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The use of Artificial intelligencé€Al) in index tracking ha# recent yeargained a lot of attentionot

only of researchers but also of the everyday person. The existing applications focus on sample replication
which refers tothe purchase of a small number of assets to track a benchmark index. Implementing
sample replicationequires asset selection and asset weighfihgs master thesis presents an analysis of

an artificial intelligence based mettdn asset weighting and further comparing it to a classical method.
The Ridge regressigrrepresenting Aljs applied to computéhe weighting scheme of the tracking
portfolio with budget and nehort selling constraints. The classical method is based on tracking error
optimization model. The proposed models are empirically tesh@emealworld dataset, the FTSE 100

stock index wih data ranging from 2009 to 2014. The study is carried out on five different time periods to
analyze how the models react with different market phases. The tests show that the Ridge regression
model can produce the tracking portfoli@ghich have trackingjualities with higher values and lower
variance, regardless to different market conditidiewever, the classical model proved to be more

powerful in terms of predicting the relative positions of the tracking portfolios.
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Chapter 1.

Introduction

Index trackingis a wellknown passive investment strategy fmany investorswho believe in the
efficiency of financial marketsthey are willing to invest in a portfolio that replicates the performance of
a market index instead of beating the market.rédhae two main approaches for indexckiag, full

replication and sampleplication(Strub & Baumann, 2018)

The full replication inplies purchasing of all the index constituents in proportion to their weights in the
index The portfolio ca be a perfect match but hakigih transactiorwosts, taxesand concerns associated
with the asset®liquidity. Therefore, the tracking portfolio is more appropriated ihitolves a small
number of assetsamplereplication)due tolower transaction costand effectivenesdn this way, the
tracking error will improve on one hanthut on the other it is easier to adjust the portfolio weights when
there are some changes in the marKet designa tracking portfoliQ sample replicatiomrequires two
stepsito selectcertainassets fothe portfolio andto determinethe investmeniveights.These steps can be

solved separately or jointhrhe choice othe method often depends time available resources.

In recent decadeslata is the worldOs most valuable resource instead that results to the raisef
artificial intelligence (Al) in not onf research but also in practilconomist, 2017)Machine learning, a
field of artificial intelligence, has developed quicklyith the use of algorithms to leapatterrs in data in
order to predictdture events. The applicatiaf machine learningas become an important easch area
in financial analysisand most of the researctlated to index tigking focus on sample replicatiofhe
algorithms carbe used to choose assets, compudgghting schemeand selecportfolio as well.For
instance,supportvector machine (SVM) oan approach based on classation and regression tree
(CART) are applied to determine which stocks are included in portf{@rennan, Parameswaran,
Gadaut, & Luck, 1999; Seshadri, 2003 erta, Elkan, & Corbacho, 2012)inear regressioland deep
neural network are proposedo allocae capital among the chosen sebsf asset{see Bamberg &
Wagner (2000) and Ouyang, Zhag, & Yan Q018) respectively) Benidis, Feng, & Parlom#2018)

suggested a new algotitinto solve the joint index tracking problem.



Linear regression withegularizaitionis one commortype of supervised learninglgorithms where
coefficientestimators are penalized or shkuoward to zeroThis is used to avd overfitting of the data
caused byhigh variancean training and test set so that it has foundrsgrapplication in stock analysis.
There are three types of regularization regressgghniquesLasso(Tibshirani, 1996) Ridge (Hoerl &
Kennard, 1988)and Elastic net (Zou & Hastie, 2005) The index tracking problem can bsimply
interpretedas a regressiorproblem of the financial data subject to some constrgBenidis, Feng, &
Parloma, 2018)This means thategularizedregression is likely a suitadlmethod to select the assets,
computeweighting schenmgor solve those problems jointlivost studies put emphasis approaches
with regularization ten, suggested byegularizedregression, to jointly select and allocate assets.
However regularizedegressiorpromotedeature selection and theparsity which may reslt in abetter
capital allocation forthe selectedsubset of assetsespecially when the number of assetslamge
Empirical results clainthat Lasso regression is used whenorsiselling is allowed but its banned in
many stock markets. TherefgmRidge regression is able to solve fhdex tracking problem wheno-
shat selling constrain is imposeiihis will be explained and demonstratedtbgempirical results in this

study.

In this master thesis, the overall research question is whether the application of machine learning
algorithms can produce a better result when tracking an .ifdes questia will be answeredrom both

the literature andthe empirical perspectiveaComparing the performance of models with and without
application of machme learning algorithms is an effectiwey to achieve this goal.here are humerous
learning algorithmswhich maybe used in this thes but the regularizetegression is chosen. The reason
behind is that it i®ne of the most populalgorithmsand simpleto implement.This makes regularized
regression very attractive for practical uset only for profesional but &0 nonprofessional investors.

A ridge regression basedhodeland a tracking error optimization modelre proposedo determine the
weighting schengof tracking portfolio which replicates the FTSE 100 indere of the worldOs best
knownindices and one of the most popularly used benchmarks for stock markebrt,the following

guestions need to be answenedrder to analysthis topic in depth

¥ Which machine learning algorithms heabeen applied in s@ple replicatiof? Is it possibleto
implement investment strategiewith the help of machine learningshich can produce an
approximate benchmark or tracking portf@io

¥ How to compute the weighting gdortfolio, which replicategshe FTSE 100 Indexy using ridge

regressiomodel?



¥ Doesregularizatiorbased modeproduce better tracking qualitycompared to tracking error

optimization modet

The resbf the thesis is organized as follavizhapter 2 provides an overview of index tracking and index
tracking approacheshighlighting their advantages and disadntages. Chapter 3 preseriisw to
construct a tracking portfolio based on sample replication and its relationship with machine learning.
Additionally, this chaptecovers the description dhe ridge regression modelvhich will be used for
assetweighting. Chapter 4 describ¢he experimental setp for the implementation of the empirical
analysis. In Chapter 5, the empirical results for the FTSE index considering two different mitideds

presentedndall critical information will be summarizeth the last part.



Chapter 2

IndexEBased Investing

Investmenthas a potential toreae and increaswealth but onlysome people pref taking the risks of
investment There exist two differerinvestment strategieso beat the market based on experisrared
expertise or to achieve returns as close @sssible to the market. Irecent yearsthe second strategy,
known as passive investment strategy, has drawn a massive attentionofforfutdl managers and
researchersindexbased investment is one of the passive strategies that can be an effective method for
those investors not willing ttakerisks. There are various ways to implement index tracklhgs very
important to have a good ungemding of index tracking approachiesorder tochoose the right one.

This section provides the basidformation related tandex tracking andndex tracking approaes The

evaluation about different index tracking approaches is further dedcribe
2.1Index tracking

Therearetwo main portfolio management strategiexluding passive and active strategihe active
strategy is based dahe assumption of maek inefficiency.Through the expertise the investors taimg

more value to investment by selectihigh performing asset$n contrast, the passive strategy refers to
strategy of buyandhold portfolig which follows the theory of Othe market cannot be beaten in the long
runO(Benidis, Feng& Parloma, 2018)Index tracking, also known as indbased investment, is the
most common form of passive management strat@bich aims to minimize thealifference between the

returns of index and the returns of portfolio.

Definition 2.1. Index tracking is a strategy to invest in a portfolio that replicates the performance of a

specified index behenark as closely as possib(@ezali, 2013)

It is impossible to trade a market index directly tuiéngage iran index can be achieved by investing in
financial instruments,ush as futures, options and Exchange Traded Funds (Edf&)eating a tracking

portfolio of assets (stocks or bond&onstantinos, Yiyong, & Daniel, 2018)
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Definition 2.2. Tracking portfoliois a portfolio of stocks or bonds with returns that replicate the returns

of a financial indeyas close as possibléRuiz-Torrubiano & Suarez, 2009)

Investors and fund managers a@mmonly more interestd in index tracking than other strategfes
severalreasons. Firstly, most oféhfund activities do not outperforthe market in the long ru(Barber

& Odean, 200Q)Secondly the main goal of index westing is to replica market index by constructirag
highly diversified portfolio in which the effect of individuasset on overall performance likely decreases
(Malkiel, 2007) Some studies have shown tlia¢ market indexpr market average, provigéhe average
return toall investors. This mearsome investorsangain excess returns féhe market avege at the

cost of the others, soverall gains and losses would be equal to zEBamuelson1974;Wagner 2002;
Malkeil, 1997; Siege] 2008. Another reason supporting index tracking is the low transaction and
resarch cost that attracisvestors who want to obtaitme average market return rather thanesoess
return over the markeSharpe 1966 and 1991). Beyond the direct gain from index investment, managers
and investors use it for hedging purposes by taking the long or short position on the index (mostly the

index based exchange traded funflspnstantinosyiyong, & Daniel, 2018)

Investing inan index follows the capital asset pricing mod€APM). CAPM was firstly developebdy

Harry Markowitz in 1959, usually callethe Omeasvariance modelO, becautes only focuseson

optimized risk or expected returns subject to given expected return orTiiekmodel was thefurther

developed bySharpe (1964pnd Lintner (1965) who suggested two more assumptionbetoriginal

model, Ocomplete agreementO amdr@king and lending at a riskee rateO, and transformédto the

CAPM as it is known tday. Under thge assumtions, all investors likely have gottéime same portfolio
(an equilibrium portfolio)a meanvarianceefficient portfoliowith the same weights of risky asseis a

consequencehe broad marketapitalizatioaweighted index can represent the market podf@lintner,

1965)

However, there are a lot focritiques against the CAPM as well as investmienthe broad market
capitalizaton-weighted index. In 1968, Jensen introduced the alpha measure and develajtethative

of CAPM. Moreover, Fisher(1972) claimedthat the last assumption of tl@APM was unrealistic so
arother versionof CAPM without this assumption was support@the basis of this version ithat an
investor can achieve meanvariance efficient portfoi by conducting short sales of risky assets
unrestrictedly Anotherwell-known critique byRoll et al.(1977) statethat the usage @amarket index as

a proxy can lad to a benchmark error because it is difficult to observe market poraoline empirical
studies also show the failures of CAPM in application, such as Grinold (1992) and Fama and French

(2004).Because of those critiquahereweresome alternative®tachievenvestment purposes. In 1986,
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Chen, Roll and Ross introducébitrage Ricing Theory (APT), to overcoméhe limitations ofthe
CAPM. In addition, Fama and French (1996) present some important factors which affect the return on
assets, such as the sizeaofompany and its valud.hereis no doibt that those approaches have been

usedfor portfolio selection in index tracking
2.2Index tracking approaches

As mentioned above, fund manag@re more interested in indddased sategy than others, but they
camot trade thandices directly ssome financial instruments need to be used. Theréraraifferent
methodsfor replication synthetic replication and physical replicatidrhe formermethod involves the

investment in deriative contracts while the latter based on the assets.
2.2.1Synthetic replication

Definition 2.3. Synthetic replicationis a type of index replication thatksesderivative pralucts,such as

options, futures and swap® engage in index trackin¢Karlow, 2012)

The values of derivative products are linked to the value of indexathirelex can & tracked through the
derivative productsThe first instrument widy used is futures contrgs hat giveholders the obligation

to buy an index at a particular price on a specified date in the fltar&ack the performance of an
index, a futurescontract on this idex should be purchased at the price not much different from current
index level. Futures have become a common wagnafivesting in index because tifeir high liquidity

and low initial capital requiremerfKonstantinos, Yiyong, & Daniel, 2018However, futures contracts
hawe expiration dates that requsr® open anew positions when old positions end. This means that there
likely exists a negative difference betwedre closing andthe new opening prices leading tan
improvement in the cost of trackirgarlow, 2012) It is necessary toonsider transactions costhen
usingfutures to track aimdex In addition,this only bring the price return but not didends which can

be achieved by investing in assets (stocks or bof@dajho, Feldman, & Smith, 20Q9Pue to its
popularity, there are many studies about futures el their relationship to thumderlying index, sut

as from Bruce and Eisenberg (1992); Waring and Attwood (19€&o, Feldman and Stin (2009);
Ronalds and\nderson (2006)and Hamid and Sandford (2007).

In addition, buying call and selling put options on the index thataeebde replicated isnother way
Unlike futures, the option holders have the right, not the obligation, to purchase an asset at a set price

before or ak specified date in the future, knownthsexpiration datéLien & Tse, 2001)There are two

12



main strategies to track the index: synthdting index and the long comb®he formerrequres buying a
call and sellingout with the sametske prices, whereas the latteonsists of the same actions but with
different strike pricesThe index returnis equal to the call premium minughe put premium, transgions

costs and rollover cos{Karlow, 2012)

Another derivative product used to achiev tindex return is swaps, an Ovire-Counter (OTC)
instrument, but not as popular ather products. To implement a swapntract, it is very important to
find a counterpartywhich creates the high riskigure 1 shows how to invest in index msing swas
contract. The investareceives the index retusnn exchange for the portfolio returns and fee from the

counterparty.

