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This dissertation is devoted to the investigation of magnetic properties of nanostructures with magnetic impurities. The properties of electron spin relaxation in magnetically doped quantum well
was investigated. It has theoretically demonstrated that the presence of holes, resident or photocreated, in diluted magnetic quantum wells accelerates the spin relaxation of electrons using a
mechanism that was previously ignored. This effect is due to the spin correlations, which establish
between magnetic ions coupled via hole-mediated Ruderman-Kittel-Kasuya-Yoshida interactions in
the paramagnetic phase. As a consequence, the electron spin relaxation becomes temperature and
hole density dependent, in contrast to existing theories.
A theory of spin relaxation of 3d5-electrons of manganese in (Ga,Mn)As, including ferromagnetic
and paramagnetic phases, is presented. In manganese doped gallium arsenide, holes act in two
ways: as carriers of magnetic interactions between manganese centers and as a channel for their
spin relaxation. The strong spin-orbital interactions of the holes lead to short spin relaxation times
and exchange interactions of the holes with the 3d5-electrons of manganese cause its rapid spin
relaxation. This mechanism for spin relaxation of manganese predominates in the ferromagnetic
phase, while the main mechanism for spin relaxation of Mn in the paramagnetic phase is through
fluctuations in the hole spins.
Indirect exchange interaction between magnetic adatoms in graphene was studied theoretically.
It was accounted for the possibility of resonant tunneling coupling between a bound state of the
adatom and the continuum of 2D delocalized states in graphene. In this case the indirect exchange
between the adatoms mediated by the 2D carriers appears to be substantially enhanced compared to
the results known from Ruderman-Kittel-Kasuya-Yosida (RKKY) theory.
Theoretical model for the gate-controlled spin-valve effect in carbon nanotubes with side-attached
single-molecule magnets TbPc2 (Terbium(III) bis-phthalocyanine) was presented. These structures
show a giant magnetoresistance up to 1000% in experiments on singlewall nanotubes that are tunnelcoupled to the leads. The proposed theoretical model combines the spin-dependent Fano effect with
Coulomb blockade and predicts a spin-spin interaction between the TbPc2 molecules, mediated by
conducting electrons via the charging effect.
The one-dimensional subband splitting in a bilayer graphene quantum point contact in which quantized conductance in steps of 4e2 /h is clearly defined down to the lowest subband was investigated.
The semiphenomenological model was developed which describe the lifting of the valley degeneracy at magnetic fields perpendicular to the bilayer graphene plane and mixing of K and K 0 valleys
from two nonadjacent subbands with indices (N, N + 2).
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C HAPTER I

Introduction

1.1

Motivation of research

The study of magnetic materials is one of the key areas of research in modern condensed matter
physics. Such materials include magnetic semiconductors, whose unique features are associated
with a combination of semiconductor and magnetic properties Wolf et al. (2001); Meier and Zakharchenya (1984); Dyakonov (2008). For effective control of the properties of these materials, it is
necessary to know the physics of their magnetic ordering and to understand the dependence of their
magnetic properties both on external influences and on inter impurity interaction.
One of the key mechanisms for the formation of the ferromagnetic order in dilute magnetic semiconductors with delocalized carriers is indirect exchange interaction, Jungwirth et al. (2006). In this
connection, the study of the features of this type of interaction in nanostructures is an important
task.
Second interesting direction in the field of spin physics is molecular spintronics Gatteschi et al.
(2006); Bogani Lapo and Wernsdorfer Wolfgang (2008); Moreno Pineda et al. (2016); Bartolomé
et al. (2014), which aims to study ways to characterize, manipulate and read molecular spin states
of nanosystems down to the level of a single molecule. This can be implemented using the latest
optical and electrical methods. Miniaturization of devices and the need for effective interaction
of organic and inorganic materials for biomedical and nanoelectronic applications are the driving
forces of this direction Jia and Guo (2013).
The purpose of this work is theoretically study spin relaxation in diluted magnetic semiconductors
and develop a theory of indirect exchange interaction in nanoheterostructures.

1.2

Summary of thesis

The second chapter is devoted to the study of spin relaxation in magnetic semiconductors. A new
mechanism of electron spin relaxation in magnetic quantum wells is proposed, which takes into account spin correlations in the magnetic subsystem. The time of electron spin relaxation in the presence of an indirect exchange interaction of the Ruderman – Kittel – Kasui – Yosida type (RKKY)
between the spins of magnetic impurities is calculated. It is shown that correlations lead to de-

11

1. Introduction

12

pendence on temperature and concentration of impurities. This causes indirect exchange, which
is absent in the standard approach that takes into account electron scattering by a single magnetic
impurity. The main mechanisms of spin relaxation of 3d5 electrons of manganese in ferromagnetic
(Ga, Mn) As are investigated. In the paramagnetic and ferromagnetic phases the rate of their spin
relaxation is calculated as a function of temperature. It has been revealed that holes are the main
source of spin relaxation, and their fluctuations and fast spin relaxation are important.
In the third chapter of the thesis, the theory of resonant indirect exchange interaction of magnetic
centers in semiconductor heterostructures is developed. It is shown that the presence of a localized
state in a magnetic impurity significantly changes their indirect exchange in comparison with the
RKKY theory. When the energy level of the localized state lie in the continuum spectrum of the
delocalized states the significant increase in the interaction of magnetic impurities occurs. In GaAs
heterostructures with an Mn δ-layer located in the vicinity of the Inx Ga1−x As quantum well (QW),
the dependence of the Curie temperature on the depth of the quantum well is studied. The Curie
temperature consists of two contributions, the first is related to magnetism inside the layer and is
independent of the QW, the second is an indirect exchange interaction through QW holes. The
second contribution has a non-monotonic feature depending on the QW depth associated with the
resonant condition of indirect exchange. The indirect exchange of magnetic adatoms located on the
surface of graphene is calculated.
The fourth chapter of the thesis presents a theoretical model explaining the effect of giant magnetoresistance (spin valve effect) and Coulomb blockade in carbon nanotubes with attached TbPc2
magnetic molecules. The developed theory predicts a long-range interaction between magnetic
molecules due to the Coulomb interaction of electrons in a nanotube and resonant spin-dependent
scattering by molecules. It has been demonstrated that this effective spin-spin interaction (including
its sign) depends on the gate voltage and the positions of the molecules.
In the fifth chapter, quantum point contact (QPC) in bilayer graphene in an external magnetic field
was investigated. While the vast majority of 1D ballistic systems show conductivity quantization in
units of 2e2 /h, where the coefficient two is related to spin degeneracy, structures with single-layer
and two-layer graphene due to spin and valley degeneracy give a quantization of 4e2 /h. A theory is
constructed that describes the valley splitting of electronic states in an external magnetic field in a
QPC from bilayer graphene. The developed model, bases the merging of the states K and K‘ of the
valleys from 1D subbands with numbers (N; N + 2) in a zero magnetic field.

1.3

Summary of publications

Publication 1. I.V. Krainov, M. Vladimirova, D. Scalbert, E. Lahderanta, A. P. Dmitriev, and N. S.
Averkiev, Carrier spin relaxation in diluted magnetic quantum wells: Effect of Mn spin correlations,
Phys. Rev. B, 96, 165304, 2017.
We demonstrate theoretically that the presence of holes, either resident or photocreated, in diluted
magnetic quantum wells accelerates the spin relaxation of electrons via a mechanism which has been
previously overlooked. This effect is due to the spin correlations, which establish between magnetic
ions coupled via hole-mediated Ruderman-Kittel-Kasuya-Yoshida interactions in the paramagnetic
phase. As a consequence, the electron spin relaxation becomes temperature and hole density dependent, in contrast to existing theories. Our theory qualitatively reproduces the increase of the electron
spin relaxation rate with pump power observed in n-doped CdMnTe magnetic quantum wells [Ben
Cheikh et al., Phys. Rev. B 88, 201306 (2013)]. It also predicts a decrease of the spin relaxation
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rate with temperature, as observed, although not in the same temperature range.
The author of this thesis carried out the theoretical calculations, wrote the paper and was the principal author of the publication.
Publication 2. I.V. Krainov, V.F. Sapega, N.S. Averkiev, G.S. Dimitriev, K.H. Ploog, and E. Lahderanta, Manganese spin dephasing mechanisms in ferromagnetic (Ga,Mn)As, Phys. Rev. B, 92,
245201, 2015.
We report on the study of Mn transversal spin relaxation mechanisms in ferromagnetic (Ga,Mn)As.
The spins of valence band holes experience exchange interactions with ferromagnetically ordered
Mn spins and strong spin relaxation due to spin-orbit coupling. The hole subsystem provides a
relaxation channel for the Mn spin subsystem. The Mn spin relaxation mechanisms were studied
by means of spin flip Raman scattering. Two contributions to the spin flip Raman line width were
found. The first one dominates below the Curie temperature and is related to the fast hole spin
relaxation that damps the collective motion of the coupled Mn and hole spin subsystems. The other
contribution to the Mn spin relaxation is related to spin fluctuations of the hole ensemble, which
grow with temperature and become most important in the paramagnetic phase.
The author of this thesis carried out the theoretical calculations, numerical calculations, wrote the
paper and was the principal author of the publication.
Publication 3. I.V. Krainov, N.S. Averkiev and E. Lahderanta, Manganese spin relaxation in ferromagnetic (Ga,Mn)As, Low Temp. Phys., 43, 449, 2017.
A theory of spin relaxation of 3d5-electrons of manganese in (Ga,Mn)As, including ferromagnetic
and paramagnetic phases, is presented. In manganese doped gallium arsenide, holes act in two
ways: as carriers of magnetic interactions between manganese centers and as a channel for their
spin relaxation. The strong spin-orbital interactions of the holes lead to short spin relaxation times
and exchange interactions of the holes with the 3d5-electrons of manganese cause its rapid spin
relaxation. This mechanism for spin relaxation of manganese predominates in the ferromagnetic
phase, while the main mechanism for spin relaxation of Mn in the paramagnetic phase is through
fluctuations in the hole spins.
The author of this thesis carried out the theoretical calculations, numerical calculations, wrote the
paper and was the principal author of the publication.
Publication 4. I.V. Rozhansky, I.V. Krainov, N.S. Averkiev, B.A. Aronzon, A.B. Davydov, K.I.
Kugel, V. Tripathi, and E. Lahderanta., Resonant indirect exchange via spatially separated twodimensional channel, Applied Phys. Lett., 106, 252402, 2015.
We apply the resonant indirect exchange interaction theory to explain the ferromagnetic properties of the hybrid heterostructure consisting of a InGaAs-based quantum well (QW) sandwiched
between GaAs barriers with spatially separated Mn d-layer. The experimentally obtained dependence of the Curie temperature on the QW depth exhibits a peak related to the region of resonant
indirect exchange. We suggest the theoretical explanation and a fit to this dependence as a result
of the two contributions to ferromagnetism—the intralayer contribution and the resonant exchange
contribution provided by the QW.
The author of this thesis carried out the theoretical calculations, numerical calculations, wrote the
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paper and was the principal author of the publication.
Publication 5. I.V. Krainov, I.V. Rozhansky, N.S. Averkiev and E. Lahderanta, Indirect exchange
interaction between magnetic adatoms in grapheme, Phys. Rev. B, 92, 155432, 2015.
We present a theoretical study of indirect exchange interaction between magnetic adatoms in graphene.
The coupling between the adatoms to a graphene sheet is described in the framework of a tunneling
Hamiltonian.We account for the possibility of this coupling being of resonant character if a bound
state of the adatom effectively interacts with the continuum of 2D delocalized states in graphene. In
this case the indirect exchange between the adatoms mediated by the 2D carriers appears to be substantially enhanced compared to the results known from Ruderman-Kittel-Kasuya-Yosida (RKKY)
theory.Moreover, unlike the results of RKKY calculations in the case of resonant exchange, the
magnetic coupling between the adatoms sitting over different graphene sublattices does not cancel
each other. Thus, for a random distribution of the magnetic adatoms over a graphene surface, a
nonzero magnetic interaction is expected. We also suggest the idea of controlling the magnetism by
driving the tunnel coupling in and out of resonance by a gate voltage.
The author of this thesis carried out the theoretical calculations, numerical calculations, wrote the
paper and was the principal author of the publication.
Publication 6. I.V. Krainov, J. Klier, A.P. Dmitriev, S. Klyatskaya, M. Ruben, W. Wernsdorfer, I.V.
Gornyi, Giant Magnetoresistance in Carbon Nanotubes with Single-Molecule Magnets TbPc2, ACS
Nano, 11, 6868, 2017.
We present experimental results and a theoretical model for the gate-controlled spin-valve effect in
carbon nanotubes with side-attached single-molecule magnets TbPc2 (Terbium(III) bis-phthalocyanine).
These structures show a giant magnetoresistance up to 1000% in experiments on singlewall nanotubes that are tunnel-coupled to the leads. The proposed theoretical model combines the spindependent Fano effect with Coulomb blockade and predicts a spin-spin interaction between the
TbPc2 molecules, mediated by conducting electrons via the charging effect. This gate-tuned interaction is responsible for the stable magnetic ordering of the inner spins of the molecules in
the absence of magnetic field. In the case of antiferromagnetic arrangement, electrons with either spin experience the scattering by the molecules, which results in blocking the linear transport.
In strong magnetic fields, the Zeeman energy exceeds the effective antiferromagnetic coupling and
one species of electrons is not scattered by molecules, which leads to a much lower total resistance
at the resonant values of gate voltage, and hence to a supramolecular spin-valve effect.
The author of this thesis carried out the theoretical calculations, numerical calculations, wrote the
paper and was the principal author of the publication.
Publication 7. R. Kraft, I.V. Krainov, V. Gall, A.P. Dmitriev, R. Krupke, I.V. Gornyi and R. Danneau, Valley Subband Splitting in Bilayer Graphene Quantum Point Contacts, Phys. Rev. Lett., 121,
257703, 2018.
We report a study of one-dimensional subband splitting in a bilayer graphene quantum point contact
in which quantized conductance in steps of 4e2 /h is clearly defined down to the lowest subband.
While our source-drain bias spectroscopy measurements reveal an unconventional confinement, we
observe a full lifting of the valley degeneracy at high magnetic fields perpendicular to the bilayer
graphene plane for the first two lowest subbands where confinement and Coulomb interactions are
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the strongest and a peculiar merging or mixing of K and K 0 valleys from two nonadjacent subbands
with indices (N ; N + 2), which are well described by our semiphenomenological model.
The author of this thesis carried out the theoretical calculations, numerical calculations.
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C HAPTER II

Spin relaxation in diluted magnetic semiconductors

2.1

Introduction

The physics of nonequilibrium spin in semiconductors and semiconductor nanostructures over the
past decades has been intensively studied both experimentally and theoretically, which was facilitated by the ideas of potential applications Meier and Zakharchenya (1984); Dyakonov (2008).
It is well known that the main mechanism of electron spin relaxation in magnetic quantum wells
(QWs) is scattering with spin flip on magnetic centers Crooker et al. (1996, 1997); Akimoto et al.
(1997); Camilleri et al. (2001); Ben Cheikh et al. (2013).
Studies of the temperature dependence of the spin relaxation time of electrons in magnetic quantum
wells show an increase in the spin relaxation time with temperature in the mode of low concentration
of manganese, Ben Cheikh et al. (2013), which seems to be contradictory. An increase in the pump
power, which causes an increase in the concentration of charge carriers in a zero magnetic field,
leads to a decrease in the spin relaxation time, which also causes misunderstanding.
Calculations of the electron spin relaxation time based on the Fermi golden rule do not allow reproducing experimental results even in the simplest case for conduction band electrons in CdMnTe
quantum well. Indeed, the calculated spin relaxation times are systematically about five times longer
than the experimental values Camilleri et al. (2001); Ben Cheikh et al. (2013). More complex theories based on quantum kinetic equations Semenov (2003); Cygorek et al. (2016) allow calculating
the dependence of the longitudinal and transverse electron spin relaxation times in the magnetic
field. However, these values do not differ in a zero magnetic field from the values obtained within
the Fermi golden-rule approach.
In the first part of this chapter, we will propose a new mechanism of electron spin relaxation in
magnetic QWs (for example, n-doped CdMnTe QWs) that takes into account spin correlations in
the magnetic subsystem.
In the second part of this chapter, we will study the diluted magnetic semiconductor (DMS) (Ga,
Mn) As. This material, with hole ferromagnetism Jungwirth et al. (2006), is an ideal material
for studying strongly correlated disordered spin systems. The influence of various factors, such as
temperature, concentration of magnetic centers on important characteristics of this material, the spin
relaxation of 3d 5 electrons of manganese and its g factor, are not fully understood. Although there
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are many ways to experimentally study magnetic excitation in this system. First of all, ferromagnetic
resonance (FMR) Rubinstein et al. (2002); Sinova et al. (2004), ultrafast magneto-optical Kerr effect
(MOKE) Kimel et al. (2004); Mitsumori et al. (2004); Wang et al. (2007), picosecond deformation
pulses Bombeck et al. (2012), Raman spin-flip scattering (RSFS) Krainov et al. (2015b).
The spin dynamics in ferromagnetic (Ga,Mn)As was studied experimentally by FMR and it turned
out that the effective gef f - factor characterizing the bound system consisting of the spins of holes
and manganese is gef f = 1.92± 0.04 (see Liu et al. (2005)) and gef f = 1.91 (see Khazen et al.
(2008)). The measured values of gef f are in good agreement with the theoretical prediction - gef f =
1.90 (see Śliwa and Dietl (2006)). From the analysis of Zhu et al. (2009); Scherbakov et al. (2010);
Nemec et al. (2013) MOKE data, the time of transverse spin relaxation was estimated at τM n ∼
300 ÷ 400 ps. However, the corresponding theory is absent and the main mechanisms of spin
relaxation of manganese in this system are not understood.
Another good experimental method for research is Raman spin flip scattering. The method was
applied to samples with single manganese centers to study their fine structure Krainov et al. (2016)
and also to the ferromagnetic (Ga,Mn)As for direct measurement of the effective g-factor of manganese, the transverse spin relaxation time, its temperature and magnetic field dependence, which
will be discussed in this chapter.
In the second part of this chapter, an analytical model will be developed that describes the dynamics
of magnetic subsystems of manganese and delocalized holes in GaMnAs. The developed model
made it possible to determine the main mechanisms of manganese spin relaxation, a comparison was
made with the experiment on Raman scattering with spin flip, which showed satisfactory agreement.

2.2 Electron spin relaxation in diluted magnetic quantum wells

2.2
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Electron spin relaxation in diluted magnetic quantum wells

In this section, we study the effect of magnetic impurities spin-spin correlations on electron spin
relaxation Ruderman and Kittel (1954a); Dietl et al. (1997) in quantum wells. These correlations
arise due to delocalized carriers by the Ruderman-Kittel-Kasuya-Yosida (RKKY) indirect exchange
interaction mechanism and lead to a new contribution to the carrier spin relaxation, which is not
taken into account in the calculation by the Fermi golden rule. The RKKY interaction mediated
by holes in diluted magnetic semiconductors leads to ferromagnetism and strongly depends on the
temperature Haury et al. (1997). A decrease in temperature leads to an increase in correlations even
above the ferromagnetic transition. It will be shown that these correlations are responsible for the
temperature and concentration dependence of electron spin relaxation.
The Hamiltonian describing the exchange interaction between an electrons and manganese has the
following form
X
V̂ = αŜ · M̂(r), M̂(r) =
δ(ri − r)Ĵi ,
(2.1)
i

where Ŝ and Ĵi are the spin operators of the electron and manganese, ri are the two-dimensional
coordinates of manganese. The Von Neumann equation describing the time evolution of the electron
density matrix can be written in the basis of plane waves as
i
iX
∂ ρ̂kk0
= − (Ek − Ek0 )ρ̂kk0 −
(V̂kp ρ̂pk0 − ρ̂kp V̂pk0 ).
∂t
~
~ p

(2.2)

We will assume a typical DMS, where the concentration of manganese nM n is much higher than
the concentration of electrons ne . Therefore, we can assume that the manganese spins are static.
It should be noted that the equation (2.2) does not contain the Coulomb potential of manganese
impurity centers, which is justified for II – VI QWs in which Mn is an isovalent impurity and introduces only spin into the system, according to (2.1). Free electrons appear as a result of additional
modular doping with donors. In the case of a small perturbation, the off-diagonal matrix elements
of the density matrix are much smaller than the diagonal matrix elements. Therefore, we can solve
the equation (2.2) for off-diagonal components, neglecting the terms Vkp ρpk0 , and then substitute
the result into the equation for diagonal elements. Fourier image of the resulting equation:
Z
i
2π
ih
V̂kk , ρ̂kk = −
dpδ(Ep − Ek )
−iω ρ̂kk (ω) +
~
~
!
V̂kp V̂pk ρ̂kk (ω) + ρ̂kk (ω)V̂kp V̂pk
·
− V̂kp ρ̂pp (ω)V̂pk .
(2.3)
2
We perform averaging over the spatial and spin distribution of manganese in the equation (2.3),
assuming that the average value of the manganese spin is zero (zero magnetic field). Under this
assumption, the contribution linear in α disappears and the correlator of the exchange interaction is
Z
2
(2.4)
hV̂kp V̂pk i = α Ŝi Ŝj dr ei(p−k)r hM̂i (0)M̂j (r)i.
The manganese spin-spin correlator Gij (r) ≡ hM̂i (0)M̂j (r)i is assumed to be translationally invariant, i.e. depending only on the difference in spatial coordinates. For the electron spin Sk =
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Tr(Ŝρkk ) we can obtain the following dynamic equation
∂Sk
= −Γ̂(k)Sk ,
∂t
#
"
Z
n
o Ĝ(r) + ĜT (r)
α2 me
−ikr
,
Γ̂(k) =
drJ0 (kr)e
Î Tr Ĝ(r) −
2~3
2

(2.5)
(2.6)

where the superscript T denotes transposition, me is the effective mass of electrons, and J0 is a
Bessel function of the first kind.
In the case of uncorrelated manganese spins, the correlator (2.4) is
X
J(J + 1)nM n
j
δ(rm − r)i = δij δ(r)
Gij
.
Jˆni δ(rn )Jˆm
0 (r) = h
3
nm

(2.7)

Substituting this correlator into the equation (2.6), we obtain a well-known result for the electron
spin relaxation rate due to the exchange interaction with magnetic impurities Semenov (2003)
γ0 =

α2 J(J + 1)nM n me
,
3~3

(2.8)

which is independent of both the electron momentum and the electron concentration.
Now we take into account the correlations between the spins of manganese. The interaction between
the spins of manganese can be written as
X
j
Jˆni Bij (rn − rm )Jˆm
V̂JJ =
,
(2.9)
n6=m

where Bij (rn − rm ) describes half the interaction energy Mn-Mn. The concentration of manganese
is much higher than the concentration of electrons. Thus, we can replace the discrete distribution of
Mn by the continuous distribution of the Mn spin and consider Mi (r) as a classical field
Z
VJJ ({M}) = drdr0 Mi (r)Bij (r − r0 )Mj (r0 ).
(2.10)
In addition, we assume a Gaussian spin distribution of Mn. The resulting correlator has the form
R

2

VJJ ({M})

D[M]M(0)MT (r)e−A M dS e− T
Ĝ(r) =
R
R
VJJ ({M})
2
D[M] e−A M dS e− T
Z
h
i−1
δ(r)
1
dk −ikr
−
e
B̂(k)
ÎAT
+
B̂(k)
≡ Ĝ0 + Ĝc ,
(2.11)
= Î
A
A
(2π)2
R
where T is the lattice temperature, and the functional integral D[M ] is taken over all possible
magnetic configurations M . In what follows, we omit the argument of the correlation function (r).
The normalization constant A is determined by the correlator in the equation ( ref SemCorr) in the
absence of interaction
R

Ĝ −−−−→ Ĝ0 = Î
B(k)=0

δ(r)
,
A

A=

3
.
J(J + 1)nM n

(2.12)
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Substituting (2.11, 2.12) into (2.6), we obtain the electron spin relaxation rate caused by scattering
with spin flip on the correlated manganese spins


Γ̂(k) = γ0 Î + Ĝ(k) ,
(2.13)
Z
h
n
o
i
A
Ĝ(k) =
drJ0 (kr)e−ikr Î Tr Ĝc − Ĝc .
(2.14)
2
Note that the electron spin relaxation rate depends on its wave vector, in contrast to the prediction
of the theory based on calculations in the framework of the Fermi golden rule.
We apply this result to the hole induced correlations of magnetic impurities, i.e. through the RKKY
interaction Ruderman and Kittel (1954a); Dietl et al. (1997). It is believed that the interaction
between magnetic ions is isotropic in space, and the structure of the spin Hamiltonian has uniaxial
asymmetry:


X
V̂JJ =
B⊥ (rnm ) Jˆxn Jˆxm + Jˆyn Jˆym + Bk (rnm )Jˆzn Jˆzm .
(2.15)
n6=m

We focus on the z -component of electron spin relaxation, which depends only on B⊥ (r), so we
only save the first term of the equation 2.15.
This interaction is characterized by the force B ∗ and its spatial radius ri


Z
B⊥ (k = 0)
1 ∂2
∗
2
.
B = − dr B⊥ (r), ri =
2 ∂k 2
B⊥ (k)
k=0

(2.16)

Where we determined B ∗ so that B ∗ > 0 to take into account the ferromagnetic nature of the RKKY
interaction at a short distance shorter than the Fermi wavelength, and ri can be identified with the
coherence length of the wave function of holes equal to r1i ∼ λ1T + l1p , where lp is the mean free
√
path of the holes, and λT = h/ 2mh kB T is the thermal length. The interaction of RKKY between
magnetic ions in structures with QWs was discussed in Dietl et al. (1997) for degenerate carriers.
To take into account the temperature dependence of B ∗ , one need to use a more general equation:
Z
β 2 mh ∞
1
dk kJ0 (kr)N0 (kr)
,
(2.17)
B ∗ (r) =
Ek −µ(T )
4π~2 0
T
1
+
e
 TF

µ(T ) = T ln e T − 1 ,
where J0 , N0 are the Bessel and Neumann functions of the first and second kind, respectively, µ(T )
is the chemical potential of the carriers responsible for the interaction of the RKKY. To obtain the
interaction force B ∗ , it is necessary to integrate this expression with respect to spatial coordinates:
 
β 2 mh
T
B ∗ (n, T ) =
F
,
(2.18)
4π~2
TF
 
Z ∞
Z ∞
dx xJ0 (qx)N0 (qx)
T
F
= −2π
dq q
,
(2.19)
q 2 TF
µ(T )
TF
0
0
1 + e 2πT − T
where TF = π~2 nh /mh is the Fermi temperature. The temperature dependence of the function F is
shown in Fig. 2.1.

2. Spin relaxation in diluted magnetic semiconductors

22

1 .4
1 .2

F

1 .0
0 .8
0 .6
0 .4
0 .2
0 .0
0

2

4

6

T /T

8

1 0

F

Figure 2.1: Dependence of the function F (see text) on the temperature T /TF (red line). The
green line corresponds to the Boltzmann limit F → TF /T (for T  TF ), the blue line corresponds to the Fermi-Dirac limit F → 1 (for T  TF ).

In the limiting case of a degenerate (non-degenerate) hole gas F (t) → 1 (F (t) → 1/t), we obtain:
β 2 mh
,
4π~2
β 2 nh
Non-degenerate gas: B ∗ (n, T ) ∼
,
4T
Degenerate gas: B ∗ (n, T ) ∼

(2.20)
(2.21)

where mh is the effective hole mass, nh is the hole concentration.
To obtain a simple analytical expression for the electron spin relaxation rate, we use the following
approximation
B∗
B⊥ (r) = −
K0
2πri2

 
r
,
ri

(2.22)

where K0 is the modified Bessel function of the second kind. This function has the expected asymptotic behavior for the RKKY interaction as B⊥ ∼ ln(r), r → 0 and B⊥ ∼ e−r/ri , r → ∞ . Substituting (2.22) into the expression (2.11) and (2.14), we obtain the correlation function
B∗
K0
Gc =
2πri2 A2 T

 
r
,
rc

s
rc = ri

T
,
T − B ∗ /A

(2.23)

and electron spin relaxation rate
Γz (k) = γ0

B ∗ /A
1
p
1+
T − B ∗ /A 1 + (2krc )2

!
.

(2.24)

We can express this expression in terms of the Curie temperature TC , that is, the temperature at
which the correlation length rc in the expression (2.23) diverges.
TC −

B ∗ (n, TC )
= 0.
A

(2.25)
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For T  TF , the hole gas is degenerate.
!
TC
p
Γz (k) = γ0 1 +
,
(T − TC ) 1 + (2krc )2

−1 r
T
β 2 mh J(J + 1)nM n
1
1
FD
TC ∼
, rc ∼
+
,
2
12π~
λT
lp
T − TC
in another case, T  TF holes have a Boltzmann distribution:
!
TC2
p
,
Γz (k) = γ0 1 +
(T 2 − TC2 ) 1 + (2krc )2
r

−1 s
1
β 2 nh J(J + 1)nM n
T2
1
B
TC ∼
, rc ∼
+
.
2
12
λT
lp
T − TC2

(2.26)
(2.27)

(2.28)

(2.29)

The relaxation rate determined by the expression (2.26, 2.28) includes two terms: the spin-dependent
scattering γ0 , which is the result of the Fermi golden rule, and the second term γc , corresponding to relaxation on correlated Mn. The latter can be understood as the result of spin diffusion
in correlated regions with a characteristic size of rc . Indeed, an electron passes through such regions during the average time τf l = rc /ve , where ve is the electron velocity (ballistic mode, i.e.
rc  lpe , where lpe is the mean free path of electrons). In these correlated regions, the average value
of the magnetic moment Mn is nonzero. As an example, in the case of the Boltzmann distribution, its
porder of magnitude is given by the square root of the prefactor in the expression (2.23):
spin is rotated by the
M ∼ J 2 nM n TC2 /(λhT T )2 . So, when passing through this
p region,e the electron
√
α
angle δϕ = ωf l τf l  1. Using ωf l ∼ ~ M , we get δϕ = ~γ0 /EF TC / T − TC . For temperatures
not too close to TC , δϕ  1, so that the electron spin diffusion coefficient is Dϕ ∼ ωf2l τf l . Thus,
this contribution to the electron relaxation rate 1/τs0 can be obtained from the condition Dϕ τs0 = 1
1
≈ ωf2l τf l ,
τs0

(2.30)

which gives the second term in (2.28).
The developed theory applies equally to two different experimental situations. First, to n -doped
QWs, in the regime for continuous optical excitation, where the spin correlations of Mn are induced by photoexcited holes. These correlations affect the spin relaxation of the resident electrons.
Secondly, to p -alloyed QWs, where resident holes provide spin correlations of manganese. These
correlations affect the spin relaxation of photoexcited electrons. These two cases are described by
the same set of equations (2.24 - 2.25), which either reduce to the equations (2.28 - 2.29) when
T  TF or to the equations (2.26 - 2.27) for T  TF .
The main results of the theory are shown in Fig.
2.2, the color shows the difference in spin
relaxation time compared to the known result without taking into account correlations Γz (k)/γ0
calculated on the plane (nh , T ) for T > TC and for two different electronic distributions: in the case
of a non-degenerate electron gas (Fig. 2.2 (a)) Γz (k) is estimated on k = kT ; in the case of a
degenerate
electron gas (Fig. 2.2 (b)), Γz (k) is estimated on the Fermi wave vector k = kF =
√
2πne . For the calculation, we assume a short-range scattering mechanism in which the scattering
time is constant (τp = 140 fs, corresponding to the hole mobility µh = 1000 V cm−2 c−1 .
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Figure 2.2: Spin relaxation enhancement map Γz (k)/γ0 (mh = 0.25m0 , me = 0.11m0 , β =
0.012 eV nm2 , n Mn = 1.8 × 1014 cm−2 , and m0 is the mass of a free electron). The white
region corresponds to the ferromagnetic phase, where the developed theory is not applicable. (a)
Boltzmann distribution of electrons, and (b) Fermi-Dirac distribution (ne = 2 × 1011 cm−2 ).

The developed theory of spin relaxation on correlated magnetic impurities has an analogy with the
well-known phenomenon of critical opalescence. Indeed, amplification of light scattering in the
vicinity of transition gas - liquid occurs due to an increase in density fluctuations in this critical
mode.
In the DMS spin system, the role of light is played by the spin of an electron or a hole, and enhanced
spin scattering is associated with critical spin fluctuations in the vicinity of the paramagnetic and
ferromagnetic transitions instead of density fluctuations.
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Manganese spin relaxation in bulk (Ga,Mn)As

This section presents the theory of spin relaxation of 3d5 manganese electrons and renormalization
of the g factor in a GaMnAs magnetic semiconductor. A comparison is made with the Raman spin
flip scattering experiment (RSFS). It was demonstrated that RSFS is an effective tool for studying
the exchange interaction in DMS based on compounds II - VI Petrou et al. (1982); Peterson et al.
(1985); Petrou et al. (1983). This method has been successfully used to study of exchange-induced
spin splitting of both bound and free carriers in GaAs with single manganese centers Sapega et al.
(2001) and (Ga,Mn)As DMS Sapega et al. (2002). In this technique, the Raman line shift provides
information on the g -factor of manganese ions modified by the exchange interaction with the holes
of the GaAs valence band, while the Raman line width is directly related to the time of transverse
spin relaxation of Mn ions. The effective g -factor of manganese decreases by about 5 % of its
value in the paramagnetic phase (g = 2.01), and the Raman line is almost insensitive to temperatures
below the Curie temperature TC , but shows a linear increase at temperatures above TC . Studying the
effect of the phase (paramagnetic and ferromagnetic) on the width and shift of the Raman line made
it possible to determine the main mechanisms of dephasing of the manganese spin. The developed
analytical model is based on the mean field theory and describes the disordered (Ga, Mn) As as
two highly correlated magnetic subsystems. This model describes well the modification of the g
factor and the lifetime of the manganese spin in (Ga, Mn) As over the entire temperature the range
covering the ferromagnetic and paramagnetic state.
2.3.1 Experimental results
The presented experiments were performed at Ioffe institute by V.F. Sapega.
In the experiment, (Ga, Mn) As films with a thickness of 500 nm were used. The studied samples
contain x = 0.01 % (FM1), x = 0.043 % (FM2) atomic fractions of manganese. In addition,
we used a sample with single Mn centers (Mn concentration 3 · 1017 cm−3 ) in GaAs as a reference,
sample R.
Magnetization measurements by means of a superconducting quantum interferometer showed the
ferromagnetic behavior of samples FM1 and FM2 with Curie temperatures TC = 35 K and 55 K
and saturation magnetization MS = 5 emu / cm 3 and MS = 21 emu / cm 3 respectively. Fig.
2.3 (left) shows the temperature dependence of magnetization for sample FM2, measured at zero
(B = 0) magnetic field (red symbols) and at B = 5 T (blue symbols).
In a magnetic field, in the Voigt geometry for cross-polarized incident and reflected light, the Raman
spectra of the FM samples, as well as the R sample, show a strongly polarized line associated with
manganese and depending on the magnetic field, shown in Fig. 2.3 (right). The blue open circles
are a fit by the Lorentzian described (2.31). The dependence of the Raman line position center in
various experimental geometries at a temperature T = 2 K is shown in Fig. 2.4 (left) for sample
FM2.
The magnetic field dependence of the Mn-SFRS line center in this sample (R) can be represented
0
0
as ∆R = gM
n µB B, with gM n = 2.01, and does not depend on temperature. The dependence of the
Mn-Raman line center shift in FM samples has a more complex dependence related to the magnetic
anisotropy of the (Ga, Mn) As Liu and Furdyna (2006) film, as well as the demagnetizing factor of
the ferromagnetic layer, for more details see Krainov et al. (2015b). The slope (in other words, the
g factor) of the dependence of the center of the Raman line on the magnetic field in the FM samples
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Figure 2.3: (Left) Temperature dependence of magnetization for Ga1−x Mnx As at x = 4.3 % in
a magnetic field B = 0 T - red circles and B = 5 T - blue triangles. (Right) Spin flip Raman
spectra measured in samples with manganese concentration n = 3·1017 cm−3 - black curve, and
with atomic fraction of manganese x = 4.3 % - red and blue curves. The measurements were
carried out in an external magnetic field B = 5 T in the Voigt geometry. The measurements
corresponding to the black and red curves were performed at T = 2 K, and the blue spectrum
was taken at T = 160 K. Blue open circles show fit by Lorenzian.

also depends on temperature.
To study the temperature dependence of the g factor, we measured the dependence of the linear
contribution in the magnetic field to the shift of the Raman line in a wide temperature range, encompassing the ferromagnetic and paramagnetic phases. Fig. 2.4 (right) shows the temperature
dependence of the g -factor determined as described above. The transition to the ferromagnetic
phase is accompanied by a decrease in the g -factor of the Mn 2+ ion by 5 %. Another important
feature of FM samples is the Raman line width increasing with temperature, as shown by the example of two spectra of Fig. 2.3 (right) measured at T = 2 K (red spectrum) and T = 160 K (blue
spectrum) in the field B = 5 T. The temperature dependence of the Raman line width measured at
B = 5 T for samples FM1 and FM2 is shown in Fig. 2.5 (left). In both cases, the RSFS line width
insensitive to temperatures below TC and increases strongly at T > TC . The RSFS line width is
determined by two factors: homogeneous and inhomogeneous broadening. The latter is due to the
dispersion of the g -factor of manganese. Since the Raman line width in FM samples is independent
of the magnetic field, we can conclude that the measured Mn-Raman line width is determined exclusively by uniform broadening associated with the transverse lifetime of the Mn spin subsystem.
Therefore, the spin lifetime Mn can be determined from the width of the Raman line. As shown in
Krainov et al. (2015b), assuming that manganese spin dynamic describing by Ŝ± (t) ∼ e−γt∓iωB t ,
the ratio of the spectral density of the scattered light of the RSFS line to its maximum intensity in
the vicinity of the line is:
γ2
Iω (ω)
∼
,
Iω (ωi ± ωB )
(ωi − ω ± ωB )2 + γ 2

(2.31)

where Iω is the spectral density of intensity per unit solid angle, ωB is the manganese spin precession frequency, ωi is the incident light frequency, ± is the anti-Stokes and Stokes spin-flip photo
scattering process excited hole on manganese. From (2.31) it follows that the line width is determined by γ. Figure 2.5 (right) shows the dependence of the rate of transverse spin relaxation of the
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Figure 2.4: (Left) Dependence on the magnetic field of the center of the Raman line for the
FM2 sample (x = 4.3 %), measured at T = 2 K in the Voigt (solid red triangles) and Faraday
(solid blue circles) geometries. Red and blue lines - calculation (for details see Krainov et al.
(2015b)). (Right) Temperature dependence of the effective g -factor of manganese in the FM2
Ga 1−x Mn x sample (x = 0.043). Points - experimental data, solid curve calculation by the
formula (2.41). The dashed curve is constructed using the formula (2.43).

