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The Bełchatów coal power station is the highest producer of nitrogen oxides, carbon diox-
ide, and sulphur dioxide emissions in Europe. The Tropospheric Monitoring Instrument
(TROPOMI) aboard the Sentinel 5 satellite can observe tropospheric columns of nitrogen
dioxide (NO2) which show high concentrations around the Bełchatów area. This thesis fo-
cuses on implementing approaches to estimate the NO2 emissions of the Bełchatów power
station based on the TROPOMI observations and wind field information of the area when
the TROPOMI data shows clear distinct NO2 plumes leaving the station. Optimization
of a source term for a two-dimensional advection-dispersion-reaction system and fitting
an one-dimensional reaction system to line integrals along the pollutant plume were con-
sidered for the problem. The latter is additionally capable of providing uncertainty quan-
tification for the emission estimate. Results were considered to be in agreement when
compared with reported information on the NO2 emissions of Bełchatów.
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Bełchatówin voimalaitos on Euroopan suurin typpioksidi-, hiilidioksidi- ja rikkidioksi-
dipäästöjen tuottaja. Sentinel-5 satelliitin The Tropospheric Monitoring Instrument -
mittalaite (TROPOMI) pystyy havaitsemaan alailmakehän typpidioksidin pystymittaisia
pitoisuuksia, jotka ovat huomattavan korkeita Bełchatówin alueella. Tässä diplomityössä
toteutettiin menetelmiä Bełchatówin voimalaitoksen päästöjen suuruuden määrittämiseksi
hyödyntäen alueen TROPOMI-satelliittihavaintoja ja tuulikenttädataa, kun TROPOMI-
havainnoissa on selkeästi nähtävissä voimalaitoksen tuottama typpidioksidivana. Päästö-
jen suuruutta määritettiin optimoimalla kaksiulotteisen osittaisdifferentiaaliyhtälön lähde-
termiä sekä sovittamalla yksiulotteista reaktiodifferentiaaliyhtälöryhmää typpidioksidiva-
nan poikki laskettuihin viivaintegraaleihin. Jälkimmäinen menetelmistä mahdollisti myös
lisäksi päästösuuruuden epävarmuuden mallintamisen. Saadut tulokset sopivat Bełchatówin
itseraportoituihin vuosittaisiin typpidioksidipäästölukemiin.
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LIST OF ABBREVIATIONS AND SYMBOLS

Abbrevations
1D One-dimensional
2D Two-dimensional
ADR Advection-dispersion-reaction
CH2O Formaldehyde
CH4 Methane
CO Carbon oxide
CO2 Carbon dioxide
DWT Discrete Wavelet Transform
E-PRTR European Pollutant Releaseand Transfer Register
ECMWF European Centre for Medium-Range Weather Forecasts
ESA European Space Agency
EU European Union
GUI Graphical User Interface
MAP Maximum a posteriori
MCMC Markov Chain Monte Carlo
NO Nitrogen oxide
NO2 Nitrogen dioxide
NOx Nitrogen oxides
O3 Ozone
ODE Ordinary differential equation
PDE Partial differential equation
PTM Particle Transport Method
STE Source term estimation
SO2 Sulphur dioxide
TROPOMI Tropospheric Monitoring Instrument
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Symbols

α Acceptance ratio
α1 Reaction coefficient
α2 Reaction coefficient
γ2 Variance
∆ Random walk step length
∆t Modelling time step
ε Measurement error or an arbitrarily small constant
θ Parameters modelled as random variables
Θ Parameters modelled as random variables
π Probability distribution
σ2 Variance
τ Lifetime
φ Scaling function
ψ Wavelet function
Φ Flux
Φ̄ Expectation value of the flux
Ψ Parameters modelled as random variables
a Compound reaction rate
a1 Reaction coefficient
a2 Reaction coefficient
B Constant pollutant background
c Scaling function coefficient
Cw Wavelet energy concentration
C̃w Half continuous wavelet energy concentration
d Detail function coefficient
d(d) Diagonal detail coefficient
d(v) Vertical detail coefficient
d(h) Horizontal detail coefficient
D Dispersion coefficient
E Emissions
f(u, x, t) Combined source and reaction terms
f(x, θ) A general non-linear model
fNO NO flow
fNO2 NO2 flow
G Gaussian kernel
h Height location of a source
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h0 Low pass filter
h1 High pass filter
H Height location of a plume
j Scale factor or index of a Markov chain element
k Translation factor
k( · ) Truncated exponential function
M Number of line integrals
M( · ) Convolution emission model
n Number of measurement points
N Length of a Markov chain or size of a Markov chain subset
N( · ) Normal distribution
p Number of parameters in a model
q Proposal distribution
r A space-like variable along the x-axis
R Reaction term or rotation matrix
R Real numbers
R+ Non-negative real numbers
Rn n-dimensional real space
S Source term or response surface
t Time
u Concentration
udata TROPOMI measurement data
U( · ) Uniform distribution
v Wind velocity field or scalar wind velocity
v Mean wind velocity
v∠ Mean angle of a wind velocity field
x Variable in Rn

x Variable in R or known variables
xp, yp Power plant location
xdata, ydata TROPOMI measurement data location
x0 E-folding distance
X Source location
y Variable in R or known measurement data
z Variable in R
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1 INTRODUCTION

1.1 Background

Nitrogen dioxide (NO2) is a major air pollutant which is produced both by natural sources
and through human activities. NO2 from natural sources only constitute a small back-
ground concentration in the atmosphere while combustion processes in power stations
and combustion engines produce high local concentrations of nitrogen oxide (NO) which
reacting with ozone (O3) turns into NO2. NO2 concentration is fairly straightforward to
measure while also being correlated with the concentrations of other pollutants and is
therefore often used as an indicator for the total pollutant mixture [1, 2].

According to the European Environment Agency, Bełchatów coal power station in Poland
is the single highest producer of nitrogen oxides (NOx), carbon dioxide (CO2), and sul-
phur dioxide (SO2) emissions in Europe. The next three highest air polluters are also
coal-burning power stations, located in Drax (United Kingdom), Jänschwalde (Germany),
and Kozienice (Poland) [3]. For coal power stations with given fuel and filtering tech-
nology the chemical composition and particle characteristics in flue gases can be deter-
mined [4–8].

The European Space Agency (ESA) has been operating multiple satellites concerned with
monitoring the Earth’s environment. Instruments aboard the European Remote Sensing
satellites (ERS-1 and ERS-2) and Environmental Satellite (Envisat) have included sen-
sors, amongst others, to monitor ocean surface temperature, wind fields, ozone levels,
and land features, to name a few [9–11]. The Copernicus initiative [12] has ongoing and
upcoming Sentinel satellite missions aimed at improving and replacing the retiring pre-
existing missions which have enabled works such as monitoring NOx emissions of cities,
a method which is also presented in Section 2.1.2.

The Tropospheric Monitoring Instrument (TROPOMI) [13] on board the Sentinel-5 Pre-
cursor satellite operated by the European Space Agency (ESA) enables observation of
nitrogen dioxide (NO2) at previously unavailable spatial resolutions, 5.5 by 3.5 square
kilometers compared to the previously available 7 by 7 square kilometers, alongside
other major atmospheric components such as ozone (O3), carbon monoxide (CO), sul-
fur dioxide (SO2), methane (CH4), formaldehyde (CH2O), aerosols and clouds. Data
from TROPOMI has publicly only been available since July 2018 [14]. The improved
spatial resolution has generated multiple studies utilizing the TROPOMI measurements
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in estimating emissions of various phenomena ranging from volcanoes [15,16] to mining
facilities [17], suggesting improvements upon previously existing satellites’ performance
in monitoring oil and gas industry emissions [18], or vegetation [19] amongst a multitude
of other studies (see for example [20–23]).

With the information introduced above, the previously unavailable spatial resolution of
satellite measurements, low natural background concentration, and high local concen-
trations produced by human activities of NO2 should allow for a way to estimate NO2

emissions from a single point-like source. When considered with respect to the satel-
lite spatial resolution, large coal power stations can be viewed as such point-like sources
therefore allowing for a way of estimating power station emissions based on the satel-
lite observations. Additionally, having prior information on the flue-gas chemical profile
would by extension allow estimation of total pollutant emissions based on the NO2 emis-
sion estimate. A typical NO2 satellite image of Poland including the Bełchatów area is
shown in Figure 1.

Figure 1. TROPOMI satellite observations and wind field data superimposed on the map of ar-
eas surrounding Bełchatów. The areas with missing TROPOMI data are due to cloud coverage
blocking the satellite measurements.
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1.2 Objectives and delimitations

The objective of this thesis was to design and implement general and extensible methods
to estimate NO2 emissions from TROPOMI satellite observation data using the Bełchatów
station as a test case. Two methods were developed, sharing a common framework of
advection-dispersion-reaction (ADR) partial differential equations (PDE).

Forward modelling of ADR equation in two dimensions (2D) and optimization of the
source term was the first approach to be considered, with details given in section 2.3.
Limitations of this approach were the computational expense and requirement of knowing
the rate of reaction a priori. Due to the computational expense also the direct uncertainty
quantification using Markov chain Monte Carlo (MCMC) methods is infeasible.

The second approach was to reduce the problem to a one-dimensional (1D) problem as
detailed in section 2.4, in which case MCMC methods could be utilized to yield uncer-
tainty estimates for the obtained parameters describing the chemical reactions and the NO
flow.

Additionally, both approaches shared the limitations of using time-independent wind ve-
locity fields as the temporal resolution of the wind field data was three hours. This ap-
proximately corresponds to the time frame at which the modelling is performed. The
observations have been obtained during clear skies, i.e, there are no clouds blocking the
NO2 observations.

1.3 Structure of the thesis

This thesis is organized into 6 sections with Section 1 serving as the introduction on the
problem of source term estimation.

Section 2 describes theoretical aspects of the thesis starting with introducing the existing
methodology of Gaussian plume models and a more recent model utilizing convolution
in Sections 2.1.1 and 2.1.2. Mathematical tools and algorithms used in implementing the
approaches considered in this thesis are the Particle Transport Method (PTM), wavelet
analysis, and MCMC methods which are described in Sections 2.2.1, 2.2.2, and 2.2.3
respectively. The two distinct approaches implemented during the course of this thesis
are detailed in Sections 2.3 and 2.4.
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In Section 3 a graphical user interface (GUI) and its functionalities are showcased. The
GUI is used to prepare inputs for the two approaches for faster work flow and also for
presentation purposes.