Portfolio
return + fee,

Swap
counterparty

Investor ndex return

Portfolio

Figure 1. Index SwagKarlow, 2012)

Synthetic method can be used as long as the markets for these kinds of financial instruments are liquid
enough or there is a counterparty for the options and swaps on the OTC markets. However, the cost of
OTC contracts is sometimes very higHamid & Sandford, 2007)To achieve the index return by
investing in derivative contracts, it is necessary to take into account the difference between premiums of
put and call optionsor the difference between future and spot prices of the iAfdexsynthetic method is
applicable if the maintenance costs, which contribute to the difference between the performance of the
tracking portfolio and the index, are low. Maintenance costsistoosmarket impact costs, transactions
costs, opportunity costs and management cdbis.opportunity costs occur when there is a change in the
price of asset. The market impact cost is related to the bid/ask spread and the liquidity of the assets and
the transactions costs are custodial and commisEionthis method, the maintenance costs come from

the brokerage fees and commissidiarlow, 2012) Moreover, synthetic replication uses derivative

contracts thus it is not tnaparent but very flexible.
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2.2.2 Physical replication

Physical replication is based on creatmgortfolio of assets whose value follows the valuea gfven
index by full replication oisample replicationThis method can track the valwf an index closely for
severalreasonsConstructing a tracking portfolio ian alternative way of investing in &TF, which is
consideredas an optimal methotb track the index explicith{Konstantinos, Yiyong, &aniel, 2018)

This is because ken a fund designs a portfolio, the corresponding ETF presenting it will be .issued
Furthermore, there are few market sectors or indighgh ETFs are related .tblence, investorsan use

a tracking portfolio tarack an index where an ETF does not exighally, this method provides more
flexibility to involve any necessary information in order to track theizalf an index in the best way
(Benidis, Feng, & Parloma, 2018; Benidi®ng, & Parloma, 2018)

Definition 2.4 Full replication is a type of physical replication whiatonstruct a tracking portfolio by
purchasing the same appropriate quantities of all the assets in the i(leKissen & van den Bp
2005)

On paper thidooks like the simplest way of uilding up a portfoliobut thereare severaproblems in
practicewith this approachFirstly, full replication only can be applied to track the index with well
known assets and their quantities. Its usage depends on legal regulations in finance industry, for example
the limitation on the maximum weights of assets in the fund portfolinit@Y, 2002).The second
drawback refers tthe cost orthe price of assetdn terms of setip cost, full replication requires very

high initial cost, especially when there are some illiquid assets in the {Baefteitner, 1999) WhatOs

more an index of thousands of stocks will lead to high transactions costs, opportunity costs and market
impact costs since the portfolio consists of all assets (See Definition IR.#wvestors track a
capitalizatioaweighted index, thisnvolves frequent réalancing which would imposkigh transaction
(Schioldager, 2004)rhe market impaatost refers tdid/ask spread anthe liquidity of theassetswhich

results to more riskfor investors due to soe illiquid stocks.Besides, for full replication the investors

can know all assets in portfolio so this is the most transparent approach. However, the portfolio structure

is inflexible when applyig full replication, because jirecisely follows the benahark.

Sample replicatiormethod is consideteas a suitable way to tacktbe problems of full replication

method.

Definition 2.5. Sample replicatioris a type of physal replication which requires investment in a small

amount of assetgJeurissen & van den Berg, 2005)

14



For sample replicatiorKarlow (2012) claims that there are tvateps neeed to be doneto select the
assets antb find theweighting schemeThe tracking portfoliocan be a subsef the benchmark, not a
subseé of benchmark or have some constituesitshe benchmark (See Figure 2). The structureaofiple
replicationfollows the structure of the index asinificantly affects the component of portfoli8ample
replication canpossiblybe applied to any tge of index and not limited by legal regulation in finance
industry. It is totally oposite to full replication, makinghis more popularand flexible than full
replication. Based on definition 2.5, a tracking portfolio in this case contains only a small amount of
assets that helps to avoid illiquid stock&us, sample replication requirssaller amount of capitand

maintenance costhan full repliation but still higher than synthetic replication.

© o)A

Figure 2. Structure of the investment universe. P is the tracking portfolio and | is a set of index
constituents. (a) the portfolio P is a subset of the index I. (b) the trag&itiplio P and the index | are

not joint supsets. (c) the ptfolio P contains some constituemtsthe index |I.

Despite tothe numerous stragths,sample replication createsdaviation betwen the return of index and
returns of portfolio. Additionally, this produces the highest level in structural tracking error which implies
the asynchronicity in the movements of the tracking portfolio and the {@&leknsky, 2002) The reason

is that thetracking portfolio contains only a small amount of the index constituents. In contrast, for full
replication the structural tracking error is quite small as its sources are the changes in index structure,
dividend reinvestment and amount of holdings ideXx The structural tracking error for synthetic
replication is caused by the expiration dates of the derivative proaitollover costs but the erroan

be limited by using swag#lamid & Sandford, 2007)

2.3Summary

Index tracking involves infrequent trading that reduces transactions costs in comparaoactive

investment strategy. his makes index investingopular and attractive as a lottgrm perspective for
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many investors. There are various index trackipgr@aches andazh method has iswn strengths and

weaknesses.

The full physical replication approach involves direct investment itndéx constituentsresulting in

very high maintenance costnd inflexibility. Hencesample replicatiomr synthéic method ispreferable

due tolower maintenance cost. However, full replicatibasrelatively low tracking erroandthe most
transparency. On the othkand, synthetic replication is not transparent due to counterparty risk but it is
the most flexible metbd. Sample replications right in between, havinpoth flexibility and transparency
even though itcreates the differencm performancebetween portfolio and indexrhat is whyindex

replication withsampleis a good alternative to construct a tracking portfghdezali, 2013)
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Chapter 3

Sample Replication usingMachine Learning

Sample replicationis very attractiveinvesment strategy, because it likehgduces transaction and
management costs. The choice of approach to implesaemple replicatiofis crucial and depends dine
available resoursee The more aggressive model miad to more variation between the tracking
portfolio and the index. Thereatwo approaches faample replicationtwo-steps (asset selection and
asset weighting) and joint approach. Henceahe choice of machine learning algorithms is based on

whether they solve those problems separately or jointly.

This part starts with thdoundation of the sample replicationrmethods for index trackingMore
specifically, how to design a tracking pfotio is describedwhich quantity should be used to traekd
which measures of trimg performance shouldbe usedor tracking quality evaluation anmptimization
problem The reviews found in literaturgbout the application of machine learning algorithmsample
replicationare then presented. Finally, tregularizedregression model is described and how it fidtp

formulate the index tracking problems.
3.1 Sample replication
3.1.1Problem Formulation

Sample replicatiomequires two steps in order to construct a tracking portfdidine which assets will
be inthe portfolio (i.e.asset selectignand their proportions (i.easset weighting Thosetasks can be

done separately bttere is a joint approadhat unifiesthese two steps

The joint approach aims to firttie solution for portfolio selectiofsparse portfolioproblem which can
be formulated ag mathematical optimization modélhere are numerous approaches #rateis no
uniquely defined model. The models used fateix tracking problem can be eperiod or multiperiod.
The multi-period requiresfinding the solutimn for each period sequentially and it takebalancing

strategies and transaction costs into account. The most p@ndesach commonlysed is to add a
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regularization termL{ norm termwith p = 0, 1, J to the optimization problem or constrair¥ang,
Zheng, & Hospedales, 2018The lo norm has been apptiein combination with heuristisearch or
genetic algorithmg¢Ni & Yang, 2013) Tabu search and simulated annealing of transformé@Gbang et

al., 2000; Wang et al., 2012)s al, norm is hard to be implemented, a convex approximation to replace
it is I, norm, i.e. he Lasso technique. This has been used in many portiptimization problems, for
example it isadded to Markowitz meavariance frameworkBrodie, Daubechies, De Mol, Loris &
Giannone, 2009)ombined withthe |, norm (Ridge term) in the regien problem for sparse portfolio
(Yen & Yen, 2014) There exist various acadenliterature supporting the joint approabht it involves

computational complexity and complicated problem formulagicariow, 2012)

On the other handhe twostepapproach divideshe indextracking problem into two steps, including
asset selection (selecting a subset of the assets) and capital allocation (determining the weights of selected

assets inhe portfolio).
3.1.1.1Asset Selection

The asset selectiofiollows two principles of Aivaian and Mhitanrian (1998). The first principle is
related toduplicate informatiorof two assetswhich leads to take one of thenom the tracking portfolio.
The second one refers weeak informational content that also results to remove the assgirdng to

those principles, there appear three ways to select the assets.

The first way focusson definedselection criteria Those criteria can be market capitalization, dividend
trade volume correlation between the retis of index and assetsr simply selectedrandom The
simplest way for the selection is to choose assets with thestigiarket capitalization fdracking the
capitalizatioaweighted indices, and those with the highest price in case ofweighted indices. This
method has redeed many supports from empirical studies because it is clear that the assets with higher
weights affect the index more than oth@rarsen Jr & Resnick, 1998n addition, andom selectiors an
alternative selectiommethod, which is used ttest the weighting methodd his is because random
selection cannaturalize the assetselection effect(Alexander & Dimitriu, 2003) The complicated
selection criteriaalso can be implemented and combg withmachine learnin@lgorithmsas detsion

tree to select the asséKarlow, 2012)

The second way is based thre coverage of index structugming to mimic the indexOs structiBased
on some criteriathe indexuniverse is divided in to groumsdthen each representative asgem each

group in index will be chosen for tracking portfolidbhe quantitative methadare likely used to
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determine the assajroups, such as sedfganizing maps, &pectatioamaximization clustering or
hierarchical clustering. Beyonthdt, factor analysis is alsopmpular way to select assets fotracking
portfolio whichis based on the ideaf choosing assets to matctetiactor structure of index. The factor
structureof the index isdetermined by applying priipal component analysis (PCAJund in studies by
Corielli & Marcellino (2006)andAlexander & Dimitriu (2003)

Another way to choose assets for a tracking portfadido formulate and find solutions for index
trackingOsoptimization problems This involves the choice ofhe index tracking problem and
optimization of tracking qualitytracking error)which seems to bappropriate All possible combinatios
of assets are selectédr differently specific sizes ofhe portfolio and then the tracking error wibe
computed. The combination of assets with the lowest tngoiror will be used to construttte tracking
portfolio. There are some constraints thatd to be added, includitige sector constraint ahe portfolio
concentration onstraintin order to increase the diversification lewelthe tracking portfolio(Karlow,
2012)

3.1.1.2Asset Weighting

Heuristic weighting,which is based on thetmicture of the index (prieeveightedand capitalization
weightedindeX), can be applied when the indexOs structure is known. If the indepitalization
weighted, the weightof the assetsare calculated by their capitalizatiothe weighting schesscanalso

be price weigting, equalweighting orfundamental weighting. Even though it is easy and simple to
apply, heuristic weighting brings a proportional increase in the weights of assetdracking portfolio

to compensate the use of a smaller number of asEeésreason behind this that the correlation of

assets in the index is ignored.

Optimized weightings an approach whean optimization problem is used to téemine the weights
(Karlow, 2012) This optimization procedurérstly requires the choice athe optimization problem
which is often tracking quality measurd$ie measures dfacking quality refeto tracking error thais
calculatel as the difference betweendex and tracking portfolio. There are some comntigcking
guality measurementsiormally returnsbased onessuchas mean squared error (MSHEjcking error
variance (TEV),mean absolute deviation (MAD), mean absolute mkide deviation (MADD) and

others

Furthermoreweighting schemean be interpreted asgression estimatois a typical regression model.

Some estimators are considered as special forms of tracking quality measuresipteethe ordinary
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least squares estimator (OLS) (equals to MSE), the kdasdlute value (LAV)estimator (equals to
MAD), other measures includindpe Huber and Tukey Mstimator as well as conditional valaerisk

measurgKarlow, 2012)

The type of historical datto beused is necessary to be taken into accoumt.flequency and the length

of data likelypropose the significant impacts on tracking portfolios. Based on empirical tests, there is no
specificor optimal frequency level arldngth of datahatshould be used. But most of them claim that the
lower the frequencyand the longethe length of the estimation pericate,the betterthe resultwill be.
Therefore, the daily datnat are usedo conductthe tracking portfoliomostly in researchand studies
(Karlow, 2012)

Transactions costs and other constraints also need to be consideredormulatingtrading problem.
The information related to theurrent portfolio neesito be updatedrequently in order to decrease the
transactions costs. This means that it is neggde review tracking portfoliérom time to time to reduce
the deviation from index and make suall new market information argpdated. In addition, there are
some other constraints which can be involved thwoptimization procedureThe examples arsector
constraints, shoelling constraintswhich limit unstable pdfolios through long positionsand
concentration constraintghich reduce the size dfie portfolio and then immve the diversification level
(Benidis, Feng& Parloma, 2018)

3.1.2 Tracking Quantity

Before constructing portfolio, it is crucial to selélsé tracking quantity which is defined tee quantity
of the index we wish to traciKonstantinos, Yiyong, & DanieR018) There are a variety of tracking
guantites, including the returns, legpturns, prices or log priceslost studies focus on the return of the
index which is the quantity of interesbut some studies emphasize the tracking ofplices (Benidis,
Feng, & Parloma, 2018)

Consider a market indelxwith n componentsvhereV, . denotes the price dheindex during a trading
period! ! {1,! ,T}. Each stocki € {1, ...,n} has aspot price!;, at time!.IThe return ofthe index

I'1y!and the returns of each stogk!at timet are formulated

N it N
T (3.1)
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(3.2)

The return of thdracking portfolioP at the timet is a weighted sum dfl asset returns, and calculated as
follows
N

Ry ! Z! it (3.9

where Rp; is the return of tracking portfoliat timet and! ;; is the weight of assétat the timet. The

sum of the weights in the trackipgrtfolio equasto one:

Z! i1 (34)

