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The crystallization process has a great significance in different industries worldwide. It is widely used 

to produce various products - from bulk chemicals to pharmaceutical ingredients and food additives. 

Most of the products of the agrochemical and pharmaceutical industries undergo several 

crystallization stages during development and production. 

The purpose of this work is to determine the influence of input parameters (mixing speed, feed flow) 

on the output crystallization products, the description of the laws in the form of a mathematical model 

with the subsequent implementation of this model in the Matlab Simulink software. A thorough 

mathematical model describing the process of crystallization is developed in order to analyze process 

control strategies within the limits of the work. The outcome of this work will serve as a basis in terms 

of investigation of control strategies in precipitation processes.  

 

  



 

NOTATION 

𝐴 - the pre-exponential factor, a constant for each chemical reaction, s-1 

aj - the activity of the i-component, kJ/mol 

B - the rate of secondary nucleation or birthrate, m-3s-1 

b, j, l - exponents vary according to the operating conditions 

B0 - primary nucleation rate, m-3s-1 

𝐶#$%. - the concentration of the reagent in feed solution, mol/l 

𝑑 - diameter of impeller, m 

Dt - the turbulent diffusivity, m2/s 

Dv - molecular diffusion, cm2/s 

𝐸)- the activation energy for the reaction, J/mol  

g - power number of growth rate 

Kb - Boltzmann’s constant, m2 kg/ s2 K1 

K - the equilibrium constant, mol/m3 

kB - Batchelor wave number 

Kbr - the birthrate constant, kg m2/s2 K1 

kK - Kolmogorov wave number 

Ksp - the solubility product, mol2/m−6  

      L - characteristic dimension, m 

L4,3 - the volume mean diameter, m  

Mr - mixing rate 

𝑁 - impeller speed, rpm 

𝑁+ - number of flows 

𝑁, - power number 

Ns - mixing intensity  

Q - the ratio of the mesomixing time constant and the micromixing time constant 

Qfeed - the volumetric feed rate, m3/s 

𝑃. is the slurry concentration 

𝑅 - the universal gas constant, 𝐽/𝑚𝑜𝑙	𝐾  

𝑟# - the reaction rate, mol/m3 s 

T - Solution temperature, K 

tc - circulation time, s  



 

ub - the linear bulk velocity passing the feed point, m/s  

V (Vr) - volume, m3 

vvol - the bulk feed rate, m3/h 

∆c is supersaturation, mol/m3 

∆𝐺 - Gibbs free energy, kJ mol-1  

∆𝐺:; - Critical free energy for nucleation, kJ mol-1 

ε - the local energy dissipation rate, m2/s3  

Λ - the integral scale of concentration fluctuations 

ν - the kinematic viscosity, m2/s 

𝜌 - density, kg/m-3 

ρm - the slurry concentration or magma density, kg/m-3  

τ - time of one cycle, s 

𝜏?@  - the time constant for mesomixing by the inertial-convective disintegration, s 

𝜏AB  - the time constant for mesomixing by the turbulent dispersion mechanism, s 

Ω - the saturation state 

 

LIST OF ACRONYMS  
 

ATR -Attenuated total reflection  

ATR FTIR - Attenuated Total Reflection Fourier transform infrared 

BR - Batch Reactor  

CSTR - Continuous Stirred Tank Reactor  

DAEs - differential algebraic equations  

DNC - direct nucleation control  

MOM - method of moments  

MPC - Model Predictive Control 

PID - Proportionally Integral Differential  

PSD - particle size distribution  

PVC - polyvinyl chloride  

SBR - semi-batch reactor  

SBR - sequencing batch reactor 

T/C - temperature or concentration control 

UV/Vis -ultraviolet or visible light 
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1 INTRODUCTION 

1.1 Background 

The crystallization process is a very important chemical process that is used in industry. By means 

of this process it is possible to obtain pure chemicals. There are different types of crystallization 

under different conditions and for different reagents. 

The development of an adequate mathematical model with subsequent implementation in a 

suitable computer software for the purpose of obtaining an accurate description of the system is of 

crucial importance. Modeling provides an opportunity to save a large amount of money on the 

research process. Computer design allows thorough investigation of the crystallization process, 

parameters that affect the process, as well as development of a process control model. 

 

1.2 Objective 

The objective of the work is to study the effect of semi-batch process parameters on the output 

quality of a crystallization process and simulate the crystallization process in MATLAB Simulink. 

Feed flow rate is the main control parameters that directly impact the quality of the output products 

(e.g. particle size).  

The results of this study can be used in industry to improve crystallization process performance. 

Obtaining crystals of a certain quality is an important task. The purpose of this research work is to 

make a model which could make crystallization process easier on the one hand and more 

predictable on the other. The model and data from this Master thesis can be used to control solid 

product precipitation rate and crystal size distribution (CSD) in a semi-batch reactor. Visualization 

of the results is one of the aims in this project.  

 

1.3 Scope of the work 

Literature review of the thesis is devoted to the theory of precipitation and the process of reactive 

precipitation. The structure of these processes is determined, as well as the parameters that are 

valuable for the crystallization process. The detailed influence of each parameter on the process 

and on the output quality and size of the crystals is considered. Some aspects of process control 

are also covered. As an example, Simulink applications in chemical processes were described and 

a mathematical model, which will be implemented within the limits of the experimental part, was 

defined. Semi-batch and continuous reactor modes were studied and analyzed, a comparative 

assessment is presented. 
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The experimental part involves the development of a mathematical model for the implementation 

of the crystallization process and graphical representation of the obtained results as regards the 

most important process parameters. Sensitivity analysis of inflow and reaction rate was presented 

to assess the performance of the model and determine the most favorable conditions of the process 

in accordance with existing restrictions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 10 

LITERATURE PART 

2 CALCIUM CARBONATE PROPERTIES 

Calcium carbonate is widely applicable in different industries. Particularly, in pulp and paper 

industry, calcium carbonate is used simultaneously as a bleaching agent. With the use of 

precipitated calcium carbonate, it is possible to get better gloss and opacity properties for the paper 

(Jarkko Grönfors, 2010). Moreover, calcium carbonate is also used in manufacturing of silicate 

glass, which is used as a material to produce window glass, glass bottles, fiberglass, etc. 

Furthermore, the application of calcium carbonate extends to the production of hygiene items, in 

medicine. A good example can be drawn by looking at the production of toothpaste. In the food 

industry, calcium carbonate is often used as an anti-caking agent and as an agent to prevent 

agglomeration of dry milk products in clumps (Anti-Caking Agents, 2018). Plastic manufacturing 

enterprises are one of the main consumers of pure calcium carbonate (about 50% of total 

consumption). Used as a filler and dye, calcium carbonate is necessary in the production of 

polyvinyl chloride (PVC), polyester fibers (crimple, polyester, and others), polyolefins. Products 

from these types of plastics are ubiquitous, such as pipes, plumbing, tiles, tiles, linoleum, 

carpeting, and much more. Calcium carbonate makes up for about 20% of the pigment used in the 

manufacture of paints (PUBCHEM, 2016). Chemical structure of calcium carbonate molecular 

geometry is presented in Fig. 1.  

 

 
Fig. 1 Calcium carbonate molecular shape/geometry (Kruchkov, Mushtakov et al., 1974)  

 
Table 1. The dependence of the solubility of calcium carbonate on temperature (Kruchkov, Mushtakov et al., 1974)  

Temperature,°С  0 10 20 30 40 50 

Solubility СaCO3,  

g/100 ml of water  
8.1·10–3 7·10–3 6.5·10–3 5.2·10–3 4.4·10–3 3.8·10–3 

Solubility СaCO3, 

mmol/l 
0.81 0.70 0.65 0.52 0.44 0.38 

 

Three polymorph modifications of calcium carbonate are calcite, aragonite and vaterite. Calcium 

carbonate has the inverse nature of the temperature dependence of solubility (Table 1). 
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3 CHEMICAL REACTORS 

A chemical reactor is the main unit of the technological scheme, in which a chemical reaction and 

its accompanying physical processes take place (Paul M. Treichel John C. Kotz, 1998). A modern 

chemical reactor is a complex apparatus that has many devices and mechanisms that perform 

various operations for conducting, accelerating, and controlling the chemical and physical 

processes that occur. Any chemical reactor has loading and unloading devices, heat exchange 

devices to maintain the thermal mode of the process, a mixing device to ensure mass transfer, a 

system of instrumentation and other devices that varies according to the application and objectives 

of the work (Towler, Sinnott, 2013). 

A chemical reactor is characterized by a set of dimensional and technological parameters. Overall, 

the most important parameters are the following: volume, diameter, height of the reactor. 

Technological parameters are composition, temperature, flow rate, etc. of reagents (input 

parameters) and products (output parameters), as well as parameters of heat carriers and coolants 

(Rosen, 2014). 

There are stationary (steady) and non-stationary modes of operation of a reactor. In stationary 

mode, there is no accumulation of matter in the reactor, that is, the derived concentrations of 

reactants in time are equal to zero (Schmal, 2014). 
𝑑𝐶
𝑑𝜏 = 0 

(1) 

In non-stationary mode, matter accumulates in a reactor. Stationary mode is typical for reactors 

operating in continuous mode; non-stationary - for batch reactors or for continuous reactors at the 

start or stop stage. 

Each operating reactor has certain concentration conditions. Concentration mode typically implies 

maintaining the optimal concentration of reagents by volume (length) of the reactor or in time.  

Basic requirements for industrial reactors are high performance on the one hand and high 

selectivity on the other. Also, it is necessary to consider low energy costs as well as generally low 

cost, reliability of regulation and installation of the technological mode. In addition, simplicity of 

equipment maintenance and work safety are also crucial aspects that should be considered (Reay, 

Ramshaw et al., 2008). 

The design and implementation of the modes and processes in the reactor affects its efficiency. It 

is possible to evaluate the reactor by a number of parameters. Among them, one can single out 

productivity and intensity. Values of average speed, as well as productivity, power as well as 

efficiency have a direct impact on the intensity of the whole process. In this context, effectiveness 
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is determined as the ratio of the working volume to the full one (Rivas, Castro-Hernández et al., 

2018). 

 

3.1 Chemical Reactor Classification 

3.1.1. Method of supplying raw materials and products  

According to the method of the process, the reactors are divided into several categories (Ronald 

W. Missen, Charles A. Mims et al., 1999).  

A. Batch reactors are characterized by the unity of the place of completion of all stages of the 

process. The feedstock is loaded into the reactor and after a certain time, the products from 

the reaction are unloaded, then all operations are repeated. The reactor operates cyclically. 

