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The purpose of this master’s thesis is to research interest rate swaption pricing in 

different interest rate cycles. Research is done by comparing observed implied 

volatility to realized volatility. Sampling procedure is done by selecting upward, 

downward and flat interest rate cycles between years 2000 – 2019 from US and Euro 

area. Both economical areas taken into account since central bank policy from ECB 

and FED has been completely different in some cycles. Aim is to test if volatility pricing 

is biased in some of selected cycles or if volatility has been systematically mispriced 

in some periods. 

The empirical part of this thesis is done by first testing cointegration between implied 

and realized volatility by conducting Engle-Granger and Johansen cointegration test.  

After that cycles are compared by observing realized volatility risk premiums. 

The results of this thesis suggest that implied and realized volatility are heavily 

cointegrated in long term but in sharp interest hikes or declines cointegration vanishes. 

Volatility risk premium seems to be very time dependent and there are big differences 

between long-term average premiums and average premiums in interest rate cycles.  
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Tämän Pro gradu -tutkielman tarkoitus on tutkia koronvaihtosopimus optioiden 

hinnoittelua eri korkosykleissä. Tutkimus on tehty vertailemalla havaittua implisiittistä 

volatiliteettiä toteutuneeseen volatiliteettiin. Otanta on muodostettu valitsemalla 

nousu, lasku sekä tasainen korkosykli vuosien 2000-2019 välillä US ja Euro -alueilta. 

Molemmat talousalueet on otettu huomioon, koska keskuspankkipolitiikka EKP:n ja 

Fedin välillä on ollut täysin toisistaan poikkeava joissakin edellä mainituista sykleistä. 

Aikomus on testata, onko volatiliteetin hinnoittelu vääristynyt joissakin valituista 

korkosykleistä ja onko hinnoittelu jollakin aikavälillä systemaattisesti vääristynyt. 

Empiirinen osuus tästä tutkielmasta on toteutettu ensin testaamalla implisiittisen ja 

toteutuneen volatiliteetin yhteisintegroituvuutta Engle-Granger ja Johansenin testeillä. 

Tämän jälkeen korkosyklejä on verrattuna keskenään tutkimalla toteutuneita 

volatiliteetti riskipreemioita.  

Tämän tutkielman tulokset osoittavat, että implisiittinen ja toteutunut volatiliteetti on 

voimakkaasti yhteisintegroituneita pitkällä aikavälillä mutta lyhyellä aikavälillä ja 

etenkin jyrkissä korkosykleissä yhteisintegroituvuus katoaa. Lisäksi toteutunut 

volatiliteetti riskipreemio näyttää olevan hyvin riippuvainen ajasta ja osa korkosykleistä 

on johtanut suuriin eroihin keskimääräisessä toteutuneessa riskipreemiossa 

verrattuna pitkän aikavälin keskiarvoihin. 
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1. INTRODUCTION AND STRUCTURE OF RESEARCH 

This chapter is very brief guiding for this research under topic of swaptions implied 

volatilities compared to realized volatilities in US and euro area. In this chapter also 

limitations of this study are presented, and the nature of data is described to give a 

quick hint for a reader about how this research is constituted. 

Further on, all relevant former studies will be presented hand in hand with theoretical 

frameworks in chapter 2 under topic literature review. Later on, models and former 

researches will be tested with empirical study in chapter 4. Last chapter 6 is reserved 

for conclusions done with our data evidence. Chapter 6 also presents our final findings 

and responses to research questions presented in chapter 1.2 

 

1.1. Background 

 

Interest rates are indisputably one of the most important economic factors in the world. 

Interest rates are like steering wheel of economics in the whole world and they have 

impacts to every entity from huge federal institutions to smallest consumers in the 

world. This impact is not limited to only legal entities, rates affect also almost to all 

assets, currencies and pricing factors in the financial world. In Euro area steering 

factor is called as Euribor rates and Libor rates are equivalent for that in US area.  

Since interest rates have some major effect in financial markets and they fluctuate 

quite hardly, it is not surprising that interest rates derivatives market has a quite long 

and active history. When IBM and World Bank made first known hedge of interest rates 

almost 40 years ago, it was followed by continuously growing interest rate derivatives 

market nowadays with over 6.5 trillion USD daily turnovers while average turnover was 

about half from that in 2016. With such nominals interest rate derivatives are the most 

used derivatives in the world. (Ehlers & Hardy 2019; BIS Quarterly Review 2003) 

What comes to interest rates in the past ten years, we have faced totally unique market 

conditions in both Euro and US area. When 6 months Euribor has been around 4 

percent on average during years 2000 to 2009, years 2009 to 2019 have been gone 

with average of 1 percent. Similar development has been seen also in US area since 
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Libor has been around 4 percent on average in 2000-2009 and 2009 to 2019 have 

been significantly lower in around 2% like in Euro area. Euribor was first published in 

1999 so we don’t have further memory but in Libor rates even over 10 percent rates 

are familiar during years 1970 – 1990. What is even more interesting, intuitions behind 

interest rate decision, Federal Reserve System (FED) and European central bank 

(ECB) has acted recently conversely to what we have witnessed before. In this context 

unseen behavior refers to FED and ECB intervening to market forces with enormous 

buy-back programs and using more dialogical policy by giving guidance for next 

actions and future interest rate path. (Neely 2015; Bauer et al. 2014) 

These very unique market conditions have led to situation where rates are cemented 

to record low levels for now in both economic areas. Since interest rate traders around 

the world are seeking same yield, that they are used to get during last decades, they 

might have probably started new era of trading: selling volatility. (Kawa & Peterseil 

2019) This means that traders want to create yield by selling options. This 

presentiment created spark for this research since there might be some extraordinary 

behavior in volatility pricing during different interest rate cycles. 

Because of these very special market conditions this research is made to shed light 

on interest rate swaption markets since unseen conditions might have had some effect 

to also derivatives market. In this research derivatives markets are investigated 

through swaption pricing in interbank trading and this thesis tries shed light on if old 

assumptions about derivatives pricing still exist.  

Another interesting viewpoint for this study stems from macroeconomic theories and 

relationship between different factors. Macroeconomics are mainly based on long-run 

equilibrium relations like interest rate parity and purchasing power parity, but short-run 

dynamics are in most cases forgotten. Therefore, relation with short and long-run 

dynamics between implied and realized volatility inspired to build up research question 

and shaped direction of this thesis. 

On the other hand, numerous amounts of former studies concentrate on stock options 

when swaptions have been more in shadow. This research refills empirical evidence 

for a quite thin group of swaption based studies in option volatility pricing where major 

or studies are focusing on stock options. 
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1.2 Research objectives and questions 

 

This thesis aims to create new evidence for swaptions and volatility pricing in changing 

market conditions. Thesis also tests if older market models still exists and are still in 

effect under completely different market conditions. To reach this objective, this thesis 

answers to one main question through three sub research questions.  

Research questions are: 

Main question: 

“Are implied and realized volatility cointegrated in long and short term in all market 

conditions?” 

H0 = Implied and realized volatility are cointegrated in short and long term in all market 

conditions 

Sub research question #1: 

“Are there any differences in cointegration between Euro and US area?” 

H0 = There are no differences between two different economic areas and volatility 

follows same nature in all market areas. 

Sub research question #2: 

“Does volatility risk premium remain relatively constant over time?” 

H0 = Volatility risk premium doesn’t depend on time and remains constant over time 

Sub research question #3: 

“If cointegration does not exists in some cycle does it lead to higher or lower realized 

volatility risk premium?” 

H0 = If there is no cointegration implied volatility is mispriced, which leads to lower 

realized risk premium  
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1.3 Research methodology and data 

 

To fulfill objectives of this research and reach exhaustive answers to research 

questions, some discussion with former studies have been used. This can be found 

from chapter “literature review” where all relevant former studies are presented. To 

participate this former academic discussion, new evidence is also created by 

conducting empirical research. 

This new data is created by using quantitative historical data from past 19 years and 

comparing evidence from two different economical markets. Versatile spectrum of 

different statistical methods are applied to generate robust and reliable evidence to 

answer research questions. 

 

1.4 Limitations 

 

Even though interest rate conditions described in chapter 1.1. exists nowadays in 

several market areas, like in Japan, this study aims only for US and Euro area. This is 

so because Federal Reserve System (FED) and European Central Bank (ECB) have 

still done a quite different actions compared to each other to respond prevalent 

economic conditions. This fact creates especially great framework for this research 

since two different datasets from same time span, but different interest rate cycles, 

strengthens effectivity of results. Overview with decreasing interest rates are similar 

but it is done by different ways in Euro and US area which creates versatile data. Also, 

Libor and Euribor swaptions are more liquid compared to other interest rate swaptions. 

Some illiquidity in other instruments would cause some data errors with volatilities and 

create interpretations failures. 

Also, only interest rate swaptions are taken into account from derivatives market and 

any currency or other derivative contracts are not included in this research. This is so 

because volatility pricing of interest rates is under the scope in this thesis. Adding more 

derivatives like currency options would make conclusions harder or even impossible 

stemming from the fact that interest rate affects to currencies. What comes to 

moneyness of options, this research concentrates only at-the-money (ATM) options. 
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By studying only swaptions with ATM strike we ensure that our data have as little as 

possible pricing errors. When strike price is shifted more to OTM (out-of-the-money) 

or ITM (in-the-money) data turn less reliable since traders are demanding higher 

implied volatility which is called as volatility smile and traders outlook disturbs market 

data based on mid-pricing. Also, OTM and ITM swaptions are less liquid which lead to 

situation where one or couple of traders have higher impact in pricing. Therefore, 

pricing data would be also crooked since actual trades with far ATM/ITM strikes usually 

happens far away from mathematical mid-price. Given this, statistical tests should be 

done with ATM swaptions to remove bias in data. 
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2. LITERATURE REVIEW 

 

Surrounding theme of this study, former studies can be roughly divided to three main 

sections or categories. First set of studies are focusing on relationship between implied 

volatility and realized volatility. Second set of studies are a looking this theme from a 

bit more from macro-economic point of view since economic cycles plays a key role in 

this thesis. Third set of studies are mostly looking this theme from very theoretical point 

of view. This group of studies are concentrating on how volatility is simulated or 

modelled in derivatives markets. This chapter is more like a scratch to mathematical 

modeling and key takeaway for reader is to understand that a lot of different models 

exist, and framework used in this thesis has its own weaknesses. Despite that, in this 

thesis all these three main groups are involved since cointegration with implied and 

realized volatility is tested to earn evidence if pricing of volatility is efficient and data is 

from totally different market conditions. In this chapter, first profound knowledge of 

relative financial instruments - swap and swaptions - will be given and then former 

mentioned three main categories with later literature research will be presented. 

 

 

2.1 Swaps and swaptions in financial markets 

 

Interest rate derivatives have become extremely popular and widely used during last 

decade. International Swaps and Derivatives Association (ISDA) estimated that even 

in 1997 notional value of interest rate caps and swaptions was over 4,9 trillion USD 

while amount of treasury note and bond futures were around 15 billion during that time. 

Interest rate swaps and swaptions are over-the-counter (OTC) derivatives which 

means that they are directly traded between two counterparties. Therefore, they are 

widely used in hedging interest rate exposure in firms and in speculative purposes. 

(Longstaff et al. 2001) 

 

An interest-rate swap is OTC contract that exchanges interest rate cash flows between 

two differently indexed legs on pre terminated dates. Those two legs are called fixed 

and floating leg. If entity is payer of fixed interest, then interest rate swap is called 
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payer interest rate swap and from the point of view of floating leg payer receiver swap. 

Amount of cash flow from fixed leg is always pre terminated in trade date (if Euribor > 

0 %), and in vanilla swap it is almost same amount during contract maturity alternating 

by interest date count convention. In payer swap amount of interest rate cash flow 

entity is receiving varies over the time and is totally unknown in trade date. Receiving 

cash flow is calculated from reference rate in Euribor or Libor market. For example, if 

swap agreement is done against (or linked to) 6 months Euribor rate, amount of 

floating leg is revalued every interest rate reset dates, which in this example is every 

6 months. Since contracts are over-the-counter (OTC) all the details can be discussed 

with counterparty. This said, maturities vary from several months to dozens of years. 

