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Sea state observations decomposed into a wave spectrum model is one direct way of
monitoring ocean dynamics with the aid of statistical methods. The frequentist and
Bayesian methods play prominent roles in estimating the parameters of this mathemat-
ical model. The Bayesian method forms a complete framework for statistical inference
and essentially incorporates procedures from the frequentist method. The Bayesian
method also uses Markov Chain Monte Carlo (MCMC) sampling method to approx-
imate the posterior distribution of the parameters estimated. The MCMC sampling
quantifies uncertainty in the estimates from a stochastic process hence efficient for de-
cision making. In this work, five toy-case examples of the stochastic Lagrange wave
processes realised from the Pierson-Moskowitz spectrum were considered. An extension
to real ocean scenario was deemed necessary thus two data cases sourced from Wafo
group toolbox were also considered. The data used were the North Sea data recorded at
the Gullfaks C platform in Norway and the Sea of Japan data recorded at the Poseidon
platform in Japan. The parameters of the wave realisations; significant wave height
and peak period were estimated using the frequentist and the Bayesian approach. The
Delayed Rejection with Adaptive Metropolis (DRAM) MCMC algorithm simulated for
15000 steps was used to quantify the uncertainty in the estimates. It was found that
both methods of estimation were consistent with the DRAM MCMC results and the
true parameters. However, the North Sea data case did not look too promising as the
DRAM MCMC predictive envelope differs slightly from the true parameter values of
the data.
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Tp Wave peak period

{Xt} Stochastic process
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ω Wave frequency in radian

Ω Sample space
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1 Introduction

Sea state dynamics characterised by the wave height, period and wave spectrum is

essentially one of various systems with inherent randomness which can be modelled as

a stochastic process. The stochastic model incorporates all the important properties

of the system in time or space and the changes from external influence on the system.

With several observations, statistical methods of estimation can be used to recover the

characterising elements of the system which are now called parameters of the model.

The model can be iteratively adjusted to give responses equivalent to the observed

state of the system with known optimisation techniques.

The problem of estimating these parameters from the system’s observation given the

state variables is a class of inverse problem (Raol et al., 2004). A further step to quan-

tify the variation in the estimates ascertains a deeper understanding of the dynamical

system, mathematical model and data generating process. The variation in the esti-

mates as a result of certain fluctuation in the stability of the system is explained by

statistics of extremes where very large observation of the system is required to capture

its full dynamics (Gumbel and Schelling, 1950). The parameter errors can be obtained

when the true parameter values are known, this however is not always the case for all

systems and real life scenarios.

The two major approaches to parameter estimation are the classical approach also

called the frequentist method and the Bayesian approach. The frequentist method

uses conditional distributions of data given specific hypotheses. The Bayesian approach

uses Bayes theorem to combine the observational data with subjective beliefs called

priors (Bernardo, 2009). The two methods provide grounds for statistical inferences

and decision making. Hildeman et al., 2020 considered the frequentist method in

estimating the significant wave height of wave processes. The Bayesian approach for

statistical inference is firmly based on axiomatic foundations which provide a unifying

logical structure. This approach is compared with the frequentist method in estimating

the significant wave height and peak period parameters of wave processes.

Extreme events in these processes are associated with occasional deviation from the

usual state of the system. These events are observed in different field of engineering,

natural and social sciences. Examples of extreme events include financial crises, oceanic

rogue waves, earthquakes, faults in industrial processes, and many others in several

application areas of dynamical systems. Clearly, some systems are either space and/or

time dependent hence the extreme events of these systems are considered differently.

An application area is the dynamics and mechanism of ocean waves which is a spatial
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dynamical system (Cavalcante et al., 2013). Extreme events here are regarded to as

rogue or freak waves and by definition are twice greater than any three consecutive

wave to them.

1.1 Ocean Waves

Ocean waves are moving energy travelling along the interface between the ocean and

the atmosphere. The energy is often transferred from storm at some far point of the

ocean or wind blowing over the surface of the ocean (Trujillo and Thurman, 2008).

This phenomenon is similar to the disturbance generated by throwing a pebble into a

still pond. The release of energy equivalent to this pebble hitting the surface of the

water causes waves. Ocean dynamics have certain characteristics that enables them to

be modelled as stochastic process. The steepness, wave height and duration differs in

time with some level of predictability. Some key statistics about the evolution of these

wave makes it possible to differentiate and predict them.

Most ocean waves are induced by wind, however other agents such as internal water

movement at different velocities, human disturbances, tsunami and land slides in the

ocean floor releases energy to the ocean. These causes waves ranging from mild to rogue

depending on the magnitude of the agent. Waves are energy in motion transmitted by

a cyclic movement through matter. The motion of waves at the ocean surface is sim-

ply orbital, where waves oscillates back-and-forth, up-and-down around the interface

between the ocean surface and atmosphere.
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Figure 1. Sea surface elevation in the Atlantic ocean data sourced from WAFO et al., 2000
with significant wave height of 8 metres and peak period of 6 second.
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Rogue waves are large and unexpectedly appearing sea surface waves that tend to be

extremely dangerous. Rogue waves are usually accompanied by deep troughs, which

occur before and/or after the largest crest (Kharif and Pelinovsky, 2003). According

to Trujillo and Thurman, 2008, rouge waves are exceptionally tall, abnormally shaped

waves of water and about 20 metres high. These waves are more precisely defined

as waves whose height is greater than twice the significant wave height, that is, the

mean of the largest third in the wave record (Dysthe et al., 2008). The combination

of physical factors such as high winds from storms and strong current causes waves

to merge creating a single and enormous wave. The number of measured freak wave

records is at its hundreds presently, hence insufficiently small to build reliable statistics

about their nature (Nikolkina et al., 2011). The Draupner wave was the first rogue

wave to be detected by a measuring instrument, occurring at the Draupner platform

in the North Sea off the coast of Norway on 1 January 1995. The crest height is

approximately 18.5 metres and exceeds the significant wave height of 11.9 metres by a

factor of 1.54. It recorded a maximum wave height of 25.6 metres from crest to trough

(Cavaleri et al., 2017). There are evidences of rogue waves over the years which has

either occurred in deep and shallow zones of the Ocean and at the coast as high splashes

over sea walls. These evidences also give account of very dangerous rogue wave events

associated with damages and human losses (Nikolkina et al., 2011) and (Dysthe et al.,

2008).

1.2 Objective and Structure of the Thesis

This thesis aims to examine:

• the method of estimating parameters of a fully developed sea spectrum using the

Bayesian and frequentist approach,

• quantifying uncertainty in the estimation process,

• the distribution of stochastic Lagrange wave processes and real wave processes.

The study covers the background to parameter estimation, uncertainty quantification,

ocean waves and rogue waves in Chapter 1. Chapter 2 focuses on related work on ocean

waves estimation and modelling approaches with emphasis on maximum likelihood,

Bayesian method and MCMC. In Chapter 3, the stochastic Lagrange waves is modelled

and the parameters of the Pierson-Moskowitz spectrum are estimated. In Chapter 4,

we discuss the results of the model as applied on toy-case simulations and real ocean

data.
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2 Stochastic Processes and MCMC

Stochastic processes are widely used as mathematical models of systems and phe-

nomena that appear to vary in a random manner. They have applications in many

disciplines including sciences, technology and engineering. Markov Chain Monte Carlo

(MCMC) is a well-known, widely used method to sample from arbitrary probability

distributions in case we cannot compute it directly. This serves as an efficient way to

validate parameters of a stochastic process.

In this chapter, we shall briefly discuss the the Bayesian and maximum likelihood

methods for estimating the parameters of stochastic processes. We will also discuss the

properties of some MCMC algorithms suitable for estimating parameters of stochastic

processes. Examples related to fundamental stochastic processes will be presented for

clear establishment of the thesis model.

2.1 Continuous Stochastic Processes

Stochastic processes constitute a branch of probability theory that models time-evolving

probabilistic systems. This gives a precise understanding of uncertainties in models

since the phenomenon in question behaves randomly. According to Dembo, 2008,

Definition 2.1 (Probability space). A probability space is a triplet (Ω,F ,P) that models

an “experiment” consisting of states that occur randomly. Ω, the sample space is the

set of all possible outcomes ω ∈ Ω of the random experiment. F , the event space is

the set of all subset of Ω representing the amount of information available from the

experiment. P, is the probability assigned by a set function A → p(A) ∈ F , set of all

possible sets of outcomes.