Data used in this thesis is introduced in Section 4 along with results of the source term
estimation (STE) using both methods of this thesis. The results are presented in the form
a table summarizing the results of both approaches along with histograms representing
probability distributions as obtained by the method detailed in Section 2.4.

Section 5 comments upon the results and methodology of the thesis and discusses a few
notable straight-forward extensions that can be considered in future work to improve the
already promising results. The thesis concludes with Section 6 quickly summarizing the
key aspects and results of the thesis.



13

2 THEORY

2.1 Existing approaches of source term estimation

2.1.1 Gaussian plume model

The problem of atmospheric modelling of pollutants has an established history of being
modelled as a Gaussian plume [24–30]. The model has been considered in the context
of satellite observations by [31–33] and aircraft-borne observations by [34] for source
term estimation for CO2, CH4, and SO2 emissions. The Gaussian plume model can be
derived [24] from the more general partial differential equation formulated as

du
dt

= ∇ · (D∇u)−∇ · (vu) + S (1)

where u = u(t, x) ∈ R, v = v(t, x) ∈ Rn, and S = S(t, x) ∈ R stand for pollutant
concentration, a wind velocity field, and an aggregate source and sink term respectively,
with D(x) > 0 being the dispersion coefficient and t ∈ R+ and x ∈ Rn canonically
denoting the time and space variables. The operator ∇ is defined as the gradient with
respect to the space variables

∇ =
n∑
i=1

∂

∂xi
ei. (2)

Working in R3 with x = (x, y, z) and assuming the solution to be at a steady state with
S denoting a constant point source at (0, 0, h), with no sinks or chemical behaviour, a
constant flow v along the x-axis, the dispersion coefficient being a function of the down-
wind direction, D(x) = D(x), and that the effects of dispersion are insignificant along
the x-axis compared to the effects of convection, the analytical solution can be given as

u(r, y, z) =
S

4πvr
exp

(
−y2

4r

)[
exp

(
−(z −H)2)

4r

)
+ exp

(
−(z +H)2)

4r

)]
(3)

where H is height to which the pollutant rises upto leaving from the source at height h
and

r =
1

v

x∫
0

D(s) ds, (4)
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see [24] for details. Noting the form of the exponential terms in (3) and comparing this
with the standard normal distribution it is natural to make the substitution

σ2(x) = 2r =
2

v

x∫
0

D(s) ds (5)

which, when substituted into (3) with u = u(x, y, z), yields

u =
S

2πvσ2(x)
exp

(
−y2

2σ2(x)

)[
exp

(
−(z −H)2)

2σ2(x)

)
+ exp

(
−(z +H)2)

2σ2(x)

)]
(6)

here the standard deviation σ(x) can possibly be more readily approximated from exper-
imental data. In this thesis, the Gaussian plume model is not directly applied but is used
as a justification for the preprocessing step described in Section 2.4. An illustration of the
Gaussian plume profile is shown in Figure 2.

Figure 2. An illustration of the Gaussian plume model. A pollutant is emitted from the gas stack of
height h and reaches an height of H while dispersing according to σ2(x) along the wind direction
x. Image from [24].
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2.1.2 Convolution model fit

Methods of source term estimation which are not explicitly based on the advection-
dispersion equation (1) also exist [35]. One of these approaches, utilizing the Ozone
Monitoring Instrument (OMI) NO2 satellite observations [36], is to fit a model described
by convolution of a truncated exponential function

k(x;X, x0) =

exp
(
−(x−X)

x0

)
x ≥ X

0 x < X
(7)

where x, X , and x0 are the distance from the source, the location of the source, and the
e-folding distance [35] downwind respectively, and a Gaussian kernel

G(x;σ) =
1√
2πσ

exp

(
−x2

2σ2

)
(8)

where x is again the distance from the source with a standard deviation σ. The convolution
can then be given as

M(x;X, x0, σ, E,B) = E(k ∗G) +B (9)

= E

∞∫
−∞

k(s)G(x− s) ds+B (10)

where E and B represent total pollutant emissions and a constant background concentra-
tion of the pollutant, respectively. In article [35], for all chosen wind direction sectors (see
Figure 3) line integrals perpendicular to the principal wind direction of the satellite data
are computed and the fit of the model is made. Results for wind sectors which provide
poor results are discarded and the remaining results are averaged. Fitting the parameters
X , x0, σ, E, and B of the model in this manner one can obtain total NOx emissions as
1.32 · E together with lifetimes τ = x0

v
, where v is the mean wind speed projected on

the main wind direction of a given wind sector. The authors of the method describe the
method as a spatially smoothed exponential downwind decay [35].
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Figure 3. In [35], the process of fitting the model M is repeated for all chosen wind sectors with
eight (8) sectors shown with their respective principal wind directions. Image from [35].

2.2 Techniques used in this study

2.2.1 Particle transport method

The particle transport method (PTM) is an efficient method to numerically solve purely
convective or convection-dominated partial differential equations [37–40]. The method
has, in particular, been developed to tackle problems of the form

du
dt

= ∇ · (D∇u)−∇ · (vu) + f(u, x, t) (11)
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where f(u, x, t) stands for possible reaction and source terms present. PTM is based on
an approach called operator splitting where the convective operator can be treated sepa-
rately from, for example, the dispersion operator. In this way, more appropriate numerical
solvers can be applied for the convection and dispersion operators separately. In this man-
ner, the problem in (11) can be divided into two subproblems: for convection the equation

du
dt

= −∇ · (vu) (12)

is solved for each time interval t ∈ [tm−1, tm] of the numerical simulation yielding an
intermediate solution u(∗). This is then used as an initial condition for the dispersion-
reaction-source subproblem

du
dt

= ∇ · (D∇u) + f(u, x, t), (13)

which is again solved in the same respective time interval t ∈ [tm−1, tm] as was used in
solving the convection subproblem (12) yielding an approximate solution of the problem
(11) at time tm.

In PTM, to solve these separate problems a stationary mesh, the grid, and system of parti-
cles are required. The convection subproblem is solved using the particles in a Lagrangian
setting, where the problem (12) is formulated in Lagrangian coordinates where one only
needs to solve

dx
dt

= v(t, x) (14)

where the x corresponds to the location of a particle. This ordinary differential equation of
location is therefore solved for each particle yielding a “shifted” solution of the problem.
In contrast, the dispersion-reaction-source problem is solved using finite difference or
element methods on the grid.

This usage of two computational approaches requires a method to transform the solution
from the particle representation to a representation suitable for finite element analysis
on the mesh and vice versa as the methods use the solution of each other as their initial
condition. In PTM, the transformation from the particle representation is done through a
projection procedure based on linear interpolation the principle of which is illustrated and
explained in Figure 4.
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Figure 4. In order to transform a solution from particles (in red) to a mesh grid node (blue) g a
smallest triangle encompassing a grid node g, spanned here by p1, p2, and p3, is determined and
then the value of the solution from the particles p1, p2, and p3 is linearly interpolated to the grid
node g. This is repeated for all grid nodes of the mesh.

In this thesis, the simplest approach to initialize and generate particles for PTM was used,
where the particles are generated again at each time step at the mesh grid nodes and no
adaptivity procedures were used. This also enables the transformation of the solution
from the mesh representation to the particle one, as the solution values at the mesh nodes
are simply the values of the particles which share their location with the nodes in this
approach. For more details on PTM and the possible adaptive methods of creating the
initial particles and additional particles for further accuracy, see [37–40]. A diagram of
the version of the PTM used in this thesis is presented in Figure 5.



19

Set the initial condition u0 for the problem (11).
Choose the simulation time interval t ∈ [0, T ].

Solve the dispersion-reaction-source
subproblem (13) in a time interval

t ∈ [tm−1, tm] with initial condition u0.

Set an intermediate initial condition
u(∗) = u(tm, x) where u(tm, x) is the
solution obtained in the previous step.

Initialize the PTM particles at the mesh nodes.

Solve the convection subproblem
(12) in the same time interval t ∈

[tm−1, tm] with initial condition u(∗).

Project the solution from the
particles to the mesh nodes.

Set an intermediate initial condition
u0 = u(tm, x) where u(tm, x) is the

projected solution of the previous step.

Obtain a solution u(T, x) = u0.

R
ep

ea
tu

nt
il
t m

=
T

.

Figure 5. A diagram describing the work flow of the PTM method.
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2.2.2 Wavelet analysis

The aim of wavelet analysis is to construct a set of basis functions and their respective
transforms that would give desirable information about the function at hand. With Fourier
analysis, one chooses the basis functions to consist of sinusoids yielding, for example, a
frequency domain representation of a time domain signal. This approach does not give
any information where in time the frequencies lie whereas wavelet analysis provides si-
multaneously information about properties of the function in both domains. It is common
to choose the basis functions so that they are orthonormal, as is the case with Fourier
analysis.

