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In ensemble weather prediction systems, ensemble spread
is generated using uncertainty representations for initial and
boundary values as well as for model formulation. The en-
suing ensemble spread is thus regulated through, what we
call, ensemble spread parameters. The task is to specify
the parameter values such that the ensemble spread corre-
sponds to the prediction skill of the ensemble mean - a pre-
requisite for a reliable prediction system. In this paper, we
present an algorithmic approach suitable for this task con-
sisting of a differential evolution algorithm with filter like-
lihood providing evidence. The approach is demonstrated
using an idealized ensemble prediction systembased on the
Lorenz–Wilks system. Our results suggest that it might be
possible to optimize the spread parameters withoutmanual
intervention.
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1 | INTRODUCTION

Ensemble prediction is a computationally affordable way to approximate flow-dependent uncertainties of weather
forecasts. These uncertainties are due to incomplete knowledge of model initial and boundary conditions as well as
inadequacies in model formulation. These imperfections lead to forecast errors that grow with increasing forecast
lead time, depending on the state of the atmospheric flow field (e.g. Lewis, 2005; Leutbecher and Palmer, 2008).

Uncertainties in model initial conditions (the analysis error) are in principle provided by data assimilation systems.
In Kalman filter, for instance, an estimate of the analysis error is available as a Gaussian error covariance matrix. For
multiple reasons (such as approximations in data assimilation, low-resolution analysis vs. high-resolution forecast,
selective sampling of the fastest growing initial perturbations, etc.) the analysis uncertainty is not precisely known,
hence the amplitudes of initial state perturbations are uncertain.

Sources of uncertainties in model formulation are poorly known. Typically, some stochastic representations of
model uncertainties are applied in ensemble prediction models in order to perturb the forecast model dynamics and
generate sufficient ensemble spread on top of the spread due to initial state perturbations. To some degree, trial-and-
error is used to specify correct intensity for the stochastic model noise.

Ensemble forecasting introduces thus an additional class of unknown parameters which needs to be estimated.
Firstly, there are closure parameters in physical parametrization schemes for which the forecast skill is sensitive. At-
mospheric observations may directly help to specify a plausible range of the closure parameter values. Secondly,
there are the parameters guiding amplitudes of stochastic perturbations of both initial state and model uncertainties
(hereafter called "spread parameters", denoted with a vectorΘ). The spread parameters are not directly related to any
atmospheric observables. Their values must be indirectly inferred by trial-and-error based on the spread properties
of the system, or by trying to pose and solve a new parameter estimation problem. It is important to note that both
types of parameters must be correctly tuned to have a good ensemble prediction system. Here, we will only focus on
the spread parameters and how they affect the forecast skill of an ensemble prediction system.

Solonen and Järvinen (2013) presented a tuning approach for ensemble prediction systems. In this work, we
continue their work and present an algorithmic way of solving the parameter estimation problem. The aim is to
objectively search for the most likely spread parameter values and find a reliable ensemble prediction system without
manual intervention. We do not intend to change the stochastic physics scheme but tune the parameters of an already
existing scheme algorithmically. Idealized experiments with the Lorenz – Wilks system indicate that this aim may be
attainable. To our knowledge, this is the first time the spread parameters are being estimated using an algorithmic
approach. We acknowledge that, on the one hand, it is a formidable computational task. On the other hand, manual
tuning of ensemble prediction systems in operational weather prediction centers is a massive effort, too.

The structure of the paper is as follows: Section 2 poses the estimation problem, Section 3 develops the methods,
Section 4 describes the implementation using Lorenz–Wilks system, Section 5 presents the results from the experi-
ments, while Sections 6 and 7 discuss and conclude the paper.

2 | THE PROBLEM

As a background, we recall that ensemble methods are useful in tuning deterministic model closure parameters, even
without embedding the parameter estimation problem into the state estimation problem (or, data assimilation). Such
an estimation of model parameters can be based on a notion that deterministic forecast skill of weather prediction
models is sensitive to the specified parameter values such that some parameter value combinations score better than
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others. It is therefore possible to employ an ensemble forecasting system for on-line estimation of the posterior
probability densities of closure parameters (Järvinen et al., 2012; Laine et al., 2012). In such an approach, parameter
proposal densities are updated with new evidence emanating from skill scores of individual ensemble members. It is
important to note that the skill scores for each ensemble member can be computed immediately after the forecast
is completed and verifying observations become available. In the estimation process, score evaluation and density
update thus alternate until some convergence is reached.

We now try to extend this line of thinking to the estimation of the spread parameters of ensemble systems. We
will employ a cost function based on filter likelihood, as it can be computed from the ensemble simulations. Note that
the filter likelihood collects data from several assimilation intervals for each cost function evaluation, and should thus
be able to converge with relatively small ensemble sizes.

