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The aim of this thesis is to examine the interpretability of parameter estimates in 

autoregressive models. Robustness of parameter estimates are tested with differing sample 

sizes and falsely identified models. Eleven time series with 10 000 observations are simulated 

using different parameters in autoregressive model of second order. These time series are used 

to estimate parameters of autoregressive models from 1st to 12th order. There are three groups 

of parameter estimates; those estimated with 25, 50 and 100 observations. Robustness of these 

parameters is analyzed with mean squared distance from the correct value and mean 

parameter estimate. Also, statistical significance of overfitted parameter estimates are 

examined in the results. 

 

According to the simulated time series, parameter estimates of autoregressive models can be 

interpreted with a certain caution. Underfitted models suffer from misleading mean parameter 

estimates. On the other hand, falsely identified, thus overfitted models have statistically 

significant excessive parameters estimates. Thus, interpretation lies heavily on carefully 

executed Box-Jenkins method; identification, estimation and diagnostics checking. 
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Tämän tutkielman tarkoituksena on tutkia mahdollisuutta tehdä tulkintoja autoregressiivisten 

mallien parametriestimaateista. Parametrien robustisuutta testataan eri kokoisilla otoskoilla ja 

väärin identifioiduilla malleilla. Tutkielmassa simuloidaan yksitoista 10 000 havainnon 

aikasarjaa käyttäen toisen asteen autoregressiivisiä malleja eri parametriyhdistelmillä. Näitä 

aikasarjoja käytetään autoregressiivisten mallien estimoimiseen, jotka vaihtelevat 

ensimmäisen ja kahdennentoista asteen välillä. Tutkielmassa on kolmenlaisia 

parametriestimaatteja: 25, 50 ja 100:lla havainnolla estimoituja. Estimaattien robustisuutta 

arvioidaan niiden keskietäisyyden neliöstä oikeasta arvosta sekä keskiarvolla. Myös 

ylimääräisten parametriestimaattien tilastollinen merkitsevyys on yksi tutkimuskohdista. 

 

Simuloiduista aikasarjoista voidaan päätellä, että autoregressiivisten mallien tulkinta on 

tietyin varauksin mahdollista. Liian pienet mallit kärsivät harhaanjohtavista parametrien 

keskiarvoista. Toisaalta, liian suurten mallien ylimääräiset parametriestimaatit ovat liian usein 

tilastollisesti merkitseviä. Tulkinta siis pohjautuu huomattavasti huolellisesti tehtyyn Box-

Jenkins-menetelmään; identifioimiseen, estimointiin ja diagnostiikan arvioimiseen. 
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1. Introduction 
 
Time series data is being analyzed in almost every field of science. There have been many 

debates on predicting stock prices using their past values, starting from Fama (1970) and his 

hypothesis of efficient markets. Geologists and biologists have used time series to predict 

climate change and environmental systems and the cyclicity of childhood diseases can be 

captured using time series analysis (Loarie et al. 2009; Hipel & McLeod 1994; Finkenstädt & 

Grenfell 2000). Due the importance of time series analysis, it should be taken care that an 

adequate model is fitted to describe the characteristics of the series. 

 

A procedure for stationary time series analysis, autoregressive moving average (ARMA) 

modeling, has been widely used in all previously mentioned fields. The idea of correlations 

between future and past values was first introduced by Yule (1926) in his article “Why do we 

Sometimes get Nonsense-Correlations between Time-Series?--A Study in Sampling and the 

Nature of Time-Series “. In 1937, Eugen Slutzky wrote an article about his theory of random 

causes causing wave-like movements to parameters like countries’ business cycles and only a 

year later, Wold combined these two approaches to ARMA models as we know them today. 

(Wold, 1938) They are univariate time series models, meaning that they explain current value 

of a process using only its past and/or random variables, depending on the characteristics of 

time series at hand. 

 

It took almost forty years to build sufficient computational power to utilize ARMA models in 

research. In 1976, Box and Jenkins provided guidelines for making time series stationary, 

selecting proper values of parameter estimates and checking the diagnostics after the model 

had been formed. That is why ARMA and especially autoregressive integrated moving 

average (ARIMA) models are often reffered to as Box-Jenkins method. Afterwards, a bunch 

of other time series models, such as vector autoregressive moving average and continuous-

time autoregressive moving average models, have been developed, all initially based on 

ARMA models. (Makridakis & Hibon 1997) 

 

As the title of Yule’s article implies, autoregressive moving average models are often said to 

be a-theoretical. The use of these models is based on capturing effects of more complex 

systems. The drivers of the dependent variable might be unspecified, unmeasurable, too 
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expensive to observe or at a different frequency than needed (Brooks, 2014, 251). Also, these 

models are often built for other than explanatory purposes. Most importantly, autoregressive 

moving average models have performed well in predicting the irregularity of time series. 

(Tang et al. 1991) 

 

However, some interpretations, especially the effects of past values to the current, can be 

considered useful. For example, in finance momentum effects, rise of stock price leading to 

further rise, can lead to an autoregressive model (Granger & Morris, 1976). The momentum 

effect has been an argument against previously mentioned efficient market hypothesis, of 

which weakest form stated that the price of a stock contains all past information, thus 

following random walk with a drift. While there has been controversial debate on who is 

right, essentially both of these theories can be presented with ARMA models and arguing 

whether these kinds of anomalies exist or not is an interpretation of these models by itself. 

Thus, at some point, it is inevitable to weight the importance between explanatory and 

predictive power of the models. 

 

1.1. Purpose of the Thesis (and questions) 

 
That is why attention must also be drawn to the validity of these models. Robustness, defined 

as parameter estimates’ tolerance for disturbances, is crucial for the validity of the model, but 

is often forgotten. This makes interpretation of results unreliable. In 2009, only 23 out of 98 

articles in The American Economic Review performed robustness checks, for example, by 

adding and removing explanatory variables (Lu & White 2014). In this thesis, we address the 

issue of robustness in autoregressive models in a practical manner. It is being evaluated with 

two different kinds of disturbances; additional lag parameters and limited number of 

observations. 

 

This being said, the aim of this thesis is to find answers to these research questions: 

 

1. How do AR-models’ parameter estimates behave when additional or fewer 
parameters have been introduced to the model? 

 
2. How do AR-models’ parameter estimates behave with low number of observations? 
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The behavior of parameter estimates is evaluated in terms of variability around the correct 

value and their mean value. In addition to the main research questions, there is one sub-

questions that is closely related to the main questions above: 

 

1. What kind of effect does the magnitude of true parameter have on the estimated 
parameter? 

 
In order to find answers to these questions, thesis examines artificial time series. They are 

simulated in a controlled environment, meaning that the coefficients of parameters are known. 

This is contrary to real world, where all kinds of noises can affect time series which make it 

impossible to validate ”correct” parameter estimates. However, if the disturbances mentioned 

above have an effect on these kinds of ”pure” time series’, they most certainly have an effect 

on real world time series, too.  

 

Also, to reach this goal, the thesis has been heavily restricted. It addresses only two types of 

disturbances, leaving many other common features of time series, such as structure changes, 

unnoted. These kinds of disturbances can also lead to false conclusions and should not be left 

out of robustness checks. (Tsay, 1988) However, since the purpose of this thesis is to focus on 

other possible shortcomings of these models, disturbances such as discussed in Tsay’s paper 

are left out of the thesis.  

 

Artificial data sets are simulated using only autoregressive models of the second order AR(2). 

This is due the purpose of the thesis: as soon discussed, moving-average models use random 

noises as explanatory variables, which have an expected value of zero. This makes the 

interpretation of moving-average parameter estimates rather fruitless. Autoregressive models, 

on the other hand, depend on the previous values of the same time series. Thus, interpreting 

autoregressive parameter estimates seem far more logical. 

 

Using two parameters to simulate time series makes it possible to also investigate the effects 

of underfitting a model. In this thesis, underfitting means using less lags than the original 

model has. Since the purpose of the thesis is not to explain why these effects happen, rather 

stating their existence, there is no need to investigate whether larger models have the same 

kind of behaviour, when underfitted, or not. If small models, like AR(2), are unreliable to 

interpret, can the whole family of autoregressive models be questioned, too. 
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1.2. The Structure of the Thesis  

 
The thesis continues as follows: first, autoregressive-moving average models are introduced 

with their prerequisites and limitations. Since there is, at least to writer’s knowledge, no 

previous research about interpretation of ARMA models, chapter 3 covers previous researches 

about the effects of sample size for ARMA models and in which fields the structure of 

ARMA models play an important role.  

 

After literature review, the empirical part begins. Coverage of how the artificial time series 

are simulated and analyzed is found in chapter 4. Results and their impact on interpretation of 

AR models and their parameter estimates are being discussed in chapter 5, and the last chapter 

summarizes the analysis and results to a compact form, and addresses possible future research 

on the topic.  
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2. ARMA 
 
In this thesis, the focus is on perhaps the most common linear time series models, 

autoregressive-moving average models. These models can be separated into two parts, 

autoregressive part and moving average part and they can be used separately or combined. In 

order to use these models, time series has conditions to be met. Most importantly, it has to be 

weakly stationary and invertible. 

 

2.1. Weakly stationary process 
 

In order to be weakly stationary, a time series has to meet three conditions: 

 

𝐸(𝑦&) = 𝜇	 (1) 

𝐸(𝑦& − 𝜇)(𝑦& − 𝜇) = 𝜎"	 (2) 

𝐸(𝑦&! − 𝜇)(𝑦&" − 𝜇) = 𝛾&!'&" 					∀𝑡!, 𝑡" (3) 

 

The first equation tells that the expected value of yt does not change over time, in other words 

time series has a constant mean. The second equation states that also the variance of the 

model must remain constant over time. 