For a function u(x), a wavelet series can be defined as

u(x) =
∞∑

k=−∞

c(k) φ(x− k) +
∞∑
j=0

∞∑
k=−∞

dj(k) 2j/2 ψ( 2jx− k) (15)

where c(k), φ(x), dj(k), and ψ(2jx) stand for the scaling function coefficients, the scal-
ing function, the wavelet function coefficients, and the wavelet function respectively. The
index j is the scale factor which “squeezes” the wavelet function by a factor of two for
each successive j. The parameter k stands for the translation of the scaling and wavelet
functions. Here, c(k) and φ(x) stand for the low-resolution, or alternately, the low fre-
quency parts of the function u(x) while dj(k) and ψ(2jx) represent the high-resolution
or high frequency parts of u(x). The coefficients c(k) and dj(k) are called the Discrete
Wavelet Transform (DWT) of u(x). For an orthonormal set of basis functions φ and ψ the
coefficients are given by

c(k) = 〈 u( t, x), φ(x− k) 〉 =

∞∫
−∞

u(x)φ(x− k) dx (16)

and

dj(k) = 〈 u( t, x), ψ( 2jx− k) 〉 =

∞∫
−∞

u(x)ψ( 2jx− k) dx. (17)

For numerical computation of the DWT for discrete data u(n), a so-called filter bank
system can be utilized. In the filter bank system approach, the basis function φ and ψ
are completely characterized by low and high pass filters h0 and h1 for which the DWT
can be implemented using a recursive scheme illustrated in Figures 6 and 7 in the one-
dimensional case. For the two-dimensional DWT, a similar approach with low and high
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pass filters h0 and h1 can be used. Diagrams illustrating the algorithm for two-dimensional
DWT are shown in Figures 8 and 9 [41, 42].

u(n)

u ∗ h1

u ∗ h0

↓ 2

↓ 2

dj(k)

c(k)

Figure 6. The first level of one-dimensional DWT. An input signal or function u(n) is convolved
with low and high pass filter h0 and h1 and then downsampled by two, i.e., by taking every even-
indexed sample, to produce the wavelet decomposition coefficients c(k) and dj(k).

c(k)

c ∗ h1

c ∗ h0

↓ 2

↓ 2

dj−1(k)

c(k)

Figure 7. The recursive scheme of one-dimensional DWT for levels beyond the first. The scaling
function coefficients c(k) are similarly convolved with low and high pass filter h0 and h1 and then
downsampled by two to produce the wavelet decomposition coefficients c(k) and dj−1(k). This
process is repeated until a desired level of decomposition is achieved.
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u(n,m)

u
Row∗ h1

u
Row∗ h0

Col ↓ 2

Col ↓ 2

ũ1
Col∗ h0

ũ0
Col∗ h1

ũ1
Col∗ h1

ũ0
Col∗ h0

Row ↓ 2

Row ↓ 2

Row ↓ 2

Row ↓ 2

d
(d)
j

d
(v)
j

d
(h)
j

c

Figure 8. The first level of two-dimensional DWT using filter banks. The rows of an input
function u(n,m) are convolved with low and high pass filter h0 and h1 and then the columns are
downsampled by two to produce ũ0 and ũ1. Columns of ũ0 and ũ1 are each again convolved with
the filters h0 and h1 producing three sets of detail coefficients d(d)

j , d(v)
j , and d(h)

j representing
diagonal, vertical, and horizontal high-resolution details of u(n,m). Additionally, a fourth set of
coefficients c is produced representing the low-resolution parts of u(n,m). These cofficients are
the first level two-dimensional DWT of u.

c

c
Row∗ h1

c
Row∗ h0

Col ↓ 2

Col ↓ 2

c̃1
Col∗ h0

c̃0
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Row ↓ 2

Row ↓ 2
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d
(h)
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Figure 9. The recursive scheme of two-dimensional DWT for levels beyond the first. The rows
of the low-resolution coefficients c are similarly convolved with low and high pass filter h0 and
h1 with the columns then downsampled by two to produce c̃0 and c̃0. The convolution and down-
sampling by two are again repeated for the columns and rows of c̃0 and c̃0 producing a new set
of diagonal, vertical, and horizontal detail cofficients d(d)

j−1, d(v)
j−1, and d(h)

j−1 and low-resolution
coefficients c. The process is then repeated until a desired level of DWT is achieved.
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2.2.3 Markov chain Monte Carlo

A general non-linear model with additive measurement errors can be given as

y = f(x, θ) + ε, (18)

where y stands for known measurement data, x for known variables such as measure-
ment locations, θ ∈ Rd for unknown parameters of the model f , and ε for measurement
errors. The aim is to evaluate the parameters θ given the known quantities x and the
measurements y. The parameters θ are modelled as random variables and as such have a
distribution which they follow. In Bayesian theory, it is assumed that there exists some
information on the parameters even without any measurement information, such as some
of the parameters are known to be constrained in some interval. This prior information is
described by a prior probability density πpr(θ).

The goal is to have a way of evaluating the posterior distribution of the parameters which
can be given using the Bayes formula as

πpost(θ) = π(θ | y) =
l(y | θ)πpr(θ)

C
(19)

where l(y | θ) stands for the likelihood of the measurement y for given θ and

C =

∫
Rd

l(y | θ)πpr(θ) dθ (20)

denotes a constant so that the posterior probability distribution πpost(θ) is normalized.
Generally, the probability of a given data point yi can be given as

π(yi | θ) = πnoise (yi − f(xi, θ)) , (21)

where πnoise stands for the probability density of the noise ε ∼ πnoise. Making the common
assumption that measurement errors are independent, we can construct the likelihood for
n measurements as

l(y | θ) =
n∏
i=1

π(yi | θ) (22)

=
n∏
i=1

πnoise (yi − f(xi, θ)) . (23)

Additionally, making the assumption of having the measurement errors be normally dis-
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tributed, ε ∼ N(0, σ2I), the above likelihood can be given explicitly as

l(y | θ) =
1(√

2πσ2
)n exp

−
n∑
i=1

(
yi − f(xi, θ)

)2

2σ2

 , (24)

i.e., as a multiplication of the probabilities of each measurement (xi, yi) belonging to the
distribution N(0, σ2I).

But the question remains, how can one compute the posterior distribution πpost(θ). In
all of the above formulations, the normalization constant C remains. And, as can be
seen from (20), the computation of C would require integration over Rd which quickly
becomes infeasible as d becomes large. For this purpose, the Metropolis-Hastings al-
gorithm (see Algorithm 1) can be used to produce a Markov chain of the parameters
θi = {θ0, θ1, ..., θN} ∼ πpost(θ) that describes the posterior distribution. The algorithm
requires a so-called proposal distribution q(θi, θi+1) which describes how to nudge the
previous state of the Markov chain to the next one of which can be, for example, be for-
mulated as a multivariate normal distribution describing the probability of moving from
the previous parameters θi to the next θi+1

q(θi | θi+1) ∼ 1√
(2π)d|K|

exp

(
−1

2
(θi+1 − θi)TK−1(θi+1 − θi)

)
, (25)

where K is the covariance matrix of the multivariate normal distribution. It is noted
that the covariance matrix K is difficult to ascertain beforehand, and for the purpose of
estimating and updating the covariance matrix plenty of studies exist. See for example
[43, 44]. Finally, we define an acceptance ratio

α(θi, θi+1) = min

(
1,
πpost(θi+1)q(θi+1 | θi)
πpost(θi)q(θi | θi+1)

)
(26)

where it can be seen that the normalization constants C in (19) cancel each other out.
Furthermore, if q(θi | θi+1) = q(θi+1 | θi) the acceptance ratio simplifies into

α(θi, θi+1) = min

(
1,
πpost(θi+1)

πpost(θi)

)
. (27)

With these formulations, one can apply a simple form of the Metropolis-Hastings algo-
rithm as shown in Algorithm 1.
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Algorithm 1 The Metropolis-Hastings algorithm.
Initialize:

i = 0

θi = θ0

while i < N do
Sample a new θnew from the proposal density q(θi | θnew).
Calculate the acceptance ratio α(θi, θnew).
Draw t from the uniform probability density U(0, 1).
if α(θi, θnew) ≥ t then

θi+1 = θnew

else
θi+1 = θi

end if
i = i+ 1

end while

Additionally, expected values and distributions of functions depending on the parameters
θ can be calculated. It can be shown that for such functions Φ(θ) the so-called ergodicity

holds:

lim
n→∞

1

n+ 1
(Φ(θ0) + Φ(θ1) + . . .+ Φ(θn)) =

∫
Rd

Φ(θ)πpost(θ) dθ. (28)

Note that, if Φ is defined as the indicator function

Φ(θ) = χA(θ) =

1 if θ ∈ A,

0 if θ 6∈ A,
(29)

the probability of θ belonging to some set A is obtained. The ergodicity properties have
been proven for various adaptive schemes, see for example [43, 45, 46], and as such for
non-adaptive methods as well.

In practice, these functions can be approximated as histograms (probability density func-
tions) of simulated values of (28) and for which the mean and variance can be computed
as

E [ΦN] = Φ̄N =
1

N

N∑
i=1

Φ(θi). (30)
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and

Var [ΦN] =
1

N − d

N∑
i=1

(
Φ(θi)− Φ̄N

)2 (31)

where ΦN denotes the set of computed function values using the chain θi of length N . For
further discussion on MCMC methods, Markov chains and statistical inverse problems,
see [47, 48].

2.3 Forward modelling and optimization of the source term

In the first approach of this thesis, it is assumed that in the advection-dispersion equation
(1) the dispersion coefficient D is constant and the velocity field is divergence free mean-
ing that ∇ · v = 0 and that the source term and the wind velocity field can be assumed
to have simplified formulations S = S(x) and v = v(x) where the time dependency of v
is omitted due to the limited time resolution of available wind velocity field data. With
these assumptions, the more general advection-dispersion equation (1) simplifies into

du
dt

= D∇2u+ v · (∇u) + S. (32)

The first approach of this thesis was to model the system using (1)

du
dt

= D∇2u+ v · (∇u) +R + S (33)

where R is a reaction term representing any possible reactions of NO2 in the atmosphere.
This reaction rate is assumed to have a simplified form R = −au where a is a constant
compound reaction rate of all the reactions of NO2. Additionally, the source term was
modelled as a symmetric bivariate normal distribution with no correlation given as

S(x; fNO2, σ) =
fNO2

2πσ2
exp

(
−

(x− xp)
2

2σ2
−

(y − yp)
2

2σ2

)
(34)

where x = (x, y) and fNO2, σ, xp, and yp stand for the total flow of NO2 from the source,
the width of the gas profile, and location of the power plant in x and y respectively. The
normal distribution is taken to represent a gas cloud profile emitted by the power station
flue gas stacks. With this a model was obtained as

du
dt

= D∇2u+ v · (∇u)− au+ S(x; fNO2, σ) (35)



27

with x ∈ R2. The problem of source term estimation was formulated as a minimization
problem

f̂NO2,σ = arg min
fNO2,σ

||udata − u(fNO2, σ)||22 (36)

where udata stands for the TROPOMI NO2 satellite observation data and u(fNO2, σ) de-
notes a solution to the advection-dispersion-reaction equation described by (35) computed
using operator splitting and the particle transport method detailed in 2.2.1.