The time of one cycle, τ, is equal to 

Τcycle = τchem.reaction. + τauxiliary operation. (2) 

 

Since the operation mode of periodic reactors is non-stationary, the quality of products varies 

from batch to batch. Reactors of periodic nature has low productivity, high material and energy 

intensity, they are difficult to automate. The advantages of these reactors are low cost and great 

economic flexibility. Reactors of this type are indispensable for low-tonnage production of a 

wide range of products, as well as for testing the modes of processes and the study of kinetic 

patterns. 

B. Continuous reactors (flow reactors) - a type of reactors in which there is a continuous process 

of loading the feedstock, as well as continuous unloading of the finished product. All stages 

of the process are continuous and occur simultaneously. In reactors of this type, it is 

impossible to change the reaction time directly. For this reason, the conventional residence 

time of the raw materials in the reactor space is used. 

 

𝜏 = 	
𝑉;
𝜐GHI

 (3) 

where Vr - reactor volume (m3); 

vvol - the bulk feed rate (m3/h).  

Flow reactors are characterized by high performance, product quality, improved energy balance, 

and ease of process automation Their main disadvantages include complicated installation and 

start up procedures, therefore flow reactors are used in the case of large-capacity production. 

C. Semi-continuous and semi-periodic reactors are various combinations of continuous and 

periodic organization of the reactor operation. 
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In the semi-batch reactor, all reagents are loaded before the start of the reaction, and the product 

mixture is withdrawn at the end of the process. Process parameters in a batch reactor change over 

time. Between the individual reaction cycles, auxiliary operations are performed - loading reagents 

and unloading products, cleaning the reactor. The presence of this auxiliary time leads to a 

decrease in the productivity of a semi-batch reactor compared to a continuous one. 

 

3.1.2.  The hydrodynamic mode of process 

The reactors are divided into continuous stirred-tank reactor (CSTR), as well as plug flow reactors, 

depending on the hydrodynamic mode of operation.  Mixing reactors are characterized by intensive 

mixing of the loaded reactants that provide an opportunity to achieve favorable mass transfer 

conditions. For these purposes, it is possible to use mixers or pumps that work for circulation. In 

displacement reactors, convective mixing of the reactants is also observed, but by other means. 

Particularly, this is achieved using a directed mixture flow in the axial direction of the reactor. 

Consequently, the intensity of the process will be determined in different ways. For the first type 

of reactor, the determining parameter is the speed of rotation of the mixer, for the second one it is 

the flow rate. 

 

3.1.3. Thermal conditions  

Based on this classification, reactors are divided into adiabatic, isothermal and polytropic reactors. 

The absence of heat exchange between the reactor and the environment is a defining feature of 

adiabatic type reactors. In these reactors, maximum efficiency is observed, since all the thermal 

energy goes to the heating of the mixture involved in the process.  

In isothermal reactors, heat is exchanged with the environment. The thermal effect of the reaction 

is compensated. As a result, the temperature of the reaction mixture remains strictly constant. This 

is also an ideal reactor; in practice, this is very difficult to implement. Close to the isothermal 

mode, there are reactors in which processes with very low thermal effects or very low reaction 

rates are carried out, as well as processes occurring in a solution, where the concentration of 

reagents is low, and heat is accumulated by a large volume of solvent. 

Closer to the real conditions is a model of a polytropic reactor, in which the thermal effect of a 

chemical reaction is partially compensated by heat exchange with the environment, and partly by 

changing the temperature of the reaction mixture. 

 

3.1.4. The phase composition of the reaction mixture 

Reactors could be used for carrying out heterogenous processes (gas phase and liquid phase) and 

for carrying out heterogeneous catalytic processes (contact apparatus). 
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3.2 Semi-batch reactors 

In contrast to a continuous process in a batch process, periodic filling takes place followed by 

removal of the reaction products. Unloading of the final product occurs after completion of all 

reactions in the apparatus. In this regard, process parameters are time dependent (Verwater-

Lukszo, 1998). Concentration as the main parameter is also subject to change. 

In general, design and operation of semi-batch reactors is based upon previously attained 

experience in terms of similar processes. Typically, reactors of this type involve a vast variety of 

different pieces of equipment and process streams. For example, a gas having limited solubility is 

fed gradually into the reactor. In practice, reactors of this kind are used because of their flexibility 

in reactions that take a long time. Along with this, similar reactors are used for certain specific 

reactions (Richard K. Herz, 2015).  

The number of reactions that can proceed under such conditions is very large. In general, processes 

that occur in a semi-periodic mode have the benefit of being safer (R. H. Perry, D. W. Green, 

1997). Fine chemicals and other valuable products in industry are produced using batch and semi-

batch machines. Reactors of this type are used in small-volume production, multi-stage, as well as 

in cases where the production must be sterile, safe. Similar reactors are used in case of difficulty 

in working with reagents. Industrial plants are usually small in size and are built for various 

industries. Universal plants are very common. An important factor is the high cost of raw materials. 

But despite this, it is possible to use these plants for large volumes of production (Torbacke, 2001). 

Semi-batch type reactors are commonly used for reactions that take a long time since in reactors 

of this type there is a downtime for filling and emptying the reactor volume. And quick reactions 

will not be productive with very fast reactions. 

The study of semi-periodic systems is difficult due to constant changes in conditions. Nonlinearity 

of chemical reactions also plays a role. These aspects combined will not allow for stationary 

calculations. Under these conditions, the description of kinetics using mathematical dependencies 

allows us to evaluate the dynamic behavior of the process, its safety and the improvement of the 

process as a whole (Joshua E. S. Socolar, 2016). The process of developing and evaluating 

dynamic systems, their detailing and testing costs a lot of money. For some reactions, it is 

impractical to develop such models. Targeted studies are expensive, for this reason they use ready-

made studies, the experience of which is adopted for research. Correction of real processes in 

production occurs with the help of the research done. A number of papers provide a solution to 

this problem (Verwater-Lukszo, 1998). In the beginning, optimization was a byproduct of 

research, but over time it became part of scientific interest. In some engineering industries, where 

systematization of data is key, optimization has taken an important place. At present, optimization 

completely defines the process in production. Using this phenomenon, it turns out to reduce the 
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cost of processes, and other costs. Along with this, there was an increase in the quality of 

production as a whole. Also, the constancy of the process has increased, there are no strong 

differences between batches produced at enterprises. 

What concerns the optimization of reactors, namely, periodic and semi-periodic types, here the 

main goal is to reduce the cost of the process. This is a completely economic factor, influence by 

the technological features of the project. In view of this, technological parameters are often 

determined by the economic feasibility of their use. For example, the temperature or feed rate of 

the raw materials may be limiting parameters under these conditions. 

Problems of optimization in the domain of chemical engineering have been tackled by many 

scientists (Bonvin D., Srinivasan B., Ruppen D., 2002). The optimization of batch reactors has 

been considered in other scientific studies (Rippin, 1983). This study for a decade determined the 

course of all such processes. Optimization in some industries is the basis in determining process 

parameters since building a private dynamic model is a very expensive task. 

A semi-batch reactor (SBR) is presented at Fig. 2. In fact, this type of reaction is a mixture of two 

other types of reactors: continuous (CSTR) and batch (BR). The process in reactors of this type is 

based on the introduction of the starting material at the beginning, and another reagent is added to 

the reactor space over a period of time (Richard K. Herz, 2015). 

 

 
Fig. 2. Semi-batch reactor (Richard K. Herz, 2015) 

For semi-batch reactors three different temperature modes can be distinguished. Firstly, adiabatic 

where no heat is removed. Secondly, isothermal in which the process temperature remains constant 

during the reaction; the heat is removed by varying the cooling temperature. Finally, isochoric 

where heat exchange with the environment occurs in the system during the process, entropy 

changes. 
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There are a number of restrictions and rules for the safe operation of semi-batch reactors. These 

rules were developed more than ten years ago and are applied in the industry where such devices 

are installed. First, control of the reaction is carried out using raw materials that are fed into the 

reactor. Second, this type of reaction is recommended if the reaction proceeds quickly enough. 

Third, dilution is not allowed in these reactions, this makes the reaction slower. Lastly, the reaction 

should be carried out at a high temperature and low feed rate. This will allow the process to be 

carried out in the most favorable way. 

These reactions contain more than one component, this is due to the fact that in these reactions it 

is possible to selectively remove / add components. This means that the number of components in 

the reactor depends on time, this is the main difference between this type of apparatus (Richard K. 

Herz, 2015). 

 

3.2.1 Advantages and Disadvantages of Semi-Batch Operation 

The type of chemical reaction is used to select equipment (reactors) and techniques for the flow 

and control of the process. For this reason, comparing different reactors is very difficult.  

Table 2 presents strong and weak points in semi-batch reactors. 

 
Table 2. Advantages and disadvantages of semi-batch reactors (Process operations, 2015) 

Advantages Disadvantages 

The temperature control process can be influenced by the 

addition of a reagent. Since these reactions are often 

exothermic, this reduces a number of operational risks 

The production rate could be limited because 

of the cyclic nature of operation 

By removing part of the product, the yield of the product 

can be increased, since these reactions have a number of 

limitations in the yield 

The operating cost may be relatively high 

It is possible to control the concentration of reagents using 

the rate of addition of a substance to the reactor. 

It is difficult enough to analyze the apparatus 

and its characteristics. Process conditions are 

constantly changing over time. 

 Semi-continuous operation may require 

intricate piping and valving 

 

4 MODELING CHEMICAL PROCESSES USING MATLAB 

The system of differential algebraic equations (DAE) is used to model the processes of chemical 

technology. The equations describe the general behavior of dynamical systems, material and 
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energy balances. Along with this, algebraic equations are used, the purpose of which is to describe 

the physical and thermodynamic relations (Lauri Riippa, 2016).  

A model of a semi-batch crystallization reactor in the MATLAB software package is presented 

below. This reaction is irreversible and exothermic. By using this reactor, the temperature of the 

process can be controlled, which is a necessary aspect. 

A + B à C + D (4) 

rA = - kCACB (5) 

 

It is fast reaction with adding component B during the reaction. Component A is loaded in the 

beginning. Temperature in the reactor is 472 K. 

