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The basic idea behind X-ray computed tomography (CT) is, given the change in the in-
tensities of X-ray beams passing through a target object, to reconstruct the image of the
object’s density that is characterized by the attenuation function. The CT scanning pro-
cess results in the Radon transform of the attenuation function, therefore the reconstruc-
tion problem leads to the inversion of this transform. The inversion can be performed by
applying, for example, the filtered backprojection (FBP) formula. However, this classical
reconstruction approach often results in images corrupted by artefacts. The learned image
reconstruction, based on artificial neural networks, is employed to solve the reconstruc-
tion quality issue. This thesis aimed to compare the generalization capabilities of two
learned image reconstruction approaches: a two-step approach when FBP-reconstruction
is followed by the U-net neural network post-filtering, and a one-step approach when
image reconstruction is fully automated with the AUTOMAP deep neural network. The
two-step approach was shown to outperform the one-step approach since the latter one
requires highly diverse training sets to be able to generalize that poses a problem in the
context of CT where the amount of real data available for training is usually limited.
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1 INTRODUCTION

1.1 Background

X-ray computed tomography (CT) is a medical imaging technique that allows perform-
ing non-invasive diagnostics, i.e. assessment of the internal structure of a scanned object
without cutting [1]. The technique is based on the measurement of changes in the inten-
sities of multiple X-ray beams that cross the object from different angles (projections).
While scanning, X-ray beams are emitted from a machine (with known initial intensities),
next the beams are passed through the object, and their final intensities are recorded by a
CT detector. Given the measurements of initial and final intensities for enough number of
X-ray beams, the two-dimensional slices (cross-sectional images) of the scanned object
can be obtained and displayed on a screen.

The quantity which characterizes the density of the object, together with the amount of
intensity it causes X-ray beams to lose, is known as the attenuation coefficient [2]. Let
A(x, y) be the attenuation coefficient of the scanned object at the point (x, y). A single X-
ray beam can be considered as a straight line l crossing the body. Therefore the scanning
process results in the set of the line integrals of the function A(x, y) along each of the
lines l. The transform that maps a function on R2 into the set of its line integrals is known
as the Radon transform. Thus, the reconstruction problem in CT leads to the inversion of
the two-dimensional Radon transform in R2.

One possible way to recover an image of the function A(x, y) from the values of its
Radon transform is to apply the backprojection formula. However, this approach results
in the smoothed version of the original attenuation coefficient, and consequently in highly
blurred images. That is why in CT image reconstruction, filtered backprojection (FBP) is
commonly used to correct the smoothing effect of the backprojection. In this approach,
the data received from a CT detector are filtered at first (e.g. with low-pass filters), and
next, the backprojection transform is applied [1].

The assumption behind the filtered backprojection formula is that all the possible CT pro-
jections are known. However, in practice, only a finite number of X-ray projections are
available and can be used to reconstruct the image from the detector measurements. The
limited data at the disposal usually result in artefacts that impair the quality of reconstruc-
tions and therefore impede accurate medical diagnostics. Consequently, there is a need
for post-filtering of the reconstructed images.
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Along with the classical image processing techniques [3], machine learning and artificial
neural networks (ANNs) are widely used nowadays to post-process the reconstructions
obtained by traditional algorithms such as FBP, aiming at enhanced reconstruction quality
(see [4] for general information). Such an approach can be called a two-step approach
since it consists of two successive stages: conventional reconstruction stage and post-
filtering stage performed by a neural network. Since the approach is based on ANNs, it
refers to learned image reconstruction.

For instance, the two-step approach applied for reconstruction in the context of real-time
electrical impedance tomography (EIT) is proposed in [5, 6]. In the first step, the direct
reconstructions are obtained using the D-bar method that provides reliable image recovery
but suffers from a blurring (loss of sharp features). The issue of blurred reconstructions is
solved in the second step by applying a convolutional neural network (CNN) that success-
fully learns the deblurring, resulting in images with sharp features important in medical
applications.

An alternative approach related to learned image reconstruction can be called a one-step
approach since it implements reconstruction and post-processing stages jointly. An ex-
ample of this approach has been proposed recently in [7]. The method is applied to
photo-acoustic tomography data and provides higher quality reconstructions as compared
to other learned and non-learned techniques.

One more example of the one-step approach called Learned Primal-Dual Algorithm is in-
troduced in [8] as a framework that integrates the knowledge of a forward model of com-
puted tomography into the design of a deep neural network for solving the inverse problem
of CT. The proposed technique involves learning the whole reconstruction operator, map-
ping directly raw measured data to reconstruction, rather than just post-processing. Thus,
the algorithm does not depend on initial reconstructions, for instance, FBPs.

Another example of the one-step approach called automated transform by manifold ap-
proximation (AUTOMAP) allows learning a reconstruction mapping between the detector
domain (input sinogram) and the image domain (output reconstruction). The AUTOMAP
reconstruction framework is implemented with a deep neural network and is shown to be
resistant to noise and cause fewer artefacts compared to conventional handcrafted recon-
struction approaches [9].
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1.2 Objectives and delimitations

This Master’s thesis focuses on evaluating two different approaches to learned image
reconstruction in computed tomography: a two-step approach when conventional image
reconstruction is followed by convolutional neural network post-filtering, and a one-step
approach when image reconstruction is fully automated with a deep neural network. In
this thesis, the U-net convolutional neural network is used in the realization of the two-step
approach, while the one-step approach is implemented using the AUTOMAP deep neural
network. The limiting factor in the selection of network architectures is the type of input
data inherent to the context of computed tomography. The development of new learned
image reconstruction approaches is beyond the scope of the thesis. The objective is to
compare the generalization capabilities of two learned image reconstruction approaches:

• the two-step approach when U-net is used to post-process the filtered backprojec-
tion reconstructions;

• the one-step approach with AUTOMAP applied to learn the full reconstruction pro-
cess, mapping directly input raw data collected by a CT detector (sinograms) to the
output reconstructed image.

1.3 Structure of the thesis

The thesis is organized as follows. Section 2 introduces the main concepts underlying the
Radon transform applications in X-ray computed tomography: the mathematical model
of X-ray tomography, the definition of the Radon transform and how it is implemented in
MATLAB, the idea of backprojection filtering and examples of low-pass filters in com-
puterized tomography. Section 3 presents a detailed description of deep neural networks
(DNNs), including the structure of biological and artificial neurons, the major stages in
the development of artificial neural networks, the concept of multilayer perceptron and its
learning rule, most commonly used activation functions and adaptive gradient methods
applied for optimization of the loss function in the training process, and finally architec-
tures of convolutional neural networks and U-net particularly. The experiments on two
different approaches in learned image reconstruction are described in Section 4. Finally,
the results are summarized in Section 5, and the conclusion is given in Section 6.



10

2 RADON TRANSFORM IN X-RAY TOMOGRAPHY

2.1 Forward and inverse problems of mathematical modeling

Modern engineering is based on modeling of various phenomena and processes (research
objects) arising in different spheres of human activity. To determine and predict the be-
haviour of a research object it is necessary to develop its mathematical model, i.e. describe
its main features using mathematical concepts. The process of creating a mathematical
model is known as mathematical modeling [10].

Investigation of a research object is grounded in two main information sources: obser-
vation and experiment. Observation allows establishing behavioural characteristics of a
research object. During an experiment, it is possible to affect the object (input of a re-
search object) and record the response (output of a research object). The main goal of
mathematical modeling is to determine the connection between the input and the output
of a research object [11].

In terms of the cause-and-effect relationship between input and output of a research ob-
ject, all the problems of mathematical modeling can be divided into two classes: for-
ward problems and inverse problems. The purpose of forward problems is to find the
effects given the causes, while for the class of inverse problems, it is required to deter-
mine the causes using the information about the effects as shown in Fig. 1 (see [12, 13]
for details). Inverse problems have various applications in computer vision [14], machine
learning [15], medical imaging [16–18] and many other fields of science. One of the
classical examples of the inverse problem is X-ray tomography described in Section 2.2.

EffectsCauses

Forward Problem

Inverse Problem

Figure 1. Definition of forward and inverse problems. The forward problem starts with the the
causes and then calculates the effects. The inverse problem is the reverse of the forward model: it
begins with the effects and then calculates the causes.
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2.2 X-ray tomography and its mathematical model

The theoretical aspects presented in Sections 2.2—2.6 closely follow the material in-
troduced in [2, 19]. Tomography is a technique imaging a structure of two- or three-
dimensional object from many one-dimensional slices of the object. For example, in
computed tomography (CT) these slices are determined by parallel X-ray beams per-
pendicular to the object. CT detector records intensity loss of the beams to produce a
two-dimensional image that can be displayed on a screen (see [1, 2] for details).

It is a well-known fact that the amount of energy decrease of an X-ray beam when passing
through an object depends on the density of the object. The density of the object along
with the amount of intensity it causes a beam to lose is characterized by the attenuation
coefficient. The attenuation coefficient A(x) is the proportion of photons absorbed per
millimeter of substance at a distance x from the origin. The Beer-Lambert Law describes
a relationship between the attenuation coefficient A(x) and the intensity I(x) of an X-ray
beam that crosses an inhomogeneous material along a distance x from the origin

dI

dx
= −A(x)I(x). (1)

Let I(X0) = I0 denote the initial intensity of a beam at the point X0 (X-ray source) and
I(X1) = I1 denote its final intensity at the point X1 (X-ray detector). After integrating
equation (1) along the line X0X1 the following result is obtained

I1∫
I0

dI

I
= −

X1∫
X0

A(x)dx.

Thus, the equation connecting the initial and final intensities to the attenuation coefficient
is obtained

ln

(
I0
I1

)
=

X1∫
X0

A(x)dx. (2)

In other words, the scanning process results in the line integrals of the function A(x)

along each of the lines X0X1. The attenuation coefficient A(x) can be reconstructed
from all these integrals. In the context of CT scans, two-dimensional slices of a three-
dimensional objects are considered. The slices are obtained as an intersection of the
object and some plane, and the attenuation coefficient is understood as a function of
two variables A(x, y) ∈ R2 within the particular slice [2]. The transform that maps a
function on R2 into the set of its line integrals is known as the two-dimensional Radon
transform. Consequently, the reconstruction problem of CT leads to the inversion of the
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two-dimensional Radon transform.

2.3 Radon transform

The Radon transform is an important mathematical tool for a large class of reconstruction
problems [1]. This integral transform and its inversion formula were introduced by Johann
Radon (see original German text [20] and its English translation [21]).

Before introducing the definition of the Radon transform, it is necessary to adopt a specific
coordinate system (Fig. 2). It is a well-known fact that the equation of a line AA′ in R2

can be written in the standard form

ax+ by = c, (3)

where a, b, c ∈ R, and a2 + b2 6= 0. Equation (3) can be rewritten as follows

a√
a2 + b2

x+
b√

a2 + b2
y =

c√
a2 + b2

. (4)

If the following notation is used

~ω = (ω1, ω2) =

(
a√

a2 + b2
,

b√
a2 + b2

)
,

then ~ω is a point lying on the unit circle, since(
a√

a2 + b2

)2

+

(
b√

a2 + b2

)2

= 1.

Thus, there exists an angle α ∈ [0, 2π) such that ~ω = (cosα, sinα). If ρ = c√
a2+b2

and
~z = (x, y) in equation (4), then

〈~ω, ~z〉 = ρ,

where 〈·, ·〉 denotes inner product, or, equivalently

x cosα + y sinα = ρ. (5)

It should be noticed that in equation (5) the parameters α and ρ are fixed and uniquely
determine a specific line AA′ in the plane (Fig. 2), and ~z determines a point on this line,
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therefore, the line AA′ can be represented as

AA′ = {~z = (x, y) ∈ R2 : 〈~ω, ~z〉 = ρ}.

An alternative representation of a specific point lying on the line AA′ can be given. Since
the vector ~v = (− sinα, cosα) is perpendicular to the normal vector ~n = (cosα, sinα),
it is possible to describe a specific point (x, y) on AA′ as follows

(x(s), y(s)) = ρ~n+ s~v = (ρ cosα, ρ sinα) + (−s sinα, s cosα), (6)

where s ∈ R is a parametrization parameter. Thus, the alternative representation for the
set of all points on the line AA′ is

AA′ = {(x(s), y(s)) = (ρ cosα− s sinα, ρ sinα + s cosα) : s ∈ R}. (7)

y

x

α

0

A

A′

ρ

y

x
α

0

A

A′

z

s

−→n = (cosα, sinα)

α

Figure 2. Coordinate transformation. The coordinate system Osz is derived from the coordinate
system Oxy by rotating it α degrees counterclockwise. The parameters α (inclination angle) and
ρ (distance from the origin measured along the normal vector ~n with the corresponding sign)
determine a point (ρ cosα, ρ sinα) in the space and when ~z changes the point travels up and down
along the line AA′. The line AA′ is perpendicular to the normal vector ~n = (cosα, sinα).