Let us denote the solution of (35) when fNO2 = 1 as ũ. Then, the corresponding formula-
tion of (35) can be given as

dũ
dt

= D∇2ũ+ v · (∇ũ)− aũ+
1

2πσ2
exp

(
−

(x− xp)
2

2σ2
−

(y − yp)
2

2σ2

)
. (37)

For the particular linear formulation of (35) given as

du
dt

= D∇2u+ v · (∇u)− au+
fNO2

2πσ2
exp

(
−

(x− xp)
2

2σ2
−

(y − yp)
2

2σ2

)
(38)

division by fNO2 yields

1

fNO2

du
dt

= D∇2 u

fNO2
+ v · (∇ u

fNO2
)− a u

fNO2

+
1

2πσ2
exp

(
−

(x− xp)
2

2σ2
−

(y − yp)
2

2σ2

) (39)

which corresponds to (37) when fNO2 = 1. As such, (37) together with (39) imply that
fNO2ũ = u. This can be used to reduce the amount forward solutions needed by solving
the problem (35) for a given σ, yielding ũ, after which we can finally optimize the actual
parameter of interest fNO2 by optimizing

f̂NO2,σ = arg min
fNO2

||udata − fNO2ũ||22. (40)

But, depending on the grid resolution and time step used for the modelling, numerical
instabilities occurred during PTM computation which required the simulation to be rerun.
An unreasonable numerical result is shown in Figure 10. The phenomena was reminiscent
of detecting sharp features using wavelet analysis and this led to the topic of Section 2.3.1
which is noted to be distinct from the established usage of wavelets as basis functions
when modelling partial differential equations [49].
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Figure 10. An unreasonable spike occurring during simulation.

2.3.1 Wavelet properties of solutions of advection-diffusion-reaction equations

Numerically solving strongly advecting or convecting problems is known to be a difficult
problem as the solution can often show non-reasonable oscillations or smearing due to nu-
merical instability and diffusion and for the solution of which numerous approaches have
been proposed [50]. In the process of making this thesis, a possible new approach was
considered where the instability of the numerical solution can be detected during mod-
elling, possibly enabling one to backtrack time steps taken to readjust grid spacing, the
modelling time step, or other parameters affecting the stability of the numerical solution
and solving the problem from that point onwards using the modified parameters.

The idea for the new approach was that the kinds of artificial oscillations and smearing
can be thought of as the “sharp” high frequency and “non-sharp” low frequency features
respectively and these kinds of features can be detected using wavelet analysis as the high
frequency features should promote energy on the wavelet detail coefficients dj and vice
versa with the low frequency features promoting energy on the scaling function coeffi-
cients cl. To investigate this possibility, analysis of the solutions of the ADR equations
were considered along with computational results. Next, related theorems and conjectures
are introduced and their practical implications are then considered. Proofs and discussion
on the conjectures can be found in Appendix 1.



29

Definition 2.1. Wavelet energy concentration. We define wavelet energy concentration

as

Cw(t) =

∞∑
j=0

∞∑
k=−∞

|dj(t, k)|2

∞∑
k=−∞

|c(t, k)|2 +
∞∑
j=0

∞∑
k=−∞

|dj(t, k)|2
(41)

and half continuous wavelet energy concentration as

C̃w(t) =

∞∑
j=0

∞∫
−∞

|dj(t, k)|2 dk

∞∫
−∞

|c(t, k)|2 dk +
∞∑
j=0

∞∫
−∞

|dj(t, k)|2 dk

(42)

where

c(t, k) = 〈 u( t, x), φ(x− k) 〉 =

∞∫
−∞

u( t, x)φ(x− k) dx (43)

and

dj(t, k) = 〈 u( t, x), ψ( 2jx− k) 〉 =

∞∫
−∞

u( t, x)ψ( 2jx− k) dx. (44)

where φ and ψ stand for orthonormal scaling and wavelet functions respectively.

Theorem 1. For a solution u(t, x) of the differential equation given by

du
dt

= −au (45)

where t ∈ R+ and x ∈ R (x ∈ Rn) it holds that C ′w(t) = 0.

Theorem 2. For a solution u(t, x) with u( 0, x) = 0 of the differential equation given by

du
dt

= S(x) (46)

where t ∈ R+ and x ∈ R (x ∈ Rn) it holds that C ′w(t) = 0.



30

Theorem 3. For a solution u(t, x) of the differential equation given by

du
dt

= −v · ∇u (47)

where v ∈ R (v ∈ Rn) is a constant, t ∈ R+, x ∈ R (x ∈ Rn), and∇ is the gradient w.r.t.

x it holds that C̃ ′w(t) = 0.

Conjecture 1. For a solution u(t, x) of the differential equation given by

du
dt

= D∇2u− v · ∇u− au (48)

where D ∈ R+, v ∈ R (v ∈ Rn), a ∈ R are constants, t ∈ R+, x ∈ R (x ∈ Rn), and∇ is

the gradient w.r.t. x it holds that C̃ ′w(t) ≤ 0.

Conjecture 2. For a solution u(t, x) of the differential equation given by

du
dt

= D∇2u− v · ∇u− au+ S(x) (49)

where D ∈ R+, v ∈ R (v ∈ Rn), a ∈ R are constants, t ∈ R+, x ∈ R (x ∈ Rn), and∇ is

the gradient w.r.t. x it holds that C̃ ′w(t) ≤ 0 under some conditions on the initial conditions.

The practical implication of the preceding theorems and conjectures is that if the con-
ditions on wavelet energy concentrations C ′w(t) = 0, C̃ ′w(t) = 0, and C̃ ′w(t) ≤ 0 are
violated during simulation it would imply that the numerical solution is starting devi-
ate from the actual solution of the problem. In practice, the conditions C ′w(t) = 0 and
C̃ ′w(t) = 0 should be relaxed to something allowing small deviations from 0 such as
|Cw(t + ∆t) − Cw(t)| < ε, |C̃w(t + ∆t) − C̃w(t)| < ε where ∆t is the simulation time
step and ε would be some appropriate small constant.

2.4 Reduced one-dimensional model

The main approach of this thesis is introduced here. The computational complexity of the
problem is reduced, thereby allowing MCMC method to be utilized. Here, the uncertainty
of the satellite observations is propagated to the parameters of an empirical response sur-
face. Furthermore, this propagated uncertainty is further propagated to parameters of an
ordinary differential equation (ODE) model, one of which describe the NO emissions of
the Bełchatów station. However, this approach detailed below is only applicable to clear
individual plumes.
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As a first step, satellite observations are preprocessed in the following ways. A back-
ground concentration is approximated by the median concentration of a given 2D-domain
containing the plume. The background is subtracted from the data. The data is then ro-
tated by the mean wind angle so that the mean wind direction is along the x-axis. That is,
satellite observation points are rotated with respect to the source location by

R =

(
cos(v∠) − sin(v∠)

sin(v∠) cos(v∠)

)
(50)

where v∠ denotes the mean angle of wind velocity field v. Next, an empirical response
surface is fitted to the rotated satellite observations using MCMC. A response surface
applicable to simple clear plumes of the form

S(x, y; Θ) =

Θ0x
Θ1 exp (−Θ2x−Θ3y

2) x > 0

0 x ≤ 0
(51)

is used where the coordinates (x, y) have been translated so that (x, y) = (0, 0) is the
location of the power station and Θi stand for the parameters to be optimized. The initial
optimization problem was formulated as

Θopt = arg min
Θ

||udata − S(xdata, ydata; Θ)||22 (52)

where udata stands for the satellite observation data with xdata and ydata being the x and y
coordinates corresponding to each data point udata. Solving this initial problem using any
suitable optimization algorithm yields a point estimate Θopt for the parameters. Using the
optimized parameters, the residuals of the fit can be used to estimate the variance σ2 in
the likelihood function (24) as

σ2 =
1

n− p
||udata − S(xdata, ydata; Θopt)||22 (53)

where n stands for the amount of satellite data points and p for the amount of parameters
in Θ. Alternatively, the uncertainties corresponding to each of the satellite data points
could be used if present in used data sets. Then, the likelihood function, assuming that
the errors are independent and normally distributed, in (24) could be constructed as

π(udata |Θ) =
n∏
i=1

1√
2πσ2

i

exp

(
−
(
ui − S(xi, yi; Θ)

)2

2σ2
i

)
(54)

where ui, xi, and yi stand for an individual satellite data point with a corresponding error
estimate σi for each individual ui. In this thesis however, the first approach to construct the
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likelihood function is used. Fitting the response surface using formulation (52) also gives
a straight-forward way of initializing the Metropolis-Hastings algorithm with the point
estimate Θopt. Employing the Metropolis-Hastings algorithm, we are able to construct a
Markov chain of length J representing the distribution of the Θi parameters. A single
element of the chain is denoted here by Θ

(j)
i where j ∈ [1, 2, ..., J ] indicates the index of

the Markov chain element.

The form of (51) can be seen to bear similarities to the Gaussian plume solution (6)
where the z-dependencies have been integrated out and with S

2πvσ2(x)
being replaced by

exp (−Θ2x). The expression Θ0x
Θ1 is introduced to account for the fact that most of the

power station emissions are in the form of NO which quickly reacts into NO2 which is
the pollutant visible to the TROPOMI satellite meaning that the perceived maximum of
the NO2 plume is off the actual power station location at (0, 0).

As has been mentioned, TROPOMI data is given as a tropospheric column where the
NO2 concentration has been integrated along the z-axis yielding data in units mol/m2.
In a similar fashion, one can reason that integrating the 2D data along the y-axis gives
a 1D representation of the tropospheric data. This 1D representation can be reasoned to
account for dispersion perpendicular to the x-axis where there is very little convection as
the wind field was observed to follow behaviour close to constant field near the power
station as shown in Figure 13. In contrast, the behaviour along the x-axis is dominated by
convection.

Another interpretation of reducing the dimension from 2D to 1D can be inferred by con-
sidering an emission flux across some arbitrary closed curve C given by

ΦNO2 =

∮
C

vS(x, y; Θ) · n ds (55)

where n is the normal vector of C. If we substitute the general wind field v by a constant
mean wind along the x-axis, approximation which is also justified by the wind fields
showing behaviour close to a constant field, we can approximate this line integral by

ΦNO2 ≈ v̄

ymax∫
ymin

S(xline, y; Θ) dy = v̄

ymax∫
ymin

Θ0x
Θ1
line exp

(
−Θ2xline −Θ3y

2
)

dy (56)

where ymin and ymax denote the end points of the integration line along the y-axis and xline

the point along the x-axis at which the integration line is made and v̄ denotes the mean
wind velocity. Equation (56) can be seen to correspond to integration along the y-axis
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multiplied by the mean wind velocity along the x-axis, yielding an identical model of
the emission flux for both interpretations. See Figures 11 and 12 for illustration. It is
additionally noted that, the reduction of dimension by line integration is similar to the one
detailed in Section 2.1.2 as used in [35] where the integration is done on the satellite data
itself along similar perpendicular lines instead of a response surface as done in this thesis.

