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Many processes in engineering are based on gas-solid flows. The momentum exchange 

between the gas and the solid phases is described by drag models, which play an essential 

role in modelling of gas-solid flows. Many drag models can be found in literature, however, 

there is no consensus among the researches on which model gives the most accurate 

prediction to the drag force.  

 

In this Master’s thesis, direct numerical simulations of gas flow past random configurations 

of static monodisperse particles are performed. Five different arrangements of particles are 

generated for each of 48 combinations of the particle diameter, the solid volume fraction and 

the superficial velocity of the gas phase. Then the flow is simulated in Ansys FLUENT for 

each case, and the drag force exerted on particles is calculated, as well as the interphase 

momentum exchange coefficient and the normalized drag force.  

 

The results of the simulations showed that there is a significant deviation between the values 

of the drag force obtained for the same set of parameters but different arrangements of 

particles, which is explained by the channelling effect. The comparison of 13 drag models 

with the simulation data showed that the Huilin-Gidaspow model and the Beetstra et al. 

model have an average deviation of 14.9% and 19.5%, respectively. This deviation is smaller 

than that of other drag models but still large enough to conclude that further research is 

required in this field to derive a new, more accurate correlation.  
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v’  velocity fluctuation     [m/s] 
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vp  velocity of a particle     [m/s] 

w  factor in the Hill-Koch-Ladd model   [-] 

x, y  coordinates      [m] 
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Greek alphabet 

α  angle between components of pressure force  [°] 

α(εg), α(εs) factors in drag models     [-] 

β  interphase momentum exchange coefficient  [kg/m3s] 

ε  volume fraction of a phase    [-] 

μ  dynamic viscosity     [Pa×s] 
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τ  wall shear stress     [Pa] 

𝜏̅  stress tensor      [Pa] 

χ  exponent in the voidage function   [-] 

ψ  switching function in the Huilin-Gidaspow model [-] 

 

Dimensionless numbers 

Kn  Knudsen number 

Re  Reynolds number 

Rep  particle Reynolds number 

ReT  Reynolds number in the Tang et al. model for dynamic systems 

ReI, ReII critical Reynolds numbers in the Hill-Koch-Ladd model 

 

Subscripts 

0  centre of a particle 

dynamic dynamic system 

Ergun  the Ergun model 

g  gas phase 

i  cell index or a number of an item in summation 

model  one of the drag models 

results  results of simulations 

s  solid phase 

static  static system 

Stokes  Stokes flow 

t  total 

Wen-Yu the Wen-Yu model 
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x, y  x-component or y-component of a vector 

 

Abbreviations 

CFD  Computational fluid dynamics 

DNS  Direct numerical simulations 

IBM  Immersed boundary method 

LBM  Lattice Boltzmann method 

RMSD  Root-mean-square deviation 
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1 INTRODUCTION 

 

Multiphase flows refer to simultaneous flows with two or more thermodynamic phases: gas-

liquid flows (e.g. air flow with water droplets, cavitation in a liquid flow at a pump outlet), 

liquid-solid flows (sediment transport in rivers, hydraulic transport of coal in slurry 

pipelines), gas-solid flows (volcanic eruption columns, cyclone separators), as well as three-

phase flows (tornadoes, fluid flows in oil and gas wells). All types of multiphase flows occur 

in various natural phenomena which have broad industrial applications too. (Crowe et al., 

2012) 

 

Fluidization, another important industrial application of gas-solid flows, is widely used in 

chemical engineering (multiphase reactions in fluidized bed reactors), metallurgy (fluidized 

bed reduction of iron ore, fluidized bed roasting), environmental and energy technology 

(combustion of fuel and waste in fluidized bed boilers). In fluidized beds, fine solid particles 

are in a fluidized state due to the gas flow supplied from below at such a rate that the drag 

force on the particles overcomes the gravity. In such conditions, the moving particles can 

work as a mixer increasing the efficiency of various chemical and physical processes (Van 

der Hoef et al., 2006).  

 

Modelling of fluidization using computational fluid dynamics (CFD) in addition to the 

traditional empirical approaches is essential in the design, optimization and safe operation 

of fluidized beds (Tang et al., 2015).  

 

1.1 Literature review 

It is shown in the following chapter that the interphase momentum exchange plays an 

essential role in CFD modelling of multiphase flows. There are several gas-solid drag 

models, which are used to describe the momentum transfer between phases, available in 

literature. The oldest of these models are derived from the equations developed in the middle 

of the last century (Ergun, 1952; Richardson and Zaki, 1954; Wen and Yu, 1966). The Ergun 

model, the Wen-Yu model and the Gidaspow model (Gidaspow, 1986), which is the 

combination of the previous two, remain the most widely used in the scientific community, 

even though there are many newer correlations. Some of them (Arastoopour et al., 1990; Di 
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Felice, 1994; Gibilaro et al., 1985; Syamlal and O’Brien, 1987) are based on experimental 

data, others were obtained from direct numerical simulations (DNS), which have become 

possible with the development of computing power. Initially, DNS models were built using 

Lattice Boltzmann Method (LBM). Based on the code developed by Ladd (1994a, 1994b), 

the drag force was studied by Hill et al. (2001a, 2001b) and Beetstra et al. (2007). Bogner et 

al. (2015) modified the LBM code to obtain their correlation. Tenneti et al. (2011), Zaidi et 

al. (2014) and Tang et al. (2015) used Immersed Boundary Method (IBM) which is another 

approach for performing DNS.  

 

There were plenty of researchers who tried to simulate the fluidization using different drag 

models and compare the obtained properties of the fluidized bed with experimental data. 

According to Van Wachem et al (2001), the Syamlal-O’Brien model tends to underpredict 

the bubbling fluidized bed expansion, but the modelling results correspond well to the 

correlations for predicting the bubble size and bubble rise velocity. In case of modelling of 

a single jet entering a fluidized bed, it underpredicts the bubble size and gives more circular 

bubble shape in comparison with experiments. The Wen-Yu model is in a better agreement 

with the experimental data. Du et al. (2006) used several models to simulate a spouted bed. 

They reported that the Gidaspow model fits the experimental data well, and the Syamlal-

O’Brien and the Arastoopour et al. models also allow to predict the flow pattern, including 

the gas and solid phase velocity profiles. Mahinpey et al. (2007) suggested a method to adjust 

the Di Felice model for a specific system under study using the minimum fluidization 

velocity that must be obtained experimentally. It is shown that the adjusted model predicts 

the hydrodynamic parameters of bubbling fluidized bed better than other experimentally or 

numerically obtained drag models both in 2D (Vejahati et al., 2009) and 3D (Esmaili and 

Mahinpey, 2011) simulations. Pei et al. (2012) investigated the effect of different drag 

models, including the Gidaspow, the Syamlal-O’Brien, the Gibilaro et al., the Arastoopour 

et al., and the Di Felice models, on the simulation of jetting fluidized beds. Their results 

showed that none of these models was capable of predicting accurately the jetting behavior. 

Shuai et al. (2013) showed the effect of clusters of solid particles is important in modelling 

of circulating fluidized beds, and that cluster structure-dependent interphase exchange 

coefficients give better results in comparison to the Gidaspow model. Gujjula and 

Mangadoddy (2015) simulated internally circulating fluidized bed reactor using four 
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different drag models. Their results showed that the Arastoopour et al. and the Gibilaro et 

al. models correspond to the experimental data better than the Gidaspow and the Syamlal-

O’Brien models. Jalali et al. (2018) used the Gidaspow model in simulations of a lab-scale 

circulating fluidized bed apparatus, and the results satisfactorily matched the experimental 

data. Stanly and Shoev (2018) compared the recent drag models, which were obtained using 

DNS, with the Gidaspow model and showed that the Gidaspow model and the Tenneti et al. 

model give better results in modelling of fluidized beds than others, including the Beetstra 

et al. and the Tang et al. models. A comparative analysis of DNS-based drag models by 

Rashid et al. (2020) showed that the Hill-Koch-Ladd and the Tang et al. models had a better 

correspondence to the experimental data in modelling of bubbling fluidized beds. Upadhyay 

et al. (2020) assessed six experimentally based drag models used in simulations of the flow 

in the circulating fluidized bed riser. Their results showed that the Gidaspow and the 

Syamlal-O’Brien models predict the gas-solid flow pattern accurately for the upper part of 

the riser, but for the lower part, the Gibilaro et al. model gives predictions closer to the 

experimental data. 

 

1.2 Aim, objectives and content of the thesis 

From the literature review, it is clear that currently there is no consensus among the 

researchers about the most accurate gas-solid drag model.  

 

The aim of the thesis is to investigate the drag forces in gas-solid flows using direct 

numerical simulations and assess the applicability of the existing drag models. Further 

broader research can then be proposed for obtaining the most accurate models for drag 

forces. 

 

The first objective of the thesis is to analyse the approaches that are used for modelling of 

gas-solid flows and, in particular, look at the most well-known drag models. Then, the model 

must be developed to perform the DNS, according to the simulation plan. Finally, the results 

of simulations must be analysed and compared with the considered drag models in order to 

draw a conclusion on the applicability of the models.  

 



11 

 

The content of the following chapters corresponds to the main objectives of the thesis. In 

Chapter 2, the approaches for modelling of gas-solid flow at different scales are considered, 

and several drag models, including both experimental based and DNS-based models, are 

presented. Chapter 3 focuses on the methods, which are used in this study. The process of 

creating the random arrangements of particles, mesh generation, running the simulations in 

FLUENT and post-processing the results is described. In Chapter 4, the analysis of the 

simulation results is performed, as well as the comparison of the simulation data to the results 

obtained by 13 drag models. The conclusions are finally made in Chapter 5.  
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2 THEORY AND FORMULATION 

2.1 Modelling of gas-solid flows 

2.1.1 Eulerian and Lagrangian description of a phase 

There are two main approaches for modelling the gas-solid multiphase flows. In the 

Lagrangian description of the phase, the trajectory of each particle is calculated using 

equations of motion. The Eulerian approach is based on the continuum description of the 

phases. (Ansys Inc, 2013; Van der Hoef et al., 2006). 

 

In order to choose the approach for the description of the gas phase, local Knudsen number 

Kn is calculated as a ratio between the mean free path of the molecules λ and the 

characteristic length scale of the flow L: 

 Kn =
𝜆

𝐿
 (1) 

If Kn > 0.1, the gas phase cannot be considered as a continuum and Kinetic theory of 

molecular gases and molecular dynamics methods are applied. For industrial applications, 

the modelling of large-scale systems (Kn < 0.01) is done in most cases and the Eulerian 

approach is used. (Van der Hoef et al., 2006). 

 

Although granular flows differ from molecular gas flows considerably, it is possible to 

represent the solid phase as a continuum if various issues such as complex interaction 

between particles, size distribution and effect of gravity, can be overcome (Van der Hoef et 

al., 2006). In this case, both phases are taken continua and the approach for modelling the 

gas-solid flow is referred to as Eulerian-Eulerian approach. If the solid phase is represented 

by discrete particles, the model is called Eulerian-Lagrangian (Ansys Inc, 2013; Patel et al., 

2017). In modelling of large-scale multiphase systems, the Lagrangian approach is not used 

for gas phase, because of limitations in computing capacities  (Van der Hoef et al., 2006). 

 

There are two categories of continuum models for two-phase flows, namely the diffusion 

(mixture) model and the two-fluid model. For a diffusion model, Navier-Stokes equations 

are written once for the entire mixture, then an additional diffusion equation is written to 

calculate the concentration field of a solid phase. For a two-fluid model, the continuity, 
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momentum and energy equations are written for each phase. The Eulerian-Eulerian approach 

usually refers to two-fluid models. (Ansys Inc, 2013; Enwald et al., 1996).  

 

The main issue in using Eulerian-Eulerian approach is the interphase coupling. Depending 

on the volume fraction of solid, three types of coupling can be applied. For dilute gas-solid 

systems, the effect of particles on the flow can be neglected, which is referred to as “one-

way coupling”. As the volume fraction of solid increases, the effect of the solid phase on the 

flow becomes significant and must be considered as “two-ways coupling”. For dense gas-

solid systems, the interaction between particles also must be taken into account, which means 

“four-ways coupling” (Van der Hoef et al., 2006). 

2.1.2 Governing equations 

In this work, the formulation of the Navier-Stokes equations given in Jalali et al (2018) is 

used. For the gas phase, 

 
𝜕

𝜕𝑡
(𝜀𝑔𝜌𝑔) + ∇ ∙ (𝜀𝑔𝜌𝑔𝒗𝑔) = 0 (2) 

 𝜕

𝜕𝑡
(𝜀𝑔𝜌𝑔𝒗𝑔) + ∇ ∙ (𝜀𝑔𝜌𝑔𝒗𝑔)𝒗𝑔 = −𝜀𝑔∇𝑝 + ∇ ∙ 𝜏�̅� + 𝜀𝑔𝜌𝑔𝒈 − 𝒇𝑔𝑠 

(3) 

and for the solid phase, 

 
𝜕

𝜕𝑡
(𝜀𝑠𝜌𝑠) + ∇ ∙ (𝜀𝑠𝜌𝑠𝒗𝑠) = 0 (4) 

 𝜕

𝜕𝑡
(𝜀𝑠𝜌𝑠𝒗𝑠) + ∇ ∙ (𝜀𝑠𝜌𝑠𝒗𝑠)𝒗𝑠 = −𝜀𝑠∇𝑝 + ∇ ∙ 𝜏�̅� + 𝜀𝑠𝜌𝑠𝒈+ 𝒇𝑔𝑠 

(5) 

where  εg, εs are the volume fractions of gas and solid phases, 

ρg, ρs are the densities of gas and solid phases, 

vg, vs are the velocities of gas and solid phases, 

p is the pressure, 

𝜏̅ is the stress tensor, 

g is the gravitational acceleration, 

fgs is the drag force per unit volume.  
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This formulation does not consider mass transfer between phases, the effect of any other 

forces except for gas-solid drag, and does not include energy equation, because none of them 

lies in the scope of the current study.  

 

According to various researchers (Du et al., 2006; Jalali et al., 2018; Van Wachem et al., 

2001; Zhang and Reese, 2003), the drag force is the dominant interactive force between gas 

and solid phases. The drag force per unit volume fgs is a linking term between two momentum 

equations (3) and (5). Different signs for the drag force term mean that the gas phase 

exchanges some of its momentum with solid particles to drag them, thus increasing their 

momentum.  

 

Obtaining the formulas for the drag force is discussed in more details in the next subsection. 

The drag force is proportional to the slip velocity, which is the difference between the 

velocities of gas and solid phases: 

 𝒇𝑔𝑠 = 𝛽(𝒗𝑔 − 𝒗𝑠) (6) 

where β is the interphase momentum exchange coefficient. 

