1 > 0, 𝑦̃ = 𝑦̂ − 𝑦, 𝐰̂ = (𝑢, 𝐰̂̅)𝑇 , 

𝛾𝑖 > 0, 𝛿𝑖 > 0, (𝑖 = 1, , 𝑛),    (4.10) 

 

are coefficients of the adaptation chain gains, designed to set the parameters iâ  and ib̂  

that are used to control the identification speed. 

Adaptive observer scheme is shown in Fig.4.1. 

 

Figure 4.1 – Adaptive observer diagram. 
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To prove the stability of the convergence of adaptive observer estimations to 

object values a Lyapunov stability method is used. 

Subtract (4.9) from (4.8): 
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The following positive-definite form is taken as the Lyapunov function: 
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The Lyapunov function derivative by virtue of the (4.9) and (4.11): 
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The derivative V   is function with a constant opposite V  sign, meaning the as-

ymptotic stability of the adaptive observer. 

 

4.1.1. MIMO adaptive observer 

 

However, the observer proposed by [14] is designed for the SISO system. In 

order to expand this observer, each of the outputs can be considered as an separate 

system. In that case, the structure of the observer is duplicated to each of the output 

based on the corresponding error. The adaptive observer equations are as follows: 
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where 
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p is the number of outputs and n is the order of the system. Elements of the â  matrix 

are described as follows: 
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Except for the elements on the main diagonal, which are: 
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p is the number of outputs and n is the order of the system. 

 

4.2. Observer implementation 

 

The general form of the adaptive observer proposed by equation (4.15) – (4.17) 

can be simplified by virtue of the system transfer function. 

The final Matlab model of the adaptive observer is shown on the Fig. 4.2 – 4.4. 
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Figure 4.2 – General view adaptive observer Simulink model. 

 

Figure 4.3 – Adaptive observer subsystem concerning the parameters setting based on 

the y signal for the y1 output. 
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Figure 4.4 – Reduced adaptive observer subsystem concerning the parameters setting 

based on the u signal for the y1 output. 

 

The parameters than influence the adaptive observer performance are: δ, γ, λ 

(Figs. 4.5 – 4.7). 

 

  

a) b) 

Figure 4.5 – Influence of the γ parameter on the system: a) transient compari-

son, b) adjustable observer parameter a0 graph. 
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a) b) 

Figure 4.6 – Influence of the δ parameter on the system: a) transient comparison, b) 

adjustable observer parameter b0 graph. 

 

 
 

a) b) 

Figure 4.7 – Influence of the λ1 parameter on the system: a) transient comparison, b) 

adjustable observer parameter a0 graph. 

 

Adaptation only works with the existence of changes in the system. In order to 

observe the adaptive parameters changing a meander signal was applied as the input 
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and fluctuation in the Figs. 4.5(b), 4.6(b), 4.7(b) are due to this fact. Parameters in these 

figures are characterizing the system indirectly and are connected to the plant parame-

ters with the form (4.4). 

From the Figs. 4.5  4.6 it is seen that, and control the speed of parameter setting: 

the higher the values the higher the speed. However, in the Fig. 4.5(a) and 4.6(a) tran-

sients of the observer system with high values have high fluctuations during the first 

moments. This can disrupt the controller performance.  

The parameter λ1 is a feedback gain parameter for the output estimate and is used 

to damp the parameter signal. Higher gains show faster response and additional unde-

sirable fluctuation effect (Fig. 4.7(a)). The parameter adaptation is scaling its value 

accordingly to the λ1 (Fig. 4.7(b)). 

The best parameters obtained from the simulations are: 

 

;10

;10

8000);6000,7000,4000,5000,2000,3000,(

;8500

8

14

1















diag
 

 

The scope of the LQR control system with adaptive observer is shown on the 

Figs. 4.8 – 4.10. 

 

 

Figure 4.8 – Disturbance application transient. 
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Figure 4.9 – Uncertainties application for transient. 

 

 

Figure 4.10 – Gyroscopic feedback signal to the rotor dynamics system. 

 

The system shows to be stable from the beginning because the speed of adaptive 

observer tuning is faster than the controller speed. 

The signal of gyroscopic signal (Fig. 4.10) is not diverging meaning that the 

adaptive observer handles the gyroscopic effect, providing the satisfactory estimation. 

The control system is able to handle the negative effects without further controller tun-

ing now. 
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4.3. Discretization 

 

In order to implement the control system to the bearingless machine it need to 

be discretized and implemented on the controller. 

