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In this work, the Finite Difference Methods (FDMs), and Method of Lines (MOL) have
been used to solve the Shallow Water Equations (SWEs) in one dimension. The SWEs has
a free surface with no rotation, it’s kinematic viscosity is zero, it’s pressure distribution
is approximately hydrostatic, and it has a flat bottom topography with zero height. The
SWEs were derived by using the equations of the conservation of mass and momentum
to have a non-linear partial differential equations (PDEs). The PDE problem was tack-
led by applying a number of numerical models. To solve it numerically, the Backward
Euler (BE), Forward Euler (FE), Crank-Nicolson (CN), and Method of Lines (MOL) ap-
proximations were used for the time and space discretizations. Once the set of non-linear
PDEs has been converted to a system of algebraic equations using different schemes, the
algebraic equations were solved with the help of MATLAB, and the numerical results
were compared with the analytic solution. The analytical solution was obtained using the

eigenvalues and eigenvectors for the quasi-linear form of the non-linear PDEs.
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1 INTRODUCTION

1.1 Background

Saint-Venant (1871) proposed a shallow water system to model the flow in a channel.
These equations are a two-dimensional (2D), time-dependent, non-linear partial differen-
tial hyperbolic equation system [1]. In recent decades, shallow water equations have been
universally used to model physical water flow phenomena, as well as hydraulic engineer-
ing, such as flood waves, dam-breaks, tidal flows in the estuary, bore wave propagation in

rivers, and so on.

There is little hope in real situations (realistic geometry, sharp spatiality) of explicitly
solving shallow water equations, i.e. of finding an analytical formula for solutions. But
there are steady-state solutions for the shallow water system. So it is advantageous to
develop numerical approximations for this steady-state, which conserve these exact so-
lutions, then, therefore, use these numerical methods for the calculation of approximate

solutions of shallow water systems in real situations. [2].

Numerical analysis is an approach to the study of algorithms using numerical approxi-
mation to analyze mathematical problems. Naturally, applications in all fields of engi-
neering and physical science use numerical analysis, but in the 215 century, numerical
methods also have a place in life and social sciences, medicine, business, and even in the
arts. Numerical analysis is a branch of mathematics and computer science that generates,
analyzes, and implements algorithms. Power growth and the computer revolution have
increased the use of realistic mathematical models for both science and engineering. The
complex numerical analysis is needed to find approximate solutions for the more compli-

cated real-life models [3].

Numerical methods usually depend on hand interpolation in large printed tables before
the advent of modern computers. Computers have been computing the required functions
since the mid-20th century. However, these same formulas of interpolation continue to
be used as part of the algorithms of the software to solve differential equations [4]. Mod-
ern numerical analysis does not seek accurate answers, as it is often impossible to get
accurate answers in practice. Instead, many numerical analyzes are concerned with the

achievement of approximate solutions while maintaining reasonable error limits [5].



1.2 Objectives and delimitations

Since the aim of the work is to find the numerical approximation of the non-linear Shallow-

Water equations, the objectives for this work are

1. To derive the system of non-linear shallow water equation under specific assump-

tions.
2. To find the analytical solution for the shallow water equations.

3. To employ Finite Difference Method (FDM) and the Method of Lines (MOL) tech-
niques based on a number of numerical schemes and to build a numerical model for

solving the Shallow-Water model.

4. To compare the numerical results with the analytical one, and to test the accuracy

of each numerical scheme employed.

1.3 Related work

For a long time, scientists have been trying to find a numerical solution for models of
shallow water flow of different dimensions under different assumptions, e.g. flat or non-
flat bottom topography, or the presence or absence of vortices (rotation). This section
presents some literature reviews from the researchers who have tried to solve the system
of shallow water equations under different assumptions and using different numerical

methods.

In the work of A.l.Delis, and Th.Katsaounis [6], a FDM approach has been studied and
generalized as a numerical method for the solution of two-dimensional (2D) shallow water
system. [6] The previous non-oscillatory relaxation scheme has been revised and extended
to include two-dimensional problems with source terms, resulting in the class of first and
second-order TVD (Total Variance Diminishing) methods at the discretion of space and
time. Approaches are based on classical relaxation models coupled with the Runge—Kutta
time step mechanisms. Numerical tests are carried out with and without the source term
for multiple test problems. The benchmark tests had shown that, in good alignment with

well reported observed events, the schemes offered appropriate solutions.

A finite volume method for finding a numerical approximation for shallow water equa-

tions for either flat or non-flat bottom topography in one dimension (1D) has been pre-



sented in [7]. The technique is easy and accurate and prevents the solution of Riemann
issues during the time integration phase. The predictor phase used the characteristic tech-
nique to reconstruct the numerical fluxes, while the corrector phase recovered the con-
servation equations. The proposed technique of finite-volume features has been tested
under various flow regimens for shallow-water equation schemes. The findings collected
in smooth regions are very accurate and provided excellent shock resolution without any

non-physical oscillations near the shock fields.

The effective numerical model for the two-dimensional (2D) shallow water equation was
studied in [8]. The model also used a finite-volume method, with a first-order central
(FORCE) scheme, a surface-gradient method (SGM) for space, and a third-order Runge-
Kutta method for time discretization. Overall, the findings showed excellent agreement
with the observation that the system was capable of capturing shock and representing
the soft symmetrical areas of the flow domain. The model also demonstrates acceptable

results in the modeling of bi-directional flow conditions.

In the work of M.T.Capilla, and A.Balaguer-Beser [2], they developed a high-order well-
balanced central schemes to solve the two dimensions shallow water model with flat
bottom topography. A Runge—Kutta scheme used for time discretization. A Gaussian
quadrature rule using third-degree polynomial to calculate point value from cell averages
is employed to evaluate time integrals. The author builds a scheme to solve the problem
of a trans-critical flow over a flat bottom. In order to prove the accuracy of the numerical
results, a minor disturbance of the rest of the lake is resolved as a study. It has been shown
that the numerical scheme is capable of reproducing the evolution of the variables, and
that there is a strong approximation between the results and the observations recorded in

the literature.

In the work of A.Emad et al. [9], they used a relatively new semi-analytical methodology,
using a reduced-differential transformation method to obtain highly accurate solutions
of shallow water equations in one dimension (1D), and the solutions were obtained in
the form of an easily computable converging power sequence. The reduced-differential
method of transformation is simple to implement, reduces the size of the computation,
and generates an estimated solution without discretization. The findings show that the re-
duced method of converting differentials is more accurate and effective than other existing

methods.

A finite-element discretization of a non-linear shallow water model for rotating spheres

has been established in [10], in which consistent upwind stabilization is integrated into



the system. The authors have introduced higher-order upwind advection schemes, main-
taining compliance with the law on PV conservation and PV advection. By applying the
model, both large-scale controlled and chaotic, turbulent flows were able to demonstrate
to standard test cases that this model predicted a second-order convergence rate and could
produce the required features.

1.4 Structure of the thesis

To achieve the goal of the thesis, the rest of it is organized as follows. Chapter 2 is ded-
icated to the derivation of a one-dimensional, non-linear, shallow equation under certain
specific assumptions, and from the conservation of mass and momentum, after which an

analytical solution for the shallow water system is derived and presented.

In chapter 3, an introduction to the finite difference methods will provide, and then, using
different numerical methods, the schemes are designed in one dimension. The Backward
Euler (BE), Forward Euler (FE), and Crank Nicolson (CN) schemes are used. In addi-
tion, the Method of Lines (MOL) technique is also used. Then from these schemes, the

respective system of algebraic equations is obtained which is easy to solve.

In chapter 4, there will be a comparison for the numerical results, i.e. the results for
the BE, FE, CN, and MOL schemes, with the analytical solution to see the performance
of each of them. The results of the numerical methods will also be compared with the
analytical ones in terms of accuracy and CPU time. Finally, in chapter 5 the conclusions

are given.
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2 Shallow Water Model

The movement of water over the surface is a fundamental physical phenomenon of prac-
tical interest to scientists and engineers. A number of factors, including ocean tides, dam
breaks, floods, and tsunamis, reflect a strong concern from a variety of fields. Given the
day-to-day familiarity of the flow of water, the governing equations for the flow consist of
an intractable set of equations that is too complex for most applications to be applied in

practice. As a result, rough flow descriptions are also used for different applications [11].