Mn 2+ ion in an external magnetic field for Sample FM2. It can be seen that γ is independent of the
magnetic field B for (T = 2 K) and above the Curie point (T = 150 K). It should be noted that
for a sample with single centers of manganese (R), the Raman line width is 0.19 cm −1 in the entire
temperature range under study 2 ÷ 200 K. From this RSFS line width, we estimate the transverse
spin relaxation time of a single manganese ion τM n & 100 ps.
2.3.2

Theory

The DMS studied in this work contains 1 < x < 8 % atomic percent manganese with a ferromagnetic transition at a temperature TC . It is well known that ferromagnetism in (Ga, Mn) As is
caused by holes that cause correlations of manganese spins (see Jungwirth et al. (2006)). Interaction with holes also leads to a modification of the g -factor of manganese and its spin relaxation. To
study spin relaxation and modify the g manganese factor, we consider (Ga, Mn) As in an external
stationary, uniform magnetic field and consider the dynamics of magnetization when the system is
nearly out of equilibrium. The spin dynamics of (Ga, Mn) As in an external magnetic field can be
described in the mean-field approximation Kittel (1959), as two magnetic subsystems. The first
consists of the spins 3d 5 of the inner shell Mn 2+ with the g -factor gS = 2.01 and the magnetization
MS . The second subsystem is holes characterized by the parameters gJ and MJ . The equations of
magnetization motion for two subsystems:
µB gS
λµB gS
dMS
=
B × MS − −
MJ × MS ,
(2.32)
dt
~
~
dMJ
µB gJ
λµB gJ
=
(B + Ban ) × MJ −
MS × MJ + D4MJ − γh (MJ − M0J ). (2.33)
dt
~
~
The terms containing λ describe the interaction between the two magnetic subsystems and the typical value Krainov et al. (2015b) is λ ∼ 103 ÷ 104 . The equations (2.32, 2.33) also include spin
diffusion (D ∼ 0.1 ÷ 0.2 cm 2 / s (see Krainov et al. (2015b)) - coefficient spin diffusion), the
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Figure 2.5: (Left) Temperature dependence of the frequency of transverse spin relaxation of
manganese in Ga 1−x Mn x As with x = 1 % - red symbols and a curve, x = 4.3 % - blue
symbols and a curve . The experiment was performed in the Voigt geometry in an external
magnetic field B = 5 T . Symbols are experimental data, solid curves are constructed using
the formula (2.42). (Right) Magnetic field dependence of the frequency of transverse spin
relaxation of manganese in Ga 1−x Mn x , x = 4.3 % for two different temperatures. Red circles
and blue triangles correspond to temperatures T = 5 K and T = 150 K.

spin relaxation frequency of holes γh ∼ 1.1 · 1012 c −1 (see Patz et al. (2015); Krainov et al.
(2015b)), associated with strong spin-orbit interaction in the GaAs valence band and the magnetic
anisotropy field Ban (see Zhu et al. (2009); Scherbakov et al. (2010); Nemec et al. (2013); Krainov
et al. (2015b)) originating from the complex valence band. We assume that the external magnetic
field in the equations (2.32, 2.33) is directed along the z axis. The system of equations (2.32, 2.33)
contains two solutions, a high-frequency one - exchange resonance and a low-frequency one, with
the real part linearly dependent on the magnetic field, which characterizes the effective g -factor of
manganese and its spin relaxation. We will solve the equations of motion assuming that the external
magnetic field is large compared with the magnetic anisotropy field B  Ban . Magnetic anisotropy
makes a small contribution, independent of the magnetic field, to the manganese precession frequency, which we neglect.
The equations of motion of the magnetization are nonlinear, however, in the limit of small deviations
from equilibrium, they can be linearized. Averaging the system (2.32, 2.33) and solving it, accurate
to linear terms in the deviation of the magnetization from equilibrium, allows us to describe the
modification of the g manganese factor. However, this is not enough to describe the relaxation of
manganese spin at temperatures above the Curie temperature, and nonlinear terms must be taken into
account. Nonlinear terms lead to two effects. The first is related to nonlinear coherent dynamics.
This is manifested in the generation of the second harmonic and the dependence of the precession
frequency on the amplitude, which can be neglected in the case of a mode of small deviations.
The second effect is associated with the presence of magnetization fluctuations, which leads to an
additional contribution to the spin relaxation. To take into account the contribution of nonlinear
z
terms, we solve the equations (2.32, 2.33) on the z magnetization component and substitute MS,J
±
into the equations for the transverse MS,J
components. Now we can average the resulting equations
of motion. Taking the magnetization in the form Mi = M0i + Mi (t) + δMi (x, t), where M0i is the
equilibrium magnetization, Mi (t) is the spatially uniform magnetization describing precession in

2.3 Manganese spin relaxation in bulk (Ga,Mn)As

29

an external uniform magnetic field, δMi (x, t) are the fluctuations of the magnetization over which
averaging will be done with the distribution function shown below. Moreover, we put Mi0 
Mi (t), δMi (x, t). Since the spin of manganese interacts dominantly with the spin of holes, and holes
have a strong spin orbital interaction, fluctuations of only the hole subsystem can be considered. For
convenience, we introduce the following notation: λS = gS λµB /~, λJ = gJ λµB /~, ωB = BµB /~.
After averaging, the following equations of magnetization motion are obtained:
( dM + (t)
Rt
S
= i (gS ωB − λS MJ0 ) MS+ (t) − dτ I(t − τ )MS+ (τ ) + iλS MS0 MJ+ (t),
dt
Rt
dMJ+ (t)
= iλJ MJ0 MS+ (t) + ggSJ dτ I(t − τ )MS+ (τ ) + i (gJ ωB − λJ MS0 + iγh ) MJ+ (t),
dt
(2.34)
λ2S
I(t − τ ) ≈
hδMJ+ (x, t)δMJ− (x, τ )i.
(2.35)
2
Due to the time uniformity of the system, the dependence on time difference is set in (2.34). h·i
means averaging over fluctuations of the magnetization with the effective Hamiltonian:
αJ
CJ ∂δMJi ∂δMJi
+
δMJi δMJi ,
2 ∂xj ∂xj
2
R
R
D[δMJ ]f (δMJ )e− dV H(δMJ )/T
R
R
hf (δMJ )i =
.
D[δMJ ]e− dV H(δMJ )/T

H(δMJ ) =

(2.36)
(2.37)

The constant CJ describes a typical value of the radius of the exchange interaction for (Ga,Mn)As
and lies in the range 10−12 ÷ 10−13 cm 2 (see Haghgoo et al. (2010), Zhou et al. (2007), Bihler
et al. (2009)). The expression (2.37) is valid only for averaging simultaneous magnetization fields.
The system of equations of magnetization dynamics (2.34) includes correlators from fields with
different instants of time. To calculate them, it is necessary to express the value of the field at time
t in time τ using the equations of motion for fluctuations:
dδMJ+
= [igJ ωB − γh ] δMJ+ + D4δMJ+
dt
Z

δMJ+ (x, t) =

dx0 GJ (t − τ, x − x0 )δMJ+ (x0 , τ )

Then we can find the Fourier image of the desired correlator:
Z
T
dk
I(ω) = 2λ2S
(2π)4 (iω + Dk 2 + γh )(CJ k 2 + αJ )

(2.38)
(2.39)

(2.40)

The effective g -factor of manganese and its spin relaxation time 1/γ under the assumption γh 
µB gi B/~:
λS MJ0 (λJ MS0 + λS MJ0 )
,
(λJ MS0 + λS MJ0 )2 + γh2
λ2S T
λS MJ0 (λJ MS0 + λS MJ0 )
√
√
γ(T, B) ≈
+
γ
.
h
(λJ MS0 + λS MJ0 )2 + γh2
(2π)2 (CJ Dγh + D αJ CJ )

gef f (T, B) ≈ gS − (gS − gJ )

(2.41)
(2.42)

To calculate the temperature dependence of gef f (T ) (2.41) and γ(T ) (2.42) are used experimental
data of the magnetization curve in sample FM2 shown in Fig. 2.3 (left). We also take advantage of
the strong difference in magnetization values MJ , MS Jungwirth et al. (2006); Dietl et al. (2001);
Krainov et al. (2015b) MJ0 /MS0  1 and put for simplicity this relation independent of temperature
and magnetic field.
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2.3.3 Discussion

The temperature dependence of the effective g factor and the frequency of transverse spin relaxation
of manganese (γ) calculated on the basis of the expressions (2.41) and (2.42) are shown by solid
curves in Fig. 2.4 (right) and fig. 2.5 (left), respectively. In Fig. 2.4 (right), the theoretical curve
is compared with the measured g factor in sample FM2, and Fig. 2.5 (left) shows the temperature
dependence of the width of the Raman line (ie γ) measured at B = 5 T for samples FM1 and FM2.
To calculate the g -factor and γ of sample FM1, we used the following parameters: MJ /MS = 0.08
(Dietl et al. (2001)), D = 0.09 cm 2 / s, MS0 = 5 emu / cm 3 . Similarly for sample FM2, these
parameters MJ /MS = 0.02, D = 0.19 cm 2 / s, MS0 = 21 emu / cm 3 . The remaining parameters
are λ = 2650, CJ = 10−12 cm 2 (link Zhou et al. (2007)), gJ = −1 (see Sapega et al. (2009)
), γh = 1.1 · 1012 with −1 (see Patz et al. (2015)), αJ = 5000 are the same for samples FM1 and
FM2. We see that the general features of the experimental results are satisfactorily reproduced by
the calculated curves.
As can be seen from (2.41), the modification of the g manganese factor occurs due to the interaction
between the magnetic subsystems and depends on the presence of the average magnetic moment
in the system. As the temperature rises above the Curie temperature, the g factor tends to the 2 - g
electron factor d of the manganese shell. The expression (2.41) with a decrease in the spin relaxation
frequency of holes transforms into the well-known expression Kittel (1959); Liu et al. (2005); Śliwa
and Dietl (2006) for the g factor in magnetic materials with two magnetic subsystems:
gef f =

MS0 + MJ0
.
MS0 /gS + MJ0 /gJ

(2.43)

The temperature dependence given by the expression (2.43) is shown in Fig. 2.4 (right) of the
dashed curve. A comparison of the calculated dependences for the effective g manganese factor
(2.41, 2.43) shows that the general features of the experimental temperature dependence of gef f (T )
are reproduced better by the formula (2.41) (solid curve), which takes into account the final value
γh of the spin relaxation frequency of holes. Note that the expression (2.43) is not applicable near
the Curie point, i.e. when B & λMS0 (T ).
The expression (2.42) shows the presence of two contributions to the spin relaxation of manganese.
The first mechanism of spin relaxation is associated with strong spin relaxation of holes and, due
to the collective motion of manganese and hole subsystems, leads to relaxation of the manganese
spin. The presence of an average magnetic moment in the system is important for this contribution.
The second mechanism is associated with spin fluctuations of holes, due to the interaction of hole
and manganese subsystems, and leads to the appearance of a random dephasing field acting on the
spin of manganese. This mechanism is independent of the magnetic moment in the system and,
as a consequence, is observed both before and after the ferromagnetic transition. At temperatures
below the Curie temperature, the main mechanism of spin relaxation is the first, as the temperature
increases, its contribution decreases and in the paramagnetic phase everything is determined by hole
spin fluctuations. The values of these contributions are comparable, as can be seen from Fig. 2.5
(left). With an increase in the spin diffusion of holes, the spin relaxation time of manganese decreases, since hole spin fluctuation spreads faster and, as a result, has less time to act on manganese
spin. This explains the decrease in the slope of the temperature dependence as the concentration
of manganese increases. With a decrease in spin diffusion, the frequency
√ of spin relaxation, determined by fluctuations, goes to the limit determined by the term CJ Dγh in the denominator,
because D ∼ vF2 /γh (vF is the speed of the Fermi holes) and becomes equal to ∼ λ2S T /(CJ vF ).
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C HAPTER III

Indirect exchange interaction in magnetic semiconductor
heterostructures

3.1

Introduction

In the first part of this chapter, we will study the indirect exchange interaction of two magnetic
adatoms placed on the surface of graphene. Many experiments have focused on introducing magnetic properties into graphene by doping it with magnetic atoms. Magnetic adatoms deposited on
the surface of graphene can effectively bind to it and participate in indirect exchange interaction
through free carriers. The problem is also relevant for other two-dimensional layered crystals, such
as transition metal dichalcogenides with magnetic adatoms Parhizgar et al. (2013); Mastrogiuseppe
et al. (2014). In principle, the spatial separation between the magnetic center and free carriers leads
to a decrease in indirect exchange due to the weak overlap of their wave functions. However, if
the magnetic center has a bound state with an energy level corresponding to the energy range of
delocalized carriers, the indirect exchange increases sharply due to the resonant tunneling effect
Rozhansky et al. (2014, 2015b), which will be studied in this section.
Recently, semiconductor heterostructures with paramagnetic impurities spatially separated from
free charge carriers are intensively investigated in the framework of semiconductor spintronics.
Experimental data show that paramagnetic ions located near quantum well (QW) induce substantial
spin polarization two-dimensional charge carriers in a quantum well while maintaining their high
mobility Korenev et al. (2012); Zaitsev et al. (2010).
Tunneling of charge carriers between the bound states of impurities and the continuum of delocalized carriers can also play an important role in the interaction of ions with each other. Such an
indirect exchange interaction between Mn ions, through delocalized holes, is considered key the
mechanism underlying ferromagnetic ordering in InGaAs-based semiconductors doped with Mn
Jungwirth et al. (2006). In heterostructures with a manganese delta layer adjacent to the QW, experimental data indicate the effect of QW on the ferromagnetic properties of the Zaitsev (2012);
Aronzon et al. (2013) layer, most likely due to free 2D holes in the EP Tripathi et al. (2012). Indirect exchange interaction through free carriers are usually described based on the well-known
Ruderman-Kittel-Kasuya-Yoshida (RKKY) theory, which calculates the second-order perturbation
theory of the electron gas energy Ruderman and Kittel (1954b). RKKY theory ignores the fact that
attractive potential ion can have a bound state, and the scattering of free carrier may have a resonant

31

32

3. Indirect exchange interaction in magnetic semiconductor heterostructures

character, while the perturbation theory ceases to work.
In second part of this chapter the developed theory of resonant indirect exchange Rozhansky et al.
(2014) will be applied to explain the ferromagnetic properties of a hybrid heterostructure consisting of a quantum well based on InGaAs, between GaAs barriers with a spatially separated Mn δ
layer. The experimentally observed dependence of the Curie temperature on the depth QW exhibits
a maximum associated with the region of resonant indirect exchange. A comparison of the calculated dependence of the Curie temperature on the QW depth is in satisfactory agreement with
experimental data.
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Indirect exchange of magnetic adatoms in graphene

In this section we analyze indirect exchange interaction between two magnetic adatoms through
delocalized carriers in graphene. For the non-resonant case, when the energy of the bound state
does not fall within the range of the occupied energies of the 2D continuum, this calculation can
be performed in the framework of the usual theory of the RKKY. The interaction of RKKY in
graphene was previously studied theoretically Power and Ferreira (2013); Saremi (2007); Brey et al.
(2007); Black-Schaffer (2010); Gerber et al. (2010); Sherafati and Satpathy (2011b); Kogan (2011);
Sherafati and Satpathy (2011a) and it was shown that if the magnetic centers are located at the
vertices of the same graphene sublattice, the interaction is ferromagnetic, and in the case of different
sublattices it is antiferromagnetic. For graphene, the interaction energy Saremi (2007); Brey et al.
(2007); Black-Schaffer (2010); Sherafati and Satpathy (2011b); Kogan (2011); Power and Ferreira
(2013) decreases as 1/R3 with the distance R between the impurities. As will be shown below, if the
impurity has a resonant state, the situation changes dramatically. In the resonance case, the energy
of indirect exchange interaction significantly increases, and the type of interaction (ferromagnetic
or antiferromagnetic) can be the same for the configurations of AA adatoms (identical graphene
sublattices) and AB (different graphene sublattices).
Let us consider two magnetic adatoms located on the surface of graphene, as shown in Fig. 3.1.
Magnetic adatoms have spins, designated as I1 , I2 and associated states with energy levels 1 , 2 .
We assume that there is tunneling leading to hybridization of the bound states of the adatoms and
the states of the continuous spectrum of graphene.

Figure 3.1: Illustration of indirect exchange interaction between adatoms located on graphene.
Black and white circles indicate carbon atoms in two different sublattices A and B, respectively.
Parallelograms show graphene cells. Two adatoms (shown as red circles) with spins I1 , I2 are
coupled with both sublattices A and B.

The exchange interaction between a localized electron and the internal electrons of the magnetic
adatoms is described by the following Hamiltonian:
h
i
b δ (r − R1 ) bI1 + δ (r − R2 ) bI2 .
HJ = AS
(3.1)
b - spin operators for an ion and a localized carrier
where R1,2 are the positions of the ions, bI1,2 , S
accordingly, A is an exchange constant. RKKY theory Ruderman and Kittel (1954b) gives the
energy of interaction of magnetic centers proportional to A2 hbI1bI2 i. In this section, we show that
resonant tunneling coupling with free carriers can significantly enhance the interaction energy.
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If we try to go beyond perturbation theory and consider exact solution for a Hamiltonian containing (3.1) the task becomes much more complicated. In this work, we propose an approach that
allows us to estimate the indirect exchange interaction for a small exchange constant Jν  1 (ν
is the density of states at the Fermi level), however, taking into account exactly the resonant state.
In the framework of this approach, we can neglect the dynamics of ion spins and consider them
classically, replacing the corresponding operators with the classical moments I1 , I2 . The energy of
indirect exchange interaction can be estimated as the difference system energy between parallel and
antiparallel configuration spins of two adatoms.
To describe the resonant indirect exchange in graphene, we will use the following Hamiltonian:
Ĥ = Ĥ0 + ĤT + ĤJ ,

(3.2)

where Ĥ0 describes noninteracting adatoms and graphene, ĤT is a spin-independent tunneling
Hamiltonian, ĤJ describes the exchange interaction between the spin of the inner shell of the
adatom and localized electron on it. It is assumed that there is no direct exchange interaction between the adatoms. In the case of weak bonding, the backs of the adatoms play the role of parameters
determining the potential for electrons, therefore, the Hamiltonian (3.2) becomes different for the
parallel and antiparallel spin configurations of the adatoms. The difference in the energy of the system for parallel and antiparallel spin configurations of magnetic adatoms can be interpreted as the
energy of indirect exchange interaction Black-Schaffer (2010); Power and Ferreira (2013); Gerber
et al. (2010):
Eex = E↑↑ − E↑↓ .

(3.3)

The full Hamiltonian (3.2) in the secondary quantization representation:
X

+
ˆ+ ˆ
ˆ+ ˆ
|p|ĉ+
Ĥ0 = ε1 fˆ1+ fˆ1 + ε2 fˆ2+ fˆ2 + vF
pK ĉpK − |p|dpK dpK + |p|ĉpK 0 ĉpK 0 − |p|dpK 0 dpK 0 ,
p

ĤT =
ĤJ =

+ ˆ
ˆ
t1A â+
R1 f1 + t1B b̂R1 f1
λ1 fˆ1+ fˆ1 + λ2 fˆ2+ fˆ2 .

+ ˆ
ˆ
+ t2A â+
R2 f2 + t2B b̂R2 f2 + h.c.,

(3.4)
ˆ+ + ˆ+
ĉ+
pK , dpK , ĉpK 0 , dpK 0 ,

Here ε1,2 is the energy of localized states,
ĉpK , dˆpK , ĉpK 0 , dˆpK 0 creation and
annihilation operators for electrons (c) and holes (d) with momentum p in the valleys K and K 0 ,
respectively. vF is the Fermi velocity in graphene, λ1,2 = ASI1,2 |ϕ(0)|2 , where S, I1,2 are the
projections of the spins of electrons and adatoms, respectively, ϕ(0) the wave function of the localized state of the adatom. To take into account the tunnel connection of each adatom with graphene,
two complex parameters tiA , tiB , i = 1, 2 were introduced describing the tunnel connection of the
i th adatom with the sublattice A and B of graphene, respectively. In this case, the tunnel part ĤT
+
in (3.4) is written in the representation of real space, â+
Ri , b̂Ri are the operators of the creation of
states in real space in the A and B sublattice. Along with the part of the Hamiltonian Ĥ0 (3.4) that
describes graphene, the tunnel part must be rewritten in the momentum representation. Using the
tight coupling Hamiltonian Castro Neto et al. (2009) in real space one can express the creation and
annihilation operators in the inverse k -space as follows:
0
0
X e−ipRn
X e−ipRn
ĉK + dˆK
ĉK + dˆK
p
p
−iθp p
−iK0 Rn
iθp p
−iKRn
√
√
√
√
e
+e
e
,
âRn = e
2
2
N
N
p
p
b̂Rn = − e−iKRn

0
ˆK
ˆK 0
X e−ipRn ĉK
X e−ipRn ĉK
0
p − dp
p − dp
√
√
√
√
− e−iK Rn
,
2
2
N
N
p
p

(3.5)
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where Rn is the position of the carbon atom in the A sublattice, θp is the polar angle of the momentum vector p (the coordinate system is the same as in Castro Neto et al. (2009)). We assume that the
first adatom is located at the origin of the coordinates R1 = (0, 0), and the second adatom is located
at the point R2 = (x, y) = (r, θr ) in the Cartesian and polar coordinate system, respectively.
For diagonalization (3.2) we will use a discrete basis. As a discrete basis for the unperturbed states
of graphene, we take the states in the sheet in the form of a circle with radius L and with boundary
conditions of the general form Volkov and Zagorodnev (2009):




1
iβe−iθR
1
iβeiθR
0
Γ̂K =
, Γ̂K =
,
0
0
0
0
K
Γ̂K ψp,n
(r, θR )

= 0,
r=L

0

K
(r, θR )
Γ̂K 0 ψp,n

= 0,

(3.6)

r=L
K0

K
here the parameter β describes the boundary, ψm,n
, ψm,n are the eigenfunctions of graphene in a
0
cylindrical basis for the valleys K and K (see addition in this section). Energy levels are characterized by radial and angular quantum numbers m, n, respectively. Next, we write the Hamiltonian
(3.4) in matrix form using unperturbed wave functions of graphene and wave functions of bound
states of adatoms. This Hamiltonian can be precisely diagonalized and thereby modified energy
levels can be found. The energy difference of the same number of electrons for different spin configurations of magnetic adatoms gives the energy of their interaction. In the end, from the final
drive, go to the infinite graphene sheet L → ∞. Details of this calculation are presented in Krainov
et al. (2015a).

Indirect exchange energy is the difference between parallel and antiparallel configurations of adatom
spins in order to find the complete difference in energies you should summarize the difference for
all occupied states:
X X 

Eex =
Em,i (↑↑, s) − Em,i (↓↑, s) ,
(3.7)
m,i s=±1/2

where m = 0, 1, 2, ... and i = 1, 2 are similar to radial and angular quantum numbers, respectively,
they characterize modified energy levels. The external sum is taken for all occupied energy states.
Also, for each of the adatom configurations (↑↑ stands for parallel spin configuration, ↑↓ stands
for antiparallel spin configuration), the summation is based on the projection of the electron spin s.
Below we save only the leading order in the tunneling parameter. As shown in the Krainov et al.
(2015a), the energy of indirect exchange interaction contains fast oscillations with a characteristic
spatial period of 2π/K, that is, with a carbon-carbon bond length, the same applies to the usual
RKKY interaction in graphene Black-Schaffer (2010); Sherafati and Satpathy (2011b). We average
over these short-scale oscillations, as well as average over the polar angle describing the position of
the adatoms (see the Appendix for details). Then we obtain for resonant indirect exchange interaction in graphene:


ZEF
λ2 E 2 f (E, r)
dE
arctan
sign(E),
(3.8)
Eex =
π
[(ε1 − E)2 − λ2 ] [(ε2 − E)2 − λ2 ]
−∞








|E|r
|E|r
|E|r
|E|r
4
4
f (E, r) = τAA
J0
N0
+ τAB
J1
N1
,
(3.9)
~vF
~vF
~vF
~vF
16
16
4
4
τAA
= 4 (t1A t∗2A + t1B t∗2B )(t∗1A t2A + t∗1B t2B ), τAB
= 4 (|t1A |2 |t2B |2 + |t1B |2 |t2A |2 ),
3t
3t
(3.10)

3. Indirect exchange interaction in magnetic semiconductor heterostructures

36

where t ≈ 2.8 eV is the energy parameter of tunneling between the nearest graphene atoms Castro Neto et al. (2009), Ji , Ni are the Bessel and Neumann functions of order i, respectively.
For simplicity, suppose that the bound states of the adatoms have the same energy, ε1 = ε2 ≡ ε0 .
For the resonant case, when the energy of the bound state lies inside the 2D spectrum of delocalized
states, ε0 ∈ (−∞, EF ), from (3.8) the indirect exchange energy can be roughly estimated as:
p
1/4
4
4
+ τAB
(3.11)
Eres ∼ T λε0 , T = τAA
We consider the non-resonance case and assume that the energy of the localized state lies above the
Fermi level, ε0  EF . In this case, the arctangent argument (3.8) has no poles and arctan should be
replaced with an argument (due to the small tunneling parameter). Further calculations are similar
to those considered in Saremi (2007). So as a result:
Enr

λ2
≈ 4
πε0

Z0

27 λ2 1
dEE f (E, r) =
128π t (r/a)3



2

−∞

t
ε0

4

 4

4
−τAA + 3τAB
.

(3.12)

The expression (3.12) is consistent with previously known results of the usual RKKY theory in
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Figure 3.2: The energy of the indirect exchange interaction as a function of the distance between
the adatoms. The red curve is the adatoms located on the same sublattice (AA), the blue dashed
curve is the adatoms located on different sublattices (AB). (Left picture) The energy of the
localized state is ε0 = −100 meV, the Fermi level is EF = 0 meV. (Right picture) The energy
of the localized state is ε0 = 100 meV, the Fermi level is EF = 110 meV.

graphene Brey et al. (2007); Black-Schaffer (2010); Sherafati and Satpathy (2011b,a) with the characteristic dependence Enr ∼ λ2 T 4 . In metals, the indirect exchange interaction of the RKKY type
is usually ferromagnetic at small distances between magnetic impurities; in graphene, this depends
on the position of the adatoms. As follows from (3.12), if both adatoms are located in the same sublattice (AA or BB) the interaction is ferromagnetic, and for another configuration of the sublattices
(AB, BA) it is antiferromagnetic. This is consistent with the RKKY theory in graphene Sherafati
and Satpathy (2011b). However, for the resonance case, the picture of indirect exchange interaction
changes significantly in comparison with the traditional theory of RKKY. To apply the resonant
theory of indirect exchange to real systems, you need to know the typical values of the parameters
included in (3.8). They can be estimated as λ ∼ 1 ÷ 10 meV Rozhansky et al. (2012, 2015a),
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T ∼ 0.1 ÷ 1 eV Saffarzadeh and Kirczenow (2012); Brar et al. (2011). Scanning tunneling
microscopy experiments Brar et al. (2011) showed that cobalt adatoms have a localized state at an
energy of ε0 ∼ −100 meV and the Fermi level in graphene can vary with a gate voltage in the
range EF ∼ −300 ÷ 300 meV Brar et al. (2011). Fig. 3.2 shows the resonant indirect exchange interaction as a function of the distance between adatoms calculated by the formula (3.8) for
various adatom configurations (AA and AB). The following values were taken for this calculation:
λ = 1 meV. For the configuration of AA, the tunneling parameters describe the connection of
adatoms with only one sublattice (A) t1A = t2A = 1 eV, t1B = t2B = 0. For configuration (AB),
t1A = t2B = 1 eV, t1B = t2A = 0 were taken. Let us analyze two different situations regarding the
position of the bound state, which is reported from the Dirac point: (i) ε0 = −100 meV, EF = 0
meV, (ii) ε0 = 100 meV, EF = 110 meV. In both cases, the resonance condition is satisfied. Case
(i) is presented on the left in Fig. 3.2. Note that, in contrast to the usual (non-resonant) RKKY
theory, the interaction between adatoms is antiferromagnetic at short distances for configurations
AA and AB. This is due to the fact that the main contribution to the exchange energy is made by
electrons with an energy close to the energy of the localized state, and for a short distance both
terms in (3.9) turn out to be of the same sign. In case (ii), the energy level of the bound state lies
in the conduction band above the Dirac point. The calculated indirect exchange energy is shown
on the right side of Fig. 3.2. In this case, for both configurations AA and AB, the interaction is
ferromagnetic at a small distance. For both the resonance cases (i) and (ii) considered above, the
characteristic oscillation length is determined by the resonance energy: Λ ∼ a · t/ε0 , while in the
usual theory of the RKKY it is connected with the Fermi energy Λ ∼ vF /εF .
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Figure 3.3: The energy of indirect exchange interaction as a function of the position of the Fermi
level. The energy of the localized state is ε0 = −100 meV, the distance between the adatoms
is R = 2 nm, the configuration is AA.

An important feature of resonant indirect exchange is its magnitude; it can be several orders of
magnitude higher compared to the nonresonant case. The physical reason for such amplification is
simple, resonant tunneling effectively mixes the wave function of free carriers and the localized state
of the magnetic center where the exchange interaction occurs. For graphene, the idea naturally arises
of controlling its magnetic properties by changing the Fermi level and fulfilling / not fulfilling the
resonance condition. To illustrate this effect, the energy of the indirect exchange interaction from the
position of the Fermi level in the system is plotted in Fig. 3.3. The distance between the adatoms
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located on the same sublattice (AA configuration) was constant and equal to R = |R1 − R2 | = 2
nm, and the bound state energy was taken ε0 = −100 meV. As can be seen from Fig. 3.3, the
indirect exchange energy changes by several orders of magnitude when the position of the Fermi
level EF changes by ∼ 100 meV. Such modulation of the position of the Fermi level can be quite
easily achieved by applying a gate voltage.

3.3 Magnetism in manganese delta layer with quantum well
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Magnetism in manganese delta layer with quantum well

It was shown in Rupprecht et al. (2010); Nishitani et al. (2010); Balanta et al. (2014); Aronzon et al.
(2010) that the GaAs heterostructure with the Mn δ -layer located in the vicinity of the In x Ga
1−x As quantum well turns out to be ferromagnetic at temperatures of the order of 20 K, similar
to bulk RMP (Ga, Mn) As. In addition, it was found that the ferromagnetic properties depend on
the depth of QW in a nonmonotonic manner Aronzon et al. (2013). Our theory developed in the
work Rozhansky et al. (2013) predicts an increase in the energy of exchange interaction due to the
resonant tunneling coupling of a localized state on a magnetic ion with a continuum of delocalized
2D states in the channel.
In this section, we apply theory of resonant indirect exchange to explain the experimentally observed
dependence of the Curie temperature on the QW depth.
Schematically, the experimentally investigated structure is shown in Fig. 3.4. Here Ii,j is the spin
projection of the ith (jth) magnetic ion, εi,j is the ion bound energy, di,j - the distance between the
ion and the channel. The energy parameter of tunneling between the QW states and the localized
state of the i -th center will be equal to:
Ti = αU0 e−2qdi ,

(3.13)

where
√ U0 is the height of the potential barrier separating the magnetic centers from the channel,
q = 2m⊥ U0 /~, m⊥ is the effective mass along the tunneling direction, dimensionless parameter
α depends on the characteristics of the channel and magnetic center. The indirect exchange energy
for magnetic ions is given by the following expression:


Z
8π 2 j 2 Ti Tj J0 (kR)Y0 (kR)
1 EF
dε arctan
Eij =
.
(3.14)
π 0
((εi − ε)2 − j 2 ) ((εj − ε)2 − j 2 )
The formula (3.14) is valid for both resonant and non-resonant tunnel communications. The resonance case corresponds to the energy of bound states lying in the energy region of occupied states
in the 2D channel:
εi , εj ∈ [0, EF ] .

(3.15)

In this mode, the main contribution to the exchange energy (3.14) is made at the poles of the arctangent argument and equation can be estimated as
p
Eij ≈ γ jT , for β > 1
p
Eij ≈ γβ jT , if β < 1
√
p
jT
(3.16)
β=
, T = Ti Tj .
|εi − εj |
Here γ is given by the following expression:
√
γ = 2π [J0 (ki Rij ) Y0 (ki Rij ) + J0 (kj Rij ) Y0 (kj Rij )]1/4 ,

(3.17)

where Rij is the distance between the ions. Unlike the standard RKKY theory, the wave vector on
the Fermi
√ surface is kF is replaced by "resonant" wave vectors corresponding to localized states:
ki = 2mεi /~. For the experimental situation considered below, the parameter γ ≈ 1 is still far
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Figure 3.4: Illustration of the indirect exchange interaction via the 2D channel (a) and the band
diagram of the heterostructure based on the InGaAs quantum well and the Mn δ layer (b).
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Figure 3.5: Approximation for the energy of indirect resonant exchange (dashed line) compared
with the exact result (solid line).

from the first zero of the oscillating function. The approximation (3.16) is quite good, as shown in
Fig. 3.5. The dashed curve shows the energy of the exchange interaction calculated according to
(3.14) for εi = εj = ε0 , while the solid curve shows the approximation (3.16), assuming γ = 1.
We now apply the theory of resonance exchange to the GaAs / Mn δ -layer / GaAs / In x Ga 1−x As
/ GaAs hybrid heterostructure. The energy diagram for this system is shown schematically in Fig.
3.4 (b). The Mn content is 0.25–0.3 monolayers; the spacer between the Mn layer and the In x Ga
1−x As QW is equal to d = 3 nm (the mobility of 2D holes in the QW is practically has not changed
with the introduction of the layer Mn Zaitsev (2012)), The QW thickness is 10 nm, and its depth is
controlled by an In concentration of x. Due to the diffusion of Mn during growth, the thickness of the
Mn layer is ≈ 3 nm Aronzon et al. (2008), so it is natural to expect that the ferromagnetic properties
of such a layer will resemble the bulk ferromagnetism of (Ga, Mn) As. Ferromagnetism only in this
layer was set to Danilov et al. (2012). It was shown that samples containing QWs in addition to
the Mn layer possess ferromagnetic properties, which nonmonotonically depend on the QW depth
Aronzon et al. (2013). The dependence of the Curie temperature on the QW parameters suggests
that the indirect exchange interaction is partially related to 2D holes located in the QW. It was also
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Figure 3.6: (Left) Curie temperature versus QW depth. Experiment (circles) and theoretical
calculation (solid curves). (Right) The calculated dependence of the Curie temperature on the
distance between the QW and the Mn δ -layer.

experimentally proved that holes in the QWs are spin polarized due to tunneling with Mn Tripathi
et al. (2012); Zaitsev (2012); Myers et al. (2004), so it is natural to expect their participation in the
indirect exchange between Mn ions. This interaction must be taken into account taking into account
the resonance coupling, as described above. Indeed, the binding energy of the Mn acceptor in GaAs
is comparable with the QW depth for holes in a wide range of the In atomic fraction. This allows us
to fulfill the condition (3.15) as shown in Fig. 3.4 (b), where ε0 denotes the energy of the bound
state of the hole in Mn (zero energy corresponds to the first level of quantization of heavy holes in
the QW) . Let us now compare the calculated Curie temperature with the experimental data Aronzon
et al. (2013) (circles in Fig. 3.6 (left)), assuming that There are two contributions to the indirect
exchange interaction between Mn ions. The first is the internal ferromagnetism of the Mn δ layer
itself, which arises due to weakly localized holes located in the layer, in the same way as in bulk (Ga,
Mn) As. This contribution does not depend on the properties of QWs. The second contribution is the
resonant indirect exchange through 2D QW holes. The maximum Curie temperature corresponds to
the resonant indirect exchange through 2D holes of the QW, while its decrease for too shallow and
too deep QWs is explained by the removal of the system from resonance (3.15). When estimating
the Curie temperature, it is assumed that TC is the sum of two terms:
TC = TC1 + TC2 ,

(3.18)

where TC1 is independent of the properties of the QW. When calculating the second term of TC2 ,
it is assumed that the levels of localized states on the Mn ions are normally distributed with the
average value of ε0 and the variance of σε . The distance between neighboring ions was considered
constant, equal to the average value of R. For the Mn δ layer of 0.3 monolayer, R = 1.5 nm can be
estimated. It was verified that taking into account the distribution of distances, as well as the change
in it’s average value, has little effect on the resonant exchange contribution to the Curie temperature.
This is due to the fact that γ, defined (3.17), weak changes as a function of R in a neighborhood
of γ = 1. On the contrary, the dispersion of energy over the distribution of Mn centers plays an
important role and must be taken into account. To take into account the distribution of energy levels
when estimating the Curie temperature, it is convenient replace the approximation (3.16) with a
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similar function:
γ 2 jT
√
|εi − εj | + γ jT

e i , εj ) =
E(ε

(3.19)

The resonant contribution to the Curie temperature TC2 (3.18) is calculated using the following
expression:
TC2 =

2
kB

Z

EF

Z

+∞

e ε0 ),
dε0 P (ε)P (ε0 )E(ε,

dε
0

(3.20)

−∞

where:
2

P (ε) = √

(ε−ε0 )
1
−
e 2σε2 .
2πσε

In the limiting case of a δ -like distribution of σε → 0 expression (3.20) gives:
 2 √
γ jT , ε0 ∈ [0, EF ]
kB
TC2 =
,
0, ε0 ∈
/ [0, EF ]

(3.21)

(3.22)

i.e., the resonance contribution disappears when ε0 is below or above the range of energies occupied by carriers in the QW. A non-resonant contribution, several orders of magnitude weaker, is
neglected. This approach was used to evaluate the experimental values of the Curie temperature
measured for two series of samples. Samples 1-3 had a 0.25 Mn monolayer and the QW depth for
holes U0 ranged from 80 to 140 meV, samples 4-6 had 0.3 Mn monolayers with U0 ranging from
90 to 150 meV. A comparison of theory and experiment is shown in Fig. 3.6 (left). To achieve
the best agreement with the experiment, the average value of the energy of the bound state Mn is
ε0 = U0 − 103 meV, i.e. 103 meV higher than the upper part of the valence band for GaAs, which
approximately corresponds to the binding energy of the acceptor Mn (≈ 110 meV). This value was
the same for two series of samples. The hole concentration (and their Fermi level) was obtained
from the transport experiments Aronzon et al. (2010), Zaitsev (2012), and the QW depth was obtained from optical experiments. These values are shown in table 1 along with other parameters.
Other parameters were the nonresonant Curie temperature component TC1 , the energy dispersion of
the states σε , and the product jT . As can be seen from table 1, for samples 4-6 TC1 is higher than
for samples 1-3, this is consistent with the fact of their weaker doping with manganese. The larger
product jT for more heavily doped samples can be understood, since the Mn layer has a finite thickness, which is expected to be larger for a higher concentration of manganese due to diffusion of Mn
Aronzon et al. (2010). Thus, the minimum distance between the Mn layer and the QW decreases
with increasing doping level Mn, which leads to an increase in the tunneling parameter. As can be
seen from Fig. 3.6 (left), the calculation is in good agreement with the experimental data, and the
values of the fitting parameters seem quite reasonable.
It is also interesting to illustrate the relationship between the two contributions to ferromagnetism.
Figure 3.6 (right) shows two contributions as a function of the spacer thickness d. For the calculation shown in Fig. 3.6 (right), we took the parameters of sample 5 with different thicknesses of the
spacer. The internal contribution (TC1 ) does not depend on d, and the QW contribution depends on
d through the tunneling parameter. For
√ the resonance case, this dependence is weaker than for the
non-resonance case, TC depends on T (3.16), rather than T 2 , respectively.
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No
1
2
3
4
5
6

TC , K
13
36
25
19
36
28

U0 , meV
80
105
140
90
110
150

p, cm−2
5.6 · 1011
8.9 · 1011
1.8 · 1012
0.7 · 1011
3.0 · 1011
2.3 · 1012

EF , meV
7.8
12.5
25.2
1.0
4.2
32.2

TC1 , K
9
9
9
17
17
17

43
√
jT , meV
3.3
3.3
3.3
4.1
4.1
4.1

σε , meV
18
18
18
13
13
13

Table 3.1: Parameters for calculation TC2 .

Another explanation of the observed phenomena could be the redistribution of holes between the
Mn layer and the QW. In this case, the nonmonotonic dependence of the Curie temperature on the
hole concentration can be related to the impurity band formed in (Ga, Mn) As. The optimal fill
factor for hole jumps inside the impurity band is 0.5; therefore, by changing the fill factor from
1 to 0, one could expect ferromagnetism to exhibit nonmonotonic behavior with a maximum in
the half-filled impurity band Dobrowolska et al. (2012). However, this explanation was refuted by
Wang et al. (2013), a nonmonotonic dependence of the Curie temperature will not be observed if
the substitution defects of As are properly taken into account Myers et al. (2006). Moreover, this
explanation assumes a radical change in the fill factor of the impurity band, i.e. the hole concentration in the QW should vary by the concentration in the Mn layer. The concentration of holes in
the QW in the studied samples never exceeds 2.3 · 1012 cm −2 , and in the Mn layer (with a Mn
content of 0.25-0.3 monolayer) it is at least 1013 cm −2 according to measurements (also confirmed
by Danilov et al. (2012)). Thus, the hole concentration in the QW is too low to explain the change
in the Curie temperature and its nonmonotonic behavior by this mechanism.
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C HAPTER IV

Magnetoresistance effect in carbon nanotubes with singlemolecule magnets

4.1

Introduction

Molecular spintronics Gatteschi et al. (2006); Rocha Alexandre R. et al. (2005); Bogani Lapo and
Wernsdorfer Wolfgang (2008); Sanvito (2011); Moreno Pineda et al. (2016); Bartolomé et al. (2014)
aims to study ways to characterize, manipulate and read molecular spin states of nanosystems down
to the level of a single molecule. This can be implemented using the latest optical and electrical
methods Hueso Luis E. et al. (2007); Miyamachi Toshio et al. (2012); Urdampilleta et al. (2011a);
Zyazin et al. (2010); Galperin and Nitzan (2012); Bairagi Kaushik et al. (2016); Komeda Tadahiro
et al. (2011); Meded et al. (2011); Jia et al. (2016). Further miniaturization of devices and the
need for effective interaction of organic and inorganic materials for biomedical and nanoelectronic
applications are the driving forces of this area Jia and Guo (2013).
Single magnetic molecules (SMM) provide a promising way to implement nanometer structures
with stable spin orientation Moreno Pineda et al. (2016). Magnetic molecules are formed by an
internal magnetic center surrounded by organic ligands Ishikawa et al. (2003); Ishikawa Naoto et al.
(2004). Ligands can be adapted to bind to surfaces or in molecular compounds Christou et al.
(2000); Cornia et al. (2006); Katoh et al. (2009); Fleury et al. (2005); Naitabdi et al. (2005); Coronado et al. (2004). Delocalized bonds in molecules can improve their conductive properties, and
they also often have the function of enhancing the magnetic interactions of core ions. The variety
of shapes and sizes of SMMs, as well as the ability to select ligands, allow them to be adapted to
communicate with the environment Bogani et al. (2007). In addition, magnetic properties can be
changed by replacing magnetic ions in Ishikawa et al. (2004) molecules. SMM also has an important
advantage over magnetic nanoparticles: they are extremely monodisperse.
It is important to note that magnetic molecules have an impressive variety of quantum effects observed to very high temperatures due to the progress of molecular constructions, ranging from Berry
interference and quantum coherence to quantum tunneling of magnetization. Although the study of
magnetic molecules has already led to a strong influence on the spintronics Bogani Lapo and Wernsdorfer Wolfgang (2008), nevertheless brighter results are expected during further development of
device design based on individual SMMs.
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4. Magnetoresistance effect in carbon nanotubes with single-molecule magnets

Upon contact with nanostructures, magnetic molecules can greatly modify their transport properties.
A remarkable example of such an effect is the giant magnetoresistance (GMR), which was observed
in a carbon nanotube (CNT) with TbPc 2 magnetic molecules on its surface Urdampilleta et al.
(2011a, 2013, 2011b). The GMR effect is very attractive for various applications, such as magnetic
memory sensors, etc. GMR materials are characterized by the size of the structure and the ratio
[G(B) − G(0)]/G(0), where G(B) and G(0) denote conductivity in the presence and absence of
a magnetic field, respectively. Reproducible sharp jumps in the conductivity of CNTs tunnelly
coupled to contacts were observed with a slow change in the magnetic field, which oriented the
magnetic moments of the molecules parallel to each other. By changing the gate voltage, the GMR
effect in nanotubes can reach 1000 %. In its manifestations, this effect of the spin valve is similar
to the GMR phenomenon in thin metal films with magnetic contacts, which, in turn, is one of the
most known and widely used in practice phenomena in the field of spintronics.
Nanostructures containing magnetic molecules have been theoretically considered in a number of
works. In particular, the possible reading of the local spin orientation through measurement of the
spin current Hammar and Fransson (2016), asymmetries in the Coulomb diamonds Aligia et al.
(2015), and the spin-block effect associated with a change in the magnetic anisotropy Luo and Park
(2016). For a single-walled CNT with a single attached molecule, it was argued that the tunneling
magnetoresistance may depend on the exchange interaction between the CNT and SMM Płomińska
and Weymann (2015). Nevertheless, GMR and specific nonlinear transport observed experimentally in tunnel-coupled CNTs with several magnetic molecules still do not have a comprehensive
theoretical explanation.
This chapter presents the theory of electron transport through a carbon nanotube with attached TbPc
2 single magnetic molecules and a review of the observed experimental data. A theoretical model is
proposed that explains the relationship between the following main phenomena: (i) spin-dependent
resonance scattering of conducting electrons by a bound state inside a molecule (Fano resonance)
Fano (1961); Miroshnichenko et al. (2010); Hong and Kim (2013) and (ii) the Coulomb blockade
Nazarov and Blanter (2009) inside the CNT. In particular, electronic states on molecules lead to
spin-dependent resonance suppression of the transmission of conduction electrons in CNTs. The
Coulomb interaction between the electrons inside the nanotube leads to the Coulomb blockade,
while the linear transport is blocked for antiparallel orientation of spin molecules at all values of the
gate voltage. The developed theory predicts a new long-range interaction between the SMM, which
is responsible for the stable magnetic ordering of the internal spins of molecules, and explains
the GMR in nanotubes with TbPc 2 molecules. It is noteworthy that the sign and strength of the
spin-spin interaction of molecules can be changed by the gate voltage. This makes it possible to
control the ordering of the SMM spins and, as a consequence, the magnetic properties of molecular
nanostructures by the external gate voltage.