With the triplet constructed in Definition 2.1, a random variable X is said to be a

measurable function mapping the sample space Ω to a state space R. The probability

measure P on X returns values between 0 and 1. Hence it is possible to talk about the

distribution of X for some a ∈ R

p(X ≤ a) = p({ω;X(ω) ≤ a}).

The triplets (Ω,F ,P) have conditions which makes them suitable for use in random

processes.
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Hajek, 2015 defines a Stochastic process as follows:

Definition 2.2. Given a probability space (Ω,F ,P), a stochastic process {Xt} is an

indexed collection {Xt : t ∈ I} random variables where I is the index set. Typically, I

is an interval in R when {Xt} is a continuous time stochastic process.

Särkkä and Solin, 2019 defines Markov process as follows:

Definition 2.3. A stochastic process {Xt} is a Markov process if its future is deter-

mined only by the present and not the past.

p(Xt|Xs) = p(Xt|Xs); ∀ t ≥ s. (1)

The Markov process retains no memory of where it has been in the past.

One of the most used class of stochastic processes for modelling observations is the

Gaussian process. This is essentially because Gaussian processes are completely deter-

mined by their mean and covariance functions. Davis, 2006 defines a Gaussian process

as follows:

Definition 2.4 (Gaussian Processes). A stochastic process {Xt, t ∈ I} is a Gaussian

process if all its finite dimensional distribution has a multivariate normal distribution

with mean E(Xt) = µt and covariance function

r(Xt,Xs) = Cov(Xt, Xs) = E((Xt − µt)(Xs − µs)).

Example 2.1 (Brownian Motion). The Brownian motion is a fundamental Gaussian

process with wide range of applicability. The Brownian motion is also referred to as

the Wiener process (Pavliotis, 2011). A one dimensional standard Brownian motion

B(t, ω) : R→ R is a real valued stochastic process on the probability space (Ω,B,P),

such that for fixed ω ∈ Ω, B(t, ω) is a continuous function with respect to t. The

Brownian motion starts at the origin hence B(0, ω) = 0 and proceeds with a stationary

independent increment h > 0 such that

B(t+ h, ω)−B(t, ω) ∼ N (0, h),

where N (0,h) is a normal distribution with mean 0 and variance h. Thus the probability

density is given by

p(B(t+ h, ω)−B(t, ω) ≤ x) =
1√
2πh

∫ x

−∞
exp

(
−u

2

2h

)
du.
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A stochastic process {Xt t ≥ 0} is a Brownian motion with variance σ2 and drift

parameter µ if for t > 0 and h > 0,

Xt+h −Xt ∼ N (µh, σ2h).

The process is defined by the standard Brownian motion as

Xt = µt+ σB(t, ω).

Since B(t) is a normal random variable with mean 0 and covariance Cov(s, t) =

min(s, t), Xt is also a normal random variable with mean µt and covariance Cov(s, t) =

σ2 min(s, t). Where s and t are points in the Brownian motion. With the stationary

independent increment, the markovianity of the Brownian motion becomes evident.

A d-dimensional standard Brownian motion B : R→ R is a vector of d independent

one-dimensional Brownian motions

B =
(
B1(t, ω), · · · , Bd(t, ω)

)
.

2.1.1 Stationary Stochastic Processes

The concept of a stationary stochastic process extends the application of probability

theory to several fields of natural science and technology. These processes accurately

describe many real phenomena characterised by un-ordered fluctuations and distur-

bances.

According to Lindgren, 2006,

Definition 2.5. A stochastic process {Xt} is said to be strictly stationary if all n-

dimensional distributions of

{Xt1+τ , Xt2+τ ,Xt3+τ , · · · },

are independent of τ . The stochastic process is said to be weakly stationary if its mean

is constant, that is E(Xt) = m, and its covariance function

r(τ) = Cov(Xt,Xs),

is a function on the time lag τ . Every continuous covariance function has a represen-

tation as a Fourier integral,

r(τ) =
1

2π

∫ ∞
−∞

exp (−iξτ)dF (ξ), (2)
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where the function F (ξ) is called the spectral distribution function.

The Gaussian process {Xt} is said to be stationary if its mean E(Xt) = µ is constant

and the covariance function given by

r(τ) = Cov(Xt+τ ,Xt),

is independent of t ∀ τ ∈ R.

For Gaussian processes, strict sense and weak sense stationarity are equivalent since

they are completely described by the mean and covariance functions.

Example 2.2 (Ornstein-Uhlenbeck Process). The Ornstein-Uhlenbeck process {Xt} is

a continuous time stochastic process which is used to model fluctuations with a finite

correlation time. The Ornstein-Uhlenbeck process is defined as a stationary, Markov

and Gaussian process. It is a modification of the random walk in continuous time with

a mean reverting property, that is, moving back to the centre of the process realisation

with greater attraction as the process move forward in time and farther away from the

centre (Raol et al., 2004).

The Ornstein-Uhlenbeck process has its mean as E(Xt) = µ, covariance function as

r(τ) =
σ2

2λ
exp

(
−λ|τ |

)
(3)

and a spectral density

S(ξ) =
σ2

λ2 + ξ2
. (4)

These properties are satisfied by the linear stochastic differential equation

dXt = λ(µ−Xt)dt+ σdBt. (5)

Bt is a Brownian motion with λ > 0, σ > 0. µ is the drift parameter which gives the

process mean reverting property, λ is the diffusion parameter, it determines the rate at

which the process dissipates in time and σ2 is the variance parameter.

Example 2.3 (White Noise Process). A white noise Wt in the sense of distributions

is a generalised stochastic process with following properties:

• Wt and Wt′ are statistically independent for t 6= t′.

• The mean and covariance are defined as

E(Wt) = 0
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E(WtWt′) = σ2δ(t− t′).

The Dirac delta function is defined as

δ(t) =

{
∞, t = 0,

0, t 6= 0.
(6)

∫ ∞
−∞

δ(t− t′)dt = 1. (7)

In the case of a white noise process Wt, the spectral density is flat indicating that all

frequencies contribute equally to the spectrum and are uncorrelated (Evans, 2006).

Theorem 2.1 (Bochner’s Theorem). A continuous function r(τ) is positive definite,

and hence a covariance function of the stationary stochastic process {Xt}, if and only

if there exists a non-decreasing, right continuous, and bounded real function F (ω) such

that

r(τ) =
1

2π

∫ ∞
−∞

exp (−iξτ)dF (ξ).

The function F (ξ) is the spectral distribution function of the process {Xt}.

Theorem 2.2 (Wiener–Khinchin Theorem). Wiener–Khinchin theorem states that the

autocorrelation function of a wide-sense-stationary random process has a spectral de-

composition given by the power spectrum of that process. Hence the spectral density

and autocorrelation function are Fourier pairs given by

S(ξ) =

∫ ∞
−∞

r(τ) exp (iξτ)dτ (8)

and

r(τ) =
1

2π

∫ ∞
−∞

S(ξ) exp (−iξτ)dξ. (9)

The power spectral density of a stochastic process {Xt} refers to the variation of the

process per unit time. The integration of the spectral component in continuous time

gives the total variation of a stochastic process.

Definition 2.6 (Autocovariance and Autocorrelation). Autocorrelation is the similar-

ity between observations as a function of their time difference. While autocovariance

can be seen as a measure of the degree of linear covariation of observations. They are

often used interchangeably however, the autocorrelation is scaled version of the autoco-

variance.The difference is explained in the discrete case later in this chapter.
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2.2 Discrete Stochastic Processes

Discrete stochastic processes are essentially probabilistic systems that evolve in time

through random changes occurring at discrete intervals. Random sequences are under-

stood as stochastic processes in discrete time. These sequences are also called random

vectors and they widely applied in engineering, physics, biology, operations research

and finance. It is important discuss stochastic process in discrete time since this work

focuses on realisations on finite time scale.