Example of Matlab code (Richard K. Herz, 2015): 

Below there is an example of modeling reactor. It is semi-continuous ractor with heating jacket.  

The main parts of the code with comments is presented. 

% crystallization 

%semi-continuous mode 

% A + B -> C + D 

Initial data for simulation: 

CAI = 1000; % mol/m3, Concentration of component A at the beginning 
CBI = 0; 
V0 = 1; % m3, Volume at time=0 
vin = 0.01; % m3/s, inflow 
CAin = 0; % mol/m3 concentration of A in inflow 
CBin = 1000; % mol/m3 concentration of B in inflow  
k300 = 3e-6; % m3/mol/s, coefficient (T=300K) 
E = 50; % kJ/mol, energy of activation 
delH = -250; % kJ/mol, Heat 
R = 8.3145e-3; % kJ/mol/K, universal gas constant 
Cpm = 2; % kJ/kg/K 
rho = 1000; % kg/m3 
UA = 1; % 10; % kJ/K/s 
T0 = 350; % 350, K, temperature at time=0 
Tj = T0; % K, temperature of jacket 

All the needed parameters were calculated. 

dt = 0.000001/k300; 
tfinal = 150; 
i = 1; 

At this step, the boundaries of the calculations were set and the step of the calculation was 

determined.  

while t(i) < tfinal 
k = k300*exp(-(E/R)*(1/T(i) - 1/300)); 
rate = -k*NA(i)*NB(i)/V(i)^2;  
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dNAdt = CAin*vin + rate* V(i); 
dNBdt = CBin*vin + rate* V(i); 
dTdt = UA*(Tj - T(i))/(rho*Cpm*V(i)) + rate*delH/(rho*Cpm*V(i)); 
NA(i+1) = NA(i) + dNAdt * dt; 
NB(i+1) = NB(i) + dNBdt * dt; 

All the results presented at Fig. 3. 

 

 
Fig. 3 Results of the modeling 

5 CRYSTALLIZATION  

5.1 Overview 

Crystallization is a very important process in chemistry, which is used in a large number of 

industries. First of all, using this process, it is possible to obtain pure chemicals, which is very 

much appreciated in many industries. The process itself is based on obtaining solids from two 

liquid components. Particularly, the process is widely employed to achieve efficient separation 

and purification during manufacturing of pharmaceutical and chemical products. An elementary 

crystal cell is defined as the smallest complex of atoms / molecules that, when repeated in space, 

allows the spatial crystal lattice to be reproduced. In the process of crystallization, atoms and 

molecules are connected with each other at certain angles, forming a characteristic crystal shape 

with smooth surfaces and edges. Full life cycle of calcium carbonate production is resented at Fig. 

4. 
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Fig. 4 Product life cycle diagram (Mettler Toledo, 2017) 

Since the crystallization process is very complex and depends on many factors, it is necessary to 

study this process in detail. There are a large number of nuances that can affect the quality, quantity 

and size of crystals. If the required parameters are precisely controlled, it is possible to achieve the 

output of crystals of the required quality, as well as avoid various kinds of problems that may arise 

at other stages where the product will go. 

Two groups of supersaturated solutions are distinguished: metastable or stable, and labile or 

unstable. For the formation of particles of the solid phase, it is needed to overpass wall caused by 

the surface energy of the interface between the nucleated particle and the surrounding solution 

(Mettler Toledo, 2017). The size of this barrier has an extreme dependence on the size of the 

embryo. The size of the embryo corresponding to the maximum of the energy barrier is called 

critical size. This size decreases with increasing degree of supersaturation of the solution. Since 

steady growth is characteristic only for embryos, whose size is larger than the critical one, this size 

is quite large in metastable solutions and the probability of crystallization is extremely small. In 

labile solutions, on the contrary, the critical size is so small that the probability of particle growth 

is very large. These patterns are characteristic of homogeneous solutions. However, in 

heterogeneous systems, the work of germ formation is reduced due to the presence of foreign 

particles that provide their surface for growth. 

 

5.2 Traditional crystallization techniques 

5.2.1 Cooling crystallization  

There are chemical reactions whose solubility is related to the temperature profile. For processes 

of this type, a crystallization method by cooling has been developed. By reducing the temperature, 

it is possible to achieve crystals of a certain quality. However, this is not applicable to all types of 

reactions. Also, under certain conditions, it is possible to achieve the required quality and quantity 

of crystals by limiting solubility. This type of crystallization is not applicable for continuous 

operation. 
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There are a number of limitations to crystallization by cooling. The particle growth rate, wall 

temperature and degree of cooling, the size of the transition zone are the parameters that can affect 

the process to the greatest extent. There are also some parameters that need to be controlled for 

the process. It is necessary to control the formation of seeds, their number and quality, as well as 

the process of mixing and transfer in order for the process to proceed in the normal mode and the 

output product has the required quality. 

In the cooling crystallization, a decrease in temperature occurs, but various approaches to cooling 

are possible. Depending on the cooling method, it is possible to obtain a different product. The 

simplest way to allow the solution to cool on its own. It is clear that the largest temperature 

difference will be observed at the beginning of the cooling process. This method has drawbacks 

in view of the low rate of the process near the end. An alternative method is to use linear cooling, 

which can be achieved with a rheostat. It is possible to use more complex techniques to achieve a 

positive result. Fig. 5 shows the supersaturation curves for the two types of cooling versus time. 

 
Fig. 5 Supersaturation curves for different types of cooling (Jones, Mullin, 1974) 

 

The number of particles that formed as a result of the process affects the entire process. First, an 

overabundance of embryos negatively affects their subsequent growth. Second, a high level of 

supersaturation can cause secondary particle formation, as well as the capture of impurities or 

other substances by the formed crystals. Third, the process of nucleation is very complex and 

impossible to predict. Side effects that occur in crystallization should be limited. Finally, in 

addition to linear cooling, one can use other strategies for controlling the temperature regime, 

which are consistent with other parameters.  
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5.2.2 Evaporative crystallization  

There is a known method of intensifying the crystallization process by means of evaporation or 

distillation. As a result of this method, an increase in the concentration value occurs, which affects 

the glut. Solvent removal takes a certain period of time, for this reason a similar process can be 

considered semi-periodic. It is also possible to create conditions in which the process will be 

continuous. It is possible to solve the problem of instability of a solution at a given temperature by 

means of pressure changes. This makes it possible to work with a number of compounds which 

are difficult to crystallize. 

 
Fig. 6 Concentration profile from distillation time and removed amount of solvent for evaporative crystallization 

(Tung, Paul et al., 2009b)  

 

Fig. 6 shows additional concentration pathways (B-C’-F, B-𝐶’’-G). Crystallization can begin at 

different concentrations 𝐶’ and 𝐶’’, depending on the other factors. Once crystallization is initiated, 

the degree of supersaturation, as indicated by the departure of the actual concentration profile from 

the saturation curve (B-E-F-G), that is actually achieved between initial crystallization at 𝐶’ or 𝐶’’ 

and termination (E, F or G) is determined by the seed area, inherent crystal growth rate, and 

secondary nucleation. In addition, oiling out, agglomeration, and/or extensive nucleation can occur 

if the concentration profile goes beyond the metastable region (above 𝐶’’). One of the main benefits 

of evaporative method is connected with combination with some other methods.  

It is possible to complete the crystallization process without using another solvent, which saves 

resources and time both in the extraction process and in the separation process. There are a number 
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of advantages. First, a combination with a change in the solvent during the crystallization process. 

Second, it is possible to remove the by-product in the gas phase and crystallize. 

All advantages should be compared with disadvantages in order to conduct a more profitable and 

high-quality crystallization process. Among the shortcomings, one can note the difficulty in 

assessing the distribution of particles in a product (PSD), as well, this process may not be subject 

to control and give different results from batch to batch. 

The distillation process is complicated and control over a number of parameters is difficult. 

Namely, during the course of this process, it is practically impossible to control the formation of 

new particles. This is due to the complex reaction mechanism. There are areas with high 

concentrations and temperatures that are captured by steam and carried to the heating or phase 

boundary. The concentration of a single region may exceed the total value, which will contribute 

to a more active crystallization process. As a result, the particle size distribution (PSD) is an 

uncontrolled parameter and it is very difficult to determine the laws of such a distribution. Several 

factors will influence the crystallization process at once: temperature, pressure, how the distillation 

process proceeds, the behavior of the bubbles, and a number of other factors noted above (Tung, 

Paul et al., 2009a). 

 

5.2.3 Antisolvent method of crystallization  

The principle of adding an anti-solvent is considered favorable for conducting the crystallization 

process under control. This method also allows one to evaluate the particle size distribution in the 

product (PSD). The process can take place in continuous or semi-continuous modes. In the first 

case, the most controlled system is obtained, which however has some drawbacks. It is required 

to introduce an additional reagent into the process, which reduces the yield of the product and 

requires additional cleaning and subsequent processing (Sierra-Pallares, Marchisio et. al, 2012). 

There are various techniques for adding substances to the reactor. The linear addition of the reagent 

allows one to achieve the highest quality crystal formation, in contrast to the process with variable 

addition, in which the crystal growth is difficult. Fig. 7 shows the supersaturation curves for adding 

reagents by various methods. 
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Fig. 7 Supersaturation profile vs method of addition (Tung, Paul et al., 2009a)  

 

The product is displaced from the solution by supersaturation, this is created in order to limit 

molecular mixing. Otherwise, particles may stick together instead of scattering throughout the 

reactor when amorphous solids or crystals are formed when the chemical reaction ends, but the 

structure of these solids is cause for concern (Söhnel, Garside, 1992). 

There are several possible developments. Difficulties in mixing, clumping of clods or absorption 

of impurities may occur. These events can happen one at a time or all together. Also, particles 

obtained by this method may not be durable. During mixing or subsequent processing, such 

substances can break down (Mersmann, 2001). 

 

5.2.4 Reactive crystallization  

This crystallization method has recently become more popular since this method is very often used 

in the pharmaceutical industry. This is due to the fact that the so-called organic molecules often 

have a poor degree of dissolution. An example is their dissolution in water. For this, organic 

molecules are converted to a salt-based form. This method is used to increase the ability to dissolve 

organic molecules in water, as well as to improve and increase their bioavailability. Precipitation 

or the so-called fast crystallization is similarly used in other industries. One example of such an 

application is the fine chemicals industry. The method is used to form small particles for a wide 

range of uses, including photographic chemicals, dyes, inks used in the printing industry, 

chemicals used in the agricultural industry, as well as compositions for their use in topical 

application and cosmetic products (Tung, Paul et al., 2009a).  