 

Just like covariance, autocovariance stands for joint fluctuation of two or more variables, only 

this time the covariance is between yt and its previous values. The third equation states that 

the time series should have a constant autocovariance structure. (Brooks, 2014, 252-253) This 

means that the autocovariance between yt and yt-s	is not dependent on t, but s. For example, 

the autocovariance between y12 and y14 should be of same magnitude as y1 and y3. 
 

2.2. Box-Jenkins approach to model identification and estimation 
 

In their book “Time Series Analysis: Forecasting and Control” Box and Jenkins (1976) 

proposed a systematic approach to identify and estimate ARMA models. It contains three 

steps: identification, estimation and diagnostics checking of a model. Since then, the approach 

has preserved its place in ARMA modeling. 
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2.2.1. Identification 
 

Identification of a model from the general ARMA family for a given time series is a difficult 

task and often room for own judgement is left, since robust statistical method for model 

identification has not been accomplished. Box and Jenkins proposed the use of 

autocorrelation (ACF) and partial autocorrelation functions (PACF) to identify the right order 

of models. More recently, other approaches have been developed to identify the choice of 

order. Information criteria, derived from other fields of science such as information theory, 

has been proved to be very useful in this matter. 

 

Autocorrelation describes the dependence between yt and its previous values. It is determined 

using previously mentioned autocovariance and variance: 

 

𝜏( =
𝛾(
𝛾)
	 (4) 

 

Where numerator is the autocovariance at lag s and divisor is autocovariance at lag 0, in other 

words variance of the model. Presuming that the absolute value of moving average processes 

first lag coefficient is less than one, autocovariance of lag s	is:	
 

𝛾( =
𝜃!(𝜎"

(1 − 𝜃!")
	 (5) 

 

where 𝜃! happens to be the first lag coefficient of moving average process. It is an effective 

tool to identify the right order of moving average models. If autocorrelation at lag s 

statistically significantly differs from 0, the parameter estimate at lag s is also statistically 

significant. Thus, a moving average process is of order q, where q is the last statistically 

significant autocorrelation. (Brooks, 2013, 263-266) 

 

Partial autocorrelation (PACF) measures the dependence between yt and its previous values in 

a slightly different manner. It is the correlation between the current observation and s periods 

ago when the effect of observations between these two have been removed. Thus, 

autocorrelation and partial autocorrelation at lag 1 are equal and start to differ at lag 2 forth. 

Second partial autocorrelation coefficient is: 
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𝜏" =
𝜏" − 𝜏!"

1 − 𝜏!"
(6) 

 

The formulas of partial autocorrelation coefficients at lags 3 forth are more complex. Since 

this thesis uses autoregressive models of second order, they derivation of further PACF 

coefficients is not in the scope of this thesis. Partial autocorrelation function is a tool to 

identify the correct order of an autoregressive model. AR(q) is a model with PACF 

statistically significant until the lag q. (Brooks, 2013, 266-267) 

 

For ARMA models, and sometimes for separate AR and MA models, the identification of the 

order based on visualization of ACF and PACF is not as straightforward. The ACF of an 

ARMA model behaves very much like ACF of an AR model: it decays geometrically. Also, 

partial autocorrelation function decays geometrically, like in MA models. Thus, detecting 

ARMA model from AR and MA models with acf and pacf is possible, but the right order of 

the model cannot be distinguished with these functions. Extensions of ACF, such as extended 

autocorrelation function, has been proposed to specify the order of an ARMA process, but has 

not been popular (Tsay, 2005) The behaviour of an ACF and PACF for AR, MA and ARMA 

models is summarized in table 1.  

 

Model AR(p) MA(q) ARMA(p,q) 

ACF Geometrically 

decaying 

Cutoff after lag q Geometrically 

decaying 

PACF Cutoff after lag p Geometrically 

decaying 

Geometrically 

decaying 

Table 1. Behaviour of ACF and PACF of ARMA models 

 

To overcome the problem of identifying models through acf and pacf, a measurable approach 

has been introduced to identification.  Akaike information criteria (AIC) and Bayesian 

information criteria (BIC) are commonly used for this purpose. Both criteria use variance of 

error terms as their base of model validation. Smaller variance refers to better fit model. As 

classic linear regression models, residuals in ARMA models tend to have smaller variance 

when increasing the number of explanatory variables, in this case more lagged variables. 

Also, as in classic linear regression models, the objective is to form as simple model as 
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possible that describe the features of the data. In order to balance between these two qualities, 

a penalty term is added to both criteria. AIC and BIC can be expressed as: (Tsay 2005, 41-42) 

 

𝐴𝐼𝐶 = ln(𝜎B) +
2𝑘
𝑇
	 (7) 

𝐵𝐼𝐶 = ln(𝜎B) +
𝑘
𝑇
ln(𝑇) (8) 

 

Where the first terms are natural logarithm of residual variance, and second terms are the 

penalty terms. The increase of number of parameter estimates, k, will increase the information 

criteria, making the model less attractive. 

 

The only difference between these terms is the multiplier in penalty terms. In Bayesian 

information criterion, the natural logarithm in the numerator quickly adds weight to the 

penalty term. For example, already in a time series of 50 observations, the numerator 

(ln	(50) ≈ 3.91) has almost twice the weight of constant 2 in Akaike information criterion. 

Thus, BIC tends to suggest smaller models than AIC. (Brooks, 2014, 275)  

 

2.2.2. Estimation 
 

Most common parameter estimation methods of ARMA models are least-squares and 

maximum likelihood estimation methods. While the least-squares estimation is based on 

minimizing the squared distance between actual and estimated data points, maximum 

likelihood (ML) relies on assumptions of known probability density function. As its name 

suggests, maximum likelihood estimation is “a method to seek the probability distribution that 

makes the observed data most likely” (Myung, 2003). This means that the objective is to find 

the parameters that produces the probability density function of the original data. A more 

profound derivation can be found in Myung, (2003). 

 

ML estimation has many desired properties: sufficiency, consistency and efficiency. A 

parameter estimate is sufficient when all the information, that the parameter can provide, is in 

the estimate, and no further statistics can increase the information in the estimate. Consistency 

means that parameter estimate converges asymptotically towards its true value. Lastly, 

maximum likelihood estimate is also efficient, since it achieves lowest possible variance 

when the data is sufficiently large. (Myung, 2003) However, normality of maximum 
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likelihood estimates is not self-evident. Especially with small sample sizes, estimates do not 

necessarily follow normal distribution. Be that as it may, “with conditions usually 

encountered, this property holds approximately, with the quality of the approximation 

improving as the sample size grows”. (Aldrich et al. 1984) 

 

While least squares estimation is an approach generally used in linear regressions, many 

software, such as MATLAB, provide maximum likelihood as the default estimation method 

to autoregressive-moving average models. It is also the method that is being used in this 

study. 

 

2.2.3. Diagnostics checking 
 

The last step of Box-Jenkins approach is the diagnostics checking of the model. Box and 

Jenkins suggested two methods to ensure adequacy of the model: Overfitting and residual 

diagnostics. (Box & Jenkins, 1976, 285) 

 

Overfitting means deliberately increasing the order of the model. If the model is fit to the 

data, additional parameter estimates should be statistically insignificant. However, if there is 

still explanatory power left in the estimates, identification of model should be made again. 

Overfitting is useful when the limitations of the model are known. (Box & Pierce, 1970) For 

example, if the model hypothesis is a random walk process, overfitting can provide 

information on whether unit-root exists or not.  

 

However, often these limitations are not known, and a more common method to ensure 

adequacy is examining residuals of the model. As discussed, ARMA models parametrize the 

effects of autocorrelation. Thus, if there is autocorrelation left in the models’ residuals, the 

model is not adequate. For an adequate model, residuals are uncorrelated and distributed 

normally (Box & Jenkins, 1976, 290).  

 

2.3. Autoregressive models 
 

Perhaps the more intuitive subset in the family of ARMA models are AR models, where 

current value of variable depends only on the previous values and an error term. An AR(p) 

model can be written as: 
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𝑦& = 𝜇 + 𝜙!𝑦&'! + 𝜙"𝑦&'" +⋯+ 𝜙*𝑦&'* + 𝑢&	 (9) 

 

where µ	is a constant and ϕp is the parameter estimate for y(t-p). The error term, ut is a white 

noise disturbance term and follows normal distribution with a constant variance. 

 

Estimates of 𝜙! to 𝜙* are usually between -1 and 1. However, they can have values of larger 

magnitude and not all models with estimates less than one are stationary. A sufficient 

condition of AR models is that all roots of its characteristic function lie outside of unit circle. 

This means that in a complex space, the distance between the root and origin must be more 

than 1. If this condition is not met, the autoregressive model is not stable. As an example, let’s 

consider the following AR(2) model: 

 

𝑦& = 𝑢& − 0.9𝑦&'! + 0.9𝑦&'" (10) 

 

In order to write it using backshift operator, all values of 𝑦 must be on the same side of the 

equation. 

