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Abstract—The effect of unbalanced magnetic pull (UMP) caused6
by air gap eccentricity on the vibration of a permanent magnet7
synchronous motor (PMSM) is investigated. The force model is8
established analytically by the Maxwell stress method. For accu-9
rate consideration of the eccentricity condition, mixed eccentricity,10
axial-varying eccentricity, and eccentricity caused by motor frame11
vibration are modeled and combined. The model of the rotor–12
bearing system, which includes the UMP model, is developed with13
two different methods. In the first method, UMP is added as a14
linear negative spring to the rotor model, whereas in the second15
method, UMP is included as an external force. The rotor system of16
a centrifugal pump driven by an integrated PMSM is modeled using17
beam elements, and the two distinct modeling approaches for UMP18
are applied. From the results, the UMP effect on vibration and the19
difference between the two modeling methods are investigated. To20
verify the results of the analysis, experimental work is done with a21
pump test rig, and results of frequency spectra are obtained. Based22
on the analyses and experimental work, the negative stiffness effect23
and additional vibration excitations caused by UMP are examined.24

Index Terms—Axial-varying eccentricity, Eccentricity by frame25
vibration, Permanent magnet synchronous motor, Mixed eccentric-26
ity, Unbalanced magnetic pull.27

I. INTRODUCTION28

E LECTROMECHANICAL interaction in rotating electrical29

machines is a significant factor in the generation of nonlin-30

ear dynamic behavior of a system. In machines with a small air31

gap, such nonlinear dynamic behavior can be dangerous for the32

rotor system, and therefore, many studies have been conducted33

on unbalanced magnetic pull (UMP) caused by electromechan-34

ical interaction.35

The topic of UMP has been addressed in numerous studies36

covering various factors such as asymmetry of rotor and stator,37

rotor eccentricity, and magnetic saturation. Ortega et al. [1]38
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conducted experiments and a finite element analysis (FEA) 39

to study the effects of asymmetries caused by manufacturing 40

tolerances of the stator and rotor magnets on the performance 41

of a PMSM. Zhu et al. [2] developed a general analytical model 42

to predict UMP in a permanent magnet brushless AC and DC 43

machines having a diametrically asymmetric disposition of slots 44

and phase windings. Liu et al. [3] developed an analytical model 45

including the effect of interaction between the pole transitions 46

and the slot openings to analyze permanent magnet motors with 47

a slotted stator core. The rotor eccentricity, in particular, has been 48

widely investigated as a factor contributing to the UMP. Donat 49

[4] calculated UMP caused by air gap eccentricity based on an 50

electromagnetic-coupled field analysis in the Ansys software. 51

Dorrell et al. [5] considered a combination of static and dynamic 52

eccentricities and [6] studied a method for calculating UMP 53

in cage induction motors; the model includes magnetic satura- 54

tion and axial variation with static or dynamic eccentricity. Li 55

et al. [7] modeled axial-varying eccentricity by a superposition 56

method and verified the model by comparing its results with 57

3D FEA results. Tenhunen et al. [8] investigated UMP in an 58

induction motor when the rotor is in whirling motion by using 59

a method based on the principle of virtual work and measured 60

it for a test motor supported by active magnetic bearings. Guo 61

et al. [9] obtained analytical expressions of UMP by air gap 62

eccentricity for any pole pair number. Di et al. [10] modeled the 63

curved dynamic eccentricity caused by a bent rotor. 64

The effect of UMP has been investigated by studying the 65

dynamic behavior of a rotor system. Chen et al. [11] studied 66

the analytical UMP calculation method considering the magne- 67

tomotive force (MMF) of the rotor and the stator in a PMSM. 68

They discussed the stability of the steady response by using an 69

eigenvalue analysis for the Jeffcott rotor. Xiang et al. [12] studied 70

the stiffness characteristics and nonlinear dynamic behavior of 71

the Jeffcott rotor system of a PMSM affected by UMP. Losak 72

et al. [13] modeled UMP as a spring element and investigated the 73

rotor deflection and critical speed. Xu et al. [14] examined a rotor 74

model considering both static and dynamic eccentricity. They 75

compared the results with a case including dynamic eccentricity 76

only and found that vibration displacement is increased and the 77

rotor shaft orbit is no longer centrosymmetric and is only ax- 78

isymmetric in the direction of the static eccentricity. Pennacchi 79

[15] studied a UMP model based on the actual position of the 80

rotor not limited to circular orbits and validated the proposed 81
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model by measuring the dynamical behavior of a steam turbo82

generator.83

The rotor eccentricity is an important cause of UMP and84

simultaneously, a result of various factors, such as manufac-85

turing tolerances, faults, and rotor whirling motion. Therefore,86

accurate modeling of eccentricity is a prerequisite for a UMP87

study. In most previous studies, the factors causing the rotor88

eccentricity have been studied individually and the effect of89

UMP has been investigated for a Jeffcott rotor system. In ac-90

tual systems, however, different eccentricity-generating factors91

occur simultaneously and the total eccentricity is a result of92

complex interactions. Therefore, in this study, a combined model93

with mixed eccentricity, axial-varying eccentricity, and eccen-94

tricity caused by motor frame vibration is first developed and95

the UMP model with combined eccentricity is then applied to a96

rotor–bearing model for an actual prototype electrical machine97

with two different approaches, and its effects are studied. The98

results are verified by a comparison with experimental results99

for a pump test rig.100

II. ECCENTRICITY MODELING101

In the conventional analysis, two special cases of whirling102

motion, i.e., static eccentricity and dynamic eccentricity, are103

typically studied as air gap eccentricity. In static eccentricity,104

the whirling frequency is zero and the eccentricity results from105

manufacturing tolerances, wear, and misalignment of bearings.106

In dynamic eccentricity, the whirling frequency is equal to the107

rotation speed of the rotor, and the center axis of whirling motion108

is the same as the center axis of the stator. Such eccentricity109

typically results from a bent shaft or unbalance mass of the rotor.110

In a real system, eccentricity is a result of a combination of111

both static and dynamic eccentricities and not identical in the112

axial direction of an eccentric rotor. Moreover, eccentricity is113

affected by frame vibration. To demonstrate this condition, these114

eccentricities are modeled individually and combined.115

A. Mixed Eccentricity116

Under the assumption that the rotor and the stator are ideal117

cylinders and the stator is rigid and does not vibrate, air gap118

eccentricity can be defined in the form of mixed eccentricity119

by combining the static and dynamic eccentricities. Mixed ec-120

centricity can be explained as a condition in which the rotor121

rotates with a certain whirling amplitude about the eccentric122

axis, which is displaced from the center axis of the stator bore,123

i.e., eccentricity between the stator bore and the bearing bore124

center is given as a static condition, and the rotor rotates about125

the bearing bore center with a whirling amplitude. Therefore,126

mixed eccentricity can be defined as a displacement vector of127

the rotor center with the stator bore center as the initial point. It is128

dependent on time and expressed as magnitude e0 and direction129

angle θ0.130

To model this condition, two reference coordinate systems131

are defined as in Fig. 1. The origin O1 of the x1-y1 coordinate132

system is the geometric center of the stator, and the origin O2 of133

the x2-y2 coordinate system is the center of rotor whirling and134

can also be regarded as the geometric center of the bearings.135

Or is the geometric center of the rotor. The x2-y2 coordinate136

Fig. 1. Cross-sectional view of an eccentric rotor. (G: rotor mass center).