According to (Girardin and Limnios, 2018),

Definition 2.7 (Random Sequence). A real random sequence {Xn} is a family of

random variables taking values in the set of all sequence of real numbers indexed on

finite time n ∈ N. This can be stated mathematically as

{Xn} := {(X1, X2, · · · , Xk), Xn ∈ R, n ∈ Z}.

Definition 2.8. Given a probability space (Ω,F ,P), a stochastic process {Xn} is an

indexed collection {Xn : n ∈ I} of random variables where I is the index set. {Xn} is

called a discrete time stochastic process if I is a subset of Z. n→ Xn(ω) is called the

sample path of the stochastic process.

The indexed set defined on Z indicates the stochastic process is propagating in both

positive and negative direction.

Definition 2.9 (Markov Processes in Discrete time). The Markov process in discrete

time or discrete state space is often referred to as the Markov chain. The chain is

defined as the transition density

p(Xt+1 = j|Xt = i) = pij; ∀ i,j ∈ S,

and ∑
j∈S

pij = 1.

The transition densities are grouped into a matrix to represent the whole Markov process
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in n-steps.

X =



p1,1 p1,2 p1,3 p1,4 . . . p1,n
p2,1 p2,2 p2,3 p2,4 . . . p2,n
p3,1 p3,2 p3,3 p3,4 . . . p3,n
. . . . . . . .
. . . . . . . .
. . . . . . . .

pm,1 pm,2 pm,3 pm,4 . . . pm,n


.

Definition 2.10 (Gaussian Processes). A discrete stochastic process {Xn, n ∈ I} is a

Gaussian process if every linear combination

S =
∑
k

akXk,

for real ak and k ∈ N has a Gaussian distribution.

Example 2.4 (Random Walk and Brownian Motion). The Brownian motion is anal-

ogous to the simple symmetric random walk with very small infinite steps (Bas, 2019).

Let {∆i ; i ≥ 1} be an independent and identically distributed sequence. The sequence

{Xn ;n ≥ 0} defined as

Xn =
n∑
i=1

∆i

is termed a simple random walk where ∆i = 1 with probability p and ∆i = −1 with

probability 1 − p. The random walk is said to be a simple symmetric random work

if ∆i = 1 with probability 1
2

or ∆i = −1 with probability 1
2
, hence E(∆i) = 0 and

Var(∆i) = 1. This implies an approximation of the Brownian motion with the extension

of a simple symmetric random walk that is Bk(t)→ Bt as k →∞ .

Bk(t) =
1√
k

tk∑
i=1

∆i k > 1.

The expected value of the simple symmetric random walk is given as E(Bk(t)) = 0 and

Var(Bk(t)) = t.

Definition 2.11 (Autocovariance and Autocorrelation). The autocorrelation of any

two values of a random sequence Xn, denoted by RXm,k
is defined as

RXm,k
= E(XmXk).

This expectation of the product of any two different time points. Similarly, the autoco-

variance function of the sequence Xn is defined as

CX(m+k,k)
= Cov(Xm+k, Xk) = E((Xm+k − E(Xm+k))(Xk − E(Xk))).
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The word autocorrelation refers to the fact that the correlation is between the time

points of the process and not correlation with some other process (Girardin and

Limnios, 2018).

Stationarity of a stochastic process in the discrete sense is defined by Shiryaev, 2019

and Carlton and Devore, 2017 as follows:

Definition 2.12 (Stationary Processes). A random sequence Xn is (strict-sense) sta-

tionary if all of its statistical properties are not depending on time. In other word,

A random sequence {Xn : n ∈ Z} is stationary in the strict sense if, for every set

B ∈ B(Rn) and for all m ≥ 1

p((X1, X2, · · · , Xk) ∈ B) = p((Xm+1, Xm+2, · · · , Xm+k) ∈ B).

This particularly follows for the case of wide sense stationarity that E(Xk) does not

depend on k and the covariance

Cov(Xm+k, Xk) = E(Xm+k − E(Xm+k))(Xk − E(Xk)),

depends only m. The degree of association between Xm and Xk, as measured by covari-

ance, depends on how far apart the two times s and t are, but not where those times

are located on an absolute scale.

Example 2.5 (White Noise process). This is defined as a sequence of uncorrelated

random variables and often referred to as the pure random process. This process is not

stationary if it is modelled as a function of time n, hence the mean and variance depends

on n. For stationary processes, the mean and variance are constant. A particular case

is the Gaussian white noise.

The white noise process in discrete time, Wn is a stochastic process with its mean

independent of time n and defined as

E(Wn) = 0.

The autocorrelation function

RWn = E(Wn+kWn),

is dependent on the stationary increment k and not on n. This is also presented as

RWn = δ(n)

implying the process has non-zero value at n = 0. Such a sequence is evidently station-



18

ary, and

RWn =

{
1, n = 0,

0, n 6= 0.

Example 2.6 (Ornstein-Uhlenbeck Process and AR(1) process). The Ornstein-Uhlenbeck

process is an analogue of the discrete time Auto-regressive (AR(1)) process of the first-

order (Arratia et al., 2014) and (Maller et al., 2009). This process is used to model

stochastic volatility of financial assets and interest rates. It has also proven useful in

environmental sciences for modelling environmental pollution among other applications

(Ghosh et al., 2016).

The AR(1) process is given by the stochastic difference equation

Xn = c+ φXn−1 + σWn,

where Wn is the white noise process. The process is stationary with φ being the interval

(0 1) and defined by the mean

E(Xn) =
c

1− φ
.

The covariance function is an exponential function (Roininen et al., 2011).

100 200 300 400 500 600 700 800 900 1000

-2

0

2

100 200 300 400 500 600 700 800 900 1000

0

0.5

1

Figure 2. White noise process with µ = 0 and σ2 = 1 (upper) and Brownian motion
realisation (lower) with 1000 time steps. This illustrates a stationary and non-stationary
process realisation in discrete time.
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2.3 Bayes Theorem and Posterior Distribution

Bayesian approach to statistical models uses probability to make inferences. The belief

about the occurrence of events is updated with new information of those events. This

in technical terms means a measure of confidence about the occurrence of a particular

event (Bolstad and Curran, 2016). Bayesian statistics applies Bayes theorem in reason-

ing probabilities by restating the conditional probability of related events. The solution

to a Bayesian estimation problem is the posterior distribution of an unknown parameter

say θ and the case is often to derived the posterior distribution from direct or indirect

observations X of the unknown parameter (Roininen et al., 2019). The interval that

has a high probability of containing the parameter is known as the Bayesian credible

interval. This is analogous to confidence interval in the frequentist approach, however,

credible intervals have direct probability interpretation that confidence intervals lack

(Bolstad and Curran, 2016).

Theorem 2.3 (Bayes theorem). Let A and B be two events, each of positive probability,

then

p(A|B) =
p(A)p(B|A)

p(B)
.

The marginal probability p(A) is known before hand hence called the prior probability.

The conditional probability p(B|A) of event B occurring given A has occurred is the

likelihood of the unobserved event A. The conditional probability p(A|B) is the poste-

rior probability of event A occurring given that B has occurred (Evans and Rosenthal,

2009).

However, Bayesian statistics uses probability distribution rather than point probabil-

ities. Here probability distribution are functions that have the sample space of the

random variable as their input and gives a probability as its output. With X be-

ing a discrete random variable, its probability function pX : R → [0 1] is defined by

pX(x) = p(X = x) where x are distinct values such that p(X = xi) = pi with
∑
pi = 1 .

And when X is a continuous random variable, then the probability function f : R→ R
is defined by

∫∞
−∞ f(x)d(x) = 1 and f(x) ≥ 0 for all x ∈ R.

The Bayes theorem expressed in form of probability distribution replaces the condi-

tional and marginal probabilities with the distribution of the related quantities. Hence

the posterior distribution is defined as

p(θ|X) =
p(θ)p(X|θ)
p(X)

,

where θ is the unknown parameter to be determined, X is the measured quantity, p(X)
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is the marginal likelihood of X, p(θ), p(θ|X) and p(X|θ) are the prior distribution, pos-

terior distribution and likelihood distribution respectively. The posterior distribution

of θ expresses uncertainty about parameter θ after taking both the prior and data into

system (Tejedor, 2017).

