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Abstract
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The so-called fourth industrial revolution requires high-speed data transmission and appli-
cation of real-time computation to the phenomena. These two technologies highlight the
potential of the digital-twin concept for industrial applications: cyber-physical systems
form the core of ‘Industry 4.0’, in which physical systems are integrated with doubles
created in cyberspace. The most important feature of cyber-physical systems is precisely
the data-transmission and calculation speeds involved. Thanks to 5G technology, data
transmission is substantially expedited without unacceptable losses in reliability. A chal-
lenge remains, however: developing a reliable and cost-effective way to increase the speed
of calculations sufficiently for real-time simulation. Two main strategies are employed to
this end. The first approach is to adjust the algorithms to perform fewer mathematical op-
erations while designing them to be appropriate for parallel computing in line with MPI
or OpenMP standards. The other approach entails using hardware such as GPUs, FPGA
micro-controllers, and other systems with high-speed clocks. The latter solution is not
suitable for some sensitive applications, wherein such factors as cost, weight, and other
issues of economy render fast algorithms the only viable option. Industrial devices can
be roughly grouped into machinery and energy systems. Usually in a machinery system,
a multibody mechanism operates as a subsystem with a fluid power module and a con-
trol circuit. As the literature shows, the greatest challenge such a system presents for
real-time simulation is related to fluid power systems. Indeed, if the singularity prob-
lem of fluid power systems can be resolved, one could simulate the whole package in
real time. Therefore, the author set out to shed some light on the origin of this problem,
from a mathematical point of view and then with regard to its physical interpretation.
Recognising that the stiffness problem associated with hydraulic circuits follows primar-
ily from three elements – the orifice model, the presence of a small volume in the circuit,
and bulk modulus models – the author developed several recommendations. The author
suggests using a two-regime orifice model, documented in the literature, wherever the
pressure drop approaches zero. Introducing a perturbed model to eliminate the stiffness
problem arising from the smallness of the volume, the author implemented corresponding
algorithms with a simple hydraulic circuit and found this model able to increase the inte-
gration time step by one order. In addition, the model is successfully applied to a four-bar
mechanism and determined that it can make the computation 2.5 times faster. After inves-
tigating several methods to alleviate the stiffness problem created by the small volume, it



is concluded that the perturbed model is best suited to a wide range of conditions, irre-
spective of the complexity of the hydraulic circuit. At the core of the stiffness challenge
posed by fluid power systems is the difference in responses between time scales; how-
ever, because the small time scales can be ignored in hydraulic systems, the perturbed
model poses no problem. Energy systems, on the other hand, involve various phenomena,
occurring on different spatial scales. Therefore, coupling simulations performed at two
scales improves accuracy and increases the simulation speed. Some algorithms are intro-
duced for either of these scales, suitable for parallel computing, and implemented for a
GPU via CUDA C and PGI CUDA Fortran compilers. By employing the lattice Boltz-
mann methods (LBM) developed, the author investigated the fluid flow through a porous
medium created with spherical particles. In addition, the thermal behaviour of saturated
porous media was studied under several heat-source conditions. The lattice Boltzmann
model was validated by comparing its results with those of another LBM model and also
Fluent software. The project also investigated the effects of external load on the thermal
response of a packed bed– generated with spherical particles– by using thermal discrete
element method (TDEM). It became evident that increasing the external load reduced
the probability of vertically oriented contacts, thereby diminishing the effective thermal
conductivity. Also, from among the particle shapes examined, TTeT offered the highest
thermal effective thermal conductivity, followed by a packed bed generated with cubic
particles. The author ascertained that, while the contact area alone is not a sufficient pa-
rameter to express the effective thermal conductivity behaviour of granular packed beds,
contact angle isotropy emerged as a parameter that can explain the trend of effective ther-
mal conductivity. For the shapes investigated, an exponential relationship was identified
between effective thermal conductivity and contact angle isotropy. To investigate the ef-
fects of the fluid on the thermal conduction, several particle clusters are chosen at random
and resolved the temperature field both for fluid and for solid. The author concluded that
the fluid presence is more influential if the solid-to-fluid thermal conductivity ratio is be-
low 10. Above this threshold, the vacuum and different fluids do not have a significant
effect on the effective thermal conductivity of packed bed and one can simply assume
vacuum in TDEM simulations.

Keywords: real-time simulation, multi-scale simulation, parallel computing, fluid power
systems, granular materials, heat transfer, multiphase flows, algorithm design, lattice
Boltzmann method, thermal discrete-element method, discrete-element method, graph-
ics processing unit
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1 Introduction
Product complexity and demands for higher quality are increasing every day. Alongside
that, pressure to bring products to market more rapidly is still growing and has become a
key parameter for many corporations hoping to compete in today’s marketplace. In addi-
tion, the performance of industrial devices is often important to consider, as energy prices
are high and environmental issues are critical for humanity. Attention to these parame-
ters is leading to what has been termed the fourth industrial revolution, or Industry 4.0
[1]. The first industrial revolution brought mechanisation, hydraulic and steam-powered
machines, and use of such energy resources as coal and water [2], and the second one
took place when the potential of electricity and of mass production were harnessed for
advanced manufacturing techniques (e.g., on production lines) [3], in developments asso-
ciated with changes described as ushering in the ‘new economy’ [4]. The third revolution
in industry began gaining momentum in 1950 with the invention of computers and the
Internet. It can be characterised as the implementation of information technology with
electronic and other control systems that enable automated production [5]. It is expected
that, with the Internet and computers having transformed the world economy, this change
will continue, propelled with the concept of the Internet of things (IoT), and thereby
complete a fourth industrial revolution [6]. Hence, the Industry 4.0 era is linked with
machinery and energy devices equipped with sensors, cameras, and other interfaces that
obtain data about machines’ state of operation, their performance, product quality, and
any errors that may arise – all in real time. Consequently, real-time analysis of said data
should aid in enhancing performance, making efficiency improvements, and preventing
system errors [7, 1].
One of the key facets of the IoT is the speed at which the calculations should be performed,
for a real-time platform. With simulation in real time, the computation time must be no
greater than the physical time the relevant phenomenon (process) takes to occur in nature
(industry). At the same time, real-time computation serves as an important source for
Big Data operations. The data produced should be processed on a real-time platform
when one uses such techniques as Internet of Things technology and what is known as the
digital-twin approach.
At this juncture, it is important to distinguish correctly between the IoT and the digital-
twin mechanism. The target with the former is to establish connections among more than
two physical objects and control them via the Internet, while a digital twin (DT) is a
replica of a physical device, process, system, product, etc. in computation software, with
this replica exchanging data with the physical entity. Both technologies entail connections
involving subsystems; however, one of the subsystems in the digital-twin approach is a
replica of the physical one while in the IoT each of the subsystems can be distinguished
as a separate entity.

1.1 The Internet of things

The Internet of things, also called the industrial Internet or the Internet of everything, is
defined as a global network among diverse industrial devices and machines, sending and
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receiving data to/from each other over the network. Every physical object connecting
to the IoT is regarded as an ‘edge node’ of the IoT system [8]. Five technologies for
development of IoT products have been highlighted as particularly important [9]:

• radio frequency identification (RFID)

• wireless sensor networks (WSNs)

• middleware

• cloud computing

• IoT application software

In this list, ‘cloud computing’ refers to a central server that stores and processes the
masses of data produced by the IoT edge nodes. The numerous links enabling the in-
teraction between edge nodes generate an enormous quantity of data, which cannot be
stored and processed at these nodes themselves, for reason of their limited capabilities
[8]. These data are usually created by means of ‘smart’ embedded devices such as cam-
eras, sensors, and other measurement tools that act as an interface between physical spaces
and cyber-spaces.
Sometimes, the computations require a real-time platform because of the IoT’s nature as a
multidisciplinary ecosystem demanding real-time data-processing and feedback. Chen et
al. recently introduced the ‘Real-Time Internet of Things’ (RT-IoT) concept to highlight
the strict safety and timing requirements involved, as any deviations from the normal op-
eration of such systems could damage the system/environment or even threat the human
safety [10]. Still, this concept does not address high-speed calculations, in that cloud
computing is not applicable in circumstances wherein real-time processing, low latency,
and high quality of service (QoS) are important [11]. At the same time, for cost and
efficiency reasons, smaller enterprises desire a solution to utilize the most of their local
computing resources [12, 13]. Responding to such challenges necessitates a flexible tech-
nology. Hence, edge computing is emerging as a distributed computing technology that
improves on cloud computing.
The European Telecommunications Standards Institute (ETSI) has presented the network
concept of multi-access edge computing (MEC), intended to empower cloud computing
with real-time operation. According to ETSI [14], MEC can be utilised to connect with
and control remote devices, with real-time processing of data and feedback. It aggregates
and distributes the IoT services in a mobile base-station environment which is highly
distributed and allows fast response to the users of applications in real time.

1.2 The digital twin
The replica of a physical device can be considered an edge-of-IoT system connected to
the physical one and exchanging data with it. Under this definition, there are three levels
of integrity for the cyber-physical system coupling – namely, ‘digital-model’, ‘digital-
shadow’, and ‘digital-twin’, sometimes wrongly regarded as synonyms [15, 16]. The
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(a) (b)

(c)

Figure 1.1: Data flow with a digital model (a), a digital shadow (b), and a digital twin (c).

differentiation is based on the type of data exchange between the physical and the ‘cyber’
parts of the cyber-physical system. The system is called a digital model if the digital
representation of the physical entity is not connected to the existing device and the data
flow is manual during modelling, as depicted in Figure 3.12a. In a digital model, system
data flow neither from physical object to digital one nor vice versa. If data flow from
the physical object to the digital one and not in the opposite direction, as illustrated in
Figure 3.12b, the system is called a digital shadow. In systems of this sort, any change
to the physical device affects the simulations performed in the digital system, while the
simulation results do not have any influence over the physical device.

Finally, in a digital-twin set-up, as shown in Figure 3.12e, the digital and physical sub-
systems are fully integrated, so the real-time exchange of data keeps them updated and
synchronised, and the simulations are performed in a time span comparable with true
physical time. The subsystem updating takes place via instantaneous data flow from the
physical entity to its digital twin and vice versa. For various purposes, including prod-
uct design, energy-efficiency enhancements to industrial devices, a reconfigurable man-
ufacturing system (RMS) approach, and assessment of the remaining useful life (RUL)
of industrial equipment [17], digital-twin technology is vital. It affords monitoring and
maintenance services, and it aids in management, optimisation, and safety work for pro-
duction lines and products [18].
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1.2.1 Digital-twin applications

Although the digital twin (DT) has a wide range of applications, the discussion here con-
tinues with a brief explanation that focuses on the last two of those listed above: RMS
development and RUL assessments.

1.2.2 Digital twins for reconfigurable manufacturing systems

In a flexible (or smart) production line, specific sets of changes in the process or materials
cause various other products to be produced. Reconfigurable manufacturing systems were
originally introduced in a paper by Koren et al. [19] in which the authors suggested that
high-frequency change in the competitive global market demands quick and cost-effective
responses. Even highly controllable production lines suffer from flexibility constraints,
as many industrial robots are mapped with characteristics of complex functions and the
manufacturing devices are restricted by inflexible programming [20]. Traditional pro-
duction lines can only accommodate tiny variations in the product [21]. On the other
hand, customisation of products is rapidly leading factories toward flexible production
lines on which reconfiguration of hardware–software elements is performed easily. This
is challenging: reconfiguration of elements should consider multidimensional optimisa-
tion variables such as business and marketing concerns, the timing/schedules for delivery
of products, the sequence of processes, environmental impact, etc. To achieve manufac-
turing that is smart enough to cope with such a landscape, a digital twin of the process
should be available for investigation of whether or not the planned changes to the pro-
duction line truly are going to yield the desired product. Also, they can inform checking
for mistakes in the practical reconfiguration and making sure all the requirements are met
[22]. This technology provides a powerful simulation tool for examining any variations
in the configuration of a manufacturing system [23].
Zhang et al. [20] have proposed a digital-twin virtual entity (DTVE) model for a reconfig-
urable DT-based manufacturing system (RDTMS). Their model covers five dimensions:
a geometric model (GM), physical model (PM), capability model (CM), behaviour model
(BM), and rule model (RM). The first,GM = f(Shape, Size, Location,Rotation, etc.),
represents the need to perform 3D virtual visualisation of the process for monitoring and
management purposes [24]. The physical one, PM = f(Speed,Mass, Friction,Abrasion,
etc.), is necessary for assessing the functionality of various configurations by predicting
the results, evaluating performance, and planning the optimisation of various alternatives
[25, 26]. With the CM, in turn, the goal is to identify the complementary devices that
should be connected as functional interfaces. Therefore, it is essential to know the capa-
bilities of each entity in the physical layer in this model [27]: what it can do and what can
be done [20], CM = f(Cando, Isdoing, Canbedone, Isbeingdone, etc.).
Each of a production line’s devices has a function to perform in completing the production
of a product. Some of these elements – e.g., robots and machining tools under computer
control – apply patterns of logical behaviour and should be dealt with as independent
units to reduce the inflexible programming [20]. Consequently, the behaviour logic of
all entities in the physical manufacturing system should be determined through the BM
[28], BM = f(Take,Motoron,Wait, Fault). In the final stage, some rules derived by
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experts or mined from Big Data would be expected, to ensure the safety of all the entities’
operations (the interfaces’ rules should be compatible, the larger system must comply
with certain standards, etc.).

1.2.3 Digital twins in gauging remaining service life

The digital-twin concept was proposed for public use in a NASA document on technol-
ogy roadmaps, Technology Area 11 [29]. This document describes a DT collecting sensor
data from a vehicle’s on-board Integrated Vehicle Health Management (IVHM) system,
the historical data available from maintenance services, etc. obtained via text-mining and
other data-mining. Combining all of this information, the digital twin would instanta-
neously forecast the mission success probability, the health of the vehicle/system, and
its remaining useful life. The DT’s on-board systems would be capable of performance
degradation or mitigating damages in the system by suggesting changes in operation pro-
file that increase both likelihood of operation accomplishment and the lifespan [30, 29].
Therefore, digital-twin technology has been considered a framework for predictive main-
tenance strategy [31].

1.2.4 Digital twins’ challenges

Several challenges stand in the way of a highly capable digital-twin service. such as lack
of extensive enough IT infrastructure, accuracy issues with the data generated, matters of
the data’s trustworthiness, and security issues related to the algorithms and technologies
used in the DT, as mentioned by [15].
The IT infrastructure should be capable of executing very computationally expensive al-
gorithms for either carrying out simulations or obtaining a reliable result from the corre-
sponding Big Data. The way to handle expensive computations is to use multiple graphics
processing units (GPUs) to provide the essential computation resources. The alternative
to GPUs is on-demand use of cloud computing, taking advantage of online resources pro-
vided by Google, Amazon, Nvidia, etc. These resources are accompanied by such trade-
offs as the cost of GPUs being higher than that of on-demand cloud resources whereas
GPUs allow higher-speed operation.
On the other hand, the speed and accuracy of simulations are inversely proportional; i.e.,
the higher the accuracy, the lower the speed. Therefore, the only way to maintain their
accuracy while increasing the computation speed without simplifying the algorithms is to
develop new algorithms, ones that do not demand as many computation operations and
are better suited to parallel computing.
Another challenge in the shift toward DTs is to convince companies, other organisations,
and users as to the gains with this technology. These parties might have concerns related to
the reliability of the simulations, machine-learning algorithms, and system performance.
One important means of increasing trust is to assure the managers that the data are se-
cure and privacy is preserved. As they might deal with sensitive data of their customers,
protection of digital-twin data is a matter of great importance.
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1.3 Real-time machinery simulation

A machinery device constitutes a complex multi-physics system that has many compo-
nents, including mechanical parts, hydraulic power systems, and control and electrical
elements. The mechanical mechanism actuated with a hydraulic power system constitutes
the main part of simulations, as these are governed by highly sophisticated equations with
respect to the control system. The equations governing mechanical operations differ sub-
stantially from those dictating the behaviour of hydraulic systems, so different approaches
are appropriate for solving them. In other words, multibody dynamics (MBD) is the main
approach to simulating the behaviour of a mechanical mechanism, whereas the lumped
fluid theory (LFT) is used for the hydraulic simulations. Clearly, the mechanics and the
hydraulic power system should be considered as two separate subsystems.
The kinematics and dynamics of a mechanical mechanism are affected by the hydraulic
forces exerted at various joint positions, and, in turn, it influences the hydraulic power
system by imposing the reaction force on the piston in accordance with Newton’s third
law of motion. Thus, a two-way coupling can be said to exist between MBD and the LFT,
with data to be exchanged accordingly at each time step.
The relationship between MBD and the LFT can be addressed via two commonplace
strategies – a strong coupling strategy and a strategy of weak coupling [32]. With the
former, also known as the unified approach [33], the MBD and LFT approaches are
brought together in a single set of equations even though each is governed by its own
distinct equation set. This approach is referred to also as monolithic simulation, since a
single-part integrator can be used in which the integration technique and the time steps
are identical between the two subsystems. Thus, the data transfer is made easier and
less time-consuming. However, in most cases using the same time step leads to wast-
ing computation resources for one of the subsystems, the one requiring larger time steps
(usually, it is the MBD work that requires larger time steps while the LFT operations act
with finer granularity, so employing the same integration time step expends CPU/GPU re-
sources without significant change in the MBD output). Consequently, another approach,
the strategy of weak coupling, has been introduced as an alternative especially for large
systems in which the computation time difference is significant.
In that strategy, also known as the co-simulation or co-integration approach [34], the
subsystems are separately integrated in a sequential and parallel manner via one or several
environments (in co-integration and co-simulation, respectively) exchanging data at some
points in the integration process [35]. Many commercial programs that use block diagram
representations, Simulink among them, prioritise this strategy [32]. The advantage of
the approach lies in the use of different integration time steps for various subsystems
[36]. The main objective behind multi-rate integration is to reduce the integration time for
those variables that change more slowly than do other variables, ‘faster’ ones that require
a smaller integration time step [37]. In this approach, the subsystem requiring the larger
integration time step ‘leads’ the simulation: it waits for a finer-granularity subsystem’s
calculations. Therefore, the subsystems are separately integrated and data exchange takes
place at certain points in time when the subsystems have accomplished their tasks. The
simulation platform has a significant influence over the data-exchange time. If simulation
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of both subsystems is performed in a single environment (in co-integration), there is less
data-transfer delay than exists when the solving work for each subsystems is handled
in separate software (i.e., in a co-simulation approach). In both co-integration and co-
simulation, finishing the calculations sooner frees resources for other tasks.
Weak-coupling-style simulations enjoy some advantages over those following a strong-
coupling strategy, among which the modularity of the model can be highlighted as the
most important. Each module is straightforwardly modelled by experts experienced in
the corresponding fields. This produces specialised modelling. In addition, using special
simulation tools allows one to modify the model with minimal effort without impinging
much on other subsystems [35, 38]. Furthermore, the use of specific integrators with
suitable time steps aids in preventing computation resources from going to waste, as they
are targeted well for a specific purpose and with the relevant discipline in mind [39].
Nonetheless, for robust and trustworthy simulation, the issues of data-exchange delay, the
stability of the solution, and speeds of interaction between modules must be addressed
[33]. Common standards for interfacing between various modules have facilitated data
exchange. Among these are such programming standards as that for the Functional Mock-
up Interface (FMI) [40], elaborated upon further along in this chapter.
From a real-time simulation point of view, the first and fastest option is to create a uni-
fied set of equations (co-integration) in which the hydraulic system operates with the
same time step as the multibody mechanism. It is worth mentioning that in a combined
hydraulic and multibody system the hydraulic simulation takes smaller integration time
steps than the multibody system integrator. Consequently, the hydraulics-governing equa-
tions constitute the more challenging part of the co-integration. From the modelling an-
gle, a mechanical system actuated by hydraulics behaves differently at small vs. large
time scale. In hydraulic circuit modelling wherein the large bulk modulus is divided into
small volumes, small time scales appear. These increase the computation costs of sim-
ulations. As reported by Pfeiffer and Borchsenius [41], the high computation costs are
rooted mainly in the mathematical representation of the hydraulic systems used in the
simulations, which applies non-linear, first-order differential equations.
To achieve real-time co-integration (or co-simulation) of coupled systems, many algo-
rithms have been proposed for speeding up the hydraulic simulations. Among these,
iterative approaches such as a pseudo-dynamic method [42, 43, 44], the use of machine-
learning techniques [45, 46, 47], and a perturbed model [48, 49] can be mentioned.
The main assumption under the LFT is that of a uniform pressure distribution within hy-
draulic volumes. Therefore, LFT hydraulic equation stiffness manifests itself principally
with small hydraulic volumes, especially when the hydraulic effective bulk modulus is
large. In qualitative terms, if the hydraulic volume is large, the hydraulic integration time
step can be comparable with that involved in multibody dynamics and co-integration can
lead to real-time simulation.
In circumstances in which small volumes appear in the circuit, one can avoid a small
value for the volume, setting a bigger volume value instead. The assumption of this
‘artificial volume’, which forms the basis of the pseudo-dynamic method, leads to faster
simulation and yields an estimated pressure that should be iteratively corrected. The
estimated pressure is used for calculation of the in-flow and out-flow rates, through which
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a correction gets made to the pressure, producing a closer approximation, and so on. This
iterative loop ultimately yields a pressure approximate to the correct one for the small
volume. Although this approach is fast on account of starting with a large volume, the
iteration process can end up highly costly, to such an extent that the entire simulation falls
outside the real-time domain.
Alongside such models presented to alleviate the stiffness of hydraulic systems, there have
been several efforts to model the hydraulic components by means of machine-learning
tools – e.g., a neural network [45, 46, 47]. However, these tools seem to be time-
consuming, in that the number of neuron layers increases on the basis of the response
resolution and the system’s complexity. Furthermore, the models are valid only within a
limited operation range, which depends on the algorithms’ training data. In addition, as a
black-box model, a neural model cannot guarantee physically appropriate behavior in all
possible conditions.
With the origin of stiffness in the hydraulic equation being evident, its mathematical repre-
sentation suggests that it follows a singular perturbation model [50]. The perturbed model
simplifies the non-linear derivative equation to an algebraic equation [48] assembled into
other non-stiff hydraulic equations. The resulting large time step for hydraulic integra-
tion, comparable with that for a multibody system, allows coupling in co-integration for
real-time use.

1.4 Real-time energy systems’ simulation
Optimisation of the design and performance of energy systems such as boilers, mixers,
dryers, industrial cyclones, and heat exchangers is crucial since they account for a large
proportion of the facility’s energy consumption and their functioning significantly influ-
ences the quality of the products. In contrast against hydraulic and multibody systems,
which may be stiff in some circumstances, calculations for fluid mechanics and heat trans-
fer do not suffer from such a condition, because their numerical techniques do not employ
an integrator.
The computation domain is continuous for fluids and discrete for particulate matter. The
continuous medium of a fluid is usually valid for Knudsen numbers less than 0.01 (i.e.,
Kn < 0.01). The formula is Kn = λ

L
, where λ is the mean free path length and L is char-

acteristic physical length. Computational fluid dynamics (CFD) is the primary tool for
solving for the velocity, pressure, and temperature fields in a continuous domain, with the
finite-difference method (FDM), finite-volume method (FVM), and finite-element method
(FEM) being some of the traditional approaches. Among the non-traditional, meshless ap-
proaches are smoothed-particle hydrodynamics (SPH) and the lattice Boltzmann method
(LBM).
Using lattice Boltzmann (LB) equations is the fastest of the above-mentioned approaches
[51, 52, 53]. For instance, solving them is 12–15 times faster than using Navier–Stokes
(NS) equations with comparable mesh size and accuracy for large-eddy simulation (LES)
of cavity-closed nose landing gear, as reported by NASA [27]. In this ‘apples-to-apples’
comparison, the same CPU types were used for the two approaches and the LBM was not
optimised. The researchers mentioned that LB for 1.6 billion nodes is almost twice as fast
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as NS solvers that work with 298 million cells. One can conclude that data localisation
contributes critically to LB’s computation efficiency in comparison to other, NS solvers.
Therefore, there is a tendency to prefer the LBM for real-time applications such as those
presented by [54], [55], [56], and [57]. In addition to possessing inherent speed, the LBM
is highly suitable for parallel computing by means of either OpenMP/MPI standards or
programming tailored for GPUs [58, 59].
Within the last decade, researchers have started to develop new LB models in line with
their observations of complex phenomena in nature and sophisticated technologies in in-
dustry. Accordingly, various LB models have been proposed, for turbulent flow [60, 61,
62], multi-phase flow [63, 64, 65], reactive flow [66, 67, 68], heat transfer [69, 70] and
phase change [71, 72], acoustics [73], combustion [74, 75, 76], fluid–solid interaction
[77], etc., each of them working under quite specific conditions. Well-developed LBM
models encourage the use of an LB solver to determine fluid flows in real time.
Although LBM models have the power to simulate a wide range of industrial applica-
tions, the individual energy devices operating and/or interacting with particulate matter
should be independently modelled. For instance, dryers are used on many production
lines processing such particulate matter as milk powders, whey products, coffee and tea,
pulp and paper materials, pharmaceutical products, cocoa, ceramics, and carbon black.
While the motion and related dynamics of particles of these sorts are most often tracked
via a discrete-element method (DEM), the thermal response of granular materials may be
simulated separately through specific thermal DEM, or TDEM, techniques.
In simulation of a sophisticated energy device, both the LBM and a DEM should be
applied, to bring out all the details required for design purposes. Therefore, coupling
these two sorts of solvers has been viewed as critical for two decades already. Their
coupling is more efficient if both solvers are at the level of code; however, coupling pieces
of commercial software is possible too: some provide the necessary interface and enable
joint operation with certain other software. For instance, Ansys products can be linked
with Rocky DEM easily. Meanwhile, the only approach for software that does not offer
this capability is to write data to text files. In this scenario, the fastest method is to write
the data to a FIFO special file in Windows or pipes in Linux, since these make use of
memory available in RAM without having to resort to the hard disk.
Coupling two pieces of code proves far more efficient than software interfaces, because
essential programming libraries such as MPI routines enable exploiting the multiple pro-
gram, multiple data (MPMD) concept.
To protect intellectual property rights during coupling yet allow for exchange of models
between the various sectors involved in a given project, the FMI initiative referred to
earlier in this chapter was introduced. The core ideas behind it and similar standards are
explained in the next section.

1.5 Real-time simulation tools and standards
Although algorithms such as the perturbed model presented in Section 1.3 can ameliorate
some issues that plague coupling and can speed up simulations, the integration method,
the use of parallel computing techniques either on the CPU side (e.g., MPI and OpenMP)
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or on GPUs, the data-transfer platform and standards, processor clock speed, and the
correct choice of operating system (OS) etc. all have significant influence on simulation
costs. The most important factors affecting a real-time platform are introduced below.
In addition, S-functions in MATLAB, user-defined functions in MSC’s ADAMS and Flu-
ent, the Silver module API for Silver, the External Model Interface in SimulationX, and
user routines in Simpack are some examples of the tools provided for coupling purposes,
each of them limited to certain applications.

1.5.1 Standardised interfaces: the Functional Mock-up Interface

One of the more recently developed tools facilitating model exchange and multi-physics
co-simulation is the concept of the FMI. The corresponding standard provides users with
the ability to combine their models within a Functional Mock-up Unit (FMU) package.
An FMU, in turn, refers to the interaction between a text-based database (XML files) and
C code [78]. This modelling is under development by the Modelica Association [79].
An alternative to the FMI standard is the High Level Architecture (HLA) [80], used for
complex systems for which several simulations should be combined.

1.5.2 Parallel computing

The first prerequisite to real-time simulation is maximally efficient utilisation of the com-
puting resources. These computation resources might consist of a few dedicated comput-
ers in a network, each with its own memory and no access to other computers’ memory.
Resources of this sort are referred to as distributed memory [81]. For exchanging the
data between individual computers in the network, there has to be a standard. The MPI
standard, covering up to 250 procedures, explicitly facilitates data exchange between a
cluster’s nodes for purposes of high-performance computing. This standard has been im-
plemented for many programming languages, including Fortran and C/C++.
If, on the other hand, the memory is shared across several processors, the arrangement
is a ‘shared memory multiprocessor’ set-up. Each processor can independently access
the main memory. In a shared-memory multiprocessor, each processor has its own con-
trol system, allowing it to operate at any time. The CPUs typically contain several cores
as independent processing units, each of them able, on its own, to handle several in-
dependent threads, which are instructions to be executed [82]. For instance, each core
of an Intel Xeon Phi can execute four threads instantaneously [82]. The OpenMP stan-
dard provides subroutines to manage the threads executed by the program running on the
shared-memory system.
The emergence of GPUs in the world of scientific computing has led many researchers
to implement their programs on this platform [83]. The idea behind GPUs’ use here
is to have thousands of processing units, simpler and less powerful than what the CPU
provides, each able to instantaneously act on one subroutine, with distinct data [82]. This
approach offers a very powerful tool for performing the heavy calculation work needed in
many areas of research.
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2 Real-time simulation of machinery systems
Machinery devices are categorised as complex systems comprising many components – a
multibody mechanism, fluid power system, control circuit, etc. – all interacting with each
other simultaneously. Efforts at real-time simulation for this sort of complex system face
several challenges:

• The first challenge, the main one, is created by differences in the simulation time
required for various system entities, or ‘packages’. This challenge arises primar-
ily from the stiffness aspect of fluid power systems in comparison to multibody
mechanisms.

• The linkage in handling of the packages poses the second challenge. In circum-
stances involving separate packages developed by different research or industrial
centres, both good exchange of data and the data’s confidentiality should be en-
sured.

• Delays can arise from using multiple pieces of software in the simulation process.
For instance, if the solver for the hydraulic circuit is not the same as that for the
multibody mechanism, there might be some delays in data exchange, especially if
interface software is used to provide a connection between the two.

Figure 2.1: The main packages in an excavator are multibody mechanisms and the fluid
power system.

Of the challenges listed, the first one, that created by simulation-time differences between
packages, has the strongest effects on simulation time. Although there are many physical
systems in a machinery system such as an excavator, as Figure 2.1 illustrates, the mechan-
ical mechanism and fluid power systems are the most important ones from a real-time
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simulation standpoint. Therefore, the comparison of time steps is between the solvers
for these two. As reported in the literature [84, 49], the fluid power system most often
requires smaller integral time steps in comparison to multibody solvers. The difference
could be one or two orders, depending on the hydraulic system’s complexity. Because
the hydraulic and the multibody system are coupled, the solver for the latter should wait
until the hydraulic solver accomplishes its calculations. In many cases, the fluid power
system cannot be addressed on a real-time horizon, so simulation of the larger entity will
be beyond the reach of real-time simulation. Therefore, it is critical to make the hydraulic
solver faster. Before that, however, one must understand the origin of the problem. The
difference in integral time steps between the two solvers could be due to the following
factors:

• The orifice flow model can make the hydraulic model stiff. The orifice model can
cause stiffness to rise as the pressure drop approaches zero. To avoid this problem,
a two-regime orifice model should be used.

• It is typical for a small volume to be present in the fluid power system. This may
create a reason for a small integral time step. In fluid power systems, the hydraulic
components are usually modelled as hydraulic volumes in which the pressure is uni-
formly distributed and governed by the LFT. The stiffness challenge in hydraulic
simulations appears when the hydraulic volume is small in comparison to neigh-
bouring volumes.

• A large and inaccurate bulk modulus can render the whole system stiff. If the
value of the bulk modulus is high and not predicted accurately, the small term V

Be
appearing in hydraulic equations can create a singular problem.

The next section offers mathematical proof that the above-mentioned causes of stiffness
in a fluid power system truly lie behind the problem.
For a sense of the situations in which these problems can accumulate, consider the ex-
cavator in Figure 2.1 to be at rest. In this case, the flow passing through the orifices is
negligible and the pressure drop across them approaches zero; hence, the first problem
can appear when machinery is at rest.
The hydraulic circuit of this excavator consists of several hydraulic cylinders and pistons
as marked in Figure 2.2. The main role of these cylinder-and-piston arrangements is to
exert hydraulic force on the mechanical mechanism and thereby bring the bucket into the
desired position. In circumstances in which the piston reaches the end of the cylinder,
the cylinder volume approaches zero – at this point, the volume of the component is very
small. This is one of the conditions wherein the second challenge arises: the boom, arm,
or bucket cylinders being small and reaching a ‘dead volume’. The directional control
values are further hydraulic components in which a small volume can appear. In addition,
some fingerprints of small volumes may appear in modelling of hydraulic pipes.
The third challenge related to bulk modulus models cannot be readily seen in real-time
simulation conditions. However, its effects on system performance are obvious: with a
higher bulk modulus value, less energy consumption will be required for transferring a
given amount of energy.
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Figure 2.2: The hydraulic cylinder and piston set-up of an excavator fluid power system.