Fig. 2. Finite element model representation of an axial-varying static eccentric
rotor (dotted line: real rotor condition).

system is translated parallel to the x1-y1 coordinate system as 137

the same degree as the static eccentricity. Therefore, the rotor 138

displacement can be defined as x2 and y2 coordinates of the 139

rotor center Or, and the mixed eccentricity can be defined by 140

combining static eccentricity and rotor displacement. Therefore, 141

the magnitude and direction angle of mixed eccentricity are 142

defined as 143

e(t) =

√
(estcosθst + x2(t))

2 + (estsinθst + y2(t))
2 (1)

θ(t) = tan−1

(
estsinθst + y2(t)

estcosθst + x2(t)

)
(2)

where est and θst are the amplitude and the direction angle 144

of static eccentricity, respectively. The coordinates x2 and y2 145

denote the instantaneous displacements of the rotor center. 146

B. Axial-Varying Eccentricity 147

In an actual system, air gap eccentricity is not consistent 148

with the axial direction because of manufacturing tolerances 149

and assembly misalignment. On the other hand, for calculation 150

of UMP, it must be assumed that the air gap is consistent 151

with the axial direction. Because the magnitude of the UMP 152

is proportional to the axial length of the electrical active rotor, 153

the rotor can be modeled as divided elements having axially 154

consistent and individual eccentricity, as in Fig. 2. To define 155

the mixed eccentricity in this finite element model, the static 156
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Fig. 3. View (A) of the finite element model with axial-varying static
eccentricity.

eccentricities (ei,st, θi,st) for all elements of the rotor have to157

be determined. If the rotor is not bent, the static eccentricity158

of an arbitrary intermediate rotor element can be calculated159

from the eccentricities of the initial and final side using the160

geometric relationship presented in Fig. 3. Static eccentricity161

for an arbitrary ith element is defined as in (3) and (4).162

ei,st =
√

x2
i,st + y2i,st (3)

θi,st = tan−1

(
yi,st
xi,st

)
,when− π

2
< θ <

π

2
(4)

in which163

xi,st = eini,st cos θini,st

+
2i− 1

2n
(efin,st cos θfin,st − eini,st cos θini,st) (5)

yi,st = eini,st sin θini,st

+
2i− 1

2n
(efin,st sin θfin,st − eini,st sin θini,st) (6)

where xi,st and yi,st are the coordinates of the center of the ith164

rotor element with respect to the x1-y1 coordinate system. The165

number of divided rotor elements is n, and therefore, i = 1, 2,166

…, n. The static eccentricity of the initial side of the rotor is167

given by eini,st and θini,st, whereas efin,st and θfin,st present the168

static eccentricity of the final side of the rotor. Consequently, the169

axial-varying eccentricity condition is modeled by using divided170

elements that have individual eccentricity. Moreover, this model171

can be easily applied to the rotor simulation model using finite172

elements.173

C. Eccentricity by Motor Frame Vibration174

The UMP excites both the stator and the rotor. At the same175

time, the vibration of the motor frame changes the air gap176

Fig. 4. Motor frame vibration model of the machine under study.

eccentricity. Therefore, it is necessary to predict the vibration 177

behavior of the motor frame and consider its effect on the eccen- 178

tricity. In this study, a simple model for the whole frame structure 179

is developed to be easily applied to the air gap eccentricity 180

calculation process. First, for the frame structure of the machine 181

under study, a modal analysis was performed with ANSYS, and 182

as a result, two frame-dominated modes were found [16]. Based 183

on these mode shapes, it is assumed that the motor frame and the 184

stator are rigid and considered one body, and the bearing housing 185

is rigid and connected rigidly to the ground. This approach is 186

taken as the focus of interest is on the effect of relative rotational 187

vibration between the motor frame and the bearing housing. 188

Based on these assumptions, the frame structure consisting of the 189

motor frame and the bearing housing and excited by the UMP is 190

modeled as a two-degree-of-freedom system as in Fig. 4. In this 191

model, the motor frame is connected with the bearing housing 192

by a rotational spring and a damper and rotated about a fixed 193

origin Oframe. The developed model is limited to the machine 194

structure of the study because the above assumptions are valid 195

for this structure only. Detailed information about the machine 196

structure is presented in Section V. 197

The rotational motion equation of the motor frame is 198

formulated as 199

Iθ̈ +Cθ̇ +Kθ = T (7)

I =

[
Iframe, x 0

0 Iframe, y

]
,C =

[
cframe, x 0

0 cframe, y

]
,

K =

[
kframe, x 0

0 kframe, y

]
,T =

{
Tx

Ty

}
,

θ =

{
θstator, x

θstator, y

}
, θ̇ =

{
θ̇stator, x

θ̇stator, y

}
, θ̈ =

{
θ̈stator, x

θ̈stator, y

}
(8)

where I is the mass moment of inertia of the motor frame 200

and C and K are the rotational damping and stiffness of the 201

motor frame, respectively. Rotational displacement, velocity, 202

and acceleration vectors of the frame are denoted by θ, θ̇, and θ̈. 203
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The moment caused by the UMP (Fx, Fy) acting on the frame204

can be calculated as205

Tx = −
n∑

i=1

Fi, ylump, i (9)

Ty = −
n∑

i=1

Fi, xlump, i (10)

When the motor frame is vibrated by the moment, the dis-206

placements of the stator bore at the ith node where the UMP is207

applied are given by208

xstator, i = lump, i tan θy, ystator, i = lump, i tan θx (11)

where lump,i is the axial length between the stator rotation center209

and the node where the eccentricity is defined. Eccentricity gen-210

erated by the displacement of the stator bore can be calculated211

by212

estator, i(t) =

√
(xstator, i(t))

2 + (ystator, i(t))
2 (12)

θstator,i(t) = tan−1

(
ystator, i(t)

xstator, i(t)

)
(13)

D. Combined Eccentricity213

From previous eccentricity models, the combined eccentricity214

of the ith element of an electrically active part of the rotor is215

defined as in (14) and (15).216

ecomb,i(t) =

{
(ei, stcosθi, st + x2(t) + xstator, i(t))

2

+(ei, stsinθi, st + y2(t) + ystator, i(t))
2

}1/2

(14)

θcomb,i(t) = tan−1

(
ei, stsinθi, st + y2(t) + ystator, i(t)

ei, stcosθi, st + x2(t) + xstator, i(t)

)

(15)

III. ANALYTICAL CALCULATION OF THE UMP BY217

ECCENTRICITY AT PMSM218

In this section, an analytical UMP model for a permanent219

magnet synchronous motor is described. The basic concept is220

to determine the air gap flux by modulating the fundamental221

component of the magnetomotive force (MMF) wave consider-222

ing the air gap permeance and calculate the corresponding force223

components by the Maxwell stress tensor method.224

In the model, the fundamental component of the air gap MMF225

is taken from the study by Chen et al. [11] using the same226

assumptions but with a slight modification, i.e., also the relative227

permeability of the permanent magnet is considered to calculate228

the rotor MMF as in (17). The amplitude of the fundamental229

MMF of the air gap is written as230

Fm =
√

F 2
sm + F 2

rm − 2FsmFrm sinϕ (16)

Frm =
4Brhm

πμr,PMμ0
sin

(αpπ

2

)
, Fsm =

√
2mNkw
πp

I (17)