The line integrals , described by (56), are computed at M locations along the plume with
S(xline, y,Θ) given by (51) and Θ approximated by the chain Θ

(j)
i . The line integrals are

evaluated using a subset of the chain Θ
(j)
i , of sizeN , to reduce the computational cost. By

this, we obtain N ×M data points describing the evolution of the NO2 flux as a function
of distance from the power station. And, as we have a realization of the Markov chain
Θ

(j)
i describing the probability distribution of the parameters Θi we, by Equations (30)

and (31), have access to estimates for the means and error estimates for each of the M
flux integrals. An example of M = 20 integration lines is shown in Figure 14 along with
the corresponding flux integrals with their error estimates in Figure 15.

Figure 11. A TROPOMI satellite image is shown with a wind velocity field denoted by black
arrows and with power station location illustrated with a red dot. The arbitrary integration curves
C for the flux integrals are denoted by red ellipses. As the wind direction is rotated to be along
the x-axis, there is very little flow in the y-direction and also from the left side of the power plant.



34

Figure 12. The arbitrary integration curves C can be approximated by straight lines (shown in
red) and here the lower and upper boundary of image would correspond to the limits ymin and
ymax. Note that the power plant location emphasized with the red dot does not correspond to the
maximum value of the NO2 plume which is located around the first red straight line.

(a) (b)

(c) (d)

Figure 13. Plots (a), (b), (c), and (d) show wind field data around the neighbourhood of the
Bełchatów power station on May 10th, May 13th, May 20th, and July 7th 2018 respectively. All
wind fields show behaviour resembling a constant function around the station, the location of
which is marked with a red triangle.
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Figure 14. A TROPOMI satellite image of the Bełchatów area superimposed with M = 20
integration lines shown in red.

Figure 15. The results of the flux integrals corresponding to the lines shown in Figure 14 with
error bars showing the respective standard deviations of the flux integrals.

As has been previously mentioned, NO quickly reacts into NO2. This behaviour was
considered to follow a simple exponential first order reaction model

dΦ1

dx
= −a1Φ1(x)

dΦ2

dx
= a1Φ1(x)− a2Φ2(x),

(57)

where x stands for the distance from the power station, a1 for the reaction rate of NO into
NO2, a2 for the decay rate of NO2, Φ1 for the NO flux, and Φ2 for the NO2 flux with
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initial conditions

Φ1(0) = fNO, (58)

Φ2(0) = 0, (59)

where fNO denotes the outward flow of NO from the power station flue gas stacks. Again,
an initial optimization problem to estimate the variance of the likelihood function (24) for
the Metropolis-Hastings algorithm was considered. The problem was formulated as

Ψopt = arg min
Ψ

J∑
j=1

||Φ(j)
NO2

(xlines)− Φ2(xlines; Ψ)||22, (60)

where xlines correspond to the set of all M integration lines xline, Φ
(j)
NO2

to the flux integral
computed using the Markov chain element Θ

(j)
i , and with Ψ being the optimization pa-

rameters Ψ = (a1, a2, fNO). As with the case of fitting the response surface S, solving the
above optimization problem yields a point estimate Ψopt. Similarly, the residuals of the fit
can be then used to estimate the likelihood function variance as

σ2 =
1

NM − p

N∑
n=1

M∑
i=1

||Φ(n)
NO2

(xi)− Φ2(xi; Ψopt)||22 (61)

or individually for each flux integral as

σ2
i =

1

N − p

N∑
n=1

||Φ(n)
NO2

(xi)− Φ2(xi; Ψopt)||22, (62)

where p stands for the amount of parameters (3) in Ψ. This formulation assumes that all
the line integrals share the same error estimates, which is not the case even in the example
shown in Figure 15. A more reasonable approach would be to estimate the variance for
each flux integral ΦNO2(xline) individually. Nevertheless, the first approach is used in this
thesis. With this, one can construct a Markov chain representing the probability distri-
butions for the parameters a1, a2, and fNO, obtaining estimates for the values themselves
and their corresponding uncertainties using the Metropolis-Hastings algorithm.

Finally, the feasibility of the results for a1, a2, and fNO were considered by forward mod-
elling a 2D system of equations formulated similarly to (35) as

du1

dt
= D∇2u1 + v · (∇u1)− α1u1 + S(x; fNO, σ)

du2

dt
= D∇2u2 + v · (∇u2) + α1u1 − α2u2,

(63)
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where u1 and u2 stand for NO and NO2 concentrations, v for the wind velocity field,
α1 = v̄a1 and α2 = v̄a2 for the reaction coefficients in (57) scaled by the mean wind
velocity, and S for the NO source term defined by (34). The scaling of the reaction
coefficients is done as the variable in problem (57) is the distance from the power plant,
the space variable x, while here the variable used is time, t. In this formulation, NO is
produced by the source which then reacts into NO2 through exponential decay described
by α1u1. For illustrations of the obtained solutions for the system (63), see Figures 38 –
40 in Section 4.2.
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3 Implementation

The approaches described in Sections 2.3 and 2.4 and a graphical user interface (GUI)
were implemented using MATLAB [51, 52]. The GUI was developed to prepare input
parameters of the algorithms and each of the approaches has their functionalities in the
same GUI under different tabs. and for the illustrations for the approaches of Sections 2.3
and 2.4.

For PTM, programs by Olga Shipilova [37–40] were used with a few small modifications.
For the MCMC methods in this thesis, a MATLAB toolbox [53] was used.

For the two-dimensional method in the GUI, the user is to set the location of the power
station in longitudes and latitudes, specify name of the data file containing the satellite
observation and wind field data, and name of the grid data file which contains information
on the grid used for numerical modelling of the PDE system. Additionally, a user also
needs to set parameter values for the dispersion coefficient D, decay coefficient a, and
modelling time step ∆t. Next, the user loads the data and proceed to highlight an area
which offers a good representation of the background concentration. From the selected
data points, the median background is calculated. Finally, the user is to select an area
which contains the relevant part of the pollutant plume. This area choice is also used as
the modelling area for the system (35). After this, the user can start the optimization. See
Figures 16 – 18 for illustrations.

The GUI for the one-dimensional follows a similar paradigm as above for the two-dimensional
method. First, the user is to specify the plant location in longitudes and latitudes along
with specifying the name of the data file containing the satellite observation and wind field
data. As the user has loaded the satellite data into the program, an area can be zoomed in
to better see the plume and also, to specify the area where to determine the background
concentration from the median value of the data points. Next, the user is to highlight the
part of the plume to which the response surface fitted. This data highlighting action also
start the optimization procedures, after completion of which, resulting posterior distribu-
tions and other plots are shown. Figures 19 – 23 show illustrations for various stages of
the GUI use.
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Figure 16. The GUI view as data has been loaded into the program, illustrating the wind field and
TROPOMI data around an area of chosen latitudes and longitudes. Here, red triangle denotes the
location of the Bełchatów power station. Data for July 7th 2018 is shown.

Figure 17. As the data has been loaded, an area which should represent the background concen-
trate can be highlighted by the user. The median TROPOMI data value of this highlighted area
(red dots) is used as the background concentration of NO2. An automatic option is also available
where the background concentration is calculated as the median of all visible TROPOMI data
points instead of a set highlighted by the user.
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Figure 18. The GUI allows for the user to zoom into the view which serves two purposes. First,
by this the user chooses the relevant data points corresponding to the plume produced by the power
station. Second, this zoomed area is also used as the modelling domain for the PDE problem (35).
After these steps, the user can start the STE.

Figure 19. The GUI view for the one-dimensional model as the data for July 7th 2018 is loaded.
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Figure 20. As the data has been loaded, the user can zoom into in to better see the relevant part
of the plume. Note that the TROPOMI data has been rotated by the mean wind field angle v∠
resulting in the NO2 plume aligning with the x-axis.

Figure 21. The user can then initiate the fitting of the response surface defined in (51). The user
is to highlight data points which are used as the data points (xdata, ydata, udata). The data chosen is
shown by red dots confined in the red rectangle.



42

Figure 22. After the user has highlighted the data points (xdata, ydata, udata), the program starts
the optimization algorithm detailed in Section 2.4. The resulting surface fit is shown on the lower
right and the resulting fit of problem (57) on the lower left along with the line integrals and their
error estimates. The integration lines are also superimposed on the observation data shown at the
top of the interface.
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4 EXPERIMENTS

4.1 Data

Data used for the experiments was TROPOMI observation data [14] by the Copernicus
program and wind field data from the European Centre for Medium-Range Weather Fore-
casts (ECMWF) at the height of ten (10) meters [13,54]. A set of TROPOMI observation
data to be used was chosen so that there were no overlapping plumes from surrounding
areas or sources and that the average wind velocity exceeded 2 m/s which was also used
as a criteria in the study of emissions in Riyadh [35]. A dispersion coefficient of 0.04738

m2/h was used for the problem (35) [55].

For the one-dimensional model, wind field velocities were scaled by a factor of 1.5 as
the wind field data was from a height of ten (10) meters. This was taken to be a rough
approximation of how wind velocity would behave according to the logarithmic wind
profile [56] assuming that the plume would rise to a height of 300-600 meters and that
the surface roughness parameter z0 was 0.01-0.03. This value for the surface roughness
would correspond to an area with open flat terrain, grass, or few isolated obstacles [57]
which was taken to be reasonable for an industrial area such as the Bełchatów power
station.