2.1.3 Multilevel modelling approach 

The presented two-fluid model (Eq. (2) – (6)) is, as mentioned above, applicable for the 

description of large scale simulations. However, in order to obtain required closure relations, 

smaller scale experiments and simulations are needed. Van der Hoef et al. (2006) suggest 

using the following multilevel modelling approach.  

 

Simulations that use discrete particle model at smaller scale can provide the required closures 

for solids pressure and viscosity, which are not needed for modelling at this scale. For these 

simulations, the solid phase is described as discrete spherical particles (Eulerian-Lagrangian 

approach) and one CFD-mesh cell contains hundreds of these particles. To calculate the 

motion of the particles, the drag forces still must be known (Van der Hoef et al., 2006).  

 

Drag force closure, which is required for both two-fluid and discrete particle models, can be 

obtained from simulations at an even smaller scale using direct numerical simulations. Such 

simulations are used to model the flow in systems of one CFD-mesh cell size, typically with 
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about five hundred particles. The interaction between the gas flow and the particles is 

described by setting the “no-slip” boundary conditions at the surface of each particle (Van 

der Hoef et al., 2006). 

 

Several different drag models are obtained experimentally and using DNS in order to 

calculate the momentum exchange coefficient at different flow conditions.  

 

2.2 Drag models 

A number of different drag models can be found in literature. According to Beetstra et al. 

(2007), these models can be divided into two classes: “Ergun type” (7) and “Wen and Yu 

type” (8), called after the authors of the most widely used correlations. Using normalized 

drag force F(εs, Re), these correlations can be presented as 

 𝐹(𝜀𝑠, Re) = 𝐹(𝜀𝑠, 0) + 𝛼(𝜀𝑠)Re (7) 

 𝐹(𝜀𝑠, Re) = 𝐹(0, Re)𝛼(𝜀𝑔) (8) 

 

The models of the “Ergun type” are derived using the expression for the drag force F(εs,0) 

on particles in the Stokes flow (with low Reynolds numbers) to which a linear term versus 

Re is added (Beetstra et al., 2007). The expression for the momentum exchange coefficient 

in such models can be given as  

 𝛽 =
𝜀𝑠𝜇𝑔

𝜀𝑔𝑑𝑠2
(𝐴𝜀𝑠 + 𝐵Re𝑝) (9) 

where  A and B are coefficients chosen to better fit the data obtained by experiments or DNS 

(Van der Hoef et al., 2006),  

 μg is the dynamic viscosity of the gas phase, 

ds is the diameter of solid particles.  

 

The models from the type of “Wen and Yu” are based on the expression for the drag force 

F(0,Re) on a single particle, which is modified to account for the presence of the surrounding 

particles using the experimental data (Beetstra et al., 2007). Single spherical particle in fluid 

flow experiences the drag force as 
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 𝑭1𝑝 =
𝜋

8
𝐶𝐷𝑑𝑠

2𝜌𝑔|𝒗𝑔 − 𝒗𝑠|(𝒗𝑔 − 𝒗𝑠) (10) 

where CD is the drag coefficient. 

 

If the flow contains many particles and the solid volume fraction increases, the volume 

average of the drag force over a small region represented by a single particle is expected to 

be as 

 𝒇𝑔𝑠 =
3

4
𝐶𝐷
𝜀𝑠𝜌𝑔

𝑑𝑠
|𝒗𝑔 − 𝒗𝑠|(𝒗𝑔 − 𝒗𝑠) = 𝛽(𝒗𝑔 − 𝒗𝑠) (11) 

 

However, solid volume fraction has a nonlinear effect on the drag force, so the expression 

for the gas-solid momentum exchange coefficient in “Wen and Yu” model is expressed as 

 𝛽 =
3

4
𝐶𝐷
𝜀𝑠𝜌𝑔

𝑑𝑠
|𝒗𝑔 − 𝒗𝑠|𝛼(𝜀𝑔) (12) 

where α(εg) is an expression, which in most cases takes a form of εg
-χ, called as the voidage 

function. The exponent χ is determined experimentally (Du et al., 2006; Zhang and Reese, 

2003).  

 

Most of the following models include Reynolds number, however, its formulation can differ 

slightly. In most cases, Reynolds number is defined either as 

 𝑅𝑒 =
𝜌𝑔𝑑𝑠|𝑣𝑔 − 𝑣𝑠|

𝜇𝑔
 (13) 

or as particle Reynolds number: 

 

𝑅𝑒𝑝 =
𝜀𝑔𝜌𝑔𝑑𝑠|𝑣𝑔 − 𝑣𝑠|

𝜇𝑔
 

(14) 

2.2.1 Models based on experimental data 

1) The Ergun model (1952) 

Based on the pressure loss experiments in flow through packed columns, Ergun (1952) 

presented the following coefficients in Eq. (9): A = 150, B = 1.75, so the correlation for the 

drag coefficient can be obtained as follows: 
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 𝛽 = 150
𝜀𝑠
2𝜇𝑔

𝜀𝑔𝑑𝑠2
+ 1.75

𝜀𝑠𝜌𝑔|𝑣𝑔 − 𝑣𝑠|

𝑑𝑠
 (15) 

 

2) The Wen-Yu model (1966) 

Wen and Yu (1966) extended the work by Richardson and Zaki (1954), who studied terminal 

velocities of particles in fluidized beds, and obtained one of the most popular drag models: 

 𝛽 =
3

4
𝐶𝐷
𝜀𝑔𝜀𝑠𝜌𝑔|𝑣𝑔 − 𝑣𝑠|

𝑑𝑠
𝜀𝑔
−2.65 (16) 

The drag coefficient CD from (Shiller and Naumann, 1935) is used in this model: 

 𝐶𝐷 = {

24

Re𝑝
(1 + 0.15Re𝑝

0.687),   Re𝑝 < 1000

0.44,                                    Re𝑝 > 1000

 (17) 

 

3) The Gidaspow model (1986) 

This model is a combination of two previous formulas. Gidaspow (1986) uses Wen-Yu 

model for dilute gas-solid flows (εs < 0.2) and Ergun model for flows with a higher 

concentration of solid phase: 

 𝛽 =

{
 
 

 
 3

4
𝐶𝐷
𝜀𝑔𝜀𝑠𝜌𝑔|𝑣𝑔 − 𝑣𝑠|

𝑑𝑠
𝜀𝑔
−2.65,           𝜀𝑠 < 0.2

150
𝜀𝑠
2𝜇𝑔

𝜀𝑔𝑑𝑠2
+ 1.75

𝜀𝑠𝜌𝑔|𝑣𝑔 − 𝑣𝑠|

𝑑𝑠
,   𝜀𝑠 > 0.2

 (18) 

 

There are two main issues with this model. The first is that there is a step change at the solid 

volume fraction of 0.2 which can cause problems with numerical convergence. The 

magnitude of this discontinuity increases with an increase in particle Reynolds number 

(Huilin and Gidaspow, 2003). The second is that there is no clear justification for switching 

from Wen-Yu to Ergun model exactly at 0.2 because the Wen-Yu model is based on a wider 

range of experimental data (Van Wachem et al., 2001). Despite these issues, the Gidaspow 

model remains the most widely used and cited model. Ansys Inc. (2013) recommends using 

this model for simulating dense fluidized beds.  
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The following two drag models are the modifications of the Gidaspow model. 

 

4) The Huilin-Gidaspow model (2003) 

In order to remove the discontinuity in the Gidapow model and avoid numerical errors, 

Huilin and Gidaspow (2003) introduced a switching function 

 𝜓 =
1

2
+
𝑎𝑟𝑐𝑡𝑎𝑛(262.5(𝜀𝑠 − 0.2))

𝜋
 (19) 

which becomes 0.5 at εs = 0.2 and changes from zero to one near this value of εs. The 

equation for the momentum exchange coefficient in this model becomes 

 𝛽 = 𝜓𝛽𝐸𝑟𝑔𝑢𝑛 + (1 − 𝜓)𝛽𝑊𝑒𝑛−𝑌𝑢 (20) 

 

5) The Zhang-Reese model (2003) 

Zhang and Reese (2003) tried to address the effect of random fluctuations of a particle. They 

decomposed the velocity of a particle as  

 𝒗𝑝 = 𝒗𝑠 + 𝒗𝑠
′  (21) 

where 𝒗𝑠
′  is the instantaneous fluctuational velocity of a particle.  

 

Instead of the slip velocity, they derived the mean magnitude of the slip velocity, which is 

defined as 

 𝑈𝑟 = ((𝑣𝑔 − 𝑣𝑠)
2
+
8𝑇𝑝

𝜋
)
1 2⁄

 (22) 

where Tp is the granular temperature, given as 

 𝑇𝑝 =
1

3
〈𝑣𝑠
′2〉 (23) 

 

The expressions for the momentum exchange coefficient were modified from the Gidaspow 

model (18) as follows: 



19 

 

 𝛽 =

{
 
 

 
 
3

4
𝐶𝐷
𝜀𝑠𝜌𝑔

𝑑𝑠
𝑈𝑟𝜀𝑔

−2.65,               𝜀𝑠 ≤ 0.2

150
𝜀𝑠
2𝜇𝑔

𝜀𝑔𝑑𝑠2
+ 1.75

𝜀𝑠𝜌𝑔

𝑑𝑠
𝑈𝑟 ,   𝜀𝑠 > 0.2

 (24) 

 

The following expression for the drag coefficient was used: 

 𝐶𝐷 = 0.28 +
6

√Re𝑝
+
21

Re𝑝
 (25) 

where the modified particle Reynolds number is 

 Re𝑝 =
𝜌𝑔𝑑𝑠𝑈𝑟

𝜇𝑔
 (26) 

 

6) The Syamlal-O’Brien model (1987) 

Syamlal and O’Brien (1989, 1987) used the value Vr, which is the ratio of the terminal 

settling velocity of a multiparticle system to that of a single isolated particle, studied by 

Richardson and Zaki (1954), to take into account the effect of neighbouring particles. They 

obtained 

 𝛽 =
3

4

𝐶𝐷
𝑉𝑟2
𝜀𝑔𝜀𝑠𝜌𝑔|𝑣𝑔 − 𝑣𝑠|

𝑑𝑠
 (27) 

where 

 𝑉𝑟 =
1

2
(𝑎 − 0.06Re + √(0.06Re)2 + 0.12Re(2𝑏 − 𝑎) + 𝑎2) (28) 

 𝑎 = 𝜀𝑔
4.14 (29) 

 𝑏 = {
0.8𝜀𝑔

1.28,   𝜀𝑠 ≥ 0.15

𝜀𝑔
2.65,         𝜀𝑠 < 0.15

 (30) 

The expression for the drag coefficient was derived from (Dalla Valle, 1948): 

 𝐶𝐷 = (0.63 + 4.8√
𝑉𝑟
Re
)

2

 (31) 
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7) The Gibilaro et al. model (1985) 

This model is derived from the pressure drop correlation, obtained in (Gibilaro et al., 1985) 

based on theoretical considerations and results of earlier experiments. The friction factor (in 

parentheses) is given instead of the drag coefficient and a new exponent is set in the voidage 

function to take into account the effect of multiparticle system: 

 𝛽 = (
17.3

Re𝑝
+ 0.336)

𝜀𝑠𝜌𝑔|𝑣𝑔 − 𝑣𝑠|

𝑑𝑠
𝜀𝑔
−1.8 (32) 

 

8) The Arastoopour et al. model (1990) 

Arastoopour et al. (1990) modified the Gibilaro et al. model and used it in their study 

 𝛽 = (
17.3

Re
+ 0.336)

𝜀𝑠𝜌𝑔|𝑣𝑔 − 𝑣𝑠|

𝑑𝑠
𝜀𝑔
−2.8 (33) 

 

9) The Di Felice model (1994) 

Di Felice (1994) introduced a more complex voidage function, which depends on particle 

Reynolds number, based on experimental data and Ergun’s equation (15): 

 𝛽 =
3

4
𝐶𝐷
𝜀𝑠𝜌𝑔|𝑣𝑔 − 𝑣𝑠|

𝑑𝑠
𝜀𝑔
−𝜒

 (34) 

 𝜒 = 3.7 − 0.65exp (−
1.5 − logRe𝑝

2
) (35) 

 

Also, an expression for drag coefficient from (Dalla Valle, 1948) was used: 

 𝐶𝐷 = (0.63 +
4.8

√Re𝑝
)

2

 (36) 

2.2.2 Models based on DNS 

The following models are based on direct numerical simulations. Two DNS approaches are 

used to obtain these drag models using Lattice Boltzmann method and Immersed boundary 

method.  
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Instead of the formulas for gas-solid momentum exchange coefficient, the correlations are 

obtained for normalized drag force, in the following form: 

 𝐹(𝜀𝑠, Rep) =
𝐹𝑡

𝐹𝑆𝑡𝑜𝑘𝑒𝑠
=

𝐹𝑡

3𝜋𝜇𝑔𝑑𝜀𝑔|𝑣𝑔 − 𝑣𝑠|
 (37) 

where  Ft is the total drag force exerted by the gas on a solid particle; 

 FStokes is the drag force acting on an isolated particle in the Stokes flow. 

 

The relation between the normalized drag force, defined as in Eq. (37), and the interphase 

momentum exchange coefficient is (Benyahia et al., 2006; Van der Hoef et al., 2005) 

 𝛽 =
18𝜇𝑔𝜀𝑔

2𝜀𝑠

𝑑𝑠2
𝐹(𝜀𝑠, Rep) (38) 

 

10) The Hill-Koch-Ladd model (2001) 

Hill, Koch, and Ladd (2001a, 2001b) performed the first comprehensive three-dimensional 

study of gas-solid drag forces in monodisperse systems using the LBM code SUSP3D 

developed by Ladd (1994a, 1994b). According to their data, at low Reynolds number, the 

normalized drag force is a function of Re2, and at high Reynolds numbers, it is a function of 

Re as in Ergun equation.  

 

These simulations do not cover a full range of Reynolds number (Rep < 100) that is required 

for modelling of fluidization, however, some accurate correlations were obtained as a result. 