Usually contracts start in spot day, which means two business days ahead from trading 

day, but contracts can be started also in future. In this case interest rate swap is called 

forward-starting interest rate swap, which means that counterparties involved, enters 

into swap in some pre terminated date in future. Length of forward start typically varies 

similarly from months to ten years. (Brewer et al. 2000; Jagannathan et al. 2003) 

Vanilla interest rate swap is so called zero-cost contract that rate for fixed leg is chosen 

so that value of agreement is zero in day one, if we assume that no sales margin is 

involved. This means that in trade date, the value of predicted cash flow from floating 

leg is equal to value of fixed leg. Value of floating leg is discounted from market 

projection of future interest rate path. This can be calculated by valuing similar forward 

rate agreements (FRA). This means that value of some FRAs are positive and some 

of them have negative value. For illustration see Figures 1, 2 and 3. (Hull 2009)  
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Figure 1. Value of forward rate agreements (Receiver swap, rising interest rates OR 

payer swap and declining interest rates) 

 

 

Figure 2. Value of forward rate agreements. (Receiver swap, declining interest rates 

OR payer swap and rising interest rates) 
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Figure 3. Cash flows in Counterparty A payer swap 

 

Interest rate swaption is otherwise similar to swap but option component is added to 

vanilla swap contract. Swaptions are also traded OTC so that all details can be 

arranged between two counterparties. Swaptions can be either American, Bermudan 

or European depending on option exercise policy. In European option holder can 

exercise option only in one pre terminated date while in American option exercise can 

be done in any business day during lifetime of option (or before expiry). In Bermudan 

swaption exercise can be done in predestined days during lifetime of option. In this 

thesis only European swaptions are under the scope. European payer swaption is 

therefore option giving the option holder right but not the obligation to enter into former 

mentioned payer swap at the swaptions maturity date. Option for swap will be 

executed if market rate for corresponding swap is higher than strike rate of swaption 

in option maturity date. In receiver swaptions former is true but option holder has right 

to enter in receiver swap. Receiver swap will be executed if market rate for 

corresponding swap is lower than strike rate of swaption in option maturity date. 

Typically, length of swaptions is from months to several years and underlying swap 

which options holder is obligated to enter is from several years to dozens of years as 

stated before. (Kienitz & Caspers 2017; Hull 2009) 
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Swaptions are simplified priced as follows: 

 

𝑃𝑆𝑏𝑙𝑎𝑐𝑘(𝑇) = 𝑁𝐴[𝑆𝜃(𝑑1) − 𝐾𝜃(𝑑2) 

 

𝑅𝑆𝑏𝑙𝑎𝑐𝑘(𝑇) = 𝑁𝐴[𝐾𝜃(−𝑑2) − 𝑆𝜃(−𝑑1)] 

 

𝑑1 = (ln (
𝑠

𝑠𝑘
) + 𝜎2𝑇/2)/√ 𝑇 − 𝑡 

 

Where: 

PS(black) = Price of payer swaption according to Black model 

 

RS(black) = Price of receiver swaption according to Black model 

 

T = valuation date 

N = Notional or principal amount of swaption contract 

A = Annuity factor 

S = Forward swap rate 

K = Strike rate 

σ   = Implied volatility 

t = Date for last swap payment 

ᶱ = Cumulative value from standard normal distribution table 

 

As we can see, volatility is playing very key role in swaptions pricing. Therefore, 

precise volatility pricing is playing key role in efficient portfolio management and risk 

management. If volatility is incorrectly priced, swaptions are bought or sold with 

insufficient premium and optionality is bought/sold with too high or too low 

compensation. For precision, implied black volatility in this thesis references to 

annualized changes in underlying during option lifetime expressed in percentage.  

 

Equally to other options like equity or currency options, swaptions are usually bought 

by paying premium of the option to seller. This is opposite to vanilla swap which usually 

are zero-cost contracts where two legs of contract net out each other (if no sales 

margin or any credit value adjustments are involved). This swaption premium consist 
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of intrinsic value and time value as indirectly stated in Black and Scholes option pricing 

formula. Intrinsic value is predicted actual value of given swaption which stems from 

predicted moneyness of underlying swap. Moneyness means current position or strike 

price compared to market projection of future interest rates. So, if swaption has 

positive intrinsic value, it means that strike price of option is above current market 

prediction (or forward curve) at some point in lifetime of contract and it will generate 

positive cash flow to holder of option.  

 

Key figure of Delta in option pricing measures price changes of option in respect to 

price changes in current prices in market. In this thesis at the money swaptions are 

under the scope, which refers to option contracts with exactly same strike price as 

current market price is. Time value of option premium is directly linked to volatility. If 

volatility in market is high, time value of the option is higher and vice versa. This stems 

from the fact that when volatility is high, options has more “potential” to go in the money 

during the maturity when prices follow Brownian motion in the market. Therefore, 

buyer of option must pay more of this “possibility”. Key figures Vega and Theta are 

measurements for time value of option. Vega measures amount of price movement 

when volatility changes one unit (for example 1% change). Theta for one’s part reflects 

price change in relation with time passage. So, Theta gives answer to question: “what 

happens to price of option when 1-day goes by without other changes”. Greek letters 

of derivatives are not directly in main focus in this thesis, therefore more specific 

description see (Ederington & Guan 2007) 
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2.2 Volatility in option pricing 

 

To start with first set of studies which is focusing on volatility estimation, volatility is 

arguably one of the most studied concepts in finance. This stems from the fact that 

accurate volatility modelling is key element in making competitive edge versus other 

traders. Also, with sharp modelling financial risks would be controlled better. (Dunis & 

Francis 2004) 

Generally speaking, core idea behind volatility is to measure price fluctuations of any 

asset in given time. It is very important part of trading strategies since volatility is key 

element in option pricing and risk management which all together means possible 

profits in portfolio. Even though volatility is usually related to risk metrics, it must be 

rather seen as metric for uncertainty than simply risk. In context of this research, three 

different concepts regarding volatility are important. Those three volatility concepts are 

implied volatility, realized volatility and volatility risk premium. 

Realized volatility unambiguously means realized price fluctuation in given time period. 

Typically realized volatility will be calculated as annualized standard deviation of price 

changes in the interval between 𝑡0 +  ∆𝑡. Therefore, realized volatility is “non-

negotiable” and same realized volatility can be discovered without any speculation. 

(Zumbach 2011) 

Implied volatility differs from realized volatility with time scale. Implied volatility is just 

forward-looking prediction of future volatility. So actually implied volatility is predictor 

of future realized volatility but not accurate measure of future volatility.  Usually it will 

be simulated by different pricing models. Amount of implied volatility also differs from 

trader to trader and it can be seen as indication of interest or future outlook. Typically, 

implied volatilities are typically estimated with different kind of OLS, GARCH and 

ARCH models but in parameters are highly alternating and there are thousands and 

thousands of articles about different forecast methods. (Jiang & Tian 2005) 
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Usually market efficiency is studied by estimating following regression: 

𝜎𝑡
𝑟𝑣 =  𝛼 +  𝛽𝜎𝑡

𝐼𝑉 +  𝜇𝑡 

Where RV equals realized volatility and 𝜎𝑡
𝐼𝑉 is implied volatility. Formula is unbiased 

when α equals 0 and β = 1 and 𝜇𝑡is serially uncorrelated. (Kellard et al. 2010) Former 

literature have ended for the most part to conclusion that implied volatility is biased 

predictor of realized volatility. That was key finding in Neely’s (2009) research where 

foreign exchange future volatilities were studied. (Neely 2005; Neely 2009)  

Christensen and Prabhala (1998) made very famous study by forecasting S&P100 

stock options after market crash in 1987. Their findings were totally opposite than 

former studies which stated that implied volatility is inefficient predictor of realized 

volatility, which was also main finding later in Neely’s research. Christen and Prabhala 

(1998) were able to find out that actually implied volatility outperforms historical 

realized volatility when forecasting future volatility. They separated themself from 

previous studies by investigating much longer period than before. Their timespan was 

around 11 to 12 years. Also, they had a bit different methodological approach since 

they used monthly sampling frequency and non-overlapping data whereas other 

former studies employed more frequent data like day to day and overlapping 

observations. (Christensen & Prabhala 1998) 

Later on, Busch, Christensen & Nielson (2011) conducted similar study, than former 

mentioned, by adding also bonds and foreign exchange markets into account. This 

study is more relevant reference to this thesis since bonds are representing similar 

asset class, fixed income, than swaptions. Their findings in this more recent study was 

completely similar than in previous Christensen & Prabhala (1998) study. Authors 

were able to find out that implied volatility has crucial information about future realized 

volatility in all three-asset class under the scope. What is especially interesting, they 

found out that implied volatility with monthly realized volatility measures is optimal 

predictor of future realized volatility. In comparison, implied volatility with one-day 

realized volatility was best predictor in stock markets. (Busch et al. 2011) 
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In option pricing calculating volatility compensation can be seen some kind of proxy 

for efficient pricing. Volatility compensation, or volatility risk premium, is difference 

between implied and realized volatility. When implied volatility is higher than realized 

one, option seller will be rewarded with volatility compensation by bearing the volatility 

risk. In financial theory implied volatility should be always higher than realized since 

option seller should always be rewarded with volatility compensation. (Ang et al. 2010)  

Volatility risk premium is closely linked to implied volatility and key concept and 

indicator of efficient volatility pricing.  This amount of compensation is widely studied 

and important part of pricing efficiency. Fornari (2010) studied actualized volatility risk 

premiums in US, pound and euro swaption market between years 1998 and 2006. By 

observing swaptions with 2, 5- and 10-year maturities he was able to find that volatility 

risk premium is extremely varying by time. Between 2001 and mid-2003, when 

financial market was in crisis, volatility risk was strongly negative. In June 2004 

compensation for volatility risk slowly increased to “normal levels” being around 5 

percentage on average. (Fornari 2010) 

Another research, which is in line with Fornaris’ (2010) findings, was conducted by 

Bollerslev, Gibson and Zhou (2011). They studied volatility compensation in S&P500 

index options between years 1990 and 2004. They were able to find out that realized 

volatility is systematically lower than implied one so that volatility risk premium has 

been around 2 percent on average. Another important finding, in line with Fornari 

(2010) study in swaption market, was that volatility risk premium is very time varying. 

It has been shown that macro-economic releases have very strong affect whether 

volatility risk premium is positive or negative. (Bollerslev et al. 2011) 

Byun and Chang (2015) studied also volatility risk premiums in US dollar interest rate 

swaptions between May 2000 and June 2012 so that financial crisis was included in 

data. Their methodology was to use so called delta-hedged gains method presented 

formerly by Bakshi and Kapadia (2003). In this method delta-hedged long position is 

formed with straddle structure of at-the-money swaptions so that only volatility 

premium is left over with time decay. After that only excess volatility risk premium is 

left over if present. Byung and Chang (2015) also used a lot different swaption 

maturities, so they were able to fulfill scientific gap in measuring volatility risk 

premiums between different maturities. According to their findings, different swaption 
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maturities have systematically different kind of volatility premiums. In their data implied 

volatility was higher than realized volatility in short-expiry swaptions and negative in 

long-expiry swaptions. Therefore, their evidence suggest that volatility risk premiums 

are positive in short swaptions and negative in long ones. (Byun & Change 2015; 

Bakshi & Kapadia 2003) 

 

2.3 Interest rate term structure and ECB & FED policy 

 

In this chapter parameters that are affecting interest rates are analyzed more deeply. 

This point of view can be seen as second part of literature set surrounding theme of 

this thesis. Interest rate term structure and volatility changes in the market are very 

tightly linked with derivatives pricing efficiency and realizing changes in interest rate 

cycles is very essential part of understanding results and conclusions of this thesis. 

Also, this chapter tries to explain why actually interest rate cycles exists. 

Interest rate term structure means future projection of interest rate levels in different 

maturities. It plays gargantuan role in financial market since all interest rate derivatives 

like swaps and swaptions but also bonds are priced according to term structure which 

is also called as yield curve. The role of term structure is also huge in economy since 

it shows markets evaluation of future monetary and economic conditions. 
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Figure 4. Typical term structure of interest rates. (Obtained from BBAlectures.com) 

 

Altogether interest rates are main tools for central banks like ECB and FED to steer 

economy and it is called monetary policy. Central banks conduct this monetary policy 

through so called two-pillar strategy which is combined analysis of monetary and 

economic indicator to achieve their main goal which is price stability in medium term. 

(Cendejas et al. 2014) Those typical three shapes of term structures are estimating all 

very different kind of future (See Figure 4). Most commonly term structure is upward 

sloping and it is interpreted as that market participants are expecting interest rates to 

rise in future. This means that inflation is expected to rise in future in hand with future 

economic growth. Central banks typically handle rising inflation with higher interest 

rates to keep economic conditions balance. On the contrary to this, downward sloping 

term structure is reflecting expectations of negative or very slow economic growth. It 

is typically indicator of becoming recession. Central banks lowers interest rates in 

recession when trying to increase growth and inflation. Third possible curve, flat curve 

is a quite rare. When term structure is flat, market participants are unaware of future 

economic conditions. Typically, flat curve can be seen in short maturities when we are 

in recession and no short-term actions or stabilization can be seen. (Herger 2019) 
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In 2015 Chinn and Kucko (2015) studied predictive power of yield curve in different 

economic areas and in different economic times including US and euro area. In their 

research they used data from a quite long time starting from 1970 and ending up to 

2013. In their study they defined yield curve as difference between ten-year 

government bond and three-month government bond. This is so called yield spread, 

which is in essential role to build up term structure. Chinn and Kucko’s (2015) findings 

were quite mixed. They were able to find out that yield spread indeed has historically 

significant predictive power of future growth and recession in one-year time horizon. 