Data of NO2 emissions of the Bełchatów power station from European Pollutant Re-
lease and Transfer Register (E-PRTR) for 2017, according to the European Union (EU)
regulation which requires facilities to measure and report their total annual emissions in
kilograms, [58, 59] give estimates of 28900 tons of as annual emissions of NO2 which
approximately corresponds to 19.9 mol/s of NO2, assuming the emissions to be constant
throughout the year. The 2017 emission data was the latest available data at the time of
writing this thesis. Note that, a majority of actual flue stack emissions are in the form of
NO (approximetaly 95% NO and 5% NO2) which rapidly reacts with atmospheric ozone
forming into the observable quantity, NO2. The reporting, according to [59], is done as if
the emissions were solely in the form of NO2. Furthermore, it is emphasized that a single
molecule of NO reacts into a single NO2 molecule, thereby conserving the amount of
substance allowing the estimate 19.9 mol/s to be considered for both NO and NO2 emis-
sions. This is also the justification for choice of moles per second as the unit of emissions
in this thesis.
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Figure 23. An image of the Bełchatów power station [60]. It can be observed that the two flue gas
stacks (red and white striped structures) produce exhaust which rises further up. The wind field
data at the height ten (10) meters is unreasonable to use as the flue gas stacks are 300 meters tall
themselves.

4.2 Results

Due to the technical nature of this thesis, we tested the chosen approaches detailed in
Sections 2.3 and 2.4 using fourteen days of data. The results for the fNO posterior distri-
butions are compared to the annual mean estimate of 19.9 mol/s described in Section 4.1
above. For both approaches of this thesis, the results are shown in Table 1. For the two-
dimensional approach of this thesis, Table 1 contains the point estimates fNO2 obtained by
optimizing (40).

For the one-dimensional model, Table 1 contains the results for the parameters of the
ODE chemical reaction model (57) and its initial conditions, α1, α2, and fNO. The param-
eter results are represented by the mean and 2 standard deviations of the Markov chain
constructed using the Metropolis-Hastings algorithm and additionally, histograms repre-
senting the obtained posterior distributions are shown in Figures 24 – 37 along with the
Bełchatów annual mean estimate of 19.9 mol/s superimposed as a vertical line on top of
the posterior distribution of the estimated NO emission, fNO.

The partial differential equation system (63) was used to verify the results of the one-
dimensional model using the PTM algorithm for the numerical evaluation. For the nu-
merical verification results, three data sets for April 6th, April 7th, and July 7th were
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used. For the parameters α1, α2, and fNO used in (63), three sets of values were used
for each given day. One of the sets were the mean estimates of the Markov chains for
the parameters corresponding to the values shown in Table 1. For the second and third
set of parameter values, the values were drawn from the realized Markov chains Ψ of the
parameters a1, a2, and fNO so that the fNO values of the elements were closest to the 95%
confidence interval values fNO± 2σ. The complete sets of values used are shown in Table
2. In (63), for the parameter describing the width of the source term, σ, a value of 3000m
was used. The resulting u2 profiles are shown in Figures 38, 39, and 40 for April 6th,
April 7th, and July 7th respectively.

In addition, numerical experiments were conducted to test the wavelet energy concen-
tration properties of the PTM solutions of (35) using the symlet 8 wavelet. Modelling a
system similar to one in (35) with a standard deviation of 3000m and with fNO2 = 6.26

mol/s with two different time steps, using the PTM method, resulted in both unstable and
stable behaviour. For the unstable solution, the wavelet energy concentration experienced
an abrupt increase in its value. See Figure 41 for an illustration of the wavelet energy
concentration corresponding to the unstable solution shown at two different time steps in
Figures 42 and 43. In contrast, a stable solution to the system (35) experienced monotone
decrease for its wavelet energy concentration. See Figure 44 for the resulting wavelet
energy concentration for the stable solution of which an illustration 44 at a single step is
shown in Figure 45.
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Table 1. Results of the STE using the two approaches with fNO2 standing for the result obtained
from optimizing the two-dimensional model, fNO, α1, and α2 standing for the results of the one-
dimensional models along with their respective 2σ confidence intervals.

Case Date fNO2 fNO α1 α2 v̄

dd.mm.yyyy [mol/s] [mol/s] [1/h] [1/h] [m/s]

1 06.04.2018 4.84 10.11± 2.18 3.21± 1.85 0.22± 0.12 4.93

2 07.04.2018 15.07 17.67± 6.75 1.44± 0.78 0.70± 0.35 5.52

3 08.04.2018 4.52 22.71± 9.89 5.00± 3.71 1.37± 0.78 6.58

4 18.04.2018 10.46 16.78± 2.07 3.15± 0.94 0.52± 0.09 4.66

5 19.04.2018 5.95 10.69± 4.39 6.8± 9.22 0.56± 0.51 6.51

6 21.04.2018 3.62 8.74± 5.10 6.38± 25.24 0.30± 0.41 6.75

7 22.04.2018 3.97 12.99± 2.87 1.27± 0.39 0.44± 0.12 3.38

8 28.04.2018 9.68 21.73± 9.82 2.17± 1.47 0.86± 0.57 6.49

9 05.05.2018 8.19 16.74± 4.27 14.15± 9.47 1.35± 0.65 5.30

10 06.05.2018 5.86 13.90± 4.18 9.77± 9.94 0.57± 0.47 5.34

11 07.05.2018 4.08 13.99± 2.52 7.55± 21.95 0.36± 0.13 4.90

12 13.05.2018 3.83 10.63± 1.16 8.59± 4.09 0.64± 0.12 4.70

13 20.05.2018 1.94 14.41± 5.47 4.44± 2.44 1.64± 0.78 4.31

14 07.07.2018 4.36 9.88± 1.14 5.06± 1.51 0.67± 0.12 5.22

Table 2. Sets of values used in verifying the results of the 1D model by forward modelling the
system of equations described by (63).

Date fNO α1 α2

dd.mm.yyyy [mol/s] [1/h] [1/h]

06.04.2018 7.93 6.44 0.10

06.04.2018 10.11 3.21 0.22

06.04.2018 12.29 2.26 0.33

07.04.2018 10.92 2.94 0.26

07.04.2018 17.67 1.44 0.70

07.04.2018 24.42 1.00 0.97

07.07.2018 8.74 7.07 0.55

07.07.2018 9.88 5.06 0.67

07.07.2018 11.02 4.12 0.81
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Figure 24. The posterior distribution of parameters a1, a2, and fNO for April 6th 2018. The verti-
cal red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.

Figure 25. The posterior distribution of parameters a1, a2, and fNO for April 7th 2018. The verti-
cal red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.



48

Figure 26. The posterior distribution of parameters a1, a2, and fNO for April 8th 2018. The verti-
cal red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.

Figure 27. The posterior distribution of parameters a1, a2, and fNO for April 18th 2018. The ver-
tical red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.
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Figure 28. The posterior distribution of parameters a1, a2, and fNO for April 19th 2018. The ver-
tical red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.

Figure 29. The posterior distribution of parameters a1, a2, and fNO for April 21st 2018. The ver-
tical red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.
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Figure 30. The posterior distribution of parameters a1, a2, and fNO for April 22nd 2018. The ver-
tical red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.

Figure 31. The posterior distribution of parameters a1, a2, and fNO for April 28th 2018. The ver-
tical red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.
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Figure 32. The posterior distribution of parameters a1, a2, and fNO for May 5th 2018. The vertical
red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.

Figure 33. The posterior distribution of parameters a1, a2, and fNO for May 6th 2018. The vertical
red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.
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Figure 34. The posterior distribution of parameters a1, a2, and fNO for May 7th 2018. The vertical
red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.

Figure 35. The posterior distribution of parameters a1, a2, and fNO for May 13th 2018. The ver-
tical red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.
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Figure 36. The posterior distribution of parameters a1, a2, and fNO for May 20th 2018. The ver-
tical red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.

Figure 37. The posterior distribution of parameters a1, a2, and fNO for July 7th 2018. The vertical
red line emphasizes the location of the annual mean estimate of 19.9 mol/s for the emission.
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(a)

(b)

(c)

(d)

Figure 38. Plot (a) shows the TROPOMI data udata along with plots (b), (c), and (d) showing
solutions u2 corresponding to fNO values of 7.93, 10.11, and 12.29 mol/s respectively for April
6th. Location of the Bełchatów power station is denoted by the red triangle.
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(a)

(b)

(c)

(d)

Figure 39. Plot (a) shows the TROPOMI data udata along with plots (b), (c), and (d) showing
solutions u2 corresponding to fNO values of 10.92, 17.67, and 24.42 mol/s respectively for April
7th. Location of the Bełchatów power station is denoted by the red triangle.
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(a)

(b)

(c)

(d)

Figure 40. Plot (a) shows the TROPOMI data udata along with plots (b), (c), and (d) showing
solutions u2 corresponding to fNO values of 8.74, 9.88, and 11.02 mol/s respectively for July 7th.
Location of the Bełchatów power station is denoted by the red triangle.
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Figure 41. Natural logarithm of a numerical solution of (35) using a time step of 0.0167h. The
value of log(Cw(t)) obtains a higher value than at the previous time point at t = 0.334 which
is circled in red and other such cases can also be observed. The last value shown at t = 0.5511
shows an abrupt jump in the wavelet concentration value, corresponding to a noticeable instability
in the numerical solution which is shown in Figure 43.

(a) (b)

Figure 42. Plots (a) and (b) showing a solution u(t = 0.334, x) when the wavelet energy concen-
tration obtains a higher value than in the previous time step with the circled area corresponding
to the same area of the solution but magnified in (a). The small oscillations around the solution
profile are not easily visible by visual inspection but cause the wavelet energy concentrationCw(t)
to have a value than at the previous time step violating the proposition that C̃ ′w(t) ≤ 0.
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Figure 43. A large sharp feature is seen in the numerical solution u(t = 0.5511, x) corresponding
to the moment when the wavelet concentration experiences an abrupt jump in its value.

Figure 44. Natural logarithm of a numerical solution of (35) using a time step of 0.0835h. The
value of log(Cw(t)) can be seen to monotonically decrease. This corresponded to a stable solution
of the numerical simulation.
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Figure 45. Numerical solution of (35) using a time step of 0.0835h for which Cw(t) was found to
monotonically decrease.
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5 DISCUSSION

5.1 Current study

The two approaches considered in this thesis were successfully implemented and they
were found to produce results of similar magnitude with respect to each other and also
using TROPOMI data from different days of measurement. The results of modelling
the two-dimensional PDE system using the results from the one-dimensional approach
produced similar NO2 profiles as the observation data such as producing the maxima at
similar distances away from the Bełchatów station. Some discrepancies in the results
of the two approaches were observed, such as in cases 3 and 13 of Table 1 where the
reaction rate a2 can be seen to be high (>1) compared to most of the cases. With the
faster decay of NO2 described by the higher a2, less mass flow fNO2 is required to explain
for the data in (35) where the decay was assumed to be zero, a = 0, as there is no mass
leaving the system through exponential decay −au. Note that, the mean wind velocity
was scaled by a factor of 1.5 for the one-dimensional model and as such, which also
affects to systematically lower the emission estimate for the fNO2 .