4.2 Structure of single molecule magnet T bP c2
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Structure of single molecule magnet T bP c2

The single magnetic molecule, TbPc 2 , studied in this chapter is shown in Fig.
4.1 (a). The
TbPc 2 molecule consists of a terbium (III) ion having 8 electrons on the 4f shell, which have a
total angular momentum of 3 and a total spin of 3. A strong spin-orbit interaction leads to the total
moment J = 6. Due to the interaction of the metal ion with the organic ligand, a light axis appears
in the SMM. At low temperatures, the magnetic moment of terbium has only two projections onto
the light axis, Jz = ±6, due to strong magnetic anisotropy caused by the interaction with two
phthalocyanine (Pc) ligands Thiele et al. (2013), Fig. 4.1 (b).

Figure 4.1: a) Scheme of a single magnetic molecule TbPc 2 . The spins of the ion (J = 6)
and the "resident" electron on the ligands (S = 1/2) are shown by pink and black arrows. (b)
Energy diagram TbPc 2 in an external magnetic field directed in the direction of the easy axis.
The ground state has two spin projections ±6.

Phthalocyanine ligands in TbPc 2 have an electronic state with spin S = 1/2 Ishikawa Naoto et al.
(2004). Due to the strong Coulomb interaction between particles on ligands with opposite spins
Komeda Tadahiro et al. (2011), only one spin orientation Vitali et al. (2008) is occupied. This
localized S spin is coupled by the exchange interaction Thiele et al. (2014) with the spin J of
terbium 4f electrons.
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Experimental results
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Figure 4.2: The conductance in the linear response mode at a fixed gate voltage Vg = −4.63 in
units of the quantum of conductivity G0 depending on the dynamically changing magnetic field
(rate of change: 0.07 T / s). Blue curve: change from −0.7 T to 0.7 T; red curve: change in
the opposite direction.

In this section, we describe the most important experimental results. demonstrating the effect of
giant magnetoresistance in linear transport through CNTs, as well as differential conductivity in the
Coulomb blockade mode.
Figure 4.2 shows a typical measurement of conductivity in a magnetic field, which varies over time.
These experiments were perfermed by the W. Wernsdorfer team at the University of Neel in France.
With a fixed gate voltage (Vg = −4.63 V) and low source-drain voltage (linear response, Vsd → 0),
the rate of change of the magnetic field was 70 mT · s −1 . The blue curve shows the conductivity to
increase B from negative to positive, and the red curve for changes in the opposite direction. The
asymmetry of the conduction jumps with respect to B → −B is due to the finite rate of change of
the magnetic field. In negative magnetic fields, the ground state of the Tb spin is Jz = +6, see Fig.
4.1 (b). With a sufficiently rapid change in the magnetic field, the spin of the molecule continues
to remain in the state Jz = +6, which, in positive magnetic fields, corresponds to an excited state,
until a relaxation process takes place that reverses the Tb spin. The main source of relaxation is
associated with the spin-phonon bond in the TbPc 2 Ganzhorn et al. (2013) molecule. At the same
time, at a relatively low rate of change of the magnetic field, quantum tunneling of magnetization
by the Landau-Zener mechanism becomes the most important Urdampilleta et al. (2013) and a
symmetric dependence of the conductance with respect to the magnetic field is observed.
Differential conductivity maps in units of the quantum of conductivity G0 = e2 /h depending on the
source-drain voltage and gate voltage shown in the figure 4.3 for a zero magnetic field (left figure)
for a static magnetic field B = 1 T (right figure). "Coulomb diamonds" on these maps indicate
the presence of the Coulomb blockade (CB), caused by the strong electron-electron interaction of
electrons in CNTs. From extrapolating "Coulomb diamonds" to the upper boundary of the region of
minimum conductivity, we can estimate the Coulomb energy in CNTs as EC ≈ 20 meV. Another

4.3 Experimental results

49

G /G
8

> 0 .0 3 5

4

0 .0 3

0 .0 3

2

(m V )

(m V )

0

0 .0 2

sd

-2

V

V

sd

0 .0 2

0

> 0 .0 3 5

6
4

2
0

G /G
8

0

6

-4

-2
-4

0 .0 1

-6

0 .0 1

-6

-8

-8
0 .0 0

- 0 .2

0 .0

0 .2

0 .4

0 .6

V

0 .8

1 .0

1 .2

0 .0 0

1 .4

- 0 .2

0 .0

0 .2

(V )
g

0 .4

0 .6

V

0 .8

1 .0

1 .2

1 .4

(V )
g

Figure 4.3: Conductivity map of a carbon nanotube in the Coulomb blockade mode in the plane
of the source-drain voltage Vsd and gate voltage Vg , in a zero magnetic field (left figure) and a
stationary magnetic field B = 1 T (right figure ) The differential conductivity G = dI/dVsd is
specified in units of the quantum of conductivity G0 .
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important observation is that the two-dimensional conduction regions on the CB maps are spatially
rather uniform, which indicates that the broadening of single-particle energy levels in CNTs is
relatively large.
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Figure 4.5: Conductivity as a function of the source-drain voltage Vsd for a fixed gate voltage
Vg = 1.27 V (left figure) and Vg = 0.335 V (right figure) in units of G0 . Blue curve: B = 0;
red curve: B = 1 T.

It is interesting that at zero magnetic field (Fig. 4.3, left figure), the conductivity at zero Vsd is
suppressed for all values of the gate voltages Vg , and gaps (absence) in conductivity were observed
at δVsd ∼ 1 ÷ 2 meV Urdampilleta et al. (2011a). This contrasts with conventional CB maps at
Beenakker (1991) quantum dots, where linear conductivity finite at resonant values of Vg . On the
CB map obtained in strong magnetic fields (Fig. 4.3, right figure), the gaps in the conductivity
are closed at certain values of the gate voltage. This fact is clearly seen with increasing maps of the
Coulomb blockade for a gate voltage range of about Vg ∼ 1.25 V shown in the figure 4.4, the left
picture is in a zero magnetic field, the right one is at B = 1 T.
Figure 4.5 shows conductivity as a function of source-drain voltage at a fixed gate voltage Vg =
1.27 V in the presence and without a magnetic field. This graph shows the GMR effect of the order
of 1000 %: the conductivity drops from G(B = 1 T) = 0.14 G0 to G(B = 0) = 0.006 G0 . Note
that the center of the low-conductivity region is shifted from Vsd = 0 to the right by 0.5 ÷ 1 meV.
In addition to the GMR observed at Vg = 1.25 ÷ 1.3 V, another important experimental feature is
the presence of a weaker spin valve effect for other values voltage in fig. 4.3, for example, for
Vg = 0.335 V, as shown in Fig. 4.5 (right figure). Both with and without a magnetic field, the
conductivity is in the same order as conductivity in the zero field in the left figure 4.5. However,
we emphasize that the conductivity in the absence of a magnetic field in the right figure 4.5 is
still lower than the conductivity at B = 1 T. Thus, we conclude that the experimentally observed
magnetoresistance depends on the gate voltage, i.e. is a gate-controlled effect of a molecular spin
valve.
Next we will explain the origin of the GMR and its dependence on the gate voltage.

4.4 Theory
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Theory

Fano resonance. A single TbPc 2 magnetic molecule has a delocalized state on its ligands, which
was found by measuring Raman spectra Lopes et al. (2010) and found in various calculations by the
density functional theory Vitali et al. (2008); Hong and Kim (2013). When magnetic molecules are
attached to CNTs, tunneling occurs between the electronic states of CNTs and the state localized
on the ligands, and these states hybridize. Hybridization of the states of conduction electrons with a
localized state leads to the Fano resonance Fano (1961); Miroshnichenko et al. (2010); Hong and
Kim (2013), which strongly affects transport through CNTs with attached molecules.

Figure 4.6: Schematic illustration of the origin of the Fano resonance during transport in an
infinite one-dimensional channel (tube) with a tunnel-bound localized state on the molecule (red
level). The destructive interference of the waves passing by the molecule (path 1) and through
the Fano state (path 2) leads to a complete suppression of the passage for electrons with resonant
energy (Ek = E0 ).

To understand this phenomenon, we first consider the case of one-dimensional spinless electrons
with a parabolic spectrum in a one-dimensional infinite channel (figure 4.6) and without Coulomb
interaction between them. The electrons in the channel are coupled by tunneling to one localized
state with energy E0 on the attached molecule. The Hamiltonian of this system:
X

Ĥ = E0 |ϕihϕ| +
Ek |ψk ihψk | + tk |ϕihψk | + t∗k |ψk ihϕ| ,
k

where E0 is the energy of the localized state with the corresponding wave function ϕ, Ek =
~2 k 2 /(2m) and ψk is the energy and wave function of the state k in the one-dimensional channel , tk = hϕ|T̂ |ψk i - matrix element of Bardin tunneling Bardeen (1961). The wave functions ϕ
and ψk are assumed to be orthogonal to each other.
In the infinite channel, the amplitudes of transmission (tM ) and reflection (rM ) upon scattering by a
localized state on a molecule (index “ M ”) Miroshnichenko et al. (2010):
Ek − EM (k)
,
Ek − EM (k) + iΓM (k)
−iΓM (k)
rM =
,
Ek − EM (k) + iΓM (k)
Z ∞
|tp |2
EM (k) = E0 + P.V.
dp
,
Ek − Ep
0
Z ∞
ΓM (k) = π
dpδ(Ep − Ek )|tp |2 .

tM =

0

(4.1)
(4.2)
(4.3)
(4.4)
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Figure 4.7: (Top panel) Schematic illustration of a one-dimensional channel connected to contacts by tunnel barriers with the Fano state. (Bottom panel) The transmission coefficient for this
system depending on the electron energy Ek in the classical case (strong dephasing). The red
curve shows the passage of TBM B for a structure with barriers and one molecule, and the black
curve shows the passage of two barriers without a molecule (TBB ). The parameters used: the
energy of the localized state is E0 = 50 meV; contact passing coefficients TL = TR = 0.17;
hybridization of conducting electrons with the Fano state is characterized by ΓM = 30 meV.

p
2mE0 /~2 and denote E0 =
Further we take EM (k) and ΓM (k) at the resonance point k0 =
EM (k0 ) and ΓM = ΓM (k0 ). The energy scale ΓM describes the broadening level localized to the
molecule due to the connection between CNTs and the molecule. It can be seen that the Fano state
suppresses the passage of resonance energies in the "window" Ek ∼ (E0 − ΓM , E0 + ΓM ).
Blocked transport due to the attached molecule is associated with a destructive interference of an
electron wave that passes without scattering and a wave that interacts with the molecule and returns
to the channel (paths 1 and 2 in the figure 4.6, respectively). Directly in resonance Ek = E0 , the
scattering phase for path 2 is π, which leads to zero passage (the sum of the two waves is zero:
eikx + eikx+iπ = 0). Accordingly, the reflection coefficient reaches a maximum (unity) in resonance.
As a result, the attached molecule acts as an effective barrier, the transparency of which depends on
the electron energy.
As will be shown below, the decisive component of the theoretical model is the Coulomb blockade, caused by quantization of electrons in a CNT of finite length with a sufficiently high contact
resistance.
An important experimental feature is the absence of pronounced levels of dimensional quantization;
however, estimates show that they should be observed. This indicates a dephasing process in the
conductive channel.
To take into account the influence of the dephasing effect, we consider a simple system with two
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barriers characterized by the transmission / reflection amplitudes tL,R , rL,R and the distance between
them L, and a molecule between them simulating CNTs with tunnel contacts. In our work, it
is shown that taking into account dephasing in this problem leads to the following transmission
coefficient (TBM B ):
(Ek − E0 )2
,
(Ek − E0 )2 + TBB Γ2M
TL T R
,
=
1 − RR RL

TBM B = TBB

(4.5)

TBB

(4.6)

where TBB is double barrier structure transmission coefficient in the case of strong dephasing. Compared to the infinite channel, the influence of two barriers in the expression (4.5) is manifested in
two aspects. Firstly, the
√ energy window√in which the passage is suppressed due to the Fano effect
becomes Ek ∼ (E0 − TBB ΓM , E0 + TBB ΓM ). Secondly, the probability of passing TM is multiplied by the transmission coefficient for the two barrier structures TBB . The bottom panel in the
figure 4.7 shows the transmission coefficient for CNTs with one Fano center.
Thus, the presence of the Fano state significantly suppresses transmission throughout the system in
the energy range Ek ∼ (E0 − Γ0 , E0 + Γ0 ) around the resonance E0 of the width Γ0 controlled both
by the binding strength ΓM , and the probability of TBB passing through the two barrier structure.
In the presence of two or more molecules, the overall picture remains the same: in the region of
the Fano resonance energies, the passage is greatly suppressed. In other words, molecules can be
considered as effective barriers for electrons in given energy range. At the same time, far from the
Fano resonance, the molecules do not significantly affect transport.
Taking spin into account: splitting of Fano resonances We now turn to a discussion of the role of the
electron and molecule spin in transport through the structure of a nanotube with an SMM. Localized
electronic states on the Pc ligands of magnetic molecules are characterized by high Coulomb energy
U0 . Another important fact is the presence of a ferromagnetic exchange interaction Thiele et al.
(2014) between an electron localized on ligands and 4f electrons of terbium. Exchange interaction
is described by the formula
V̂ex = A(Jˆz · Sˆz ),

(4.7)

where J and S are the spins of terbium and a localized electron, respectively. Here, the presence
of the easy axis z of the magnetic molecule orienting the terbium spin is immediately taken into
account. The exchange interaction constant A matters about -0.2 meV. In this case, we can write
the energy for an electron with spin up and down on Pc (E↑ and E↓ respectively), as
E↑,↓ = E0 ± AJz /2 + U0 n↓,↑ .

(4.8)

Due to the strong Coulomb interaction of U0 electrons, tunneling to TbPc 2 is not possible if the
SMM is already occupied by an electron with the opposite spin. Direction of the spin of a localized
electron determined by the spin Tb through the exchange interaction. The orientation of the terbium
back itself will be discussed later. Due to the strong magnetic anisotropy of the SMM, one can fix
the magnetic moment of the molecule in one direction and analyze its effect on electron scattering.
A diagram illustrating these aspects is shown in Figure 4.8.
The transmission of an electron through a molecule with a given spin J depends on the energy of
the electron and its spin. In the future, we assume the following hierarchy of energy scales in the
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Figure 4.8: (Left picture) Schematic diagram of electron scattering by TbPc 2 . When an electron
with a spin up occupies a localized state on the ligand, two regions of suppressed transmission
for electrons are formed due to the exchange interaction with the Tb spin. (Right figure) Scheme
of quantum dots for electrons in CNTs with energies close to the Fermi energy. CNTs are effectively divided into quantum dots depending on the spin orientation of electrons and molecules.
The Fermi level lies in the region of suppressed passage for electrons with a spin parallel to the
spin of the SMM.

proposed model:
∆  EC . Γ0  U0 .

(4.9)

Here ∆ is the distance between the levels in the CNT, EC ∼ e2 /L is the energy of the Coulomb
interaction between electrons in a CNT. For CNTs of length L ∼ 300 nm, the single-particle
distance between the levels of dimensional quantization is ∆ ∼ 1 ÷ 2 meV, and the Coulomb
energy is EC ∼ 15 ÷ 20 meV. The broadening of the Fano level Γ0 ∼ 10 ÷ 20 meV can be
estimated from the conductivity map through one molecule Thiele et al. (2014). This means that
several levels of dimensional quantization fall into the region with resonant reflection. The value of
the Coulomb energy on Pc ligands, U0 ∼ 100 meV, was calculated in Vitali et al. (2008).
If the Fermi level is located, for example, in the energy band of the suppressed transmission for
electrons with a spin up (see the left side of the figure 4.8), then one molecule "splits" the nanotube
into two quantum dots (QDs) for this type of carrier. Indeed, for electrons with spin up near the
Fermi level (i.e., for those electrons involved in transport), there are three barriers: two tunneling
barriers connecting CNTs with contacts, and an effective barrier created by a molecule. At the
same time, carriers with spin down near the Fermi level are insensitive to the presence of a single
molecule and, therefore, are affected only two external tunneling barriers that form a single QD.
Therefore, for a minimal model of “spin valve effect” arising from spin-dependent Fano resonances
we need two-molecules. In particular, for the antiparallel orientation of two SMM spins, conducting
electrons with any spin projection experience resonant backscattering from the SMM, and transport
is suppressed for all electrons. When the spins of molecules are parallel, conductive electrons with a

4.4 Theory

55

single spin projection “see” two Fano barriers inside the CNT and their transmission blocked even
stronger. However, none of the molecules affects electrons with the opposite spin, which should
lead to a higher conductivity of the system.
An important detail is the presence of tunnel barriers separating CNTs and contacts. As a result,
CNTs can be considered as a sequence of quantum dots, the number of which depends on the
spins of carriers and molecules. In particular, the parallel orientation of the two spins of magnetic
molecules in the figure 4.8 leads to three quantum dots for carriers with a spin up, while carriers
with the opposite spin are in the single quantum dots. For antiparallel spins, SMM carriers with
both spin down and spin up are in two QDs separated by one of the molecules.
The "splitting" of CNTs into quantum dots is shown on the right side of the figure 4.8. It is further
assumed that the Fermi level is located in the lower energy zone on the left side of the figure 4.8,
i.e. transmission through SMM is suppressed for carriers with a spin parallel to the spin of the
molecule. This assumption can be fulfilled by changing the gate voltage if the capacities of the
CNTs and the molecules are not identical.
It is important to emphasize that a simple picture with spin-dependent suppression of transmission
from Fano resonances presented on the right side of the figure 4.8 cannot explain all experimentally
observed phenomena without taking into account the Coulomb interaction in quantum dots. The
presence of several QDs in the system strongly affects the transport properties of the structure due
to charge effects characteristic of the Coulomb blockade. In particular, as will be shown below, the
Coulomb interaction leads to magnetic ordering of the SMM spins in a zero magnetic field, which is
necessary to explain the effect of the spin valve and GMR. Interaction effects are analyzed in detail
below.
Coulomb blockade: take interaction into account The Coulomb blockade (CB) was observed in
pure CNTs (see, for example, Sapmaz et al. (2005)) and it must be taken into account when
analyzing transport in nanotubes with magnetic molecules. Thanks to CB, conductivity is strongly
suppressed for certain ranges of gate voltage Vg and source-drain voltage Vsd , as shown on CB cards
in the figures 4.3. Below, a CB map for the model under study will be constructed, where the
configuration of the quantum dots in CNTs is determined by the SMM spins.
Before discussing the role of CB in transport through CNTs with magnetic molecules, we briefly
describe the basics of CB in the simplest case of a single quantum dot. The Coulomb interaction in
a finite electronic system leads to the appearance of an energy scale EC , called charge energy. In
the process of tunneling electrons to a quantum dot, the energy conservation condition includes this
interaction energy. As a result, charge transfer through a quantum dot can be blocked by Coulomb
interaction: in order to pass through a point, an electron must overcome charge energy. In this
regard, let us discuss separately on the question of calculating the charge energy of a system of
quantum dots connected to external gates.
Figure 4.9 (a) shows the equivalent electrostatic circuit for one quantum dot. Its free energy (for
zero voltage source-drain Vsd ) is given by the following expression:
F1 (N, Vg ) =

(eN + Cg Vg )2
,
2(Cg + CL + CR )

(4.10)

where N is the number of electrons per point, Cg is the capacitance between the point and the gate,
and CL,R is the capacitance between the point and the contacts. In linear response mode i.e. for
Vsd → 0, changing the number of electrons in the QD, in the general case we get different values of
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the free energy,
F1 (N ) < F1 (N + 1), F1 (N − 1),
and electrons cannot tunnel through QD.
However, for some “resonant” values of the gate voltage Vg∗ , the addition of an additional electron
to the QD does not change the free energy: F (N, Vg∗ ) = F (N + 1, Vg∗ ). Linear conductivity, in the
limit of Vsd → 0, through the QD differs from zero for these values of Vg . For a finite source-drain
voltage, the resonance conditions for the free energy of the system are described by the boundaries
of the “Coulomb diamonds” on the Coulomb blockade map with forbidden (Coulomb) regions
shown in blue in the figure 4.9 (c). When the change in N during tunneling to and from the QD
corresponds to a decrease in free energy (with energy conservation during inelastic scattering), the
current through the system can be finite (red areas in the figure 4.9 (c)).
(a)

(b)

1 .0

(d )

(c )
0 .5

0 .0

0 .0

sd

0 .5

U

U

sd

1 .0

- 0 .5

- 0 .5

- 1 .0

- 1 .0
- 0 .5

0 .0

U

0 .5
g

1 .0

- 0 .5

0 .0

U

0 .5

1 .0
g

Figure 4.9: (a) Equivalent electrostatic circuit for one quantum dot; (b) Equivalent electrostatic
circuit for a double quantum dot; (c) and (d) Typical Coulomb blockade maps for single and
double quantum dots, respectively, at T = 0. The blue and red regions correspond to zero and
final current, respectively.

Now we will discuss the principal difference between transport through a single QD and two or more
QDs, which is the main detail of the effect of the spin valve and GMR in the system under study.
For a system consisting of more than one QD, the conditions for the boundaries of the “diamonds”
are rather complicated. In general, a CB map for a system with two dots van der Wiel et al. (2002);
Matveev et al. (1996) (see the equivalent scheme in the figure 4.9 (b)) shows the final transport
gaps around zero source-drain voltage for all Vg values. In other words, the red areas above and
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below Vsd = 0 do not touch each other (blue areas are not separated from each other, unlike the
picture 4.9 (c)) as shown in the picture 4.9 (d), where a typical CB map for two QDs is shown.
The main difference between single QD and double QD systems is that in in the latter case, in order
to contribute to the current, the electron must tunnel to the first QD, then to the second QD, and
then to the contact. As a result, the transport conditions for a double QD should take into account
the difference in energies for adding an electron to the first and second points and the possibility
of electron tunneling between two points. The finite conductivity in the linear response limit for
Vsd → 0 requires equal free energies F2 for configurations with different numbers of particles in the
quantum dots:
F2 (N1 , N2 , Vg ) = F2 (N1 + 1, N2 , Vg ) = F2 (N1 , N2 + 1, Vg ).

(4.11)

It is known van der Wiel et al. (2002); Matveev et al. (1996) that in systems with double quantum
dots there may be no transport gap in a completely symmetric system: any asymmetry completely
blocks linear transport at zero temperature. In the general case, the conditions (4.11) are not satisfied
and, therefore, the transport gap for a double QD is opened for all values of the gate voltage. By
varying the gate voltages, the difference between the free energies (4.11) can be minimized, which
sets the value of the transport slots e δVsd = ∆F2 dots as a function Vg , see drawing 4.9 (d).
To obtain CB maps for CNTs with two magnetic molecules, it is necessary to calculate the free
energies of the Nazarov and Blanter (2009); van der Wiel et al. (2002) configurations with different
spin orientations of the molecules (parallel, ↑↑ and antiparallel, ↑↓) shown in the figure 4.8. We
represent the system using equivalent electrical circuits for different spin orientations of molecules,
see Fig.
4.10. Let us express free energy as a function of the number of electrons in a CB,
{N }i = {N1 , N2 , N3 , N4 }, gate and source-drain voltages, charge energy EC and dimensionless
function φαβ with α =↑, ↓, β =↑, ↓, where α and β denote the spin projections of two molecules:


eVg eVsd
,
= EC φαβ ({N }i , Ug , Usd ),
(4.12)
Fαβ ({N }i , Vg , Vsd ) = EC φαβ {N }i ,
EC EC
where Ug , Usd denotes the dimensionless gate and source-drain voltages (measured in units of EC =
e2 /L). In addition, all capacities are normalized to the length of the CNT Ci → Ci /L. The positions
of the two molecules x1 , x2 lie in the range (0, 1).

Figure 4.10: (Left figure) Equivalent circuit for electrons in the case of parallel orientation of
the spins of molecules. Channels 4 and 1-2-3 are associated with different orientations of carrier
spins. (Right figure) Similar to the left, but for antiparallel orientation of the spins of molecules.
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Capacities associated with the gate are proportional to the length of the CB, Cig ∼ li , while the
capacitances between the CB and the contacts are determined by the spatial overlap between them,
CiR,L ∼ lR,L ( in the experiment, metal contacts close the ends of the CNT). Capacities between QDs
with different spins are determined by their spatial overlap. Capacities between QDs in a channel
with the same electron spin are written as Cij ' κli lj /(li + lj ). We use the phenomenological
parameter κ, which characterizes the electrostatic properties of molecules, which can be determined
by numerical simulation of SMM attached to CNTs. In the future, we will use κ as the only one
fitting parameter of the model.
The value of the parameter κ can be understood in terms of the difference between a system of one
and two CBs. The energy of two points F2 (N1 , N2 ) in the limit κ → ∞ reduces to the energy of a
single quantum dot F1 (N1 + N2 ) with Cg = C1g + C2g . Therefore, the fitting parameter associated
with the capacitances between the molecules should be large κ ∼ 20 ÷ 30. Experimental transport
gap values e δVsd ∼ 1÷2 meV  EC are small in comparison with charge energy, thereby justifying
the assumption that κ  1. The calculated gaps in the transport, δ(eVsd ) = EC δUsd ∼ 1 ÷ 2 meV,
are in good agreement with the experimental observations. In the future, we take lL,R = 0.2 for
capacitors associated with the contacts, but the results are not very sensitive to this parameter.
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Figure 4.11: Left picture) Calculated conductance map I↑↓ (Vg , Vsd ) at zero magnetic field in
terms of the number of transport channels. Molecular positions: x1 = 0.2, x2 = 0.6; κ = 25.
(Right drawing) Similar to the left drawing, I↑↑ (Vg , Vsd ) but in an external magnetic field larger
than the critical Bc (see text).

Figures 4.11 show the conductance maps in terms of the number of transport channels (numbers of configurations {Ni } for with the non zero conductunce exist, see out paper for details) for
antiparallel and parallel spins of molecules located at x1 = 0.2 and x2 = 0.6.
In the left figure 4.11 it can be seen that for antiparallel orientation of the spins of the molecules
there is a gap around Vsd = 0 for all values of the gate voltage Vg . This is similar to having a
transport gap for a two-point system, see figure 4.9 (d). Indeed, as discussed above, for each
projection, the electron spin of a CNT is divided into two quantum dots, see the bottom panel in the
figure 4.8.
In the case of CNTs with magnetic molecules having a parallel orientation of the spins of the
molecules (the top panel in the figure 4.8), the transport gaps are closed at some values of Vg ,
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as for a CB with one QD, Fig. 4.9 (c). Thus, at such values of the gate voltage, a significant effect
of the spin valve occurs. The electrostatic interaction between the electrons tunneling through QD
4 with the electrons in QD 1, 1, 2, and 3 complicates the transport conditions for QD 4 depending
on the population of three other QDs (with electrons with opposite spin). As a result, unlike the
simplest case with a single QD (figure 4.9 (c)), not all transport gaps are closed on the CB map, as
shown on the right side of the figure 4.11.
The origin of this feature is associated with a change in the number of electrons in the (nonconducting) QDs 1, 2, and 3 by changing the gate voltage. When the gate voltage changes near the
point of degeneracy (where the free energies for {N }i and {N }i + 14 should be equal), the number
of electrons N1 , N2 or N3 can change and, therefore, affect free energy in such a way that the transport condition for CB 4 in this range of Vg is no longer satisfied at Vsd → 0. This feature is fully
consistent with the existence of a weakly pronounced spin valve effect observed experimentally at
some values of Vg , see Figures 4.3.
Interaction between molecular spins Below, it was shown that different configurations of molecular
spin orientations lead to different QD systems with different free energies. We now discuss the
orientation of the spins of molecules, which determine the spin orientation of electrons localized
on ligands. We introduce the interaction energy between the spins of the electrons localized on the
ligands, as the difference of the free energy between the antiparallel and parallel spins:

ESS (x1 , x2 , Vg ) = F↑↓ − F↑↑ ,

(4.13)

where x1 and x2 are the positions of two molecules. The interaction is due to the repulsive Coulomb
interaction in the presence of scattering by the Fano state in the energy region near the localized
state of molecules.
The interaction energy (4.13) between localized spins demonstrates nonmonotonic behavior when
the position of the molecules changes, as shown in the left figure 4.12 (the interaction energy
ESS (x1 , x2 , Vg )/EC is presented in units of charge energy in this graph). Fig. 4.12 shows the
dependence of the interaction energy ESS on the position of the second molecule x2 for a fixed
position of the first molecule x1 = 0.2 and two different gate voltage values (see graph). It can be
seen that for Ug = 1 the interaction between the molecules, through the conduction electrons in the
CNT, is antiferromagnetic regardless of the position of the second molecule. This corresponds to
the experimental observation of low conductivity in a zero magnetic field (recall that for antiparallel
orientation of molecular spins, for both electrons with spin up and down there are two QDs, the
lower panel in the right figure is 4.8).
The typical interaction energy is of the order of ESS ∼ 0.1 ÷ 0.2 meV. At the same time, it can
be seen that for a different gate voltage, Ug = 1.5, the effective spin-spin interaction between the
molecules can be either antiferromagnetic or ferromagnetic, depending on the position of the second
molecule. The right side of the figure 4.12 shows the dependence of the spin-spin interaction on
the gate voltage for a fixed position of the molecules, x1 = 0.2 and x2 = 0.6. For almost all gate
voltages, the interaction is antiferromagnetic and is in good agreement with the experimental value
of ∼ 1 K, which is indicated by the thin blue dashed line in the right figure 4.12.
In the presence of a nonzero external magnetic field, one can describe CNTs with SMM using the
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Figure 4.12: (Left picture) The interaction energy between the spins of localized electrons as a
function of the position of the molecule x2 with fixed x1 = 0.2 and κ = 25 for two values of the
gate voltage. Negative (positive) values correspond to antiferromagnetic (ferromagnetic) interaction. (Right figure) The interaction energy (red curve) between localized spins as a function of
the gate voltage Ug for a fixed position of molecules, x1 = 0.2 and x2 = 0.6, κ = 25. The blue
dashed line corresponds to the interaction energy estimated from the experiment. Insert: CNT
scheme with two TbPc 2 .

effective spin Hamiltonian:





ESS 
Ĥeff = − 2 Ŝ1z Ŝ2z + A Ŝ1z Jˆ1z + A Ŝ2z Jˆ2z
 2S

+µB gT Ĵ1 + gT Ĵ2 + gS Ŝ1 + gS Ŝ2 · B,

(4.14)

where gT = 1.5 and gS are the g factors of terbium and localized electrons, respectively. To simplify
the model, the terms describing the Zeeman energy of electrons localized on Pc can be omitted
because of their small spin compared to the terbium spin.
In this Hamiltonian, we assume that the molecules have a light axis in the z direction. Using the
effective Hamiltonian (4.14), we can estimate the characteristic magnetic field at which the Zeeman
energy exceeds the interaction energy ESS , and the spins of the molecules are oriented in parallel.
Assuming an applied magnetic field in the direction z, we find the critical field
Bc =

ESS
∼ 0.2 ÷ 0.3 T.
µB gT J

(4.15)

This value is also in good agreement with experimental data showing jumps in conductivity when
the magnetic field varies from −1 T to 1 T, see figure 4.2.
It should be noted that the proposed mechanism of indirect exchange between localized spins is
new.
Conductance and GMR One of the most powerful approaches used for conduction analysis in CB
mode is based on the kinetic equation for the distribution function of the CT system Beenakker
(1991); Matveev et al. (1996). For comparison with experiment, it is necessary to solve these equations in the finite source-drain voltage mode, where kinetic equations cannot be solved exactly,
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Figure 4.13: Conductivity at zero T depending on the source-drain voltage at Ug = 1.33. The
red dashed curve corresponds to the absence of a magnetic field (antiparallel orientation of the
spins of the molecules), the blue curve in the final magnetic field is higher than the critical one,
Bc (parallel spins of the molecules). The molecules are located at x1 = 0.2, x2 = 0.6 and
κ = 25.

unlike the linear regime Beenakker (1991). In this regime, you can find the areas where the tunneling current will flow without solving the kinetic equations by calculating the function of the
transport channels I(Vg , Vsd ), Fig. 4.11 (see our paper for details).
In the absence of an external magnetic field, the molecular spins are antiparallel oriented, and the
parallel spin orientation is realized for magnetic fields exceeding the critical one, B > Bc . The
molecules are located at the points x1 = 0.2, x2 = 0.6 and take κ = 25. For the antiparallel
configuration, the conductivity is greatly reduced in the region of zero source-drain voltages due to
the Coulomb blockade. The transport gap y δVsd ∼ 1 ÷ 2 meV, which opens at zero B, is clearly
visible in the left figure 4.11, according to the experimental observation, figure 4.3.
As indicated above, not all transport gaps are closed for the parallel orientation of the spins of
magnetic molecules. If the gate voltage corresponds to closing the gap in a magnetic field above the
critical field, a significant effect of the spin valve (i.e., GMR) is as in the left picture 4.5. If the
gap is present in a magnetic field, then it is usually smaller than with B = 0 (Fig. 4.11), which
leads to the effect of a weak spin valve, as in the right fig. 4.5 (non-zero linear conductivity is
associated with the final temperature in the experiment and the level broadening in CNTs). Thus,
the dependence of the spin valve efficiency on Vg is explained by the developed theoretical model.
The Coulomb interaction plays a decisive role: without CB effects, there will be no transport gap
when all the SMM spins are oriented by a strong magnetic field.
The conductivity value can be estimated in the case of a small number of open channels, I ∼ 1,
which is realized at a low source-drain voltage of eVsd . 0.3EC . The transparency of the TM
molecules is much greater than the transparency of the TL,R barriers (for energies not too close to
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the resonance energy, see Fig. 4.7), what gives
TL TR
G
∼
.
G0
TL + TR

(4.16)

Figure 4.13 shows conductivity as a function of source-drain voltage for Ug = 1.33. The red
dashed curve shows the conductivity at B = 0 (antiparallel molecular spins), and the blue curve
corresponds to a magnetic field exceeding the critical Bc (parallel molecular spins). The GMR
effect, caused by antiferromagnetic ordering of the spins of molecules and caused by the opening of
the transport gap at a zero magnetic field, is clearly visible in the figure 4.13 (see figure 4.11). The
shift of the window with low conductivity with respect to Vsd = 0, which follows from the proposed
model, is again consistent with experimental observations, figure 4.5.

63

C HAPTER V

Valley polarization in bilayer graphene

5.1

Introduction

One of the most interesting effect in mesoscopic physics is conductance quantization resulting from
the discretization of the one-dimensional (1D) subbands in a ballistic constriction van Wees et al.
(1988a); Beenakker and van Houten (1991); van Houten et al. (1992). The powerful method to study
1D physics is quantum point contact (QPC) geometry Thornton et al. (1986). The most typical 1D
ballistic systems shows quantized conductance in units of 2e2 /h, where the factor of 2 is due to spin
degeneracy. But their is a number or systems where additional factor of degeneracy appear due to
valley degree of freedom such as Si-SiGe heterostructures Scappucci et al. (2006), AlAs quantum
wells Gunawan et al. (2006), carbon nanotubes Biercuk et al. (2005) or single-layer and bilayer
graphene (SLG and BLG) Lin et al. (2008); Goossens et al. (2012); Overweg et al. (2018). Spin and
valley degeneracy should give rise to conductance steps of 4e2 /h. However, deviations from this
expected quantized value have been typically observed, and usually explained by the lifting of the
valley degeneracy because of confinement.
Breaking the valley degeneracy and controlling the valley isospin appears to be crucial in the development of valleytronics. Valley degeneracy could be tuned for various conditions and geometries
Recher et al. (2007, 2009); Zhang et al. (2011); in graphene, the design of valley filters and valley
valves has been proposed based on ballistic QPCs Rycerz et al. (2007). In addition, lifting the valley
degeneracy appears to be essential in graphene spin qubits Trauzettel et al. (2007). Here, we present
experiments on ballistic transport through a QPC electrostatically defined in BLG. In this chapter we will investigate magnetic field induced valley splitting of 1D subbands in bilayer graphene
QPC. To study the nontrivial splitting of the 1D subbands in this fourfold degenerate system, we
have employed local band-gap engineering, source-drain bias spectroscopy Patel et al. (1991), magnetoelectric subband-depopulation technique van Wees et al. (1988b), and semiphenomenological
modeling. At lowest magnetic fields, quantization of the QPC conductance in units of 4e2 /h is
clearly observed. With increasing magnetic field, these steps split, forming a peculiar pattern combining steps of e2 /h, 2e2 /h, and 4e2 /h. Our model, based on the 2×2 Hamiltonian McCann (2006),
agrees well with the full splitting of the Landau levels for the lowest two channels, as well as with
the observed exotic merging or mixing of the K and K 0 valleys from pairs of 1D subbands with
(N ; N + 2) indices.
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5. Valley polarization in bilayer graphene

Figure 5.1: (Left) Scheme of bilayer graphene. (Right) Spectra of bilayer graphene with applied
gate voltage

Before we inroduce experimental setup we brefly recall the structure of bilayer graphene (BLG). It
is shown on fig. 5.1 (left). It consist of two layers of graphene and atoms of sublattice A on top layer
are over atoms of B sublattice of down layer. The interaction between layers describes by tunnelint
matrix element γ1 ∼ 0.4 eV and γ0 describes interlayer hopping. This intralayer tunneling leads to
parabolic spectra of carriers in BLG, see dotted line in fig. 5.1 (right). If we apply gate voltage to
BLG this leads to open gap, see fig. 5.1 (right).
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Figure 5.2: (Left) Scheme of structure with quantum point contact in bilayer graphene. (Right)
Energy profile of this structure.

5.2

Expirement

All experiments shown in this chapter was made by group of R. Danneau in Institute of Nanotechnology in Karlsruhe.
To study QPC in BLG, we have used a device on which 1D confinement was induced by local
band-gap engineering. In those experiments, we used the displacement field created by the back
gate and split gate (BG and SG) to locally open a band gap and confine the charge carriers in the
QPC. However, keeping this geometry does not allow us to drive the constriction to the low-density
regime and observe the quantized conductance. In order to reach this regime, here we have added an
overall top gate (TG) on an edge-connected BLG encapsulated between a bottom and top hexagonal
boron nitride (hBN) multilayers, as depicted in Fig. 5.2.
In Fig. 5.3, the differential conductance G through the QPC as a function of TG voltage VTG is
displayed for different SG voltages VSG at a constant BG voltage VBG = 9 V. The conductance
curves are shifted for clarity and are based on raw data with no series resistance subtracted. A
robust and stable quantized staircase in G is observed with plateaus at integer values of 4e2 /h.
Here, we analyze the Fabry-Perot interferences observed as conductance oscillations as aforementioned. We estimate the size of the cavity associated with the observed Fabry-Perot interference.
Figure 5.4(a) shows the differential conductance G as a function of TG voltage VT G and Fermi
wave vector kF respectively (at VBG = 9.0V and VSG = -9.1 V), corresponding to Fig. 5.3. The
oscillating part of the conductance δG, plotted in Fig. 5.4(b), is obtained by subtracting the smooth
background from the conductance. The size of the cavity is directly linked to the oscillation frequency at resonance condition L = n kπF with n an integer number and thus can be extracted by
performing a Fourier transform. The resulting frequency spectrum is shown in Fig. 5.4(c). A pronounced peak is observed at about 230 nm, being in good agreement with the physical distance
between contacts.
To further analyze our QPC, we have studied the evolution of the 1D subband edges under a magnetic field B perpendicular to the BLG plane. Figure 5.5(a) shows G as a function of VTG for
different B from 20 mT (black thick curve) to 8 T (red curve), from left to right in steps of 100 mT,
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Figure 5.3: Differential conductance G as a function of VT G for different values of VSG from
-11.0 (left) to -10.5 V (right) with an increment of 0.1 V and at constant VBG = 9 V. The curves
are shifted for clarity by 2 V between consecutive traces (the leftmost curve is not shifted).
Well-quantized plateaus are observed in steps of 4e2 /h.

Figure 5.4: (a) Differential conductance G and (b) oscillating part of the conductance δG as
functions of the TG voltage VT G (upper abscissa) and Fermi wave vector kF (lower abscissa) at
constant BG voltage VBG = 9V and SG voltage VSG = -9.1 V. The oscillating part is obtained by
subtracting the smooth background conductance (orange) from the raw conductance (blue). (c)
Normalized Fourier transform of δG as a function of length L, yielding the frequency spectrum
of the oscillations corresponding to the size of the cavity at the resonance condition. The smooth
curve (black) is obtained by convolving the more noisy raw signal (blue) with a gaussian.
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Figure 5.5: (a) Differential conductance G as a function of VT G for different values of magnetic
field B in steps of 100 mT at fixed VBG = 9 and VSG = -10.6 V. The curves are shifted for clarity
to the right by an offset of 2 V/T (200 mV between consecutive curves). The thicker black line
(not shifted) corresponds to the data acquired at B = 20 mT. (b) Corresponding gray scale map of
dG/dVT G as a function of VT G and B. Colored dashed lines at B = 0.9 (orange), 1.5 (blue), 2.2
(green), and 8.0 T (red) denote the line cuts associated with the highlighted conductance traces
shown in (a). Transitions across magnetoelectric subbands appear as dark lines.

at VBG = 9 and VSG = -10.6 V. The curves are shifted for clarity by an offset of 200 mV between
consecutive curves. A clear change in the quantization of the conductance steps is observed as B
increases, from 4e2 /h to 2e2 /h suggesting lifting of the 1D subband valey degeneracy at high B.
Note that the full splitting of the 1D subbands is fully ambipolar; therefore it occurs for both holes
and electrons. Figure 5.5(b) displays the transconductance as a function of B and VT G of the data
set of Fig. 5.5(a). In the gray scale map bright parts represent quantized plateaus and the dark the
edge of subbands. This allows us to follow the complex 1D subband edge splitting of our QPC. It
can be see that with increasing magnetic field the valey degeneration is remove but further increase
leads to merging of subbands through one. The combination of electric and magnetic fields results
into a complex splitting and bunching of the so-called magnetoelectric subbands van Wees et al.
(1988b).