2.1 The stiffness problem in fluid power systems

One must remember that the stiffness problem is not a meaningful concept with regard
to real-world fluid power systems. After all, the physical system ‘finds a way’. Rather,
it is a problem in the modelling of hydraulic circuits. Hence, carefully investigating the
modelling of a fluid power system and its influencing parameters should shed light on
the origin of this problem and, thereby, its solution. The LFT is a well-known approach
utilised to model the hydraulic system described as this chapter progresses. Owing to the
mathematical nature of the stiffness problem, its origin should be mathematically revealed
also. To this end, the second subsection below presents a mathematical characterisation of
the problem. This is followed by interpretation of the stiffness problem in physical terms.

2.1.1 The lumped-fluid theory

The theory of lumped fluids is often used in modelling of hydraulic systems. In the LFT,
the hydraulic circuit is divided into volumes, throughout each of which the pressure is
assumed to be evenly distributed. Differential equations are formed for the volumes, via
which one can solve directly or indirectly for the pressure of the system at any given time.
Volumes are assumed to be separated by means of a throttling mechanism through which
the fluid can flow. In the model, the directional, pressure, and flow-control valves are
replaced by throttles that control the rates of flow between individual volumes. The same
is true of the long pipelines used in real systems.
The pressure in a volume within the hydraulic circuit, as depicted in Figure 2.3, can be
calculated via a differential equation thus [85]:

dp

dt
=
βe
V

(Qin −Qout −
dV

dt
) (2.1)

Here, p is the pressure, βe is the effective bulk modulus, V is the volume, Qin and Qout
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Figure 2.3: A schematic diagram of a hydraulic volume.

are the rates of incoming and out-bound volumetric flow, and dV/dt is the rate of changes
in volume V over time. The effective bulk modulus represents the bulk modulus of the
fluid by taking into account the effects of the container’s flexibility and dissolved air [86].
The volumetric turbulent flow rate, Qt, in a throttle can be expressed [87, 88, 89] as

Qt = CdAt

√
2∆p

ρ
(2.2)

where Cd is the discharge coefficient, ∆p is the pressure difference between the sides of
the throttle valve, At is the cross-sectional area of the valve, and ρ is the density of the
fluid. In the work described here, the volumetric flow rate was obtained via semi-empirical
methods in which one can arrive at the parameters for the valve via measurement [90].

2.1.2 Mathematical description of the stiffness problem

For mathematically shedding some light on the origin of the stiffness issue with fluid
power systems, consider a simple circuit such as the one in Figure 2.4. Using the LFT,
one can write the equations governing the volumes Vi−1, Vi, and Vi+1 as

ṗi−1 = βe
Vi−1

(Qi− 3
2
−Qi− 1

2
)

ṗi = βe
Vi

(Qi− 1
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−Qi+ 1

2
)
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2
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2
)

(2.3)

where the volumetric flow rate of orifice i + 1
2

can be expressed as Qi+ 1
2

= Λi+ 1
2
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2
,
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2

. Consequently, by considering the Λs

estimated from the previous time step, Equation 2.3 can be rewritten in matrix form:

ṗi−1

ṗi
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The solution to the homogeneous part of Equation 2.4 can be expressed as
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p = c1exp(λ1t)x1 + c2exp(λ2t)x2 + c3exp(λ3t)x3 (2.5)

where p = [pi−1 pi pi+1] and, respectively, λ and x are eigenvalues and eigenvectors.
To obtain the eigenvalues, one should solve for the following determinant:
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Doing so yields this equation:(
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(2.7)

Therefore, generally speaking, one can state that two factors affect the eigenvalues. The
first variable is the pressure drop encapsulated in Λ, implying the importance of orifice
modelling, and the second is the hydraulic volumes. These two parameters’ values can
be set such that the eigenvalues differ significantly in their order. If these conditions are
met, the system is referred to as a stiff system. This problem would be a singular problem
because the order difference in eigenvalues is equivalent to some rapid and some slow
responses; e.g., if λ1 >> λ2, λ3, then the term c1exp(λ1t)x1 in Equation 2.5 is produced
rapidly, relative to the other terms.

Figure 2.4: A simple hydraulic circuit [91].

2.1.3 Physical interpretation of the stiffness problem

Solving Equation 2.7 produces three eigenvalues, corresponding to the solution of the
homogeneous part of Equation 2.4. The order difference of eigenvalues is a critical pa-
rameter indicating how stiff and close to singular the system is. The pipe-orifice circuit
depicted in Figure 2.4 is the simplest possible hydraulic circuit containing three volumes.
By considering Λi− 3

2
= Λi− 1

2
= Λi+ 1

2
= Λi+ 3

2
= 10−7m3/s

√
Pa, Vi−1 = Vi+1 within the

range 0–1 L, and Vi values of 0 to 0.1 litres, eigenvalues can be calculated by using Equa-
tion 2.7. For each pair (Vi,Vi+1), there would, hence, be a maximum for the eigenvalue
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ratios. Therefore, mapping the maximum eigenvalue ratios on the Vi-Vi+1 plane can yield
insight about the volumes for which the eigenvalues are of different orders. Such a map
is depicted in Figure 2.5a, which shows the order difference of eigenvalues in different
conditions. As this figure illustrates, the maximum eigenvalue ratio reaches 400 if Vi is
less than 0.005 litres and Vi+1 is sufficiently in excess of 0.4 litres. it is concluded that if
Vi is small in relation to neighbouring volumes, the fluid power system is going to be stiff.
It is worth mentioning that if Vi+1 is small and on the same order as Vi, stiffness might
not occur in the manner this figure suggests.
Another parameter appearing in Equation 2.7 that affects the eigenvalues and, conse-
quently, their maximum ratio is Λ. This parameter depends on the manufacturing speci-
fication for the orifice, fluid density, and the pressure drop across the orifice. If the drop
in pressure approaches zero in the relationship mentioned, Λ = CdA

2ρ
√

∆p
, then Λ will be

large and cause the maximum eigenvalue ratios to reach higher values, as depicted in Fig-
ure 2.5b. This plot is obtained by assuming the same size for all hydraulic volumes, one
litre. In addition, Λi− 3

2
= Λi+ 1

2
= Λi+ 3

2
= 10−7m3/s

√
Pa are kept constant and only

Λi− 1
2

is changed. As the figure suggests, there is a linear relation between Λi− 1
2

and λmax
λmin

.
Therefore, the analysis implies that the orifice model being employed is not suitable for
conditions wherein the pressure drop nears zero.
It should be mentioned that in this analysis the bulk modulus is assumed to be constant
and equal for all volumes. In actuality, it can be a function of the pressure in each volume,
so the effects of this parameter should be separately investigated.

(a) (b)

Figure 2.5: The contour of the maximum ratio of eigenvalues λmax
λmin

on the Vi-Vi+1 plane
(a) and the maximum ratio of eigenvalues λmax

λmin
versus Λi− 1

2
(b).

2.2 Fluid power stiffness due to orifice models
As explained in the previous part of the chapter, the orifice model can create the stiffness
problem if the pressure drop nears zero (i.e., if there is a low flow rate in the laminar
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regime). It is worth mentioning that the effect can change while a machinery system is
in operation, depending on external load conditions. At base, the orifice model should
be such that it can predict the resting condition when there is no pressure drop across the
orifice. For situations of the pressure drop approaching zero, the traditional turbulent-flow
orifice equation becomes inefficient for determining the first derivative of the flow because
it approaches infinity. This causes numerical problems to arise during the simulation.
In efforts to resolve the difficulty, Ellman and Piché [92, 93] introduced several orifice
models featuring laminar and turbulent orifice equations, in the latter half of the 1990s.
The most accurate and computationally efficient solution thus far did not come about until
2008, with what Åman et al. suggested [94]: using a polynomial relationship between
flow rate and pressure drop in the small areas experiencing a pressure drop. Theirs is a so-
called two-regime flow model in which the third-order polynomial is used for describing
the laminar and transition area of flow while the traditional square-root relationship for
flow rate is used for the turbulence regime. Using the boundary condition for the region
where the laminar and the turbulent model meet, the authors obtained the constants for
their model. This method provides a continuous finite partial derivative of flow with
respect to the pressure drop in all conditions. Borutzky et al. [87] proposed an empirically
obtained polynomial function for the orifice volumetric flow rate. With their approach,
which exhibits a smooth transition between the laminar- and the turbulent-flow regime,
one can avoid singularities when the pressure difference approaches zero.
The volumetric flow rate through an orifice is estimated via Equation 2.2, which can be
rewritten to describe two-directional flows as

Qt = CdAt

√
2∆p

ρ
sign(∆p) (2.8)

This flow rate is suitable for the turbulent regime though displaying some drawbacks for
laminar flow where the pressure drop approaches zero, as pointed out by Åman et al.
[95]. They found that the derivative of this flow rate with respect to the pressure drop
approaches infinity as the drop nears zero. Therefore, they suggested a new flow rate
relation in which the flow rate is deemed to be zero if the pressure drop reaches zero. This
relation, called the two-regime flow rate, is expressed as

Q =

{
CdAt

√
2∆p
ρ
sign(∆p) ∆p ≥ ∆p0

a0 + a1∆p+ a2∆p2sign(∆p) + a3∆p3 ∆p < ∆p0

(2.9)

where the following coefficients are used:
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In the above, ∆p0 =
Re2trν

2πρ

8Cd∞
√
CdAt

is determined by means of the transition Reynolds num-
ber Retr for where the flow regime is changed from laminar to turbulent [95].
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2.3 Fluid power stiffness due to small volumes

The numerical stiffness can be explained by the fact that hydraulic circuits include vol-
umes with different orders of magnitude. This brings difficulties in numerical integration
with ordinary differential equations, for which classical integrators are not able to generate
a stable dynamic response at large integration time steps and hence slow down the simula-
tion by implementing significantly smaller time steps [96]. Again, numerical stiffness of
the system can often be linked to small volumes in the hydraulic circuit. For systems with
small volumes, the solution should be derived by means of numerical solvers designed
specifically to avoid the problem of instability in dynamic models of a fluid power circuit.
One can point to implementation of specific integrators to handle singularities, use of it-
erative methods, machine-learning algorithms, and perturbed models as the approaches
that best alleviate stiffness in hydraulic systems.
The accuracy and stability issues with various two-stage semi-implicit Runge–Kutta meth-
ods were investigated by Piché and Ellman [96]. They recognised that ordinary differen-
tial equations applicable for different volume sizes are challenging to solve, and they
proposed an L-stable integrator as the most suitable. Also, Esque et al. [97], who studied
the real-time simulation of a hydraulic crane by using an L-stable Rosenbrock integration
scheme, discovered that the maximum integration time step should be assessed via sta-
bility and computation-time criteria. These two factors led them to choose a time step of
0.1 ms for their application.
Iterative methods have been investigated in many works. Bowns and Wang [98] reported
on difficulties in simulation of hydraulic pipe systems with small volumes. In particu-
lar, they noticed that if one or several pipes have a small volume, very small simulation
time steps are required. To overcome this problem, they proposed iterative models. How-
ever, these iterative methods are computationally expensive and similar to applying small
time steps in the integration. Another iterative method was introduced and studied in an
endeavour to reduce the numerical problems via algorithmically searching for the steady-
state value for the small-volume pressure [42, 43, 44]. The main idea was to replace the
small volume in traditional continuity equations with an artificial volume that is large
enough to afford a stable response of pressure. After this, the pressure is integrated in a
separate loop until the convergence criterion is met. This solver provided a numerically
stable solution and rather fast response.
Alongside models presented to overcome stiffness of hydraulic systems, there have been
several attempts to model the hydraulic components through machine-learning tools, such
as a neural network [45, 46, 47], as noted above. These tools still seem time-consuming
for the reason cited in the previous chapter: the number of neuron layers rises with the
response resolution and the complexity of the system. The models’ other issues are rel-
evant too – they have a limited range of valid operation, dictated in part by the training
data used, and such a black-box model cannot guarantee that the behavior is always going
to meet the relevant physical demands.
I have taken the third path mentioned above, proposing a perturbed model to decrease the
difficulties associated with the stiffness problem that affects fluid power system simula-
tions [48]. Available in the appended material, this model was applied in co-simulation
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with a four-bar mechanism and the results validated the functionality of the model: it
reduced the computation time by approximately one order of magnitude, as reported in
earlier work [49]. An article presenting the model more fully is appended to the disserta-
tion.
The pseudo-dynamic method, categorised as an iterative method, is presented next, after
which the perturbed model is explained. The discussion is tied together with description
of the method of multiple scales as a way to deal with the existence of a small volume in
the fluid power systems.

2.3.1 The pseudo-dynamic method

The pseudo-dynamic solver is based on the steady-state pressure response in a small vol-
umes at every time step. The solver does not take into account the dynamic behaviour of
flow and, in fact, completely ignores it. One must remember that the algorithm is applied
only to the small volumes, while the larger ones are addressed with conventional methods
and integrators.
The main assumption in this method is that the high frequencies (time constants) arising
from the small volume are negligible relative to the frequencies of the fluid power circuit
[99]. Therefore, as the volumes’ high frequencies have no influence over the design of
hydraulic circuits, it is possible to ignore them and instead use the steady-state pressure
in small volumes [44].
In the algorithm thus constructed, the main idea is to assume and define a larger volume
to stand in for the small one. This volume should not be so large as to create convergence
difficulty. Neither should it be so small that it requires a small integration time step. It is
worth mentioning that this volume does not have any effect on the final solution, because
of the steady-state nature of the final solution.
Therefore, we would have two layers of integration in this algorithm, the outer loop and
inner loop. The inner loop applies an iterative procedure to find the steady-state pressure
by using the large volume assumed by the user. The outer loop is executed convention-
ally, and the inner (pseudo-)loop embedded in it functions to find the static value for the
pressures in small volumes, as pre-defined by the user. The static value of the pressure is
obtained within a single main-loop integration step by means of the embedded integration
loop, which obtains the steady-state value for pressure upon integration of the pressure
formation from an artificial larger fluid volume. Thus, the mathematical model of a fluid
power circuit can be described in terms of the implementation of two integration loops.
Let us consider volume Vi in Figure 2.4 as our small volume. One would calculate the
flow passing through this volume by using the following relation:

Qpseudo = CdAi

√
2 | pi − pi−1 |

ρ
sign(pi − pi−1) (2.11)

Consequently, the pressure pi in the small volume Vi can be calculated by integrating this
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equation:

ṗi =
βe

Vpseudo
(Qpseudo −Qi+ 1

2
) (2.12)

In this formula, Vpseudo is the assumed volume substituted for the small volume. It is
worthy of note that the Vpseudo value chosen affects the inner integration time step and
should be set carefully. After calculating pi, the flow rate can be calculated again, using
Equation 2.11, and then the pressure, by means of Equation 2.12. Iteration continues until
the convergence threshold is reached, where the criterion for convergence is a pressure
derivative below the small value selected, ṗi < set value. This criterion implies that the
pressure derivative changes little and, therefore, that the pressure has reached a steady
state.
After the steady-state pressure is calculated, the inner loop is complete for the relevant
time step, and the outer loop should move forward one time step upon knowing the pres-
sure value for the small volume. This iterative procedure should be performed at each
time step.
There are two integration time steps in this algorithm, one for the outer loop and the other
for the inner loop. The outer-loop integration time steps depends on the system’s other
hydraulic components and should be determined by the designer. In contrast, Vpseudo
determines the integration time for the inner loop. A very small Vpseudo makes that loop’s
integration time step very small, so a very small Vpseudo should be avoided for reasons of
simulation-time constraints and computation efficiency. On the other hand, a very large
volume makes the inner loop’s iterative procedure inefficient since more iteration will be
required, which calls for higher computation capacity.
Therefore, the main drawback of this method is connected with its iterative nature, and it
ends up especially time-consuming for a circuit containing numerous small volumes.

2.3.2 Singular perturbation theory

Because the stiffness problem encountered with fluid power systems is a modelling and
mathematical problem – again, no such problem exists in actual circuits – one should ap-
ply mathematical tools to solve it. The small volume appearing in the hydraulic equation
is divided by a large bulk modulus value, which makes for an infinitely small parameter ε
multiplied by the highest derivative of pressure as

εṗi = (Qi− 1
2
−Qi+ 1

2
) (2.13)

The small value cropping up for this parameter in the governing differential equations
is important. If the small-valued parameter is set to zero and the differential equation is
solved accordingly, the result could differ from the true solution to the equation containing
the adjusted parameter. While these two solutions are the same in some systems, usually
called regular systems, the solutions may differ, in which case the system is termed a
singular system.
With singular systems, one obtains two distinct solutions if calculating the mathematical
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limits by approximating the small parameter to zero both before and after solving the
equations.
In these systems, the infinitesimal parameter is multiplied by the highest derivative term,
which usually results in rapid variation on small time scales [100]. This region is known as
the boundary layer, and its stability constitutes a criterion for using singular perturbation
theory, as explained in detail in related work [48].
Considering the general order of ε, determined by the small volume divided by the effec-
tive bulk modulus ε = V/Be, one can express the set of hydraulic differential equations
for the simple circuit presented in Figure 2.4 thus:

εṗi−1 = (Qi− 3
2
−Qi− 1

2
) (2.14)

εṗi = (Qi− 1
2
−Qi+ 1

2
) (2.15)

εṗi+1 = (Qi+ 1
2
−Qi+ 3

2
) (2.16)

Equations 2.14–2.16 represent a set of singular equations, as setting ε equal to zero pro-
duces a solution different from that in the case in which ε is not considered to be zero.
Related work [48] presents a perturbed model based on singular perturbation theory and
results wherein the numerical integration algorithm is sped up and rendered stable for
small integrating time steps. In keeping with that work, presented in detail in the ap-
pendix, pi (the pressure of the small volume) can be represented as

pi =
pi+1 + αpi−1

1 + α
(2.17)

where α = ( Ai
Ai−1

)2.

2.3.3 The method of multiple scales

The singular perturbation method yields only the steady-state solution for systems that
display dynamic behaviour on different scales – i.e., it represents the response on the
largest scale. Each scale can be treated as an independent variable reproducing a set of
equations rather than just one. For instance, t and εt can be two independent variables,
each representing a distinct scale of time. Although the perturbed hydraulic model returns
the steady-state response, the error due to the smaller scale may accumulate over time and
thus create a substantial deviation from the actual response, especially in circumstances
in which the systems’ dynamic behaviour cannot safely be ignored. To shed light on the
parameters producing the error and to compensate for it in the perturbed model, one can
employ the method of multiple scales (MMS) [91]. This approach introduces the new
independent time variables as

Tn = εnt n = 0, 1, 2, ... (2.18)
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Accordingly, the derivatives in the equation can be rewritten in line with the chain rule:

d

dt
=
dT0

dt

∂

∂T0

+
dT1

dt

∂

∂T1

+ ... (2.19)

In addition, one may assume that the solution of Equation 1 can be expressed as

pi(t, ε) = p0(T0, T1, ...) + εp1(T0, T1, ...) +O(ε2) (2.20)

It is worth noting that the number of time scales is a function of the accuracy required.
If someone wants to expand the solution to the second order, O(ε2), the time scales T0

and T1 are needed. When one substitutes from equations 2.20 and 2.19, the result when
plugged into Equation 1 yields the following:( ∂

∂T0

+ ε
∂

∂T1

+ ε2 ∂

∂T2

)(
p0 + εp1 + ε2p2

)
=
βe
Vi

(
Qi− 1

2
−Qi+ 1

2

)
(2.21)

On the other hand, flow rates Qi− 1
2

and Qi+ 1
2

are both a function of the pressure in the
small volume. If these flow rates are calculated from the perturbed pressure, they are
going to include some error. Consequently, one must obtain them by using the exact
value of pi. By means of Equation 2.2, one can obtain Qi+ 1

2
as

Qi+ 1
2

= CcA
√
pi − pi+1 = CcA

√
p0 − pi+1 + εp1 + ε2p2 (2.22)

Therefore, by obtaining p0 − pi+1 from the square-root function and implementing the
Taylor series for

√
1 + x u 1 + x

2
− x2

8
in which x < 1, we have

Qi+ 1
2

= CcA
√
p0 − pi+1

(
1 +

p1ε+ p2ε
2

2(p0 − pi+1)
− p2

1ε
2

8(p0 − pi+1)2

)
=

Q̄i+ 1
2

(
1 +

p1ε+ p2ε
2

2(p0 − pi+1)
− p2

1ε
2

8(p0 − pi+1)2

) (2.23)

Here, Q̄i+ 1
2

= CcA
√
p0 − pi+1 is the flow rate calculated on the basis of the perturbed

pressure, referred to as the perturbed flow rate from here on in the dissertation. The same
logic is valid for Qi− 1

2
, resulting in the following relationship:

Qi− 1
2

= Q̄i− 1
2

(
1− p1ε+ p2ε

2

2(pi−1 − p0)
− p2

1ε
2

8(pi−1 − p0)2

)
(2.24)

Substituting the flow rates from equations 2.23 and 2.24 into Equation 2.21 and separating
the equations for order O(ε0), O(ε1), and O(ε2) produces the following set of equations:

O(ε0) :
∂p0

∂T0

=
βe
Vi

(
Q̄i− 1

2
− Q̄i+ 1

2

)
(2.25)
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O(ε1) :
∂p1

∂T0

+
βe
Vi
p1

(
Q̄i− 1

2

2(pi−1 − p0)
+

Q̄i+ 1
2

2(p0 − pi+1)

)
= −∂p0

∂T1

(2.26)

O(ε2) :
∂p2

∂T0

+
βe
Vi
p2

(
Q̄i− 1

2

2(pi−1 − p0)
+

Q̄i+ 1
2

2(p0 − pi+1)

)
=

βe
Vi

(
Q̄i+ 1

2
p2

1

8(p0 − pi+1)2
−

Q̄i− 1
2
p2

1

8(pi−1 − p0)2

)
− ∂p1

∂T1

− ∂p0

∂T2

(2.27)

Equation 2.25 is equivalent to the perturbed model because of the presence of a small
volume Vi. It yields the perturbed pressure as obtained from Equation 2.17, as p0 =
pi+1+αpi−1

1+α
. Therefore, ∂p0

∂T1
= 0. Recalling the Q̄i− 1

2
and Q̄i+ 1

2
relations also, one can

solve Equation 2.26 thus:

p1 = Λ(T1)exp

(
−
∫ T0

0

βe
Vi

[
Q̄i− 1

2

2(pi−1 − p0)
+

Q̄i+ 1
2

2(p0 − pi+1)

]
dT0

)
(2.28)

Considering dp1
p1

= d(εp1)
εp1

, and assuming a constant pressure drop through the small vol-
ume
√
pi−1 − pi+1, one can solve Equation 2.28 as

∂p2

∂T0

+
βe
Vi
p2

(
Q̄i− 1

2

2(pi−1 − p0)
+

Q̄i+ 1
2

2(p0 − pi+1)

)
=
βe
Vi

(
Q̄i− 1

2

8(pi−1 − p0)
+

Q̄i+ 1
2

8(p0 − pi+1)

)
Λ2exp

(
− 2

∫ T0

0

βe
Vi

[
Q̄i− 1

2

2(pi−1 − p0)
+

Q̄i+ 1
2

2(p0 − pi+1)

]
dT0

)
−

∂Λ

∂T1

exp

(
−
∫ T0

0

βe
Vi

[
Q̄i− 1

2

2(pi−1 − p0)
+

Q̄i+ 1
2

2(p0 − pi+1)

]
dT0

) (2.29)

The terms on the right-hand side in Equation 2.29 are secular, meaning that they can grow
to infinity with time. To avoid such infinities, those terms must be set to zero, so we obtain

∂Λ

∂T1

− Λ2βe
Vi

(
Q̄i− 1

2

8(pi−1 − p0)
+

Q̄i+ 1
2

8(p0 − pi+1)

)
exp

(
−
∫ T0

0

βe
Vi

[
Q̄i− 1

2

2(pi−1 − p0)
+

Q̄i+ 1
2

2(p0 − pi+1)

]
dT0

)
= 0

(2.30)

This gives us

Λ = − 1

fT1
(2.31)
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in which f = βe
Vi

(
Q̄
i− 1

2

8(pi−1−p0)
+

Q̄
i+1

2

8(p0−pi+1)

)
exp

(
−
∫ T0

0
βe
Vi

[
Q̄
i− 1

2

2(pi−1−p0)
+

Q̄
i+1

2

2(p0−pi+1)

]
dT0

)
.

Substituting Equation 2.31 into Equation 2.28 yields

p1 = − 1

T1

8Vi
βe

(
Q̄i− 1

2

(pi−1 − p0)
+

Q̄i+ 1
2

(p0 − pi+1)

)−1

(2.32)

By considering T1 = εt and combining p0 and εp1 in line with Equation 2.20, one can
express small-volume pressure pi as

pi =
pi+1 + αpi−1

1 + α
− 1

t+ δt

8Vi
βe

(
Q̄i− 1

2

(pi−1 − p0)
+

Q̄i+ 1
2

(p0 − pi+1)

)−1

(2.33)

This equation reveals that the deviation of the perturbed model from the exact solution
hinges mainly on the pressure drop through the small volume pi−1 − pi+1, bulk mod-
ulus βe, and volume Vi. If the pressure drop across the small volume is near zero,
pi−1 − pi+1 → 0 (there is no pressure change from pi−1 to pi+1), then εp1 → 0, and
the perturbed model produces the same result as an exact solver.
The same logic is valid for bulk modulus and volume size. Obviously, the perturbed
model is more accurate the closer the small volume’s size comes to zero, as εp1 → 0 if
Vi → 0.

2.4 Bulk modulus models
In fluid power systems, the compressibility of the oil is a significant factor in performance
and efficiency. Entrained air in the oil enters the system through low-pressure regions in
conditions of either cavitation or relative vacuum [101]. In other effects, air can become
entrained in the oil through nitrogen gas leaking from accumulators. The literature re-
ports on numerous studies centred on how to account for the effects of gas. These studies
are based on either two-phase flow simulations [102, 103] or single-phase flow models
[104, 105, 106, 107]. The two-phase flow simulations utilise CFD methods to examine
the interfaces between fluids and thereby investigate the bubble dynamics. Doing so is
computationally resource-heavy. In contrast, single-phase models consider a continuous
medium with an embedded gas-volume fraction [108]. Although the CFD methods reveal
more details of the dynamics of hydraulic oil, the single-phase approach is often consid-
ered well suited to calculating such properties of fluids as density and the bulk modulus,
as this assumption is consistent with the lumped-fluid theory applied in the modelling of
hydraulic circuits.
As Zhou et al. [109] have outlined, continuous fluid approaches can be categorised on the
basis of the dynamic features of gas release and adsorption, which are not instantaneous
processes. According to their study, even applying Henry’s law to predict the amount of
air dissolved in the oil as a function of pressure involves a static explanation of a transient
process, since it relies on an equilibrium-state hypothesis. The authors cited the key
limitation of Henry’s law as most prominent with regard to rapid processes such as those
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in hydraulic systems. However, they assumed a constant value for the law’s coefficient
and, hence, a linear relationship between the dissolved air and pressure. In contrast, other
researchers [110] have introduced a modified form in which the constant from Henry’s
law takes the form of a variable. In response, Zhou et al. [103] have suggested solving the
simplified version of the transport equations for free air and vapour, involving the bubble-
dynamics relations. This led them to propose a relationship for the bulk modulus that
extends from its primary definition. In this, the air- and vapor-volume fractions should be
estimated by solving the corresponding transport equations.
Models that use neither the gas-transport equations nor Henry’s law to account for the
process of dissolving are usually referred to as compression-only models [104, 105, 106].
In contrast, other models consider the process of air bubbles’ compression simultaneously
with that of dissolving in response to high pressure levels. Merritt [111] derived a rela-
tionship for the bulk modulus that assumes a uniform distribution of air bubbles in oil and
ignores the solubility of air in the oil. In this model, the ideal gas assumption is accepted
and the secant bulk modulus relation, β = ρ∆p

∆ρ
, is used. Cho et al. [112] developed a

model using the same assumptions as Merritt except that they used the standard tangent
bulk modulus definition, β = ρ∂p

∂ρ
. Tian and Van de Ven [101], in turn, recently modified

Cho et al.’s model by accounting for the air solubility as the mass is transferred across
the oil–gas interface, and their approach updates the gas-volume fraction at each time
step accordingly. Yu et al. [113] have proposed a model that considers both compres-
sion and dissolution processes, using the tangent formula for β. To tackle the matter of
air solubility, they introduced a parameter dubbed the coefficient of bubble volume vari-
ation. As they explained, setting its value to zero can simplify the formula to represent
a case with negligible air solubility. Gholizadeh et al. [114] found the result to be the
same as in Cho et al.’s work [112], and Kajaste et al. [115] have attempted to verify
this output of compression-only models experimentally. It is worth mentioning that the
model developed for the bulk modulus by LMS Imagine SA has been applied in AMESim
commercial software and assumes the time-dependence of both the gas content and the
saturation pressure (i.e., critical pressure).
The research team developed a thermodynamics-based bulk modulus relationship that
brings fuller understanding of the process of air’s dissolution into hydraulic oil. This
new relationship expression shows that the amount of air entrained in hydraulic oil re-
mains constant up to a critical pressure, beyond which air starts to dissolve (in a manner
following Henry’s law). The new bulk modulus relation is obtained as

β =
kγδdV P

1
k

+1

Cn(δd + γP
1
k θ
ρl

+ kγθP
1
k
+1

Cnρl
δd)

(2.34)

where k and γ represent the process, Cn and δd indicate the variations in the air density,
and ρl is the oil density. In Equation 2.34, γ and θ implicitly define the air-volume fraction
in the hydraulic-system formulae.
The compressibility of the oil can change the time scale of the system. In other words,
non-compressible oil yields a very small time scale for the hydraulic components and
consequently renders the system singular (singularity usually occurs in a system with very
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small time scales). In contrast, compressible oil can increase the time it takes the system
to respond (i.e., the time scale) and seems conducive to larger integration time steps – at
least at first glance. In reality, all hydraulic oil contains entrained air to some extent, so
taking the oil’s compressibility into consideration in the simulation of hydraulic circuits
may necessitate a larger integration time step. That said, it is conducted some simulations
that demonstrate bulk modulus not to have any effect on simulation speed.

(a) (b)

Figure 2.6: A jib crane in Mevea software (a) and a schematic diagram of it (b) [116],
used to study the effects of the bulk modulus on computation efficiency.

To investigate the effects of the bulk modulus model on simulation speed, the four-bar
mechanism is considered as depicted in Figure 2.6a, created in software by Mevea. In
addition, the fluid power system was modelled via C/C++ code written as an FMU for
easy input to the multibody solver. This FMU combines an XML model description with
C code to solve the hydraulic circuit problem. It enabled easy modification of the bulk
modulus relationship expressed in the code to adjust the amount of entrained air. It is
observed that change in the bulk modulus does not affect computational time. After per-
forming this test with several air-volume fractions, it is concluded that the bulk modulus
values used are all safe since this factor is not the source of singularity in fluid power
systems.
Finally, it should be noted that, obviously, a simpler bulk modulus would be a little faster,
on account of the number of operations that should go into calculating the bulk modulus
itself.