Both approaches require some form of manual user input such as choosing the modelling
area and parameters for the two-dimensional forward model of Section 2.3 and the rele-
vant data points of the TROPOMI data which constitute the emissions of the Bełchatów
power station. Additionally, the temporal resolution of TROPOMI observations, once per
day, combined with the requirement of clear weather leave us with the sparse measure-
ments of the NO2 plumes. Even with the improvements of the TROPOMI satellite, the
fact still remains that available data is sparse for effective continuous monitoring of power
station emissions.

It was found that the forward two-dimensional model was prohibitively more compu-
tationally expensive when compared to the one-dimensional model. Additionally, the
choice of the modelling time step, grid resolution and spacing, lack of a way to deter-
mine a reaction rate a for (35) without a priori information, and the more complicated
implementation were seen as more restrictive than the need of choosing the relevant part
of plume and the amount of line integrals to compute in the one-dimensional approach.
With these and the fact that the one-dimensional also provides uncertainty quantification
along with reaction rate estimates for any form of a reaction model such as (57) which
was used in this thesis. With these arguments, the one-dimensional approach was deemed
the superior method of STE of the two approaches.
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The flue gases of the Bełchatów power station are released from two physically closely
situated stacks. In this thesis, they were considered to be representable by a single point-
like source mainly due to not being individually identifiable from the satellite observations
and secondly because, legally, they are considered as a single unit. Data of NO2 emissions
of the Bełchatów power station from European Pollutant Release and Transfer Register
(E-PRTR) for 2017, according to the European Union (EU) regulation which requires fa-
cilities to report their total annual emissions in kilograms, [58,59] give estimates of 28900
tons of NO2 as annual emissions which approximately corresponds to 19.9 mol/s if the
emissions are assumed to be constant. This can be seen higher than most of STE results
shown in Table 1. A possible explanation for this could be the use of inaccurate approx-
imation of the wind field data at the height of ten meters. As briefly noted, estimates for
the wind velocities at higher altitudes could be given by logarithmic wind profile or wind
profile power law approximations [56, 61]. Additionally, under some weather conditions
the vertical mixing can be poor due to lack of temperature layering of air, i.e., inconsistent
dispersion of the plumes causing the response surface fit to fail.

Additionally, the wavelet energy concentration properties were successfully simulated
and numerical results supported ideas presented in Section 2.3.1.

5.2 Future work

This thesis leaves many openings for further work on the topics discussed. For the source
term estimation methods, especially the one-dimensional one, automating the choice of
relevant data points around the perceived source should be investigated to allow for bet-
ter on-line monitoring so no user intervention would be required in monitoring multiple
power stations or other emission sources simultaneously. And as already mentioned in
the previous section, a more robust inclusion of logarithmic or power law approximations
for the wind velocities should be included for possibly more reasonable estimates. For
the two-dimensional approach, more accurate and realistic atmospheric flow models, see
for example [62], should be considered while utilizing more computational resources.

Additionally, extending the emissions fNO2 and fNO to be functions of time, instead of
constants, would be natural as power stations do not operate under a constant load as
can be seen, for example, from the ENTSO-E Transparency Platform [63]. A power
generation profile of unit B12 for 13.02.2019 is shown in Figure 46 which shows that
the units are not driven under a constant load. ENTSO-E Transparency Platform power
generation data could also be utilized as prior information for the emission estimates.
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Furthermore, by estimating the emissions at a given time and by mapping the total NO2

emissions of the Bełchatów station of E-PRTR to the ENTSO-E power generation data,
power generation could also be monitored through satellite measurements of NO2 profiles.
It is also noted that the distinct power generation units that can be seen in the ENTSO-E
portal can have different operating efficiencies and this can lead to additional uncertainty
in mapping the power generation to the measured NO2 profiles.

Figure 46. Power generation of Bełchatów station unit B12 on 13.02.2019. The non-constant
nature of the power generation, and by extension, the emissions can be easily inferred.

On-site measurement data directly taken from the Bełchatów flue gas was initially hoped
for but this did not materialize within the time frame of the thesis work. This kind of
measurement data is essential in determining whether the snapshot estimates for the NOx

and NO2 emissions are reasonable or of practical use. These measurement data could
also be established to have an emission profile of different pollutants which could then
be mapped to estimated NOx and NO2 emissions giving estimates for all pollutants emit-
ted by the power station and further extending the methods’ possibilities in monitoring
pollutant emissions indirectly from the TROPOMI data.

Other possible extension would be to utilize ENTSO-E power generation data to as prior
information on the possible emissions.
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For the wavelet properties of solutions, the proofs are still incomplete and the limitations
of the propositions are left vague. The proofs and any further analytical results for the
dispersion cases and also more extensive numerical results would be essential in having a
sound foundation for the proposed ideas.
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6 CONCLUSION

In this thesis, two possible approaches for source term estimation of the NOx and NO2

emissions of Bełchatów power station were considered. The first approach was to op-
timize source term parameters describing the emissions of a power station for a two-
dimensional advection-dispersion-reaction system. The second method utilized a re-
sponse surface which was fitted to the TROPOMI satellite observations. Along the re-
sponse surface, line integrals modelling the emission flux were computed. The flux in-
tegrals served as a target to which to fit an one-dimensional reaction system, the initial
conditions of which contained the parameter describing the emissions. The uncertainty in
TROPOMI observations was propagated throughout the method with MCMC methods.

The approaches were successfully implemented and which in addition admit straightfor-
ward extensions by applying the approaches to other power stations or other stationary
large emission sources. The second approach was deemed the superior approach for mul-
tiple reasons, not least for its ability to produce uncertainty estimates for the emissions
and further model parameters. The numerical results were considered reasonable and
promising when compared to the EU legislation mandated reports of annual NOx and
NO2 emissions of the Bełchatów power station.

In this thesis, a limitation of having access to wind field data from a height of only ten
meters was present. The wind velocities were roughly scaled higher according to the
logarithmic wind velocity approximation for the one-dimensional approach of this thesis.
Modelling of the wind velocity with either the logarithmic or power law approximations
for wind velocities at higher altitudes would allow for further improvements by improving
the estimates. The uncertainty of the wind velocity approximations could also straight-
forwardly included in the model.

Additionally, for modelling of advection-diffusion-reaction equations a possible method
of detecting instability of a numerical solution using wavelets was considered and pro-
posed which is supported by analytical and numerical considerations.
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Appendix 1. Proofs and justifications

Proofs, justifications, and discussion are presented here on the new findings on wavelet
properties of solutions of differential equations.

Definition 1.1. Wavelet energy concentration. We define wavelet energy concentration

as

Cw(t) =

∞∑
j=0

∞∑
k=−∞

|dj(t, k)|2

∞∑
k=−∞

|c(t, k)|2 +
∞∑
j=0

∞∑
k=−∞

|dj(t, k)|2
(64)

and half continuous wavelet energy concentration as

C̃w(t) =

∞∑
j=0

∞∫
−∞

|dj(t, k)|2 dk

∞∫
−∞

|c(t, k)|2 dk +
∞∑
j=0

∞∫
−∞

|dj(t, k)|2 dk

, (65)

where

c(t, k) = 〈u( t, x), φ(x− k) 〉 =

∞∫
−∞

u( t, x)φ(x− k) dx, (66)

and

dj(t, k) = 〈u( t, x), ψ( 2jx− k) 〉 =

∞∫
−∞

u( t, x)ψ( 2jx− k) dx, (67)

where φ and ψ stand for real-valued orthonormal scaling and wavelet functions respec-
tively.

Theorem 1. For a solution u(t, x) of the differential equation given by

du
dt

= −au, (68)

where t ∈ R+ and x ∈ R (x ∈ Rn) it holds that C ′w(t) = 0.

Proof. It is evident that the solution of (68) has the form u(t, x) = C(x)e−at and by
substituting this with (66) and (67) into (64) we get

(continues)
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Cw(t) =

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)e−at ψ( 2jx− k) dx

∣∣∣∣∣∣
2

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)e−at φ(x− k) dx

∣∣∣∣∣∣
2

+

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)e−at ψ( 2jx− k) dx

∣∣∣∣∣∣
2 (69)

=

e−2at

 ∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2


e−2at

 ∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)φ(x− k) dx

∣∣∣∣∣∣
2

+

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2


(70)

Cw(t) =

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)φ(x− k) dx

∣∣∣∣∣∣
2

+

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

C(x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2 . (71)

By noting that the time dependence in (71) vanishes, the result C ′w(t) = 0 follows by
differentiation.

Theorem 2. For a solution u(t, x) with u( 0, x) = 0 of the differential equation given by

du
dt

= S(x), (72)

where t ∈ R+ and x ∈ R (x ∈ Rn) it holds that C ′w(t) = 0.

Proof. It is straightforward to obtain the solution of (72) which has the form u(t, x) =
S(x)t+C(x). By the assumption that we have a zero initial condition at t = 0 the solution
simplifies into u(t, x) = S(x)t. Substituting this with (66) and (67) into (64) we get

Cw(t) =

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)t ψ( 2jx− k) dx

∣∣∣∣∣∣
2

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)t φ(x− k) dx

∣∣∣∣∣∣
2

+

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)t ψ( 2jx− k) dx

∣∣∣∣∣∣
2 (73)

=

t2

 ∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2


t2

 ∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)φ(x− k) dx

∣∣∣∣∣∣
2

+

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2


(74)

(continues)
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Cw(t) =

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)φ(x− k) dx

∣∣∣∣∣∣
2

+

∞∑
j=0

∞∑
k=−∞

∣∣∣∣∣∣
∞∫
−∞

S(x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2 . (75)

As the time dependence in (75) vanishes, the result C ′w(t) = 0 follows by differentiation.

Theorem 3. For a solution u(t, x) of the differential equation given by

du
dt

= −v · ∇u, (76)

where v ∈ R (v ∈ Rn) is a constant, t ∈ R+, x ∈ R (x ∈ Rn), and∇ is the gradient w.r.t.

x it holds that C̃ ′w(t) = 0.