5.3

Theory

The Hamiltonian McCann (2006) for lowerest conductance and valence bands for two valleys could
be written in next form:




1
1
(p̂x − ip̂y )2
∆
(p̂x + ip̂y )2
∆
2m
2m
,
ĤK 0 = 1
,
ĤK = 1
(p̂ + ip̂y )2
−∆
(p̂ − ip̂y )2
−∆
2m x
2m x
(5.1)
where m - effective mass in BLG, ∆ - is half of displacement field, i.e. difference between onsite
energies of upper and lower graphene layers and result in band gap 2∆ for bilayer graphene. This
Hamiltonian acting if the space of (ψA1 , ψB2 ). Here we neglect so called ”sambrero” assuming
∆  t1 , where t1 - is most strongest intra layer hopping matrix element between A2-B1 atoms of
graphene sheets.
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To obtain the main trends of conductance in magnetic field we analyze BLG stripe (xy plane) of
width 2W along y axis and obtain it’s spectrum. The magnetic field include into Hamiltonian by
replacing of momentum operators p̂ → p̂ − eA/c. Also we use notation p̂+ = p̂x − eAx /c + ip̂y −
ieAy /c, p̂− = p̂x − eAx /c − ip̂y + ieAy /c. For stripe it is conveniently to use A = (−By, 0, 0) for
vector potential of electromagnetic field. The conductance in the absence of magnetic field defined
by size quantization levels, which
p energies starts from zero momentum along stripe and in strong
magnetic field lB  W (lB = ~c/eB - is magnetic length) defined by bulk Landau levels, so we
can set kx = 0 to obtained the steps in conductance.
The resulting equations for two valleys:
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2
2
2 2
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,
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we can express equations on ψA1 functions in terms of operator Â:
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(5.2)

(5.3)

(5.4)
(5.5)

(5.6)
(5.7)

For same boundary condition ψA1 (±W ) = 0, ψB2 (±W ) = 0 the problem (5.2, 5.3) could be solved
exactly. One can solve the equation on eigen functions of operator Â for any magnetic filed:
(
Âϕn = εA
n ϕn
.
(5.8)
ϕ(±W ) = 0
This functions ϕn form a complete basis
zero boundary
at ±W and each functions
P with
P conditions
n
n
n
n
can be decomposed over it ψA1
=
c
ϕ
,
ψ
=
d
ϕ
.
Then
one need to obtain the
m
m
B2
m m
m m
spectra using equations (5.6, 5.7). This leads to cnm = δnm , where δnm - is Kronecker delta, and
eigen values:
q
2
2
(5.9)
EnK = ∆2 + (εA
n + ~ωB /2) − (~ωB /2) ,
q
0
2
2
EnK = ∆2 + (εA
(5.10)
n − 3~ωB /2) − (~ωB /2) ,
2
where ~ωB = ~2 /mlB
.
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Figure 5.6: (Left) Energy level diagram of the QPC at zero and high magnetic field. (Right)
Valley subband dispersion as a function of B calculated with our model. The numbers displayed
in the plot correspond to the quantized conductance values of the plateaus in units of e2 /h

In the absence of magnetic field one can have:
Âϕn = En0 ϕn ,
p
0
EnK,K = ∆2 + (En0 )2 ,

(5.11)
(5.12)

where En0 - defined the size quantization levels in QPC. This levels are degenerate on valleys.
In large magnetic field lB  W eigen values of operator Â could be find easily too:
Âϕ̃n = ~ωB (n + 1)ϕ̃n ,
s
 2 2
~
2
(n + 1)(n + 2),
EK = ∆ +
2
mlB
s
 2 2
~
EK 0 = ∆2 +
n(n − 1).
2
mlB

(5.13)
(5.14)
(5.15)

In continuous magnetic field one need to solve exactly the problem (5.8). But the general behavior
is that size quantization wave functions with given number n trends to harmonic oscillator wave
functions with same number, i.e. ϕn −−−→ ϕ̃n−1 . This describes why valley degenerate size quanB→∞
tization energy levels (5.12) at zero magnetic field splits into two lines that stick together through
one (5.14, 5.15) with increase magnetic field.
Figure 5.6(left) depicts schematically the pattern of energy levels in the QPC at zero and at high B,
while Fig. 5.6(right) shows the evolution of the 1D subbands with magnetic field. Comparing this
plot with Fig. 5.5(b), we see that our simplified model captures the main qualitative features of the
valley splitting induced by magnetic field.
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C HAPTER VI

Conclusions

• The theory of electrons spin relaxation in quantum wells with magnetic impurities is developed, taking into account impurities spin-spin correlations. Such correlations can be caused
by indirect exchange interaction through delocalized carriers (RKKY). At low temperature,
an additional contribution to the spin relaxation rate arises due to the fluctuating exchange
field created by correlated magnetic spins. As the temperature increases, the spin correlations
become weaker, and the spin relaxation of the electrons slows down to a value determined
by temperature-independent scattering processes with spin flip at a single impurity. An increase in the concentration of carriers responsible for indirect exchange enhances the spin
correlations and, thus, accelerates the relaxation of the electron spin.
• A theory of manganese spin relaxation and effective g factor has been developed in the magnetic semiconductor (Ga, Mn) As. Temperature dependence of this values, including the
ferromagnetic and paramagnetic phases, are determined. Two main mechanisms of spin relaxation of manganese associated with the presence of holes were discovered. In gallium
arsenide doped with manganese, holes behave in two ways: as carriers of magnetic interaction between centers of manganese and as a channel for their spin relaxation. The strong spin
– orbit interaction of holes leads to short spin relaxation times, and the exchange interaction of
holes with 3d5 electrons of manganese causes its spin relaxation. This mechanism of spin relaxation of manganese dominates in the ferromagnetic phase, and in the paramagnetic phase,
the main mechanism of spin relaxation of Mn is associated with hole spin fluctuations.
• A theory of indirect exchange interaction has been developed for magnetic adatoms located
on the graphene. The presence of resonant localized states in adatoms enhances the interaction when this state is occupied. An important property of resonant indirect exchange in
graphene is that, unlike the non-resonant theory of RKKY in graphene, the type of interaction
(ferromagnetic or antiferromagnetic) is the same for bought types of coupling of adatoms with
sublattices A and B. An interaction is ferromagnetic at short distances if the energy level of
the bound state lies in the conduction band and is antiferromagnetic for the energy level of the
bound state lying in the valence band.
• The Curie temperature in GaAs heterostructures with an Mn δ layer located in the vicinity of
the In x Ga 1−x As quantum well and its dependence on the depth of the quantum well are es-
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timated. The Curie temperature consists of two contributions, the first is related to magnetism
inside the layer and is independent of the QW, and the second is associated with an indirect
exchange interaction mediated by QW holes. The second contribution has a nonmonotonic
dependence on the QW depth associated with the energy of the localized state of the magnetic
center which falls in the filled QW states.
• A theoretical model was developed explaining the effect of giant magnetoresistance (spin
valve effect) and Coulomb blockade in carbon nanotubes with attached magnetic molecules.
The proposed model qualitatively explains the giant magnetoresistance, as well as the structure of Coulomb diamonds in nonlinear transport in a carbon nanotube with magnetic molecules
attached to it. The developed theory of giant magnetoresistance in carbon nanotubes with single magnetic molecules predicts a long-range interaction between them, due to the Coulomb
interaction of electrons in the nanotube and their resonant spin-dependent scattering by molecules.
• It has been demonstrated that the spin-spin interaction (including its sign) of magnetic molecules
attached to a carbon nanotube depends on the gate voltage and the positions of the molecules.
For antiferromagnetic ordering of the spins of magnetic molecules, the magnitude of the magnetoresistance also depends on the value of the gate voltage, which leads to the appearance of
a gate-controlled effect of the spin valve.
• The simple model for magnetoelectric subbands in bilayer graphene quantum point contact
was developed. It was shown that applied magnetic field leads to valley polarization in quantum point contact. With increasing magnetic field the merging of size quantization levels
through one (N,N+2) take place.

References
B IBLIOGRAPHY

Akimoto, R., Ando, K., Sasaki, F., Kobayashi, S., Tani, T., 1997. Carrier spin dynamics in
CdTe/Cd1−x Mnx Te quantum wells. Phys. Rev. B 56, 9726–9733.
Aligia, A.A., Roura-Bas, P., Florens, S., 2015. Impact of capacitance and tunneling asymmetries
on Coulomb blockade edges and Kondo peaks in nonequilibrium transport through molecular
quantum dots. Phys. Rev. B 92, 035404.
Aronzon, B., Davydov, A., Goiran, M., Raquet, B., Lashkul, A., Lahderanta, E., 2013. Quantum,
normal and anomalous Hall effect in 2D ferromagnetic structures: GaAs/InGaAs/GaAs quantum
well with remote Mn delta-layer. Journal of Physics: Conference Series 456, 012001.
Aronzon, B.A., Kovalchuk, M.V., Pashaev, E.M., Chuev, M.A., Kvardakov, V.V., Subbotin,
I.A., Rylkov, V.V., Pankov, M.A., Likhachev, I.A., Zvonkov, B.N., Danilov, Y.A., Vihrova,
O.V., Lashkul, A.V., Laiho, R., 2008. Structural and transport properties of GaAs/δMn/GaAs/Inx Ga1−x As/GaAs quantum wells. Journal of Physics: Condensed Matter 20, 145207.
Aronzon, B.A., Pankov, M.A., Rylkov, V.V., Meilikhov, E.Z., Lagutin, A.S., Pashaev, E.M., Chuev,
M.A., Kvardakov, V.V., Likhachev, I.A., Vihrova, O.V., Lashkul, A.V., Lähderanta, E., Vedeneev,
A.S., Kervalishvili, P., 2010. Ferromagnetism of low-dimensional Mn-doped III-V semiconductor
structures in the vicinity of the insulator-metal transition. J. Appl. Phys. 107, 023905.
Bairagi Kaushik, Iasco Olga, Bellec Amandine, Kartsev Alexey, Li Dongzhe, Lagoute Jérôme, Chacon Cyril, Girard Yann, Rousset Sylvie, Miserque Frédéric, Dappe Yannick J, Smogunov Alexander, Barreteau Cyrille, Boillot Marie-Laure, Mallah Talal, Repain Vincent, 2016. Molecular-scale
dynamics of light-induced spin cross-over in a two-dimensional layer. Nature Communications
7, 12212.
Balanta, M.A.G., Brasil, M.J.S.P., Iikawa, F., Brum, J.A., Mendes, U.C., Danilov, Y.A., Dorokhin,
M.V., Vikhrova, O.V., Zvonkov, B.N., 2014. Effects of a nearby Mn delta layer on the optical
properties of an InGaAs/GaAs quantum well. Journal of Applied Physics 116, 203501.
Bardeen, J., 1961. Tunnelling from a many-particle point of view. Phys. Rev. Lett. 6, 57–59.
Bartolomé, J., Luis, F., Fernández, J.F., 2014. Molecular Magnets: Physics and Applications.
NanoScience and Technology, Springer-Verlag Berlin Heidelberg.
Beenakker, C., van Houten, H., 1991. Quantum transport in semiconductor nanostructures 44, 1 –
228.
Beenakker, C.W.J., 1991. Theory of coulomb-blockade oscillations in the conductance of a quantum
dot. Phys. Rev. B 44, 1646–1656.

73

74

References

Ben Cheikh, Z., Cronenberger, S., Vladimirova, M., Scalbert, D., Perez, F., Wojtowicz, T., 2013.
Electron spin dephasing in Mn-based II-VI diluted magnetic semiconductors. Phys. Rev. B 88,
201306.
Biercuk, M.J., Mason, N., Martin, J., Yacoby, A., Marcus, C.M., 2005. Anomalous conductance
quantization in carbon nanotubes. Phys. Rev. Lett. 94, 026801.
Bihler, C., Schoch, W., Limmer, W., Goennenwein, S.T.B., Brandt, M.S., 2009. Spin-wave resonances and surface spin pinning in Ga1−x Mnx As thin films. Phys. Rev. B 79, 045205.
Black-Schaffer, A.M., 2010. RKKY coupling in graphene. Phys. Rev. B 81, 205416.
Bogani, L., Cavigli, L., Gurioli, M., Novak, R., Mannini, M., Caneschi, A., Pineider, F., Sessoli, R.,
Clemente-León, M., Coronado, E., Cornia, A., Gatteschi, D., 2007. Magneto-optical investigations of nanostructured materials based on single-molecule magnets monitor strong environmental effects. Advanced Materials 19, 3906–3911. doi:doi:10.1002/adma.200700594.
Bogani Lapo, Wernsdorfer Wolfgang, 2008. Molecular spintronics using single-molecule magnets.
Nat Mater 7, 179–186. doi:doi:http://dx.doi.org/10.1038/nmat2133. 10.1038/nmat2133.
Bombeck, M., Salasyuk, A.S., Glavin, B.A., Scherbakov, A.V., Brüggemann, C., Yakovlev, D.R.,
Sapega, V.F., Liu, X., Furdyna, J.K., Akimov, A.V., Bayer, M., 2012. Excitation of spin waves in
ferromagnetic (Ga,Mn)As layers by picosecond strain pulses. Phys. Rev. B 85, 195324.
Brar, V.W., Decker, R., Solowan, H.M., Wang, Y., Maserati, L., Chan, K.T., et. al., 2011. Tuning
charge and correlation effects for a single molecule on a graphene device. Nat. Phys. 7, 43–47.
Brey, L., Fertig, H.A., Das Sarma, S., 2007. Diluted graphene antiferromagnet. Phys. Rev. Lett. 99,
116802.
Camilleri, C., Teppe, F., Scalbert, D., Semenov, Y.G., Nawrocki, M., Dyakonov, M., Cibert, J.,
Tatarenko, S., Wojtowicz, T., 2001. Electron and hole spin relaxation in modulation-doped CdMnTe quantum wells. Phys. Rev. B 64, 085331–7.
Castro Neto, A.H., Guinea, F., Peres, N.M.R., Novoselov, K.S., Geim, A.K., 2009. Rev. Mod. Phys.
81, 109–162.
Christou, G., Gatteschi, D., Hendrickson, D.N., Sessoli, R., 2000. Single-molecule magnets. MRS
Bulletin 25, 66–71.
Cornia, A., Costantino, A.F., Zobbi, L., Caneschi, A., Gatteschi, D., Mannini, M., Sessoli, R., 2006.
Preparation of Novel Materials Using SMMs. Springer Berlin Heidelberg, Berlin, Heidelberg.
pp. 133–161. doi:doi:10.1007/430_029.
Coronado, E., Forment-Aliaga, A., Gaita-Arino, A., Giménez-Saiz, C., Romero, F.M., Wernsdorfer, W., 2004. Polycationic Mn12 Single-Molecule Magnets as Electron Reservoirs with S>10
Ground States. Angewandte Chemie International Edition 43, 6152–6156.
Crooker, S.A., Awschalom, D.D., Baumberg, J.J., Flack, F., Samarth, N., 1997. Optical spin resonance and transverse spin relaxation in magnetic semiconductor quantum wells. Phys. Rev. B 56,
7574–7588.

75
Crooker, S.A., Baumberg, J.J., Flack, F., Samarth, N., Awschalom, D.D., 1996. Terahertz Spin
Precession and Coherent Transfer of Angular Momenta in Magnetic Quantum Wells. Phys. Rev.
Lett. 77, 2814–2817.
Cygorek, M., Tamborenea, P.I., Axt, V.M., 2016. Carrier-impurity spin transfer dynamics in paramagnetic II-VI diluted magnetic semiconductors in the presence of a wave-vector-dependent magnetic field. Phys. Rev. B 93, 205201.
Danilov, Y.A., Vikhrova, O.V., Kudrin, A.V., Zvonkov, B.N., 2012. Ferromagnetic GaAs structures
with single Mn delta-layer fabricated using laser deposition. J. Nanosci. Nanotechn. 12, 5122.
Dietl, T., Haury, A., d’Aubigné, Y.M., 1997. Free carrier-induced ferromagnetism in structures of
diluted magnetic semiconductors. Phys. Rev. B 55, R3347–R3350.
Dietl, T., Ohno, H., Matsukura, F., 2001. Hole-mediated ferromagnetism in tetrahedrally coordinated semiconductors. Phys. Rev. B 63, 195205.
Dobrowolska, M., Tivakornsasithorn, K., Liu, X., Furdyna, J.K., Berciu, M., Yu, K.
M. Walukiewicz, W., 2012. Controlling the Curie temperature in (Ga,Mn)As through location
of the Fermi level within the impurity band. Nature Materials 11, 444.
Dyakonov, M.I. (Ed.), 2008. Spin Physics in Semiconductors. Springer series in solid-state sciences.
Fano, U., 1961. Effects of configuration interaction on intensities and phase shifts. Phys. Rev. 124,
1866–1878.
Fleury, B., Catala, L., Huc, V., David, C., Zhao Zhong, W., Jegou, P., Baraton, L., Palacin, S.,
Albouy, P.A., Mallah, T., 2005. A new approach to grafting a monolayer of oriented Mn12
nanomagnets on silicon. Chem. Commun. , 2020–2022.
Galperin, M., Nitzan, A., 2012. Molecular optoelectronics: the interaction of molecular conduction
junctions with light. Phys. Chem. Chem. Phys. 14, 9421–9438. doi:doi:10.1039/C2CP40636E.
Ganzhorn, M., Klyatskaya, S., Ruben, M., Wernsdorfer, W., 2013. Strong spin–phonon coupling
between a single-molecule magnet and a carbon nanotube nanoelectromechanical system. Nature
Nanotechnology 8, 165–169.
Gatteschi, D., Sessoli, R., Villain, J., 2006. Molecular nanomagnets. Mesoscopic physics and
nanotechnology ; 5, Oxford University Press, Oxford [u.a.].
Gerber, I.C., Krasheninnikov, A.V., Foster, A.S., Nieminen, R.M., 2010. A first-principles study on
magnetic coupling between carbon adatoms on graphene. New J. Phys. 12, 113021.
Goossens, A.S.M., Driessen, S.C.M., Baart, T.A., Watanabe, K., Taniguchi, T., Vandersypen,
L.M.K., 2012. Gate-defined confinement in bilayer graphene-hexagonal boron nitride hybrid
devices. Nano Letters 12, 4656–4660.
Gunawan, O., Habib, B., De Poortere, E.P., Shayegan, M., 2006. Quantized conductance in an AlAs
two-dimensional electron system quantum point contact. Phys. Rev. B 74, 155436.

76

References

Haghgoo, S., Cubukcu, M., von Bardeleben, H.J., Thevenard, L., Lemaître, A., Gourdon, C., 2010.
Exchange constant and domain wall width in (Ga,Mn)(As,P) films with self-organization of magnetic domains. Phys. Rev. B 82, 041301.
Hammar, H., Fransson, J., 2016. Time-dependent spin and transport properties of a single-molecule
magnet in a tunnel junction. Phys. Rev. B 94, 054311.
Haury, A., Wasiela, A., Arnoult, A., Cibert, J., Tatarenko, S., 1997. Observation of a ferromagnetic
transition induced by two-dimensional hole gas in modulation-doped CdMnTe quantum wells.
Phys. Rev. Lett. .
Hong, K., Kim, W.Y., 2013. Fano-resonance-driven spin-valve effect using single-molecule magnets. Angewandte Chemie International Edition 52, 3389–3393.
van Houten, H., Beenakker, C., van Wees, B., 1992. Chapter 2: Quantum point contacts 35, 9 –
112.
Hueso Luis E., Pruneda Jose M., Ferrari Valeria, Burnell Gavin, Valdes-Herrera Jose P., Simons
Benjamin D., Littlewood Peter B., Artacho Emilio, Fert Albert, Mathur Neil D., 2007. Transformation of spin information into large electrical signals using carbon nanotubes. Nature 445,
410–413.
Ishikawa, N., Sugita, M., Ishikawa, T., Koshihara, S.y., Kaizu, Y., 2004. Mononuclear lanthanide
complexes with a long magnetization relaxation time at high temperatures: A new category of
magnets at the single-molecular level. The Journal of Physical Chemistry B 108, 11265–11271.
Ishikawa, N., Sugita, M., Okubo, T., Tanaka, N., Iino, T., Kaizu, Y., 2003. Determination of LigandField Parameters and f-Electronic Structures of Double-Decker Bis(phthalocyaninato)lanthanide
Complexes. Inorganic Chemistry 42, 2440–2446.
Ishikawa Naoto, Sugita Miki, Tanaka Naohiro, Ishikawa Tadahiko, Koshihara Shin-ya, Kaizu
Youkoh, 2004. Upward Temperature Shift of the Intrinsic Phase Lag of the Magnetization of
Bis(phthalocyaninato)terbium by Ligand Oxidation Creating an S = 1/2 Spin. Inorganic Chemistry 43, 5498–5500.
Jia, C., Guo, X., 2013. Molecule-electrode interfaces in molecular electronic devices. Chem. Soc.
Rev. 42, 5642–5660. doi:doi:10.1039/C3CS35527F.
Jia, C., Migliore, A., Xin, N., Huang, S., Wang, J., Yang, Q., Wang, S., Chen, H., Wang, D.,
Feng, B., Liu, Z., Zhang, G., Qu, D.H., Tian, H., Ratner, M.A., Xu, H.Q., Nitzan, A., Guo, X.,
2016. Covalently bonded single-molecule junctions with stable and reversible photoswitched
conductivity. Science 352, 1443–1445. doi:doi:10.1126/science.aaf6298.
Jungwirth, T., Sinova, J., Masek, J., Kucera, J., MacDonald, A.H., 2006. Theory of ferromagnetic
(III,Mn)V semiconductors. Rev. Mod. Phys. 78, 809–864.
Katoh, K., Yoshida, Y., Yamashita, M., Miyasaka, H., Breedlove, B.K., Kajiwara, T., Takaishi, S.,
Ishikawa, N., Isshiki, H., Zhang, Y.F., Komeda, T., Yamagishi, M., Takeya, J., 2009. Direct
Observation of Lanthanide(III)-Phthalocyanine Molecules on Au(111) by Using Scanning Tunneling Microscopy and Scanning Tunneling Spectroscopy and Thin-Film Field-Effect Transistor

77
Properties of Tb(III)- and Dy(III)-Phthalocyanine Molecules. Journal of the American Chemical
Society 131, 9967–9976.
Khazen, K., von Bardeleben, H.J., Cantin, J.L., Thevenard, L., Largeau, L., Mauguin, O., Lemaître,
A., 2008. Ferromagnetic resonance of Ga0.93 Mn0.07 As thin films with constant Mn and variable
free-hole concentrations. Phys. Rev. B 77, 165204.
Kimel, A.V., Astakhov, G.V., Schott, G.M., Kirilyuk, A., Yakovlev, D.R., Karczewski, G., Ossau,
W., Schmidt, G., Molenkamp, L.W., Rasing, T., 2004. Picosecond Dynamics of the Photoinduced
Spin Polarization in Epitaxial (Ga,Mn)As Films. Phys. Rev. Lett. 92, 237203.
Kittel, C., 1959. Theory of Ferromagnetic Resonance in Rare Earth Garnets. I. g Values. Phys. Rev.
115, 1587–1590.
Kogan, E., 2011. RKKY interaction in graphene. Phys. Rev. B 84, 115119.
Komeda Tadahiro, Isshiki Hironari, Liu Jie, Zhang Yan-Feng, Lorente Nicolás, Katoh Keiichi,
Breedlove Brian K., Yamashita Masahiro, 2011. Observation and electric current control of a
local spin in a single-molecule magnet. Nature Communications 2, 217.
Korenev, V., Akimov, I., Zaitsev, S., Sapega, V., Langer, L., Yakovlev, D., Danilov, Y.A., Bayer, M.,
2012. Dynamic spin polarization by orientation-dependent separation in a ferromagnet semiconductor hybrid. Nat. Commun. 3, 959.
Krainov, I.V., Debus, J., Averkiev, N.S., Dimitriev, G.S., Sapega, V.F., Lähderanta, E., 2016. Fine
structure of the Mn acceptor in GaAs. Phys. Rev. B 93, 235202.
Krainov, I.V., Rozhansky, I.V., Averkiev, N.S., Lähderanta, E., 2015a. Indirect exchange interaction
between magnetic adatoms in graphene. Phys. Rev. B 92, 155432.
Krainov, I.V., Sapega, V.F., Averkiev, N.S., Dimitriev, G.S., Ploog, K.H., Lähderanta, E., 2015b.
Manganese spin dephasing mechanisms in ferromagnetic (Ga,Mn)As. Phys. Rev. B 92, 245201.
Lin, Y.M., Perebeinos, V., Chen, Z., Avouris, P., 2008. Electrical observation of subband formation
in graphene nanoribbons. Phys. Rev. B 78, 161409.
Liu, X., Furdyna, J.K., 2006. Ferromagnetic resonance in Ga1−x Mnx As dilute magnetic semiconductors. J. Phys. Condens. Matter 18, R245.
Liu, X., Lim, W.L., Dobrowolska, M., Furdyna, J.K., Wojtowicz, T., 2005. Ferromagnetic resonance
study of the free-hole contribution to magnetization and magnetic anisotropy in modulationdoped Ga1−x Mnx As/Ga1−y Aly As:Be. Phys. Rev. B 71, 035307.
Lopes, M., Candini, A., Urdampilleta, M., Reserbat-Plantey, A., Bellini, V., Klyatskaya, S., Marty,
L., Ruben, M., Affronte, M., Wernsdorfer, W., Bendiab, N., 2010. Surface-enhanced raman signal
for terbium single-molecule magnets grafted on graphene. ACS Nano 4, 7531–7537.
Luo, G., Park, K., 2016. Magnetic-anisotropy-induced spin blockade in a single-molecule transistor.
Phys. Rev. B 94, 174412. doi:doi:10.1103/PhysRevB.94.174412.
Mastrogiuseppe, D., Sandler, N., Ulloa, S.E., 2014. RKKY interaction and intervalley processes in
p-doped transition-metal dichalcogenides. Phys. Rev. B 90, 161403.

78

References

Matveev, K.A., Glazman, L.I., Baranger, H.U., 1996. Coulomb blockade of tunneling through a
double quantum dot. Phys. Rev. B 54, 5637–5646.
McCann, E., 2006. Asymmetry gap in the electronic band structure of bilayer graphene. Phys. Rev.
B 74, 161403.
Meded, V., Bagrets, A., Fink, K., Chandrasekar, R., Ruben, M., Evers, F., Bernand-Mantel, A.,
Seldenthuis, J.S., Beukman, A., van der Zant, H.S.J., 2011. Electrical control over the Fe(II)
spin crossover in a single molecule: Theory and experiment. Phys. Rev. B 83, 245415. doi:doi:
10.1103/PhysRevB.83.245415.
Meier, F., Zakharchenya, B. (Eds.), 1984. Optical orientation. volume 8 of Modern Problems in
Condensed Matter Science Series. North-Holland, Amsterdam.
Miroshnichenko, A., Flach, S., Kivshar, Y., 2010. Fano resonances in nanoscale structures. Rev.
Mod. Phys. 82, 2257–2298.
Mitsumori, Y., Oiwa, A., Słupinski, T., Maruki, H., Kashimura, Y., Minami, F., Munekata, H., 2004.
Dynamics of photoinduced magnetization rotation in ferromagnetic semiconductor (Ga,Mn)As.
Phys. Rev. B 69, 033203.
Miyamachi Toshio, Gruber Manuel, Davesne Vincent, Bowen Martin, Boukari Samy, Joly Loïc,
Scheurer Fabrice, Rogez Guillaume, Yamada Toyo Kazu, Ohresser Philippe, Beaurepaire Eric,
Wulfhekel Wulf, 2012. Robust spin crossover and memristance across a single molecule. Nature
Communications 3, 938.
Moreno Pineda, E., Komeda, T., Katoh, K., Yamashita, M., Ruben, M., 2016. Surface confinement
of TbPc2-SMMs: structural, electronic and magnetic properties. Dalton Trans. 45, 18417–18433.
Myers, R.C., Gossard, A.C., Awschalom, D.D., 2004. Tunable spin polarization in III-V quantum
wells with a ferromagnetic barrier. Phys. Rev. B 69, 161305.
Myers, R.C., Sheu, B.L., Jackson, A.W., Gossard, A.C., Schiffer, P., Samarth, N., Awschalom, D.D.,
2006. Antisite effect on hole-mediated ferromagnetism in (Ga,Mn)As. Phys. Rev. B 74, 155203.
Naitabdi, A., Bucher, J.P., Gerbier, P., Rabu, P., Drillon, M., 2005. Self-Assembly and Magnetism
of Mn12 Nanomagnets on Native and Functionalized Gold Surfaces. Advanced Materials 17,
1612–1616.
Nazarov, J.V., Blanter, Y.M., 2009. Quantum transport: introduction to nanoscience. 1. publ. ed.,
Cambridge Univ. Press, Cambridge [u.a.].
Nemec, P., Novak, V., Tesarova, N., Rozkotova, E., Reichlova, H., Butkovicova, D., Trojanek, F.,
Olejnik, K., Maly, P., Campion, R.P., Gallagher, B.L., Sinova, J., Jungwirth, T., 2013. The
essential role of carefully optimized synthesis for elucidating intrinsic material properties of
(Ga,Mn)As. Nat. Comm. 4, 2426.
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We demonstrate theoretically that the presence of holes, either resident or photocreated, in diluted magnetic
quantum wells accelerates the spin relaxation of electrons via a mechanism which has been previously overlooked.
This effect is due to the spin correlations, which establish between magnetic ions coupled via hole-mediated
Ruderman-Kittel-Kasuya-Yoshida interactions in the paramagnetic phase. As a consequence, the electron
spin relaxation becomes temperature and hole density dependent, in contrast to existing theories. Our theory
qualitatively reproduces the increase of the electron spin relaxation rate with pump power observed in n-doped
CdMnTe magnetic quantum wells [Ben Cheikh et al., Phys. Rev. B 88, 201306 (2013)]. It also predicts a decrease
of the spin relaxation rate with temperature, as observed, although not in the same temperature range.
DOI: 10.1103/PhysRevB.96.165304
I. INTRODUCTION

The physics of the nonequilibrium spin in semiconductors and semiconductor nanostructures has been extensively
studied during the past decades, both experimentally and theoretically, boosted by the ideas of potential applications [1,2].
The density and temperature dependence of the electron spin
relaxation time in nonmagnetic n-doped bulk semiconductors
and quantum wells (QWs) is relatively well understood [3,4].
Depending on the density of electrons, either hyperfine (low
density) or spin-orbit (high-density) interaction dominates
the relaxation process [3]. Spin relaxation times of order
of ∼100 ns have been achieved in bulk semiconductors
with intermediate electron density close to metal-to-insulator
transition, where a compromise between hyperfine and spinorbit spin relaxation is achieved [5]. The spin relaxation
in two-dimensional nanostructures is usually faster, and for
the same reason as in bulk semiconductors the longest spin
coherence times are obtained for weakly localized spins
[6]. In the samples with the optimized electron density,
the increase of the lattice temperature leads to additional
delocalization of electrons, so that spin-orbit relaxation is
enhanced via Dyakonov-Perel mechanism [7]. The increased
optical pumping power has the same effect on the electron
spin; the reason for this behavior is assumed to be the heating
of the resident electrons by the photoexcitation [8].
Diluted magnetic semiconductors (DMSs), and their nanostructures eventually hosting a two-dimensional electron or
hole gas, do not fit the scheme described above. In these
materials the carrier spin relaxation is much faster than in
their nonmagnetic counterparts. Such fast relaxation is a
consequence of the exchange scattering with the magnetic
dopants [9–13]. The role of the exchange scattering is also
evidenced by the magnetic field dependence of the transverse
electron spin relaxation time T2e∗ , measured by Kerr rotation experiments in Voigt geometry [10,13–16]. Indeed, T2e∗ exhibits a
very characteristic nonmonotonous magnetic field dependence
(at least at relatively low Mn concentrations and at liquid
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helium temperatures): an initial decrease at low fields up to
1–2 T, followed by an increase at higher fields. Recalling that
inhomogeneous broadening mechanisms contribute to T2e∗ , this
behavior can be consistently understood if the inhomogeneous
heating of the Mn spin system induced by the laser pulses is
taken into account [13,15]. As the temperature is increased
the inhomogeneous heating is strongly suppressed, and one
observes a nearly field-independent T2e∗ [13].
Studies of the temperature dependence of the electron spin
relaxation time in magnetic QWs are scarce but indicate
either almost constant spin relaxation time [10,11], or even
weakly increasing relaxation time with temperature in a regime
of low manganese concentration [13]. The zero-field power
dependence is also puzzling as the spin relaxation time may
either decrease [13] or increase [10] with optical pump power.
Calculations of the electron spin relaxation time based
on the Fermi golden rule fail to reproduce the experimental
results, even in the simplest case of conduction band electrons
confined in a CdMnTe quantum well. Indeed, calculated spin
relaxation times are systematically about five time longer than
the experimental values [12,13]. More elaborate theories based
on quantum kinetic equations have been developed [17,18].
In the theory presented in Ref. [17] the electron spins were
considered as a subsystem interacting with a bath of magnetic
impurities. In Ref. [18] the authors established the quantum
kinetic equations for the whole electron-impurity system,
thereby including the electron-impurity spin correlations [18].
These theories allow calculating the magnetic field dependence
of both the longitudinal and the transverse electron spin
relaxation times. However, the calculated values do not differ
at zero field from those obtained within the Fermi golden-rule
approach. Shmakov et al. considered another electron spin
relaxation process, which appears in the presence of a nonzero
magnetization and of quantum well width fluctuations [16]. In
such circumstances, in addition to the magnetic fluctuations,
the electron spin experiences long-range fluctuations of the
exchange field related to the quantum well width fluctuations.
Being long range, these fluctuations can be more efficient
for electron spin relaxation than the magnetic fluctuations.
However, this mechanism is not effective in zero magnetic field
and cannot fill the gap between the existing experimental data
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and theory. Recent quantum kinetic theory points towards the
importance of non-Markovian effects, particularly in the case
of excitons [19], which may explain the difference between
theory and experiment at least in the case of nondegenerate
QWs.
Concerning the hole spin relaxation, it has been clearly
shown that the quantum confinement stabilizes the heavy-hole
spin [10] and that the spin relaxation time decreases at elevated
temperatures due to heavy-hole–light-hole mixing away from
the  point [11]. Indeed, at the  point in absence of mixing the
hole spin flip by p-d exchange scattering is strictly forbidden.
In this paper we point out the effect of manganese spinspin correlations on carrier spin relaxation [20,21]. These
correlations induced by holes via Ruderman-Kittel-KasuyaYoshida (RKKY) interactions lead to a novel contribution
to the carrier spin relaxation, which is not captured by the
Fermi golden rule. RKKY interactions mediated by holes are
responsible for the carrier-induced ferromagnetism in DMSs
and are known to be strongly temperature dependent [22].
Decreasing temperature leads to the buildup of correlations
even well above the ferromagnetic transition. We show that
these correlations are responsible for temperature and power
dependence of the electron spin relaxation.
Electrons could also induce spin correlations between
magnetic atoms. However, we note that ferromagnetic ordering
has never been observed in n-doped QWs, in agreement with
the Mermin-Wagner theorem, which forbids a ferromagnetic
ordering at finite temperature in case of Heisenberg-like interaction [23]. Even if one argues that a ferromagnetic transition
can exist in n-doped QWs due to spin-orbit interaction [24],
the Curie temperature will be lower than the mean-field
approximation value, itself being already quite low due to
the small values of the s-d exchange constant α compared
to the p-d exchange constant β (in CdMnTe α = 0.25β) and of
the electron effective mass. Hence, electron-induced Mn-Mn
spin correlations are expected to be quite small and can be
safely neglected.
Let us outline that the enhancement of the carrier spin
scattering due to hole-induced magnetic correlations in the Mn
spin system has a well-known analogy in the physics of phase
transitions. Indeed, the enhancement of the light scattering
in the vicinity of the gas-to-liquid transition takes place due
to the enhancement of the density fluctuations in this critical
regime. This phenomenon is called critical opalescence. In
the DMS spin system, the role of the light is played by
electron or hole spin, and the enhanced spin scattering is due
to the critical magnetic spin fluctuations in the vicinity of
the paramagnetic-to-ferromagnetic transition, instead of the
density fluctuations.
In the following we will focus on spin relaxation of
electrons. We will not consider hole spin relaxation in order
to avoid complications due to the valence band mixing, but
in principle, the theory can be extended to this case. For
simplicity, the theory is developed for strictly two-dimensional
systems.
The paper is organized as follows. The theoretical description of electron spin relaxation in the presence of Mn spin-spin
correlation is given in Sec. II. Then in Sec. III we discuss
how this theory may explain the existing experimental results,
especially the observed power and temperature dependence of

electron spin relaxation time in n-doped DMS QWs. Finally,
our results are summarized in Sec. IV.
II. THEORY
A. Electron spin relaxation in the presence
of Mn spin correlations

The Hamiltonian describing the exchange interaction between electron and manganese has the form

δ(ri − r)Ĵi ,
(1)
V̂ = α Ŝ · M̂(r), M̂(r) =
i

where Ŝ and Ĵi are electron and manganese spin operators,
respectively, and ri are manganese 2D coordinates. The
von Neumann equation describing the time evolution of the
electron density matrix can be written in the basis of plane
waves as
i
∂ ρ̂kk
i 
= − (Ek − Ek )ρ̂kk −
(V̂kp ρ̂pk − ρ̂kp V̂pk ). (2)
∂t
h̄
h̄ p
We consider typical DMSs where the manganese concentration
nMn is much larger than the electron concentration ne .
Therefore, one can assume the Mn spins to be static. In the
case of small perturbation, the off-diagonal matrix elements
of the density matrix are much smaller than the diagonal
matrix elements. Hence, one can solve Eq. (2) for the offdiagonal elements omitting terms Vkp ρpk and then reintroduce
the calculated off-diagonal elements in the equation for the
diagonal elements. After Fourier transform we get

i
2π
−iωρ̂kk (ω) + [V̂kk ,ρ̂kk ] = −
dpδ(Ep − Ek )
h̄
h̄


V̂kp V̂pk ρ̂kk (ω) + ρ̂kk (ω)V̂kp V̂pk
− V̂kp ρ̂pp (ω)V̂pk .
×
2
(3)
In Eq. (3) one can average over the manganese spatial and spin
distribution assuming that average value of manganese spin is
zero. Under this assumption, the linear α term disappears and
the correlator of the exchange interaction reads

V̂kp V̂pk  = α 2 Ŝi Ŝj drei(p−k)r M̂i (0)M̂j (r).
(4)
The Mn spin-spin correlator Gij (r) ≡ M̂i (0)M̂j (r) in this
equation is assumed to be translation invariant; i.e., it depends
only on the differences between space coordinates. For electron spin Sk = Tr(Ŝρkk ) one can write the dynamic equation
∂Sk
ˆ
= −(k)S
k,
∂t

2
α me
ˆ
(k)
=
drJ0 (kr)e−ikr
2h̄3


Ĝ(r) + ĜT (r)
× Î Tr{Ĝ(r)} −
,
2

(5)

(6)

where the superscript T stands for the transposition, me is the
electron effective mass, and J0 is the Bessel function of the
first kind.
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In the limit of uncorrelated manganese spins, the correlator
in (4) becomes



ij
Jˆni δ(rn )Jˆmj δ(rm − r)
G (r) =

Note that this spin relaxation rate depends on the electron
wave vector, in contrast with the prediction of the Fermi
golden rule.

0

B. Hole-mediated RKKY correlations

nm

J (J + 1)nMn
= δij δ(r)
.
(7)
3
Inserting this correlator in Eq. (6) one obtains the well-known
result for the electron spin relaxation rate due to the exchange
interaction with magnetic impurities [17,25],
α 2 J (J + 1)nMn me
,
(8)
3h̄3
which is independent of both electron momentum and electron
concentration.
Let us take into account the correlations between manganese spins. The interaction between manganese spins can
be written as

V̂J J =
Jˆni Bij (rn − rm )Jˆmj ,
(9)
γ0 =

n=m

where Bij (rn − rm ) represents one-half of the Mn-Mn interaction in order to take into account the double counting in the
sum. The manganese concentration being much larger than
the electron concentration, there is a large number of magnetic
centers within an area with characteristic size of the order of
the electron wavelength. One can thus replace the discrete Mn
distribution by a continuous Mn spin distribution and consider
Mi (r) as a classical field,

(10)
VJ J ({M}) = drdr Mi (r)Bij (r − r )Mj (r ).
Furthermore, we assume a Gaussian Mn spin distribution. The
resulting correlator reads
 2

VJ J ({M})
D[M] M(0)MT (r)e−A M dS e− T
Ĝ(r) =


V
({M})
J
J
2
D[M] e−A M dS e− T

1
δ(r)
dk −ikr
−
B̂(k)[ÎAT + B̂(k)]−1
= Î
e
A
A
(2π )2
≡ Ĝ0 + Ĝc ,

n=m

We focus on the z component of electron spin relaxation, which
depends only on B⊥ (r); thus, we keep only the first term of
Eq. (15).
This interaction is characterized by its strength B ∗ and by
its spatial range ri ,

(16)
B ∗ = − drB⊥ (r),
ri2 =

1 ∂ 2 B⊥ (k = 0)
2 ∂k 2
B⊥ (k)

Substituting (11) and (12) in (6) one obtains the electron
spin relaxation rate caused by spin-flip scattering on correlated
manganese spins,
(13)
(14)

.