Finally, the definition of the Radon transform can be introduced. For a function f on R2

with compact support its Radon transformRf is defined as an integral [22]

Rf(ρ, α) =
+∞∫
−∞

f(x(s), y(s))ds, (8)

where α ∈ [0, 2π), ρ ∈ R, and s ∈ R are defined by (7).
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In geometrical terms, the Radon transform is an integral of f(x, y) over the line AA′

that is perpendicular to the normal vector ~n = (cosα, sinα) and lies at a distance ρ
(measured along the normal vector ~nwith the corresponding sign) from the origin (Fig. 2).
Taking into account representation (6), an alternative definition of the Radon transform is
obtained

Rf(ρ, α) =
+∞∫
−∞

f(ρ cosα− s sinα, ρ sinα + s cosα)ds. (9)

2.4 Connection between the Radon and Fourier transforms

The Fourier transform is used to derive the inverse formula of the Radon transform. The
one-dimensional Fourier transform Ff of an absolutely integrable function f on R is
defined for all ω ∈ R as

Ff(ω) =
+∞∫
−∞

f(x)e−iωxdx.

The corresponding inverse Fourier transform is given by the formula

F−1f(x) = 1

2π

+∞∫
−∞

Ff(ω)eiωxdω.

The two-dimensional Fourier transform is defined for all (u, v) ∈ R2 as

F2f(u, v) =

+∞∫
−∞

+∞∫
−∞

f(x, y)e−i(ux+vy)dxdy.

The corresponding inverse Fourier transform is defined as follows

F−12 f(x, y) =
1

4π2

+∞∫
−∞

+∞∫
−∞

F2f(u, v)e
i(ux+vy)dudv. (10)

The following theorem is proved to provide the connection between the Fourier and Radon
transforms [23].

Theorem 1 (The Central Slice Theorem) For an absolutely integrable function f defined
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on R2, all t ∈ R, and α ∈ [0, 2π) the following equality holds

F2f(t cosα, t sinα) = F(Rf)(t, α).

Proof. The two-dimensional Fourier transform of a function f is considered

F2f(t cosα, t sinα) =

+∞∫
−∞

+∞∫
−∞

f(x, y)e−it(x cosα+y sinα)dxdy. (11)

A change of variables according to the coordinate system defined in Section 2.3 results in

x(s) = ρ cosα− s sinα, y(s) = ρ sinα + s cosα.

Making substitution of variables (ρ, s) in the integral (11) and taking into account that

x cosα + y sinα = ρ cos2 α− s sinα cosα + ρ sin2 α + s sinα cosα = ρ,

and the Jacobian determinant for x(s) and y(s) is given by

det

([
∂x
∂ρ

∂x
∂s

∂y
∂ρ

∂y
∂s

])
= det

([
cosα − sinα

sinα cosα

])
= cos2 α + sin2 α = 1,

equation (11) can be rewritten as follows

F2f(t cosα, t sinα) =

+∞∫
−∞

 +∞∫
−∞

f(ρ cosα− s sinα, ρ sinα + s cosα)e−itρds

 dρ.

Taking into account the definition of the Radon transform (9), the following equation is
obtained

F2f(t cosα, t sinα) =

+∞∫
−∞

e−itρRf(ρ, α)dρ, (12)

that is the Fourier transform of the Radon transformRf . •

Thus, Theorem 1 states that the two-dimensional Fourier transform of the function f

along a line AA′ at the inclination angle α is the one-dimensional Fourier transform of
the Radon transform of this function.
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2.5 Filtered backprojection formulas

When the connection between the one-dimensional Radon and two-dimensional Fourier
transform is established (see Theorem 1), it is possible to introduce the backprojection
formula that allows recovering the attenuation coefficient A(x) described in Section 2.2.
In physical terms the Radon transform Rf(ρ, α) provides the total density of the object
f along some line (Fig. 2). This density can be determined by measuring the initial and
final intensities of an X-ray beam passing through the object (see equation (2)). A single
slice of an object is obtained when X-ray beams are shot along many different lines.
Changing the inclination angle α of these beams gives multiple slices of the object. If the
backprojections of the densities are calculated the object can be reconstructed (see [24]
for general information and [25] for technical details).

The backprojection [2] of a function h(t, α) (where t and α denote polar coordinates) at
the point (x, y) is defined as follows

Bh(x, y) := 1

π

π∫
0

h(x cosα + y sinα, α)dα. (13)

Applying equation (13) to the Radon transform of the attenuation-coefficient function f
in the context of CT results in the formula for the backprojection ofRf at a point (x, y)

BRf(x, y) = 1

π

π∫
0

Rf(x cosα + y sinα, α)dα. (14)

Thus, using formula (14), the backprojections of the slices can be obtained. However,
this approach results in the smoothed version of the original function f . The filtered
backprojection (FBP) is introduced to correct this smoothing effect [2].

Theorem 2 If f is an absolutely integrable function defined on R2, then it can be found

as the following filtered backprojection

f(x, y) =
1

2
B[F−1[|t|F(Rf)(t, α)]](x, y). (15)

Proof. After taking into account equation (10), for the two-dimensional Fourier transform
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and its inverse transform the following holds

f(x, y) = F−12 F2f(x, y) =
1

4π2

+∞∫
−∞

+∞∫
−∞

F2f(u, v)e
i(xu+yv)dudv. (16)

The change of variables from the Cartesian coordinates (u, v) to polar coordinates (t, α)
results in

u = t cosα, v = t sinα,

where t ∈ R, α ∈ [0, π]. The Jacobian determinant of this coordinate transformation is

det

([
∂u
∂t

∂u
∂α

∂v
∂t

∂v
∂α

])
= det

([
cosα −t sinα
sinα t cosα

])
= t cos2 α + t sin2 α = |t|,

consequently, dudv = |t|dtdα. Substituting variables (t, α) into (16) results in the inverse
Fourier transform in polar coordinates

f(x, y) =
1

4π2

π∫
0

+∞∫
−∞

F2f(t cosα, t sinα)e
it(x cosα+y sinα)|t|dtdα. (17)

After taking into account Theorem 1, equation (17) can be rewritten as

f(x, y) =
1

4π2

π∫
0

 +∞∫
−∞

F(Rf(t, α))eit(x cosα+y sinα)|t|dt

 dα. (18)

Equation (18) can be rewritten by considering its inner integral

+∞∫
−∞

F(Rf(t, α))eit(x cosα+y sinα)|t|dt = 2π

 1

2π

+∞∫
−∞

F(Rf(t, α))eit(x cosα+y sinα)|t|dt

 =

= 2πF−1[|t|F(Rf)(t, α)](x cosα + y sinα, α).

Thus, equation (18) will be as follows

f(x, y) =
1

2π

π∫
0

F−1[|t|F(Rf)(t, α)](x cosα + y sinα, α)dα.



18

Taking into account the fact that the integral in the right-hand side of the above equation

is
1

2
the backprojection (14) for the function [|t|F(Rf)(t, α)], the above equation can be

simplified as follows

f(x, y) =
1

2
B[F−1[|t|F(Rf)(t, α)]](x, y).

2.6 Filtering factor

In the filtered backprojection formula (15), the multiplier |t| is called the filtering factor.
This section investigates the contribution of |t| to equation (15). Under the assumption
that there exists a function ϕ such that its Fourier transform is equal to the filtering factor
|t|, i.e.

Fϕ(t) = |t|.

it is possible to rewrite the filtered backprojection formula (15) as follows

f(x, y) =
1

2
B[F−1[Fϕ · F(Rf)(t, α)]](x, y). (19)

According to the convolution theorem [26] the Fourier transform of a convolution of two
functions is the pointwise product of their Fourier transforms

F(f ∗ g) = Ff · Fg. (20)

Taking into account equation (20), equation (19) can be rewritten as follows

f(x, y) =
1

2
B[F−1[F(ϕ ∗ Rf)(t, α)]](x, y).

Since the inverse Fourier transform of the Fourier transform is equivalent to identity trans-
formation, the following equation is obtained

f(x, y) =
1

2
B(ϕ ∗ Rf)(x, y). (21)

In the context of computed tomography,Rf in equation (21) represents the data measured
by a CT detector, the function ϕ filters the data, then the backprojection B is applied.

However, it turns out that there is no function ϕ such that its Fourier transform is exactly
equal to the absolute value function |t| (see [1]). Indeed, |t| tends to infinity as t → ∞,
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but the function Fϕ defined as follows

Fϕ(ω) =
+∞∫
−∞

ϕ(x)e−iωxdx,

tends to zero as ω → ∞. This problem can be avoided by focusing on band limited
functions. A function ϕ is called a band limited function if for some real number M > 0

Fϕ(ω) =
+∞∫
−∞

ϕ(x)e−iωxdx = 0, ∀ω /∈ [−M,M ],

i.e. the Fourier transform of a band limited function is equal to zero outside a finite
interval [−M,M ]. Under the assumption that the function ϕ is band limited, the filtering
factor |t| in the filtered backprojection formula (15) can be replaced with the function S
with compact support defined as

S = Fϕ(ω). (22)

This function belongs to the class of low-pass filters that are discussed in detail in Sec-
tion 2.7. It should be noticed that if function S is used then there is no longer equality in
equation (21), i.e.

f(x, y) ≈ 1

2
B(F−1S ∗ Rf)(x, y).

2.7 Filtering in computed tomography

The usage of a specific filter depends on different purposes such as artefact reduction
(the high-pass filters), noise suppression (the low-pass filters), or signal enhancement (the
enhancement filters). One of the applications of the high-pass filters is to eliminate star
artefacts that result from the limited number of backprojections. The specific example of
these filters is the ramp filters which block low frequencies that make an image blurry. The
high-pass filters sharpen parts of an image where the signal change is rapid (i.e. edges).
However, these filters suffer from the amplification of statistical noise. In order to reduce
the exaggeration of high frequencies, the high pass filters are usually accompanied by the
low-pass filters [27].

The low-pass (smoothing) filters are used to remove statistical noise in images. These fil-
ters maintain the low frequencies while eliminating the high frequencies. The parameter
characterizing low-pass filters is called cut-off frequency that defines the frequency above
which the noise is blocked. The filter function is defined to be zero for all the frequen-
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cies above cut-off frequency [27]. Since the low-pass filters are of particular interest in
imaging, they are considered in detail below.

In terms of functions, low-pass filters are generally of the following form

S(ω) = |ω| · F (ω) · χM(ω),

where S is defined by equation (22), F is a filter function that determines its properties,
constant M > 0 sets cut-off frequency, and function χM is defined as a characteristic
function of the interval [−M,M ]

χM(ω) =

1, |ω| ≤M,

0, |ω| > M.

The low-pass filters widely used in imaging are listed below (see [28, 29] for details). In
the Ram-Lak filter [29] the function F is replaced with the constant function

F ≡ 1,

therefore the filter is defined as

S(ω) = |ω| · χM(ω) =

|ω|, |ω| ≤M,

0, |ω| > M.

The Hann (Hanning) filter [30] is as follows

S(ω) = |ω| · 1
2

(
1 + cos

2πω

M

)
· χM(ω),

where the function
F (ω) =

1

2

(
1 + cos

2πω

M

)
,

is called the Hann window.

The Hamming filter [30] utilizes the function

F (ω) =
25

46
+

21

46
cos

2πω

M
,
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called the Hamming window. Hence, this filter is defined as follows

S(ω) = |ω| ·
(
25

46
+

21

46
cos

2πω

M

)
· χM(ω).

The Shepp-Logan filter [31] has the following representation

S(ω) = |ω| · sin
πω
2M

πω
2M

· χM(ω) =

2M
π

∣∣sin πω
2M

∣∣ , |ω| ≤M,

0, |ω| > M.

This filter results in the least smoothing and has the highest resolution [27].

The low-pass cosine filter [32] is defined as follows

S(ω) = |ω| · cos πω
2M
· χM(ω).

The effectiveness of the low-pass filters discussed in this section with different number of
projections is shown in Fig. 5 (see Section 2.8 for details about usage of these filters in
MATLAB).

The low-pass filters may result in high degree smoothing of an image leading to contrast
loss [27]. On that ground enhancement filters are introduced in imaging. These filters
intensify the signal and reduce noise simultaneously. The examples of enhancement filters
are the Metz [33] and Wiener [34] filters that are combinations of the inverse (responsible
for resolution recovery) and low-pass (suppress the noise) filters.

2.8 Radon transform in MATLAB

While passing through an object, an X-ray beam loses its intensity. The density of an
object can be assessed by evaluating the initial and final intensities of a beam. A denser
object causes a greater decrease of intensity of the beam than a less dense object. The
intensity losses can be given as a grayscale value. A value of 0 (black) refers to zero
alteration in intensity whereas a value of 1 (white) represents the beam being completely
absorbed by an object. The collection of these values between 0 and 1 is called a sinogram
(Fig. 3).

