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Adaptive Finite Integral Non-Singular Terminal Synergetic Control of nth-order
nonlinear systems

Reza Mohammadi Asla, Yashar Shabbouei Hagha,∗, Sreenatha Anavattib, Heikki Handroosa

aLaboratory of Intelligent Machines,Department of Mechanical Engineering, LUT University,Lappeenranta, Finland
bUniversity of New South Wales, Canberra, Australia

Abstract

This paper proposed a novel finite synergetic control scheme. This controller utilizes an integral non-singular termi-

nal attractor technique that guarantees the finite-time convergence of the states, solves the singularity problem of a

conventional terminal attractor manifold, and provides a chattering-free control signal. The principles of this con-

troller are introduced and demonstrated for second and nth-order nonlinear systems. The stability of the controller

is verified using Lyapunov stability theory. In addition, an interval type-2 fuzzy logic system is implemented to

improve the overall performance of the controller. Analysis of a robotic manipulator and a servo-hydraulic actuator

is used to illustrate the efficacy of the proposed Adaptive Finite Integral Non-singular Terminal Synergetic Control

(AFINTSC).

Keywords: Synergetic control, Nonlinear systems, Lyapunov stability, Interval type-2 fuzzy logic, Robotic

manipulator, Servo-hydraulic system.

1. Introduction

Modern technologies demand new control methods as conventional linear control methods are not able to perform

predefined tasks with the desired accuracy, primarily due to deficiencies in treating system nonlinearities and distur-

bances. Hence, in recent years, several different nonlinear control methods have been presented in the literature [1, 2]

such as back-stepping control [3, 4], model predictive control [5, 6] and sliding mode control [7, 8]. Different versions5

of these control systems have been developed and modified for nonlinear systems. For example, a discrete-time

back-stepping control approach is presented for frequency disturbance rejection in [9]. The proposed method tries

to compensate the effect of two disturbances: broadband and narrow band disturbances in low and high frequencies,

respectively. The performance of the method is illustrated by application to an experimental motion control setup.

In other research, a nonlinear model predictive control (NMPC) is developed in [10] for control of an articulated10

unmanned ground vehicle. The study compares the performance and computational complexity of linear MPC and

NMPC and, using experimental validation, shows that the proposed NMPC produces better trajectory tracking.

Of the different approaches proposed, sliding mode control (SMC) has received much attention in academic and

industrial communities due to its simple design procedure, robustness to external disturbances, easy implementation

in practical systems, and low parameter variation sensitivity [11, 12]. However, the linear version of SMC has15
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two main drawbacks: first, steady-state errors converge to zero with infinite settling time, and second, chattering

phenomena cause large control amplitude due to the large fixed switching control gain [13]. Different versions of

SMC with nonlinear surfaces have been proposed [14, 15, 16] that aim to reduce steady-state errors and achieve

finite-time stability and fast dynamic response, for example, the terminal SMC proposed in [16]. However, terminal

SMC encounters a singularity problem, many researches have tried to solve the problem [17, 18]. For example,20

to try to overcome the singularity problem, a new time-specified non-singular terminal SMC has been developed

[19]. The stability of the proposed manifold was verified using Lyapunov theory. SMC is extended in [20], where a

combination of fractional order calculus and a non-singular terminal sliding surface is introduced. In the work, the

proposed method is tested for Authors have tried to control of a cable driven manipulator using the proposed method.

Although much research has investigated sliding mode control, some problems remain, the most important of which25

is chattering. Chattering is produced by the discontinuous part of sliding mode controllers and causes high stress on

nonlinear systems [21]. A number of approaches have been introduced that aim to address chattering. For instance,

a new adaptive sliding method called chattering-free PID SMC is presented in [22]. The method tries to solve the

chattering problem by applying a new adaptive switching control action. Improvements in the stability of SMCs and

mitigation of chattering problems have, however, only been achieved at the cost of deteriorated performance and30

reduced robustness. A recent, and promising, approach to the chattering problem is synergetic control [23].

The idea of the synergetic control theory is based on modern mathematics and synergetics [23]. Synergetic control

shares some features with conventional SMC in terms of order reduction and decoupling design procedure [24], on

the other hand, since it operates at a constant switching frequency, the chattering and high control signal amplitude

is handled better in this controller compared to SMC. In view of its easy design method, simple stability analysis35

and chattering-free behavior, the approach has aroused considerable interest. Furthermore, the method is applicable

to many different systems. An optimal synergetic control approach is developed in [25]. The proposed method

attempts to optimize a performance index, which is defined as a combination of reduced dimension aggregated

variables. Although previously presented synergetic control approaches show acceptable performance, a number of

problems still exist, such as infinite-time convergence, and the control approach thus requires further study. Possible40

improvements to synergetic control could include new surfaces that bring new features and combining synergetic

control with artificial intelligence. An example of the first approach is the finite-time synergetic controller introduced

in [26], where a new manifold to control second-order robot manipulators is defined. The method is capable of