The final separation of molecules into different sizes (PSD) from deposition can be explained as 

the equilibrium of the nucleated particle velocity depending on the increase in crystal size. Often, 

due to the fact that there is a large supersaturation of the process that was mentioned earlier, there 

are consequences associated with the accelerated appearance of a huge number of these molecules, 
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as well as a decrease in their size, compared with the result that would be desirable in the form of 

the final product. As well as the increased rate of formation of these nuclei that has appeared has 

the potential to lead to occlusion of inclusions or solvents.  

Rapid deposition has three different stages, which are presented in Fig. 8. The resultant solubility 

function has the form of a horizontal line, due to the fact that many crystallizations having the 

ability to react lead to substances obtained as a result of a chemical reaction. They have an 

insignificant and low ability to dissolve in the structure of solvents, thereby this can lead to a 

change in the ability to dissolve at different temperature conditions. Since the resulting large 

supersaturations of the initial nucleation are in most cases dominant, an increased number of 

crystal particles is obtained. Demonstrated several types of development with the addition of 

reagents; linear (A, B, C), programmed (A, D) and programmed with a starting number (A, E). It 

should be noted that due to saturation number, which is 1.0, the level of ability to dissolve will be 

significantly small and with the initial addition of reagents, the proportion of the appearance of a 

large local excess is large. 

Reagent dilution of the organic solution is a very widely used technique in the crystallization 

process. In this process, the values of meso- and macro- mixing are involved in a degree that 

provides the beginning of the crystallization process. Namely, contact and the immediate onset of 

precipitation. The use of these two types of mixing in industry is widely used. It is also often 

possible to find the use of reactions proceeding at sufficiently low supersaturation values. 

The combination of several homogeneous elements of a chemical reaction product with a value 

exceeding solubility, simultaneously with the formation of an insoluble part. The part consists of 

the product which is presented in an amorphous or solid state. Based on this information, it should 

be noted that the addition of a reagent to the solution is an important factor in the course of the 

reaction. When additional substance is added, the process of crystals’ nucleation with subsequent 

growth occurs. 

Fig. 8 shows three potential modes for reactive crystallization. The figure illustrates three methods 

of adding components: linear (A, B, C), programmed (A, D) and programmed with seeding (A, 

E). Programmed addition with seeding is preferred for getting larger crystals. The first quantity of 

reactant added usually creates a high local supersaturation value. Thus, it's desirable to stay within 

the metastable zone by control of the addition rate and seeding. The linear addition does not allow 

to control the crystallization process since the concentration is outside the metastable zone. 
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Fig. 8. Schematic representation of the modes of adding reagents during reactive crystallization (Tung, Paul et al., 

2009b)  

 

It is also worth noting the presence of the process of secondary crystal formation. This process 

occurs in parallel with the primary processes. There are also a number of side processes. The main 

ones can be distinguished: agglomeration process, crystal shift with subsequent destruction, a 

number of other shape changes and other parameters. 

In addition to secondary particle formation, mixing processes are important parameters. Reactive 

crystallization is directly dependent on mixing capacity. These processes make it possible to 

increase the size of crystals avoiding the undesirable formation of new ones (Tung, Paul et al., 

2009a). However, there are a number of problems of a constructive and technological nature. It is 

necessary to ensure mixing of such intensity that could influence the process with its relatively 

short duration. It is also necessary to create a control of the rate of supersaturation, which can be 

changed depending on the required conditions. When creating conditions for crystal growth, it is 

possible to reduce the secondary formation of new ones. On the other hand, too intensive mixing 

of the reagents can have a negative effect on the process, namely, to increase the speed of the 

process. Also, an undesirable result may be a shift with subsequent destruction of the crystals due 

to strong mixing. 
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Reactive crystallization is a process in which supersaturation is based on the formation of a product 

in this reaction. In another way, this process is called precipitation. The use of the term “reactive 

crystallization” is implied when the product has a crystalline form at the outlet. The product may 

also have a different form, an amorphous solid. With high supersaturation, namely, within 0.1 - 10 

millimeters, it is possible to obtain crystals of a certain size. This trend is used in industry to 

produce products of the required size, even if the size of key product is too low. And in this case, 

obtaining a relatively small crystal size is desirable. This practice is occasionally applied, 

sometimes it is very useful, but in most cases, small crystals are a by-product and extremely 

undesirable product, the output of which is usually minimized by all possible means. It is easiest 

to minimize the yield of undesirable fractions, since their subsequent removal from solution is a 

laborious and not always justified process (Tung, Paul et al., 2009a). 

The fractional distribution of product particles (PSD) as a result of the reaction is determined by 

the relationship between nucleation and the growth of already formed crystals. The 

abovementioned methods of process intensification along with a high supersaturation value can 

have a negative effect on the process. A very large number of embryos can form that will not allow 

a product of the required quality and particle size to be obtained. A very fast process can be the 

root cause of the absorption of sediment or impurities by the crystals formed. This phenomenon is 

also undesirable. 

The kinetics of the chemical reaction has a direct effect on the value of solution supersaturation. 

For this reason, it is very difficult to control the size and number of crystals. But at the same time, 

a decrease in the reaction rate is unacceptable. This makes the crystallization process rather 

laborious and complex. However, it is possible to influence the process using known methods. It 

is possible to change the concentration of reacting substances, as well as change the temperature 

at which the reaction proceeds, but these control methods allow one to make changes in a very 

narrow range. 

 

5.3 Chemical reaction  

 The crystallization process along with other chemical processes is widespread in industry. The 

type of chemical reaction affects the choice of equipment and techniques for carrying out the 

process, control methods and other parameters.  

 Thorough understanding of occurring chemical reactions is of crucial importance in terms of 

determining the implementation of a chemical process. Also, depending on it, the type of reactor 

and its operation are determined.  

As a result of the crystallization process, solids are formed, but some reactions take a long time. 

Mixing is used to intensify the process. The distinguishing features of this reaction are (Ronald 
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W. Missen, Charles A. Mims et al., 1999): two inlet compounds (starting materials), two outlet 

compounds (products).  

Formation of calcium carbonate can be described by the following reaction (NIOSH, 2018): 
 

𝐻L𝐶𝑂N()+) + 𝐶𝑎𝐶𝑙L()+) → 𝐶𝑎𝐶𝑂N(T) + 2𝐻𝐶𝑙()+) (6) 
 

Equation 6 describes the process of crystallization of calcium carbonate. The main reaction product 

is in solid phase. This is a very complex process that requires precise control of a large number of 

operating parameters to achieve optimal production rate and product quality. The following 

chapters will provide more detailed information of the main characteristics that must be considered 

in order to carry out the process and obtain calcium carbonate of the right particle size and quality. 

There is a fairly large number of methods for producing calcium carbonate, but the key feature of 

the method is the product purity which is obtained. 

Reaction is done in semi-batch mode, where feed solution is H2CO3 and the receiving solution is 

Calcium-water. 

 

5.3.1 Kinetics of the reaction 

Among the frequently encountered minerals, carbonates are the most widespread on the earth's 

surface. Dissolution and precipitation reactions are important factors to determine the composition 

and distribution of carbonates. The kinetics of these reactions under most conditions can be 

considered moderate. They are carried out, for example, faster than in clay minerals, but more 

slowly than in typical evaporites with a similar degree of disequilibrium.  

The most important features of carbonates, such as preservation in metastable forms and 

accumulation in deep-sea marine sediments are determined by the unique kinetics of their 

dissolution and precipitation. Kinetics of carbonate reactions is an object for special laboratory 

research. It is not surprising, therefore, that the reactions of dissolution and precipitation of 

carbonates were the subject of intense research (Tung, Paul et al., 2009a). 

In chemical kinetics, equilibrium plays a fundamental role. From the kinetic point of view, the 

equilibrium between solid phase and water solution is expressed as equality between forward and 

reverse reactions. 

𝐶𝑎𝐶𝑂N
VW↔ 𝐶𝑎LY + 𝐶𝑂NLZ (7) 

 

The stoichiometry of these two reactions determines the equilibrium. The application of the 

previously established definition to carbonates is difficult, since various components usually co-

precipitate with them in natural waters. The equilibrium constant is possible to express as: 
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𝐾 =
𝑎@)[\ 	×	𝑎@^_[`

𝑎@)@^_
 

(8) 

 

where aj - the activity of the i-component; 

K is the equilibrium constant.  

Usually for the solid phase, provided that it is pure, the activity value is taken equal to unity. Then 

the solubility product Ksp equals the product of ionic activities at equilibrium: 

 

𝐾T, = 	𝑎@)[\ × 𝑎@^_[`  (9) 

 

By determining the product of the activities of the ions in the solution and comparing it with the 

equilibrium value, one can estimate the saturation state, Ω. 

 

Ω =
𝑎@)[\ × 𝑎@^_[`

𝐾T,
 

(10) 

 

If Ω > 1, the solution is supersaturated, and the precipitation reaction dominates the dissolution 

reaction (Tung, Paul et al., 2009b).  

 

5.4 Mixing in crystallization 

An impeller is a turbine with inclined blades, during operation of which a relatively low shear 

value is observed, but at the same time, the mixing ability is very high. If intense and efficient 

mixing of the reacting products is achieved, the number of secondary formations is reduced, while 

the growth of the already formed crystals is increased (Ranodolph, 2012). There is quality of 

mixing for different types of crystallization in Table 3. 
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Table 3 Mixing in Crystallizers of Pharmaceutical Industry (Paul, Midler et al., 2009) 

 

Function 

Type of crystallization 

Stirred vessel Fluidized bed Impinging jet 

Type of the process Continuous and batch Continuous Batch 

Type of mixing Different impellers Fluidization Kinetic energy 

Cooling Good Excellent N/A 

Evaporative Good N/A N/A 

Antisolvent Good N/A Excellent 

Reactive crystallization Good N/A Excellent 

Macromixing From poor to good Excellent Bad 

Mesomixing From poor to good N/A Satisfactory 

Micromiximg From poor to good N/A Excellent 

Micromixing time, ms 5-40 N/A 0.05-0.2 

Scale-up Not so easy Good Excellent 

Supersaturation Wide  Low High 

Control of supersaturation Achievable Excellent at low 

Supersaturation 

Excellent at high 

Supersaturation 

Seeding Wide range Massive No or low 

Nucleation Wide range Min Max 

Growth Wide range Max Min 

 

There are various varieties of turbines and mixers. A turbine equipped with flat blades is not a 

universal tool. The circulation level is at an average level, but rather high shear values are 

observed. Ekato (Ekato, 2018) introduced its design of turbines. The performance of the process 

when using this equipment is very high. In some crystallization problems, these turbines show 

excellent results. High mixing capacity along with low shear value make this product extremely 

popular in the industry. 