The log returns are computed as

=1 (3.5
s It—-1
SH

! " —— 3.6

! (3.6
|

Ry y =" — (3.7

When investors want to track the price, it is simply to track the value of the index. This means that we
aim to construct a portfolio that approximates the pricéhefindex as close as possible. The value of

portfolio !, ; at timet is theweighted sm of assets prices, i.e.,
o ! !Z! ! (3.9

Thelog prices are calculated as

'f: Py (3.9
!]” = ”"!SL! (3'1q
Cog b0y (3.11
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3.1.3 Measures of Tracking Quality

A tracking portfolio canot replicate théndex perfedy so it is necessary tmeasure how good the
tracking error is In addition the performance measure likely helps to conduct and compare different
portfolios. Hence, the optimal algorithms would be found in order tt hup tracking portfolio when

usingoptimization method. Basically, measure of tracking quality or performance reteasking error.
Definition 3.1. Tracking error measures the deviation between the returns of tracking portfolidhend
returns oftheindex(Jeurissen & van den Berg, 2005)

Pop Dy Dy oy ! Z! i (3.12

Most measures of tracking quality are based on TE. Tlwerd¢he group of quadratineasuressuch as
mean squared error (MSE) and tracking error variance (TEV)thegtoup of linear measures, including
mean absolute deviation (MAD), mean absolute downside deviation (MADD), maximal absolute

deviation (MAXD) and maximal absolute downside deviation (MAXRarlow, 2012)

MAD indicates the average of the absolute deviations between retuths iofdlex and the returns of

portfolio during a given time period:

" !12|R,,t! I !:—!zu" (| (3.13

th1

Anothermeasure is MSE whicis the mean of the squared differences between the returns during a given

time period:

T !
"% !:—Z!Ru Ly ! :!!?!z(!" e (3.19

where there aré= 1, E, T time periods.Sometimes, when MSE is usélie root mean square error
(RMSE) is also used:
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(3.15

MSE is one of very popular traditional meassirof tracking quality, which does npay attention to
negative serial autocorrelation in the TE. Which means that more frequent data, such as daily data, lead to
larger TE than the weekly or monthly data. Moreover, the negative serial autocorrelation in the TE

indicates the empirical result$ serial autocoelation of the assets retur(Bope & Yadav, 1994)

In addition, one of the most popular tracking quality measures is ([l&/ tracking error variance)

known as a variant of MS@Bruce & Eisenberg, 1992)

TEV = I"# (TE) ! :—z(R,,! —Lpe! 1 Tt (3.19

th1

whereR, is the mean of the returns of the indBx,is the mean of the returns of tracking portfolio
3.2 Machine Learning inIndex Tracking

3.2.1Machine Learning Introduction

Machine learning is a branch oftificial intelligence thatlearrs patterns inhistorical data in order to
predict future developmentdlachine learning refers to the usé machine or computer to study and
understand data @imply known as learning from datreidman, Hastie, & Tibshirani, 2001jhe basis

of machine learning is related to human behaviour implying that heih@amea tendency to automatically
develop the way of solving a proble®@bviously, humandias the abilitylearn from mistakestry to
correct them and findew methods to solve them in the better way. This idea has been transformed into
the new field of machine learning in whithe computer is able to learn from meriencesand then
improve its performance.Arthur Samuelintroduced the first widely knowrartificial intelligence
algorithm a selflearning progranin 1952 (McCarthy & Feigenbaum, 1990n 1959 he introduced the

term @nachine learningO and osigccessfupattern recognition program wksown in 1967.

Machine learning is weknown in data mining, text and language learning fields as wéfleelaptive
software systemBased on their underlying learning strategimsachine learnig can bedivided into 3

categories: unsupervised learning, reinforcement learning and supervised learning.
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Figure 3. Machine learning problems

Unsupervised learning refers to Oleamg without a teacherO, tenditigfind the hidden structas in
unclassified data. It doesnOt have the labelled outputs so theregivemdght answes to learnfrom.
The learnes have to fid out the patternsf datain orderto classify data set without knowing the correct
answers beforehandJnsupervised learning is very common and effettivesed in dimensionality
reduction and exploratory analyqBreidman, Hastie, & Tibshirani, 20013ome typical examples are

cluster analysis (i.eself olganizing map, kneansclustering andassociation rule learning

Reinforcement learning is similar tounsupervised learninghere learners gain information and skills

by performing actions and seeing the res(itaelbling, Littman, & Moore, 1996) In addition, there
appear reinforcement signal during the process of legrkimmvn afeedback or rewards for performing
actions After eachtime of trial, the learner can corporate the feedbackhémext trail in order toget

better resultsReinforcement learning follows the idea of the reward hypothesis through which learners

are abé to achieve better predictignan Otterlo & Wiering, 2012)

Supervisedlearning: is the mostommon part of machinkarning. Opposite to unsupervised learning,
the right results will be achieved and can be learnt ftioem (See Figure B The dataset needs to be
divided into training and test set. The patterth@data is learned frorthe training set with the help of
the learning algorithm and thensedto predictoutcomes of new saples fran the test setSupervised

learning consists oflassification, which maps class labelghe given data points, aregression, which
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estimats a relationkip between input and outputhe most wigly used learning algorithmage decision
tree, linear regressiofggistic regressiork-nearest neighbour, pport vector machinedNeural Networks
and naive Bayeslhe way to conduct supervised tieilmg model isshown in Figure 4A training set of
features with labelled data is imported into the learning algorithm which then produces a function h
(uswally referred to as the hypothesis). The functioapsany input feature %o a prediction y and then

defines their relationship.

Training Set

|

Learning Algorithm

l

Hypothesis (h) - Predicted value (y)

Input data (x)

Figure 4. Supervised learning model (Aotzd fromNg, 2015

3.2.2Literature review

Sample replicatioris a very popular investment strategy among investors andl fu@nagersThis
requires dealing with two problems: to select the assets and to allocate the capital among them. These
problems can be solved separately or joinly,the studiesabout application of machine learning in

sample replicatiocan be classified accordjrio them.

The two-step approach

It is very important to determine good subset of assefisr tracking portfolio Probablythe very first
study which focuseson applying of machindearning in stock selection wesome press releases for
professional investors, including Bremat al. (1999, Seshadri,(2003 and Sorensen et a2000.
Those papers indicated that the applicatiothefdecision tree inhe US Stock market resultéd better
method performancef index tracking Sorensen, Miller &oi (2000) introduced aew approach based
on classification and regression trees (CART) to classify outperfigriamnd underperforming stocks |
their paper, they compat¢he traditional methods of stocldection toalternative approaches and studies

on the stocksdata from 1996 to 1999The applications of neural networlks a multifactor stock
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selection modehave been reviewed in seaérstudies, such as Eakins &tansell(2003, Olson &
Mossman (2003), Cao et §2005), Quah (2008rndAtsalakisa & Valavanis (2009)

Support Vector Machine€&SVMs) havereceived many supports from researchers but mostly applied in
index prediction(Huerta, Elkan, & Corbacho, 20123everal studies use SVMs determineDgoodO or
ObadO stocks, Olow returnO or OhighQestocks. Huerta et al. (2012) investigated several labelling
methods based dae SVM to classify overand underperforming stocks the US marketsThe stock
sekction model within PCAy Yu et al. (2014) also used $Wclassification taidentify efficient future

and lowdimensional information. They used thesAare ofthe ShanghaiStock Exchange for empirical
testng, which showsstocks selected by PCBVM model are significantly outperformingstocksof the
A-share ofthe Shanghai Stock Exchangk addition to existing algorithms, several machine learning
models for stock selection were developed. For example, Wang et al. (@0tducedalgorithms with
ensemble learning to select stocks and constaucacking portfolio. They clainthat their own model

runs during theshorter computing time than modélased on Random Forest and SVMs.

After selecting the assets fdre tracking portfolo, the capital needs to be allocated effectively among
them. This problem is often solved likie optimization algorithm which can be interpreted as a
regression modeHenceseveralregression estimatofsuggested by regression approachesie tested

by Bamberg & Wagner (2000) in order to compute the optimal weights, for exdh@plerdinary least
squares estimator, the least absolute value estimator and the Huber and Twrkegators.Karlow
(2012) has presentadodels based on SVMs to find theeighting schemeThere are two SVMs based
models, one is combined withe minmax approach anthe other useghe v B SVR (SupportVector
Regression) frameworkThe author comparethem with tacking error optimization modekvhich
minimizes the trackingjuality measure$MAD, MSE and TEV). The empirical tests dme S&P 1500
showed that the trackingrrors duringthe estimation period anthe investment period reduced while
using SVR based modelThis nodel also providesnore stable trackinguality thantraditional models
The otherstudy in this area ithediscussion related to deep malunetworls by Ouyang et al. (2019). The
deepautoencodeand newal networls were used for measuring the tracking quality and determining the
weights ofthe assets importfolios. For empirical testg, they used historical data tife Hang Seng Index
(HIS) to evaluate the effectivenesstié index tracking method faractical use. They showed that these

algorithms resulto lower tracking error stheindex can be trcgked more effectively.

The joint approach
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The joint approach involves solving the optimization problem for portfolio selection or sparse portfolios.
Focardi and Faboozzi (2004) ugkbe hierarchical methodology for tirgeries clusteringp deal with this
problem They computed Euclidean distance between stock prices and used as the similarity
measurement. Two problems discussed in this study include Othe problems of (1) defining suitable
performance objectives and tracking error that scale properly lowamtire management periodO and (2)
potential investment strategy replaciting full replication methodThey argued that the cluster approach
based on heuristics and optimization techniques is likelyptimal way to reduce theoisy results when

all the covariances between assets in index need to be estir@aedew optimization algorithms was
introduced byBenidis et al. (2018) to sparaeportfolio which replicates index. They used jajpproach

to formulate an optimization problem anteh solved the problem by majorizatiorinimization
approach. The drawbacks of mixadeger programning were discussed, coped with some practical
issues (transactions costs, weights rebalancing and changes in index compasitidnistorical data of

the S&P500 andthe Russell 2000 were used in empirical tests which indicated that the alternative
algorithms would have a minimal time to run and not have limitation in choose of tracking measures and

constrains. ThatOs why, they argutktht this is very udal and practical.

Several studies focus on the application of regularized regression for sample replicatigrthe joint
approach Thely norm term (suggested byhe |l regularizedregressioh has beeraddedto the tracking
error objective otthe constraintswhile solvingthe joint indetracking problem (can be found Mi &
Yang, 2013; Chang, Meade, Beasley, & Sharaiha, 2000; Wang et al., 2012). Hotlievgrnorm
producesthe unstable resultasthe solutions in different runs can be totally different, leading to hard
implementation in practicdrodie et al. (2009) has replecttt [, norm withthel; norm porrowed from

the Lasso regressiprin the optimization problem based on the classical Markowneanrvariance
framework. This approach could create a sparse and stable porifbiich replicates the index.The
combination othel; norm andthel, norm Guggested by thRidge regularization) was proposed Ygn

and Yen (2014) in order to solve the regression problem for sprase solutioemBiical results only
support the use dheLasso based approaches whieashortselling is allowed. In fact, the shestlling

is banned in many countriesd Xu et al (2015) developeti,, regularization based approach to apply in
this case. This model was tested on eight data sets and prateqeattfolio with the higher sparsity,
lower outof-sample prediction errorand higher consistency of -sample and owbf-sample
performance Additionally, other approaclbased onthe I, norm (where 0 <p <1) is imposed into
constraints Thisdoes have advantage of no conflict witle shortselling andthe sumto-one constraints.
However, this norm is neaonvex anchon-smooth so it is very hard to solve the optimization problems
(Fastrich, Paterlini, & Winker, 2014)
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In short, application of machine learning in sample replication produces the tracking portfolio with more
effective performance and lower prediction erfine choice of machine learning algorithms depends on
the way the sample replicatiaa implemented,the two-step approach or the joint approa@parse
portfolio (joint approach) is a large area in index tracking literature but it is hard to choose a suitable
algorithm to solve the optimization model for sparse portfolio. That is why thebtstep apprach is

more attractive for both small and big investors in practogésting applications focumainly on asset
selectionwhile few studies are carried in asset weightifigerefore, the asset weighting still has many
space to research and develbp.addtion, regression one of the most machine learning algorithms, is

applied for asset weighting in the twstep approach and the joint approatheratures in the joint

approach focus mainly on the application of regularized regression (See Table 1)

Studies Regression model Application area
Bamberg & Wagner Linear regression Asset weighting
(2000)

Karlow, (2012) Support Vector regression Asset weighting

Ni & Yang, (2013) Thelg regularized regression Portfolio selection (the joint
approach)

Chang,Meade, Beasley Thelg regularized regression Portfolio selection

& Sharaiha, (2000)

Wang et al., (2012) Thelg regularized regression Portfolio selection
Brodie et al., (2009) The Lasso regression Portfolio selection
Yen & Yen, (2014) The Lasso anthe Ridge regression Portfolio selection
Xu et al., (2015) Thely, regularization based approac Portfolio selection
Fastrich, Paterlini, & Thel,regularization based approac! Portfolio selection

Winker, (2014).