ensuring finite-time error convergence to zero but is limited to a small class of nonlinear robotic systems. Thus far,

its application to higher-order systems has not been explored.45

Integration of traditional approaches and artificial intelligence methods such as neural networks [27, 28], evolu-

tionary algorithms [29, 30, 31] and different types of fuzzy systems [32, 33, 34, 35] has been used in many different

engineering applications. Of the AI approaches that are currently available, fuzzy logic deserves particular interest

because of its ability to handle uncertainties. For instance, a Takagi-Sugeno fuzzy system is combined with traditional

sliding mode control in the form of a fuzzy integral sliding mode control approach in [36]. The method utilizes a50

combination of the Lyapunov function and transition matrix properties to achieve acceptable stability. For systems

with uncertainties in their input, for example, noise, type-2 fuzzy systems have been seen to have better performance

[37, 38]. Because of acceptable performance of type-2 fuzzy logic, it has been combined with other artificial intelli-
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gence approaches [39, 40, 41]. In recent years different researches have focused on improving type-2 fuzzy systems

or enhancing its performance for different types of applications [42, 43, 44]. To this end, a combination of a type-255

fuzzy system and synergetic control is proposed in [45] to stabilize a power system. The type-2 fuzzy system is used

to approximate the unknown dynamics of the power system. However, the basic drawbacks of synergetic control

remain unsolved. Chaotic oscillation in power systems is addressed in [46], which uses a type-1 fuzzy system to tune

the parameters of the synergetic controller. As the controller uses a type-1 fuzzy system, the proposed method is

not capable to handle noise.60

The main contributions of this paper are as follows:

• The design of a non-singular synergetic control scheme which guarantees the finite-time convergence of the

states while evading the singularity problem and provides a chattering-free response.

• The proposed scheme is introduced and developed for nonlinear second and nth-order systems, the stability of

which is verified using Lyapunov stability criteria.65

• The designing procedure goes in a way that the proposed AFINTSC provides a chattering-free control signal

without degrading the robustness.

• An interval type-2 fuzzy system is implemented to tune the parameters of the proposed controller.

Based on the above-mentioned information, main motivation of this study can be supposed as designing a new

controller for nth-order nonlinear systems which has the advantages of conventional sliding mode controllers while at70

the same time guaranteeing finite-time convergence of error states to zero, and providing a chattering-free control sig-

nal. The controller drives the system states to zero on a non-singular terminal manifold, which avoids the singularity

problem. The IT2-Fuzzy system is designed to calculate a parameter of the presented controller based on tracking

error and its derivative. In order to have a realistic analysis of the performance of the controller, the final adaptive

controller is tested and applied to two different nonlinear systems: robotic manipulator, and servo-hydraulic system.75

Results are presented and compared to previously introduced methods, it has faster state convergence due to the

integral term used in the proposed surface, smoother and chattering-free control signal, and more robust behaviour

in the presence of external disturbances.

The rest of this paper is organized as follows. Section 2 describes, the principles of the proposed finite integral

non-singular terminal synergetic control. The method is developed for second order and nth-order nonlinear systems.80

The interval type-2 fuzzy logic is discussed in this section. In Section 3, two different nonlinear systems are simulated.

A 2-DOF robot manipulator is considered as example of a second-order system and a servo-hydraulic actuator is

studied as an example of a third-order nonlinear system. The simulation results show the efficiency of the proposed

adaptive finite integral non-singular terminal synergetic (AFINTSC) controller. Section 4 concludes the paper.

2. Adaptive Finite Integral Non-Singular Terminal Synergetic Control85

In this section, the procedure for designing the proposed AFINTSC is presented. First, the new synergetic control

method for second and nth-order systems is given and then an interval type-2 fuzzy logic system is implemented to

enhance the performance of the controller in tracking the desired trajectories.

3
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2.1. Finite Integral Non-Singular Terminal Synergetic Control

A finite time synergetic method has been introduced in [26]. The work extended the basic synergetic control

theory to a new version that makes the system converge to the origin in finite time and has faster response than the

conventional synergetic controller. The basic synergetic manifold can be expressed as:

µψ̇ + ψ = 0 (1)

where parameter µ represents a positive integer value, which affects the value of the control signal and the convergence

speed and ψ which is a synergetic macro variable. To improve the performance of the controller and enable finite-time

convergence of the states, a finite time synergetic manifold is expressed as:

µψ̇
ν
% + ψ = 0 (2)

where ν, and % are positive odd integers and chosen in a way that satisfies 1 < ν
% < 2.90

Next, the design procedure for defining the macro variable of the controller for second and nth− order nonlinear

systems is presented.