Benyahia et al. (2006) used these results to formulate the continuous drag model applicable 

to the entire range of Rep and εs. The model is presented in the following equations: 

 𝐹(𝜀𝑠, Rep) = 1 +
3

8
 
Rep

2
,   𝑒𝑠 ≤ 0.01; 

Rep

2
≤ ReI (39) 

 

𝐹(𝜀𝑠, Rep) = 𝐹0 + 𝐹1 (
Rep

2
)
2

,   𝑒𝑠 > 0.01; 
Rep

2
≤ ReII (40) 

 

𝐹(𝜀𝑠, Rep) = 𝐹2 + 𝐹3
Rep

2
,   {

𝑒𝑠 ≤ 0.01; 
Rep

2
> ReI

𝑒𝑠 > 0.01; 
Rep

2
> ReII

 (41) 
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where 

 ReI =
𝐹2 − 1

3 8⁄ − 𝐹3
 (42) 

 

ReII =
𝐹3 +√𝐹3

2 − 4𝐹1(𝐹0 − 𝐹2)

2𝐹1
 

(43) 

The coefficients in Eq. (39) – (43) are defined as follows: 

𝐹0 =

{
  
 

  
 

(1 − 𝑤)

[
 
 
 1 + 3√

𝜀𝑠
2 + (

135
64 ) 𝜀𝑠𝑙𝑛

(𝜀𝑠) + 17.14𝜀𝑠

1 + 0.681𝜀𝑠 − 8.48𝜀𝑠2 + 8.16𝜀𝑠
3

]
 
 
 

+ 𝑤 [
10𝜀𝑠

𝑒𝑔
3 ] , 𝜀𝑠 < 0.4

10𝜀𝑠

𝑒𝑔
3 , 𝜀𝑠 ≥ 0.4

 (44) 

 

𝐹1 = {
√2 𝜀𝑠⁄

40
, 𝜀𝑠 ≤ 0.1

0.11 + 0.00051exp (11.6𝜀𝑠), 𝜀𝑠 > 0.1

 (45) 

𝐹2 =

{
  
 

  
 

(1 − 𝑤)

[
 
 
 1 + 3√

𝜀𝑠
2 + (

135
64 ) 𝜀𝑠𝑙𝑛

(𝜀𝑠) + 17.89𝜀𝑠

1 + 0.681𝜀𝑠 − 11.03𝜀𝑠2 + 15.41𝜀𝑠
3

]
 
 
 

+ 𝑤 [
10𝜀𝑠

𝑒𝑔
3 ] , 𝜀𝑠 < 0.4

10𝜀𝑠

𝑒𝑔
3 , 𝜀𝑠 ≥ 0.4

 (46) 

 

𝐹3 = {

0.9351𝜀𝑠 + 0.03667, 𝜀𝑠 < 0.0953

0.0673 + 0.212𝜀𝑠 +
0.0232

𝑒𝑔
5 , 𝜀𝑠 ≥ 0.0953

 (47) 

 
𝑤 = exp (−

10(0.4 − 𝜀𝑠)

𝜀𝑠
) (48) 

 

11) Beetstra et al. model (2007) 

Beetstra et al. (2007) also tried to overcome the disadvantages of the Hill-Koch-Ladd model. 

To simplify the form of their correlation, they did not use the fact that the drag force scales 

as Re2 for small Reynolds numbers. Instead, they based their model on the correlation from 

(Van der Hoef et al., 2005) for the normalized drag force in the limit of zero Reynolds 
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number F(εs,0). Despite that, Eq. (49) obtained using LBM provides a good fit to the 

simulation data.  

𝐹(𝜀𝑠, Rep) =
10𝜀𝑠

𝜀𝑔
3 + 𝜀𝑔(1 + 1.5√𝜀𝑠) +

0.413Rep

24𝜀𝑔
3

(𝜀𝑔
−1 + 3𝜀𝑔𝜀𝑠 + 8.4Re𝑝

−0.343)

(1 + 103𝜀𝑠Re𝑝
−0.5−2𝜀𝑠)

 (49) 

 

The Beetstra et al. model is an “Ergun type” model since it can be transformed into Eq. (9), 

with the following coefficients: 

 𝐴 = 180 + 18
𝜀𝑔
4(1 + 1.5√𝜀𝑠)

𝜀𝑠
 (50) 

 𝐵 = 0.31
𝜀𝑔
−1 + 3𝜀𝑔𝜀𝑠 + 8.4Re𝑝

−0.343

1 + 103𝜀𝑠Re𝑝
−0.5−2𝜀𝑠

 (51) 

 

The resultant correlation is, reportedly, consistent with the Hill-Koch-Ladd model, but it 

covers a wider range of Reynolds numbers (Rep < 1000) than the earlier LBM simulations. 

It also shows a more complex relation between the normalized drag force and Reynolds 

number than the linear form of Ergun equation.  

 

12) The Tenneti et al. model (2011) 

To obtain their drag model, Tennneti et al. (2011) used IBM, specifically “Particle-resolved 

Uncontaminated-fluid Reconcialable Immersed Boundary Method”. For Rep < 300 they got 

 𝐹(𝜀𝑠, Rep) =
𝐶𝐷Rep

24𝜀𝑔
3 +

5.81𝜀𝑠

𝜀𝑔
3 +

0.48𝜀𝑠
1 3⁄

𝜀𝑔4
+ 𝜀𝑠

3Rep (0.95 +
0.61𝜀𝑠

3

𝜀𝑔2
) (52) 

where the drag coefficient CD is derived from (Shiller and Naumann, 1935), according to 

Eq. (17).  

 

The Tenneti et al model can be transformed into Eq. (9) if the coefficients are defined as 

 𝐴 = 104.58 +
8.64

𝜀𝑔𝜀𝑠
2 3⁄

 (53) 
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 𝐵 = 0.75𝐶𝐷 + 18𝜀𝑔
3𝜀𝑠
3 (0.95 +

0.61𝜀𝑠
3

𝜀𝑔2
) (54) 

 

Tennneti et al. (2011) reported that at high Reynolds numbers their results deviate 

consistently by 25% from the Hill-Koch-Ladd model and by 38% from the Beetstra model 

at all values of volume fractions of solids.  

 

13) The Zaidi et al. model (2014) 

Zaidi at al. (2014) also used IBM to develop their correlation, however, they investigated 

higher Reynolds numbers (Rep up to 1000). To obtain a better fit, they split the equation into 

two parts, as follows: 

 

 𝐹(𝜀𝑠, Rep) =

{
 
 

 
 
10𝜀𝑠

𝜀𝑔
3 + 𝜀𝑔(1 + 1.5√𝜀𝑠) +

0.034𝑅𝑒𝑝

𝜀𝑔
3.7 , 𝑅𝑒𝑝 ≤ 200

10.9𝜀𝑠
0.4

𝜀𝑔2.7
+
0.034𝑅𝑒𝑝

𝜀𝑔
3.86 , 𝑅𝑒𝑝 > 200

 (55) 

 

In the form of Eq. (9), the coefficients for the Zaidi et al. model are also given for two ranges 

of Reynolds number: 

 𝐴 =

{
 
 

 
 180 + 18

𝜀𝑔
4(1 + 1.5√𝜀𝑠)

𝜀𝑠
, 𝑅𝑒𝑝 ≤ 200

196
𝜀𝑔
0.3

𝜀𝑠
0.6 , 𝑅𝑒𝑝 > 200

 (56) 

 𝐵 =

{
 
 

 
 
0.612

𝜀𝑔
0.7 , 𝑅𝑒𝑝 ≤ 200

0.432

𝜀𝑔
0.86 , 𝑅𝑒𝑝 > 200

 (57) 

 

This model is in good agreement both with the Hill-Koch-Ladd model and the Tenneti et al. 

model (within the range of their applicability), but it differs from the Beetstra et al. model, 

especially within higher ranges of Reynolds number and solid volume fraction.  
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14) The Tang et al. model (2015) 

Tang et al. (2015) modified the IBM algorithm to efficiently obtain more accurate and grid-

independent results for the drag force at Reynolds numbers ranging between 50 and 1000: 

 

𝐹(𝜀𝑠, Rep) =
10𝜀𝑠

𝜀𝑔
3 + 𝜀𝑔(1 + 1.5√𝜀𝑠) + 

+[
0.11𝜀𝑠(1 + 𝜀𝑠)

𝜀𝑔
−
0.00456

𝜀𝑔
5 + (0.169 +

0.0644

𝜀𝑔
5 )Rep

−0.343] Rep 

(58) 

 

This model can also be presented in the form of Eq. (9) with the following coefficients: 

 𝐴 = 180 + 18
𝜀𝑔
4(1 + 1.5√𝜀𝑠)

𝜀𝑠
 (59) 

 𝐵 = 18𝜀𝑔
2 [
0.11𝜀𝑠(1 + 𝜀𝑠)

𝜀𝑔
−
0.00456

𝜀𝑔
5 + (0.169 +

0.0644

𝜀𝑔
5 )Rep

−0.343] (60) 

 

For small Reynolds numbers, the Tang et al. model agrees well with the Hill-Koch-Ladd and 

the Beetstra et al. models, however, at higher Reynolds numbers the deviation is significant 

at all volume fractions of solid. Although the results of this study are close to the previous 

IBM simulation results by Tennneti et al. (2011), the Tang et al. model allows capturing in 

detail a complex relation between the drag force and the volume fraction of solid phase.  

 

Later Tang et al. (2016) studied how the results of DNS differ between the simulations of 

stationary and dynamic particles in gas-solid flow. The difference between the two cases is 

represented as an additional term for Eq. (58), which includes the modified Reynolds number 

that is a function of the ratio between the densities of solid and gas phases: 

 𝐹(𝜀𝑠, Rep)𝑑𝑦𝑛𝑎𝑚𝑖𝑐
= 𝐹(𝜀𝑠, Rep)𝑠𝑡𝑎𝑡𝑖𝑐

+ 2.98ReT
𝜀𝑠

𝜀𝑔
3 (61) 

where 

 ReT = 2.108Rep
0.85 (

𝜌𝑠
𝜌𝑔
)

−0.5

 (62) 
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15) The Bogner et al. model (2015) 

One common disadvantage of the previous LBM studies, which could cause a deviation 

between LBM and IBM simulations, is a viscosity-dependent error near the boundaries of 

particles. Bogner et al. (2015) tried to overcome this issue by using an LBM code with a 

modified equation for the collision step. The results of the simulations for Rep < 300 allowed 

to obtain the following correlation: 

𝐹(𝜀𝑠, Rep) = 𝜀𝑔
−5.726 × 

× (1.751 + 0.151Rep
0.684 − 0.445(1 + Rep)

1.04𝜀𝑠
− 0.16(1 + Rep)

0.0003𝜀𝑠
) 

(63) 

 

It is important to note that the simulations in Bogner et al. (2015) are done for a limited range 

of solid volume fraction: 0.01 ≤ εs ≤ 0.35.  

 

Considering that Eq. (63) includes the factor εg
-χ, the Bogner et al. model can be easily 

modified to the “Wen and Yu type” Eq. (12), with the following expressions for the drag 

coefficient and voidage function: 

𝐶𝐷 =
24

Rep
(1.751 + 0.151Rep

0.684 − 0.445(1 + Rep)
1.04𝜀𝑠

− 0.16(1 + Rep)
0.0003𝜀𝑠

) (64) 

 α(𝜀𝑔) = 𝜀𝑔
−2.726 (65) 

 

The deviation between the Tenneti et al. model and the Bogner et al. model is reported to be 

smaller than with earlier LBM simulations. A comparison with the Wen-Yu model showed 

a good agreement at low volume fractions of solid.  

 

2.2.3 Deviations between the models 

The presented drag models are used to plot the interphase momentum exchange coefficient 

versus the volume fraction of solid for two values of the Reynolds number (Figures 2.1 and 

2.2). 
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Figure 2.1. Interphase momentum exchange coefficient versus volume fraction of solid at Rep = 3.4 

(ds = 100 μm, vair = 0.5 m/s) 

 

 

Figure 2.2. Interphase momentum exchange coefficient versus volume fraction of solid at Rep = 96 

(ds = 700 μm, vair = 2 m/s) 
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Although all the graphs follow the same trend, we can see that the deviation between 

different models is significant. The values of the coefficient can differ by three times. The 

deviation between the models obtained from DNS is less critical, but it can reach 30% at 

higher Reynolds number.  

 

Also, the step increase in the Gidaspow model between the Wen-Yu and Ergun equations is 

noticeable at Rep = 96, even if the switching function Eq. (19) is used.  
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3 METHODS 

3.1 General description of the model 

According to Van der Hoef et al. (2006), as mentioned above, direct numerical simulations 

are needed in the multiscale modelling approach to obtain the closure relation for the drag 

force.  

 

The simulated cases are supposed to cover a wide range of gas-solid flow parameters, and 

several cases are needed for the same set of parameters in order to estimate the variability of 

the results. Based on the flow conditions studied in literature (Jalali et al., 2018; Kallio et 

al., 2015; Mahinpey et al., 2007; Shuai et al., 2013), the following parameters were selected. 

The solid volume fraction is ranged between 0.05 and 0.4 by 0.05 increments for three 

diameters of solid particles: 100 μm, 400 μm, 700 μm. That gives 24 sets of parameters, and 

for each of them, five different cases are simulated, so 120 geometries in total. For each 

geometry, two values of air superficial velocity are used: 0.5 m/s and 2 m/s.   

 

In all cases, the considered domain is a square with a side of 15 particle diameters. So, its 

area is not constant in all the cases, but only if the diameter is the same. Another option could 

be to fix the size of the domain, but that would lead to some challenges in mesh generation. 

Particles are distributed randomly inside the domain. The number of particles depends only 

on the volume fraction of solids. The following is the relation between the above-mentioned 

parameters for 2D modelling: 

 𝑁
𝜋𝑑2

4
= 𝜀𝑠𝑙

2 (66) 

where l is a length of the side of the domain. 

 

On two opposite sides of the domain, there are gaps for inlet and outlet with a width of two 

diameters, which are needed to reduce the effect of proximity to the boundary and simplify 

the setting of boundary conditions. Two other opposite sides (lateral sides) are subject to 

periodic boundary conditions. It complicates the process of creating the geometry but makes 

the flow field near boundaries more natural.  
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To create these geometries and to perform the calculations, five different software packages 

are used: 

• MATLAB is used to generate a script that contains the most important information 

about the domain, including the positions of randomly distributed particles; 

• in combination with this script, the geometry is generated in Ansys DesignModeler; 

• Ansys Meshing is used for grid generation in the domain, then the grid is modified 

in FLUENT; 

• the simulations are done in FLUENT; 

• the results are post-processed in FLUENT, MATLAB and Excel.  

 

3.2 Creating random arrangements of particles 

The generation of the script containing the positions of randomly arranged particles is related 

to several problems that are needed to be solved. Various matrix manipulations that are 

available in MATLAB allow to do it most conveniently.  

 

The only data that is needed to be given for each case is the volume fraction of solid and the 

diameter of particles. Then the number of particles is calculated using Eq. (66).  

 

The main difficulty is to avoid any kind of overlapping between the particles. Since the 

lateral sides of the domain are subject to periodicity, each particle that crosses the boundary 

must have a copy from the other side, as shown in Figure 3.1. 

 

 

Figure 3.1. Periodicity 

 

Using a pseudorandom number generation algorithm in MATLAB, the first particle is placed 

in the middle of the domain. Then the coordinates of the following particle are obtained, but 
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for being acceptable the coordinates must be checked. The particle must not overlap with, 

firstly, any existing particle, secondly, any copy of a near-boundary particle, and, thirdly, if 

the particle is crossing the edges of the domain, its periodic copy must not overlap with any 

existing particle or its copy. If at least one of these conditions is not satisfied, new 

coordinates are generated and checked. In cases with a high volume fraction of solid, the 

number of iterations for the last particles can reach tens of thousands.  

