
LUT University
School of Engineering Science
Computational Engineering and Technical Physics
Technomathematics

Harrison Mansour

ENSEMBLE KALMAN SAMPLER

Master’s Thesis

Examiners: Professor Tapio Helin
Professor Heikki Haario

Supervisors: Professor Tapio Helin



ABSTRACT

LUT University
School of Engineering Science
Computational Engineering and Technical Physics
Technomathematics

Harrison Mansour

Ensemble Kalman Sampler

Master’s Thesis

2020

42 pages.

Examiners: Professor Tapio Helin
Professor Heikki Haario

Keywords: Inverse Problems, Bayesian Inverse Problems, Ensemble Kalman Filter, En-
semble Kalman Inversion

Many modern inverse problems are based upon a very complex forward model that is
computationally expensive. In such a setting, numerical estimation of a gradient can
be instable or infeasible and derivative-free solution methods are preferred. This thesis
studies the Ensemble Kalman Sampler (EKS), a novel algorithm that samples from the
posterior of a Bayesian inverse problem using no information of the gradient. EKS is
based upon Langevin dynamics and is a noisy variation of Ensemble Kalman Inversion
(EKI). The new noise structure causes EKS to effectively sample from the posterior, in-
stead of collapsing to a single optimal point like EKI. Two numerical results are presented
to demonstrate the algorithm’s effectiveness.
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1 INTRODUCTION

A typical mathematical model predicts the output of a system for a given set of parameters
and initial condition. The goal of an inverse problem is to reverse, or invert, that process:
given the observed (noisy) results, attempt to infer the initial parameters of the system.

A simple example of a forward model is the one-dimensional (1D) heat equation [1] given
by

∂u

∂t
=
k∂2u

∂x2
, (1)

where k is the thermal diffusivity constant. For specified initial condition u0(x) and
boundary conditions, equation 1 uniquely determines the temperature distribution uT (x)

along the rod at time T .

Contrast this with the inverse heat equation: given the temperature distribution uT (x) at
time T , reconstruct the initial distribution u0(x). The boundary conditions are understood
the same as in the forward problem.
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The above figure shows two initial temperature distributions (dotted) with their corre-
sponding final distribution at time T (solid). While the initial distributions are signif-
icantly different, the final distributions are almost indistinguishable, implying that the
solution to the inverse heat equation is very sensitive to small changes in uT (x). This sen-
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sitivity is only exacerbated by the real-world problem of measurement noise. This means
that the inverse heat problem is ill-posed and we can not reliably solve it in the current
state.

According to Hadamard [2], a problem is ill-posed if it does not satisfy any one of the
following conditions:

1. Existence: A solution exists

2. Uniqueness: The solution is unique

3. Stability: The solution depends continuously on the input.

Usually the third condition is the most difficult to overcome, and a major goal of inverse
problem theory is to stabilize the reconstruction process, formulating a well-posed prob-
lem that we can hope to solve. The regularization approach (see section 2.1) seeks to
approximate the solution by solving a similar but more stable problem instead. This is an
optimization method and results in a single point estimate.

Bayesian inverse problems (section 2.3) instead treat the problem as one of statistical
inference. Stabilization is done by injecting prior information in the form of a prior dis-
tribution µ0. Then instead of the single point estimate our solution is a probability distri-
bution u|y that tells the likelihood of a parameter value u given the observation y. u|y is
called the posterior distribution. Solving inverse problems from a Bayesian perspective
then gives the potential for extracting a richer set of information from the solution. We
not only have a best guess but also levels of confidence in that guess.

The Ensemble Kalman Sampler (EKS) is an algorithm for solving Bayesian inverse prob-
lems introduced by Garbuno-Inigo et al. [3] and is the subject of this paper. It is a
derivative-free method for generating approximate samples from the posterior distribu-
tion. This point is important because it allows EKS to solve problems where the forward
model G has a derivative that is computationally expensive or even impossible.

To make sense of EKS, we first must review some mathematical background. In chapter
2 we first take a deeper look at linear inverse problems, why they are ill-posed, and how
regularization methods can remedy that. Section 2.2 then presents prerequisite probability
theory, which prepares us to study Bayesian inverse problems for the rest of the chapter.

The Ensemble Kalman Sampler is a data assimilation algorithm, which is a methodology
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interested in combining a mathematical model with sequential data to obtain better esti-
mates and is introduced in section 3.1. This section also introduces Ensemble Kalman
Inversion, another data assimilation algorithm that EKS is closely related to. Section 3.2
introduces Langevin dynamics, the set of stochastic differential equations that EKS is
based on. Finally section 3.3 builds on the previous sections and introduces the Ensemble
Kalman Sampler.