2.1.1. Second-order systems

The model of a affine second-order system can be formulated as

ẋ1 = x2

ẋ2 = f(x) + b(x)u+ d(t) (3)

where, the system states, inputs and disturbances are given by x ∈ R2, u, and ‖ d(t) ‖6 ηd, respectively. Functions

f, and b are nonlinear functions defining the dynamics of the system.95

Considering Eq. (3), a new integral based sliding surface can be considered as:

SSC2 = e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ (4)

where, e = x1 − xd, and ė = ẋ1 − ẋd, in which the desired path is indicated by xd. The c1 and c2 parameters are

tuned such that the polynomial, r2 + c1r + c2, satisfies Hurwitz condition, and it is assumed that 1 < α1 < 2 and

α2 = α1/(2− α1). Considering the integral sliding surface, Eq. (4), the synergetic macro variable is chosen as:

ψ = ṠSC2SSC2 (5)

= (ė+ c1ė
α1 + c2e

α2)

(
e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ

)
Considering the system given in Eq. (3), the surface defined in Eq. (4), and the macro variable of Eq. (5), the

finite synergetic manifold in Eq. (2) can be rewritten as:100

µ

{
d

dt

(
(ė+ c1ė

α1 + c2e
α2)

(
e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ

))} ν
%

+ (ė+ c1ė
α1 + c2e

α2)

(
e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ

)
= 0

(6)
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By substituting the defined error and its derivative in Eq. (6), the control law for a second order nonlinear system

is calculated as:

uFTSC2 = −b−1(x)

{
f(x)− ẍd + ηd +

1

1 + c1α1ėα−1

(
c2α2ėe

α2−1 +
1

e+
∫ t
0

(c1ėα1 + c2eα2) dτ

[

(ė+ c1ė
α1 + c2e

α2)
2

+

[
1

µ
(ė+ c1ė

α1 + c2e
α2)

(
e+

∫ t

0

(c1ė
α1 + c2e

α2) dτ

)] %
ν

])}
(7)

Theorem 1. The application of control law (7) to a second-order nonlinear system (3), will force it to reach the

origin in a finite time.

Proof. Consider the Lyapunov candidate function as V = 1
2ψ

Tψ. Its derivative can be written as:

V̇ = ψT ψ̇ (8)

considering Eq. (2), it can be concluded that ψ = −µψ̇
ν
% . Hence, the equation calculated V̇ will change into the

following form:

V̇ = −µ
(
ψ̇
ν
%

)T
ψ̇ = −µψ̇

ν
% ψ̇ ≤ −µ

∣∣∣∣∣∣ψ̇∣∣∣∣∣∣ ν+%% < 0 (9)

which completes the proof.

2.1.2. The nth-order system

Consider an nth-order system as:

ẋ1 = x2

ẋ2 = x3 (10)

...

ẋn = f(x) + b(x)u+ d(t)

where the system states, inputs, and disturbances are shown by x ∈ Rn, u(x) and ‖ d(t) ‖6 ηd, respectively.

Considering the system model given in Eq.(10), the tracking error and its derivatives are generated as:

e = x1 − xd

ė = ẋ1 − ẋd = x2 − ẋd
...

e(n) = f(x) + b(x)u+ d− x(n)d (11)

Therefore, the integral based non-singular terminal sliding surface can be considered as:

SSCn = e+

∫ t

0

(
n∑
i=1

ci

(
e(n−i)

)αi)
dτ (12)

where, ci, i = 1, 2, . . . , n are chosen in a way that the polynomial rn + c1r
n−1 + · · ·+ cn−1r+ cn satisfies the Hurwitz

condition. It is supposed that 1 < αi < 2, and αi = αi−1/(2− αi−1), i = 2, 3, . . . , n. Based on the definition of the
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sliding surface for nth-order systems in Eq. (12), a synergetic macro variable is introduced as

ψ = ṠSCnSSCn =

(
ė+

n∑
i=1

ci

(
e(n−i)

)αi)(
e+

∫ t

0

(
n∑
i=1

ci

(
e(n−i)

)αi)
dτ

)
(13)

Substituting Eq. (13) in the finite synergetic manifold in Eq. (2), the equation can be rewritten as:

µ
d

dt

((
ė+

n∑
i=1

ci

(
e(n−i)

)αi)(
e+

∫ t

0

(
n∑
i=1

ci

(
e(n−i)

)αi)
dτ

)) ν
%

+

(
ė+

n∑
i=1

ci

(
e(n−i)

)α)(
e+

∫ t

0

(
n∑
i=1

ci

(
e(n−i)

)αi)
dτ

)
= 0 (14)

In Eq. (14), the finite time synergetic control for an nth-order system is drawn as:

uFINTSCn = −b−1(x)

{
f(x)− x(n)d + ηd +

1

c1α1

(
n∑
i=2

ciαi

(
e(n−i)

)αi−1
e(n−i+1)+

1

e+
∫ t
0

(∑n
i=1 ci

(
e(n−i)

)αi)
dτ

ë+

(
ė+

n∑
i=1

ci

(
e(n−i)

)αi)2

+

(
1

µ

(
ė+

n∑
i=1

ci

(
e(n−i)

)αi)(
e+

∫ t

0

(
n∑
i=1

ci

(
e(n−i)

)αi)
dτ

)) %
ν

 (15)

Theorem 2. The application of the finite time synergetic control law (15) to an nth-order system will lead the105

system to converge to the origin in finite time. The speed of the convergence can be controlled by the parameter µ.