(17)

k=0

Here we defined B ∗ such that B ∗ > 0 to account for the
ferromagnetic character of the RKKY interaction at short
distance, and ri can be identified with the hole coherence
length and is given by r1i ∼ λ1T + l1p , where lp is the hole mean
√
free path and λT = h/ 2mh kB T is the thermal length. The
general expression for B ∗ is given by
 
β 2 mh
T
,
(18)
F
B ∗ (n,T ) =
TF
4π h̄2
where TF = π h̄2 nh /mh is the Fermi temperature, and F is a
function defined in the Appendix.
In the limiting case of degenerate (nondegenerate) hole gas
F (t) → 1 (F (t) → 1/t), one gets
degenerate:

(11)

where
T is the lattice temperature, and the functional integral

D[M] is carried out over all possible magnetic configurations M. Hereafter we omit the argument (r) of the correlation
function. The normalization constant A is determined from the
requirement that one must recover the correlator in Eq. (7) in
the absence of interaction
δ(r)
3
Ĝ −−−−→ Ĝ0 = Î
.
(12)
, A=
B(k)=0
A
J (J + 1)nMn

ˆ
(k)
= γ0 [Î + Ĝ(k)],

A
Ĝ(k) =
drJ0 (kr)e−ikr [Î Tr{Ĝc } − Ĝc ].
2

Let us apply the results of Sec. II A to the hole-mediated
correlations of magnetic impurities or so-called RKKY correlations [20,21]. We consider that the interaction between
magnetic ions is isotropic in space and has a uniaxial spin-spin
anisotropy. The corresponding Hamiltonian reads

V̂J J =
B⊥ (rnm ) Jˆxn Jˆxm + Jˆyn Jˆym + B (rnm )Jˆzn Jˆzm . (15)

nondegenerate:

β 2 mh
,
4π h̄2
β 2 nh
,
B ∗ (n,T ) ∼
4T

B ∗ (n,T ) ∼

(19)
(20)

where mh is the heavy-hole mass and nh is the hole concentration.
In order to obtain a simple analytical expression for the
electron spin relaxation rate, we use the approximation
 
r
B∗
B⊥ (r) = −
,
(21)
K0
2
ri
2π ri
where K0 is the modified Bessel function of the second
kind. This function has the expected asymptotic behavior
for the RKKY interaction as B⊥ ∼ ln(r), r → 0 and B⊥ ∼
e−r/ri ,r → ∞. Inserting Eq. (21) into Eqs. (11) and (14) one
obtains the in-plane correlation function
 
r
B∗
,
(22)
Gc =
K0
2 2
rc
2π ri A T
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r c = ri

T
,
T − B ∗ /A

and the electron spin relaxation rate


1
B ∗ /A

z (k) = γ0 1 +
.
T − B ∗ /A 1 + (2krc )2

(23)

(24)

We can express this equation in terms of Curie temperature
TC , that is, the temperature at which the correlation length rc
in Eq. (23) diverges:
B ∗ (n,TC )
= 0.
A
For T  TF the hole gas is degenerate. We get


TC

z (k) = γ0 1 +
,
(T − TC ) 1 + (2krc )2
β 2 mh J (J + 1)nMn
,
TCF D ∼
12π h̄2

T
,
rc ∼ (1/λT + 1/ lp )−1
T − TC
TC −

(25)

(26)
(27)
(28)

while for T  TF the holes obey a Boltzmann statistics.
We get


TC2

z (k) = γ0 1 +
,
(29)
T 2 − TC2 1 + (2krc )2

β 2 nh J (J + 1)nMn
,
(30)
TCB ∼
12

T2
rc ∼ (1/λT + 1/ lp )−1
.
(31)
T 2 − TC2
The relaxation rate given by Eqs. (26) and (29) includes
two terms: a spin-flip term γ0 , which is the Fermi golden rule
result, and a second term γc corresponding to the relaxation
on the correlated Mn spin field. The latter can be understood
as the result of the spin diffusion on correlated areas with
characteristic size rc . Indeed, an electron passes through such
areas during an average time τf l = rc /ve , where ve is the
electron velocity (ballistic regime, i.e., rc  lpe , where lpe is
the electron mean free path). In these correlated areas the
average value of a Mn spin field is nonzero. As an example,
in the case of Boltzmann distribution, its order of magnitude
is
√ given by the square root of the prefactor in Eq. (22): M ∼
J 2 nMn TC2 /(λhT T )2 . So, electron spin rotates by the angle
δϕ = ωf l τf l  1 while passing this area. Using ωf l ∼ αh̄ M
√
√
we obtain δϕ = h̄γ0 /EFe TC / T − TC . For temperatures
not too close to TC , δϕ  1, so that the electron spin
diffusion coefficient reads Dϕ ∼ ωf2 l τf l . This contribution to
the electron spin relaxation rate 1/τs can therefore be obtained
from the condition Dϕ τs = 1,
1
≈ ωf2 l τf l ,
(32)
τs
which identifies with the second term in (29).

FIG. 1. 2D color maps of the enhancement factor z (k)/γ0 (mh =
0.25m0 , me = 0.11m0 , β = 0.012 eV nm2 , nMn = 1.8 × 1014 cm−2 ,
and m0 is the free electron mass). The white area corresponds
to the ferromagnetic phase where the theory is not valid. (a)
Boltzmann distribution of electrons; (b) Fermi-Dirac distribution
(ne = 2 × 1011 cm−2 ).

C. Results

The above theory applies equally to two different experimental situations. First, it applies to n-doped QWs submitted to continuous-wave optical excitation, where Mn spin
correlations are induced by the photoexcited holes. These
correlations then impact the resident electrons spin relaxation.
Second, it applies to p-doped QWs, where the resident
holes imprint Mn spin correlations. These correlations then
impact the spin relaxation of photoexcited electrons. These
two cases are quite generally described by the same set of
equations (23)–(25), which reduce either to Eqs. (29) and
(30) when T  TF or to Eqs. (26) and (27) when T  TF .
In addition, the electron spin relaxation rate must be evaluated
either at the thermal wave vector (electron Boltzmann distribution) or at the Fermi wave vector (electron Fermi-Dirac
distribution).
The main results of the theory are gathered in Fig. 1,
which shows color maps of the enhancement factor z (k)/γ0
calculated in the plane (nh ,T ) for T > TC , and for two different
electron distributions: first, in the case of a nondegenerate
electron gas [Fig. 1(a)], z (k) being evaluated at the thermal
wave vector k = kT ; second, in the case of a degenerate
electrons gas [Fig. 1(b)],
√z (k) being evaluated at the Fermi
wave vector k = kF = 2π ne [26]. For the calculation we
assume a short-range scattering mechanism in which the
scattering time is constant (τp = 140 fs, corresponding to a
hole mobility μh = 1000 V cm−2 s−1 ).
The analogy with critical opalescence mentioned in the
Introduction is clearly seen in Fig. 1. z (k) increases when
temperature approaches TC and finally diverges at TC , due to
the critical magnetic fluctuations.
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III. DISCUSSION AND COMPARISON
WITH EXPERIMENT

The above theory applies quite naturally to the spin
relaxation of photoexcited electrons in p-type diluted magnetic
QWs [27]. Unfortunately, the experimental data are very scarce
[12] and do not allow a test of the theory. On the other
hand, there are more systematic measurements of electron
spin relaxation in undoped or n-doped QWs [10,13]. In this
case, one may expect to witness the influence of photoexcited
holes on the electron spin relaxation. We focus on the spin
relaxation in absence of external magnetic field to avoid
the spin dephasing introduced by magnetic inhomogeneities
[13]. In this case the calculated electron spin relaxation time
τse = z (k)−1 can be identified with the measured T2e∗ .
The electron spin relaxation times have been measured by
pump-probe time-resolved Kerr rotation experiments. Thus,
whether the Mn spin correlations will settle or not depends on
the relative values of the Mn spin relaxation time T1Mn and of
the pulse repetition period Tp . If T1Mn  Tp , spin correlations
will establish at the same value as in a continuous-wave
excitation of the same average power. On the contrary, if
T1Mn  Tp , spin correlations will decay between optical pulses
and are not expected to be important.
Both of these situations have been encountered experimentally [10,13]. In Ref. [10] the sample consisted in ZnSe QWs
containing several quarter-monolayer MnSe planes, resulting
in relatively large average Mn concentrations, short T1Mn 
1 ns, and very short electron spin relaxation time ∼1 ps. In
addition, Tp = 0.5 μs is much larger than T1Mn and there is no
cumulative effect. In these conditions the electron looses its
spin before Mn spin correlations settle. It is unlikely that Mn
correlations affect the electron spin relaxation in this case. In
Ref. [13] the samples consisted in n-type modulation-doped
CdMnTe QWs with much lower Mn concentration. The laser
repetition period was Tp = 12 ns, and T1Mn ∼ 10 ns [28], so
that the correlations will be somewhat weaker than in the
continuous-wave regime. Nevertheless, we will still use cw
excitation to handle this situation. In addition, in these samples
the doping level was high enough to suppress excitonic effects
by screening, thereby making it possible to study the electron
spin relaxation not influenced by the binding into an exciton.
This is in contrast with pump-probe experiments on undoped
bulk CdMnTe, which revealed the exciton spin relaxation
[14]. The measured electron spin lifetime is also weakly
influenced by the optical pumping because, the density of
carriers photoexcited by a pump pulse is much less than ne ,
and second the recombination time τr  τse . In these conditions
the calculated τse can be directly compared to the experimental
value [29].
Figure 2(a) shows how the calculated power dependence
compares with the data for samples A and B taken from
Ref. [13] (Sample A, ne = 3.4 × 1011 cm−2 , atomic fraction
of manganese x = 0.0021, QW width L = 30 nm; Sample B,
ne = 1.9 × 1011 cm−2 , x = 0.0007, L = 30 nm). The Fermi
temperatures are, respectively 85 K and 47 K for these
two samples. Hence, at the temperatures T < 15 K explored
in Ref. [13] the electron gas is degenerate. The Mn-Mn
correlations are induced by the photoexcited holes in these
n-doped samples. We calculate z (kF ) using Eq. (24) and

FIG. 2. Comparison between calculated (lines) and measured
(circles) electron spin relaxation rates. Solid lines are calculated by
taking into account the Mn-Mn correlations induced by photo-excited
holes assuming either a Boltzmann statistics of holes [Eq. (20), solid
lines], or a Fermi-Dirac statistics [Eq. (18), dashed lines]. In order to
fit the experimental values (open circles from Ref. [13]) the calculated
γ0 [Eq. (8)] had to be multiplied by a correction factor f . (a): Power
dependence of the electron spin relaxation rate for samples A and
B. (b): Temperature dependence for sample A. The highest plausible
hole density in the experimental conditions of Ref. [13] has been
assumed in this calculation (all data from Ref. [13]).

introduce the correlations induced by a nondegenerate hole gas
[Eq. (20), or using the general expression given by Eq. (18)
(solid and dashed lines, respectively]. Note that because
the holes are photoexcited they may have a temperature
higher than the lattice. In absence of experimental data on
hole mobility in CdMnTe QWs we treated τp as a fitting
parameter. The increase of the observed spin relaxation rate
is well reproduced by the calculation provided one assumes a
nondegenerate hole gas and τp = 0.5 ps (0.1 ps) for sample
A (sample B). However, for the hole densities estimated from
experimental conditions the general expression Eq. (18) should
be used, because the hole gas becomes degenerate as the power
increases. In these conditions the variation of the relaxation
rate becomes very weak, because the critical temperature
is almost independent of hole density. Note, however, that
experimentally the effect is not very pronounced either, so
that agreement can be considered as reasonable (note that the
absolute value of τse was scaled by a factor f ∼ 5 in order
to account for the fact that the measured relaxation time is
systematically shorter than the calculated one [12]).
Figure 2(b) shows the calculated and measured temperature
dependencies of the spin relaxation rate. Experimental data
correspond to sample A from Ref. [13]. The calculation
does predict a decrease of relaxation rate with increasing
temperature, as observed, albeit at a lower temperature.
Clearly, the theory is not able to reproduce quantitatively
the observed temperature dependence. One must assume that
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another mechanism is responsible for the observed decrease of
the relaxation rate. A more convincing test of the theory would
be a comparison with temperature dependence of electron
or hole spin relaxation in p-doped QWs, but systematic
measurements are missing in this case [12].

1.4
1.2
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1.0
0.8

IV. CONCLUSIONS

0.6

In conclusion, we have considered theoretically the influence of Mn spin correlations on the electron spin relaxation
time in zero magnetic field in CdMnTe quantum wells.
Such spin correlations may be induced by holes via RKKY
interaction. At low temperatures an additional contribution to
the spin relaxation rate comes from the fluctuating exchange
field created by correlated Mn spins. As temperature increases,
spin correlations weaken, and electron spin relaxation slows
down to the value given by the temperature-independent single
spin-flip processes. Increasing the optical pumping power, and
thus the hole density, favors the buildup of spin correlations
and thereby accelerates the electron spin relaxation.
We compared the predictions of the theory with available
experimental data on n-doped CdMnTe QWs. We found some
qualitative agreement but clearly the observed and predicted
power dependence of spin relaxation rates are too weak to
allow for a very reliable test of the theory. The observed
temperature dependence is more pronounced but cannot be
reproduced by the theory. We are led to the conclusion that
the observed decrease of electron spin relaxation rate has a
physical origin different from the mechanism considered in
this paper. In addition, the quantitative mismatch, as large as
a factor of five, between experimental and theoretical spin
relaxation times is not solved by the proposed theory. Finally,
a more relevant test of the theory would require systematic
measurements of electron or hole spin relaxation in p-doped
samples having higher Mn concentrations. This would permit
measurements closer to the ferromagnetic transition, where a
steeper acceleration of spin relaxation due to critical magnetic
fluctuations is expected.
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∞

dkkJ0 (kr)N0 (kr)
0

μ(T ) = T ln e

TF
T

1
1+e

Ek −μ(T )
T

−1 ,

, (A1)
(A2)

where J0 and N0 are, respectively, Bessel and Neumann
functions of first and second kind and μ(T ) is the chemical
potential of carriers responsible for the RKKY interaction.
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integrate this equation on space coordinates
 
β 2 mh
T
B ∗ (n,T ) =
,
F
2
TF
4π h̄
 
 ∞
 ∞
T
dxxJ0 (qx)N0 (qx)
F
dqq
.
= −2π
q 2 TF
μ(T )
TF
0
0
1 + e 2πT − T
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We report on the study of Mn transversal spin relaxation mechanisms in ferromagnetic (Ga,Mn)As. The spins
of valence band holes experience exchange interactions with ferromagnetically ordered Mn spins and strong
spin relaxation due to spin-orbit coupling. The hole subsystem provides a relaxation channel for the Mn spin
subsystem. The Mn spin relaxation mechanisms were studied by means of spin flip Raman scattering. Two
contributions to the spin flip Raman linewidth were found. The first one dominates below the Curie temperature
and is related to the fast hole spin relaxation that damps the collective motion of the coupled Mn and hole spin
subsystems. The other contribution to the Mn spin relaxation is related to spin fluctuations of the hole ensemble,
which grow with temperature and become most important in the paramagnetic phase.
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I. INTRODUCTION

In the last two decades the diluted magnetic semiconductor
(Ga,Mn)As has attracted significant attention in the scientific
community, both from a fundamental point of view and
as a potential candidate for spintronic device applications
[1]. Although it is well established that the ferromagnetic
ordering of Mn ions in (Ga,Mn)As is induced by holes,
important aspects of their coupling with Mn ions in the
strongly correlated hole-Mn spin system are still not fully
understood. Among the open questions are the spin relaxation
mechanisms of the Mn spin subsystem and the hole spin
diffusion rate. Extensive studies of the collective hole-Mn
ion spin excitations in (Ga,Mn)As film have been carried
out by various experimental techniques, such as ultrafast
magneto-optical Kerr effect [2–4] (MOKE), ferromagnetic
resonance (FMR) [5,6], and picosecond strain pulses [7]. The
spin dynamics in ferromagnetic (Ga,Mn)As has been studied
by means of FMR, and the effective geff factor characterizing
the coupled hole-Mn ion spin system has been measured as
[8] geff = 1.92 ± 0.04 and [9] geff = 1.91. The measured geff
values are in good agreement with theoretical prediction—
geff = 1.90 [10]. From the analysis of the MOKE data [11–13]
the manganese transversal spin relaxation time has been
estimated to be τMn ∼ 300 ÷ 400 ps. The nonequilibrium hole
spin dynamics in ferromagnetic (Ga,Mn)As has been recently
studied by means of ultrafast MOKE spectroscopy, and the
hole spin lifetime has been measured as [14] τh ∼ 0.2 ps.
Another important ingredient of the physics of ferromagnetic
(Ga,Mn)As is the hole spin diffusion rate. Despite extensive
studies in this ferromagnetic semiconductor, the hole spin
diffusion rate has not yet been determined. However, on the
basis of the data obtained recently for electron spin diffusivity
[15] D ∼ 10 ÷ 40 cm2 /s in n-GaAs, one can conclude
that hole spin diffusivity in (Ga,Mn)As cannot exceed this
value. This conclusion is supported by the result obtained
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in Ref. [16] for hole transport mean-free path in (Ga,Mn)As
lt ∼ 1 nm.
In this paper we present a direct study of the Mn transversal
spin relaxation time and its g-factor renormalization in ferromagnetic (Ga,Mn)As in a wide temperature range by means of
spin-flip Raman scattering (SFRS). It has been demonstrated
that SFRS is an effective tool for investigating the exchange
interaction and direct measurements of exchange constants
in DMS based on II–VI compounds [17–19]. This technique
has been successfully used to study the exchange-induced
spin splitting of bound as well as free carriers in Mn-doped
GaAs [20] and (Ga,Mn)As DMS [21]. In this technique the
Raman shift of the SFRS line provides information on the Mn
ion g factor modified by exchange interaction with valence
band holes of GaAs, while the width of the SFRS line is
directly related to the transversal spin relaxation time of
Mn ions. The Mn g factor decreases by about 5% from its
value in the paramagnetic phase (g = 2.01), while the SFRS
linewidth, which is almost temperature insensitive below TC ,
shows a strong linear increase with temperature above TC . The
study of the effect of phase (paramagnetic to ferromagnetic)
transition on SFRS linewidth and its energy shift allowed us
to distinguish the manganese spin dephasing mechanisms.
An analytical model based on coupled manganese and hole
spin subsystems, and also including fluctuations in these
subsystems, is developed. This model well describes the gfactor modification and manganese spin lifetime in (Ga,Mn)As
in the whole temperature range covering the ferromagnetic
and paramagnetic state. Furthermore the value of hole spin
diffusion coefficient is estimated by a fit of the experimental
data in the frame of the developed model.

II. SAMPLES AND EXPERIMENTAL SET-UP

The 500-nm-thick (Ga,Mn)As films for this study were
grown at 250◦ C by molecular beam epitaxy (MBE) on
semi-insulating GaAs (001) substrates covered with 100 nm
GaAs buffer layers. Two of the studied samples have a Mn
content of x = 0.01 (FM1) and x = 0.043 (FM2). In addition,
a Mn-doped (3 × 1017 cm−3 ) 1000-nm-thick GaAs film grown
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at 540◦ C was used as reference sample R. All samples studied
were not subjected to annealing. Superconducting-quantuminterference-device (SQUID) measurements were carried out
in the temperature range 5 ÷ 400 K to investigate the macroscopic magnetic properties of the sample and to confirm the
absence of MnAs nanoclusters. The SQUID measurements
showed ferromagnetic (FM) behavior of samples FM1 and
FM2 with Curie temperatures TC = 35 K and 55 K, and saturation magnetizations MS = 5 emu/cm3 and MS = 21 emu/cm3 ,
respectively. Figure 1 shows the temperature dependence of the
magnetization for the FM2 sample measured in zero (B = 0)
magnetic field (red symbols) and B = 5 T (blue symbols).
For the excitation of SFRS, we used the lines of He-Ne,
Kr, and Ar-ion lasers. The laser power densities focused on
the sample ranged from 5 to 50 Wcm−2 . The experiments
in the temperature range 1.7 ÷ 200 K were carried out in a
continuous He-flow cryostat using magnetic fields up to 5 T in
either the backscattering tilted Faraday or the Voigt geometry.
To describe the polarization properties of the SFRS line in
the Faraday configuration we use the notation x(σ η ,σ λ )x̄ with
x̄ and x being perpendicular to the sample plane yz and η = ±,
λ = ± denoting the circular polarization of the exciting σ η
and scattered σ λ light. The Voigt geometry corresponds to the
notation x(σ,π )x̄, with x̄ and x perpendicular to the sample
plane and the magnetic field B directed along z and σ , π
denoting linear polarizations of the exciting (σ ) and scattered
(π ) light with the electric field vector of the light perpendicular
(for σ ) or parallel (for π ) to B.

FIG. 2. (Color online) Spin flip Raman scattering spectra measured in samples with a concentration of manganese n = 3 ×
1017 cm−3 (black curve) and the atomic fraction of manganese
x = 4.3% (red and blue curves). The measurements were carried
out in an external magnetic field B = 5 T and in Voigt geometry.
The measurements corresponding to the black and red curves are
performed at T = 2 K, while the blue spectrum is obtained at
T = 160 K. The blue open circles show a Lorentzian fit.

Mn-SFRS line in crossed x(σ + ,σ − )x polarizations. Figure 2
shows the Raman spectra for the two samples measured in the
Voigt x(σ,π )x geometry at B = 5 T. The blue open circles
represent a Lorentzian fit which is described by Eq. (4).
The magnetic field dependence of the Raman shift of the
Mn-SFRS line for both magnetic field geometries and T = 2 K
is shown in Fig. 3 for the FM2 sample. For a vanishing
magnetic field the Raman shift of the Mn-SFRS line of the
R sample tends to zero in the Voigt and Faraday geometries
and in the studied temperature range T = 1.7 ÷ 170 K. The
magnetic-field dependence of the Mn-SFRS line energy shift
0
in this sample can be represented as R = gMn
μB B with
0
= 2.01, which does not depend on temperature. In contrast
gMn
in the FM samples the magnetic field dependence (see Fig. 3)
5
4

Raman Shift (cm-1)

FIG. 1. (Color online) Temperature dependence of the magnetization for Ga1−x Mnx As with x = 4.3% in a magnetic field B = 0 T
(red circles) and B = 5 T (blue triangles).

III. EXPERIMENTAL RESULTS

In a magnetic field applied in the Voigt geometry, the
Raman spectra of the FM samples as well as the R sample
show a strongly polarized Mn-SFRS line with a magneticfield-dependent Raman shift. This line is detected only in the
Raman spectra measured in the x(σ,π )x Voigt configuration.
In contrast, this line is absent in the exact Faraday geometry
(the incident laser light and magnetic field perpendicular to the
sample plane). However, tilting the incident beam by 10–15
degrees from the normal to the sample plane activates the
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FIG. 3. (Color online) Magnetic field dependence of the SFRS
Raman shift for the FM2 sample (x = 4.3%) measured at T = 2 K in
Voigt (solid red triangles) and Faraday (solid blue circles) geometries.
The red and blue lines are the fits (for details see text).
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Figure 3 shows the magnetic field dependence of the SFRS
line energy shift for the FM2 sample measured in the Voigt
(red triangles) and Faraday (blue circles) geometries and at
T = 2 K. The red and blue lines in this figure are the fits
based on Eqs. (2) and (3). For the case of the FM2 sample the
best fit was obtained with the following parameters: H4 = 300
Oe, H2 = −1100 Oe. Therefore, to distinguish the effect of
temperature on the g factor we measured the magnetic field
dependence of the SFRS line Raman shift in a wide temperature range covering the ferromagnetic and paramagnetic
phases. Figure 4 shows the temperature dependence of the g
factor determined as described above. The transition to the
FM phase is accompanied by a decrease of Mn2+ ion g factor
by 5%. Another important feature of the FM samples is the
width of the SFRS line, which increases with temperature as
shown in two spectra of Fig. 2 measured at T = 2 K (the red
spectrum) and T = 160 K (the blue spectrum) and at B = 5 T.
The temperature dependence of the SFRS linewidth measured
at B = 5 T for the FM1 and FM2 samples is shown in Fig.
5. In each FM sample the SFRS linewidth is not sensitive
to temperature below TC and strongly increases at T > TC .
Typically the SFRS linewidth is determined by two factors,
i.e., uniform and nonuniform lifetimes. The latter is related
to the Mn g-factor dispersion. Since the SFRS linewidth in
the FM samples does not depend on magnetic field, we can
conclude that the measured Mn SFRS linewidth is determined
exclusively by the uniform transversal lifetime of the Mn spin
subsystem. Therefore the Mn spin subsystem lifetime can be
determined from the SFRS linewidth. The SFRS process can
be described in terms of the scattering matrix dI /dωd ∼
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FIG. 4. (Color online) Temperature dependence of the effective
Mn g factor in the FM2 Ga1−x Mnx As sample (x = 0.043). Dots are
experimental data; solid curve is a fit based on Eq. (12). Dashed curve
is a fit based on Eq. (14).

|f |Ŝ|i|2 , where Ŝ is the scattering matrix, I is the intensity
of the scattered light, and |i, |f  are the initial and final states
of the photons, respectively. The third order in the perturbation
gives the first nonzero contribution in the Raman line. Namely,
the second order in the V̂ph electron-photon interaction and the
first order in the exchange interaction of a hole with Mn 3d 5
electrons V̂ex = A(ŜĴ), where A is an exchange constant, and
Ŝ, Ĵ are operators of manganese spins and holes, respectively.
Assuming Ŝ± (t) ∼ e−γ t∓iωB t , one can show that the ratio of
the Raman line’s spectral density of the intensity to its maxima
is as follows:
Iω (ω)
γ2
,
∼
Iω (ωi ± ωB )
(ωi − ω ± ωB )2 + γ 2

(4)

where Iω is the spectral density of the intensity per unit
solid angle, ωB is the the manganese precession frequency,
ωi is the initial light frequency, and ± is the anti-Stokes
and Stokes spin-flip scattering process of photoexcited holes

11

1.25x10

11

1.00x10
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(2)
F (B,T ) = geff (T )μB (B − 4π M + H4 + H2 ),

V (B,T ) = geff (T )μB (B + 4π M + H4 − H2 )(B + H4 ).
(3)

2.02

γ (s )

of the Raman shift for the SFRS line extrapolates to a positive
offset in the Voigt geometry and to a negative one in the
Faraday geometry. With a temperature increase this offset
decreases and vanishes at T > TC . The slope (in other words,
the g factor) of the magnetic field dependence of the SFRS line
energy shift in the FM samples also depends on temperature. To
describe the observed magnetic field dependence of the SFRS
line one should take into account the magnetic anisotropy of
a (Ga,Mn)As layer [22] as well as the demagnetizing field
of a thin ferromagnetic layer. In the simplest approximation,
the free-energy density F for a zinc-blende crystal film
[such as (Ga,Mn)As] can be expressed as the sum of three
contributions:

MH2 2 MH4  4
n −
nx + n4y + n4z ,
(1)
F = 2π M 2 n2x −
2 x
4
where the first term describes the demagnetizing energy, the
second and third terms are the easy plane and cubic anisotropy
fields, respectively, ni are the directional cosines, and M
is the magnetization. It is assumed that the crystallographic
axes coincide with the Cartesian coordinates axes x,y,z,
respectively, and the x axis coincides with the growth direction
of the structure. The magnetic field dependence of the Raman
shift for the SFRS line in the FM samples for the Faraday and
Voigt geometry can be well fitted by the following expressions:
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FIG. 5. (Color online) Temperature dependence of the Mn transverse spin damping frequency in Ga1−x Mnx As with x = 1% (red
symbols and line) and x = 4.3% (blue symbols and line). Experiment
made in Voigt geometry in a magnetic field B = 5 T. Solid dots and
triangles are experimental data; solid curves are fits based on Eq. (13).
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FIG. 6. (Color online) Magnetic field dependence of the Mn
transverse spin damping frequency in Ga1−x Mnx As with x = 4.3%
for two different temperatures. Red circles and blue triangles
correspond to T = 5 K and T = 150 K, respectively.

on manganese. Let us now discuss the origin of the Stokes
SFRS line (Fig. 2) in the Voigt geometry. Using linearly
y-polarized light propagating along the x direction, carriers
in the following spin polarizations can be excited: |c, + 12 
|v, + 32 , |c,+ 12 |v,− 12 , |c,− 12 |v,+ 12 , |c,− 12 |v,− 32 ,
where c,v denote conduction band electrons and valence band
holes in spherical approximation, respectively. The Stokes
line appears in the SFRS spectrum due to the Ŝ+ Ĵ− spin flip
flop process. After one spin flip flop process the carrier spin
states are given by |c, + 12 |v, + 12 , |c, + 12 |v,− 32 , |c, − 12 
|v, − 12 . One can see that light scattered in the x direction
has z linear polarization when carriers recombine from |c, +
1
|v, + 12 , |c, − 12 |v, − 12  states. From Eq. (4) one can see
2
that the width of the line is determined by γ . Figure 6 depicts
the dependence of the transverse spin relaxation rate of the
Mn2+ ion on the external magnetic field for the FM2 sample.
One can see that γ does not depend on B in the range 2 ÷ 5 T
either below (T = 2 K) or above (T = 150 K) TC . Note that
for the doped (R) sample the SFRS linewidth is 0.19 cm−1 in
the full studied temperature range 2 ÷ 200 K. With this SFRS
linewidth we estimate the transverse spin relaxation time as
τMn  100 ps.
IV. THEORY

It has been established in many studies that ferromagnetism
in (Ga,Mn)As is caused by holes (see, e.g., Ref. [23]). Holes
also modify the manganese g factor and are responsible for
its spin dephasing. To describe these processes we present
(Ga,Mn)As as a two magnetic subsystem [24] including the
core-spin Mn2+ subsystem (which is characterized by a g
value gS = 2.01 and a subsystem magnetization MS ) and hole
subsystem whose parameters are labeled gJ and MJ . The
equations of motion for both subsystems are:
μB gS
μB gS
dMS
= C1
MS × MS + C3
MS
dt


μB gS
B × MS − λS MJ × MS ,
× MJ +


(5)

μB gJ
μB gJ
dMJ
= C2
MJ × MJ + C3
MJ
dt


μB gJ
B × MJ − λJ MS × MJ
× MS +



μB gJ
+
Ban × MJ + DMJ −γh MJ − M0J . (6)

In these expressions the first two terms describe spin waves.
The Ci are constants describing the spin wave energy spectrum,
whose typical values in (Ga,Mn)As are in the interval [25–27]
10−12 ÷ 10−13 cm2 . The terms containing λS = λμB gS / and
λJ = λμB gJ / describe the interaction between the magnetic
subsystems. The λ in λS and λJ is a molecular field constant
describing the exchange interaction between the sublattices
and can be estimated by using the expression λM ∼ Beff ,
which links the sample magnetization M with the Weiss mean
field Beff . Taking Beff measured for (Ga,Mn)As in Refs. [28]
and [29] and M = 21 emu/cm3 , we find that λ amounts to
103 ÷ 104 . In Eqs. (5) and (6) we also include the hole spin
diffusion (D is a spin diffusion coefficient), the hole spin
damping rate (γh ), which is caused by the strong spin-orbit
interaction in the valence band of GaAs, and anisotropy field
Ban caused by complex valence band structure. Furthermore,
we assume that the external magnetic field in Eqs. (5) and
(6) is applied in the z direction. As we discussed above, the
SFRS spectrum is characterized by the Raman shift of the
SFRS line, which is determined by the precession frequency
of the transverse component of the Mn spin and by the SFRS
linewidth, which is determined by the dephasing rate (the
transverse spin relaxation time) of the Mn spin. Both these
SFRS characteristics, i.e., the eigenfrequency and the damping
of the transverse component of magnetization, can be obtained
from Eqs. (5) and (6). Note that the exchange interaction
between magnetic subsystems modifies the g factor and leads
to their spin relaxation. The anisotropy field Ban contributes
to the precession frequency [see Eqs. (2) and (3)]. However
this modification is important for small external magnetic
fields. Our data are obtained at high magnetic fields (B  Hi )
when anisotropy fields contribute as a small field independent
additive to the Raman line energy shift. This one can see from
Fig. 3, which presents magnetic field dependence of the SFRS
Raman shift. Therefore, in order to simplify our analysis of
g factor and spin relaxation, we neglect hereinafter the term
with anisotropy field Ban × MJ in Eq. (6).
The equations of magnetization motion are nonlinear,
however, in the approximation of a small deviation from
the equilibrium they can be linearized. The solution of these
equations in the linear regime allows us to describe the Mn
g-factor modification. However, to describe the transverse Mn
spin relaxation one has to retain the nonlinear terms in Eqs. (5)
and (6). The nonlinear terms lead to two effects. The first one
is a nonlinear coherent dynamics, which manifests itself in a
weak dependence of the resonance frequency on its amplitude
(when being small) and the second harmonic generation. The
second effect is related to the existence of magnetization
fluctuations in the system which lead to the Mn spin dephasing.
In the regime of a small deviation from the equilibrium these
effects can be analyzed independently. The nonlinear terms can
be taken into account by solving the equations of motion (5)
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and (6) on the z components of magnetization and substituting
±
z
MS,J
into the equation for the MS,J
components. Then we
can average the equations of motion on volume by taking
the magnetization in the form Mi = M0i + Mi (t) + δM(x,t),
where M0i is equilibrium magnetization, Mi (t) is homogeneous
magnetization, and δM(x,t) is magnetization fluctuations.
After averaging, the equation of motion for the homogeneous
magnetization takes the following form:


ωMS+ = ωS − λS MJ0 + iI1 (ω) MS+


+ λS MS0 − iI2 (ω) MJ+ ,


ωMJ+ = λJ MJ0 − iI1 (ω) MS+


+ ωJ − λJ MS0 + i(γh + I2 (ω)) MJ+ .

(7)

(8)

In Eqs. (7) and (8) we neglect the nonlinear coherent terms,
assuming the regime of a small deviation from the equilibrium.
The Ii are correlations of the magnetization fluctuations and
can be written as
λ2S
δMJ− (x,0)δMJ+ (x,t)
2

λS λJ
+
dx G(x − x ,t)δMJ− (x ,0)δMS+ (x,t),
2
(9)
λS λJ
−
+
δMS (x,0)δMJ (x,t)
I2 (t) =
2
2 
λ
+ J
dx G(x − x ,t)δMS− (x ,0)δMS+ (x,t).
2
(10)

I1 (t) =

The angular brackets · in Eqs. (9) and (10) denote the
statistical average with an effective Hamiltonian describing
the energy of fluctuations:
H(δMS ,δMJ ) =

C1 ∂δMSi ∂δMSi
C2 ∂δMJi ∂δMJi
+
2 ∂xj ∂xj
2 ∂xj ∂xj
C3 ∂δMSi ∂δMJi
2 ∂xj ∂xj
α1
α2
+ δMSi δMSi + δMJi δMJi + λδMSi δMJi ,
2
2
(11)
+

where α1 ,α2 are phenomenological parameters of the Hamiltonian. The G(x,t) is a Green function of the diffusion equation
with the spin diffusion coefficient D and the damping γh .
Also we neglect in Ii the terms containing Ci due to its
small contribution to the Mn spin damping frequency. This
assumption is valid for the (Ga,Mn)As parameters used for the
fitting of experimental data. Now we can find the eigenvalue of
Eqs. (7) and (8) describing the Mn g factor and the transverse
spin relaxation frequency. The solution of the equation of
motion can be obtained with the following assumptions,
valid for (Ga,Mn)As [23,30]: λi MS0 ,γh  μB gi B/; D 
Ci μB gi MS0 /; MJ0 /MS0
1. Then the manganese effective

g factor and the transverse spin damping frequency are


λS MJ0 λJ MS0 + λS MJ0
, (12)
geff (T ) ≈ gS − (gS − gJ ) 

2
λJ MS0 + λS MJ0 + γh2
T λ2S
(13)
γ (T ) ≈
√
√
(2π )2 (D αJ CJ + CJ Dγh )
λS MJ0 (λJ MS0 + λS MJ0 )
+ γh 
,
2
λJ MS0 + λS MJ0 + γh2
where αJ = (α1 α2 − λ2 )/α1 , CJ = (C1 C2 − C32 )/C1 . For
simplicity we neglect the second term in I1 , which is smaller
than the first one if C1  C3 . Due to the significant difference
in magnetization of the Mn and hole subsystem [23], we assume that the whole magnetization of the system is determined
by the manganese magnetization. To calculate temperature
dependencies of geff (T ) Eq. (12) and γ (T ) Eq. (13), we used
experimental data measured for the magnetization curve in the
FM2 sample presented in Fig. 1. For further simplification we
assume that the value MJ0 /MS0 is temperature independent.
V. DISCUSSION

The temperature dependencies of the Mn g factor and
the transverse spin damping frequency (γ ) calculated on the
basis of Eqs. (12) and (13) are shown by the solid curves
in Figs. 4 and 5, respectively. In Fig. 4 the theoretical
curve is compared with the g factor measured in the FM2
sample, while Fig. 5 presents the fit of the temperature
dependence of the Raman linewidth (i.e., γ ) measured at
B = 5 T for the FM1 and FM2 samples. To fit the g factor
and γ of the FM1 sample, we used the following parameters:
MJ /MS = 0.08 (Ref. [30]), D = 0.09 cm2 /s, and MS0 = 5
emu/cm3 . Similarly, for the FM2 sample these parameters are
MJ /MS = 0.02, D = 0.19 cm2 /s, and MS0 = 21 emu/cm3 .
The other parameters λ = 2650, CJ = 10−12 cm2 (Ref. [26]),
gJ = −1 (Ref. [29]), γh = 1.1 × 1012 s−1 (Ref. [14]), and
αJ = 5000 are the same for the FM1 and FM2 samples. We
see that the general features of our experimental results are
reproduced fairly well by the calculated curves.
Let us now discuss the values of the parameters required
to fit the experiment. The value of λ used in this fit can be
evaluated from the known p-d exchange constant Jpd . The
link between these two constants is given by the following
expression: λμ2B = Jpd . The estimate of Jpd value is usually
based on measurements of the splitting 2pd between the
F = 1 and F = 2 states of the isolated Mn acceptor. The
reported values of 2pd cover a wide range from [20,21]
2pd = 4.4 meV to [31] 2pd = 10 meV. Using these values
for 2pd and depending on the used mean value of the hole
envelope wave function at the Mn acceptor, one can get a
value of Jpd which varies from [23,30] Jpd ∼ 40 meV nm3
to Jpd ∼ 2 meV nm3 . Note that the latter value is obtained
from the directly (Raman scattering) measured value 2pd =
4.4 meV and with a Mn acceptor mean radius of r ∼ 1 nm.
This is the upper limit for the value of Jpd , because it is
obtained for the hole bound to the Mn acceptor. One can
expect that for delocalized holes like in (Ga,Mn)As DMS,
the value of Jpd should be smaller. Therefore, to exclude
some uncertainty in the Jpd estimation, we used the value
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λ = 2650 obtained from the experimentally measured Weiss
field [28,29]. Another parameter involved in the fit of the
experiment is the hole g factor. The value of the hole g
factor in ferromagnetic (Ga,Mn)As varies from [5] g = −0.5
(extracted from FMR data) up to [10] g = −2.8 (extracted
from FMR and magnetization measurement). To fit the experiment we used hole g factor gh = −1 reported in Ref. [29]
(extracted from magnetic-field-induced photoluminescence
polarization). Note, however, that the result of the fit is not
very sensitive to the value of the hole g factor.
One can see from Eq. (12) that the Mn g-factor modification
is associated with a coupling between the subsystems and is
sensitive to the presence of a mean magnetic moment in the
system, so it is dissipative above a Curie temperature. Equation
(12) has the classical limit in the case of absence of the hole
spin relaxation. If we put γh → 0 to zero we get the standard
result [8,10,32]: the effective manganese g factor is
geff =

MS0 + MJ0
.
0
MS /gS + MJ0 /gJ

(14)

The temperature dependence of the geff given by Eq. (14)
is plotted (dashed line) in Fig. 4. The comparison of the
calculated solid and dashed curves shows that general features
of the experimental temperature dependence of the geff (T ) are
reproduced fairly well only by Eq. (12) (solid curve), which
assumes a finite value of γh . One can see from comparison of
the dashed and solid curves in Fig. 4 that taking into account
the finite value of the γh affects the value of geff . This means
that the value of the hole spin damping rate (γh ) estimated
in our study and measured directly in Ref. [14] is not much
smaller than the effective Weiss field λJ MS0 . Note that Eq. (14)
is not valid close to the Curie point, i.e., when B  λMS0 (T ).
The general behavior of the Mn transverse relaxation
frequency demonstrates two regimes as follows: (i) In the
temperature range up to TC the main contribution to the Mn
spin damping frequency is related to the hole spin dephasing
(due to the strong spin-orbit interaction in the GaAs valence
band), which, however, is not induced by Mn spins. The hole
spin dephasing leads to Mn spin relaxation, because the hole
spin subsystem is coupled to the Mn spin subsystem. This
mechanism prevails in the ferromagnetic phase, i.e., below
TC and disappears above TC due to a decrease of the mean
magnetic moment of the system. (ii) The second contribution
to the Mn spin relaxation is related to the spin fluctuations
of the hole ensemble, which grow with temperature. This
mechanism dominates above the Curie temperature. The fit
of the experimental data by the developed theoretical model
shows that the contribution of both mechanisms to the Mn
spin damping frequency is comparable. Analysis of Eq. (13)
(see the first term) shows that the slope of the Mn spin
damping above the Curie point is determined mostly by the
spin diffusion coefficient. The hole spin diffusion coefficient
is proportional to the spin relaxation time and the square of
Fermi velocity D ∼ vF2 /γh . As one can see, the denominator of
Eq. (13) depends on Dγh which increases with the increasing
of manganese concentration. This explains the decrease of the
spin damping slope above TC with an increase of Mn content
(see Fig. 5). Let us now discuss the temperature dependence
of the parameters for the first term denominator in Eq. (13).