What makes their findings mixed, is that predictive power declined strongly after one-

year time horizon. Also, power of prediction was strongly time-based since explanatory 

power declined in euro area when using time sample from 1998 to 2013. Out of the all 

Euro countries only Germany showed greater predictative power of recession and 

growth than simple autoregressive models. What was interesting finding regarding 

also this thesis from time scale 2008 to present, US area predictive power was good 

while using entire data set but declined very strongly when entering to 2000s. This 

might indicate that this interest rate cycle is very special in many terms and might pop 

out also in swaption data. (Chinn & Kucko 2015) 
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Figure 5. ECB & FED historical interest rates. 

 

In Figure 5 historical FED Funds and Eonia rates are displayed. Financial crash in 

2000 and “mini-boom” after it in 2004 can be clearly seen from graph and how ECB 

and FED try to revitalize and cool off economy. Also 2007-2009 another financial crisis 

pops out from graph as outstanding drop-in rates. In 2009 Eurocrisis and distrust 

between banks caused rising Eonia rates for short time. Since interest rates have 

stricken nearby or below zero after Eurocrisis in the end of 2012, we have reached so 

called zero lower bound. According to Zhang (2016) when entering to zero lower 

bound, fiscal policy comes more effective and monetary policy lose out stature. This 

is so because when interest rates are nearby zero so called liquidity trap will exist. 

Liquidity trap means situation where consumers and households keep their cash in 

savings and avoid bonds and other investments since interest rates are expected to 

rise and push bond prices down and this period can be seen from Figure 5 between 
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years 2012 – 2020. In FED Fund rates small recovery from liquidity trap can be seen 

but Eonia remains still strongly below zero. While traditional monetary policy becomes 

almost useless in zero lower bound and under liquidity trap and lowering interest rates 

makes no-effect, central banks have implemented new methods according to fiscal 

policy like balance sheet tools and communication tools. Former mentioned means 

completely new actions like ECB long-term refinancing operations (LTRO) where 

central bank buys enormous amount of bonds, and other financial instruments with its 

own balance sheet to maintain liquidity in the market. Communication tools in turn 

means new age in central bank public relations: nowadays they give quite specific 

indications of their future expectations and actions to remove asymmetric information 

and suspiciousness in the market. (Zhang 2016) 

Even though macro-economical data plays huge role in volatility pricing as indicated 

before, but even bigger effect is with FED and ECB rate decision. Typical market 

model in implied volatility changes is following: implied volatility drops strongly after 

scheduled release and increases after unscheduled release. This statement is 

supported by various studies in multiple asset classes. Fornari and Mele (2001) found 

that relation in interest rate options, Vähämaa and Äijö (2011) with similar results in 

stock market. (Fornari & Mele 2001; Vähämaa & Äijö 2011) 

As contribution to our second set of studies about implied volatility changes in different 

market conditions, Heuson and Su (2003) were able to find out that especially non-

farm payrolls/unemployment, consumer price, and producer price releases have very 

strong adjustments to option prices in derivative market. Some other important 

economic releases like durable goods, housing starts, retail sales and industrial 

productions had much weaker effect to option pricing. Another interesting finding was 

the speed of price adjustment. Their evidence showed that option implied volatilities 

takes around 20 minutes to adjust after new release. (Heuson & Su 2003) 

Fabio Fornari (2004) studied how macro-economical releases affect swaption market 

in US and euro area. He was able to find out that only a few US releases has effect 

on both US and euro area. Also, he didn’t find any evidence that Euro area releases 

have any effect on US swaption market. This result was in line with former study of 

Ehrmann and Fratzscher (2005) when they observed linkages between euro and US 

area. Other findings were quite similar with Heuson and Su since non-farm payrolls, 
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jobless rates and retail sales had biggest impacts on swaption implied volatilities in 

both areas. (Fornari 2004; Ehrmann & Fratzscher 2005; Heuson & Su 2003) 

 

2.4 Interest rate market models in contexts of derivatives pricing 

 

Third part of literature background consist of efficiency in interest rate option pricing. 

Historical background in interest rate market models dates back in time when models 

were not yet introduced and there were no interest-rate dynamics compatible with 

Black & Scholes formula for pricing swaptions. Former formulas before introducing 

market models where based on mimicking Black & Scholes -model, which was mainly 

based on stock options. Therefore, former formulas included inexact assumptions and 

simplified predictions on the interest-rate distributions. Introducing interest rate market 

models lead to more exact pricing of interest rate options since dynamics of interest 

rates were modelled. (Brigo & Mercurio 2001) 

In theoretical finance interest rate swaps and options are nowadays priced mainly by 

using two different market models. Those market models are Libor market model 

(LMM) and Swap market model (SMM).  (Pietersz, Regenmortel, 2006) Jong, Driessen 

and Pelsser (2001) studied pricing differences between those two models. They very 

able to find out that in general Libor market model is superior to swap market model 

in prediction of derivatives prices. Despite that, authors found out that still both models 

have some pricing errors because of constant volatility function. According to data, 

Libor market models seems to overprice swaptions while SMM is constantly 

underpricing swaptions. (Pietersz & Regenmortel 2006; Jong et al. 2001) 

Even though vast amount of literature argues that option pricing model from Black and 

Scholes (1973) miss prices derivatives by assuming constant volatility function, model 

is still used as a framework in this thesis and Black volatility is used in the data. Dumas 

et al. (1998) researched implied volatilities and found abnormal behavior in implied 

volatilities after 1987 crash, which couldn’t be explained with Black and Scholes -

model. Ramazan & Salih (2003) argue that their findings indicate that Black-Scholes 

systematically misprices OTM options when volatility increases. Also, Bakshi et al. 

(1997) tested more realistic pricing models with stochastic volatility function and they 
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argue that Black-Scholes -model derived with stochastic volatility would lead to better 

performance in out-of-sample pricing and hedging. (Dumas et al. 1998; Ramazan & 

Salih 2003; Baksi et al. 1997) Nowadays problems with Black volatility arises also from 

negative or close zero rates since Black volatility is presented lognormally and 

negative rates violates upper no-arbitrage bound implied volatilities. Therefore, 

quoting convention is moving from Black volatility towards to normal volatility 

quotation. (Dimitroff et al. 2015) 

Other possible models for implied volatility estimation could have been for example 

Heston model, SABR or CEV models with assumptions of stochastic volatility. 

Nevertheless, decision to use Black volatility in this thesis has been done since several 

reasons. First, only at-the-money strikes are used and problems with Black volatility 

arises mostly with far ITM/OTM options because of skewed nature of implied volatility. 

Secondly, Black & Scholes -model does not take negative rates into account like 

SABR model with shifted parameters but data used in this thesis consists only positive 

swaption strikes since negative strike prices were only observed after time scale of 

this thesis.   

All together these former studies show out that volatility is heavily dependent on time 

and volatility is inefficiently priced in some market conditions. One of the main reasons 

for this thesis is to fill gap between very mixed evidence of whether volatility risk 

premium exist in swaption pricing and under which market conditions.   
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3. DATA  

 

This section of research is reserved for empirical analysis. In this chapter all used data 

and variables are presented through descriptive statistics. Also, a bit of methodology 

to investigate realized volatility risk premiums is presented. 

 

3.1 Collection of the data 

 

Data for this empirical research is obtained from Bloomberg Terminal. My data consist 

of 4 different swaption instruments with different length of option maturities but 

underlying remaining same (10-year swap). All statistical work and analysis with data 

is done with Matlab R2017a. Dataset is divided to two parts: two of instruments are 

Euribor based swaptions and other two are corresponding Libor swaptions with same 

maturities (see Table 1). As described earlier, this is done so because reason for this 

study is to compare realized and implied volatility in different economic areas. Also, 

different option maturities enrich empirical evidence of possible findings of this 

research, but length of underlying swap has less effect to data points as shown in 

chapters 3.2. and 3.3. Time scale of my data is starting from 1.1.2000 to 1.1.2019. 

This length of data captures different interest rate cycles in these two different 

economic areas. Therefore, this time span is especially interesting in the point of view 

of interest rates.  

Whole dataset is then divided to 8 different time spans, which four of them are Euribor 

cycles and another 4 Libor cycles so that behavior in different interest rate cycles can 

be observed and compared between each other’s. These cycles can be seen in Table 

2.  
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Table 1. List of instruments  

Instrument / 

Concept 

Ticker Period Description 

Libor forward swap 

3m10y 

USFS0C10  1.1.2000- 

1.1.2019 

Obligation to pay/receive fixed rate for next 

10 years starting in 3 months from trade 

date and receive/pay floating Libor 

Libor forward swap 

6m10y 

USFS0F10 1.1.2000- 

1.1.2019 

Obligation to pay/receive fixed rate for next 

10 years starting in 6 months from trade 

date and receive/pay floating Libor 

Libor swaption 

implied volatility 

3m10y 

USSVOC10  1.1.2000- 

1.1.2019 

Implied volatility for option to pay/receive 

at-the-money fixed rate for next 10 years 

and receive/pay floating Libor expiring in 3-

months  

Libor swaption 

6m10y 

USSVOF10  1.1.2000- 

1.1.2019 

Implied volatility for option to pay/receive 

at-the-money fixed rate for next 10 years 

and receive/pay floating Libor expiring in 6-

months 

Euribor forward swap 

3m10y 

EUSAC10  1.1.2000- 

1.1.2019 

Obligation to pay/receive fixed rate for next 

10 years and starting in 3 months from 

trade date and receive/pay floating Euribor 

Euribor forward swap 

6m10y 

EUSAF10 1.1.2000- 

1.1.2019 

Obligation to pay/receive fixed rate for next 

10 years and starting in 6 months from 

trade date and receive/pay floating Euribor 

Euribor swaption 

implied volatility 

3m10y 

EUSVOC10  1.1.2000- 

1.1.2019 

Implied volatility for option to pay/receive 

at-the-money fixed rate for next 10 years 

and receive/pay floating Euribor expiring in 

3-months 

Euribor swaption 

implied volatility 

6m10y 

EUSVOF10  1.1.2000- 

1.1.2019 

Implied volatility for option to pay/receive 

at-the-money fixed rate for next 10 years 

and receive/pay floating Euribor expiring in 

6-months 

 

In Table 1 all instruments used in data are presented. Euribor/Libor forward swaps are 

correct underlyings for those swaptions listed in former table. Also, corresponding 
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Bloomberg Terminal ticker is given in column 2. Same time period is used with all 

instruments and for detailed sample sets see Table 2. 

 

Table 2. List of used interest rate cycles and definitions 

Instrument / 

Concept 

Number of 

valid 

observations 

Period Description 

US Cycle 1 288 4.12.2000- 14.1.2002 Strong decline cycle. Libor 6m 

break down from 6,6% to 2% 

US Cycle 2 603 7.5.2004 – 30.8.2006 Strong upward cycle. Libor 6m 

surged from 1,15% to 5,4% 

US Cycle 3 780  4.1.2016 – 4.1.2019 Slow upward cycle. Libor 6m 

climbed from 0.52% to 2.70% 

US Flat 707 12.11.2012 – 3.8.2015 Libor 6m flat between 0.30% 

to 0.40% 

EU Cycle 1 295 10.6.2002-28.7.2003 Strong decline cycle. Euribor 

6m break down from 3,7% to 

2% 

EU Cycle 2 527 26.9.2005 – 

15.10.2007 

Strong upward cycle. Euribor 

6m surged from 2.2% to 4.9% 

EU Cycle 3 1203 22.5.2014 – 4.1.2019 Slow decline cycle. Euribor 6m 

declined from 0.40% to -0.23% 

EU flat 398 11.12.2012 – 

24.5.2014 

Euribor 6m flat between 0.34% 

to 0.40% 

 

In Table 2 detailed sample sets are described. Sample periods are selected carefully 

by analyzing Libor and Euribor rates and identifying interest rate cycle structures. All 

cycles are not taken into account for several reasons: some of them have been very 

short market disturbances and some of them have not been very clear cycles. Also 

aim was to find cycles that have happened around same time in both EU and US area 

to remove temporal differences. Length of cycle, which can be seen as number of 

observations, is also aimed to be about similar between both EU and US to remove 

bias from sample size differences.  Still, sample periods and sizes are not exact same 
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since cycles in past have not been exactly similar length and whole cycle length was 

intended to include in data despite small temporal and quantitative differences. All 

before cycle samples are starting from 1.1.2000 and ending one trading day before 

cycle in concern starts. Graphs for 6 months Euribor and 3 months Libor can be found 

from descriptive statistics in chapters 3.2 and 3.3. 

All the data points are daily closing prices and data consist values only from actual 

trading days excluding holidays and weekends. Therefore, we have approximately 252 

observations for each year. What comes to swaptions, data points are at-the-money 

implied volatilities in each instrument. Implied volatilities are quoted as Black volatilities 

and are annualized expected variations in underlying during lifetime of option 

expressed in percentage. OIS discounting is used instead of Libor discounting since it 

is a market convention for underlying swaps in both, EUR and USD swaps and 

swaptions. The reason why EUR based instruments are following 6 months Euribor 

and USD based instruments are using 3 months Libor is stemming also from market 

convention. Both alignments with data are made to obtain the most direct market 

quotations to reach the most accurate data. 