Proof. The proof is similar to that of Theorem 1 and it is thus omitted.

The speed of the designed controller is adjusted by parameter µ. To ensure an acceptable performance, its value

should be determined properly. To calculate a proper value through time, an interval type-2 fuzzy logic module is

implemented to adjust the parameter during the time. In the next section, a brief overview of this fuzzy system is110

given and its application on the controller explained.

2.2. Interval Type-2 Fuzzy Logic

A number of type-2 fuzzy logic systems have been presented in recent years and different aspects of these systems

investigated [47, 48]. The aim of type-2 fuzzy systems is to compensate the disadvantages of type-1 fuzzy systems.

A type-2 fuzzy set, Ã, is characterized by the membership function:

Ã = {((λ, σ) , µÃ (λ, σ)) |∀λ ∈ Λ,∀σ ∈ Jλ ⊆ [0, 1]} (16)

where admissible input variables are presented by λ, and σ. The secondary set, and the primary membership function

of λ are given as µÃ (λ, σ), and Jλ ⊆ [0, 1], respectively, in which 0 6 µÃ (λ, σ) 6 1. In order to have an interval

type-2 membership function it should be defined that µÃ (λ, σ) = 1. The uncertainty, that is shown by a region, is115

called the footprint of uncertainty (FOU). Entire uncertainties in interval type-2 fuzzy sets are presented and limited

by defining two membership functions as an upper membership function µ̄Ã (λ, σ), and a lower membership function

µ
Ã

(λ, σ) [49]. An example of an interval type-2 fuzzy membership function, and the structure of an interval type-2

fuzzy system are presented in Fig.1 [50].

Based on the above definitions, the different parts of a type-2 fuzzy system can be itemized as:120
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(a) Example of Interval type-2 fuzzy membership

function

(b) Structure of Interval type-2 fuzzy system

Figure 1: Interval Type-2 Fuzzy system.

• Fuzzifier: The fuzzifier part of the system maps each input of the fuzzy system to a type-2 fuzzy set.

• Rules: Like the type-1 fuzzy system, interval type-2 fuzzy systems work based on rules that relate fuzzified

inputs to the system output. The general presentation of these rules can be given as follows:

Rn : If λ1 is Ãi1 and , · · · , and λk is Ãik Then y is Y i (17)

where λi, i = 1, · · · , k, and y represent the inputs and output of the fuzzy system, respectively. The antecedent

Interval type-2 Fuzzy Systems (IT2FSs) and consequent membership functions are presented by Ãn, and Y n,

respectively.

• Inference: This part uses the rules and maps fuzzified inputs (λ′) on output fuzzy sets. The rule firing interval

can be formulated as

F i (λ′) ≡
[
f i, f̄ i

]
f i =

[
µ
Ãi1

(λ′1)× · · · × µ
Ãik

(λ′1)
]

(18)

f̄ i =
[
µ̄Ãi1

(λ′1)× · · · × µ̄Ãik (λ′1)
]

• Type reducer: This block changes a type-2 fuzzy set to a type-1 fuzzy set. Center of sets (cos) type reduction

can be expressed as

Ycos(λ) = [yl, yr] = ∪
fi∈F i
yi∈Y i

∑M
i=1 y

if i∑M
i=1 f

i

yl =

∑L
i=1 y

if̄ i +
∑M
i=L+1 y

if i∑L
i=1 f̄

i +
∑M
i=L+1 f

i
(19)

yr =

∑R
i=1 ȳ

if i +
∑M
i=R+1 ȳ

if̄ i∑R
i=1 f

i +
∑M
i=R+1 f̄

i

where parameters M,L, and R show the number of fuzzy sets, and switching points, respectively.125
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Figure 2: Overall scheme of the adaptive finite integral non-singular synergetic controller

• Defuzzifier: This block calculates the average of yl, and yr to calculate the output of the fuzzy system,

y =
yl + yr

2
(20)

2.3. Implementation of the interval type-2 fuzzy system (IT2FS) on the proposed controller

To gain a clearer idea of the application of the interval type-2 fuzzy system (IT2FS) on the controller, different

parts of an IT2FS will be matched with a specific parameter of the proposed controller in this section. It is assumed

that the IT2FS receives absolute values of the tracking error (|e|) and its derivative (|ė|) as inputs and calculates µ

parameter as its output to tune the controller to have a faster convergence rate. Regarding the fuzzified inputs, the

fuzzy rules are presented in Tab. 1. Variables in Tab. 1 stand for: S = Small, M = Medium, and B = Big. The

membership functions of the output are set as constant and can be expressed as:

S ≡

 β
S

= 0.05× γ

β̄S = 0.15× γ
, M ≡

 β
M

= 0.45× γ

β̄M = 0.55× γ
, B ≡

 β
B

= 0.85× γ

β̄B = 0.95× γ
(21)

where the γ parameter is a positive value, which can be tuned by the designer. A schematic of the proposed adaptive

finite integral non-singular synergetic control method is depicted in Fig. 2. The figure shows the overall procedure

of the optimization of the designed control method which, for each time step, can be summarized as:

• Calculating the error and its derivatives ei, i = 0, . . . , n.130

• IT-2FS uses the system error (e) and its derivative (ė) to calculate the parameter µ in controller

• Using the obtained parameter from previous step, the designed controller produces the control signal to control

the nonlinear system

• The control signal is applied to the nonlinear system

3. Simulations and Results135

The proposed methods are simulated and studied in this section. The proposed finite time controller is first

analyzed and tested on a second-order robot manipulator. Its performance is shown and compared with a previously

proposed sliding mode controller [51]. The efficiency of the controller is further discussed based on the example of a

servo-hydraulic actuator as a third-order system.

8



Table 1: Fuzzy rules of the system

|e|

µ |ė|
S M B

S B B M

M B M S

B M S S

Table 2: Parameter values of the 2-DoF robot manipulator

Link mass (kg) Length (m)

First link m1 = 0.5 L1 = 1.0

Second link m2 = 0.8 L2 = 0.8

3.1. Second-order systems: Robot manipulator140

Consider a well-known 2-DOF robot manipulator with the dynamic equations of:

D (θ) θ̈ + c
(
θ, θ̇
)
θ̇ + g(θ) = τ (22)

where D(θ) ∈ Rn×n, c
(
θ, θ̇
)
∈ Rn and g(θ) ∈ Rn represent the inertia matrix, the centripetal-Coriolis force, and

the gravitational force, respectively. The exerted joint input is indicated by τ .

Considering the abbreviations of the si = sin(θi) and ci = cos(θi), the dynamic of the manipulator can be written

as: (m1 +m2)L2
1 +m2L

2
2 + 2m2L1L2cos(θ2) m2L

2
2 +m2L1L2cos(θ2)

m2L
2
2 +m2L1L2cos(θ2) m2L

2
2

θ̈1
θ̈2

+

−m2L1L2sin(θ2)θ̇1
2
− 2m2L1L2sin(θ2)θ̇1θ̇2

m2L1L2sin(θ2)θ̇2
2

+

((m1 +m2)L1cos(θ2) +m2L2cos(θ1 + θ2)) g

(m2L2cos(θ1 + θ2)) g

 =

τ1
τ2

 (23)

Considering g = 9.81(kgm/s2), the values of the parameters of the links are as shown in Tab.2

The performance of the proposed augmented IT-2FS system and the FINTS controller is tested by considering the145

initial condition of the position of the joints and velocity as x0 = [θ1 θ2 θ̇1 θ̇2]T = [0.6(rad), 0.2(rad), 0(rad/s), 0(rad/s)]T .

First, the performance of the AFINTSC is compared with the non-singular terminal sliding mode controller

(NTSMC) proposed in [51]. In the paper, a nonlinear sliding surface was proposed as s = e+ (1/β)ėp/q, where p and

q are selected such that 1 < p/q < 2. In this case it is assumed that p/q = 1.5 and β = 4. On the other hand, the

tuning parameters of the FINTSC controller, which are required in Eq.7, are set as α1 = 1.1064, ν/% = 1.2, c1 = 1150

and c2 = 10.1. It should be noted that since the tuning parameter of µ has a significant impact on the convergence

speed, it is therefore tuned online through the proposed IT-2F system. A comparison between the performance of

9



(a) Values of θ1 (b) Values of θ2

Figure 3: 2-DoF performance based on proposed AFINTSC compared with NTSMC [51](True: , AFINTSC: , NTSMC: ).

Table 3: Root mean square error (RMSE) of AFINTSC and NTSMC in tracking the desired path for the 2-DoF robot manipulator

Method

Variable
θ1 θ2

AFINTSC 0.0258 0.0039

NTSMC 0.0560 0.0018

AFINTSC and NTSMC is shown in Fig.3. As a further performance metric, the root mean square error (RMSE) of

the trajectory tracking of both controllers is given in Tab. 3. Although both controllers are able to guide the system

to track the desired trajectories, from the control signal in Fig.4, it can be seen that the presented AFINTSC method155

gives more reliable results. The figure also shows that chattering causes the NTSMC to use much more energy than

AFINTSC.

The impact of the µ parameter is next addressed. Assuming that the µ parameter is tuned manually and set to

µ = 10 and that the other required tuning parameters are as given in the previous section, the performance of the

FINTSC is as shown in Fig.5.160

(a) Values of θ1 (b) Values of θ2

Figure 5: Effect of miss-tuned µ on the performance of FINTSC in control of a 2-DoF robot manipulator (True: , FINTSC: ).

It can be seen from Fig.5 that the mistuned value of µ has caused the first link to converge slowly to the desired

trajectory, and the second link takes almost 10sec to converge to the trajectory and track it.