Here, the optimization target is the spread-skill relationship of the ensemble prediction system with ensemble
size N . This relationship can be assessed using a sufficiently long sequence of consecutive ensembles. Let such a
sequence be SM , where M indicates the number of consecutive ensembles. Let us further assume that there is a
likelihood function L(Θ) that can be computed from SM and that it is sensitive to the spread-skill relationship such
that reliable sequences correspond to high likelihood. From the sequence SM , one can compute the likelihood for
one spread parameter vector Θ. To explore the spread parameter space spanned by the elements of Θ, one needs
to test the sequence SM with K different parameter combinations. There is thus a need to generate K sequences
(SM ,1, SM ,2, . . . , SM ,K ), each testing corresponding parameter vectors (Θ1,Θ2, . . . ,ΘK ), resulting in corresponding like-
lihood values (L(Θ1), L(Θ2), . . . , L(ΘK )). The likelihood values can be used as path-finders in the parameter space in
moving towards better parameters and higher likelihoods.

The set-up above would constitute one assessment step aiming to distinguish well-performing parameters from
poor parameter values. One such assessment step would thus imply running K × M × N individual model forecasts.
Figure 1 illustrates this arrangement.

An outline of a sequential and iterative procedure to solve this type of parameter estimation problem is as follows.
Assume there is an ensemble prediction system available where the parameters regulating the stochastic perturbation
amplitudes can be externally controlled (using a “namelist”, for instance). The steps are:

1. Initialize K ensemble systems by uniquely perturbing the default parameter values Θ;
2. For each ensemble system, run an ensemble of size N over the sequence SM ;
3. Compute the likelihood L(Θ) for each SM using verifying observations;
4. Re-initialize the K ensemble systems using the updated parameter vectors;
5. Return to 2. Continue until the likelihood is insensitive to changes in Θ.

This outline is generic in the sense that it leaves the definition of the likelihood function and the update procedure
open. It nevertheless follows ideas of classical insensitivity analysis of finding the region in the parameter space where
small inaccuracies in the specification of parameter values do not compromise the usefulness of forecasts.

3 | METHODS

This section presents a solution to the problem posed above. In particular, an efficient formulation of the cost function
and the update procedure are provided with justification.
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3.1 | Cost function from filter likelihood

For a proper cost function formulation in the spread parameter tuning problem, we need to be able to calculate the
likelihood function. The likelihood function is defined as the probability distribution of the observations given the
unknown parameters. Now we are working with ensembles of dynamical models, for which an assimilation system
defines the analysis and model predictions. A prototypical assimilation system is based on Kalman filter (Kalman,
1960), and advanced systems can mostly be seen as generalizations or approximations of the basic Kalman filter. For
a system of linear equations and Gaussian error models, the classical Kalman formulas provide an efficient way to
evaluate the likelihood of an assimilation system. We will show how this idea of the filter likelihood can be used in
ensemble system tuning.

A basic assimilation system provides an analysis of the current state by a mean vector and its uncertainty covari-
ance matrix. From the analysis, predictions for the next assimilation time window are calculated using the dynamical
model. Let yp

k
be the model predictions projected on the observations with yk being the actual observations, in a new

assimilation window. Let Cy
k
be the uncertainty covariance of these one-step-ahead predictions. The Kalman filter

likelihood (see, e.g. Hakkarainen et al., 2013) written in a cost function format as twice the negative log likelihood is

J (Θ) = −2 log(likelihood) =
n∑
k=1

[
(yk − ypk )

T (Cy
k
)−1(yk − ypk ) + log |Cy

k
|

]
, (1)

where the sum is over the assimilation windows k and n is the total number of assimilation windows. This formula
follows directly from the linear Kalman filter theory. Since the unknown parameters are part of the forecast model, this
means that both the mean prediction yp

k
and its covariance Cy

k
are functions of the parameters. Hence, the formula

must also include a term with the determinant of the covariance |Cy
k
|.

As noted by Solonen and Järvinen (2013), the likelihood, Equation 1, has an intuitive interpretation of balancing
the accuracy and precision of the assimilation system predictions. In terms of model ensembles we see that if the
spread is too small, then the covariance Cky is small compared to the prediction error yk − yp

k
, and the first term

(yk − ypk )
T (Cy

k
)−1(yk − ypk ) in the likelihood will be large, penalizing the overall likelihood. On the other hand, if the

spread is too large, the first term becomes small, but the second term log |Cy
k
| becomes large. Themaximum likelihood

solution is found as a compromise between these two: the prediction error yk − ypk needs to be in balance with the
ensemble spread Cky . This is the key observation that guides us to use the filter likelihood based cost function in
ensemble system parameter tuning.

In ensemble Kalman filter assimilation (e.g., Evensen, 2003), it might be possible to evaluate the likelihood in
Equation 1 by replacing the analytical covariances by those calculated from the ensemble, especially if the size of
the ensemble is larger than the number of observations in one assimilation window. In practice, many assimilation
systems approximate the prediction covariance Cy

k
by a diagonal matrix of the corresponding prediction variances.

This leads us to the approximate formulation

J =
n∑
k=1

[
L∑
l=1

(
(yl − y

p
l
)2

σ2yl + σ
2
p l

+ log(σ2yl + σ
2
p l
)

)]
, (2)

where y p
l
and σ2p l are prediction mean and variance for the observation number l calculated from the model propa-

gated ensemble and yl and σ2yl are the corresponding observation and its error variance. Note that the cost function
is a sum over both assimilation windows k = 1, . . . , n and over observations l = 1, . . . , L.