Table 1. Comparison of literature about the application of regression for sample replication.
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3.3 RegularizedLinear Regression

3.3.1Model Formulation

Regularizedinear regression is a form of linear regression model (a supervised learning algorithm) that
regubrizes or shrinks the coefficient estimates towards to Z&@regulaiation model is welknown to

deal with the ovefitting problem(Kuhn & Johnson, 2018)

The simple linear regression modepresents the relationship between a dependent vaNabial ore

and more independent (explanatory) varialdlest,,! ...!X,, plus a random noigé&g, 2015)
P+ r ol e (3.17)
where! !5, p:,! ,!, are the regression parameters amglthe error term

Linear regression modehreextremely popular compared to more complicated statistical models, since
the data can be fitted easily and thesovide simpler model wih good predictive perforance formany
pradical situation. When explaininghe complex behaviours, Bar regression tends to be less
complicated in terms of interpretability and computation than other m¢adetslinear models) Least
squares estimation is wety used to estimatregression coefficients. This involves minimizing the loss
function, known as the Residual Sum of Squares (RS&)2015)

e =z!:!y!—i!!!!--!! (3.18

The coefficients will be estimatelased on the training data set and their variance is likely smallest
among all linear unbiased estimatasder certain assumptidaccording to Gaus® Markow theorem)
(SpringerVerlag, 2008) However, if the number of indepgant variables is large and there is noise in
the training data, some of the assumptions are violtgd2015) This means the estimated coefficent
will not generalize welto the future dataThe regularized (penalized@gressiormay be a perfect match

as this constrains the estimates towards ZEnere are three types of regularization regression models:

Lasso, Ridge and Elastic Net.
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Ridge Regression

The Ridge regression model was developed by Hoerl andaf@it©88) to solve the problesrof the
standard least squares estimako literature, it is usedainly to overcome the muttollinearity problem
which causes more variation future resultsThe fact is that there may exist high correlagibetween

the egression variables in the model, so that any individual regression coeffifi¢n¢ regression
variableis strongly affected bpoth other predictor variables included into the model and ones left out. In
this situation, any small change in the modei cause a huge chamdgn the coefficient estimates and

make the model unrealistic.

For Ridge regressionhé RSS insimple regression model is modified by addegositive consgint
(penalty) to reducehe varianceof modeland shrink the regression dfieients. The loss function of

Ridge regression will become

"™ pggop (1) ! Z!!!! iﬂ!!!"!!! !Z!!!! e !Z!!! (3.19

1 [N A

In equation 8.19), ! is aparameter that controls the amount of shrinkage. The larger the vdlug, tfie

greate the amount of shrinkage is ponsed on the regression parameters. Aﬁk;“il | 1, refers to
regularization term or L2 penalty, helping to keep the coeffisiemiall. As a result, the Ridge regression
tends to choose the linear modeltiwihe smallest over all sumof squared weightdt can be said that

Ridge regression tries to fit the training data well by using OLS but keep the parameters small by penalty
term. The small parameters help model generalize the data andfittimgr wonOt occur. The Ridge
coefficients are found by minimizing thidge loss function (equation 3)1#nother equivalent way to
formulate theRidge regression iby developing the size constraint, where the sum of squares of

coefficients is smallethan or equal t¢*:

(3.20

Y
where||! ||, ! !Zi! ! !! ! is the Euclidean norm of the vector of coefficients aiglthe upper bound

of the sum of coefficientsThere exists a constanfor each value ohyperparametdrland they have a

converse relationship.
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The parameterineeds to be preelected and the most common method is creatidation. This defines

the regularization strength, so if the value is too large the estimators can be clgseatsi@ an
underfitting. The Figure Bxplains more detail about hdwaffects the value of coefficient estimates: for
example the regression model with two caméfints Equation (3.19is presented graphically in Figure 5

The residual sum of squar@@SS)is defined via theed ellipse: the inside ellipse has smaller value of
RSS, andRSS is minimized at ordinal least square estimagids The greenarea correspond® the
regularization term or L2 constrainince it displays th&uclideandistance The Ridge coefficients are
found by mininizing the ellipse size and greeircle simultaneouslyThe optimal combination ¢f (the

Ridge estimatedccus when the ellipse meets the L2 constraint area at a common point. This point likely

gives a minimum value fdhe Ridgelossfunction.

When the penalty is largerlbecomes largeor t is getting smallét theblue contour plot is narrower and
the common point is closer to zero. Visersa the penalty becomes smaller which means that the blue
contour expands and the common point &sel to the centre of the rellipese. As we can see in Figure

6., the constraint area is a disk so the coefficieatmot reach zerd@he valus of coefficients are kept
small so that the variance can be controllaghort, he Ridge regression has some advantages: avoiding
large value of , reducig their variation, obtainingigher predictive performancandimposing a good

approach for minimization problem as it penalizes the valle (Boyd & Vandenberghe, 2004)

B2y, // B° /

Figure 5. Estimation graph for th®idge regression. The solid grearea indcates the mularization
term regionwhile the red Bispe shows the caour of the RSS functianThe point!” represents the

ordinal (unconstrained) leastguares estimatf®LS). (Hastie, Tibshirani, & Friedman, 2009)
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Lasso regression

Even though Ridge regession can achieve more stable results and increaseivprgubcibrmace
compared to OLS regressioit doesnOt solve some other problems: interpligtatif the coefficients,
parsmony of the model(simple model with great expiatory predictie power)as well as feature
selection(Boyd & Vandenberghe, 20047 he size of coeffecient values in Ridge regression are controlled
but they are all nozero, thus the L2 norm doesnOt encourage sparsity turdeaelection(Hastie,
Tibshirani, & Friedman, 2009)

The Lasso regeression model introduced by Robert Tibshirani in 1996 can address them by replacing L2
norm with an L1 norm. It is considered as a powerful method fopthposes of regularization and
feature selectiorBesides, the model is easier to interpret and often perform better than Ridge regression
(Trevor, Robert, & JH, 2009)The loss functiorof the Lasso regularization model based OLS is

formulated as following

"™ g (1) ! i!ﬂ—zp:!!!!"!!! !il!!ll Ml !i“!l (3.2

iT1 iT1

Similar to Ridge, Lasso regssion model put the regularization term into RSS but it is the sum of the
absolute values of the model parameters. The parametentrolling the strength of the ipaity, also
need to be selecteBiquation (3.2} is interpreted in Lagrangain form attte coefficients are computed

by minimizing this guaion (loss function). Additionally, there is another way to formulate the Lasso

regression promblenThe Lasso estimatese found by solving the optimization problem

(3.22

Similar to Ridge Regressiohis the upper bound of the sum of cieients and the relationship betweten
and! is acorverserelationship. When is close to infinity whictcausesomecoeffiecients to be exactly
0, t would be&eome close to 0. This means that the modelabdity to generate a sparse model which
makes it more attractive for many researchers and portfolio managers. Furthermooasthetin region

in this cae is likely a diamond (Figure Ghstead of a disk in ildge regressin
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Figure 6. Estimation picture for the Lasso regression. gteenarea is the constrainegion|! ; ! !, |!

I and the red ellipse implies the least squares error fungki@stie, Tibshirani, & Friedman, 2009)

Like Ridge regression, Lasso regression coefficients are the @inst @t which an ellipse meets the
constrait region. The constrain region here has corners at each of the axes so the ellipse can contract with
the constraint region at an axia.this casepne ofthe coefficiens will equal to zerowhen the number

of the coefficient estimates is more than 2s ipossible to have more estimated parameters equal to zero
(Zou & Hastie, 2005)That is why it is said that the Lasso regression stppvariable selection and

sparse model§.he model vill become simpler and easifar both interpretation and understanding.
Elastic Net regression

The Lasso regression may surpass Ridge rdgress terms of variable selectidout there are some
limitations of Lasso regressidiirevor, Robert, & JH, 2009)f the number of variables is bigger than the
number of observatian(p>n) the Lasso model will selects at most n variables before it sat\jthtze
are as many estimated parameters as data pdintegre isa group of highly correlatevariablesthe
Lasso hasa tendency to choose one random variable fifloegroup and ignore the othefZou & Hastie,
2005) In the case of>p, the Ridge regssion likely surpasses the giation performance of the Lasso

when its estimirs have high correlatior{ibshirani, 1996)

A new regularization method was proposed to address those problems by Zou and Hastjeby2005)
combing both variable selection and continuous shrinkage. This method is known as Elasticthet and

loss function is described as
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Similar to the Ridge and tHeasso regression, coefficient estimates can be found not only by minimizing

loss functon (equation 3.23but also by solving the optimization

Minimize LS (1Y = 3, 115502

(3.24)
Subject to:! iy, 1o e

The regularization term is a convex combinatafnthe Lasso and Ridge penalty ternThe L1 part
enhances a sparse solution in the coefficients wihdé&2 part likely stabilize the L1 regularization pa
The parameterr indicates the mix of both penalties: i.e.!if="! the elastic net becomes Ridge
regression, if ! | | 1the penalty functions a singularity function(a functionis discontinuous at its

singularpoints)and strictly convex and # = 0 the regression is caidered ag Lasso regression

- Ridge
== Lasso
—— Elastic Net

e S

Figure 7. Two Bdimensional contour plots for Lasso, Ridge and Elastic net papattywith o ! 0!5.

3.3.2 Sampleaeplication using regularizedregression

According to literature, the tracking portfolio is a portfolio walreturn thateplicates the return of an
index as close as possible. Hence, the relationship between them can be expressed i &nmplef
linear regression model in which testimated coefficients ae@spond to the optimal weighfBhe index

tracking problem can baefinedas
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The loss function will become
T N
RSS = Z!R!!t ! ZR!,!W!)Z (326)
=1 i

However, the returns ahe portfoliohavea weight constrainZi! 1! i =1 (equation 3.4¥0 itneeds to be
added to both equatisrabove. Obviouslygonstructing a portfolio is subject to various constraints, such
as noshortselling, a transaction cost constraint etc., stngle linear rgression (3.2bwould become a
constrained linear regression. The optimal weights can be found by minimizing eq@a®rsiibject to

the weight constraint (equation 3ah)d other constraintgse want to propose.

Minimize e =i 1Ry U X Ry ! !
!
Subject todl 11T Y1, =1
0! w <!
EE.

When applyingheregularizedregressionit is similar by adding those constraintshe loss functions of
the regudrized regression (equation 3,222 or 3.24). The optimal weights of portfolio are computed by

solving the optimization problem

Minimize ! HHHHH™ poguiarizediregression
! (3.27
Subject to:! 111 ImIIME! 11
L1,
EE

where!™ ugoe  margswe 1S €quation (3.19), (3.21) or (3.23).

Equation (3.27) can be interpreted in another waymmying the regularization terms from objective

functions to constraint functions.
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(3.29

ZW!!!

Lo,

EE

wherethe constraint function in the regularized regressiofj!iglj ! !? (Ridge regressionfjf’:! |! !| !

I (Lasso regression), Q‘r:! L |! | | + () !! I'1 1 (Elastic net regression).

In literature, the regularizetegression is mostly applied the joint approach for sample replication
because of its effectiveness in sparse portfolio. Howelvernpobstepapproach igasierused in practical
implementations, and produca good tracking portfolio with low tracking errok question is raised,
whether it is possible to appthe regularized regressiomthe twastep approachlhe asset selection can

be addressed with the help of Lasso and Elastic net regression since they are powerful methods for feature
selection.If the shortselling is not dbwed, the L1 norm of asset weights will have a constant value of
one leading to appearance of some assets with small weight in portfolio. This increases the transaction
and administrative costs to maintain some illiquid positiarthe desired proportion¥herefoe, Lasso is

not prefeable in the present of rehortselling due to its ineffectiveness in promoting sparétgn & Li,

2001) It is clear that the Elastic net regsam is also not theffective method for assetelection in case

of no-short selling. Many empirical results support the use of OLS methmdidtermine the opnal

weights. The regularizegegressionwhich overcome the weaknesses of Ol.Seens to be an effective

method for asset weightin@ut again the Lassmgression and Elastic net regressionratesuitable if

there is neshortsdling. Moreover,when L1 norm is a constant value of otieir loss functions will be

no different from los$unctions of OLS and Ridge regression, respectively. In stt@tRidge regression

can beconsidered as a good choice flomputingthe weighting schemehat needs to be checked in

empirical test.
3.4 Summary

In order to construct a tracking portfalimvestorscan select and allocate assets separately, or combine
them in one single ste@.he choice of approach depends on the available resources and purposes of

investors.There aramany approaches for both asset selection and asset wejdhiirthe ogmizationis
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the most common ongarlow, 2012) Mathematical modelling of the portfolio optimization probfem
usually attempts to minimizeacking error measures, such as TEV and MB&e objective function is
guadratic in weights of assets and solved with some constraints. The tracking error optimization model
will be explored in this thesiwith the purpose of a comparison with model based on machine learning

algorithms.

In recent decades, machine learning licome an important aré@ develop and research in many
different aspec)sand drawn a masa& attention forinvestment strategyespecially for inde»® based
investment stragy. The way investors implement sampdplication decides which algorithm vill be
applied.Literature has strong support for decision tree and suppctor machine in asset selectiwhile
regression approadh asset weightingThere are humerowspproaches, based on regularizegression,
to deal with sparse portfoko Regularized regression modelhich is based on OLS andddresss
problemof OLS model is widely used in financial analysis. OLS appch is considered as a suitable
way to calculate thaveighting schemeso regularizedegression may follow itwWith the presece of ne
shortselling, the Lasso and Elastic net are ineffective while Ridgeession is likely an effectivene.

This concern will be addressed and tested in this thesis by using thelBUS#tex forempirical test.
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Chapter 4.