As noted earlier, different methods have been proposed to reduce chattering in sliding mode controllers, but this

10



(a) Values of u1(N.m) (b) Values of u2(N.m)

Figure 4: Control signals of AFINTSC and NTSMC [51] for the robot manipulator( AFINTSC: , NTSMC: ).

goal has been reached at the cost of performance and robustness. One common method is to use a ” tanh ” function

instead of the ”sgn” function in the switching part of the sliding mode controller. In assessment of the performance165

degradation, it is assumed that an external disturbance as d(t) = ζsin(3t) affects the robot after t = 5sec. ζ indicates

the size of the disturbance. Different scenarios are considered in which the size of the disturbance increases and the

performance of AFINTSC and NTSMC is discussed. The tuning parameters of both controllers are assumed as

before. Fig. 6 shows the performance of both controllers for different values of ζ.

The Fig. 6 shows that changes in the magnitude of the disturbance have a significant effect on the performance170

of the sliding mode based controller, whilst the proposed AFINTSC has more robust behavior in the presence of an

external disturbance. From the control signal of the controllers in Fig. 7 for ζ = 10, it can be seen that the sliding

mode controller has a chattering-free response, but this is achieved at the cost of robustness loss, which can be seen

in Fig. 6e.

In order to have a better metric to evaluate the performance of controllers with respect to different disturbance175

size, percent normalized mean square error of trajectory tracking is sketched in Table 4. The robustness behaviour

of the proposed AFINTSC and NTSMC can be better seen in this Table 4. It can be seen that from ζ = 1 to ζ = 10

the percentage of mean square error in AFINTSC has increased only 0.3%. This error for NTSMC is 2.04% which

indicates that the proposed AFINTSC has more robustness against external disturbances. The final simulation is

performed to compare the effect of type of fuzzy logic. Results are given in Fig. 8. The figure shows the performance180

of the presented AFINTSC control method with type-1 fuzzy logic and interval type-2 fuzzy logic. To show the

privilege of interval type-2 fuzzy system to type-1 fuzzy system, a bounded random disturbance is added to the

inputs of the fuzzy system. As it can be seen in the figure, the combination of the designed controller with an interval

type-2 fuzzy system has more accurate tracking performance, and converges to the desired path faster than type-1

fuzzy logic. In order to have more clear comparison between two methods, root mean square error of both of them185

are given in Tab. 5.

3.2. Third-order systems: Servo-hydraulic actuator

To evaluate the efficiency of the AFINTSC controller for higher order systems, a third-order servo-hydraulic

system is considered. A schematic diagram of the system is shown in Fig.9.
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(a) Values of θ1 for ζ = 1 (b) Values of θ2 for ζ = 1

(c) Values of θ1 for ζ = 5 (d) Values of θ2 for ζ = 5

(e) Values of θ1 for ζ = 10 (f) Values of θ2 for ζ = 10

Figure 6: Performance comparison of the AFINTSC and NTSMC controllers for different values of disturbance in control of a 2-DoF

robot manipulator (True: , AFINTSC: , NTSMC: ).

Table 4: Percent normalized mean square error of 2-DoF robot trajectory tracking under different external disturbances

Disturbance Controller θ1 θ2

ζ = 1
AFINTSC 4.62 2.03

NTSMC 6.77 5.71

ζ = 5
AFINTSC 4.68 2.08

NTSMC 7.23 5.91

ζ = 10
AFINTSC 4.92 2.27

NTSMC 8.81 6.64
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(a) Values of u1 for ζ = 1 (b) Values of u2 for ζ = 1

(c) Values of u1 for ζ = 5 (d) Values of u2 for ζ = 5

(e) Values of u1 for ζ = 10 (f) Values of u2 for ζ = 10

Figure 7: Control signal of the AFINTSC and NTSMC for different values of ζ (AFINTSC: , NTSMC: ).

Table 5: Root mean square error (RMSE) of AFINTSC with different types of fuzzy logic in tracking the desired path for the 2-DoF

robot manipulator

Method

Variable
θ1 θ2

AFINTSC with type-1 fuzzy logic 1.3473 0.6119

AFINTSC with interval type-2 fuzzy logic 0.4088 0.4164
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(a) Values of θ1 (b) Values of θ2

Figure 8: Comparison of the effect of the type of fuzzy logic in presence of disturbance and uncertainties for the robot manipulator(

AFINTSC with fuzzy type-1 logic: , AFINTSC with fuzzy type-2 logic: ).