In ensemble prediction systems, the initial state perturbations are derived from the related data assimilation sys-
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tem. In addition, some model noise is added. Thus, although an ensemble prediction system is not directly driven by
Kalman filter type data assimilation, it aims to have the same balance between predictions and their uncertainties as
is coded in the filter likelihood formula. In the following, we will adopt the ensemble based filter likelihood cost func-
tion using Equation 2 to optimize the ensemble spread parameters. The approximate maximum likelihood solution is
searched and verified using traditional ensemble verification metrics to check that high likelihood indeed corresponds
to good verification metrics.

3.2 | Differential evolution

An approximate maximum likelihood solution for the spread parameters is computationally intensive. As seen above,
one evaluation step would imply a need for running K ×M × N forecasts. Therefore, as few steps as possible should
be taken in the likelihood optimization. Additionally, the target (the filter likelihood) is stochastic; the same Θ does
not result in the same likelihood L(Θ) in consecutive sequences SM because of the stochasticity of the prediction
system, and especially when each SM covers a new epoch (i.e., the time and data covered by one sequence SM ; when
the sequence covers a new epoch, the state of the atmosphere is also new). The latter is of course useful in realistic
multi-scale multi-phase optimization cases when the system has inherently rich dynamics, seasonal variations, varying
boundary conditions, and so forth, in order to cover the climatology as thoroughly as possible.

Differential Evolution optimizer (Storn and Price, 1997, DE) is applied here. DE utilizes ideas of population-based
algorithms and it is easy to use in ensemble-based approaches with a stochastic target. DE is based on a concept
of population and heuristically follows the process of natural selection. The DE algorithm proceeds by having a pop-
ulation of candidate solutions Θ1, . . . ,ΘK for which the likelihood values L(Θ1), . . . , L(ΘK ) are computed. A new
trial population is generated with some simple and heuristic formula which aim to slightly shift the positions of the
elements of eachΘi in the parameter space. If a trial position is an improvement over the candidate position, the trial
position supersedes the candidate position. If a trial position is less likely than the candidate position, it is discarded.
After some steps, the fittest dominate the population and the likelihoods become insensitive to small position shifts.

It should be noted that in DE there is no guarantee for finding the optimal solution. In our tests the DE perfor-
mance was, however, satisfactory. Besides the standard steps of the DE algorithm, Shemyakin and Haario (2018) use
two more methods to ensure sufficient diversity of parameter population: generation jumping and recalculation step,
where the former one was previously available in literature and the latter one a technique introduced in the paper.
These two additional steps help to prevent the algorithm from getting stuck in a local minimum. Details about the
different steps and their schemes are found in the Appendix.

3.3 | Spread parameter estimation method

We now present our proposal to solve the spread parameter estimation problem. The aim is to optimize the parameter
vector Θ consisting of parameters regulating the perturbation amplitudes of both the initial state and the prediction
model. The solution method uses the DE algorithm as an optimizer and the filter likelihood based cost function to
provide evidence of the spread parameters. Here, the population consists of the parameter vectors Θ1, . . . ,ΘK . The
current generation is evaluated over the present sequence SM , and the optimization continuously evolve towards
new generations (and possibly new epochs) where the most promising vectors Θk survive and replace less fit vectors.
The method works as follows:

1. Population initialization: Based on user-specified parameter search boundaries for each individual parameter θi
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of vector Θ, sample a candidate population of size K : Θ1, . . . ,ΘK

2. Calculate the cost function for the candidate population:
a. Forecast step: For each parameter vector Θk , run M consecutive ensembles of size N (over one epoch to

create SM )
b. Evaluation step: For eachΘk , calculate L(Θk ) using Equation 2with all observations collected in the sequence

SM

3. Population update: Using the DE formula, create a trial population based on the candidate population
4. Calculate the cost function for the trial population (as in steps 2a and 2b)
5. Population selection:

a. For all population members, compare the cost function values of the candidate and the trial population, and
select the one with the lower cost function value

b. Supersede the candidate population with the surviving members thus forming the new candidate population
c. Return to step 3. Continue until a stopping criteria is fulfilled (a given number of steps is reached or the cost

function becomes insensitive to population updates).

4 | IMPLEMENTATION USING THE LORENZ – WILKS SYSTEM

An idealized ensemble prediction system is used here to demonstrate the spread parameter estimation. In the experi-
ment set-up, synthetic observations are used for evaluation of the forecast data, both in the likelihood evaluation and
in the verification metrics.

4.1 | Lorenz95 system

Lorenz95 model (Lorenz, 1996; Palmer and Hagedorn, 2006, pp. 40-58) is an idealized non-linear model useful in
numerical experimentation. The full Lorenz95 model is described as

dXk
d t

= −Xk−2Xk−1 + Xk−1Xk+1 − xk + F + (hc/b)
J∑
j=1

Uj ,k ; (3a)

dUj ,k

d t
= −cbUj+1,k (Uj+2,k −Uj−1,k ) − cUj ,k + Fu + (hc/b)Xk . (3b)

It contains both slow state variables Xk , which represent the large scale, and fast variablesUj ,k representing sub-grid
scale processes.