Methodology

This chapter aims to explain and discuss two different models chosen and used in this thesis. The chapter
is divided into four sections. The first section will briefly describe and analyse the data source and the
experimental design. The secosektion presents how to construct a tracking portijiausing sample
replication. Furthermore, appropriate models for computing weighting scheme are investigtitedadn

section, various measures to evaluate the model performance will be dedolibeding by validation

method forselecting the modgdarameters to achieve the best tracking quality.
4.1 Data

For purpose of empirical test, the FTSE 100 indmoyering one of the most liquid and developed
financial markets in the worlds choserto be tracked in this thesisThe FTSE 100 stock market index
consists of 100 companies with the highest market capitalizhsiea on the London Stock Exchange

The index constituentnd weights are managed the FTSE Group.
Data universe

To construtthe tracking portfolio, the datha is used in this thesis atbe FTSE 100 index pricesand
the prices of stockéncluded in the index from MarcH'2009 to Feb 272014.This period is interesting
because it includes the recovenf economiesafter global financial crisis in 2008, the crashtbé
European bank industry in 2010 and the implenaationsof various quantitative easing prograum
literature review orsample replicatioiSection 3.1.1suggests that daily data provides more imfation
than monthly and weekly data even though they are lesscattelated and have less noite addition,
the data set needs to be large enough to give a stable estileatlomg to longer period if the monthly or

weekly datais chosen(the 12month data set hasl2 observations on the monthly basis and 48
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observations on the weekly basiBut the possible bias can occur when the historical data is too far back

in the past. As a result, theilyadata is selected fahis thesis.

The indexconstituents are théd@ stocks with the highest market capitalizatidra given period point in
time. Thismeans that the stocks listedtire FTSE100 as of@day might not be listethere intwo or five

years agoWhen constructing a portfolidcvat canreplicate the indexeffectively, it is necessanyp select
the stocks included irhe index at the time of investmehtowever, the index constituerftave changed

frequently due taacquisitionand merge and the aim of this thesis is to compdne index tracking

techniques with and withotihe application of machine learning.

Therefoe, the mnstituentsof the FTSE 100ndex aretakenas ofJune 2019 The stocks withmissing
historical data arexcludedbecause several stocks were listed after 2088 number of stocks included
in the FTSE 100 index id01 based onanstituentsas ofJune 2019and reduces t80 after datapre-

processingThe full dataset includes3050bservationsAll data are from Thomson Reuters DataStream.

The FTSE 100
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Figure 8. Index prices and eturns of the FTSEOO from Mach 2009 to Fehuary2014, which is divided
into 5 different periods witthength of 1 year (shown bihe black vertical lines). Each period ha® b

months training period ara3 Bmonths test period (shown kiye orange lines).

Figure 8shows the daily stocfrice index and returns for the FTSE 1@uring the givertime period,
the price indexof the FTSE 100 appearto havea stochastic and upward tendency due to the strong

recovery of economics afténe financial crisis in 2007However, here are three shadeclines in 2010,
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2011 and 2012 that were affected by economic or financial shocks. The European sovereign debt crisis
April 2010 ledto the significanffall in stock marketfollowed by the launch ahe quantitative easing
program. After thatthe FTSE 100 recovered slightly but unstably from the middle of 2010 until the
beginning of 2014. Besides, the movementnafex returns are likely associated with theovement of

index pricesThe moraghe FTSE 100 reducethe highethereturns would be.

Financial dataset and Experimental design

The stock market tends to be highly correlatedth ecmnomic and financial shocks. There are various
different events that occurred around the wdrétween 2009 and 2014h& empirical analysis is carried
out basedn different time periodsn order to avoid influences by specific markéuations. The thés
focuses on how well thimdex trackingmodel with and without application of mlaine learning is used to
construct dracking portfolio. Thigmeans it is important to analysew the models will react tdifferent
capital market situationsFurthermore,the multiperiod model has the advantagevhich include

considerig rebalance strategy and takimngnsaction costs into account.

The chosentime period $ divided into five sultime periods covering different market situasqisee
Figure 8). The FTSE Group reviews and updates tunstituentsof FTSE 100 quarterlgo the testing
period is selected to be not bigghan 3 months. Each time period consistshaf estimation period
(training period)with 9 months andhe investment period 08 months(testperiod).This is equivalent to
75% of dataset and 25% of data respectivEhe data fronthe estimation period are used to construct

the tracking portfoliavhile the performance dhe portfolio is tested durintipe investment period.

¥ Period1 (Mar 2009 B Feb 2010):during thetraining periodthere was an wpard trendbut
quickly drop in September caused the Brexit vote,while the indexincreased at the beginning
of the test periodfipllowing by a significant drop.

¥ Period 2 (Mar 201®Feb 2011)The incex facedthe downward tendency since Apbiécause of
the European sovereign debt crisis and recovered at the #mgtiafining period. The test period
continued withtherecovery ofthe market.

¥ Period 3 (Mar 201D Feb 2012) the market was qté stable at the beginning tife period but
thenhit by the crash in # U.S stock market, which wasused bythe downgrade of the U.S
sovereign debfThe test started with the recovery after this shock.

¥ Period 4 (Mar 201D Feb 2013): the training pesd began with a sharp reductiamd then

improved slowly but fasteduring the test period.
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¥ Period 5 (Mar 201® Feb 2014)the market remained flaturing both training and test periods

and its variance was small.

4.2 Tracking Portfolio Construction

4.2.1 Tracking quantity

As mentioned above, it is importatt choose which quantity of index is used to track befoneyicay out
any next steps. There are a variety of tracljaogntities, such as the return, the priog return or log
price. Severaliteratures use the return tife index as the tracking quantity whidenme studies support
the log price or log returiThe type of tracking quantity is based on the indagking approachin this
thesis, thesimple returnswill be usedas tracking quaity to construct aracking portfolio because it is
easy to aggregate them among asst#dsce, the main goal is to builgh a portfolig which replicats the
returns of the indexvell by combining the returns df assets. The returof the portfolio is a weighted
sum ofN asset returns. The value of thmléx and portfoliosre calculated according to equati@l),
(3.2) and (3.3).

One of the key issues in this study is to design a tracking portfelich can reficate the indexIn
literature, there are differeimidex tracking approaches, from full replice to sample replication.his
master thesis usélse sample replicatiompproach as the basis of constructing tracking portthlmto its
flexibility, transparencyand lower costThere are two approaches to design tracking portfolio when to
apply sample replication methot@ihe twdstep approach requires two separate steps, asset selection and
asset weighting, whilthe join approach unifies two steps into one by solving a coatplicopimization
problem. he twobstep approach is a good chokoeanalyse he impacts of machine learning in index

tracking
4.22 Asset Selection

Both, asset selection and asset weightinuence the tracking qualityrhe main focus of this thesis

to investigate how machine leargiaffects the tracking quality, and the Ridge regression model is chosen
due to its popularity and advantages oerOLS estimators. In addition, the linear regression is simple
and attractive in practical implemeritat. As explained in Chapter 3he Ridge regression model

attempts to be anfefctive approach to compute optimal weights, similah&OLS estimators.

To investigate how the different weighting methods influence the tracking quélis/,necessaryot

estimate all possible combinations of assets. However, itlislves a good computer with huge
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memories andhe running timesince the number of all possikdgset combinations drawn from 86sets
is large. The number of all possible combinations ofeds®ut of n assetscan be computed using

following equation:

| |

[ i

For the number foassets n = 90the analysisneed to carry out allY _, (9|0)! Y0 ﬁ!

1.2379e+27 ambinationsand this is impossible task.

In order to test weighting method&lexander & Dimitriu (2003) suggested random approach for asset
selection. They assumed that the tracking quality measure is a random variable, following some probality
distributions. Thisappoach helps to neatize the impact of stock setmn and improve the
representativeness of thmacking portfolio sampleAs aresult, the random approadk chosen for asset
selectionin order to carry out the analysis. Different portfolio sizes are constructed, starting from sizes of
5 to 25assetswvith increments of 5. For eaddf the portfolio sizes and each time perigdhere are 1000
combinations of ssets selected randomly frotime 90 stocks of the FTSE 100 indeXhere are 1000
combinations * 5 sizes * 5 periods = 25 000 tracking portfolios which are used to investigate the effect of

application of machine learning on index tracking.
4.2.3 Asset weighting

Once theassets of poflio are selectedthe weights of theortfolio need to be determine@iwo asset
weighing methods have been propos#tk tracking error optimization model artde Ridge regression

model.
The tracking error optimization model (TEV model)

Thetracking erroroptimization model attentp to minimizea tracking quality measur&here are various
measures thatre used for both predictive modelling and the eatadin of tracking portfolio. TEMs
considered as a good tracking metric for the objective function and more popular than others in the
literature on idex replication. In addition, TEWelps to avoid significant divergence between returns of
portfolio and returns of index. That is whlye tracking erroroptimization model that minimizes TEV

with budgetconstraintand no shorselling constraintis choserin this analysisThe model is formulated

as
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Minimize !! 1l1"# =!%Zi! (ot Vel (D0 RO

subject to: 11Ty 1,11 (4.1)
W!! 0

The Ridge regressiormodel

The index tracking problem can be expressed as a form mfssign model (See equation 3.25 and )3.26
Hence, computing the optimal weights done by minimizing Ridge loss function subjectbiodget

constraint and no shadgtselling constraint

Minimize MWIHTHERT_ IR — XN Vaew)' +1 2N, w;
w
4.2
Subject tod! ! I Now =1
w; = !

where parametet controls the strength dfie penalty and neexto be selected.

4.3 Model evaluation

4.31 Tracking error

Tracking error is one of the most popular methods to evaluate the model perfordsmiscussed in
Section 2, there are variousffdrent measures of tracking portfolio performance. Tracking quality
measures used in tracking error optimization model can be used to test the portfolio performance as well.
It is clear that TEV is popular to measure the tracking quality but its distadyeaimvoles a possible

shift. Thus,this measure will not be usedbneto measure how well a portfoltracks an index bUMSE

(See equation 3.)4will be chosenWhatOs moyé¢he returnof index (chosen to be trackedtpve value

I 1, so the value of MSE, interpreted in quadratic form, is also very small. That is why MSE expressed in

terms of percentage RMSE will be used to evaluate the model performance.

"#$ | IWMSE

4.3.2 Sability of tracking quality

The historical dataluring the estimation petibis used to estimate the weighing scheshgortfolio.

More importantly, we need to test how well the portfolio tracks the index over the new period (investment
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period) when to invest in this gfolio. It is obvious that a gooshodelproduce the same tracking quality
in the nvestment period as ithe estimation periodWhich means that it is necessary to check the
difference between the values of tracking quality inséhtevo periods.Moreover, the index teking
model is multiperiod soa good measurghould be usetb comparehe results of different periods in the

model.
4.3.2.1Absolute stability of the tracking quality

The difference inthe absolute values of tracking quality between two periods ineiclie absolute
stability of the tracking quiy (Krakow 2012):

asy S 43
I v

where!""#" .4 is the value of the tracking quality measures in the investment period Wlle,; is
the value of the tracking quality measures in the estimation period. Whisnequalto one, the model
has anabsolutely stable tracking quality. The portfolio tracks the index in the investment period better

than in the estimation period!lf is smaller than one, andkce versa.

4.3.2.2 Rlative stability of tracking quality

Investment
High Low
8 & | Correct prediction Error Type 1
g s
£
4 £ | Error Type 2 Correct Prediction
=

Figure 9. Prediction Erro(Karlow, 2012)

It is natural toselect the tracking portfolios with high trackiggality in the stimation period, which also
hashigh quality during the investment period. However, thepeaptwo types of error while predicting
tracking portfolios, tpe 1 and type 2rrors(Figure 9. Type 1 errors indicat&racking portfolios which

have high tracking quality in the estimation peri@diining period)and low tracking quality in the

investment periodtest periodjand vice versa for error type 2.
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The relative stability othe tracking quality measures the diffecasof tracking qality by quantifying
thesetwo types of errorKrakow (2012) suggests that the tracking portfolios in both periods need to be

separated intquantilesbased on their ranks. Thegportion of portfolios in eachuantileis calculated as

whereQ is the number of quantiles, is the total number of portfolios, and

P {! ! "I"#$%"&M 1" I" | quantile in the estimation period and!j in the investment period
o, otherwise

All the value ofa;; can be represented ihet matrixA with the sum of each row and each column equals

to one be definition.

al,l ‘ee al:Q]

aQ,l e aQ,Q

Then, the relative stability is formulated as

|
=it =! u (4.4)
! Q !
q' 1
where Dy =Dg_q1+agq+ qu:_ll! a1+ g ) (4.5)
Dy =a;,

The relative stability emphasizes the difference between tracking portfolios from high to low tracking
quality, from the best case to the worst case, in both training and test p&hedsest case implies all
portfolios remains in the same quantile inttberiods. It is totally opposite for the worst case which
means that all portfolios stay at the opposite quantile in the test pelende, in the best caag; = 1

and the matriXA becomes
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ThenD, =! by equation4.5). This value is dstitutedinto equation (4.4)which results in the value of

RS in the best case:

1 Q
qa. 4q
I oot ! _z(_u _)z.
. best . . H
!!:! Q !
In the worst case, we have, _,,, =! and the matriA becomes

The value of D, when Q is an odd number, is equal to
lg ! max![!)! (q! IQ)]
If Q is an even number, the value of D is
D, =1I"# 1012 (! —-1! Ig)]

Krakow (2012) claims that the relative stability (RS) in this caéseequal to,l (RSyrug9 ! !Z !
I .25!.IFurthermore, if the position of tracking portfolio in the training period isnOt related to its in the test
period (the random case), the RS value is eqt.éal!'to! J"# . In summarythe value of RS ranges from

0 to0.25(from the best case to the worsise)
4.3.3 Model selection

Model selectiomrefers to the process of runnimgachine learning algorithmaith different values oftheir
parametersFor theRidge regressiomodel, it is the regularization parametérThe parameterwhich

produces the best performarafehe modeljs chosen.