Chapter 4 presents two numerical experiments meant to test if EKS effectively samples
from the posterior distribution. We look at the 1D deconvolution problem, where we use
the Normal equation solution as a baseline. We also look at the 1D elliptic boundary value
problem, where we use the Random Walk Metropolis Hastings algorithm as a baseline.
With this second problem, we also study how the ensemble size J and the number of
iterations N affects runtime performance. Chapter 5 gives a conclusion.

1.1 Objectives and Delimitations

The objectives of this paper are to:

1. Define the Ensemble Kalman Sampler as introduced by Garbuno-Inigo et al [3] and
show that it effectively generates approximate samples of the posterior distribution
u|y of a Bayesian inverse problem.

2. Describe Bayesian inverse problems. To understand this subject, we introduce in-
verse problems and basic probability theory up to Bayes’ Theorem.

3. Define the mathematical foundation behind the EKS. It is based on the overdamped
Langevin diffusion process and pulls heavily from the data assimilation field and
the Ensemble Kalman Inversion algorithm.

4. Test the EKS algorithm on the 1D elliptic boundary value problem and compare
the mean and covariance of the generated samples with results from Random Walk
Metropolis Hastings. With this problem we also study the runtime performance of
EKS for different ensemble sizes J and number of iterations N .

5. Test the EKS algorithm on the 1D deconvolution problem, a classic linear inverse
problem, and compare results to those found through the Normal equation.

The Ensemble Kalman Sampler is designed as a derivative-free algorithm, capable of
solving problems where the forward map G(u) contains very expensive or uncomputable
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derivatives. However, we only study numerical examples in low dimension that are easy
to compute. While these examples do not fully display the potential of the algorithm, they
do effectively show its ability to sample from the posterior π and presents visual results
that are easy to analyze.
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2 Mathematical Preliminaries

2.1 About Inverse Problems

Consider the linear inverse problem of estimating the unknown parameters u ∈ Rd from
known observations y ∈ Rk:

y = Au (2)

where A ∈ Rk×d models the relationship between u and y. Real-world measurements are
always perturbed by some noise, so really we are interested in recovering u from

y = Au+ η (3)

where η ∼ N(0,Γ) is unknown, but assumed to be generated by a centered Gaussian with
known covariance Γ ∼ Rk×k. The naive solution is to simply rearrange and invert A:

û = A−1(y − η)

however, this approach quickly runs into problems [4]:

1. Consider the case where d < k, an overdetermined system. Assume that A : Rd →
R(A) ⊂ Rk, where R(A) is the range of A, and that A has a unique inverse A−1 :

R(A)→ Rk. Because the specific instance of η is unknown, it cannot be subtracted
out and y /∈ R(A). Thus simply inverting A to solve is impossible.

2. Now consider d > k. This is an underdetermined system, so there are infinitely
many solutions. This issue can be resolved, for example, by searching for the least
squares solution.

3. Finally consider d = k. Then A−1 : Rk → Rd exists. Assume the condition
number k = λ1/λk, where λ1 and λk are respectively the biggest and smallest
eigenvalues of A, is very large. This means that A is almost singular, and is called
ill-conditioned. In this case, the naive solution û = A−1y−A−1η can be dominated
by A−1η, making it essentially meaningless. This is because in the worst case, the
error ‖A−1η‖2 ≈ ‖η‖2

λk
can be arbitrarily large.

The third issue is certainly the most difficult to cope with. Stabilizing the reconstruc-
tion process is one of the key objectives in solving inverse problems, and there are two
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major approaches to this problem. The classical approach utilizes regularization theory,
where the idea is to approximate the solution by solving a similar, but much more stable
problem, instead. The well-regarded Tikhonov regularization replaces equation 3 with the
minimization problem [5]

min
u∈Rd

(
‖Au− y‖2

2 + α‖x‖2
2

)
, (4)

whose solution can be found through the Normal equation:

ûα =
(
ATA+ αI

)−1
ATy =: Rαy,

where I is the identity matrix, and Rα is called the reconstruction matrix. This problem is
inherently more stable because λmin(Rα) = λmin

λ2min+α
, giving a reconstruction error on the

order of 1
λmin(Rα)

.