Wilks (2005) developed a version of the Lorenz95model, where the net effect of the fast variables is parametrized

dXk
d t

= −Xk−2Xk−1 + Xk−1Xk+1 − xk + F − g (Xk ) + ηk (t ); (4a)

g (Xk ) =
B−1∑
i=0

biX
i
k ; (4b)

ηk (t + ∆t ) = φηk (t ) + σe (1 − φ
2)1/2zk (t ). (4c)
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Here g (Xk ) represents the deterministic net effect of the unresolved fast variables and ηk (t ) the stochastic forcing
accounting for model errors (in this case: deficiencies in the deterministic parametrization). The stochastic term uses
zk (t ) ∼ N(0, 1), σe determines the magnitude of the stochastic term, and φ is the degree of the lag-1 autocorrelation
of the stochastic forcing. The stochastic physics scheme used in this case has two special cases: when φ = 0.0 and
φ = 1.0. The case when φ = 1.0 leads to the stochastic physics being constant ηk (t + ∆t ) = ηk (t ). This scheme is
completely dependent on the initialization of zk (t ). The second case is when φ = 0.0, which leads to the stochastic
physics scheme ηk (t + ∆t ) = σe zk (t ).

In our ensemble prediction system, σe and φ are the spread parameters related to the model uncertainty. We
will denote the system by "Lorenz–Wilks system" to clarify that both the original and the parametrized version of the
Lorenz95 system are used.

4.2 | Experiment set-up

The full model, Equation 3, is used to generate the truth and synthetic observations, which directly represent the
slow state variables. Three of every five true state is observed (i.e., 24 out of 40 chosen as three variables of five for
eight blocks) and Gaussian noise with zero mean and standard deviation 0.35 is added to the true states to get the
synthetic observations. The parametrizedmodel, Equation 4, serves as the forecast model in the ensemble predictions.
Ensemble Kalman filter (Evensen, 2003; Houtekamer andMitchell, 2005, EnKF) is used in data assimilation to generate
model initial states and their error variance estimates. Data assimilation is performed off-line using the deterministic
part of Equation 4 to avoid stochastic effects on the analysis. An ensemble size of 200 was used to get a good
approximation of the covariance of the analysis. The observation error matrix was set to 0.352I and the model error
matrix to 0.42I.

The initial states for the ensemble predictions are generated using the following scheme

Xk ,0 = Xk ,a + ε, ε ∼ N(0, λ · var(Xk ,a )), (5)

whereXk ,a is the analysis for state k and var(Xk ,a ) its corresponding variance, both obtained from the data assimilation.
For each state k in Equation 4, the initial values Xk ,0 are centered around the analysis Xk ,a and the initial value
perturbation ε is drawn from a Gaussian distribution with zero mean and variance defined by the product of the the
diagonal of the error covariance matrix and the initial spread parameter λ. The parameter λ regulates the amplitude
of the error variance (and hence the initial value perturbations) and is our third spread parameter. In our system, λ = 1
would imply that the initial spread obtained from the data assimilation system is correct, and this is what we expect.

Wewish to know the optimal values of the three ensemble spread parameters: initial spread parameter λ, stochas-
tic physics amplitude parameter σe , and stochastic auto-correlation parameter φ. The experiment is divided into two
parts: (1) mapping of the cost function in the spread parameter space, and (2) optimizing the three spread parame-
ters using the proposed method. The former is a brute force approach where the parameter vectors are pre-selected
allowing one to hand-pick the most likely ones, whereas the latter follows the previously described solution method.
The ensemble forecasts of one likelihood evaluation are computed the same way in both cases:

1. Each ensemble has a unique parameter vector Θ = (λ,σe ,φ);
2. The ensemble size is N and each member is initialized using Equation 5; the forecast length 2.0 time units with

output every dt .
3. Ensembles are run using the stochastic model, Equation 4, over SM ; the ensembles within an epoch are consec-
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utive, whereas the epochs SM cover the same data in the mappings and are consecutive in the optimization part
leading to completely new data introduced every algorithm step.

In the first part, where we look at the mapping of the parameter space, we will use an ensemble of size 20 and the
length of the sequence SM is 10. We will look at three different output frequencies: dt=0.1 time units, dt=0.2 time
units, and dt=0.4 time units. Since the forecast length is 2.0 time units, this means that the number of observations
included in the calculation of the cost functions depend on the number of assimilation windows 2.0/dt , see Equation
2 for details. Here, all sequences SM run over the same epoch.

In the optimization part, we will look at how changes in the ensemble size (N ), the population size (K ), and the
length of the sequence (M ) affect the convergence of the DE algorithm for three different output frequencies (dt=0.1,
0.2, or 0.4 time units). To get a more realistic set-up, the sequences are consecutive leading to new data being intro-
duced at every algorithm step. We will run three reference runs (one for each output frequency) with an ensemble
size of 20, a population size of 20, and a sequence of 10 consecutive ensembles. We will then run similar tests with
reduced amount of resources (smaller ensemble, smaller DE population, and shorter sequence SM ) and then compare
those results to the reference runs.