TABLE I. Comparison of our results obtained by means of the
SFRS technique with that measured by other methods. x is the atomic
fraction of Mn in Ga1−x Mnx As, d the sample width, TC the Curie
temperature, and τMn , τh the manganese and hole spin relaxation
time. All experiments were made at low temperatures (no more than
0.1TC ).
Paper
Ref. [8]
Ref. [9]
Ref. [11]
Ref. [12]
Ref. [14]
Our result

x (%)

d (nm)

TC (K)

g factor

6.0
7.0
6.0
5.0
7.5
4.3

5.6
50
200
200
70
500

72
142
50
60
77
55

1.92
1.90

τMn (ps)

τh (ps)

288
400
1.91

30

0.2
0.9

The parameter CJ is temperature independent. The hole spin
relaxation rate does not depend on temperature in a wide range
up to TC [14]. The Fermi velocity is temperature independent
due to high manganese
√ concentration. Thus we can conclude
that the term CJ Dγh is temperature independent. We
conjecture
that this conclusion is also valid for the term
√
D αJ CJ . Note, however, that there is no information about
temperature dependence of the αJ . From the fit of the γ (T )
for the FM2 sample x = 4.3% (see Fig. 5), the value of D
can be estimated to be D = 0.19 cm2 /s. This value of D is
obtained for an averaged value of the known CJ which varies
from [25–27] CJ = 10−13 cm2 to CJ = 10−12 cm2 . Taking into
account the uncertainty in CJ and γh , we conclude that D falls
in the interval D ∼ 0.01 ÷ 1 cm2 /s. The estimated value of D
seems quite reasonable. As expected the hole spin diffusion
in (Ga,Mn)As is less than the electron spin diffusion in bulk
GaAs De ∼ 10 ÷ 40 cm2 /s, which was directly measured in
Ref. [15]. The hole spin diffusion coefficient can be estimated
from the hole transport mean-free path [16] in (Ga,Mn)As
lt ∼ 1 nm and hole spin relaxation time [14]. The estimate
with these parameters gives the hole spin diffusion coefficient
(D ∼ 0.05 cm2 /s) of the same order as obtained in our model.
We assume that the increasing of manganese concentration
leads to an increase of hole wave function overlap and increase
of hole spin diffusion as is seen from a comparison of D
measured in the FM1 (x = 1%) D ∼ 0.09 cm2 /s and FM2
(x = 4.3%) D ∼ 0.19 cm2 /s samples.
Let us now compare the present data with that obtained in
earlier studies (see Table I). The value of the g factor measured
in FM (Ga,Mn)As samples by ferromagnetic resonance at
low temperature [8] and a few temperatures [9] are in a
good agreement with that presented in Fig. 4. Also it is in
a good agreement with previous theoretical calculation [10].
The hole and manganese spin relaxation times obtained in
the present study are comparable with those measured by
MOKE for holes [14] and Mn2+ [11,12], respectively. The
manganese spin relaxation times estimated from time resolved
MOKE data presented in Refs. [13] and [33] have the same
order of magnitude as those estimated in the present study.
We believe that some difference in the measured transverse
Mn spin relaxation time is due to the different properties of
the samples caused by such growth related characteristics as
hole concentration, layer thickness, etc. As it was shown in
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Refs. [13] and [33], the post growth annealing can change the
magnitude of the Mn spin relaxation rate.
It is also important to compare the theory of transverse
spin relaxation time developed in the present paper with the
phenomenological theory by Landau-Lifshitz-Gilbert (LLG).
The damping of magnetization in the LLG theory is presented
by the phenomenological term in the equation of magnetization
precession:

∂M
αG
∂M
∼
M×
,
(15)
∂t
M
∂t
where αG is a Gilbert coefficient (damping). In the LLG
formulation the spin relaxation time is proportional to the
spin precession frequency γ ∼ αG ω. While such a dependence
of γ on magnetic field was not observed in this study (see
Fig. 6), we conclude that the description of the spin relaxation
in (Ga,Mn)As in the Bloch approach is more favorable than in
LLG formulation.

ferromagnetic (Ga,Mn)As diluted magnetic semiconductor by
means of spin-flip Raman scattering. We have found that
two different mechanisms contribute to the transverse Mn
spin relaxation time. We have obtained that in ferromagnetic
(Ga,Mn)As the manganese transverse spin lifetime has the
order of 30 ps, and we have measured its temperature and
magnetic field dependencies. The damping magnetization
precession frequency also manifests itself in the decrease of
Mn g factor by 5% below Curie temperature. We have found
that for a phenomenological description of magnetization
damping in (Ga,Mn)As, the Bloch approach is more suitable.
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[1] I. Žutić, J. Fabian, and S. Das Sarma, Rev. Mod. Phys. 76, 323
(2004).
[2] A. V. Kimel, G. V. Astakhov, G. M. Schott, A. Kirilyuk,
D. R. Yakovlev, G. Karczewski, W. Ossau, G. Schmidt, L. W.
Molenkamp, and T. Rasing, Phys. Rev. Lett. 92, 237203 (2004).
[3] Y. Mitsumori, A. Oiwa, T. Słupinski, H. Maruki, Y. Kashimura,
F. Minami, and H. Munekata, Phys. Rev. B 69, 033203 (2004).
[4] D. M. Wang, Y. H. Ren, X. Liu, J. K. Furdyna, M. Grimsditch,
and R. Merlin, Phys. Rev. B 75, 233308 (2007).
[5] M. Rubinstein, A. Hanbicki, P. Lubitz, M. Osofsky, J. Krebs,
and B. Jonker, J. Magn. Magn. Mater. 250, 164 (2002).
[6] J. Sinova, T. Jungwirth, X. Liu, Y. Sasaki, J. K. Furdyna,
W. A. Atkinson, and A. H. MacDonald, Phys. Rev. B 69, 085209
(2004).
[7] M. Bombeck, A. S. Salasyuk, B. A. Glavin, A. V. Scherbakov,
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A theory of spin relaxation of 3d5-electrons of manganese in (Ga,Mn)As, including ferromagnetic
and paramagnetic phases, is presented. In manganese doped gallium arsenide, holes act in two
ways: as carriers of magnetic interactions between manganese centers and as a channel for their
spin relaxation. The strong spin-orbital interactions of the holes lead to short spin relaxation times
and exchange interactions of the holes with the 3d5-electrons of manganese cause its rapid spin
relaxation. This mechanism for spin relaxation of manganese predominates in the ferromagnetic
phase, while the main mechanism for spin relaxation of Mn in the paramagnetic phase is through
fluctuations in the hole spins. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4983332]

magnetic subsystems. This leads to a reduction in the g-factor at temperatures below the ferromagnetic transition temperature and leads to saturation in the paramagnetic phase.
Hole spin fluctuations must be taken into account in order to
describe spin relaxation of manganese; this makes it possible
to describe the temperature dependence over the entire range
including the ferromagnetic and paramagnetic phases. This
theory can be applied to other DMS with multiple magnetic
subsystems.

Introduction

The dilute magnetic semiconductor (DMS) (Ga,Mn)As
with hole-induced ferromagnetism1 is an ideal material for
studying highly correlated disordered spin systems.
Important characteristics of this material, such as spin relaxation of manganese 3d5-electrons and its g-factor, have not
been fully studied, although there are many methods for
experimental study of magnetic excitations in this system: in
particular, ferromagnetic resonance (FMR),2,3 the ultra-fast
magneto-optical Kerr effect (MOKE),4–6 picosecond strain
pulses,7 and spin-flip Raman scattering [SFRS].8
The spin dynamics in ferromagnetic (Ga,Mn)As has been
studied experimentally by FMR, and the effective g-factor geff
characterizing the coupled system consisting of the spins of
holes and manganese found to be geff ¼ 1:9260:04 (Ref. 9)
and geff ¼ 1:91.10 The measured value is in good agreement
with the theoretically predicted geff ¼ 1:90.11 An analysis of
MOKE data12–14 yielded an estimate of 300–400 ps for the
transverse spin relaxation time sMn. The nonequilibrium spin
dynamics of holes in ferromagnetic (Ga,Mn)As has been studied by ultra-fast MOKE and the measured hole spin relaxation
time sh  0.2 ps.15 Another good experimental method is
SFRS. This method has been used on samples with isolated
manganese centers to study their fine structure16 and on ferromagnetic (Ga,Mn)As for direct measurement of the effective
g-factor of the manganese, the transverse spin relaxation time,
and the temperature and magnetic field dependences. In particular, it has been shown that the spin relaxation time of manganese is independent of the magnetic field.
In this paper, we present a theory for the relaxation of
the spin of the 3d5-electrons of manganese and the renormalization of the g-factor in the ferromagnetic and paramagnetic
phases. This model is based on the mean field theory and
describes disordered (Ga,Mn)As as two highly correlated
1063-777X/2017/43(4)/5/$32.00

Theory

The DMS studied in this paper contains on the order of
1% < x < 8% atomic percent of manganese and undergoes a
ferromagnetic transition at a temperature TC. It is well known
that ferromagnetism in (Ga,Mn)As is caused by holes which
produce correlations of manganese spins.1 Interactions with
holes also cause modifications of the g-factor of manganese
and its spin relaxation. To study spin relaxation and modification of the g-factor of manganese, we examine (Ga,Mn)As in
a steady, external uniform magnetic field and the magnetization dynamics when the system is taken out of an equilibrium
state. The spin dynamics of (Ga,Mn)As in an external magnetic field can be described in terms of the mean field approximation17 as two magnetic systems. The first consists of the
spins of the 3d5 inner shell of Mn2þ with a g-factor gS ¼ 2:01
and magnetization MS. The holes, which are characterized by
the parameters gJ and MJ, are the second subsystem. The general equations of motion for the magnetic subsystems with
small deviations are given by
dMS
l gS
l gS
¼ C1 B MS  DMS þ C3 B MS  DMJ
dt
h

h

lB gS
klB gS
B  MS 
MJ  MS ;
þ
h
h
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(1)
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dMJ
l gJ
l gJ
¼ C2 B MJ  DMJ þ C3 B MJ  DMS
dt
h
h

l gJ
kl gJ
þ B ðB þ Ban Þ  MJ  B MS  MJ
h

h



þ DDMJ ch MJ M0J :

(2)

The first two terms describe spin waves. The constants
Ci describe the spin wave spectrum; typical values for
(Ga,Mn)As lie in the range of 1012–1013 cm2.18–20 The
terms containing k describe the interactions between the
two magnetic subsystems and typically k  103–104.8
Equation (2) also includes spin diffusion with D  0:10:2
cm2/s,8 the hole spin relaxation rate ch  1:1  1012 s1
(Refs. 8 and 15) associated with the strong spin-orbital
interaction in the valence band of GaAs, and a magnetic
anisotropy field Ban (Refs. 8 and 12–14) associated with the
complicated valence band. The magnetization in
(Ga,Mn)As is typically MS  100 G, mainly caused by the
manganese subsystem, since the spin polarization of the
holes is small, with MJ =MS ⱗ 0:1.8,21 We shall assume that
the external magnetic field in Eqs. (1) and (2) is directed
along the z axis. The effective g-factor of manganese and its
spin relaxation can be determined from the real and imaginary parts of the eigenvalue of the system of Eqs. (1) and
(2). We shall solve the equation of motion assuming that the
external magnetic field is high compared to the magnetic
anisotropy field, i.e., B  Ban . The magnetic anisotropy
makes a small, field-independent contribution to the precession frequency of manganese, which we neglect.
The equations of motion for the magnetization are nonlinear, but in the limit of small deviations from equilibrium,
they can be linearized. The modifications in the g-factor of
manganese can be described by averaging the system of Eqs.

(1) and (2) and solving it to within terms that are linear in
the deviation of the magnetization from its equilibrium position. This, however, is insufficient for describing the relaxation of the spin of manganese at temperatures above the
Curie temperature, and it is necessary to include nonlinear
terms. The nonlinear terms lead to two effects: the first is
related to the nonlinear coherent dynamics. This shows up
through the generation of a second harmonic and an amplitude dependence of the precession frequency, which can be
neglected in the case of small deviations. The second effect
is related to the existence of fluctuations in the magnetization, which also lead to an additional contribution to spin
relaxation. When the deviations in the magnetization from
the equilibrium position are small, these effects can be considered independently. In order to account for the contribution of the nonlinear terms, we solve Eqs. (1) and (2) for the
z
into
z-component of the magnetization and substitute MS;J
6
the equation for the transverse components MS;J
. We can
now average the resulting equations of motion. We write the
magnetization in the form Mj ¼ M0i þ Mi ðtÞ þ dMi ðx; tÞ,
where M0i is the equilibrium magnetization, Mi ðtÞ is the spatially uniform magnetization which describes precession in
the external uniform magnetic field, and dMi ðx; tÞ are the
fluctuations in the magnetization with respect to which the
average with the distribution function shown below will be
taken. Here we assume that Mi0  Mi ðtÞ; dMi ðx; tÞ. Since
the spin of manganese interacts primarily with the hole spin,
and the holes have strong spin-orbital interactions, it is possible to consider the fluctuations of the hole subsystem
alone. For convenience, we introduce the following notation:
h, kJ ¼ gJ klB =
h, and xB ¼ BlB =
h. Averaging
kS ¼ gS klB =
yields the following equations of motion for the
magnetization:

8
>
ðt
>


>
dMSþ ðtÞ
>
>
¼ i gS xB kS MJ0 MSþ ðtÞ ds IðtsÞMSþ ðsÞ þ ikS MS0 MJþ ðtÞ;
<
dt
ðt
>
> dMJþ ðtÞ


gJ
>
0 þ
>
ð
Þ
>
¼
ik
M
M
t
þ
ds Iðt  sÞMSþ ðsÞ þ i gJ xB  kJ MS0 þ ich MJþ ðtÞ;
J J S
: dt
g

(3)

S

where

i.e.,
k2
I ðt  sÞ  S hdMJþ ð x; tÞdMJ ð x; sÞi:
2

(4)

In Eq. (4) we neglect the terms proportional to Ci and small
with respect to the parameter Ci kf2 =k  1, where kf1 is the
characteristic length of the fluctuations. Because of the
homogeneity of the system in time, the dependence on a
time difference is used in Eq. (3). The average h…i signifies
averaging with respect to the fluctuations in the magnetization with the effective Hamiltonian

HðdMJ Þ ¼

CJ @dMJi @dMJi aJ
þ dMJi dMJi ;
2 @xj @xj
2

(5)

ð

Ð
D½dMJ f ðdMJ Þe dVHðdMJ Þ
ð
hf ðdMJ Þi ¼
:
Ð
D½dMJ e dVHðdMJ Þ

(6)

Equation (6) is valid only for averaging simultaneous magnetization fields. The system of equations for the magnetization dynamics (3) contains correlators of the fields at
different times; for this it is necessary to express the field at
time t in terms of the time s using the equation of motion for
the fluctuations
ddMJþ
¼ ½igJ xB  ch dMJþ þ DDdMJþ ;
dt

(7)
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ð

dMJþ ðx; tÞ ¼ dx0 GJ ðt  s; x  x0 ÞdMJþ ðx0 ; sÞ:

(8)

Then we can find the Fourier transform of the unknown
correlator
ð
dk
T
: (9)
I ðxÞ ¼ 2k2S
ð2pÞ4 ðix þ Dk2 þ ch ÞðCJ k2 þ aJ Þ
Assuming that ch  lB gi B=h, the effective g-factor of manganese and its spin relaxation time 1/c are given by


kS M0 kJ MS0 þ kS MJ0
; (10)
geff ðT; BÞ  gS  ðgS  gJ Þ  J

2
kJ MS0 þ kS MJ0 þ c2h
k2S T
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ
ð2pÞ CJ Dch þ D aJ CJ


kS M0 kJ MS0 þ kS MJ0
þ ch  J
:

2
kJ MS0 þ kS MJ0 þ c2h

cðT; BÞ 

2

(11)

For describing the dependence of the magnetization of
the manganese and hole spin systems on the external magnetic field and temperature, we can use the large difference
in their values,1 i.e., MJ0 =MS0  1. For simplicity, we assume
that this ratio is independent of temperature and magnetic
field. We use the effective Landau Hamiltonian to describe
the dependence of the uniform part of the external field
dependence of the magnetization of (Ga,Mn)As
Heff ¼ a

T  TC 2
MS þ bMS4  BMS ;
TC

(12)

where TC is the Curie temperature and a and b are phenomenological parameters. The effective Hamiltonian (12) should
also include terms that contain MJ, but because of the large
difference between the hole and manganese subsystems,
only the manganese subsystem is included in Eq. (12).
Discussion

The following parameters have been chosen to construct
the temperature and field dependences of the magnetization
for the Landau Hamiltonian (12): a ¼ 4  103 G2, b ¼
108 G4, TC ¼ 50 K. These parameters yield a magnetization at zero temperature of MS0 ¼ 100 G, which corresponds
to an atomic fraction x  1:5% of manganese. The magnetization of (Ga,Mn)As derived from Eq. (12) is plotted as a function of temperature for two values of the magnetic field in Fig.
1. These values will be used for calculating the effective g-factor and spin relaxation frequency. The other parameters in
Eqs. (3), (10), and (11) were taken to be: gS ¼ 2;
gJ ¼ 1,16,22 CJ ¼ 1012 cm2,19 D ¼ 0:1 cm2/s, ch ¼
0:6  1012 s1,15 aJ ¼ 104 , k ¼ 3000, and MJ =MS ¼ 0:04.
Figure 2 shows the dependence of the effective g-factor
on temperature in zero magnetic field (red curves) and B ¼ 2 T
(blue curves). The smooth and dot-dashed curves show the
solution of the system of Eq. (3) and the dashed and dotted
curves were constructed using Eq. (10). The modification of
the g-factor of manganese depends on the presence of an
average magnetic moment in the system. The g-factor
approaches 2 with increasing temperature. With decreasing
frequency of the hole spin relaxation frequency, Eq. (10)

Fig. 1. Temperature dependence of the magnetization of (Ga,Mn)As calculated using Eq. (12). The red curve is for zero magnetic field and the blue
curve, for B ¼ 2 T. It is assumed that the magnetization of (Ga,Mn)As is
determined primarily by the manganese subsystem since MJ0 =MS0  1.

transforms into the well known expression9,11,17 for the
g-factor
geff ¼

MS0 þ MJ0
:
MS0 =gS þ MJ0 =gJ

(13)

It should be noted that Eq. (13) is not applicable near the
Curie temperature, i.e., B ⲏ kMS0 ðTÞ.
Figure 3 shows the dependence of the transverse spin
relaxation frequency of manganese on temperature in zero
magnetic field (red curves) and B ¼ 2 T (blue curves). The
smooth and dot-dashed curves are the solution of the system
of Eq. (3) and the dashed and dotted curves were constructed
using Eq. (11). Equation (11) contains two contributions to
the spin relaxation process for manganese. The first spin
relaxation mechanism is related to the strong spin relaxation
of holes and, because of the collective motion of the manganese and hole subsystems, it leads to relaxation of the spin of
manganese. The presence of an average magnetic moment in
the system is important for this contribution. The second
mechanism is related to the spin fluctuations of the holes
and, because of the interactions of the hole and manganese
subsystems, it leads to the formation of a random dephasing
field that acts on the manganese spin. This mechanism is
independent of the magnetic moment in the system, so it is
observed both before and after the ferromagnetic transition.
Below the Curie temperature, the main mechanism for spin
relaxation is the first; with rising temperature its contribution
decreases and in the paramagnetic phase all is determined by
fluctuations in the hole spin. The magnitudes of these contributions are comparable, as can be seen in Fig. 3. It can be
seen that as the spin diffusion increases, the spin relaxation
time for manganese decreases, since the hole spin fluctuations propagate more rapidly and are less able to act on the
manganese. As the spin diffusion decreases, the spin relaxation frequency determined by thepfluctuations
approaches a
ﬃﬃﬃﬃﬃﬃﬃﬃ
limit determined by the term CJ Dch in the denominator,
since D  v2F =ch (vF is the Fermi velocity of the holes) and
approaches k2S T=ðCJ vF Þ . Let us analyze the temperature
dependence of the parameters in Eq. (11). The hole spin
relaxation time does not depend strongly on temperature,
since it is determined by the structure of the complicated
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Fig. 2. Temperature dependence of the effective g-factor of manganese in
(Ga,Mn)As. The smooth curve and the dot-dashed curve are the exact solution (3) and the dashed and dotted curves were derived from Eq. (10). The
red curves are for zero magnetic field and the blue curves, for B ¼ 2 T.

valence band and by the Fermi velocity, which, for manganese concentrations of a few atomic percent, will vary
weakly with rising temperature, as confirmed by experimental observations.15 As a consequence, the spin diffusion coefficient is independent of temperature. The parameter CJ is
also temperature independent. As for aJ , it is difficult to say
anything about its temperature dependence.
Figure 4 shows the magnetic field dependence of the
spin relaxation rate for manganese. The red curves are for
zero temperature and the blue, for T ¼ 70 K. The smooth and
dot-dashed curves are the solution of the system of Eq. (3)
and the dashed and dotted curves are constructed from Eq.
(11). It can be seen that c almost ceases to depend on the
magnetic field at the transition into the paramagnetic state.
This is because of rapid spin relaxation of the holes. It
should be noted that the analytic formulas (10) and (11) provide a satisfactory fit to the exact solution of the system (3)
and to the experimental data.8
We now compare this result with the Landau-LifshitzHilbert phenomenological approach for describing relaxation
in ferromagnetic systems. Relaxation of the magnetization is
described by adding the following term to the equation of
motion:

Fig. 4. The field dependence of the transverse spin relaxation time of manganese in (Ga,Mn)As. The smooth curve and the dot-dashed curve are the
exact solution (3) and the dashed and dotted curves were derived from Eq.
(11). The red curves are for T ¼ 0 K and the blue curves, for T ¼ 70 K.
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where aG is the Hilbert constant. In this approach the transverse spin relaxation time is proportional to the precession
frequency, i.e., c  aG x, but this is not consistent with the
experimental data and theoretical calculations (Fig. 4).
In this paper, we have developed a theory for spin relaxation and calculated the effective g-factor of manganese in
the semiconductor (Ga,Mn)As. Their dependences on temperature have been determined with the ferromagnetic and
paramagnetic phases taken into account. Two main mechanisms for spin relaxation of manganese, both connected with
holes, have been found. Renormalization of the g-factor of
manganese is observed only in the ferromagnetic phase.
The calculations were done by I.V.K. with the support
of Grant No. 16-32-00798 from the Russian Foundation for
Basic Research (RFFI), and the work on stating the problem
and discussing the results was supported by Grant No.
14-12-00255 from the Russian Science Foundation (RNF).
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We apply the resonant indirect exchange interaction theory to explain the ferromagnetic properties
of the hybrid heterostructure consisting of a InGaAs-based quantum well (QW) sandwiched
between GaAs barriers with spatially separated Mn d-layer. The experimentally obtained dependence of the Curie temperature on the QW depth exhibits a peak related to the region of resonant
indirect exchange. We suggest the theoretical explanation and a fit to this dependence as a result of
the two contributions to ferromagnetism—the intralayer contribution and the resonant exchange
C 2015 AIP Publishing LLC.
contribution provided by the QW. V
[http://dx.doi.org/10.1063/1.4922806]

Dilute magnetic semiconductors (DMS) have been attracting a lot of attention for quite a while.1 A lot of efforts have
been put forward to combine the numerous advantages of
semiconductors with the spin-related phenomena introduced
by the magnetic impurities. A special attention nowadays is
focused on (Ga, Mn)As DMS which has rather high Curie temperature. However, the details of the mechanism responsible
for the ferromagnetism of GaAs doped with a small amount of
Mn have not yet been clarified.2 It is commonly accepted that
it is due to the indirect exchange interaction mediated by the
holes. The highest Curie temperature achieved for bulk dilute
(Ga,Mn)As samples so far is TC  200 K.3 Mn solubility limit
prevents further increase of TC by increasing the doping level
in bulk samples.4 In this regard, the GaAs heterostructures
with a Mn layer coupled to a spatially separated 2D holes
channel have gained a considerable interest.5–8 It has been
demonstrated that GaAs heterostructure with a Mn d-layer
located in a vicinity of InxGa1xAs quantum well (QW) shows
ferromagnetic behavior similar to that of the bulk (Ga,Mn)As
DMS. It was discovered, however, that the ferromagnetic properties depend on the QW depth in a non-monotonic way.9 It
was suggested that this may be due to falling of the hole bound
state at Mn ion into the energy range of occupied 2D heavy
holes states in the QW.10 A theory of the indirect exchange via
a spatially separated conducting channel was developed in
Refs. 10 and 11. The theory predicted enhancement of the
exchange interaction strength due to the resonant tunnel coupling of a bound state at magnetic ion with the continuum of
delocalized 2D states in the channel. In this paper, we apply
the resonant exchange theory to explain the experimentally
observed dependence of the Curie temperature on the QW
depth. When discussing 2D structures one should be aware of
what is meant by the Curie temperature as there is no spontaneous breaking of a continuous (rotational) symmetry in our
a)
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2D Heisenberg ferromagnet. In our theoretical approach, we
actually consider the effective exchange constant, i.e., the
energy of the indirect exchange interaction between the two
neighbouring Mn ions. For 3D case, it is indeed close to the
critical Curie temperature for the system to undergo the ferromagnetic phase transition. In 2D case, we define Curie temperature TC as the one marking the onset of “local ferromagnetic
order” when the magnetic correlation length well exceeds the
distance between the Mn ions. In the experiment so defined TC
is obtained from a hump on the in-plane electrical resistance
temperature dependence,12,13 a more detailed discussion on the
critical temperature in this system is given in Refs. 14 and 15.
We consider the problem of indirect exchange between
two magnetic ions i and j via 2D channel as shown schematically in Fig. 1(a). Here, Ii,j is the spin projection of the
ith(jth) magnetic ion, ei,j is the ion’s bound state energy, and
di,j is the distance between the ion and the channel. Indirect
exchange mediated by free carriers is usually described on
the basis of Ruderman-Kittel-Kasuya-Yosida (RKKY)
theory.16 Separation of the magnetic ions from the free carriers gas by a potential barrier leads to the suppression of the
effect due to decay of the 2D carriers wavefunction into the
region containing magnetic centers. However, if a magnetic

FIG. 1. Illustration of the indirect exchange interaction via 2D channel (a)
and band diagram of a InGaAs-based heterostructure with a QW and Mn
d-layer (b).
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pﬃﬃﬃﬃﬃ
Eij  c jT ; if b > 1
pﬃﬃﬃﬃﬃ
Eij  cb jT ; if b < 1
pﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ
jT
b¼
; T ¼ Ti Tj :
jei  ej j

ion possess a bound state with an energy within the 2D gas
energy spectra, a resonant tunneling may occur. Such a resonant coupling cannot be straightforwardly accounted for
within the RKKY approach. We consider two magnetic ions
i and j coupled to the free electron gas in the tunneling
Hamiltonian formalism

(6)

Here, c is given by
H ¼ H0 þ HT þ HJ ;

ð

c¼

þ
þ
H 0 ¼ ei a þ
i ai þ ej aj aj þ ek ck ck dk;
ð
þ
HT ¼ ðtik aþ
i ck þ tjk aj ck þ h:c:Þdk;
þ
HJ ¼ JAðIi saþ
i ai þ Ij saj aj Þ;

(1)

where H0 is the Hamiltonian of the system without tunnel
coupling and spin-spin interaction, HT is the tunnelling term,
HJ is the exchange term, aþ
i and ai are the creation and annihilation operators for the bound states at the impurity ion i,
characterized by the energy ei and wavefunction wi,
cþ
k and ck are the creation and annihilation operators for a
continuum state characterized by the quantum number(s) k,
having the energy ek and the wavefunction uk , J is the
exchange constant, A is the wavefunction amplitude at the
ion’s site squared, s is the electron spin projection, and ti,k is
the tunneling matrix element10
sﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h2 Ti ikRi
e ;
t i ðk Þ ¼
2pm

(2)

(3)

separating
the
where U0 is the height of the potential barrier
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
magnetic centers from the channel, q ¼ 2m? U0 =h, m? is
an effective mass along the tunneling direction, the dimensionless parameter a depends on the channel and magnetic
centers details.11 We obtained the exchange energy between
the two ions in the form10,17
Eij ¼

1
p

ð EF
0

(7)

where Rij is the distance between the ions. Unlike RKKY
theory, here the Fermi wavenumber kF is replaced by the
“resonant”
pﬃﬃﬃﬃﬃﬃﬃﬃﬃwavenumbers corresponding to the bound levels:
ki ¼ 2mei =
h. For the experimental situation considered
below the parameter c appears to be c  1 being still far from
the first maximum of the oscillations. Approximation (6) is
quite good as illustrated in Fig. 2. The dotted curve shows
the exchange interaction energy calculated according to (4)
for ei ¼ ej ¼ e0, while the solid curve shows the approximation (6) assuming c ¼ 1. The exchange energy in the resonant
case is much larger than in the non-resonant one. The latter
case agrees with the RKKY approach. Indeed, the integration
(4) for the case when the arctan argument has no poles and
therefore is small while the tunneling is weak yields10
Enr ¼

where m is the in-plane effective mass and Ti is the energy
parameter for the tunneling
Ti ¼ aU0 e2qdi ;

pﬃﬃﬃﬃﬃﬃ
2p½J0 ðki Rij ÞY0 ðki Rij Þ þ J0 ðkj Rij ÞY0 ðkj Rij Þ1=4 ;

8pT 2 j2 EF
vð RÞ;
e40

vð RÞ ¼ J0 ð kF RÞY0 ð kF RÞ þ J1 ð kF RÞY1 ð kF RÞ;

(8)

where R is the mean distance between the ions. Note that the
resonant and non-resonant cases have different parametric
dependence on the tunneling parameter T and the exchange
parameter j, this leads to substantial amplification of the indirect exchange in the resonant case.
We applied the theory of the resonant exchange to the
hybrid GaAs/Mn d-layer/GaAs/InxGa1xAs/GaAs heterostructure, which was also studied experimentally. The energy
diagram for this system is shown schematically in Fig. 1(b).
The Mn content is 0.25–0.3 monolayers (ML), the distance
between the Mn layer and the InxGa1xAs QW is d ¼ 3 nm

2
3
8p2 j2 Ti Tj J0 ðkRÞY0 ðkRÞ

 5;
de arctan4
ðei  eÞ2  j2 ðej  eÞ2  j2
(4)

carriers in the
where j ¼ JAjIjjsj, EF is the Fermi level of the
pﬃﬃﬃﬃﬃﬃﬃﬃ
channel (zero temperature is assumed), k ¼ 2me=h, and J0
and Y0 are Bessel and Neumann functions of zeroth order.
Formula (4) is valid for both resonant and non-resonant
tunnel coupling. The resonant case corresponds to the bound
states energy levels lying within the energy range of the
occupied states in the 2D channel
ei ; ej 2 ½0; EF :

(5)

In this regime, the main contribution to the exchange energy
(4) comes from the poles of the arctan argument and can be
estimated as

FIG. 2. Approximation for indirect resonant exchange energy (dashed line)
compared to exact result (solid line).
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(at that the mobility of the 2D holes in the QW remains
almost unaffected by the Mn layer18), the thickness of the
QW is 10 nm and its depth is controlled by In concentration
x. For the detailed description of the structure see Ref. 8.
Due to the Mn diffusion the Mn layer thickness appears to be
as large as 3 nm,19 it is thus natural to expect that the ferromagnetic properties of such a layer would resemble the bulk
ferromagnetism of (Ga,Mn)As. Indeed, the ferromagnetism
in such a layer alone has been confirmed experimentally,20
its ferromagnetic properties have been also studied theoretically.21 However, the samples containing a QW in addition
to the Mn layer were shown to exhibit ferromagnetic properties, which were non-monotonously dependent on the QW
depth.9 The dependence of Curie temperature on the parameters of the QW suggests that the indirect exchange interaction is partly due to 2D holes sitting in the QW. Another
explanation of the observed phenomena could be the redistribution of the holes between Mn layer and the QW. At that
the non-monotonous dependence of Curie temperature on
holes concentration might be attributed to the impurity band
formed in (Ga, Mn)As. The optimal filling factor for the impurity band holes hopping is 0.5, so by sweeping the filling
factor from 1 down to 0 one would expect the ferromagnetism to exhibit non-monotonous behavior with maximum at
the half-filled impurity band.22 This explanation was, however, criticized23 pointing out that no non-monotonous
behavior is observed if As-antisite defects are properly taken
into account.24 Moreover, such scenarios imply radical
change of the filling factor, i.e., the concentration of holes
going to the QW should exceed that of holes residing in the
Mn layer. The holes concentration in the QW in our samples
never exceeds 2.3  1012 cm2 while in the Mn layer (with
Mn content 0.25–0.3 ML) it is not less than 1013 cm2
according to our measurements (also confirmed in Ref. 20).
Thus, the hole concentration in the QW is too small to
explain the change of the Curie temperature and its nonmonotonous behavior by this mechanism. At the same time,
it was proved experimentally that the holes in the QW are
spin polarized due to strong tunnel coupling with Mn,15,18,25
thus one would naturally expect their participation in the
indirect exchange between Mn ions. This interaction must be
considered with account for the resonant coupling as
described above. Indeed, the acceptor binding energy of Mn
in GaAs is comparable to the QW depth for the holes. This
makes it possible to meet the condition (5) as shown in Fig.
1(b), where e0 denotes the average energy of the bound state
of a hole at Mn (zero energy corresponds to the first heavy
holes quantization level in the QW). We made a fit to the experimental data9 (circles in Fig. 3) assuming that there are
two contributions to the indirect exchange interaction
between the Mn ions. The first one is assumed to be itinerant
ferromagnetism of the Mn d-layer itself mediated by weakly
localized holes located in the layer in the same manner as in
the bulk (Ga, Mn)As. This contribution does not depend on
the QW properties. The second contribution is the resonant
indirect exchange via the 2D holes of the QW. This one is
treated on the basis of our theoretical result (4). We demonstrate that the maximum of the Curie temperature corresponds to the resonant indirect exchange via the 2D holes of
the QW, while its decrease for both too shallow and too deep

Appl. Phys. Lett. 106, 252402 (2015)

FIG. 3. Dependence of the Curie temperature on the QW depth. Experiment
(circles) and theoretical fit (solid curves).

QW is explained by driving the system out of the resonance
(5). In our calculation, we assumed the Curie temperature
being the sum of the two terms
TC ¼ TC1 þ TC2 ;

(9)

where TC1 does not depend on the QW properties. In calculation of the second term TC2, we assumed that the energy levels at Mn ions are normally distributed having an average
value e0 and dispersion re. The distance between the neighbouring ions was assumed to be constant, equal to the mean
one R. For the Mn d-doping of 0.3 ML, one can take
R ¼ 1.5 nm. We checked that taking into account some distribution of the distances as well as varying the mean value has
little effect on the resonant exchange term. This is because c
defined by (7) is a very weak function of R in the vicinity of
c ¼ 1. On the contrary, the Mn bound levels energy distribution does play an important role and must be accounted for.
In order to introduce the energy levels distribution into the
fitting procedure, it is convenient to replace the approximation (6) by a similar function
E~ðei ; ej Þ ¼

c2 jT
pﬃﬃﬃﬃﬃ :
jei  ej j þ c jT

(10)

The resonant contribution to the Curie temperature TC2 (9) is
calculated using the following expression:
ð
ð þ1
2 EF
TC2 ¼
de
de0 PðeÞPðe0 ÞE~ðe; e0 Þ;
(11)
kB 0
1
where
2

ðee Þ
 0
1
PðeÞ ¼ pﬃﬃﬃﬃﬃﬃ e 2r2e ;
2pre

(12)

kB is the Boltzmann constant. In the limiting case of a d-like
distribution re ! 0 expression (11) yields
8
ﬃ
>
< 2 cpﬃﬃﬃﬃ
jT ; e0 2 ½0; EF 
(13)
TC2 ¼ kB
>
:
0;
otherwise;
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TABLE I. The parameters of the fit.
No. TC, K U0, meV
1
2
3
4
5
6

13
36
25
19
36
28

80
105
140
90
110
150

p, cm2
5.6  1011
8.9  1011
1.8  1012
0.7  1011
3.0  1011
2.3  1012

EF, meV TC1, K
7.8
12.5
25.2
1.0
4.2
32.2

9
9
9
17
17
17

pﬃﬃﬃﬃﬃ
jT , meV re, meV
3.3
3.3
3.3
4.1
4.1
4.1

18
18
18
13
13
13

i.e., the resonant contribution vanishes whenever e0 goes
below or above the energy range occupied by the carriers in
the QW. The approach was used to fit the experimental values
of the Curie temperature measured for two series of samples.
The samples 1–3 had 0.25 ML of Mn and the QW depth for
the holes U0 varied from 80 to 140 meV, the samples 4–6 had
0.3 ML of Mn with U0 varied from 90 to 150 meV. The fits
for the two series of experimental points are presented in Fig.
3. The average value of the Mn bound state for the best fit was
e0 ¼ U0  103 meV, i.e., 103 meV above the top of the valence band for GaAs, which roughly matches the Mn acceptor
binding energy (110 meV). This value was the same for the
two fits. The hole concentration (and their Fermi level) was
derived from the transport experiments8,18 and the QW depth
was obtained from the optical experiments. These values are
given in Table I along with the other parameters of the fit.
Other fitting parameters were: non-resonant component of the
Curie temperature TC1, bound state energy dispersion re, and
the product jT. As it is seen from Table I, for samples 4–6 TC1
is higher than for the samples 1–3, this is consistent with the
latter having weaker Mn doping. The value of TC1 appears to
be somewhat smaller than that reported for similar samples
having no QW.20 However, we extracted the Curie temperature from the derivative of sheet resistance temperature dependence dR/dT as suggested in Ref. 13 rather than from R(T)
as done in Ref. 20. Taking this into account TC1 appears to be
close to that measured for single Mn layer. The larger jT product for the more heavily doped samples can be understood if
we recall that Mn layer has a finite thickness, expected to be
larger for larger Mn concentration due to Mn diffusion.8 Thus,
the minimal distance between the Mn layer and the QW is
decreased with increase of Mn doping level resulting in
increase of the tunneling parameter. The difference in the
energy levels dispersion re perhaps cannot be unambiguously
explained with the similar plain arguments. What is read from
the fit (Table I) is that the diagonal disorder is somewhat
smaller in the Mn layer with higher Mn concentration.
Overall, the fit shows good agreement with the experimental
data and the values of the fitting parameters seem quite reasonable. It might be also useful to illustrate the interplay
between the two contributions to the ferromagnetism. Shown
in Fig. 4 are the two contributions as a function of the spacer
thickness d. For the calculation presented in Fig. 4, we took
the parameters of sample 5 with extrapolation to different
spacer thickness. The intralayer contribution (TC1 term) does
not depend on d, while the QW contribution depends on d via
the tunneling parameter. For the resonant case, this dependence is weaker
pﬃﬃﬃ than for the non-resonant one as TC roughly
follows the T dependence (6) rather than T2 (8). Despite that

FIG. 4. The calculated dependence of the Curie temperature on the distance
between QW and Mn d–layer.

the dependence of TC(d) appears to be still stronger than
observed in an experiment.9 We attribute this disagreement to
the uncertainty in determination of d as it is comparable to the
thickness of the Mn layer itself (3 nm). The detailed analysis
here requires more experimental data.
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We present a theoretical study of indirect exchange interaction between magnetic adatoms in graphene. The
coupling between the adatoms to a graphene sheet is described in the framework of a tunneling Hamiltonian. We
account for the possibility of this coupling being of resonant character if a bound state of the adatom effectively
interacts with the continuum of 2D delocalized states in graphene. In this case the indirect exchange between the
adatoms mediated by the 2D carriers appears to be substantially enhanced compared to the results known from
Ruderman-Kittel-Kasuya-Yosida (RKKY) theory. Moreover, unlike the results of RKKY calculations in the case
of resonant exchange, the magnetic coupling between the adatoms sitting over different graphene sublattices
does not cancel each other. Thus, for a random distribution of the magnetic adatoms over a graphene surface, a
nonzero magnetic interaction is expected. We also suggest the idea of controlling the magnetism by driving the
tunnel coupling in and out of resonance by a gate voltage.
DOI: 10.1103/PhysRevB.92.155432

PACS number(s): 68.65.Pq, 75.30.Hx, 75.50.Pp, 75.75.−c

I. INTRODUCTION

Magnetism in graphene has been attracting quite a lot of
interest, probably no less than any other physical property
of this novel material. In particular, quite a few experiments
are focused on introducing magnetic properties by doping
graphene with magnetic atoms [1–4]. The magnetic adatoms
deposited onto a graphene surface in a moderate sheet
density can couple to the graphene and participate in the
indirect exchange interaction mediated by the free carriers
available in graphene. The problem is also relevant to other
two-dimensional layered crystals such as transition-metal
dichalcogenides with magnetic adatoms [5,6]. Such systems
are also similar to dilute magnetic semiconductor heterostructures with 2D channel coupling magnetic impurities [7,8].
The indirect exchange is usually treated with RKKY theory
which considers the spin-spin interaction between impurities
mediated by delocalized carriers. As we have shown in our
previous works RKKY approach needs to be modified in
the case when the impurity is coupled to the free electron
gas by means of resonant tunneling [9]. Basically, the spatial
separation between the magnetic center and free carriers leads
to a decrease of the indirect exchange due to weak wave
function overlap. However, if the magnetic center possesses
a bound state with an energy level matching the delocalized
carriers energy range, the indirect exchange is dramatically
increased due to resonant tunneling effect [10,11]. This
phenomenon was observed in GaAs based heterostructures
having an Inx Ga1−x As quantum well (QW) and Mn δ layer in
the vicinity of QW [8,12–14].
In this paper we analyze pair indirect exchange interaction between magnetic adatoms via delocalized carriers in
graphene. For the nonresonant case when the bound state
energy does not match the 2D continuum energy range, this

*
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approach resides to conventional RKKY theory in graphene
with some minor model-specific adjustments. The RKKY
interaction in graphene has been intensively studied theoretically [15–22]. It was shown that the indirect exchange
crucially depends on the magnetic centers’ position with
regard to the graphene sublattices A and B. If the magnetic
centers are located at the vertices of the same sublattice the
interaction is ferromagnetic, while for the opposite sublattices or plaquette configuration it is antiferromagnetic. For
the undoped graphene the interaction energy decreases as
[15–18,20,21] 1/R 3 with distance R between the impurities,
while for doped graphene the dependence is [17,22] 1/R 2 .
For the case of magnetic adatoms being weakly coupled to
the graphene, the RKKY interaction is simply damped by a
factor of exp (−4d/d0 ) with d being the distance between an
adatom and the graphene and d0 characterizing decay of the
graphene wave function in the direction normal to its surface.
On the contrary, if an impurity has a resonant bound state the
situation changes dramatically. In the resonant case the energy
of the indirect exchange interaction is strongly enhanced and
the interaction type (ferromagnetic or antiferromagnetic) can
be the same both for AA and AB adatom configurations as
will be shown below.
II. THEORY

Let us consider two magnetic adatoms located on a
graphene sheet as shown in Fig. 1. Magnetic adatoms have
spins labeled as I1 ,I2 and the bound states with energy
levels ε1 ,ε2 . We assume a tunnel coupling which leads to
a hybridization of the adatom bound states’ discrete energy
levels and graphene continuous spectrum. Such hybridization
is described by the well-known Fano-Anderson model [23].
For a nonresonant case when the discrete energy level lies
outside of the occupied continuum spectrum, the perturbation
theory of indirect exchange (RKKY) can be applied using
the hybridized wave functions as the ground state. However,
if the discrete energy level lies within the 2D continuum
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of the two adatoms. We express the whole Hamiltonian (1) in
the second quantization as follows:

+
ĉpK
(|p|ĉpK
Ĥ0 = ε1 fˆ1+ fˆ1 + ε2 fˆ2+ fˆ2 + vF
p
+
+
+
d̂pK + |p|ĉpK
− |p|d̂pK
 ĉpK  − |p|d̂pK  d̂pK  ),

ĤT = t1A âR+1 fˆ1 + t1B b̂R+1 fˆ1 + t2A âR+2 fˆ2 + t2B b̂R+2 fˆ2 + H.c.,
ĤJ = λ1 fˆ1+ fˆ1 + λ2 fˆ2+ fˆ2 .
FIG. 1. (Color online) The illustration of indirect exchange interaction of adatoms located on graphene. Black and white circles
indicate carbon atoms in two different sublattices A and B, respectively. Parallelograms show the graphene unit cells. Two adatoms
(shown as red circles) with spins I1 ,I2 are coupled to both A and B
sublattices.

the interaction becomes resonant, i.e., the substantial part
of the hybridized wave function resides at the magnetic
centers. At that, even a small perturbation reflects in a
strong change of the hybridized wave function. This effect
does not allow one to apply the RKKY theory which
technically leads to a divergence of the energy correction
due to resonant denominators in the second order perturbation
expressions. An alternative approach, which avoids using the
perturbation theory, was suggested in our previous papers
[9–11]. As the RKKY theory does, this method considers
the indirect exchange in the weak coupling regime so that
the effective exchange Hamiltonian for magnetic adatoms is
expressed as V̂eff ∼ (Î1 · Î2 ). In this case the indirect exchange
interaction energy can be calculated by replacing the magnetic
adatoms spin operators Î1,2 by classical magnetic moments
I1,2 [18]. The weak coupling exchange for graphene implies
λ/t  1, where λ is the characteristic exchange energy, and
t is the nearest-neighbor hopping energy in the graphene
tight-binding Hamiltonian [24].
We consider the following Hamiltonian:
Ĥ = Ĥ0 + ĤT + ĤJ ,

Eex = E↑↑ − E↑↓ .