2.4 Parameter Estimation

Parameter estimation is the process of using sample data to quantify the parameters

of a known distribution. The objective in statistical modelling is to make inferences

from sampled information. These inferences are however based on estimation of a dis-

tribution from which the sampled information belong. The approaches in estimating

parameters of a distribution include, moment estimation, probability weighted mo-

ments, maximum likelihood estimation and Bayesian methods (Coles, 2001).

2.4.1 Maximum Likelihood Estimator

The maximum likelihood estimator (MLE) is defined as the value of the parameter

that maximises the appropriate likelihood function. It is the most attractive method

of estimation because it gives standard and widely applicable approximations of the

sampled distribution. It also incorporates approximations for standard errors, confi-

dence intervals and covariance information into parameter estimates.

Given the Ornstein-Uhlenbeck process {Xt} as an example, the likelihood function is

written as

p
(
Xt|θ

)
=

t∏
k=1

p
(
Xk|Xk−1,θ

)
where θk are the unknown parameters to be estimated. The maximum likelihood

method aims to maximise the log-likelihood function equivalently, minimising the neg-

ative log-likelihood which is written as

L(θ) = −
t∑

k=1

log
(
p
(
Xk|Xk−1,θ

))
.

The maximum likelihood estimators is hence given by

θML = arg min
θ
L(θ).
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A suitable way to minimise such function is through analytic solution of the derivatives

or numerical optimisation approach.

2.4.2 Maximum A Posteriori Estimator

The maximum a posteriori estimator (MAP) is a Bayesian estimate which provides a

way of incorporating prior information to the estimation framework. This is partic-

ularly useful in problems posed by sparse samples of the estimated quantity, a case

where the MLE does not give good enough estimates (Gauvain and Lee, 1994). The

assumption of a prior distribution of the parameter to be estimated is necessary. This

is done by choosing a non-informative distribution as the prior distribution when no

vague information is known about about the prior. This could also be done by choosing

a suitable class of distribution from which there is certainty that the parameter belongs

to such distribution. With large enough data, the effect of the prior chosen is small

compared to that of the data. Hence the posterior distribution remains unchanged

despite starting with a different prior (Evans, 2006).

Given the Ornstein-Uhlenbeck process {Xt} as an example, the unnormalised posterior

is given by

p(θ|X) ∝ p(θ)p(X|θ).

The negative unnormalised log-posterior is hence derived as

Lp(θ) = −
t∑

k=1

log
(
p
(
Xk|Xk−1,θ

))
− log(p(θ)).

The MAP estimate is found by minimising the negative unnnormalised log-posterior

as

θMAP = arg min
θ
Lp(θ).

Example 2.7 (Gaussian priors). The prior density should reflect our beliefs on the

unknown variable of interest before taking the measurements into account. Gaussian

probability densities are the most used priors in statistical inverse problems. They

are easy to construct and form a versatile class of densities. They also often lead to

explicit estimators when incorporated in to the MAP estimation framework (Kekkonen

and Korolev, 2019)and (Monterrubio-Gómez et al., 2020).

Let µ ∈ Rd and Σ ∈ Rd×d be a symmetric positive definite matrix. A Gaussian d-

variate random variable θ with mean µ and covariance Σ is a random variable with the

probability density
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p(θ) =
1

(2π|Σ|) d
2

exp

(
−1

2
(θ − µ)TΣ−1(θ − µ)

)
.

The prior probability distribution should be concentrated on those values of x we expect

to see and assign a clearly higher probability to them than to the unexpected ones.

With this, the values of µ and Σ should represent the class of θ we expect from the

measurement.

2.4.3 Conditional Mean Estimator

The posterior distribution summaries all the information of the unknown parameter

that has been estimated in Bayesian statistics view point. Therefore any of its statis-

tics mean, mode or median defines appropriately the point estimate of θ. Choosing

the mode corresponds to the value that maximises the posterior distribution which is

equivalent to the MAP estimate. The mean gives the conditional mean (CM) estimate

defined as

θCM = E(θ|X) =

∫
R
θp(θ|X)dθ.

The main problem with CM estimation is that solving the integral in high-dimensional

space is often very difficult. The integral in the conditional mean framework can be

approximated with the MCMC method (Kekkonen and Korolev, 2019). The condi-

tional mean estimator and the maximum a posteriori estimator agree the posterior

distribution is Gaussian.

2.5 Markov Chain Monte Carlo

Stochastic processes are described by their statistical measures such as the mean, co-

variance, higher moments and characteristic functions. For most cases, only the mean

and covariance are available, hence there is a need to obtain other measure by sam-

pling from a proposal distribution. Markov Chain Monte Carlo can be viewed as a

way of approximating a target distribution through the approximate expectations with

respect to this distribution (Sanz-Alonso et al., 2018). As discussed in Section 2.4.3,

the conditional mean requires integration over the space Rd where the posterior density

is defined. These samples from the posterior are used to approximate the integral.

Markov chain Monte Carlo (MCMC) algorithms generate a sequence of parameter

values (θ1, θ2, · · · ) whose empirical distribution, in the histogram sense asymptotically
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approaches the posterior distribution as n increases. This means samples from the pos-

terior distribution are produced can be used to approximate the posterior expectations

(Haario, 2007).

There are variety of statistical problems which requires Monte Carlo simulations for

estimating the mean of a stationary distribution π. This is done by constructing ergodic

Markov transition matrix. For sample paths of {Xt} in the Markov chain, a consistent

estimator of the mean are derived as the chain converges. In some applications, the

target distribution has the form πi = cηi, where η is known, but the normalisation

constant c is unknown and difficult to compute. In this case, one can obtain consistent

estimators for c as well (Serfozo, 2009b). For a particular application, one would

simulate the Markov chain for a large number of steps n, and then take the resulting

estimates as an approximate value of distribution parameters (Serfozo, 2009a).

Haario, 2007 defines ergodicity as follows.

Definition 2.13 (Ergodicity). Let π be the density function of the target distribution

in the d-dimensional Euclidean space Rd. The MCMC algorithm is said to be ergodic

if, for an arbitrary bounded and measurable function f : Rd → R and initial parameter

value θ0 that belongs to the support of π, it holds that

lim
n→∞

1

n+ 1
(f(θ0) + f(θ1) + f(θ2) + · · ·+ f(θn)) =

∫
Rd

f(θ)π(θ)dθ. (10)

This implies, the long-time average of the observed function f converges to the expec-

tation of the stationary distribution.

2.5.1 Metropolis Algorithm

Metropolis algorithm, is conventionally considered in situations where a prior knowl-

edge of the target distribution is limited. The Metropolis algorithm samples compo-

nents of the future state one after another. The states in the chain are sampled to

the number of components in the parameter space with as many steps as the compo-

nents for each states. The Metropolis algorithm has its proposal distribution to be

symmetric which is similar to the Metropolis-Hastings, an extension to non-symmetric

proposal distributions. The Metropolis Algorithm generates candidate parameter val-

ues from the proposal distribution and either accepts or rejects the proposed value with

an acceptance probability.
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Algorithm 1: Metropolis Algorithm

Initial: Initialise a starting point θ0.
for i→ 1 to N do

Sampling: Choose a new candidate θ∗ from the proposal distribution
q(θ∗|θi−1), depending on the previous point of the chain.
Probability: Define the acceptance probability as

α(θ∗,θi−1) = min

(
1,

π(θ∗)

π(θi−1)

)
. (11)

Acceptance: Generate a uniform random variable u ∼ U(0,1), and set
the next point

θi =

{
θ∗, u ≤ α,

θi−1, u > α.
(12)

end

2.5.2 Adaptive Metropolis Algorithm

As described in Section 2.5.1, the proposal is taken to be Gaussian, centred at the

current point. The proposal covariance matrix is taken to be the empirical covariance

matrix computed from previous steps in the chain. More precisely, if we have sam-

pled points (θ0, θ1, θ2, · · · , θn−1), we propose the next candidate using the covariance