K = 10 M = 1 M = 5 M = 10 K = 20 M = 1 M = 5 M = 10

N = 5 A: 50 B: 250 C: 500 N = 5 D: 100 E: 500 F: 1000

N = 10 - - - N = 10 G: 200 H: 1000 I: 2000

N = 20 - - - N = 20 J: 400 K: 2000 L: 4000

TABLE 1 The table shows the name of the tests (A-L) and the total number of forecast runs per algorithm step
for different combinations of ensemble size (N ), population size (K ), and length of sequence (M ). For example, the
cell containing "A:50" refers to test A with 50 forecast runs per step. We will denote the most expensive test, test L,
reference test.

Table 1 gives an overview of the different tests and how many forecast runs one algorithm step requires. During
one algorithm step, a population of K members each being associated with an ensemble of size N for a sequence of
lengthM . Hence, the product of K ,M , and N gives the total number of forecast runs. The higher the total number of
forecast runs, the more expensive is the set-up described. As an example, the most expensive test, test L, needs 80
times more forecast runs than the cheapest test, test A.

The set-up details are found in the Appendices A.1 and A.2.

4.3 | Verification metrics

To verify the goodness of the ensemble prediction systems, we use traditional ensemble forecast verificationmethods:
(1) spread-skill relationship, (2) rank histogram, and (3) continuous ranked probability score.

1. The error of the ensemble mean and the ensemble spread should be in balance in an optimal ensemble prediction
system. The relation between spread and skill is described as (e.g. Leutbecher and Palmer, 2008)

1

M

M∑
j=1

(
ε2j −

N + 1

N − 1
s2j

)
→ 0, for M →∞ (6)
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where M is the length of the ensemble sequence, N is the size of the ensemble, ε2
j
is the mean squared error

of ensemble mean, and s2
j
is the ensemble variance. The term (N + 1)/(N − 1) is a correction factor for using

finite ensembles. We will use the term skill-spread difference to denote the difference between the error of the
ensemble mean and the ensemble spread, where the spread is multiplied by the square root of the correction
factor,

√
(N + 1)/(N − 1).

2. A rank histogram shows the reliability of an ensemble prediction system (Hamill, 2001). The rank of a single
ensemble forecast is the order of the observation compared to the sorted ensemble (a number between 1 and
N+1) and the rank histogram the corresponding histogram of rank numbers from many ensemble forecasts. It is
desirable to have a flat rank histogram while a U- or A-shape points to under- or over-dispersive systems. Using a
rank histogram alone may be misleading and it should therefore be used together with other verification metrics.

3. Continuous ranked probability score (Hersbach, 2000, CRPS) tells how well the probability distribution of the
ensemble forecast matches the probability distribution of the observation. CRPS is defined as

CRP S =

∫ ∞

−∞

(P (x ) − Pa (x ))
2dx , (7)

where P (x ) and Pa (x ) are the cumulative probability distributions of the ensemble forecast and the observation,
respectively. The smaller the CRPS value, the closer are the ensemble members located around the observation
and the better is the ensemble forecast.

When calculating the verification metrics, the ensemble data is compared to the synthetic observations.

5 | RESULTS FROM LORENZ–WILKS DEMONSTRATIONS

The results consist of two parts: (1) mapping of the parameter space, and (2) optimizing the three spread parameters,
both presented with the verification results.

5.1 | Mapping of the parameter space

The mapping of the parameter space was computed by running ensembles using 1000 pre-generated parameter vec-
tors Θ = (λ,φ,σe ). The parameter vectors were drawn from uniform distributions, where the lower and upper limits
were 0.1 and 10.1 for λ, 0.0 and 1.0 for φ, and 0.0 and 2.5 for σe . Here, we will show two types of mappings: the
mapping of the (λ,σe )-space with φ fixed at 0.5 and (σe ,φ)-space with λ fixed at 1.0. For each parameter vector, a
cost function value is calculated as the mean of the -2log likelihood over 10 consecutive ensembles. The verification
metrics are calculated in a similar manner, i.e., as the mean over the 10 consecutive ensembles.

Figures 2a, 2b, and 2c map the filter likelihood for the initial spread parameter λ and the stochastic physics
amplitude parameter σe for three different observational distributions. In Figure 2a the output frequency is every 0.2
time units, in Figure 2b 0.4 time units, and in Figure 2c with 0.1 time units. The smaller the output frequency, the
more observations are included in the calculation of the cost function. As the cost function is a sum over the entire
forecast range, the output frequency affects the value of the cost function. An area of minimum values is found at and
around λ being equal to unity in all three cases. The area of small cost function values is slightly tilted such that the
higher the value of σe is, the smaller is the value of λ. In other words, when the initial spread is small, a high amplitude
of stochastic physics is needed to maintain high likelihood, and vice versa. The changes in the temporal distributions
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of the observations do not show any distinct changes in the parameter space.
Figure 2d shows the (σe ,φ)-space with the initial spread parameter λ fixed at unity. The topology of the (φ,σe )-

space is rather flat with a diagonal valley in the middle such that if one parameter is small, the other needs to be large.
However, cost function differences among the parameter combinations are small. The mapping of φ and σe shows
that this ensemble prediction system is less sensitive to the choices made in the stochastic physics scheme than in
the initial value perturbations.