(2)

We assume the exchange Hamiltonian ĤJ as a contact
interaction at the adatoms’ sites:
ĤJ = Aδ(r − R1 )ŜI1 + Aδ(r − R2 )ŜI2 ,

are the
Here ε1,2 are the bound states energies,
creation and annihilation operators of the adatoms’ bound
+
+
+
+
states, ĉpK
,d̂pK
,ĉpK
 ,d̂pK  , ĉpK ,d̂pK ,ĉpK  ,d̂pK  are the creation
and annihilation operators of electrons (c) and holes (d) with
discrete momentum p at K and K  points, respectively. vF is
the Fermi velocity in graphene, λ1,2 = ASI1,2 |ϕ(0)|2 , where
S, I1,2 are the electron and the adatoms’ spin projections,
respectively, and ϕ(0) is the bound state wave function at the
magnetic adatom site.
To account for the coupling of each adatom to the graphene
we introduced two complex parameters tiA ,tiB , i = 1,2, describing the tunnel coupling of the ith adatom to the A and B
graphene sublattice, respectively. With the tunneling part ĤT
in Eq. (4) being written in real space representation, âR+i ,b̂R+i
are the creation operators for real-space states at the A and B
sublattice. Along with the part of the Hamiltonian Ĥ0 [Eq. (4)]
describing graphene the tunneling part must be rewritten in
the momentum representation. Using tight-binding graphene,
Hamiltonian [24] operators in real space are expressed through
those in reciprocal k space as follows:
âRn = e−iKRn

(3)

where Ŝ is the electron spin operator, I1,2 are the adatoms’
spins, A is the exchange constant, and R1,2 denote the positions

 e−ipRn
ĉpK + d̂pK
√ e−iθp √
N
2
p


+ e−iK Rn
b̂Rn = − e−iKRn

(1)

where Ĥ0 describes the noninteracting adatoms and graphene,
ĤT is the tunneling term, which is spin independent, and ĤJ
describes the exchange interaction between the adatoms’ core
spins and the graphene electrons which have tunneled to the
adatom. We assume there is no direct exchange interaction
between the adatoms. For the weak coupling the adatoms’
spins act as parameters defining the potential energy profile,
thus the Hamiltonian (1) becomes different for parallel and
antiparallel spin configuration. The difference in the system
energy for parallel and antiparallel spin configurations of the
magnetic adatoms can be interpreted as the indirect exchange
interaction energy [15,18,19]:

(4)
+ ˆ
fˆ1,2
,f1,2



− e−iK Rn



 e−ipRn
ĉpK + d̂pK
,
√ eiθp
√
N
2
p

 e−ipRn ĉpK − d̂pK
√
√
N
2
p

(5)

 e−ipRn ĉpK  − d̂pK 
,
√
√
N
2
p

where Rn is a position of a carbon atom in the sublattice
A, θp is a polar angle of the momentum vector p (here the
coordinate system is the same as in Ref. [24]). We assume
that the first adatom is located at the origin R1 = (0,0) and the
second adatom is located at R2 = (x,y) = (r,θr ) in Cartesian
and polar coordinate systems, respectively.
We further proceed with diagonalization of Eq. (1) on a
discrete basis in the same manner as described in Ref. [11]. For
an unperturbed discrete basis it is convenient to take the energy
spectrum of a graphene disk of radius L with boundary conditions of general form [25]. The energy levels are characterized
by radial and angular quantum numbers m,n, respectively.
We further write Hamiltonian (4) in matrix form using the
unperturbed graphene disk wave functions and the adatoms’
bound state wave functions. This Hamiltonian can be diagonalized exactly, so the modified energy levels are obtained. The
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difference between the energy of the same number of electrons
populating modified and unperturbed energy levels gives the
interaction energy. Finally, from the finite disk we proceed
to an infinite graphene sheet taking the thermodynamic limit
L → ∞. The details of this calculation are presented in
Appendix A. The indirect exchange energy is the difference
between the parallel (↑↑) and antiparallel (↓↑) adatoms’ spin
configurations; in order to find the total energy difference one
should sum up the difference over all occupied states:
 
[Em,i (↑↑,s) − Em,i (↓↑,s)],
(6)
Eex =
m,i s=±1/2

where m = 0,1,2,... and i = 1,2 are analogous to radial and
angular quantum numbers, respectively; they characterize
the modified energy levels [eigenvalues of (A6)]. The outer
sum is over all occupied energy levels (see Appendix A for
details). Also for each of the adatoms’ configurations the
summation is done over the electron spin projection s. The
adatoms’ spin configurations and electron spin projection
enter (A6) only through the parameters λ1,2 , which are of
the same magnitude |λ1 | = |λ2 | ≡ λ but can have different
sign, for example for ↑↑,s = −1/2 these parameters are
λ1 = λ2 = −λ. In the following we keep the leading order
in the tunneling parameters. As shown in Appendix B, the
indirect exchange energy contains fast oscillating factors
with a characteristic spatial period 2π/K that is the length of
the carbon-carbon bond; the same applies to a conventional
RKKY interaction in graphene [18,20]. Here we average over
these short-wavelength oscillations and also average on the
polar angle of describing the adatoms’ position (for details
see Appendix B). Finally, we get for the resonant indirect
exchange interaction in graphene:


 EF
dE
λ2 E 2 f (E,r)
Eex =
arctan
2
2
2
2
[(ε1 − E) − λ ][(ε2 − E) − λ ]
−∞ π

The expression (10) is consistent with the previously known results of conventional RKKY theory in
graphene [17,18,20,22] with the characteristic dependence
Enr ∼ λ2 T 4 . While in metals the RKKY-type indirect exchange interaction is usually ferromagnetic at small distances
between the magnetic impurities, in graphene it depends on the
adatoms’ position. As follows from Eq. (10), if both adatoms
are located at the same sublattice (AA or BB) the interaction
is ferromagnetic while for different sublattices configuration
(AB, BA) it is antiferromagnetic. This is in exact agreement
with the RKKY theory in graphene [20]. However, for the
resonant case a picture of the indirect exchange interaction
appears to be radically different from what is expected from
the conventional RKKY theory. In order to apply the resonant
exchange theory to any real case one should be aware of
typical values of the parameters entering Eq. (7). Those can be
estimated as λ ∼ 1 ÷ 10 meV [8,9], T ∼ 0.1 ÷ 1 eV [1,26].
The STM experiments [1] have shown that Co adatoms have
a localized energy level at ε0 ∼ −100 meV, and the Fermi
level in graphene can be effectively controlled by gate voltage
in the range EF ∼ −300 ÷ 300 meV [1]. Figures 2 and 3
show the resonant indirect exchange interaction as a function
of the distance between the adatoms calculated according

(7)


 

|E|r
|E|r
4
N0
J0
f (E,r) = τAA
vF
vF

 

|E|r
|E|r
4
N1
,
J1
+ τAB
vF
vF

10

(8)

16
∗
∗
∗
∗
(t1A t2A
+ t1B t2B
)(t1A
t2A + t1B
t2B ),
3t 4
16
4
= 4 (|t1A |2 |t2B |2 + |t1B |2 |t2A |2 ),
τAB
3t
where t ≈ 2.8 eV is the graphene’s nearest-neighbor hopping
energy [24], and Ji ,Ni are Bessel and Neumann functions of
ith order, respectively.
4
τAA
=

Indirect exchange interaction (meV)

× sgn(E),

To consider the nonresonant case let us assume the localized
state energy lying above the Fermi level, ε0  EF . In this case
the arctangent argument (7) has no poles and arctan is to be
replaced by its argument (due to the smallness of the tunneling
parameter). Further calculations are similar to those discussed
in Ref. [16]. We get:
 0
λ2
Enr ≈ 4
dE E 2 f (E,r)
π ε0 −∞
 4
t
27 λ2 1
4
4
=
−τAA
.
(10)
+ 3τAB
128π t (r/a)3 ε0

III. DISCUSSION

Let us assume for simplicity that the adatoms’ bound states
have the same energy, ε1 = ε2 ≡ ε0 . For the resonant case,
when the bound state energy lies within the 2D continuum
spectra, ε0 ∈ (−∞,EF ), from Eq. (7) the exchange energy
can be roughly estimated as:

4
4 1/4
Eres ∼ T λε0 , T = τAA
+ τAB
.
(9)

AA
AB
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FIG. 2. (Color online) Indirect exchange interaction energy vs
distance between adatoms. Localized state’s energy is ε0 =
−100 meV; Fermi level is EF = 0 meV. Red curve—adatoms located
on same sublattice (AA); blue dashed curve—adatoms located on
different sublattice (AB).
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FIG. 3. (Color online) Indirect exchange interaction energy vs
distance between adatoms. Localized state’s energy is ε0 = 100 meV;
Fermi level is EF = 110 meV. Red curve—adatoms located on same
sublattice (AA); blue dashed curve—adatoms located on different
sublattice (AB).

to the formula (7) for different adatom configurations (AA
and AB). For this calculation we took the following values:
λ = 1 meV. For the AA configuration the tunneling parameters
describe the coupling of the adatoms to only one sublattice (A)
t1A = t2A = 1 eV, t1B = t2B = 0. For the (AB) configuration
we took t1A = t2B = 1 eV, t1B = t2A = 0. We analyze two
different situations regarding the position of the bound state
energy related to the Dirac point: (i) ε0 = −100 meV, EF =
0 meV, (ii) ε0 = 100 meV, EF = 110 meV. In both cases the
resonance condition is satisfied. Case (i) is presented in
Fig. 2. Note that in contrast to the conventional (nonresonant) RKKY theory, the interaction between the adatoms is
antiferromagnetic at small distances for both AA and AB
configurations. The reason is that in the resonant case, the
tunneling is enhanced for the graphene electrons having the
same energy as the localized state, and for a small distance
both terms in Eq. (8) appear to be of the same sign. In
case (ii) the bound state energy level lies in the conduction
band above the Dirac point. The calculated indirect exchange
energy is presented in Fig. 3. In this case for both AA and
AB configurations the interaction is ferromagnetic at a small
distance. Note that because the contributions from AA and
AB configurations do not compensate each other, the plaquette
configuration or random distributions of the magnetic adatoms
would also result in a ferromagnetic interaction. Thus, the
resonant exchange can be revealed in an experiment with a
random distribution of the adatoms. For both resonant cases (i)
and (ii) discussed above, the characteristic wavelength for the
oscillations is governed by the resonant energy: ∼ a × t/ε0 ,
where a is the C-C bond length, while in conventional RKKY
theory it is related to the Fermi energy ∼ vF /εF .
An important feature of the resonant indirect exchange is
that its strength can be several orders of magnitude higher
compared to the nonresonant case. This effect has been
described for semiconductor heterostructures [9] and carbon

-80

-70

-60

EF (meV)
FIG. 4. (Color online) Indirect exchange interaction energy as a
function of the Fermi level position. Bound state energy is ε0 =
−100 meV, and the distance between adatoms is R = 2 nm, AA
configuration.

nanotubes [11]. The physical reason for such an enhancement
is simple: The resonant tunneling makes the free carriers’ wave
function effectively penetrate onto the magnetic center where it
participates in the direct exchange. The enhancement, although
not that large, has been seen experimentally for hybrid
semiconductor-Mn heterostructure [8]. Here we suggest a
natural idea of modulating the magnetic properties of the
system by adjusting the Fermi level in order to drive the
system in and out of the resonant condition. To illustrate
the effect we plotted the indirect exchange energy vs Fermi
level position in Fig. 4. The distance between the adatoms
located on the same sublattice (AA configuration) was kept at
R = |R1 − R2 | = 2 nm and the bound state energy was taken
as ε0 = −100 meV. As seen from Fig. 4 the indirect exchange
energy changes by several orders of magnitude while changing
the Fermi level position EF by ∼100 meV. Such a modulation
of the Fermi level position can be rather easily achieved by
applying the appropriate gate voltage. Thus, along with the
modulation of the interaction range [15], one could effectively
control its strength using the gate voltage.
IV. SUMMARY

In conclusion, we have developed an indirect exchange
interaction theory for magnetic adatoms on graphene. The
presence of resonant localized states at the adatoms strongly
affects the picture of indirect interaction. The indirect exchange is strongly enhanced whenever the adatom bound state
energy level lies within the energy range of occupied states
in graphene. Thus, the indirect interaction strength can be
effectively controlled by adjusting the Fermi level position
in graphene with an external gate voltage. An important
property of the resonant exchange in graphene is that unlike
nonresonant RKKY theory in graphene, the type of the
interaction (ferromagnetic or antiferromagnetic) is the same
for the same-sublattice (AA) and different sublattice (AB)
configurations. The interaction is ferromagnetic for a small
distance if the bound state energy level lies in the conduction
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band and antiferromagnetic for the bound state energy level
lying in the valence band. Because the contributions from AA
and AB configurations do not compensate each other in the
resonant case a random distribution of the magnetic adatoms
results in a nonzero magnetic interaction. This finding opens a
good possibility for studying the phenomena experimentally.
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APPENDIX A: CALCULATION OF EIGENVALUES

Putting aside some complications introduced by graphene,
our problem is the one of interaction between two discrete
levels and continuum, the so-called Fano-Anderson problem [23]. It appears to be more convenient to use a cylindrical
discrete basis as the boundary conditions for the graphene in
these coordinates are simpler to define. Let us put the system
in a finite cylindrical box with radius L. Then one could
specify a basis of the pure graphene eigenfunctions using any
type of boundary conditions. The graphene eigenfunctions in
cylindrical basis are:

√ 
Jn (pr)einθR
p
K
(r,θR ) = √
ψp,n
i(n+1)θR
2 L ±iJn+1 (pr)e
(A1)

√ 
Jn (pr)einθR
p
K
ψp,n
,
(r,θR ) = √
2 L ∓iJn−1 (pr)ei(n−1)θR
where up and down sign correspond to the electrons and holes,
respectively. We take the boundary conditions for K and K 
valleys in a general form as discussed in Ref. [25]:




1 iβe−iθR
1 iβeiθR
ˆK =
, ˆ K =
,
0
0
0
0
K
ˆ K ψp,n
(r,θR )
K
ˆ K  ψp,n
(r,θR )

r=L

= 0,

r=L

= 0,

(A2)

where parameter β describes the boundary. Using (A2) we get
discrete energy levels for K and K  valleys:


π m π (2n + 1)
β
0
Em,n
= vF
+
± arctan
,
(A3)
L
4L
L
where “+” corresponds to the holes and “−” corresponds
to the electrons, m,n are integer values, m is the quantized
momentum amplitude, and n is the cylindrical harmonic
number. Now let us consider the total Hamiltonian (1); we
write its eigenfunctions |  as an expansion:
| =

a1 fˆ1+
+

+

a2 fˆ2+

cK  +
ĉpnK 
bpn

+

+

cK +
ĉpnK
bpn

dK  +
d̂pnK 
bpn

ai ,bαβ

+

be obtained from those in the plane waves basis (5):


π Lp 2π dθp −inθp
+
cK
e
= i −n
0|fˆ1 ĤT ĉpK
|0.
t1pn
2
2π
0
Finally, in the basis

+
+
+
+
(fˆ1+ |0,fˆ2+ |0,{ĉpnK
|0},{d̂pnK
|0},{ĉpnK
 |0},{d̂pnK  |0})

the Hamiltonian (1) reads:
⎛
ε1 + λ1
0
⎜
⎜0
ε2 + λ2
⎜
cK∗
⎜t cK∗
t2pn
⎜
Ĥ = ⎜ 1pn
dK∗
dK∗
⎜t1pn
t2pn
⎜ 
⎜t cK ∗
cK  ∗
t2pn
⎝ 1pn

dK ∗
dK  ∗
t2pn
t1pn



cK
t1pn

dK
t1pn

cK
t1pn

cK
t2pn
0c
Epn
0

dK
t2pn
0
0d
Epn

cK
t2pn
0
0



dK
t1pn

⎞

dK  ⎟
⎟
t2pn
⎟
0 ⎟
⎟
⎟.
0 ⎟
⎟
0c
0
0
Epn
0 ⎟
⎠
0d
0
0
0
Epn
(A6)
The determinant of the appropriate eigenvalue problem can be
reduced to a 2 × 2 form:

ε1 + A1 + λ1 − E
B∗



B
,
ε2 + A2 + λ2 − E

(A7)

where
Ai =





B=


m,n

cK cK∗
tipn
tipn

0c
E − Emn

m,n



cK cK∗
t1pn
t2pn
0c
E − Emn

+

+

dK dK∗
tipn
tipn
0d
E − Emn

dK dK∗
t2pn
t1pn
0d
E − Emn



+

0c
E − Emn



+



cK cK ∗
tipn
tipn



+



cK cK ∗
t2pn
t1pn
0c
E − Emn

0d
E − Emn



+



dK dK ∗
tipn
tipn


,

(A8)

dK ∗


dK
t2pn
t1pn

0d
E − Emn

.

(A9)
The summation in Eqs. (A8) and (A9) is over all basis
states, m,n = 0,1,2, . . .. The quantized momentum p in the
tunneling matrix element is discrete and corresponds to the
index m through the quantization condition (A2). Indexes
c,d correspond to the electrons and holes, respectively.
Equation (A8) describes a shift of the adatoms’ energy levels
due to interaction with graphene carriers. In the following
calculation we change definition of the bound states’ energy
levels as εi + Ai → εi . Note that the shift Ai is of the order
of T 2 and can be neglected in our case. Equation (A9)
describes interaction between adatoms via graphene electrons.
Expanding (A7) we get:
(ε1 + λ1 − E)(ε2 + λ2 − E) − BB ∗ = 0,
B=

(A10)

u.c. E

∗
∗
{(eiKR + eiK R )(t1A t2A
+ t1B t2B
)
4(vF )2


× (N0 (kr) + J0 (kr) cot(kL)) + i[(eiKr−iθr + eiK r+iθr )

dK +
d̂pnK
bpn

|0,

(A5)



∗
∗
× t1A t2B
+ (eiKR+iθr + eiK R−iθr )t1B t2A
]

(A4)

where the coefficients
are to be determined. The
indexes p,n characterize the cylindrical basis states (A1). The
tunneling matrix elements in the cylindrical basis (A1) could

× (N1 (kr) + J1 (kr) cot(kL))},

(A11)
√ 2
where R = R2 − R1 , k = |E|/vF , u.c. = 3 3a /2 is the
graphene unit cell area, a is the C-C bond length, and Ji ,Ni
are Bessel and Neumann functions of ith order, respectively.
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The unit cell area emerges from Eqs. (5) and (A5) as L/N = u.c. /2π L. The roots of the characteristic polynomial (A10) can
be parameterized with indexes Em,i , where m describes the absolute value of momentum in unperturbed state Em0 , and i = 1,2
indicates two solutions of Eq. (A10) in accordance with the number of adatoms considered (two).
APPENDIX B: EXACT EQUATION FOR RESONANT INDIRECT EXCHANGE INTERACTION

In this section we present an exact calculation of resonant indirect exchange interaction following Eq. (A10). We obtained:


 EF
λ2 E 2 g(E,r)
dE
Eex =
arctan
sgn(E)
(B1)
[(ε − E)2 − λ2 ][(ε2 − E)2 − λ2 ]
−∞ π

 1

|E|r
|E|r
4
N0
g(E,r) = τAA
(1 + cos(K − K )R)J0
vF
vF
4
4
+ τ1AB
(1 + cos ((K − K )R − 2θr )) + τ2AB
(1 + cos ((K − K )R + 2θr ))

 

|E|r
|E|r
2
2
N1
τ2AB
cos(α1AB − α2AB )( cos(K − K )R + cos(2θr )) J1
+ 2τ1AB
vF
vF
2
2
+ τAA
τ1AB
sin(αAA − α1AB )(cos ((K − K )R − θr ))
 


 

 
|E|r
|E|r
|E|r
|E|r
2
2
τ2AB
sin(αAA − α2AB )(cos ((K − K )R + θr )) J0
+ τAA
N1
+ J1
N0
,
vF
vF
vF
vF

(B2)
2
eiαAA
τAA
2
τ1AB
eiα1AB
2
eiα2AB
τ2AB

4
∗
∗
= √ (t1A t2A
+ t1B t2B
),
3t 2
4
∗
= √ t1A t2B
,
3t 2
4
∗
= √ t1B t2A
.
3t 2

Let us consider the nonresonant limiting case. We assume
(ε0 ≡ ε1 = ε2 ), ε0  EF , and for undoped graphene we take
EF = 0. We analyze the two configurations: (i) adatoms are
located on the same sublattice TAA = t1A = t2A , t1B = t2B =
0, (ii) the adatoms are located on different graphene sublattices TAB = t1A = t2B , t2A = t1B = 0. For the two sublattice
configurations we have


9 λ2 1 + cos(K − K )R TAA 4
AA
Enr
=−
,
(B3)
3
8π t
(R/a)
ε0


27 λ2 1 + cos ((K − K )R − 2θr ) TAB 4
AB
Enr
=
. (B4)
8π t
(R/a)3
ε0

of our model where the bound state level exists also in a
nonresonant case. Note that the absence of π factor in exact
equation for g(E,r) [Eq. (B2)] is connected to the π/2 angle
difference in our coordinate system from [18,20]. As one could
see from Eq. (B1) the indirect exchange oscillates with atomic
length period. We make an averaging over these short-range
oscillations:
 2π
dγ
Eex (γ ),
Eex  =
2π
0
(B5)

γ = (K − K )R.

These results [Eqs. (B3) and (B4)] describe indirect exchange
interaction in the nonresonant limit and are in agreement with
those obtained using RKKY theory in graphene [17,18,20–
22], the difference in the prefactor resembles the specifics

This integral cannot be calculated analytically, but we can
neglect the oscillation terms (i.e., cos(γ ) → 0) in Eq. (B2). We
checked the error associated with disregarding these terms by a
numerical calculation of Eq. (B5) and found good agreement;
the maximum error is less then 20% [22].
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ABSTRACT: We present experimental results and a theoretical
model for the gate-controlled spin-valve eﬀect in carbon
nanotubes with side-attached single-molecule magnets TbPc2
(Terbium(III) bis-phthalocyanine). These structures show a
giant magnetoresistance up to 1000% in experiments on singlewall nanotubes that are tunnel-coupled to the leads. The
proposed theoretical model combines the spin-dependent Fano
eﬀect with Coulomb blockade and predicts a spin−spin
interaction between the TbPc 2 molecules, mediated by
conducting electrons via the charging eﬀect. This gate-tuned
interaction is responsible for the stable magnetic ordering of the inner spins of the molecules in the absence of magnetic
ﬁeld. In the case of antiferromagnetic arrangement, electrons with either spin experience the scattering by the molecules,
which results in blocking the linear transport. In strong magnetic ﬁelds, the Zeeman energy exceeds the eﬀective
antiferromagnetic coupling and one species of electrons is not scattered by molecules, which leads to a much lower total
resistance at the resonant values of gate voltage, and hence to a supramolecular spin-valve eﬀect.
KEYWORDS: carbon nanotubes, TbPc2 magnetic molecules, supramolecular spin-valve eﬀect, giant magnetoresistance,
Coulomb blockade
olecular spintronics1−6 encompasses the abilities to
characterize, manipulate, and read out the molecular
spin states of nanosystems down to the singlemolecule level. Further device miniaturization and the need to
eﬀectively interface organic and inorganic materials for
biomedical and nanoelectronic applications are the driving
forces to this ﬁeld.7 Single-molecule functionality on short time
scales can be realized8−16 by using state-of-the-art optical and
electronic techniques.
More speciﬁcally, single-molecule magnets (SMM) provide a
promising way to realize nanometer-scale structures with a
stable spin orientation.5 SMMs are formed by an inner
magnetic core with organic ligands as a surrounding shell.17,18
The ligands can be tailored to bind them on surfaces or into
molecular junctions.19−24 Delocalized bonds in SMMs, which
can enhance their conducting properties, often have the
function to strengthen magnetic interactions of the core ions.
The variety of shapes and sizes of SMMs as well as the

M
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possibility of selective substitution of ligands can conveniently
customize the coupling of SMMs to the environment.25
Moreover, the magnetic properties can be changed without
modifying the structure by replacing the magnetic ions in
SMMs.26 Although the deposition of SMMs on surfaces or
between leads may aﬀect their magnetic properties,25,27 in the
sense of their low structural versatility, SMMs prevail over
nonmolecular nanosystems which typically show large size and
anisotropy distributions. Compared to magnetic nanoparticles,
SMMs have crucial advantages that they are extremely
monodisperse and can be investigated in molecular crystals.
Importantly, SMMs unify the archetypal macroscale properties of a magnet with quantum features of a nanoscale object.
An impressive variety of quantum eﬀects in SMMs, observable
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Figure 1. (a) Scheme of the single molecule magnet TbPc2. The spins of the ion (J = 6) and the “resident” electron on the ligands (S = 1/2)
are shown by the pink and black arrows. (b) Energy diagram of TbPc2 in external magnetic ﬁeld applied in the direction of the easy axis. The
ground state has two spin projections ±6.

peculiar nonlinear transport observed experimentally in tunnelcoupled CNTs with several SMMs still lack a comprehensive
theoretical explanation.
In this paper, we discuss both the experimental and
theoretical aspects of electronic transport through CNTs with
side-attached TbPc2 SMMs. We propose a theoretical model
that accounts for the interplay of the following main
ingredients: (i) spin-dependent resonant scattering of conducting electrons on the bound state inside a molecule (Fano
resonance)36−38 and (ii) Coulomb blockade39 inside the CNT.
Speciﬁcally, the electronic states on molecules give rise to the
spin-dependent resonant suppression of the transmission of
conducting electrons. The Coulomb interaction between
electrons inside the nanotube leads to Coulomb blockade,
with the linear transport blocked for the antiparallel orientation
of molecule spins at all values of gate voltage. The developed
theory predicts a long-range interaction between SMMs, which
is responsible for the stable magnetic ordering of the inner
spins of the molecules, and explains the GMR in nanotubes
with TbPc2 molecules.
Remarkably, the sign and the strength of the molecular spin−
spin interaction can be varied by the gate voltage, thus implying
that the arrangement of SMMs spins and, more generally, the
magnetic properties of supramolecular nanostructures can be
eﬃciently manipulated by external gates. This gate-controlled
spin-valve eﬀect allows designing SMM-based devices with
engineered local gates. Demonstration of a superior ﬂexibility of
chemistry with respect to the tuning and controlling the
properties of the molecules (spin, anisotropy, redox potential,
response to light and electrical ﬁeld, etc.) is expected to lead to
further breakthroughs in the ﬁeld of quantum electronics and
spintronics.

up to very high temperatures thanks to the progress in
molecular designs, ranges from Berry-phase interference and
quantum coherence to quantum tunneling of magnetization.
While the study of SMMs has already led to strong impact on
spintronics,3 yet more striking results are expected in the course
of further developing design of devices based on individual
SMMs.
In contact with nanostructures, SMMs may strongly modify
their transport properties. A remarkable example of such an
eﬀect is the giant magnetoresistance (GMR) that was observed
in a carbon nanotube (CNT) with side-attached magnetic
molecules TbPc2.10,28,29 The GMR eﬀect has great potential for
diﬀerent applications, for example, sensors, magnetic memory,
and others. Materials with GMR are characterized by the size of
the structure and the ratio [G(B) − G(0)]/G(0), where G(B)
and G(0) denote the conductance with and without magnetic
ﬁeld, respectively. Reproducible sharp jumps of the conductance of the CNTs tunnel-coupled to the leads were
observed with a slow variation of magnetic ﬁeld that oriented
the magnetic moments of the molecules parallel to each other.
Varying the gate voltage, the GMR eﬀect in nanotubes can
reach 1000%. By its manifestations, this spin-valve eﬀect is
similar to the phenomenon of GMR in thin metal ﬁlms with
magnetic contacts, which, in turn, is one of the most prominent
and widely used in practice phenomena in the ﬁeld of
spintronics. A similar spin-valve eﬀect was observed in thin
graphene strips with SMMs30 and in CNTs with permalloy
contacts.31
Nanostructures involving SMMs, such as molecular quantum
dots coupled to metallic leads, were addressed theoretically in a
number of works. In particular, a possible read-out for the local
spin orientation via the measurement of the spin current,32
asymmetries in the Coulomb diamonds and Kondo peaks,33
and the spin-blockade eﬀect associated with a change of
magnetic anisotropy34 were discussed. For a single-wall CNT
with a single side-attached molecule, it has been argued that the
tunnel magnetoresistance may depend on the exchange
interaction between the CNT and the SMM.35 In ref 36, a
mechanism of the spin-valve eﬀect for (eﬀectively inﬁnite)
CNTs with SMMs was proposed. However, the GMR and

RESULTS AND DISCUSSION
Structure of Single-Molecule Magnets. In this work, we
focus on the particular SMM, TbPc2 double decker, see Figure
1(a). The TbPc2 molecule consists of a terbium(III) ion with
4f 8 electrons in the inner shell, which have a total angular
momentum 3 and a total spin 3. The metal ion is coordinated
by an organic ligand possessing an easy axis. Strong spin−orbit
6869
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coupling leads therefore to a total angular momentum J = 6. At
low temperatures, the magnetic moment of terbium has only
two projections on the easy axis, Jz = ± 6, because of a strong
magnetic anisotropy caused by interaction40 with the two
phthalocyanine (Pc) ligands, Figure 1(b).
In addition, terbium has a nuclear spin 3/2, leading to a
hyperﬁne interaction with electrons of the inner shell. The
nuclear spin of SMM can be eﬀectively read out by
conductance measurements40,41 on a structure where TbPc2
is directly coupled to the leads. This hyperﬁne interaction can
be controlled by applying a gate voltage.42 Terbium spin J can
change its projection through the spin-phonon coupling.43
Furthermore, quantum Einstein−de Haas eﬀect44 was observed
with these molecules.
The phthalocyanine ligands in TbPc2 possess an electronic
state with spin S = 1/2.18 Due to a strong Coulomb interaction
between particles with opposite spins,14 only one spin
orientation is occupied.45 This localized spin S is coupled by
the exchange interaction42 to the terbium spin J of 4f electrons.
Experimental Results. In this Section, we outline the most
salient experimental ﬁndings showing the giant magnetoresistance eﬀect in the linear transport through a CNT, as
well as the peculiar diﬀerential conductance in the regime of
Coulomb blockade.
In Figure 2, we present a typical conductance measurement
performed in magnetic ﬁeld that was varied in time at the ﬁxed

low sweep rate, quantum tunneling of magnetization by
Landau−Zener mechanism becomes important.28
The maps of the diﬀerential conductance in units of
conductance quantum G0 = e2/h as a function of source-drain
and gate voltage are shown in Figure 3 for zero magnetic ﬁeld

Figure 3. Coulomb blockade maps at zero magnetic ﬁeld in the
plane of source-drain voltage Vsd and gate voltage Vg. The
diﬀerential conductance G = dI/dVsd is given in units of quantum
conductance G0.

Figure 4. Coulomb blockade maps as in Figure 3, now in a static
magnetic ﬁeld, B = 1 T.

Figure 2. Linear-response conductance at ﬁxed gate voltage Vg =
−4.63 V in units of quantum conductance G0 as a function of
dynamically swept magnetic ﬁeld (sweep rate: 0.07 T/s). Blue
curve: forward sweep from −0.7 to 0.7 T; red curve: backward
sweep.

and in Figure 4 for the static magnetic ﬁeld, B = 1 T. The
measurements were performed by sweeping the source-drain
voltage Vsd at a given value of the gate voltage Vg and then
changing Vg. Coulomb diamonds in these maps indicate the
presence of Coulomb blockade caused by strong electron−
electron interaction between electrons in CNT. From the
extrapolation of Coulomb diamonds we estimate the charging
energy in CNT as EC ≈ 20 meV. Another important
observation is that the conduction regions are rather
homogeneous, which indicates that the broadening of singleparticle energy levels in the CNT is relatively strong.
Remarkably, at zero magnetic ﬁeld (Figure 3), the
conductance at zero Vsd is suppressed for all values of Vg,
and the transport gap δVsd ∼ 1 ÷ 2 meV is observed.10 This is
in contrast to the conventional CB maps in quantum dots,46
where the linear conductance is ﬁnite at resonant values of Vg.
In the CB map obtained for strong magnetic ﬁeld (Figure 4),

gate voltage (Vg = −4.63 V) and vanishing source-drain voltage
(linear response, Vsd → 0). The sweep rate of magnetic ﬁeld is
70 mT·s−1. The blue curve shows the conductance for
increasing B from negative values to positive and the red
curve for the sweep in the opposite direction.
The asymmetry of the conductance jumps with respect to B
→ −B is caused by the ﬁnite sweep rate. At negative magnetic
ﬁelds, the ground spin state of Tb is Jz = +6, see Figure 1(b).
For a suﬃciently fast sweep of magnetic ﬁeld, the molecule spin
continues residing on the Jz = +6 branch, which at positive
magnetic ﬁelds corresponds to an excited state, until a
relaxation process takes place that ﬂips the Tb spin. The
main source of relaxation is associated with the spin-phonon
coupling in TbPc2 molecule.43 At the same time, for relatively
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the transport gaps are closed at certain values of the gate
voltage. This fact is emphasized by the zoom pictures of the
Coulomb blockade map for the gate voltage range near Vg ∼
1.25 V in Figure 5 (zero B) and Figure 6 (B = 1 T).

Figure 7. Conductance as a function of the source-drain voltage Vsd
at ﬁxed gate voltage Vg = 1.27 V in units of G0. Blue curve: B = 0;
red curve: B = 1 T.

Figure 5. Zoom into Coulomb blockade map around Vg = 1.25 at
zero magnetic ﬁeld. The diﬀerential conductance is given in units
of G0.

Figure 8. Conductance as a function of the source-drain voltage Vsd
at ﬁxed gate voltage Vg = 0.335 V in units of G0. Blue curve: B = 0;
red curve: B = 1 T.

It is worth noting that a similar gate dependence of the
magnitude of spin-valve eﬀect can be found already in ref 10.
Speciﬁcally, in Figures 2a and 2b of ref 10, one can see the
strong spin-valve eﬀect (GMR) at gate voltages Vg = −4.6 V
and Vg = 2.6 V, where the transport gap closes in strong
magnetic ﬁeld. For other values of gate voltages in Figures 2a
and 2b of ref 10, e.g., at Vg = −4.4 V, a weak spin-valve eﬀect
was observed, with a transport gap in the CB map apparently
persisting also in strong B. In what follows, we will explain the
origin of GMR and the gate dependence of the molecular spinvalve eﬀect.
Theoretical Model. Fano Resonance in a Double-Barrier
Structure. The TbPc2 SMM has a delocalized state on its
ligands which was observed by Raman measurements47 and
found in various density-functional calculations.36,45 When
SMMs are attached to the CNT, tunneling takes place between
the electronic states of the CNT and the state localized on
ligands and these states hybridize. The hybridization of
conduction electrons with a localized state leads to the Fano
resonance,36−38 which strongly aﬀects the transport through the
CNT with side-attached molecules.
To introduce this phenomenon, we ﬁrst consider the case of
one-dimensional electrons with parabolic spectrum in a onedimensional inﬁnite channel (Figure 9). Electrons in the
channel are tunnel-coupled to a single localized state with

Figure 6. Zoom into Coulomb blockade map around Vg = 1.25 at B
= 1 T.

In Figure 7, we present the conductance as a function of the
source-drain voltage at ﬁxed gate voltage Vg = 1.27 V with and
without static magnetic ﬁled. This plot demonstrates the GMR
eﬀect of the order of 1000%: the conductance drops from G(B
= 1 T) = 0.14 G0 to G(B = 0) = 0.006 G0. We note in passing
that the center of the low-conductance window is shifted from
Vsd = 0 to the right by 0.5 ÷ 1 meV.
Apart from the GMR observed at Vg = 1.25 ÷ 1.3 V, another
important experimental feature is a weaker spin-valve eﬀect for
other values of the gate voltage in Figures 3 and 4, for example,
for Vg = 0.335 V, as demonstrated in Figure 8. Both with and
without magnetic ﬁeld, the linear conductance is of the same
order as the zero-ﬁeld conductance in Figure 7. We emphasize,
however, that the zero-B linear conductance in Figure 8 is still
lower than the conductance at B = 1 T. Thus, we arrive at the
conclusion that the experimentally observed magnetoresistance
depends on the gate voltage, i.e., is a gate-controlled
supramolecular spin-valve eﬀect. Note also, that the region of
suppressed conductance (the “transport gap”) in Figure 8 is
narrower for B = 1 T.
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Figure 9. Schematic illustration of the origin of the Fano resonance
in transmission though an inﬁnite one-dimensional channel (tube)
with a tunnel-coupled localized state (red level) on a molecule. The
destructive interference of waves passing the molecule without
visiting it (path 1) and visiting the Fano state (path 2) leads to a
vanishing transmission for electrons with the resonant energy (Ek =
E0).

energy E0 on the side-attached molecule. The level localized on
the molecule acquires a ﬁnite broadening ΓM because of the
coupling between the CNT and the molecule. The transmission
coeﬃcient for electrons with wave-vector k (energy Ek) through
such a system38 is presented in Supporting Information. The
scattering oﬀ the localized state suppresses the transmission
through the channel in the energy window Ek ∼ (E0 − ΓM, E0 +
ΓM).
The Fano blocking of the transport by the side-attached
molecule is due to the destructive interference of the electronic
wave that passes directly without scattering and the wave that
visits the molecule and jumps back to the channel (paths 1 and
2 in Figure 9, respectively). Exactly at the resonance Ek = E0,
the scattering phase for path 2 is π, which leads to zero
transmission (the sum of the two waves vanishes: eikx + eikx+iπ =
0). Accordingly, the reﬂection coeﬃcient reaches maximum
(unity) at the resonance. As a result, the side-attached level acts
as an eﬀective barrier whose transparency depends on the
energy of scattered electrons.
The importance of Fano resonances for transport through a
nanotube with SMMs was pointed out in ref 36. However, the
consideration of that paper was restricted to the case of inﬁnite
(no tunnel coupling to the leads) systems and hence did not
describe the full set of the experimental observations. As we are
going to show below, the crucial ingredient of the theoretical
model is Coulomb blockade caused by the charge quantization
in a ﬁnite-length CNT with suﬃciently high contact resistance.
In the next step, we calculate the transmission coeﬃcient of a
nanotube of length L coupled to the leads, in the presence of a
Fano state (upper panel in Figure 10). The two barriers that
separate the nanotube from the leads are characterized by the
transmission and reﬂection coeﬃcients ;L,R , 9L,R = 1 − ;L,R
(here the subscript “L” stands for the left barrier, “R” for the
right). The Fabry−Pérot-type interference inside the CNT
leads to the Breit−Wigner resonances in the transmission
through the structure at energies corresponding to the
quantization energy for inﬁnite barriers.
To illustrate the physics of the double-barrier system with the
Fano state, it is instructive to consider the classical case, when
dephasing (see Supporting Information) between barriers is
suﬃciently strong so that the single-particle levels inside the
nanotube overlap. At the same time, we assume that the typical
time ℏ/ΓM that a particle spends on the localized Fano state is
shorter than the dephasing time and hence the Fano quantum
interference is not destroyed. The transmission coeﬃcient
;BMB for the structure “barrier−molecule−barrier” (BMB) can
be calculated in a classical manner with the use of the quantum
expression for the transmission and reﬂection amplitudes (see
Supporting Information) of the Fano state on the molecule:

Figure 10. (Upper panel) Schematic illustration of the Fano setup
with the one-dimensional channel coupled to the leads by tunneling
barriers. (Lower panel) Transmission coeﬃcient for this setup as a
function of the carrier energy Ek in the classical case (strong
dephasing). The red curve shows the transmission ;BMB for the
structure with barriers and one molecule, the black one shows the
transmission for two barriers without the molecule (;BB). The
chosen parameters are as follows: the energy of the localized state
is E0 = 50 meV; the transmission coeﬃcients across the contacts to
the leads are ;L = ;R = 0.17 ; the hybridization of conducting
electrons with the Fano state is characterized by ΓM = 30 meV.

;BMB = ;BB

;BB =

(Ek − E0)2
(Ek − E0)2 + ;BBΓ 2M

;L;R
1 − 9R 9L

(1)

(2)

The equation for ;BB describes the classical transmission for
the two barriers without molecule, see the Supporting
Information. In comparison with the inﬁnite channel, the eﬀect
of the two barriers in eq 1 manifests itself in the two aspects.
First, the energy window of suppressed transmission due to
Fano eﬀect reduces to Ek ∼ (E0 − ;BB ΓM , E0 + ;BB ΓM).
Second, the resulting transmission probability ;M is multiplied
by the transmission coeﬃcient for the two barriers, ;BB. In the
lower panel in Figure 10, the classical transmission coeﬃcient
for the CNT with one Fano center is presented.
In the general case of arbitrary dephasing (including the zerodephasing case), the structure of the total transmission
probability ;BMB is similar to eq 1 in the sense that the
double-barrier transmission coeﬃcient is modulated by the
Fano-resonance envelope. For the case of symmetric barriers,
the transmission coeﬃcient of the whole structure is presented
in Supporting Information. The analysis of the general solution
is relegated to future work. What is important for us is that the
presence of the Fano state substantially suppresses the
transmission through the whole system in the range of energies
Ek ∼ (E0 − Γ0, E0 + Γ0) around E0 of the width Γ0 controlled by
both the strength of the coupling ΓM and the transmission
probability ;BB for the two barriers. In the presence of two and
more molecules, the overall picture remains the same: in the
range of Fano-resonance energies, the transmission is strongly
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transport through a single molecule. This means that a few
levels of size quantization fall into in region with bad
transmission. The value of the repulsive Coulomb energy on
Pc ligands, U0 ∼ 100 meV, was calculated in ref 45.
If the Fermi level is located, for example, in the energy band
of poor transmission for electrons with spin-up orientation (see
the left part of Figure 11), a single molecule splits the nanotube
into two quantum dots (QDs) for this type of carriers. Indeed,
for spin-up electrons near the Fermi level (i.e., for those
electrons that are involved in transport) there are three barriers:
two tunneling barriers connecting the CNT to the source and
drain contacts and the eﬀective barrier created by the molecule.
At the same time, spin-down carriers near the Fermi level are
unaﬀected by the presence of the single molecule and hence
feel only the two outer tunneling barriers that form a single
QD.
For the minimal model of two molecules, we therefore
encounter a “spin-valve eﬀect” emerging because of the spindependent Fano resonances, similar to the one described in ref
36. Speciﬁcally, for the antiparallel orientation of the two SMM
spins, conducting electrons with either spin projection
experience the resonant backscattering by the SMM and the
transport is suppressed for all electrons. When the two
molecular spins are parallel, conducting electrons with one
spin projection see the two Fano barriers inside the CNT and
are blocked even stronger. However, electrons with the
opposite spin are not aﬀected by either of the molecules,
which should lead to a higher conductance of the system.
The diﬀerence between our model and that of ref 36 is in the
presence of strong tunneling barriers separating the CNT and
the leads. As a result, the CNT can be considered as a sequence
of quantum dots whose number depends on the spins of
carriers and molecules. Speciﬁcally, the parallel orientation of
the two SMM spins in Figure 11 results in the breaking the
CNT into three QDs for the spin-up carriers, while the spindown carriers feel only one QD. For the antiparallel SMM
spins, both spin-down and spin-up carriers see two QDs, being
blocked by one of the molecules.
The splitting of the CNT into quantum dots is depicted in
Figure 12. Hereinafter, we assume that the Fermi level is
located in the lower energy band in Figure 11, i.e., the

suppressed. In other words, the molecules can be considered as
strong barriers for electrons in this energy range. At the same
time, away from the Fano resonance, molecules do not
essentially aﬀect the transport.
Including Spin: Splitting of Fano Resonances. Let us now
discuss the role of the electron and molecule spins in the
transport through the CNT-SMM structure. Localized
electronic states on Pc ligands of the SMM are characterized
by a large Coulomb energy U0. Another important fact is the
presence of ferromagnetic exchange interaction42 between
electrons localized on ligands and 4f electrons of terbium.
The exchange interaction is described by
Vex̂ = A(Ĵ ·Ŝ)

(3)

where J and S are the spins of terbium and of localized
electrons, respectively. The exchange interaction constant A has
a value of around −0.2 meV. In this case, we can write the
energy of spin-up and spin-down electrons on Pc (E↑ and E↓,
respectively) as
E↑, ↓ = E0 ± AJz /2 + U0n↓, ↑

(4)

Due to the strong repulsive Coulomb interaction U0,
tunneling into TbPc2 is hardly possible for an electron if the
SMM has been already occupied by an electron of opposite
spin. The direction of the spin of a localized electron is
determined by the spin of Tb via the exchange interaction. The
orientation of the terbium spin itself is discussed later. Due to
magnetic anisotropy of the SMMs, we can ﬁx the magnetic
moment of the molecule in one direction and analyze its eﬀect
on electron scattering. A schematic diagram illustrating these
aspects is presented in Figure 11.