 

In addition to that, a minimum gap b1 of 0.2 times the diameter of a particle is set to avoid 

problems with meshing in the area between the particles. Considering that, the presence of 

overlaps is checked using the following rule: 

 √(𝑥 − 𝑥𝑖)2 + (𝑦 − 𝑦𝑖)2 > 𝑑𝑠 + 𝑏1 (67) 

where x, y are the coordinates of the particle, that is being checked, or its copy; 

xi, yi are the coordinates of all existing particles or copies of particles.  

 

After the coordinates of the particles are determined, the particles and their copies are 

distributed into three groups: left, right, and centre. That is needed to write the script for 

Ansys DesignModeler. Due to the intersections, the lateral sides of the domain are not the 

straight lines (black dotted lines in Figure 3.1 should not be included). Instead of them, the 

arcs, which are parts of the particles, are required. To include them to the script, the 

coordinates of the intersection points must be calculated. After that, the lines of the code for 

the generation of the arcs are written as well as for the lines that connect the arcs and the 

lines that correspond to inlet and outlet. Then, to avoid errors in Ansys DesignModeler, the 

lines for constraints, which assure that the base of one element and the end of another 

element are the same points, are added to each connection between the arcs and the straight 

lines. Finally, the lines for creating central particles are written based on the coordinates and 

the radius. The MATLAB code for the script generation is given in Appendix I.  

 

When the script is generated, the only thing that is needed is to run the script in Ansys 

DesighModeler and create the domain. Four examples of the created geometries are shown 

in Figure 3.2.  



32 

 

  
a) b) 

  
c) d) 

Figure 3.2. Examples of geometries: a – εs = 0.05, ds = 400 μm, case 1; b – εs = 0.15, ds = 700 μm, case 4;  

c – εs = 0.3, ds = 100 μm, case 1; d – εs = 0.4, ds = 700 μm, case 4 
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3.3 Mesh generation 

After the domain is created, the mesh is generated using Ansys Meshing.  

 

In all cases the mesh is unstructured. The main reason not to build a structured mesh is that 

the process would be too time-consuming. So, for the whole domain, All Triangles Method 

is set to automatically and quickly generate the unstructured mesh.  

 

The main result that is expected from the simulations is the drag force on particles. That is 

why it is important to obtain accurate results near the particle boundaries. For that purpose, 

inflation is applied to all particle boundaries. The total thickness of all inflation layers is set 

to 0.1 diameters of the particle, the number of layers is 10. The size of the grid elements 

decreases towards the boundaries with the growth rate of 1.1.  

 

The fact that the size of the domain is linked to the diameter of the particles simplifies the 

process of mesh generation since it is now possible to set the size of the grid elements also 

based on the diameter using the constant ratio between the element size and the diameter. It 

also allows keeping the number of elements approximately the same. The element size must 

be chosen so that the results of simulations are independent of the grid resolution, so the 

ratio is determined from the mesh sensitivity analysis.  

 

In theory, mesh sensitivity analysis must be done before each simulation, however, since the 

number of cases is too many, it is done only for eight “extreme” cases having the highest 

and the lowest values of volume fraction of solids, particle diameter and superficial velocity. 

It is assumed that if the solution is mesh-independent for these cases, it will also be so for 

other cases.  

 

For the selected cases the simulations are done in FLUENT with different sizes of grid 

elements. The ratio between the element size and the diameter is increased by the factor 

of 1.5. All settings applied in FLUENT are discussed in detail in the following chapter, they 

are the same as for the main simulations. The total drag force Fty acting on particles in the 

y-direction is calculated. The results of mesh sensitivity analysis are presented in Table 3.1.  
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Table 3.1. Mesh sensitivity analysis 

εs = 0.05 

ds = 100 μm 

Element size / Diameter 0.01125 0.0075 0.05 0.0333 

Number of elements 48468 107662 235837 505014 

Fty (at vair = 0.5 m/s), N 0.0022 0.0022 0.0023 0.0023 

Fty (at vair = 2 m/s), N 0.0152 0.0153 0.0153 0.0153 

ds = 700 μm 

Element size / Diameter 0.01125 0.0075 0.05 0.0333 

Number of elements 48804 107997 236502 495091 

Fty (at vair = 0.5 m/s), N 0.0047 0.0047 0.0047 0.0047 

Fty (at vair = 2 m/s), N 0.0459 0.0462 0.0464 0.0465 

εs = 0.4 

ds = 100 μm 

Element size / Diameter 0.01125 0.0075 0.05 0.0333 

Number of elements 32821 108313 203983 404572 

Fty (at vair = 0.5 m/s), N 0.196 0.2337 0.2365 0.2376 

Fty (at vair = 2 m/s), N 0.9156 1.073 1.0815 1.0866 

ds = 700 μm 

Element size / Diameter 0.01125 0.0075 0.05 0.0333 

Number of elements 32921 108743 204288 405446 

Fty (at vair = 0.5 m/s), N 0.2653 0.3082 0.3099 0.311 

Fty (at vair = 2 m/s), N 1.8027 2.3048 2.2987 2.2974 

 

As it can be seen from the data in Table 3.1, the results do not change significantly if the 

element size to diameter ratio decreases, while the number of elements increases noticeably. 

If the ratio is reduced from 0.05 to 0.0333, the number of elements rises twofold, and the 

value of the total drag force changes by less than 0.5%. Based on this result, the ratio value 

of 0.05 is chosen in simulations.  

 

In Ansys Meshing the element size in the domain is set to 0.005, 0.02 and 0.035 mm for the 

cases with the particle diameters of 100, 400 and 700 μm, respectively.  
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The generated mesh is too fine to be presented here entirely. However, four zoomed-in 

examples are shown in Figure 3.3.  

 

  
a) b) 

  
c) d) 

Figure 3.3. Examples of the grid elements: a – grid near the boundary of the domain; b – inflation layers 

elements; c – change in the size of the boundary layer elements; d – zoomed-out grid elements 
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The grid elements near the lateral side are shown in Figure 3.3a. The inflation layers can be 

seen in Figure 3.3b. Figure 3.3c shows how the Ansys Meshing algorithm can change the 

size of the boundary layer elements when two particles are too close to each other. Figure 

3.3d presents more zoomed-out mesh in case of the highest volume fraction of solid particles.  

 

Further mesh modifications are done in FLUENT. The mesh is scaled, and the periodic 

interface is created between the lateral sides of the domain. It is set that the geometry is 

translationally periodic, non-conformal periodic interface method is selected, and the offset 

vector is detected automatically.  

 

3.4 CFD simulations 

After the periodic interface is created, other settings in FLUENT are applied. A steady, 

pressure-based solver is used. The effect of gravity is neglected, the energy equation is not 

solved, and the laminar viscous model is used. Air from the FLUENT material database is 

assigned as the material for the whole domain with keeping a constant density. Full pressure-

velocity coupling is enabled by using the coupled pressure-velocity algorithm. As for the 

discretization algorithms, the least squares cell-based gradients are used, and the second 

order discretization schemes are applied both for pressure and momentum.  

 

For the steady incompressible single-phase laminar air flow, three equations are solved in 

FLUENT: continuity equation 

 
𝜕𝑣𝑥
𝜕𝑥

+
𝜕𝑣𝑦

𝜕𝑦
= 0 (68) 

x-momentum equation 

 𝜌𝑣𝑥
𝜕𝑣𝑥
𝜕𝑥

+ 𝜌𝑣𝑦
𝜕𝑣𝑥
𝜕𝑦

= −
𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑣𝑥
𝜕𝑥2

+
𝜕2𝑣𝑥
𝜕𝑦2

) (69) 

and y-momentum equation 

 𝜌𝑣𝑥
𝜕𝑣𝑦

𝜕𝑥
+ 𝜌𝑣𝑦

𝜕𝑣𝑦

𝜕𝑦
= −

𝜕𝑝

𝜕𝑦
+ 𝜇 (

𝜕2𝑣𝑦

𝜕𝑥2
+
𝜕2𝑣𝑦

𝜕𝑦2
) (70) 

where  vx, vy are the components of the air velocity in the directions of x and y axes, 

 ρ, μ are the density and dynamic viscosity of air from the material database.  
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FLUENT solves these equations in the discretized form, obtained using the finite-volume 

method. Integration of the equations over control volumes (all computational grids) gives 

the system of algebraic equations for the unknown values of pressure and two velocity 

components at each cell. The equations are non-linear, so the linearization is done by the 

pressure-based coupled algorithm (Ansys Inc, 2013). 

 

The following boundary conditions are set. At the inlet, the velocity magnitude (0.5 m/s or 

2 m/s) is given normally to the boundary. At the outlet, the gauge pressure is set to zero. 

“No-slip” wall boundary conditions are applied for all particles. For the periodic boundaries, 

periodic conditions are specified: flow direction parallel to the boundaries and zero pressure 

gradient between the boundaries.  

 

Finally, the solution is initialized: the zero values of pressure and two velocity components 

are set for each cell.  

 

It would take too much time to apply the settings manually for all 120 geometries in 

FLUENT, so a journal file that contains commands for setting all the described parameters, 

including the creation of the periodic interface, is created and used.  

 

Since the cases differ from each other, it is not possible to set general convergence criteria. 

At least 300 iterations are done for each case. Depending mainly on the Reynolds number, 

the convergence history varies significantly between different cases. The most common ones 

are presented in Figures 3.4 – 3.7, which show the graphs of scaled residuals. Figure 3.4 

shows a typical residuals graph for small Reynolds number cases: ds = 100 μm, 

vair = 0.5 m/s, Rep = 3.4. Figure 3.5 corresponds to the following cases: ds = 700 μm, 

vair = 0.5 m/s, Rep = 24. If Rep = 14 (ds = 100 μm, vair = 2 m/s or ds = 400 μm, vair = 0.5 m/s) 

then the plots of residuals run in between of those presented in Figures 3.4 and 3.5. For 

higher Reynolds number cases (Rep = 55) the picture changes noticeably, as seen in Figures 

3.6 and 3.7. Figure 3.7 shows the variation of scaled residuals for Rep = 95 (ds = 700 μm, 

vair = 2 m/s).  
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Figure 3.4. Scaled residuals for the example case (εs = 0.1; ds = 100 μm; case 4; vair = 0.5 m/s) 

 

 

Figure 3.5. Scaled residuals for the example case (εs = 0.2; ds = 700 μm; case 4; vair = 0.5 m/s) 
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Figure 3.6. Scaled residuals for the example case (εs = 0.15; ds = 400 μm; case 4; vair = 2 m/s) 

 

 

Figure 3.7. Scaled residuals for the example case (εs = 0.4; ds = 700 μm; case 4; vair = 2 m/s) 
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It can be seen that the scaled residuals of the continuity equation in Figure 3.4 are quite high, 

and generally, that would not be considered as good convergence. However, since the most 

important parameter that is needed to be calculated is the drag force, there are three 

arguments for accepting the results obtained in such cases. The first is that the value of the 

drag force on the particles does not change significantly after approximately 50 iterations. 

The second is that when trying to get better convergence using the SIMPLE algorithm for 

pressure-velocity coupling (in this case the convergence history resembles the one in Figure 

3.7) instead of the coupled algorithm, the value of the drag force also remains the same. And 

the third is a possible explanation for the high values of residuals. Figure 3.8 shows the mass 

imbalance for the considered case. The area where the imbalance can be seen is located near 

the outlet of the domain and can be the result of the reversed flow from the outlet. Because 

of the gap between the particles and the outlet, this imbalance does not have a significant 

effect on the flow between the particles, so the drag force does not change even though the 

residuals are high. 

 

 

Figure 3.8. Mass imbalance for the example case (εs = 0.1; ds = 100 μm; case 4; vair = 0.5 m/s) 
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3.5 Post-processing 

After the results are obtained, the post-processing is done in FLUENT, MATLAB, and 

Excel. 

 

In FLUENT it is possible to easily calculate the forces along a specified vector for selected 

walls. So, the force is calculated for all particles in the direction of the flow. The force report 

generated in FLUENT gives the values of two force components: pressure force and viscous 

force, as well as the total force, which is the sum of these two components.  

 

Also, a contour of velocity magnitude is obtained for each case. For four cases, which are 

shown as examples in this chapter, these contours are presented in Figure 3.9.  

 

To continue the post-processing in MATLAB the results are exported from FLUENT. The 

following values are saved for all cells: coordinates of the centre of the cell, static pressure, 

velocity magnitude, both components of velocity, and cell volume. Additionally, wall-shear 

stress in the flow direction is saved for all grid faces on the particles.  

 

To speed up the process of collecting the required results for a big number of cases, another 

journal file containing the necessary commands is written and used.  

 

Post-processing in MATLAB is done for two purposes. The first is to obtain the drag force 

on each particle to see the distribution of the drag force. The second is to calculate the slip 

velocity in the main part of the domain, which contains particles (excluding the inlet and 

outlet gaps).  

 

First, the data from FLUENT that is imported into MATLAB must be sorted. The 

information corresponding to the cells which are located on the boundary of each particle is 

distributed to separate arrays. That is done using the coordinates of the centres of the 

particles, which are known since they were generated in MATLAB earlier and saved for 

each case. The cells are selected if the coordinates of the cell centre satisfy the inequation 

 √(𝑥 − 𝑥𝑖)2 + (𝑦 − 𝑦𝑖)2 < 𝑑𝑠 2⁄ + 𝑏2 (71) 
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a) b) 

  
c) d) 

Figure 3.9. Examples of the velocity distribution: a – εs = 0.05, ds = 400 μm, case 1, vair = 2 m/s; b – εs = 0.15, 

ds = 700 μm, case 4, vair = 0.5 m/s; c – εs = 0.3, ds = 100 μm, case 1, vair = 0.5 m/s; d – εs = 0.4, ds = 700 μm, 

case 4, vair = 2 m/s 
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where x, y are the coordinates of the centre of the particle; 

xi,yi are the coordinates of the centre of the cell that is being checked; 

b2 is the width of the cell adjacent to the particle boundary, which is calculated from 

the parameters of the grid inflation layer.  

 

Normally, the width b2 is the same for all particles of the same diameter, since the size of a 

grid element is set based on the particle diameter. For the same reason, the number of 

adjacent cells around a particle is also constant and equal to 63 for the chosen ratio of element 

size to diameter. However, as it is shown in Figure 3.3c, sometimes the width of the first 

layer cells can be reduced. In such cases, the second layer cells can also satisfy 

inequality (71), and they must be removed.  