The proposed controller can be implemented on Beckhoff’s TwinCat industrial 

PC in Matlab/Simulink environment that have an operating time level of 50us. This 

time is taken as the sampling time in the model. 

 

 

Figure 4.11 – Discrete control model. 

 

The new system model (Fig. 4.11) includes ZOH (zero order hold) and discrete 

integral action and observer. 

 

4.3.1. LQR controller transformation 

 

In order to discretize the LQR controller, it is simply needed to use dlqr function 

instead of lqr with the discretized system matrices. 

 

4.3.2. Observer transformation 

 

The ordinary observer is transformed in the following way. First the plant ma-

trices are transformed into the discrete ones by using the Matlab function c2d(). Then 
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the desired poles are transformed into the discrete coordinate system by using the fol-

lowing transformation: 

 

Tsspezp )()(  ,         (4.19) 

 

where p(s) are the poles in the S-domain and, p(z) are the poles in the Z-domain, Ts 

denotes the sampling time. 

Then, the place() function is used in order to find observer gains: 

 

Pz=exp(P_est*Tss); 

sys_o = ss(A_r,B_r,C_r,[]); 

sys_o_d=c2d(sys_o,Tss); 

[Phi_o,Gamma_o,Cd_o,Dd_o]=ssdata(sys_o_d); 

K_est = place(Phi_o',Cd_o',Pz)'; 

 

In the new observer model (Fig. 4.12) integrator is substituted by the delay 

Matlab block. 

 

 

Figure 4.12 – Discrete observer model. 

 

The adaptive observer is discretized by a special technique using Tustin approx-

imation method. Tustin method leans on the computation based on trapezes, which it 
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get it’s another name – the trapezoidal method. The Tustin method is more accurate 

compared to the other ones, due to complex form of the trapeze [18]. 

Tustin’s method is the function transform from s-domain (continuous-time) to 

the z-domain (discrete-time). To conclude a discrete-time approximation, consider it 

in the Laplace transform [19]: 

 

   

   
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   (4.14) 

 

where T denotes the step size of the trapezoidal rule and n is the integer number. 

In the other way around transformation (4.14) takes the following form: 

 

,
1

12
1

1










z

z

T
s  

 

Negative effects are avoided using the Tustin transform such us frequency spec-

trum overlap. The simple algebraic relationship between the domains makes it easy to 

implement this transformation in the corresponding system. [19]. 

 

 
 

a) b) 
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Figure 4.13 – Performance comparison of the discrete-time and continuous-

time control systems a) with the ordinary observer b) with adaptive observer. 

In order transform adaptive controller to the discretized one substitution of the 

integrator block with the discrete integrator is made. The Matlab Simulink provides the 

discrete-time integrator block with trapezoid approximation. The performance compar-

ison is shown in Fig. 4.13. 

As seen from Fig. 4.13, the discrete systems copies the performance of the time 

continuous ones. 
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5. CONCLUSION 

 

 

In the current work the AMB control system was investigated. The plant was 

described and  modelled according to real physical one. The basic system consists of 

two main parts, which are important in the means of modelling the system: the actuator 

and the rotor. The AMB system modeling principles are applied for bearingless ma-

chine. The bearingless system was considered to have a rigid rotor part. This consider-

ation is usually justified in the case of subcritical machines. 

The control law to control such system was decided to be LQR with the addi-

tional integral state to eliminate the steady-state error. The LQR control method is 

based on minimizing the quadratic function. One of the advantage of such method is 

bigger gain and phase margins. The LQR is leaning on all the states of the system which 

can not be measured leading to the necessity of observers. Typical challenges facing 

the control system in AMB application are disturbances, gyroscopic effect and uncer-

tainties. The ordinary observer showed to have difficulties in handling the gyroscopic 

effect inside the system. This leads to an unstable system in this particular case. The 

rotor dynamics model includes cross-coupling gyroscopic effects which are a challenge 

for an observer because of unmodeled dynamics. In order to improve the control system 

an additional tuning based on output sensitivity function was made. However, it doesn’t 

improve the observer performance. 

 In order to improve the estimations the new observer was proposed based on the 

adaptation algorithms. An adaptive observer can be used to handle estimation of un-

modeled dynamics in the plant. The structure of full MIMO adaptive observer was 

derived basing on the SISO model which was simplified based on the transfer function 

of the system. Overall, LQR control system with the adaptive observer showed suc-

cessful performance. Adaptive observer showed to handle the typical disturbances and 

perturbations. 

Discretization of the system was made using the traditional methods making the 

system possible to implement to the controller.  
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