Proof. It is evident that the solution of (76) has the form u(t, x) = u(0, x − vt). Substi-
tuting this with (66) and (67) into (65) we get

C̃w(t) =

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(0, x− vt)ψ( 2jx− k) dx

∣∣∣∣∣∣
2

dk

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(0, x− vt)φ(x− k) dx

∣∣∣∣∣∣
2

dk +
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(0, x− vt)ψ( 2jx− k) dx

∣∣∣∣∣∣
2

dk

(77)

With a change of variables k = k̃ + vt we get

=

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(0, x− vt)ψ( 2jx− k̃ − vt) dx

∣∣∣∣∣∣
2

dk̃

A
(78)

where

A =

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(0, x− vt)φ(x− k̃ − vt) dx

∣∣∣∣∣∣
2

dk̃ +
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(0, x− vt)ψ( 2jx− k̃ − vt) dx

∣∣∣∣∣∣
2

dk̃.

Noting that the above equals

C̃w(t) =

∞∑
j=0

∞∫
−∞

 ∞∫
−∞

u(0, x)ψ( 2jx− k̃) dx

2

dk̃

∞∫
−∞

 ∞∫
−∞

u(0, x)φ(x− k̃) dx

2

dk̃ +
∞∑
j=0

∞∫
−∞

 ∞∫
−∞

u(0, x)ψ( 2jx− k̃) dx

2

dk̃

(79)

(continues)
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we get that

C̃w(t) = C̃w(0) (80)

which implies that C̃w(t) is a constant function w.r.t. time and so differentiation yields
the result C̃w(t) = 0.

Conjecture 1. For a solution u(t, x) of the differential equation given by

du
dt

= D∇2u− v · ∇u− au, (81)

where D ∈ R+, v ∈ R (v ∈ Rn), a ∈ R are constants, t ∈ R+, x ∈ R (x ∈ Rn), and∇ is

the gradient w.r.t. x it holds that C̃ ′w(t) ≤ 0.

Justifications. We denote the Fourier transform of u(t, x) w.r.t. to x as û(t, ξ). Taking the
Fourier transform of (81) we obtain

dû
dt

= −Dξ2û− ivξû− aû (82)

which when integrated w.r.t. t yields

û(t, ξ) = C(ξ)e−Dξ
2t−ivξt−at. (83)

Inner product is preserved under the Fourier transform and as such we have that

c(t, k) = 〈 u( t, x), φ(x− k) 〉 = 〈 û( t, ξ), φ̂(ξ)e−ikξ 〉 (84)

=

∞∫
−∞

û( t, ξ) φ̂(ξ)e−ikξ dξ (85)

and respectively for the wavelet function ψ we have that

dj(t, k) = 〈 u( t, x), ψ( 2jx− k) 〉 = 〈 û( t, ξ), 2−jψ̂(2−jξ)e−ikξ 〉 (86)

=

∞∫
−∞

û( t, ξ) 2−jψ̂(2−jξ)e−ikξ dξ. (87)

(continues)
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Additionally, we note that

C̃w(t) =

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(t, x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2

dk

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(t, x)φ(x− k) dx

∣∣∣∣∣∣
2

dk +
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(t, x)ψ( 2jx− k) dx

∣∣∣∣∣∣
2

dk

(88)

=

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(t, x+ vt)ψ( 2jx− k) dx

∣∣∣∣∣∣
2

dk

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(t, x+ vt)φ(x− k) dx

∣∣∣∣∣∣
2

dk +
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

u(t, x+ vt)ψ( 2jx− k) dx

∣∣∣∣∣∣
2

dk

(89)

and that for the shifted solution u(t, x − vt) we have the corresponding Fourier trans-
formed solution F{u(t, x+vt)} = û(t, ξ)eivξt = C(ξ)e−Dξ

2t−ivξt−ateivξt = C(ξ)e−Dξ
2t−at.

Substituting this into (89) with (85) and (87) we get

C̃w(t) =

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t−at 2−j ψ̂(2−jξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t−at φ̂(ξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk +
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t−at 2−j ψ̂(2−jξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk

(90)

=

e−2at

∣∣∣∣∣∣
∞∑
j=0

∞∫
−∞

 ∞∫
−∞

C(ξ)e−Dξ
2t 2−j ψ̂(2−jξ)e−ikξdξ

∣∣∣∣∣∣
2

dk


e−2at

 ∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t φ̂(ξ)e−ikξdξ

∣∣∣∣∣∣
2

dk +
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t 2−j ψ̂(2−jξ)e−ikξdξ

∣∣∣∣∣∣
2

dk


(91)

C̃w(t) =

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t 2−j ψ̂(2−jξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t φ̂(ξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk +

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t 2−j ψ̂(2−jξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk

(92)

where it can be seen that the effects of convection and the exponential term vanish, leaving
only the effect of dispersion

(
C(ξ)e−Dξ

2t
)

in C̃w(t). Heuristically, the effect of dispersion
will cause the function to get smoother as t → ∞ and again heuristically, this should
correspond more of the energy of the solution to occupy the lower frequency components
which correspond to the scaling function φ inner product which should cause the C̃(t) to
decrease.

Taking the limit t→∞ would lead to the exponential term e−Dξ
2t approaching the Dirac

delta function δ(ξ) when multiplied by
√
t. Noting this, and using a shorthand notations

(continues)



Appendix 1. (continued)

ψ̂j,k = 2−jψ̂(2−jξ)e−ikξ and φ̂k = φ̂(ξ)e−ikξ

lim
t→∞

C̃w(t) = lim
t→∞

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t ψ̂j,k dξ

∣∣∣∣∣∣
2

dk

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t φ̂k dξ

∣∣∣∣∣∣
2

dk +
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t ψ̂j,k dξ

∣∣∣∣∣∣
2

dk

(93)

= lim
t→∞

t
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t ψ̂j,k dξ

∣∣∣∣∣∣
2

dk

t

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t φ̂k dξ

∣∣∣∣∣∣
2

dk + t
∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)e−Dξ
2t ψ̂j,k dξ

∣∣∣∣∣∣
2

dk

(94)

=

lim
t→∞

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)
√
te−Dξ

2t ψ̂j,k dξ

∣∣∣∣∣∣
2

dk

lim
t→∞

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)
√
te−Dξ

2t φ̂k dξ

∣∣∣∣∣∣
2

dk + lim
t→∞

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ)
√
te−Dξ

2t ψ̂j,k dξ

∣∣∣∣∣∣
2

dk

. (95)

Assuming that we can take the limit inside the summation and integrals we get

=

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ) lim
t→∞

(√
te−Dξ

2t
)
ψ̂j,kdξ

∣∣∣∣∣∣
2

dk

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ) lim
t→∞

(√
te−Dξ

2t
)
φ̂kdξ

∣∣∣∣∣∣
2

dk +

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ) lim
t→∞

(√
te−Dξ

2t
)
ψ̂j,kdξ

∣∣∣∣∣∣
2

dk

(96)

=

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ) δ(ξ) 2−j ψ̂(2−jξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ) δ(ξ) φ̂(ξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk +

∞∑
j=0

∞∫
−∞

∣∣∣∣∣∣
∞∫
−∞

C(ξ) δ(ξ) 2−j ψ̂(2−jξ)e−ikξ dξ

∣∣∣∣∣∣
2

dk

(97)

=

∞∑
j=0

∞∫
−∞

∣∣∣C(0) 2−j ψ̂(0)
∣∣∣2 dk

∞∫
−∞

∣∣∣C(0) φ̂(0)
∣∣∣2 dk +

∞∑
j=0

∞∫
−∞

∣∣∣C(0) 2−j ψ̂(0)
∣∣∣2 dk

(98)

from the fundamental properties of wavelets we have that ψ̂(0) = 0 and φ̂(0) 6= 0. Fur-
thermore, assuming that

∞∫
−∞

u(0, x) dx 6= 0 (99)

(continues)



Appendix 1. (continued)

we obtain that C(0) 6= 0. These facts lead us to

lim
t→∞

C̃w(t) =

∞∑
j=0

∞∫
−∞

0 dk

∞∫
−∞

∣∣∣C(0) φ̂(0)
∣∣∣2 dk +

∞∑
j=0

∞∫
−∞

0 dk

(100)

=
0

∞∫
−∞

∣∣∣C(0) φ̂(0)
∣∣∣2 dk

︸ ︷︷ ︸
>0

(101)

lim
t→∞

C̃w(t) = 0, (102)

which gives us the information that asymptotically the wavelet energy concentration ap-
proaches zero.

Conjecture 2. For a solution u(t, x) of the differential equation given by

du
dt

= D∇2u− v · ∇u− au+ S(x), (103)

where D ∈ R+, v ∈ R (v ∈ Rn), a ∈ R are constants, t ∈ R+, x ∈ R (x ∈ Rn), and∇ is

the gradient w.r.t. x it holds that C̃ ′w(t) ≤ 0 under some conditions on the initial condition.

Discussion. Again by denoting the Fourier transform of u(t, x) w.r.t. to x as û(t, ξ) and
taking the Fourier transform of (103) we obtain

dû
dt

= −Dξ2û− ivξû− aû+ Ŝ(ξ), (104)

which when integrated w.r.t. t gives us

û = C(ξ)e−Dξ
2t−ivξt−at +

Ŝ(ξ)

Dξ2 + ivξ + a
(105)

for which the limit as t→∞ is simply

lim
t→∞

û(t, ξ) = lim
t→∞

C(ξ)e−Dξ
2t−ivξt−at + lim

t→∞

Ŝ(ξ)

Dξ2 + ivξ + a
(106)

= 0 +
Ŝ(ξ)

Dξ2 + ivξ + a
(107)

=
Ŝ(ξ)

Dξ2 + ivξ + a
(108)

(continues)



Appendix 1. (continued)

from which it can be gleaned that the limit of the wavelet energy concentration C̃(t) ap-
proaches the wavelet energy concentration of the steady state solution û(t, ξ) = Ŝ(ξ)

Dξ2+ivξ+a
.

This implies that at least the cases where the C̃(0) < limt→∞ C̃(t) must have that the
wavelet energy concentration increases which provides an intuitive reasoning that there
must be some limitation on the initial condition of the solution if we wish to have the
property that C̃(t) ≤ 0.
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