The crossvalidation is one of the commoralidation method to select theé parameterThis aims to
assesghe predictim error of a model when applyingjfferent values of parameter into nedd The
general idea of this mettds to divide the datanfo k mutually exclusive subsetslds. For eacHold the

modd is trainedon the remaining 4 folds and the performance is then tested and evaluatéd lon
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literature, the value of k is commonbyor 10, but it is not formal rule. The value of k is chosen such that
there are large enough data for each training and test set group, which can become a statistical
representative of the broader dataset. Iprisferable to select the value of k that evenly splits dataset
(Kuhn & Johnson, 2018)Moreover,the constituents ofthe FTSE 100 areupdated quarterly so the

validation period is chosen to be not bigger than 3 months.

As a result, in this casdor every period12-months datasethe data will be divided into 4ubsets with
3-months dataThe cross validation is run four times for each period, eachtlimenodel igrained and
tested on different sunsets of dafée test error for each of the run times is computén: modelOs
performance is estimateas the aveige performance scordthe average of the test errothpt helpto
robust the validation of odel. In this case the RMSE is theeasure used to accessdrl performance
and the model with the smallest tracking error will be chokemn & Johnson (2018) clainthat the
reasonable range @fvalue is between 0 an@.1, andthe L2 norm is usually called Oweight decayO,

having values on logarithmic scaleefte! will be chosen fromranged ! {!.1,0.01,...110' 1°}.
4.4 Summary

The data and the experimental design are described in this chBmetwostep approach for sample
replication is used to construct a tracking portfolio. The asset selection is based on random approach
because it neutralizes the effects of stocks selectitimasoan be applied to test weighting methods. Two
models, TEVmodel and the Ridge regression model, are implemented to compute the weighting scheme

of the tracking portfolio. They are tested on 5 different periods of time.

The question of how to evaluate the performance of models with and without applicationhifienac
learningduring 5 different time periods waaised. There are two different measures which can be used
to answer this question: tracking erf®MSE) and stability of tracking quality (absolute and relative

stability). Moreover, the selection glaranetes was also discussed.
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Chapter 5.

Experimental Results

The experimental implementation has been run Matlab R2017%. In particular, the quadatic
minimization programmingised allows achievingthe optimal portfolio weights when usinbe TEV
model In case of the Ridge regression, the solution of thecoomex minimization problem producing
the opimal portfolio weights waperformed using a function included in the Matlab Global Optimization
Toolbox calledOGlobalSearod.

In order toselectthe parametef, the crossralidation method described in section 4.3.3 was used for the
Ridge regression model favery time period.The Ridge regression wagined and tested with ten
different valus of A (ranges from 18’ to 10 resulting in a total of 5énodels formodel séection The
model demonstratinghe best performance will be used for furtl@restigations to see how godd

performance isompared tdhe TEV model for every time period.

In order to assess themerd performance othe models the TEV model and the Ridge regressidghe
hold-out method, which was described in settibl, was implemented for eachthe modek, for every

time period.These models are time independent, so that each model was specifically trained on a specific
time period.The evaluation of each model is discussed based on the tracking quality and the stability of
thetracking quality (botHor theabsolute and relativiability). Moreover, the prediive performances of

a set of investment strategies with= {! 11" ;!" ;1" ;1" } number of stocks are investigated to examine
how the number of astsanfluences the tracking quality.astly, a comparison betwedahe TEV model

and the Ridge regressiasver time (index tracking model with and withoupplication of machine

learning) isconducted.
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5.1 Model selection

The model selection process described in section 4.3.3 is used to find the oplim&vthe paramete

A. The dataset used in this analysis consists of 25 000 trackinfpliosrt(see section 4.2.2) whose
weighting schemeare computed using the Ridge regression (equation 4.2), for every value of the penalty
parameteil, and for every time periodrhe model perfomace is measured by the averagtimated

tracking errorsvhich areexpressed in percentage RMSHe results are displayed in Table 2.

A 10t 107 10° 10 10° 10° 107 10% 10° 10

Period 1 0.7315 0.6767 0.6241 0.5885 0.5685 0.5723 0.5497 0.5340 0.5763 0.5712
Period 2 0.4748 0.4732 0.4168 0.3976 0.4067 0.4375 0.4257 0.4514 0.4170 0.3981
Period 3 0.4865 0.4657 0.4338 0.4038 0.4071 0.4072 0.4279 0.4033 0.4245 0.4177
Period 4 0.3581 0.3433 0.3326 0.3284 0.3249 0.3542 0.3486 0.3486 0.3486 0.3486
Period 5 0.3657 0.3393 0.3419 0.3314 0.3424 0.3433 0.3317 0.3411 0.3464 0.3342

Table 2. Model performace, RMSE%

Table 2 shows that the estimated tracking error has the same pattern for five time pehitisiyi
reduces anthter starts to growasthe value of parametdrdecreaseslherefore, it is possible to decrease
the tracking error by reducing the value of paramgit®toreover, the variability of the tracking quality

in period 1 is the largedipllowing by period 2 and 3. Periosl4 and 5 have stébtracking quality when
adjustingthe parameter! This is consistent with the fact that the FTSE 100 index varies the most
significantly in period 1, and then per®@ and 3.In addition, there iglifference in tracking quality
between five time periods. The tracking quality in period 1 is the highest and nearly twavtinsethan

in periods 4 and FPeriods 2 and 3 have betteacking portfolio than period, but worsethan periods 4

and 5.Paraneter! is chosen so as to minimize thstimatedracking error. Hencd, = 10° produces the
best tracking quality in period 1 and period 3 while it is 10* for either period 2 or 5. In period 4, the

model withA = 10° has the best performance.

The penalty parametdrhas different impacts on tracking portfolio with different number of stocks.
general, foreach of portfolio sizes the tracking quality initiatipes down and then starts to increase as
parameteil improves, for each dhetime periods (See Appendix 1). The impact of the portfolio sizes for
each time period is also the same: the better tracking quality can be achieved by improsing tfe
tracking portfolios WhatOs more, the tracking quality improvement reduces and gststelzero. The

tracking qualities of portfolio size 25 are not much different from portfolio sizeTh@. tracking
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portfolios in period 1 are used amalysefor more detail. The Figure 10 suggests that the tracking error is
highest for portfolio size 5 and lowest for portfolio size 25. The value=o10° brings the best tracking
portfolio for most portfolio sizes, except portfolio size 5 has the lowest RMB&nA = 10°. The

minimal RMSE among the five portfolio sizes is 0.3721% when pararhetdi0®.

Tracking error, RMSE% (Period 1)
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Figure 10. Tracking quality of portfolios with different number of stocks in Period 1
5.2 Model Evaluation

For each time periqdthe best Ridge regression model was chosen so there are 5 different Ridge
regression models. For each every time period and every portfolio size, the values of tracking portfolios in
the training period are used to compute the weighting schemdahebVEV model and the Ridge
regression model. The data from the test set is used to evaluate these poFtieliomdelOs performance

is measured based on tracking error (RMSE) and stability of tracking quality.
5.2.1 Tracking quality

The tra&ing quality & firstly analysedvith the results for estimation period (training period). The results
presented in Table 3 include the medighe, meansthe standard deviatior{§d), the maximum and the
minimum values of the tracking qualities, which are expressegeasentage RMSE, for tracking
portfolios created usinthe TEV model and the Ridge regressidiese values are reported for the 1000
random tracking portfolios for each size, for etr@ining period and for both methedf computing asset
weighting. Forinstance, 0.8667 irhe first row and column of the tabiledicates the median percentage

RMSE, of the 1000 tracking portfolios size 5 in period 1, constructed by the Ridge regression model.
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Ridge regression model TEV model

Med Mean Sd Max Min Med Mean Sd Max Min

5 | 0.8667 0.8336 0.1047 0.9857 0.6151| 0.8917 1.0600 0.1875 1.9110 0.5457
10| 0.6048 0.6205 0.0847 0.7734 0.4990| 0.6217 0.7072 0.1120 1.2335 0.3518
15| 0.4846 0.4968 0.0757 0.6568 0.3610| 0.4893 0.5334 0.0900 0.8604 0.2946
20 | 0.4000 0.4095 0.0606 0.5615 0.2766| 0.4131 0.4760 0.0768 0.8289 0.2490
25| 0.3903 0.4419 0.0657 0.5084 0.2787| 0.3629 0.3862 0.0677 0.6142 0.2048
5 | 0.5878 0.5857 0.0728 0.6839 0.4833| 0.6075 0.6900 0.0897 1.1598 0.3852
10| 0.4227 0.4282 0.0702 0.5789 0.2884| 0.4351 0.4351 0.0678 0.6403 0.2298
15| 0.3603 0.3601 0.0287 0.4608 0.2589| 0.3561 0.3609 0.0590 0.5374 0.1941
20| 0.2650 0.2634 0.0461 0.3491 0.1746| 0.3014 0.3169 0.0544 0.4781 0.1867
25| 0.2485 0.2566 0.0543 0.3731 0.1563| 0.2645 0.2774 0.0480 0.4387 0.1417
5 | 0.5335 0.6048 0.1339 0.9694 0.3828| 0.5991 0.6700 0.1094 1.1458 0.3358
10| 0.4193 0.4379 0.0416 0.6121 0.3008| 0.4087 0.2777 0.0685 0.6724 0.2260
15| 0.3475 0.3496 0.0433 0.4662 0.2373| 0.3233 0.3428 0.0560 0.5367 0.1880
20| 0.2783 0.2890 0.0280 0.3931 0.2061| 0.2375 0.2726 0.0477 0.4541 0.1613
25| 0.2337 0.2381 0.0442 0.3170 0.1679| 0.2431 0.2604 0.0411 0.4043 0.1510
5 | 0.5516 0.5377 0.0751 0.7415 0.3062| 0.5029 0.5504 0.0919 0.9328 0.2628
10| 0.2901 0.3333 0.0106 0.4540 0.2989| 0.3947 0.4195 0.0599 0.6760 0.2126
15| 0.2862 0.2939 0.0454 0.3892 0.2140| 0.2781 0.2967 0.0470 0.4661 0.1645
20 | 0.2417 0.2470 0.0307 0.3143 0.1901| 0.2410 0.2558 0.0415 0.3953 0.1458
25| 0.2166 0.2125 0.0258 0.2761 0.1405| 0.2114 0.2266 0.0380 0.3507 0.1330
5 | 0.5147 0.5260 0.0632 0.6513 0.4233| 0.4904 0.5242 0.0793 0.7948 0.3211
10| 0.3500 0.3495 0.0621 0.4716 0.2264| 0.3488 0.3667 0.0499 0.5570 0.2120
15| 0.2745 0.2769 0.0308 0.3436 0.2151| 0.2777 0.2831 0.0404 0.3983 0.1785
20| 0.2260 0.2358 0.0365 0.3072 0.1841| 0.2410 0.2457 0.0348 0.3501 0.1508
25| 0.2046 0.2089 0.2520 0.2824 0.1438| 0.2112 0.2189 0.0308 0.3178 0.1352

Size

Period 1

Period 2

Period 3

Period 4

Period 5

Table 3. Results fotthe Training Period (RMSE)

In both cases, the tracking pfottos track the index better dise portfolio size increasgahich holdstrue

for all periods The period 1 has the highest tracking error when applying both methods, because the
variance of the index prices and index returns are highest in this pAricamparison of the median
tracking qualities for two methods indicates that, the Ridge regression produces better tracking portfolios
in periods 1 and 2 for all sizes of tracking portfolio. This is opposite for tracking portfolios in periods 3
and 4 whilein period 5 tracking portfolio sizes 20 and 25 track the index béftereover the mean

tracking qualities indicate that the Ridge regression is superiothbditV method in all cases.