 

𝑦& + 0.9𝑦&'! − 0.9𝑦&'" = 𝑢& (11) 

 

Writing the same equation using backshift operator notation would be: 

 

𝑦& + 0.9𝐵𝑦& − 0.9𝐵"𝑦& = 𝑢& (12) 

 

where B	is the backshift operator.	Using	𝑦&	as a common divisor, it can be written as: 

 

𝑦&(1 + 0.9𝐵 − 0.9𝐵") = 𝑢& (13) 

 

where (1 + 0.9𝐵 − 0.9𝐵") is the characteristic function of the model. The characteristic 

equation is: 

 

1 + 0.9𝐵 − 0.9𝐵" = 0 (14) 

 

And its roots can be solved using quadratic order formula and they are: 
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𝐵 = 	−
2
3 , 𝐵 =

5
6 

 

Since at least one of the roots is inside unit circle, the model is not invertible. It cannot be a 

stable AR(2) process. However, for 𝜙! 	= 0.5 and	𝜙"	= 0.3 the roots are: 

 

𝐵 = 	−2.84027, 𝐵 = 1.1736 

 

and the AR(2) is invertible, thus stable. The invertibility of autoregressive processes of the 

second order is represented below in figure 1, where 𝜙! means the parameter estimate of 𝑦&'! 

and 𝜙" the parameter estimate of  𝑦&'". 

 
Figure 1. Parameter space for AR(2) processes within the range [-1 1] 

  

Especially in economics, random walk models are a well-researched topic. They are a special 

case of AR(1) process, where the parameter value of yt-1 is 1. 
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𝑦& = 𝜇 + 𝑦&'! + 𝑢&	 (15) 

 

These kinds of models are called unit-root processes, and the shock of the error term, 𝑢&, 

remains in the system. Also, because 𝑢& is an independent and identically distributed term, the 

sign and magnitude of the next shock cannot be identified beforehand. These effects can be 

seen in autocorrelation function, which does not decay geometrically. It stays at one for all 

lags. 

 

2.4. Autoregressive – moving average model 
 

In some cases, AR models become hard to use when describing the time series. In order to 

capture the dynamics of the series, one could need a very high order model. To overcome this 

difficulty, ARMA models were introduced. An ARMA model is a combination of 

autoregressive and moving average models. It states that the current value yt depends on its 

previous values and current and previous values of white noise error term. A general 

ARMA(p,q) model is: 

 

𝑦& = 𝜇+𝜙!𝑦&'! + 𝜙"𝑦&'" +⋯+ 𝜙*𝑦&'* + 𝑢& + 𝜃!𝑢&'! + 𝜃"𝑢&'" +⋯+ 𝜃+𝑢&'+ 	 (16) 

 

And in a more compact form: 

 

𝑦& = 𝜇 +T𝜙,𝑦&',

*

,-!

+T𝜃.𝑢&'.

+

.-!

+ 𝑢&	 (17) 

 

Since the moving average part of the model is based on independent and identically 

distributed white noise terms, the interpretation of MA processes is not feasible. Making 

conclusions of variables that are expected to be zero is not reasonable. Thus, ARMA models 

are not in the scope of this thesis, but is necessary to introduce yhem, since they are a sort of 

extension of autoregressive models. 

 

Also, financial data, such as return of a stock, is hardly ever a mixture of autoregressive and 

moving average parts. However, this family of models is more relevant in the field of 

volatility modeling. The basis of generalized autoregressive conditional heteroscedastic 

(GARCH) models lie within ARMA models as they explain the current variance of error 
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terms as a linear combination of previous variances and squared error terms. Just as ARMA is 

an extension of AR models, GARCH models are extensions of autoregressive conditional 

heteroscedastic (ARCH) models to keep model parsimonious. (Bollerslev, 1986) Thus, tests 

made in this thesis could be seen as guidelines to ARCH models, too.  
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3. Previous research 
 

In econometric models, robustness refers to the models’ ability to resist change without 

changing its initial state. This means that given outliers or other disturbances, the model 

remains unaffected. One of the main features of robustness is that estimates retain their 

desired properties, which were introduced in the previous chapter. (Kennedy, 2003) This 

chapter is an introduction to previous literature about the thesis’ disturbances of interest: 

limited amount of data and overfitting and underfitting an ARMA model. 

 

3.1. Limited amount of data 
 
Small number of observations is a difficult problem in autoregressive moving average model 

just as in any econometric model. The difficulties begin in the first step of Box-Jenkins 

approach. Information criteria are very sensitive to sample size. Akaike’s information 

criterion has had its share of criticism in small sample estimation quickly after it was 

introduced in 1973. Indeed, Shibata (1976) found AIC’s inefficiency to select the correct 

order of autoregressive model when sample size was small (n=50 or n=100), and the value of 

the parameter in AR(1) was close to zero. Also, Wax & Kailath (1985), in their information 

theoretic study, found that the information criterion tends to overestimate the number of 

signals over white noise. 

 

It became evident that when the number of suggested estimates increases in comparison to 

number of observations, AIC becomes strongly biased. Due to this, Hurvich & Tsai (1989) 

derived a bias corrected version of Akaike’s information criterion (AICc) with the same 

assumptions as the original criteria. AICc is an extension of AIC with additional penalty term: 

 

𝐴𝐼𝐶/ = 𝐴𝐼𝐶 +
2(𝑚 + 1)(𝑚 + 2)

𝑛 −𝑚 − 2
(18) 

 

where m is the number of parameter estimates and n number of observations. This 

information criteria works significantly better with small sample sizes. For sample sizes small 

as 15, AICc was able to select the correct order of the model 45 times out of 100 realizations, 

whilst AIC was able to select the correct order 10 times. Also 𝐴𝐼𝐶/ approaches 𝐴𝐼𝐶 when 

sample size approaches infinity. (Hurvich & Tsai, 1989) Thus, it is not unusual that AIC has 
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been used to model selection while AICc would have been the correct criterion to use. There 

have been many rules of thumb of when to use AICc, one of which is the m/n ratio of less than 

40. (Burnham & Anderson, 2004) 

 

Another issue rises in the estimation process. As mentioned previously, maximum likelihood 

estimates are consistent, they approach true parameter values when the number of 

observations approaches infinity. Thus, ML estimates are more accurate with large sample 

sizes, but with small samples errors occur. Hart & Clark demonstrated these flaws of 

statistical properties in their article in 1999. They built Monte Carlo simulation of probit 

models with differing samples sizes and studied the models’ ability to reject true parameter 

estimates (type I error) and failure to reject false parameter estimates (type II error). They 

found that the risk of type I errors did not change with small sample sizes, but risk of type II 

error increased drastically as the sample size was decreased or the number of parameters was 

increased. (Hart & Clark, 1999) With n=40, the type II error occurred 4,2% of the times using 

significance level of 𝛼 = 5% and one independent variable. However, with n=20, type II 

errors occurred in over 35% of the models. Also, with five independent variables, the 

“appropriate” rate of type II error occurrence (5%) was reached with n=190, whilst with three 

independent variables the rate was reached with n=140. Thus, they concluded, that an 

independent variable needs 30 to 50 observation in order to avoid type II errors. (Hart & 

Clark, 1999) However, in a more recent research, Psutka & Psutka (2015) suggested that the 

required number of observations is not linearly dependent on the number of independent 

variables. With a 95% confidence level, one parameter needs 20 observations on average, 5 

parameters 188 observations on average, and 10 parameters require already 676 observations. 

(Psutka & Psutka, 2015) 

 

3.2. Structure of ARMA models 
 

Perhaps the condition where deliberate overfitting is used most frequently, is where there are 

assumptions of structure of the model. Especially in economics, random walk with or without 

a drift is a well-researched topic. It is a special case of AR(1) process, where the parameter of 

yt-1 is 1, and processes with a drift have a non-zero constant, too (Brooks, 2014, 362-364). 

These kinds of processes are called unit-root processes, and the shock of the error term, 𝑢&, 

remains in the system. Also, because 𝑢& is an independent and identically distributed term, the 

sign and magnitude of the next shock cannot be identified beforehand.  
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Fama introduced his efficient market theory in 1970. According to his theory, there are three 

forms of efficiencies: strong, semi-strong and weak. The idea behind strong-form market 

efficiency is that all possible information is already in the price of the stock or other 

commodity, hence it is not possible to earn long-term extra profits with stocks. Semi-strong 

efficiency states that all but insider information is already reflected in the stock price. The 

weak-form market efficiency states that all the past information is already reflected in the 

current price of a stock, hence the price would follow a random walk process. By the time of 

the article, several researches of stocks and commodities had indicated randomness in their 

price. (Fama, 1970) 

 

Shortly after theory of market efficiency was published, many scientists found inconsistencies 

with weak-form market efficiency. Watts (1978) in his article ”Systematic ’Abnormal’ 

Returns After Quarterly Earning Announcements” found statistically significant return. Also, 

Thompson (1978) found a rule that earned statistically significant abnormal returns of 4%. In 

other commodities than stocks, there were more divided results of the phenomena. Cornell & 

Dietrich (1978) found autocorrelation in three out of six currencies against US dollar. Gold 

and silver spot prices were investigated by Booth & Kaen (1979), which also found 

statistically significant autocorrelation between spot prices and prices up to day t-5.	 It	

became	 evident	 that,	 at	 least	 to	 some	 extent,	market	 efficiency	 did	 not	 exist.	 (Jensen,	

1978). 

 

An approach to test unit root, thus random walk and weak-form market efficiency, is so called 

augmented Dickey-Fuller (ADF) test. In ADF, the dependent variable of the regression is the 

first difference of yt	(yt	-	yt-1	=	∆	yt). By augmenting lags of the dependent variable, it can be 

made sure that there are no higher roots. If the H0	 of statistically insignificant parameter 

estimates is not rejected, the series contains single unit root. (Brooks, 2014, 362-364) While 

there has been evidence of mean reversion in stock prices and the weak form market 

efficiency has been questioned also by Fama himself (1988), the ADF test has kept its stand 

on unit root tests. Today, researches consider ADF as a standard test for unit roots. 