Although the worst-case error is significantly reduced, this approach introduces a second
error term:

Rαy = x+ (RαA− I)x+Rαη

where
‖ (RαA− I)x‖2 ≤

α

λ2
min + α

‖x‖2,

and
‖Rαη‖2 ≤

λmin
λ2
min + α

‖η‖2.

This result indicates that the choice of α is a delicate balancing act. Increasing α increases
the first error term, while decreasing α increases the second error term.

The major alternative to regularization is the statistical, or Bayesian approach to inverse
problems. This approach is introduced in section 2.3, after a review of the prerequisite
probability theory.

2.2 Probability Prerequisites

The main references for this section are [5, 6].

A probability space is defined as a triplet (Ω,F ,P). The sample space Ω 6= ∅ is a set
containing all possible outcomes. The σ-algebra F on Ω is a set of all possible events
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from an experiment, and follows the following axioms:

1. ∅ ∈ F

2. if A ∈ F , then Ac ∈ F , where Ac is the complement of A.

3. If A1, A2, ... ∈ F is a countable sequence of elements, then ∪∞i=1Ai ∈ F

The measure P : F → [0, 1] defines a probability to every event in F and satisfies:

1. P(A) ≥ 0, for all A ∈ F

2. P(Ω) = 1

3. If A1, A2, ... ∈ F are pairwise disjoint (meaning that Ai ∩ Aj = 0, for all i 6= j),
then P(∪∞i=1(Ai)) =

∑∞
i=1 P(Ai). This property is called countable additivity.

Example 2.1. Consider the simple experiment of rolling a six-sided die one time. The

sample space is then Ω = {1, 2, 3, 4, 5, 6}, and F contains all possible events, such as the

die rolls 3: {3} or the die rolls an odd number: {1, 3, 5}.

For any discrete Ω, F = Pow(Ω) is simply the power set of Ω. The measure P then
defines a probability for each element of F . In the above example, P({3}) = 1

6
, and

P({1, 3, 5}) = 1
2
. Because P is a probability measure, P(Ω) = 1. More rigorously, the

probability space must satisfy the following axioms:

1. ∅ ∪ Ω ∈ F

2. If A ∈ F , then Ac ∈ F

3. If Ai ∈ F , for i ∈ N, then ∪∞i=1(Ai) ∈ F

4. P(Ω) = 1

5. σ-additivity of P: If measurable sets Ai for i ∈ N are pairwise disjoint, then

P (∪∞i=1Ai) =
∞∑
i=1

P(Ai)
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A measure is called σ-finite if Ω is a countable union of measurable sets with finite mea-
sure [4]. This paper restricts the discussion to the Euclidean space Ω = Rn, with Borel
σ-algebra F = B(Rn), and with Lebesgue measure on Rn.

A random variable X is defined as a measurable map

X : (Ω,F)→ (Rn,B(Rn)),

which means that if A ∈ B(Rn), then X−1(A) ∈ F . The probability distribution of X is
then defined as a measure on (Rn,B(Rn)):

µ(A) := P(X−1(A)),

which is read as "the probability that X ∈ A". Shorthand for this is X ∼ µ.

Let µ and v be two measures on the same space. Measure µ is said to be absolutely
continuous with respect to v if v(A) = 0 implies that µ(A) = 0. This is written as µ� v.
If µ � v and v � µ, then the two measures are equivalent. Measures µ and v are called
mutually singular if they are supported on disjoint sets. [5]

Theorem 1 (Radon-Nikodym Theorem). Let µ and v be two measures on the same mea-

sure space (Ω,F). If v is σ-finite and µ� v, then there exists a function f ∈ L1(Ω,F , v)

such that

µ(A) =

∫
A

f(x)dv(x)

for all A ∈ F ,

and f(x) = dµ
dv

(x) is called the Radon-Nikodym derivative of µ with respect to v. From
theorem 1, the probability density function of a random variable X can be defined as
follows

Definition 2.1 (Probability Density Function). Suppose µ is a a probability measure on
(Rn,B(Rn)), Ln is a Lebesgue measure on Rn, and µ � Ln. Then there exists π ∈
L1(Rn) such that

µ(A) =

∫
A

π(x)dx

for any A ∈ B(Rn), and π(x) is called the probability density function (pdf) of X .

Definition 2.2 (Joint Distribution Function). Let X and Y be two random variables and
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A and B be any corresponding measurable sets. Then the joint distribution of X and Y is

µX×Y (A×B) = P(X−1(A) ∩ Y −1(B)).

Definition 2.3 (Marginal Distribution Function). Suppose Y : Ω→ Rn, then the marginal
distribution of X is defined as

µX(A) = µX×Y (A× Rn).