The approximation of common use in many applications results in a system of shallow
water, a system of non-linear partial differential equations. Although simplified from the
full regulatory equations, the shallow water model can rarely be solved analytically in
general and still presents numerical calculations with many difficulties. In addition, many
specific implementations present additional complexity, such as variable topography and

emerging dry domain regions.

In this chapter, the derivation of shallow water equations using a number of assumptions
will be presented [12], and also an analytical solution for this system of shallow water

equations will provide.

2.1 Derivation of non-linear shallow water equations

Consider an incompressible fluid (water) of depth h(z,t) over a bottom topography of
depth hy(x,t) moving at a velocity u(x,t) which is a function of the space and time, as

indicated in Figure 1

t
water surface 7(x, t)
M/W\/
u(x,t
L), o, )
Bottom topography surface n,(z, t)
h(z,
o Tp i

Figure 1. Definition sketch for derivation of the shallow water equations in one dimension.
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In this thesis, The shallow water equations will be considered only on one dimension
(1D). These equations are derived from the principles of conservation of mass equa-
tions (continuity equation in fluid dynamics) and conservation of momentum equations

(Navier—Stokes equations) under certain specific assumptions.

2.1.1 The model assumptions

In order to derive the system of the shallow water equation, we need to know what kind

of assumptions we are working on, so in this work, the assumptions are as follows

1. Horizontal length scale >> vertical length scale (the main assumption in the shal-

low water equations).

2. One dimensional flow, i.e the velocity and the height are the functions of time ¢ and

position z only (no velocity in y and z directions).
3. No rotation (Coriolis force is zero, and the voracity vanishes).
4. Kinematic viscosity equals to zero (v = 0).
5. Pressure distribution is approximately hydro-static (p = pgh).
6. The bottom topography surface is flat and the height is equal to zero (h, = 0).

7. Free surface condition.

Next, the derivation of the shallow water model using the laws of mass and momentum
conservation is shown. The derivation finally leads to a system of nonlinear partial differ-

ential equations.

2.1.2 Conservation of mass

The continuity equation in fluid dynamics states that the rate at which the mass enters the

system is equal to the rate at which the mass leaves the system plus the mass accumulation
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inside the system. The equation that describes this conservation of the mass is then given
by the

dp -

— +V.(pU) =0 1

5 T V-(rU) (D
where p is the density of the fluid, U is the flow velocity factor in 3D, and ¢ is time. [13]
[14].

Sine in this work, the fluid is water, and it’s an incompressible fluid, i.e. the density is

constant, then

o0 _

ot =0

By substitute this in equation (1), the first term will be canceled, so

- ou Ov Ow
V.(pU) =0 —+—+=—=0. 2
(vU) o 8x+8y+8z @
Now by integrate equation (2) vertically from bottom topography wave 7,(x,t) to the

water wave 7)(x, t) with respect to z

n

ou Ov Ow
/(%‘l‘a—y—l—&).d,z_o
e
[0 [0 [0
U v w
o m ny

In the last term, the derivation will cancel the integration, since both are related to the

same variable z, so the remaining are

n n
ou ov
- _ T] pr—
/?Mdz+/?wdz+whb 0. 3)

In order to evaluate the two remaining integrals in equation (3), the following theorem
will be needed.
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Theorem 1 (Leibniz Theorem) states that for an integral of the form [15]

b(y,t)

/ @,y t).dr,  —oo < aly,t),b(y,t) < oo

a(y,t)

can be express as
9 b(y,t) b(yﬂf)af 5 9
a
= . — =L de — = =, 4
P / flz,y,t).dx / T dx f(a,y,t)at +f(b,y,t)at 4)
a(y,t) a(y,t)

Now from Leibniz theorem

7
8u 0 on ony
el dz —ul, 2 el
or" " or /u : u|7703: + tl, Ox

77b b
[0 o [ 0
v _ e
/ax.dz =5 /v dz v|na + vly, 5
o o

Then from the above equations, equation (3) can be written as

0 on
%/udz—u\na |m’8 B /vdz—v|na ]nba + wl,, — wl|,, = 0.

3 b

From sixth condition, which is saying that the bottom topography is flat and the height is
zero (1, = 0), then % =0

n 7
0 dn 0 an B
p /u.dz — u\na—x + g /v.dz - v|na—m +wl, =0

o o

And from the second condition, one dimensional flow, the velocity v in the direction of y

is zero

n
9,
ax/udz u|na + wl, = (3)

b

Now from the last assumption of the free surface condition, the velocity w in z direction
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is

=5t + [j.Vn
:% + u% + g—z
By substitute w in equation (5)
n
8895 u.dz ]nan—l—gn ]na —H}\n =0

Mo

And again from one dimensional assumption, the velocity in y direction is equals to zero
(v =0),so0

U

0 on

dz =0. 6

or / o ot ©
m

Since the velocity « is a function of = and ¢, and the integration is not depend on x and ¢,

then equation (6) will be

0 an

8x( u(n —m)) + =+ ot = 0.

But we know n — 1, = n = h, then

0 oh
ax (uh) + E = 0.
Or we can rewrite it as
oh 0
4L (hu) = 7
ot T g =0 M

which is the first equation in the system of the shallow water equation.
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2.1.3 Conservation of momentum

Conservation of momentum or Navier Stokes equation, it is an equation which describes

the motion of the fluid and it is given by

ou ou ou ou 1@ , (82u 0*u 82u) ny ®

ot TVer TVay Ve T Tpar TV \ar T oz T a2

where u, v, w are velocity in z,y, z directions respectively, p is pressure, p is density of

the water, v is kinematic viscosity, f is the sum of all forces acting on a fluid.

Now by applying the first assumption, which is we working in one dimension, then the

velocity in y, z directions are zeros (v, w = (), equation (8) can be rewritten as

B 0x? + 0y? + 022

8_u+u8_u _1@ , Pu  Pu  0*u ny
ot or  pox '

And, based on the assumption of the viscosity of the fluid is equal to zero (v = 0),then

ou ou op1
E—FU%——%;-F]C. 9

The pressure distribution is approximately hydro-static (p = pgh), so

dp oh 10p oh

or  "or pOox er (10)
where ¢ is the acceleration of the gravity.
Now by combining equation (9) and (10)
ou ou oh
e = —g— ) 11
o o Yox ! (1)

As we define f as the sum of all the forces acting on the fluid, which is the weight, the
friction, and the Coriolis forces. However, in the x-direction, the weight that is due to
the gravity has a zero component, and since there is no rotation (second assumption), the
Coriolis force is also equal to zero, f is therefore equal to the friction force and it is given
by

Ohy,

95, (12)

f=
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Then substitute equation (12) into equation (11), will get

Now from the sixth assumption, the bottom surface is flat, then % =0

ou ou oh

5 T Yar T 9an (13)

Since the gravity ¢ is constant, then it can move inside the derivation, so equation (13)

can be rewritten as

Multiply equation (14) by i
Ju Ju 0

By adding and subtracting u-Z (hu) in equation (15)

ou 0 0 Ju 0
ha — u%(hu) + u%(hu) + (hu)£ + h%(gh) =0 (16)

Now we know that

B ou 9
B o1,
and  ho—(gh) = 5-(59h7)

and from equation (7), we have

0 oh 0 Oh

Now by substitute all this in equation (16), will get

ou oh 0 9 o, 1 , B
Since
ha—u u@ = 2(hu)
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Then equation (17) will be
0 0 1
h hu? 4+ —gh®) =0 18
5 w) + 5 (hu” + S gh”) (18)
And which is the second equation in the system of the shallow water equation.

Then the system of the shallow water equations in one dimension, and under specific

assumptions (shown above) are

—— + —(hu) = (19)

0
—(hu) + a—x(hk: + ~gh*) =0 (20)
Where k& = u? is the kinetic energy per unit mass [16].

Or the above system can be written in the matrix form as

hu

afn], o
ot | hu Ox hu2+%gh2

with initial and boundary conditions are [17]

0
= 21
i an

Initial wu(x,0) =0 forall z € [x,, 73]

(
2 5.2
h(xz,0) =1+ =€ for all x € [z,, x)
Boundary  u(x,,t) = u(zp,t) =0
W, t) = h(xp,t) = 1

The unit of the velocity u is meter /second, and for the height h is meter and for the time

t is second, and space x is meter.

Now after founding the non-linear shallow water equations, which are a system of partial

differential equations (PDEs), the analytical solution will be shown in the next section.