The installation of partitions is a necessary action in crystallization apparatuses where mixing takes 

place. Considering the complexity of the process, poor mixing can have an especially adverse 

effect on the overall process. On the other hand, undesirable vapor removal from the reactor space 

is possible. Another advantage of barriers is their positive effect on the formation of foam, as it is 

very low. Propellers are not the most suitable mechanism for mixing heterogeneous systems. 

Particularly dangerous is the use of such structures in processes where nucleation and growth can 

go through a stage involving sticky solid particles. Calculations of fluid flow dynamics in these 

vessels can be useful when visualizing the flow structure and particle paths (Manth, Mignon et al., 

1996). 
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Typical stirred vessel crystallizer design is presented in Fig. 9. It is the most similar to that one 

which is used in the project. 

 
Fig. 9. Typical stirred vessel crystallizer (Paul, Midler et al., 2009) 

 

In vessels used in the industrial sector, an element such as a stirrer is often used as a mixing element 

for various solutions. A large velocity vector appears at the point where stirrer blades are in contact 

with solution. The velocity vector contributes to the separation of the liquid into separate vortices, 

the so-called groups of molecules. The produced energy as a result of this process is transferred 

from the largest to the smallest vortex due to the fact that the impulse is transmitted by inertial 

forces (i.e. the energy cascade). Kinetic energy can be distributed under the influence of viscous 

forces, similar to the internal distribution of energy in mixtures (Brodkey, 1981, Davies, 1972, 

Hinze, 1975, Oldshue, 1993).  

It can be seen that the largest eddies can contain the largest fraction of the available energy (Fig. 

10). Depending on the geometrical parameters of the reservoir, the parameters of vortices with a 

wavelength of k0 can change. Particularly such parameters as structural component of impeller, 

geometric shape and type of vessel and structural component of partition have the most substantial 

impact of properties of formed vortices. Vortices that do not depend on the geometrical parameters 

of the vessel are called small vortices calculated up to a number called the Kolmogorov wave 

number, kK (Davies, 1972, Oldshue, 1993). 
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Fig. 10 The energy spectrum 

 

The magnitude of the wavelength ck0 is the specific value of the drop at the beginning of the 

process. This value is in the non-inertial-convective range, which can be seen in Figure 11. This 

value can affect the concentration distribution in the reactor (Corrsin, 1964). The largest 

discrepancies occur when reagents are added. This dependence can also be explained using the 

mechanism of segregation that takes place in the reactor, and the reactive substance is already in 

the reactor. 

The diffusion of molecules occurs most actively in the presence of laminated structures in the 

reactor. The reason may be a fairly large area of materials as a result of the process of natural and 

forced diffusion. Because of this, segregation cools more slowly. It is very difficult to control the 

crystallization process, and this can happen because the reaction rate depends on the diffusion 

propagation rate (Cheremisinoff, 1986, Danckwerts, 1952, Ulbrecht, 1985). 

 
Fig. 11 The concentration spectrum when Sc>>1 

 

The main disadvantages in the process of reactive crystallization are associated with the mixing 

process. There are three different types of mixing that can occur in parallel or separately from each 
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other. Mixing takes place at different levels, namely macro- (connected with inverters and special 

equipment), meso- (connected with inlet) and micro- (which is in the smallest eddies). 

Macromixing determines the residence time of the liquid in the reactor, which can be expressed 

by the circulation time tс, 

𝑡: =
𝑉

𝑁c × 𝑀; × 𝑑N
 (11) 

 

In this example, the volume of the tank, V, is divided into the volumetric component of the 

circulation. NQ is the number of flows available, Mr is the mixing rate, and d is the diametrical size 

of the impeller used in the work (Klein, R. David, 1995, Oldshue, 1993).   

Micromixing is a major factor in process of reactive crystallization because the time of mixing till 

the molecular level is critical to both the chemical reaction and the induction time for nucleation. 

Many factors influence the time spent on the mixing process in containers with a stirrer. Examples 

of such factors are: location of the reagent (s) inlet pipe (s), speed and various types of wheels 

used in the work.  

The micromixing process occurs in the viscous as well as the convective subrange of the 

concentration series (Fig. 12) and represents the mixing process on the smallest scale. 

Micromixing contains the process of viscous deformation of liquid-like components, resulting in 

multilayer structures and cell diffusion. Micromixing is a mixing process, in fact, originating from 

the so-called wave Kolmogorov number kK, in which the Reynolds number (vortex) is equal to 

one, indicating that viscosity forces are equally important as inertial forces. The so-called 

Kolmogorov number (wave) is characteristic of the minimal vortices that appear during mixing 

(Fig. 11): 

𝑘f = (
𝜀
𝑣N)

i.Lj (12) 

 

Where ε is the local energy dissipation rate and ν is the kinematic viscosity. The smallest 

concentration differences in a stirred tank are at the Batchelor wave number, kB (Furukawa Y., 

1991) 

𝑘k = (
𝜀

𝑣 ∗ 𝐷GL
)n/o (13) 

 

Where the laminar strain and the molecular diffusion, Dv, are equally important (Cheremisinoff, 

1986, Tavare, 1986). 

Time for mesomixing could be calculated with equation 14. 
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𝜏p = 𝐶q
𝑣
𝜀 

(14) 

 

In other cases, the constant C can be found in the relevant literature, which ranges from 3.5 to 17.3 

(Baldyga, Bourne et al., 1993, Cheremisinoff, 1986, Corrsin, 1964, Åslund, Rasmuson, 1992).  

An important parameter for different types of mixing in vessels with a stirrer is the geometric 

position of the pipeline with the feed reagent into the system. Studies at various pipe feed points 

with the rapid precipitation in question can easily suggest whether micromixing and mesomixing 

are tested. The change in the average size of the elements and PSD in different parts of the output 

pipe will focus on susceptibility to mixing. Otherwise, if there are no significant differences, 

another quality of the crystallization of the concept, such as the period of induction of nucleation, 

can be slow compared to the period of micromixing. The process itself is capable of being slower 

and also taking place in the areas of volumetric mixing of the apparatus (Tung, Paul et al., 2009b).  

Macromixing is an additional concept for volumetric mixing in devices used for mixing. 

Compounds with longer nucleation induction times and/or reagents with slower reaction rates may 

not form crystals within the boundaries of micromixing or mesomixing period, however, in the 

final result, this will be obtained in the phase of the bulk stage of mixing all the elements of the 

whole process. However, this is a rapid precipitation; the mixing process associated with the 

precipitation of the solvent will have the greatest effect on it. 

Mixing by the Mesomixing method is obtained on the scale of the feed pipe, in other words, 

between other types of mixing. There are two different types of mesomixing considered in the 

literature: a mechanism for turbulent dispersion and a device for inertial and convective decay. 

Mechanisms can be characterized by mixing of a new feed stream with a volume value in the 

inertial and convective sub-ranges of the concentration series (Fig. 12). Mesomixing time constant 

for turbulent dispersion device equals 

𝜏AB =
𝑄sttu
𝑢w × 𝐷x

 
(15) 

 

Where, Qfeed is inlet flow rate, ub is the linear bulk velocity and Dt is the turbulent diffusivity. 

The time of mesomixing with help of inertial-convective disintegration mechanism could be 

calculated 

𝜏?@ = 𝐴(
ΛL

𝜀 )
n/N 

(16) 

 

Where, A is a constant (typically from 1 to 2), Λ is the integral scale of concentration fluctuations. 

The feed plume is assumed to be broken up by the action of inertial forces of the convective flow 

(Bałdyga, Bourne, 1999, Corrsin, 1964).  
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The ratio of the mesomixing time constant and the micromixing time constant 

𝑄 =
𝜏.tTH
𝜏p

 (17) 

With equation 17 it is possible to understand which mixing process is the key one (Baldyga, 

Bourne et al., 1993). Mesomixing is the governing parameter when Q>>1 in other case it is 

micromixing with Q<<1 (Baldyga, Bourne, 1992). 

 

5.5 Crystal growth process  

Usually, the mechanism of the crystallization process is understood as a method of attaching 

particles to a crystal. The beginning of the process of attaching particles to a crystal is the 

adsorption of its own particles on its surface. The faces on which the probability of fixing the 

particle is very small are called singular. Embossed or defective surfaces, which are energetically 

more favorable for the attachment of particles, are called non-singular (Petrov, Treivus et al., 

1983). 

This growth mechanism is called normal. It manifests itself in the initial period of growth of 

dissolved or broken crystals, but after a short time after the crystal is immersed in a supersaturated 

solution, but after a short time (seconds or minutes, depending on the growth rate) during which 

the crystal is immersed in a supersaturated solution, the nonsingular surfaces break up into small 

areas corresponding to singular faces (the surface takes on a stepped appearance), and normal 

growth stops (Satō, Furukawa et al., 2001). Then the steps merge, become larger, the random non-

singular surface is replaced by ordinary faces. For a nonsingular surface, the growth rate increases 

linearly with increasing supersaturation (Petrov, Treivus et al., 1983). 

If several particles are adsorbed in neighboring positions, then the island formed by them may turn 

out to be stable and give rise to a new layer. These islands are called two-dimensional germs. The 

predominance of dislocation growth in the set of studied cases is evidence of the low probability 

of the production of two-dimensional particles in a relatively wide range of supersaturations. With 

this mechanism, the relation between growth rate value and supersaturation, as well as the rate of 

organization of three-dimensional particulates, is exponential in nature (Petrov, Treivus et al., 

1983). 

The crystallization process involves formation of high-quality solids from two liquid components. 

The two parts are mixed into a homogeneous system, from which a precipitate is segregated. The 

amount of solute at a certain temperature is a constant value. Upon reaching a certain value, the 

solution is usually called saturated, in such a solution the concentration of substances is large, and 

crystal formation can also occur. The number of components that must be added to make a solution 

saturated is called solubility. With increasing temperature, the solubility in most cases also 
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increases. From this we can conclude that the temperature and the solubility value are 

interconnected. Concentration as a function of temperature is shown are shown in Fig. 12 (Mullin, 

2001, Myerson, 2001). 