51



In terms of standard deviation, the Ridge regression produces tmaeking portfolios with tracking
gualities close to the average tracking qualities. It is possible to claim that the Ridge regression generates
lower volatility of thetracking qualitiesor smallerrange ofthe tracking qualities Thisis applied forall

portfolio sizes and all period$here are some standard deviation valinethe TEV model case, which

are much greater than the regression case, for example in period 4 the standard deviation of the tracking
portfolio size 10 inthe TEV model case is six times highdturthermore, the maximal values of the
tracking qualities, which are lower in the case of the regression model, indicate that this method produces
better tracking portfolio in the best casen the other handhe TEV model creates better tracking

portfolio in the worst caseThis holds for all portfolio sizes and all periods

Ridge regression model TEV model

Med Mean Sd Max Min Med Mean Sd Max Min

5 | 0.5925 0.5930 0.0674 0.7617 0.4252| 0.6366 0.7226 0.1390 1.2586 0.3584
10 | 0.4663 0.4825 0.1006 0.6564 0.3409| 0.4615 0.4877 0.0953 0.7907 0.2369
15| 0.3630 0.3849 0.0650 0.5754 0.2382| 0.3780 0.3925 0.0800 0.6275 0.1864
20| 0.3195 0.3122 0.0468 0.3925 0.2174| 0.3241 0.3706 0.0665 0.6330 0.2013
25| 0.3126 0.3115 0.0483 0.4048 0.2161| 0.2975 0.3263 0.0583 0.5336 0.1765
5 | 0.5362 0.5646 0.0714 0.7396 0.4463| 0.5800 0.6321 0.0970 1.0014 0.3671
10 | 0.4198 0.4253 0.0806 0.5945 0.2670| 0.4246 0.4335 0.0664 0.6556 0.2293
15| 0.3187 0.3430 0.0262 0.4766 0.2580| 0.3598 0.3699 0.0565 0.5614 0.1984
20| 0.2912 0.2831 0.0490 0.3754 0.1746| 0.3122 0.3237 0.0506 0.4903 0.1801
25| 0.2713 0.2665 0.0588 0.3629 0.1606| 0.2757 0.2959 0.0480 0.4853 0.1468
5 | 0.5450 0.6074 0.1372 0.9759 0.3636| 0.5696 0.6591 0.1329 1.2063 0.2910
10 | 0.4512 0.4766 0.0639 0.6961 0.3077| 0.4088 0.4558 0.0818 0.7835 0.2220
15| 0.3330 0.3525 0.0608 0.4710 0.2729| 0.3317 0.3621 0.0690 0.6164 0.1687
20| 0.2616 0.2936 0.0356 0.4526 0.1986| 0.2873 0.3220 0.0628 0.5693 0.1440
25| 0.2283 0.2474 0.0557 0.3724 0.1606 | 0.2557 0.2720 0.0522 0.4336 0.1428
5 | 0.4616 0.4783 0.0378 0.6915 0.2985| 0.4653 0.5587 0.0984 1.0531 0.2511
10 | 0.2458 0.3060 0.0153 0.4866 0.2458| 0.3382 0.3629 0.0665 0.5940 0.1813
15| 0.2811 0.2951 0.0406 0.3963 0.2219| 0.2810 0.3094 0.0519 0.5247 0.1507
20| 0.2373 0.2495 0.0467 0.3356 0.1876| 0.2445 0.2612 0.0449 0.4158 0.1398
25| 0.2223 0.2339 0.0391 0.3269 0.1641| 0.2227 0.2350 0.0405 0.3736 0.1210
5 | 0.5470 0.5261 0.0804 0.6463 0.3641| 0.5054 0.6063 0.1141 1.1170 0.2975
10 | 0.3655 0.3826 0.0926 0.5710 0.2282| 0.3680 0.3998 0.0710 0.6656 0.1974
15| 0.3007 0.3101 0.0459 0.4144 0.2247| 0.3008 0.3222 0.0562 0.5085 0.1786
20| 0.2324 0.2533 0.0523 0.3379 0.2104| 0.2638 0.2900 0.0472 0.4839 0.1485
25| 0.2573 0.2578 0.0356 0.3429 0.1736| 0.2362 0.2539 0.0409 0.4074 0.1359

Size

Period 1

Period 2

Period 3

Period 4

Period 5

Table 4. Results fothe Test Period (RMSE%)
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Similar to results fothe training period, the tracking qualitiasthe test periodmprove as the size of
tracking portfolio increases. This applies for all market phases and for both models, in particular the
portfolio size 25 is two times better than portfolio siz&86th methods generate tracking portfolios that
replicate the indexeturnsquite closely inthe test periodbecauseof the low medians of thé&acking
errors.Compared taghe TEV model, tracking portfolios produced by the Ridgeresgion track the index
better m average (demonstrated by lower values of the median RMSE). Thevengent occurs clearly

in periods 1,2 and,3vhile portfolio size 10 is much bettar period 4.The means emphasize then same

results as the medians but the difference between two models is more obvious

Besides, lie results of the Ridge regression procedure are less variable or more stalites fhEN
procedure, which is shown by lower standard deviation galdewever, thiss reduced in the turbulent
period 5.In the worst case, the Ridge regression alwaysymesl much better tracking qualities ttiha

TEV model, especially for portfolio size 5 (demonstrated by large differences in the maximal values of
tracking quality). This is opposite in the best case but the difference between two models is not 8s clear a

in the worst case.

In both the training and the test period, the mediangtendtheans of RMSEre notequal so RMSE has

skew. Hence, the use of median as the measure of the central tendency is more appropriate than the mean.
This applies for both mads. In shortthe Ridge regression perforrhstterin the training datasehanthe

TEV model in permds1 and 2 buit is opposite in period 3 and 4. In the new dataset (test petlosl),

TEV model predicts tracking portfolios not as well as the regression in the mostaisemeans that

the better predictive performance is likely achieved by using the Ridge regression, regardless of the
market phases and the portfolio siz€he variane of the tracking quality for the regression model is

lower thanTEV model during not only the training period but also test period for every time period. This

can be explained by the fact that the Ridge regression reduces the variation of coefficietegbiithe

best caseTEV method generates better tracking portfolios while the Ridge regrepeioluces the

tracking portfolioswhich have lower minimurmalues ofthetracking error.

5.2.2Stability of tracking quality

5.2.21 Absolute of trackingguality

A tracking portfoliois consideredn efficient one if its tracking quality in the estimation period (training

period) is the same as its in the investment period (test period). The difference in the absolute value of the
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tracking quality is measured by ABie ratioof the value ofrackingerror, RMSE,in the testing period to

its valuein the training period The results for two models are presented in Table 5.

Ridge regression model TEV model

Med Max Min Med Max Min

5 | 0.7363 0.8275 0.5768| 0.7090 1.0455 0.4544
10 | 0.7297 0.8702 0.5986 | 0.7427 0.9894 0.4863
15| 0.7462 0.9058 0.6039| 0.7704 1.0993 0.4975
20| 0.7951 0.9367 0.6698| 0.7920 1.0611 0.5597
25| 0.7905 1.0206 0.6895| 0.8125 1.1186 0.5604
5 | 0.9657 1.2833 0.7849| 0.9799 1.4068 0.6498
10 | 0.9675 1.4154 0.6947| 0.9932 1.4574 0.6726
15| 0.9791 1.1918 0.7854| 1.0081 1.4370 0.6659
20| 1.1555 1.2559 0.9350| 1.0378 1.4822 0.7055
25| 1.0871 1.3062 0.8642| 1.0413 1.5683 0.7663
5 | 1.0066 1.8483 0.7463| 0.9557 2.0120 0.6499
10| 1.0186 1.4710 0.6823| 0.9981 1.9384 0.6809
15| 1.0214 1.4032 0.8464| 1.1023 1.7809 0.7523
20| 0.8886 1.6605 0.7213| 1.0382 1.7921 0.6839
25| 1.0400 1.2943 0.7636| 1.0477 1.6927 0.6670
5 | 0.8656 1.4409 0.7204| 0.9125 1.8245 0.5316
10| 0.8522 1.3751 0.7671| 0.9674 1.6272 0.5990
15| 1.0466 1.3270 0.7263| 0.9995 1.6201 0.6100
20| 0.9867 1.4510 0.7045| 1.0266 1.6223 0.6276
25| 1.0092 1.3861 0.7922| 1.0552 1.6936 0.6727
5 | 0.9926 1.3698 0.6833| 1.0130 1.8789 0.6672
10| 1.1877 1.2965 0.7985| 1.0520 1.8578 0.6878
15| 1.1231 1.3773 0.9275| 1.0748 1.6119 0.7347
20| 1.1018 1.2668 1.0015| 1.0988 1.5627 0.7941
25| 1.1390 1.5815 0.8746| 1.1164 1.5888 0.7445

Size

Period 1

Period 2

Period 3

Period 4

Period 5

Table 5. Comparison of AS or tracking error ratio: Test/Training

Table 5 shows the comparison betweaeacking qualities in the training period and the test period
expressed in AS. The ratio is computed for every tracking portfotid then the statistics of AS for every
sample of 1000 portfolios for each portfolio size anddweery time period areepoted The statists

include the medians, maximum and minimuaiues of AS. According to equatid¢a.3), a value greater

than one indicates overestimation of tracking quality in the training period while a value smaller than one
represents underestimatiam the training periodThe results from Table 5 suggesiat the differencén

the tracking qualy between the training period and the fastiod is highesin period 1 and it increases

as the portfolio size increasdshis holds for both model#84oreover,in case of regression model most
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the ratios in periods 2 and 3 are close to one, except the portfolio sizghRhh meanghe Ridge
regression model reacts well when the market chanfges.TEV model performs effectively in the
different marlet phases demonstrated by the ratios getting close to one in periods 2, 3, 4Taed 5.
tracking quality is underestimated in the training period in periods 1 and 4 while overestimated in periods

2, 3 and 5, on averag®r both models.

All the minimum values of the ratios are much lower than one, which means that the portfolios in the
worst case have highly underestimated tracking quditie. TEV model produces more underestimated
tracking portfolie because of the smaller minimualues. The maximunvalues indicate that the
tracking quality is overestimated on average for the regression model, while highly overestim#ted for
TEV model.In the worst casehe TEV model generates the portfolios with tracking quality in the test

period is two times worsthan in training period, for instance occurring in period 3.

5.2.22 Relatiwe stability of tracking quality

The absolute stability only suggests the comparison in terms of value but the question of the comparison
of the relative positions of the tracking portfolios in the two periods is raised. To answer this question, for
each modelfor each time period and f@ach tracking portfolio size000 tracking portfolios are ranked
according to their tracking quality in the training period and then based on their tracking quality in the test
period. After that, the relative stability (RSyhich measures theifference between the position of the
tracking portfolio in the training period and its position in the test perfodpmputed and reported in

Table 6.According to section 4.3.2.2hé range of RS is from 0 to 0.25 (from the best case to the worst
case). The bst case is a case in whiah tracking portfolios have the positioitsthe test periodssame

as their position in the training period, while the worst case implies that all portfolios stay at the opposite

guantile in the test period.

The relative sthaility values in Table 6 are smaller than 0.1667 (the random case) so the relative positions
of all tracking portfolios in the training period are related to their in the test p@emsection 4.3.2.2)

This means that both models have the predictiwegnaor the tracking qualityf the tracking portfolian

the test period can be predicted based on its position in the training period. The model has better
predictalility if the relative stabilityis smaller. Thus, the Ridge regression has less predictive power than
the TEV model due to higher relative stability values for all cases. The relative positions of the tracking
portfolios can be predicted with the best ability in the period 1, for bottelmoThe tracking portfolio

size affects the predictability of both models. Predictability improves as the portfolio size increases but
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the best prediction belongs to the portfolio size 20 on average. This can be explained by the fact that the

size of traking portfolio increases the tracking quality.

Ridge regression TEV model
model

5 0.1200 0.0676
2|10 0.1130 0.0652
'% 15 0.0707 0.0590
o | 20 0.0845 0.0639
25 0.1203 0.0580

5 0.1274 0.0995

S| 10 0.1342 0.0904
'% 15 0.1003 0.0822
o | 20 0.0843 0.0769
25 0.0424 0.0610

5 0.1387 0.0863
®]10 0.1494 0.0911
2115 0.1504 0.0834
2 | 20 0.0941 0.0778
25 0.1193 0.0788

5 0.1228 0.0994

g 10 0.1450 0.0926
'% 15 0.1139 0.0946
o | 20 0.0067 0.0874
25 0.1240 0.0919

5 0.1315 0.0925

© |10 0.1099 0.0938
'% 15 0.0913 0.0860
o | 20 0.0900 0.0849
25 0.1485 0.0822

Table 6. Relative Stability
5.4 Summary

In this chapter, the model selectifor the Ridge regressiois firstly carried out, by using the cress
validation methodThe bw values othe parametet around 10 and 1 lead to an improvement in the
tracking quality compared to no or higr values for the parameterPeriod 1 is influenced the most
significantly when adjusting the parameter, following by periods 2 and 3. The better tracking quality can
be achieved by increasing the tracking portfolio size, which holds for all values of parameter and for

every time period.
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Then, the Ridge regressiondithe TEV model are implementetld compute the weighting schemfes 5
different time periods. For every time period, both models are trained itraiining period and then
evaluated in the test periodlhe empirical results shows that the Ridggressin trains data betteni
average but predicts superior than TEV model. Additionally, the variance of tracking quality in both the
training andthe test period is kept under control more efficiently in the case of the regression model. The

portfolio size irtreases the tracking quality in both the training period and the test period.

When the market changes, both models produce quite stable tracking quality in terms of the absolute
value of the tracking quality. HoweverEV model reacts betteahan the Ridgeegression model when

predicting the posion of the tracking portfolio.
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Chapter 6.

Conclusion

This final chapter is split into two sections. Firstly, the answers for the initial questions formulated in
Chapter 1 will be discussed and concluded. Theafuture areas of interest, which could improve upon

results is discussed, followdy a brief of the application of machine learning in the financial field.
6.1 Findings & Conclusion

The machinedarning algorithms using fdhe sample replication pragtestracking portfolios, which can
approximate the performae of the index with lower tracking errors and higher performance consistency
Fund managers and researchers choostyfieeoflearning algorithms based on the way of implementing

the sample rdjcation.