Cn = sdCov(θ0, θ1, θ2, · · · , θn−1) + εId, where sd = 2.42/d is the scaling factor, d is the

dimension of the sampling space, and ε > 0 is a regularisation parameter that ensures

that the proposal covariance matrix stays positive definite. In practice, ε can often be

chosen to be very small or even set to zero. The intuition for the adaptive strategy

is to learn from the information obtained while simulating the chain, and to tune the

proposals to work more efficiently.
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Algorithm 2: Adaptive Metropolis Algorithm

Initial: Initialise length of the chain, starting point θ0 and covariance C0.
for i→ 1 to N do

Sampling: Choose a new candidate θ∗ from the proposal distribution
N (θ∗|θn, Ci), depending on the n previous point of the chain.
Probability: Define the acceptance probability as

α(θ∗,θn) = min

(
1,
π(θ∗)

π(θn)

)
. (13)

Acceptance:Generate a uniform random variable u ∼ U(0,1), and set the
next point

θi =

{
θ∗, u ≤ α,

θi−1, u > α.
(14)

Update: Ci+1 = Cov(θ1, θ2, · · · , θn).
end

2.5.3 DRAM Algorithm

Delayed Rejection with Adaptation of the Metropolis algorithm (DRAM) combines two

novel methods described by Haario et al., 2006. The Adaptation part of the method

has been described in Section 2.5.2.

The DR model takes step further upon rejection of a sampled candidate. A new

proposal distribution is suggested at each stage of the DR instead of retaining the

same position, θi = θi−1, as we would do in the AM. The second stage’s sampled

candidate is accepted with the probability

α2(θn, θ
∗, θ∗∗) = min

{
1,
π(θ∗∗)q1(θ

∗∗,θ∗)q2(θ
∗∗,θ∗,θn)[1− α1(θ

∗∗,θ∗)]

π(θn)q1(θn,θ∗)q2(θn,θ∗,θ∗∗)[1− α1(θn,θ∗)]

}
. (15)

This shows that the sampled candidate at the second stage depends both on the current

position of the chain and the rejected candidate. The DR for multiple stages iterates

over stage acceptance probability defined as
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αi(θn, θ
∗, θ∗∗, · · · ,θi∗) = min

{
1,

π(θi∗)q1(θ
i∗,θi∗−1) · · · qi(θi∗,θi∗−1,θi∗−2, · · · ,θn)

π(θn)q1(θn,θ∗)q2(θn,θ∗,θ∗∗) · · · qi(θn,θ∗,θ∗∗, · · · , θi∗)

[1− α1(θ
i∗,θ∗)][1− α2(θ

i∗,θi∗−1,θi∗−2)] · · · [1− αi−1(θi∗,θi∗−1,θi∗−2, · · · ,θn)]

[1− α1(θn,θ∗)][1− α2(θn,θ∗,θ∗∗)] · · · [1− αi−1(θn,θ∗,θ∗∗, · · · , θi∗)]

}
.

(16)

There are numerous ways of combining the DR and AM strategies, however the success

of the method is that one of the proposal distribution at the DR stage is chosen.

The DRAM exploits the hierarchy between proposal distributions and it is very useful

for sampling multi-modal distributions. It can be designed to either compute easier

proposal first hence, saving simulation time. Or to compute proposals with bigger

variance first thus, allowing the sampler to explore the state space more efficiently

(Haario et al., 2006).

One of such method of combinations is highlighted as follows:

Algorithm 3: Delayed Rejection with Adaptive Metropolis Algorithm

Initial: Initialise length of the chain, starting point θ0 and covariance C0.
for i→ 1 to N do

Sampling: Sampling is done as that of AM.
Probability: Define the acceptance probability at each stage based on the
proposal distribution.
Acceptance:The proposal at the first stage of DR is adapted just as in
AM. The covariance matrix C1

n for the Gaussian proposal is computed
at each point of the sampled chain, no matter at which stage of DR
these points have been accepted.
Update: The covariance Ci

n of the proposal for the i-th stage
(i = 1, · · ·N) is always computed as a scaled version of the proposal of
the first stage, Ci

n = γiC
1
n, with fixed scaling factors γi.

end

An example case of parameter estimation for the Ornstein-Uhlenbeck process is pre-

sented to lay a foundation for the methods to be used in this work. Figure 3 shows the

maximum likelihood, MAP and MCMC estimates for the Ornstein-Uhlenbeck process

with parameters λ = 0.02 and σ2 = 0.07.
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(a) Ornstein-Uhlenbeck realisation.
(b) Spectrum with predictive enve-
lope.
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(c) QQ-plot of the Ornstein-Uhlenbeck
realisation.
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(d) Autocorrelation plot of the MCMC chains.
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(e) MCMC chains of the Ornstein-Uhlenbeck parameters.

(f) Marginal distribution of the λ parameter.

Maximum likelihood estimates:
σ2 = 0.019
λ = 0.069.

Maximum a posteriori estimates:
σ2 = 0.019
λ = 0.069.

µ σ ε τ

σ2 0.019 0.001 3e-05 6.814
λ 0.069 0.002 7e-05 7.122

(g) MCMC statistics with 10000 chain length.
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(h) Joint distribution of the λ and σ2 parameters.
(i) Marginal distribution of the σ2 parameter.

Figure 3. MCMC analysis plot for the Ornstein-Uhlenbeck process parameters σ2 = 0.02
and λ = 0.07.
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3 Ocean Wave Model via Gaussian Processes

In this chapter, we model the evolution equation of waves and the practicalities as

regards ocean waves. The following are relevant to reproducing the ocean wave process

with important characteristics such as front back asymmetry.

3.1 Gaussian Wave Process

The first order linear wave gives a basic understanding of conservation equations in

wave systems. Considering the linear wave equation

∂Φ

∂t
+ c

∂Φ

∂x
= 0,

where c > 0 and Φ(x,t) = Φ0(x) is the initial condition on x at t = 0. The solution to

equation (3.1) is of the form

Φ(x,t) = Φ0(x− ct),

which implies the initial condition propagates to the right with a constant speed c

(Falk, 2017). A suitable linear monochromatic wave which propagates in time t to the

positive x direction which satisfies the dispersion relation ξ = cκ defined by

η(x,t) = a cos(κx− ξt),

is realised from this solution. However, such wave does not exist in real ocean. Hence

a simple case realisation of ocean waves

W (x,t) =
∑
k

ak cos(κx− ξkt+ φk),

expressed as a single sinusoid with phase offset which is analogous to the Fourier series

amplitude-phase form. With an extension to the continuous time stationary stochastic

process, the above Fourier-type decomposition becomes

W (x,t) =

∫ ∞
−∞

exp
(
i(κx− ξt+ φ)

)
dξ.

W (x,t) is a Gaussian process with zero mean and a covariance function

rx(t) = Cov(W (0),W (t)) =

∫ ∞
0

cos(ξt− φ)S(w)dξ,

(WAFO et al., 2000).
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The second order wave equation has been used for variety of ocean waves model to a

greater or lesser degree. The full second order wave equation is given by

∂2Φ

∂t2
− c2∇2Φ = 0,

where ∇2 is the Laplace operator in the domain of Φ (Falk, 2017).

As such, a case Φ(x) is given as

∂2Φ

∂t2
− c2∂

2Φ

∂x2
= 0. (17)

3.2 The Free Lagrangian Wave Process

A build-up on the time stationary stochastic process is the two-dimensional Gaussian

model at time t with reference coordinate u. The two-dimensional wave process in the

discrete form is given as

W (t,u) =
∑
k

ak cos(κku− ξkt+ φk),

and the continuous form as

W (t,u) =

∫ ∞
−∞

exp
(
i(κu− ξt+ φ)

)
dξ.

The free stochastic Lagrangian wave model is the bi-variate Gaussian process (t,u)→
(W (t,u),XM(t,u)). The vertical and horizontal component of the stochastic Lagrangian

wave model are defined as

W (t,u) =

∫ ∞
−∞

exp
(
i(κu− ξt)

)
dζ(ξ), (18)

XM(t,u) = u+

∫ ∞
−∞

exp
(
i(κu− ξt)

)
i
coshκh

sinhκh
dζ(ξ),

XM(t,u) = u+

∫ ∞
−∞

exp
(
i(κ(u)− ξ(t))

)
HM(ξ)ρξdζ(ξ).