In turn, swap data points are expressed in basis points so that 100 basis points equals 

interest rate level of 1 %. Swap data consist of only 4 different instruments since 

swaption data used in this research has 4 different underlyings. This amount can be 

seen sufficient since those 4 different curves are very common and therefore also most 

liquid. Swap data set is handled so that daily returns are calculated from single day 

closing prices by using following formula: 

 

where rt is logarithmic return for each trading day t. Pt is corresponding values for 

closing prices in trading day t and t-1. Further on, to achieve realized volatility risk 

premium, realized volatility must be calculated. Realized volatility in this data set is 

calculated from daily log returns by taking standard deviations from the time of each 

option maturity. This value is then annualized by multiplying standard deviation with 

square root of total trading days in year. Assumption of 252 trading days in year is 

used. 
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With realized volatilities we are able to achieve final volatility risk premiums. Since 

both: realized and implied volatility are in annualized, we can subtract realized volatility 

from implied volatility to achieve volatility risk premium since VRP = IV - RV. To be 

more precise, realized volatility has been calculated as stated before and implied 

volatility has been taken as given from market data. This volatility risk premium 

calculation has been done to each and every trading day and reflects realized volatility 

risk premium if contract is done that day in question and held till maturity according to 

European expiry policy. 

 

As stated, before in chapter 2.2, according to Christensen & Prabhala (1998) 

overlapping data significantly overestimates the historical volatility from its forecasting 

ability and usage of some more advanced sampling procedures are advised since 

overlapping data causes bias in autoregressive models. In this thesis volatility data is 

also overlapping but focus in this thesis is a bit different. Focus is not to create 

forecasting models to future volatility with for example GARCH or ARCH models. In 

this thesis observed implied volatility is only compared to realized volatility in different 

cycles not estimated. Only issue might rise from biased results from cointegration 

tests, but conscious risk is taken since in sampling procedure vast amount of data 

points will be lost and it will significantly weaken results of this thesis. For example, 

monthly sampling in EU cycle 1 would reduce observed data points from 295 to 13. 
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3.2 Descriptive statistics of USD based instruments 

 

Since data, which is used in thesis, consists first of two different economic areas and 

then from different underlying basis curves, it is inevitable to present data separately 

divided to different underlyings. This chapter presents descriptive statistics of US data 

starting from 10-year underlying Libor swap and then followed by 15-year Libor 

forward swap. Different option maturities are presented in same figure. Reason why 

15-year Libor swap is presented even though correct underlyings are 3 months 10 

year forward Libor swap and 6 months 10 year Libor swap is to give reader better 

understanding for swap rates since both 3 months and 6 months are about very close 

to each other so figure of it won’t make a lot sense (See Appendix 5-6). Also, as can 

be seen from Figures 8-9 implied volatilities for 10-year and 15-year swaps don’t vary 

a lot from each other therefore this thesis focuses on 3m10y and 6m10 swaption 

pricing, since the most notable alteration is related to maturity of option. Exact closing 

prices for underlying data can be found from Appendices. 

In Figure 6, 3 months Libor data is illustrated, and more specific description of market 

conditions and movements is given below in Figures 5 & 7. In Libor figure, sample 

cycles indicated in Table 2 are highlighted with grey area. Flat period is also shown in 

figure between 12.11.2012 – 3.8.2015. 
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Figure 6. 3 months Libor and selected interest rate cycles  

 

First observations of Libor-based data start from 1.1.2000 and ends up in 1.1.2019.  

In total 4956 datapoints are included since daily closing prices from every trading day 

are included in data. Those values are presented in basis points in Appendix 6 and in 

Figure 7. From Figures 5 & 6 it is easy to observe that year 2006 started from quite 

high levels of interest rate since both 10-year swap and 15-year was trading at around 

4.7% to 5.7%. Since swap rates were increasing predictions of future growth were 

pumped up this time is typical situation when economy is in very high boom and bust. 

That ended up in 2008 to hard crash and extreme volatility wasn’t only in stock markets 

but also in credit side as we can see from years 2008 to 2009 when 10-year and 15-

year swaps declined around 300 basis points in very short time. After year 2009 real 

interest rates declined very shortly as we can see from previous Figure 5 and 

predictions of future interest rate path declined significantly. After 2009 market kept 

very volatile in Great recession for next 2 years and we can see like 100 basis points 

up and downs in quite short time. After 2011 predicted path for interest rates were very 

melancoline since both swap rates were trading around 175 to 250 basis points. What 

is interesting, spread between these swap rates seems to be highest in that period 

(2012 to 2013). This means that market expected very steeply rising yield curve. That 
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prediction was absolutely correct as we can see from Libor Figure 6 but swap market 

expectations were too high. After FED indications about future interest rates, we can 

see very clearly declining trend rates from 2013 to 2016 when expectations of interest 

rates like 4% where crushed. In 2016 swap rates turned again totally around and hard 

recovery in economic conditions started. This time of recovery and interest rate cycle 

sustained around 3 years when 2019 FED started to decline interest rates again. 

 

 

Figure 7. 10-year and 15-year Libor swap closing prices (Quoted in basis points) 

 

In Figure 8, implied volatilities for each option maturity (3 months, 6 months and 1 

year) are plotted against time. Y-axis is annualized Black volatility in percentage. As 

we can see from Figure 8, implied volatilities jumped to extreme levels during subprime 

market crisis in 2008 and 2009. It seems that short options have the highest values in 

any “peak” during dataset. 
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Figure 8. Implied volatilities with different expiry dates against 10-year Libor swap. 

 

In Figure 9 similarly, implied volatilities of different expiry dates are plotted against 

time. Figure is very similar with figure and evidence of volatility spikes seems to be 

identical. This supports decision to use only 3m and 6m 10-year swap as underlying. 

 

Figure 9. Implied volatilities with different expiry dates against 15-year Libor swap. 
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In Figures 10 & 11 daily logarithmic returns of both 10 year and 15-year Libor swaps 

are presented. Some extreme times like 2008-2009 are pinning out of the data but 

otherwise log returns are oscillation nearby zero. Even though recovery after 2016 

liquidity trap can be seen as higher positives spikes and interest rate declines in 2018-

2019 can be seen as highly negative spikes. Evidence is very similar with Figure 11 

of 15-year daily returns. In financial crisis 2008-2009 daily spikes both up and down 

has been a bit higher in 15-year swaps. Since it is longer hedge, it is reasonable that 

it fluctuates more in extreme situations. What is interesting, it seems that in 2016 

recovery and in recent interest rate declines in 2019 shorter swap has faced higher 

ups and downs while longer hedge has been a bit more stable (changes has been still 

quite strong). 

 

Figure 10. Log returns of 10-year Libor swap 
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Figure 11. Log returns of 15-year Libor swap 

 

3.3. Descriptive statistics of EUR based instruments 

 

Similarly, to Libor-based data, Euribor data starts is taken from same time scale 

starting from 1.1.2000 to 1.1.2019. Therefore, Euribor-based data consist of totally 

4582 of different closing prices in each instrument. From similar reasons, mentioned 

in chapter 3.2 10-year and 15-year swaps are presented in this chapter. Exact closing 

prices for Euribor based underlyings can be found from Appendices. 

In Figure 12 Euribor 6 months historical movements from time scale of this thesis are 

presented. Similarly, to Figure 12 sampling cycles are presented with grey area. For 

the sake of visual clarity, Euribor flat period is not illustrated since last cycle from 

22.5.2014 – 4.1.2019 start immediately after flat period. For reminder flat period in 

Euribor data is between 11.12.2012 – 24.5.2014. 
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Figure 12. 6 months Euribor and selected interest rate cycles  

 

In Figures 13 & 14 closing prices of 10-year and 15-year Euribor swaps are presented. 

In the beginning of time scale of data, both swaps were trading around 6 to 4.5 percent 

while Libor swaps quoted almost in same levels being around 4.7 percent. When 

entering into global financial crash in 2008 also Euribor levels plunged hardly even 

though financial turbulence was mainly US based referring to subprime market crisis. 

While Libor swaps plunged to around 2.3%, Euribor swaps remained still clearly over 

3% so euro area did not encounter that high uncertainty. It is also remarkable that 

rebound after crisis was not that hard in Euribor swaps since they rose only around 50 

basis points from bottom while Libor swaps recovered around 200 basis points in same 

time. In 2010 Euribor swaps were trading around 4 percent when Euro crisis hit 

markets. Strong decline in Euribor rates started and trend lasted around 3 years when 

in 2015 swap rates started to increase from bottom levels. 2015 bottom point was 

around 50 basis points when Libor swaps were quoted much higher in 200 basis 

points. In 2016 Libor swaps started to increase very strongly but Euribor rates 

remained still quite stable, relatively low levels. In 2018 interest rates started to decline 
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and bizarre situation with even negative swap rates were seen first time in history in 

2019. 

 

Figure 13. Closing prices of 10 and 15-year Euribor swaps. (Quoted in basis points) 

 

In next Figures 14 & 15 implied volatilities with different expiry dates against 10-year 

and 15-year Euribor swap are shown. In 2010 all implied volatilities were trading 

around 30 % percent while Libor volatilities quoted also in similar levels. In 2008-2009 

subprime crisis implied volatilities of Euribor based options did not rise as much as 

Libor ones. Euribor swaption volatilities doubled in short time but never faced Libor 

levels which were around 40 to 80 percent. After 2011 market conditions in Euribor 

swaptions remained relatively stable. Next increases can be seen in 2014 when also 

Swaps started to climb up from historical bottom. Since quotes are in black volatility 

and Euribor swap levels were very low, volatility quote can be a bit distractive since 

expectation of change in percent’s is relatively higher than in higher swap levels. Later 

on, when volatility risk premiums are observed, veritability of changes can really be 

seen. 
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Figure 14. Implied black volatilities against 10-year Euribor swap with different expiry 

dates. 

 

When observing implied black volatilities in 10-year and 15-year Euribor swaptions, it 

seems that underlying does not have so much effect. Both Figures 14 and 15 looks 

very similar even though they have completely different underlying.  

 

Figure 15. Implied black volatilities against 15-year Euribor swap with different expiry 

dates 
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In Figures 16 & 17 both 10- year and 15-year Euribor swap logarithmic returns are 

plotted against time. Highest spikes seem to be in 2012 and 2014 to 2016. Last 

mentioned time period was interesting in many ways since Euribor swaps were 

fluctuating very hardly in relatively short period of time, which can of course be seen 

in implied volatilities but also from logarithmic returns. This time period did not spike 

out this much in Libor data.  

 

Figure 16. Logarithmic returns of 10-year Euribor swap 

 

When comparing 15-year logarithmic returns to 10-year data, it is interesting that 

2008-2009 subprime market crisis hit 15-year swap much harder than shorter one. 

Same evidence was seen also from Libor data. Otherwise log returns seems very 

stochastic, as they are assumed to be, in both Libor and Euribor but also in both 

maturities.  

 

Figure 17. Logarithmic returns of 15-year Euribor swap 
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4. METHODOLOGY 

 

Methodology of the study presents all statistical frameworks which are used to capture 

relationships between implied and realized volatility in swaption pricing. First, nature 

of this time series data is examined with Augmented Dickey-Fuller (ADF), 

Kwiatkowski-Phillips-Schmidt-Shin test (KPSS) and different autocorrelation 

simulations. Those tests are done to reveal unit root process and non-stationarity of 

data, which are essential when moving further in empirical study. This section is then 

followed by co-integration tests of Johansen test and Engle-Granger test with the help 

of evidence found in chapter 4.1.  

 

4.1 Augmented Dickey-Fuller and KPSS 

 

When modelling long-run relationships in finance it is important to start with the 

investigating time-based features in financial data. The most important thing first is to 

find out the stationarity of the data. Stationarity in time-series means that data has 

constant mean, variance and covariance in each lag of the data. In other words, 

stationarity means that data has same statistical features in any point of data. 

Typically, in financial data this is not the case since quite many economic variables, if 

not all, are somehow dependent on time. In non-stationary process statistical 

properties are dependent on time. This affects statistical analysis since it usually leads 

to spurious regression, which means causalities when there is none. Typically, non-

stationary time series are converted to stationary for example by differencing. What is 

very important before modifications is to find order of integration, which means how 

many times data must be differenced to achieve stationary time series. This is called 

also by unit root. Unit root tests, like Augmented Dickey-Fuller, are very useful to reveal 

presence of integration. 

The reveal these processes in the data ADF framework by Dickey and Fuller (1979) 

and KPSS by Kwiatkowski-Phillips-Schmidt-Shin can be used. To start with ADF, it will 

test unit root in time series by estimating following regression forms: 
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∆𝑌𝑡 = 𝛿𝑌𝑡−1 + 휀𝑡 , 

∆𝑌𝑡 = 𝛼 + 𝛿𝑌𝑡−1 + 휀𝑡 , 

∆𝑌𝑡 = 𝛼 + 𝛽𝑡 + 𝛿𝑌𝑡−1 + 휀𝑡, 

where first one models random walk, second random walk with constant and third 

random walk with constant and trend. (Pickup 2016) 

ADF test has following hypotheses: 

H0 = The process has a unit-root (is not stationary) 

H1 = The process has no unit root (stationary process) (Dickey & Fuller 1979) 

Therefore, failing H(0) rejection indicates some existence of unit root and variables are 

integrated with some degree of I(d) where d > 0 and variables must be differentiated 

by times d to achieve stationary nature. Part of ADF test is t-statistic which will help us 

to identify significance and critical values of ADF test. Critical values are not following 

typical t-distribution of null hypothesis, but they are more like non-standardly 

distributed. Original significance level values from Fuller (1976) are used in this thesis. 