2.5 Results and discussion

Examination of the three factors affecting the degree of stiffness of a fluid power system
(the orifice model, the presence of one or more small volumes in the circuit, and the bulk
modulus model) clarified that using a two-regime orifice model rules out the stiffness
problem arising from the orifice model and demonstrated that the bulk modulus models
presented in the literature can be used safely, since the bulk modulus does not have any
effect on the hydraulic system’s stiffness. Therefore, the only challenging scenario re-
maining is the circumstances wherein the hydraulic circuit contains a small volume. The
first publication forming part of the dissertation presents a derivation of the perturbed
model for a simple circuit, also presented in the article. It should be highlighted that, for
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a relatively large volume, a correction factor ought to be applied to the rate of flow from
the small volume, as elaborated upon in the article.
To investigate the effects of the perturbed model on the computation time demanded by
a coupled multibody and hydraulic system, that model was applied to the fluid power
system of the four-bar mechanism depicted in Figure 2.7a. The actuator of this mechanism
is a simple hydraulic cylinder and piston (depicted in Fig. 2.7b). In an illustrative figure
from the relevant article (presented here as Fig. 2.8), the volume flow rate is plotted
against time for the small volume in question. As this figure attests, the lumped-fluid
theory can correctly predict the system’s behaviour by using an integral time step of 2 ms.
This is the largest step with which the simulation remains stable. The perturbed model,
meanwhile, produces acceptable results to a value 2.5 times larger. With this 5 ms step,
it is demonstrated that the perturbed model can increase the simulation speed for the
mechanism in question by a factor of 2.5. Publication II presents further results and
discussion pertaining to the study carried out [49].

(a) (b)

Figure 2.7: a) The four-bar mechanism and b) the cylinder-and-piston hydraulic circuit
used as an actuator for the mechanism [49].

The perturbed model is applicable for any small hydraulic volume surrounded by bigger
neighbouring volumes. To investigate the functionality of the perturbed model further,
it is applied to a fluid power system operating with digital valves, as depicted in Figure
2.9 and 2.10a. This hydraulic circuit is composed of an ideal pump and tank, digital
valves, and a hydraulic multi-chamber cylinder and piston. The pump and the tank operate
with 150 and 20 bar of pressure, respectively. Each chamber is connected to two digital
flow-control units (DFCUs), and each of them can be either on or off . This setting
determines the maximum and the minimum flow passing through. There are, in total,
eight on/off valves in the system, with each on/off DFCU pair being modelled as a
block in Simulink, where one input signal is used to determine which of the eight should
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Figure 2.8: The volume flow rate Q31 under the LFT and the perturbed model [49].

be activated (Fig. 2.10b illustrates this). The cylinder is constructed of four chambers
connected to DFCUs. Each chamber’s flow and pressure are controlled by two DFCUs,
one of which is connected to a high-pressure source while the other leads to the low-
pressure line. The pipeline before a digital valves is modelled as a hydraulic volume
with a one-litre capacity, and the volume of the pipe after the digital vales and before the
cylinder is considered a small volume, at 0.05 litres. This is 100 times smaller than its
neighbouring volume.

Figure 2.9: Four-chamber cylinder and piston circuit operating with a digital valve.

In Figure 2.11a, piston position is plotted as a function of time for a 1 s period. The
position obtained when the small volume is handled by the LFT is represented by a solid
black line and blue dashed line for time steps of 10−5 s and 10−4 s , respectively, and
that with the perturbed model is indicated by a solid red line. As this figure demonstrates,
10−5 s is the largest time step that yields a stable simulation. The blue dashed line, plotted
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for applying the LFT approach with a step of 10−4 s for the small volume, is far from the
correct response. As the figure illustrates, in 1 s of simulation, the difference in predicted
positions reaches 0.25 cm between the 10−5 s and 10−4 s steps, whereas the perturbed
model can closely track the correct response even with a large time step, 10−4 s.

(a)

(b)

Figure 2.10: a) The four-chamber cylinder and piston operating with a digital valve con-
taining b) four pairs of DFCUs.
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For showing the cumulative error associated with the large time step in the lumped-fluid
theory approach, the piston position is sketched for a longer time also (5 s), in Figure
2.11b. This figure was prepared for the same cases as Figure 2.11a, showing deviation of
response under the LFT model with a large time step, 10−4 s. The accumulation of error
makes the deviation higher, reaching more than 1 cm after 5 s relative to the LFT model
with a time step of 10−4 s. In contrast, the perturbed model matches the correct response
very well when a step one order higher is used, 10−4 s.

(a) (b)

(c)

Figure 2.11: Comparison of piston position between the LFT and the perturbed model for
a) 1 s and b) 5 s for a 0.05 L small volume and c) a 0.01 L one.

When the small volume is decreased from 0.05 litres to 0.01 litres, the simulation becomes
unstable if the LFT model is used with a time step of 10−4 s, as the dashed blue line plotted
in Figure 2.11c makes clear. Comparing figures 2.11a and 2.11c reveals that the perturbed
model is closer to the correct response if the volume is smaller. Figure 2.11c shows that
the perturbed model’s response follows the correct response line when an integral time
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step and is used and the order is one level higher.
The investigation highlighted two main points. The first one is that the presence of a
small volume in a fluid power system leads to the stiffness problem, irrespective of the
complexity of the circuit. Secondly, the perturbed model is a reliable solution even when
the hydraulic circuit is complex.
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3 Real-time simulation of energy systems

According to the definition presented by [117], an energy system comprises any device
designed to produce energy for end-user consumption. Therefore, boilers, cyclones, dry-
ers, etc. are categorised as energy-system components. The performance of these devices
directly affects the performance and efficiency of the relevant production line and should
be designed in an efficient way and operated so as to offer the highest possible perfor-
mance. For achieving the best design, usually commercial software is utilised (Ansys
Fluent, COMSOL products, OpenFOAM, etc.). However, the best performance is arrived
at during operation by setting of suitable inputs. As explained in Chapter 1, maximal
performance for each energy device is achievable by means of a digital twin of that de-
vice simulating the process on the basis of data received from the physical device. Since
DT simulation of an energy device requires real-time simulation of the process, which is
computationally expensive and beyond the capability of any of the above-mentioned com-
mercial software, it is essential to develop fast algorithms that are applicable for real-time
simulation of energy-system processes.
At the same time, commercial software is of limited utility even for initial design pur-
poses. The issue is that the results’ validity is constrained by the validity of the governing
equations implemented in this software, which are restricted to certain pre-determined
conditions. Yet the small-scale details of these devices have especially significant effects
on functionality at larger scales. For example, the gas drag force exerted on the parti-
cles in boilers is usually modelled in terms of semi-empirical or empirical relations, such
as what the Ergun equation tells us about the resulting drag force. Therefore, obtaining
truly the best performance demands a multi-scale investigation in which operations on the
smallest scale are responsible for providing correct and reliable information to be fed to
larger-scale entities for large-scale simulation. The small-scale simulation, as its name
suggests, is itself confined to a small domain where periodic boundary conditions usually
are present; however, its main function is to reveal all the important details to be used in
large-scale simulations.
Consequently, the concept of multi-scale simulation is employed. Usually, this involves
two level of simulations being available: small-scale ones to supply the data for large-
scale simulations and large-scale ones to product results that can inform design. In multi-
scale simulation, exchange of data between the two scales of simulations occurs only
when needed. For instance, the heat transfer in a dryer can be understood through simu-
lating a small portion of powders entering the device, and the resulting data can be passed
to the large-scale simulations for correct estimation of the field variables.
The algorithms and simulations that were presented in Chapter 2 are at system level,
meaning that they are applicable for the largest scale of the system. In contrast, in energy
systems, small-scale simulations too are needed. Such details as accurate estimates of the
effective thermal conductivity of granular materials, permeability of porous media, and
drag forces exerted in the porous region are essential input to the large-scale simulation if
reliable results are desired.
In this chapter, the DEM, TDEM, and LBM techniques are elaborated on. These con-
stitute the main tools for both small- and large-scale simulations. In addition, the LBM
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and TDEM use inherently fast algorithms that can be employed for real-time simulation
in connection with digital-twin applications. Although these simulation algorithms can
be applied to all devices used in the energy sector, here the example of porous media
illustrates their use.

3.1 Porous media

The two strategies commonly used to model fluid flow through porous media are direct
simulation and representative elementary volume (REV). In direct simulation, the com-
plexities of the solid domain are not simplified and a no-slip boundary condition is ap-
plied to the surface. The fluid flow through the pore spaces is modelled, which provides
the information about the velocity, pressure, and temperature fields. In addition, one can
obtain the flow details and such porous-medium characterisations as permeability, tortu-
osity, and channelling properties through this approach. The method is suitable for use in
small-scale simulations to calculate the properties of a porous zone correctly. Although
this technique reveals the local details of flow, the random distribution of microscopic
pores (due to the complexity of the geometry) makes the simulation computationally ex-
pensive. In this context, the porous zone’s full geometry, inclusive of all tortuous pore
spaces, is required. X-ray photo scanning can reveal these details [118], but an alternative
way to build a packed bed with a porous zone is to use DEM code, preferably accounting
for multiple particle shapes. A packed bed generated with various particle shapes and
sizes may resemble a real-world packed bed. For instance, Figure 3.1 presents a packed
bed generated with 1,000 cubic particles. This packed bed’s solid volume fraction is ap-
proximately 0.6, so it qualifies as a densely packed bed. For a dilute packed bed (i.e., one
whose solid volume fraction is fairly small), a random number generator can be used for
generation. For densely packed beds, however, the particles should be allowed to settle
under gravity in a DEM solver.
In the alternative approach, applying REV scale [119], the effects of pores are omitted, so
there would be a control volume (approximately 10 times larger than the particle diame-
ter) whose solid volume fraction gets calculated in line with the amount of solid embed-
ded in that volume. Consequently, the domain should be discretised to several relatively
large control volumes, to each of which a suitable solid volume fraction gets assigned.
This method is applicable in particular for those large-scale simulations wherein a fast
algorithm such as the LBM’s is employed.
On this scale, the effects of porosity are represented by using randomly distributed par-
ticles and considering the fluid–particle drag relations in conjunction with the Navier–
Stokes equations. From a modelling point of view, every REV should be assigned an
average solid volume fraction via appropriate averaging over the pore network within that
REV. On the other hand, the drag force is added to the Navier–Stokes calculations as a
source term that is a function of the solid volume fraction. It is worth mention at this point
that many LB models have been proposed for adding suitable source terms to the Navier–
Stokes equations [120, 121, 122]. The literature offers numerous local semi-empirical
relations posited for the drag force [123, 124].
Nithiarasu et al. [125] were the first to derive the momentum and energy equations for
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Figure 3.1: A porous medium containing 1,000 cubic particles built with a DEM solver
as particles that have settled through gravity.

porous media on REV scales [126, 127], thus:

∂βūβ = 0 (3.1)

∂tūα + ūβ∂β(
ūα
ε

) = − ε

ρ0

∂α(p̄/ε) + ν∂β∂βūα + Fα (3.2)

∂t(σT ) + ∂β(T ūβ) = ∂β(km∂βT ) +Q (3.3)

Here, ū and p̄ stand for averaged velocity and pressure; Fα and Q are the source terms
added to the momentum and energy equations, respectively; ρ0 is density; and ν is the
fluid’s kinematic viscosity. The ε value denotes the fluid volume fraction, the β subscript
denotes summation, and α indicates the direction.
Note that the energy equation above, Equation 3.3, is a combination of the solid and
fluid energy equations. Therefore, in this equation, σ = ε + (1− ε)(ρCp)s/(ρCp)f , with
ε varying with the space, and effective heat diffusivity km = η/(ρCp)f is defined as
effective thermal conductivity divided by fluid heat capacitance.

3.2 The lattice Boltzmann method

By the early 1990s, scientists’ interest had shifted from lattice-gas automata [128] toward
the lattice Boltzmann method, which is based on kinetic theory [129, 130].
In kinetic theory, the fluid field is assumed to be a large collection of molecules whose
interactions are based on Newton’s laws of motion. Whereas the DEM approach entails
attempting to track the motion of all the individual particles, in kinetic theory it is the col-
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lective behaviour of the molecules that receives the most attention. Since it is impossible
to solve even a very small system containing 6.0221422 × 1023 molecules (Avogadro’s
number, denoting one mole of matter) with the computation resources currently available,
the statistical representation of the system can serve as an alternative way of obtaining the
information that describes the system. The full statistical description of a fluid at thermal
equilibrium is assumed to be captured by a function known as the distribution function:
f(xα, ηα, t), where xα, ηα, and t are position, velocity, and time, respectively. This as-
sumption is similar to Callen’s second postulate for statistical thermodynamics, which
states that ‘there exists a function of the extensive variables of any composite system, de-
fined for all equilibrium states and having the following property: the values assumed by
the extensive parameters in the absence of an internal constraint are those which maximize
the entropy over the manifold of constrained equilibrium states’ [131, 132]. Accordingly,
knowing the distribution function with regard to time forms the underpinning to statisti-
cal description of the system; e.g., the moments of the distribution function will yield the
macroscopic quantities.
The transport equation encapsulating the distribution function is the main challenge of ki-
netic theory: on account of the collision term, its formulation and solution are not straight-
forward. On the basis of Liouville’s theorem, the transport equation can be written as

Df

Dt
≡ ∂tf + ηα∂αf = Ω(f) (3.4)

where η is the microscopic velocity vector, α denotes the direction, and Ω is the collision
operator to be determined. One should bear in mind that this equation is derived in a
phase-space volume, so there are six independent variables, three of them spacial co-
ordinates rα and the other three momentum variables pα.

3.2.1 The BBGKY hierarchy of equations

Let us consider a set of N particles having an N-particle distribution function FN . The
evolution of FN can be completely determined by means of Liouville’s theorem:

∂tFN +
pαi
m0

∂rαiFN + Fαi∂pαiFN = 0 (3.5)

In this equation, m0 is the particle mass and Fαi is the force exerted on the ith particle.
Now, if we define a new set of particles in which M particles are removed from the N-
particle set, the integral over FN will be a function of the variables for those M particles
that have been taken away. Therefore, the M-particle-reduced distribution function can be
defined as

FM(rα1, ..., rαM , pα1, ..., pαM , t) =

∫
FN(rα1, ..., rαN , pα1, ..., pαN , t)drαM+1...drαNdpαM+1dpαN

(3.6)
To derive the famous Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY) equation, one
can simply substitute Equation 3.6 into Equation 3.5, which produces
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∂tFM + ṙαi∂rαiFM − ∂rαiVij∂pαiFM =

(N −M)

∫
drαM+1dpαM+1∂rαiViM+1

(
∂pαiFM+1 − ∂pαM+1FM+1

)
(3.7)

Hence, some interesting cases emerge when we remove only one or two particles. This
yields

∂tF1 + ṙα1∂rα1F1 = (N − 1)

∫
drα2dpα2∂rα1V12

(
∂pα1F2 − ∂pα2F2

)
(3.8)

and

∂tF2 + ṙα1∂rα1F2 + ṙα2∂rα2F2 =

(N − 2)

∫
drα3dpα3

[
∂rα1V13

(
∂pα1F3 − ∂pα3F3

)
+ ∂rα2V23

(
∂pα2F3 − ∂pα3F3

)]
(3.9)

3.2.2 The Boltzmann transport equation

The derivation for the single-particle distribution function F1 is not closed, so we need
a closure equation. The well-known Boltzmann transport equation is a closure integro-
differential equation operating on the distribution function f [133]. This equation can be
derived via any of several approaches, either physical or mathematical [134]. Although
the BBGKY hierarchy was introduced long after the Boltzmann equation was proposed,
it is actually the first-order truncation of that equation, in mathematical terms [135]. The
Boltzmann transport equation is expressed as follows [136, 137, 135]:

Df

Dt
=

1

m

∫
(f ′f ′p − ffp) || ηα1 − η′α || dη′α1dA (3.10)

The prime mark is used to denote the pre-collision variables and functions. Therefore,
f ′ = f(xα, η

′
α, t), f ′p = f(xα, η

′
αp, t), f = f(xα, ηα, t), and fp = f(xα, ηαp, t). In

addition, η′α and η′αp are the microscopic velocities before collision, while ηα and ηαp
represent the velocities after it occurs. The integral variable dA is over the collision
surface of the particles that is perpendicular to the direction of their relative velocity.
The right-hand side of Equation 3.10 is a non-linear collision operator that we refer to as
Ω(f):

Ω(f) =
1

m

∫
(f ′f ′p − ffp) || ηα1 − η′α || dη′α1dA (3.11)

As the collision operator is a non-linear term, theoretically solving the Boltzmann equa-
tion for non-equilibrium conditions is difficult. However, one can solve it in the equilib-
rium condition and thereby obtain the equilibrium distribution function feq. In a condition
of equilibrium, the distribution function is independent of time. In addition, in the absence
of any external forces, it is independent of position also. In consequence, the collision op-
erator becomes zero, Ω(f) = 0. Hence, by means of Equation 3.11, it can be shown
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that

∫
Ω(f)ln(f)dηα =

1

m

∫
(f ′f ′p − ffp) || ηα1 − η′α || ln

(
ffp
f ′f ′p

)
dη′α1dηαdA = 0 (3.12)

Consequently, this equation is satisfied if and only if

f ′f ′p = ffp (3.13)

This conclusion is referred to as the H-theorem, and the solution to this equation takes the
form of an exponential function, feq = exp(g). By using the hydrodynamic moments of
the distribution function, defined as

ρ(xα, t) =

∫
f(xα, ηα, t)dηα (3.14)

and as
ρ(xα, t)u(xα, t) =

∫
ηαf(xα, ηα, t)dηα (3.15)

and
ρ(xα, t)e(xα, t) =

∫
ηαηαf(xα, ηα, t)dηα (3.16)

we can obtain the equilibrium distribution function

feq = ρ

[
m

2πkbT

]D
2

e

(
−mv2rα/2kbT

)
(3.17)

where kb is the Boltzmann constant, D is the dimension, T is temperature, vrα = ηα−uα,
and uα is macroscopic velocity.
Calculating the exponential function is computationally expensive. Therefore, the equi-
librium distribution function is approximated by Taylor-series expansion up to the second
order of velocity (the Mach number) by assuming the Mach number to be much smaller
than 1 (Ma << 1), per the literature [138, 139]:

feq = ρω(ηα)

[
1 +

ηαuα
cc

+
η2
αu

2
α

2cc2
− u2

α

2cc

]
(3.18)

In this formulation, cc = kbT
m

and ω(ηα) = (2πcc)−
D
2 exp

(−η2α
2cc

)
.

3.2.3 A lattice Boltzmann model for granular materials

Guo and Zhao [119] began utilising the lattice Boltzmann method to simulate an REV-
scale porous medium with incompressible fluid flow passing through it. The effects of
porosity appearing as a drag force (under the Ergun equation) have been added as a pre-
estimated source term arising from the particle–fluid interaction. In this model, the static
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pressure exists in a relationship with the medium’s density and porosity that is consis-
tent with the p = c2

sρ/ε relation. Constant density (incompressible flow) would imply,
therefore, that the pressure will be merely a function of the porosity known in advance.
Importantly, however, this model assumes that density does not have a strictly constant
value (ρ ≈ ρ0) and it can vary slightly (ρ =

∑
fi). Therefore, it should be highlighted

that variations in density in incompressible flows change the momentum balance in the
model. This, in turn, leads to errors in calculation of the pressure drop. In a contrasting
approach, He and Luo [140] proposed an LB model (called the HL model) to separate
pressure from density. This renders the model suitable for dealing with incompressible
flows. It is utilised [141] to investigate solid–liquid flows by means of a collision opera-
tor modified to represent the effects of the solid volume fraction as well. Still, it cannot
directly operate from the semi-empirical relations as a source term.

To overcome the difficulties associated with Guo–Zhao-type models for granular materi-
als, the author has introduced an LB approach to deal with an incompressible fluid flow
interacting with a solid phase. In this model, pressure can change while density is strictly
constant, with no variation whatsoever. In addition, the porosity effects appearing as
a drag force (under the Ergun equation or any other relations the literature describes for
fluid–solid interaction) can be included as a source term. The details of this model are pre-
sented in Publication III [142]. In this model, the following modified Boltzmann equation
is proposed:

fi(x+ eiδt, t+ δt)− fi(x, t) =
fi(x, t)− f eqi (x, t)

τ
+ Tiδt = Ωi (3.19)

Here, ei denotes the discretised fluid particle velocity, and f and f eqi are the distribution
function and equilibrium distribution function, respectively. The relaxation time is τ , and
δx and δt are the lattice length unit and time step, respectively. Several relations for Tiδt
are proposed for taking into account external forces that appear in the NS equation. This
term is used also as a correction term for the pressure gradient (see Publication III for
more details).

The following relationship is proposed for Ti:

Ti =
win

c2
s

eidFd +
win

c2
s

(1− ε)eid∂dp (3.20)

The dummy index (d) is used for performing the summation over three dimensions,
and cs is the speed of sound. This equation satisfies the following conditions, without
which Navier–Stokes equations cannot be derived from the LB equation by means of a
Chapman–Enskog expansion:∑

Ti = 0,
∑

Tieiα = nFα + n(1− ε)∇p,
∑

Tieiαeiβ = 0 (3.21)

In Equation 3.20, n = 1− 1
2τ

, ε is the fluid volume fraction, and p refers to the hydrostatic
pressure. The ωi value is the vector for weighting numbers as presented below for a
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three-dimensional grid with nineteen distinct velocities D3Q19:

ωi = [12 2 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1 1]/36 (3.22)

At this point, it should be stressed that the model works for all LBM schemes DdQq, ir-
respective of the d and q values. Since D3Q19 is the best-known one for three-dimension
simulations, the discrete velocity vectors for this scheme are presented below:

eix = [0 1 − 1 0 0 0 0 1 1 1 1 − 1 − 1 − 1 − 1 0 0 0 0]

eiy = [0 0 0 1 − 1 0 0 1 − 1 0 0 1 − 1 0 0 1 1 − 1 − 1]

eiz = [0 0 0 0 0 1 − 1 0 0 1 − 1 0 0 1 − 1 1 − 1 1 − 1]
(3.23)

In Bhatnagar–Gross–Krook (BGK) LBM models, the collisions of particles occur such
that they are brought to instantaneous relaxation (i.e., they enter instantaneous equilib-
rium). Consequently, the streaming and collision steps are followed by an equilibrium
step in which the macroscopic quantities can be calculated. The equilibrium distribution
function used in Equation 3.19 is introduced as

f eqi (x) = wip+ wic
2
sρ0ε

[
3
eiα.uα
c2

+
9

2

(eiα.uα)2

c4
− 3

2

u2
α

c2

]
(3.24)

in which ρ0 denotes the constant fluid density, c expands to δx
δt

, and uα is fluid veloc-
ity. This relation satisfies the following constraints, which are essential for the above-
mentioned derivation of Navier–Stokes equations from the LB model via Chapman–
Enskog theory (again, the third paper provides details):

p =
∑

f eqi (3.25)

c2
sρ0εuα =

1

2
c2
sFαδt+

∑
eiαf

eq
i (3.26)

c2
sρ0εuαuβ + c2

spδαβ =
∑

eiαeiβf
eq
i (3.27)

The velocity and pressure variables get calculated at each time step in line with the con-
straints indicated above. This procedure should use distribution function f whenever
a state of equilibrium is reached. The final Navier–Stokes equation form produced by
derivation from the LB space by means of Chapman–Enskog expansions is

∂(ρ0εuα)

∂t
+
∂(ρ0εuαuβ)

∂xβ
= −ε ∂p

∂xα
+ µ

∂

∂xβ

{
∂xβ(εuα) + ∂xα(εuβ) + ∂xγ(εuγ)δαβ

}
+ Fα

−∇.∂xγ(uαuβuγ)
(3.28)

In this expression, the dynamic viscosity is µ = c2
sρ0

(
τ − 1

2
δ
)
.
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3.2.4 A thermal lattice Boltzmann model for granular materials

The coupling between the momentum equation and heat-transfer equation is one-directional
when the fluid is incompressible: the heat-transfer equation does not exert any influence
over the momentum equation, while momentum does affect heat transfer. Therefore, by
knowing the velocity field, one can implicitly solve for the temperature field. Guo and
Zhao [143] presented a thermal LB model for fluid-saturated porous media. For a medium
of this nature, the assumption of local thermal equilibrium (LTE) between the solid and
the saturated fluid is valid, so the solid and fluid in the given node (control volume) have
the same temperature. Accordingly, combining the equations governing the solid and the
fluid portion yields the following governing equation:

σ∂tT +∇α(Tuα) = ∇ακm∇αT (3.29)

where σ is a function of solid volume fraction εs.
Liu and He [144] introduced a multiple-relaxation-time (MRT) model, arguing that these
are numerically more stable than BGK single-relaxation-time (SRT) models. However,
BGK models’ algorithmic simplicity and computation-cost-efficiency prompted Wang et
al. [145] to propose a BGK model that improves the numerical stability at low viscosity
and thermal diffusivity levels. In this model, referred to as the WMG model, the exter-
nal force appearing in both the momentum and the energy equation connects the two.
To solve the convection–diffusion equation in the D3Q5 scheme, Zheng and colleagues
[146] proposed an LB model that covers this equation to second-order accuracy without
requiring any additional terms. This model – a special case of the WMG model that does
not consider the heat-source term or porosity – is not a local model as referred to by Chai
and Zhao [147], so it needs to use neighbourhood information when applied to the colli-
sion process. Therefore, the authors recommended using a local scheme to calculate the
gradients.
Chen et al. [148] identified a shortcoming of Guo–Zhao sorts of models associated with
non-reliability for domains wherein there is spatial variation of heat capacitance σ. To
rectify this, they introduced σ0, which is a constant reference value for σ to control for
thermal diffusivity. Thus, σ is permitted to display spatial variation in the domain without
creating concerns about constant thermal diffusivity. A serious problem remains with this
thermal model and others of the Guo–Zhao type, though: their accuracy level. These
models provide first-order accuracy and require further terms before they can cover the
thermal governing equation to second-order accuracy. For instance, Chen et al.’s model
covers the equation ∂t(σT ) +∇.(Tuα) = ∇.(km∇T ) + δ

(
τT − 1

2

)
∂t∇α(Tuα) +O(δ2),

which has the additional term δ
(
τT − 1

2

)
∂t∇α(Tuα), alternatively providing first-order

accuracy as ∂t(σT ) + ∇.(Tuα) = ∇.(km∇T ) + O(δ) (see Publication III for details of
the model).
The doctoral project introduced a thermal LB model to solve the energy equation to
second-order accuracy without necessitating any additional terms. In this model, a heat-
source term is added that can apply a local heat source to any node in the domain. This
model is detailed in the third paper (Publication III).
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The LB equation proposed for the thermal LB model is

hi(x+ eiδt, t+ δt) = χhi(x, t) + (1− χ)hi(x+ eiδt, t) +
hi(x, t)− heqi (x, t)

τT
+Qiδt

(3.30)
where heqi and hi are the equilibrium and non-equilibrium distribution function, respec-
tively; Qi is the heat-source term; and τT is the thermal relaxation factor. Note that the
χ parameter determines the accuracy of model. If χ = 1, the model will display first-
order accuracy, while relaxing this parameter has been shown to yield energy-equation
solutions that demonstrate second-order accuracy. The author obtained the idea for such a
parameter from the work of Zheng et al. [146], who used this trick for the Cahn–Hilliard
equation for interface tracking in multi-phase flows in connection with a D3Q5 scheme.
The equilibrium distribution function (heqi ) that appears in Equation 3.30 is introduced
here as

heqi (x) =

{
T (σ − σ0) + wiT (σ0 + eiαuα

c2sχ
) i = 0

wiT (σ0 + eiαuα
c2sχ

) i 6= 0
(3.31)

where χ = 1/(0.5 + τT ) results in the energy equation being solved with second-order
accuracy. In the equilibrium step, the local temperature is calculated by means of the
following relationship:

T =

∑
h

(0)
i

σ
(3.32)

The heat-source term in the energy equation is needed in many circumstances. For in-
stance, in additive manufacturing, the laser beam on the metal powders requires a heat-
source term. Accordingly, a source term is added to our model with the following repre-
sentation:

Qi = Q̄
wi
∑
eiαeiα − c2

s∑
eiαeiα − qc2

s

(3.33)

where Q̄ is the value for the heat source in SI units and q is the number of discrete veloc-
ities for the DdQq scheme.

3.2.5 A conjugate lattice Boltzmann model for granular materials

The two LB models presented in the subsections above are based on REV scale, which
involves relatively large-scale modelling. These models are inherently fast because LB
algorithms do not demand a larger number of operations. In addition, the new LB models
can be easily implemented on GPUs for parallel computing or in line with the MPI or
OpenMP standard. Therefore, using fast algorithms in combination with parallel com-
puting makes LB a viable candidate for large-scale real-time simulations. However, it
should be stressed that the high-level nature of REV scales obscures the details found on
smaller scales. Recall, for instance, that an REV volume in porous media is usually 10
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times larger than a particle, so only an averaged volume fraction is assigned to each con-
trol volume, without regard for particle shape or size, pore shapes, channelling properties,
etc. To offset the drawbacks of large-scale simulations and allow for small-scale simula-
tion, the author presented a conjugate LB model for heat transfer. It is worth mentioning
that the model for fluid flow described in Subsection 3.2.3 can be used for either large-
or small-scale simulation work. For large scales, ε should be set equal to the amount of
the solid volume fraction assigned to the relevant control volume, while for small-scale
simulations it should be 1 if the node is fluid or 0 if it is solid.
Packed beds such as the one in Figure 3.2a are commonplace in industrial applications.
Although this packed bed is a small one, containing only 30,000 particle, LB simulation of
heat transfer through its solid and fluid portions would still be out of reach for a real-time
platform. Another option is available, however – the thermal discrete-element method,
which is far faster than the LBM and can be used for large-scale simulation in many re-
search and industrial investigations. In this method, elaborated on in the next subsection,
the fluid’s effects on heat transfer should be addressed as thermal resistance assigned to
each individual particle. This is vital: valid and reliable results hinge on correctly esti-
mating these effects on heat transfer. If we use a conjugate LB model to solve the energy
equation for a cluster of particles such as what Figure 3.2b depicts, we can calculate the
effective thermal conductivity (ETC) of the cluster and, through this, a middle particle’s
thermal resistance. This simulation set-up should be implemented for a small-scale do-
main with only a few particles, because 1) the energy equation has to be solved for both
fluid and solid and 2) each particle should have several nodes, which require tremendous
computation resources. The resulting estimate of thermal resistance gets fed to the TDEM
algorithm, to account for the effects of the fluid. The method is applicable for all modes
of heat transfer through fluid: conduction, convection, and radiation.
Although the candidate developed a conjugate heat-transfer model to study the effects of
interstitial fluid on a granular cluster’s heat conduction, an article reporting on this has not
been published yet, so this work is not represented in the publications. This model solves
the energy equation for both solid and fluid zones in a cluster of particles as depicted in
Figure 3.2b. As the figure illustrates, only a few particles make up this cluster, which is
part of the bigger system illustrated in Figure 3.2a.
Importantly, a TDEM solver following this approach is inherently fast, especially if writ-
ten to exploit GPU architecture. Therefore, in such simulation work, the TDEM is respon-
sible for large-scale simulations while the LBM is used for small-scale ones, providing
the data needed as input to the TDEM (e.g., the fluid’s effects on thermal resistances).
Also essential for the TDEM solver is information on the particles’ contact interactions.
This should be provided by the DEM, which is dealt with in the section below, followed
by elaboration on the TDEM itself.

3.3 The discrete-element method
The DEM is a well-known Lagrangian technique for tracking solid particles over time by
considering the particle–particle and particle–wall interactions. The dynamics of particles
are controlled by Newton’s second law of motion, dictating that an individual particle’s
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(a) (b)

Figure 3.2: a) A typical packed bed containing 30,000 particles, from which b) one is
selected at random, a particle in contact with several neighbouring ones.

acceleration can be obtained by taking the net force exerted on the particle and dividing
by its mass. Therefore, the velocity and position of the particles are calculated by integrat-
ing acceleration and velocity, respectively. Several commercial software applications are
available for DEM simulations (EDEM, Rocky DEM, LIGGGHTS, ThreeParticle, etc.);
however, the author has used in-house code written in Fortran and CUDA C.
The simplest and most computation-light particle shape is the sphere, because the com-
puter need store only the particle centre and radius. In addition, the well-known Hertzian
contact model is usually employed to calculate the particles’ overlaps, which are within
analytical reach. The details and a mathematical description of the DEM for spherical
particles are presented in Publication III. However, this does not represent a sophisticated
approach: spherical shape is far from reality in many applications, so simulation results
suffer accordingly. Defining particles as polyhedra is a powerful alternative whereby re-
searchers can model an arbitrary particle shape.