(19)

Here κ = κ(ξ) satisfies the dispersion relation

ξ2 = gκ tanhκh.



30

HM is the Miche filtration of W (t, u), h denotes water depth, W (t, u) is the sea surface

elevation above still water level at location u and time t. W (t, u) is a Gaussian process

with zero mean, ξ is the wave frequency and κ is the wave number (Lindgren and

Åberg, 2009).

A physically motivated relationship is established between vertical and horizontal pro-

cesses. This is achieved by allowing the horizontal acceleration of the water particles

to depend linearly on the vertical height.
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Figure 4. Wave process with depth of 8 metres (shallow water) where (upper) has a corre-
lation coefficient 0 and (lower) has a correlation coefficient 0.8.

The wave process from the shallow depth case in Figure 4 has more peaks than the

realisation from the infinite depth. The correlation parameter controls the front-back

asymmetry of the wave process where processes with high correlation look more sym-

metric than those without correlation (ρ = 0).
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Figure 5. Wave process in infinite depth (Deep water) where (upper) has a correlation
coefficient 0 and (lower) has a correlation coefficient 0.8.

3.3 Pierson-Moskowitz Spectrum

One of several efforts that has been made in modelling the ocean waves is the estimation

of waves spectra. The Pierson-Moskowitz spectrum is one of the most popular of such
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and is defined as

S(ξ) =
5H2

s

ξp

(
w
ξp

)5 exp

−5

4

(
ξ

ξp

)−4. (20)

Hs is the significant wave height defined by 4
√

Var(W (t,u)), ξp is the peak frequency

defined by 2π/Tp, where Tp is the peak period (Lindgren and Åberg, 2009).

It is an empirical form for the fully developed sea derived by Pierson and Moskowitz,

1964 through curve fitting analysis of several wave data.
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Figure 6. Pierson-Moskowitz spectrum with significant wave height of 6.5 metres and peak
period of 10 seconds.

3.4 Level Crossing

Level crossing is a means of describing the variability and extreme behaviour of contin-

uous stochastic process. Level crossing is also used to determine the number of turning

point about a chosen level in an interval. This is called level up-crossing counts for

maximum points and level down-crossing counts for minimum points. This work fo-

cuses on the level up-crossing of wave processes as a way of describing extreme wave

processes. The maximum of a process given that the process starts from below a pre-

determined level is equal to the lowest level above which there exists no genuine level

crossing.

According to Lindgren, 2006, Steve O. Rice postulated a formula to investigate the
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conditional behaviour of a stationary process when it is observed in the neighbourhood

of crossing a predetermined level.

Theorem 3.1 (Rice’s formula). For any stationary process {Xt, t ∈ R} with density

fX(0)(u), the crossings and up-crossings intensities are given by

µ(u) = E(N[0,1](X,u)) =

∫ ∞
−∞
|z| fX(0),X′(0)(u,z)dz

= fX(0)(u)E
(∣∣X ′(0)

∣∣ |X(0) = µ
) (21)

µ+(u) = E(N+
[0,1](X,u)) =

∫ ∞
−∞

zfX(0),X′(0)(u,z)dz

= fX(0)(u)E
(
X ′(0)+|X(0) = µ

)
.

(22)

fX(0),X′(0) is a joint probability density function of X and its derivative.

Given a continuous process {Xt; t ∈ R}, Xt is said to have an up-crossing of level u

at t0 if for some ε > 0, Xt ≤ u ∀ t ∈ [t0 − ε, t0] and Xt ≥ u ∀ t ∈ [t0, t0 + ε].

A Gaussian process {Xt} has its u-crossing intensity defined as

µ(u) = f0 exp

(
−(u−m)2

2σ2

)
.

The mean is given as E (Xt) = m, the spectral moments σ2 = m0 and f0 = 1
2π

√
m2

m0

is the mean frequency. For any interval I = [a,b], we write N+
I (X,u) as the number

of u-up-crossing by Xt in I, where t ∈ I. Intensity here, refers to the mean count of

events per unit time and for a stationary process, µ+
t (u) = µ+(u), and µt(u) = µ(u),

implying the u-up-crossing and u-crossing intensities are time independent.
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4 Numerical Examples on Ocean Wave Estimation

This section focuses on the simulation of Lagrange wave processes and estimation of

parameters of the realised wave process using maximum likelihood, Bayesian method

and MCMC runs. The method of estimation was also extended to wave data realised

from two different locations. The two locations to be used for this analysis are North Sea

and Sea of Japan, respectively. Here we shall describe the procedures used in simulating

and estimating the parameter. The results of the estimates and the uncertainty in the

parameters estimated will also be presented and discussed.

4.1 Description of Simulation and Estimation Process

The wave processes described in Section 3.2 were realised with the following steps:

• Defining the parameters of the Pierson-Moskowitz spectrum hence generating a

realisation as defined by Equation (20).

• Taking a Fourier transform of the spectrum realised with time step t as defined

in Equation (18) and (19) to construct a Lagrange wave process.

• Constructing the autocorrelation of the spectrum realised above with the inverse

Fourier transform and subsequently producing a covariance matrix.

• Adding a nugget value (small diagonal matrix) to the covariance matrix and

decompose this to get a triangular matrix.

• Multiplying the decomposed matrix to a random vector to realise a reconstructed

wave process.

The first toy-case was with the parameters Hs = 10 metres and Tp = 12 seconds

which were used to realise the Pierson-Moskowitz spectrum. The spectrum was used

to construct 10 stochastic Lagrange wave realisations of 512 time steps each.

The parameter of the reconstructed wave process were estimated in the following steps:

• Initial values very close to the true parameter were suggested for the spectrum

equation defined in Equation (20).

• Similar steps for generating the covariance matrix form the spectrum were used,

hence the covariance matrix was realised.
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• The log-likelihood was computed from the realisation and the covariance matrix.

• The negative log-likelihood was further minimised with the fminsearch function

in Matlab to get the maximum likelihood estimate as defined in Section 2.4.1.

• For the Bayesian method, a Gaussian prior distribution was proposed. The mean

and standard deviation of the distribution was adapted from estimates of the

10 realisations for each case. The mean of the estimates computed using the

maximum likelihood method and the standard deviation of these estimates give

an assumption of posterior distribution.

• The negative log-posterior was minimised using the fminsearch function in matlab

to obtain the MAP estimate.

As a way to compute the conditional mean estimates in Section 2.4.3, the DRAM

MCMC algorithm was used to sample from the proposal distribution. In this case

the likelihood function of the wave spectrum was used and a chain of 15000 steps was

computed for each test case. The mean of the chain approximates the mean estimate

of the posterior distribution.

4.2 Results for Toy-case Estimation

The question of how well the sampler mixes and to what asymptotic distribution are

its estimators converging is answered with several runs of the MCMC chains. It is

quite important to ascertain the consistency of the estimator hence a simulation for 5

different parameter set was done and the estimates compared with the true parameter

from the spectrum. Likewise the mean of the MCMC chain for each parameter was

also compared to the maximum likelihood and MAP estimates.

Using the DRAM algorithm, 15000 samples of the MCMC chain was constructed and

the first 5000 were discarded as burn-in. This is a usual method of ensuring that

the chain starts from a good point and does not inherit initialisation values which

could affect the chain distribution and statistics. The case-by-case estimates however

changes since the process is random and consequently realisations are also random.

The estimated parameter values from maximum likelihood method was used as initial

guess for the MCMC simulation. A comprehensive analysis of the MCMC simulation

is presented in Figure 7.

The QQ-plot in Figure 7c shows that the wave realisation follows a normal distribu-

tion. However, the tail of the wave data distribution deviates a bit from the normal
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(a) Wave realisation.
(b) Spectrum with predictive enve-
lope.
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(c) QQ-plot of the wave realisation.
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(d) Autocorrelation plot of the MCMC chains.
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(e) MCMC chains of the wave parameters.