18

2.2 Analytical solution for nonlinear shallow water model

An analytical solution for the non-linear shallow water equation in one dimension and on

the specific assumptions (provided above) will be shown in this section. First of all, let us

0
[
gz, t) = [h};] - [Zj 23)

recall the shallow water system

afn], 0
ot | hu ox

Let us define

and
hu q2
= = ) 24
f(a) b + 1gh? [Z_% g (24)
Now for a smooth solution, the quasi-linear form for equations (22) can written as
g+ f(9)g: =0 (25)
where f(q) is the Jacobin matrix of f(¢), and it’s equal to
0 1
(26)

f'(q) = _(

2
a2 a2
q?) ton 2

The solution of equations (22) can be given by finding the eigenvalues and eigenvectors
for the Jacobin matrix. So

r@-N=0

q1

And the characteristic equation of \ is

2
A (2@—A> + (q—Q) —gq =0
q1 q
2
A2 (ﬂ) At (9) —gq1 =0
q1 Q1
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which is a quadratic equation, so the solution is

2 2
2 2
fi/(f} —4((3—3) —gql) .
)\172: :—:t\/gql.
2 ¢

The corresponding eigenvectors it can be given by the equation

(f'(q) = A)r =0. 27

For \; = Z—f + \/9¢1, the corresponding eigenvector is

G o n ) ) =
ie) 2 g o '
o <q?> + 9% 2!1? q? 9qu | M2 0

Then the system of equations is going to be like

<—%—M) r1+7ri2 =0

q1

2
<— (%) + QCh) T+ (% — \/gfh) rig = 0.
1 1

Now from the first equation, we have

q
rig = (q_2 + \/991) r11.
1

If r1; is assumed to be equal to one, the above equation will be

q
T2 = (q_2 + \/9%) :
1

Now the corresponding eigenvector for \; is

mr =

1 ]
. .
q_f + V9%

For \y = 2—2 \/9q1, the corresponding eigenvector is

_Z_? +2\/E 1 [ml] B [0] |

—(Zf) +t9n 2B -+ 9| [ 0
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So from the matrix above, the equations are

q
(_q_2 + \/9611> ro1 + 122 =0
1

9
q q
<— (q—2) + QQ1> To1 + <q_2 + \/QQ1) r9g = 0.
1 1

The first equation could be written as

q
T2 = (—2 - \/Qéh) T21.

q1

Also if we assume that r; = 1, then

q
rog = (q_2 + \/9@1) .
1

So the corresponding eigenvector for A, is

1
o = pa .
o VIh
Then the eigenvalues and the corresponding eigenvectors can be written in terms of h and

u as

1
u++/gh

1
Ao =U—\/gh — = .
2 =U g T2 L_\/ﬁ]

)\1:u+\/gh — T =

Now the solution for the equation (25) is in the form of [17]
q(z,t) = wi(x + \/ghot)r1 + wa(x — \/ghot)rs (28)

where w; and 1w, are scalar functions. So to find this unknown functions, the initial values

qo for the height and the mass velocity will be used

Let put R = [ry|rs], which is 2 x 2 matrix for the both eigenvectors, then the solution at

the initial time is

qo = Rw(x)
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where w0 is a vector contains w; and w». The values of this vector w can now be given by

w(xr) = R 'q =

1 I I
up +v/gho uo —/gho houg
i Ry |

—_2V9h0 —(up ++/gho) 1 howg

Now the first scalar function 0 is

0y (z) = —— ((uo — /gho)ho — hou0>

2v/gho

B _2\/1gT0 <_\/ﬁh0) - %

And the second scalar function ws is

wy(r) = ! (—(uo + v/ gho)ho + h0u0>

_2\/gh()
_ 1 o) = o
N <_ gh0h0> o9

So by substituting the values for both scalar functions on equation (28), will have
1 1
q(x,t) = §h0(27 + ghgt)T‘1 + §h0(27 - ghot)TQ.

Now the solution for the nonlinear shallow water model in terms of the height of the water

and the mass velocity is

1 1
h(l’, t) = §h0($ -+ ghot) + ého(iﬁ — ghgt)

(29)
1 1
h(z,t)u(z,t) = §h0(9€ + v/ ghot)(uo + v/ gho) + §h0($ —V/ghot)(uo — v/ gho)

where hg and uy is the initial values for the height and the mass velocity at time zero.

Once the analytical solution for a shallow-water model has been solved, numerical ap-
proximations will be found to solve this system using different numerical methods in the

next chapter.
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3 Numerical Methods for Shallow Water Model

For some models, a numerical approximation is used because the analytical one is not
easy to find or does not even exist for some time. In this work, since the model is a
simple version of nonlinear shallow water equations (no rotation, viscosity is vanished,
...etc), the numerical approximation is adequate for the purpose of evaluating numerical
methods in such a way to make the work easier for the two dimensions (2D) model. The
Finite difference methods [12], the Crank-Nicolson method, and the Method of Lines will

be used in this work.

3.1 Finite Difference Methods

Finite Difference Methods (FDMs) are a type of numerical methods used to solve differ-
ential equations by approximating them with equations of differentials. FDMs transform a
linear (non-linear) Ordinary Differential Equations (ODEs)/Partial Differential Equations
(PDE?s) into a linear (non-linear) equation system that can then be solved using algebra

matrix techniques [18].

Before implementing FDM on the system of shallow water, a small introduction for the

FDM derivation will be introduced.

3.1.1 Derivation of finite difference methods

FDMs have three approximations, forward, backward, and central approximations, so
let’s assume that to derive it, f is a function whose derivatives are defined, if xobelongs to
the domain of f, and Az is the uniform step size (mesh size), then Taylor’s theorem can

be used to create a Taylor series expansion as [19]

2 3
Floo + Aa) = flan) + A f (o) + B priag) + B priag) . o)
and
2 3
oo — Aa) = flan) — Aef'lan) + S )~ S )+ @

Then the general forms for the three approximations, forward, backward, and central are
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Forward Euler approximation: To find the value of the first derivative of function f at
the point z,, the value of the function at point z,; will be needed. Figure 2 show the

strategy of forward approximation.

Zo T T2 Tp—1 Tpn Tp+1

Figure 2. Graph shown the strategy of forward approximation

From equation (30), by taking z( = x,, and since here the first derivative is needed, then

the terms with power in Az greater than or equal 2 will be neglected, so
f(xn + Az) = f(x,) + Axf'(z,).

Then forward approximation of the first derivative of f is

flzn + Az) — f(xn)

f(@n) ~ AL (32)

Backward Euler approximation: To find the value of the first derivative of function f
at the point x,,, the value of the function at point z,,_; will be needed. The strategy of this

method as shown in Figure 3.

Zo X T2 Tp—1 Tpn Tp+l

Figure 3. Graph shown the strategy of backward approximation

From equation (31), and also by ignore the terms with power in Az grater than or equal

2, will get

[, — Az) = f(2,) — Axf'(,).
Then backward approximation for the first derivative of f is

f(xn) = flzn — AI)_

f/(xn> ~ AI’

(33)
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Central approximation: To find the value of the first derivative of function f at point

Zn, the values of the function at points z,,_; and z,; will be needed as shown in Figure
4.

X X1 T2 TIpn—1 Tp Tp41

Figure 4. Graph shown the strategy of central approximation

From Figure 4, the central approximation is the sum of the backward and forward approx-

imations divided by 2, then from equation (32) and (33)

o) o 2Lt 8D 2 S n) | ) = Tl = A0),
1 flen + Ax) = fxn) + f2n) — fz, — Az)
- 2( Azx )
flz, + Azx) — f(z, — Ax)
2Ax '

Then the central approximation for the first derivative of f is

f(xn =+ A:U) — f(xn - AI)
2Ax

fzn) = : (34)

Now different schemes to find a numerical approximation for the non-linear shallow water

equations will be introduced.

3.1.2 Backward Euler scheme

Since the problem is to find a numerical approximation for non-rotational and non-linear
shallow water equations in one dimension, and there are two equations that depend on
each other, one of the numerical methods is to use backward time-stepping and central

spatial discretion as shown in Figure5.
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Time (¢)
thrl
(ydit) | (@il | @y t)
ln o @ Nx @
Atl
tn—l
(:cj,’n_l)
Space (x)
17j—1 .ZU] xj—i—l

Figure 5. The mesh for backward Euler scheme

Recall the system of non-linear shallow water equation

oh 0
En + %(hu) =0 (35)
0 9 . 5 1 5

In equation (35), the second term is a multiplication of two functions, then it can rewrite

as

oh ou oh
Ejth%—i—u%—o. (37)

And for equation (36), the first and the second terms are also multiplication for two func-

tions, then

du  Oh D, D,
ha‘l‘UE—F%(hu )—l—%(égh ) =0
ou  Oh  ou*  ,0h 1 Oh?
h— 41—+ h—— =

ot T ar Tlar TWar T Y

But we know that %—“2 = 2ug—“, and aa—hQ = 2h%, then the above equation will be
T Ui T X

ou Oh ou  ,0h oh
ha—kuaﬁLQhu%—f—u %—i—gh%—o. (38)
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The discretization for equations (37) and ( 38) will be individually.