ADF test also includes values for Bayesian and Akaike information criteria (BIC & AIC) 

to reveal proper length of lag so that autocorrelation will be removed from the data. 

Framework from Kwiatkowski-Phillips-Schmidt-Shin (KPSS) is used in similar 

purposes and is applied besides of ADF to ensure highest possible accuracy. Another 

reason to use KPSS in beside of ADF is that, KPSS test is mainly test for stationary 

while ADF test is for unit root process. This method of using both tests is also advised 

by Brooks (2008) since testing frameworks always reject or not reject null hypothesis, 

but they never state whether it is accepted or not. Therefore, there can be failure to 

reject null because of several reasons and one can be just insufficient evidence. 

Hypotheses for KPSS test are following: 

H0 = variables are stationary, (I(0) process) 

H1 = variables are not stationary, (I>0) process) (Kwiatkowski et al. 1992) 
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4.2 Cointegration tests for implied and realized volatility (Johansen 

& Granger-Engle test) 

 

Cointegration methodology has recently become more and more popular to expose 

relations in non-stationary variables. Since many financial data is dependent on time, 

dataseries are non-stationary and follows process of unit root, like the data of this 

study as indicated afterwards in Tables 3-6. Cointegration tests are more than useful 

to use in empirical analysis since they allow non-stationary nature and unit root 

process in data. In general, cointegration means that two or more time-series data are 

following I(1) process but when some linear combination of them are stationary I(0) 

then they can be said to be cointegrated in some order. Cointegration tests are used 

to in this thesis to model short and long-term relationships between implied and 

realized volatility. 

Evidence for typical OLS spurious regressions and cointegration test was first 

collected by Robert Engle and Clive Granger (1987). They defined cointegration by 

following way: 

Elements of dimensional vector are cointegrated of order (d,x), if all elements of vector 

are integrated of order d, I(d) and there exists at least one non-trivial linear combination 

of those variables, which is I(d-x). Therefore, cointegration rank r is number of linearly 

independent cointegration vectors. (Kirchgässner & Wolters 2007; Engle & Granger 

1987) 

Granger-Engle test is approached by using two-step method. First step in this 

cointegration test is to make sure that we really have time series data with variables 

following I(1) process. After that OLS regression will be estimated and residuals 휀𝑡 will 

be tested if they are I(0). If residuals 휀𝑡 are still integrated of degree d>0, model will be 

estimated by using only first differences.  

𝑦𝑡=𝛽+ 𝛿𝑥𝑡+ 휀𝑡. 

In next step 2 residuals taken in first step, which are integrated degree of zero, are 

used as one variable in error correction model 

yt = β1xt + β2( ˆut−1) + vt 
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As stated before, stationary linear combination is called cointegration vector in this 

regression form.  

Some problems are identified when using Engle-Granger methodology. Typically, one 

of the most common problems is insufficient data and number of observations which 

leads to both: lack of power in unit root and cointegration. This problem is tackled by 

using huge amount of daily data, at the same time being aware with possible 

overlapping problem introduced by Christensen and Prabhala (1998) in chapters 2.2. 

& 3.2. In this thesis more problems with small data set is seen than in overlapping 

values. In addition, Engle-Granger method can also lead to simultaneous equations 

bias, but this problem usually occurs with small samples. Also, methodology is able to 

perceive only one possible cointegration vector, which is tackled by using also 

Johansen test side by side to capture trickier cointegrating mechanics between those 

variables. (Brooks 2008) 

One of the most used cointegration tests is Johansen’s cointegration test, which was 

presented 1987 in his study of “Statistical Analysis of Cointegration Vectors”. Idea in 

Johansen’s cointegration test is to test if non-stationary variables following unit root 

I(d) process have some degree of linear relationships. Test is based on maximum-

likelihood estimation and it tries to create linear cointegration vectors between 

variables. Its added value to Engle's framework is to allow more than one cointegration 

relationship between variables and using two frameworks verifies observations. Also 

applying both methods and comparing results is also advised by Brooks (2008). 

Johansen cointegration relationship is done by testing hypothesis against long-run 

coefficient matrix Π. This matrix is parameterized in equation below. In actual test, 

rank of matrix Π is tested with characteristic roots and own eigenvalue. Also test 

includes null hypothesis of 𝜆𝑡𝑟𝑎𝑐𝑒, which quantifies amount of possible cointegrating 

vectors. Characteristic roots and their statistical significance will suggest presence of 

cointegration between variables. Cointegrated data series contain and share same 

stochastic trend, which may short-term from each other, but they still revert to same 

path at least in long-run.  

Δ𝑥𝑡= 𝐴1𝑥𝑡−1−𝑥𝑡−1+휀𝑡, 

Δ𝑥𝑡= (𝐴1−𝐼) 𝑥𝑡−1+휀𝑡, 
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Δ𝑥𝑡=Π 𝑥𝑡−1+휀𝑡, (Johansen 1991) 

Purpose to use Johansen test is to find out if there are some statistical evidence in 

abnormal behavior between implied and realized volatility in and outside of interest 

rate cycles. 

 

 

 

 

 

 

 

 

 

  



47 
 

 

5. RESULTS 

 

In this chapter all results of tests mentioned in chapter 4 are presented. First results 

for unit root tests are discussed. Results in Augmented Dickey-Fuller and KPSS test 

are crucial for further discussion with cointegration tests. In ADF and KPSS tests both 

realized and implied volatilities are tested. Only before cycle samples are presented 

since those samples also includes all selected cycles and stationary test just test 

generally nature of data. Testing also in cycle samples as in this context would not 

make any additional information.  

 

5.1 Results for ADF and KPSS tests for unit root 

 

ADF and KPSS test were used to test null hypothesis of a unit root in selected time 

series data. Since variables must be integrated in degree of I(>0) to have cointegration 

between each other. Therefore these unit root test are important to reveal possible 

stationary I(0) process, which in this case would make further cointegration analysis 

useless. Both ADF and KPSS tests were done for each segregated time spans of the 

data to reveal if there are changes data during time span of this thesis. What comes 

to ADF testing, different test models were applied to reveal all features of time series. 

Therefore, all following three models were used: ADF test with constant and time 

trend, ADF test with only constant and ADF test without constant and time trend. 

Akaike information criterion (AIC) was used to find out proper lag length in test. Usually 

lag length must be selected in accord with frequency of the data. In this thesis high 

frequency data (daily observations) are used which makes traditional way of lag length 

selection invalid. Also, guidance from Schwert (1989) is used to find proper lag length. 

He suggests that maximum lag length is selected by 

pmax = maximum lag =[12(T/100)^¼] 

 

and then sensitivity to results are evaluated by downgrading lags. (Schwert 1989) 
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Table 3. Results for ADF test for observations before cycles with US data 

 

Results from ADF tests can be seen in Table 3. They indicate strongly failure to reject 

the unit-root null, which in this case is H0 = failure to reject the unit-root null. This is in 

line with also graphical evidence of data sample. Graphs of implied and realized 

volatilities can be seen in Appendices 1-2. Only rejections for unit root process were 

observed in US 3m10y realized volatility before interest rate cycle 2 and also in US 

3m10 implied volatility before interest rate cycle 3 with some ADF models. Despite 

that according to ADF test unit-root process can be verified. 

With KPSS test null hypothesis of time-series stationarity is tested non-stationary 

alternative. To earn valid results from the test, proper lag length must be also selected 

as in ADF test. In this thesis suggestion from Kwiatkowski et al. (1992) is used in lag 

length selection. They state out that lag length of square root t can be applied. Also 

starting with small lag length is adviced and then sensitivity of results with changing 

lag length must be tested. KPSS test is also done with deterministic trend and without 

it to reveal all data features.  

 

US data before cycles Constant and trend Constant but no trend Without trend and constant Lags

US 3m10y Realised before cycle 3 h=0, p=0.61 h=0, p=0.54 h=0, p=0.74 5

US 3m10y Realised before cycle 2 h=1, p=0.01 h=0, p=0.11 h=0, p=0.45 4

US 3m10y Realised before cycle 1 h0=, p=0.90 h=0, p=0.48 h=0, p=0.54 3

US 3m10y Implied before cycle 3 h=0, p=0.13 h=1, p=0.04 h=0, p=0.36 5

US 3m10y Implied before cycle 2 h=0, p=0.11 h=0, p=0.47 4

US 3m10y Implied before cycle 1 h=0, p=0.14 h=0, p=0.06 h=0, p=0.49 3

US 6m10y Realised before cycle 3 h=0, p=0.25 h=0, p=0.28 h=0, p=0.60 5

US 6m10y Realised before cycle 2 h=0, p=0.76 h=0, p=0.27 h=0, p=0.65 4

US 6m10y Realised before cycle 1 h=0, p=0.99 h=0, p=0.74 h=0, p=0.58 3

US 6m10y Implied before cycle 3 h=0, p=0.41 h=0, p=0.26 h=0, p=0.67 5

US 6m10y Implied before cycle 2 h=0, p=0.82 h=0, p=0.52 h=0, p=0.80 4

US 6m10y Implied before cycle 1 h=0, p=0.17 h=0, p=0.08 h=0, p=0.53 3



49 
 

Table 4. Results for KPSS test for observations before cycle with US Data. 

US data before cycles 
Deterministic trend = 
YES 

Deterministic trend = 
NO Lags 

US 3m10y Realised before cycle 3 h=1, p=0.01 h=1, p=0.01 1 

US 3m10y Realised before cycle 2 h=1, p=0.01 h=1, p=0.01 1 

US 3m10y Realised before cycle 1 h=1, p=0.01 h=1, p=0.01 1 

    

US 3m10y Implied before cycle 3 h=1, p=0.01 h=1, p=0.01 1 

US 3m10y Implied before cycle 2 h=1, p=0.01 h=1, p=0.01 1 

US 3m10y Implied before cycle 1 h=1, p=0.01 h=1, p=0.01 1 

    

US 6m10y Realised before cycle 3 h=1, p=0.01 h=1, p=0.01 1 

US 6m10y Realised before cycle 2 h=1, p=0.01 h=1, p=0.01 1 

US 6m10y Realised before cycle 1 h=1, p=0.01 h=1, p=0.01 1 

    

US 6m10y Implied before cycle 3 h=1, p=0.01 h=1, p=0.01 1 

US 6m10y Implied before cycle 2 h=1, p=0.01 h=1, p=0.01 1 

US 6m10y Implied before cycle 1 h=1, p=0.01 h=1, p=0.01 1 

 

Results for KPSS test can be seen in Table 4. There seems to be very strong evidence 

in the direction of unit root and non-stationary process since all tests seems to reject 

stationary null in favor of the non-stationary alternative. This is completely in line with 

graphical and ADF test evidence. Lag length of 1 was used in all data samples since 

methods indicated by Kwiatkowski (1992) didn’t affect sensitivity of results. Therefore, 

we can conclude that our time series data is non-stationary and follows I(>0) process. 

This fact permits continuation with cointegration methodology presented in chapter 4.2 

Similarly, to US data results for KPSS and ADF tests with EU data can be seen in 

tables below 
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Table 5. Results for KPSS test for observations before cycles with EU data with and 

without deterministic trend 

EU data before cycles 
Deterministic trend = 
YES 

Deterministic trend = 
NO Lags 

EU 3m10y Realised before cycle 3 h=1, p=0.01 h=1, p=0.01 1 

EU 3m10y Realised before cycle 2 h=1, p=0.01 h=1, p=0.01 1 

EU 3m10y Realised before cycle 1 h=1, p=0.01 h=1, p=0.01 1 

    

EU 3m10y Implied before cycle 3 h=1, p=0.01 h=1, p=0.01 1 

EU 3m10y Implied before cycle 2 h=1, p=0.01 h=1, p=0.01 1 

EU 3m10y Implied before cycle 1 h=1, p=0.01 h=1, p=0.01 1 

    

EU 6m10y Realised before cycle 3 h=1, p=0.01 h=1, p=0.01 1 

EU 6m10y Realised before cycle 2 h=1, p=0.01 h=1, p=0.01 1 

EU 6m10y Realised before cycle 1 h=1, p=0.01 h=1, p=0.01 1 

    

EU 6m10y Implied before cycle 3 h=1, p=0.01 h=1, p=0.01 1 

EU 6m10y Implied before cycle 2 h=1, p=0.01 h=1, p=0.01 1 

EU 6m10y Implied before cycle 1 h=1, p=0.01 h=1, p=0.01 1 

 

As we can see from Table 5, KPSS results are completely similar with results from US 

data. Therefore, we can conclude that our EU data is also clearly following non-

stationary process according to KPSS test. Same issues with lag length selection was 

faced also with EU data and all test were conducted finally with lag length 1. 