 

So, if the obtained number of cells is higher than 63, the unnecessary cells are located using 

the following algorithm. For each cell, the distance between its centre and the centre of the 

particle and the angle αi between the direction towards the centre of the particle and the 

vertical line (Figure 3.10a) are calculated. The first and the second cells with the same angle 

are identified and the one that has the larger distance from the particle centre is removed.  

 

  

a) b) 

Figure 3.10. Forces acting on the particle from a cell: a – pressure force; b – viscous force 
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The pressure force acting on a particle is calculated using the values of pressure p at the first 

layer cells. Then the component of this force along the flow direction Fpy can be obtained 

for each cell as follows: 

 𝐹𝑝𝑦𝑖 = 𝐹𝑝𝑖𝑐𝑜𝑠𝛼𝑖 = 𝑝𝑖𝐴𝑖𝑐𝑜𝑠𝛼𝑖 = 𝑝𝑖(𝑙𝑎𝑟𝑐 × 1)𝑐𝑜𝑠𝛼𝑖 (72) 

where Ai is the area of one of the spherical rectangles forming the particle surface, which in 

the considered 2D approximation is represented as the length of the arc larc.  

 

Then the pressure force in the direction of the flow is calculated as an algebraic sum of 

vertical components of the forces Fpyi: 

 𝐹𝑝𝑦 =∑𝐹𝑝𝑦𝑖
𝑖

 (73) 

 

The viscous force is obtained in the same way, however, since the vertical component of the 

wall shear stress τyi is known, the viscous force acting on the particle boundary from the air 

in the considered cell in the direction of the flow Fvyi (Figure 3.10b) is calculated as 

 𝐹𝑣𝑦𝑖 = 𝜏𝑦𝑖(𝑙𝑎𝑟𝑐 × 1) (74) 

 

Again, the viscous force acting on a particle is found as an algebraic sum of vertical 

components of the force Fvyi: 

 𝐹𝑣𝑦 =∑𝐹𝑣𝑦𝑖
𝑖

 (75) 

 

The total force is calculated as the sum of the pressure force and the viscous force: 

 𝐹𝑡𝑦 = 𝐹𝑝𝑦 + 𝐹𝑣𝑦 (76) 

 

The total force is calculated for each particle which does not cross the lateral sides of the 

domain. Based on the obtained data, the histograms showing the distribution of the total 

force are generated for the cases with a high number of particles. Figure 3.11 shows the 

distribution for two of the four example cases considered in this chapter.  
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a) b) 

Figure 3.11. Examples of the distribution of the total force acting on particles: 

a – εs = 0.3, ds = 100 μm, case 1, vair = 0.5 m/s; b – εs = 0.4, ds = 700 μm, case 4, vair = 2 m/s 

 

In order to calculate the velocity in the main part of the domain, the cells which correspond 

to this part are first identified. These cells have different areas, so the values of the cell 

volume Vi exported from FLUENT are used to calculate the volume-averaged air velocity in 

the direction of the flow: 

 |𝑣𝑔 − 𝑣𝑠| = 𝑣𝑦̅̅ ̅ =
1

∑ 𝑉𝑖𝑖
∑𝑣𝑦𝑖𝑉𝑖
𝑖

 (77) 

 

The MATLAB code for the post-processing is presented in Appendix II.  

 

Finally, the gas-solid momentum exchange coefficient can be calculated using Eq. (6). The 

obtained data is collected in an Excel sheet and the value of the coefficient is calculated for 

all cases as follows: 

 𝛽 =
𝐹𝑡 𝑉⁄

|𝑣𝑔 − 𝑣𝑠|
 (78) 
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where V – is the volume of the domain, which in the 2D approximation is represented as 

l2×1.  

 

Then, the normalized drag force can be calculated by Eq. (38) as follows 

 𝐹(𝜀𝑠, Rep) =
𝛽𝑑𝑠

2

18𝜇𝑔𝜀𝑔2𝜀𝑠
 (79) 
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4 RESULTS AND DISCUSSION 

4.1 Analysis of the results 

The results of all 240 simulated cases are given in Appendix III, including the total drag 

force obtained from FLUENT, the values of the interphase momentum exchange coefficient 

and the normalized drag force, calculated by Eq. (78), (79). The values of these parameters 

averaged over five cases with different arrangements of particles are given in Table 4.1.  

 

From the presented results, we can see a significant deviation between some cases. For each 

set of parameters, the coefficient of variation and the relative difference between the 

maximum and minimum values of the momentum exchange coefficient are calculated to 

assess the deviation. The results are presented in Table 4.2.  

 

The deviation tends to decrease as the volume fraction of solid increases. It may be due to 

the fact that at lower solid volume fraction the number of particles in the domain is smaller 

and more particle arrangements giving various results are possible.  

 

For some of the cases with the highest coefficient of variation, the graphs that show the 

distribution of the air velocity are presented (Figures 4.1 – 4.3, 4.5). On each figure, the case 

with the highest total drag force (among the cases with the same parameters) is given on the 

left side, and the case with the lowest total drag force is on the right side.  

 

As can be seen from the presented figures, the distribution of particles determines whether 

there is a positive or negative deviation from the average value of the total drag force and 

the interphase momentum exchange coefficient. If the particles form a wide and straight 

passage for the flow, the coefficient is lower than if there is no wide passage (Figure 4.1). It 

can be also seen in Figure 4.2, where there are several straight channels on the right side and 

no straight channels on the left side, due to the more random distribution of particles. The 

flow passing through the channels exerts less drag on the particles that are lined up one after 

another along the direction of the flow. As the volume fraction of solid increases, this 

channelling effect becomes less noticeable, since the straight passages cannot be formed. 

Nevertheless, the longer the channels and the streaks of high velocity (Figures 4.3, 4.5), the 

lower the total drag force on the particles and the momentum exchange coefficient.   
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Table 4.1. Average results of simulations 

  εs = 0.05 εs = 0.1 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

100 0.5 0.0023 1926.0 1.325 0.0064 5130.5 1.967 

100 2 0.0148 3130.0 2.154 0.0393 7877.9 3.020 

400 0.5 0.0034 181.7 2.000 0.0104 519.1 3.184 

400 2 0.0300 396.1 4.361 0.0896 1122.4 6.885 

700 0.5 0.0045 77.3 2.607 0.0131 216.6 4.069 

700 2 0.0435 187.8 6.332 0.1255 516.7 9.707 
  εs = 0.15 εs = 0.2 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

100 0.5 0.0133 10082.5 2.889 0.0256 18279.2 4.435 

100 2 0.0798 15099.9 4.327 0.1448 25878.2 6.278 

400 0.5 0.0185 876.7 4.019 0.0359 1606.7 6.237 

400 2 0.1527 1810.8 8.302 0.2805 3134.8 12.168 

700 0.5 0.0262 405.1 5.688 0.0462 673.7 8.009 

700 2 0.2437 942.7 13.236 0.4222 1538.6 18.291 
  εs = 0.25 εs = 0.3 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

100 0.5 0.0454 30478.1 6.730 0.0782 49260.4 10.406 

100 2 0.2398 40274.6 8.894 0.3860 60784.3 12.841 

400 0.5 0.0630 2645.4 9.347 0.0969 3814.1 12.892 

400 2 0.4662 4890.7 17.280 0.6884 6770.5 22.884 

700 0.5 0.0778 1066.8 11.543 0.1193 1532.0 15.858 

700 2 0.6654 2279.6 24.666 0.9734 3124.5 32.343 
  εs = 0.35 εs = 0.4 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

100 0.5 0.1271 74636.8 15.674 0.2011 110217.8 23.769 

100 2 0.6089 89409.9 18.776 0.9422 129116.4 27.844 

400 0.5 0.1616 5922.6 19.900 0.2522 8618.5 29.737 

400 2 1.0760 9854.3 33.111 1.5931 13607.6 46.952 

700 0.5 0.1890 2267.1 23.328 0.2824 3147.2 33.257 

700 2 1.4773 4428.8 45.573 2.0907 5823.3 61.535 

 

For the cases with higher solid volume fraction, the histograms showing the distribution of 

the total drag force on the particles are also given (Figures 4.4, 4.6). We can see that the 

distribution of the total drag force is typically normal, however, positive deviation from the 

average interphase exchange coefficient corresponds to a wider range of values of the total 

force on different particles.   
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Table 4.2. Values of the coefficient of variation and the relative difference 

  εs = 0.05 εs = 0.1 

ds, 

μm 

vair, 

m/s 
√
∑ (1 −

𝛽𝑖
�̅�
)
2

𝑛

𝑛
 

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
𝛽𝑚𝑖𝑛

100% √
∑ (1 −

𝛽𝑖
�̅�
)
2

𝑛

𝑛
 

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
𝛽𝑚𝑖𝑛

100% 

100 0.5 0.085 29.8 0.053 15.0 

100 2 0.093 27.5 0.082 23.7 

400 0.5 0.128 44.4 0.093 30.2 

400 2 0.138 52.4 0.080 25.2 

700 0.5 0.118 34.8 0.053 15.8 

700 2 0.107 33.6 0.051 14.1 
  εs = 0.15 εs = 0.2 

ds, 

μm 

vair, 

m/s 
√
∑ (1 −

𝛽𝑖
�̅�
)
2

𝑛

𝑛
 

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
𝛽𝑚𝑖𝑛

100% √
∑ (1 −

𝛽𝑖
�̅�
)
2

𝑛

𝑛
 

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
𝛽𝑚𝑖𝑛

100% 

100 0.5 0.108 37.5 0.094 34.4 

100 2 0.122 44.8 0.092 34.0 

400 0.5 0.088 25.0 0.065 19.6 

400 2 0.082 22.1 0.045 14.0 

700 0.5 0.041 12.4 0.056 14.8 

700 2 0.030 9.2 0.072 21.5 
  εs = 0.25 εs = 0.3 

ds, 

μm 

vair, 

m/s 
√
∑ (1 −

𝛽𝑖
�̅�
)
2

𝑛

𝑛
 

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
𝛽𝑚𝑖𝑛

100% √
∑ (1 −

𝛽𝑖
�̅�
)
2

𝑛

𝑛
 

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
𝛽𝑚𝑖𝑛

100% 

100 0.5 0.032 10.4 0.054 17.7 

100 2 0.045 14.0 0.042 13.4 

400 0.5 0.044 13.9 0.051 14.0 

400 2 0.041 12.0 0.035 9.6 

700 0.5 0.055 18.7 0.040 11.2 

700 2 0.056 18.5 0.044 12.3 
  εs = 0.35 εs = 0.4 

ds, 

μm 

vair, 

m/s 
√
∑ (1 −

𝛽𝑖
�̅�
)
2

𝑛

𝑛
 

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
𝛽𝑚𝑖𝑛

100% √
∑ (1 −

𝛽𝑖
�̅�
)
2

𝑛

𝑛
 

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑖𝑛
𝛽𝑚𝑖𝑛

100% 

100 0.5 0.049 15.5 0.041 10.5 

100 2 0.050 14.5 0.025 6.6 

400 0.5 0.044 12.5 0.044 12.4 

400 2 0.047 13.1 0.041 11.9 

700 0.5 0.039 11.6 0.053 15.2 

700 2 0.033 9.1 0.059 17.3 
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a) b) 

Figure 4.1. Velocity magnitude distribution for εs = 0.05, ds = 400 μm, vair = 2 m/s:  

a – case 5, +14% from the average; b – case 4, -25% from the average 

 

  
a) b) 

Figure 4.2. Velocity magnitude distribution for εs = 0.15, ds = 100 μm, vair = 2 m/s:  

a – case 2, +21% from the average; b – case 5, -16% from the average 
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a) b) 

Figure 4.3. Velocity magnitude distribution for εs = 0.25, ds = 700 μm, vair = 2 m/s:  

a – case 1, +6% from the average; b – case 4, -10% from the average 

 

  
a) b) 

Figure 4.4. Total force distribution for εs = 0.25, ds = 700 μm, vair = 2 m/s: 

a – case 1, +6% from the average; b – case 4, -10% from the average 
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a) b) 

Figure 4.5. Velocity magnitude distribution for εs = 0.35, ds = 700 μm, vair = 2 m/s:  

a – case 2, +8% from the average; b – case 4, -5% from the average 

 

  

a) b) 

Figure 4.6. Total force distribution for εs = 0.35, ds = 700 μm, vair = 2 m/s: 

a – case 2, +8% from the average; b – case 4, -5% from the average  
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4.2 Comparison of the drag models 

The comparison is done for all models presented in Chapter 2.2 except for the Zhang-Reese 

model and the Tang et al. model for dynamic systems Eq. (61) because both of them are 

developed for calculating the drag only on moving particles, while in this work, static 

systems are studied. The interphase momentum exchange coefficient and the normalized 

drag force are calculated for all the considered sets of flow parameters using the discussed 

drag models.  

 

Plots of the momentum exchange coefficient versus the volume fraction of solid for different 

Reynolds numbers (as in Figures 2.1, 2.2, but including the average results of the 

simulations) are given in Appendix IV. We can see that the simulation data generally follow 

the results obtained from the models. However, due to a large number of investigated models 

and wide ranges of β, these graphs are unfit for a detailed comparison.  

 

A better comparison can be done if the ratios between the values of the interphase exchange 

coefficient obtained from the model equations βmodel and the simulation data βresults are 

calculated. These ratios are plotted versus the solid volume fraction for six investigated sets 

of diameters and velocities (Figures 4.7 – 4.12). The drag models which have graphs located 

closer to the horizontal line 𝛽𝑚𝑜𝑑𝑒𝑙 𝛽𝑟𝑒𝑠𝑢𝑙𝑡𝑠⁄ = 1 give better predictions for the simulation 

results.  

 

From these plots, we can see that in many cases there is a significant inclination of the model 

graphs with respect to the simulation data. It becomes smaller as Re increases, so we can 

notice that the graphs are arranged more horizontally.  

 

In Figures 4.9 – 4.12, all graphs of the models have a considerable decline at εs = 0.05 – 0.1. 