  

Another field where the structure of ARMA models have been frequently investigated, is the 

ecological academic literature. In for example stock management, time series analysis has 

been used to estimate population sizes or to quantify stable conditions of natural populations. 
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(Dennis & Tamper, 1994; Ives et al., 2003). The autoregressive component in these models 

can become apparent in population densities or growth rates. For example, the impact of 

population rise in year X can be observed years later, since it takes time to become fertile. 

Moving average effect can arise from interaction of species: A rise in population of predators 

can be seen as a shock in the prey population. (Ives et al. 2010) 

 

Thus, in ecological modeling, the number of lagged variables in ARMA models is of interest. 

Ives et al. (2010) demonstrated the biases of model selection with different parameter 

estimations methods, maximum likelihood and restricted maximum likelihood (REML). They 

simulated time series’ that mimic populations of Prairie Chickens in Wisconsin, Reffed 

Grouse in Michigan and Sharp-tailed Grouse in South Dakota. In other words, they simulated 

time series where parameters were estimated from these time series. Using different time 

periods, they identified the best-fitting models using AICc. They found that the structure of 

the model is often biased towards zero, especially when the sample size is small. 

 

While the structure of autoregressive-moving average models have been under investigation, 

there has not been any conversation of the parameter estimates themselves. Perhaps the use of 

ARMA models has been the restrictive factor. Forecasting with a model does not require 

much from parameter estimates in terms of robustness. Thus, there has been no need to 

investigate robustness of these estimates any further. As long as a model gives accurate 

forecasts, there is no need to investigate estimates any further. A quick look to recent research 

confirms the suspicion. When searching for the use of ARMA models with year-filter from 

1995 forth, ARMA models have been mostly used to predict the future. More specifically, 

most researchers tend to forecast energy prices and its use, micro particles in the air of big 

cities, traffic flow and spread of diseases. The cases the ARMA has been used to define the 

structure of a time series have been about market efficiency hypothesis in finance and 

previously mentioned study from Ives et al. (2003) of population behaviour. Table 2 presents 

a recap of previous academic literature related to ARMA models. 
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Table 2. Recap of recent research related to ARMA models 

Num. Author Use of ARMA Field Year 
1. Contreras et al. Forecast Finance 2003 
2. Earnest et al. Forecast Medicine 2005 
3. Jian et al. Forecast Geology 2012 
4. Liu et al. Forecast Geology 2015 
5. Contreras et al. Forecast Finance 2002 

6. Ho & Xie Forecast 
Industrial 
Engineering 1998 

7. Anwar et al. Forecast Medicine 2016 
8. Van Der Voort et al. Forecast Traffic control 1996 
9. Díaz-Robles et al. Forecast Geology 2008 
10. Al-Loughaini et al. Model structure Finance 1997 
11. Williams & Hoel Forecast Geology 2003 
12. Hippert et al. Forecast Geology 2000 
13. Ediger & Akar Forecast Finance 2007 
14. Andreoni Forecast Traffic control 2006 
15. Jarrett & Kyper Forecast Finance 2011 
16. Li et al. Forecast Geology 2013 
17. Shukla & Jharkharia Forecast Retail 2011 

18. 
Kavasseri & 
Seetharaman Forecast Geology 2009 

19. Gilbert Forecast Retail 2005 
20. Chaudhuri & Dutta Forecast Geology 2014 
21. Permanasari et al. Forecast Medicine 2013 
22. Mei-juan Forecast Finance 2005 
23. Chan et al. Model structure Finance 1997 
24. Wang et al. Forecast Finance 2012 

25. Chen et al. Forecast 
Industrial 
Engineering 1995 

26. Gomes & Gastro Forecast Geology 2012 
27. Alnaa & Ahiakpor Forecast Economics 2011 
28. Lee & Fambro Forecast Traffic control 1999 
29. Ives et al. Model structure Ecology 2010 
30. Ives et al. Forecast Ecology 2003 

 
 
Overall, both ADF and ecological modeling have their interest in the structure of the model. 

Augmented Dickey-Fuller test is a tool to test pre-determined structure of the model. 

Ecologists try to find the correct structure of the model. To writer’s knowledge, ARMA 

models have never been studied as an explanatory model. They have not been used to provide 

an explanation for a phenomenon, rather they have been used to give an estimate of the future. 
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However, there is no reason to not believe that a state of a system could be a result of states of 

the system before. In a way, parameter estimates of ARMA models (especially AR models) 

could provide useful information of the behaviour of the system, not only by forecasting the 

future but by giving information of relationship between past and present.  
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4. Data 
 
Examination of the effects of additional lags and sample size on parameter estimates is done 

in the empirical part of the thesis. These effects are studied with artificial data. Since the data 

in the section is easily generated and manipulated, several models with different parameter 

values are made. Thus, possible patterns in the parameter estimates can be recognized through 

visualizations. Time series are generated and estimated using MATLAB’s Econometrics 

Toolbox (version 2017b).  

 

4.1. Simulated time series 
 
 
In the first part of this study, autoregressive models are investigated for several reasons. 

Moving average models represent time series as a combination of white noise processes and 

interpreting them is not reasonable. Also, ARMA models have their white noise parts as well, 

and making comprehensive conclusions of these models are too complex and time consuming 

for a master’s thesis. Thus, the thesis sticks to autoregressive models.  

 

The process goes as follows: first, an artificial time series with 10 000 observations is 

simulated using AR(2) models. The parameters used to simulate them are: 

 

(𝜙!, 𝜙"): (−0.9, −0.9), (−0.2, −0.9), (0.2, −0.9), (0.9, −0.9),	 

(−0.9, −0.2), (−0.2, −0.2), (0.2, −0.2), (0.9, −0.2), 

(−0.2, 0.2), (0.2, 0.2), (0.5, −0.5) 
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Figure 2. Parameter coordinates of simulated time series 

 

For simplicity, autoregressive models do not have a constant and the variance is set to 1 and 

no seasonal or trend elements are involved in the simulation data. 

 

After simulation, autoregressive models are fitted to time series. There are three sets of 

models: models which use 25, 50 and 100 observations in the estimation. Fitted models start 

with AR(1), and by increasing the order one by one, end up at AR(12). For each order in each 

set (n=25, n=50 and n=100), 50 models are generated, and mean parameter estimates and 

variances of 𝜙! and 𝜙" are calculated. The starting points from 1 to 9 901 are randomly 

chosen using MATLAB’s command randi and the seed is set to 5 in the beginning to make 

the study repeatable. For example, if random number is 250, the model in the first subset is 

estimated using 250th to 274th observations, the second 250th to 299th observations and the last 

250th to 349th observations. This way models use the same parts of time series, and the results 

are more comparable. 
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For each simulated time series, there are 1800 (50x3x12) models generated. Because there are 

11 time series, overall 19 800 models are estimated in this study. 

 

This way several issues concerning interpretation can be studied. First of all, the study 

examines the effects of low number of observations on parameter estimates. Small sample 

sizes are especially a difficulty when data is a yearly time series. This is more commonly 

researched topic. Maximum likelihood estimates are consistent and converge toward correct 

estimate when number of observations increases, and the statistical significance of small 

sample sizes has been studied for example in Putska & Putska (2015). However, previous 

research fails to show the variability of parameter estimates, which is a key issue in the study 

at hand. 

 

As Box-Jenkins methodology suggests, it is assumed that the additional lags in these models 

are statistically insignificant. Since a lower order of the model eliminates the autocorrelation 

in residuals, larger models should do that, too. However, the methodology does not address 

the effects of false higher order parameter estimates on lower order estimates. For interpreting 

purposes, mean parameter estimates should be close to the correct parameter values. Also, the 

variability of parameter estimates should also be small. If both of these conditions are met, 

interpretation of parameter estimates could be made but if either of these is not met, falsely 

identified models are a risk and interpretation is not recommendable. 

 

With this study, the effects of number of additional lags can also be recognized. Whether 

increasing order of model gives more varying parameter estimates can be examined with 

increasing number of parameters. Thus, possible trends of increase in variance can be 

recognized. Since there is no previous research on this topic, it is not reasonable to make any 

assumptions. 

 

Finally, this study attempts to seize the effects of high and low values of negative and positive 

parameters and their different combinations. As figure 2 shows, coordinates of parameters are 

at the edges of the space, close to positive and negative 1, and both sides of zero. Also, there 

is one asymmetrical pair of estimates, (0.5, -0.5). It is used to recognize possible trend-type 

increase or decrease of variance when the parameters change from (0.9, -0.9) to (0.5, -0.5) to 

(0.2, -0.2). 
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5. Results 
 
The findings from artificial data are presented in the fifth section of the study. Results are 

presented from general observations to parameter-specific observations. They are separated to 

three subsets, correct order models, overfitted and underfitted models. Since variance does not 

have thresholds, these three subsets are compared to each other in order to gain insight of the 

possibility to interpret the parameters. It is worth to notice, that even though the values are 

connected with a line as in figure 3, it is not a representation of any kind of continuity. Rather, 

the line is there to make results more visually appealing and easier to compare. This applies to 

figures below and in appendices. 

 

As discussed, some models are referred to as correct order models. These models are 

estimated autoregressive models of second order, the same order as the models which were 

used to simulate time series. In the presented figures, correct order models are where the x-

axis, number of additional lags, is 0. Also, parameter estimates and variance of models with z 

number of observations are usually called parameter estimates and variances of z 

observations, leaving “of models with” or some other dictum out of the text. That way the 

thesis becomes less repetitive and easier to read. 

 

Lastly, figures and text often refer to variances of parameter estimates. These variances are 

not calculated from standard errors or any other estimates from the model. Rather, they are 

simply means of squared distances between the parameter estimates and correct parameter 

value: 

 

𝜎0#
" =

1
𝑛	T

(𝜙,& − 𝜙&)"
1

,-!