In Table 6 Augmented-Dickey-Fuller test results are presented. Similarly, to US data 

also AIC and Bic criterion where used to select proper lag length. 
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Table 6. Results for ADF test for observations before cycles with EU data 

 

As we can see from results in Table 6. All instruments indicate strongly failure to reject 

unit root null, which in this case tests for presence of unit root process. In US data 

some rejections for unit root process were capture but in EU data all observations fails 

to reject null hypothesis with significance level of 5 percent. Closest values from 

rejection were captured in EU 6m10y implied before cycle 3 and EU 3m10y implied 

before cycle 3 where H0 only barely holds. Despite that, results from ADF and KPSS 

test with EU data also tells very same story than US data about strongly non-stationary 

process with unit root. 

 

 

 

 

EU data before cycles Constant and trend Constant but no trend Without trend and constant Lags

EU 3m10y Realised before cycle 3 h=0, p=0.16 h=0, p=0.19 h=0, p=0.51 6

EU 3m10y Realised before cycle 2 h=0, p=0.70 h=0, p=0.39 h=0, p=0.75 1

EU 3m10y Realised before cycle 1 h=0, p=0.99 h=0, p=0.63 h=0, p=0.20 5

EU 3m10y Implied before cycle 3 h=0, p=0.08 h=0, p=0.21 h=0, p=0.58 7

EU 3m10y Implied before cycle 2 h=0, p=0.47 h=0, p=0.19 h=0, p=0.85 2

EU 3m10y Implied before cycle 1 h=0, p=0.59 h=0, p=0.70 h=0, p=0.58 2

EU 6m10y Realised before cycle 3 h=0, p=0.87 h=0, p=0.81 h=0, p=0.90 1

EU 6m10y Realised before cycle 2 h=0, p=0.86 h=0, p=0.62 h=0, p=0.73 3

EU 6m10y Realised before cycle 1 h=0, p=0.66 h=0, p=0.55 h=0, p=0.86 4

EU 6m10y Implied before cycle 3 h=0, p=0.14 h=0, p=0.34 h=0, p=0.58 4

EU 6m10y Implied before cycle 2 h=0, p=0.36 h=0, p=0.17 h=0, p=0.86 9

EU 6m10y Implied before cycle 1 h=0, p=0.83 h=0, p=0.49 h=0, p=0.70 8
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5.2 Results for Johansen test and Engle-Granger test for 

cointegration 

 

Two cointegration tests: Johansen test and Engle-Granger test were used to capture 

cointegrating relationships between implied and realized volatility in different time 

spans. First Engle-Granger was conducted with null hypothesis that non-stationary 

time series are not cointegrated. Rejection of null hypothesis in Engle-Granger test 

indicates that time series are cointegrated. In Johansen test cointegration between 

two time series was similarly observed. In Johansen test cointegrating ranks r>0 were 

tested against null hypothesis that no cointegration exists. Cointegration rank r>0 

indicates one or more cointegrating relationship between variables 

In Table 7 below results for Engle-Granger cointegration test with US data is 

presented. Lag length selection is done by assessing AIC and BIC criterion. Test was 

conducted with four different methods to reveal all aspects of the data. Those four 

methods were different cointegration models: no constant or trend, constant but no 

trend, constant and linear trend and model with quadratic trend. In general, it seems 

that plain cointegration model discarding constant term and trend gives best estimates 

and quadratic model seems to lead most weak results from viewpoint of cointegrated 

relation. This evidence is in line with stochastic nature of volatility where volatility 

wanders randomly during the time following Brownian motion. 
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Table 7. Results for Engler-Granger cointegration test for US data without trend 

factors in model 

 

Table 8. Results for Engler-Granger cointegration test for US data with trend factors 

in model 

 

US dataset No Constant or trend in X Constant but no trend in X Lags

US 6m10y cycle 3 h=1, p=0.01 h=1, p=0.01 3

US 6m10y before cycle 3 h=1, p=0.01 h=0, p=0.11 5

US 6m10y cycle 2 h=0, p=0.15 h=0, p=0.43 3

US 6m10y before cycle 2 h=0, p=0.25 h=0, p=0.53 3

US 6m10y cycle 1 h=0, p=0.07 h=0, p=0.28 4

US 6m10y before cycle 1 h=0, p=0.22 h=0, p=0.90 3

US 6m10y flat h=0, p=0.15 h=0, p=0.57 3

US 6m10y before flat h=1, p=0.05 h=0, p=0.25 5

US 3m10y cycle 3 h=1, p=0.01 h=1, p=0.01 3

US 3m10y before cycle 3 h=1, p=0.01 h=1, p=0.01 5

US 3m10y cycle 2 h=0, p=0.25 h=0, p=0.80 3

US 3m10y before cycle 2 h=1, p=0.03 h=0, p=0.22 3

US 3m10y cycle 1 h=0, p=0.52 h=0, p=0.90 4

US 3m10y before cycle1 h=0, p=0.84 h=0, p=0.98 3

US 3m10y flat h=1, p=0.05 h=0, p=0.22 3

US 3m10y before flat h=1, p=0.01 h=1, p=0.01 5

US dataset Constant and linear trend in X Constant, linear trend and quadratic trend in X Lags

US 6m10y cycle 3 h=0, p=0.48 h=0, p=0.47 3

US 6m10y before cycle 3 h=0, p=0.35 h=0, p=0.57 5

US 6m10y cycle 2 h=0, p=0.93 h=0, p=0.99 3

US 6m10y before cycle 2 h=0, p=0.94 h=0, p=0.97 3

US 6m10y cycle 1 h=0, p=0.32 h=0, p=0.96 4

US 6m10y before cycle 1 h=0, p=1 h=0, p=0.98 3

US 6m10y flat h=0, p=0.88 h=0, p=0.98 3

US 6m10y before flat h=0, p=0.66 h=0, p=0.84 5

US 3m10y cycle 3 h=0, p=0.24 h=0, p=0.44 3

US 3m10y before cycle 3 h=1, p=0.01 h=1, p=0.01 5

US 3m10y cycle 2 h=0, p=0.64 h=0, p=0.97 3

US 3m10y before cycle 2 h=0, p=0.77 h=0, p=0.42 3

US 3m10y cycle 1 h=0, p=0.99 h=0, p=0.99 4

US 3m10y before cycle1 h=0, p=0.99 h=0, p=0.95 3

US 3m10y flat h=0, p=0.49 h=0, p=0.79 3

US 3m10y before flat h=1, p=0.03 h=0, p=0.07 5
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To start with results from the beginning of data sample with interest rate cycle 1, we 

can clearly see from the results that no cointegration relation can be found since all 

models fails to reject null hypothesis of no cointegration relation according to Engle-

Granger test. Us3m10y data suggests fails very clearly to reject null hypothesis since 

even “best” p-value is 0.52 with plain model. US6m10y data with plain cointegration 

model gives a bit more promising results since p-value in cycle is 7% but still fails to 

reject null hypothesis with significance level of 5 percent. 

When observing interest rate cycle 2, values for Engle-Granger test succeeds to find 

cointegrated relationship between implied and realized volatility in time scale before 

cycle 2 between 1.1.2000 - 7.5.2004. With plain cointegration model test rejects null 

hypothesis with h = 1 and p=0.03. Relationship is not the strongest one since critical 

value for test was -2.77 while output was -2.95, which means that null hypothesis was 

barely rejected. Even though cointegration exists before cycle 2, it seems to vanish 

during the cycle 2 since null hypothesis was failed to reject with h=0, p=0.25 in the 

cycle. 

Interest rate cycle 3 seems to be completely different compared to other data cycles 

since very strong cointegration was found during cycle 3 during 4.1.2016 - 4.1.2019. 

Us 3m10y before cycle 3 indicates homologous very strong cointegration between 

implied and realized volatility. Us 3m10y with whole data set is only variable in which 

Engle-Granger cointegration test with all different model structures is able to find 

strong cointegration since h=1 and p=0,01. Also, another dataset with different 

underlying US 6m10y supports same evidence since H0 was rejected strongly in and 

out of the cycle with plain model. Given that, it seems that US realized and implied 

volatility are very strongly cointegrated when looking the whole dataset with long time 

span. Also, latest cycle 3 supports evidence that cointegration exists also inside 

interest rate cycle.   

What comes to flat market sample data Engle-Granger test indicates that cointegration 

exists before and inside flat market cycle. Evidence is not though unambiguous since 

cointegration was rejected in US 3m10y dataset during flat market situation.  

In Table 7 below results for Engle-Granger test for cointegration are presented with 

EU data. Similarly, to US data, AIC and BIC criterion where used to proper lag length 

selection. Same models were used with EU data than with US data 
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Table 7. Results for Engler-Granger test for EU data without trend factors in model 

 

Table 8. Results for Engler-Granger test for EU data with trend factors in model 

 

To start from beginning of the data set both EU6m10y and 3m10y indicates strong 

failure to reject null hypothesis of no cointegration. Since H=0 and the lowest p-value 

EU dataset No Constant or trend in X Constant but no trend in X Lags

EU 6m10y cycle 3 h=1, p=0.01 h=0, p=0.34 2

EU 6m10y before cycle 3 h=1, p=0.03 h=0, p=0.27 2

EU 6m10y cycle 2 h=0, p=0.96 h=0, p=0.98 2

EU 6m10y before cycle 2 h=0, p=0.59 h=0, p=0.90 2

EU 6m10y cycle 1 h=0, p=0.80 h=0, p=0.95 2

EU 6m10y before cycle 1 h=0, p=0.73 h=0, p=0.57 2

EU 6m10y flat h=0, p=0.82 h=0, p=0.88 2

EU 6m10y before flat h=1, p=0.03 h=0, p=0.33 2

EU 3m10y cycle 3 h=1, p=0.01 h=1, p=0.05 3

EU 3m10y before cycle 3 h=1, p=0.01 h=1, p=0.01 3

EU 3m10y cycle 2 h=0, p=0.71 h=0, p=0.85 2

EU 3m10y before cycle 2 h=0, p=0.16 h=0, p=0.43 4

EU 3m10y cycle 1 h=0, p=0.47 h=0, p=0.73 2

EU 3m10y before cycle1 h=0, p=0.58 h=0, p=0.88 2

EU 3m10y flat h=0, p=0.20 h=0, p=0.63 2

EU 3m10y before flat h=1, p=0.01 h=1, p=0.01 2

EU dataset Constant and linear trend in X Constant, linear trend and quadratic trend in X Lags

EU 6m10y cycle 3 h=0, p=0.73 h=0, p=0.82 2

EU 6m10y before cycle 3 h=0, p=0.64 h=0, p=0.84 2

EU 6m10y cycle 2 h=0, p=0.98 h=0, p=0.34 2

EU 6m10y before cycle 2 h=0, p=0.81 h=0, p=0.92 2

EU 6m10y cycle 1 h=0, p=0.95 h=0, p=0.95 2

EU 6m10y before cycle 1 h=0, p=0.60 h=0, p=0.48 2

EU 6m10y flat h=0, p=0.88 h=0, p=0.38 2

EU 6m10y before flat h=0, p=0.75 h=0, p=0.97 2

EU 3m10y cycle 3 h=0, p=0.09 h=0, p=0.41 3

EU 3m10y before cycle 3 h=1, p=0.01 h=1, p=0.03 3

EU 3m10y cycle 2 h=0, p=0.82 h=0, p=0.14 2

EU 3m10y before cycle 2 h=0, p=0.32 h=0, p=0.46 4

EU 3m10y cycle 1 h=0, p=0.98 h=0, p=0.99 2

EU 3m10y before cycle1 h=0, p=0.99 h=0, p=0.56 2

EU 3m10y flat h=0, p=0.31 h=0, p=0.28 2

EU 3m10y before flat h=1, p=0.03 h=0, p=0.18 2
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is captured in observation EU3m10y cycle 1 it seems that there is no cointegration 

between variables in and out of cycle 1. EU6m10 even indicates very strong failure of 

rejection to no cointegration since H=0, p=0.80 and p=0.73 When continuing to next 

cycle test fails to capture cointegration again between variables. In EU 6m10y cycle 2 

p-values indicates very strong evidence of no cointegration between values since H=0 

and p=0.96. EU 3m10y supports this evidence with H=0, p=0.71 with plain model. 

Actually, in EU 3m10y in cycle 2 quadratic trend model is able to find closest 

cointegration even though it is still clearly rejected with H=0, p=0.14. Values in EU 

6m10y in cycle 2 indicates similar evidence of quadratic trend model but also 

cointegration is still clearly rejected with H=0, p=0.34. 

In cycle 3 evidence is completely different than with other variables. Engle-Granger 

test for cointegration is able to find cointegration by rejection null hypothesis of no 

cointegration since H=1, p=0.01 in EU3m10y cycle 3 without trend factors in model. 