From equation (37), the backward, central approximations for time and space is

[

J J n—1
Sy
At

Ui — W1 el — R
. =0. 39
2Ax M 2Ax (39)

When we say h} ~ h(z;,t,), it's means the height in space x; and time ¢,, and for
u ~ u(xj,t,) is the speed in space x; and time ¢,,, where t, = nAt, z; = jAz.
Same for equation (38), by applying backward approximation for time and central ap-

proximation for space, will get

n—1 n—1
u — " h? — QT u’ , — u” SR — h"
pr—173 J n—1""J J opn—1yn—1 j+1 j—1 n—12 7j+1 j—1
J At T At tehy 2Ax T 2Ax
XX
hrlzfl j+1 7—1 —0.
9y 2Ax
Or simply
n n—1 n n—1 n n n n
R B/ BRI e U S P S L 1% Gy WL 05 Gl
J At J At J J AI J QAJJ (40)
gl
J 2Azx '

Now equations (39), and (40) are a non-linear system of difference equations, then it can

be transform to linear system by multiply equation (39) by u;“l, so will get

h? — Rt u?, — u? h?., — h?

n—1""J J n—1pn—1"Jj+1 j—1 n—12""j+1 Jj—1

T T =0 41
YA T oAy T T oA @b

Subtracting equation (41) from equation (40), will have
n—1

S J Bl nt J+1 Jj—1 Bl J+1 =1 0. 42

bTTAr M T Ay T T A 2

Multiply equations (39) and (42) by 2AtAzx

2Ax(h} — h;“l) + Ath;"l(ugﬂrl —uj )+ Atu}l’l( S —hi)

2Axh;7”1(u;‘ — u;-“l) + Ath?’lughl(u}ﬂrl —uj )+ Atgh?’l( o= hy)

0
0.

Moving the known terms to right-side, then the equation for mass is

2AzhY + Ath?(uly —ul ) + At () — b)) = 2AzhT (43)
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and the equation for momentum is

QAIh?_lu? + Ath?_lu?_l(u;ﬁrl — u?_l) + Atgh?_l(h;ﬂrl — h;?_l) = QAxh?_lu?_l.
(44)

Now equations (43) and (44) are backward Euler scheme, and it is implicit and one step

scheme.

Then the boundary conditions for velocity u(z,,t) = u(xy,t) = 0 meter/second, and
for height h(x,,t) = h(xy,t) = 1 meter , or ug = u},, = 0 and h§ = hR,, = 1, where
r, = 0,and zp, = TN10.

For 7 = 1, substitute it in equation (43)

2AzhY + Ath?H(uf — ul) + Atu} " (hy — b)) = 2Axhy!
2AzhY + AthT'ul + Atul (b — 1) = 2Axh} 1.

Move the know terms in the right-side
2AThY + Ath"‘ul + Atu} ' hY = 2Axh? ! 4+ Atu} ! (45)
and substitute j = 1 in equation (44)

QAR Ml + Ath T (uh — ug) + AtghT T H(hY — hy) = 2Axhy !
2AThT ul + Ath! T g + AtghTH(hY — 1) = 2Axhy tup

Move the known terms in the right-side
2AThY ut + Ath? il + Atgh! Rl = 2Axh w4+ AtghT (46)
For j = 2, in equation (43)
2Azhy + AthyH(uf — uy) + Atuy ' (R — hY) = 2Azhy ™" 47
and for equation (44)

2Azhy  ul + Athy ul T (uy — ul) + Atghh H(hy — hY) = 2Axhy T tuy T (48)
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For j = 3, in equation (43)
2AThY + AthyH(ul — ub) + Atuy (b} — hYy) = 2Axhy 1. (49)
and for equation (44)
2AThE  ul + Athy ul Tt (uf — uy) + AtghyH(hY — k) = 2Axhy tug T (50)
For j = x .1, in equation (43)

QATh 4+ AthI) (wl—wl )+ At (R —h) = 28k

TN+1 TN+1 TN+42 TN+1 TN+42 ITN+1
n n—1 n n—1 n _ n—1
2A8zhy,  + Athy o (0 —uy ) + Atuy o, (1= hi ) =28zh;
n n—1 n n—1 n—1 n n—1
20zhy, = Athy o ug o+ Atug o — Atug o by o= 20xhy

Moving the known terms ro the right-side

2Axh§fN+1 — Ach;LU;N — Atug;ithN = QAth;L — Atugf;il (28
and equation (44)
AT AR (g, — )+ Atghn L (B, = )
=2Azh" 1 4!

TN+1 TN+1

2Azhl ol AhI ul (00—l )+ Atghl (1= hD ) = 2Azhl ]t wl

TN+1 TN+1 TN4+1 TN+1 TN+1 TN+4+1 TN+41"

So the above equation will be

2Azh™ 1t w™ AR " w4 Atgh

1
TN+1 TN+1 IN+1 IN+1 TN TN+1

— Atgh" ' B = 2Azh" !yt

TN+4+1 TN TN+4+1 TN+41"

By move the known terms to the right side will get

ARy — AR unh oy — Atgh™ ! BT = 2Azh™ u" Tt — Atghm!

TN+1 TN+1 TN+1 TN+1 TN TN+4+1 TN TN+1 TN+1 TN4+1"

(52)

Now we can write the above equations (45), (46), (47), (48), (49), (50), (51), and (52) in

matrix form as

AU =b or AU =1



29

—P2 \@w 0 p2h

—p2hyuy  prhy
0 —pahy

0 —pohius  pih

prht + Atu}
prhiul ™t + paghtt
pihy
prhyu;
p1hy

n,n
prhzug

n _ n
Fbazt b2y,

n n

n
2

p2hyuy

n
3

n —
.Nﬁ bgztz&zi %wmbaztu

o o o O

n

b2 :w

n,,n
p2hyuy

oS O O O O O
oS O O O O O
oS O O O O O

0 —p2hiy 0

n n n
0 —p2hiyyuiyy Pl

y41

n
—Pauq

—paghsy

n—1
p2uy

p2ght
P
0
—paus”

—paghs

1

0
Pausy
paghyy
p1x
0

o O O

n
baus

Daghy

o O O o o O

e}

S O O O O O
o O O o o O

_ n
b2ty ., D1

—pagh’; 0

TN+1

L TN+11
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Where p; = 2Ax, and po = At. The above matrix is a system of 2(N + 1) equations,

now it has the linear form AU = b which can be solved using Matlab code.

3.1.3 Forward Euler scheme

Forward Euler (FE) scheme, it given by applying forward approximation for time and

central approximation for space as shown in Figure 6.

Time (¢)
tn+2
($j7]7n+1)
Zfn—i—l
]
(Tj-1,tn) l (7410, tn)
) o\
tn ® Alx ®
(5] tn)
Space (x)
T € Tji1

Figure 6. The mesh for Forward Euler scheme

Let’s consider the system of shallow water

oh 0

a + %(hu) =0 (53)
) o ., 1
— — — = 0. 4
8t<hu) + 8x<hu + 2gh )=0 (54)

By assuming that h and u are smooth, then equations (53) and (53) can be simplified by

expanding the derivatives as

oh 0 ou oh
i %(hu) = —h— —u— (55)



and

9
ot
ou oh

h— +u— + —(hu?) + =g

ot ot

(hu

oz

0 1

oz 2

) + 2(hu2 + %gh2) =0

Oh?
r
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The third term of the above equation is a derivative of multiplication of two functions,

then

ou oh

h—+u——+h—+u"— +
€T

ot ot

But we know that

Oh? Oh
I _op it
ox hax

By substitute (57) in equation (56), will have

ou oh

h— + u— + 2hu— + v’ — + gh— = 0.

ot ot

From equation (55),

oh _
ot

and 8_u2 = @
or Oz
ou oh oh

ox ox

ox

_ h%+ %
ox u@x

and by substitute it in equation (58), will get

ou ou Oh ou  ,0h
Ju ou  ,0h ou  ,0h B
ha—uh%—u 8—m+2hu%+u %—i—gh——O.
Simplify the above equation, will have
ou ou ou Oh
ou ou Oh