TABLE I
PARAMETERS OF THE ELECTRICAL MACHINE UNDER STUDY

where Fsm and Frm are the amplitudes of the fundamental 231

MMF waves for the stator and the permanent magnet rotor, 232

respectively. The variables are explained in Table I. 233

The resulting force of the UMP can be obtained by direct 234

integration using the Maxwell stress over the rotor surface as 235

Fx =

∫ 2π

0

σRrl cosαdα (18)

Fy =

∫ 2π

0

σRrl sinαdα (19)

Here,σ is the Maxwell stress normal to the iron and air bound- 236

ary and α is a variable for defining air-gap’s circumferential 237

location on the rotor surface as in Fig. 1. 238

IV. MODELING OF A ROTOR-BEARING SYSTEM WITH UMP 239

In this section, the rotor-bearing model with UMP is estab- 240

lished using two modeling approaches. In the first approach, the 241

UMP is applied to the rotor model as a linear spring element. In 242

the second approach, the UMP is applied as a nonlinear force. 243

For the simulation using the first approach, a linearized UMP 244

stiffness is first defined employing the UMP model developed 245

by Guo et al. [9] with several assumptions. In the UMP model, 246

if oscillating terms except the first constant term are ignored 247

and the power series having only the first two terms as in (20) 248

are used under the assumption ε2 � 1, the UMP model can be 249

simplified as in (21) and (22). 250

1

1− ε2
≈ 1 + ε2,

√
1− ε2 ≈ 1− ε2

2
(20)

Fx(ε, θ) =
Rlπμ0

2δ20
F 2
m

(
ε+

5

4
ε3 +

5

16
ε5 +

1

16
ε7
)
cos θ

(21)
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Fy(ε, θ) =
Rlπμ0

2δ20
F 2
m

(
ε+

5

4
ε3 +

5

16
ε5 +

1

16
ε7
)
sin θ

(22)

Moreover, if it is assumed that the eccentricity has purely251

horizontal or vertical direction components, i.e., the coupled252

terms between the x and y directions are ignored, the UMP253

stiffness (kump,x, kump,y) can be obtained as follows. When254

θ is zero (pure x-direction eccentricity, x = δ0ε),255

Fx =
Rlπμ0

2δ30
F 2
m

(
x+

5x3

4δ20
+

5x5

16δ40
+

x7

16δ60

)
(23)

When θ is π/2 (pure y-direction eccentricity, y = δ0ε),256

Fy =
Rlπμ0

2δ30
F 2
m

(
y +

5y3

4δ20
+

5y5

16δ40
+

y7

16δ60

)
(24)

Above, the UMP force is linearized as a derivative in a static257

eccentricity (xst, yst), and the UMP stiffness is presented as258

kump,x ≈ dFx(x)

dx

∣∣∣∣
xst

, kump,y ≈ dFy(y)

dy

∣∣∣∣
yst

(25)

In conclusion, the equation of motion with UMP can be259

established by using the UMP stiffness vector Kump linearized260

at a given static eccentricity as261

Mq̈+ (C+ΩG)(q̇+ (K−Kump)q = Fub + Fg (26)

where q is the displacement vector and M, C, G, and K are262

the mass, damping, gyroscopic, and stiffness matrices, respec-263

tively. Term Ω is the rotor angular velocity. Correspondingly,264

Fub and Fg denote the unbalance force and the gravity force,265

respectively.266

In the second method, UMP is added as an external force267

(Fump) directly to the equation of motion as follows268

Mq̈+ (C+ΩG)q̇+Kq = Fub + Fg + Fump (27)

V. SIMULATION269

In this section, simulations using the rotor–bearing system270

models in Section IV are presented. The simulations were con-271

ducted for a centrifugal pump with an integrated PMSM. Results272

for several cases were obtained and compared to identify the273

effects of UMP on the vibration of the machine.274

A. Electrical Machine Under Study275

The machine under study consists of a motor, a bearing unit,276

and a volute case. It has an overhang structure in which the rotor277

is not supported on the motor rear side; further, the impeller is278

not considered. The structure of the machine is shown in Fig. 5,279

and the machine parameters are given in Table I. The mass280

unbalance of the rotor is located at the face of the nonpump281

side, and its magnitude is 110.25 g·mm corresponding to the282

balancing grade G2.5. Two angular contact ball bearings support283

the rotor, and their stiffness is estimated by using a simple284

method proposed by Gargiulo [17]. According to this method,285

the stiffness is calculated by considering the ball diameter, the286

ball numbers, and the bearing radial load. Here, the bearing load287

is estimated on the assumption of 20% static eccentricity and a288

Fig. 5. Structure of the electrical machine under study.

20 μm (0-peak) rotor whirling vibration condition, because the 289

result of the 20% eccentricity case will be compared with the 290

experimental result. In conclusion, each bearing has constant 291

stiffness (kbearing = 1.4·108 N/m) and damping (3.5·103 N·s/m) 292

in both the horizontal and vertical directions. Here, damping is 293

estimated as 2.5·10−5·kbearing based on the suggestion presented 294

in [18]. 295

B. Simulation Method 296

For the rotordynamic analysis, the rotor is modeled with 297

beam finite elements that have four degrees of freedom per 298

node. This model assumes that there is no displacement in 299

the axial direction and no rotation around the rotor axis. To 300

consider axial-varying static eccentricity, the electrically active 301

part of the rotor is divided into four parts and individual static 302

eccentricity is applied to each part. In this study, seven cases 303

in total are simulated; without UMP, with UMP in three condi- 304

tions of eccentricity (mixed and axial-varying eccentricity with 305

0–0%, 10–0% and 20–0% static eccentricities), and three cases 306

with UMP including frame vibration. The axial-varying static 307

eccentricity is expressed as initial side eccentricity and final side 308

eccentricity. The direction angle of the static eccentricity is set 309

to zero in all cases. The static eccentricities of the divided rotor 310

parts are calculated using (3) to (6). 311

For the simulation using the linear spring model of the UMP, 312

the UMP stiffness is calculated using the process presented in 313

Section IV. To consider axial-varying static eccentricity, the 314

individual UMP stiffness is calculated at the obtained static 315

eccentricity of each rotor part and applied to the node of the rotor 316

part. Total UMP stiffness values in the horizontal direction for 317

the entire rotor are calculated as 1.399·106 for 0–0%, 1.403·106 318

for 10–0%, and 1.414·106 N/m for 20–0% static eccentricity. 319

The vertical direction stiffness is the same 1.399·106 N/m for all 320

cases because there is no eccentricity in the vertical direction. 321

The motion equation is defined as an eigenvalue problem and the 322

critical speeds are calculated by solving this problem. However, 323

the motor frame vibration model cannot be included in this 324

method. 325

In the simulation applying the external force model of the 326

UMP, a time transient analysis using numerical integration is 327
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Fig. 6. 3D spectral map of horizontal direction displacement (µm) at the unbalance mass location to determine a change in critical speeds.