(19) 

 

Where 𝑛 is the sample size, i.e. number of models estimated for each time series for each 

number of observation and 𝑡 the order of the parameter estimate, 1 or 2. 𝜙,& is the parameter 

estimate of either the first or second order, depending on 𝑡. Lastly, 𝜙& is the value of 

parameter with the time series was simulated. For example, 𝜙! = 0.9 and 𝜙" = −0.9 when 

the time series was simulated with (𝜙!, 𝜙") = (0.9, −0.9). Thus, this is not variance as 

variance is normally understood. It is the squared distance between value of parameter 
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estimate and its desired value. In other words, the value describes the variability of the 

parameter estimates with respect to the correct value. 

 

5.1. Models with correct order 
 
 

Results reveal that correct order models have typically small, if not the smallest, variances in 

both parameter estimates. Especially compared to severely overfitted models with small 

sample sizes, this magnitude of variance is minimal. As an example, figure 3 below shows the 

variances of parameter estimates from simulated data (0.9, -0.2). Dashed lines in the figure 

show the magnitude of variance in correct order models. It is clearly visible how variance is 

smaller when model has been correctly identified. Even with 25 observations variances are 

close to zero: in case of second parameter estimate, the variance of 25 observations is smaller 

with correct order than overfitted models with 50 observations. This means that the correctly 

identified models have a distribution of estimates close to the correct value, making them 

rather accurate estimates.  

 

Other than that, there are no significant differences between models estimated from different 

time series’ models in terms of variance. In all cases, models had low variances and the 

lowest sample size had the highest variances and vice versa. 
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Figure 3. Variances of 𝜙! and 𝜙" in (0.9, -0.2) 

 

Although models estimated with 25 observations had the highest variance, the difference 

between these variances and variances of estimates with larger sample size is rather small. 

The difference remains less than 0.04 to 50 estimates with observations and 0.05 to estimates 

with 100 observations, simply because correct order models have very low variances overall. 

 

Histogram gives a better understanding of parameter estimates’ variability. Figure 4 

represents three histograms of 𝜙!. Parameters in each histogram have been estimated using 

the same time series, (0.2, 0.2) with the only difference that the estimates on top used 25, 

middle 50 and bottom 100 observations in the estimation. However, differences between 

these three are significantly bigger than what variances might imply at first glance. Larger 

sample sizes can be seen in estimates consistency: Parameters estimated with 100 

observations are in a much closer range to the correct estimate than estimates with 25 

observations. They vary from -0.0460 to 0.5163 while estimates in the top histogram are 

within a range twice as large, from -0.6908 to 0.6697. Even though 50 observations removes 
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the most obvious parameter estimate ”outliers”, they are still somewhat dispersed around 

correct value.  

 
Figure 4. Histograms of estimates 𝜙! 

 

However, these histograms represent parameter estimates with high variances. Variance of 

0.0674 is the highest variance of parameter estimates when sample size is 25 and 0.0148 is 

the highest variances of parameter estimates when sample size is 100.  When sample size is 

50, only two parameter estimates have higher variances than 0.0309. They all can be seen in 

figure 5 below. As a result, there is no large variation in parameter estimates when the model 

is correctly specified, and sample size is 100. Thus, the estimates are within a reasonable 

distance from one another and close to the correct parameter value, and in that sense an 

interpretation is possible. As a summary, tables of minimum, maximum and average 

variances of parameter estimates in different sample sizes are presented below.  
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Figure 5. Variances of estimates in correct order models 

 

Table 3. Minimum, mean and maximum of variances in correct order models 

𝝓𝟏 

 n=25 n=50 n=100 

Min 0.0072 0.0026 0.0019 

Mean 0.0368 0.0169 0.0072 

Max 0.0674 0.0309 0.0148 

𝝓𝟐 

 n=25 n=50 n=100 

Min 0.0070 0.0021 0.0015 

Mean 0.0377 0.0156 0.0064 

Max 0.0671 0.0411 0.0119 

 

Another common feature with the correct order models is that mean parameter estimates are 

usually significantly close to the correct value. Figure 6 below shows that even with small 

number of observations, there is typically less than 0.1 difference between the mean 
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parameter estimate and correct value. However, there are three models, (-0.2, -0.2), (0.2, -0.2) 

and (0.2, 0.2), where mean parameter estimates exceed the 0.1 differences from the correct 

value. In all cases, the difference was in 𝜙" and limited only to models estimated with 25 

observations. Models estimated with larger samples had also larger than usual differences in 

these models as well. Other than that, mean of parameters estimated with 50 and 100 

observations are very close to the correct value in all models. 

 

  
Figure 6. Differences between mean parameter estimates and correct values 

 

Overall, these findings are encouraging considering the research questions at hand. Models 

with correct order have estimates rather close to the correct estimate when 100 observations 

are used, making at least a loose interpretation possible. For example, if one needs to know 

whether past values have positive or negative impact on a current value, this could be 

interpreted using data set of 100 observations. More specific interpretations could also be 

considered, although ”confidence intervals” should be taken into account. For example, in the 

case of bottom histogram in figure 4, 49 estimates out of 50 were within ±0.3 distance of the 

correct estimate. If more specific intervals are needed, sample size should be bigger, too. 
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However, smaller sample sizes tend to have a much larger variability in estimates, and 

interpretation of these estimates should be done very carefully. 

 

These results give additional weight on the “groundwork” of time series modeling, 

identification. Especially a noisier time series, such as any time series in reality, should be 

analyzed with a special care in order to find the correct model. However, even though the first 

step of Box-Jenkins method would be very carefully executed, writer fears that a correct 

model of a noisier time series can be difficult to identify, since there is always room left for 

researchers own subjective judgement. Yet, this does not rule out the possibility that the 

original model could be identified, and the estimates interpreted. 

 

5.2. Overfitted models 
 
 
Another feature that all estimated models have in common is that overfitting has an increasing 

impact on variance of parameter estimates with small sample sizes. It is already high with 

correct order models and tends to increase with excessive number of lags. As an example, 

histogram below shows distribution of parameter estimates of 	

𝜙! of AR(3) and AR(12)  in simulated data (-0.2, 0.2) with a sample size of 25.  
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Figure 7. Parameters estimates of 𝜙! in AR(3) and AR(12) when n = 25 

 

Histogram on top presents parameter estimates when model is overfitted by one order. Mean 

estimate is -0.2095, which is very close to the correct estimate. The majority of parameter 

estimates are relatively close to -0.2. Out of 50 estimates, 35 are between -0.4 and 0, which 

can be considered a rather accurate result for models using 25 observations. However, there 

are major “outliers” in both ends of the distribution, particularly on the negative side. One 

parameter was estimated to – 0.8218, which is over 0.6 smaller than the correct value. On the 

right side, there are six estimates above zero, out of which the largest is 0.1816.  

 

However, compared to the bottom histogram, these estimates vary only slightly. Major 

overfitting seems to affect parameter estimates very much with smaller sample sizes. They are 

scattered in a much wider range, from -1.0481 to 0.8166 and only 18 observations are 

relatively close, ±0.2, to the correct estimate. This is a clear example that if only the mean 

estimate is inspected, one can easily overlook the estimates behind it.  
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Similar distributions form from the second parameter estimate as well, seen in figure 8. 

Although the peak is very close to the correct estimate in AR(3), most of the estimates lie far 

from it, ranging from -0.3993 to 0.5659, making them unreliable to interpret. For example, 

out of 50 estimates, 15 are less than zero, which means that the effects of 𝑦&'" would be 

completely opposite of the correct parameters. Also, the mean estimate is far from the correct 

value, unlike in the correct order models. 

 

Also, severely overfitted model AR(12) suffer from very variable estimates. Mean estimate is  

-0.0292, already over 0.2 from the correct estimate, and has a negative impact on current 

value. Minimum estimate is -0.9079, completely false in terms of both magnitude and sign. 

The distribution itself is very flat, which means that even if mean parameter would be close to 

the correct value, there is no possibility of making any conclusions form a single parameter 

estimate.  

 

 
Figure 8. Parameters estimates of 𝜙" in AR(3) and AR(12) when n = 25 
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However, models with larger sample size don’t have the same kind of characteristics. Rather, 

parameter estimates tend to be stable and variances low even with remarkably overfitted 

models. Even though the difference between variances of models with 50 and 100 

observations is small compared to variance of 25 observations, histograms of 𝜙! below show 

that the distributions are still rather different. 

 

Parameter estimates with 50 observations ranges from -0.4759 to 0.0188 in AR(3). Although 

they have a rather wide range, 40 out of 50 estimates are close to -0.2, forming several peaks 

close to the correct value. They are also rather evenly distributed on both sides of -0.2, which 

can be seen in the mean estimate. It is very close to the correct value. 

 

The example of an AR(12) appears to have a flatter distribution with 50 observations, 

covering the range from -0.5315 to 0.1087. There are no significant peaks: the estimates are 

evenly distributed in that range. The majority of observations are within 0.2 distance of the 

correct value, which makes it a rather stable estimate. 