Dividing the above equation by h, then

ou

ot
ou _
ot

ou oh

+u—+g%=0

ox

ox g@x

)

(56)

(57)

(58)

(39)
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The new version of the system of the shallow water equation is

8h 8u oh
ou ou oh
g (o) @

So by applying forward in time (see equation (32)), and central in space (see equation
(34)), the Forward Euler (FE) scheme for equation (60) will be

n+1 n n n n n
hi™ =1 e S o S W = 62)
At J 2Ax J 2Ax
and for equation (61)
n+1 n n n n n
o e B o ha+1 hj1 (63)
At 7 2Ax 20z

In equations (62) and (63), both equations can be multiplied by At, and 55— can be used

as a comment factor, so will get

. R n o _om
hj“ = hj - 2Ax (P (ufyy = ujy) + (s — B y))
and
. R R _opm
ujtt = - 2Ax (uf (s = wfy) + g(hjr = 1)) -

Now the above equations can be written as

. At At . At N\ At N\
h = <2A )h Thy = (QA >hf“ (zA:chﬂ)u -1 (2Axhﬂ)uf“

(64)
and
uj+ = (E) hj—l — (E hj+1 + Euj uj_l + Uj — Euj uj+1.
(65)

Equation (64), and (65) are FE implicit and one step scheme.



For j = 2, substitute it in equation (64), will get

At At At At
n+l __ n n n __ n n n __ n
ha' = (QAJL'UZ) i+ hy (2A ) s (QAth) " (2Axh2

and from the boundary conditions, h} = 1, and u} = 0, so

At At At
n+l __ n __ n n __ n n
hs (QA > + hy (_QAxu2> i (_QAxh2> us.

Simply, the above equation can be written as

At At At
n+l _ 1n n n n n
Py = hy <2Am) (QA >h (QAth) K
Again by substitute 7 = 2 in equation (65)
w1 [ 9ALN B gAtY At L\ 0 At
N (QAx) i <2A hst\gagte )it~ \9a,
gAt gAt At
= = hn n__(_—_" ,n n
(mx) (QA ) s (QA:cu2 s

Or by rewrite the above equation as
n n gAty\ At N\ gAt
upt = = (2A:1:> s~ (2Axu2) ta (QA:E '

For j = 3, by substitute it in equation (64), will get

At At At At
n+1l __ n n n n n __ n
hs = (QA ) LR (QA ) i (2Axh3> 2 (2Axh3> “4

and in equation (65)

ntl _ gAt e gAt B At L\, 0 At
s <2Ax) 2 <2Ax 1 2Az 3 Uz T 2Az 8

For j = 4, by substitute it in equation (64), will have

At At At At
n+l __ n n n __ n n n __ n
hi = (2Axu4) s i <2A ) s (2Axh4> s (QAxh

and in equation (65)

ni1 [ 9AL gAty\ At L\, 0 At
u4 _<2Ax)h <2A hs+\gagt ) s T~ | ga, v

n
u2> u

)u

n
3

33

(66)

(67)

(68)

(69)

(70)

(71)
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For j = z, in equation (64)

h’:cxl - (2A$uxN) ha:N—l + th - <2Al'uxN> h‘xN-i-l + <2Axth) uxN—l
At N
B (QAxth) Yoy -+1:

From the boundary condition, u;’;m =0, and thH =1, so will get

1

At At At
n+l __ n n n n n n
The above equation can be rewritten as
At At At
n+l __ n n n n n n
th = (Eum\,) th—l + th + (EhiﬂN) ufBN—l — (E) U’IN (72)
and in equation (65), by substitute j =
Upy = (E) Wy — <E Moy + { Ga ey ) Yoyt T ey = ( GA - Uen | Yentrs
By rearrange the above equation, and from the boundary conditions, will get
1 gAtY At N " gAt
ul,; - (2A$) fay-1+ <2Aa:u” Uy ey = 2Ax ) (73)

Now the above equations (66), (67), (68), (69), (70), (71), (72), and (73) can be written in

matrix form as

Ut = AU + b
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Or

n+1
bw
n+1

n+1
?w

n+1

n+1
E»

n+1

n+1
bw
n+1

n+1
FHZIH

n+1
rn—1
n+1
hi
n+1
L TN

puy  phg

gp  gpuj

—DPug

n

puy

gp

n

IENS

n
—Duy

phy

n
buy

n
—pus

—gp

—phy

—pus

0

n
—Puy

—gp

—phy

n
—Puy

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
puy, phy, 1
gp  puy, 0

n

rn—1

n

h

H2|H

n
TN

TN

o O O O O

—gp

The above matrix is a system of 2(/N — 1) equations, and it has the linear

AU™ + b which can be solved using Matlab code.

At
2Azx "

1

form U™t

Where p
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3.1.4 Crank-Nicolson method

The Crank-Nicolson (CN) method is one of the most important implicit methods. This
method was developed by John Crank and Phyllis Nicolson in the middle of the 20"
century [20]. The computational effort for the CN method is higher than the other implicit
method, since it is in this method we have an additional term, which is the explicit term,
and the solution for the resulting system is a bit difficult than the other implicit method.
But this difficulty makes the CN method the most accurate second-order method. [21]

Generally we can integrate backward and forward method as well as CN method by using

single equation

Un+1 —_pynr

o = O U+ (L= ) f(U7) (74)

this approach is called -method approach where 6 € [0, 1]. [22]

In #-method approach, if § = 0, then equation (74), it just forward method (explicit), for
0 = 1, equation (74) will be backward method (implicit), and for § = 0.5, equation (74)
it is CN method. So simply CN method can be described as in Figure 7 below.

Time (¢)
(Ij_l tn—l—l) ($j77'n+1> (xj+1 tn+1)
tn—l—l .
o]
(.%],l,tn) l ﬁJrlatn)
tn @ ANz @
(zj{tn)
Space (x)
Tj-1 Z; Tj+1

Figure 7. The mesh for Crank-Nicolson scheme

Now, following the small introduction of the CN method, the implementation of the CN

method in the shallow water system will be provided below.
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Crank Nicolson for the shallow water system

Recall the new version of the system of the shallow equation

oh ou oh Oh Ou

ou ([ du  h Oh Ou
ot

U + 9@) = Fy(h,u, 97 %) (76)

Then by applying Crank Nicolson (CN) in equations (75), the scheme for the height will
be

n n At T mn
Rt = n +7(F1 Y (77)

and in equation ( 76), the velocity scheme will be
At
wpth =+ S (T ) 78)

where FI', FJ', are an explicit space scheme, and F"!, FJ'™! are an implicit space scheme.

Thus, using the central space scheme and applying the CN method to the system, the first

equation (77) will be
n+1 n+1 n+1 n+1 n n n
Bt — At ettt — Yo un+1hj+l —hih S A N o S 2 B
J J 2 J 2Ax J 2Ax J 2Ax J 2Ax

Then, by taking 2Axz as a common factor, the above equation will be

n n At n n n n n n n n n
u?(h?H - h?—l))'
(79)
And the second equation (78) will be
U — o — At n+1u?ill - u?irll +gh?111 - h?jll I nu?Jrl — Ui i gh?Jrl +hi
J J 2 J 2Ax 2Ax J 2Ax 2Ax

Again by taking 2Ax out as a common factor, will have
ntl At

uj j_m<y

J

(80)

wi T i = i)+ g (N = R g (=) + g (R -

B

) |

W)

) |
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Then, by reordering equations (79) and (80), such that all variables in the time n + lin the
left hand, and in the time n in the right hand, equation (79) will be

o AL — )+ - )
= W = o (G Wy = W)+ (R = BGy)).

Or by rearrange the above equation, will have
At At At
n hn n+l hﬂ+1 n+1 hﬂ+1 n+1 h?jHrl thrl
(4Axuj ) i-1 <4Ax J * 1Az i T 4Ax J

At " At 0\ o w " At
(4A$ J> hi- (4Axhj) Ry <4Axuj> M = <4Ax ]> it
)

(81

n+1
j+1

and equation (80) will be

w4 At

J 4Ax
% T UAr (uf (ujy — ufy) + g(hfyy — hjy)) -

(wi ™ (Wil —ui ™)) + g(hyiy — hH)

Once again, we can rewrite it as
gAt At " n n gAty\ At " "
(w)h - (gagu™ )ttt (50 )+ () it

gAtL At n n gAtL At L\,
ans ) i\ g )t =\ Gag ) e T\ Gag ) e
(82)

Now equations (81), and (82) are CN schemes for the shallow water model, and it nonlin-

ear implicit scheme.