conducted to solve the motion equation. The numerical integra-328

tion is performed using the ode15s function in MATLAB. In the329

analysis process, the rotor location is updated at every time step330

and the UMP is calculated using eccentricity from the updated331

rotor location. For the simulation including frame vibration, the332

inertia, stiffness, and damping of the frame presented in Table I333

are used. These values were predicted by using two natural334

frequencies (74 and 93 Hz) related to the frame’s rotational335

vibration modes determined by experimental measurement [16].336

To investigate the UMP effects, a ramp from 10 to 70 Hz in 60 s337

is simulated for all cases.338

C. Simulation Results339

From the simulation using the linear spring model, critical340

speeds of the rotor are obtained for four cases without frame341

vibration. Again, 3 D spectral maps of the rotor vibration were342

obtained from the simulation using the external force model.343

Here, displacement vibration is measured at the rotor node344

where the unbalance mass is located as in Fig. 5., because345

rotor vibration can be only measured when not including the346

frame model. For a comparison with the experimental results,347

in the case including the frame model, also velocity is mea-348

sured at the same frame location with the experimental mea-349

surement, which is presented in Section IV on experimental350

verification.351

The 3 D spectral maps for the four cases: without UMP, with 352

UMP at 0–0% and 0–20% axial-varying static eccentricity, and 353

with UMP including frame vibration at 20–0% axial-varying 354

static eccentricity are presented in Figs. 6 and 7. From the 355

peak point of the 3D spectral map, the first backward/forward 356

critical speeds can be found. Changes in the critical speeds 357

caused by the UMP are detected and presented in Table II. 358

The negative stiffness effect was observed similarly in both 359

simulation methods. The critical speeds were decreased by the 360

UMP, and this effect was slightly amplified by frame vibration. 361

The effect of static eccentricity on the negative stiffness was 362

small in comparison with the effect of dynamic eccentricity. This 363

finding is in agreement with the calculation result indicating that 364

the UMP stiffness change from the static eccentricity is small. 365

Moreover, the effect of static eccentricity on the negative 366

stiffness was shown with only a little difference between two 367

methods. In the method using the linear spring model of the 368

UMP, the effect by static eccentricity appeared to be smaller 369

than in the other method. Furthermore, it is shown that the 370

excitation of the backward whirling mode increases when the 371

static eccentricity increases as shown in Fig. 6. The backward 372

whirling mode is excited by the anisotropic support stiffness 373

[19], which is amplified by the anisotropic negative stiffness 374

caused by static eccentricity. 375

To determine the additional excitations from the UMP, 3D 376

spectral maps with a decreased range of the z axis are presented 377
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Fig. 7. 3D spectral map of horizontal direction displacement (µm) at unbalance mass location to determine higher frequency excitations.

TABLE II
CHANGE IN CRITICAL SPEEDS (SIMULATION 1: LINEAR SPRING MODEL,

SIMULATION 2: NONLINEAR FORCE MODEL)

∗)Backward mode (without UMP case) is not excited in Simulation 2, and therefore, the
effect of UMP is found by comparing with the critical speed (54.1 Hz) in Simulation 1.

in Fig. 7. It is found that harmonics with 2 Ω, 3 Ω, 4 Ω,378

5 Ω, and 6 Ω (2·line frequency) frequencies are generated, and379

their amplitudes increase when the static eccentricity increases.380

In particular, it is shown that the 6 Ω frequency component381

occurs especially when static eccentricity is present. Finally,382

TABLE III
VIBRATION FREQUENCIES IN SIMULATION RESULT WITH UMP AS AN

EXTERNAL NONLINEAR FORCE

∗)Line freq. = pΩ = 3 Ω, p: pole pair no.

Fig. 8. Pump test rig, (left) two accelerometers for measurement, (right) axial-
varying static eccentricity by shim.

it is observed that the UMP effect is slightly amplified by frame 383

vibration. The critical speeds are lower, and especially the ex- 384

citations that meet the frame natural frequency are significantly 385

amplified. 386
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Fig. 9. Comparison between the 3D spectral maps for the simulation and the experimental results of horizontal direction velocity (mm/s) (Ω: rotating speed).

VI. EXPERIMENTAL VERIFICATION387

To verify the simulation results, experiments were carried388

out with a pump test rig. Axial-varying static eccentricity was389

adjusted by placing a shim between the bearing housing and the390

motor frame as in Fig. 8. The eccentricity was checked with a391

customized feeler gauge in which the measurement limits were392

set at 0.25 mm increments. For the vibration measurement, two393

accelerometers (IMI VO-622) were attached to the nonpump394

side of the motor frame in the x and y-directions as in Fig. 8.395

A ramp from 0 to 4100 rpm in 70 s was driven and 3D spectral396

maps for the velocity vibration of the frame were obtained as a397

result. In this experiment, only the cases including UMP were398

investigated because it is impossible to drive the rotor without399

the effect of the UMP. Therefore, higher frequency excitations400

from the UMP and the effect caused by the variation of the401

static eccentricity can be seen from the experimental results,402

but the negative stiffness effect from the presence of the UMP403

cannot be accurately verified. 3D spectral maps for vibration404

in horizontal direction for two cases with 0–0% and 20–0%405

axial-varying static eccentricities are presented in Fig. 9 with406

simulation results measured at the same location using the same407

vibration unit.408

The experimental results show that harmonic excitations oc-409

cur similarly to the simulation result, and these components are410

amplified at frame natural frequencies. As mentioned above in 411

the frame vibration modeling section, the whole frame has two 412

natural frequencies (73 and 93 Hz) within the operating speed 413

range. However, in simulation results presented in Fig. 9, the 414

amplification is shown at only first natural frequency, of which 415

the mode shape is related with vibration in horizontal direction. 416

Moreover, it is shown that the 2Ω and 6Ω frequency components 417

are significantly amplified by the static eccentricity. These re- 418

sults are in agreement with the simulation results. However, the 419

amplitudes of these components are much higher than the ones 420

found in the simulation results. This discrepancy is probably due 421

to the simplifications made in the modeling of frame vibration; 422

the topic, however, requires further study. 423

VII. CONCLUSION 424

An eccentricity model including mixed eccentricity and axial- 425

varying eccentricity considering frame vibration was developed. 426

Based on the eccentricity model, analyical unbalanced magnetic 427

pull (UMP) model was applied to the rotor simulation model 428

of a centrifugal pump with a PMSM. From simulation results 429

for several cases, the vibration effects caused by the UMP were 430

studied, and the results were verified by an experimental analysis 431

of a pump test rig. 432
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The key findings of the study on the effect of UMP on vibration433

and conclusions about the simulations can be summarized as434

follows.435

1) The negative stiffness effect caused by the UMP decreases436

rotor critical speeds. This effect is mainly due to dynamic437

eccentricity and slightly amplified by static eccentricity and438

frame vibration. Moreover, the anisotropy of static eccentric-439

ity amplifies the excitation of the backward whirling mode.440

2) Additional vibration components with frequencies of 2 Ω,441

6 Ω (2·line frequency), and other speed multiple frequencies442

are generated by the UMP. The vibration component of the443

2·line frequency is mainly generated when static eccentricity444

is present, and its amplitude is increased when the static445

eccentricity increases.446

3) The simulation method using a linear negative spring model447

of UMP can be used to estimate the effect of negative stiffness448

on rotor critical speeds. However, the method applying UMP449

as an external force can only be used for prediction of higher450

frequency excitations produced by UMP.451

4) A comparison between the simulations and the experimental452

results showed that the proposed simulation model can be453

used to predict electromagnetic excitations caused by UMP454

from air gap eccentricity.455

5) In the experimental results, the amplitude of the electrome-456

chanical excitation at the natural frequency of the frame was457

significantly higher than in the simulations. This difference458

is probably due to the assumptions used in the modeling of459

the frame vibration. Hence, further studies on the modeling460

of the frame vibration effects are required.461
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Abstract—The effect of unbalanced magnetic pull (UMP) caused6
by air gap eccentricity on the vibration of a permanent magnet7
synchronous motor (PMSM) is investigated. The force model is8
established analytically by the Maxwell stress method. For accu-9
rate consideration of the eccentricity condition, mixed eccentricity,10
axial-varying eccentricity, and eccentricity caused by motor frame11
vibration are modeled and combined. The model of the rotor–12
bearing system, which includes the UMP model, is developed with13
two different methods. In the first method, UMP is added as a14
linear negative spring to the rotor model, whereas in the second15
method, UMP is included as an external force. The rotor system of16
a centrifugal pump driven by an integrated PMSM is modeled using17
beam elements, and the two distinct modeling approaches for UMP18
are applied. From the results, the UMP effect on vibration and the19
difference between the two modeling methods are investigated. To20
verify the results of the analysis, experimental work is done with a21
pump test rig, and results of frequency spectra are obtained. Based22
on the analyses and experimental work, the negative stiffness effect23
and additional vibration excitations caused by UMP are examined.24