 

While models with 50 observations have wider ranges and flat distributions, parameters 

estimated with 100 observations have rather narrow and bell-shaped distributions. Thus, the 

variances are very low: estimates of 𝜙! in AR(12) have less than half of the variance when 

they were estimated with 50 observations. The difference is even more significant compared 

to smaller sample size. The variance of the first parameter estimate in AR(12) with 100 

observations is less than one tenth of the same estimate with 25 observations. However, 

estimates with AR(3) seems to have a more stable parameter: the variance of 𝜙! in the largest 

sample size is only one third of variance of parameters estimated with 25 observations. 
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Figure 9. Parameters estimates of 𝜙! in AR(3) with n = 50 and n = 100 

 
Figure 10. Parameters estimates of 𝜙" in AR(12) with n = 50 and n = 100 
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General statistics of variances reveal another interesting feature of estimates. On average and 

within sample sizes, parameter estimates of first lag have smaller variance than estimates of 

second lag. This happens in 28 out of 30 cases: models where variance is smaller for 𝜙" than 

𝜙! are AR(3) with sample sizes 25 and 100. This systematic behaviour is hardly a 

coincidence. It would appear that estimates of smaller order are more likely interpretable. For 

example, it could be safer to state that parameter estimate of first order is correct than 

estimates of third order. However, closer analysis of this phenomenon is not within the scope 

of this thesis and using this approach it is only possible to state that the variance of second 

parameter is larger than first parameter. 

 

Table 4. General statistics of variances, n=25 

𝝓𝟏 

n=25 Number of additional lags 

1 2 3 4 5 6 7 8 9 10 

Min .0374 .0536 .0496 .0646 .0531 .0520 .0591 .0734 .0801 .0976 

Mean .0467 .0759 .0603 .0813 .0769 .0810 .0900 .1298 .1368 .1519 

Max .0587 .0988 .0719 .0901 .1038 .1173 .1119 .1767 .2213 .1808 

𝝓𝟐 

n=25 Number of additional lags 

1 2 3 4 5 6 7 8 9 10 

Min .0043 .0586 . 0393 .0681 .0783 .0720 .0812 .0716 .0948 .0808 

Mean .0459 .1050 .0847 .1066 .1308 .1115 .1138 .1464 .1529 .1418 

Max .0914 .1759 .1645 .1726 .2075 .1691 .1836 .3722 .2264 .1942 
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Table 5. General statistics of variances, n=50 

𝝓𝟏 

n=50 Number of additional lags 

1 2 3 4 5 6 7 8 9 10 

Min .0144 .0203 .0182 .0228 .0161 .0188 .0205 .0203 .0230 .0243 

Mean .0209 .0277 .0268 .0250 .0266 .0279 .0284 .0301 .0373 .0288 

Max .0279 .0368 .0352 .0306 .0346 .0374 .0355 .0363 .0500 .0401 

𝝓𝟐 

n=50 Number of additional lags 

1 2 3 4 5 6 7 8 9 10 

Min .0028 .0193 .0217 .0225 .0336 .0275 .0228 .0198 .0255 .0203 

Mean .0212 .0392 .0392 .0380 .0455 .0416 .0357 .0434 .0500 .0371 

Max .0450 .0610 .0559 .0600 .0586 .0561 .0497 .0814 .1000 .0616 

 

 
Table 6. General statistics of variances, n=100 

𝝓𝟏 

n=100 Number of additional lags 

1 2 3 4 5 6 7 8 9 10 

Min .0071 .0101 .0080 .0097 .0101 .0134 .0100 .0051 .0088 .0068 

Mean .0125 .0128 .0111 .0126 .0116 .0148 .0135 .0118 .0124 .0089 

Max .0196 .0147 .0138 .0150 .0135 .0184 .0181 .0191 .0159 .0115 

𝝓𝟐 

n=100 Number of additional lags 

1 2 3 4 5 6 7 8 9 10 

Min .0020 .0109 .0067 .0119 .0138 .0102 .0108 .0105 .0104 .0081 

Mean .0113 .0173 .0164 .0196 .0209 .0180 .0163 .0165 .0200 .0125 

Max .0237 .0280 .0259 .0284 .0270 .0257 .0229 .0249 .0377 .0201 

 

Visualizing mean parameter estimates also shows the consistency of maximum likelihood 

estimates. As an example, figure 11 shows mean parameter estimates of 𝜙! and 𝜙" from a 

simulated data (-0.2, 0.2) and dashed line is the correct parameter estimate. Already with 25, 

50 and 100 observations, it is clearly visible that mean parameter estimate converge towards 
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their correct value when number of observations grows. In almost every model, parameters 

estimated with larger number of observations are closer to the correct value than parameter 

estimates with less observations, as seen in figures in appendix. 

 

There appears to be a relation between values of parameter estimates and overfitting, too. In 

most of the models, mean estimates of 𝜙! and 𝜙" are relatively accurate when there is none or 

only a few additional lags. Typically, bigger overfitting increases the difference between 

mean parameter estimate and correct parameter value. This happens with models that use 25 

observations. This behavior does not seem to have pattern: mean parameter estimates 

fluctuate on both sides of correct parameter estimates, so overfitting does not only increase 

nor decrease the magnitude of parameter estimates. Fluctuation does not seem to have a trend 

either. Rather, mean parameter estimates zigzag with x-axis. This means that even if models 

with four additional lags have mean parameter estimates far from the correct estimate, it does 

not guarantee that models with five additional lags are as far or further from that estimate. For 

models with 50 or 100 observations, this kind of behavior is not recognizable. 

 

 
Figure 11. Mean parameters of additional lags with simulated data (-0.2, 0.2) 
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As the estimates of first and second order seem correct in larger sample sizes, there is another 

issue to be considered in interpreting overfitted models. When model have been falsely 

identified and overfitted, it would be necessary that the additional parameter estimates, in this 

case 𝜙# forth, would be statistically insignificant. Thus, only the correct parameters would be 

interpreted. 

 

As an example, we examine the time series simulated with parameters (-0.9, -0.9). Since we 

have already discovered that parameters from smaller sample sizes cannot be interpreted, the 

focus is in models estimated with 100 observations. T-values of additional parameter 

estimates from autoregressive model of order five are calculated using the following formula: 

 

𝑡 =
𝜙k − 𝜙∗

𝑆𝐸(𝜙)
(20) 

 

where 𝜙k is parameter estimate, 𝜙∗ value under null hypothesis, and 𝑆𝐸(𝜙) the standard error 

of parameter estimate. In this case, since the objective is to test statistical significance, 𝜙∗ 

equals zero.  

 

Histograms of each estimate are represented below with a normal distribution fitted with 

Matlab’s distfit-function. The parameters of distribution, 𝜇 and 𝜎 are in the table below the 

figure. Along with parameters there are results of Jarque-Bera tests. It tests for normality in 

given data sample with the following formula: 

 

𝐽𝐵 =
𝑛
6 n𝑆

" +
1
4 (𝐾 − 3)

"p (21) 

 

Where 𝑛 is the number of observations, 𝑆 is the sample skewness and 𝐾 the kurtosis of the 

sample. Null hypothesis is the assumption of normality, and test statistic follows χ"-

distribution with (𝑛-2) numbers of freedom. 

 

All Jarque-Bera-tests fail to reject the null hypothesis of normality with the given significance 

level. As can be seen, the histograms have higher peaks than what normal distribution 

suggests. Especially 𝜙# has parameter values very close to each other. This makes it less 

normal distribution like, and the p-value of JB-test is indeed only 0.0787, very close to 
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rejecting null hypothesis. 𝜙$ and 𝜙%, on the other hand, have higher p-values, meaning that 

they follow normal distribution more than 𝜙#.  

 

  
Figure 12. T-values of 𝜙#, 𝜙$ and 𝜙% in AR(5) 

 

Table 7. 𝜇, 𝜎 and jb-test for normality 

 𝝓𝟑 𝝓𝟒 𝝓𝟓 

𝝁 -0.198348 -0.325148 -0.608636 

𝝈 1.0741 1.14274 1.0799 

Jarque-Bera test for normality 

p-value 0.0787 0.2729 >0.5000 

 

Figure 13 represents p-values of additional parameter estimates from autoregressive model of 

order five with bin width of 0.025. This means that first two bins are within significance level 

of 𝛼 = 0.05, which is represented with a bright red line. There are six parameters of 𝜙# which 

where t-test fail to reject the null hypothesis 𝜙( = 0 with the significance level mentioned 

above. Also, there are three parameters of 𝜙$ and one parameter of 𝜙% which are statistically 
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significant. These numbers are substantially bigger than what could be accepted; given 𝑛 =

50 and 𝛼 = 0.05, there should be only 2,5 statistically significant parameter for each 

estimate. This means that there are several parameters that would be interpreted, even though 

they never existed in the simulation process. 

 

 
Figure 13. P-values of 𝜙#, 𝜙$ and 𝜙% in AR(5), simulated data (-0.9,-0.9) 
 

Table 8 presents the number of statistically significant parameters in overfitted models when 

time series was simulated using parameters (-0.9, -0.9). Even though sample size is 100, there 

are several parameters that exceed the maximum number of significant parameters. In fact, in 

only 10 parameters this limit was met.  
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Table 8. Number of statistically significant parameters 

Number of statistically significant parameters (𝜶 = 𝟎. 𝟎𝟓) 

 𝝓𝟑 𝝓𝟒 𝝓𝟓 𝝓𝟔 𝝓𝟕 𝝓𝟖 𝝓𝟗 𝝓𝟏𝟎 𝝓𝟏𝟏 𝝓𝟏𝟐 

AR(3) 2 - - - - - - - - - 

AR(4) 4 6 - - - - - - - - 

AR(5) 6 3 1 - - - - - - - 

AR(6) 3 7 2 4 - - - - - - 

AR(7) 7 8 4 8 11 - - - - - 

AR(8) 4 6 6 7 6 7 - - - - 

AR(9) 0 3 0 4 4 3 0 - - - 

AR(10) 4 5 5 3 4 6 2 1 - - 

AR(11) 3 5 3 7 3 6 4 7 5 - 

AR(12) 2 5 7 5 3 6 2 5 3 9 

 

 

The dependency between variance and number of observations is well-known and was an 

expected result from this study. Maximum likelihood estimates converge towards correct 

value when sample size increases, thus lowering the variability of parameter estimates. 