From the boundary conditions, the velocity at the beginning and the end is equal to zero

= 0 meter/second), and for height is equal to one (b} = h? = 1meter).

(ul = uy IN+1

TN+1

By substitute j = 2 in equation (81), will get
At At At At
_ (4Axu721+1) hvll+1 o <4A hn+1> u?+1 + h721+1 + (4Axu§z+1) thrl + (4A thrl) ugwrl

At (At (At N A
(4A >h (4Ah) T (4A )h <4Axh2>“3'
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Now, from the boundary conditions, the scheme for the first equation at j = 2 will be

At n+1 n-l—l At n+1 n+1 At n+1 n+1l _ At n n
<4A )—l—h 1AL hy™ + 4Ah ugT = | At + Ny

AV 2 At N\
a (4A$u2> s (4A$h2) i
Or simply, the above equation can be rewritten as

" At " At n At " N At "
ot <4AJ;) w4 <4A u2+1) Bl 4 (4A h +1) utl = ot <4AI) ul
At N L, At N\
a <4Amu2) hs (4Axh2) Ys:
(83)
Again by substitute j = 2 in equation (82), will have

gAty\ At " N gAY\ At n
(4Ax> ot (4A u2+1) Wit <m ot T ) gt
gAt At gAt At
— [ ZZ== ) n_ 2 ) pr [ n
(4Ax> 1 (4A ) Ui (4Ax 57 \1ar™2) ™
gAt 1 gAt 1 At ‘1 gAt gAt
n hn n n — n _ hn
<4A ) Tt Uag) s T aagt )t ine) T T \Gag )
At
1Az )
By taking the first term in the right side to the left side, then the above equation will be
n+1 gAt n+1 At n+1 n+1 n __ gAt n __ At n gAt
2t (4Ax) K (4A v s = Ay ) 1 \Gag ) st oA
(84)
For j = 3 in equation (81)

N P S PP R P E A
At " At n At " At .\ L
(B (B)on oo () - (20
(85)
And for equation (82), when 7 = 3, will have

gAt At gAt At
hn+1 n+1 n+1 n+1 hn—i—l n+1 n+1
(4Aaj) (4A 3 ) T +<4Am T laagh )"

[ gAtY ., At gAty\ At L\ L
_(4Ax>h2+(4A >u2+ 43 (4Ax i\ 1ag"s ) v

(86)
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For j = 4 in equation (81), will get
At n+1 n+1 At n+1 n+1 n+1 At n+1 n+1 At n—l—l n+1
At At At At
<4A ) (4AI 4) ta i (4Axu4) 5 (4A )

(87)
And by substitute ;7 = 4 in equation (82), will have

gAtY\ At n " gAty\ At "
(4Ag;) hy +1 (4A u4+1) +1+ 4+1+ (4Aw h5+1+ e u4+1 u5+1
gAt At gAt At
(4Ax> 37 (4Axu4> U T (4A 1ag )
(83)
And for j = z in equation (81), will have
At n+1 n+1 At n+1 n+1 n+1 At n+1 n+1 At n+1 n+1
- (Euxw ) th—1 - AAT h Uzn_y + th + muwzv th+1 + mhm\r Uz n i1

— (mumN) hz + (Eh ) N_1 -+ th — (EU,IN> th-H (mhiEN) UJIN_H.

From boundary conditions, the height 1}t = A7 = 1, and the velocity uj/' =
ug, ., =0, so that by applying these conditions to the above equation, will have

At At At At
. n hn+1 o thrl n+1 hn+1 n+l ) _ n h
(4Ax“f’m) N (4A )“‘”N o ANz 1Az ) ena
At At
* (4A ) wer T M (4A;p“ N)
Or by rearrange the above equation as
Atnl n+1 Atnl n+1 n+1 At n+1 Atn n
_ <_4Mux; ) e (4A A AR R o P (i T

At At
* <4A ) wor T lay (4Ag;) o
(89)
For equation (82) by substitute j = xy, will get

gAt ntl At 0\ el gAt et JAN 2 N
B <4A$> hzj\;’l B (4A:L’uzj\; umj\;*l t uzj‘; T m hﬂﬂj\;ﬂ + muzz—t uI:f—le

gAt\ At " n gAtY\ At .
~ \4az Moy 4AajumN Uy F ey 4Ax h$N+1_ mu@v Uiy
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Applying the boundary conditions, the above equation will be
gAt +1 At +1 +1 gAt gat\
_ g h’n _ _ n n n g — g h
<4A:c) N1 ANy e ) Yenea Fllay ¥ 4Ax 4Ax ) N1
n At S gAt
—u u uy  — | ——
4Ax N ) TN N 4Ax
Then by moving the first term in the right side to the left side

. gAt n+l At n+1 n+1 n+l __ gAt n At n n
(4ALL’> hIN—l 4AJ}UIN umN_1 + uxN - 4Ax hl”N—1 + 4AJ,’UIN uxN_l

no_ (94
Fllzy 2Ax )
(90)

So equations (83), (84), (85), (86), (87), (88), (89), and (90) which are nonlinear system

of algebraic equations, can be written in matrix form as

AU = A, U™ + b

At

TAL the matrices will be

and by putting p =



42

n+1
—pus

—gp

|>63+H
%D&bw

n+1
—Dpug

n+1
buy

n+1
—Puy

—gp

1
phy™

n+1
puy

|@Dm+p

n+1
—Puy

n+1
pus

gp

phi*!

n+1
pug

n+1
puy

gp

EEM+H

n+1
puy

s}

o

n+1

—gp

n+1

- n+1
puz. 0

[u—

n+1
}\w

n+1

n+1
Dw
n+1

n+1
hy

n+1

n+1
\sm
n+1

n+1
&2|H
n+1
rn—1

n+1
hi
n+1
TN




43

puy  phy

gp  puj

n
—Dug

—gp

1

0

n
puy

gp

—phy 0
—pus 0
0 —puy
L —gp
phy 1
puy 0
0
0

n

—phy

—pus

0

n

—Ppuy

—gp

h
—Puy

n
—Puy

n

puy, phy,

gp  puy,

oS O O O O

—9gp




44

3.2 Method of Lines

The Method of Lines (MOL) is one of the numerical methods used to solve partial dif-
ferential equations (PDEs), and is one of the most commonly used numerical methods
for PDEs. MOL convert PDE to a system of ordinary differential equations (ODEs) by
discretizing the spatial derivative only and leaving the derivative of time as a variable, this
leads to an ODE system that can be solved by using any numerical method for solving the
ODE system. [23] Equation (91) describe the conversion from PDE to ODEs.

ou av;

o= FUt — T Fi(Ui,t) oD

where F' represents a PDE, and F; is the discretized space derivative. To discretize space,
we can use any numerical approximations, such as finite difference approximations (i.e.
forward, backward, or central approximations) or polynomials of any degree,...etc. Here
is this thesis, polynomial with fifth-degree will be used to solve the system of the shallow

water equation.

Method of Lines for shallow water model

In this method, as mentioned earlier, the plan was a discretized space by using a fifth-
degree polynomial (five points), with this idea, a general scheme for finding the derivative
of any function with respect to space was established, and the scheme was suitable for
one-dimensional problems. However, since the flow of the shallow water in two directions
(left and right) at the same time and this situation is a special case for the flow in one
dimension, and also from the impact of the boundaries conditions, the scheme showed
some limitations and instability in the result. So two points for the discretization of space

were decided to used, namely central approximation.

Now let’s recall the new version the system of the shallow water equation which are

oh ou oh
ot (’% * “a—) ©2)
ou ou oh
a (“a— " ga—x> | ©3

The above system can be converted to an ODE system by using the central approximation
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to discreet the space as

% _ —h-ujﬂ U1 u'hj—ﬁ-l - hj—l
dt T 2Ax T 2Ax
duj Ui — Ui ghj+1 —hj

au 2Az 2Ax

By taking 2Ax as a common factor, the above equations will be

dh; 1
d_tj B _E(hj(uﬁrl — uj-1) + (b — 1)) ©4)
du; 1
— = 5z (w1 = i) + g(hja = hy-)). ©3)

which are the system of ODE equation.