In a sinogram the horizontal axis corresponds to the angle at which slice is measured,
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(a) (b)

Figure 3. Modified Shepp-Logan phantom (a) and its sinogram (b).The phantom is a simplified
representation of a human head comprising one large ellipse imitating the brain and several smaller
ellipses imitating the brain features. The sinogram shows a change in intensity for a given angle
and distance: the horizontal axis corresponds to the angle α at which slice is measured, and the
vertical axis corresponds to the distance ρ between an X-ray beam and the origin.

and the vertical axis corresponds to the distance between various beams and the origin
(radial distance). In other words, a particular point of a sinogram shows an alteration in
intensity for a given angle and distance. Fig. 3 shows an example of a sinogram obtained
from the modified Shepp-Logan phantom (the Shepp-Logan phantom [31] with improved
contrast for better visual perception) image using a MATLAB function radon . This
function returns the Radon transform R of the intensity image for angles specified by an
input vector parameter. As shown in Fig. 4, each element of the matrix R is the projection
of the image intensity along a radial line oriented at a specific angle. In other words,
the columns of the matrix R relate to angles at which projections are computed and the
rows refer to the corresponding radial lines along which the projections are computed.
The number of radial lines can be specified as an input parameter, otherwise, it is set by
default.
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Figure 4. Radon transform in MATLAB. The radon function takes an intensity image and
returns its Radon transform in the form of matrix R with columns corresponding to angles α at
which the projections are computed (vector of angles is additionally specified as an input param-
eter). In this particular example, the first, second and third columns contain the projections taken
at angles 0◦, 45◦ and 90◦, respectively. The rows of matrix R refer to the projections taken at
different radial distances ρ. The number of radial distances (equal to the number of rows in ma-
trix R) can be specified as a parameter, otherwise, it is set by default. The shown arrangement
of projections is called the parallel scanning geometry, since projection lines (parallel and evenly
spaced) are taken for a number of equally distributed directions.

It should be noted that the implementation of radon function corresponds to parallel
scanning geometry, i.e. projections are arranged as a set of equally spaced parallel lines
taken for a number of evenly distributed directions [1], as shown in Fig. 4. In practice,
such scanning geometry means that a single X-ray source and corresponding CT detector
move in parallel and rotate in accordance with a given set of angles.

The modified Shepp-Logan phantom in Fig. 3(a) is generated using a MATLAB function
phantom . This function creates a grayscale intensity image of a head phantom that

consists of one large ellipse (representing the brain) and several smaller ellipses (repre-
senting features in the brain). This phantom is most commonly used in biomedical image
reconstruction [35].
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In MATLAB the inverse Radon transform is performed by the function iradon , its
input parameters are projection data and the angles in degrees at which the projections
were taken. The function iradon uses the filtered backprojection algorithm described
in Section 2.5. The Ram-Lak filter (see Section 2.6 for details) is the default. Other
low-pass filters for backprojection algorithm (e.g. the Hann filter, the Hamming filter, the
Shepp-Logan filter, the cosine filter) can be specified as parameters. The images recon-
structed from the phantom sinogram (Fig. 3(b)), using iradon function with different
filters, are presented in Fig. 5.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 5. The modified Shepp-Logan phantom reconstructions obtained using different low-pass
filters: the Ram-Lak filter (a)–(c), the Hann filter (d)–(f), the Hamming filter (g)–(i), the Shepp-
Logan filter (j)–(l), the cosine filter (m)–(o). Images in the left, middle and right columns corre-
spond to 15, 45 and 90 projections respectively.
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3 DEEP NEURAL NETWORKS

3.1 Biological and artificial neurons

Artificial neural networks (ANNs) are an example of mathematical construction inspired
by neuroscience [36]. These networks consist of processing units called artificial neurons
that resemble biological neurons in a brain. A biological neuron contains dendrites that
receive input signals from the neighbouring neurons and pass them to the neuron cell
body (soma), where these signals are accumulated (Fig. 6). If the input signal is strong
enough (exceeds threshold limit) neuron activates and its axon transmits the signal to the
dendrites of other neighbouring neurons.

Figure 6. Structure of a biological neuron. A typical neuron consists of a cell body (soma),
dendrites and a single axon. Dendrites receive input signals from other neurons, next the signals
are summed up in the cell body and finally (if the neuron was activated) passed through the axon
to the neighbouring neurons.

An artificial neuron has the structure similar to that of a biological neuron (Fig. 7). The
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input connections of an artificial neuron play the role of dendrites, accepting the input
signals from other neighbouring neurons. Let ~x′ = (x1, . . . , xn) ∈ Rn denote a vector of
the input signals and ~ω′ = (ω1, . . . , ωn) ∈ Rn denote a vector of weights. Firstly, in the
neuron body, the signals ~x′ are summed up with weights ~ω′, and then an extra constant ω0

known as bias is added as follows

n∑
i=1

xiωi + ω0. (23)

Often for convenience the first dummy coordinate x0 (always equal to 1) is added to vector
~x′, then linear combination (23) can be rewritten in shorter notation as the following inner
product of vectors ~x = (1, x1, . . . , xn) ∈ Rn+1 and ~ω = (ω0, ω1, . . . , ωn) ∈ Rn+1

〈~x, ~ω〉 =
n∑
i=0

xiωi = ~ωτ~x. (24)

Next, the non-linear activation function f : R → R operates on linear combination (24)
to calculate the neuron output

y = f(~ωτ~x), (25)

based on input received (see [36] for details).

The initial neurobiology inspiration to artificial neural networks dates back to the 1940s
when Warren McCulloch and Walter Pitts proposed a concept of the first artificial neural
network [37]. Their neuron model has n excitatory binary inputs ~x = (x1, . . . , xn), where
xk ∈ {0, 1}, k = 1, ..., n, and a single binary inhibitory input i ∈ {0, 1}, where i = 1

means that the neuron cannot fire, and i = 0 stands for the opposite (the inhibition rule).
The model has a binary output y ∈ {0, 1}, where y = 0 shows that the neuron is at rest
and y = 1 that it is excited. A threshold value ζ is used to decide whether the neuron
fires: if the cumulative input signal exceeds ζ , then the neuron is activated, otherwise it
stays at rest. Thus, the output signal y can be calculated as follows

y(~x) =

1,
∑n

k=1 xk > ζ and i = 0,

0, otherwise.

The McCulloch-Pitts artificial neurons can be used to represent logical functions such
as AND, NOT and OR. It is also possible to implement more sophisticated functions
such as flip-flop by combining multiple neurons. Despite the versatility of the model
the McCulloch-Pitts neurons have considerable shortcomings [38], namely, they are not
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Figure 7. Structure of an artificial neuron. Input signals x1 through xn are summed up with
weights ω1 through ωn, then a bias ω0 is added. Next, the activation function f operates on the
obtained linear combination ~ωτ~x to produce the neuron output y.

designed to be trained (i.e. weights cannot be learned from data); all weights are assumed
to be equal to unity, this implies that all the inputs make an equal contribution to the
output.

3.2 Perceptron

Modern perceptrons are largely based on the first construction of a linear perceptron pro-
posed by Rosenblatt in the 1950s [39]. Rosenblatt’s perceptron was inspired by Donald
O. Hebb’s theory of synaptic plasticity [40]. This theory describes the basic principle of
biological neuron training: the more often the connection between two neurons is used,
the stronger it becomes.

Rosenblatt’s perceptron is essentially a linear binary classification model. The term bi-

nary means that the model allows classifying the input data as belonging to one of two
classes (the classes usually have labels 0, 1, or equivalently −1, 1), while the term linear

implies that the model splits the data into two classes by a hyperplane (a line in the two-
dimensional case), and the rule in adopting decisions (to which of two classes the input
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data belong) depends linearly on the input data.

Let ~x′ = (x1, . . . , xn) ∈ Rn denote the input data represented as a real vector, and y(~x′) ∈
{−1, 1} denote the corresponding output . Then the linear classification model seeks
for the values of weights ~ω = (ω0, ω1, . . . , ωn) ∈ Rn+1 such that the sign of the linear
function

ŷ(~x′, ~ω) = sgn(ω0 + ω1x1 + . . .+ ωnxn), (26)

coincide with the sign of the correct answer y(~x′) as often as possible. If the first dummy
coordinate x0 = 1 is added to the vector ~x′ in a manner described in Section 3.1, then
equation (26) can be rewritten as

ŷ(~x, ~ω) = sgn(~ωτ~x),

where ~x = (1, x1, . . . , xn) ∈ Rn+1.

Let X denote the training set (the dataset used to fit the model) of N elements. Rosen-
blatt’s perceptron utilizes the following error function

EP (~ω) = −
∑
~x∈M

y(~x)(~ωτ~x),

where M ⊂ X is a set of input data which perceptron with the weighs ~ω classifies
incorrectly.

The error function can be minimized by the gradient descent method according to the
Perceptron learning rule

~ωold = ~ωnew − η∇~ωEP (~ω),

where η is a learning rate parameter. In other words, the algorithm goes through the
elements ~x1, ~x2, ..., ~xN , from the training set and for each ~xk if it is classified correctly,
does not change weights ~ω, otherwise adds term η · y(~xn) · ~xn to weights ~ω.

In 1969, Marvin Minsky and Seymour Papert showed the significant limitations of Rosen-
blatt’s perceptron [41]. Particularly, the perceptron is able to classify the data as belonging
to one of two sets only if these two sets are linearly separable, i.e. they can be separated
by a single line (in two-dimensional case). For example, Rosenblatt’s perceptron can-
not be trained to solve the XOR (exclusive-OR) problem, i.e. to predict the outputs of
XOR logical function given two binary inputs. That happens because XOR inputs are not
linearly separable (cannot be separated by a single line), as shown in Fig. 8.
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Figure 8. Logical exclusive-OR (XOR) function: its graphical representation (left) and truth table
(right). Two classes of the XOR values (black and white bullets stand for 0 and 1 respectively)
cannot be separated with a single line but can be logically classified with two lines l1 and l2.

To overcome this limitation, modern perceptrons are equipped with non-linear activation
functions that are discussed in detail in Section 3.3. Thus, modern perceptrons have the
structure shown in Fig. 7: the inputs are summed up with weights, and then the non-linear
activation function is applied.

3.3 Activation functions

An activation function is an integral part of any perceptron (or neuron) that determines
whether it is activated based on the input of the perceptron. For neural units, there exist
linear and non-linear activation functions, the usage of a specific function depends on the
problem to be solved and the network architecture.

If a neuron uses a linear activation function its output is linearly dependent on the input,
as shown in Fig. 9. Hence, the range of the function is (−∞,+∞). Linear activation
functions are not used in modern neural networks, since they have two significant limi-
tations [39]. Firstly, the derivative of a linear function is constant, consequently it is not
possible to use backpropagation (or gradient descent) that is the main learning technique
nowadays (see Section 3.4). Secondly, a linear activation function turns any multi-layered
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network into one-layered network, since a linear combination of any number of linear
functions is a linear function.

Figure 9. Linear activation function. The output signal y is proportional to the input x.

In most modern networks, non-linear activation functions are used [39]. Non-linearity
allows the artificial neural network to learn more intricate features from non-linear or
high-dimensional data through creating complex mapping between the input and output.

A logistic sigmoid activation function is as follows

σ(x) =
1

1 + e−x
.

As shown in Fig. 10, logistic sigmoid is a continuous monotonically increasing function
with the range between 0 and 1: it tends to 0 as x tends to −∞ and to 1 as x tends to
+∞. The function has continuous derivative σ′(x) = σ(x)(1 − σ(x)) that is important
for training a neural network. However, the main drawback of sigmoid is that for very
low and high arguments the values of the function do not change significantly that causes
a vanishing gradient problem. This issue prevents network from further learning, since at
some point the gradient is extremely small and weights do not change.
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The properties of hyperbolic tangent

tanh(x) =
ex − e−x
ex + e−x

,

are similar to those of sigmoid activation function. It is continuous and bounded, but as
x tends to −∞ it tends to −1 (not to 0 like sigmoid), as shown in Fig. 10. Its derivative
is tanh′(x) = 1 − tanh2(x). Hyperbolic tangent approaches its asymptotes faster than
sigmoid. One of the advantages of hyperbolic tangent over the sigmoid is that it maps zero
values near zero and negative input into strongly negative values. However, hyperbolic
tangent is not able to solve the vanishing gradient problem as well as sigmoid.

Figure 10. Activation functions. From the top down: logistic sigmoid σ(x), hyperbolic tangent
tanh(x) and Heaviside step(x) function.
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Another function that can be used as activation is the Heaviside step function

step(x) =

0, x < 0,

1, x ≥ 0.

It is a threshold-based activation function which means that the neuron is activated and
its output is 1 if its input value is above a certain threshold, otherwise the output value
is equal to zero and neuron is at rest (Fig. 10). The main shortcoming of this activation
function is that it allows only binary outputs (0 or 1), thus it cannot implement classifying
the inputs into more than two categories.