Also, when investigating the whole dataset, excluding cycle 3, test is able to find strong 

cointegration in long time span. This evidence is also supported by EU6m10y since 

cointegration in whole data set is observed with H=1, p=0.03. Cointegration is also 

observed inside interest rate cycle 3 with EU6m10y since H=1, p=0.01. EU datasets 

gives same evidence than US data that implied and realized volatilities are 

cointegrated according to Engle-Granger test in long-term but are aberrant in other 

strong cycles since cointegration was not observer inside interest rate cycles 1-2. Also, 

cointegration seems to systematically strengthen when going closer to cycle 3 since 

p-values are declining during time even though cointegration is still rejected in other 

variables.  

In flat market data sample Engle-Granger test indicates that cointegration exists in 

before flat market data sample. In flat market cointegration seems to be vanish since 

both EU 3m10y and EU 6m10y flat samples fails to reject null hypothesis of no 

cointegration. This evidence is against US market evidence. 

Next results for Johansen cointegration test are presented with US and EU data. With 

this we are hopefully able to find supporting evidence for former Engle-Granger 

cointegration test. In Johansen test column “r” indicates cointegration rank matrix 

where first r<0 is tested against null hypothesis of no cointegration and next row tests 

for r>1, which means that there might be even more cointegrating relations. In 
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Johansen test only number of r=0:n-1 relations are tested, where n is number of 

dimensions in data. In table below results for US data are presented 

Table 9. Results for Johansen cointegration test with US data in cycle 1 

Data: US 3m10y before cycle 1 Data: US 3m10y in cycle 1 

Effective sample size: 238 Effective sample size: 288 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  29.8382   25.8723  0.0152   0.1073   0  0  23.2895   25.8723  0.1015   0.0682   

1  0  2.8155    12.5174  0.8976   0.0118   1  0  2.9461    12.5174  0.8827   0.0102   

 

Data: US 6m10y before cycle 1 Data: US 6m10y in cycle 1 

Effective sample size: 238 Effective sample size: 288 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 
0  1  27.6362   25.8723  0.0299   
0.0646   0  1  26.0551   25.8723  0.0475   0.0840   
1  0  11.7365   12.5174  0.0673   
0.0481   1  0  0.7993    12.5174  0.9990   0.0028   

 

To start results from cycle 1 results seems a bit mixed. Since US 3m10y before cycle 

1, US6m10y before cycle 1 and US 6m10y in cycle 1 rejects null hypothesis of r<0 

Johansen test indicates that some cointegration exists. It is remarkable that 

cointegration is extremely weak since it tests just barely passes critical values since 

cValue = 25.8723 and stat (observed values) are 29.8382, 27.6362 and 26.0551. US 

3m10y in cycle 1 indicates failure of rejection r<0 so there is no cointegration. 
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Table 10. Results for Johansen cointegration test with US data in cycle 2 

Data: US 3m10y before cycle 2 Data: US 3m10y in cycle 2 

Effective sample size: 1130 Effective sample size: 603 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  36.9088   25.8723  0.0019   0.0264   0  1  29.3647   25.8723  0.0178   0.0374   

1  0  6.6791    12.5174  0.4370   0.0059   1  0  6.3539    12.5174  0.4752   0.0105   

 

Data: US 6m10y before cycle 2 Data: US 6m10y in cycle 2 

Effective sample size: 1131 Effective sample size: 603 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 
0  0  22.1687   25.8723  0.1355   
0.0163   0  0  13.6416   25.8723  0.6946   0.0190   
1  0  3.5754    12.5174  0.8022   
0.0032   1  0  2.1004    12.5174  0.9621   0.0035   

 

In cycle 2 results are interesting since 3m10y and 6m10 indicates completely different 

results. In US 3m10y before cycle cointegration is clearly observed since stat = 

36.9088 and cValue = 25.8723. Also, cointegration, even though it is weaker than 

before cycle, is observed in cycle 2 since stat = 29.3647 and critical value = 25.8723. 

In US 6m10y both out cycle and in cycle cointegration is rejected. Even though 

direction of movement is same in both variables, cointegration is stronger before cycle 

than in cycle, results are still mixed.  
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Table 11. Results for Johansen cointegration test with US data in cycle 3 

Data: US 3m10y before cycle 3 Data: US 3m10y in cycle 3 

Effective sample size: 4168 Effective sample size: 780 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  189.9177  25.8723  0.0010   0.0410   0  1  43.6843   25.8723  0.0010 0.0499   

1  1  15.4924   12.5174  0.0155   0.0037   1  0  3.7537    12.5174  0.7810   0.0048   
 

Data: US 6m10y before cycle 3 Data: US 6m10y in cycle 3 

Effective sample size: 4168 Effective sample size: 781 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 
0  1  202.9476  25.8723  0.0010   
0.0450   0  1  51.7881   25.8723  0.0010   0.0572   

1  0  11.1800   12.5174  0.0828   0.0027   1  0  5.7841    12.5174  0.5422   0.0074   
 

In cycle 3 results are straightforward. Both variables US 3m10y and US 6m10 

indicates very strong cointegration in both in and out cycle. US 3m10y before cycle 

(whole data set) indicates remarkable strong cointegration and test is also able to find 

even more cointegrating relationship than 1. In both variables before cycle 

cointegration is very strong since stat = 181.9177 and stat 202.9476 when critical value 

is 25.8723. Both variables in cycle 3 also indicates cointegration even though it is 

much weaker than before cycle. Despite that, compared to other cycle it is easy to 

conclude that cointegration is nevertheless strong inside cycle 3. 
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Table 12. Results for Johansen cointegration test with US data in flat market 

Data: US 3m10y before flat Data: US 3m10y flat 
Effective sample size: 3351 Effective sample size: 707 
Model: Stochastic trend Model: Stochastic trend 
Statistic: trace Statistic: trace 
Significance level: 0.05 Significance level: 0.05 
    
    
r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    
---------------------------------------- ---------------------------------------- 
0  1  174.8422  25.8723  0.0010   0.0471   0  1  26.8364   25.8723  0.0379   0.0343   
1  1  13.1014   12.5174  0.0399   0.0039   1  0  2.1402    12.5174  0.9594   0.0030   

 

 

In flat market conditions dataset Johansen test indicates that very strong cointegration 

exists before flat market conditions. According to this, implied and realized volatility 

seems to be heavily cointegrated in long term. Johansen test also suggest that 

cointegration stills exists also in flat market situation even though it weakens 

significantly since stat values 42.38 and 26.84 were slightly above critical values. This 

evidence is in line with Engle-Granger tests since both suggest that cointegration 

exists in long-term but weakens or even vanishes in cycle data sample. 

In spite of, mixed results between Johansen test and Engler-Granger in variable level 

they both supports same evidence in a big figure of long-term relationship between 

realized and implied volatility which gets stronger in parameter of time. Especially 

before and in cycle 1 both tests suggest very weak or no cointegration. Same holds to 

cycle 2 even though Johansen test is able to find very weak cointegration in both 

cycles versus Engler-Granger evidence of no cointegration at all. In cycle 3 both tests 

give unambiguously same results of very strong cointegration in long-term and short-

Data: US 6m10y before flat Data: US 6m10y flat 
Effective sample size: 3351 Effective sample size: 707 
Model: Stochastic trend Model: Stochastic trend 
Statistic: trace Statistic: trace 
Significance level: 0.05 Significance level: 0.05 
    
    
r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    
---------------------------------------- ---------------------------------------- 
0  1  174.0606  25.8723  0.0010   
0.0481   0  1  42.3759   25.8723  0.0010   0.0545   
1  0  8.9844    12.5174  0.1816   0.0027   1  0  2.7176    12.5174  0.9082   0.0038   
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term inside cycle 3. Next results for Johansen test of cointegration with EU data is 

presented in Tables 13 – 16. 

Table 13. Results for Johansen cointegration test with EU data in cycle 1 

Data: EU3m10y before cycle 1 Data: EU3m10y in cycle 1 

Effective sample size: 175 Effective sample size: 295 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  44.0344   25.8723  0.0010   0.1881   0  0  14.4429   25.8723  0.6371   0.0373   

1  0  7.5666    12.5174  0.3326   0.0423   1  0  3.2366    12.5174  0.8472   0.0109   

 

Data: EU6m10 before cycle 1 Data: EU6m10 cycle 1 
Effective sample size: 207 Effective sample size: 285 
Model: Stochastic trend Model: Stochastic trend 
Statistic: trace Statistic: trace 
Significance level: 0.05 Significance level: 0.05 
    
    
r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    
---------------------------------------- ---------------------------------------- 
0  1  47.6975   25.8723  0.0010   0.1696   0  1  26.5304   25.8723  0.0414   0.0791   
1  0  9.2248    12.5174  0.1673   0.0436   1  0  3.0414    12.5174  0.8715   0.0106   

 

To start with results in cycle 1 results are a bit mixed like with US data. EU3m10 before 

cycle seems to be cointegrated with quite strongly since stat=44.0844 and critical 

value =25.8723. When data from cycle is observed cointegration vanishes totally and 

presence of cointegration is rejected by stat = 14.4429, cValue = 25.8723. Variable 

EU6m10y before cycle 1 supports evidence from EU3m10y before cycle 1 indicating 

also strong cointegration with outputs stat = 47,6975 cValue = 25.8723. In EU6m10y 

very weak cointegration can be observed also within cycle 1, which was rejected in 

EU3m10y in cycle 1. However, cointegration observed in cycle 1 is very weak which 

is in line with variable 3m10y. Also, some datapoints are missing from EU data which 

can be seen in different effective samples when comparing in and out of cycle 1 with 

EU dataset in instrument EU3m10y. This might cause some statistical delusions. 
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Table 14. Results for Johansen cointegration test with EU data in cycle 2 

Data: EU3m10y before cycle 2 Data: EU3m10y cycle 2 

Effective sample size: 1088 Effective sample size: 527 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  52.7659   25.8723  0.0010   0.0401   0  0  18.3655   25.8723  0.3557   0.0244   

1  0  8.2705    12.5174  0.2499   0.0076   1  0  5.3561    12.5174  0.5926   0.0101   

 

Data: EU6m10 before cycle 2 Data: EU6m10y cycle 2 
Effective sample size: 1048 Effective sample size: 526 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 
Significance level: 0.05 Significance level: 0.05 
    

    
r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 
0  1  75.1442   25.8723  0.0010   0.0637   0  0  22.3856   25.8723  0.1281   0.0353   

1  0  6.1783    12.5174  0.4959   0.0059   1  0  3.4578    12.5174  0.8182   0.0066   

 

In cycle 2 Johansen test indicates strong cointegration in EU3m10y before cycle 2 with 

stat = 52,7659, while cValue is similarly to others 25,8723. Another variable EU6m10y 

supports this evidence with stat = 75,1442. When entering into cycle 2 cointegration 

seems to vanish since cointegration was clearly rejected in both EU3m10y and 

EU6m10y. This denotes quite strong decline between data before cycle and in cycle.  
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Table 15. Results for Johansen cointegration test with EU data in cycle 3 

Data: EU3m10y before cycle 3 Data: EU3m10y in cycle 3 

Effective sample size: 3325 Effective sample size: 1191 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace test 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  191.5198  25.8723  0.0010   0.0496   0  1  148.7294  25.8723  0.0010   0.1147   

1  1  22.4708   12.5174  0.0010   0.0067   1  0  3.6971    12.5174  0.7876   0.0031   

 

Data: EU6m10y before cycle 3 Data: EU6m10 in cycle 3 

Effective sample size: 3294 Effective sample size: 1203 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace test Statistic: trace test 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  204.4142  25.8723  0.0010   0.0541   0  1  176.4138  25.8723  0.0010   0.1361   

1  1  21.0539   12.5174  0.0020   0.0064   1  0  0.4117    12.5174  0.9990   0.0003   

 

Out and in cycle 3 data sample reports strong cointegration with both periods and in 

all variables. Similarly to US data, cointegration test is able to find even more than one 

cointegrating relations in long-term data. Cointegration seems to be remarkably high 

also inside cycle 3 since EU3m10y in cycle return values stat = 148,7294 and EU6m10 

stat = 176,4138, which both are high above critical value. 
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Table 16. Results for Johansen cointegration test with EU data in flat market  

Data: EU3m10y Flat Data: EU3m10y before flat 

Effective sample size: 398 Effective sample size: 2901 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  37.6103   25.8723  0.0013   0.0834   0  1  181.2913  25.8723  0.0010   0.0531   

1  0  2.9640    12.5174  0.8806   0.0074   1  1  22.9544   12.5174  0.0010   0.0079   

 

Data: EU6m10y flat Data: EU6m10y before flat 

Effective sample size: 423 Effective sample size: 2896 

Model: Stochastic trend Model: Stochastic trend 

Statistic: trace Statistic: trace 

Significance level: 0.05 Significance level: 0.05 

    

    

r  h  stat      cValue   pValue   eigVal    r  h  stat      cValue   pValue   eigVal    

---------------------------------------- ---------------------------------------- 

0  1  45.1723   25.8723  0.0010   0.0840   0  1  193.0341  25.8723  0.0010   0.0575   

1  0  8.0501    12.5174  0.2758   0.0189   1  1  21.4906   12.5174  0.0016   0.0074   

 

In flat market conditions with EU data Johansen test suggests that cointegration exists 

in both before flat market and in flat market conditions since H=0 of no cointegration 

were rejected in all data samples. Johansen test therefore partly verifies evidence from 

Engle-Granger test about long-term cointegration since according to Johansen test 

cointegration seems to be strong in long-term and weaken in flat market conditions.   