Figure 9: Schematic of the studied servo-hydraulic system [52]

To describe the behavior of the system, the mathematical relation is considered as:

MẍP = −bẋP +A1p1 −A2p2 − Fe (24)

where the position of the piston is given with xp and the parameters p1, P2 and A1, A2 describe pressures on both

sides of the cylinder and the area of the cylinder, respectively. The load mass, external force and friction are indicated

by the terms M,Fe, and b, respectively [53]. The values of p1 and P2 should be determined in advance, in order to

calculate the position of the piston. To this end, basic hydraulic laws ([54]) are applied to calculate the pressures on

both sides of the cylinder as follows:

Ṗ1 =
βe
V1

(Q1 −A1ẋP +QI −QE1)

Ṗ2 =
βe
V2

(Q2 −A2ẋP −QI −QE2) (25)

where the bulk modulus and volumes of the cylinder on each side are represented by βe, V1, and V2, respectively.190

In Eq.25, the flows of the cylinder in each side are indicated by Q1, and Q2. These flows can be calculated as:

Q1 =

 Csu
√
ps − p1 u ≥ 0

Csu
√
p1 − pa u < 0

Q2 =

 Csu
√
p2 − pa u ≥ 0

Csu
√
ps − p2 u < 0

(26)
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Table 6: Parameter values for the studied servo-hydraulic system in SI units

Parameters Values Parameters Values

M 270 b 418.33

A1 8.04 ×10−4 A2 4.24 ×10−4

v01 2.13 ×10−4 v02 1.07 ×10−4

Ps 14 Pa 0.9

L 1 βe 7× 108

where Cs, Ps and Pa represent the flow coefficient, supply pressure and tank pressure. The terms QI , QE1, and QE2

in Eq.(25) show the internal and external leakage of each side of the cylinder, which can be calculated as:

QI = Ki (p2 − p1) (27)

QE1 = KE1 (p1 − pa)

QE2 = KE2 (p2 − pa)

where the leakage flow coefficients are indicated by Ki,KE1, and KE2, respectively.

The volumes of V1 and V2, in Eq.(25), on different sides of the cylinder should also be considered, which are

calculated as:

V1 = A1xP + v01

V2 = A2 (L− xP ) + v02, (28)

where the pipeline volumes for each side of the cylinder are given by v0i, i = 1, 2 [53] and the maximum value of the

piston’s position is represented by L.

In order to apply the method proposed in this paper to the actuator, the dynamics of the system should be

represented as a given model in Eq.10. The parameter values of the servo-hydraulic system are given in Tab.6. To

obtain a feasible model for the controller, first, the derivative of the piston’s position is taken as:

M
...
xP = −bẍP +A1ṗ1 −A2ṗ2 − Ḟe. (29)

Now, by defining a new parameter as PL = p1 − A2

A1
p2, known as the load pressure, and rewriting the load flow as

QL = Q1+Q2

2 , which can be expressed as ([55, 56]):

QL =

 CsxP
2 (
√
ps − p1 +

√
p2 − pa) u ≥ 0

CsxP
2 (
√
p1 − pa +

√
ps − p2) u < 0

(30)

the servo-hydraulic system can be represented by defining the state variables as X = [x1, x2, x3]
T

= [xP , ẋP , ẍP ]
T

in

the following form:

ẋ1 = x2

ẋ2 = x3 (31)

ẋ3 =
1

M

(
−bx2 + ϕ(PL)u+ ψ(PL)− Ḟe

)
,
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(a) Values of xp (b) Values of ẋp

(c) Values of ẍp

Figure 10: Servo-hydraulic performance based on the proposed AFINTSC compared with NTSMC [51](True: , AFINTSC: ,

NTSMC: ).

Table 7: Root mean square error (RMSE) of AFINTSC and NTSMC in tracking the desired path for the servo-hydraulic actuator

Method

Variable
xp ẋp ẍp

AFINTSC 0.0670 0.0371 0.0575

NTSMC 0.1515 0.0504 0.0877

where the uncertainties in the model are indicated by nonlinear ϕ(.), and ψ(.) functions. Based on the defined

three-order system in Eq.31 and the uncertainties in the system model, the proposed augmented IT-2F and FINTSC195

were applied to the system. The initial values of the starting points are assumed to be X0 = [0.3, 0.78, 0]
T

. The

designing parameters of the controller proposed in Eq.15 are considered as α1 = 1.021, c1 = 2.72, c2 = 0.24 and

c3 = 0.10. The µ parameter is calculated with the proposed type-2 fuzzy system. To compare the controller with

the previously introduced NTSMC controller, the sliding surface is designed as s = e+ (1/β2)ėp2/q2 + (1/β3)ėp3/q3 ,

in which β2 = 0.21, β3 = 0.66, p2/q2 = 1.25 and p3/q3 = 1.10. A comparison of the proposed AFINTS controller200

and the NTSMC is shown in Fig.10.

As can be seen from Fig.10, both controllers are able to guide the system to track the desired trajectory. The

RSME metric of the controllers is given in Tab. 7. From Fig.10, it can be seen that the convergence speed of the

AFINTSC is higher than NTSMC. To show further the difference between the two controllers, the control signal is

given in Fig.11a for the proposed AFINTSC and NTSMC.205

From Fig.11a, it can be seen that both controllers have almost the same control signal, but a closer look at this
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(a) Values of u (b) Values of u

Figure 11: Control signal of AFINTSC and NTSMC [51] for the servo-hydraulic actuator( AFINTSC: , NTSMC: ).