Another activation function is a rectifier that is employed by a rectified linear unit (ReLU)

ReLU(x) =

0, x < 0,

x, x ≥ 0,

or equivalently ReLU(x) = max{0, x}. Neurons with ReLUs are more computationally
efficient than those based on the logistic sigmoid or hyperbolic tangent, since to com-
pute the derivative ReLU′(x) only one comparison is needed: if x is less than zero the
derivative is equal to 0, otherwise it is equal to 1. An important advantage of rectifier is
that, unlike three previous non-linear functions, it allows distinguishing between strongly
and slightly activated neurons. However, the shortcoming of assuming zero for all the
negative values is a situation when a ReLU neuron produce zero output for any input and
becomes inactive forever (the Dying ReLU problem).

Some modifications of ReLU are designed to solve this issue. For example, Leaky ReLU

(LReLU) [42] has a slight positive slope for the negative arguments and coincides with
ReLU for the positive input values

LReLU(x) =

αx, x < 0,

x, x ≥ 0,

where α is a small positive constant. For instance, Fig. 11 demonstrates LReLU with
parameter α = 0.1. Due to its constructions, Leaky ReLU enables learning through
backpropagation even for the negative inputs and thus solves the Dying ReLU problem.

The idea of LReLU evolved to the Parametric ReLU (PReLU) [43] that has the same
construction, but the constant α can be learnt for every particular dataset that results in
better performance [39].



34

Another modification of a rectifier is an Exponential linear unit (ELU) [44]

ELU(x) =

α(ex − 1), x < 0,

x, x ≥ 0,

that is an exponential function for negative inputs and linear for the positive arguments.
Parameter α is an arbitrary chosen small positive constant.

Figure 11. Rectifier activation function and its modifications. From the top down: rectified linear
unit (ReLU), Leaky ReLU with α = 0.1 and exponential linear unit (ELU) with α = 0.5.
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3.4 Multilayer perceptron and its learning rule

A multilayer perceptron (MLP) is an artificial neural network consisting of an input layer,
one or more hidden layers and an output layer. For example, the MLP with two hidden
layers is shown in Fig. 12. It should be noted that the MLP refers to fully connected
networks, that is, each neuron in the preceding layer is connected to all neurons in the next
layer. In contrast to a linear perceptron, an MLP has non-linear activation functions. Non-
linearity enables an MLP to differentiate between the data that are not linearly separable.

Input Layer

Output Layer

Hidden Layer 1 Hidden Layer 2

Figure 12. A multilayer perceptron (an artificial neural network) with an input layer, two hidden
layers, and an output layer. Since all neurons in one layer are connected to all neurons in the next
layer, this neural network is fully connected.

The Perceptron learning rule used for training a linear perceptron is not applicable to
learning an MPL model owing to its different structure. A commonly used technique
for training an MLP is to design a loss function (or error) according to, for example,
the error of misclassification and next, minimize this function with respect to the model
weights [36].

In most cases optimization and hence training a neural network is based on algorithm
using the gradient to minimize the loss function [45]. The main of these algorithms is a
gradient descent method, all the others are its various modifications.



36

In a classification problem, a training set D composed of pairs (~x, ~y) is considered, where
vector ~x represents the input data and ~y is a correct classification response. The neural
network with weights ~θ makes predictions f(~x, ~θ), where ~x ∈ D, and the error function
E(f(~x, ~θ), ~y) is defined for all the elements in the training set. Then, the total error
function is a sum of errors for all elements in the training set

E(~θ) =
∑

(~x,~y)∈D

E(f(~x, ~θ), ~y).

One step of the gradient descent method is implied according to the following rule

~θt = ~θt−1 − η∇E(~θt−1) = ~θt−1 − η
∑

(~x,~y)∈D

∇E(f(~x, ~θt−1), ~y),

where ~θt is an updated vector of weights and parameter η is a learning rate that regu-
lates the size of the step in the method so that the weights converge rapidly to a correct
response.

However, one step of the gradient descent algorithm requires going through the whole
training set that is not cost-efficient, therefore practically stochastic gradient descent is
used, that is, weights are updated after going through each element in the training set
rather than the whole set

~θt = ~θt−1 − η∇E(f(~xt, ~θt−1), ~yt),

thus, this modification fastens the training process.

The method called backpropagation is applied to simplify the computation of gradient.
This method propagates the error from the output layer backward so that the gradients
at the preceding layers can be found using the chain rule of derivatives for the function
composition [36].

A useful tool to represent a composite function as a composition of simple functions is
a directed acyclic graph called computation graph [39]. In this graph vertices (nodes)
correspond to functions, while edges connect functions and their arguments. The process
of transmitting values from the input nodes to the output is known as forward pass (or
forward propagation).

Fig. 13(a) shows a computation graph for a function f(x, y) = 3x3+5xy2 and also partial
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derivatives of the nodes with respect to their inputs. Backpropagation and computation
graph allow for calculation of all partial derivatives of the function f(x, y) using the chain
rule of derivatives, as shown in Fig. 13(b). In this case, the computation of derivatives
starts from the output node with partial derivative ∂f

∂f
= 1 and moves in the direction

opposite to the edges of a graph. For example, a partial derivative of f with respect to
variable x is calculated as follows

∂f

∂x
=
∂f

∂c

∂c

∂a

∂a

∂x
+
∂f

∂e

∂e

∂d
= 9x2 + 5y2.

x y
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Figure 13. Computation graph of the function f(x, y) = 3x3 + 5xy2 together with its partial
derivatives (a), and algorithm of finding all partial derivatives of the function f(x, y) by backprop-
agation algorithm (b).

In general, the backpropagation algorithm for computation partial derivatives can be de-
scribed as follows. Let G = (V,E) denote some computation graph for a function
f(x1, x2, . . . , xn), where V is a set of vertices and E is a set of edges. Functions g ∈ V
are vertices of the graph, some vertices correspond to the input variables x1, x2, . . . , xn
and do not have input edges, and one vertex corresponding to the function f does not
have output edges. In order to find partial derivatives of f ∈ V , it is necessary to initialize
∂f
∂f

= 1 and then for each vertex g ∈ V that has ‘children’ (vertices into which the edges



38

go from it) already processed by the algorithm, the following equation is calculated

∂f

∂g
=

∑
g̃∈Children(g)

∂f

∂g̃

∂g̃

∂g
.

When the input vertices x1, x2, . . . , xn are reached, the partial derivatives ∂f
∂x1
, . . . , ∂f

∂xn
are

computed and thus the gradient of the function f can be obtained

∇~xf =


∂f
∂x1
...
∂f
∂xn

 ,

where ~x = (x1, x2, . . . , xn).

To sum up, the ANN learning is an iterative process consisting of forward pass and back-
propagation [36]. In the forward pass, the input and output at each neuron in each layer
are calculated based on the training data. When all the neurons have made their compu-
tations, the error (loss function) is estimated in the output layer based on the predicted
and correct results. Next, the error is propagated to all the neurons of the hidden layers
starting from the output layer. After spreading the information back to all neurons, the
gradients are computed through backpropagation and then the weights are updated by the
gradient descent method.

3.5 Adaptive gradient descent methods

In the traditional gradient descent method, the update step depends only on the current
value of gradient and learning rate η, but does not take into account the update history of
every single parameter. Unlike this approach, the adaptive optimization methods allow
for automatical adjustment of the learning rate for different parameters.

An adaptive gradient method called Adagrad is based on the idea that the update step
should be higher for those parameters that vary to great extent in the data, while smaller
step accounts for less volatile parameters [46]. If gt,i denotes the gradient of the loss
function with respect to the parameter θi, i.e.

gt,i = ∇θiL(θ),
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then the update rule for the parameter θi in Adagrad is as follows

θt+1,i = θt,i −
η√

Gt,ii + ε
· gt,i, (27)

where parameter ε allows eliminating division by zero and Gt is a diagonal matrix where
each element Gt,ii is a sum of squared gradients of the corresponding parameters for the
previous steps, that is,

Gt,ii = Gt−1,ii + g2t,i.

Adadelta is a modification of Adagrad algorithm [47]. Instead of accumulating a sum of
all past gradients squared, Adadelta adjusts learning rates according to a moving window
of gradient updates that is set by choosing a decay factor ρ < 1 and then the matrix Gt is
as follows

Gt,ii = ρGt−1,ii + (1− ρ)g2t,i.

The update step of Adadelta is the same as that of Adagrad (see equation (27)).

Another adaptive optimization algorithm called Adam was designed specially for training
DNNs [48]. The algorithm uses exponential moving averages of the gradient

mt = β1m+ (1− β1)gt,

and the squared gradient
vt = β2m+ (1− β2)g2t ,

where the parameters β1, β2 ∈ [0, 1) control the exponential decay rates of these moving
averages. The Adam’s update rule is as follows

θt+1,i = θt,i −
η√
vt + ε

·mt.

3.6 Convolutional neural networks

Convolutional neural networks (CNN) are the special kind of DNNs used for processing
the data that have grid-like topology, i.e. data with spatially correlated points. For ex-
ample, CNNs are successfully applied for processing images that can be considered as
two-dimensional grids of pixels.

A black-and-white image can be represented as a two-dimensional matrix of size M ×



40

N , where M and N are width and height (in pixels), respectively. In general, image is
considered as a three-dimensional matrix of sizeM×N×d, i.e. in each pixel of an image
there is a d-dimensional vector with components called channels and thus the image is a
set of d matrices of size M ×N . For example, one color image is usually represented by
three matrices each corresponding to one color channel (RGB).

The name of CNN indicates that the network uses a convolution operation that is linear
transformation of the input data [39]. Let X l denotes the input of the l-th layer, then the
result of two-dimensional convolution with a matrix of weights W (called convolution
filter or kernel) of size (2d+ 1)× (2d+ 1) is as follows

Y l
i,j =

∑
−d≤a,b≤d

Wa,bX
l
i+a,j+b.

The result Y l
i,j of convolution in the l-th layer is called a feature map.

Let us consider the following example of convolution between the input image represented
by (5×5)-matrixX (an elementXi,j is a value of the pixel with number (i, j)) and (3×3)-
matrix W of weights

X =


1 0 1 5 2

3 2 1 0 1

0 5 3 4 0

4 3 0 1 4

2 0 1 5 3

 , W =

 1 0 1

0 2 0

1 1 0

 .

The result of convolution Y = X ∗W depends on two parameters: stride and padding.
Stride determines the number of pixels by which the filter W shifts. Concerning padding,
if the output is restricted to only positions where the filter lies entirely within the image,
then the convolution is said to have valid padding [45]. In this case, the result of con-
volution is always smaller than the size of the input image (Fig. 14). If after applying
convolution the spatial dimensionality of an image remains unchanged, same padding is
applied (Fig. 15). In this case, the zero padding supplements the input image around the
border. If k is a size of the convolution kernel and the stride is equal to 1, then the width
of zero padding ρ is calculated as

ρ =
k − 1

2
. (28)

For instance, in Fig. 15, the kernel size is k = 3, therefore the zero padding is ρ = 1. The
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general formula for computing the size y of a feature map is

y =
x− k + 2ρ+ s

s
,

where x is a height (width) of an input image, k is a kernel size, ρ is a padding and s is a
stride.
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Figure 15. An example of convolution with the stride equal to 1 and same padding. The input
image X is augmented by a zero padding of width ρ calculated according to equation (28). Next,
the kernel W is hovering over the image to produce the feature map Y .
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In the context of neural networks, the convolution operation is implemented as multiple
convolutions applied in parallel [45], since the CNN input image is a three-dimensional
matrix (two indices correspond to the spatial coordinates of a pixel and one index corre-
sponds to the different channels in this pixel). Thus, it is important to specify a number
of filters for convolution, a value of this parameter must correspond to the number of
channels in the image to which the convolution filter is applied.

A typical layer of a CNN can be divided into three stages [45], as shown in Fig. 16. The
first stage (convolution stage) performs convolutions in order to produce a set of linear
activations. In the second stage (detector stage), linear activations are processed by some
non-linear activation function h (e.g. ReLU) resulting in a feature map

Z l
i,j = h(Y l

i,j). (29)

Input to layer

Convolutional Layer

Convolution Stage

Detector Stage

Pooling Stage

Next layer

Figure 16. The components of a convolutional layer in a CNN. The convolution stage performs
convolution of layer inputs and weights. In the detector stage, the results of the convolution
operation are passed trough some non-linear activation function, producing a feature map. The
pooling stage performs pooling to reduce the number of parameters (dimensionality).

In the third and last stage (pooling stage), a pooling layer is utilized to downsample (re-
duce the dimension) a feature map by summarizing its features. The most common pool-
ing technique is max-pooling that slides a window of a given size over the input and
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computes the maximum value in the window, i.e.

X l+1
i,j = max

−d≤a≤d,−d≤b≤d
Z l
i+a,j+b,

where Z l
i+a,j+b is an output of the Detector Stage defined by equation (29).