By substitute j = 2 in equation (94), will have

dhsy 1

I = _E(hQ(US —uy) + ug(hs — hy)).

And as far as boundary conditions are concerned, the height h; = 1,and u; = 0, then will

get
dh 1
d—; = —E(}LQ(Ug — 0) + U,Q(hg — 1))
= _E(h2u3 —+ U2h3 — u2).

Or the equation above can be written as

dhs 1 1 1
i = (ams) v (o) o (et o0

Also by substitute j = 2 is equation (95), will have

dUQ 1

o = oag

— 5 (ualus = 0) + g — 1)

uz — uy) + g(hs — h1))

_E(Uﬂbs + ghs — g).



Or we can rewrite as

= () (e o (6R2)

For j = 3 in equation (94), will get

dh 1
d_t3 = —E(h:a(uzx — uy) + ug(hy — ha)).

The above equation can be write as

dhs 1 1 1 1
o (K“) ha (Kh) Uz (K“) ha = (Kh) s

For equation (95), will have

dU3 1

E — —E(U@(ué; — Ug) + g(h4 - h2>>

Or by rearrange the above equation will get

- (e (i) - () ()

For j = 4 in equation (94),

dh 1
d—: = —E(h4(U5 — U3> + U4(h5 — hg))

The equation above can be written as

dhy 1 1
dt <2AIU4> s (2Axh4> v (

Same for equation (95), will have

1 1
2Amu4> s = <2Axh4> e

dU4 1

(sl — ) + (s — ).

By reordering the above equation, will get

e () = () (k)

For j = x in equation (94)

dh 1 (
dt  2Ax

TN

th (UIN-H - umN-l) + Ug (th+1 - th-l))'
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7)

(98)

99)

(100)

(101)
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Form the boundary conditions, u,, , =0, h = 1, then will have

TN+1

dh, 1
dtN B _QAQ; (hCCN (0 - uﬂ&N—l) + UZ’N(l a th—l»
1 n
- _E<_thU;pN71 Tt Uy — uxthNfl)'

Simply

dhs, 1 1 1
(L L o (V. a0
di (2&“”) Par-1 (2mhm> ten (mg;) oy (102)

Again for equation (95) by substitute j = x will get

du, 1
dtN - _QA:C (UIN(uxN+1 - uxN_l) + g<th+1 - th_l))
1
= 5 (o (0 =ty )+ 9(1 = Py )
1
— _—2Ax(—uxNuxN_l +g9— gth_1).

Or we can write it as

i (e (o () oy

Now equations (96), (97), (98), (99), (100), (101), (102) and (103) can be written in

matrix form as

du
—=A b 104
7 U+ (104)
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. . 1 . .
Or by putting p = 51—, the matrix form will be
|
I g ?‘ 1
& &85 8 2 T g2 2 T g =
[ —
L ]
Il
I 1
o i
o o o o S s o o
w
3 3
o o o o S > o S
w w
=3 |
o o S g o o pS o
[N}
S = | |
3 i)
< < £ s < < 2 S
no [}
S
o o < o o
= &
| |
o o o o 3 S ) o
< >
w w
| |
o o < 3 o o o o
S S
S
o o
< <. o o o o
=~ =~
3
S RS o o o o o o
=
3 b}
S & o o o o o o
= =
o o o o o o o o
| o o o o o o
L % 1
+
I 1
%' o o ©c oo ococof o

Now to solve this system of ODEs, Matlab ode solver will be used.
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3.2.1 Matlab ODE solver

Matlab provides different version solvers for solving ODE, these solvers take the ODE,
the initial value for the solution, the time span, and return the values of the derivative. The

general formula for the solvers is
[t,y] = odeSolver (Qodefun, tspan ,yo)

The solver takes the ODE system (odefun), and the span of the time that we want to find
the solution on it (tspan), and initial values for the solution (7,) as input and return the

vector of the solution y with the corresponding times ¢. Matlab has different functions for
the ODE solver, ode23, odel13, odel5s, ode23s, ode23t, ode23tb, and odel5i.

odelss

Function odel5s is the Matlab function to solve an ODE equation, or even an ODE sys-
tem. It is a Variable-Step, Variable-Order (VSVO) solver based on the Number Differen-
tiation Formula (NDFs) of order 1 through 5.

ode23s and oded45

The functions ode45 and ode23s is a single step ODE solvers. The method behind those
solvers are Runge-Kutta methods. To calculate each step we need information only from
the previous step (independent from the previous steps). This method passed information
from one step to the next one. For the step size h the solver uses a strategy call as FSAL.
the final function value at the end of a step is used as initial value for the function at the
next step. The codes for ode23 and ode45 are very similar. The only difference between

the two solvers is the sets of the key parameters.

Now different schemes for the shallow water model by using different numerical methods
were applied, in the next chapter, Numerical results for all these schemes will present,

and also a comparison between this result will be shown.
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4 Numerical Results for Shallow Water Model

The numerical results are obtained by solving the system of linear/nonlinear algebraic
equations and an ODE system using different numerical methods. For each numerical
model, the simulation is carried out for up to 3 sec of flow physical time. Here in this
chapter, the numerical results will present and compare. These all numerical model were

implemented in Matlab.

Generally, the task for all the numerical methods used is to find U™ at every time n, where

_‘n _ n ,n n ,n n .n n n n n T
Ur = [ho,uo,hl,ul,hQ,UQ,...,th,umN,thH,uxNH]

The initial conditions for height and velocity

u(z,0) =0 forall x € [z,, x)
—> u) =0 forall j € [z4, ]

2
h(x,0) =1+ 56_5:02 for all X € [x,, 23]

2 .. ,
:hgzl—i-ge 2% forall j € [z4, 1)
where [z,, x| is the interval [—5, 5].

Then to find U! we need to use U? (which is our initial vector), and to find U? we need
to use U'! (which we calculate it in the previous step), and we continue like this until we
reach to the last time ((f ).

4.1 Description of the solution behavior

Analytical results for a system of shallow water equations can be found using Matlab. The
solution was recorded in a time interval between zero seconds and three seconds. Figures

below describe the behavior of the solution at this time interval.
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Figure 8. The analytical results for the height and mass velocity: (a) at time ¢ = Os; (b) at time
t = 0.5s; (c) at time ¢ = 1s; (d) at time ¢t = 1.5s; (e) at time ¢ = 2s; (f) at time ¢ = 3s.

In the above figures, the height wave initially has one maximum point at the center of the

space, and the mass velocity is zero for all space interval. As time increases, the height
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wave starts to separate in the middle to have a maximum of two points. The gap between
these maximum points increases with time until it reaches the boundaries in the third
second. The mass velocity begins to divide in the range x € [—1, 1] at the time ¢ = 0, 5s,
the wave decreases to the minimum point, and then increase until the maximum point is
reached. After that, the wave begins to decrease again to reach zero value and remains
constant at that value. As time passes, the gap between the minimum and the maximum
points also increases in the wave of mass velocity, until it reaches the boundaries in the

third seconds.

The numerical results for all four methods will be shown in the next sections, these results
will be found using the Matlab code, with a number of N = 100 space discretization
nodes in a space interval x € [—5,5], and a time step size of At = 0.0005 in a time

interval of three seconds.

4.2 Backward Euler results

Applying the Backward Euler (BE) scheme, which is Backward approximation in time
and Central Difference in space, to the shallow water system gives us a system of a linear

algebraic equation in the form of
AU = b, (105)

Here we want to find U™ at each time n. Matrix A is a function of the height and the

velocity at time n — 1, then the solution will be in the form of
Ur = A, (106)

Numerical results of the BE scheme, together with the analytical solution, are shown in

Figure 9.

At the time ¢ = 0.5s, the BE result showed a small difference in the local minimum
of the height wave at x = (0. Mass velocity matches the analytical solution. With the
increase in time, we can see that there is a very small difference in the maximum value
and the position of the maximum value for the height wave, this difference increases with
the increase in time. Also for the mass velocity , with respect to the analytical solution,
the minimum and the maximum values of the wave have some differences at the same

location, especially for the third seconds.
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Figure 9. Results of the BE scheme compared with the analytical solution for the height and mass
velocity: (a) at time ¢ = 0.5s; (b) at time ¢t = 1s; (c) at time ¢t = 2s; (d) at time ¢ = 3s.