However, less familiar property is how variability of parameter estimates increases when 

model has been falsely identified and overfitted. Especially with low number of observations, 

the dramatic increase of variance can be seen in any figure or histogram. 

 

Another feature is the difference in variances of 𝜙! and 𝜙". It would appear that variances of 

parameters increase when dealing with larger orders. However, this happens only with smaller 

sample sizes, and could be fixed with number of observations. Thus, parameters estimated 

with 25 observations are not interpretable with these kinds of models. 

 

Larger models tend to have more stable parameters in the first two orders, and the parameters 

mostly vary near the correct estimate. Thus, variance is almost as small as in correct order 

models. This is an encouraging finding to the parameter estimates. However, a further 

investigation of overfitted parameters reveal a complicating phenomenon. Parameters of third 

order forth are in many cases statistically significant. This is especially interesting and 

alarming finding. Although simulated time series are ”pure” autoregressive models of second 
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order, false parameters appear. It raises the question what happens in real-world time series, 

which are typically significantly noisier than these simulated time series. They could have 

even more false parameters. 

 

As before, the whole process of interpretation relies on the correct identification of the 

estimated model. Even though interpretation of overfitted models gives rather accurate results 

on impacts of correct order models, there is yet a high risk of interpreting additional 

parameters, too. 

 

5.3. Underfitted models 
 

The use of autoregressive models of second order to simulate time series made it possible to 

investigate also underfitted models. It would appear that missing parameters have a massive 

effect on existing parameter estimates in terms of both variability and value of mean 

parameter estimates. 

 

The most radical results can be seen in models with large parameters: (-0.9, -0.9) and (0.9, -

0.9) in figures 14 and 15. First of all, variances of parameter estimates are substantially large. 

Even with 50 or 100 observations, variance is over 0.16, which indicates that parameter 

estimates differ rather radically from the correct value. Even though variance of 0.16 is not 

unusual to models with 25 observations, there are no correct ordered or overfitted models that 

have this magnitude of variability in the subsets of 50- or 100-observation models, which 

makes this rather interesting finding.  

 

Also, variances are almost identical. Models estimated from time series (-0.9, -0.9) have 

variances of 0.1687, 0.1736 and 0.1749 when numbers of observations are 25, 50 and 100, 

respectively. Models estimated from time series (0.9, -0.9) have variances of 0.1689, 0.1707 

and 0.1774 when numbers of observations are 25, 50 and 100, too. 

 

Not only have these two parameters estimates high variance, they are also significantly far 

from the correct value. Mean parameter estimates are approximately at 0.5 and -0.5, which 

makes them furthest from the correct value in any of the investigated models. Also, 

surprisingly, not only variances are the same with 25, 50 and 100 observations, but mean 

parameter estimates are amazingly close to each other. 
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Figure 14. Variances and mean estimates of first parameter with (-0.9, -0.9) 
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Figure 15. Variances and mean estimates of first parameter with (0.9, -0.9) 
 
Histograms reveal more of this phenomenon. Indeed, surprisingly, these estimates are very 

close to each other. With already 25 observations, the range of parameter estimates is only 

0.3328 in (-0.9, -0.9) and 0.2345 in (0.9, -0.9). This is very small range compared to any 

other, even correct order, models. This kind of biasedness in underfitted model leaves no 

room to interpret the results. 

 

As previously mentioned, variance of parameter estimates is calculated using the expected 

value, correct parameter estimate. Thus, it does not tell how much parameter estimates vary 

around their mean, rather, how far parameter estimates are from the desired solution. This 

explains the high variance even though parameter estimates do not vary much around their 

mean. Since mean parameter estimate is far from correct value, variance is also greater. In 

cases like this, where also mean parameter estimate is far from the correct estimate, it can 

cause confusion. However, this way the ”modified” variance gives more information for 

interpretation.  
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Figure 16. Mean parameter estimates of AR(1) with (-0.9,-0.9) and (0.9,-0.9) 
 
This phenomenon occurs only on times series estimated with large parameters. The histogram 

below shows the distribution of parameter estimates of AR(1) estimated from three different 

time series (0.9, -0.9), (0.5, -0.5) and (0.2, -0.2) with all sample sizes. Blue histograms are the 

same as the bottom histogram of figure 16, parameter estimates of the first time series. 

Histograms have very high peaks and narrow ranges, and as the sample size increases, 

distributions only steepen. With 100 observations, parameter estimates range from 0.4316 to 

0.5494, which is a very narrow, although biased, interval. Red histograms present parameter 

estimates of AR(1) from time series simulated with parameters (0.5, -0.5). Histograms are 

significantly flatter, as for example from -0.0146 to 0.6866 in figure 16. Also, since mean 

estimate, 0.3319, is far from the correct, the variance is even larger. As the sample size grows, 

parameter estimates vary less. 

 

Last histogram represents the parameters estimated from time series simulated with (0.2, -

0.2). This distribution is the widest of them all, from -0.3374 to 0.4431, which makes these 

parameters most varying and. However, since mean parameter estimate is relatively close to 

correct estimate, 0.1214, variance of the estimate is rather small. 
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The main finding of underfitted models is that parameters estimated from time series with 

large magnitudes of true values of parameters tend to have biased estimates. This includes 

that both parameter values in simulated time series must be close to 1 or -1. If either one is 

close to zero, this kind of behaviour does not occur. Mean parameter estimates and their 

variances of all underfitted models can be seen in the appendix. 

 

 
Figure 17. Histograms of 𝜙!, n=25 
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Figure 18. Histograms of 𝜙!, n=50 

 
Figure 19. Histograms of 𝜙!, n=100 
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Overall, these results show evidence against interpretation. The biasedness of large estimates 

and variability of smaller estimates in underfitted models are undoubtedly an issue that cannot 

be left unnoted. If interpretation is necessary, it once again heavily relies on model 

identification and model diagnostics. It would appear that accurate identification of correct 

order is a crucial issue. However, as discussed in the literature review, identification is a 

rather subjective process, and there is plenty of room for own judgement. Visualizing partial 

autocorrelation function and autocorrelation function and choosing information criteria are 

always left to the researcher. Even though validate theoretical background exists to most of 

information criteria, they can still lead to a false conclusion. Also, the practical aspects of 

Box-Jenkins method leave room to error. As an example, the range of models examined with 

pacf/acf and information criteria can be too narrow. This way, even though information 

criterion suggests large, even largest, model, it is still possibly too small of a model. In order 

to eliminate this issue, information criteria should be calculated to very high ordered models. 

However, in that case, computational capabilities can become issue especially with 

autoregressive-moving average models. 

 

Because of these possible missteps, the diagnostics of the estimated model should also be 

carefully checked. For example, autocorrelation in the residuals would be clear evidence that 

the estimated model is wrong. However, it does not directly mean that the model is 

underfitted, since it can be a result of other false conclusions, such as wrong family of 

models, too. Thus, based on these results, interpretation of autoregressive models is possible, 

although correctly executed Box-Jenkins method is a required part of the process.  

 

1.1. Parameter estimates less than -1 

 

As results have shown, most time series have rather wide-ranged mean parameter estimates 

that cover almost the entire space between -1 and 1. Typically parameter estimates remain 

within these limits. However, there are two time series’ in this study where mean parameter 

estimates exceed this range. These time series’ are (-0.9, -0.9) and (-0.2, -0.9) and the models 

that have mean parameter estimates less than -1 are AR(4), AR(5), AR(6), AR(7) and AR(10) 

in the former and AR(7) in the latter time series. All mean estimates are parameter estimates 

of 𝜙" and all but one mean parameter has been estimated using 25 observations. That mean 
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parameter estimate less than -1 is in AR(10) in (-0.9, -0.9) when models has been estimated 

using 50 observations. 

 
Figure 20. Mean estimates less than -1 

 

This transcendence is better to analyze in order to validate the research. Strictly speaking it 

does not violate any assumptions of autoregressive models. As previously discussed in section 

2, only the coefficients of yt-1 must be within the range of -1 and 1. Also, as long as all the 

roots are outside unit circle, there is no violation of invertibility condition. Be that as it may, it 

is still rather peculiar that the effects of yt-2 are estimated to be larger than its original value, 

when in the simulated model the shock in yt-2 does not affect as much as its original value. 

 

In order to make sure that there are no errors in estimation, these models have to be 

investigated further. However, it is not reasonable to check every model from every 

autoregressive order. Rather, only the model with the most biased parameter estimate is 

investigated. This does not exclude the possibility of violating restrictions, but it gives a better 

understanding of these outliers.   
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The model chosen for investigation is an autoregressive model of fourth order. More 

specifically, it is the model which has the lowest parameter estimate of 𝜙" from all the 

models, when number of observations is 25. In figure 21 below are all parameter estimates of 

𝜙" in AR(4). Parameter estimates are rather scattered. They vary from -0.2486 to -1.4857. 

Even though the range is large, 38 estimates are within ±0.15 of the correct estimate -0.9. Rest 

of the 50 estimates are more scattered, which also increases the variance of estimates. 