(f) Marginal distribution of the Hs parameter.

Maximum likelihood estimates:
Hs = 10.050
Tp = 11.967

Maximum a posteriori estimates:
Hs = 10.168
Tp = 11.983

µ σ ε τ
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Tp 12.139 0.421 0.011 7.114

(g) MCMC statistics with 10000 chain length.
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Figure 7. MCMC analysis plot for the wave process with parameters Hs = 10 metres and
Tp = 12 seconds.
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distribution. We shall consider some extreme analysis of this later in this chapter. The

predictive envelope from the MCMC simulation is shown in Figure 7b. This gives a

quantification of how the parameter estimated deviates from the true parameters. The

uncertainty explains the randomness of the wave process.

The mean (µ) and standard deviation (σ) of the chain pairs appears consistent with the

MLE and MAP estimates. Similarly the MCMC error (ε) is negligibly small implying

the sampling was almost surely from the correct distribution at every time step. The

parameter estimates and the MCMC statistics is shown in Figure 7g. The autocor-

relation plot in Figure 7d rapidly decreased towards zero for the chain pairs and the

estimates fluctuates around 2-standard deviation bar of the plot. This is also explained

by the τ statistics in the table in Figure 7g. τ implying the time lag autocorrelation of

samples and the values indicate the lag at which the autocorrelated samples become

negligible. We also see that the chain mixes well in Figure 7e. The mean of the chain

is marked with the black line and the sample parameter vales are normally distributed

around the mean.

Figure 7f and 7i illustrate the marginal distribution of the MCMC pairs and the joint

sample distribution of the MCMC pairs is presented in Figure 7h. From Figure 7h,

we see that the true parameter values marked in red are close to the MCMC means

marked in black. We have the MLE, MAP and MCMC estimates to be Hs = 10± 0.5

metres and that of Tp = 12 ± 0.2 seconds as results from several runs. It is evident

that the MCMC estimate is consistent with both the true parameter and the estimates

from MLE.

Simulating with different parameter confirms that the particular wave process gen-

erated determines how close the estimates is to the true parameter. Figure 8 to 11

illustrates similar analysis for parameter pairs Hs = 5 metres and Tp = 9 seconds,

Hs = 7 metres and Tp = 11 seconds, Hs = 6 metres and Tp = 10 seconds, and Hs = 3

metres and Tp = 7 seconds. The variation in the estimates and the true parameters

remained consistently small for all the cases. It is evident that the model and the

estimation methods is viable for the synthetic cases. An application on real ocean data

would further validate the methods if the results are found to be consistent. The cases

with the real data application will be presented in Section 4.4.
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(e) MCMC chains of the wave parameters.

(f) Marginal distribution of the Hs parameter.

Maximum likelihood estimates:
Hs = 5.1151
Tp = 9.054

Maximum a posteriori estimates:
Hs = 5.1947
Tp = 9.054

µ σ ε τ

Hs 5.186 0.447 0.008 6.66
Tp 8.920 0.242 0.007 7.756

(g) MCMC statistics with 10000 chain length.

4 5 6

8

8.5

9

9.5

10

(h) Joint distribution of the Hs and Tp parameters.
(i) Marginal distribution of the Tp parameter.

Figure 8. MCMC analysis plot for the wave process with parameters Hs = 5 metres and
Tp = 9 seconds.
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(d) Autocorrelation plot of the MCMC chains.
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(e) MCMC chains of the wave parameters.

(f) Marginal distribution of the Hs parameter.

Maximum likelihood estimates:
Hs = 6.803
Tp = 10.785

Maximum a posteriori estimates:
Hs = 6.891
Tp = 10.785

µ σ ε τ
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(g) MCMC statistics with 10000 chain length.
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(h) Joint distribution of the Hs and Tp paramters.
(i) Marginal distribution of the Tp parameter.

Figure 9. MCMC analysis plot for the wave process with parameters Hs = 7 metres and
Tp = 11 seconds.
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(d) Autocorrelation plot of the MCMC chains.
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(e) MCMC chains of the wave parameters.

(f) Marginal distribution of the Hs parameter.

Maximum likelihood estimates:
Hs = 5.858
Tp = 9.977

Maximum a posteriori estimates:
Hs = 5.952
Tp = 9.989
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(g) MCMC statistics with 10000 chain length.
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(h) Joint distribution of the Hs and Tp parameters.
(i) Marginal distribution of the Tp parameter.

Figure 10. MCMC analysis plot for the wave process with parameters Hs = 6 metres and
Tp = 10 seconds.
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(e) MCMC chains of the wave parameters.

(f) Marginal distribution of the Hs parameter.

Maximum likelihood estimates:
Hs = 3.098
Tp = 6.844

Maximum a posteriori estimates:
Hs = 3.171
Tp = 6.871

µ σ ε τ

Hs 3.162 0.350 0.010 6.404
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(g) MCMC statistics with 10000 chain length.
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(h) Joint distribution of the Hs and Tp parameters.
(i) Marginal distribution of the Tp parameter.

Figure 11. MCMC analysis plot for the wave process with parameters Hs = 3 metres and
Tp = 7 seconds.
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4.3 Distribution of Extreme in Level Crossing

The level crossing of ocean waves is an important characteristics that gives the present

state of the ocean with respect to a reference point. An up-crossing or down-crossing

of the reference level indicates the local maximum and local minimum in the realised

wave process. The extreme level crossing would often imply points above or below 2-

standard deviation from the mean of the wave realisation. In this context, the analysis

of extreme level crossing will be based on up-crossing of 2-standard deviations from

the mean of the wave realisations.

The Level-crossing spectrum was constructed by applying Rice’s formula to the wave

process in Figure 12a. The wave crossing spectrum in Figure 12b compares nicely

with the theoretical Gaussian process crossing intensity. However, there is a little

deviation at the tail of the distribution and this can be investigated. The realisation

was characterised with the Rayleigh, Weibull, Generalised Extreme Value (GEV) and

Normal distributions. It was observed that the tail of the wave realisation distribution

fits best with the GEV distribution. The turning points above the 2-standard deviation

which in-turn corresponds to the tail of the crossing spectrum were extracted. These

points were fitted with the GEV distribution and were found to match closely. This

is affirmed by the probability plot in Figure 13 showing the cumulative distribution of

the data points and that of the GEV. The density plot and the residuals also tells that

the extreme points in the wave process follows the GEV distribution.
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(a) Level-crossing spectrum for the wave process real-
isation.
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(b) Wave process level crossing spectrum.

Figure 12. Level crossing analysis of the wave process realisation.
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Figure 13. Characterising the distribution of extreme level crossing in the wave process.

4.4 Results for Real Data Estimation

An application of the model to real case scenarios is a good way of validating the

reliability of the model. This is mainly because the real data would represents the

ocean wave process better. The possibility for another source of uncertainty which is

the measuring instrument is apparent. This would be considered in the result from the

estimation. The wave data were estimated with the benchmark method as found in

WAFO et al., 2000 in the following steps:

• Taking Fourier transform of the wave process to get the data spectrum.

• Calculating the moments of the spectrum and applying

Hs = 4
√
m0,

where m0 is the first moment of the spectrum to get the significant height Hs.

• Calculating the peak period from the peak frequency by applying

Tp =
2π

ξp
.

Some pre-processing steps were considered to make the data suitable for use. The
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challenge of covariance matrix computation was evident due to the large size of the

data. We resolved this by sampling representative points from the data based on the

capacity of the computer. The approach used are highlighted as follows:

• Examining the data to check for representative point based on results from the

parameters calculated.

• Selecting consecutive points up to the level constrained by computation.

• Checking that the selected portion is representative by calculating the parame-

ters.

• Adjusting the sampling of the selected portion to match with the data.

These steps were repeated until the calculated parameters are consistent with the

parameters from the full data.

4.4.1 North Sea Data Estimation

The North Sea is a marginal sea of the Atlantic Ocean located in Northern Europe.

Gullfaks is an oil and gas field in the Norwegian sector of the North Sea operated

by Equinor. The project consists of three production platforms Gullfaks C sits 217

metres below the waterline. An illustration of the Gullfaks C platform realised with

Pawlowicz, 2020 and WAFO et al., 2000 toolboxes in Matlab is shown in Figure 14.
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Figure 14. Gullfaks platform on the North Sea.