The verification metrics of the mapping in Figure 2a were computed for all parameter vectors, shown in Figure 3.
The vectors corresponding to the ten lowest cost function values are marked with black to highlight their performance
in the context of verificationmetrics. Those systems have the smallest CRPS values (Figure 3a), spread-skill differences
close to zero (Figure 3b), and quite flat rank histograms (Figure 3c). Similar results as those in Figure 3 are achieved
for the other mappings of Figure 2, but those plots are not shown here. Hence, a small cost function value indicates
a good ensemble performance. This is expected based on Solonen and Järvinen (2013).

It is worth noting that the verification metrics in Figure 3 are calculated only over ten consecutive ensembles
and that longer sequences would give less noisy results. Based on the maps in Figure 2 one can anticipate better
identifiability for the parameter λ than for φ or σe .

5.2 | Parameter optimization

The mapping of the parameter space shows that there is a minimum in the cost function that corresponds to well per-
forming systems. Since all three ensemble spread parameters, λ,φ, and σe , are important for the spread-skill relation,
we will optimize all three parameters at once.

The DE algorithm was initialized using the same lower and upper limits for λ, φ, and σe as in the mappings. Figure
4 shows the parameter evolution as a function of algorithm steps for the most expensive test, test L. The tests differ
from each other on the temporal distribution of the observations: Figure 4a has an output every 0.2 time units, Figure
4b every 0.4 time units, and Figure 4c every 0.1 time units. Comparing these figures shows that the changes in
temporal distribution of observations have a small impact on the convergence of the DE. The initial spread parameter
λ converges fast, but the two stochastic physics parameters do not have such a clear minimum, as was previously
demonstrated in Figure 2d.

Figure 4 also exhibits patterns resembling a row structure. This is caused by the way DE works: it does not often
mutate all parameters at the same time but favors a mutation of only one parameter at a time. Therefore, parameters
often get the same values on consecutive iterations. Moreover, DE tends to optimize the most sensitive parameter
first, and then move on to less sensitive parameters one at a time. The reason for this is that the effect of variations
of the most sensitive parameter dominates in the cost function. Despite these features, DE is able to converge also
with the least sensitive parameters as can be best seen in Figure 4b.

Figure 5 shows six different plots where the resources are reduced. Figures 5a, 5b, and 5c show results with
experiments having an ensemble of size 10, a population of size 20, and the length of the sequence is 10, 5, and 1,
respectively. Figures 5d, 5e, and 5f have an ensemble of size 5, a population of size 10, and the length of the sequence
is 10, 5, and 1, respectively. When reducing the length of the sequence, the cost function becomes more stochastic.
Reducing the ensemble size does also affect the calculation of the cost function, whereas a smaller population size
has a direct effect on the optimizer itself. In all these cases, the algorithm shows steady convergence, especially for
the initial spread parameter λ. However, the algorithm seems more stable when the DE population and the ensemble
are of larger sizes.

When comparing two tests with different set-ups, it is worth looking at the total amount of forecast runs, calcu-
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lated as the product of ensemble size, population size, length of sequence, and the number of algorithm steps. Figure
6 compares the cheapest test, test A, and the most expensive test, test L, both with output frequency every 0.1 time
units. The plots show the distribution of the parameter vectors suggested by the DE algorithm for the two tests in
three two-dimensional spaces: (λ,σe ), (λ,φ), and (σe ,φ). Based on the distribution of the parameter vectors, the lines
are drawn at the minimum and maximum of the parameters in the given space. Figure 6a shows the results when both
test A and test L have used resources corresponding to 4000 forecast runs. For test L this equals to 1 step, whereas
test A is run for 80 steps. Figure 6b shows similar results when both tests are run for 80 steps: 320000 forecasts are
run for test L, but only 4000 for test A. After 80 steps, the distributions of the parameters are very similar for test A
and test L. Hence, when running the algorithm over a long period, the algorithm also finds the area of minima for a
test using less resources. For a complete picture of the convergence of test A and test L, see Figures 5f and 4c.

Figure 7 compares the verification metrics of ensemble systems with parameters suggested by the DE algorithm
corresponding to test A. In this case, an ensemble of size 5, a population of size 10, and a sequence of length 1 were
used in the algorithm part. The verification metrics are computed with an ensemble size of 20 and a sequence of
length 10 run over the same epoch. The verification metrics show that the parameters suggested by the algorithm
indeed correspond to good ensemble systems. The verification metrics also show that the ensembles tend to lead
to an under-dispersive system at longer forecast ranges (which seems to be the case for nearly all tested parameter
vectors, cf. Figure 3). It also shows that reducing the total amount of forecast runs still gives good results when looking
at the verification metrics. The noisiness in the verification metrics is explained by the relatively short sequence.

6 | DISCUSSION

It is worth noting that the estimation of spread parameters with ensemble based methods demands K × M times
the amount of computations compared with model physics parameters, assuming that both problems converge at the
same rate. In any practical problem the parameters K andM should therefore be as small integers as possible. Also, for
the generality of the result, the sequences SM (see Figure 1) should cover new epochs. The problemwith the Lorenz95
model is that the dynamics is relatively simple and remains very similar from one epoch to the next, and there are no
seasonal variation, for instance. The results presented here must therefore be confirmed with more realistic models.
The key question for the future is thus: what are the convergence properties of this estimation problem, and how
small can K , M and N be in realistic set-ups.