3.3 The discrete-element method 57

(a) (b) (c) (d)

Figure 3.3: Detecting contact between two polyhedral particles (a) by searching for the
contact vertices (b), from which the convex hull is recognised (c) and the contact volume
is computed by means of the contact normal vectors (d) [149].

The most computationally expensive part of DEM code is that for contact detection, which
accounts for 90% of the computation time if the particles are polyhedral. Therefore, large-
scale real-time simulation is achievable only if the algorithms are implemented on GPUs
to take advantage of parallel computing. In contrast to a spherical-particles solver, which
needs only neighbour search (particles’ deformation is obtained via an analytical Hertzian
contact model), the polyhedral solver requires this search plus an algorithm for detailed
description of contacts.
Our Blaze-DEM GPU code features a volume-based contact model that determines the
contact volume and the contact normal vectors precisely, as Figure 3.3 (a–d) illustrates
[149]. The contact volume is the volume between the polyhedra in contact, as depicted in
Figure 3.3d.
In the first step, the broad phase contact is determined by a bounding-sphere approach
known as potential contact [149]. This is followed by resolution of detailed contact. The
detailed contact detection provides information on the contact vertices, faces, and volume,
as panes a–d in Figure 3.3 show. Because the first step is to search for the vertices formed
by the intersection of faces and edges of the contact volume, as shown in Figure 3.3b,
the contact volume faces can be constructed on the basis of the pre-determined vertices
and the knowledge that the contact volume is ‘stuck’ between the polyhedral particles as
Figure 3.3c illustrates. The volume of the contact informs calculation of the forces acting
on the particles, and, since it changes contact by contact, that volume’s estimation for each
of them is crucial. The contact volume can be calculated in a GPU set-up on the basis of
a divergence theorem expressing the conversion of the volume integral to a surface one as∫∫∫

V

(∇.G) dV =

∮
S(V )

G.dS (3.34)

Here, V is the contact volume, S is the boundary surface, and G is a field vector. If G
is chosen to satisfy ∇.G = 1, then the integral on the left-hand side will be equal to the
contact volume.
The contact force exerted on the particle passes through the centre of mass (COM) of the
contact volume and is associated with a direction and magnitude. The direction of this
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Figure 3.4: The contact forces broken into normal and tangential components, modelled
with a spring and a dashpot.

force is computed for each individual contacting particle via integration of the surface
normal vector over all the contact boundary surfaces. For instance, the unit vector repre-
senting the direction of the contact force for either of the particles p depicted in Figure
3.3d can be calculated as

nFp =

∫
S
nSp dS

|
∫
S
nSp dS |

(3.35)

where nSp is the surface normal vector of particle p pointing outward.
As noted in the literature [150], the most popular contact models are linear-spring–dashpot
(LSD) and a non-linear Hertzian model. The magnitude of the normal and tangential con-
tact force can be calculated via the Kelvin–Voigt LSD model as

FN = KN∆V nFp − CN(VR.n
F
p )nFp (3.36)

where KN and CN are the linear spring stiffness ( N
m3 ) and damping coefficient (Ns

m
), re-

spectively, and VR represents the relative velocity of the particles. Finally, nFp is the unit
vector along which the force is exerted. In Equation 3.36, the spring and the damping
coefficient are calculated by means of the following relations:

KN =
meff

∆t2
cont

ln(e)2 + π2 (3.37)

CN =
2 ln(e)

√
KNmeff√

ln(e)2 + π2
(3.38)

The effective mass of particles is defined per this equation as meff = ( 1
m1

+ 1
m2

)−1, ∆t2cont

is the contact time determined by the material properties, e is the coefficient of restitution,
and ∆V is the contact volume resolved by the algorithm presented schematically in Figure
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3.3 (a–d).
The tangential component of the contact force is resolved by means of a stick-slip friction
model in which Coulomb’s law is used to couple the tangential and the normal compo-
nent of contact force. Through this process, the initial tangential force is calculated as a
summation of the tangential component of spring and viscous forces:

FT = −KT (VTdt + L)− CTVT (3.39)

Here, KT which is typically defined to be at least 1
2
KN is tangential spring stiffness, and

VT is the tangential component of relative velocity. The L and CT parameters reflect,
respectively, the tangential displacement of the spring from its equilibrium position and
the tangential damping coefficient, both calculated in line with the following relations:

L =

tCont end∫
tCont start

VT dt (3.40)

CT =
2 ln(ε)

√
KTmeff√

ln(ε)2 + π2
(3.41)

It should be highlighted that the L term that appears in Equation 3.39 as part of the tan-
gential component of the contact force is computed, via Equation 3.40, for sliding friction
only. For static friction, the value will be zero.

3.4 The thermal discrete-element method

As mentioned in Subsection 3.2.5, when a large-scale simulation is involved, the LBM
is extremely computationally expensive because a huge number of nodes should be allo-
cated for each particle. The same drawback exists in the FEM and other traditional CFD
methods. Hence, for rapid and reliable solving of the energy equation for a large-scale
system, the TDEM is a viable alternative.
The author has introduced a TDEM model suited to resolving the energy-equation prob-
lem for granular materials. Its details are available in Publication IV [151]. The model’s
foundation rests on a two-particle pipe model representing the heat flux between two
particles as transported through a pipe connecting their centres (depicted in Fig. 3.5).
Accordingly, two contacting particles, P and L, that experience temperatures T 0

P > T 0
L

will form a pipe through which the energy flux is from particle P toward particle L across
the particles’ contact areas (i and m, for particles P and L, respectively). Our TDEM
model takes into account the contacting particles’ cumulative effects on the temperature
of contact i. The temperature at the ith contact of particle P is obtained, T iP , that is due
to the heat flux from particle L. This temperature can be expressed as

T iP = −ReP Q̄PL + T 0
P (3.42)

and the temperature at the mth contact of particle L, TmL , arising from the flux from
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Figure 3.5: A pipe model applied between two spherical particles in mutual contact.

particle P is calculated as
TmL = ReLQ̄PL + T 0

L (3.43)

where ReP = −λ
2κPRP∆φi

, ReL = −λ
2κLRL∆φm

, and λ is a constant with the value -0.6846.
This allows one to consider a pipe with a heat flow of Q̄PL and a flow-resistance of ReP .
Obviously, we have T iP = TmL and ∆φi = ∆φm. By subtracting Equation 3.43 from
Equation 3.42, we arrive at the following equation for heat flux:

kPL

[
1 −1
−1 1

] [
T 0
P

T 0
L

]
=

[
QPL

−QPL

]
(3.44)

where kPL = 1/(ReP +ReL).

Balancing the steady and transient terms in the heat-conservation equation yields the
transient-energy equation. This allows us to express the energy equation governing the
transient heat conduction in any individual particle p as

CP Ṫ
0
P (t) +

N∑
J=1

QPJ = 0 (3.45)

where J denotes the neighbouring particles in contact with particle P . In addition, from
Equation 3.44 we have QPJ = kPJ(T 0

J − T 0
P ), and CP = 4

3
πρR3cP . This equation can be

solved via a time-marching method.

For two particles in mutual contact, the contact’s thermal conductivity is derived as

kPL = 2.066κP
(3Fn(1− σ2)RP

4E

) 1
3 (3.46)
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where Fn is the magnitude of the normal contact force. This equation is quite similar
to that for contact thermal conductivity presented by Batchelor and O’Brien (i.e., in the
BOB model) [152], Carslaw and Jaeger [153], and Yovanovich [154]. For instance, the
only difference between the BOB formula and the new one lies in the coefficient of 2.066,
as opposed to the BOB relation’s 2. The reason for this difference can be linked to how
each individual contact considered in our model is affected by others. Again, further
details are presented in Publication IV. Defining the thermal conductance asHc = 1

kPL
, we

have QPL = Hc∆T , in which ∆T refers to the apparent temperature difference between
particles. In the BOB model, Hc = 2κP

√
Ac for spherical particles [155, 156], where

A is the contact area calculated by means of a theoretical Hertzian contact model. We
have offered the following attempt to generalise the thermal conductance formula to any
particle shape [149]:

Hc = ακP
√
Ac (3.47)

The α parameter should be calibrated on the basis of the shape.

3.5 Results and discussion

There are two main factors to be considered in the context of developing and utilising
real-time simulation of energy devices. The first is the benefits of a multi-scale method
for preventing unnecessary expenditure of computation resources wherever possible, and
the other is those of rapid algorithms for each scale. In this chapter, the author has intro-
duced several LBM models that are inherently fast either for small-scale or for large-scale
simulations. The work included developing the LBM model described above for simu-
lation of fluid flow through porous zones that one can apply for either scale by setting
an appropriate value for ε. Alongside this, the thermal LBM model is suitable for satu-
rated porous media with an embedded thermal-source term. Figure 3.6a depicts a porous
medium built with spherical particles that are randomly distributed in a 3.5×3.5×21 cm3

domain for a solid volume fraction of 0.2. In this set-up, a heat source is placed within
0.23X/L and 0.27X/L, where L is the length of the bed in the X direction. The inlet and
outlet temperatures are kept at 300 K, and the surrounding boundaries are considered in-
sulated. Also, the inlet velocity is specified as u = 0.3m

s
with no slip boundary condition

at the surrounding walls. The temperature distribution and the packed bed are illustrated
in Figure 3.6b, with different lines corresponding with different times. The details of the
relevant study are presented in Publication III.
In this LB model, the solid volume fraction is computed within control volumes at least
10 times larger than the particle diameter. Therefore, both LB models, that for fluid flow
and that for the thermal solution, can be regarded as algorithms for large scales. However,
if averaging is not performed, the former can be used for small-scale simulations too, by
setting ε to either 1 for fluid or 0 for solid. Finally, a model such as the conjugate thermal
LB model the author developed to solve the energy equation in both the fluid domain
and the solid zone (again, with details yet to be published) should enable computing the
thermal resistance corresponding to the fluid and feeding it to our TDEM solver.
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(a) (b)

Figure 3.6: a) A diagram of the porous medium with spherical particles and b) the tem-
perature distribution with length for various times: 0, 98, 196, 294, 392, 490, 589, 687,
785, 883, and 981 µs.

(a) (b)

Figure 3.7: a) Two particles in mutual contact that illustrate the thermal resistances
through which the heat flux should pass in the pipe model. b) A comparison of thermal
contact modelling between our new model and those available in the literature.
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Our TDEM model can be verified by comparing the contact thermal conductivity between
two particles with what prior models yield. Let us consider two spherical particles in mu-
tual contact that exert force Fn on each other as shown in Figure 3.7a. The contact thermal
conductivity obtained in line with Equation 3.46 is compared with other models’ output
in Figure 3.7b. This comparison demonstrates that our model is fairly close to the others,
especially the BOB model. Where our model and the BOB one differ is that ours con-
siders the effects of a given contact on the temperature at other contacts – obviously, one
particle can be in contact with several others at the same time. Furthermore, the effects
of compressive forces on the conduction of heat through a packed bed constructed with
spherical particles are investigated (with the set-up and results presented in Publication
IV), though without examining the effects of the surrounding fluid on the ETC. The pipe
model entails the heat flux flowing through a pipe that displays some thermal resistance,
and if the fluid’s effects are ignored, the total resistance is the same as the contact resis-
tance, Rtotal = Rcont. In reality, however, the effects of the fluid may have a significant
role in the heat transfer between two particles. To account for these effects, the total resis-
tance should be represented as Rtotal = Rcont+Ri+Rj , where Ri and Rj are the thermal
resistances that the fluid creates for particles i and j, respectively.

(a) (b)

Figure 3.8: a) A schematic diagram of a two-layer composite and b) the temperature
distribution along its height.

While the TDEM is an algorithm for large scales, the estimation ofRi andRj necessitates
simulation on smaller scales. It is in consideration of this that the author developed a
conjugate thermal LB model to solve the energy equation for both fluid and solid. For a
two-phase composite material such as that presented in Figure 3.8a, one can validate this
conjugate model by comparing its results with those produced by the FVM, as presented
for various times in Figure 3.7b. Any particle in a packed bed is in contact with several
other particles, which together constitute a cluster of particles (Fig. 3.9 illustrates this).
One can solve the energy equation for these clusters via a small-scale simulation and
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Figure 3.9: A cluster of spherical particles in a cubic domain filled with fluid, modelled
to investigate a fluid’s effects on heat conduction.

thereby estimate the thermal resistance value that should be assigned to the central particle
in TDEM-based simulations.

Figure 3.10: Cubic particles form a solid material the effective thermal conductivity of
which is the same as its thermal conductivity.

Our TDEM model was developed for spherical particles initially. However, we proceeded
to extend it for use with any shape by means of the α parameter in Equation 3.47, a value
representing the particle shape. We conducted a very simple test by constructing a solid
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material with cubic particles as depicted in Figure 3.10. The effective thermal conduc-
tivity of this solid packed bed should be identical to the material’s thermal conductivity,
so adjusting the α value allowed us to obtain an ETC equal to the material’s thermal
conductivity, with α = 0.86.

Figure 3.11: The generation of a packed bed for investigation of the effects of particle
shape on granular materials’ thermal behaviour.

To investigate the effects of particle shape on ETC, several packed beds are created similar
to what Figure 3.11 depicts, with randomly generated particles allowed to settle under
gravity. A prior publication [149] presents this work, in which we examined the particle
shapes presented in Figure 3.12. For that research, the effects of the fluid were ignored
and we assumed the Biot number to be small enough that the assumption of a constant
temperature for each particle holds. In addition, the volume was set to be the same across
all particle shapes, 0.25 cm3, to avoid any influence of particle volume on the results.
We concluded that for all particle shapes except the hexagonal prism (HexP), the ETC
increases if the contact area grows, as plotted in Figure 3.13a. Therefore, contact area
is not the best parameter for characterisation of particle shape. We discovered that if we
weight the contact angle for the contact area, the ETC shows an exponential relationship
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with this weighting (which we refer to as contact angle isotropy) as illustrated in Figure
3.13b.

(a) (b) (c) (d) (e)

Figure 3.12: The various particle shapes investigated: a) cubic, b) truncated tetrahedron,
c) bilunabirotunda, d) sphenomegacorona, and e) flattened augmented hexagonal prism.

It should be highlighted here that GPU use in simulation of particle dynamics, the TDEM
approach, and other algorithms put parallel computing to the fullest advantage to speed
up the calculations, which is essential for digital-twin applications (as detailed in Chapter
1). In this context, dividing the algorithms between large and small scales prevents com-
putation resources from going to waste and simultaneously makes available the essential
data required for accurate and reliable simulation.

(a) (b)

Figure 3.13: Effective thermal conductivity plotted against average contact area (a) and
the contact angle isotropy for various particle shapes (b) [149].



67

4 Summary and conclusions

Reaching the potential of Industry 4.0, which represents the fourth industrial revolution,
relies on high-speed data transmission, thereby rendering the digital-twin concept es-
pecially pertinent for industrial applications. Indeed, cyber-physical systems constitute
the core of Industry 4.0, in which the physical systems are integrated with their doubles
created in cyberspace. For this to become reality, the most important feature of cyber-
physical systems is the speed of calculation and data transmission they require. The de-
velopment of 5G technology has brought substantial increases to data-transmission speeds
while still maintaining acceptable reliability, so the remaining challenge is to increase the
speed of the calculations via a reliable and cost-effective approach that permits real-time
simulation. This chapter offers a summary of the challenge and of the research project’s
response to it.
Two main strategies are applied toward enabling real-time simulation. The first approach
is to advance the algorithms so as to employ fewer mathematical operations. In addition,
the algorithms should be designed to be appropriate for parallel computing (afforded by
the MPI and OpenMP standards). The second approach is to use hardware with high-
speed clocks, such as GPUs, and FPGA micro-controllers. There are several applications
for which the only possible way forward is the first one, on account of cost, weight,
economy, and other considerations.
Industrial devices can be roughly categorised as either machinery or energy systems. Usu-
ally in a machinery system, a multibody mechanism operates as a subsystem with a fluid
power module and a control circuit. As is evident from the literature, the most challeng-
ing part of this package with regard to real-time simulation is the fluid power system. In
fact, if the singularity problem of fluid power systems is solved, the entire package can
be simulated in a real-time manner. With that aim, the researcher, firstly, sought to shed
some light on the origin of the problem, from a mathematical point of view and then on
the basis of its physical interpretation. On this basis, the author determined that the stiff-
ness problem associated with hydraulic circuits arises from three parameters in general:
the orifice model used, the presence of a small volume in the circuit, and bulk modulus
models.
Each of these issues can be addressed. A two-regime orifice model (as presented in the
literature) should be used in all conditions involving a pressure drop approaching zero.
Secondly, the author introduced a perturbed model to overcome the stiffness issue cre-
ated by the presence of a small volume. The algorithms in question is implemented for
a simple hydraulic circuit and ascertained that this model can increase the integration
time step by one order. In addition, we have successfully applied this model to a four-
bar mechanism and determined that it can increase the computation speed by a factor of
2.5×. Investigation of diverse approaches to alleviating the stiffness problem arising from
a small volume led us to conclude that a perturbed model works best under various condi-
tions, whatever the complexity level of the hydraulic circuit. While the stiffness challenge
imposed by fluid power systems is created by differences in responses across time scales,
the negligibility of the small time scales in hydraulic systems means that one can safely
use a perturbed model.



68 4 Summary and conclusions

Energy systems, in turn, involve a variety of phenomena, which occur on different spatial
scales. Hence, they are referred to as complex systems. In fluid power systems, the
stiffness problem arises from a difference in time scales (small vs. large), whereas in
energy systems it is the difference not in time scales but of spatial scale that affects the
results’ accuracy and reliability. One can omit small-scale simulation, but the results
then do not end up as accurate as one might expect. If, on the other hand, one chooses
to simulate a large system via small-scale approaches, inefficiency arises and real-time
operation demands tremendous computation resources. Using the two scales together can
aid in reaching the best possible performance, for speed and accuracy both. Therefore,
we have contributed algorithms suitable for either scale, amenable to parallel computing,
and implemented some of them on GPUs. These algorithms are listed below:

• An LB model was developed for simulation of fluid flow through porous media.
This model can be used for either scale, depending on the settings. The ε parameter
in the formulation determines the scale of the simulation. If the domain is large and
the number of particles enormous, one might average the particles within a given
control volume to compute an average solid volume fraction (1− ε) and assign the
value accordingly. The control volumes should be defined such that there are at
least 10–15 particles along each edge of the volume. With this sort of set-up, the
algorithm is suitable for large-scale simulations. For small-scale ones, it can be
rendered well-functioning by considering a node to be either a solid node or a fluid
node, with ε getting assigned only a value of either 0 or 1, for, respectively, solid or
fluid.

• A thermal LB model was introduced to address the heat transfer in saturated porous
media. The accuracy of this model is second-order, O(δ2), covering the energy
equation without any additional terms. This model includes a heat-source term
that functions extremely well for applications such as additive manufacture and the
like, in which there is a local heat source, and the melting process is modelled
accordingly. This model is appropriate for larger-scale simulation applications.

• We have introduced a conjugate thermal LB model to solve the energy equation for
both solid and fluid parts of porous media. This model is particularly appropriate
for small-scale simulations because each particle in the system needs several LB
nodes, which would be computationally expensive to process at the level of a large-
scale application. The value of such algorithms lies in informing scientific studies
and providing data input for large-scale simulation.

• Finally, we have developed a new TDEM model to investigate the heat flux in gran-
ular materials. This model, used in combination with a DEM solver, is applicable
for large-scale particulate systems. The model was derived for spherical particles
and then generalised for application to any particle shape.

The author has implemented the algorithms in the Fortran and C/C++ programming lan-
guages and optimised them to some extent to run on GPUs (CUDA C and PGI CUDA
Fortran compilers were used in this endeavour).
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Employing the methods developed, the author investigated the fluid flow through a porous
medium created with spherical particles. In addition, the thermal behaviour of saturated
porous media was studied under several heat-source conditions. Our LB models are val-
idated by comparing their results to those from another LB model and also the Fluent
software.
The author has also investigated the effects of external load on the thermal response of
a packed bed generated with spherical particles. It is noticed that increasing the external
load reduced the probability of vertically oriented contacts, thereby decreasing the effec-
tive thermal conductivity. Also, the work led us to conclude that, of the particle shapes
studied, TTeT provides the highest effective thermal conductivity, followed by a packed
bed generated with cubic particles. We became aware that the contact area is not in itself
a sufficient parameter to express the effective thermal conductivity behaviour of granular
packed beds; however, we found an interesting parameter, contact angle isotropy, that can
explain the effective thermal conductivity trend. For the shapes considered, we observed
an exponential relationship between ETC and contact angle isotropy.
To investigate the effects of the fluid portion of the system on thermal conduction, a
quantity of particle clusters are chosen at random and resolved the temperature field for
both fluid and solid. It is concluded that the fluid’s presence is more influential if the
solid-to-fluid thermal conductivity ratio is less than 10. Above that threshold, the vacuum
and different fluids do not have a significant effect on the packed bed’s effective thermal
conductivity and one can simply assume vacuum in TDEM simulations.
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[93] A. Ellman and R. Piché, “A two regime orifice flow formula for numerical simu-
lation,” Journal of Dynamic Systems, Measurements, and Control, vol. 121, no. 4,
pp. 721–724, 1999.
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Numerical Treatment of Singularity in Hydraulic
Circuits Using Singular Perturbation Theory

Mehran Kiani Oshtorjani , Aki Mikkola, and Payman Jalali

Abstract—Hydraulic cylinders and motors are commonly
used in actuator systems of mobile machines and industrial
applications. Hydraulic actuators have the ability to offer
large amounts of energy density. To analyze the dynamic be-
havior of a hydraulic actuator system, the hydraulic circuit
is generally divided into volumes in which pressure is as-
sumed to be equally distributed. The pressure within these
volumes can be predicted by employing first-order differen-
tial equations. To achieve an accurate numerical presenta-
tion of a hydraulic circuit, pressures within very small vol-
umes must often be calculated. The small volumes involved
in the hydraulic circuits make the models numerically stiff,
and consequently, a very small integration time-step is re-
quired. In this paper, the singular perturbation theory, which
can be applied to problems in which a small value appears
with singularity effects, is implemented as a computation-
ally efficient method for modeling hydraulic circuits. The
implementation is performed in two stages, i.e., the deriva-
tion of the perturbed equations and the modification of their
effects. It is shown that the usage of a perturbation theory
based approach alleviates problems associated with small
volumes in hydraulic system modeling and substantially en-
hances computational efficiency, thus facilitating real-time
simulation.

Index Terms—Boundary-layer stability analysis, hy-
draulic system, perturbation theory, Runge–Kutta integra-
tion, time and frequency responses.

I. INTRODUCTION

PRODUCTS and machinery in the mechanical and elec-
tromechanical industry, such as mobile machines, are com-

plex devices and their development requires knowledge of dif-
ferent areas of technology, including applied mechanics, and
the operation of actuation and control systems. The various sub-
systems involved in a mechanical device interact closely. The
actuators are mounted on the mechanism and produce forces
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acting on the mechanism, which are converted into the con-
strained motion of the original system of bodies.

In product development, hydraulic actuators and associated
hydraulic circuits are often designed with the help of computer
simulation. To this end, the lumped fluid theory can be used
to form differential equations for volumes where the pressure
is assumed to be equally distributed. In practice, the usage of
the lumped fluid theory leads to a situation in which small
volumes exist in the locations of the pressure calculations. This
model has been used frequently in literature [1]–[3] as well as
the commercial packages, such as AMESim, to model various
hydraulic components, as mentioned in [4]. However, several
challenging issues in computational time and stability remain
for the simulation of a hydraulic circuit itself and its controller.
For instance, in [1], Kaddissi et al. reported that a large value of
the bulk modulus can easily overwhelm the effects of controller
parameters if there is a poor controller design.

Bowns and Wangs [5] reported that there is a difficulty in
the simulation of hydraulic pipe systems with small volumes.
They noticed that if the volume of one or several pipes is small,
the required simulation time-steps become very small. To over-
come this problem, they proposed iterative models; however,
these iterative methods are computationally costly and similar
to applying small time-steps in the integration.

Piche and Ellman [6] also noticed that different volumes are
difficult to solve forward in time because the corresponding or-
dinary differential equations of the model are numerically stiff.
They investigated the accuracy and numerical stability of differ-
ent two-stage semi-implicit Runge–Kutta methods. They used
the time-step of 2 ms in all simulations and proposed that the L-
stable approach is the best-suited approach for the application
under investigation. Borutzky et al. [7] proposed an empiri-
cally obtained polynomial function for the orifice volumetric
flow-rate, which has a smooth transition between laminar and
turbulent flow regimes. With this approach, singularities can be
avoided when the pressure difference approaches zero.

From the modeling point of view, a mechanical system ac-
tuated by hydraulics behaves differently at small and large
time-scales. In hydraulic circuit modeling where the large
bulk modulus is divided into small volumes, small time-scales
will appear. This small time-scale increases the computational
costs of simulations. As reported by Pfeiffer and Borchse-
nius [8], the high computational costs are mainly due to the
mathematical representations of the hydraulic systems used
in the simulations, which are nonlinear first-order differential
equations.

1083-4435 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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Esque et al. [9] studied the real-time simulation of a hydraulic
crane using the L-stable Rosenbrock integration scheme. They
remarked that the maximum time-step of integration is imposed
by stability and computational time criteria. Based on these two
factors, they selected the time-step as 0.1 ms in their application.

To overcome the stiffness of the hydraulic equations, the
time-step can be reduced. To this end, some values as small as
0.001 ms have been reported [10]. The problem gets more diffi-
cult if the hydraulic circuit is coupled with a mechanical system.
There are two common approaches for dealing with a system
of combined mechanical model and hydraulic circuits. The first
is called the unified approach [11], [12], wherein the hydraulic
equations and equations for the mechanical system are com-
bined as a single system in which the integration scheme and
the time-step are identical in both subsystems. In the multirate
integration approach [13], [14], different time-steps are used for
the mechanical system and hydraulics. The multirate integra-
tion method can be computationally less costly as the hydraulic
simulation usually needs a smaller time-step [15].

Ylinen et al. [16] developed a monolithic algorithm in which
the hydraulic system is coupled with the mechanical system.
The whole system is solved with a single-step Crank Nicolson
scheme (trapezoidal rule). They used a time-step of 1 ms for the
coupled system. However, the predictor–corrector used in their
work would double the computational cost.

Bauchau and Liu [17] used a multi-integration algorithm to
solve a finite element based mechanical system coupled with
hydraulic equations. They used a time-step of 0.1 ms for the
structural dynamics analysis and a four-step Runge–Kutta in-
tegrator with a time-step 48 times smaller than the structural
solver in the hydraulic integration.

Naya et al. [18] compared the unified and co-integration ap-
proaches. They noted that the unified scheme is computationally
20% more costly than the simplified simulation that considers
only the mechanical system. However, they suggested the use
of the simplified simulation only when the computational effi-
ciency has priority because the response of this approach shows
many oscillations around the correct answers. It is important to
note that these oscillations make it difficult to use this method for
many applications, especially for real-time applications. In their
study, the utilized time-step was 10 ms for the unified scheme,
0.2 ms for a co-integration scheme with a forward Euler inte-
grator, and 5 ms for a co-integration scheme with a trapezoidal
integrator.

In summary, the behavior of hydraulic circuits resembles
some other engineering systems that suffer from numerical stiff-
ness [19]. Accordingly, from the mathematical point of view,
the singular perturbation theory and, practically, Tikhonovs the-
orem may be considered permissible as an approach to address
numerical problems in such systems.

The objective of this paper is to investigate the application
of the singular perturbation theory to remove the singularities
and numerical difficulties associated with the simulation of hy-
draulic systems. The response of a typical hydraulic system
is investigated before and after applying the perturbation the-
ory based calculations to find out how, and to what extent, the
use of the theory is able to improve the numerical efficiency

of formulations associated with the hydraulic model. This pa-
per is organized as follows. Section II describes the hydraulic
formulation, which is followed by a brief introduction to the sin-
gular perturbation theory in Section III. The numerical model
of the hydraulic system is explained in Section IV, where the
mathematical equations are first described and the perturbation
method, then, applied to handle singularity. Results are pre-
sented and discussed in Section V. The final section gives a
brief summary and presents conclusions.

II. HYDRAULIC FORMULATION

The theory of lumped fluids is often used in the modeling
of hydraulic systems. In the lumped fluid theory, the hydraulic
circuit is divided into volumes in which the pressure is assumed
to be evenly distributed. Differential equations are formed for
the volumes with which the pressure of the system at a certain
time can be solved directly or indirectly. Different volumes are
assumed to be separated by throttling through which the fluid
can flow. The directional pressure and flow control valves as well
as long pipelines used in real systems are replaced by throttles
that control the flow-rate between the different volumes.

The pressure in a volume of the hydraulic circuit can be
calculated using differential equation as follows [20]:

dp

dt
=
Be

V

(
Qin −Qout − dV

dt

)
(1)

where p is the pressure, Be is the effective bulk modulus, V
is the volume, Qin and Qout are the incoming and outgoing
volumetric flow-rates, respectively, and dV/dt is the time-rate
changes of volume V . The effective bulk modulus represents
the bulk modulus of the fluid by taking into account the effects
of the flexibility of the container and dissolved air [21].

The volumetric turbulent flow-rate Qt in a throttle can be
written [7] as follows:

Qt = CdAt

√
2(P3 − P1)

ρ
(2)

where Cd is the discharge coefficient, P1 and P3 are pressures
at both sides of the throttle valve, At is the cross-sectional area
of the valve, and ρ is the density of the fluid. In this study, the
volumetric flow-rate is described using semiempirical methods
in which the parameters of the valve can be obtained from
measurements [22].

A hydraulic cylinder can be modeled based on its dimensions
and the input pressures. The model of the cylinder can be formed
based on a diagram, as shown in Fig. 1. The hydraulic cylinder
volume is related to the cylinder stroke as follows:

Vin = xAA (3a)

Vout = (l − x)AB (3b)

where AA and AB are the surface area of the front side of the
piston and the area of the rod side of the piston, respectively,
and l is the maximum stroke length. The volumetric flow-rates
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Fig. 1. Hydraulic circuit studied.

produced based on the piston motion can be written as follows:

Qin = ẋAA (4)

Qout = −ẋAB . (5)

The force Fs produced by the cylinder can be written
as follows:

Fs = P1AA − P2AB + Fload − Fμ (6)

where Fload is the load force, Fμ is the friction force, and P1

and P2 are the pressure values in the cylinder chambers.

III. SINGULAR PERTURBATION THEORY

In this section, the concept of the singular perturbation the-
ory is briefly introduced. Considering the state variables of [φ,
ψ], the singular system can be represented by the following
relations:

φ̇ = f(φ, ψ, t, ε), φ(t0) = ζ(ε) (7a)

ψ̇ = g(φ, ψ, t, ε), ψ(t0) = ξ(ε) (7b)

where φ ∈ Rm and ψ ∈ Rn , and ε is an infinitesimal parameter.
The quasi-steady state model of the above-mentioned system

is [23] given by

φ̇ = f(φ, h(t, φ), t, ε) (8a)

ψ̄(t) = h(t, φ̄). (8b)

Note that the dot represents the time derivative, and the over-
bar indicates the perturbed variables. Based on Tikhonovs the-
orem [24] in the singular perturbation theory, Wang et al. [25]
stated the following strategy. Assume the functions f and g to
be smooth enough, and the boundary-layer model is exponen-
tially stable. Also, assume that the reduced-order system (8a) is

exponentially stable and has unique solutions on a convex set.
Then, a positive constant ε∗ can be found in a way that for every
0 < ε < ε∗, the system (7) has a unique solution for [t,∞), and
φ(t, ε) − φ̄(t) = O(ε). Moreover, for any given tb > t0, there
is 0 < ε < ε∗, which satisfies ψ(t, ε) − h(t, φ̄) = O(ε) , and it
holds uniformly for t ∈ [tb ,∞) [25]–[27].

In other words, it is possible to reduce the system of (7) into
(8) while maintaining the accuracy as the corresponding errors
on the response of system (8) are in the order of O(ε). This
theory is applied to remove the singularities associated with the
hydraulic systems.

IV. NUMERICAL MODEL OF THE HYDRAULIC SYSTEM

In this section, the hydraulic circuit illustrated in Fig. 1 is
introduced. First, in Section IV-A, the mathematical model of
the system is presented, and then, the perturbation theory is
applied to the system in Section IV-B.