The wave data was recorded on 24th December 1989 from 17.00 to 21.20 local time. The

data between the periods 20.00 to 20.20 were not captured hence missing and recorded
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as NaNs. The dataset was obtained from sensor 219 and difficulties in calibration

of the instruments were minimal to affect the data. This dataset were prepared and

made available by Dr. S. Haver, STATOIL, Norway and acccessed through WAFO et

al., 2000. The recorded parameter of the wave realisation are Hs = 6.8 metres and

Tp = 10.5 seconds. However, the samples were checked using the benchmark method

of estimating wave parameters in WAFO et al., 2000 and were found to be Hs = 6.557

metres and Tp = 10.396 seconds. Hence, we shall analyse our results based on the

estimates from the benchmark methods.

With 512 points from the North Sea data, similar runs as the toy-case examples were

implemented. The maximum likelihood estimate for the parameters are Hs = 6.713

metres and Tp = 10.339 seconds. The MAP estimate for the parameters are Hs = 6.748

metres and Tp = 10.339 seconds. The MCMC mean for the parameters are Hs = 6.732

metres and Tp = 10.323 seconds. The estimations were found to be consistent with that

of the benchmark method. Here, the predictive envelope of the spectrum is narrower

with a slight difference from the data spectrum. The MCMC chain of the Hs mixes

well showing that the sampling was done from an appropriate proposal distribution.

The narrow band of the predictive slope could be from the MCMC chain of the Tp

parameter which looks narrow hence its marginal distribution. The joint distribution

of the parameters also shows the estimate is from the distribution of the true parameter.

And more importantly, that the estimate approximates the true parameter.

Considering the full data, the extreme level crossing of the wave process was investi-

gated. The crossing spectrum becomes almost normal with large wave process. The

turning points above 2-standard deviation were found to fit closely with the GEV dis-

tribution. However, the residuals deviates slightly indicating that number of points

selected was large and that the 2-standard is not appropriate for this large data.
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(e) MCMC chains of the wave parameters.

(f) Marginal distribution of the Hs parameter.

Maximum likelihood estimates:
Hs = 6.713
Tp = 10.339

Maximum a posteriori estimates:
Hs = 6.748
Tp = 10.339

µ σ ε τ

Hs 6.732 0.336 0.012 9.712
Tp 10.323 0.0964 0.003 8.332

(g) MCMC statistics with 10000 chain length.
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(h) Joint distribution of the Hs and Tp parameters.
(i) Marginal distribution of the Tp parameter.

Figure 15. MCMC analysis plots for North Sea data with parameters Hs = 6.557 metres
and Tp = 10.396 seconds.
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(c) Characterising the distribution of extreme level crossing in the North Sea data.

Figure 16. Extreme level crossing analysis of the North Sea data.

4.4.2 Sea of Japan Data Estimation

The Sea of Japan is a marginal sea in Eastern Asia bordered by the Korean peninsula,

Japanese archipelagos and Russia. It has almost no tides due to its nearly complete

isolation from the Pacific Ocean. An illustration of the Poseidon platform in the Japan

realised with Pawlowicz, 2020 and WAFO et al., 2000 toolboxes is shown in Figure 17.

The wave data was measured at the Poseidon platform located 3 km off the coast of

Yura in the Yamagata prefecture in the Sea of Japan. The data was collected from

08.12 am on 24th November 1987 to 0.7:57 am on 25th November, 1987 local time. To
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Figure 17. Poseidon platform on the Sea of Japan.

some degree, the wave components were influenced by the water depth of 42 m. The

data was measured using three ultrasonic wave gauges located at the seabed. One of

the data has been used in this research. This dataset was prepared and made available

by Dr. Sc. H. Tomita, Ship Research Institute, Ministry of Transport, Japan and

accessed through WAFO et al., 2000. The recorded parameter of the wave realisation

are Hs = 5.1 metres and Tp = 12.8 seconds. However, the samples were checked using

the benchmark method of estimating wave parameters in WAFO et al., 2000 and were

found to be Hs = 5.85 metres and Tp = 12.05 seconds. Hence, we shall analyse our

results based on the estimates from the benchmark methods.

With 512 points from the Sea of Japan data, similar runs as the toy-case examples were

implemented. The maximum likelihood estimate for the parameters are Hs = 5.654

metres and Tp = 12.126 seconds. The MAP estimate for the parameters are Hs = 5.834

metres and Tp = 12.145 seconds. The MCMC mean for the parameters are Hs = 5.667

metres and Tp = 12.111 seconds. The estimations were found to be consistent with that

of the benchmark method. Here, the predictive slope of the spectrum is fits closely to

the data spectrum. The MCMC chain of both parameters mixes well showing that the

sampling was done from an appropriate proposal distribution. The joint distribution of

the parameters also shows the estimate is from the distribution of the true parameter.

And more importantly, that the estimate approximates the true parameter.

Considering the full data, the extreme level crossing of the wave process was investi-

gated. The crossing spectrum becomes almost normal with the larger wave process.

The turning points above 2-standard deviation were found to fit closely with the GEV

distribution. However, the residuals deviates at the tail indicating that number of

points selected was large and that the 2-standard is not appropriate for this large data.
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(d) Autocorrelation plot of the MCMC chains.
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(e) MCMC chains of the wave parameters.

(f) Marginal distribution of the Hs parameter.

Maximum likelihood estimates:
Hs = 5.654
Tp = 12.126

Maximum a posteriori estimates:
Hs = 5.834
Tp = 12.145

µ σ ε τ

Hs 5.667 0.272 0.006 5.879
Tp 12.111 0.195 0.005 6.838

(g) MCMC statistics with 10000 chain length.
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(i) Marginal distribution of the Tp parameter.

Figure 18. MCMC analysis plot for Sea of Japan data with parameters Hs = 5.85 metres
and Tp = 12.05 seconds.
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(c) Characterising the distribution of extreme level crossing in the Sea of Japan data.

Figure 19. Extreme level crossing analysis of the Sea of Japan data.
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5 Discussion and Conclusions

This work opens up the possibilities for parameter estimation in ocean wave processes.

It also gives a fundamental understanding of stochastic processes and there appli-

cations. With the method of parameter estimation and uncertainty quantification

presented in this work, it was shown that parameters of a fully developed sea state

spectrum can be estimated. Hence, the wave process of such spectrum reconstructed.

This method of going from a wave process to its parameters and back to the process

does not only facilitates a deeper understanding of the process, it also ensures that

measurement are validated to some level of correctness. The maximum likelihood, a

frequentist method and the Bayesian method of estimating parameters of a known

distribution, in this case the Pierson-Moskowtiz spectrum were examined. The uncer-

tainty in the estimation process were further quantified by sampling with the DRAM

MCMC algorithm which is one of several methods of establishing the adequacy and

validity of the estimated parameters.

The uniqueness of the parameters directly translates to the wave generating process of

such parameters. It was particularly shown that given the randomness of the wave gen-

erating process, estimated parameters would sometimes lay very close or differ slightly

from the true parameters as seen in the toy-case simulations. This is a motivation for

examining the posterior distribution of the parameters and to confirm estimates are

in the range of such distribution. With the North Sea data estimation, the MCMC

predictive envelope of the data spectrum matches the real data spectrum though not

as close as what was seen for the toy cases. This was also evident from the posterior

distribution of the parameters from the MCMC plot analysis. The Sea of Japan esti-

mation performs better as the estimates and the realised predictive envelope fits the

data.

There is a concern about the estimation from processes with bi-modal spectrum. This

can be considered in further studies. There will be a need to correctly model the data to

ensure a bi-modal spectrum can be realised. Perhaps the Pierson-Moskowitz spectrum

being uni-modal will not be able to achieve this. Similarly, constructing covariance

matrices for large data requires huge computational resources. A faster way of doing

this will scale up the number of sample point to be considered for the estimation.

Conclusively, results from this work shows that the method of estimation and error

quantification are viable for both synthetic and real data.
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