The choice of the cost function is essential. Here, a filter likelihood approach is applied because it takes into
account the relationship between ensemble spread, skill of ensemble mean, and prediction errors. In filter likelihood,
summation runs over all assimilation windows which has an advantage that it takes into account the entire forecast
range, and a disadvantage as the ensemble spread-skill relationship may be dependent on the forecast range which
will be reflected in the filter likelihood sum.

The length of the sequence SM is an important factor of the cost function and the estimation method. The length
affects the stochasticity of the cost function; if the sequence is short, the cost function is more stochastic, especially
if data is renewed. On the other hand, a long sequence increases the computational costs. It is therefore important
to carefully choose the length M such that the problem remains computationally feasible while not increasing the
stochasticity too much. Another important factor of the method is the convergence of the DE algorithm. It seems,
based on these experiments, that it is quite important to understand the parameter space and how the cost function
behaves. If the cost function becomes too stochastic, the algorithm will have problems finding the optimal parameter
vector. When comparing the plots in Figure 5, we see that the convergence is more steady when more resources are
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used, which could be explained by the cost function and its stochasticity. Reducing the resources does however not
rule out convergence, but could affect the stability of the method. This is important to understand when studying
more complex models than the Lorenz–Wilks system.

Another approach is to construct the filter likelihood cost function for the parameters using several assimilation
windows, and optimize it with respect to the parameters using iterative algorithms (see, e.g. Särkkä, 2013). The
background motive of the presented work is, however, to develop methods for operational platforms where such
approaches are not available: iterative cost function calls are ruled out due to computational issues and the assimilation
is not performed by filtering but by an assimilation method unique for the prediction system (e.g., 4DVAR), combined
with ensemble prediction system simulations. Hence, there are similarities to the idealized Lorenz–Wilks system,
which make the method an option in optimizing parameters regulating spread-skill relationships in a realistic model
set-up. However, the step from the idealized model to more realistic models is not taken here.

As manually tuning an ensemble prediction system is a resource consuming process, an algorithmic way of tuning
the ensemble systems would be welcome. We hope that our described method could be a future tool for model
developers for reducing the amount of human resources put on trial-and-error tuning of ensemble systems.

7 | CONCLUSIONS

The purpose of this study was to show the road to algorithmic optimization of ensemble spread parameters in an
ensemble forecast system. We used an approach based on previous results, where the filter likelihood is used as a
cost function in the evaluation of an ensemble prediction system (Solonen and Järvinen, 2013), and added an optimizer
to find the optimal combination of ensemble spread parameters. We demonstrated the method with a Lorenz–Wilks
ensemble prediction system with three ensemble spread parameters: initial spread parameter λ, stochastic amplitude
parameter σe , and stochastic auto-correlation parameter φ.

First, we demonstrated the choice of the filter likelihood-based cost function by mapping the parameter space.
The cost function was plotted as a function of the ensemble spread parameters in two different projections of the
three-dimensional parameter space. We demonstrated this for three different temporal distributions of observations:
0.1 time units, 0.2 time units, and 0.4 time units. For all parameter vectors corresponding verification metrics were
calculated and the best parameter vectors with respect to the cost function showed good verification metrics (flat
rank histogram, spread-skill difference close to 0, small CRPS values) resulting in good ensemble prediction systems.
This was demonstrated for the case with an output frequency of 0.2 time units. This verifies that filter likelihood is a
viable optimization target of ensemble systems. Based on this, we hypothesized that an algorithmic optimizer could
find the region of minimum filter likelihood corresponding to parameter values with good verification scores.

The hypothesis was tested using a differential evolution algorithm (Shemyakin and Haario, 2018) as an optimizer
and the filter likelihood method as a cost function. The cost function was calculated over a sequence of ensemble
runs. We looked at how the ensemble size, the length of the sequence, and the population size affect the conver-
gence of the algorithm. Reducing the amount of resources affect the convergence of the DE algorithm as it seems to
become less stable, but does not rule out convergence. The results indicate that it is possible to optimize ensemble
spread parameters in idealized systems without manual intervention. Traditional verification methods confirm that
the parameter values suggested by the algorithm lead to good ensemble prediction systems.

We conclude that an algorithmic approach for tuning an ensemble prediction system is possible in an idealized
case, such as the Lorenz–Wilks system. Scaling the results from the Lorenz–Wilks system to more realistic set-ups is
left for future work.
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A | APPENDIX

A.1 | List of symbols

Symbol Explanation Value in tests

S sequence of ensembles -

L(·) likelihood function -

Θ Vector of ensemble spread parameters dim(Θ) = 3

K Population size 10 or 20

M Length of an ensemble sequence ("epoch") 1, 5, or 10

N Ensemble size 5, 10, or 20 (200 in EnKF)

yk Observation for k th assimilation window

yp
k

Model prediction for k th assimilation window

Cy
k

Prediction error covariance matrix

n Number of assimilation windows 5, 10, or 20

L Number of observations 24

Xk L95 state variable -

Uj ,k L95 fast variable -

J Number of fast variables 8

K Number of slow state variables 40

η Stochastic process in Lorenz-95 -

φ,σe Stochastic physics parameters -

λ Initial value spread parameter -

F , Fu Forcing in L95 system 10, 10

c, b, h Parameters in L95 full system 10,10, 1

E,R Model error and observation error matrices in EnKF 0.42I, 0.352I

∆t Integration time 0.0025 in Eq. 3, 0.025 in Eq. 4

dt Output time 0.1, 0.2, or 0.4

g (Xk ) Deterministic scheme in Lorenz95 model b0 = 2.0, b1 = 0.1, the rest 0
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A.2 | Differential evolution