A. Mathematical Model of the System

In this section, the hydraulic system with two valves illus-
trated in Fig. 1 is modeled. The governing equations are first
presented, followed by the development of the model in the state
space when the control signal is greater than C, i.e., U > C.

1) Physical Model: Here, the mathematical formulation of
the hydraulic circuit is presented. All constant parameters used
are given in Table I. The governing equations can be written
as follows:

Ṗ1 =
B1

V1
(QA +QC ) (9)

Ṗ2 =
B2

V2
(QB +QD ) (10)

Ṗ3 =
B2

V2
(QE −QC ) (11)

ẍ =
1
m

(P1AA − P2Ab) +
Fload

m
(12)

where Bi represents the bulk modulus, and Vi is the volume for
i = 1, 2, 3. The relations of volumetric flow-rates are obtained
as presented in Table II, in which pressures are embedded. Note
that there are several parameters appearing in this table, the
values of which are presented in Table I. The “Step” function
used in Table II is defined in Appendix A.

Assuming an ideal directional valve (where the flow, friction,
and pressure forces have no effect on the valve spool position),
U represents the position of the spool whose model is given in
Appendix A. Hence, there are three positions for a 4/3 direc-
tional valve (4 ways and 3 positions), which are identified with
the parameter C.

2) State-Space Representation: If the hydraulic system
is represented in the state space, the calculations associ-
ated with the boundary-layer stability analysis, presented in
Section IV-B1, will be simpler and more efficient. The state
variables for the problem under investigation are given in Ta-
ble III.

The first state equation, i.e., (13), can be derived from the
derivative of the first state variableX1 and considering (9)–(12).
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TABLE I
SET VALUES FOR DIFFERENT QUANTITIES

TABLE II
FLOW-RATE RELATIONS USED IN THE CALCULATIONS

TABLE III
STATE VARIABLES

The final form of state equations can be obtained as follows:

2X1Ẋ1 =
B1

V1
AAX

2
4 +

B3

V3
UCP V X3

−
(
B1

V1
+
B3

V3

)
CCX1 (13)

2X2Ẋ2 =
B2

V2
ABX

2
4 +

B2

V2
UCTVX2 − Ṗ4 (14)

2X3Ẋ3 = − B3

V3
ABX

2
4 +

B3

V3
UCCX1 + Ṗ0 (15)

2X4Ẋ4 = − AA

m
X2

1 − AA

m
X2

3 − AB

m
X2

2 +
Fload

m

+
AA

m
P0 − AB

m
P4. (16)

These equations introduce a multi-input multioutput nonlin-
ear system with the nonlinearities in the form of polynomial
terms. If the control signal is negative, the state variables are
defined as given in Table III. However, the governing equations
will be different from (13)–(16).

B. Perturbation Theory Applied to Mathematical
Equations

In this section, the perturbation theory is applied to the hy-
draulic system. As mentioned in Section II, the perturbation
theory is applied to the desired equation. Equations (9)–(11)
can be rewritten as follows:

εṖ1 = (QA +QC ) (17)

εṖ2 = (QB +QD ) (18)

εṖ3 = (QE −QC ) (19)

where ε is determined by the small volume divided by the effec-
tive bulk modulus, which is lowered by the entrained air [17],
[28]. It is often observed when a hydraulic system is turned-
ON after a period of shutdown, which allows air to collect in
the system. However, it can be assumed that the effective bulk
modulus is a constant or changes slowly under normal working
conditions since the entrained air in the system has a relatively
stable level [25].

1) Boundary-Layer Stability Analysis: The small values for
some parameters appearing in the governing differential equa-
tions are important. If the small parameters are set to zero, and
the differential equations are then solved, the results could differ
from the exact solution of the differential equations containing
the small parameter. In some systems, these two solutions are
the same; such systems are usually called regular systems. How-
ever, if the two solutions differ, the system is referred to as a
singular system.

In singular systems, two distinct solutions are obtained if the
mathematical limits are calculated by approaching the small
parameter to zero before and after solving the equations.

In these systems, the infinitesimal parameter is multiplied
by the highest derivative term, which usually makes a rapid
variation in the small time-scales [28]. This region is known
as the boundary layer, the stability of which puts forward a
criterion for using the singular perturbation theory.

To this end, the following variables are defined:

y1 � P1 − P̄1 = − 1
C2
C

(C2
CX

2
1 −A2

AX
4
4 ) (20)

y2 � P2 − P̄2 = − 1
UC2

TV
(U 2C2

TVX
2
2 −A2

BX
4
4 ) (21)

y3 � P3 − P̄3 =
X2

1 − αX2
3

1 + α
(22)

where the overbar represents the perturbed variable. Taking the
derivative of (20) gives

εẏ1 = ε
dy1

dt
=
dy1

dτ
= εṖ1 − εP̄1. (23)
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Using (17), the following relation can be achieved when
ε −→ 0:

dy1

dτ
= εṖ1 = CCX1 −AAX

2
4 . (24)

On the other hand, we have

−C2
C y1 = (C2

CX
2
1 −A2

AX
4
4 ) = (CCX1 −AAX

2
4 )

× (CCX1 +AAX
2
4 ). (25)

If (CCX1 −AAX
2
4 ) > 0 and (CCX1 +AAX

2
4 ) > 1, then

−C2
C y1 > (CCX1 −AAX

2
4 ). Thus, we have

0 <
dy1

dτ
< −C2

C y1. (26)

Assuming y1 = BeAt , we obtain

0 < BA < −C2
CB. (27)

As a result, B must be negative; hence, A will be negative too.
Now, if (CCX1 −AAX

2
4 ) < 0 and (CCX1 +AAX

2
4 ) > 1,

then −C2
C y1 < (CCX1 −AAX

2
4 ), and

−C2
C y1 <

dy1

dτ
< 0. (28)

Again, assuming y1 = BeAt leads to

−C2
CB < BA < 0. (29)

Here, B must be positive; hence, A will be negative. In this
problem, following (CCX1 +AAX

2
4 ) > 1 holds. However, it

can be demonstrated mathematically that for the condition of
0 < (CCX1 +AAX

2
4 ) < 1, the boundary-layer model of (20)

is exponentially stable.
The time derivative of (21) yields

εẏ2 = ε
dy2

dt
=
dy2

dτ
= εṖ2 − εP̄2. (30)

Using (18), when ε −→ 0, the following relation can
be obtained:

dy2

dτ
= εṖ2 = UCTVX2 +ABX

2
4 . (31)

On the other hand, we have

UC2
TVy2 = (U 2C2

TVX
2
2 −A2

BX
4
4 ) = (UCTVX2

−ABX
2
4 )(UCTVX2 +ABX

2
4 ). (32)

If (UCT V X2 −ABX
2
4 ) > 1, then U 2C2

TVy2 > (UCT V X2 +
ABX

2
4 ). Thus, we have

0 <
dy2

dτ
< U 2C2

TVy2. (33)

Assuming y1 = BeAt yields

0 < BA < U 2C2
TVB (34)

where B must be positive, and consequently, A will be positive
too. Thus, for this condition, the boundary layers of (21) are not
exponentially stable. For other conditions, it can be shown that
the boundary-layer model is stable.

It can proved that the boundary layers of (22) are exponen-
tially stable by following the same procedure. Thus, the only

concern in this analysis is associated with (21), which is not par-
tially stable. The results of this analysis are used in Section V,
where the results of the perturbed equation are discussed.

Based on the boundary-layer stability analysis of the system,
it has been obtained that (17) and (19) have no challenges in
applying the perturbation theory to the control signal U > C.
It should be noted that the boundary-layer stability analysis is
performed if the control signal is less than C, i.e., U < −C.
By taking a similar approach as mentioned previously, it can be
found that the boundary layers of (17) are not unconditionally
stable; thus, the perturbation theory cannot be applied.

In summary, it is shown that the perturbation theory can only
be applied to (19). This equation satisfies all necessary condi-
tions mentioned in the singular perturbation theory. In order to
confirm this analysis, the theory was also applied to (17) and
(18), and it was observed that the algorithm became unstable.

2) Perturbation Theory Applied to P3: Here, the perturbation
theory is applied to (19). Thus, by putting the corresponding
equation off, and considering it as ψ (see Section III), other
state variables are considered as φ. According to the analysis in
Section III, the reduced system with the accuracy ofO(ε) can be
used. After applying the perturbation theory to the system, (19)
will change. Accordingly, the perturbed equation for U > C
will be given by

P3 =
P1 + αpP0

1 + αp
(35)

where αp = (UCPV
CC

)2, and in the state space, we have

X3 =
X1√
αp
. (36)

Equation (35) will be used instead of (19). The response of
the perturbed equation is close to the original equation, except
for small time-scales.

On the other hand, for U < −C, we have

P3 =
P1 + αT P4

1 + αT
(37)

where αp = (UCT V
CC

)2. Also, when −C < U < C, the Tikho-
novs theorem results in P3 = P1.

An important note that must be made here is the effect of
the perturbed equation on the other circuit variables. In other
words, P̄3 will be involved in other relations, such as (17). In
this equation, εṖ1 = (QA +QC ), in which

QC = CC
√
P3 − P1Step(P3 − P1) (38)

forU > C. Thus, there is a small error between ΔP = P3 − P1

and ΔP̄ = P̄3 − P̄1. Therefore, it is necessary to modify Q̄C

(the volumetric flow-rate in the perturbed system). This mod-
ification is done by introducing a parameter multiplied by the
perturbed volumetric flow-rate, known as the correction factor.
Thus, considering Q̄C to be

Q̄C = λCC
√
P̄3 − P̄1Step(P̄3 − P̄1) (39)
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for U > C, it can be rewritten as follows:

Q̄C = λCC

√
αp

1 + αp

√
P0 − P̄1Step(ΔP̄ ), (40)

using (35). On the other hand,

dQ̄C = λ2C2
C

αp
1 + αp

Step2(ΔP̄ ) + Q̄C
dStep(ΔP̄ )
Step(ΔP̄ )

(41)

where ΔP̄ = P̄3 − P̄1. Next, we have

QC = CC
√
P3 − P1Step(P3 − P1) (42)

and

dQC =
C2
C

2QC
(dP3 − dP1)Step2(ΔP ) +QC

dStep(ΔP )
Step(ΔP )

.

(43)
Assuming Q̄C = QC and dP̄1 = dP1, and by equating dQ̄C =
dQC , we obtain

λ2C2
C

αp
1 + αp

dP̄1

2Q̄C
Step2(ΔP̄ ) + Q̄C

dStep(ΔP̄ )
Step(ΔP̄ )

=
C2
C

2QC
(dP3 − dP1)Step2(ΔP ) +QC

dStep(ΔP )
Step(ΔP )

. (44)

Considering ΔP = ΔP̄ + σ, it can be shown that

dStep(ΔP )
Step(ΔP )

− dStep(ΔP̄ )
Step(ΔP̄ )

∼=
{

0, ΔP̄ �= 0

−σ, ΔP̄ = 0
. (45)

As a result, we obtain

λ2 αp
1 + αp

dP̄1
∼= (dP3 − dP1). (46)

Thus, to find the value of λ, a relation between dP3 and dP1

needs to be identified. Considering (17) and (19), we have

ε1dP1

ε2dP3
=
QA +QC

QE −QC
=

1
γ

(47)

when the velocity is equal to zero. Therefore, dP3 = γ ε1
ε3
dP1 =

γ V1
V3
dP1. Finally, λ2 αp

1+αp
dP̄1

∼= (γ V1
V3

− 1)dP1, and

λ ∼=
√

αp
1 + αp

(γ
V1

V3
− 1). (48)

This is an estimation of the parameters affecting λ. As this
relation shows, the correction factor depends on the volumes V1

and V3, in addition to αp . Therefore, by knowing the values of
V1, V3, and αp and by estimating the constant value of γ for one
scenario, we can use the algorithm for other scenarios.

V. RESULTS AND DISCUSSION

In this section, the results of the introduced hydraulic mod-
eling approach are shown. The results also shed a light on the
origin of difficulties associated with efficient computing. In ad-
dition, how the perturbation theory can help to overcome these
problems and the conditions needed for its use are demonstrated.

Fig. 2(a) shows the response of the hydraulic system under in-
vestigation in the time-domain for a volume of V3 = 10−4 m3.

Fig. 2. Response of the original system for different conditions.
(a) V3 = 10−4 m3, time-step = 10−4 s. (b) V3 = 5 × 10−3 m3, time-step =
10−3 s. (c) V3 = 5 × 10−3 m3, time-step = 10−4 s.

The system is solved using the Runge–Kutta numerical inte-
gration algorithm with a fixed time-step of 10−4 s. As shown
in Fig. 2(a), the time response is not acceptable. The param-
eters and initial values of the integration used in the simula-
tion are given in Table I. In Fig. 2(b), the volume used in the
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Fig. 3. Response of the perturbed system without volumetric flow-rate
modification with a time-step of 10−3 s. (a) P1 versus time, and (b) P2
versus time.

calculations is increased to V3 = 5 × 10−3 m3, where the time-
step is increased to 10−3 s. The results demonstrate that the same
problem of stability remains, as shown in Fig. 2(a).

Fig. 2(c) shows how the results can take an anticipated trend
when V3 = 5 × 10−3 m3 and the time-step is 10−4 s. Comparing
Fig. 2(a) and (c), it can be concluded that the volume decrease
of V3 by 50 times leads to the failure in the integration of the
system. On the other hand, comparing Fig. 2(b) and (c), it can
be seen that all conditions are the same but the time-step size is
greater by one order of magnitude in Fig. 2(b) than in Fig. 2(c).
These results in Fig. 2 indicate that the selection of suitable
values for the time-step size and the volume can directly affect
the stability of the solution. As small volumes occur in many
applications, the choice of smaller time-steps may lead to a
slower computational process.

As mentioned previously, a stable integration requires the
time-step to decrease as the volume reduces. When the volume
size approaches zero, the integration will eventually fail. This
problem can be resolved by employing the singular perturbation
theory.

Fig. 4. Volumetric flow-rateQC for different systems: Solid black line for
the original system with V3 = 10−4 m3 and a time-step of 10−4 s; dashed
blue line for the perturbed system without modification with a time-step of
10−3 s; and pointed brown line for the perturbed system with volumetric
flow-rate modification with a time-step of 10−3 s and γ = 49.

Fig. 3 depicts the pressures on both sides of the piston [point
1 in Fig. 3(a) and point 2 in Fig. 3(b)] as a function of time.
These values are for a perturbed system, without any additional
corrections and calculations. In other words, only (35) and (37)
are used instead of (19). Comparing Figs. 3(a) and 2(c) reveals
that the results of the perturbed system do not match the results of
the original system with a lower time-step. Therefore, applying
the perturbation theory alone is not enough to obtain reasonable
results.

As mentioned in Section IV, and as depicted in Fig. 3, the
errors associated with the volumetric flow-rateQC are responsi-
ble for this inconsistency. Fig. 4 depicts the volumetric flow-rate
QC in different systems, namely, the original system, the per-
turbed system, and the perturbed system with modifications.
From the figure, it can be noted that there is a significant dif-
ference between the volumetric flow-rate of the original system
and that of the perturbed system, which requires modification
of the perturbed system, as mentioned in Section IV-B2.

The modification is performed by introducing a correction
factor λ, which is multiplied by the volumetric flow-rate. The
correction factor is estimated as λ ∼= 1+αp

αp
(γ V1

V3
− 1) forU > C

(see Section IV-B2). For instance, by setting parameters as V3 =
2.45 × 10−3 m3 and V3 = 5 × 10−3 m3, by calculating αp =
(UCPV/Cc)2 = 2.56 × 10−4 using the values given in Table
1, and by assuming γ = 49, the correction factor is obtained
as λ = 300. From Fig. 4, it can be seen that results based on
the modified volumetric flow-rate QC agree with the original
system. Therefore, the modified volumetric flow-rate relation
needs to be used to get acceptable results. It is important in terms
of realistic results, however, that the volume V3 is accounted for.
This volume can be treated with the modification done on the
volume flow-rate, for which reason the modification done on the
volumetric flow-rate is essential.
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Fig. 5. Response of the original (black solid line) and perturbed systems with volumetric flow-rate modification (blue dash line). Variation of (a) P1,
(b) P2, (c) P3, and (d) x with time. The original system corresponds to V3 = 5 × 10−3 m3 and a time-step of 10−4 s, and the perturbed system to a
time-step of 10−3 s and γ = 49.

Fig. 5 shows the results of the perturbed system with the
modified volumetric flow-rate (blue dash line) and the results of
the original system (black solid line). Fig. 5(a)–(d) depicts the
variations of P1, P2, P3, and x with time, respectively. Within
the first second, the valve spool position is placed in the mid-
position, where it does not let the oil flow. Both pressures and
piston position remain fixed. In the next stage of time, i.e.,
1 < t < 2 s, the valve piston is placed at the left position, and
pressures P1 and P3 approach the pump pressure. As a result,
the piston is pushed to the right. In the next stage of time, i.e.,
2 < t < 3 s, the valve spool position is brought back to the
middle position. However, the pressures on both sides of the
piston with the external load are balanced by the same magni-
tudes as in the previous stage of 1 < t < 2 s; thus, the piston
position remains fixed during this stage. In the next stage, i.e.,
3 < t < 4 s, the valve spool goes to the right position, and con-

sequently, the pressuresP1 andP3 are decreased to near the tank
pressure. Thus, as shown in Fig. 5(d), the piston goes back to
the left.

Fig. 5 shows the comparison of the response of the mod-
ified system based on the perturbation theory against that of
the original system in which the used time-step is 10 times
smaller than the one used in the modified system. As can be
seen, the perturbed system agrees well with the original system.
As mentioned previously, the accuracy of the modeling based
on perturbation mostly depends on the modification done for
the volumetric flow-rate. This explains the small difference in
piston displacement within 8 < t < 9 s. As a conclusion, the
more accurate the volumetric flow-rate modification, the closer
is the response to the original system. It should be noted that the
original system uses a time-step of 10−4 s, while the perturbed
system is solved with a time-step of 10−3 s. It was observed
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Fig. 6. Normalized Fourier transform of volumetric flow-rate versus
frequency. (a) Original system with V3 = 5 × 10−3 m3 and a time-step of
10−4 s. (b) Perturbed system without volumetric flow-rate modification
with a time-step of 10−3 s. (c) Perturbed system with volumetric flow-rate
modification with a time-step of 10−3 s and γ = 49.

that this time-step could be increased up to 0.003 s without any
stability problem.

The frequency responses of the original and perturbed sys-
tems with and without volumetric flow-rate correction are il-
lustrated in Fig. 6(a)–(c). In this figure, the normalized Fourier
transform of the volumetric flow-rate in the time-domain is dis-
played against frequency. In Fig. 6(a) and (c), a peak occurs at
a frequency of 0.25 Hz, which is the frequency of the piston.
However, Fig. 6(b) does not display any peak at that frequency.
Thus, it can be claimed that the volumetric flow-rate modifi-
cation reproduces the same frequencies in the original and the
perturbed systems.

VI. CONCLUSION

In this paper, the singular perturbation theory is implemented
as an alternative way to model hydraulic circuits with small vol-
umes. First, this technique was applied to the system to show that
all necessary conditions, especially the stability of the boundary-
layer model, were satisfied. Then, the perturbed equations were
derived and implemented in other relations affected by this the-
ory, such as the volumetric flow-rate in the studied case. It was
shown that a small volume V3 has a significant effect on the
results and must be kept in the modeling formulation. The small
volume is omitted when applying the perturbation theory based
approach; it is, however, involved in the modified relation. The
presented perturbation theory can speed-up the computation by
allowing the use of larger time-steps while maintaining accuracy
in both the time and frequency spaces, which makes it suitable
for application in real-time simulations. Future studies will be
devoted to the application of this method in other hydraulic sys-
tems with different configurations as well as systems consisting
of several smaller systems.

APPENDIX A

The “Step” function used in the simulation is given by
Step =⎧⎪⎪⎨

⎪⎪⎩

1, ΔP > 105

1 − 2
(

3 + ΔP −105

105

) (
ΔP −105

2×105

)2
, −105 < ΔP < 105

−1, −105 < ΔP

.

(A1)

The spool position can be modeled using the following
relation:

U̇ =
Uin − U

τ
(A2)

whereUin is an input equal to 10, and τ has a value of 0.1. Thus,
the solution of (A2) gives U .
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a b s t r a c t 

A realistic real-time simulation of a complex system, such as an excavator, requires de- 

tailed description of the machinery and its components. To take into account the dynam- 

ics of entire systems, the model must encompass descriptions of non-mechanical systems,

such as hydraulics. For the multibody systems, use of the semi-recursive methods has of- 

ten been found to be the most efficient solution when the system size increases. For the

hydraulic dynamics, in turn, the recently introduced application of the singular perturba- 

tion method is a potential candidate for the real-time applications. The main benefit of

the application of the singular perturbation method over the conventionally used lumped

fluid method is that it overcomes the challenges that the lumped fluid method encoun- 

ters when numerical stiffness caused by small hydraulic volumes is present in the circuit.

Objective of this paper is to improve a recently proposed monolithic formulation for the

combined simulation of multibody and hydraulic dynamics via the introduction of the sin- 

gular perturbation method. Results indicate that the proposed method improves efficiency

and robustness when compared to the formulation proposed earlier.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The use of the multibody-based real-time simulation tools has become more widespread as computation power has 

grown more affordable. Applications of this real-time simulation are found, for instance, in user training and, recently, in 

product development [1] . Since real-world mechanical systems are often accompanied by other dynamic systems, such as 

hydraulics, descriptions of the both dynamic systems are required if an accurate model is to be built. 

Several approaches have been proposed to couple the descriptions of the dynamic subsystems, such as co- 

simulation [2,3] and co-integration [4,5] , both of which allow different time steps to be used for each subsystem. These 

methods are often used to address the significantly different time scale that certain systems, such as multibody and hy- 

draulic dynamics, possess, or, more commonly, to allow the use of the domain-specific tools and solvers developed for each 

field. This increases modularity in the design process and adds a possibility to hide the internal details of subsystems, for 

intellectual property protection, but it increases the complexity of the coupling interface. 
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Fig. 1. Idealisation of a volume in the lumped fluid method. 

However, if equations for each subsystem are available in the same simulation environment, as seen in [6] , use of a 

monolithic approach, which yields a single set of nonlinear equations to be solved, can provide a straightforward approach 

for the coupling. This approach has been presented multiple times in the literature, for instance, in [7,8] . In the latter work, 

the augmented Lagrangian method based on position level constraints and projections [9,10] for constraint stability is cou- 

pled with the lumped fluid [11] method and integrated with the implicit single-step trapezoidal rule. As the penalty scheme 

with iterated Lagrange multipliers and implicit integrator can provide a robust approach for multibody dynamics [10] , the 

work presented in [8] seems interesting from the coupled simulation point of view. 

The efficiency of the method proposed in [8] is, however, hindered by the global approach used for the multibody dy- 

namics. To address this, Rahikainen et al. [12] proposed to use the semi-recursive formulation proposed by Cuadrado et al. 

in [13] for the monolithic simulation of multibody and hydraulic dynamics, based on work presented in [8] . The multibody 

method uses the same penalty formulation as the augmented Lagrangian method for closed loop constraints and uses the 

mass-damping-stiffness orthogonal projections [10] to stabilise them, and it has indicated potential for real-time simulation 

in multiple applications, as demonstrated in studies of automated differentiation tools [14] and dense, sparse, and paralleli- 

sation techniques [15] . 

However, while the multibody method was selected real-time simulation in mind in [12] , the lumped fluid 

method [11] may in certain cases encounter problems, that hinder its computational efficiency. As demonstrated in the 

literature [16,17] , small volumes in a hydraulic circuit can increase numerical stiffness of the system, and thereby require 

small time steps for a solution to be sought. This can become an issue especially in the context of the monolithic approach 

wherein the same time step is also used for the multibody solution. 

Recently, Kiani et al. [18] proposed application of the singular perturbation theory [19] to address the issue of numeri- 

cal stiffness introduced by the small volumes. The results of the study indicated potential for the real-time simulation of a 

hydraulic system, as the behaviour of the examined circuit examined was captured with high accuracy while the computa- 

tional effort was lower than in the lumped fluid approach. Use of the perturbation method allows to increase the integration 

time step, which, in turn, decreases the time scale difference between the multibody and hydraulic dynamics. 

The objective of this paper is to improve the real-time applicability of the method presented in [12] by employing the 

approach based on the singular perturbation theory presented in [18] . Accordingly, this is the first study to couple the 

application of the singular perturbation theory [18] with the multibody dynamics. A case example seen in [12] is modified 

such that the issue of small volumes with the lumped fluid method is demonstrated, and real-time applicability is evaluated 

relative to the method presented in [12] . 

The rest of this paper is structured as follows: Section 2 includes the hydraulic modelling with use of the lumped fluid 

method and provides a brief introduction to the singular perturbation theory, multibody modelling, and the integration 

scheme. To better illustrate the application of the singular perturbation theory, Section 3 details the differences in the hy- 

draulic modelling with respect to the lumped fluid method. That section also details the hydraulic circuit and the mechanical 

model used in the example. Results are presented in Section 4 , and Section 5 presents the key conclusions. 

2. Methods 

In this section the lumped fluid method, which is traditionally used to model the hydraulic circuits, along with the 

singular perturbation theory, the method applied for the hydraulic circuit here, are briefly introduced. Models of hydraulic 

components related to the case example, and the implementation details of the singular perturbation theory can be found 

further on, in Section 3 . The semi-recursive multibody method and the monolithic integration also are briefly discussed in 

this section. 

2.1. The lumped fluid method 

In the lumped fluid method [11] the hydraulic circuit is divided into volumes V in which pressure is assumed to be 

equally distributed. This is illustrated in Fig. 1 , where volume flows Q in and Q out , both of which may consist of multiple 

separate flows, flow into volume V , which has internally constant pressure p and effective bulk modulus B e . 
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In a general form, the pressure variation for each volume l can be expressed as a first-order differential equation as 

follows: 

˙ p l = 

B el 

V l 

( 

n f ∑ 

j=1 

Q l j − ˙ V l 

) 

(1) 

where ˙ p l is the time derivative of the pressure, B el is the effective bulk modulus, V l is the volume, ˙ V l is the rate of change of 

volume V l , n f is the number of incoming and outgoing volume flows, and, finally, Q lj are the incoming and outgoing volume 

flows. Effective bulk modulus B el represents the compressibility of the volume, and it takes the fluid compressibility due to 

dissolved air in the fluid and flexibility of containers into account. The general form for the effective bulk modulus can be 

written as 

B el = 

( 

B 

−1 
o + 

n c ∑ 

j=1 

V j 

V l 

B 

−1 
j 

) −1 

(2) 

where B o is the bulk modulus of the oil, n c is the number of subvolumes V j that form the volume V l , and B j is the bulk 

modulus of each volume j . Subvolumes V j are components of the circuit, such as pipes and hoses, in which the container 

has a consistent bulk modulus B j , and their volume can be computed from the container geometry. Each volume V l , in turn, 

is limited by restrictors, such as valves and pistons, that allow volume flows into and from of the volume. The computation 

of these volume flows is dependent on the component, and in some cases, such as valves, dependent also on the modelling 

method selected. 

2.2. Singular perturbation theory 

Consider the pressure derivative given in Eq. (1) . Rearranging the equation such that the ratio between the effective 

bulk modulus and volume is moved to the left side yields an equation with a small-valued parameter. In the perturbation 

problems, in general, the effect of a parameter that has a small value, as in the case illustrated above, has a key role. For 

the regular perturbation problems, the solution can be obtained by equating the small valued parameter to zero, whereas in 

the singular perturbation problems this parameter cannot be neglected without a significant loss of accuracy in the results. 

Under certain conditions, the pressure variation equations of the lumped fluid theory fall into the latter category. 

A well-known approach for perturbation problems of the latter type is the singular perturbation theory. As mentioned 

in [18] , with this theory the ordinary differential equations, that contain the infinitesimal parameter ε, are transferred into 

a quasi-steady state model, in which the accuracy is maintained in the order of ε, based on Tikhonov’s theorem [19] in 

singular perturbation theory and the strategy employed by Wang et al. [20] . To illustrate the method, consider the following 

system of singular equations: 

˙ φ = f (φ, ψ, t, ε) φ(t 0 ) = ζ (ε) (3) 

˙ ψ = g(φ, ψ, t, ε) ψ(t 0 ) = ξ (ε) (4) 

where ε is the infinitesimal value, t is time, and φ and ψ are the state variables. According to [21] , the above system can 

be reduced to 

˙ φ = f (φ, h (t , φ) , t , ε) (5) 

ψ̄ = h (t, φ̄) (6) 

where the overbar denotes the perturbed variables and h is an algebraic equation that is determined during the order 

reduction. For the reduction to be possible, functions f and g are assumed to be smooth enough and their boundary layers 

to be exponentially stable. In addition, the reduced-order system of Eq. (6) is assumed to be exponentially stable and to 

have unique solutions on a convex set. 

To elaborate it in a simple manner, the set of singular equations of (4) can be transformed into a set of ordinary equations 

in which the small parameter ε can be simply set to zero without a loss of accuracy. The order of Eq. (4) is reduced and 

Eq. (6) is an algebraic instead of a first order differential equation. Thus, this method reduces the numerical stiffness and, 

therefore, enables us to use a larger time step in integration. It is important to note, that φ̄ in Eq. (6) is not unknown but an 

algebraic equation with an explicit solution, and, therefore, Eqs. (5) and (6) do not constitute a set of differential algebraic 

equations. The application details in context of the lumped fluid method will be described later with the case example in 

Section 3.2 . 
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2.3. Multibody modeling 

In this paper, the semi-recursive method described by Cuadrado et al. [13] is used to describe the multibody dynamics. 

In the modelling phase fully Cartesian or natural coordinates are used to define constraint equations and the geometry of 

each body whereas positions and velocities of the open loops are computed recursively. Hence, the method uses a double 

set of coordinates. 

The first set of coordinates, used to define the dynamic terms, is defined for a body k at the velocity level as 

Z k = 

[
˙ r 0 
k 

ω k 

]
(7) 

where ˙ r 0 
k 

is the velocity 3 × 1 vector of the body k particle located at the current instant in time at the origin of the global 

coordinate system and ω k is the angular velocity vector of the same size, both expressed in the global frame. The use of 

these coordinates allows the recursive expressions to be written without a velocity transformation matrix, as follows: 

Z k = Z k −1 + b k ̇ z k (8) 

where ˙ z k is the relative velocity of the joint k . The term b k is a matrix whose number of columns corresponds to the degrees 

of freedom of the joint between bodies k and k − 1 , and its form depends on the joint type. Matrix forms of these Cartesian 

velocities can be expressed, for a system of m bodies, as Z = [ Z 

T 
1 Z 

T 
2 . . . Z 

T 
m 

] 
T 
. 

A velocity transformation matrix R can be defined between Cartesian velocities Z and relative velocities ˙ z as follows: 

Z = R ̇

 z = TR d ̇ z (9) 

where T is a path matrix describing the system topology and matrix R d is a block-diagonal matrix containing b k . 

The derivation of the equations of motion with the selected set of coordinates has been presented in literature on numer- 

ous occasions [13,22] . The virtual power of an open-loop system can be expressed in terms of Z , M̄ k being the mass matrix 

and Q̄ k the force vector. The velocity transformations can be introduced to the virtual power equation, which yields inde- 

pendent virtual velocities that can be eliminated from the equation. Accordingly, the following set of differential equations 

describing the open-loop motion can be obtained: 

R 

T 
d T 

T M̄ TR d ̈z = R 

T 
d 

(
T 

T 
(
Q̄ − M̄ T ̇

 R d ̇ z 
))

(10) 

Eq. (10) can be simplified by denoting the left-hand-side system matrix as M and the right-hand-side force vector as Q . This 

yields the simple expression of M ̈z = Q . 