The size of pooling operation is always smaller than the size of the feature map. If the size
of pooling is 2×2 pixels with a stride of 2 pixels, this means that the pooling layer halves
each dimension of feature map. For instance, the result of such pooling layer applied to
feature map of 8× 8 pixels is an output pooled feature map of 4× 4 pixels.

An example of typical CNN architecture is AlexNet designed by Alex Krizhevsky et al.
[49]. AlexNet is composed of 5 convolutional layers (some of them are followed by max-
pooling) and 3 fully connected layers. In 2012 AlexNet won the ImageNet Large Scale
Visual Recognition Challenge (ILSVRC), an annual contest launched by the ImageNet
project [50], where various software algorithms compete to accurately detect and classify
objects.

3.7 Autoencoders

An autoencoder is an ANN that learns to copy its input to its output [45]. The network
consists of an encoder part mapping the input to the code (hidden layer), and a decoder
part that produces a reconstruction of the original input, given the code (Fig. 17). The
main purpose of the autoencoder is to extract important properties from the data rather
than just copy the input. A possible way to obtain useful features from the network is to
restrict the code to have a smaller dimension than the input, in this case autoencoder is
called undercomplete.

In the overcomplete case (the dimension of the hidden code is greater than that of the
input), the regularized autoencoders, such as sparse autoencoders and denoising autoen-
coders, are applied to prevent the network from directly coping its input to its output. In
the sparse autoencoder, a penalty term is added to the loss function such that only a frac-
tion of hidden nodes are active simultaneously [39]. The denoising autoencoder receives
the input data corrupted by some random noise and the network must recover the original
noise-free data rather than simply copying the input [45].
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Encoder Decoder

Code

Input Output

Figure 17. Autoencoder architecture consists of three components: encoder, code and decoder.
The encoder maps the input to the code and then the decoder produces the output using this code.
This autoencoder is undercomplete since the hidden code layer has a smaller dimension than the
input layer.

3.8 U-net

U-net is a fully connected CNN that was introduced for biomedical image segmentation
by Ronneberger et al. [51] in order to reduce the number of images required for the learn-
ing process since the number of training data is usually limited in biomedical cases. Image
segmentation is closely related to classification tasks, where a single class label is output
to an image. In segmentation problems, a class label is supposed to be assigned to each
pixel of an image. In [51], U-net is shown to yield precise segmentations with very few
training data.

As shown in Fig. 18, the network architecture has a ‘U’ shape and can be divided into two
parts called contracting path (left half) and expansive path (right half). The contracting
path can be considered as a typical CNN. It comprises the repeated application of 3 × 3

convolutions with valid padding (see Section 3.6), each accompanied by ReLU and max-
pooling layers (see Section 3.6) for image size reduction called downsampling. The goal
of the contracting path is to encode the input image into feature representations.

The expansive path consists of upsampling (increase in size) of the feature map imple-
mented by 2 × 2 transposed convolutions (up-convolutions). After up-convolutions, the
image is concatenated with the cropped feature map from the contracting path to incor-
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porate information from the previous layers and thus improve the accuracy of prediction.
Next, 3× 3 convolutions (again accompanied by ReLUs) are applied to halve the number
of features. The aim of expansive path is to project the features learnt by the contractive
path onto the pixel space to obtain the output segmentation map.
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Figure 18. U-net architecture has a ‘U’ shape and consists of two halves: contracting path and ex-
pansive path. Rectangles represent the images, and numbers on the side correspond to their width
and height (in pixels), while numbers placed above refer to the number of channels. Pink arrows
pointing right represent convolutions with filters of size 3 × 3. Blue arrows pointing down refer
to max-pooling that reduces the image size. Green arrows correspond to 2× 2 transposed convo-
lutions (up-convolutions) that expand the image dimensions. A pale green arrow in the expansive
path denotes convolution with a filter of size 1 × 1. White arrows represent the process when the
image from contracting path is copied, cropped, and then concatenated with the corresponding
image from the expansive path.
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3.9 AUTOMAP

Automated transform by manifold approximation (AUTOMAP) is introduced in [9] as
an approach to learned image reconstruction which allows for a mapping between the
detector domain (input sinogram) and the image domain (output reconstruction). The
AUTOMAP implementation is based on a deep neural network consisting of three consec-
utive fully connected layers followed by a sparse autoencoder (see Section 3.7) composed
of convolutional layers.

n2

n1

FC1

n1n2

Sinogram
(raw data from
a CT detector)

n2

FC2

n2

FC3

m1 × n× n

C1

m2 × n× n

C2 Reconstructed

image

n× n

n× n

reshape

convolution

deconvolution

Figure 19. The AUTOMAP architecture. An input sinogram (n1 × n2 matrix) is reshaped to the
n1n2 × 1 input vector. The input layer FC1 is fully connected to the hidden layer FC2 of size
n2 × 1 that is fully connected to another hidden layer FC3. The n2 × 1 layer FC3 is reshaped to
the n×n matrix and followed by two successive convolutional layers C1 and C2 each convolving
m1,m2 = 64 filters of 5 × 5 with stride 1. Finally, deconvolution with 64 filters of 7 × 7 with
stride 1 is applied to the C2 layer to produce the output reconstruction.

The AUTOMAP architecture used in this thesis is slightly different as compared to that
presented in [9]. The modification must be done due to the different types of input data
used. In [9], complex-valued CT detector data (n × n matrix) are employed as an input,
they are separated into real and imaginary components and then concatenated in the 2n2×
1 real-valued input vector. In this thesis, input data (n1 × n2 matrix) are real-valued,
therefore they are directly reshaped to the n1n2 × 1 input vector. As shown in Fig. 19,
the input layer FC1 is fully connected to the hidden layer FC2 of size n2 × 1 with by
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the hyperbolic tangent activation function (see Section 3.3), the layer FC2, in its turn,
is fully connected to another hidden layer FC3 that is also activated by the hyperbolic
tangent function. The layer FC3 is reshaped to the n× n matrix to prepare for upcoming
convolution. The reshaped FC3 layer is followed by the first convolutional layer C1 that
convolves 64 filters of 5×5 with stride 1 and utilizes ReLU as an activation function. The
second convolution layer C2 performs in the same way. Finally, deconvolution with 64

filters of 7×7 with stride 1 is applied to the C2 layer that results in the output reconstructed
image.
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4 EXPERIMENTS

4.1 Experimental setup

The experiments, being discussed in this section, can be divided into two independent
parts corresponding to two different approaches in image reconstruction from the raw
data collected by a CT detector:

• the two-step approach when a CNN is used to post-process FBP-reconstructions;

• the one-step approach when a reconstruction process is fully automated with a
DNN.

The aim of the experiments is to test the generalization capability of both techniques. The
general idea of the two-step approach is shown in Fig. 20. In the first step, the filtered
backprojection is applied to a sinogram (raw data received from a CT detector) to obtain
the FBP-reconstruction. In the second step, the convolutional neural network processes
this reconstructed image to improve its quality by eliminating star artefacts and other
defects resulting from the limited number of available data. In this approach, the U-net
CNN architecture is used (see Section 3.8).

Filteredsinogram reconstruction
U-netBackprojection

filtered
image

Figure 20. The general idea of a two-step approach in CT image reconstruction. In the first step,
the filtered backprojection is applied to a sinogram resulting in reconstruction. In the second step,
U-net operates on this reconstruction to reduce the number of artefacts.

In the one-step approach, AUTOMAP deep neural network (see Section 3.9) is used to
learn the full reconstruction process, as shown in Fig. 21. That is, the network approx-
imates the projection filtering, backprojection operator and image post-processing at the
same time. The input of AUTOMAP DNN is a sinogram, and the output is a backpro-
jected and filtered image.
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DNN
sinogram filtered image

Figure 21. The general idea of the one-step approach in CT image reconstruction. The tech-
nique utilizes DNN to learn the whole reconstruction process, mapping directly raw measured
data (sinogram) to the filtered image.

For evaluating the performance of the two discussed approaches synthetic data consisting
of various digital phantoms were used (Fig. 22). These phantoms constituted different
patterns of fixed size and random location (or combinations of the patterns), depending
on the purpose of the experiment conducted. A disk was chosen as the main pattern
for network training. In addition to disk patterns, larger disks, ellipses, patterns with
right angles (squares of two sizes and diamonds), and stripes (as qualitatively different
patterns) were used in the training sets in some experiments. For the purpose of testing
all the mentioned patterns were involved.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 22. Examples of synthetic data (digital phantoms): (a) disk, (b) larger disk, (c) ellipse,
(d) diamond, (e) square, (f) larger square, (g) stripe, (h) combination of disk, diamond, and stripe
patterns.
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In the case of the one-way approach, the synthetic input data (sinograms) were generated
by applying the Radon transform to the digital phantoms with a specified number of angles
at which projections were computed according to the parallel scanning geometry (see
Section 2.8). With regard to the two-step approach, the synthetic input data for U-net
constituted the filtered backprojections that were obtained using inverse Radon transform
with Ram-Lak filter applied to sinograms (see Section 2.7).

The size of the testing dataset was equal to 128 elements in all the experiments, while
the size of the training dataset varied for different experiments. The training and testing
sets were generated in MATLAB, next stored in HDF5 files (Hierarchical Data Format
5 file type) and accessed from Python by using h5py package. Network architectures
were implemented in TensorFlow [52]. For ANN training and evaluation a computer with
8GB RAM and NVIDIA GeForce GTX 980 SLI was used. It should be noted that in the
last experiment (Section 4.3.4), NVIDIA DGX-1 with four Tesla V100 GPUs was used,
because in this case the training set included a big variety of patterns, and therefore the
AUTOMAP network required much more time to be trained.

In the implementation of both approaches, the loss function was defined as the Frobenius
norm [53] of the difference between the ground truth image y and reconstruction ŷ, i.e.

‖y − ŷ‖F =

√√√√ n∑
i=1

n∑
j=1

|yi,j − ŷi,j|2.

In two-step approach with U-net used for post-processing, the loss function was mini-
mized through Adam Optimizer with learning rate η = 0.0001 (see Section 3.5), while
in one-step approach RMSprop Optimizer (identical to Adadelta Optimizer discussed in
Section 3.5) with learning rate η = 0.00002 and decay factor ρ = 0.9 was used.

For U-net training the batch size equal to 8 elements was used. In the case of AUTOMAP
trained on the dataset of 512 elements, the batch size used was also 8 elements, but in
the case of the training set containing 50000 elements, the batch size was increased up
to 100 elements. The training time and the number of epochs depended on the network
architecture as well as amount and diversity of data in the training set. The network was
trained until a constant minimum training error was achieved, in overall it took

• about 15 minutes to train U-net on 256, 512, and 1024 single disk phantoms, num-
bers of epochs were 1563, 782, and 391, respectively (Section 4.2);

• approximately 4 hours to train AUTOMAP on 512 single disk phantoms, number
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of epochs was 782 (Section 4.3.1);

• about 8 hours to train AUTOMAP on 50000 multiple disk phantoms, number of
epochs was 200 (Section 4.3.2);

• approximately 12 hours to train AUTOMAP on 50000 phantoms with multiple
disks, diamonds and stripes, number of epochs was 400 (Section 4.3.3);

• about 36 hours to train AUTOMAP on 50000 phantoms with multiple disks, dia-
monds, stripes and squares (the training was done using NVIDIA DGX-1 with four
Tesla V100 GPUs), number of epochs was 500 (Section 4.3.4).

4.2 Reconstructed image post-processing with U-net

In the experiments discussed in this section, U-net was applied to FBP-reconstructions in
the post-processing stage. The conducted experiments were meant

• to find an optimal size of the training set (with single disk phantoms) that delivers
the best generalization capability of U-net (Section 4.2.1),

• to examine how different number of projections in the training set (with single disk
phantoms) affects the reconstruction quality (Section 4.2.2),

• to test the effect of multiple disk patterns in the training set on the generalization
capability of the network (Section 4.2.3).

4.2.1 Determining the optimal size of the training set

To find the optimal size of the training set, U-net was trained using 3 different datasets,
consisting of 256, 512 and 1024 elements (Fig. 23). An element of the training set was
a pair of images. The first image in the pair corresponded to a disk phantom (ground
truth image). The second image was a filtered backprojection (input data). In all the
experiments discussed in this section, projections were computed at 16 different angles
evenly spaced between 0 and 180 degrees (see Fig. 4 for details).

Three sets of experiments described below corresponded to three different sizes of training
datasets. Each experimental case checked the capability of U-net for generalization by
testing it on different phantoms, not included into the training set.
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(a) (b)

(c) (d)

Figure 23. Digital disk phantoms from the training set (a),(c) and corresponding filtered backpro-
jections (b), (d).

Training set of 256 elements.