The crystallization process takes place when the solution is oversaturated. This phenomenon can 

occur when the temperature drops. Solubility is determined as the equilibrium of solid and liquid 

components. However, crystallization limits the speed of the process, and it takes time to get the 

amount of solid crystals in equilibrium. Supersaturation is the most important parameter in 

crystallization (Ezeanowi, 2016). The system is not stable until equilibrium is reached. In this case, 

there is a difference in the concentrations of the substance dissolved in the components and the 

concentration of the saturated solution. 

 

Fig. 12.  Temperature dependence of concentration (Mettler Toledo, 2017) 

 

5.5.1 Crystal growth techniques 

After the formation of particles, a very important and demanding process begins, the growth of 

particles. The growth process depends on many parameters of the initial material (SOLUBILITY 

AND PRECIPITATION, 2019). Melting point, volatility, solubility are some of the parameters 

that have a strong influence on the crystallization process and on the quality of the final product. 

There are several methods for growing crystals that differ in the phase of the feed (steam, melt, 

solution, and solid particles). Basically, the methods differ in the initial raw material of the 

crystallization process (Seevakan, Bharanidharan, 2018).  

Figure 13 displays a detailed illustration of the various categories of crystal growth. 

Solution growth is a method mostly used in crystallization.  The method is based on the use of an 

aqueous solution. It is used to obtain crystals, including bulk ones (Denney, 2006). 
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Fig. 13. Classification of crystal growth methods (Seevakan, Bharanidharan, 2018)  

 

5.6 Nucleation  

Nucleation is the first step of crystallization. This phenomenon occurs due to the presence of an 

unstable solution that has been oversaturated. Reducing the level of supersaturation and bringing 

the solution to a stable state occurs through crystallization (Myerson, 2001). Primary nucleation 

occurs in a system in which there were no particles before, that is, at the beginning of the process. 

The random formation of crystals in a pure solution is homogeneous nucleation (Ruckenstein, 

Berim, 2016). Distribution of free energy in nucleation is presented in Fig. 14. And full view of 

nucleation mechanism which is extremely important for determination of the whole process is 

presented in Fig. 15. 
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Fig. 14 Free energy in process of nucleation (Davey, Garside, 2000)  

 

 

Fig. 15 Mechanisms of nucleation (Myerson, 2001)  

 

Sometimes an acceptable result can be achieved through a process in which nucleation 

predominates.  

Of course, the process might seem as unsatisfactory in terms of laboratory-based standards. This 

is evidenced by some known problems. Similar difficulties are common for laboratory and 

experimental equipment, and they can also be encountered when expanding existing production 

(Paul, Midler et al., 2009). These problems include: crystals of small size, wide PSD, low bulk 

density, surface area (which is quite large) and the occlusion of the solvent, impurities. It is also 

worth noting the risk of changes depending on the method of the process. Along with this, 
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agglomeration or aggregation, as well as the lack of control over hydrates during the process, 

solvates and polymorphs affect the whole process (Roberts, Docherty et al., 2017). 

 

5.6.1 Primary nucleation 

The most common type of nucleation mechanism occurring in precipitation and crystallization 

processes carried out without seeding is primary nucleation. Primary nucleation takes place when 

the system supersaturation is of rather high level and it happens due to lack of crystals of the 

solution to be crystallized (Mersmann, 2001). There are two kinds of primary nucleation as 

presented in Fig. 16. The homogeneous nucleation which happens spontaneously and the 

heterogeneous which is induced by external particles or influences. Coulson and Richardson 

(Richardson, Harker et al., 2002) explain that heterogeneous nucleation is the most common kind 

of primary nucleation in industrial crystallization processes. 

 

5.6.2. Homogeneous nucleation 

This is the natural occurring kind of primary nucleation as it occurs without external influences on 

the system. This takes place when the supersaturation crosses the metastable limit. The instability 

in local concentration brings about stable clusters or nuclei. The assumption that clusters formation 

in a solution reaches a critical size via a continuous addition pattern is the basis of the classical 

nucleation theory (Nielsen, 1965). 

𝐵i = 𝐴{exp	(−
∆��V
f�A

) (18) 

 

Where, B0 – primary nucleation rate, m-3s-1 

Ah – Preexponential factor, s-1 

T – Solution temperature, K 

∆𝐺:; – Critical free energy for nucleation, kJ/mol 

Kb – Boltzmann’s constant, m2 kg/s2 K 

 

5.6.3 Heterogeneous nucleation 

When level of supersaturation is rather low, the presence of inclusions in a solution induces a 

nucleation mechanism referred to as heterogeneous nucleation. Homogeneous nucleation has a 

higher free energy necessary for nucleation in comparison to this mechanism. The free energy 

decline in a heterogeneous system is dependent on the solid phase contact angle (Volmer, 1939). 

Supersaturation effect on heterogeneous and homogeneous nucleation rate is presented in Fig. 16. 
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Fig. 16 Supersaturation effect on heterogeneous and homogeneous nucleation rate (Richardson, Harker et al., 2002)  

 

6 CONTROL APPROACHES CRYSTALLIZATION 

It is common in industry to use feedback control techniques. A similar system can be PID. 

However, when developing this system, it is necessary to consider some of the features of the 

process, such as a change in temperature or supply of raw materials to the reactor (Rawlings, 

O'Brien et al., 2002). 

The advent of real-time sensors has improved process control. There are sensors that can monitor 

a number of parameters: particle size, temperature, and a large number of others. The ATR FTIR 

spectroscopy method allows one to find out the phase of a solution in suspension, which is a very 

strong breakthrough in the process of monitoring and control (D.D. Dnuwila, 1996, Lewis, 2015, 

Workman, 2016). There is also an ultraviolet method (ATR) (UV / Vis), which allows one to 

determine the size of particles and their presence in solution (Lewis, 2015, Schlemmer, Katzer, 

1987). 

The modern development of sensors and the development of new monitoring techniques have 

improved the process control (Bandi, Bronson et al., 2005, Braatz, 2002b, Mesbah, Huesman et 

al., 2011, Nagy, 2009). In general, it can be noted that now there are two main control methods: 

model-based and model-free (Fig. 17). Additionally, hybrid methods incorporate all the best 

features of the other two. To create and evaluate crystallization systems, more modern and at the 

same time simplified CSD crystal size estimation methods have been proposed, which are based 

on continuous monitoring of supersaturation (Aamir, Nagy et al., 2009, E. Amir, N. Miller et al., 

2012, Nagy, Aamir, 2012). 

In addition to this, there are a large number of control and management methods based on certain 

parameters. These methods are more intelligent and allow one to get the values due to which it 

will be possible to improve crystallization processes in the future. 
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Fig. 17 General classification of process control approaches (Nagy, Fevotte et al., 2013) 

 

6.1 Model free control  

The model-free control strategy can be based on a temperature curve or the ratio of substances in 

a reactor. Management in this case is carried out using feedback. The data obtained during the 

process about the parameter or about the system of parameters are compared with those that were 

laid down in the process. Control can be carried out according to the parameters: concentration or 

temperature (T / C), glut, number of particles, nucleation (DNC). There are a number of factors 

that can influence this process. Interferences during the process and the uncertainty of the most 

favorable path for the process are the main ones (Nagy, Chew et al., 2008). Relatively recently, it 

was proposed to use real-time concentration control. This method has been tested and applied. 

Chemometrics as well as calibration-free strategies for ATR-FTIR appeared and became 

widespread. These methods make it possible to construct a working zone so that it lies between 

the solubility and the limit of the metastable state (Duffy, Barrett et al., 2013, Kee, Tan et al., 

2009). There are strong differences between T / C control and DNC. In the latter, a number of 
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parameters are controlled by feedback. There is a direct measurement of the nucleation process, 

growth, and total number of particles (Abu Bakar, Nagy et al., 2009). This method showed a 

number of advantages in preventing the secondary formation of small crystals, changing the 

structure of already formed seeds. In general, the DNC method is well applicable in a continuous 

process to produce homogeneous crystals of high quality. To compare the construction, 

construction schemes of various designs of crystallization systems are shown (Fig. 18). 

 

 
Fig. 18. Scheme of model-based and model-free crystallization designs (Gao, Rohani et al., 2017, Nagy, Fujiwara et 

al., 2008). 

 

6.2 Model based control 

Management strategies that are based on models began to appear in the second half of the twentieth 

century. A great contribution to the development of this concept was made by Jones, Nyvlt and 

Mullin (Mullin, Nyvlt, 1971, Jones, Mullin, 1974). In these works, scientists demonstrated 

programs that allow profile calculations for cooling. This process takes place offline. In addition 

to everything else, the works indicate the advantages of introducing such a method. Since those 

works, the development of optimization of such models has begun, significant improvements have 

been proposed, and the development of the model-based process control has begun (Nagy, Braatz, 

2012). Models of this kind have limitations. These limitations arise due to constructive 

imperfection of the equipment. Basically, there is a lack of volume, feed rate or problems with 

heating and cooling. In addition, there are requirements for the yield of the target product and its 

quality, to which it is necessary to adapt, but the crystallization process will not be able to satisfy 

such restrictions (Worlitschek, Mazzotti, 2004, Corriou, Rohani, 2008). On the other hand, 

developing model-based optimizations requires less resources with the right approach. Also, such 

optimization allows us to determine the working conditions and find the optimal solution to the 
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problem. When using this method, it is possible to consider mixing, including not ideal mixing. 

Hydrodynamics allows the development of a mixing in models. Also, the mentioned factors make 

it possible to understand the process in detail (Sarkar, Davies et al., 2006). 

But the advantages of model-based optimization involve solving a number of scientific problems. 

In scientific papers, the main problems of such optimization systems are cited (Nagy, Braatz, 

2012). Firstly, the temperature profile is studied, it is optimized, but the process of crystal 

formation or their growth is not studied. Secondly, the crucial parameter for determining the 

quality of crystallization is the average particle size. But there is the possibility of the formation 

of a large number of side particles of small size, which are not desirable in the crystallization 

process. Thirdly, in practice, the models may not be working, since the uncertainty of the kinetics 

models is not considered. Finally, these models do not consider restrictions set for the glut (Yang, 

Song et al., 2015).         