The method presented in [13] uses a penalty technique to deal with closed kinematic chains, resulting in an equation of 

motion similar to the augmented Lagrangian method with position-level constraints [9] : 

M ̈z + �T 
z α� + �T 

z λ
∗ = Q (11) 

where � are the constraint equations, �z is the constraint Jacobian, and α is the penalty factor. While this expression does 

not take nonholonomic constraints into account, the multibody method can work also with them [23] , as they are imposed 

in the projection phase presented in the next section. Vector λ∗ contains the iterated Lagrangian multipliers, which are 

iterated at each time step n as follows: 

λ∗(i +1) 
n = λ∗(i ) 

n + α�(i +1) 
n (12) 

where i is the iteration number in Newton’s method. The final value of λ∗ calculated in the time step n − 1 is reused for 

λ∗(0) 
n . 

2.4. Monolithic integration 

An integration scheme for the monolithic simulation is presented in [12] . That method, followed here, has its origins in 

the work presented by Naya et al. [8] . After the multibody and the hydraulic system equations are assembled, the following 

set of equations can be obtained: 

M ̈z + �T 
z α� + �T 

z λ
∗ = Q (z , ˙ z , p ) 

˙ p = h (p , z , ˙ z ) (13) 

where p is the vector of pressures and h denote the pressure variation equations. 

The implicit single-step trapezoidal rule is applied for Eq. (13) . This yields the following dynamic equilibrium at the time 

step n + 1 : 

Mz n +1 + 

�t 2 

4 

�T 
z n +1 

(
α�n +1 + λ∗

n +1 

)
− �t 2 

4 

Q n +1 + 

�t 2 

4 

M ̂

 z̈ n = 0 

�t 

2 

p n +1 − �t 2 

4 

h n +1 + 

�t 2 

4 

ˆ ˙ p n = 0 (14) 
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Fig. 2. A four-bar linkage actuated by a hydraulic cylinder [12] . 

where z n +1 and p n +1 form the vector of unknowns, and �t is the time step, and 

ˆ z̈ n = −
(

4 

�t 2 
z n + 

4 

�t 
˙ z n + ̈z n 

)
ˆ ˙ p n = −

(
2 

�t 
p n + 

˙ p n 

)
(15) 

Eq. (14) can be written in a simpler form as f (x n +1 ) = 0 , where x = [ z T p 

T ] 
T 
. This nonlinear system of equations can be 

solved by means of the well-known Newton–Rhapson iteration. To address magnitude differences in z and p during the 

iteration, integration tolerances are specified individually for these vectors. 

While a symbolic formulation of the tangent matrix required for the Newton–Rhapson scheme is possible [8] , numerical 

computation yields a more general-purpose approach [14,15] and is less prone to implementation errors. In this study, the 

forward differentiation is used: 

df (x 0 ) 

dx 
≈ f (x 0 + δ) − f (x 0 ) 

δ
(16) 

where δ is computed as motivated by the differentiation formula given by Brenan et al. [24] , as follows: 

δ = 1 × 10 

−8 max ( 1 × 10 

−2 , | x 0 | ) (17) 

where 1 × 10 −2 limits the minimum value for the differentiation increment to 1 × 10 −10 . 

In the Newton’s iteration, a solution for positions z n +1 is sought such that the equation of motion, i.e. Eq. (11) , and 

constraint conditions � = 0 are satisfied. Velocities and accelerations, however, are not accounted for during the iteration, 

and, therefore, ˙ � = 0 and �̈ = 0 are not expected to be satisfied. This issue can be addressed via mass–damping–stiffness 

orthogonal projections [9] to project the velocities and accelerations to the corresponding constraint manifolds. Let ˙ z ∗ and 

z̈ ∗, correspondingly, be the velocities and accelerations obtained from the Newton’s iteration. When the rows and columns 

of the tangent matrix that correspond to the multibody problem are denoted as ∂f (z ) 
∂z 

, the final values for ˙ z and z̈ can be 

solved for via 

∂f (z ) 

∂z 
˙ z = P ̇

 z ∗ − �t 2 

4 

�T 
z α�t (18) 

∂f (z ) 

∂z 
z̈ = P ̈z ∗ − �t 2 

4 

�T 
z α

(
˙ �T 

z ̇ z + 

˙ �t 

)
(19) 

where weight matrix P can be extracted from the tangent matrix as follows: 

P = 

∂f (z ) 

∂z 
− �t 2 

4 

(
�T 

z α�z 

)
(20) 

3. Case study 

A case study seen in [12] is reused with a minor modification in this paper to compare the perturbation and lumped 

fluid methods. The example, a hydraulically actuated four-bar linkage, is depicted in Fig. 2 , and the hydraulic circuit is 

presented in Fig. 3 . Details of the hydraulic circuit and the above mentioned differences are presented next, followed by 

the implementation of the singular perturbation approach, in Section 3.2 , and the mechanical model and the coupling, in 

Section 3.3 . 
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Fig. 3. The case example modified from the work of Rahikainen et al. [12] . 

Table 1 

Parameters for the example circuit modified from 

Rahikainen et al. [12] . 

Parameter Symbol Value 

Length of the piston l 0.7 m 

l 1 0 0.2 m 

l 2 0 0.5 m 

Initial actuator length s 0 0.866 m 

Fluid density ρ 850 kg/m 

3 

Oil bulk modulus B o 1500 MPa 

Cylinder bulk modulus B c 31500 MPa 

Hose bulk modulus B h 550 MPa 

Volume of hose 1 V h 1 3 . 14 × 10 −5 m 

3 

V h 2 7 . 85 × 10 −5 m 

3 

V h 3 7 . 85 × 10 −7 m 

3 

Diameter of piston d 1 80 mm 

Diameter of piston rod d 2 35 mm 

Tank pressure p T 0.1 MPa 

Pump pressure p P 7.6 MPa 

Cylinder efficiency η 0.88 

Throttle discharge coefficient C d 0.8 

Semi-empirical coefficient C v 2 . 138 × 10 −8 m 

3 /s 
√ 

Pa 

Correction factor γ+ 1.16 

Correction factor γ− 1.05 

3.1. Hydraulic circuit 

For a better demonstration of the application of the perturbation theory, the case-example depicted in Fig. 3 is consid- 

ered. In the figure, p P is the pump pressure, p T is the tank pressure, U is the control signal and l, l 1 , and l 2 are the total, 

piston-side and rod-side lengths, respectively. The positive direction of the volume flows Q 2 V , Q V 3 , and Q 31 is also shown in 

the figure. 

Compared to the example presented in [12] , the volume V 3 , shown in Fig. 3 , is further reduced from the original, to 

introduce a small volume to the system. This increases the numerical stiffness of the system and, thus, makes finding the 

numerical solution more challenging. Otherwise the example has been left unaltered. A full list of the parameters regarding 

the hydraulic circuit can be found in Table 1 . 
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3.1.1. Modelling of the valves 

A semi-empirical modelling approach [25] , which allows determination of the flow rate coefficients on the basis of em- 

pirical data, is used to model the valves in the system. Volume flow Q 31 over the throttle valve can be expressed as: 

Q 31 = 

⎧ ⎨ 

⎩ 

C t 
√ | �p | , �p > 0 

0 , �p = 0 

−C t 
√ | �p | , �p < 0 

(21) 

where C t is the semi-empirical flow rate coefficient and �p is the pressure difference over the valve. As the construction of 

a throttle valve is rather simple, the semi-empirical coefficient is computed analytically here: 

C t = C d A t 

√ 

2 

ρ
(22) 

where C d is the flow discharge coefficient, A t is the area of the throttle valve, and ρ is the oil density. 

For the directional valve, the use of the semi-empirical approach yields the following general form for the volume flow: 

Q = 

⎧ ⎨ 

⎩ 

C v U 

√ | �p | , �p > 0 

0 , �p = 0 

−C v U 

√ | �p | , �p < 0 

(23) 

where the semi-empirical coefficient C v can be determined from Q/ (U 

√ 

�p ) when the volume flow is known at one opera- 

tional point, and U is relative spool or poppet position. Eq. (23) can be used to compute Q 2 V and Q V 3 , the positive directions 

of which are depicted in Fig. 3 . 

It must be noted that the numerical solution of Eqs. (21) and (23) can become problematic when the pressure difference 

is small. Hence, for small pressure differences, that is less than 2 bar, the flow is assumed to be laminar, and the corre- 

sponding equations are modified such that volume flow rate and pressure difference are related linearly. In practice, firstly, 

the volume flow is computed at �p = 2 bar, with the current spool position in the case of Eq. (23) , and, secondly, the actual 

volume flow is interpolated between zero and the computed value. The sign of the volume flow follows that presented in 

Eqs. (21) and (23) . 

Spool position U , not to be mistaken for the control signal U ref , takes valve behaviour into account and can be expressed 

via a first-order differential equation as: 

˙ U = 

U re f − U 

τ
(24) 

where τ is the time constant of the valve, which can be obtained from the Bode-plot provided by the manufacturer. 

3.1.2. Cylinder model 

A hydraulic cylinder and the related quantities have been presented in Figs. 2 and 3 . The rate of change in volumes V 1 

and V 2 can be written as thus: 

˙ V 1 = ˙ s A 1 

˙ V 2 = ˙ s A 2 (25) 

where ˙ s is the piston velocity and A 1 and A 2 are the areas on either side of the piston. 

Cylinder force F s can be expressed for the depicted case as follows: 

F s = p 1 A 1 − p 2 A 2 − F μ (26) 

where F μ is the friction force caused by the sealing, computed in this case as F μ = (p 1 A 1 − p 2 A 2 )(1 − η) ̇ s . 

3.2. Application of the singular perturbation theory 

For the example shown in Fig. 3 , the use of the lumped fluid theory yields the following expressions for the pressure 

variations in volumes V 1 , V 2 , and V 3 : 

˙ p 1 = 

B e 1 

V 1 

(
Q 31 − ˙ V 1 

)
(27) 

˙ p 2 = 

B e 2 

V 2 

(
˙ V 2 − Q 2 V 

)
(28) 

˙ p 3 = 

B e 3 

V 3 
( Q V 3 − Q 31 ) (29) 

where B e 1 , B e 2 , and B e 3 are the effective bulk moduli of the volumes and ˙ s is the cylinder elongation velocity. 
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Application of the singular perturbation theory [18] , in turn, allows the use of algebraic equations instead of differential 

equations for the small volumes in the system. However, as discussed in Section 2.2 , for the singular perturbation theory 

to be applied, a certain set of conditions must be fulfilled. As the singular perturbation theory concerns singular systems, 

two distinct solutions for the system are obtained if the small parameter is set to zero, or it is left unchanged. Also, the 

boundary layers of the following equations must be exponentially stable: 

ε ˙ p 1 = 

(
Q 31 − ˙ V 1 

)
(30) 

ε ˙ p 2 = 

(
˙ V 2 − Q 2 V 

)
(31) 

ε ˙ p 3 = (Q V 3 − Q 31 ) (32) 

where ε represents the small volume divided by the bulk modulus. 

As Kiani et al. have shown [18] , in the case examined Eq. (32) alone satisfies all the conditions required by the singular 

perturbation theory. Therefore, it is applied only to computation of pressure p 3 only, as follows: 

p 3 = 

⎧ ⎨ 

⎩ 

p 1 + αP p P 
1 + αP 

U > 0 

p 1 + αT p T 
1 + αT 

U < 0 

(33) 

where 

αP = 

(
UC v 

C t 

)2 

(34) 

and, in this case, αT = αP . In Eq. (34) , C v is the semi-empirical coefficient for the directional valve, given in Table 1 , and C t 
is the semi-empirical coefficient for the throttle valve, computed on the basis of Eq. (21) . 

While Eq. (33) allows computation of p 3 with an algebraic equation that has an explicit solution, it should be mentioned 

that the application of the singular perturbation theory to Eq. (29) introduces error to the value computed for volume 

flow, Q 31 , since its value depends on p 3 . Therefore, a correction factor is introduced to obtain the correct value of volume 

flow, and to remove the perturbation effects on the system. The modified flow rate is introduced by simply multiplying the 

uncorrected value by factor γ : 

Q 31 = 

{
γ+ Q̄ 31 U > 0 

γ−Q̄ 31 U < 0 

(35) 

where, bar symbol denotes the uncorrected variables computed with the perturbation theory, and γ+ and γ− are the cor- 

rection factors, for either side of the spool. Details of the method are presented in [18] , but it is still worth noting here that 

a manual tuning of the correction factors was suggested. The values presented in Table 1 are the final values used in the 

simulations. 

3.3. Combination with a mechanical system 

The mechanism, a four-bar linkage actuated by a hydraulic cylinder, as depicted in Fig. 2 , consists of rectangular beams 

with a cross - section of 0.05 m × 0.05 m that have the lengths of L 1 = L 2 = 1 m and L 3 = 2 . 5 m, and masses m 1 = m 2 = 50 

kg and m 3 = 250 kg. The bodies are connected via revolute joints and the cut-joint is located at point C . Similarly, the 

upper end of the cylinder end is attached to the mechanism at the midpoint of body 1, and the lower end, in the global 

reference coordinate system, at point D at r D = [ 0 −1 0 ] 
T 
. Gravity is assumed to act in the negative Y direction, and the 

gravitational constant is g = 9 . 81 m/s 2 . 

Total cylinder length | s | can be expressed as a function of joint coordinates to minimise the problem size. Thereby, the 

set of integrated variables defining the problem is as follows: 

x = 

[
z T p 

T 
]T 

(36) 

where z contains the relative coordinates of the multibody system and p contains the pressures. As was demonstrated above, 

the length of the latter vector is dependent on the method used for hydraulic formulation. In the case of the lumped fluid 

method, all three pressures are integrated, yielding the three Eqs. (27) –(29) . With the singular perturbation theory, in turn, 

p 3 is computed algebraically via Eq. (33) , so the pressure vector has, in this example, a length of two. 

The length of the cylinder can be expressed in terms of the relative coordinates as follows: 

s = r 1 − r D (37) 

where r 1 is the location of the cylinder attachment point in body 1 and r D is the location of the cylinder attachment point 

at ground. The cylinder elongation velocity is required also, and it takes the following form: 

˙ s = 

˙ r 1 · s 

| s | (38) 
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Table 2 

Initial values. 

z 0 [ °] ˙ z 0 [ °/s] p 0 [Pa] ˙ p 0 [Pa/s] 

z 1 −30 ˙ z 1 0 p 1 4.14 × 10 6 ˙ p 1 0 

z 2 30 ˙ z 2 0 p 2 3.50 × 10 6 ˙ p 2 0 

z 3 150 ˙ z 3 0 p 3 4.14 × 10 6 ˙ p 3 0 

Fig. 4. Cylinder length during the work cycle. 

where ˙ r 1 is the velocity of the attachment point. 

Cylinder force F s can be computed from Eq. (26) , and its vector form F s , required by the force vector Q̄ k , can be obtained 

as: 

F s = 

[ s X 
| s | F s 

s Y 
| s | F s 

s Z 
| s | F s 

] T 
(39) 

where s X , s Y , and s Z are the respective X, Y , and Z components of the cylinder length s . 

Control signal U ref for the directional valve is defined as follows: 

U re f = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

0 t < 0 . 5 

10 0 . 5 ≤ t < 2 . 8 

0 2 . 8 ≤ t < 4 . 5 

−10 4 . 5 ≤ t < 6 

0 t ≥ 6 

(40) 

Simulations are started from static equilibrium, to avoid instabilities in the simulation process. Table 2 presents the set of 

initial values used that define a static equilibrium. In the case of the perturbation method, the pressure p 3 and its derivative 

˙ p 3 are excluded from the initial conditions. 

4. Results 

The proposed method is evaluated with the described example. The seven second work cycle is simulated, and the rel- 

ative performance is compared to the method proposed in [12] . Since the case example is implemented in Matlab environ- 

ment, the absolute CPU-times are not shown here. However, the implementation was performed such that comparable times 

are obtained. The slight differences in the results that were introduced by the use of the singular perturbation method are 

highlighted. 

An overview of the work cycle is given in Fig. 4 , wherein the cylinder length during the simulations with both methods 

is depicted at the largest converged time steps, that is 2 ms for the lumped fluid method and 8 ms for the perturbation 

method. As can be seen, practically identical results were obtained for the mechanism. Fig. 5 , in turn, presents the pressure 

p 1 in a detail upon valve opening at the same step sizes. It is clear, that the steady-state solution is practically the same 

between the two hydraulic descriptions, whereas differences occur at the transient phase. 

To further illustrate the effects introduced by the use of the singular perturbation method, the volume flow Q 31 just after 

the valve opening is depicted in Fig. 6 . In addition to the largest converged step sizes, the figure also shows the largest step 

size with the perturbation method that produced a smooth solution for the studied case, i.e., a solution with �t = 5 ms. 

Slight fluctuation in the lumped fluid solution can be seen at the 28 × magnification. This fluctuation is captured by the 

integrator, and, as Fig. 7 demonstrates, hence necessitates a larger number of iterations than the proposed method. Similar 

to the pressures presented in Fig. 5 , no significant differences are visible in the steady-state solution. 

It must be noted that the accuracy of the correction factors γ− and γ+ has a significant effect on the accuracy of them 

results obtained. Without these factors, error is introduced to the computed volume flow Q 31 , which propagates to the 

computed derivative of pressure ˙ p 1 of Eq. (27) . No clear rule to obtain values for the correction factor was observed, so they 

were tuned manually. These results agree to the work of Kiani et al. [18] . 
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Fig. 5. Pressure p 1 during and after opening of the valve. 

Fig. 6. Volume flow Q 31 with the lumped fluid and the perturbation method after opening of the valve. 

Fig. 7. Number of iterations with the 2 ms time step simulations. 

Table 3 

Number of iterations and relative CPU-times. 

Iterations - lumped fluid Iterations - perturbation CPU-time 

�t Avg. Max. Avg. Max. SP/LL SP/LL(2 ms) 

0.5 ms 1.76 4 1.62 4 0.83 2.34 

1 ms 2.26 4 1.76 4 0.71 1.24 

2 ms 2.52 4 1.81 3 0.66 0.66 

3 ms fail fail 1.83 4 – 0.42 

5 ms fail fail 1.85 3 – 0.27 

8 ms fail fail 1.90 4 – 0.18 

Regarding the efficiency and applicability for real-time applications, Table 3 shows the average and maximum number of 

iterations required for the convergence, alongside the relative CPU-time between the methods. As can be seen, the lumped 

fluid method fails to converge under the determined limit of 100 iterations at the experimented time steps larger than 2 ms, 

whereas convergence properties of the perturbed system do not change meaningfully as the time step increases. Fig. 7 , that 

depicts the number of iterations at 2 ms time step simulations, illustrates the reason for the smaller average number 
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Fig. 8. Energy balance with the perturbation method, at �t = 8 ms. 

of iterations. As can be seen, the proposed method yields a smaller number of iterations when the valve is fully opened, 

whereas otherwise the number of iterations is approximately the same or lesser than with the lumped fluid method. 

The last two columns in Table 3 give the observed relative CPU-times, computed by dividing the elapsed time with the 

singular perturbation approach (SP) by that with the lumped fluid method (LL). In the table, the SP/LL column therefore 

shows the CPU-time relationship at the current step size, and SP/LL(2 ms) is the relative efficiency of the proposed method 

relative to the fastest simulation with the lumped fluid method. In the former, at 0.5 ms time step the efficiency gain can 

be explained by the 17% smaller problem size, whereas at the larger step sizes the lower number of iterations take effect. 

The latter column, in turn, demonstrates the main potential of the singular perturbation method, as the computational time 

is significantly less than for the fastest converged solution with the lumped fluid method. These results suggest, that use 

of the singular perturbation method improves the real-time applicability of the method proposed in [12] as it allows larger 

time steps in cases wherein small volumes exist and it decreases the problem size. 

The convergence rate is affected by the penalty factor from Eq. (11) and the integration tolerances. The latter, which are 

absolute tolerances, are set to 1 × 10 −7 for the position-level variables and 1 × 10 2 for the pressures. Both criteria need to 

be fulfilled for iteration to stop. Due to the numerical stiffness introduced by the hydraulics, penalty factor, which typically 

takes values from 1 × 10 7 to 1 × 10 9 , had to be increased to 1 × 10 11 with both the proposed and the lumped fluid method 

for good convergence properties to be obtained. This results agrees to [12] , and suggests that, while use of the perturbation 

method allows use of a larger step size and decreases the numerical stiffness, a large penalty factor is still required for good 

convergence properties to be obtained. 

Finally, to check the energy conservation properties of the proposed method, the energy balance of the system at the 

largest converged time step, 8 ms, is presented in Fig. 8 . As can be seen, the energy balance is most of the time less than 

± 5 J and even at maximum about 8.1 J. Considered that the actuator work of about 1400 J, these figures are at an acceptable 

level of accuracy. 

5. Conclusions 

In this paper, a method for monolithic simulation of multibody and hydraulic dynamics using a penalty-based semi- 

recursive method and a perturbation method is proposed. The proposed method is compared to monolithic simulation in 

which the lumped fluid method is coupled with the semi-recursive method. To provide a general approach, a numerically 

obtained tangent matrix is used in the integration scheme, contrary to the original proposition of the multibody method. 

Results indicate that use of the perturbation method in the monolithic simulation of multibody and hydraulic dynamics 

seems to hold potential, since, when compared to the lumped fluid method, it allows larger step sizes to be taken when 

small volumes are involved. In addition, again relative to the lumped fluid method, it decreases the computational load by 

removing the high frequency components of the solution that are introduced by the small volumes. Irrespective of the small 

scale differences introduced in the solution, the two methods yield practically the same solution. However, more research is 

needed to find the optimal value for the correction factor required by the perturbation method. 
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a b s t r a c t

A novel LB model is introduced to deal with the thermal and hydraulic properties in porous media. The
pressure and density are separated in the proposed incompressible LB model and solid volume fraction is
embedded in the formulations. Moreover, a modified thermal LB model is proposed that is shown to be
more accurate than the Gue’s type of models. This model treats the energy equation with the second
order of accuracy without any additional terms. The model is employed in a packing of monodisperse
spherical particles within a rectangular channel. The results of new model have been improved as com-
pared to the analytical solution.

� 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Interaction between solid and fluid widely affects the flow pat-
tern in enormous industrial applications such as in porous media
and fluidized beds. The solid volume fraction (SVF) es is defined
as the ratio of volume occupied by solid to the container volume.
It appears in the governing equations of flow and notably influ-
ences on the flow characteristics such as pressure drop, velocity
components and temperature distribution.

There are two common strategies for modeling porous media. In
the first approach, the solid zone is modeled as no-slip zone with
all geometric complexities at surface and the fluid flows within
the tortuous pore space. This approach provides local details of
flow, however, randomly distributed microscopic pores existed in
the porous media make the utilization of this approach computa-
tionally expensive. In this context, the exclusive geometry of a
sample including all voids is needed which can be provided by
X-ray photo scanning [1].

Due to complexity of porous media in the microscopic (pore)
scales, the alternative approach in the so-called representative ele-
mentary volume (REV) scale is usually considered for the classical
studies [2]. In this scale, the effects of porosity is constructed by
using randomly distributed particles and by adding the fluid-
particle drag relations to the Navier-Stokes equations. From mod-
eling point of view, an average SVF should be assigned to any

REV by proper averaging over the pore network within the REV.
On the other hand, the drag force is added to the Navier-Stokes
equations as a source term that is a function of SVF. There have
been proposed many local semiempirical relations in the literature
for the drag force [3,4].

The particle packings can be generated via Lagrangian methods,
however, the flow and temperature fields are solved using either
computational fluid dynamics (CFD), or any other methods such
as lattice Boltzmann method (LBM), or smooth particle hydrody-
namics (SPH). Among them, LBM has shown a powerful capacity
to simulate porous media with either direct and REV scale
approaches. It is worth mentioning that there are many LB models
proposed for adding source terms in Navier-Stokes equations [5–
7].

Guo and Zhao [2] have firstly employed LBM for simulation of
incompressible flows through porous media based on the REV scale
approach. They added the pre-estimated drag force (Ergun rela-
tion) raised from particle-fluid interaction as a source term. In their
model, the static pressure is connected to the density and porosity
of medium using the relation p ¼ c2sq=e. Therefore, a constant den-
sity (incompressible flow) implies that pressure is only a function
of pre-known porosity. However, they have assumed that density
does not have strictly a constant value q � q0 and it can vary
slightly q ¼P f i. The variation of density in incompressible flows
affects the momentum balance which leads to errors in calculation
of pressure drop.

He and Lue [8] suggested an LB model (HL model) in which
pressure is separated from density and hence it works for incom-
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pressible flows. This model is employed [9] to study the solid-
liquid flows by adding a source term into collision operator repre-
senting the effects of SVF. However, it cannot directly add the
semiempirical relations as a source term.

On the other hand, the heat transfer equation is usually linked
to the momentum equation by one way coupling in incompressible
flows. On the continuation of proposed model for flow simulation
in porous media, Gou and Zhao [10] developed a thermal LB model
which is applicable for the fluid saturated porous media. In other
words, this model is based on the assumption of local thermal
equilibrium (LTE) between solid and saturated fluid which makes
a combined thermal governing equation as r@tT þraðTuaÞ ¼
rajmraT, where, r is a function of SVF es.

Some earlier lattice Boltzmann studies without local thermal
equilibrium assumption can be found in [11–13]. Yang et al. [11]
investigated the randomness effects of porous media structures
composed of either cubes or spheres with different sizes on the
flow and heat transfer features. They have used D3Q19 LBM
scheme to solve the flow field and D3Q6 scheme to study the ther-
mal behavior of porous media. Wang et al. [12] have used three
distribution functions, the one for flow and the two others for
the thermal simulations of fluid and solid phases. They have used
D2Q9 scheme to validate their model. Gao et al. [13] have extended
Guo and Zhao [2] model to simulate porous media under local non-
equilibrium thermal conditions. In their work, a three-distribution
function LB model has been used to solve the fluid and tempera-
ture fields using D2Q9 scheme. In addition, a number of studies
have been done in [14–16] considering local thermal non-
equilibrium (LTNE) condition with either compressible or incom-
pressible flows.

Unlike Gue’s model, a single relation time (SRT) model, Liu and
He [17] proposed a multiple relation time (MRT) model. They have
argued that MRT models numerically make the algorithm more
stable than the Bhatnagar-Gross-Krook (BGK) models. Considering
simplicity and cost efficiency of the BGK model, Wang et al. [18]
proposed a BGK model (WMG model) enhancing numerical stabil-
ity at low viscosity and thermal diffusivity. In their model, the
external force appears in both momentum and energy equations
which links them.

Zheng et al. [19] proposed a model for covering convection dif-
fusion equation in D3Q5 space. This model covers CDE with the
second order of accuracy and without any additional terms. How-
ever, Chia and Zhao [20] mentioned that this model is not a local
model and needs to use their neighborhood information in the col-

lision process. They suggested to use a local scheme for calculation
of gradients. Without considering the heat source term and poros-
ity, this model is a special case of WMG model [18].

Chen et al. [21] have mentioned that one of the shortcomings in
Guo’s like models is associated with their non-reliability for the
domains in which heat capacitance r varies spatially. To overcome
this difficulty, they have recently proposed a model (CYZ model) in
which r0, which is a constant reference value of r, is introduced to
control heat diffusivity. Using this trick, r can vary spatially in the
investigating domain. One of the most serious problems of this
model and other Guo’s like thermal models is that they cannot
cover the thermal governing equation with the second order of
accuracy and without any additional terms. For instance, Chen
et al. model covers the equation of @tðrTÞ þ r � ðTuaÞ ¼
r � ðkmrTÞ þ d sT � 1

2

� �
@traðTuaÞ þ Oðd2Þ which has the additional

term of d sT � 1
2

� �
@traðTuaÞ, or is covered with the first order of

accuracy as @tðrTÞ þ r � ðTuaÞ ¼ r � ðkmrTÞ þ OðdÞ (see Section 4
for more details).

In this paper, an LB approach is presented for incompressible
fluid flow interacting with a solid phase. In this model, density
has no effects on the pressure and Ergun equation is added to
the momentum equation as a source term. Furthermore, a modi-
fied version of CYZ model for thermal LB is proposed which covers
the energy equation with the second order of accuracy without any
additional terms. Moreover, in the thermal model a heat source
term is added.

2. Solid-liquid flow problems

Nithiarasu et al. [22] have derived for the first time the revised
formulation of momentum and energy balance valid for porous
media in the REV scales as [23,24]:

@b�ub ¼ 0 ð1Þ

@t�ua þ �ub@bð
�ua
e
Þ ¼ � e

q0
@að�p=eÞ þ m@b@b�ua þ Fa ð2Þ

@tðrTÞ þ @bðT�ubÞ ¼ @bðkm@bTÞ þ Q ð3Þ
where �u and �p are averaged velocity and pressure, q0 and m are fluid
density and kinematic viscosity, Fa and Q are source terms for
momentum and energy equations, respectively. e is fluid volume
fraction, b is subscript for summation, and a denotes the direction.

Nomenclature

�p averaged pressure
�u averaged velocity
g effective thermal conductivity
gs solid thermal conductivity
l fluid dynamic viscosity
m fluid kinematic viscosity
q0;qf fluid density
qs solid density
r heat capacitance
e fluid volume fraction
es solid volume fraction (SVF)
Cp fluid specific heat
Cps solid specific heat
km ratio of effective thermal conductivity per fluid heat

capacitance
L length of porous medium
p pressure

T temperature
ua fluid velocity
dt lattice time step
dx lattice length unit
s relaxation time
sT thermal relaxation factor
cs sound speed
dp particle diameter
ei discretized fluid particle velocity
Fa momentum source term
f i distribution function
f eqi equilibrium distribution function
hi thermal distribution functions
heqi thermal equilibrium distribution functions
K hydraulic permeability of spherical particle packing
Q energy source term
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It should be mentioned that the above-mentioned energy equa-
tion is obtained by combining the energy equations corresponding
to solid and fluid. Using this combination, we have
r ¼ eþ ð1� eÞðqCpÞs=ðqCpÞf which is a spatial function of e. In

addition, effective heat diffusivity km ¼ g=ðqCpÞf is the ratio of
effective thermal conductivity per fluid heat capacitance.

3. LB formulation for Navier-Stokes equations

In order to transfer the mass and momentum equations to lat-
tice Boltzmann space, the modified standard Boltzmann equation
is employed:

f iðxþ eidt; t þ dtÞ � f iðx; tÞ ¼
f iðx; tÞ � f eqi ðx; tÞ

s
þ Tidt ¼ Xi ð4Þ

where ei is the discretized fluid particle velocity, s is the relaxation
time, f is the distribution function, f eqi is the equilibrium distribution
function, dx is the lattice length unit, and dt is the time step. Several
relations for Tidt have been proposed for external forces appearing
in NS equation. It also works as a correction for the pressure gradi-
ent (see Section 3.1 for more details). During the derivation of
Navier-Stokes equations from the LB equation using Chap-
manEnskog expansion, the following constraints are used:X

Ti ¼ 0;
X

Tieia ¼ nFa þ nð1� eÞrp;
X

Tieiaeib ¼ 0; ð5Þ
which according to them, the following relation have been used:

Ti ¼ win
c2s

eidFd þwin
c2s

ð1� eÞeid@dp ð6Þ

where the dummy index d is used for getting summation over three
dimensions, and cs is the sound speed. In Eq. (6), n ¼ 1� 1

2s ;p is
hydrostatic pressure, e is the fluid VF, andxi are the weighing num-
bers, which are presented below for three-dimensional grid with
nineteen distinct velocities D3Q19:

The discrete velocity vectors corresponded to the D3Q19 mod-
els have the following directions:

It is assumed in BGK LBM models that the collisions of the par-
ticles will happen in a way that makes them to go toward an
instantaneous relaxation (instantaneous equilibrium). Therefore,
after the streaming and collision step, the equilibrium distribution
function f eqi will be used to calculate the macroscopic quantities.
The equilibrium distribution function is proposed as:

f eqi ðxÞ ¼ wipþwic2sq0e 3
eia � ua
c2

þ 9
2
ðeia � uaÞ2

c4
� 3
2
u2
a

c2

" #
; ð9Þ

in which, q0 is the constant fluid density, ua is fluid velocity, and
c ¼ dx

dt. This relation is proposed to satisfy the following constraints
at each time step:

p ¼
X

f eqi ð10Þ

c2sq0eua ¼ 1
2
c2s Fadt þ

X
eiaf

eq
i ð11Þ

c2sq0euaub þ c2s pdab ¼
X

eiaeibf
eq
i ð12Þ

Using the previous constraints, the velocity and pressure fields are
obtained at each time step. Using Chapmann-Enskog expansion (see
Section 3.1), the model finally covers the Navier-Stokes equation as:

@ðq0euaÞ
@t

þ @ðq0euaubÞ
@xb

¼ �e @p
@xa

þ l @

@xb
@xbðeuaÞ þ @xaðeubÞ þ @xcðeucÞdab
� �

þ Fa �r � @xcðuaubucÞ ð13Þ
where the dynamic viscosity is l ¼ c2sq0 s� 1

2 d
� �

.