This set of experiments corresponded to the smallest number of training data (256 ele-
ments). As shown in Fig. 24, when tested on the disk patterns of the same size as those
in the training set, U-net performed successfully. However, with increase in the size of
the disks in the testing set, the accuracy of U-net decreased, namely, it tended to slightly
reduce the radiuses of disk patterns and add some noise into their inner parts (Fig. 25).
Likewise, the performance of U-net suffered when it was tested on ellipse patterns: ellipse
interior was noisy in output reconstructions (Fig. 26).
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(a) (b) (c)

Figure 24. FBP post-processing with U-net (training set: 256 disk phantoms, testing set: 128 disk
phantoms): (a) filtered backprojection (network input), (b) image after post-processing (network
output), (c) ground truth data (disk phantom).

(a) (b) (c)

Figure 25. FBP post-processing with U-net (training set: 256 disk phantoms, testing set: 128
phantoms containing larger disks): (a) filtered backprojection (network input), (b) image after
post-processing (network output), (c) ground truth data (disk phantom). The disk pattern in the
output image is noisy and smaller than that in the ground truth image.

Next, the testing sets containing images of squares and diamonds were considered. U-
net performed well enough when tested on diamonds (Fig. 27) and squares of about the
same size as disks in the training set (Fig. 28): in the output images, the edges of these
patterns were relatively sharp. However, when the testing set contained squares of slightly
increased sizes, the generalization capability of U-net failed, since the bottom parts of the
squares were significantly corrupted, as shown in Fig. 29. It can be noticed that the
closer to the boundary a square was situated, the more corrupted it was in the output
reconstruction.
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(a) (b) (c)

Figure 26. FBP post-processing with U-net (training set: 256 disk phantoms, testing set: 128
ellipse phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (ellipse phantom). The ellipse in the output reconstruction
is noisy.

(a) (b) (c)

Figure 27. FBP post-processing with U-net (training set: 256 disk phantoms, testing set: 128
diamond phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (diamond phantom).

(a) (b) (c)

Figure 28. FBP post-processing with U-net (training set: 256 disk phantoms, testing set: 128
square phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (square phantom).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 29. FBP post-processing with U-net (training set: 256 disk phantoms, testing set: 128
phantoms containing larger squares): (a), (d), (g) filtered backprojections (network input); (b), (e),
(h) images after post-processing (network output); (c), (f), (i) ground truth data (square phantom).
The closer to the image boundary a square is located, the more it is corrupted in the output images.

Turning to the case where the images in the testing set contained stripe patterns, it can be
noticed that U-net performed successfully regardless the position of a stripe in the image
(Fig. 30).
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(a) (b) (c)

Figure 30. FBP post-processing with U-net (training set: 256 disk phantoms, testing set: 128
stripe phantoms): (a) filtered backprojection (network input), (b) image after post-processing (net-
work output), (c) ground truth data (stripe phantom).

Summary. The results indicated a high generalization capability of U-net trained on 256
disk phantoms when it was tested on patterns of different shapes, but the same sizes as
the disk patterns in the training set. However, the accuracy of the network decreased
significantly when the testing sets contained larger patterns.

Training set of 512 elements.

In this set of experiments, the number of data in the training set was increased up to
512. U-net accurately processed disk patterns of the same size as those in the training set
(Fig. 31) as well as larger disks (Fig. 32) and ellipses (Fig. 33).

(a) (b) (c)

Figure 31. FBP post-processing with U-net (training set: 512 disk phantoms, testing set: 128 disk
phantoms): (a) filtered backprojection (network input), (b) image after post-processing (network
output), (c) ground truth data (disk phantom). Output image is good enough as compared to the
ground truth image.
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(a) (b) (c)

Figure 32. FBP post-processing with U-net (training set: 512 disk phantoms, testing set: 128
phantoms containing larger disks): (a) filtered backprojection (network input), (b) image after
post-processing (network output), (c) ground truth data (disk phantom).

(a) (b) (c)

Figure 33. FBP post-processing with U-net (training set: 512 disk phantoms, testing set: 128
ellipse phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (ellipse phantom).

With regard to the testing set containing square patterns of about the same size as disk
patterns in the training set (Fig. 34) and the testing set with slightly increased square
patters (Fig. 35), the following results were obtained. In both cases U-net performed
adequately, processing square patterns as successfully as disk and ellipse patterns. In
addition, no significant difference in accuracy of the network was found while testing on
the diamond patterns (Fig. 36).



58

(a) (b) (c)

Figure 34. FBP post-processing with U-net (training set: 512 disk phantoms, testing set: 128
square phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (square phantom).

(a) (b) (c)

Figure 35. FBP post-processing with U-net (training set: 512 disk phantoms, testing set: 128
phantoms containing larger squares): (a) filtered backprojection (network input), (b) image after
post-processing (network output), (c) ground truth data (square phantom).
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(a) (b) (c)

Figure 36. FBP post-processing with U-net (training set: 512 disk phantoms, testing set: 128
diamond phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (diamond phantom).

Another result to emerge from the experiments was that the generalization capability of
U-net significantly decreased when the testing set contained stripe patterns (Fig. 37). It
can be noticed that when the stripe coincided with the main diagonal, the output image
contained no artefacts (Fig. 37(e)). But when the stripe was displaced from the main
diagonal, the output reconstruction contained artefacts near the edges (Fig. 37(b), 37(h)).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 37. FBP post-processing with U-net (training set: 512 disk phantoms, testing set: 128
stripe phantoms): (a), (d), (g) filtered backprojections (network input); (b), (e), (h) images after
post-processing (network output); (c), (f), (i) ground truth data (stripe phantom). Some artefacts
appear in the output images if the stripe is displaced from the main diagonal, e.g. (b), (h).

Summary. The results showed that U-net trained on 512 disk phantoms performed well
enough when tested on disks and squares (of two different sizes), ellipses, and diamonds.
However, poor performance was observed when the training set contained stripes.

Training set of 1024 elements.

This set of experiments corresponded to the highest amount of training data (1024 ele-
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ments). When tested on the disk patterns of the same size as those in the training set
(Fig. 38) and on ellipse patterns (Fig. 39), U-net performed adequately. However, while
testing on larger disks, some noise in the center of disks appeared (Fig. 40).

(a) (b) (c)

Figure 38. FBP post-processing with U-net (training set: 1024 disk phantoms, testing set: 128
disk phantoms): (a) filtered backprojection (network input), (b) image after post-processing (net-
work output), (c) ground truth data (disk phantom).

(a) (b) (c)

Figure 39. FBP post-processing with U-net (training set: 1024 disk phantoms, testing set: 128
ellipse phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (ellipse phantom).
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(a) (b) (c)

Figure 40. FBP post-processing with U-net (training set: 1024 disk phantoms, testing set: 128
phantoms containing larger disks): (a) filtered backprojection (network input), (b) image after
post-processing (network output), (c) ground truth data (disk phantom). The disk in the output
image is noisy in the central part, but has the same size as that in the ground truth image.

With regard to the testing sets containing images of squares and diamonds, U-net per-
formed adequately when tested on diamond (Fig. 41) and square patterns of about the
same size as patterns in the training set (Fig. 42), delivering relatively sharp pattern edges.
However, when the testing set contained larger square patterns, the generalization capa-
bility of U-net decreased, since it tended to slightly ‘erase’ the central parts of the squares,
as shown in Fig. 43.

(a) (b) (c)

Figure 41. FBP post-processing with U-net (training set: 1024 disk phantoms, testing set: 128
diamond phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (diamond phantom).
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(a) (b) (c)

Figure 42. FBP post-processing with U-net (training set: 1024 disk phantoms, testing set: 128
square phantoms): (a) filtered backprojection (network input), (b) image after post-processing
(network output), (c) ground truth data (square phantom).

(a) (b) (c)

Figure 43. FBP post-processing with U-net (training set: 1024 disk phantoms, testing set: 128
phantoms containing larger squares): (a) filtered backprojection (network input), (b) image after
post-processing (network output), (c) ground truth data (square phantom). The central part of the
square in the output image is slightly ‘erased’.

In the case of the testing set containing stripe patterns, the generalization capability of U-
net decreased and depended on the position of a stripe (Fig. 44). It can be noted that when
the stripes were displaced from the main diagonal, the output reconstruction contained
artefacts near the edges (Fig. 44(b), 44(h)).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 44. FBP post-processing with U-net (training set: 1024 disk phantoms, testing set: 128
stripe phantoms): (a), (d), (g) filtered backprojections (network input); (b), (e), (h) images after
post-processing (network output); (c), (f), (i) ground truth data (stripe phantom). Some artefacts
appear near the edges in the output images if the stripe is displaced from the main diagonal, e.g.
(b), (h).

Summary. The results showed that U-net trained on 1024 disk phantoms accurately pro-
cessed diamond, ellipse, disk and square patterns of about the same size as those in the
training set. However, the generalization capability of the network decreased when it was
applied to larger disk and square patterns as well as stripe patterns.
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4.2.2 Studying the influence of the projection number on the generalization capa-
bility of U-net

The experiments described in this section were aimed to test the effect of the number of
projections on the ability of U-net to generalize. In a manner similar to that described
in Section 4.2.1, U-net was trained using 512 digital disk phantoms and corresponding
filtered backprojections, while the number of projections was varied (see Fig. 45). In total
four training sets were used, they corresponded to 12, 10, 8 and 4 angles at which the
projections were computed (see Fig. 4 for a detailed description of projections and the
scanning geometry).

(a) (b) (c) (d)

Figure 45. Filtered backprojections in the different training sets. The number of angles at which
projections are computed: (a) 12, (b) 10, (c) 8, (d) 4.

After training on each of the four datasets, U-net was tested on the same patterns as in
Section 4.2.1 (the projections were computed at 16 different angles evenly spaced between
0◦ and 180◦). As shown in Fig. 46, in the case of the testing set containing disk patterns of
the same size as those in the training set, more artefacts appeared on the pattern boundaries
as the number of projections decreased. The similar results were observed when U-net
was tested on ellipses (Fig. 48). With regard to the testing set containing larger disk
patterns, less number of projections caused the significant alteration in the shape of the
patterns, as shown in Fig. 47.
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(a) (b) (c) (d)

Figure 46. FBP post-processing with U-net (training set: 512 disk phantoms with the varied
number of projection angles, testing set: 128 disk phantoms). Filtered reconstructions (network
output), the number of angles at which projections are computed in the training set: (a) 12, (b) 10,
(c) 8, (d) 4. The fewer projections are used in the training set, the more noise appears in the disk
boundaries in the reconstructions.

(a) (b) (c) (d)

Figure 47. FBP post-processing with U-net (training set: 512 disk phantoms with the varied
number of projection angles, testing set: 128 phantoms containing larger disks). Filtered recon-
structions (network output), the number of projections at which projections are computed in the
training set: (a) 12, (b) 10, (c) 8, (d) 4. A lower number of projections in the training set causes
disks to shrink from the top down.
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(a) (b) (c) (d)

Figure 48. FBP post-processing with U-net (training set: 512 disk phantoms with the varied
number of projection angles, testing set: 128 ellipse phantoms). Filtered reconstructions (network
output), the number of angles at which projections are computed in the training set: (a) 12, (b) 10,
(c) 8, (d) 4. The fewer projections are used in the training set, the more noise on the boundary of
ellipses is observed.

In the case of diamond patterns in the testing set, the ability of U-net to generalize deterio-
rated: the output reconstructions contained inscribed quadrilaterals rather than diamonds
as the number of projections decreased (Fig. 49).

(a) (b) (c) (d)

Figure 49. FBP post-processing with U-net (training set: 512 disk phantoms with the varied num-
ber of projection angles, testing set: 128 diamond phantoms). Filtered reconstructions (network
output), the number of angles at which projections are computed in the training set: (a) 12, (b) 10,
(c) 8, (d) 4. U-net tends to inscribe the diamonds into the circles as the number of projections in
the training set decreases.

Turning to the case of the testing set containing square patterns, it can be noticed that
the less number of projections was used, the more U-net rounded the corners of squares
(Fig. 50, 51). However, as shown in Fig. 52, while testing on stripes U-net performed
equally good regardless of the number of projections in the training set.
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(a) (b) (c) (d)

Figure 50. FBP post-processing with U-net (training set: 512 disk phantoms with the varied
number of projection angles, testing set: 128 square phantoms). Filtered reconstructions (network
output), the number of angles at which projections are computed in the training set: (a) 12, (b) 10,
(c) 8, (d) 4. The decrease in the number of projections in the training set causes U-net to round the
corners of squares.

(a) (b) (c) (d)

Figure 51. FBP post-processing with U-net (training set: 512 disk phantoms with the varied
number of projection angles, testing set: 128 phantoms containing larger squares). Filtered re-
constructions (network output), the number of angles at which projections are computed in the
training set: (a) 12, (b) 10, (c) 8, (d) 4. The decrease in the number of projections in the training
set causes U-net to round the corners of larger squares.