This holds similarly for Y .

Definition 2.4 (Independence). Two random variables X and Y are independent if

µX×Y (A×B) = µX(A)µY (B)

for any measurable sets A and B.

Suppose G ⊂ F is a sub-σ-algebra. In contrast with F , which represents all of the
possible events from an experiment, G contains only partial information because it is
generated from random variables. As an example, let X : Ω→ Rn. Then σ(X) is defined
as the smallest σ-algebra containing all sets X−1(A) where A ∈ B(Rn). Knowing the
value of X means we know whether X ∈ A happened for each A ∈ B(Rn). This does
not mean that we know every possible outcome, only the ones that were observed, so
σ(x) ⊂ F . [5]

Definition 2.5 (Conditional Expectation). A random variable Y ∈ L1(Ω,G,P;Rn) is
called the conditional expectation of X ∈ L1(Ω,F ,P;Rn) with respect to the partial-σ-
algebra G if ∫

G

X(ω)dP(ω) =

∫
G

Y (ω)dP(ω)

for all G ∈ G. Then define the expectation E(X|G) := Y .

The conditional probability of an event A ∈ F given the sub-σ-algebra G is a conditional
expectation of the form E(f(x),G) where

P(A|G) = E(1A(X)|G),

and

1A(X) :=

1 if x ∈ A

0 if x /∈ A
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is the indicator function of a subset A of a set X .

Definition 2.6 (Regular Conditional Distribution). A family of probability distributions
µ(·, ω)ω∈Ω on (Rn,B(Rn)) is called a regular conditional distribution of x given G ⊂ F
if

µ(A, ·) = E(1A(x)|G) almost surely

for every A ∈ B(Rn).

Theorem 2. Given a random variable X : (Ω,F) → (Rn,B(Rn)) and a sub-σ-algebra

G ⊂ F , there exists a regular conditional distribution µ(·, ω)ω∈Ω of X given G.

We can now define the posterior measure µpost(A, y) from the regular conditional proba-
bility measure as

µpost(A, Y (ω)) = E(1E(X)|σ(Y ))(ω),

where σ(Y ) is the partial-σ-algebra generated by Y .

2.3 Bayesian Inverse Problems

The primary references for this section are [4, 7, 8].

In section 2.1 we introduced linear inverse problems. In this section, we take a look at the
more general setting which is defined in terms of a known forward model G : Rd → Rk,
that defines the relationship between unknown parameters u ∈ Rd and noisy observations
y ∈ Rk according to

y = G(u) + η. (5)

In the Bayesian approach, u, y, and η are considered random variables. The unknown
u ∈ Rd follows a prior distribution µ0 with Lebesgue density ρ0(u). This prior density
ρ0(u) contains any information that we already know about u; a good prior is key to
formulating a well-posed inverse problem. The unknown measurement noise η ∼ N(0,Γ)

is independent of u and is sampled from a centered Gaussian with known covariance
Γ ∈ Rk×k. It has Lebesge density ρ(η).

The known observations are y ∈ Rk. The likelihood y|u is defined by equation 5 and has
Lebesgue density ρ(y − G(u)). From definition 2.4, it follows that (u, y) ∈ Rd × Rk is a
random variable with Lebesgue density ρ(y − G(u))ρ0(u) [7].

The posterior distribution u|y is then the solution to the inverse problem and is given by
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Bayes’ theorem:

P(u|y) =
1

P(y)
P(y|u)P(u). (6)

Theorem 3 (Bayes’ Theorem). Assume that

Z :=

∫
Rn

ρ(y − G(u))ρ0(u) > 0.

Then u|y is a random variable with Lebesgue density

π(u) =
1

Z
ρ(y − G(u))ρ0(u), (7)

and Z is the probability of y and acts as a normalizing constant.

Proof. For random variables A and B, let P(A) be the pdf of A and P(A|B) be the con-
ditional pdf of A given B.

From definition 2.2, we have

P(u, y) = P(u|y)P(y) = P(y|u)P(u)

and from definition 2.3,

P(y) =

∫
Rd

P(u, y)du , P(u) =

∫
Rk

P(u, y)dy.

Assume that P(y) > 0, then Bayes’ theorem gives us

P(u|y) =
1

P(y)
P(y|u)P(u) =

1

Z
ρ(y − G(u))ρ0(u)du > 0

for P(u) ≥ 0. Recall that P(y) = Z, where

Z =

∫
Rd

ZP(u|y)du =

∫
Rd

ρ(y − G(u))ρ0(u)du > 0.