 
Figure 21. Parameter estimate of 𝜙" in AR(4) 

 

Violations are being analyzed with roots of characteristic equation. The model, where 𝜙" is 

the smallest possible, is: 

 

𝑦& = 1.0473 − 1.4857𝑦&'! − 1.4791𝑦&'" − 0.4568𝑦&'# − 0.0246𝑦&'$ + 𝑢&	 (22) 

 

Which can be written as: 

 

𝑦& + 1.4857𝑦&'! + 1.4791𝑦&'" + 0.4568𝑦&'# + 0.0246𝑦&'$ = 1.0473 + 𝑢&	 (23) 
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and with backshift notation: 

 

𝑦&(1 + 1.4857𝐵 + 1.4791𝐵" + 0.4568𝐵# + 0.0246𝐵$) = 1.0473 + 𝑢&	 (24) 

 

The characteristic equation of this model is: 

 

1 + 1.4857𝐵 + 1.4791𝐵" + 0.4568𝐵# + 0.0246𝐵$ = 0 (25) 

 

and the roots of this equation are: 

 

𝐵! ≈ −14.768, 𝐵" ≈ −2.754, 𝐵# ≈ −0.527 − 0.850𝑖, 𝐵$ ≈ −0.527 − 0.850𝑖 

 

The distance from the origin (radius) of these roots are: 

 

𝑅! ≈ 14.768, 𝑅" ≈ 2.754, 𝑅# ≈ 0.999985, 𝑅$ ≈ 0.999985 

 

The results seem conflicting. The process that the model describes violates the invertibility 

condition, making the process unstationary. This can be seen in roots 	𝐵 ≈ −0.527 −

0.850𝑖	and	𝐵 ≈ −0.527 − 0.850𝑖, which lie inside unit circle. However, the radius is very 

close to 1. Thus, it is possible that rounding parameter estimates makes an error to these 

results. 

 

Further investigation of AR(4) models reveals these suspicions true. There are four models 

that are unstable, because their roots are inside unit circle. More precisely, they are within 

0.0001 from unit circle. Using MATLAB’s own function to obtain roots gives more accurate 

values of these roots, since it obtains parameter estimates with 16 digits of precision. For 

example, the roots of previously mentioned model are: 

 

𝐵! ≈ −14.767799546284550, 𝐵" ≈ −2.753531015011955,	 

𝐵# ≈ −0.527419123499235	 + 	0.849605360251086𝑖,	 

𝐵$ ≈ −0.527419123499235	 − 	0.849605360251086𝑖 

 

The radiuses of these roots are: 
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𝑅! ≈ 14.767799546284550, 𝑅" ≈ 2.753531015011955, 

	𝑅# ≈ 1.000000100000034, 𝑅$ ≈ 1.000000100000034 

 

Thus, all roots of characteristic equations are outside unit circle, which makes models weakly 

stationary.  
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6. Conclusions 
 
Autoregressive models have widely been used in many fields of science ever since 1970’s, 

when computation capabilities allowed it to happen. Thus, this family of models is nothing 

new. The use of autoregressive models has typically constrained to forecasting, although 

some fields of science have also been interested in the structure of the model. As the literature 

review reveals, there has been little, if none, academic research on interpretation of these 

models. 

 

This study shows hopeful but critical results of the subject. Correctly identified models, 

autoregressive models of second order in this case, have small variances even with sample 

sizes of 50. All of the estimates in each time series had their parameter estimates within 0.2 

distance from the correct value. Range decreases with growing sample size, and the estimates 

could be interpretable, depending on the accuracy needed. Parameters estimated with 25 

observations are too volatile to be interpreted, even with correctly identified models. 

 

Issues arise when the structure of the model is false. Increasing the number of lagged 

variables has a negative effect on interpretability of the models. Sample sizes of 50 and more 

tend to have rather stable variances: variance increases only slightly, and the distribution of 

estimates widens, but they still are within a reasonable 0.3 distance from the correct value. 

Especially notable is that the number of excessive variables does not have a significant impact 

on the parameter estimates. 

 

However, parameter estimates of excessive variables are more often statistically significant 

than desired. With 50 models and 95% confidence level, there should be only 2,5 statistically 

significant parameter estimates for each lagged variable. Out of 50 excessive parameters, only 

10 parameters satisfied this condition. This derogates the ground under interpretation, since 

falsely identified models can have statistically significant excessive variables. Thus, the 

structure of the model and the magnitude of parameter estimates can be flawed. 

 

Results in underfitted models are also alarming. Since time series’ were simulated using 

AR(2) processes, underfitted models were autoregressive models of the first order. Especially 

parameters that were estimated from time series (-0.9, -0.9) and (0.9, -0.9) had a severe bias in 

terms estimated value. Mean parameter estimates were 0.4 from the correct value. This means 
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that parameters estimated from (-0.9, -0.9) had a mean of approximately -0.5 and (0.9, -0.9) 

had a mean of approximately 0.5. However, already with sample size of 25, distribution of 

parameter estimates was remarkably narrow, and 100 observations yielded the narrowest 

distributions of all models. Thus, interpretation of underfitted models would be extremely 

misleading. 

 

Overall, it seems that Box-Jenkins method is in the essence of autoregressive modeling in 

terms of interpretation, too. Especially identification has to be executed in detail to find 

correct structure of the model. False structure has an impact in both correct order parameter 

estimates and overfitted parameters. Former can be clearly observed in underfitted models.  

Diagnostics checking can be of use to overcome this matter. If autocorrelation is found in the 

residuals, the order of the model is too low. Especially with limited computational power, 

comparing various structured models with information criteria can be a restrictive factor. 

 

This thesis provides guidelines for ARCH models, too. As previously mentioned, 

autoregressive conditional heteroscedastic models can be considered ”autoregressive models 

for residuals” and variability of AR parameters applies to the estimates in ARCH models. If 

parameters are interpreted in ARCH models, they could provide useful insight especially in 

finance, where these models are frequently used in various fields, such as option pricing and 

hedge ratios. However, since the identification of these models is not as straightforward as in 

AR modeling and is not done in the same way as in autoregressive models, interpretation of 

ARCH models is not recommendable on the basis of this thesis. (Tjøstheim & Auestad, 1994) 
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7. Summary 

 

The purpose of this study is to examine the robustness of autoregressive models’ parameter 

estimates in terms of variability and sample size. This is done in order to find interpretational 

value of autoregressive models. The thesis covers introduction to AR and ARMA models, 

literature review of previous research concerning the effects sample size in autoregressive 

models and structure of the model and the empirical study.  

 

Eleven time series are simulated using autoregressive models of the second order. Each time 

series are 10 000 observations, and simulated using different combinations of coefficients, all 

within range of -1 to 1. After simulation, the estimation begins. Starting with AR(1) each time 

series is being estimated up till AR(12) and with sample sizes 25, 50 and 100 observations. 

Starting points of each estimation is generated randomly. Hence there are 1800 models 

estimated for each time series. Since there are eleven time series, overall 19 800 models are 

estimated in this study. 

 

Variability of parameter estimates is in the essence of the study. The squared distance 

between estimated and desired value, in this thesis variance, is the used measure to evaluate 

robustness. Also, mean parameter estimates were used in the evaluation. 

 

Hence the study was able to answer following research questions: 

 

1. How do AR-models’ parameter estimates behave when additional or fewer parameters 
have been introduced to the model? 

 

Introduction of additional parameters in the estimation process does not seem to have impact 

on the parameter estimates. Distributions of parameter estimates does not significantly change 

when the model was estimated even ten orders larger (AR(12)) than correct order AR(2). 

However, in some cases, autoregressive model of first order had a severe bias on mean 

parameter estimate. 

 
2. How do AR-models’ parameter estimates behave with low number of observations? 
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Like in any other model, small sample size increases uncertainty. Distributions of parameter 

estimates is the widest and variances largest when sample is smallest possible, 25. However, 

already with 50 observations, variances decrease significantly, and mean parameter estimates 

are close to the correct value. With largest sample size, 100 observations, estimates are the 

most robust, although the leap from 50 to 100 observations is not as great as from 25 to 50 

observations. Combination of low number of observations and additional lags increases the 

bias of parameter estimates. Especially severely overfitted models suffered from large 

variances. However, estimates from 50 observations did not have same kind of differences in 

variances between correct and overfitted models’ parameter estimates. Same applies to 

sample size of 100 observations.  

 

Thesis has also one sub-question: 

 

1. What kind of effect does the magnitude of true parameter have on the estimated 
parameter? 

 

 

The magnitude of true parameter, i.e. absolute value, appears to have an impact when the 

structure of the model is too small. When modeling AR(2) process with large magnitudes of 

true parameters (-0.9, -0.9) and (0.9, -0.9), parameter estimate of underfitted model AR(1) are 

significantly biased. Mean parameter estimate is close to -0.5 when simulated time series is (-

0.9, -0.9) and close to 0.5 when simulated time series is (0.9, -0.9). Another prominent feature 

is that the distributions of these parameter estimates is very narrow. This means that 

parameters are systematically biased when estimates model is too small. However, this kind 

of behaviour does not occur with smaller true parameters. 

 

Overall, robustness and interpretation of parameter estimates relies heavily on Box-Jenkins 

method of time series modeling. Model structure must be correct in order to interpret results, 

since underfitted models have biased estimates and overfitted models have statistically 

significant parameters that should not be statistically significant. Both of these issues violate 

robustness. Thus, identification and diagnostics checking are top priorities in successful 

interpretation.  

 

The restrictions of this thesis determine also future research. This is not very generalizable 

study: it covers only eleven autoregressive models of second order. Higher order models, 
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different parameter values and even introduction of ARMA-models could be of interest. 

Secondly, simulated time series’ were ”pure” in a sense that there were no additional noise or 

any other disturbance in them. This is not the case in practically any real-world time series. 
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Appendix 1. Mean parameter estimates and variances of parameter estimates 
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