It can indicate that the results of the simulations might be not accurate at low solid volume 

fractions: either the values of the interphase exchange coefficient are overestimated at 

εs = 0.05 or underestimated at εs = 0.1. The high coefficient of variation at the corresponding 

cases (Table 4.2) also implies that more simulations are needed to correct the average results.  
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Figure 4.7. The ratio of βmodel to βresults versus εs at ds = 100 μm, vair = 0.5 m/s (Rep = 3.4) 

 

 

Figure 4.8. The ratio of βmodel to βresults versus εs at ds = 100 μm, vair = 2 m/s (Rep = 14) 
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Figure 4.9. The ratio of βmodel to βresults versus εs at ds = 400 μm, vair = 0.5 m/s (Rep = 14) 

 

 

Figure 4.10. The ratio of βmodel to βresults versus εs at ds = 400 μm, vair = 2 m/s (Rep = 55) 
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Figure 4.11. The ratio of βmodel to βresults versus εs at ds = 700 μm, vair = 0.5 m/s (Rep = 24) 

 

 

Figure 4.12. The ratio of βmodel to βresults versus εs at ds = 700 μm, vair = 2 m/s (Rep = 95) 
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The deviation for some models can reach 80%, especially at the lowest and the highest values 

of the solid volume fraction. In order to assess the magnitude of the deviation, the root-mean-

square deviation (RMSD) is calculated for the dilute flow cases (εs = 0.05 – 0.2), the dense 

flow cases (εs = 0.25 – 0.4) and for the entire range of the volume fraction of solid, as 

follows: 

 
𝑅𝑀𝑆𝐷 =

√∑(1 −
𝛽𝑚𝑜𝑑𝑒𝑙
𝛽𝑟𝑒𝑠𝑢𝑙𝑡𝑠

)
2

𝑛
 

(80) 

 

This value can be understood as a root-mean-square deviation of the ratio 𝛽𝑚𝑜𝑑𝑒𝑙 𝛽𝑟𝑒𝑠𝑢𝑙𝑡𝑠⁄  

from unity, or as a relative root-mean-square deviation between the drag models and the 

simulation data.  

 

The obtained results are presented in Tables 4.3 – 4.5. The cells with the lowest and the 

highest RMSD are coloured for convenience. 

 

Table 4.3. Root-mean-square deviation from the simulation data for dilute flow conditions 

εs = 0.05-0.2 

ds, μm 100 400 700 

average vair, m/s 0.5 2 0.5 2 0.5 2 

Rep 3.4 14 14 55 24 95 

Ergun 0.210 0.047 0.052 0.329 0.119 0.480 0.206 

Wen-Yu 0.173 0.101 0.126 0.170 0.134 0.254 0.160 

Huilin-Gidaspow 0.168 0.088 0.116 0.124 0.111 0.194 0.134 

Syamlal-O'Brien 0.356 0.253 0.297 0.115 0.207 0.056 0.214 

Gibilaro 0.210 0.363 0.348 0.489 0.427 0.524 0.393 

Arastoopour 0.202 0.343 0.328 0.450 0.400 0.479 0.367 

Di Felice 0.455 0.338 0.381 0.146 0.267 0.043 0.272 

Beetstra 0.472 0.241 0.283 0.093 0.182 0.103 0.229 

Hill-Koch-Ladd 0.547 0.229 0.263 0.061 0.110 0.127 0.223 

Tenneti 0.472 0.212 0.254 0.133 0.134 0.254 0.243 

Zaidi 0.409 0.093 0.132 0.170 0.084 0.238 0.188 

Tang 0.640 0.385 0.431 0.123 0.288 0.147 0.336 

Bogner 0.309 0.144 0.187 0.107 0.124 0.192 0.177 

 the best fit the worst fit deviation is less than 0.15 

 



58 

 

Table 4.4. Root-mean-square deviation from the simulation data for dense flow conditions 

εs = 0.25-0.4 

ds, μm 100 400 700 

average vair, m/s 0.5 2 0.5 2 0.5 2 

Rep 3.4 14 14 55 24 95 

Ergun 0.229 0.167 0.204 0.095 0.163 0.064 0.154 

Wen-Yu 0.334 0.235 0.268 0.250 0.246 0.280 0.269 

Huilin-Gidaspow 0.230 0.168 0.205 0.095 0.164 0.061 0.154 

Syamlal-O'Brien 0.264 0.209 0.240 0.171 0.208 0.152 0.207 

Gibilaro 0.460 0.480 0.502 0.528 0.516 0.527 0.502 

Arastoopour 0.444 0.427 0.452 0.411 0.441 0.381 0.426 

Di Felice 0.425 0.573 0.501 0.453 0.518 0.385 0.476 

Beetstra 0.108 0.090 0.123 0.154 0.122 0.180 0.129 

Hill-Koch-Ladd 0.136 0.139 0.169 0.273 0.199 0.310 0.204 

Tenneti 0.114 0.103 0.138 0.268 0.172 0.341 0.189 

Zaidi 0.101 0.124 0.162 0.291 0.210 0.332 0.203 

Tang 0.131 0.080 0.088 0.191 0.092 0.272 0.142 

Bogner 0.096 0.166 0.202 0.283 0.235 0.310 0.215 

 the best fit the worst fit deviation is less than 0.15 

 

Table 4.5. Root-mean-square deviation from the simulation data for an entire range of εs 

εs = 0.05-0.4 

ds, μm 100 400 700 

average vair, m/s 0.5 2 0.5 2 0.5 2 

Rep 3.4 14 14 55 24 95 

Ergun 0.220 0.123 0.149 0.242 0.143 0.342 0.203 

Wen-Yu 0.266 0.181 0.210 0.214 0.198 0.267 0.223 

Huilin-Gidaspow 0.201 0.134 0.166 0.111 0.140 0.144 0.149 

Syamlal-O'Brien 0.313 0.232 0.270 0.146 0.207 0.115 0.214 

Gibilaro 0.357 0.425 0.432 0.509 0.473 0.526 0.454 

Arastoopour 0.345 0.387 0.395 0.431 0.421 0.433 0.402 

Di Felice 0.440 0.470 0.445 0.336 0.412 0.274 0.396 

Beetstra 0.342 0.182 0.218 0.127 0.155 0.147 0.195 

Hill-Koch-Ladd 0.398 0.189 0.221 0.198 0.161 0.237 0.234 

Tenneti 0.343 0.166 0.204 0.212 0.154 0.301 0.230 

Zaidi 0.298 0.109 0.148 0.238 0.160 0.289 0.207 

Tang 0.462 0.278 0.311 0.161 0.214 0.219 0.274 

Bogner 0.229 0.156 0.195 0.214 0.188 0.257 0.206 

 the best fit the worst fit deviation is less than 0.15 
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From the data in Tables 4.3 – 4.5, we can see that the Ergun model fits the simulation data 

for the dense flow with an average deviation of 15.4%, and the Wen-Yu model has 16% 

average deviation for the dilute flow. The hybrid Huilin-Gidaspow model provides the best 

fit to the simulation results for the entire range of the solid volume fraction.  

 

Among other experimental based models, the Syamlal-O’Brien model is closer to the 

simulations in many cases, while the Gibilaro et al., the Arastoopour et al. and the Di Felice 

models have the largest deviation. The Gibilaro et al. model gives the worst predictions to 

the simulation data in most cases. 

 

The drag models based on DNS do not have that much variation between each other. It is 

also seen in Figures 4.7 – 4.12, where the graphs of DNS-based models are relatively 

parallel. We can also see that these drag models predict well the results of the dense flow 

simulations, especially at lower Reynolds numbers, and of the dilute flow simulations at 

higher Reynolds numbers. For the dilute flow conditions, the Zaidi et al. and the Bogner et 

al. models can give the best predictions. For the dense flow, the Beetstra et al. model has the 

smallest deviation from the results among all the investigated models. Tenneti et al. and 

Tang et al. models also give a proper fit. Overall, all DNS based drag models have an average 

deviation between 19.5% (the Beetstra et al. model) and 27.4% (the Tang et al. model), 

which is worse than that of the Huilin-Gidaspow model and better in comparison with other 

experimental based models.  

 

Finally, all the drag models are compared one by one with the simulation results in the 

normalized form. The normalized drag force is calculated by Eq. (79) for all drag models 

and plotted with the results of the simulated cases versus Reynolds number and volume 

fraction of solid. For the simulation data, in addition to the average result of the cases with 

the same parameters, the maximum and the minimum values of the normalized drag force 

are also plotted to show the range of the results obtained by the simulations. The results are 

presented in Figures 4.13 – 4.25.  
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Figure 4.13. Comparison of the Ergun model and the simulation results 

 

 

Figure 4.14. Comparison of the Wen-Yu model and the simulation results 
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Figure 4.15. Comparison of the Huilin-Gidaspow model and the simulation results 

 

 

Figure 4.16. Comparison of the Syamlal-O’Brien model and the simulation results 
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Figure 4.17. Comparison of the Gibilaro et al. model and the simulation results 

 

 

Figure 4.18. Comparison of the Arastoopour et al. model and the simulation results 
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Figure 4.19. Comparison of the Di Felice model and the simulation results 

 

 

Figure 4.20. Comparison of the Hill-Koch-Ladd model and the simulation results 
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Figure 4.21. Comparison of the Beetstra et al. model and the simulation results 

 

 

Figure 4.22. Comparison of the Tenneti et al. model and the simulation results 
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Figure 4.23. Comparison of the Zaidi et al. model and the simulation results 

 

 

Figure 4.24. Comparison of the Tang et al. model and the simulation results 
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Figure 4.25. Comparison of the Bogner et al. model and the simulation results 

 

Figures 4.13 and 4.14 confirm the Gidaspow’s (1986) understanding of how the Ergun model 

and the Wen-Yu model predict the drag force in gas-solid flow. Especially at higher 

Reynolds numbers, the Ergun model works better for dense flows and the Wen-Yu model – 

for dilute flows. However, the switching between these models at εs = 0.2 is not justified. 

From the presented figures it is seen that the fit to the simulation data in some cases would 

be better if the transition was done at lower εs, for example, at εs = 0.15.  

 

Figure 4.15 shows that the switching function used in the Huilin-Gidaspow model provides 

a smooth transition between the Ergun and the Wen-Yu models. The combined model, in 

fact, gives the best fit to the simulation results, however, it still considerably underpredicts 

the drag force for the dense flow at low Reynolds numbers.  

 

The Syamal-O’Brien model represents simulations well, especially at higher Reynolds 

numbers (Figure 4.16). However, one major drawback of this model is that the inclination 

of the graphs of the normalized drag force versus the solid volume fraction does not match 

the simulation results at all investigated Reynolds numbers. The model gives perfect results 
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at εs = 0.15 – 0.25, but overestimates the drag force at lower εs, and underestimates it at 

higher εs.  

 

Both the Gibilaro et al. and the Arastoopour et al. models (Figures 4.17 – 4.18) fail to give 

a somewhat accurate prediction for the simulation data. The deviation from the simulations 

in some cases reaches 50% for the Gibilaro et al. model and 40% for the Arastoopour et al. 

model (Tables 4.3 – 4.5). However, the graphs of these models are arranged parallel to the 

simulation results, particularly at higher values of Reynolds numbers and solid volume 

fraction. Because of that, these models can be easily modified to fit the simulation results, 

by applying some simple factor to them. It might be an option to consider for future work 

aimed at obtaining a new drag model.  

 

The Di Felice drag model (Figure 4.19) gives satisfactory results for dilute flow conditions, 

which at Rep = 95 are even better than that obtained by any other model. However, this 

model significantly overestimates the drag force for dense flows. At εs = 0.4 the deviation 

reaches from 55% to 75%.  

 

The Hill-Koch-Ladd model (Figure 4.20), as well as all other investigated DNS-based drag 

models, agrees well with the simulations at low Reynolds numbers and high volume 

fractions of solid, the deviation is much smaller than of any drag model based on 

experiments. At high Reynolds numbers and low solid volume fractions, this model shows 

the results which are better than that obtained by any other model. However, at other flow 

conditions, the deviation from the simulation data is quite significant. 

 

Among the drag models based on DNS, the Beetstra et al. model gives the best prediction of 

the simulation results (Figure 4.21). At higher values of Re, the prediction is even better than 

the one given by the Huilin-Gidaspow model for all solid volume fractions. At low Re and 

εs, the obtained drag force is slightly overestimated.  

 

The first model based on IBM, the Tenneti et al. model (Figure 4.22) has some deviation 

from previous LBM models, as reported by Tenneti et al. (2011). However, it shows better 

results than the Beetstra et al. model only at low Reynolds numbers and volume fractions of 
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solid. At other flow conditions, the results are not closer to the simulation data than the 

results obtained by other DNS-based drag models.  

 

The Zaidi et al. model, which is also based on IBM, gives the results very close to the Tenneti 

et al. model at high Reynolds numbers, as we can see in Figure 4.23, while, at low Reynolds 

numbers the model can predict the simulation data more accurately in comparison with other 

DNS-based models, especially for dilute flow conditions.  

 

The Tang et al. model (Figure 4.24) gives more accurate predictions to the simulation data 

than the Tenneti et al. and the Zaidi et al. models at high Reynolds numbers. At low Reynolds 

numbers, the model gives the best results for dense flows and the worst results for dilute 

flows. However, since the model is based on simulations with Rep ≥ 50, there is no reason 

to expect any good performance of this model at low Reynolds numbers.  

 

The Bogner et al. model (Figure 4.25), which is the latest LBM-based model, has the smallest 

average deviation from the simulation results of all DNS-based models for dilute flow 

conditions, as can be seen also from Table 4.3. At high values of solid volume fraction, the 

model underpredicts the simulation data, but it is expected since the model equation is valid 

only for εs up to 0.35. As reported by Bogner et al. (2015), the model gives the results close 

to the Wen-Yu model.  
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5 CONCLUSIONS 

 

Modelling of gas-solid flows is needed for solving various engineering problems. The 

momentum exchange between the phases plays a key role in modelling. Many drag models 

are available in literature, which describe the momentum exchange. Some of them, including 

the earliest Ergun and Wen-Yu models, are based on experimental data, while others are 

based on numerical simulations. Despite all its disadvantages, the Gidaspow model remains 

the most widely used model, however, the literature review showed that there is no consensus 

in the scientific community on which drag model is the best choice for modelling.  

 

The methods described in Chapter 3 of this Master’s thesis provide a great platform for direct 

numerical simulations of gas-solid flows, which is not used before, based on commercial 

software for CFD simulations. The random arrangements of static particles are created using 

a script generated in MATLAB. The simulations are done in FLUENT for 48 combinations 

of the particle diameter, the volume fraction of solid and the superficial velocity of air.  

 

The results of simulations showed that the drag force can vary between different cases with 

the same set of flow parameters depending on the arrangements of particles. If the particles 

form straight passages for the flow, the drag force is lower than when they are randomly 

distributed.  

 

The comparison of the simulation results with the drag models revealed that the Huilin-

Gidaspow model, which is a modification of the Gidaspow model, indeed, has the smallest 

deviation from the simulation data (11.1% – 20.1%). However, at higher solid volume 

fractions, the Beetstra et al. model based on LBM simulations has a lower deviation of 

9% – 15.4%. Other DNS-based models are close to the results by the Beetrstra et al. model 

in most cases. In general, the models based on LBM show better results than the ones based 

on IBM. Other experimental-based drag models are less accurate. Both the Arastoopour et 

al. and the Di Felice models cannot predict the simulation results. The Gibilaro et al. model 

gives the weakest fit to the simulation data (underpredicts it by 45% on average). Since all 

drag models still deviate quite significantly from the direct numerical simulations, it is clear 
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that further research is needed to develop a more accurate drag correlation. Direct numerical 

simulation is the most promising way to obtain it.  