Additionally, U-net was trained on 512 disk phantoms with projections computed at 4
angles evenly spaced between 0◦ and 180◦ (Fig. 45(d)), and then tested on disk phantoms
with the various numbers of projection angles (12, 10, 8 and 4 angles). As shown in
Fig. 53, the less number of projections the testing set contained, the worse the quality of
the reconstruction was.
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(a) (b) (c) (d)

Figure 52. FBP post-processing with U-net (training set: 512 disk phantoms with the varied
number of projection angles, testing set: 128 stripe phantoms). Filtered reconstructions (network
output), the number of angles at which projections are computed in the training set: (a) 12, (b) 10,
(c) 8, (d) 4. No significant discrepancy is observed when the number of projections in the training
set declines.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 53. FBP post-processing with U-net (training set: 512 disk phantoms with 4 projection
angles, testing set: 128 disk phantoms with the varied number of projection angles): filtered
backprojections (network input), number of angles at which projections are computed in the testing
set is (a) 12, (b) 10, (c) 8, (d) 4; corresponding images after post-processing (network output), the
number of angles at which projections are computed in the testing set is (e) 12, (f) 10, (g) 8, (h) 4.

Summary. The experimental results demonstrated that a small number of projections in the
training set resulted in the deteriorating accuracy of the reconstructions for all the patterns
except for the stripes (stripe patterns were well-processed regardless of the projection
number in the training set). In the case of the training set containing a small fixed number
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of projections (projections were computed at 4 angles evenly spaced between 0◦ and 180◦)
the results are the same: the fewer projections were used, the worse reconstruction quality
was observed.

4.2.3 Testing the effect of multiple disk patterns on the generalization capability of
U-net

This section provides the experiments, where the training set of 512 images contained
phantoms with 1 to 3 disks which were allowed to intersect and form more sophisticated
patterns (Fig. 54). As shown in Fig. 55 and Fig. 56, in the case of the testing sets contain-
ing disks and squares of different sizes, ellipses, diamonds and stripes, U-net performed
equally well as compared to the experiments with single disk patterns in the training set
(Section 4.2.1).

(a) (b) (c) (d)

Figure 54. Examples of FBFs in the training set. Some of the possible options: a single disk (a),
three intersecting disks (b), two disjoint disks (c), one disjoint and two intersecting disks (d).

(a) (b) (c)

Figure 55. FBP post-processing with U-net (training set: 512 phantoms containing multiple
disks). Images after post-processing (network output): (a) testing set of 128 disk phantoms, (b)
testing set of 128 phantoms containing larger disks, (c) testing set of 128 ellipse phantoms.



71

(a) (b) (c) (d)

Figure 56. FBP post-processing with U-net (training set: 512 phantoms containing multiple
disks). Images after post-processing (network output): (a) testing set of 128 square phantoms,
(b) testing set of 128 phantoms containing larger squares, (c) testing set of 128 diamond phan-
toms, (d) testing set of 128 stripe phantoms.

In the case when the training set contained single disk patterns and the testing set consisted
of multiple disk patterns, the generalization capability of U-net was also high, as shown
in Fig. 57.

(a) (b) (c) (d)

Figure 57. FBP post-processing with U-net (training set: 512 disk phantoms, testing set: 128
phantoms containing multiple disks that may intersect): images after post-processing (network
output).

Summary. The experiments demonstrated that an increased number of disks in the training
set did not affect significantly the generalization capability of U-net tested on different
patterns. In the case of the training set containing single disk patterns and the testing set
consisting of multiple disk patterns, the generalization capability of U-net did not change
significantly as well.
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4.3 Fully learned image reconstruction

This section describes the experiments with the AUTOMAP deep neural network applied
to learn the full reconstruction process in CT. The following experimental cases were
considered to test the generalization capability of the AUTOMAP network:

• the 512 element training set with sinograms of single disk phantoms was taken as
an input (Section 4.3.1),

• the 50000 element training set with sinograms of phantoms containing multiple
disks was used (Section 4.3.2),

• the 50000 element training set with sinograms of phantoms containing multiple
disks, diamonds, and stripes was taken (Section 4.3.3),

• the 50000 element training set with sinograms of phantoms containing multiple
disks, diamonds, stripes, and squares was used (Section 4.3.4).

In all four experiments, the datasets consisting of disks, ellipses, squares of two sizes,
diamonds, or stripes were used for testing.

4.3.1 Training set of 512 single disk patterns

The following experiments were aimed to test the generalization capability of the one-
step approach. The AUTOMAP DNN was trained on the dataset of 512 elements, since
this size of a training dataset was shown to be optimal in the experiments concerning the
two-step approach, when U-net was used to post-process the image reconstructions (see
Section 4.2.1). The sinograms of single disk phantoms were used as input data for the
AUTOMAP DNN.

As shown in Fig. 58, the AUTOMAP trained on single disk phantoms failed to reconstruct
from the sinograms containing 1 to 3 disks: disjoined disks were seriously corrupted
(Fig. 58(h)), while intersected disks were treated as a single disk (Fig. 58(e)).

When applied to reconstructing from the images containing ellipses (Fig. 59), squares of
two sizes (Fig. 60, Fig. 61) and diamonds (Fig. 62) the AUTOMAP network tended to
treat these patterns like a single disk. Moreover, the position of the pattern close to the
edges resulted in artefacts scattered throughout the reconstructions. In the case when the
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AUTOMAP was tested on sinograms of stripes, the reconstructions contained shapeless
patterns dispersed throughout the images, as shown in Fig. 63.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 58. Fully learned image reconstruction with AUTOMAP (training set: 512 disk phantoms,
testing set: 128 phantoms with multiple disks): (a), (d), (g) sinograms of digital phantoms (net-
work input); (b), (e), (h) reconstructions (network output); (c), (f), (i) ground truth data (multiple
disk phantoms). The generalization capability of the network is weak: two intersected disks are
reconstructed like a single disk, and the shapes of the patterns are significantly corrupted.
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(a) (b) (c)

(d) (e) (f)

Figure 59. Fully learned image reconstruction with AUTOMAP (training set: 512 disk phantoms,
testing set: 128 ellipse phantoms): (a), (d) sinograms of digital phantoms (network input); (b), (e)
reconstructions (network output); (c), (f) ground truth data (ellipse phantoms). The ellipses are
processed like a single disk, and some artefacts appear, if the ellipse extends beyond the image
border (e).
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(a) (b) (c)

(d) (e) (f)

Figure 60. Fully learned image reconstruction with AUTOMAP (training set: 512 disk phantoms,
testing set: 128 square phantoms): (a), (d) sinograms of digital phantoms (network input); (b),
(e) reconstructions (network output); (c), (f) ground truth data (square phantoms). A square is
treated like a single disk, and if the square is closed to the image edges, the artefacts are scattered
throughout the reconstruction (e).
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(a) (b) (c)

(d) (e) (f)

Figure 61. Fully learned image reconstruction with AUTOMAP (training set: 512 disk phantoms,
testing set: 128 phantoms with larger squares): (a), (d) sinograms of digital phantoms (network
input); (b), (e) reconstructions (network output); (c), (f) ground truth data (square phantoms). In
the reconstructions there are disks of the smaller size rather than squares, and also some artefacts
appear if the square is close to the image boundary (e).
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(a) (b) (c)

Figure 62. Fully learned image reconstruction with AUTOMAP (training set: 512 disk phantoms,
testing set: 128 diamond phantoms): (a) sinogram of digital phantom (network input), (b) recon-
struction (network output), (c) ground truth data (diamond phantom). A diamond is treated like a
single disk.
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(a) (b) (c)

(d) (e) (f)

Figure 63. Fully learned image reconstruction with AUTOMAP (training set: 512 disk phan-
toms, testing set: 128 stripe phantoms): (a), (d) sinograms of digital phantoms (network input);
(b), (e) reconstructions (network output); (c), (f) ground truth data (stripe phantoms). The dis-
placement of a stripe from the main diagonal results in shapeless patterns scattered throughout the
reconstruction (b).

Summary. Stripes in the testing set were shown to result in shapeless patterns scattered
throughout the reconstructions. Multiple disks, ellipses, squares, and diamonds in phan-
toms were treated by the network as disks, and the reconstructions contained a lot of
artefacts in most testing cases. Therefore it can be concluded that AUTOMAP was not
able to generalize when the training dataset contained only 512 disk phantoms due to an
insufficient amount of training data.
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4.3.2 Training set of 50000 elements, 1 to 10 disks in sinograms

In the set of experiments described in this section, according to recommendations given
in [9], the size of the training dataset was increased up to 50000 elements. In addition,
for a better performance this dataset included the sinograms of phantoms with 1 to 10
disks that were allowed to intersect. It should be noted that the dataset of 50000 elements
required much more training epochs to deliver the satisfactory accuracy.

The AUTOMAP performed well while testing on ellipses (Fig. 64), reconstructing the
shape accurately, except for the case of an ellipse intersected with an edge (Fig 64(e)).

(a) (b) (c)

(d) (e) (f)

Figure 64. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, testing set: 128 ellipse phantoms): (a), (d) sinograms of digital phantoms (net-
work input); (b), (e) reconstructions (network output); (c), (f) ground truth data (ellipse phantoms).
The shape of an ellipse is reconstructed accurately, except the case of the ellipse extended beyond
the image edges (e).
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Concerning tests on patterns with right angles, the AUTOMAP still treated diamonds
(Fig. 65) and squares (Fig. 66) as disks, but the shape of larger squares was slightly
improved and looked like an approximation by four intersected disks (Fig. 67). As shown
in Fig. 68, the generalization to stripes failed, since their shape was severely corrupted.

(a) (b) (c)

Figure 65. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, testing set: 128 diamond phantoms): (a) sinogram of digital phantom (net-
work input); (b) reconstruction (network output); (c) ground truth data (diamond phantom). The
diamond is treated like a disk.

(a) (b) (c)

Figure 66. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, testing set: 128 square phantoms): (a) sinogram of digital phantom (network
input); (b) reconstruction (network output); (c) ground truth data (square phantom). The pattern
in the reconstructed image is similar to a disk rather than a square.
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(a) (b) (c)

(d) (e) (f)

Figure 67. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, testing set: 128 phantoms with larger squares): (a), (d) sinograms of digital
phantoms (network input); (b), (e) reconstructions (network output); (c), (f) ground truth data
(square phantoms). If a square is close to the edges, its shape is more corrupted (e).
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(a) (b) (c)

(d) (e) (f)

Figure 68. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, testing set: 128 stripe phantoms): (a), (d) sinograms of digital phantoms (net-
work input); (b), (e) reconstructions (network output); (c), (f) ground truth data (stripe phantoms).
The shape of stripes is significantly corrupted in the reconstructions.

Summary. The AUTOMAP DNN trained on 50000 elements containing phantoms with 1
to 10 disk patterns that were allowed to intersect, showed better generalization capability
than the same network trained on the dataset of 512 elements (Section 4.3.1): it processed
ellipses and larger squares (but the shape of the square pattern was approximated by four
joint disks) more accurately. However, the generalization capability failed significantly
when the testing sets contained squares, diamonds (these patters were still treated as disks)
or stripe patterns.
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4.3.3 Training set of 50000 elements, 1 to 10 disks, diamonds and stripes in sino-
grams

As discussed in Section 4.3.2, an increased size of the training set and a greater number
of disks in sinograms improved the generalization capability of the network tested on
ellipses and bigger squares. However, the reconstructions containing squares, diamonds
and stripes still suffered from poor quality. Therefore, in this set of experiments, diamonds
and stripes were included in phantoms. Thus, the training set of 50000 elements contained
sinograms of phantoms with 1 to 10 disks, diamonds and stripes that were allowed to
intersect and form sophisticated patterns, as shown in Fig. 69.

(a) (b) (c) (d)

Figure 69. Examples of ground truth images in the training set: digital phantoms with 1 to 10
disks, diamonds and stripes that may intersect.

The AUTOMAP network performed well when tested on disks (Fig. 70) and ellipses
(Fig. 71). As expected, reconstructions of diamonds (Fig. 72) and stripes (Fig. 73) looked
more accurate as compared to experiments described in Section 4.3.2. However, there
was no significant improvement in the shape of reconstructed squares (Fig. 74) and larger
squares (Fig. 75).
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(a) (b) (c)

Figure 70. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds and stripes; testing set: 128 disk phantoms): (a) sinogram of digital
phantom (network input); (b) reconstruction (network output); (c) ground truth data (disk phan-
tom).
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(a) (b) (c)

(d) (e) (f)

Figure 71. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds and stripes; testing set: 128 ellipse phantoms): (a), (d) sinograms of
digital phantoms (network input); (b), (e) reconstructions (network output); (c), (f) ground truth
data (ellipse phantoms). If an ellipse is close to the edges its shape is severely corrupted in the
reconstruction (e), otherwise the reconstructed shape is good enough.
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(a) (b) (c)

Figure 72. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds and stripes; testing set: 128 diamond phantoms): (a) sinogram
of digital phantom (network input); (b) reconstruction (network output); (c) ground truth data
(diamond phantom).