3.1. Chapman-Enskog expansion

Starting from the LB formulation, the Navier-Stokes equations
are derived in this section using Chapman-Enskog expansion. Con-
sidering the following equation:

f iðxþ eidt; t þ dtÞ � f iðx; tÞ ¼
f iðx; tÞ � f eqi ðx; tÞ

s
þ Tidt ¼ Xi ð14Þ

and applying Taylor series expansion, Eq. (15) is obtained:

dDif i þ
d
2
D2

i f i þ Oðd3Þ ¼ Xi ð15Þ

where Di ¼ @t þ eib @
@xb

, and d is either dt or dx depended on which

term it is multiplied.
In the next step, the distribution function as well as derivative

operators are decomposed in the scales of Oðk0Þ;Oðk1Þ, and Oðk2Þ
as:

f i ¼ f ð0Þi þ kf ð1Þi þ k2f ð2Þi

@t ¼ k@1t þ k2@2t

@x ¼ k@1x

Xi ¼ Xð0Þ
i þ kXð1Þ

i þ k2Xð2Þ
i

T1i ¼ kTi

ð16Þ

and accordingly D1i ¼ kDi.
Substituting operators and variables defined in Eq. (16), into Eq.

(15), and separating different scales of lambda k, the following
equations are obtained:

Oðk0Þ : f ð0Þi ¼ f ðeqÞi ð17Þ

Oðk1Þ : D1if
ð0Þ
i ¼ � 1

sdt
f ð1Þi þ T1i ð18Þ

xi ¼ ½12 2 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1 1�=36 ð7Þ

eix ¼ ½0 1 � 1 0 0 0 0 1 1 1 1 � 1 � 1 � 1 � 1 0 0 0 0�
eiy ¼ ½0 0 0 1 � 1 0 0 1 � 1 0 0 1 � 1 0 0 1 1 � 1 � 1�
eiz ¼ ½0 0 0 0 0 1 � 1 0 0 1 � 1 0 0 1 � 1 1 � 1 1 � 1�

ð8Þ
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Oðk2Þ : @2tf
ð0Þ
i þ ð1� 1

2s
ÞD1if

ð1Þ
i ¼ � 1

sdt
f ð2Þi þ dt

2
D1iT1i ð19Þ

Getting summation over Eqs. (18) and (19) for the discrete direc-
tions, i.e., i ¼ 1 : 19, we have:

@1t

X
f ð0Þi þ @1x

X
eixf

ð0Þ
i ¼ � 1

sdt
X

f ð1Þi þ
X

T1i ð20Þ

@2t

X
f ð0Þi þ ð1� 1

2s
Þð@1t

X
f ð1Þi þ @1x

X
eixf

ð1Þ
i Þ

¼ � 1
sdt

X
f ð2Þi þ dt

2
ð@1t

X
T1i þ @1x

X
eixT1iÞ ð21Þ

By the following definitions, the above equation will be more
simplified. The definitions are:P

f ð0Þi ¼ p;
P

f ð1Þi ¼ 0;
P

f ð2Þi ¼ 0P
eiaf

ð0Þ
i ¼ c2sq0eua;

P
eiaf

ð1Þ
i ¼ mF1adt þmð1� eÞ@apdt;P

eiaf
ð2Þ
i ¼ 0P

eiaeibf
ð0Þ
i ¼ c2sq0euaub þ c2s pdab;

P
eiaeibf

ð1Þ
i ¼P eiaeibf

ð2Þ
i ¼ 0P

T1i ¼ 0;
P

eiaT1i ¼ nF1a þ nð1� eÞ@ap;
P

eiaeibT1i ¼ 0
ð22Þ

Therefore, Eq. (20) is simplified to @1t
P

f ð0Þi þ @1x
P

eixf
ð0Þ
i ¼ 0

and Eq. (21) to @2t
P

f ð0Þi ¼ ð12n� ð1� 1
2sÞmÞð@1xF1x þ ð1� eÞ@apÞ.

Thus, assuming n ¼ 2ð1� 1
2sÞm and adding two simplified equa-

tions with their coefficients of k and k2 yields the following
equation:

ðk@1t þ k2@2tÞ
X

f ð0Þi þ k@1x

X
eixf

ð0Þ
i ¼ 0 ð23Þ

Consequently, using the definitions of (16) and (22), Eq. (23) is
simplified to:

1
c2s

@tðpÞ þ @xðq0euaÞ ¼ 0 ) @xðq0euaÞ � 0 ð24Þ

On the other hand, by multiplying Eqs. (18) and (19) by eia and
getting summation over the discrete directions, the following
equations are derived:

@1t

X
eiaf

ð0Þ
i þ @1b

X
eiaeibf

ð0Þ
i ¼ � 1

sdt
X

eiaf
ð1Þ
i þ

X
eiaT1i ð25Þ

@2t

X
eiaf

ð0Þ
i þ ð1� 1

2s
Þð@1t

X
eiaf

ð1Þ
i þ @1b

X
eiaeibf

ð1Þ
i Þ

¼ � 1
sdt

X
eiaf

ð2Þ
i þ dt

2
ð@1t

X
eiaT1i þ @1b

X
eiaeibT1iÞ ð26Þ

By taking n ¼ 2ð1� 1
2sÞm as it is already assumed,

ð1� 1
2sÞ
P

eiaf
ð1Þ
i ¼ dt

2

P
eiaT1i. Then, using this relation and the def-

initions presented in Eq. (22), Eq. (26) is simplified as:

@2t

X
eiaf

ð0Þ
i þ ð1� 1

2s
Þ@1b

X
eiaeibf

ð1Þ
i ¼ dt

2
@1b

X
eiaeibT1i ð27Þ

Considering Eq. (18) and multiplying it by eiaeib the following
relation is obtained:

�1
s
@1b

X
eiaeibf

ð1Þ
i þ dt@1b

X
eiaeibT1i

¼ dt@1b @1t

X
eiaeibf

ð0Þ
i þ @1c

X
eiaeibeicf

ð0Þ
i

� �
ð28Þ

Using definitions of Eq. (22), in which
P

eiaeibT1i ¼ 0, and com-
bining Eqs. (27) and (28) yield:

@2t

X
eiaf

ð0Þ
i ¼ sð1� 1

2s
Þdt@1b @1t

X
eiaeibf

ð0Þ
i þ @1c

X
eiaeibeicf

ð0Þ
i

� �
ð29Þ

Multiplying Eq. (25) by k and Eq. (29) by k2 and adding them results
to below equation:

ðk@1t þ k2@2tÞ
X

eiaf
ð0Þ
i þ k@1b

X
eiaeibf

ð0Þ
i

¼ k2sð1� 1
2s

Þdt@1b @1t

X
eiaeibf

ð0Þ
i þ @1c

X
eiaeibeicf

ð0Þ
i

� �
þ kð� m

sdt
þ nÞðF1a þ ð1� eÞ@apÞ ð30Þ

By finding the values of m ¼ c2s dt=2 and n ¼ c2s ð1� 1=2sÞ which
satisfy both relations of n ¼ 2ð1� 1

2sÞm and � m
sdt þ n ¼ c2s , and by

referring to the definitions of Eq. (16), Eq. (30) is then simplified to:

@t

X
eiaf

ð0Þ
i þ @b

X
eiaeibf

ð0Þ
i

¼ ðs� 1
2
Þdt@1b @1t

X
eiaeibf

ð0Þ
i þ @1c

X
eiaeibeicf

ð0Þ
i

� �
þ c2s Fa þ c2s ð1� eÞ@ap ð31Þ

Considering the definitions presented in Eq. (22) and the equal-

ity of @1t
P

eiaeibf
ð0Þ
i ¼ �@1cuaubuc, we have:

@tðc2sq0euaÞ þ @bðc2sq0euaubÞ
¼ �ec2s @apþ m@b @bðc2sq0euaÞ þ @aðc2sq0eubÞ þ @cðc2sq0eucÞdab

� �
þ c2s Fa � @bð@cuaubucÞ ð32Þ

where m ¼ c2s ðs� 1
2Þdt. By dividing the above equation by c2s and

neglecting the last right hand side term, which is very small, the
momentum equations are derived as:

@tðq0euaÞ þ @bðq0euaubÞ
¼ �e@apþ m@b @bðq0euaÞ þ @aðq0eubÞ þ @cðq0eucÞdab

� �þ Fa
ð33Þ

It should be highlighted here that ua and p are fluid velocity and
pressure which are related to averaged velocity and pressure as
�ua ¼ eua, and �p ¼ ep. Using these definitions and considering con-
tinuity equation, Eq. (33) will be alternatively reformed as:

@t�ua þ �ub@bð
�ua
e
Þ ¼ � e

q0
@að�p=eÞ þ m@b @bðq0�uaÞ þ @aðq0�ubÞ

�
þ @cðq0�ucÞdab

�þ Fa ð34Þ

4. LB formulation for energy equation

For covering the energy equation of (3), the following LB equa-
tion is proposed:

hiðxþ eidt; t þ dtÞ ¼ vhiðx; tÞ þ ð1� vÞhiðxþ eidt; tÞ

þ hiðx; tÞ � heq
i ðx; tÞ

sT
þ Qidt ð35Þ

in which, heq
i and hi denote equilibrium and non-equilibrium distri-

bution functions, respectively, sT is thermal relaxation factor, and Qi

is the heat source term. The equilibrium distribution function heq
i

will be calculated using the following relation at each timer step:

heq
i ðxÞ ¼

Tðr� r0Þ þwiTðr0 þ eiaua
c2s v

Þ i ¼ 0

wiTðr0 þ eiaua
c2s v

Þ i– 0

8<
: ð36Þ

Moreover, for having the thermal source term in the D3Q19
framework, the following equation (Eq. (37)) is proposed. This rela-
tion is obtained by considering a time independent thermal source
term and assuming

P
Qi ¼ Q which guarantees the full achieve-

ment of the energy equation Eq. (3) by using Chapman-Enskog
expansion as presented in Section 4.1.
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Qi ¼ Q
10wi � c2s
10� 19c2s

ð37Þ

4.1. Chapman-Enskog expansion

Considering the following equation:

hiðxþ eidt; t þ dtÞ ¼ vhiðx; tÞ þ ð1� vÞhiðxþ eidt; tÞ

þ hiðx; tÞ � heq
i ðx; tÞ

sT
þ Qidt ð38Þ

and applying Taylor series expansion in it, we have:

dDihi þ d2

2
D2

i hi ¼ ð1� vÞ dðei � rÞhi þ d2

2
ðei � rÞ2hi

 !

þ hiðx; tÞ � heq
i ðx; tÞ

sT
þ Qidt ð39Þ

Therefore, the following relations are obtained using the defini-
tions in (16):

Oðk0Þ : hð0Þ
i ¼ hðeqÞ

i ð40Þ

Oðk1Þ : ð@1t þ vei � r1Þhð0Þ
i ¼ � 1

sd
hð1Þ
i þ Q1i ð41Þ

Oðk2Þ : @2th
ð0Þ
i þ ð1� 1

2s
ÞD1ih

ð1Þ
i

þ ðv� 1Þ dðei � r1Þhð1Þ
i þ d2

2
ðei � r1Þ2hð1Þ

i

 !
¼ � 1

sd
hð2Þ
i

ð42Þ

Substituting hð1Þ
i from Eq. (41) into Eq. (42) and considering a

time independent thermal source term, the following relation is
achieved:

Oðk2Þ : @2th
ð0Þ
i þ d ð�sT þ 1

2
Þ@2

1t þ ðv
2
� sTv2Þðei � r1Þ2

�

þ �2vsT þ 1Þ@1tei � r1ð Þhð0Þ
i ¼ � 1

sdt
hð2Þ
i ð43Þ

Getting summation over the summation of Eqs. (40) and (43) asP
kOðkÞ þ k2Oðk2Þ� �

and using the definitions in (16), the final form
of equation is obtained as:

@t

X
hð0Þ
i þ vr �

X
eixh

ð0Þ
i

þ d ð�sT þ 1
2
Þ@tð@t

X
hð0Þ
i Þ þ ðv

2
� sTv2Þr � rð

X
eieih

ð0Þ
i Þ

�

þ �2vsT þ 1Þ@tr � ð
X

eih
ð0Þ
i Þ

� �
þ Oðd2Þ ¼

X
Qi ð44Þ

By making the following definitions:

X
hð0Þ
i ¼ rT;

X
hð0Þ
i eia ¼ Tua

v
X

hð0Þ
i eiaeib ¼ c2sr0Tdab ð45Þ

we obtain:

@tðrTÞ þ raðTuaÞ þ d ð�sT þ 1
2
Þ@tð@tðrTÞ

�

þ v
2
� sTv2Þr � rðc2sr0TdabÞ þ ð�2vsT þ 1Þ

v @traðTuaÞ
� 	

þ Oðd2Þ ¼ Q

ð46Þ

which can be rewritten as:

@tðrTÞ þ raðTuaÞ þ d ð�sT þ 1
2
Þ@tð@tðrTÞ þ raðTuaÞÞ

�

þ ðv
2
� sTv2Þr � rðc2sr0TdabÞ

þ ð�2vsT þ 1Þ
v þ ðsT � 1

2
ÞÞ@traðTuaÞ

� 	
þ Oðd2Þ ¼ Q ð47Þ

According to Eq. (47), the following relations are valid:

@tðrTÞ þ raðTuaÞ þ OðdÞ ¼ Q ð48Þ

@tðrTÞþraðTuaÞ ¼ dðsTv2 �v
2
Þc2sr� ðr0rTÞ

þ d
2vsT �1

v �ðsT �1
2
Þ

� 	
@traðTuaÞþOðd2Þ ¼ Q

ð49Þ
It should be mentioned here that by setting b ¼ 1 the CYZmodel

is obtained in which there is an additional term of

d 2vsT�1
v � ðsT � 1

2Þ
� �

@traðTuaÞ which makes the equation to be cov-

ered with the first order of accuracy OðdÞ. However, by equating
2vsT�1

v � sT þ 1
2 ¼ 0;v is obtained as: v ¼ 1=ð0:5þ sTÞ which covers

the equation with the second order of accuracy Oðd2Þ and without
any additional term as:

Fig. 1. Illustration of porous media with es = 0.2.
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@tðrTÞ þ r � ðTuaÞ ¼ r � ðkmrTÞ þ Q ð50Þ

where km ¼ dc2s ðsTb2 � b
2Þr0.

Finally, based on the definitions presented in Eq. (45), the equi-
librium distribution function is proposed as:

heq
i ðxÞ ¼

Tðr� r0Þ þwiTðr0 þ eiaua
c2s v

Þ i ¼ 0

wiTðr0 þ eiaua
c2s v

Þ i– 0

8<
: ð51Þ

5. Porous media

There are generally three different flow regimes occurring in the
porous media, namely the Darcy, Forchheimer, and turbulent
regimes. Darcy regime refers to the regime of creeping flow, and
the pressure gradient is proportional to dynamic viscosity and flow
velocity. The coefficient of proportionality is the inverse of hydrau-
lic permeability. The pressure drop across a porous medium made
of spherical particles is calculated as:

DP
Lu

¼ l
K

ð52Þ

where L is the length of porous medium, u is velocity, l is dynamic

viscosity, K ¼ e3d2p
36jð1�eÞ2 denotes the hydraulic permeability of spheri-

cal particle packing, e is the porosity of the packing, and dp is parti-
cle diameter.

On the other hand, the flow is still laminar in Forchheimer flow
regime, however, not creeping. It is considered as the transient

regime from the Darcy to turbulent regime in which the pressure
drop is proposed by the formula given in Eq. (53).

DP
Lu

¼ l
K
þ qFffiffiffiffi

K
p juj ð53Þ

in which, F ¼ 1:75=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
150e3

p
represents the form drag.

Fig. 2. Slice planes at the middle of domain for different solid VFs (a) e = 0.05, (b) e = 0.1 (c) e = 0.2 (d) e = 0.25.

Fig. 3. Grid study for 20� 20� 120 (long dashed line), 30� 30� 180 (dot dashed
line), 40� 40� 240 (solid line), 50� 50� 300 (dashed line).
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5.1. Results and discussion

The domain of study is shown in Fig. 1 which its dimensions are
35� 35� 210 mm3. The velocity boundary condition is applied for

the right boundary (inlet), where the left side is set to pressure out-
let boundary condition. Other boundaries are considered as walls
with no-slip boundary condition. The flowing fluid is air with
density and kinematic viscosity of qf ¼ 1:225 kg=m3 and mf ¼
1:84� 10�5 m2=s. The porous material is chosen as copper with
density, specific heat, and thermal conductivity of qs ¼ 8978;
Cps ¼ 381 j=ðkg � kÞ, and gs ¼ 387:6 w=ðm � kÞ, respectively.

The effects of porosity is usually modeled by considering parti-
cles randomly distributed in a container. The drag force acting on
particles has a local semiempirical equation which includes the
VF of solid and fluid. For any number of generated particles (with
a certain SVF), the size of averaging control volume for SVF is taken
as 10–15 LB nodes.

For the sake of validation of LBM results, they are compared to
those obtained from theoretical approach as well as the results of
commercial package. In this concern, ANSYS-FLUENT v.17.0 is used
which works based on finite volume method (FVM). The settings of
the model are made to handle laminar flow coupled with energy
equation. The domain is defined as a porous medium through cell
zone conditions. Then the porous zone permeability is introduced
in the model. A heat source term in energy equation is also intro-
duced. Note that the geometry and all other settings, including the
air properties, the porous media properties, the value of heatFig. 4. Comparison of pressure drop obtained with LB (circular symbols) and

Forchheimer equation, Eq. (53) (solid line) for the velocity of u = 0.3 m/s.

Fig. 5. Comparison of pressure drop obtained with LB model (solid line) and FVM (dashed line), (a) es = 0.2, u = 0.1 m/s (b) es = 0.25, u = 0.1 m/s (c) es = 0.2, u = 0.3 m/s (d)
es = 0.25, u = 0.3 m/s.

104 M. Kiani Oshtorjani, P. Jalali / International Journal of Heat and Mass Transfer 130 (2019) 98–108



source term, the initial and boundary conditions are set the same
as in the LBM.

The particles embedded in the domain are depicted in Fig. 1
which is sketched for SVF of es ¼ 0:2. In addition, the slices across
solid zone at the middle of domain are illustrated in Fig. 2a–d for
different SVFs.

5.2. Pressure drop

In order to verify the suitability of the grid used in this study,
we have examined different gird resolutions. The physical condi-
tions are considered to be same for all grids. The length of porous
medium is set to L ¼ 0:21 m, inlet velocity as u ¼ 0:3 m=s, and its
porosity was varied between 0 and 0.25 in different cases. In order
to have a reasonable comparison, the pressures drop through the
porous media of different girds are plotted in Fig. 3 versus dimen-
sionless length at the same time step. According to this figure, the
grid corresponding to 40� 40� 210 is appropriate for taking pres-
sure drop values.

As the first validation case, the calculated pressure drops are
compared to Forchheimer equation in Fig. 4. The validation study
is performed for the SVF values of 0.05, 0.1, 0.15, 0.2 and 0.25.
The inlet velocity is set to u ¼ 0:3 m=s and gravity is activated.
Fig. 4 shows that the LB has predicted the pressure drop values clo-
sely to the Forchheimer equation. The smallest difference between

the LB solution and the Forchheimer equation for pressure drop
corresponds to the highest value of SVF, that is es ¼ 0:25. This is
due to the implementation of Ergun equation in the LB code which

Fig. 6. The temperature error defined as a difference between CYZ (dot-dashed line) or modified model (solid line) and theoretical solution for different VFs (a) es = 0.05 (b)
es = 0.1 (c) es = 0.2 (d) es = 0.25.

Fig. 7. The cross-sectional mean temperature variation from the LB solution along
the porous medium for the case in which source term is applied over the entire
domain for different times as 0;98;196;294;392;490;589;687;785;883;981 ls.
The lowest line with T ¼ 400 K corresponds to t ¼ 0 and the successive lines
upward represent the other times.
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predicts pressure drop more accurately in higher packing fractions.
LB results slightly shift above the Forchheimer prediction over the
porosity of 0.8 such that the LB prediction becomes about 10 Pa,
which is twice as the prediction of Eq. (53) at the porosity of
0.05. It should be noted that the predictions of FVM and LB for total
pressure drop nearly coincide. Thus the data related to the FVM
results are not shown in Fig. 4. Instead, the differences of the
FVM and LB can be observed in the profiles of pressure, which is
discussed in Fig. 5 as follows.

The pressure drop profiles from the LB and FVM are compared
in two different SVFs and velocities in Fig. 5a–d, which display
good agreement with each other. As anticipated, higher velocity
and SVF lead to higher pressure drop through porous medium. It
can be noted that the LB profile is slightly shifted upward, while
the total pressure drop remains the same for the two approaches.
The amount of the shift hardly reaches to 2 Pa. At the SVF of 0.2,
increasing the velocity from 0.1 to 0.3 m/s boosts the shift from
0.5 to 2 Pa though the total pressure drop rises about 4 times. At

the SVF of 0.25, similar ratio of pressure drop can be observed
between the two velocities, while the shift remains below 2 Pa.

5.3. Temperature distribution

Considering a one way coupling between momentum and
energy equations, temperature field is solved. The materials are
chosen as air and copper for the fluid and solid phases, respec-
tively. The initial temperature of porous media is set to 400 K,
whereas the inlet fluid temperature is 300 K. The walls are insu-
lated and there is not any temperature gradient at the outlet. The
inlet velocity and SVF are set as u ¼ 0:3 m=s and es ¼ 0:2, respec-
tively. The heat source term is activated and its value is
5� 108 w=m3, which is applied in two possible ways as follows.

In the first way of applying heat source, the corresponding term
is applied over the entire domain. For the sake of comparison of
CYZ and modified models, the same problem is analytically solved
as presented in Appendix A. Therefore, both models are compared
to analytical solution with the relative error defined as:

Error ¼ 100
jTLB � TTheroyj

TTheroy
ð54Þ

The temperature distribution errors of CYZ and modified LB
models are compared for different SVF values in Fig. 6a–d. As these
figures indicate, the modified model has smaller error than the CYZ
model especially at the front side of porous domain where the tem-
perature rapidly increases. In the rest of porous domain, the tem-
perature remains approximately uniform as Fig. 7 reveals and
thus the errors coincide in that region. Note that higher SVF yields
smaller relative errors.

In the second way of applying heat source, the related term is
only applied in the cells located within the thin layer from
X ¼ 0:23L to X ¼ 0:27L. The temperature distribution obtained by
the modified model is depicted in Fig. 8 in various times. Moreover,
the temperature distribution within porous medium is compared
to the results of the CYZ model as well as the finite volume method
(FVM) in Fig. 9a. In addition, the differences between the results of
either CYZ model or FVM and the modified LB model are defined as
the errors depicted in Fig. 9b.

According to Fig. 9a, FVM could not capture the temperature
gradient existed in the entrance region of porous medium. Its rel-
ative error with respect to the modified LB model is about 29 per-

Fig. 8. The cross-sectional mean temperature variation from the LB solution along
the porous medium for the case in which source term is applied in the cells located
within the thin layer from X ¼ 0:23L to X ¼ 0:27L. Different lines correspond to the
times 0;98;196;294;392;490;589;687;785;883;981 ls. The lowest line with
T ¼ 400 K corresponds to t ¼ 0 and the successive lines upward represent the
other times.

Fig. 9. Solution and relative errors corresponded with case 2 for different methods (a) Comparison of CYZ model (dot-dashed line), new LB model (solid line), and FVM
(dashed line) (b) Relative error between CYZ and new LB models (solid line), and between FVM and new LB model (dashed line).

106 M. Kiani Oshtorjani, P. Jalali / International Journal of Heat and Mass Transfer 130 (2019) 98–108



cent in this region. As Fig. 9b indicates, the maximum difference
between the CYZ and the modified LB models is about 2 percent
at the location of the heat source. In contrast, the FVM relative
error at the same position is about 5 percent. In the rest of the por-
ous domain, the temperature is predicted to be constant equal to
the initial temperature by all three methods.

6. Conclusion

The pressure drop calculated by a proposed LB model is vali-
dated by analytical formulas and FVM method. In addition, the
thermal LB model is introduced to cover the energy equation with
the second order of accuracy and without any additional terms.
The higher accuracy of the proposed model with respect to other
Gue’s like models is verified by comparing the relative errors of
the new model and the CYZ model. Meanwhile, the proposed heat
source term is tested and validated in two different ways. The
results presented in this paper confirms that the modified LB
model introduced here is capable of capturing the hydrodynamics
and thermal features of porous media made of monodisperse
spheres. In principle, this method can be extended to any other
particle packings made of particles of different shape, size and
packing properties, which will constitute future extension of this
study.

Acknowledgment

The authors would like to acknowledge the financial support for
this work by the SIM-Platform at LUT, and also Academy of Finland
under Grant No. 311138.

Appendix A. Analytical solution of energy equation

Here, the energy equation Eq. (3) is analytically solved. The heat
conductivity of particles is high in our studied porous media that is
consistent with that of copper. Therefore, the cross-sectional vari-
ation of temperature can be considered negligible. Moreover, the
mean fluid velocity component within any cross-section perpen-
dicular to the flow direction is negligible due to the side boundary
conditions and the fact that the solid phase particles are uniformly
distributed. Therefore, noting that the temperature is not varying
within any cross-section, the temperature gradient is considered
to be negligible in all directions perpendicular to the flow direc-
tion. Consequently, the energy equation can be rewritten as:

r̂@tT þ ûx@xT ¼ km@
2
xT þ Q ðA1Þ

where û and r̂ are averaged velocity and sigma over cross-section
area of porous media. The initial and boundary conditions of the
problem are as below:

Tðx;0Þ ¼ T0

Tð0; tÞ ¼ Ti

@xTð1; tÞ ¼ 0
ðA2Þ

Using dimensionless parameters of n ¼ ûx=km; f ¼ û2t=ðr̂kmÞ,
and h ¼ T�T0

Ti�T0
, Eq. (A1) reforms as:

@fhþ @nh ¼ @2
nhþ Qd ðA3Þ

where Qd ¼ Qkm
û2ðTi�T0Þ. This equation is simplified by introducing the

solution of Eq. (A3) as hðn; fÞ ¼ eð2n�fÞ=4Kðn; fÞ [25]. Consequently,
the simplified version of energy equation is presented below:

@fK ¼ @2
nK þ Qd eðf�2nÞ=4 ðA4Þ

with initial and boundary conditions of:

Kðn;0Þ ¼ 0
Kð0; fÞ ¼ 1

@nKð1; fÞ þ Kð1; fÞ=2 ¼ 0
ðA5Þ

The above equation is solved by applying Laplace transform
technique. Getting Laplace transform over f and considering initial
condition of problem, j which is the Laplace transition of K is
obtained as:

j ¼ C1en
ffiffi
s

p
þ C2e�n

ffiffi
s

p
þ Qd

e�n=2

ðs� 1=4Þ2
ðA6Þ

where C1 and C2 are constant to be determined by applying bound-
ary conditions. Considering boundary conditions, j is rewritten as:

j ¼ e�n
ffiffi
s

p

s� 1=4
� Qd

e�n
ffiffi
s

p

ðs� 1=4Þ2
þ Qd

e�n=2

ðs� 1=4Þ2
ðA7Þ

Finally, K is obtained by getting inverse Laplace transform of j as
(see Ref. [26] for advanced inverse Laplace transforms):

Kðn; fÞ ¼ 1
2

eðf�2nÞ=4erfcð n

2
ffiffiffi
f

p �
ffiffiffi
f

p
2
Þ þ eðfþ2nÞ=4erfcð n

2
ffiffiffi
f

p þ
ffiffiffi
f

p
2
Þ

� 	

� Qd

2
ef=4 ðf� nÞe�n=2erfcð n

2
ffiffiffi
f

p �
ffiffiffi
f

p
2
Þ

�

þ fþ nÞen=2erfcð n

2
ffiffiffi
f

p þ
ffiffiffi
f

p
2
Þ

� 	
þ Qdfe

ðf�2nÞ=4 ðA8Þ

where erfc is complementary error function, which is defined as
erfcðxÞ ¼ 1� erf ðxÞ. Eventually, the temperature distribution is in
the form of:

Tðx; tÞ ¼ T0 þ Ti � T0

2
erfcð

ffiffiffiffiffiffi
r
km

r
x

2
ffiffi
t

p �
ffiffiffiffiffiffiffiffiffi
rkm

p
u

ffiffi
t

p

2
Þ

 

þ eûx=kmerfcð
ffiffiffiffiffiffi
r
km

r
x

2
ffiffi
t

p þ
ffiffiffiffiffiffiffiffiffi
rkm

p
u

ffiffi
t

p

2
Þ
!

� QdðTi � T0Þ
2

ð û
2t

rkm
� ûx
km

Þerfcð
ffiffiffiffiffiffi
r
km

r
x

2
ffiffi
t

p �
ffiffiffiffiffiffiffiffiffi
rkm

p
u

ffiffi
t

p

2
Þ

 

þ û2t
rkm

þ ûx
km

Þeûx=kmerfcð
ffiffiffiffiffiffi
r
km

r
x

2
ffiffi
t

p þ
ffiffiffiffiffiffiffiffiffi
rkm

p
u

ffiffi
t

p

2
Þ

 !

þ Qd
û2ðTi � T0Þ

r̂km
t ðA9Þ
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a b s t r a c t

A thermal discrete element method is introduced in granular packs. This method is applicable to 3D pack-
ing in either static or dynamic states coupled with the ordinary discrete element method code. This
method resolves the local heat fluxes and temperature of particles relying on particles conductivity
and the deformation of particles at various contact points. Using this method, the time evolution of tem-
perature is studied within packed beds under various compressive forces. Our results match very well
with the analytical solution as if the value of the effective conductivity is properly adjusted, which is
found to be related to the pressure exponentially. We have also shown that the compression of the gran-
ular packing exponentially increases the thermal characteristic time of the bed.

� 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Granular materials are found extensively in nature as well as
industrial processes from energy, food processing, manufacturing
and chemical technologies. In the technologies related to the
energy production in packed beds or fluidized beds, the thermal
performance of plants is directly linked to the behaviour of the par-
ticulate medium as the main carrier of thermal energy controlled
by the known mechanisms of conduction, convection and
radiation.

Granular materials have been theoretically studied using both
the Eulerian and Lagrangian approaches. The Eulerian approach
treats the granular medium as a continuum. The interactions of
existing phases (gas-solid or solid-solid) within a control volume
are represented by proper correlations that specify an average vol-
umetric estimation of forces. There have been a number of studies
adopting Eulerian methods, e.g. Jalali et al. [1] for modelling the
hydrodynamics of circulating fluidized beds using multiphase
Eulerian method, as well as Kiani-Oshtorjani and Jalali [2] for mod-
elling the hydrodynamic and thermal characteristics of packed
beds using a novel lattice Boltzmann method. Other alternatives
to the Eulerian approach to simulate heat transfer between

granular particles are finite element method (FEM) [3,4] and lattice
element method (LEM) [5,6].

Unlike the continuum description of particulate systems in
Eulerian approach, the Lagrangian approach sees individual parti-
cles and tracks them every time step. The well-known Lagrangian
approach applied extensively in simulations of granular materials
is the discrete element method (DEM) that is used to build static
packs, Suikkanen et al. [7], or to analyze the dynamics of particle
mixtures, Jalali and Hyppanen [8].

The thermal analysis of packed beds is performed by solving the
energy equation for particles configuration subject to proper
boundary conditions. Siu and Lee [9] assigned each particle a uni-
form temperature given at its center. In this approach known as
the thermal network, a number of heat pipes are assumed between
particles through which heat fluxes transport to other particles.
There is a thermal resistance for each connection (contact). As Feng
et al. [10] mentioned, this model mostly relies on an ad-hoc man-
ner, not on a theoretical base.