 

The assessment of the drag models is done based on the simulation results, so it is important 

to acknowledge all simplifications that were made during the modelling. The most 

significant one is that the two-dimensional flow is simulated. In fact, the two-dimensional 

flow past circular obstacles represents the flow around infinite cylinders (or very thin ones). 

So, it would not be accurate to say that simulations were representing the flow around 

spherical particles. Another important assumption is that the laminar model is used as a 

viscous model for all cases. In order to take into account the effect of the gas phase velocity 

fluctuations on interphase momentum exchange, transient flow with one of the turbulence 

models must be simulated. Also, the mesh sensitivity analysis is done only for a few 

“extreme” cases, and it was assumed that the chosen size of grid elements is suitable for all 

other cases. So, it is possible that in some cases, especially at higher volume fractions of 

solid, the solution is not grid-independent. Although, the fact that the mesh is fairly fine 

reduces the possibility of grid-dependence considerably.  

 

The methods used in this work can be implemented in future research for a more detailed 

comparison of the models, and to derive new drag correlations or to modify the existing 

ones. The first step in future work should be to simulate three-dimensional flow past 

spherical particles. Different software can be used instead of Ansys DesignModeler and 

Ansys Meshing to accelerate the process of generating and meshing the domains. Also, 

turbulence models and transient simulations should be considered. Most of the investigated 

DNS-based drag models are valid in wider ranges of Reynolds number and volume fraction 

of solid, so the ranges should be expanded. In addition, the results of the simulations with 

random arrangements of particles can be compared with the drag forces on ordered arrays of 

particles to assess the effect of randomness. In later studies, DNS can be used to model 

energy and mass exchange between phases, and simulations with moving particles might be 

performed as well.  
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 Appendix I, 1 

MATLAB code for the script generation 

clear; clc; 

es=0.4; %volume fraction of solid 

d=0.7; %diameter of particles [mm] 

a=15*d; b=a; %sides of the domain 

h=2*d; %inlet and outlet gaps 

N=4*es*a*b/pi/d^2; N=round(N); %number of particles 

r=(es*a*b/N/pi)^0.5; %radius of particles 

e=0.2*2*r; %the gap between the particles 

p=zeros(N,2); pcopy=zeros(N,3); %matrixes of centres positions 

pleft=zeros(N,2); pcenter=pleft; pright=pleft; 

check=zeros(N,1); %arrays for recording the number of iterations 

ii=0; countleft=0; countcenter=1; countright=0; 

%first particle somewhere in the middle 

p(1,1)=0.8*a*rand+0.1*a; 

p(1,2)=0.8*b*rand+0.1*b; 

pcenter(1,1)=p(1,1); 

pcenter(1,2)=p(1,2); 

%other particles 

for i=2:N 

    k=0; 

    while k==0 

        randx=rand*a; 

        randy=rand*b; 

        %randy=rand*(b-2*r)+r; %no crossing inlet and outlet sides 

        k=1; 

        %checking if the particle overlaps with internal particles 

        for j=1:i-1 

            L=((randx-p(j,1))^2+(randy-p(j,2))^2)^0.5; 

            if L<=2*r+e 

                k=k*0; 

                break %if overlaps, break the for loop 

            end 

        end 

        check(i,1)=check(i,1)+1; 

        if k==0 

            continue %choose new coordinates if there is an overlap 

        end 

        %checking if the particle overlaps with copies of boundary particles 

        if ii>0 

            for jj=1:ii 

                L=((randx-pcopy(jj,1))^2+(randy-pcopy(jj,2))^2)^0.5; 

                if L<=2*r+e 

                    k=k*0; 

                    break %if overlaps, break the for loop 

                end 

            end 

        end 

        check(i,1)=check(i,1)+1; 

        % checking that if the particle crosses a boundary, its copy does 

        % not overlap any existing particle 

        if (randx<r || randx>(a-r)) && k==1 

            if randx<r %if the particle crosses the left boundary 

                randx2=randx+a; 

                for j=1:i-1 

                    if p(j,1)>(a-2*r) 

                        L=((randx2-p(j,1))^2+(randy-p(j,2))^2)^0.5; 

                        if L<=2*r+e 

                            k=k*0; 

                            break %if overlaps, break the for loop 

                        end 

                    end 

                end 
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                check(i,1)=check(i,1)+1; 

            end 

            if randx>(a-r) %if the particle crosses the left boundary 

                randx2=randx-a; 

                for j=1:i-1 

                    if p(j,1)<2*r %check only particles close to the boundary 

                        L=((randx2-p(j,1))^2+(randy-p(j,2))^2)^0.5; 

                        if L<=2*r+e 

                            k=k*0; 

                            break %if overlaps, break the for loop 

                        end 

                    end 

                end 

                check(i,1)=check(i,1)+1; 

            end 

            if k==1 

                %obtaining the coordinates of copied particles 

                ii=ii+1; 

                if randx<r 

                    pcopy(ii,1)=randx+a; 

                end     

                if randx>(a-r) 

                    pcopy(ii,1)=randx-a; 

                end 

                pcopy(ii,2)=randy; 

                pcopy(ii,3)=i; 

                %distributing the copies to the left or right group 

                if pcopy(ii,1)<0 

                    countleft=countleft+1; 

                    c=countleft; 

                    pleft(c,1)=pcopy(ii,1); 

                    pleft(c,2)=pcopy(ii,2); 

                end 

                if pcopy(ii,1)>a 

                    countright=countright+1; 

                    c=countright; 

                    pright(c,1)=pcopy(ii,1); 

                    pright(c,2)=pcopy(ii,2); 

                end 

            end 

        end 

    end 

    %assigning the position if all conditions are satisfied 

    p(i,1)=randx; 

    p(i,2)=randy; 

    %distributing the particles to the left, right or centre group 

    if p(i,1)>r && p(i,1)<(a-r) 

        countcenter=countcenter+1; 

        c=countcenter; 

        pcenter(c,1)=p(i,1); 

        pcenter(c,2)=p(i,2); 

    else 

        if p(i,1)<r 

            countleft=countleft+1; 

            c=countleft; 

            pleft(c,1)=p(i,1); 

            pleft(c,2)=p(i,2); 

        end 

        if p(i,1)>(a-r) 

            countright=countright+1; 

            c=countright; 

            pright(c,1)=p(i,1); 

            pright(c,2)=p(i,2); 

        end 

    end 
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end 

%deleting zero rows 

for i=ii+1:N 

    pcopy(ii+1,:)=[]; 

end 

for i=countcenter+1:N 

    pcenter(countcenter+1,:)=[]; 

end 

c=countleft; 

for i=c+1:N 

    pleft(c+1,:)=[]; 

    pright(c+1,:)=[]; 

end 

%sorting the rows 

pleft=sortrows(pleft,2); 

pright=sortrows(pright,2); 

  

arcy=zeros(c,2); 

for i=1:c 

    x=pleft(i,1); 

    y=pleft(i,2); 

    arcy(i,1)=y-(r*r-x*x)^0.5; 

    arcy(i,2)=y+(r*r-x*x)^0.5; 

end 

%creating the script 

fileID=fopen(geom.js,w); %opening the .js file 

%lines, required for DesignModeler script 

fprintf(fileID,%s\r\n,function planeSketchesOnly (p)); 

fprintf(fileID,%s\r\n,{); 

fprintf(fileID,%s\r\n,p.Plane  = agb.GetActivePlane();); 

fprintf(fileID,%s\r\n,p.Origin = p.Plane.GetOrigin();); 

fprintf(fileID,%s\r\n,p.XAxis  = p.Plane.GetXAxis();); 

fprintf(fileID,%s\r\n,p.YAxis  = p.Plane.GetYAxis();); 

fprintf(fileID,%s\r\n,p.Sk1 = p.Plane.NewSketch();); 

fprintf(fileID,%s\r\n,p.Sk1.Name = "Sketch1";); 

fprintf(fileID,%s\r\n,with (p.Sk1)); 

fprintf(fileID,%s\r\n,{); 

%inlet and outlet 

Ln=[p.Ln7 = Line(0,  num2str(-h) ,  num2str(a) ,  num2str(-h) );]; 

fprintf(fileID,%s\r\n,Ln); 

Ln=[p.Ln8 = Line( num2str(a) ,  num2str(b+h) , 0,  num2str(b+h) );]; 

fprintf(fileID,%s\r\n,Ln); 

c=8; c0=c; 

%left boundary arcs 

for i=1:countleft 

    Arc=[p.Cr num2str(i+c)  = ArcCtrEdge( num2str(pleft(i,1)) ,  

num2str(pleft(i,2)) , 0,  num2str(arcy(i,1)) , 0,  num2str(arcy(i,2)) );]; 

    fprintf(fileID,%s\r\n,Arc); 

end 

c=c+countleft; c1=c; 

%right boundary arcs 

for i=1:countright 

    Arc=[p.Cr num2str(i+c)  = ArcCtrEdge( num2str(pright(i,1)) ,  

num2str(pright(i,2)) ,  num2str(a) ,  num2str(arcy(i,2)) ,  num2str(a) ,  

num2str(arcy(i,1)) );]; 

    fprintf(fileID,%s\r\n,Arc); 

end 

c=c+countright; c2=c; 

%boundary lines 

for i=1:countleft-1 

    Ln=[p.Ln num2str(i+c)  = Line(0,  num2str(arcy(i,2)) , 0,  

num2str(arcy(i+1,1)) );]; 

    fprintf(fileID,%s\r\n,Ln); 

end 

c=c+countleft-1; c3=c; 
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for i=1:countright-1 

    Ln=[p.Ln num2str(i+c)  = Line( num2str(a)  ,  num2str(arcy(i,2)) ,  

num2str(a) ,  num2str(arcy(i+1,1)) );]; 

    fprintf(fileID,%s\r\n,Ln); 

end 

c=c+countright-1; c4=c; 

Ln=[p.Ln num2str(c+1)  = Line(0,  num2str(-h) , 0,  num2str(arcy(1,1)) );]; 

fprintf(fileID,%s\r\n,Ln); 

Ln=[p.Ln num2str(c+2)  = Line( num2str(a) ,  num2str(-h) ,  num2str(a) ,  

num2str(arcy(1,1)) );]; 

fprintf(fileID,%s\r\n,Ln); 

Ln=[p.Ln num2str(c+3)  = Line(0,  num2str(arcy(countleft,2)) , 0,  num2str(b+h) 

);]; 

fprintf(fileID,%s\r\n,Ln); 

Ln=[p.Ln num2str(c+4)  = Line( num2str(a) ,  num2str(arcy(countright,2)) ,  

num2str(a) ,  num2str(b+h) );]; 

fprintf(fileID,%s\r\n,Ln); 

c=c+4; 

%internal particles 

for i=1:countcenter 

    Cr=[p.Cr num2str(i+c)  = Circle( num2str(pcenter(i,1)) ,  

num2str(pcenter(i,2)) ,  num2str(r) );]; 

    fprintf(fileID,%s\r\n,Cr); 

end 

c=c+countcenter; 

fprintf(fileID,%s\r\n,}); 

%constraints 

fprintf(fileID,%s\r\n,with (p.Plane)); 

fprintf(fileID,%s\r\n,{); 

for i=1:countleft-1 %left upper points 

    Con=[CoincidentCon(p.Cr num2str(c0+i) .End,  num2str(0) ,  num2str(arcy(i,2)) 

, p.Ln num2str(c2+i) .Base,  num2str(0) ,  num2str(arcy(i,2)) );]; 

    fprintf(fileID,%s\r\n,Con); 

end 

for i=1:countleft-1 %left lower points 

    Con=[CoincidentCon(p.Cr num2str(c0+i+1) .Base,  num2str(0) ,  

num2str(arcy(i+1,1)) , p.Ln num2str(c2+i) .End,  num2str(0) ,  

num2str(arcy(i+1,1)) );]; 

    fprintf(fileID,%s\r\n,Con); 

end 

for i=1:countright-1 %right upper points 

    Con=[CoincidentCon(p.Cr num2str(c1+i) .Base,  num2str(a) ,  

num2str(arcy(i,2)) , p.Ln num2str(c3+i) .Base,  num2str(a) ,  num2str(arcy(i,2)) 

);]; 

    fprintf(fileID,%s\r\n,Con); 

end 

for i=1:countright-1 %right lower points 

    Con=[CoincidentCon(p.Cr num2str(c1+i+1) .End,  num2str(a) ,  

num2str(arcy(i+1,1)) , p.Ln num2str(c3+i) .End,  num2str(a) ,  

num2str(arcy(i+1,1)) );]; 

    fprintf(fileID,%s\r\n,Con); 

end 

Con=[CoincidentCon(p.Cr num2str(c0+1) .Base,  num2str(0) ,  num2str(arcy(1,1)) , 

p.Ln num2str(c4+1) .End,  num2str(0) ,  num2str(arcy(1,1)) );]; 

fprintf(fileID,%s\r\n,Con); 

Con=[CoincidentCon(p.Cr num2str(c1+1) .End,  num2str(a) ,  num2str(arcy(1,1)) , 

p.Ln num2str(c4+2) .End,  num2str(a) ,  num2str(arcy(1,1)) );]; 

fprintf(fileID,%s\r\n,Con); 

Con=[CoincidentCon(p.Cr num2str(c0+countleft) .End,  num2str(0) ,  

num2str(arcy(countleft,2)) , p.Ln num2str(c4+3) .Base,  num2str(0) ,  

num2str(arcy(countleft,2)) );]; 
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fprintf(fileID,%s\r\n,Con); 

Con=[CoincidentCon(p.Cr num2str(c1+countright) .Base,  num2str(a) ,  

num2str(arcy(countright,2)) , p.Ln num2str(c4+4) .Base,  num2str(a) ,  

num2str(arcy(countright,2)) );]; 

fprintf(fileID,%s\r\n,Con); 

Con=[CoincidentCon(p.Ln num2str(7) .Base,  num2str(0) ,  num2str(-h) , p.Ln 

num2str(c4+1) .Base,  num2str(0) ,  num2str(-h) );]; 

fprintf(fileID,%s\r\n,Con); 

Con=[CoincidentCon(p.Ln num2str(7) .End,  num2str(a) ,  num2str(-h) , p.Ln 

num2str(c4+2) .Base,  num2str(a) ,  num2str(-h) );]; 

fprintf(fileID,%s\r\n,Con); 

Con=[CoincidentCon(p.Ln num2str(8) .End,  num2str(0) ,  num2str(b+h) , p.Ln 

num2str(c4+3) .End,  num2str(0) ,  num2str(b+h) );]; 

fprintf(fileID,%s\r\n,Con); 

Con=[CoincidentCon(p.Ln num2str(8) .Base,  num2str(a) ,  num2str(b+h) , p.Ln 

num2str(c4+4) .End,  num2str(a) ,  num2str(b+h) );]; 

fprintf(fileID,%s\r\n,Con); 

fprintf(fileID,%s\r\n,}); 