Differential evolution conducts optimization by sequentially employing fourmain steps initialization, mutation, crossover
and selection, to a population:

1. Initialization: For all xj ,i ,0 = rj (b j ,u −b j ,l )+b l , where b j ,l , b j ,u are lower and upper boundaries for the j th parameter,
rj ∼ U(0, 1). j denotes parameter, i denotes population member, 0 denotes generation.

2. Mutation: The population x is mutated

vi ,g = xbest ,g + F (xr1,g − xr2,g ),

where Fj ,i ,g = (Fl + rg (Fu − Fl ))(1 + δ(rj − 0.5)) determines the convergence rate. Here, r1, r2, rg , rj are random
numbers. Note that F normally is constant, but here it is randomized within given limits.

3. Crossover: Only a given number of mutations survive. This happens with a pre-defined probability Cr

u j ,i ,g =


vj ,i ,g if rj ≤ Cr or j = jr

xj ,i ,g otherwise.

4. Selection: This step determines whether the mutated or the current member of the population survives.

xi ,g+1 =

ui ,g if f (ui ,g ) ≤ f (vi ,g )

vi ,g otherwise.

Note that the previous population is stored and only the cost function of the trial population is calculated. This
saves CPU time.

In our study, we used the following set-up: the scale rate for the mutation was F = 0.5. The scale factor was
randomized using the parameters Fl = 0.5, Fu = 1.0, and δ = 0.001, crossover occurs with a probability Cr = 0.1,
generation jumping occurred with a probability Jp = 0.1, and recalculation occurred at steps 5, 10, 25, 50, and 75. In
the experiments, the mutation type was 2 and the scale factor type 5.
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F IGURE 1 An illustration of one assessment step, and how the K times M times N forecasts are thought to be
arranged. For each sequence SM ,k , the parameter vector Θk is the input and the likelihood value Lk the
corresponding output.



18 Ekblom et al.

2 4 6 8 10
λ

0.0

0.5

1.0

1.5

2.0

2.5

σ
e

250

375

500

(a)

2 4 6 8 10
λ

0.0

0.5

1.0

1.5

2.0

2.5

σ
e

150

250

350

(b)

2 4 6 8 10
λ

0.0

0.5

1.0

1.5

2.0

2.5

σ
e

500

750

1000

(c)

0.0 0.5 1.0 1.5 2.0 2.5
σe

0.0

0.2

0.4

0.6

0.8

1.0

φ

250

375

500

(d)

F IGURE 2 Mapping of the parameter space using ensemble size N = 20 and sequence length M = 10; (a)-(c)
show the -2log likelihood as a function of parameters λ and σe with φ = 0.5 for experimental set-ups with different
temporal distribution of observations (a) dt=0.2 time units, (b) dt=0.4 units, and (c) dt=0.1 time units. (d) shows the
mapping of the (σe ,φ)-space with λ = 1 for dt=0.2 time units. The ten smallest -2log likelihood values are marked
with black diamonds. Note the different color scales in (a)-(d).
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F IGURE 3 Corresponding verification metrics of the mapping from Figure 2a, where the gray lines show all
different parameter vectors and the black lines correspond to the ten smallest -2log likelihood, marked with black
diamonds in Figure 2a. (a) CRPS, (b) skill-spread difference, and (c) rank histogram after 0.4, 0.8, and 1.6 time units.
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F IGURE 4 The evolution of the DE algorithm for test L for different temporal distributions of observations:
output frequency every (a) 0.2 time units, (b) 0.4 time units, and (c) 0.1 time units. The forecast length is 2.0 time
units for all experiments. The red dots show the mean parameter value and the blue dashed lines show the
parameter values suggested by DE.
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F IGURE 5 Similar as Figure 4, but with different experimental set-ups of ensemble size (N ), sequence length (M ),
and population size (K ). The output frequency is 0.1 time units. (a) test I: N = 10,M = 10,K = 20, (b) test H:
N = 10,M = 5,K = 20, (c) test G: N = 10,M = 1,K = 20, (d) test C: N = 5,M = 10,K = 10, (e) test B:
N = 5,M = 5,K = 10, and (f) test A: N = 5,M = 1,K = 10.
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F IGURE 6 Comparison of test L (red solid line and red triangles) and test A (blue dashed line and blue squares)
when (a) the total amount of forecast runs is 4000 and (b) both tests are run 80 algorithm steps. The markers show
the location of the parameter vectors in three 2D-projections of the parameter space. The lines mark the
approximate distribution of the parameters based on the minimum and maximum of the parameters.
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F IGURE 7 Similar as Figure 3, but for the verification metrics of test A. Marked in black the parameter vectors
from the last step of the algorithm (step 89), in gray all parameters suggested by DE (steps 0-88). (a) crps (b)
spread-skill (c) rank histogram.
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