In literature, he classification algorithms are preferable to apply for asset selection. They include the
decision treqseeBrennan et al. (1999), Seshadri, (2003) and Sorensen et al. ,20@0lassification

and regression trees (CAR{8ees Sorensen, Miller & Ooi (2009)and Support Vector Machines as well
(seeHuerta et al. (2012andYu et al. (2014). They have been used separately or combined with other
approaches (the muitactor model, the optimization model and the principaiponent analysis) in

order to determine OgoodO or ObadO stocks, OoverO or OunderperformingO stocks. During recent year
SupportVector Machines has been commoalypliednot onin a real investment framewobaut also in

prectice, compared to other ledang algorithms.In connection with asset weighting the regression
algorithms for example linear regressiosee Bamberg & Wagner (200p)and Support Vector
Regressior{seeKarlow (2013), show the most common usage and the good results in terms ofiportfol

performance.

The regularized regression has been usedthasmain approach to find sparse portfolios. The
regularization terms, consisting tife lo, the Lasso, the Ridge and theterms, are used in combination

with the index tracking framework to address the problem of portfolio selection in an easy and effective
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way. The empirical tests prove the overalbd predictive performana@nd thehigher consistency ofut

of-sample pedrmance

The OLS regression is considered as an effective and simple method to compute the weightingfscheme
the tracking portfolio The questin of whether the Ridge regression model, which overcomes the OLS
regressionOs problems, can improve theitrgakuality. The empirical analysito answer this question
hasbeen carried out on the time serilzga of the FTSE 100 index in the years 2009 to 2014. The dataset
was divided into five time periods in order to analyse how the model reacts with diffexgkdt phases.

Two models for asset weighting, the Ridge regression and TEV minimization model, have been

conducted based on tracking portfolios with different portfolio sizes.

The application of the Ridge regressiors lshown that the choice parameted needsto be considered.
When the value of parametgecreases, the tracking quality reduces and later starts increasing. For every
time period, the Ridge regression has its own optimal value of parafeteaxll values of parametehd
tracking erro is always highest in period, Andit in period 4 isnat much different fromperiod5. In

general, therackingportfolio replicates the FTSE 100 index better wiilee portfolio size increases.

Comparison withthe TEV model, the Ridge regression studies data better in periods 1 and 2 but not in
periods 3 and 4 in terms of the medians of tracking error (RMB1g)tracking portfolios have the lowest
tracking quality in period 1, which can be caused by the facthlatdriance of market is highest in this
period.In new dataset, the Ridge regression is superior which is demonstrated by lower medians for all
cases. Moreover, the means suggested that the regressiel produced theacking portfolios which
replicae the FTSE 100 index closier both the training and the testing peridtie tracking quality under

the regression model is more stable than TEV model, for each portfolio size and for every period. In the
best cases, TEV model generates better trackinjoporwhile the regression performs better in the

worst casesThe tracking quality increases as the portfolio size increases which holds for all cases.

In terms of the absolute stability of tracking quality, both models showed the highest difference in
tracking quality between the training and the test period in period 1. The tracking quality in this period is
underestimated for both cases. WhatOs more, it was found that both models performed quitieestable
subject to the changes of stock marldtisis demonstrated bihe values of absolute stabilitywhich are

not much different and close to one, for each portfolio size and for each time period (except period 1).
However, the Ridge regressibas less predictability thahe TEV model due to higher relative stability.

This means that the ability to predict the relative position of tracking portfolio in the test period based on
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its position in the training period is lower for case of the regression nidelsdes, the predictavpower

can be improved by increasing the tracking portfolio size.

Overall, it was found that the Rjd regression using the time seriieda under certain market conditions
was able to predict better tracking qualityth lower varianceand thereby contvute with value when
tracking the FTSE 100 indeklowever,the TEV model could predict the relative position of the tracking
portfolio more effectively than the regression moddle size of tracking portfolio improves not only the
predictive performancébetter tracking quality in the test period) but also the predictive power (in terms

of predicting the relative position of the tracking portfolio).

6.2 Future work

While the thesis was limited to conduct the Ridge regression alone to compute the wesigfinéimge, it
would be interesting to incorporate witleveral frameworks, which are popularlgpplied in index
tracking. For examplethey consist of the classical Markowitz meariance framework, the minmax

approach, geneticgbrithms as well as the trking error optimization model.

The regularized regression is mainly applied to solve the problem of portfolio selection, but not to
compute the weighting scheme. In literature, the regularization technigues suggest more effective and
stable performancdn addition, the optimized weighting based on optimization approach is the most
common method to find the optimal weight of the tracking portfolio. An interesting analysis, as discussed
by Karlow (2012), applies Support Vector Regression in combination mihmax approach and the
tracking error optimization model, to calculate the weighting scheme. Therefore, the combination of the

Ridge regression and one of upon approaches can lead to interesting results.

The Ridge regression irhis thesis wasable to produce a better tracking portfolio in the time after
recession, so it also would be interesting to conduct a study in the recession Besidds, the model

was analysed during five different time periods in order to evaluate how the modslwéacdifferent

market phases. It could be conducted in another way by using the entire dataset (all 5 time periods). The
5-fold crossvalidation approach could be applied where 4 out of 5 time periods are always used for
training and the remaining peddor testing.Furthermore, this model has less predictive powsiich

proposes &hallenge carried out in the future.

The applications of machine learning are quickly growing and have already greatly influenced the

financial industry. Hence, the machilearning algorithms have become a deciding factor on the financial
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markets in general and on investment management in specific. Many investors, fund managers and
researchers have implemented them to achieve higher investment performance, but in aidentrey
profits and lower costs seeking a new methods and applications needs to be continued. In addition to great

value, machine learning requires a huggourcehathas to be taken into account.

All in all, this master thesis filled a needed reseayah in area regarding to capital allocation among the
chosen subset of assets in sample replicattoprovidesan alternative way to computhe weighting
scheme when constructing a tracking portfolio. Although the study has some limitations, it drings
practical solution in tracking an index when using artificial intelligelnesed tod to nonprofessional
investors.The method presented may not be used as is, pobvides some interesting suggestions for
further research in the futur&he researb canbring an alternative method based on machine learning

with more accurate results and higher predictive power.

61



Appendix 1

The estimated tracking errors for each portfolio size (n = 5, 10, 15, 20, 25) when conducting the cross

validation for theRidge regression

Tracking error, RMSE% (Period 2)
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Figure 11. Tracking error in Period 2

Tracking error, RMSEY% (Period 3)
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Tracking error, RMSE% (Period 4)
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Appendix 2

Matlab Codes

All codes are implemented for period 1. For four other periods the codes are run the same but on different

dataset.
2.1 Model Selection

clc;
clear all;
close all;

data=x1lsread("data_the2.x1sx");% load index price and stocks prices

period_l=data(1:260,:);
[m n] = size(period_1);

t = 65;

for i = 1:m-1 % compute returns
for j = 1:n
returns(i,j) = (period_1(i+1,j)-period_1(i,j))/period_1(i,7J);
end

end

stock = returns(:,2:end);
[row col] = size(stock);

index = returns(:,1);
e=[1:10];

for i=1:10
C(i)=10Ar(C-1*e(i));
end

K = cell([4 1]);% create k folds for cross-validation

for i=1:4
K{1} = [1 t-11;
K{2} = [t 2*t];
K{3} = [2*t+1 3*t];
K{4} = [3*t+1 row];
end

A=[5:5:25];% number of asset
MSE_train=[];
MSE_test=[];
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For i = 1:length(C) % run model with different values of lambda
c = C(i);
for j=1:1length(A)
a = A(3);
x0=1/a*ones(a,1);
for s = 1:1000 % 1000 random portfolio
p = randperm(n-1,a);
stock_p = stock(:,p);
for k = 1:4 % run on different training sets
P = K{k};
train =[1:P(1)-1 P(2)+1:row];
x_train = stock_p(train,:);
x_test = stock_p(P(1):P(2),:);
y_train = index(train);
y_test = index(P(1):P(2));

% Find weights of assets by the Ridge regression:

rng default

gs = GlobalSearch('Display', ' 'final');

options =
optimoptions('fmincon', 'Display', 'off", "Algorithm', "sqp');

problem.options = options;

problem.solver = 'fmincon';

problem.objective = @(w)sum((y_train-
x_train*w).A2)+c*sum(w.A2);

problem.lb = zeros(a,l);

problem.ub = ones(a,l);

problem.Aeq = ones(1l,a);

problem.beq = [1];

problem.x0=x0;

weight=run(gs,problem);

% Compute tracking quality
RMSE_p_train(k) = sqrt(mean((y_train-
x_train*weight).A2))*100;
RMSE_p_test(k) = sqrt(mean((y_test-
x_test*weight).A2))*100;
end
RMSE_c_train(s,j) = mean(RMSE_p_train);
RMSE_c_test(s,j) = mean(RMSE_p_test);% tracking quality
each portfolio
end
end
RMSE_train = [RMSE_train
mean(RMSE_c_train)];
RMSE_test = [RMSE_test
mean(RMSE_c_test)];
end
R = [mean(RMSE_train')
mean(RMSE_test')]
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2.2 TEV model

clc;
clear all;
close all;

data=xlsread("data_the2.x1sx");% load index price and stocks prices

period_l=data(1:260,:);
[m n] = size(period_1);

for i = 1:m-1 % compute returns

for j = 1:n
returns(i,j) = (period_1(i+1,j)-period_1(i,j))/period_1(i,7J);
end

end

stock = returns(:,2:end);
[row col] = size(stock);

index = returns(:,1);

t = 195;

K = (5:5:25); % portfolio with k assets
MSE_train = zeros(1000,length(K));
MSE_test = zeros(1000,length(K));

for a = 1l:length(K) % run model with different value of k

k = KCa);

for p = 1:1000 % select 1000 portfolio randomly
P = randperm(n-1,k);
x_train = stock(1:t,P);
x_test = stock(t+l:end,P);
y_train = index(1:t);
y_test = index(t+l:end);
% Find the weights of assets (tracking error optimization model) by
% minimizing TEV
w= optimvar('w',[k,1], 'Type', "integer', 'LowerBound',@, 'UpperBound',1);
objec = mean((y_train-x_train*w-mean(y_train)+mean(x_train*w)).A2);
prob = optimproblem('Objective’,,objec);
prob.Constraints.cons = sum(w) == 1;

problem = prob2struct(prob);
weight = quadprog(problem);

% Compute tracking quality
MSE_train(p,a) = mean((y_train-x_train*weight).A2);
MSE_test(p,a) = mean((y_test-x_test*weight).A2);
end
end
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RMSE_train = sqrt(MSE_train)*100;
RMSE_test = sqrt(MSE_test)*100;

%% Stability level
ab_stability = absolute(RMSE_train,RMSE_test);% absolute stabilty

ab_sta = [median(Cab_stability)
max(ab_stability)
minCab_stability)]

cl = cell([1 51);
for i=1:5

c{i} = [RMSE_train(:,i) RMSE_test(:,i)];
end

for i=1:5 % compute relative stability by function relative
rel_stability(i) = relative(c{i});
end

%% Display result
A=[median(RMSE_train)
median(RMSE_test)
mean(RMSE_train)
mean(RMSE_test)
std(RMSE_train)
std(RMSE_test)
max(RMSE_train)
max(RMSE_test)
min(RMSE_train)
min(RMSE_test)]

2.3 The Ridge regression model

clc;
clear all;
close all;

data=xlsread("data_the2.x1sx");% load index price and stocks prices

period_l=data(1:260,:);
[m n] = size(period_1);

for i = 1:m-1 % compute returns

for j = 1:n
returns(i,j) = (period_1(i+1,j)-period_1(i,j))/period_1(i,7J);
end

end

stock = returns(:,2:end);
[row col] = size(stock);
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index = returns(:,1);

t = 195;

K = (5:5:25); % portfolio with k assets
MSE_train = zeros(1000,length(K));
MSE_test = zeros(1000,length(K));

for a = 1l:length(K) % run model with different value of k
k = KCa);
x0=1/k*ones(k,1);
for p = 1:1000 % select 1000 portfolio randomly
P = randperm(n-1,k);
x_train = stock(1:t,P);
x_test = stock(t+l:end,P);
y_train = index(1:t);
y_test = index(t+l:end);
% Find the weights of assets
rng default
gs = GlobalSearch('Display','final');
options = optimoptions('fmincon', 'Display', 'off', "Algorithm', 'sgp');
problem.options = options;
problem.solver = 'fmincon';
problem.objective = @(w)sum((y_train-x_train*w).A2)+10A(-8)*sum(w.A2);
problem.lb = zeros(k,1);
problem.ub = ones(k,1);
problem.Aeq = ones(1,k);
problem.beq = [1];
problem.x0=x0;
weight=run(gs,problem);

% Compute tracking quality
MSE_train(p,a) = mean((y_train-x_train*weight).A2);
MSE_test(p,a) = mean((y_test-x_test*weight).A2);
end
end
RMSE_train = sqrt(MSE_train)*100;
RMSE_test = sqrt(MSE_test)*100;

%% Stability level
ab_stability = absolute(RMSE_train,RMSE_test);% absolute stabilty

ab_sta =[medianCab_stability)
max(ab_stability)
minCab_stability)]

cl = cell([1 51);
for i=1:5

c{i} = [RMSE_train(:,i) RMSE_test(:,i)];
end

for i=1:5 % compute relative stability by function relative

rel_stability(i) = relative(c{i});
end

68



%% Display result
A=[median(RMSE_train)
median(RMSE_test)
mean(RMSE_train)
mean(RMSE_test)
std(RMSE_train)
std(RMSE_test)
max(RMSE_train)
max(RMSE_test)
min(RMSE_train)
min(RMSE_test)]
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