Figure 11. Schematic diagram of electron scattering on TbPc2.
When a spin-up electron occupies the localized state on the ligand,
two regions of bad transmission for electrons are formed due to
exchange interaction with Tb spin.

The transmission of an electron through a molecule with
given spin J depends on electron’s energy and spin. In what
follows, we assume the following hierarchy of the energy scales
in our model:
Δ ≪ EC ≲ Γ0 ≪ U0

(5)

Here, Δ is the level spacing of these levels and EC ∼ e2/L is the
Coulomb interaction energy between the electrons in the CNT.
For the CNT length L ∼ 300 nm, the single-particle level
spacing is about Δ ∼ 1 ÷ 2 meV, and the Coulomb charging
energy is EC ∼ 15 ÷ 20 meV. The Fano level broadening Γ0 ∼
10 ÷ 20 meV can be estimated from the conductance map of

Figure 12. Scheme of quantum dots for electrons in the CNT with
energies close to the Fermi energy. The CNT eﬀectively breaks into
quantum dots depending on spin orientation of the electrons and
molecules. The Fermi level lies in the region of bad transmission
for the parallel carrier and SMM spins.
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Figure 13. (a) Equivalent electrostatic scheme for a single quantum dot; (b) Equivalent electrostatic scheme for a double quantum dot; (c)
and (d) Typical Coulomb-blockade maps for the single and double quantum dots, respectively, at T = 0. Blue and red regions correspond to
the zero and ﬁnite current, respectively.

transport through a quantum dot can be blocked by the
Coulomb interaction: in order to pass through the dot, an
electron should overcome the charging energy. The phenomenon of CB can be described by means of an equivalent
electrostatic scheme,39 where the charging energy is encoded by
introducing the capacitors, as illustrated for a single quantum
dot in Figure 13a.
Quantitatively, the CB eﬀects are characterized by the free
energy of the system.49 For a single quantum dot it reads (for
the zero source-drain voltage Vsd) as

transmission through the SMMs is suppressed for carriers with
the spin parallel to the molecule spin. This assumption can be
satisﬁed by varying gate voltage if the capacitances of the CNT
and the molecule are not identical.
It is important to emphasize that the simple picture with the
suppression of the transmission by spin-dependent Fano
resonances presented at Figure 12 cannot explain all the
experimentally observable phenomena without the inclusion of
the Coulomb interaction. The presence of several QDs in the
system strongly aﬀects the transport properties of the structure
because of the charging eﬀects characteristic of Coulomb
blockade. In particular, as we are going to show below, the
Coulomb interaction gives rise to magnetic ordering of SMM
spins in zero magnetic ﬁeld, which is necessary for the
explanation of the spin-valve eﬀect. Below, the interaction
eﬀects are analyzed in detail.
Coulomb Blockade. Including Coulomb Interaction. As
has been discussed in the previous section, SMMs may split the
CNT into several QDs and the Coulomb interaction between
electrons, as well as the charge quantization in the QDs, should
become important for the transport properties of the structure.
Coulomb blockade (CB) was observed in pure CNTs (see, e.g.,
ref 48) and needs to be taken into account in the analysis of
transport in nanotubes with magnetic molecules. Due to CB,
the conductance is strongly suppressed for certain ranges of the
gate voltage Vg and of the source-drain voltage Vsd, as seen in
the CB maps in Figures 3 and 5. Below we construct the CB
maps for our model where the conﬁguration of QDs in the
CNT is determined by spins of SMMs.
Before going into the discussion of the role of CB in
transport through CNTs with magnetic molecules, we remind
the reader the basics of CB in the simplest case of a single
quantum dot. The Coulomb interaction in a ﬁnite electronic
system is responsible for the emergence of the energy scale EC
referred to as the charging energy. In the process of electron
tunneling into the quantum dot, the energy conservation
condition involves this interaction energy. As a consequence,

F1(N , Vg) =

(eN + CgVg)2
2(Cg + C L + C R )

(6)

where N is the number of electrons on the dot, Cg is the
capacitance between the dot and the gate, and CL,R are the
capacitances between the dot and the leads. In the linearresponse regime, i.e., for Vsd → 0, by changing the number of
electrons in the QD, one gets generically diﬀerent values of the
free energy,
F1(N ) < F1(N + 1), F1(N − 1)

and electrons cannot tunnel across the QD.
For certain “resonant” values of the gate voltage V*g , however,
the addition of an extra electron to the QD does not lead to the
change in the free energy: F(N, V*g ) = F(N + 1, V*g ). The linear
conductance through the QD is ﬁnite for these values of Vg. For
a ﬁnite source-drain voltage, the resonant conditions for the
free energy of the system are described by the boundaries of the
“Coulomb diamonds” in the Coulomb map, with forbidden
(Coulomb-blocked) regions shown in blue color in Figure 13c.
When the change of N in the course of tunneling to and from
the QD is allowed by the energy conservation at a ﬁnite sourcedrain voltage, the current through the system can be ﬁnite (red
regions in Figure 13c).
We now turn to the crucial diﬀerence between the CB
transport through a single QD and two or more QDs, which is
6874

DOI: 10.1021/acsnano.7b02014
ACS Nano 2017, 11, 6868−6880

Article

ACS Nano

SMM attached to the CNT. In what follows, we will use κ as
the only ﬁtting parameter of the model.
The signiﬁcance of parameter κ can be understood in terms
of the diﬀerence between a single-dot and double-dot system.
The double-dot energy F2(N1, N2) in the limit κ → ∞ reduces
to the energy of a single-dot system, F1(N1 + N2) with Cg = C1g
+ C2g. Therefore, the ﬁtting parameter associated with
capacitances between molecules needs to be large κ ∼ 20 ÷
30. Experimental values of the transport gaps δVsd ∼ 1 ÷ 2 meV
≪ EC are small compared to the charging energy, thus justifying
the assumption that κ ≫ 1. The calculated gaps, δ(eVsd) =
ECδUsd ∼ 1 ÷ 2 meV, are in a good agreement with the
experimental observation. Hereinafter, we take for the
capacitors associated with the leads lL,R = 0.2, but the results
are not too sensitive to this parameter.
Figures 14 and 15 illustrate the CB for antiparallel and
parallel spins of molecules, respectively, for the two molecules

a cornerstone of the strong spin-valve eﬀect in our setup. For a
system consisting of more than one QD, the conditions for the
boundaries of CB diamonds are rather complex. Generically,
Coulomb maps for a double-dot system49,50 (see the equivalent
scheme in Figure 13b) show ﬁnite transport gaps around zero
source-drain voltage for all values of Vg. In other words, the red
regions above and below Vsd = 0 do not touch each other (the
blue regions are not separated from each other unlike in Figure
13c) as illustrated in Figure 13d, where we present a typical
Coulomb map for two QDs.
The main diﬀerence between the single-dot and double-dot
systems is that, in the latter case, to contribute to the overall
current an electron needs to tunnel to the ﬁrst QD, then to the
second QD, and then to the lead. As a result, the transport
conditions for the double QD should account for the diﬀerence
in energies for adding an electron to the ﬁrst and second dot
and for the possibility of electron tunneling between the two
dots. A ﬁnite linear-response conductance at Vsd → 0 requires
equal free energies F2 for conﬁgurations with diﬀerent numbers
of particles in QDs:
F2(N1 , N2 , Vg) = F2(N1 + 1, N2 , Vg) = F2(N1 , N2 + 1, Vg)
(7)

It is known49,50 that double-dot systems can show no
transport gap only in the fully symmetric setup: any asymmetry
fully blocks linear transport at zero temperature. In a generic
case, the conditions (eq 7) are not fulﬁlled and hence a
transport gap opens for a double QD at all values of the gate
voltage. By varying the gate voltages, the diﬀerences between
the free energies in eq 7 can be minimized, which establishes
the magnitude of transport gaps eδVsd = ΔF2dots as a function of
Vg, see Figure 13d.
To obtain the CB maps for the CNT with two SMMs, one
needs to calculate the free energy39,49 of conﬁgurations with
diﬀerent molecular spin orientations (parallel, ↑↑, and
antiparallel, ↑↓) shown in Figure 12. We express the free
energy as a function of the number of electrons in the QDs,
{N}i = {N1, N2, N3, N4}, the gate and source-drain voltages, the
charging energy EC, and a dimensionless function ϕαβ with α =
↑,↓, β = ↑,↓:

Figure 14. Calculated current map 0(Vg , Vsd) at zero magnetic ﬁeld
in terms of current channels. Positions of molecules: x1 = 0.2, x2 =
0.6; κ = 25.

⎛
eVg eVsd ⎞
Fαβ({N }i , Vg , Vsd) = EC ϕαβ ⎜{N }i ,
,
⎟
EC EC ⎠
⎝
= EC ϕαβ ({N }i , Ug , Usd)

(8)

where Ug, Usd denote the dimensionless gate and source-drain
voltages (measured in units of EC = e2/L). Furthermore, all the
capacitances are normalized to the CNT length Ci → Ci/L. The
positions of the two molecules, x1, x2, belong to the range (0,
1). We present the derivation and the explicit expressions for
ϕ↑↑ and ϕ↑↓ in Supporting Information.
The capacitances that are associated with the gate are
proportional to QD length, Cig ∼ li, while the capacitances
between the QDs and leads are determined by the spatial
overlap between them, CiR,L ∼ lR,L (in experiment, the metallic
contacts cover the ends of the CNT). The capacitances
between the QDs with diﬀerent spins are determined by their
spatial overlap. The capacitances between the QDs in the
channel with the same electron spin are written as Cij ≃ κlilj/(li
+ lj). Here we use a phenomenological parameter κ that
characterizes the electrostatic properties of the molecules and
can be determined by atomistic numerical simulations of a

Figure 15. Calculated current map 0(Vg , Vsd) at magnetic ﬁeld
above critical Bc for the same parameters as in Figure 14.

located at x1 = 0.2 and x2 = 0.6. We obtain the regions where
current can ﬂow in terms of the current channels, see
Supporting Information. We introduce the function
0(Vg , Vsd), which indicates how many distinct conﬁgurations
{N}i of electron numbers in QDs participate in transport. The
function 0(Vg , Vsd) is equal to zero if there are no conducting
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states (transport is blocked) and equal to an integer number,
0 = M ≥ 1 otherwise, where M is the number of conﬁgurations {N}i contributing to the current (the number of open
current channels).
One sees in Figure 14 that for the antiparallel spin
orientation of the molecules there is a gap around Vsd = 0 for
all values of the gate voltages Vg. This is analogous to the
presence of the transport gap for a double-dot system, see
Figure 13d. Indeed, as discussed above, for each spin projection
of electrons the CNT breaks into two QDs, see the lower panel
in Figure 12.
In the case of CNT with SMMs having the parallel molecular
spin orientation (upper panel in Figure 12), transport gaps are
closed at some values of Vg as for the single-dot CB, Figure 13c.
Thus, at such values of the gate voltage one encounters a strong
spin-valve eﬀect. However, generically, one has a more complex
system of coupled QDs instead of the conventional single-QD
system. The electrostatic interaction between electrons tunnel
through the single QD 4 with electrons in QDs 1, 2, and 3
renders the transport conditions for the QD 4 dependent on
the population of the other three QDs (those with electrons of
the opposite spin). As a result, in contrast to the simplest
single-dot case (Figure 13c), not all transport gaps get closed in
the CB map, as seen in Figure 15.
The origin of this feature is associated with the change of
electron numbers in the (nonconducting) QDs 1, 2, and 3 by
varying gate voltage. With changing gate voltage near the
degeneracy point (where the free energies for {N}i and {N}i +
14 should be equal), electron numbers N1, N2, or N3 may
change and hence aﬀect the free energy in such a way that the
transport condition for QD 4 in this range of Vg is no longer
fulﬁlled at Vsd → 0. This feature is fully consistent with the
existence of weak spin-valve eﬀect observed for some values of
Vg, see Figures 3 and 4.
Interaction between Molecular Spins. In the previous
section, it was shown that diﬀerent conﬁgurations of molecular
spins lead to diﬀerent QDs systems with diﬀerent free energies.
Let us now discuss the orientation of the molecular spins that,
in turn, determines the spin orientation of localized electrons
on the ligands. We deﬁne the interaction energy between the
spins of the electrons localized on the ligands as the free energy
diﬀerence between antiparallel and parallel spin orientation,
ESS(x1 , x 2 , Vg) = F↑↓ − F↑↑

Figure 16. Interaction energy between localized spins as a function
of position x2 with ﬁxed x1 = 0.2 and κ = 25 for two values of the
gate voltages. Negative (positive) values correspond to the
antiferromagnetic (ferromagnetic) interaction.

both spin-up and spin-down electrons see two QDs, lower
panel of Figure 12).
The typical interaction energy is of the order of ESS ∼ 0.1 ÷
0.2 meV. At the same time, one sees that at diﬀerent value of
the gate voltage, Ug = 1.5, the eﬀective spin−spin interaction
between the molecules can be either antiferromagnetic or
ferromagnetic, depending on the position of the second
molecule. Figure 17 demonstrates the dependence of the

(9)
Figure 17. Interaction energy (red curve) between localized spins
as a function of gate voltage Ug at ﬁxed positions of the molecules,
x1 = 0.2 and x2 = 0.6, and κ = 25. Negative (positive) values
correspond to the antiferromagnetic (ferromagnetic) interaction.
The dashed blue line corresponds to the interaction energy
estimated from experiment. Inset: Schematics of the gated CNT
with two TbPc2.

The positions of the two molecules are again x1 and x2. The
interaction is caused by the repulsive Coulomb interaction in
the presence of the Fano scattering in the energy region near
the localized molecular state.
The interaction between localized spins shows a nonmonotonous behavior as a function of the molecule positions,
as depicted in Figure 16 (the interaction energy ESS(x1, x2, Vg)/
EC is presented in units of charging energy in this plot).
Speciﬁcally, Figure 16 demonstrates the dependence of
interaction energy ESS on the position of the second molecule
x2 with the ﬁrst molecule being ﬁxed at x1 = 0.2 and two
distinct values of the dimensionless gate voltages (see plot). It
is seen that for Ug = 1, the interaction between molecules,
mediated by the conducting electrons in the CNT, is of the
antiferromagnetic type independently of the position of the
second molecule. This corresponds to the experimental
observation of the low conductance in zero magnetic ﬁeld
(recall that for the antiparallel orientation of molecular spins

spin−spin interaction on the gate voltage for the ﬁxed positions
of the molecules, x1 = 0.2 and x2 = 0.6. Here, for almost all gate
voltages the interaction is of the antiferromagnetic type and is
in a good agreement with the experimental value of ∼1 K which
is indicated by the thin blue dashed line at Figure 17.
In ﬁnite magnetic ﬁelds, we can describe the CNT with
SMMs by an eﬀective spin Hamiltonian:
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Ĥ eff = −

ESS
2S2

much larger than the transparency of the barriers ;L,R (for
energies not too close to the resonant energy, see Figure 10),
yielding

(S1̂ zS2̂ z) + A(S1̂ zJ1̂ z ) + A(S2̂ zJ2̂ z )

+ μB (gT J1̂ + gT J2̂ + gS S1̂ + gS Ŝ 2) ·B

(10)

;L;R
G
∼
G0
;L + ;R

where gT = 1.5 and gS are g-factors of terbium and localized
electrons, respectively. To simplify the model, the terms
describing the Zeeman energy of electrons localized on Pc can
be omitted because of their small spin in comparison with the
spin of terbium.
In this Hamiltonian, we assume that molecules have an easy
axis in z direction. Due to the strong repulsive Coulomb
interaction U0 acting on the ligands of the molecule, the spin of
the localized electrons S1,2 is forced to align in z direction. With
the eﬀective Hamiltonian (eq 10), one can obtain the
characteristic magnetic ﬁeld at which the Zeeman energy
exceeds the interaction energy ESS, so that for stronger ﬁelds the
molecular spins become parallel. Under the assumption of an
applied magnetic ﬁeld in z direction, the critical ﬁeld is
Bc =

ESS
∼ 0.2 ÷ 0.3 T
μB gT J

(12)

In Figure 18, the conductance as a function of source-drain
voltage is shown for Ug = 1.33. The red dashed curve depicts

(11)

This value is again in a good agreement with the experimental
data showing the jumps of the conductance when the magnetic
ﬁeld is swept from −1 to 1 T, see Figure 2.
Conductance and GMR. For the analysis of the conductance
in the regime of CB, one of the most powerful approaches is
based on kinetic equations for the distribution function of the
QD system.46,50 In our case, we address the regime of a ﬁnite
source-drain voltage, where the kinetic equations cannot be
solved exactly, in contrast to the linear regime of ref 46. At the
same time, we focus on the low-temperature regime T ≪ Δ
which is relevant to the experiment. In this regime, the
tunneling current can be obtained without solving kinetic
equations by calculating the current-channel function
0(Vg , Vsd) (Figures 14 and 15).
The antiparallel orientation of molecular spins corresponds
to the vanishing magnetic ﬁeld, while the parallel alignment of
the spins is realized for magnetic ﬁelds above the critical one, B
> Bc. We set the location of the molecules to x1 = 0.2, x2 = 0.6
and choose κ = 25. For antiparallel conﬁguration, the
conductance is strongly reduced in the region of the zero
source-drain voltage due to Coulomb blockade. The transport
gap δVsd ∼ 1 ÷ 2 meV that opens at zero B is clearly seen in
Figure 14, in agreement with experimental observation, Figure
3.
As was pointed out above, not all transport gaps are closed
for the parallel SMMs spin orientation. If the gate voltage
corresponds to the closing of the gap in magnetic ﬁeld above
critical, a strong spin-valve eﬀect (i.e., the GMR) emerges, as in
Figure 7. If the gap in magnetic ﬁeld is open, it is typically
smaller than the one at B = 0 (Figures 14 and 15), thus leading
to a weak spin-valve eﬀect, as in Figure 8 (a nonzero linear
conductance is associated with ﬁnite temperature and level
broadening). Thus, the Vg dependence of the strength of the
spin-valve eﬀect is explained by the developed theoretical
model. The Coulomb interaction plays here a crucial role:
without the CB eﬀects, no transport gap would be possible
when all SMM spins are aligned by the strong magnetic ﬁeld.
The value of conductance can be estimated in the case of a
few open channels, 0 ∼ 1, which is realized for a small sourcedrain voltage eVsd ≲ 0.3 EC. The molecule transparency ;M is

Figure 18. Linear conductance at zero T as a function of sourcedrain voltage at Ug = 1.33. The red dash curve corresponds to the
absence of magnetic ﬁeld (antiparallel molecules spins), the blue
curve is associated with a ﬁnite magnetic ﬁeld above the critical
one, Bc (parallel molecules spins). The molecules are located at x1 =
0.2, x2 = 0.6 and κ = 25.

the conductance at B = 0 (antiparallel SMM spins) and the blue
curve corresponds to a magnetic ﬁeld above the critical
magnetic ﬁeld Bc (parallel SMM spins). The GMR eﬀect,
clearly seen in Figure 18, is due to the opening of the transport
gap at zero magnetic ﬁeld, see Figure 14, caused by the
antiferromagnetic arrangement of molecular spins. The shift of
the low-conductance window with respect to Vsd = 0 following
from our model is again consistent with the experimental
observations, Figure 7.

CONCLUSIONS
To conclude, we have presented experimental data and the
theoretical model for the giant magnetoresistance eﬀect (spinvalve eﬀect) and Coulomb blockade in carbon nanotubes with
side-attached molecular magnets. The proposed theoretical
model explains qualitatively the giant magnetoresistance (cf.
Figures 7 and 18) as well as the structure of Coulomb
diamonds (cf. Figures 3, 4 and 14, 15) in the nonlinear
transport in CNTs with side-attached SMMs.10,28,29 The same
ideas and framework can be generalized to describe the spinvalve eﬀect in other nanostructures.30,31 Below we summarize
the main ingredients of the developed theory:
• The phthalocyanine ligands in TbPc2 magnetic molecules
have localized electronic states near the Fermi level (S =
1/2 state in Figure 1). These states are assumed to be
well coupled to the electronic states of the nanotube.
• The exchange interaction between the electrons localized
on the molecule and the electrons in the Tb shell
combined with the strong repulsive Coulomb interaction
on the ligands splits the localized states for spin-up and
spin-down electrons (Figure 11).
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• The Fano resonance induced by the side-attached
molecules gives rise to a strong backscattering of
electrons (Figure 10) in the energy window whose
position depends on the relative orientation of electron
and molecule spins, Figure 11.
• We consider a minimal model with two magnetic
molecules attached to the carbon nanotube, where the
Fano-resonance backscattering breaks up the nanotube
into four quantum dots. Speciﬁcally, the nanotube is seen
either as a single quantum dot and three quantum dots
(parallel orientation of SMM spins) for spin-up and spindown electrons, or as two quantum dots for each spin
species of electrons (antiparallel SMM spins), Figure 12.
• Diﬀerent energies of the conﬁgurations with parallel and
antiparallel spins of the molecules lead to an eﬀective
magnetic interaction between the TbPc2 spins, Figure 16.
The sign of this interaction may depend on the positions
of SMMs and can be tuned by the gate voltage.
• The spin-valve eﬀect emerges for such gate voltages that
provide the antiferromagnetic arrangement of the
molecule spins. In zero external magnetic ﬁeld, the
spins of the molecules are antiparallel. Both spin-up and
spin-down electrons tunnel through double quantum
dots. The Coulomb blockade leads to a strongly
suppressed conductance at zero source-drain voltage
for all gate voltages, Figure 14.
• By applying external magnetic ﬁeld, the spins of the
molecules become parallel, when the Zeeman energy
overcomes the eﬀective antiferromagnetic coupling. For
electrons with one spin orientation, the system acts as a
triple quantum dot and the transport is blocked.
However, electrons with the opposite spin see just a
single quantum dot and the Coulomb-blockade gap
closes at certain values of the gate voltage Vg, Figure 15.
The conﬁguration with a single quantum dot for
electrons with this spin orientation provides then a
lower resistance (Figure 18), thus leading to the spinvalve eﬀect.
• The strength of the spin-valve eﬀect depends on
positions of molecules on the CNT and on the gate
voltage through the charging energy of the system. For
certain “resonant” values of the gate voltage, the eﬀect is
particularly strong and results in GMR.
Importantly, the developed theory predicts the existence of
long-range interactions between SMMs mediated by the
charging eﬀects in a CNT. We have demonstrated that this
eﬀective spin−spin interaction (including its sign) depends on
the gate voltage and positions of SMMs, see Figures 16 and 17.
Furthermore, for the antiferromagnetic alignment of the SMM
spins, the magnitude of the magnetoresistance also depends on
the value of the gate voltage (cf. Figure 7 and Figure 8), thus
giving rise to a gate-controlled spin-valve eﬀect. This implies that
the orientation of SMMs spins and the magnetic properties of
supramolecular structures can be manipulated electrostatically
by external gates, in particular, by engineering the nanostructures with multiple local gates.
The experimental realization of this eﬀect in systems with
controlled deposition of SMMs would be an important step in
the direction of establishing molecular quantum spintronic
devices in the community of nanoelectronics. In view of the fast
evolution of the ﬁeld of quantum systems, with such subﬁelds
as superconducting quantum circuits, trapped ions, quantum-

dot circuits, NV centers in diamond, and P-ions in Si being
prominent examples, the ability of manipulating the localized
degrees of freedom by electronic means becomes an urgent
general challenge. For this purpose, supramolecular chemistry
can supply powerful and aﬀordable tools to tailor quite complex
molecular devices, allowing proof-of-principle experiments on a
“molecular quantum processor”.

METHODS
Single-wall carbon nanotubes of a diameter about 1.2 nm were grown
by the laser ablation method. They were dispersed in 1−2 mL
dichloroethane and sonicated for 1 h. A droplet of this suspension was
deposited onto a degenerately doped p-type silicon wafer with a
surface oxide of width about 450 nm. CNTs were located by atomic
force microscopy with respect to predeﬁned markers. Then, they are
contacted with 50 nm-thick Pd by standard electron-beam lithography
with a contact spacing of L ∼ 300 nm.
TbPc2 SMMs were synthesized as reported in ref 51. Supramolecular grafting was carried out by drop casting a solution of TbPc2
diluted in dichloromethane with molarity 108 mol·l−1 onto the sample.
After 5 s, the sample was rinsed in dichloromethane and dried under
nitrogen ﬂow. Residual dichloromethane was removed by a second
rinse with isopropanol.
Samples with high resistance (>100 kΩ) at room temperature were
selected. The conductance measurements were carried out in a He3/
He4 dilution refrigerator with a base temperature of 30 mK. The
magnetic ﬁeld in the sample plane was provided by a magnet
generating up to 1 T. Electrical measurements of interest were made
using a Stanford Research Systems SR-830-DSP lock-in ampliﬁer or an
ADwin real-time data acquisition system. About 20% of all samples
showed the magnetoresistance eﬀect and were subsequently studied in
detail.
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We report a study of one-dimensional subband splitting in a bilayer graphene quantum point contact in
which quantized conductance in steps of 4e2 =h is clearly defined down to the lowest subband. While our
source-drain bias spectroscopy measurements reveal an unconventional confinement, we observe a full
lifting of the valley degeneracy at high magnetic fields perpendicular to the bilayer graphene plane for the
first two lowest subbands where confinement and Coulomb interactions are the strongest and a peculiar
merging or mixing of K and K 0 valleys from two nonadjacent subbands with indices ðN; N þ 2Þ, which are
well described by our semiphenomenological model.
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Thirty years after its discovery, quantized conductance
resulting from the discretization of the one-dimensional
(1D) subbands in a ballistic constriction remains one of the
most striking effects in mesoscopic physics [1–5]. Thanks
to the rapid development of nanofabrication, the quantum
point contact (QPC) geometry [6] used in these experiments has become a basic tool to study 1D physics [7] and
design complex devices and circuits, as it can act as a beam
splitter in electron opticslike experiments [8–10], as well as
noninvasive charge detectors [11–16]. While a vast majority of 1D ballistic systems shows quantized conductance
in units of 2e2 =h, where the factor of 2 is due to spin
degeneracy, only few involve an additional valley degree of
freedom such as Si-SiGe heterostructures [17–21], AlAs
quantum wells [22], carbon nanotubes [23] or single-layer
and bilayer graphene (SLG and BLG) [24–35]. Spin and
valley degeneracy should give rise to conductance steps of
4e2 =h. However, deviations from this expected quantized
value have been typically observed [17–28,33–35], and
usually explained by the lifting of the valley degeneracy
because of confinement.
Controlling the valley isospin and breaking the valley
degeneracy appears to be crucial in the development of
valleytronics [36]. Valley degeneracy could be tuned for
various conditions and geometries [37–40]; in graphene,
the design of valley filters and valley valves has been
proposed based on ballistic QPCs [41]. In addition, lifting
the valley degeneracy appears to be essential in graphene
spin qubits [42]. Here, we present experiments on ballistic
transport through a QPC electrostatically defined in BLG.
To study the nontrivial splitting of the 1D subbands in
this fourfold degenerate system, we have employed local
band-gap engineering [43], source-drain bias spectroscopy
0031-9007=18=121(25)=257703(6)

[44–46], magnetoelectric subband-depopulation technique
[47,48], and semiphenomenological modeling. At lowest
magnetic fields, quantization of the QPC conductance in
units of 4e2 =h is clearly observed. With increasing magnetic field, these steps split, forming a peculiar pattern
combining steps of e2 =h, 2e2 =h, and 4e2 =h. Our model,
based on the 2 × 2 Hamiltonian [49,50], agrees well with
the full splitting of the Landau levels for the lowest two
channels, as well as with the observed exotic merging or
mixing of the K and K 0 valleys from pairs of 1D subbands
with ðN; N þ 2Þ indices.
For this study, we have used a device on which 1D
confinement without edge currents was induced by local
band-gap engineering and characterized by proximityinduced superconductivity and magnetointerferometry
[43]. In those experiments, we used the displacement field
created by the back gate and split gate (BG and SG) to
locally open a band gap and confine the charge carriers in
the QPC. However, keeping this geometry does not allow
us to drive the constriction to the low-density regime and
observe the quantized conductance. In order to reach this
regime, here we have added an overall top gate (TG) on an
edge-connected BLG encapsulated between a bottom and
top hexagonal boron nitride (hBN) multilayers, as depicted
in Fig. 1 (see Ref. [43] and Supplemental Material [51] for
details on the sample fabrication). As the BG counteracts
and dominates over the SG for the control of the carrier
density within the constriction, we use the TG to control
the density not only by tuning the Fermi level [55–57] but
also by opening a band gap in the 2D reservoirs and the
constriction via the displacement field induced by BG and
TG. Therefore, while keeping BG and SG voltages constant, sweeping the TG voltage tunes the Fermi level, the
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FIG. 1. (a) Schematic illustrating the device layout. (b) Cross
section of the device along the dashed line in (a), together with a
sketch of the electronic band structure across the constriction
defined by the SG.

confinement, and the band structure in the induced 1D
system, down to full pinch-off [51]. A small perpendicular
magnetic field B ¼ 20 mT was applied to keep the Al leads
in the normal metal state.
In Fig. 2(a), the differential conductance G through
the QPC as a function of TG voltage V TG is displayed
for different SG voltages V SG at a constant BG voltage
V BG ¼ 9 V. The conductance curves are shifted for clarity
and are based on raw data with no series resistance
subtracted [58]. A robust and stable quantized staircase
in G is observed with plateaus at integer values of 4e2 =h
(see the Supplemental Material [51] for more details on
the stability of the plateaus). We note that quantization
of conductance appears only in a limited range of V SG
for a given V BG , when the Fermi level underneath the
SG is placed in the induced band gap. In Fig. 2(b), a gray
scale map of the differentiated differential conductance
dG=dV TG as a function of both V TG and V SG over an
extended range of V SG is displayed. The small colored
triangles mark the V SG values of the corresponding conductance traces shown in Fig. 2(a). The respective quantized plateaus are visible as large stripes that are tuned by
both TG and SG. The plateaus, white in the gray scale map,
are spreading with increasing V SG that corresponds to an
increasing subband level spacing as the confinement
strengthened. The continuous evolution of the plateaus
highlights the stability of the electrostatic confinement.
It is important to note that no signs of anomalous features
below the first quantized plateaus, namely, the 0.7 structures [59,60], can be seen at the very low temperature of the
experiment, T ∼ 20 mK. One can also note that, within
the plateaus in Fig. 2(a), additional faint oscillations are
observed. Superimposed on the oblique large stripes

FIG. 2. (a) Differential conductance G as a function of V TG for
different values of V SG from −11.0 (left) to −10.5 V (right) with
an increment of 0.1 V and at constant V BG ¼ 9 V. The curves are
shifted for clarity by 2 V between consecutive traces (the leftmost
curve is not shifted). Well-quantized plateaus are observed in
steps of 4e2 =h. (b) Gray scale map of dG=dV TG as a function of
V TG and V SG at V BG ¼ 9 V. Small markers denote the position of
line cuts shown in (a).

corresponding to the quantized plateaus, the additional
oscillations appear as more faint vertical lines in Fig. 2(b),
mainly tuned by V TG but almost independent of V SG . We
attribute these oscillations to Fabry-Pérot interferences
arising from the two cavities formed by the contacts and
the SG-induced barriers. We estimate the associated cavity
size from the frequency of the resonances, yielding a length
of about 230 nm, which is in good agreement with the
device geometry [51]. Strikingly, two phenomena that are
both directly linked to the ballistic nature of the charge
carrier transport but having two different physical origins,
are visible concurrently.
In order to characterize the 1D confinement of charge
carriers and extract the subband spacing ΔEN;Nþ1 , we
have performed source-drain bias spectroscopy [44–46].
Figure 3(a) shows the transconductance dG=dV TG as a
function of source-drain bias voltage V bias and V TG . Here,
the plateaus appear in black, while colored lines represent
transitions between the plateaus, i.e., the subband edges.
Subband edge crossings are marked by small crosses and
ΔEN;Nþ1 increases approximatively linearly from about
4 to 9 meV for the first to the eighth subband. We note that
this differs significantly from what is usually observed in
QPCs, where one can model the system by a parabolic
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FIG. 3. (a) Transconductance versus source-drain bias voltage
V bias and V TG . Minima in dG=dV TG correspond to plateaus in the
GðV TG Þ curves. The resulting checkerboard pattern reveals an
increasing energy level spacing with increasing subband index.
Effect of the Fabry-Pérot interferences is clearly visible as lines
parallel to the 1D subband dispersion lines. Blue crosses highlight the subband edge crossings representing the energy spacing
ΔEN;Nþ1 between two consecutive 1D subbands of the QPC.
(b) ΔEN;Nþ1 showing a linear dependence as a function of the 1D
subband indices N.

4e2 =h to e2 =h suggesting full lifting of the 1D subband
degeneracy at high B. Note that the full splitting of the 1D
subbands is fully ambipolar; therefore it occurs for both
holes and electrons [51]. While the full lifting of the
degeneracy has been observed in the quantum Hall regime
in SLG [61] and BLG [33], the transition from full
degeneracy to full splitting has not been studied, to our
knowledge. Figure 4(b) displays the transconductance as a
function of B and V TG of the data set of Fig. 4(a). This allows
us to follow the complex 1D subband edge splitting of our
QPC. Clear splitting of the 1D subbands, seen as dark lines
in the gray scale map (bright parts represent quantized
plateaus), is observed for the two first subbands (four lines
each). However, splitting appears to be different at high B for
the higher subbands. The combination of electric and
magnetic fields results into a complex splitting and bunching
of the so-called magnetoelectric subbands [47].
In order to understand deeper the complex subband
splitting on a qualitative level, we have developed a
semiphenomenological model [51] derived from the
2 × 2 Hamiltonian of BLG [49]. We ignore, for simplicity,
the modification of the spectrum near the bottom of the
conductance band and the top of the valence band
(Mexican-hat and trigonal-warping features; for the analysis of their effect on the QPC conductance, see Ref. [40]).
With increasing magnetic field, the evolution of the
eigenenergies and eigenstates for the K and K 0 valleys
(neglecting the spin splitting) can be expressed as follows:
EKN ¼

B→∞


ΨK ¼

0

EKN ¼
potential with ΔEN;Nþ1 increasing in the reversed fashion
as the confinement is strengthened for lower subbands.
Our system turns out to be more complex as the displacement field generated by the TG tunes the band structure
within the 1D constriction. This makes the confinement
in our QPC very challenging to model. In addition, we
observe sets of lines parallel to the subband edge lines
which can be attributed to the Fabry-Pérot interferences as
aforementioned.
To further analyze our QPC, we have studied the
evolution of the 1D subband edges under a magnetic field
B perpendicular to the BLG plane. Figure 4(a) shows G as a
function of V TG for different B from 20 mT (black thick
curve) to 8 T (red curve), from left to right in steps of
100 mT, at V BG ¼ 9 V and V SG ¼ −10.6 V. The curves
are shifted for clarity by an offset of 200 mV between
consecutive curves. A clear change in the quantization of
the conductance steps is observed as B increases, from

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ2 þ ω2B ðN þ 1ÞðN þ 2Þ;
Δ2 þ ðE0N Þ2 →
φN
p̂2þ

2mðEþΔÞ φN



→

B→∞

φ̃N
φ̃Nþ2


;

ð1Þ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ2 þ ω2B ðN − 1ÞN ;
Δ2 þ ðE0N Þ2 →


ΨK0 ¼



B→∞

φN
p̂2−
2mðEþΔÞ φN



→

B→∞



φ̃N
φ̃N−2


:

ð2Þ

Here E0N denotes the size-quantization levels in the QPC at
B ¼ 0. The magnetic field, characterized by the cyclotron
frequency ωB, is included through the shift in momentum
operators p̂ ¼ p̂x − eAx =c  ðip̂y − ieAy =cÞ by the corresponding vector potential.
At B ¼ 0, the energy levels are degenerate in K and K 0
valleys. The components of the spinors are given by the
electron wave functions of a 1D quantum well: φN
(N ¼ 0; 1; 2; …). With increasing B, the size-quantization
wave function trends to a harmonic-oscillator wave function with the same number φN →B→∞ φ̃N. This results in
degenerate Landau levels in strong B for the valleys K and
K 0 coming from two different subbands with indices N
differing by 2, as shown in Eqs. (1) and (2). Figure 4(c)
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FIG. 4. (a) Differential conductance G as a function of V TG for different values of magnetic field B in steps of 100 mT at fixed
V BG ¼ 9 and V SG ¼ −10.6 V. The curves are shifted for clarity to the right by an offset of 2 V=T (200 mV between consecutive
curves). The thicker black line (not shifted) corresponds to the data acquired at B ¼ 20 mT, which is shown in Fig. 2.
(b) Corresponding gray scale map of dG=dV TG as a function of V TG and B. Colored dashed lines at B ¼ 0.9 (orange), 1.5 (blue), 2.2
(green), and 8.0 T (red) denote the line cuts associated with the highlighted conductance traces shown in (a). Transitions across
magnetoelectric subbands appear as dark lines. (c) Energy level diagram of the QPC at zero and high magnetic field. (d) Valley
subband dispersion as a function of B calculated with our model. The numbers displayed in the plot correspond to the quantized
conductance values of the plateaus in units of e2 =h.

depicts schematically the pattern of energy levels in the
QPC at zero and at high B, while Fig. 4(d) shows the
evolution of the 1D subbands with magnetic field resulting
from Eqs. (1) and (2). Comparing this plot with Fig. 4(b),
we see that our simplified model captures the main
qualitative features of the valley splitting induced by
magnetic field. An additional splitting of Landau levels
LL1 and LL2 observed in the experiment can be attributed
to the renormalization (most prominent at the lowest
densities) of the Zeeman splitting (neglected in our model)
by the Coulomb interaction.
Finally, although we focused on the most clear conductance quantization in steps of 4e2 =h characteristic of a
strong constriction, we mention that at smaller SG voltage,
V SG < −9.5 V at V BG ¼ 9 V, we observe a vanishing of
the first plateau and a new 8e2 =h step in the quantization of
the lowest subband appears [see Fig. 2(b)] The additional
degeneracy is also apparent in the depopulation of the
magnetoelectric subbands [51]. This is in agreement with

the prediction of Ref. [40] about the possibility of “accidental” degeneracy of the size-quantized subbands in
smoother constrictions that results from the Mexican-hat
feature of the spectrum.
To conclude, we have studied the valley splitting in a
BLG QPC subject to magnetic field. We have measured the
quantized conductance through the QPC and observed
robust and stable conductance steps quantized in units of
4e2 =h, as expected for this fourfold degenerate system with
a small band gap. Using source-drain bias spectroscopy, we
have determined the 1D subband spacing ΔEN;Nþ1 which
reveals an apparent unconventional confinement. Under
high magnetic field B perpendicular to the sample plane,
both spin and valley degeneracy fully lift as the density is
lowered; i.e., as both confinement and Coulomb interactions are enhanced, magnetoelectric subbands are formed
[47], reflecting the peculiar pseudospin structure of BLG.
Our semiphenomenological model demonstrates that the
QPC size-quantized modes undergo subband mixing and
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merging of the K and K 0 valleys with nonconsecutive
indices. Indeed, for higher modes, the conductance quantization in units of 4e2 =h is restored in strong magnetic
fields. At the same time, for the lowest two resulting
Landau levels, the Zeeman splitting is enhanced by
interactions, leading to the observed steps of e2 =h in the
conductance [red curve in Fig. 4(a)]. At intermediate fields,
a complex pattern of the energy levels produces also the
conductance steps of 2e2 =h due to valley splitting [orange
and green curve in Fig. 4(a)], as well as the restored but
shifted sequence ðN þ 1=2Þ4e2 =h when split lines from
neighboring subbands are crossing [blue curve in Fig. 4(a)].
Our study thus demonstrates high versatility of band
engineering in BLG and provides an input for developing
graphene-based valleytronics.
This work was partly supported by Helmholtz society
through program STN, the Russian Science Foundation
(I. V. K., A. P. D., and I. V. G., Grant No. 17-12-01182,
theoretical modeling), the Foundation for the Advancement
of Theoretical Physics and Mathematics BASIS (I. V. K.),
and the DFG via the Project No. DA 1280/3-1 and the
FLAG-ERA JTC2017 Project GRANSPORT (GO 1405/51, Karlsruhe node).
Note added.—Recently we became aware of Ref. [62],
which reported on the conductance quantization in a similar
structure but with a top gate covering only the QPC region.
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