(a) (b) (c)

Figure 73. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds and stripes; testing set: 128 stripe phantoms): (a) sinogram of
digital phantom (network input); (b) reconstruction (network output); (c) ground truth data (stripe
phantom).
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(a) (b) (c)

(d) (e) (f)

Figure 74. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds and stripes; testing set: 128 square phantoms): (a), (d) sinograms of
digital phantoms (network input); (b), (e) reconstructions (network output); (c), (f) ground truth
data (square phantoms). If a square is close to the edges its shape is more corrupted (e).
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(a) (b) (c)

(d) (e) (f)

Figure 75. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds and stripes; testing set: 128 phantoms with larger squares): (a), (d)
sinograms of digital phantoms (network input); (b), (e) reconstructions (network output); (c), (f)
ground truth data (square phantoms). In the case when the square is close to the edges (e), it looks
like a shapeless pattern, and some artefacts appear.

Summary. When the training set of 50000 elements, containing phantoms with multiple
disks, diamonds, and stripes, was used, the generalization capability of the AUTOMAP
network slightly improved. It accurately processed disk patterns, ellipses (except for the
case where the patterns are close to the edges), diamond and stripe patterns. However, the
shapes of squares and larger squares were still corrupted and treated like disks (or their
union) owing to a lack of such patterns in the training set.
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4.3.4 Training set of 50000 elements, 1 to 10 disks, diamonds, stripes and squares
in sinograms

As discussed in Section 4.3.3, in the case when the AUTOMAP was trained on 50000
phantoms with 1 to 10 disks, diamonds and stripes, the network failed to process square
and larger square patterns. Consequently, in the set of experiments described in this sec-
tion, square patterns were added to the training phantoms.

As a result, AUTOMAP successfully processed disk phantoms (Fig. 76) as well as squares
(Fig. 77), diamonds (Fig. 78), and stripes (Fig. 79), regardless of their location relative to
the edges. It should be noted that ellipse phantoms (Fig. 80) and larger squares (Fig. 81)
were also accurately reconstructed, even though these patterns were not included in the
training set. However, the generalization capability of the network failed significantly,
if ellipses and larger squares were located close to the edges: the patterns were severely
corrupted and the reconstructions contained some artefacts, as shown in Fig. 80(e), 81(e).

(a) (b) (c)

Figure 76. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds, stripes and squares; testing set: 128 disk phantoms): (a) sinogram of
digital phantom (network input); (b) reconstruction (network output); (c) ground truth data (disk
phantom).
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(a) (b) (c)

Figure 77. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds, stripes and squares; testing set: 128 square phantoms): (a) sinogram
of digital phantom (network input); (b) reconstruction (network output); (c) ground truth data
(square phantom).

(a) (b) (c)

Figure 78. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds, stripes and squares; testing set: 128 diamond phantoms): (a) sino-
gram of digital phantom (network input); (b) reconstruction (network output); (c) ground truth
data (diamond phantom).
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(a) (b) (c)

Figure 79. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds, stripes and squares; testing set: 128 stripe phantoms): (a) sinogram
of digital phantom (network input); (b) reconstruction (network output); (c) ground truth data
(stripe phantom).
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(a) (b) (c)

(d) (e) (f)

Figure 80. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds, stripes and squares; testing set: 128 ellipse phantoms): (a), (d)
sinograms of digital phantoms (network input); (b), (e) reconstructions (network output); (c),
(f) ground truth data (ellipse phantoms). If an ellipse is close to the edges its shape is severely
corrupted in the reconstruction (e), otherwise the reconstructed shape is good enough, even though
ellipse patterns were not included in the training set.
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(a) (b) (c)

(d) (e) (f)

Figure 81. Fully learned image reconstruction with AUTOMAP (training set: 50000 phantoms
with 1 to 10 disks, diamonds, stripes and squares; testing set: 128 phantoms with larger squares):
(a), (d) sinograms of digital phantoms (network input); (b), (e) reconstructions (network output);
(c), (f) ground truth data (square phantoms). In the case when the square is close to the edges (e),
its shape is more corrupted, and some artefacts appear.

Summary. When the set of 50000 phantoms with multiple disks, diamonds, stripes and
squares, was used for training, the generalization capability of the AUTOMAP network
improved significantly. It accurately processed not only patterns included in the training
set (disks, squares, diamonds and stripes), but also ellipse patterns and larger squares that
were not included in the training set.

Comparison between one- and two-step approaches. U-net (two-step approach) outper-
formed AUTOMAP (one-step approach) in terms of generalization capability, since U-net
trained on disk phantoms performed successfully while testing on sets containing multi-
ple disks, ellipses, squares, diamonds or stripes. Unlike U-net, AUTOMAP was able to
reconstruct different patterns, only if these patterns were included in the training set.
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5 DISCUSSION

5.1 U-net post-processing of reconstructed images

In the first part of experiments (Section 4.2) concerning the two-step approach in CT
image reconstruction, the generalization capability of U-net applied to post-process FBP-
reconstructions was tested. The experiments were aimed to find an optimal size of the
training set, to examine the effect of different projection numbers in the training set on
the reconstruction quality, and to check whether the phantoms containing multiple disks
affect the generalization capability of the network.

To find an optimal size of the training set delivering the best generalization capability
of U-net, the network was trained on three different datasets consisting of 256, 512 and
1024 single disk phantoms. Various datasets consisting of 128 single disk, ellipse, square,
diamond or stripe phantoms each, were employed for the purpose of testing. U-net was
applied to the filtered backprojections in the testing sets, and next the obtained reconstruc-
tions were compared to the ground truth images. The results indicated that the general-
ization capability of U-net trained on 256 disk phantoms was high when the network was
tested on the patterns of the same size as those in the training set. However, in the case
of larger patterns, U-net post-processing resulted in the reconstructions with corrupted
patterns (Fig. 25, 29). The U-net networks trained on 512 and 1024 phantoms processed
the larger patterns adequately, but while testing on stripe patterns they resulted in artefacts
near the edges (Fig. 37, 44). In general, the experimental results demonstrated that U-net
trained on 512 disk phantoms was more accurate than U-net trained on 1024 elements
since the latter network resulted in the noisy interiors of the larger disk and square pat-
terns in the reconstructions (Fig. 40, 43). The possible reason for the poor generalization
capability of the U-net trained on 1024 phantoms is overfitting (overtraining). It can be
concluded that in terms of the generalization capability, the dataset containing 512 disk
phantoms was shown to be optimal for U-net training.

To examine the effect of the different number of projections in the training set on the abil-
ity of U-net to generalize, the network was trained on four different datasets containing
512 disks and the various number of projections. The first training set contained pro-
jections computed at 12 different angles evenly spaced between 0 and 180 degrees. The
second, third and fourth datasets contained projections computed (in the same manner) at
10, 8 and 4 angles, respectively. Experimentation with different testing sets (containing
128 disk, ellipse, square, diamond or stripe patterns, projections computed at 16 angles)
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suggested that a decreasing number of projections in the training set resulted in the de-
teriorating accuracy of the reconstructions for all the patterns (Fig. 46 – 51), except for
the stripes that were equally well-processed regardless of the projection number in the
training set (Fig. 52). In the case of the training set containing a small fixed number of
projections (computed at 4 angles) and four different testing sets containing disk phan-
toms with projections computed at 12, 10, 8 or 4 angles, similar results were obtained:
the fewer projections were used in the testing sets, the worse reconstruction quality was
observed (Fig. 53). The practical motivation for testing a fewer number of projections is
that in medical CT imaging it is important to reduce the number of X-ray beams used for
scanning and thus mitigate the radiation exposure on the target object.

To test the effect of phantoms containing multiple patterns in the training set on the re-
construction quality, U-net was trained on 512 phantoms containing 1 to 3 disks, and then
tested on the datasets each containing 128 phantoms with single disk, square, ellipse, dia-
mond or stripe patterns. The experimental results demonstrated that an increased number
of disks in the training phantoms did not provide significant improvement in the general-
ization capability of U-net (Fig. 55, 56). An additional experiment showed that in the case
of the training set containing a single disk and the testing set containing multiple disks,
the generalization capability of U-net did not change dramatically as well (Fig. 57).

5.2 Fully-learned image reconstruction with AUTOMAP

In the second part of experiments (Section 4.3) concerning the one-step approach, the
generalization capability of the AUTOMAP deep neural network (applied to learn the full
reconstruction process in CT) was tested. Unlike the prior experiments where the FBP-
reconstructions were used as a U-net input, AUTOMAP received sinograms (synthetic
data generated by applying the Radon transform to the digital phantoms) as its input.
The output reconstructions were compared to the ground truth images. The experiments
were meant to test the generalization capability of the network trained on four datasets of
different sizes and contents.

In the first case, AUTOMAP was trained on the dataset of 512 elements, containing sino-
grams of single disk phantoms. This size of the training set was chosen, because it resulted
in the best generalization capability of U-net used for reconstruction post-filtering. How-
ever, the AUTOMAP trained on 512 elements was not able to generalize: multiple disk
patterns, single ellipses, squares, and diamonds in phantoms were treated by the network
as disks, and the reconstructions contained a lot of artefacts (Fig. 58 – 62). With regard to
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the testing set consisting of stripe patterns, the output reconstructions contained scattered
shapeless patterns (Fig. 63).

The poor generalization capability of the AUTOMAP trained on 512 elements prompted
an increase in the size of the training dataset up to 50000 elements in the second case.
Moreover, this dataset included phantoms containing 1 to 10 disks. It should be noted that
the number of training epochs, as well as batch size, were also increased (see Section 4.1).
As a result, the AUTOMAP network processed ellipse patterns accurately, except for the
patterns located close to the edges (Fig. 64). Larger square patterns were approximated by
four joint disks in the reconstructions (Fig. 67), but in general, they looked more accurate
than those reconstructed by the AUTOMAP trained on 512 disk phantoms. However,
the generalization capability failed significantly when the training sets contained squares,
diamonds (these patters were still treated as disks) or stripe patterns (Fig. 66, 65, 68).

Since an increase in the training set size and the number of disks in phantoms positively
affected the ability of AUTOMAP to process ellipse patterns in the testing set, but did not
significantly improve the quality of reconstructions containing patterns with right angles
and stripe patterns, it was decided to add diamond and stripe patterns to the training set in
the third set of experimens. Thus, phantoms in the third training set included 1 to 10 disk,
diamond and stripe patterns that were allowed to intersect and form more sophisticated
patterns. As expected, in this case AUTOMAP adequately processed single diamond and
stripe patterns (Fig. 72, 73). Disk and ellipse patterns were also accurately reconstructed
(Fig. 70, 71), while the shapes of squares and larger squares were still badly corrupted
(Fig. 74, 75).

In the final case, the training set contained 50000 phantoms with 1 to 10 disk, diamond,
stripe, and square patterns together. When the square patterns were added to the train-
ing phantoms, the AUTOMAP performed successfully on the testing sets containing disk,
square, diamond and stripe phantoms (Fig. 76 – 79). The network also showed better
generalization capability on larger squares, if those were not located close to the edges,
otherwise larger squares were more corrupted, and artefacts appeared in the reconstruc-
tions (Fig. 81). Moreover, the AUTOMAP accurately processed ellipse phantoms (except
for the ellipses located close to the edges), even though they were not included in the
training set (Fig. 80). As a result, it was concluded that the network adequately processed
the patterns in the testing sets only if similar patterns were included in the dataset used
for training, otherwise the network showed a lack of generalization capability.
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6 CONCLUSION

The aim of this study was to compare two different learned image reconstruction ap-
proaches in terms of their generalization capability. In the first (two-step) approach, U-
net was used only for post-processing of image reconstructions, whereas in the second
(one-step) approach, the AUTOMAP deep neural network performed the full reconstruc-
tion process. For training and testing of the networks the synthetic datasets were created.
For the one-step approach the datasets consisted of sinograms generated in MATLAB by
applying the Radon transform to the digital phantoms containing different patterns (e.g.
disks). For the two-step approach, the synthetic input data constituted the filtered back-
projections that were obtained by applying the inverse Radon transform with Ram-Lak
filter to the sinograms.

The experimental results imply that the two-step approach performs better, and requires
much smaller and less diverse training dataset to deliver good reconstruction quality: U-
net trained on 512 disk phantoms shows high generalization capability when applied to
different testing sets containing phantoms with multiple disks, ellipses, squares, larger
disks and squares, diamonds and stripes. As for the one-step approach, AUTOMAP
requires highly diverse training sets to show accurate generalization capability: unlike
U-net, the AUTOMAP network is able to reconstruct different patterns in testing sets ac-
curately, only when these patterns are included in the training set. In addition, a large
variety of patterns in the training set results in a considerable amount of time needed for
the network to be trained. The issue of time-consuming training can be solved, for exam-
ple, by using GPUs that fasten the training process. However, the matter of the training set
diversity can be crucial in the context of computed tomography, since usually the amount
of real data available for training is quite limited.
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