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          

6.3 Hybrid control  

After studying and determining the main working features of the two principles of process 

optimization (model-based and model-free), the strengths and weaknesses of the methods were 

identified. By combining the features of the methods, it was possible to obtain a new optimization 

method, which is called hybrid. However, the method is not widely used in semi-batch and batch 

crystallization. Recently, quite a few scientific studies have appeared that allow counting on the 

widespread use of technology in the future for all types of crystallization.  

 
Table 4.  Process control model comparison (Wang, Wang et al., 2017) 

Strategies of control Advantages Disadvantages 

Model-free  • Simplicity of usage 

• Reduced number of errors 

at construction stage 

 

• Requires more detailed 

research and testing before 

implementation 

• When changing the process 

conditions, it is impossible to 

adjust the process 

Model-based  • Fewer trials are required to 

determine favorable 

conditions 

• Possible to understand the 

process in detail 

• Designing a system for a 

complex process is 

complicated  
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Table 4 shows the results of a comparison of two schemes: MPC-PID and PID. This comparison 

may indicate that a hybrid control scheme can become very popular, since it will help to increase 

the efficiency of the crystallization process (Sen, Singh et al., 2014). 
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EXPERIMENTAL PART 

7 PROCESS MODELING 

MathWorks's Simulink software package is designed for modeling and graphic design of various 

dynamic systems. Also, in this software it is possible to analyze and control such systems. It makes 

it possible to build graphical block diagrams, simulate dynamic systems, investigate the operability 

of systems and improve projects. Such wide possibilities allow Simulink to be used in various 

fields: physics, mathematics, biology, economics, medicine, etc., wherever tasks are described by 

mathematical and logical operations. The interface of the Simulink program consists of a library 

of elements and a graphic field for constructing a design; in addition, there are a number of built-

in functions, which are also associated with similar programs, such as MATLAB. Simulink is 

widely used for designing and modeling various systems, controls, and a number of other 

functions. In general, MathWorks has a large number of products that can be used in conjunction 

with Simulink (Simulink, 2006). 

 

7.1 Volume and concentrations 

Reaction mechanism for precipitation process of CaCON in the present work is based on the 

chemical reaction 20; the abbreviated forms are presented in equations 19 and 21. 

 

𝐴 + 𝐵 → 𝐶 + 𝐷 (19) 

𝐻L𝐶𝑂N()+) + 𝐶𝑎𝐶𝑙L()+) → 𝐶𝑎𝐶𝑂N(T) + 2𝐻𝐶𝑙()+) (20) 

𝐶𝑎𝐶𝑂N ⟶ 𝐶𝑎LY + 𝐶𝑂NLZ (21) 

 

Since the process is done in a semibatch mode, volume of the solution increases from the initial 

amount of 100 ml. Feed solution is H2CO3 and the receiving solution in the tank is calcium 

chloride. Final volume of the solution could be calculated with equations 22 and 23.  

 

𝑉(𝑡) = 𝑉x� + 𝑄#$%. ∙ 𝑡 (22) 

𝑉 = 𝑉x� + �𝑄#$  (23) 

Targeted reagent addition to the crystallizer is 50 ml at an initial rate of 5 ml/min.  Subsequently, 

it is assumed that this value is changed, and the process could be controlled by considering this 

factor as a manipulated variable. 

𝑄#$,i = 5𝑚𝑙/𝑚𝑖𝑛 (24) 
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The main parameter that affects the process and which can be controlled is the supply of 

H2CO3(aq) to the reactor. In general, it is possible to influence the process with the help of other 

parameters (for example, the concentration of substances). 

The constants used in this study are not uniquely defined. For this reason, it is necessary to evaluate 

the effect of these values on the process and choose the most suitable ones. 

Fig. 19 presents the design model for volume calculation in Simulink software. And the results of 

the modeling for volume are presented at Fig. 20. 
 

 
Fig. 19. Volume calculation part in Simulink 

 

 
Fig. 20. Plot of volume changes in Simulink 

 

There is no need to show other plots for different inflows as it would be linear graphs with different 

time. 
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7.2 Supersaturation and concentrations 

The objective of this study is to establish a series of mathematical equations to describe the 

semibatch precipitation process. Equations 25-29 describe the mass balance applied to an 

elementary irreversible reaction in semibatch reactors: 

 

𝑑𝑁@):I[
𝑑𝑡 = 𝑟@):I[ ∙ 𝑉(𝑡) = −

𝑘 ∙ 𝑁@)@I[ ∙ 𝑁�[@^_
𝑉x� + 𝑄#$%. ∙ 𝑡

 
(25) 

 
𝑑𝑁�[@^_
𝑑𝑡 = 	𝐶#$%. ∙ 𝑄#$%. + 	𝑟�[@^_ ∙ 𝑉(𝑡) = 𝐶#$%. ∙ 𝑄#$%. −

𝑘 ∙ 𝑁@)@I[ ∙ 𝑁�[@^_
𝑉x� + 𝑄#$%. ∙ 𝑡

 
(26) 

 
𝑑𝑁@)@^_
𝑑𝑡 = 𝑟@)@^_ ∙ 𝑉(𝑡) 

(27) 

 
𝑑𝑁�@I
𝑑𝑡 = 2 ∙ 𝑟�@I ∙ 𝑉(𝑡) 

(28) 

 

Where, 𝑄#$%. is the feed flow rate (𝑚N/𝑚𝑖𝑛); 

𝐶#$%. is the concentration of the reagent in feed solution (𝑚𝑜𝑙/𝑚N); 

𝑟# is the reaction rate and is defined as follows: 

𝑟@):I[ = 𝑟�[@^_ = −𝑘 ∙ 𝐶@):I[ ∙ 𝐶�[@^_  (29) 

 

�𝑟@):I[� = �𝑟�[@^_� = �𝑟@)@^_� =
1
2
|𝑟�@I| 

(30) 

 

In equation 28, 𝐶# denotes the concentration of species and 𝑘 is the reaction rate constant. 

Arrhenius equation relates the dependence of the rate constant of a chemical reaction on 

temperature, pre-exponential factor and other constants of the reaction as follows: 

 

𝑘 = 𝐴 ∙ exp	(−
𝐸)
𝑅𝑇) 

(31) 

Where 

𝑇 is the temperature (in Kelvin); 

𝐴 is the pre-exponential factor, a constant for each chemical reaction; 

𝐸)is the activation energy for the reaction (in the same units as RT); 

𝑅 is the universal gas constant (𝐽/𝑚𝑜𝑙	𝐾). 
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Change in the solution volume due to addition of reagent to the system is evaluated by equation 

22. 

Temperature in the study is a constant value and it is 295.15 K. 

The design for Arrhenius equation calculation with equation 30 is shown in Fig. 21 with results of 

modeling of reaction rate in Fig. 22. After determining the reaction rate constant (equation 30) the 

equations 25-29 were implemented (Fig. 23). Results of the final calculation of concentrations are 

shown in Fig. 24 for CO32- and Fig. 25 for Ca2+. 
 

 
Fig. 21. Arrhenius equation calculation in Simulink 

 

 
Fig. 22. Reaction rate variation in Simulink 
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Fig. 23. Concentration calculation in Simulink 

 

 
Fig. 24. Plot of CONLZ concentration changes in Simulink 



 49 

 
Fig. 25. Plot of CaLY concentration changes in Simulink 

 

Equation for supersaturation could be taken from the relevant literature (Rigopoulos, Jones, 2001).   

𝑆 = q[𝐶𝑎LY][𝐶𝑂NLZ] − �𝐾T, 
(32) 

 

Where, Ksp solubility product, mol2/m6 

Ksp is constant value for each material. It was determined for calcium carbonate in paper (Plummer, 

Busenberg, 1982). 

Ksp = 3.36e-9 mol2m−6 (33) 

 

Implementation of equations 32-33 in the software is presented at Fig. 26. This part is a subsystem 

in final version of the full model. Fig. 27 shows changing of value of supersaturation in time. 

 
Fig. 26. Supersaturation in Simulink 
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Fig. 27. Plot of supersaturation changes in Simulink 

 

The concentration of the solution is a parameter that quantitatively characterizes the content of the 

component relative to the entire mixture. 

 

7.3 Growth rate  

Secondary nucleation rates (m−3s−1) are most commonly correlated by empirical relationships such 

as: 

𝐵 = 𝐾w;𝑃.
%𝑁TI∆𝐶w (34) 

In equation 34 ∆C is supersaturation, Kbr is the constant for birthrate, 𝑃. is the slurry concentration 

which is going to be 1 in this case and Ns is a term which gives some measure of intensity of 

agitation in the system. 

Herein, agglomeration, breakage, secondary nucleation and product removal terms in semi-batch 

crystallization are neglected because agglomeration tendency is not present. Additionally, micron 

sized crystals have very low tendency for secondary nucleation; therefore, occurrence of secondary 

nucleation is neglected and equation 35 is used to model the nucleation rate. It correlated the 

nucleation rate value as a power law function of the supersaturation. In equation 35, mixing is 

considered, but without the possibility of regulating this parameter. This equation satisfies the 

calculations, but in the future, it is possible to recalculate the model with help of equation 34. 

𝐵 = 𝐾w; ∙ ∆𝐶w (35) 
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where B is the rate of secondary nucleation; 

Kbr is the constant for birthrate;  

The exponents j, l, b which differ according to conditions (Chemical Engineering, 2002). 

In the case ∆C is supersaturation and its power b were determined in article (Rigopoulos, Jones, 

2001). 

b = 8.6 

Constant Kbr was determined (Rigopoulos, Jones, 2001). 

𝐾w; = 9 ∙ 10�(𝑘𝑔 ∙ 𝑚L ∙ 𝑠ZL𝐾Zn) 

The energy for forming compounds is called Gibbs free energy. This energy is obtained by 

receiving 1 mole of substance. This value is calculated under standard conditions (pressure 1 bar 

and the temperature that is indicated, the standard temperature of 298.15 K is often taken). 

The transformation of the starting particles into reaction products is usually associated with 

overcoming the potential barrier. It is called the energy of activation of the chemical reaction (E). 