%more lines, required for DesignModeler script 

fprintf(fileID,%s\r\n,p.Plane.EvalDimCons();); 

fprintf(fileID,%s\r\n,return p;); 

fprintf(fileID,%s\r\n,}); 

fprintf(fileID,%s\r\n,var ps1 = planeSketchesOnly (new Object());); 

fprintf(fileID,%s\r\n,agb.Regen();); 

fclose(fileID); %closing the .js file 
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MATLAB code for post-processing 

 

filename1 = results1; %results exported from FLUENT for calulating pressure force 

[W1,delimiterOut]=importdata(filename1); 

W1=W1.data; 

W1(:,2)=W1(:,2)*1000; %x-coordinate 

W1(:,3)=W1(:,3)*1000; %y-coordinate 

Ncells1=size(W1,1); 

filename2 = results2; %results exported from FLUENT for calculating viscous force 

[W2,delimiterOut]=importdata(filename2); 

W2=W2.data; 

W2(:,2)=W2(:,2)*1000; %x-coordinate 

W2(:,3)=W2(:,3)*1000; %y-coordinate 

Ncells2=size(W2,1); 

np=size(pcenter,1); 

F=zeros(np,3); 

Err=ones(np,2);  

g=0.00251; g=g*1; %width of the first layer cell (b2) 

sump=0; sumv=0; sumt=0; 

for n=1:np %for each particle one by one 

    x0=pcenter(n,1); 

    y0=pcenter(n,2); 

    %calculating the pressure force 

    w1=0; C1=zeros(1,8); 

    for i=1:Ncells1 %for each cell in the result1 file 

        x=W1(i,2); 

        y=W1(i,3); 

        dist=((x-x0)^2+(y-y0)^2)^0.5; 

        if dist<(r+g) %selecting the closest cells 

            w1=w1+1; 

            C1(w1,1:4)=W1(i,1:4); 

            C1(w1,5)=dist; 

            C1(w1,6)=(y0-y)/dist; 

        end 

    end 

    rr=0; 

    if w1>63 || w1<63 %removing extra cells 

        Err(n,1)=w1; 

        for i=w1-1:-1:1 

            for j=i+1:w1-rr 

                if j>w1-rr 

                    break 

                end 

                if abs(C1(i,6)-C1(j,6))<0.001 

                    if C1(i,5)>C1(j,5) 

                        C1(i,:)=[]; 

                    else 

                        C1(j,:)=[]; 

                    end 

                    rr=rr+1; 

                end 

            end 

        end 

    end 

    if w1-rr>63 || w1-rr<63 %recording a number of the left cells 

        Err(n,2)=w1-rr; 

    end 

    arc=2*pi*r/63/1000; %length of an arc 
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    for i=1:w1-rr %for the left cells 

        C1(i,7)=C1(i,4)*arc; 

        C1(i,8)=C1(i,7)*C1(i,6); 

        F(n,1)=F(n,1)+C1(i,8); %pressure force 

    end 

    sump=sump+F(n,1); 

     

    %calculating the viscous force and the total force 

    w2=0; C2=zeros(1,6); 

    for i=1:Ncells2 %for each cell in the result2 file 

        x=W2(i,2); 

        y=W2(i,3); 

        dist=((x-x0)^2+(y-y0)^2)^0.5; 

        if dist<(r+g) %selecting the closest cells 

            w2=w2+1; 

            C2(w2,1:4)=W2(i,:); 

            C2(w2,5)=dist; 

        end 

    end 

     

    for i=1:w2 %for the selected cells 

        C2(i,6)=C2(i,4)*arc; 

        F(n,2)=F(n,2)+C2(i,6); %viscous force 

        F(n,3)=F(n,1)+F(n,2); %total force 

    end 

    sumv=sumv+F(n,2); 

    sumt=sumt+F(n,3); 

end 

%calculating the average values of the forces 

Fpaverage=sump/n; 

Fvaverage=sumv/n; 

Ftaverage=sumt/n; 

F=sortrows(F,3); 

 

%calculating the volume-averaged air velocity 

w3=0; V=zeros(Ncells1-100000,8); Vsum=0; Asum=0; VAsum=0; 

for i=1:Ncells1 

    if W1(i,3)>0 && W1(i,3)<a %selecting the cells within the square domain 

        w3=w3+1; 

        V(w3,:)=W1(i,:); 

        VAsum=VAsum+V(w3,7)*V(w3,8); 

        Asum=Asum+V(w3,8); 

    end 

end 

Vmean=VAsum/Asum 
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Simulation results 

Table A.1. Average results of simulations 

εs = 0.05 1 2 3 4 5 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

100 0.5 0.0023 1942.3 1.337 0.0026 2195.6 1.511 0.0022 1857.8 1.279 0.0020 1691.8 1.164 0.0023 1942.3 1.337 

100 2 0.0147 3103.7 2.136 0.0175 3694.9 2.543 0.0140 2955.9 2.034 0.0137 2897.4 1.994 0.0142 2998.2 2.063 

400 0.5 0.0032 168.9 1.860 0.0036 190.0 2.092 0.0038 200.6 2.209 0.0027 142.7 1.571 0.0039 206.0 2.269 

400 2 0.0297 391.9 4.316 0.0302 398.5 4.388 0.0333 439.6 4.840 0.0225 297.3 3.273 0.0343 453.0 4.988 

700 0.5 0.0047 81.1 2.736 0.0037 63.9 2.156 0.0050 86.1 2.905 0.0040 69.2 2.332 0.0050 86.2 2.906 

700 2 0.0464 200.3 6.753 0.0357 154.2 5.199 0.0478 206.0 6.946 0.0405 175.1 5.903 0.0472 203.4 6.858 

εs = 0.1 1 2 3 4 5 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

100 0.5 0.0067 5373.1 2.060 0.0069 5530.5 2.120 0.0062 4971.2 1.906 0.0062 4968.5 1.905 0.0060 4809.1 1.844 

100 2 0.0429 8603.3 3.298 0.0423 8479.2 3.251 0.0365 7317.9 2.806 0.0401 8034.9 3.080 0.0347 6954.5 2.666 

400 0.5 0.0109 545.5 3.346 0.0109 545.3 3.345 0.0115 576.0 3.533 0.0097 486.0 2.981 0.0088 442.5 2.714 

400 2 0.0939 1174.9 7.207 0.0941 1177.0 7.220 0.0975 1220.8 7.489 0.0849 1063.6 6.524 0.0776 975.5 5.984 

700 0.5 0.0138 225.7 4.241 0.0137 224.0 4.208 0.0131 222.7 4.184 0.0119 194.9 3.661 0.0132 215.6 4.050 

700 2 0.1369 559.8 10.517 0.1217 497.5 9.345 0.1266 535.3 10.057 0.1199 490.8 9.220 0.1225 500.2 9.396 

εs = 0.15 1 2 3 4 5 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

100 0.5 0.0141 10668.5 3.057 0.0153 11566.6 3.314 0.0124 9390.2 2.691 0.0137 10372.9 2.972 0.0111 8414.3 2.411 

100 2 0.0805 15229.1 4.364 0.0970 18337.4 5.254 0.0759 14373.0 4.118 0.0787 14899.4 4.269 0.0668 12660.5 3.628 

400 0.5 0.0192 910.7 4.175 0.0200 948.2 4.347 0.0201 954.6 4.376 0.0170 806.0 3.695 0.0161 763.8 3.502 

400 2 0.1571 1863.1 8.542 0.1636 1939.1 8.890 0.1667 1979.2 9.074 0.1394 1652.4 7.576 0.1366 1620.3 7.429 

700 0.5 0.0256 396.7 5.569 0.0282 436.0 6.122 0.0257 398.1 5.590 0.0251 387.8 5.446 0.0263 406.7 5.711 

700 2 0.2343 907.5 12.742 0.2565 991.4 13.920 0.2449 948.4 13.316 0.2393 924.5 12.980 0.2436 941.7 13.222 
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Table A.1 (Continued) 

εs = 0.2 1 2 3 4 5 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

100 0.5 0.0264 18842.7 4.571 0.0258 18438.1 4.473 0.0263 18783.4 4.557 0.0211 15074.4 3.657 0.0283 20257.3 4.915 

100 2 0.1480 26407.2 6.407 0.1449 25890.5 6.281 0.1435 25623.9 6.217 0.1231 21993.5 5.336 0.1647 29475.7 7.151 

400 0.5 0.0338 1506.6 5.848 0.0404 1802.5 6.997 0.0356 1594.5 6.189 0.0342 1534.5 5.956 0.0357 1595.6 6.194 

400 2 0.2789 3107.8 12.064 0.3035 3384.9 13.140 0.2834 3173.5 12.319 0.2647 2969.4 11.526 0.2719 3038.2 11.794 

700 0.5 0.0435 635.4 7.553 0.0496 723.3 8.598 0.0487 709.6 8.436 0.0432 630.0 7.489 0.0461 670.5 7.971 

700 2 0.3962 1446.5 17.196 0.4692 1710.4 20.333 0.4426 1612.1 19.164 0.3860 1407.2 16.729 0.4172 1516.8 18.032 

εs = 0.25 1 2 3 4 5 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

100 0.5 0.0456 30591.2 6.755 0.0460 30967.0 6.838 0.0472 31827.9 7.029 0.0450 30175.0 6.663 0.0430 28829.6 6.366 

100 2 0.2467 41364.3 9.134 0.2428 40858.4 9.023 0.2525 42568.1 9.400 0.2341 39250.2 8.668 0.2227 37331.8 8.244 

400 0.5 0.0643 2687.5 9.496 0.0621 2600.2 9.187 0.0580 2443.7 8.634 0.0661 2784.1 9.837 0.0647 2711.6 9.581 

400 2 0.4718 4930.1 17.419 0.4533 4744.6 16.764 0.4358 4590.5 16.219 0.4883 5141.5 18.166 0.4817 5047.0 17.832 

700 0.5 0.0839 1148.7 12.429 0.0788 1079.5 11.681 0.0772 1056.0 11.426 0.0706 967.8 10.472 0.0787 1082.1 11.708 

700 2 0.7074 2421.0 26.196 0.6751 2312.0 25.017 0.6818 2331.2 25.225 0.5960 2042.3 22.099 0.6667 2291.3 24.793 

εs = 0.3 1 2 3 4 5 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

Fty, 

N 

β, 

kg/(m3s) 

F(εs,Rep) 

 

100 0.5 0.0853 53637.7 11.331 0.0786 49607.1 10.480 0.0761 47947.6 10.129 0.0787 49543.6 10.466 0.0723 45566.3 9.626 

100 2 0.4130 64904.2 13.711 0.3902 61560.5 13.005 0.3772 59418.9 12.552 0.3862 60782.8 12.840 0.3634 57255.2 12.095 

400 0.5 0.1060 4173.6 14.107 0.0929 3664.5 12.386 0.0942 3706.9 12.529 0.0985 3864.6 13.062 0.0931 3661.0 12.374 

400 2 0.7329 7213.1 24.381 0.6683 6589.7 22.273 0.6758 6647.6 22.469 0.6955 6820.9 23.055 0.6695 6581.0 22.244 

700 0.5 0.1140 1467.5 15.191 0.1141 1471.1 15.228 0.1186 1521.8 15.752 0.1222 1568.0 16.230 0.1276 1631.7 16.890 

700 2 0.9324 3000.1 31.054 0.9188 2961.2 30.653 1.0065 3227.9 33.413 0.9689 3107.5 32.166 1.0406 3326.0 34.429 
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Table A.1 (Continued) 

εs = 0.35 1 2 3 4 5 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

100 0.5 0.1251 73759.6 15.490 0.1385 81068.8 17.025 0.1233 72611.6 15.249 0.1195 70215.6 14.745 0.1290 75528.0 15.861 

100 2 0.5859 86365.3 18.137 0.6621 96900.2 20.349 0.5915 87086.8 18.288 0.5762 84643.5 17.775 0.6289 92053.5 19.331 

400 0.5 0.1561 5725.8 19.239 0.1668 6119.0 20.560 0.1595 5834.3 19.603 0.1726 6318.5 21.230 0.1532 5615.7 18.869 

400 2 1.0430 9561.8 32.128 1.1203 10272.1 34.515 1.0491 9591.8 32.229 1.1509 10530.8 35.384 1.0166 9314.8 31.298 

700 0.5 0.1828 2203.7 22.676 0.1811 2165.3 22.282 0.1918 2306.4 23.733 0.2018 2416.7 24.868 0.1875 2243.3 23.084 

700 2 1.4362 4327.0 44.525 1.4285 4268.9 43.927 1.5090 4534.8 46.664 1.5560 4656.8 47.919 1.4569 4356.5 44.829 

εs = 0.4 1 2 3 4 5 

ds, 

μm 

vair, 

m/s 

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

Fty, 

N 

β, 

kg/(m3s) 
F(εs,Rep)  

100 0.5 0.2091 114029 24.591 0.2114 115909 24.996 0.2023 111015 23.941 0.1929 105220 22.691 0.1897 104917 22.626 

100 2 0.9673 131862 28.436 0.9739 133512 28.792 0.9427 129326 27.890 0.9182 125204 27.000 0.9089 125678 27.103 

400 0.5 0.2452 8388.1 28.943 0.2635 9016.3 31.110 0.2527 8659.6 29.879 0.2357 8020.6 27.675 0.2638 9007.7 31.081 

400 2 1.5480 13235.7 45.669 1.6624 14216.0 49.051 1.6114 13801.1 47.620 1.4934 12701.6 43.826 1.6503 14083.9 48.596 

700 0.5 0.3099 3451.9 36.476 0.2765 3078.7 32.533 0.2708 3015.3 31.862 0.2686 2995.6 31.654 0.2860 3194.7 33.758 

700 2 2.2986 6397.4 67.601 2.0317 5649.5 59.698 2.0078 5584.2 59.009 1.9571 5454.1 57.633 2.1584 6031.2 63.732 
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Momentum exchange coefficient versus the volume fraction of solid 

 

Figure A.1. β versus εs at Rep = 3.4 (ds = 100 μm, vair = 0.5 m/s) for all drag models and the results 

 

 

Figure A.2. β versus εs at Rep = 14 (ds = 100 μm, vair = 2 m/s) for all drag models and the results 
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Figure A.3. β versus εs at Rep = 14 (ds = 400 μm, vair = 0.5 m/s) for all drag models and the results 

 

 

Figure A.4. β versus εs at Rep = 24 (ds = 400 μm, vair = 2 m/s) for all drag models and the results 
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Figure A.5. β versus εs at Rep = 55 (ds = 700 μm, vair = 0.5 m/s) for all drag models and the results 

 

 

Figure A.6. β versus εs at Rep = 95 (ds = 700 μm, vair = 2 m/s) for all drag models and the results 

 