Index Terms—Axial-varying eccentricity, Eccentricity by frame25
vibration, Permanent magnet synchronous motor, Mixed eccentric-26
ity, Unbalanced magnetic pull.27

I. INTRODUCTION28

E LECTROMECHANICAL interaction in rotating electrical29

machines is a significant factor in the generation of nonlin-30

ear dynamic behavior of a system. In machines with a small air31

gap, such nonlinear dynamic behavior can be dangerous for the32

rotor system, and therefore, many studies have been conducted33

on unbalanced magnetic pull (UMP) caused by electromechan-34

ical interaction.35

The topic of UMP has been addressed in numerous studies36

covering various factors such as asymmetry of rotor and stator,37

rotor eccentricity, and magnetic saturation. Ortega et al. [1]38
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conducted experiments and a finite element analysis (FEA) 39

to study the effects of asymmetries caused by manufacturing 40

tolerances of the stator and rotor magnets on the performance 41

of a PMSM. Zhu et al. [2] developed a general analytical model 42

to predict UMP in a permanent magnet brushless AC and DC 43

machines having a diametrically asymmetric disposition of slots 44

and phase windings. Liu et al. [3] developed an analytical model 45

including the effect of interaction between the pole transitions 46

and the slot openings to analyze permanent magnet motors with 47

a slotted stator core. The rotor eccentricity, in particular, has been 48

widely investigated as a factor contributing to the UMP. Donat 49

[4] calculated UMP caused by air gap eccentricity based on an 50

electromagnetic-coupled field analysis in the Ansys software. 51

Dorrell et al. [5] considered a combination of static and dynamic 52

eccentricities and [6] studied a method for calculating UMP 53

in cage induction motors; the model includes magnetic satura- 54

tion and axial variation with static or dynamic eccentricity. Li 55

et al. [7] modeled axial-varying eccentricity by a superposition 56

method and verified the model by comparing its results with 57

3D FEA results. Tenhunen et al. [8] investigated UMP in an 58

induction motor when the rotor is in whirling motion by using 59

a method based on the principle of virtual work and measured 60

it for a test motor supported by active magnetic bearings. Guo 61

et al. [9] obtained analytical expressions of UMP by air gap 62

eccentricity for any pole pair number. Di et al. [10] modeled the 63

curved dynamic eccentricity caused by a bent rotor. 64

The effect of UMP has been investigated by studying the 65

dynamic behavior of a rotor system. Chen et al. [11] studied 66

the analytical UMP calculation method considering the magne- 67

tomotive force (MMF) of the rotor and the stator in a PMSM. 68

They discussed the stability of the steady response by using an 69

eigenvalue analysis for the Jeffcott rotor. Xiang et al. [12] studied 70

the stiffness characteristics and nonlinear dynamic behavior of 71

the Jeffcott rotor system of a PMSM affected by UMP. Losak 72

et al. [13] modeled UMP as a spring element and investigated the 73

rotor deflection and critical speed. Xu et al. [14] examined a rotor 74

model considering both static and dynamic eccentricity. They 75

compared the results with a case including dynamic eccentricity 76

only and found that vibration displacement is increased and the 77

rotor shaft orbit is no longer centrosymmetric and is only ax- 78

isymmetric in the direction of the static eccentricity. Pennacchi 79

[15] studied a UMP model based on the actual position of the 80

rotor not limited to circular orbits and validated the proposed 81

0885-8969 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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model by measuring the dynamical behavior of a steam turbo82

generator.83

The rotor eccentricity is an important cause of UMP and84

simultaneously, a result of various factors, such as manufac-85

turing tolerances, faults, and rotor whirling motion. Therefore,86

accurate modeling of eccentricity is a prerequisite for a UMP87

study. In most previous studies, the factors causing the rotor88

eccentricity have been studied individually and the effect of89

UMP has been investigated for a Jeffcott rotor system. In ac-90

tual systems, however, different eccentricity-generating factors91

occur simultaneously and the total eccentricity is a result of92

complex interactions. Therefore, in this study, a combined model93

with mixed eccentricity, axial-varying eccentricity, and eccen-94

tricity caused by motor frame vibration is first developed and95

the UMP model with combined eccentricity is then applied to a96

rotor–bearing model for an actual prototype electrical machine97

with two different approaches, and its effects are studied. The98

results are verified by a comparison with experimental results99

for a pump test rig.100

II. ECCENTRICITY MODELING101

In the conventional analysis, two special cases of whirling102

motion, i.e., static eccentricity and dynamic eccentricity, are103

typically studied as air gap eccentricity. In static eccentricity,104

the whirling frequency is zero and the eccentricity results from105

manufacturing tolerances, wear, and misalignment of bearings.106

In dynamic eccentricity, the whirling frequency is equal to the107

rotation speed of the rotor, and the center axis of whirling motion108

is the same as the center axis of the stator. Such eccentricity109

typically results from a bent shaft or unbalance mass of the rotor.110

In a real system, eccentricity is a result of a combination of111

both static and dynamic eccentricities and not identical in the112

axial direction of an eccentric rotor. Moreover, eccentricity is113

affected by frame vibration. To demonstrate this condition, these114

eccentricities are modeled individually and combined.115

A. Mixed Eccentricity116

Under the assumption that the rotor and the stator are ideal117

cylinders and the stator is rigid and does not vibrate, air gap118

eccentricity can be defined in the form of mixed eccentricity119

by combining the static and dynamic eccentricities. Mixed ec-120

centricity can be explained as a condition in which the rotor121

rotates with a certain whirling amplitude about the eccentric122

axis, which is displaced from the center axis of the stator bore,123

i.e., eccentricity between the stator bore and the bearing bore124

center is given as a static condition, and the rotor rotates about125

the bearing bore center with a whirling amplitude. Therefore,126

mixed eccentricity can be defined as a displacement vector of127

the rotor center with the stator bore center as the initial point. It is128

dependent on time and expressed as magnitude e0 and direction129

angle θ0.130

To model this condition, two reference coordinate systems131

are defined as in Fig. 1. The origin O1 of the x1-y1 coordinate132

system is the geometric center of the stator, and the origin O2 of133

the x2-y2 coordinate system is the center of rotor whirling and134

can also be regarded as the geometric center of the bearings.135

Or is the geometric center of the rotor. The x2-y2 coordinate136

Fig. 1. Cross-sectional view of an eccentric rotor. (G: rotor mass center).