4.3 Forward Euler results

Forward Euler, which is Forward Euler in time and Central Difference in space, gives us

a system of linear algebraic equations in the form of
Un = AU + b (107)

where matrix A is a function of the height and the velocity at time n — 1. The results of

the Forward Euler scheme are as shown below
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Figure 10. Results of the FE scheme compared with the analytical solution for the height and
mass velocity: (a) at time ¢ = 0.5s; (b) at time ¢t = 1s; (c) at time ¢t = 2s; (d) at time ¢ = 3s.

The result of the Forward Euler scheme at the time of ¢ = 0.5, 1s is almost the same as
the analytical result, a small mismatch at the local minimum (at z = 0)of the height wave.
From the second second, the waves start not to be as smooth as the waves of the analytical
solution. However the results for the FE scheme are good when we compare it with the

analytical solution.
The limitation of the Forward Euler scheme

This scheme has faced the problem of instability when Courant number (C' = uﬁ—i, where
Ax is space steps, and At is time steps) is more than one, so in order to reduce this

number, we need to increase Az, and decrease At at the same time
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4.4 Crank-Nicolson results

By applying Crank-Nicolson scheme to the system of shallow water equations, we shall

obtain a system of nonlinear algebraic equations in the form
A Um = AUn—1 + b, (108)
And the solution of this system will be
Un = A7Y(AUn1 + b) (109)

where matrix A, is a function of the height and the velocity at time n — 1, and matrix A,
is a function of the height and the velocity at time n. To solve this non-linearity problem
in matrix A; we use Picard method [24], which assumes that the values of h, and u at the

time n are equal to the values at the time n — 1.

the results of the CN scheme for the shallow water model at different times as shown in

the below figures.

From the results of the CN scheme at times ¢ = 3s, a small mismatch at the intervals
r € [-3,—2], and [2, 3], and also at the maximum points for the height and the mass
velocity waves, and the minimum for the mass velocity wave. However the results are

good as comparison with the analytical solution.
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Figure 11. Results of the CN scheme compared with the analytical for the height and mass
velocity: (a) at time ¢ = 0.5s; (b) at time ¢t = 1s; (c) at time ¢t = 2s; (d) at time ¢ = 3s.

4.5 Method of line results

The implementation of this method on the shallow water equation system gives us an

ODE system in the form of

d - -
—U=AU+Yb 110
o - (110)

After running the scheme for different Matlab’s ODE solvers, namely odel5s, ode23s,
and ode45s, it was found that ode23s was the best one in terms of accuracy and hence it

has been used in the case of MOL technique.
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Figure 12. Results of MOL compared with the analytical for the height and mass velocity: (a) At
time ¢t = 0.5s; (b) Attime £ = 1s; (¢) At time t = 2s; (d) At time ¢ = 3s.

The results of MOL are similar to the analytical solution, but we can see that the waves
of height and mass velocity are not smooth in the last two seconds, and the minimum and
maximum points in the waves of mass velocity in the third seconds are not exactly the

same as those in the analytical solution.

4.6 Comparison between the numerical results

From all the numerical results, we can see that generally, the schemes are accurate, but in
the last two seconds, there are limitations, especially at the top and bottom of the waves
dome. Thus, in this section, we will present the comparisons for the numerical results
of all the numerical schemes and the analytical solution for the last two seconds and at

specific positions to see which method is more accurate.
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From the behavior of the solution, the height wave has two maximum points, and the

mass velocity wave has maximum and minimum points. The comparison between the

numerical methods and the analytical solution will be based on these four points with

their locations.

Table 1. Comparison of different numerical results for specific points at a time ¢t = 2s

Height h (meter) Mass velocity hu (meter?/seconds)
Max 1 [LMax2 | Max1 |[LMax2| Max [LMax | Min | LMin
Exact | 1.1996 -2 1.1996 2 0.1976 2 -0.1976 -2
BE | 1.2096 2.1 1.2096 2.1 0.2391 2.1 -0.2391 2.1
FE | 1.2168 | -2.0707 | 1.2168 | 2.0707 | 0.2484 | 2.0707 | -0.2484 | -2.0707
CN 1.215 | -2.0707 | 1.215 | 2.2727 | 0.246 | 2.0707 | -0.246 | -2.0707
MOL | 1.2097 | -2.0707 | 1.2097 | 1.0707 | 0.2392 | 2.0707 | -0.2392 | 2.0707

where: L max 1 and L Max 2 are the locations of the first and the second maximum points

of the height wave respectively. L Max and L. Min are the locations of the maximum and

the minimum points of the mass velocity wave respectively.
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Figure 13. Comparison of different numerical results at a time ¢t = 2s

From the above table, one case see that at the time of t = 2s, the height and mass velocity
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of the Backward Euler scheme (BE) are closer to the exact one as values, but the Method

of Lines (MOL) has a position close to the analytical one. Although the results for the BE

and MOL are very close to each other.

Table 2. Comparison of different numerical results for specific points at a time ¢ = 3s

domain length, x (m)

Figure 14. Comparison of different numerical results at a time ¢t = 3s

Height h (meter) Mass velocity hu (meter?/seconds)
Max1 | LMax1 | Max2 | LMax2 | Max | L Max Min L Min
Exact | 1.1991 -3 1.1991 3 0.1971 3 -0.1971 -3
BE 1.2182 -3 1.2182 3 0.2503 3 -0.2503 -3
FE 1.2257 | -3.0808 | 1.2257 | 3.0808 | 0.2599 | 3.0808 | -0.2599 | -3.0808
CN 1.2228 | -3.0808 | 1.2228 | 3.0808 | 0.2562 | 3.0808 | -0.2562 | -3.0808
MOL | 1.2198 | -3.0808 | 1.2198 | 3.0808 | 0.2522 | 3.0808 | -0.2522 | -3.0808
) The simulation time is 3 seconds
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The values and positions of the maximum and minimum in the results of the BE for the

height and mass velocity in the third seconds are still closer to the analytical solution.

Thus, from the values and plots of the numerical methods, we can generalize that the

results of the BE and MOL results are closer to the analytical solution in the second and

the third seconds. However, all numerical methods have good accuracy in comparison

with the analytical solution.
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CPU time:

We also need to consider CPU time of the scheme took to evaluate the numerical results.
From Table 3, one can see that the Crank-Nicolson scheme has the height CPU time, and
the Method of Lines is faster than the other numerical methods. The running time values

are shown in Table 3 below.

Table 3. Comparison of CPU times for all numerical methods

BE FE CN MOL
CPU time in seconds | 13.8254 | 20.1521 | 24.1790 | 3.3507

Finally, we can say that the result of all the numerical methods was good in terms of
accuracy. The results from the BE and MOL schemes were better than than the results of

the FE and CN schemes, However the MOL scheme showed a smallest running time.

4.7 Future work

This work only takes shallow water model into consideration in one dimension (1D) and
without rotation, applying uniform mesh refinement. Further work would include local
mesh refinement, expanding the numerical methods to 2D and ultimately 3D with rotation,

and applying mesh refinement to each.
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S CONCLUSION

In this work, the system of non-linear Shallow Water Equations (SWEs) in one dimension
was derived with the following assumptions; free water surface without rotation, van-
ishing viscosity, presence of hydrostatic pressure, and flat bottom topography with zero
height. Using the Finite Difference approach, the system was solved numerically by test-
ing a number of schemes, such as Forward Euler, Backward Euler, and Crank-Nicolson
schemes for the time discretization. The Central Difference scheme was always used for
the spatial discretization. In addition, the Method of Line (MOL) approach was also em-
ployed for solving the system. The discretizations gave a system of difference equations

(algebraic equations) which was easy to solve numerically.

As the flow of the Shallow Water model moves in two directions (left and right) at the
same time, it makes this a special case of one-dimensional flow. So the Method of Lines
with a fifth-degree polynomial for the discretization of space, and together with the impact
of the boundaries conditions, the scheme showed some limitations and instability in the
results. Therefor, the Central Difference approximation was used for the discretization of
space. In addition, the Forward Euler scheme, which is an explicit scheme was faced with

the problem of the Courant number (%u <1).

The numerical results produced by the tested schemes have been compared to the analyt-
ical solution. Generally, good accuracies have been found when the time is equal to 0, 1,
and 1.5 seconds. However, as time increases to 2 and 3 seconds, there was a discrepancy
between numerical and analytical results. The Backward Euler and the Method of Lines
schemes showed better results than the Forward Euler and Crank-Nicolson schemes. Gen-
erally, all the numerical methods had results that were very close to each other in terms of

accuracy, but the Method of Lines was faster in terms of CPU time.
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