Results from Johansen test with EU data are quite clear and in line with results 

received from Engle-Granger test with EU data. Also, what is noteworthy is that EU 

and US data sets give quite similar evidence about long-term cointegration and short-

term disturbance in both Johansen and Engle-Granger test.  
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5.3 Results for realized volatility risk premiums 

 

In addition to cointegration tests actual volatility premiums were calculated for different 

datasets. Calculation is done so that realized premium is calculated by subtracting 

realized volatility from implied volatility for each datapoint. With this method, actual 

volatility premium can be achieved for each observation we have in data. Positive days 

means observations where implied volatility for option maturity has been higher than 

realized volatility in forward looking period during the option lifetime. Those positive 

days are divided with all observations and comparison percentage can be achieved. 

With this method pricing errors are observed and differences between periods can be 

seen. Also, if there is no cointegration observed in given period, with this method it 

can be observed if it has constantly led to lower or higher volatility. All the results are 

composed in Tables 17 & 18. 

Table 17. Results for volatility risk premiums with US data 

 

To start with cycle 1 in US data it seems that cycle and data before the cycle don’t 

have many differences. In US 3m10y volatility risk premiums have been around 

+0.57% during the time before cycle while US 6m10y indicates a bit lower premium -

0.37%. Both of those values are quite low compensations for volatility risk since other 

studies mentioned in literature review stated that risk compensation should or has 

been historically around 2 to 3 percentage. In 6m10y volatility compensation has been 

Sample Positive days before cycle (%) Mean VRP before cycle Positive days in cycle (%) Mean VRP in cycle Cycle outperformed

US3m10y cycle 1 70,71 % 0,57 % 56,06 % 0,59 % No

US6m10y cycle 1 55,23 % -0,37 % 48,10 % -0,05 % No

US3m10y cycle 2 70,03 % 1,51 % 90,40 % 2,31 % Yes

US6m10y cycle 2 57,77 % 0,64 % 97,68 % 2,98 % Yes

US6m10y cycle 3 58,55 % -0,22 % 78,39 % 4,09 % Yes

US3m10y cycle 3 66,30 % 0,85 % 68,37 % 3,11 % Yes

US3m10y flat 66,26 % 0,92 % 62,71 % 0,55 % No

US6m10y flat 60,38 % -0,25 % 54,80 % 0,23 % No
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even negative, which indicates mispricing in those swaptions during the days 

4.12.2000 - 14.1.2002. Also, it is remarkable that only 55% of trading days were ended 

up to positive compensation.US 3m10y with 70,71% positive trading days indicates 

that generally swaptions have been correctly priced but only with very low 

compensation with mean of +0.57%. 

In interest rate cycle 2 huge differences can be seen. Pricing before cycle 2 has been 

very similar to evidence before and in cycle 1 since risk premium has been on average 

1.51% and 0.64%. What is interesting is that 6m10y has led again to lower risk 

premium and bigger amount of mispriced days than option with shorter maturity. When 

we enter to cycle 2 and time span 7.5.2004 - 30.8.2006 risk premium pops significantly 

to 2.31% and 2.98% with positive days 90,40% and 97,68%. There is huge difference 

between out cycle and in cycle values. 

In interest rate cycle 3 volatility risk premium has been quite high compared to times 

before cycle since both instruments indicate strongly positive returns of 4.09% and 

3.11%. Before cycle evidence suggests averages of -0.22% and 0.85%, which are 

quite low values in long-term and far away from values indicated in studies before (see 

chapter 2.2.) 

In US flat data sample volatility risk premiums have been slightly positive during the 

flat market conditions. Before flat market conditions data suggest realized volatility risk 

premium of 0.92% and -0.25%. Therefore, flat cycle premiums 0.55% and 0.23% has 

not been significantly better and conclusion of outperforming can’t be done. 

Table 18. Results for volatility risk premiums with EU data 

 

Sample Positive days before cycle (%) Mean VRP before cycle Positive days in cycle (%) Mean VRP in cycle Cycle outperformed

EU3m10y cycle 1 44,32 % -1,27 % 20,95 % -2,47 % No

EU6m10y cycle 1 20,19 % -2,08 % 0,00 % -4,40 % No

EU3m10y cycle 2 61,71 % 0,15 % 81,76 % 1,77 % Yes

Eu6m10y cycle 2 52,53 % -0,69 % 67,36 % 1,11 % Yes

EU3m10y cycle 3 67,75 % 2,08 % 56,04 % 2,89 % No

EU6m10y cycle 3 69,75 % 0,95 % 53,24 % 4,11 % No

EU3m10y flat 66,75 % 1,70 % 95,25 % 5,08 % Yes (flat market outperformed history)

EU6m10y flat 55,99 % 0,24 % 87,26 % 5,46 % Yes (flat market outperformed history)
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To start with EU data cycle 1, it seems that implied volatility has been mispriced both 

in and before cycle since data suggest that volatility risk premium has been strongly 

negative -2.47% in cycle and -1.27% before cycle. Both instruments 3m10y and 

6m10y suggests similar evidence. This is also partly in line with US data since also 

negative or close to zero premiums were captured. 

In cycle 2 volatility risk premiums seems to be better in cycle than before cycle. In 

cycle positive volatility premiums of 1.77% and 1.11% were captured versus historical 

before cycle values of 0.15% and -0.69%. It is remarkable that data before cycle 2 is 

quite long time period and volatility risk premium has been on average still close to 

zero or even negative. This indicates that volatility has been mispriced during a quite 

long time.  

In interest rate cycle 3 data shows that volatility risk premium has been remarkable 

high compared to former cycles, which have been close to zero or even negative 

premiums. In EU3m10y swaption premiums have been average 2.89% in cycle and 

2.08% in before cycle. Swaption 6m10y suggest even higher levels when in cycle 

premium has been 4.11%, while before cycle average has been 0.95%. This 

performance in cycle 3 is in line also with US area evidence. What is remarkable is 

that amount of positive days has been only around 53-56 percent which indicates that 

some trading days has been very highly profitable in terms of volatility risk. 

During the flat market conditions EU data suggest very high realized volatility risk 

premium compensations for both EU3m10y and EU6m10y swaptions. Premiums have 

been 5.08% and 5.46%, which both are completely another level compared to other 

data samples. Data before flat market conditions in EU area suggest evidence of 

average realized volatility risk premium of 1.70% and 0.24%, which both are quite low 

compared to historical levels presented in chapter 2.2. 
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6. CONCLUSIONS 

 

During 21st century monetary easing by central banks have led to unforeseen 

situations in whole financial world but especially in interest rate markets. Also, 

magnitude and usage of different OTC-derivatives like interest rate swaps and 

swaptions have increased. Nowadays they are most used OTC-derivatives in hedging 

and investing. Therefore, pricing of interest rate volatility plays a huge role in 

derivatives markets. 

In this thesis relationship between implied and realized volatility were tested during 

completely different market situations. Half of data consists of time when interest rates 

used to fluctuate very roughly in absolute terms, and another half describes this “new 

era” of small floating range and low interest rates measured in absolute terms. By 

measuring relationship between historical realized volatility and implied volatility, we 

were able to test efficient interest rate swaption pricing during different interest rate 

cycles. Also, short and long-term relationship between implied and realized volatility 

was tested with cointegration framework. 

This relationship was tested in thesis by measuring cointegration between implied and 

realized volatility in three to four interest rate cycles with US and Euro area data. Time 

frame for this data was from 1.1.2000 to 1.1. 2019. Interest rate cycles was chosen so 

that both interest rate hikes and plunges were included. Also, US and EU cycles were 

taken roughly simultaneously to avoid temporal differences. In addition, one flat period 

was included in US and EU data to measure cointegration and realized volatility risk 

premium during time when interest rate remains relatively stable. Option to enter into 

10-year Euribor and/or Libor swap for at-the-money levels with 3 months and 6 months 

option lifetime were taken as variables since at-the-money level with those maturities 

are the most liquid swaptions. 

Cointegration between variables were tested by using Johansen cointegration test and 

Engle-Granger cointegration test. Both of those tests have a long scientific proven 

history behind and are often used in quantitative finance when measuring short- and 

long-term relations. Also, statistical tests like Augmented-Dickey Fuller and 
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Kwiatkowski-Phillips-Schmidt tests were used to reveal and proof important features 

from time series and to justify usage of cointegration framework.  

In this thesis it was proven that implied and realized volatility are heavily cointegrated 

in long-term. This cointegration seems to increase or strengthen during time span of 

the data. It was also shown that short-term disturbances in market conditions affected 

a lot to cointegration and cointegrating relations were not found during sharp interest 

rate hikes and plunges or they were significantly weaker. This vanishing cointegration 

seemed to more or less induce lower realized volatility risk premium than during times 

with stronger cointegration even though evidence is not perfectly clear. H0 was also 

rejected since lack of clear evidence. In turn, implied and realized volatility were 

strongly cointegrated in flat and slowly changing market conditions, which were 

described as “flat” and “cycle 3” data samples. This induced significant profits in 

volatility risk premiums at least in EU data. Even though evidence suggest that realized 

volatility risk premiums have been quite low almost during the whole data set excluding 

flat market conditions, values are still positive and in general positive carry for volatility 

risk can be clearly seen in long-term. 

In chapter 1.2 of this thesis research questions were set up. Research questions in 

this thesis were: 

Main question: 

“Are implied and realized volatility cointegrated in long and short term in all market 

conditions?” 

H0 = Implied and realized volatility are cointegrated in short and long term in all market 

conditions 

Sub research question #1: 

“Are there any differences in cointegration between Euro and US area?” 

H0 = There are no differences between two different economic areas and volatility 

follows same nature in all market areas. 

Sub research question #2: 

“Does volatility risk premium remain relatively constant over time?” 
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H0 = Volatility risk premium doesn’t depend on time and remains constant over time 

Sub research question #3: 

“If cointegration does not exists in some cycle does it lead to higher or lower realized 

volatility risk premium?” 

H0 = If there is no cointegration implied volatility is mispriced, which leads to lower 

realized risk premium  

By conducting tests mentioned before results for these questions were found. To start 

with main research question, evidence of this thesis suggests that implied and realized 

volatility are indeed cointegrated in long term but cointegration seems to not hold in all 

market conditions and it seems to vanish in some market conditions. Therefore, H0 

must be rejected since cointegration actualized only in slow hikes and plunges but not 

in sharp cycles.  

Sub research question #1 addresses question about differences between economical 

areas. In cointegration tests both US and Euro area data told surprisingly almost same 

story about vanishing cointegration in sharp cycles which still reverts in long term. Also 

realized volatility risk premiums were coaxial even though absolute values were of 

course not the same. Therefore, we can conclude that there are only small differences 

in cointegration between US and Euro area in time span of 1.1.2000 – 1.1.2019. H0 

remains valid. 

Next two sub research questions #2 and #3 discoursed persistence of volatility risk 

premium and its nature. In research question #2 hypothesis of constancy of volatility 

risk premium was set up. According, to results achieved in chapter 5.3 it seems that 

realized volatility risk premium varies a lot during the time. This founding is in line with 

other researched mentioned in chapter 2.2. It seems that during low fluctuation, which 

was represented as variable “flat” in this thesis, realized volatility risk premium is 

relative higher than in interest rate cycles. Therefore, we can conclude that H0 of 

constant risk premium must be rejected. In sub question #3 relationship between 

realized volatility risk premium and cointegration was under the scope. According to 

data, sharp interest rate cycles 1 and 2 were not cointegrated or integration was very 

weak, and they led to a bit mixed evidence of realized risk premiums. Since risk 

premiums were mostly negative in cycle 1 and slightly positive in cycle 2 and 3, we 
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can conclude that vanishing cointegration does not lead unambiguously into higher or 

lower volatility risk premium and evidence for this part is very mixed. Therefore, H0 is 

rejected since cycle 1 and cycle 2 gave mixed evidence of proper pricing of implied 

volatility. 

For further studies regarding cointegration between realized and implied interest rate 

volatility, also other maturities could be tested to verify evidence from 3/6m10y data. 

Also, some other statistical methods like vector-error correction models would be 

involved. It would be also interesting to see if similar cointegrations could be found 

also in some other economical areas like Japan swaptions or Stibor swaptions. Long-

term cointegration could be also tested with longer time span. In future similar research 

can be also done by using normalized volatilities and see if data of this thesis is biased 

because of usage of Black volatility or does normalized volatility verify findings of this 

thesis.  
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APPENDICES 

Appendix 1. Implied and realized volatility in US3m10y data 

 

 

Appendix 2. Implied and realized volatility in US6m10y data 
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Appendix 3. Implied and realized volatility in EU3m10y data 

  

 

Appendix 4. Implied and realized volatility in EU6m10 data 
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Appendix 5. EUR3m10y and EUR6m10y closing prices 

 

Appendix 6.USD 3m10y and USD6m10y closing prices 
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