Fig. 2. Finite element model representation of an axial-varying static eccentric
rotor (dotted line: real rotor condition).

system is translated parallel to the x1-y1 coordinate system as 137

the same degree as the static eccentricity. Therefore, the rotor 138

displacement can be defined as x2 and y2 coordinates of the 139

rotor center Or, and the mixed eccentricity can be defined by 140

combining static eccentricity and rotor displacement. Therefore, 141

the magnitude and direction angle of mixed eccentricity are 142

defined as 143

e(t) =

√
(estcosθst + x2(t))

2 + (estsinθst + y2(t))
2 (1)

θ(t) = tan−1

(
estsinθst + y2(t)

estcosθst + x2(t)

)
(2)

where est and θst are the amplitude and the direction angle 144

of static eccentricity, respectively. The coordinates x2 and y2 145

denote the instantaneous displacements of the rotor center. 146

B. Axial-Varying Eccentricity 147

In an actual system, air gap eccentricity is not consistent 148

with the axial direction because of manufacturing tolerances 149

and assembly misalignment. On the other hand, for calculation 150

of UMP, it must be assumed that the air gap is consistent 151

with the axial direction. Because the magnitude of the UMP 152

is proportional to the axial length of the electrical active rotor, 153

the rotor can be modeled as divided elements having axially 154

consistent and individual eccentricity, as in Fig. 2. To define 155

the mixed eccentricity in this finite element model, the static 156
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Fig. 3. View (A) of the finite element model with axial-varying static
eccentricity.

eccentricities (ei,st, θi,st) for all elements of the rotor have to157

be determined. If the rotor is not bent, the static eccentricity158

of an arbitrary intermediate rotor element can be calculated159

from the eccentricities of the initial and final side using the160

geometric relationship presented in Fig. 3. Static eccentricity161

for an arbitrary ith element is defined as in (3) and (4).162

ei,st =
√

x2
i,st + y2i,st (3)

θi,st = tan−1

(
yi,st
xi,st

)
,when− π

2
< θ <

π

2
(4)

in which163

xi,st = eini,st cos θini,st

+
2i− 1

2n
(efin,st cos θfin,st − eini,st cos θini,st) (5)

yi,st = eini,st sin θini,st

+
2i− 1

2n
(efin,st sin θfin,st − eini,st sin θini,st) (6)

where xi,st and yi,st are the coordinates of the center of the ith164

rotor element with respect to the x1-y1 coordinate system. The165

number of divided rotor elements is n, and therefore, i = 1, 2,166

…, n. The static eccentricity of the initial side of the rotor is167

given by eini,st and θini,st, whereas efin,st and θfin,st present the168

static eccentricity of the final side of the rotor. Consequently, the169

axial-varying eccentricity condition is modeled by using divided170

elements that have individual eccentricity. Moreover, this model171

can be easily applied to the rotor simulation model using finite172

elements.173

C. Eccentricity by Motor Frame Vibration174

The UMP excites both the stator and the rotor. At the same175

time, the vibration of the motor frame changes the air gap176

Fig. 4. Motor frame vibration model of the machine under study.

eccentricity. Therefore, it is necessary to predict the vibration 177

behavior of the motor frame and consider its effect on the eccen- 178

tricity. In this study, a simple model for the whole frame structure 179

is developed to be easily applied to the air gap eccentricity 180

calculation process. First, for the frame structure of the machine 181

under study, a modal analysis was performed with ANSYS, and 182

as a result, two frame-dominated modes were found [16]. Based 183

on these mode shapes, it is assumed that the motor frame and the 184

stator are rigid and considered one body, and the bearing housing 185

is rigid and connected rigidly to the ground. This approach is 186

taken as the focus of interest is on the effect of relative rotational 187

vibration between the motor frame and the bearing housing. 188

Based on these assumptions, the frame structure consisting of the 189

motor frame and the bearing housing and excited by the UMP is 190

modeled as a two-degree-of-freedom system as in Fig. 4. In this 191

model, the motor frame is connected with the bearing housing 192

by a rotational spring and a damper and rotated about a fixed 193

origin Oframe. The developed model is limited to the machine 194

structure of the study because the above assumptions are valid 195

for this structure only. Detailed information about the machine 196

structure is presented in Section V. 197

The rotational motion equation of the motor frame is 198

formulated as 199

Iθ̈ +Cθ̇ +Kθ = T (7)

I =

[
Iframe, x 0

0 Iframe, y

]
,C =

[
cframe, x 0

0 cframe, y

]
,

K =

[
kframe, x 0

0 kframe, y

]
,T =

{
Tx

Ty

}
,

θ =

{
θstator, x

θstator, y

}
, θ̇ =

{
θ̇stator, x

θ̇stator, y

}
, θ̈ =

{
θ̈stator, x

θ̈stator, y

}
(8)

where I is the mass moment of inertia of the motor frame 200

and C and K are the rotational damping and stiffness of the 201

motor frame, respectively. Rotational displacement, velocity, 202

and acceleration vectors of the frame are denoted by θ, θ̇, and θ̈. 203
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The moment caused by the UMP (Fx, Fy) acting on the frame204

can be calculated as205

Tx = −
n∑

i=1

Fi, ylump, i (9)

Ty = −
n∑

i=1

Fi, xlump, i (10)

When the motor frame is vibrated by the moment, the dis-206

placements of the stator bore at the ith node where the UMP is207

applied are given by208

xstator, i = lump, i tan θy, ystator, i = lump, i tan θx (11)

where lump,i is the axial length between the stator rotation center209

and the node where the eccentricity is defined. Eccentricity gen-210

erated by the displacement of the stator bore can be calculated211

by212

estator, i(t) =

√
(xstator, i(t))

2 + (ystator, i(t))
2 (12)

θstator,i(t) = tan−1

(
ystator, i(t)

xstator, i(t)

)
(13)

D. Combined Eccentricity213

From previous eccentricity models, the combined eccentricity214

of the ith element of an electrically active part of the rotor is215

defined as in (14) and (15).216

ecomb,i(t) =

{
(ei, stcosθi, st + x2(t) + xstator, i(t))

2

+(ei, stsinθi, st + y2(t) + ystator, i(t))
2

}1/2

(14)

θcomb,i(t) = tan−1

(
ei, stsinθi, st + y2(t) + ystator, i(t)

ei, stcosθi, st + x2(t) + xstator, i(t)

)

(15)

III. ANALYTICAL CALCULATION OF THE UMP BY217

ECCENTRICITY AT PMSM218

In this section, an analytical UMP model for a permanent219

magnet synchronous motor is described. The basic concept is220

to determine the air gap flux by modulating the fundamental221

component of the magnetomotive force (MMF) wave consider-222

ing the air gap permeance and calculate the corresponding force223

components by the Maxwell stress tensor method.224

In the model, the fundamental component of the air gap MMF225

is taken from the study by Chen et al. [11] using the same226

assumptions but with a slight modification, i.e., also the relative227

permeability of the permanent magnet is considered to calculate228

the rotor MMF as in (17). The amplitude of the fundamental229

MMF of the air gap is written as230

Fm =
√

F 2
sm + F 2

rm − 2FsmFrm sinϕ (16)

Frm =
4Brhm

πμr,PMμ0
sin

(αpπ

2

)
, Fsm =

√
2mNkw
πp

I (17)