Figure 12: Performance of the AFINTSC with respect to different µ values (True: , µIT2FS : , µ = 0.1: , µ = 0.2: ,

µ = 0.3: ,).

signal, Fig.11b, indicates the presence of chattering in the sliding mode controller. Comparing this chattering signal

with the smooth control signal of the proposed AFINTSC, the better efficiency of the AFINTSC controller becomes

evident.

To show the impact of µ optimization with the IT2F system introduced in Section2.2, it is assumed that the value210

of this parameter is chosen manually. Fig.12 shows the efficacy of the µ in the performance of the system. In this

figure, the performance of the controller for different values of µ is sketched and compared to the results obtained

from the IT2F system. As can be seen from Fig.12, the value of µ can have a serious impact on the performance

of the controllers. The value obtained from the IT2FS system resulted in an acceptable convergence speed, whereas

the other values led to a performance degradation.215

To study the robustness of the proposed controller in the presence of an external disturbance, an external dis-

turbance of d = ζ(sin(3t) − 3 cos(3t)) is considered. The performance of both controllers is studied for the robotic

manipulator based on different disturbance magnitude. The tuning parameters of the controllers are assumed as in

the previous simulation. Fig. 13 shows the performance of AFINTSC and NTSMC for different values of ζ. Fig.

13 shows that the proposed AFINTSC has better performance than NTSMC. To have a better metric, the percent220

normalized mean square error of the position of the piston is shown in Tab. 8. It can be seen that when the impact of

a disturbance increases, the AFINTSC controller shows more robust behavior than the sliding mode-based controller.

Like robotic manipulator, a comparison is done between type-1 fuzzy system, and interval type-2 fuzzy logic in the
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(a) Values of xp for ζ = 0.01 (b) Values of control signal for ζ = 0.01

(c) Values of xp for ζ = 0.1 (d) Values of control signal for ζ = 0.1

(e) Values of xp for ζ = 0.5 (f) Values of control signal for ζ = 0.5

Figure 13: Performance comparison of the AFINTSC and NTSMC controllers for different values of disturbance in control of a servo-

hydraulic actuator (True: , AFINTSC: , NTSMC: ).
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Table 8: Percent normalized mean square error of piston’s position based on AFINTSC and NTSMC in the presence of different external

disturbances

Disturbance

Method
AFINTSC NTSMC

ζ = 0.01 3.99 5.60

ζ = 0.1 4.00 6.33

ζ = 0.5 4.38 14.60

Table 9: Root mean square error (RMSE) of AFINTSC with different types of fuzzy logic in tracking the desired path for the servo-hy-

draulic actuator

Method

Variable
xp ẋp ẍp

AFINTSC with type-1 fuzzy logic 0.1370 0.0885 0.1480

AFINTSC with interval type-2 fuzzy logic 0.0621 0.0400 0.0676

presence of a bounded disturbance in their inputs. Results are given in Fig. 14. In this figure the performance of

the type-2 fuzzy system is studied and compared to type-1 fuzzy logic. A bounded disturbance is considered in the225

input of the fuzzy module system and the performance of the proposed AFINTSC in combination with type-1 and

type-2 fuzzy system is shown. As it can be seen, the accuracy of the proposed AFINTSC with type-2 fuzzy system

in trajectory tracking is much better than the accuracy of AFINTSC with type-1 fuzzy system. This is due to the

capabilities of interval type-2 fuzzy system in handling this input disturbance. The root mean square error of both

methods are given in Tab. 9 for servo-hydraulic system.230

4. Conclusion

In this paper, an adaptive finite control scheme based on synergetic theory and an integral non-singular terminal

manifold is proposed. The controller is capable of forcing the states of the system to converge to zero in finite

time with a chattering-free control signal and has robust behavior in the presence of external disturbances. In this

work, an integral based non-singular terminal surface is first defined. Then, by defining a finite time synergetic235

manifold, a new synergetic macro variable is chosen that verifies the above mentioned features. The principles of

the controller are introduced for a class of second and nth-order nonlinear systems and the stability is verified by

Lyapunov criteria. Next, an interval type-2 fuzzy logic system is implemented that uses predefined fuzzy rules and

membership functions based on the tracking error and its derivative values to enhance the convergence speed of the

controller. The efficiency of the proposed adaptive scheme is illustrated by application to a simulated 2-DoF robotic240

system and a servo-hydraulic actuator.

As a future research, first the presented control method will be modified in a way that works in the presence of input

saturation to make it acceptable for practical setups with input saturation. Second, the capability of the proposed

controller as a fault tolerant control method will be studied. In order to deal actively with different actuator/sensor
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(a) Values of xp (b) Values of ẋp

(c) Values of ẍp

Figure 14: Comparison of Servo-hydraulic performance based on the proposed AFINTSC with different fuzzy logics(True: , AFINTSC

with type-2 fuzzy logic: , AFINTSC with interval type-1 fuzzy logic: ).

faults, the controller should be modified in a way that it maintains the performance and the stability of the system245

before and after the fault occurrence. On the other hand
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