Feng et al. [10,11] suggested a 2D model based on the boundary
element method (BEM), which first resolved the steady state and
then the transient condition inspired by the thermal network
method. They presented an analytical solution to the energy equa-
tion at steady state for an individual particle subject to the Neu-
mann boundary condition. Then they assigned an accurate
temperature to the particle using a boundary integral method.
The heat fluxes were obtained from the contacts of particle with
neighbouring particles. Their work was limited to 2D space as they
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0017-9310/� 2019 Elsevier Ltd. All rights reserved.

⇑ Corresponding author at: Laboratory of Thermodynamics, School of Energy
Systems, Lappeenranta University of Technology, Lappeenranta, Finland.

E-mail addresses: mehran.kiani@lut.fi (M. Kiani-Oshtorjani), payman.jalali@lut.fi
(P. Jalali).

International Journal of Heat and Mass Transfer 145 (2019) 118753

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier .com/locate / i jhmt



admitted they could not find any integral solution for 3D
geometries.

He et al. [12] proposed a numerical manifold method (NMM) to
model transient heat conduction in granular materials. In this
model, some elementary geometries like circles, squares, or their
combinations are defined to inscribe the particles known as math-
ematical covers. Then using the intersections between particles
and mathematical covers, some manifold elements are extracted.
The manifold elements are defined without any overlap between
the elements. It is argued in that paper that unlike FEM as a contin-
uum approach, and thermal discrete element method (TDEM) as a
discrete approach, the NMM can describe both continuum and dis-
crete views to the problem. In other words, this model resembles
the FEM, where, the temperature step changes at contact interfaces
are included in the model, too.

In the studies of heat conduction in granular materials, the
effective thermal conductivity (ETC) of the packed bed is a charac-
teristic quantity. There are a number of studies to obtain this
parameter theoretically [13–15], computationally [3], or experi-
mentally [16–18].

Liang [19,14] utilized the thermal resistance presented by Feng
et al. [10] to derive a theoretical formula for the ETC. They applied
the formula to a 2D packed bed under a uniform strain. This for-
mula was obtained based on a parallel-column model in which
the granular bed was constructed by particle columns. Then the
ETC of each column was obtained from the corresponding thermal
resistance. The ETC of entire bed was calculated from the ETC of
each column.

Kovalev and Gusarov [20] presented theoretical relation for ETC
based on statistical mechanics. They also simulated the thermal
behaviour of different packed beds consisted of different particle
shapes. They employed the thermal resistance proposed by Feng
et al. [10] for 2D problems to calculate the heat flux between
particles.

The aim of the present paper is to introduce a thermal DEM
approach for resolving transient heat conduction in 3D granular
packing. The results of this study present the propagation of heat
in different packed beds under various compressive pressures.

2. Thermal discrete element method

This section contains the derivation of TDEM. It starts with find-
ing a steady-state solution to the heat conduction equation. By
adding the transient term to the balance equation, the transient
heat transfer equation will be obtained.

2.1. Solution of heat conduction equation

Our starting point for TDEM is to find an analytical solution to
the Laplace equation (heat conduction) in spherical coordinate sys-
tem. This equation is written with the Neumann boundary condi-
tion on the boundary @X in the spherical domain X as:

jPr2T ¼ 0 in X

jP
@T
@r ¼ q h;/ð Þ on @X

ð1Þ

where h and / are the spherical angular coordinates as depicted in
Fig. 1a, q is heat flux, and j stands for the thermal conductivity of
particles. The solution of the Laplace equation in spherical
coordinate system can be obtained based on separation of variables
as:

T r; h;/ð Þ ¼
X1
f¼0

Xf

g¼0

Af rf þ Bf

rfþ1

� �
Pfg cos/ð Þ Cgsin ghð Þ þ Dgcos ghð Þ� �þ T0

P

ð2Þ

where f and g are the summation indices, T0
P is the temperature at

the center of particle P, and the functions Pfg are Legendre
polynomials.

Considering the azimuthally symmetric case where T does not
depend on h, i.e. g ¼ 0, and the boundary condition at the center
of sphere leading to Bf ¼ 0, Eq. (2) is simplified as:

T r;/ð Þ ¼
X1
f¼0

Af rf Pf cos /ð Þð Þ þ T0
P ð3Þ

where, the coefficients Af should be determined based on the
boundary condition on @X which finally yields:

Nomenclature

aT thermal diffusivity [m
2

s ]
�m reduced mass [kg]
QjP flux on contact j of particle P [W]
ai angular acceleration [1s2]

ai linear acceleration [ms2]
en unit vector in n direction
et unit vector in t direction
g gravity acceleration [ms2]
vr relative velocity [ms ]
vs relative slip velocity [ms ]
dm mean overlap [m]
dn normal overlap [m]
dt tangential displacement m
gn damping coefficient in n direction [N:sm ]

gt damping coefficient in t direction [N:sm ]

jP heat conductivity of particle P [ W
m:K]

jeff effective thermal conductivity of bed [ W
m:K]

l friction coefficient
/ angle [rad]
q particle density [kg=m3]

r Poisson’s ratio
h angle [rad]
cP specific heat capacity [ J

kg:K]
d particle diameter [m]
E Young’s modulus [Pa]
G shear modulus [Pa]
Ii moment of inertia kg:m2

Kn spring stiffness in n direction [Nm]

Kt spring stiffness in t direction [Nm]
L length of bed [m]
mi particle mass [kg]
Pf Legendre polynomials
Pfg associated Legendre polynomials
q heat flux [Wm2]

Rc packed bed radius [m]
RP particle radius [m]
Si surface area of contact i [m2]
T temperature [K]
T0
P temperature at the center of particle P [K]

Ti
P temperature at contact i of particle P [K]
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Af ¼ 2f þ 1

2fRf�1
P j

Z p

0
q wð ÞPf cos wð Þð Þsin wð Þdw ð4Þ

By substituting Eq. (4) into (3), we obtain:

T r;/ð Þ ¼ RP

jP

Z p

0
q wð Þsin wð Þ

X1
m¼1

2mþ 1
2m

r
RP

� �m

Pm coswð ÞPm cos/ð Þ dwþ T0
P

ð5Þ

The mean temperature Ti
P on the i-th contact, and the flux QjP

on any contact j can be calculated as:

Ti
P ¼ 1

Si

Z
Si

Ti
P h;/ð ÞdS ¼ 2pR2

P

Si

Z /i

0
Ti
P /ð Þsin /ð Þd/ ð6Þ

QjP ¼ 2pR2
P

Z /j2

/j1

qjP /ð Þsin/d/ ð7Þ

where Si is the surface area of contact i, and /j1 and /j2 are the
angles characterizing the influential region of contact j in the direc-

tion /. In Eq. (6), Ti
P /ð Þ is the temperature distribution over the con-

tact surface i of particle P obtained from Eq. (5) after substituting
r ¼ RP and breaking the integral to the summation over influential
regions of all the contacts (covering the entire surface of particle),
which yields:

Ti
P /ð Þ ¼ RP

jP

Xk

j¼1

Z /j2

/j1

qjP wð Þsin wð Þ
X1
m¼1

2mþ 1
2m

Pm coswð ÞPm cos/ð Þ dhdwþ T0
P

ð8Þ
As a result, the mean temperature on contact i can be estimated

by combining Eqs. (8) and (6):

Ti
P ¼ 2pR2

P

Si

RP

jP

Xk

j¼1

Z /i

0

Z /j2

/j1

qjP wð Þsin wð Þsin /ð Þ

�
X1
m¼1

2mþ 1
2m

Pm coswð ÞPm cos /ð Þð Þ dwd/þ T0
P ð9Þ

By assuming a constant flux for each contact qjP wð Þ ¼ �qjP , Eq. (7)
will be:

QjP ¼ Sj�qjP ¼ 2pR2
P
�qjP cos /j1

� �� cos /j2

� �� � ð10Þ

and using the identity of cos 2xð Þ ¼ 1� 2sin2 xð Þ we have:

QjP ¼ 4pR2
P
�qjP sin2 /j2

2

� �
� sin2 /j1

2

� �� �

¼ 4pR2
P
�qjP sin

/j2

2

� �
� sin

/j1

2

� �� �
sin

/j2

2

� �
þ sin

/j1

2

� �� �
ð11Þ

then, by considering /j2 ¼ /j1 þ D/j and using the identity

of sin /j2
2

� �
¼ sin /j1

2 þ D/j

2

� �
¼ sin /j1

2

� �
cos D/j

2

� �
þ sin D/j

2

� �
cos /j1

2

� �
u

sin /j1
2

� �
þ D/j

2 cos /j1
2

� �
, Eq. (11) simplifies to:

QjP ¼ 2pR2
P
�qjPD/jcos

/j1

2

� �
sin

/j2

2

� �
þ sin

/j1

2

� �� �
ð12Þ

Substituting �qjP from Eq. (12) into Eq. (9) yields:

Ti
P ¼

Xk

j¼1

RPQjP

jPSiD/jcos
/j1
2

� �
sin /j1

2

� �
þ sin /j2

2

� �� �
2
4

�
Z /i

0

Z /j2

/j1

sin wð Þsin /ð Þ
X1
m¼1

2mþ 1
2m

Pm coswð ÞPm cos/ð Þ dwd/

#
þ T0

P

ð13Þ
Christoffel-Darboux identity [21] guarantees thatP1

m¼1 2mþ 1ð ÞPm coswð ÞPm cos/ð Þ converges to �1, hence,P1
m¼1

2mþ1
2m Pm coswð ÞPm cos/ð Þ will converge to a negative constant

k, which is computationally obtained as �0:6846. Consequently,
Eq. (13) can be simplified as:

Ti
P ¼

Xk

j¼1

RPQjPk

jPSiD/jcos
/j1
2

� �
sin /j1

2

� �
þ sin /j2

2

� �� �
�
Z /j2

/j1

sin wð Þ
Z /i

0
sin /ð Þd/dwþ T0

P ð14Þ

Fig. 1. Schematic of (a) contacting particles in spherical coordinate system (b) the pipe model connecting contact areas to the center of particles.
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Eventually, by using Si ¼ pR2
Psin

2 /ið ÞupR2
P/

2
i and

R /i
0 sin /ð Þd/ ¼

1� cos /ið Þ ¼ 2sin2 /i
2

� �
u

/2
i
2 , we can reduce Eq. (14) to:

Ti
P ¼

Xk

j¼1

QjPk

2jPpRPD/jcos
/j1
2

� �
sin /j1

2

� �
þ sin /j2

2

� �� � Z /j2

/j1

sin wð Þdwþ T0
P

ð15Þ

2.2. Two particle pipe model

For a central particle making several contacts with its neigh-
bouring particles, we note that Eq. (15) determines the tempera-
ture of any contact area i based on all the contacts of the central
particle. The main idea behind the two-particle pipe thermal
model is to take into account the accumulative effects from the
contacting particles on the temperature of contact i. In other
words, the heat is exchanged between contact areas and the center
of particle P, where all the fluxes contribute in building up any of
heat fluxes exchanged between the contact area i and the central
particle P as shown in Fig. 1b. In the pipe model, a pipe is attached
to each contact through which a heat flux is transferred between
the neighbouring particle and the central particle. In addition,

the share of any contact j on Ti
P depends on the contact position

represented by

R /j2
/j1

sin wð Þdw

cos
/j1
2

� �
sin

/j1
2

� �
þsin

/j2
2

� �� �in Eq. (15) assuming that QjP

and D/j are in the same order for all contacts. Thus, effective values
of these two quantities can be introduced for the contact i and
taken out of the summation. This simplifies Eq. (15) to the follow-
ing equation:

Ti
P ¼ QLPk

2jPpRPD/i

Xk

j¼1

R /j2
/j1

sin wð Þdw
cos /j1

2

� �
sin /j1

2

� �
þ sin /j2

2

� �� �þ T0
P ð16Þ

in which the value of
Pk

j¼1

R /j2
/j1

sin wð Þdw

cos
/j1
2

� �
sin

/j1
2

� �
þsin

/j2
2

� �� �is computationally

calculated to be p. Note that /j1 and /j2 correspond to the contact j.
Eventually, Eq. (16) reaches to a final form after substituting the

summation by p, which results in:

Ti
P ¼ QLPk

2jPRPD/i
þ T0

P ð17Þ

As a result, one can consider a pipe with the heat flow QLP and
thermal resistance of ReP ¼ �k

2jPRPD/i
in the particle P side connecting

the centers of two particles. According to this definition of the ther-
mal resistance ReP , it is inversely proportional to the deformation
angle characterized by D/i. Equivalently, the effective conductivity
between particles increases proportional to the deformation angle.

Consider two particles P and L assuming T0
P > T0

L and write the
conservation equation for thermal energy. The direction of energy
flux is from particle P toward particle L across the contact areas i
and m of particles P and L, respectively. Thus the temperature at

the i-th contact of particle P; Ti
P , due to the heat flux from particle

L can be determined from Eq. (17) as,

Ti
P ¼ �RePQPL þ T0

P ð18Þ
On the other hand, the temperature at the m-th contact of par-

ticle L; Tm
L , due to the flux from particle P is calculated as,

Tm
L ¼ ReLQPL þ T0

L ð19Þ

where ReP ¼ �k
2jPRPD/i

and ReL ¼ �k
2jLRLD/m

. Obviously, we have Ti
P ¼ Tm

L

and D/i ¼ D/m. By subtracting Eq. (19) from Eq. (18), we reach to
the following equation for heat flux:

kPL
1 �1
�1 1

� 	
T0
P

T0
L

" #
¼ QPL

�QPL

" #
ð20Þ

where kPL ¼ 1= ReP þ ReLð Þ.
Balancing the steady and transient terms in the heat conserva-

tion equation will yield the transient energy equation. Therefore,
the energy equation governing the transient heat conduction in
any individual particle p can be presented by,

CP
_T0
P tð Þ þ

XN
J¼1

QPJ ¼ 0 ð21Þ

where J stands for the neighbour particles having contact with par-

ticle P. In addition, using Eq. (20) we have QPJ ¼ kPJ T0
J � T0

P

� �
, and

CP ¼ 4
3pqR

3cP . This equation can be solved by marching in time.

3. Discrete element method

In the discrete element method (DEM), the trajectory of any
individual particle is calculated through successive time steps.
Starting from an initial non-overlapping configuration of particles
with certain initial velocity distribution, particle-particle and
wall-particle overlaps are created in time. The overlaps create nor-
mal forces as well as history-dependent frictional forces and tor-
ques in all contact areas. As a result of having forces and torques
at each time step, the translational and angular accelerations are
known, which in turn, the velocity and position of particles are
determined by proper integrations in time. It is worth mentioning
that the contact forces are represented by a spring-dashpot model
[22]. The Hertzian theory [13] relating the force and deformation of
particles is employed to calculate the normal and tangential force
components for a linear spring-dashpot model at contact points as
[23,8]:

Fn ¼ �Knd
3
2
n � gnvr :en

� �
en ð22Þ

Ft ¼ �Ktdt � gnvsð Þ ð23Þ
Here, Kn and Kt stand for spring normal and tangential stiffnesses,
gn and gt are for damping coefficients of dashpots in the normal
en and tangential et directions, respectively. In addition, the direc-
tion of Fn always relies on the unit vector en which is along the cen-
terline of two particles i and j. The normal overlapping dn vector is
simply calculated from the position of the centers of contacting par-
ticles and tangential displacement dt is obtained from dt ¼ Ft=Kt .
Moreover, the direction of frictional (tangential) force Ft is deter-
mined from the direction of relative slip velocity vs. The relative
velocities of vs and vr are as follows:

vr ¼ v i � v j ð24Þ

vs ¼ vr � vr :nð Þen þ 0:5 dixi þ djxj
� �� en ð25Þ

where d and x are the diameter and angular velocity of a particle,
respectively. It should be emphasized that Eq. (23) is only valid
for sliding condition. In static condition, the tangential component
of force should be calculated by Ft ¼ �ljFCnijjet in which l is the
friction coefficient.

It should be mentioned that the normal and tangential spring
stiffnesses Kn;Kt are obtained using the Hertzian contact theory
for contacting spheres as follows:
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Kn ¼ 4
ffiffiffiffiffiffiffiffi
RiRj

p
3

1�r2
i

Ei
þ 1�r2

j

Ej

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri þ Rj

p ð26Þ

Kt ¼
8

ffiffiffiffiffiffiffiffi
RiRj

p
3

1�r2
i

Gi
þ 1�r2

j

Gj

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri þ Rj

p d
1
2
n ð27Þ

Here, r; E, and G ¼ E 1þ rð Þ=2 are Poisson’s ratio, Young’s mod-
ulus, and shear modulus, respectively. It is worth mentioning that
the contact of particles and wall can be resolved using the same
normal stiffness expression in which the radius of wall tends to
infinity. On the other hand, the normal and tangential dashpot
coefficients may be taken equal as:

gn ¼ gt ¼ a �mKnð Þ12d1
4
n ð28Þ

where �m ¼ 1
mi
þ 1

mj

� ��1
is the reduced mass. a is a function of resti-

tution coefficient e as:

a ¼ � ffiffiffi
5

p
ln eð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ ln2 eð Þ
q ð29Þ

The net force and torque on a particle is the summation on all
contacts as follows:

Fi ¼
X
j

Fnij þ Ftij
� � ð30Þ

Ti ¼ 1
2

X
j

dien � Ftij
� � ð31Þ

Consequently, the linear and angular accelerations can be calcu-
lated as:

ai ¼ Fi

mi
þ g ð32Þ

ai ¼ Ti

Ii
ð33Þ

where g is gravitational acceleration and Ii is the moment of inertia
of particle i.

4. Results and discussion

In this section, a comparison is performed between the current
model and other models in literature including the FEM. Then the
packed beds under investigation are described and in continuation,
the code is validated by comparing the results of simulations with
analytical solution. Finally, the impact of compressive pressure on
thermal conductivity is presented in different packed beds under
various compressive pressures.

4.1. Present model versus existing ones

Considering two colliding particles, Batchelor and O’Brien [24],
Carslow [25] and Yovanovich [26] have independently presented
the following analytical formula for thermal conductivity assuming
the same physical properties for both particles as:

kBOB ¼ 2jP
3Fn 1� r2

� �
RP

4E

� �1
3

ð34Þ

where Fn is the magnitude of normal contact force. In addition,
Argento and Bouvard [27] have argued that Batchelor and O’Brien
(BOB) formula is confined to small deformations. They tried to mod-
ify the BOB relation by introducing a fitting parameter calculated
based on FEM simulations. Their proposed formula is:

kAB ¼ p
2b

jP
3Fn 1� r2

� �
RP

4E

� �1
3

ð35Þ

in which the fitting parameter b is reported as 0:899. Later, Ott
[28,29] used the same analogy by performing other FEM simula-
tions and reported 0:952 as the value of parameter b. It is worth
mentioning that according to Refs. [30–32], the basis of these mod-
els relies on uniform temperature distribution assumption inside
particles which needs somemodifications. They considered the con-
ductivity of surrounding fluid as a reason to make the temperature
distribution inside particles as non-uniform. Then they modified the
thermal resistance by adding an additional term for a non-uniform
temperature distribution. This additional term is only characterized
by the surrounding fluid properties. Moreover, another source for
non-uniform temperature distribution inside an individual particle
is different contacts through which various heat fluxes coming in or
going out of particle.

On the other hand, by using the definition of thermal resistance,
we can derive a new thermal conductance formula as:

kNew ¼ �2jP

k
1

1
RPD/i

þ 1
RLD/m

ð36Þ

By considering the same radius for particles, RPD/i ¼ RLD/m. Then
Eq. (36) will be reduced to:

kNew ¼ �jP

k
RPD/i ð37Þ

The value of RPD/i can be calculated using Euclid’s formula

which is: RPD/i½ �2 ¼ R2
P � RP � dn

2

� �2� �
¼ RPdn. The normal deforma-

tion dn will be obtained by assuming two particles at rest and using

Eq. (22) as dn ¼ Fn
Kn

� �2
3
. As a result, we can conclude that:

RPD/i ¼
ffiffiffiffiffi
RP

p Fn

Kn

� �1
3

ð38Þ

On the other hand, Eq. (26) will be simplified to the following equa-
tion by considering the same physical properties for both contacting
particles:

Kn ¼ 4E
6 1� r2ð Þ

ffiffiffiffiffi
RP

2

r
ð39Þ

By substituting Eq. (39) into (38) and Eq. (38) into (37), the thermal
conductivity will be obtained as:

kNew ¼ 2:066jP
3Fn 1� r2

� �
RP

4E

� �1
3

ð40Þ

The thermal conductivity obtained in Eq. (40) is similar to the
BOB equation presented in Eq. (34). The thermal conductivity of
a contacting pair of particles, with the physical properties tabu-
lated in Table 1, are plotted versus the imposed load in Fig. 2b.
As this figure illustrates, the new equation is pretty close to the
BOB model (� 3 percent difference). However, the difference with

Table 1
Simulation parameters.

Particle density q 2500 kg
m3

Particle radius RP 0:002 m
Radius of packed bed Rc 0:0305 m

Poissons ratio of particle r 0:2
Restitution coefficient e 0:865

Modulus of longitudinal elasticity E 5� 1010 Pa
Friction coefficient l 0:3
Gravity acceleration g 9:81 m

s2

Thermal conductivity j 205 W
m:K

Specific heat cP 900 J
kg:K
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other equations could be due to the fact that the effects of all con-
tacts are accumulated in the new model. As a result, a higher heat
flux makes a higher thermal conductance.

By introducing f ¼ 3Fn 1�r2ð ÞRP
4E

� �1
3

and two dimensionless param-

eters of RP
f and n ¼ jPRP

2jPL
, the new model is compared with other

models, including FEM simulations of [29], in Fig. 2b. This figure
depicts the new model is fairly close to the BOB model as well as
FEM simulations.

4.2. Case study

The studied case is a cylindrical packed bed built using the DEM
code in which a non-overlapping dilute particle configuration set-
tles down under gravitational force to create a dense packed bed.
The radius of packed bed is Rc ¼ 30:5 mm which contains 7500
particles with the physical properties of aluminium listed in
Table 1. It is worth mentioning that the performance of the model
should not be dependent of physical properties including the range
of thermal conductivity.

To construct the packed bed, the position of non-overlapping
particles are generated randomly inside the cylindrical chamber.
Then they fall down under gravity and eventually stack a dense
pack. After completion of particles settlement, the system is com-
pressed bymoving the upper plate downward with the rate of 4 mm

s

for a certain time to deliver a desired compressive force. The gran-
ular packed bed is illustrated in Fig. 3. This figure demonstrates
two packed beds under the compressive forces of 4770 N (left)
and 1:184� 105 N (right). The corresponding pressures are 16 bar
and 405 bar, respectively. The particles configuration under the
achieved compressive force is taken to perform the calculations
of the conduction problem, which will be presented in Section 4.4.
The height of the bed is decreased by 12:1 mm (3:025 d) and
2:9 mm (0:725 d) due to the compressive forces of 1:184� 105 N
and 4770 N, respectively. It can be directly observed from the
two stacks that compression leads to highly ordered packing. The
detailed analysis of packing structures with their connection to
the compression and heat conduction will be studied in future
works.

The force exerted on the upper plate during the compression is
plotted versus time in Fig. 4. In fact, this force is obtained while the
upper plate moves downward with a uniform rate of 4 mm

s . Before
looking into the dependence of the ETC on the compressive

Fig. 2. Comparison of various models for (a) thermal conductivity versus normal compressive force (b) dimensionless parameter n versus dimensionless parameter RP
f .

Fig. 3. Packed beds used in simulations; (left) the compressive force of 4770 N
(pressure of 16 bar) exerted on the bed and (right) the compressive force of
1:184� 105 N (pressure of 405 bar). Colors of particles represent their temperatures
at t ¼ 0:5 s.

Fig. 4. Variation of the force exerted on the upper plate versus time during
compression.
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pressure, one may have an insight into the possible role of struc-
tural characteristics. For this purpose, we find the azimuthal angle
of contacts, shown by /c , which is measured for each contact of the
central particle in the coordinate system attached to the particle as
shown in Fig. 1a. Fig. 5 demonstrates the probability distribution
function (PDF) of /c in the two packs compressed with 16 and
405 bars. Interestingly, the fingerprint of high compression can
be observed as a peak appearing at /c � p=3 for the high pressure
of 405 bar. Moreover, the PDF at high pressure relatively drops in
p=6 < /c < p=3. The decrease of contacts in this range of /c can
reduce the vertical heat flux (the direction of imposed temperature
gradient). This leads to the reduction of the effective conductivity
in vertical direction. Note that the decay of PDF within
p=2 > /c > 2p=5 for high pressure is not as important as that
within p=6 < /c < p=3. This is because the role of horizontally ori-
ented contacts is of less importance as they are perpendicular to
the temperature gradient carrying insignificant heat fluxes.

4.3. Comparison to analytical solution

The results of the TDEM code is performed are compared to the
analytical predictions presented in Appendix A. Two distinguished

thermal cases are considered, in both of which the temperature at
the bottom of bed is kept at 500 K. In the first case, the top wall and
initial temperatures of entire particles are set to 300 K and 400 K,
respectively. In the second case, the top wall and initial tempera-
tures of entire particles are set to 400 K and 300 K, respectively.
The temperatures of the top and bottom walls are kept fixed in
time for both cases.

Fig. 6a depicts the temperature profile along the bed for the first
case obtained from the analytical solution and the TDEM. For
TDEM, the mean temperature is calculated for any bin centered
at a cross section of given heights. Mean temperature of a bin is
calculated as the weighted average of particles temperatures
within the bin weighted by the partial volume of particles lying
in the bin. The results shown in Fig. 6a indicate that the TDEM
results matches closely to the analytical solution. Additionally,
the results corresponding to the second case are demonstrated in
Fig. 6b. These results also confirm that the TDEM data closely
match to those of the analytical solution in various times.

It should be noted that in the analytical solution presented in
Appendix A, the ETC of the bed is present in the formulas. The
ETC can be assumed proportional to the particle conductivity as
jeff ¼ cjP , in which jP is the particle thermal conductivity and c
is the coefficient of proportionality [33–35]. This coefficient c can
be obtained by matching the TDEM and analytical results in any
packing under a certain compressive pressure, which is shown in
Fig. 7. This figure indicates that c depends on the compressive
pressure exponentially, which means it drops sharply with pres-
sure by an order of magnitude with little changes within a wide
range of pressure increase.

4.4. Effect of compressive pressure on thermal conduction

In this section, the compressive pressure on the packed bed is
varied and it is demonstrated how it affects on the thermal con-
duction features. First, the profiles of temperature are shown in
Fig. 8a-d at different times for 4 different pressures ranging from
0:28 bar to 405 bar. The boundary values of temperature are
500 K and 400 K for the bottom and top walls, respectively. The ini-
tial temperature of bed particles is 300 K. As Fig. 8 illustrates, the
compressive pressure delays the evolution of temperature profile
to the steady one. The temperature profile already develops to

Fig. 5. Probability distribution function (PDF) of azimuthal angular position of
contacts measured in coordinates attached to central particles.

Fig. 6. Temperature profile at different times for analytical (dash line) and TDEM (solid line) results for (a) first case and (b) second case. (a) Temperature of the bottom and
top walls are 500 K and 300 K, respectively. Initial temperature of particles is 400 K. Different lines represent the times of t ¼ 0:2;0:5;1:0;2:0 s. (b) Temperature of the bottom
and top walls are 500 K and 400 K, respectively. Initial temperature of particles is 300 K. Different lines for the times of t ¼ 0:2;0:5;1:0;2:0;3:5;5:0;7:0 s. The arrows show the
direction of time increase in both parts.
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the steady one at t ¼ 2 s for the pressure of 0:28 bar, while it is still
under development for the greater pressures. It is evident that as
pressure rises, the delay in developing the temperature profile
increases. The thermal response of the system becomes fairly sim-
ilar for the compressive pressures of 155 bar and 405 bar.

In order to clarify the time evolution of temperature under var-
ious compressive pressures, the variation of temperature at the
middle of the bed is demonstrated with time in Fig. 9 for the com-
pressive pressures mentioned above. An immediate observation
from this figure is that the local temperature reaches to the steady

Fig. 8. Temperature profiles in the packed beds under different compressive pressures at (a) 0:2 s (b) 0:5 s (c) 1 s (d) 2 s.

Fig. 7. Variation of c vs. compression pressure. The fitted function for c is obtained
as c ¼ 0:01039p�0:2919 þ 5:353� 10�4.

Fig. 9. Time evolution of temperature at the middle of packed bed under different
compressive pressures.
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state value much earlier in the lowest pressure than those in the
higher pressures. Therefore, one may define a conduction charac-
teristic time as,

s ¼
R1
0 Tsteady � T
� �

dt
Tsteady � Tinit

ð41Þ

Here, Tsteady is the steady state temperature, Tinit is the initial
temperature and T tð Þ is the temperature of the section as a func-
tion of time. The variation of the characteristic time in the packs
under different compressive pressures are shown versus the com-
pressive pressure in Fig. 10. This figure reveals that the character-
istic time increases with compressive pressure in a power of
pressure as about 0.1, that is, it increases rapidly in lower pressures
below 80 bar and it grows in a slower rate beyond this pressure.

5. Conclusion

In this paper, a novel thermal discrete element method (TDEM)
is introduced to resolve heat conduction in the packs of spherical
particles, though it can be also extended to any arbitrary shape
of particles. This model can be implemented in both static and
dynamic packs with transient heat conduction. Simulations were
performed on various dense packs generated using an in-house
code of DEM. The dense packs were obtained by releasing non-
overlapping particles to settle at the bottom of a cylindrical con-
tainer due to the gravity. After the gravity driven settlement, the
upper plate was pushed down with a small constant velocity to
exert a desired compressive pressure on the bed. The compressed
bed was then fed to the TDEM code to perform conduction simula-
tions. First, the code was validated by the analytical solution in
which the ratio of medium conductivity to the particle conductiv-
ity was obtained by matching up the TDEM solution with the ana-
lytical solution. Then the simulation code was utilized to
determine how the compressive pressure affects the conduction
by showing the evolution of temperature profiles in time under
various pressures. Also, the conduction characteristic time was cal-
culated based on the local variation of temperature under different
compressive pressures. These results revealed that the effective
conductivity of the packed bed is proportional to the particle ther-
mal conductivity and the coefficient of proportionality depends on
the compressive pressure exponentially. Moreover, it was shown
that increasing the compressive pressure slows down the heat con-
duction, which can be connected to the role of pressure in decreas-
ing the effective conductivity. In this regard, it was demonstrated
that the conduction characteristic time is described by a power

function of the pressure. The decay of effective conductivity with
pressure may be associated with the changes in contacts and the
mean direction of the centerlines at contact points. This will be
investigated in future studies in details.
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Appendix A. Analytical solution of energy equation

Here, the energy equation of (A1) is analytically solved for gran-
ular packed beds. By averaging the solid volume fraction (SVF) over
each cross section, the 3D problem is simplified to 1D problem
with the equation as:

@T
@t

¼ aT
@2T
@x2

in X ðA1Þ

which is subject to the initial and boundary conditions of:

T 0; tð Þ ¼ T0

T L; tð Þ ¼ TL

T x;0ð Þ ¼ Tinit

ðA2Þ

Here, aT ¼ jeff

qCp
is the thermal diffusivity and jeff is the effective ther-

mal conductivity of bed. Introducing T x; tð Þ ¼ v xð Þ þw x; tð Þ, the
problem can be simplified as:

@w
@t

¼ aT
@2w
@x2

in X ðA3Þ

with the initial and boundary conditions of:

w 0; tð Þ ¼ T0 � v 0ð Þ
w L; tð Þ ¼ TL � v Lð Þ
w x;0ð Þ ¼ Tinit � v xð Þ

ðA4Þ

As a result, v xð Þ should be such that the boundary conditions are
homogeneous, i.e., v xð Þ ¼ T0 þ x

L TL � T0ð Þ. Therefore, the final solu-
tion for T x; tð Þ is obtained as:

T x; tð Þ ¼ T0 þ x
L

TL � T0ð Þ þ
X1
m¼1

Cmexp �m2p2aTt

L2

� �
sin

mpx
L

� �
ðA5Þ

where

Cm ¼ 2
mp

Tin 1� �1ð Þm� �þ 2
mp

�1ð ÞmTL � T0
� � ðA6Þ
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