TABLE I
PARAMETERS OF THE ELECTRICAL MACHINE UNDER STUDY

where Fsm and Frm are the amplitudes of the fundamental 231

MMF waves for the stator and the permanent magnet rotor, 232

respectively. The variables are explained in Table I. 233

The resulting force of the UMP can be obtained by direct 234

integration using the Maxwell stress over the rotor surface as 235

Fx =

∫ 2π

0

σRrl cosαdα (18)

Fy =

∫ 2π

0

σRrl sinαdα (19)

Here,σ is the Maxwell stress normal to the iron and air bound- 236

ary and α is a variable for defining air-gap’s circumferential 237

location on the rotor surface as in Fig. 1. 238

IV. MODELING OF A ROTOR-BEARING SYSTEM WITH UMP 239

In this section, the rotor-bearing model with UMP is estab- 240

lished using two modeling approaches. In the first approach, the 241

UMP is applied to the rotor model as a linear spring element. In 242

the second approach, the UMP is applied as a nonlinear force. 243

For the simulation using the first approach, a linearized UMP 244

stiffness is first defined employing the UMP model developed 245

by Guo et al. [9] with several assumptions. In the UMP model, 246

if oscillating terms except the first constant term are ignored 247

and the power series having only the first two terms as in (20) 248

are used under the assumption ε2 � 1, the UMP model can be 249

simplified as in (21) and (22). 250

1

1− ε2
≈ 1 + ε2,

√
1− ε2 ≈ 1− ε2

2
(20)

Fx(ε, θ) =
Rlπμ0

2δ20
F 2
m

(
ε+

5

4
ε3 +

5

16
ε5 +

1

16
ε7
)
cos θ

(21)
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Fy(ε, θ) =
Rlπμ0

2δ20
F 2
m

(
ε+

5

4
ε3 +

5

16
ε5 +

1

16
ε7
)
sin θ

(22)

Moreover, if it is assumed that the eccentricity has purely251

horizontal or vertical direction components, i.e., the coupled252

terms between the x and y directions are ignored, the UMP253

stiffness (kump,x, kump,y) can be obtained as follows. When254

θ is zero (pure x-direction eccentricity, x = δ0ε),255

Fx =
Rlπμ0

2δ30
F 2
m

(
x+

5x3

4δ20
+

5x5

16δ40
+

x7

16δ60

)
(23)

When θ is π/2 (pure y-direction eccentricity, y = δ0ε),256

Fy =
Rlπμ0

2δ30
F 2
m

(
y +

5y3

4δ20
+

5y5

16δ40
+

y7

16δ60

)
(24)

Above, the UMP force is linearized as a derivative in a static257

eccentricity (xst, yst), and the UMP stiffness is presented as258

kump,x ≈ dFx(x)

dx

∣∣∣∣
xst

, kump,y ≈ dFy(y)

dy

∣∣∣∣
yst

(25)

In conclusion, the equation of motion with UMP can be259

established by using the UMP stiffness vector Kump linearized260

at a given static eccentricity as261

Mq̈+ (C+ΩG)(q̇+ (K−Kump)q = Fub + Fg (26)

where q is the displacement vector and M, C, G, and K are262

the mass, damping, gyroscopic, and stiffness matrices, respec-263

tively. Term Ω is the rotor angular velocity. Correspondingly,264

Fub and Fg denote the unbalance force and the gravity force,265

respectively.266

In the second method, UMP is added as an external force267

(Fump) directly to the equation of motion as follows268

Mq̈+ (C+ΩG)q̇+Kq = Fub + Fg + Fump (27)

V. SIMULATION269

In this section, simulations using the rotor–bearing system270

models in Section IV are presented. The simulations were con-271

ducted for a centrifugal pump with an integrated PMSM. Results272

for several cases were obtained and compared to identify the273

effects of UMP on the vibration of the machine.274

A. Electrical Machine Under Study275

The machine under study consists of a motor, a bearing unit,276

and a volute case. It has an overhang structure in which the rotor277

is not supported on the motor rear side; further, the impeller is278

not considered. The structure of the machine is shown in Fig. 5,279

and the machine parameters are given in Table I. The mass280

unbalance of the rotor is located at the face of the nonpump281

side, and its magnitude is 110.25 g·mm corresponding to the282

balancing grade G2.5. Two angular contact ball bearings support283

the rotor, and their stiffness is estimated by using a simple284

method proposed by Gargiulo [17]. According to this method,285

the stiffness is calculated by considering the ball diameter, the286

ball numbers, and the bearing radial load. Here, the bearing load287

is estimated on the assumption of 20% static eccentricity and a288

Fig. 5. Structure of the electrical machine under study.

20 μm (0-peak) rotor whirling vibration condition, because the 289

result of the 20% eccentricity case will be compared with the 290

experimental result. In conclusion, each bearing has constant 291

stiffness (kbearing = 1.4·108 N/m) and damping (3.5·103 N·s/m) 292

in both the horizontal and vertical directions. Here, damping is 293

estimated as 2.5·10−5·kbearing based on the suggestion presented 294

in [18]. 295

B. Simulation Method 296

For the rotordynamic analysis, the rotor is modeled with 297

beam finite elements that have four degrees of freedom per 298

node. This model assumes that there is no displacement in 299

the axial direction and no rotation around the rotor axis. To 300

consider axial-varying static eccentricity, the electrically active 301

part of the rotor is divided into four parts and individual static 302

eccentricity is applied to each part. In this study, seven cases 303

in total are simulated; without UMP, with UMP in three condi- 304

tions of eccentricity (mixed and axial-varying eccentricity with 305

0–0%, 10–0% and 20–0% static eccentricities), and three cases 306

with UMP including frame vibration. The axial-varying static 307

eccentricity is expressed as initial side eccentricity and final side 308

eccentricity. The direction angle of the static eccentricity is set 309

to zero in all cases. The static eccentricities of the divided rotor 310

parts are calculated using (3) to (6). 311

For the simulation using the linear spring model of the UMP, 312

the UMP stiffness is calculated using the process presented in 313

Section IV. To consider axial-varying static eccentricity, the 314

individual UMP stiffness is calculated at the obtained static 315

eccentricity of each rotor part and applied to the node of the rotor 316

part. Total UMP stiffness values in the horizontal direction for 317

the entire rotor are calculated as 1.399·106 for 0–0%, 1.403·106 318

for 10–0%, and 1.414·106 N/m for 20–0% static eccentricity. 319

The vertical direction stiffness is the same 1.399·106 N/m for all 320

cases because there is no eccentricity in the vertical direction. 321

The motion equation is defined as an eigenvalue problem and the 322

critical speeds are calculated by solving this problem. However, 323

the motor frame vibration model cannot be included in this 324

method. 325

In the simulation applying the external force model of the 326

UMP, a time transient analysis using numerical integration is 327
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Fig. 6. 3D spectral map of horizontal direction displacement (µm) at the unbalance mass location to determine a change in critical speeds.