The presence of a potential barrier is due to the fact that each particle (molecule, radical, ion) is 

an energetically more or less stable formation. The restructuring of reacting particles requires 

breaking or weakening of individual chemical bonds, which requires energy. The fraction of 

particles with energies greater than E is equal to (∆𝐺/RT) (Boltzmann's law). Only those particles 

whose energy is greater than E are involved in the chemical transformation. Therefore, the reaction 

rate constant is K ~ 𝑒(
∆�
��).  For the first time, the dependence of K on T was derived by Arrhenius 

from experimental data. It can be written as: 

𝐾 = exp	(−
∆𝐺
𝑅𝑇) 

(36) 

 

Gibbs free energy (∆𝐺) for calcium carbonate is -1129.1 (kJ mol-1) 

Since high supersaturation and primary nucleation predominate in the precipitation processes, 

mixing plays a decisive role. 

The formulas of the population balance allow to describe the basic processes in crystallization in 

mathematical form. PBE equations have been derived in some scientific papers (the initial one 

(Hulburt, Katz, 1964) and one which was developed later (Randolph, Larson, 1971). The equation 

allows to describe the DPS (distribution of particles in size) and quantity in various chemical 

engineering systems. Crystallization processes, dispersed gas-liquid or liquid-liquid systems, and 

a number of other processes use this pattern (Hatakka, 2010, Heinrich, 2008, Myerson, 2002, 

Randolph, Larson, 1971). It is a non-linear equation with involves phenomenon of crystallization 
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kinetic. Some studies present detailed analysis of the population balance (Ramkrishna, 1985, 

Ramkrishna, 2000) Population balance was used in a vast variety of research investigations of 

crystallization process for modeling and simulating on the one hand and controlling, analyzing on 

the other. (Braatz, 2002a, Iggland, Mazzotti, 2012). There are various methods and techniques for 

solving such equations. The main methods which are worth mentioning are MOM (method of 

moments) (Hulburt, Katz, 1964), Monte Carlo method (Costa, Maciel et al., 2007), Method of 

Classes (Marchal, David et al., 1988) and Method of Characteristics (Randolph, Larson, 1971). Of 

course, this is not all of the existing solutions to the PBE equations. 

Growth rate can be represented as the perpendicular displacement rate of a particular crystal 

surface. Due to the perpendicular rate of displacement, varying linear growth rates are observed 

for several crystallographic crystal face (Ezeanowi, 2016). 

𝐺 =
𝑑𝐿
𝑑𝑡  

(37) 

Where, G - growth rate, m/s 

L Characteristic dimension, m 

Also, there is more common view of the equation. (Van Leeuwen, M. L. J., 1998) 

𝐺 =
𝑑𝐿
𝑑𝑡 = 𝑘 𝑓(∆c) 

(38) 

Where, kg - ∆c -independent rate constant 

f(∆c) - a function of supersaturation 

Different variety of mechanisms were studied and presented in table 5. 

 
Table 5. Functions f(∆c) for different mechanisms (Van Leeuwen, M. L. J., 1998) 

Mechanism f(∆c) 

normal growth (∆c -1) 

spiral growth (∆c -1)2 

2D nucleation-mediated growth (∆c -1)2/3∆c 1/3exp(-B2D/In∆c) 

volume diffusion-controlled growth (∆c -1) 

 

As can be seen from table 5 f(∆c) in most cases be approximated by a power law relation, with a 

power between 1 and 2. This method of modeling crystal growth is often applied. The resulting 

relation for crystal growth becomes: (Van Leeuwen, M. L. J., 1998) 

𝐺 = 𝑘 (∆c	 − 1)  (39) 

Where constant “g” could be 1 or 2. 

Another study gives quite close equation for growth rate (Rewatkar, 2018): 
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𝐺 = 𝑘 (∆c	 − 1)  (40) 

Where g is the exponent number to growth rate.  

The value of the parameter g takes values from 0 to 2.5 (Wang, Ma et al., 2012). For the 

crystallization process, a number of scientific works report a parabolic dependence of the growth 

rate on the degree of solution supersaturation (Bramley, Hounslow et al., 1997). The 

supersaturation of solution ∆c determines the nucleation and subsequent growth of crystals. 

The final equation for growth rate would be: 

𝐺 = 𝑘 (∆c	 − 1)L (41) 

Values for constant kg obtained in the relevant literature (Van Leeuwen, M. L. J., 1998) and would 

be used for solving the task. They are presented in Table. 6. 
Table 6. Constants for the growth rate kinetics (Van Leeuwen, M. L. J., 1998) 

 Supersaturation ratio < 6 Supersaturation ratio > 6 

kg [m/s] 2.01*10-11 1.4*10-9 

g 2 1 

 

Design of growth rate calculation is shown in Fig. 28. Growth rate as a function of time is presented 

in Fig. 29. The changed parameter is growth rate power number (g). 

 
Fig. 28. Growth rate design in Simulink 

 
Fig. 29. Plot of growth rate changes in Simulink 
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It is necessary to make a sensitivity analysis for growth power (equations 37-38) (Van Leeuwen, 

M. L. J., 1998) and to understand the dependence of L4,3 (equation 47) from growth power number. 

It is one of the parameters which could cause the difference in final result. The study is made with 

inlet flow 5 ml/min and 2 ml/min as an example. The sensitivity results are shown in Table 7. 

Dependence of L4,3 from inflow is presented at Fig. 30. 

 
Table 7. Sensitivity of growth rate 

Growth power (g) Qin, ml/min Time, s L4,3 Growth rate 

1 5 600 0.2805 5.351e-10 

1.5 5 600 1.5190 2.761e-9 

2 5 600 8.2371 1.425e-8 

2.5 5 600 44.7003 7.351e-8 

1 2 1500 0.6151 2.051e-11 

1.5 2 1500 3.2522 2.071e-11 

2 2 1500 17.3942 2.092e-11 

2.5 2 1500 93.6211 2.114e-11 

  

 
Fig. 30. Changes of L4,3 from different growth power number (g) 

 

7.4 Method of moments 

The method of moments (MOM) approach is used for solving the population balance equation 

(PBE) in this case. It makes it possible to simplify the problem, reduce the dimension of the 
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equations. PBE can be presented in a form of ordinary differential equations (ODEs). It is 

necessary to solve only few of ODEs. (Randolph, Larson, 1971) 

The population balance equation for semi-batch process can be modified as: (Rewatkar, 2018) 
 

𝜕𝑛
𝜕𝑡 + 𝐺

𝜕𝑛
𝜕𝐿 +

𝑛
𝑉
𝜕𝑉
𝜕𝑡 = 0 

(42) 

 

In order to avoid solving complex PBE and to simplify method of moments it was decided to get 

distribution according to the particle size, moments with help of PBE. The moment equation could 

be presented as (Randolph, Larson, 1971, Rewatkar, 2018): 

 

𝑚% = � 𝐿% ¤
𝜕𝑛
𝜕𝑡 + 𝐺

𝜕𝑛
𝜕𝐿 +

𝑛
𝑉
𝜕𝑉
𝜕𝑡 ¥ 𝑑𝐿 = 0

¦

i
 

𝑗 = 0,1,2,3… 

(43) 

 

Using the method of moments, it is possible to determine a number of crystal parameters. After 

solving a number of equations, it will be possible to calculate the number, volume and mass of 

crystals. Moments 0-3 have a physical meaning. These moments can be calculated using a system 

of differential equations: 
𝑑(𝑚i𝑉)
𝑑𝑡 = 𝐵𝑉 

(44) 

 

Total amount of crystals in solution is m0 (moment zero). 
𝑑(𝑚n𝑉)
𝑑𝑡 = 𝑚i𝐺𝑉 

(45) 

 

where G is the growth rate. 

Summary length of crystals for unit of volume solution along axis is m1 (first moment). 

𝑑(𝑚L𝑉)
𝑑𝑡 = 2𝑚n𝐺𝑉 

(46) 

 

where, m2 (the second moment) is full surface of crystals for unite of volume of solution. 
𝑑(𝑚N𝑉)
𝑑𝑡 = 3𝑚L𝐺𝑉 

(47) 

 

where, m3 (the third moment) is total crystal volume per unit volume of solution. 
𝑑(𝑚o𝑉)
𝑑𝑡 = 4𝑚N𝐺𝑉 

(48) 
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Crystallization is estimated by determining the average crystal size. Particle size calculation is 

carried out according to the equation 48: 

𝐿o,N =
𝑚o

𝑚N
 (49) 

where L4,3 is the volume mean diameter, m.  

Particle size is a parameter that determines the precipitation process. With help of controlling the 

value, it is possible to improve the process of precipitation. Implementation of method of moments 

(equations 42-49), as a solution to the PBE is presented in Fig. 31. The volume mean diameter 

variation in time is shown in Fig. 32. 

 
Fig. 31. Design for MOM equations in Simulink 

 

 
Fig. 32. Change of L4,3 as a result of Simulink simulation 
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As it was mentioned, inflow is the main parameter to control the process. There are different ways 

to study the influence of inflow number. The most effective is to recalculate time for different 

inflow as the final volume is the same. Relationship of volume mean diameter and inflow is shown 

in Table 9. For more visual representation of the results were presented in the form of a plot (Fig. 

33). 
Table 8. Relationship of L4,3 and inflow 

Qin, ml/min Time, s L4,3 

1 3000 19.324 

2 1500 17.391 

3 1000 13.642 

4 750 10.294 

5 600 8.237 

6 500 6.875 

7 429 5.873 

8 375 5.125 

9 333 4.544 

10 300 4.085 

 

 
Fig. 33. Plot changes of L4,3 from inflow 
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8 CONCLUSION  

In the theoretical part of the thesis, existing methods of the crystallization process were considered. 

After studying and comparing the approaches, a model was constructed, which is presented in the 

experimental part of the work. Mathematical model of the process was implemented in the 

Simulink software. This model allows to evaluate the crystallization process of calcium carbonate 

and can be used to further investigate the precipitation process. 

During the development of the model, various options were considered. A comparison was made 

of different methods for calculating the crystallization of calcium carbonate and the most favorable 

design was identified. A model has been built that satisfies all the requirements and allows the 

investigation of various parameters of the process. During the evaluation of the model, a sensitivity 

analysis was performed for a number of parameters: inflow, reaction rate constant. Graphs of the 

dependence of the studied quantities on each other were also constructed. 

The developed solution allows to use the model for future research and improvement. In particular, 

there was a study of the influence of parameters on the process, but no method for monitoring and 

controlling these parameters was proposed. It is also possible to build a graphic and more visual 

model for use in educational or industrial purposes. 
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