conducted to solve the motion equation. The numerical integra-328

tion is performed using the ode15s function in MATLAB. In the329

analysis process, the rotor location is updated at every time step330

and the UMP is calculated using eccentricity from the updated331

rotor location. For the simulation including frame vibration, the332

inertia, stiffness, and damping of the frame presented in Table I333

are used. These values were predicted by using two natural334

frequencies (74 and 93 Hz) related to the frame’s rotational335

vibration modes determined by experimental measurement [16].336

To investigate the UMP effects, a ramp from 10 to 70 Hz in 60 s337

is simulated for all cases.338

C. Simulation Results339

From the simulation using the linear spring model, critical340

speeds of the rotor are obtained for four cases without frame341

vibration. Again, 3 D spectral maps of the rotor vibration were342

obtained from the simulation using the external force model.343

Here, displacement vibration is measured at the rotor node344

where the unbalance mass is located as in Fig. 5., because345

rotor vibration can be only measured when not including the346

frame model. For a comparison with the experimental results,347

in the case including the frame model, also velocity is mea-348

sured at the same frame location with the experimental mea-349

surement, which is presented in Section IV on experimental350

verification.351

The 3 D spectral maps for the four cases: without UMP, with 352

UMP at 0–0% and 0–20% axial-varying static eccentricity, and 353

with UMP including frame vibration at 20–0% axial-varying 354

static eccentricity are presented in Figs. 6 and 7. From the 355

peak point of the 3D spectral map, the first backward/forward 356

critical speeds can be found. Changes in the critical speeds 357

caused by the UMP are detected and presented in Table II. 358

The negative stiffness effect was observed similarly in both 359

simulation methods. The critical speeds were decreased by the 360

UMP, and this effect was slightly amplified by frame vibration. 361

The effect of static eccentricity on the negative stiffness was 362

small in comparison with the effect of dynamic eccentricity. This 363

finding is in agreement with the calculation result indicating that 364

the UMP stiffness change from the static eccentricity is small. 365

Moreover, the effect of static eccentricity on the negative 366

stiffness was shown with only a little difference between two 367

methods. In the method using the linear spring model of the 368

UMP, the effect by static eccentricity appeared to be smaller 369

than in the other method. Furthermore, it is shown that the 370

excitation of the backward whirling mode increases when the 371

static eccentricity increases as shown in Fig. 6. The backward 372

whirling mode is excited by the anisotropic support stiffness 373

[19], which is amplified by the anisotropic negative stiffness 374

caused by static eccentricity. 375

To determine the additional excitations from the UMP, 3D 376

spectral maps with a decreased range of the z axis are presented 377
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Fig. 7. 3D spectral map of horizontal direction displacement (µm) at unbalance mass location to determine higher frequency excitations.

TABLE II
CHANGE IN CRITICAL SPEEDS (SIMULATION 1: LINEAR SPRING MODEL,

SIMULATION 2: NONLINEAR FORCE MODEL)

∗)Backward mode (without UMP case) is not excited in Simulation 2, and therefore, the
effect of UMP is found by comparing with the critical speed (54.1 Hz) in Simulation 1.

in Fig. 7. It is found that harmonics with 2 Ω, 3 Ω, 4 Ω,378

5 Ω, and 6 Ω (2·line frequency) frequencies are generated, and379

their amplitudes increase when the static eccentricity increases.380

In particular, it is shown that the 6 Ω frequency component381

occurs especially when static eccentricity is present. Finally,382

TABLE III
VIBRATION FREQUENCIES IN SIMULATION RESULT WITH UMP AS AN

EXTERNAL NONLINEAR FORCE

∗)Line freq. = pΩ = 3 Ω, p: pole pair no.

Fig. 8. Pump test rig, (left) two accelerometers for measurement, (right) axial-
varying static eccentricity by shim.

it is observed that the UMP effect is slightly amplified by frame 383

vibration. The critical speeds are lower, and especially the ex- 384

citations that meet the frame natural frequency are significantly 385

amplified. 386
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Fig. 9. Comparison between the 3D spectral maps for the simulation and the experimental results of horizontal direction velocity (mm/s) (Ω: rotating speed).

VI. EXPERIMENTAL VERIFICATION387

To verify the simulation results, experiments were carried388

out with a pump test rig. Axial-varying static eccentricity was389

adjusted by placing a shim between the bearing housing and the390

motor frame as in Fig. 8. The eccentricity was checked with a391

customized feeler gauge in which the measurement limits were392

set at 0.25 mm increments. For the vibration measurement, two393

accelerometers (IMI VO-622) were attached to the nonpump394

side of the motor frame in the x and y-directions as in Fig. 8.395

A ramp from 0 to 4100 rpm in 70 s was driven and 3D spectral396

maps for the velocity vibration of the frame were obtained as a397

result. In this experiment, only the cases including UMP were398

investigated because it is impossible to drive the rotor without399

the effect of the UMP. Therefore, higher frequency excitations400

from the UMP and the effect caused by the variation of the401

static eccentricity can be seen from the experimental results,402

but the negative stiffness effect from the presence of the UMP403

cannot be accurately verified. 3D spectral maps for vibration404

in horizontal direction for two cases with 0–0% and 20–0%405

axial-varying static eccentricities are presented in Fig. 9 with406

simulation results measured at the same location using the same407

vibration unit.408

The experimental results show that harmonic excitations oc-409

cur similarly to the simulation result, and these components are410

amplified at frame natural frequencies. As mentioned above in 411

the frame vibration modeling section, the whole frame has two 412

natural frequencies (73 and 93 Hz) within the operating speed 413

range. However, in simulation results presented in Fig. 9, the 414

amplification is shown at only first natural frequency, of which 415

the mode shape is related with vibration in horizontal direction. 416

Moreover, it is shown that the 2Ω and 6Ω frequency components 417

are significantly amplified by the static eccentricity. These re- 418

sults are in agreement with the simulation results. However, the 419

amplitudes of these components are much higher than the ones 420

found in the simulation results. This discrepancy is probably due 421

to the simplifications made in the modeling of frame vibration; 422

the topic, however, requires further study. 423

VII. CONCLUSION 424

An eccentricity model including mixed eccentricity and axial- 425

varying eccentricity considering frame vibration was developed. 426

Based on the eccentricity model, analyical unbalanced magnetic 427

pull (UMP) model was applied to the rotor simulation model 428

of a centrifugal pump with a PMSM. From simulation results 429

for several cases, the vibration effects caused by the UMP were 430

studied, and the results were verified by an experimental analysis 431

of a pump test rig. 432
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The key findings of the study on the effect of UMP on vibration433

and conclusions about the simulations can be summarized as434

follows.435

1) The negative stiffness effect caused by the UMP decreases436

rotor critical speeds. This effect is mainly due to dynamic437

eccentricity and slightly amplified by static eccentricity and438

frame vibration. Moreover, the anisotropy of static eccentric-439

ity amplifies the excitation of the backward whirling mode.440

2) Additional vibration components with frequencies of 2 Ω,441

6 Ω (2·line frequency), and other speed multiple frequencies442

are generated by the UMP. The vibration component of the443

2·line frequency is mainly generated when static eccentricity444

is present, and its amplitude is increased when the static445

eccentricity increases.446

3) The simulation method using a linear negative spring model447

of UMP can be used to estimate the effect of negative stiffness448

on rotor critical speeds. However, the method applying UMP449

as an external force can only be used for prediction of higher450

frequency excitations produced by UMP.451

4) A comparison between the simulations and the experimental452

results showed that the proposed simulation model can be453

used to predict electromagnetic excitations caused by UMP454

from air gap eccentricity.455

5) In the experimental results, the amplitude of the electrome-456

chanical excitation at the natural frequency of the frame was457

significantly higher than in the simulations. This difference458

is probably due to the assumptions used in the modeling of459

the frame vibration. Hence, further studies on the modeling460

of the frame vibration effects are required.461
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