Therefore our assumption that P(y) > 0 is justified and the proof is complete [9]. Note
that the theorem only holds when P(y) = Z > 0. It is assumed that Z is positive for the
rest of the paper.
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If we define the negative log likelihood, or potential, as

Φ(u; y) = − log ρ(y − G(u)), (8)

then theorem 3 can be rewritten as

dµy

dµ0

(u) =
1

Z
exp(−Φ(u; y)) (9)

where
Z =

∫
Rd

exp(−Φ(u; y))µ0(du),

and µy and µ0 are measures on Rk with densities π and ρ0, respectively. This shows that
the posterior is absolutely continuous with respect to the prior density, and the Radon-
Nikodym derivative dµy

dµ0
(u) is proportional to the likelihood. This generalizes theorem 3

to any infinite-dimensional case where µy has a Radon-Nikodym derivative with respect
to µ0.

Because the noise is additive Gaussian, we can define the Γ-weighted loss function

`(a, b) :=
1

2
‖a− b‖2

Γ, (10)

where ‖a‖Γ = ‖Γ− 1
2a‖. This leads to the nonlinear least squares (LSQ) function

Φ(u) :=
1

2
‖y − G(u)‖2

Γ. (11)

If we define a regularization term

R(u) :=
1

2
‖u‖2

Γ0
, (12)

and define the regularized loss function

ΦR(u) := Φ(u) +R(u), (13)

then we can rewrite the posterior density as

π(u) ∝ exp (−ΦR(u)) . (14)
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2.3.1 Estimators for Bayesian Inverse Problems

The conditional mean estimator uCM of u given y is analogous to the mean of the posterior
distribution:

Definition 2.7 (Conditional Mean Estimator).

uCM =

∫
Rd

uπ(u)du.

The maximum a posteriori estimator uMAP of u given y is analogous to the mode of the
posterior distribution:

Definition 2.8 (Maximum A Posteriori Estimator).

uMAP = arg max
u∈Rd

π(u).

Dashti and Stuart [7] showed that uMAP is equivalent to the solution of Tikhonov-Philips
(equation 4), when regularized with respect to the Cameron-Martin space [10].

2.4 Well-Posedness of Bayesian Inverse Problems

The main reference for this section is [9].

Recall the three requirements of a well-posed problem:

1. A solution exists

2. The solution is unique

3. The solution depends continuously on the input.

In order to show that the Bayesian formulation of inverse problems is well-posed, we
must show that the formulation satisfies condition 3. Often, the ideal forward map G is
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uncomputable (for example, when G is a function on an infinite-dimensional space), so it
must be approximated by some Gδ (in this case, a discrete approximation of G).

It is sufficient to show that, under certain assumptions on the likelihood, that small dis-
crepancies in the forward error |G − Gδ| leads to a difference in the inverse error d(π, πδ)

on the same scale. That is, for some metric on probability densities d(·, ·) and sufficiently
small δ > 0, |G − Gδ| = O(δ) implies that d(π, πδ) = O(δ). Here we will use the
Hellinger distance dH(π, π′).

Definition 2.9 (Hellinger Distance). The Hellinger distance dH : M ×M → R+, where
M is the set of all probability densities, is defined as

dH(π, π′) :=

(
1

2

∫
|
√
π(u)−

√
π′(u)|2du

) 1
2

=
1√
2
‖
√
π −
√
π′‖L2 .

The normalization constant of 1√
2

is justified by the following lemma:

Lemma 2.1. For any probability densities π and π′,

0 ≤ dH(π, π′) ≤ 1

Proof. 0 ≤ dH(π, π′) follows directly from the definition. To show the upper bounds, we
exploit the fact that

∫
π(u)du = 1 for any probability density function π, thus giving

dH(π, π′) =

(
1

2

∫
|
√
π(u)−

√
π′(u)|2du

) 1
2

=

(
1

2

∫
(π(u) + π′(u)− 2

√
π(u)π′(u))du

) 1
2

≤
(

1

2

∫
(π(u) + π′(u))du

) 1
2

= 1,

completing the proof.

The next lemma is integral to the well-posedness proof. It shows that two densities that
are close in Hellinger distance are also close in expectations computed with respect to that
distance.
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Lemma 2.2. Let f be a function such that Eπ[|f |2] + Eπ′
[|f |2] =: f 2

2 <∞,

then

|Eπ[f ]− Eπ′
[f ]| ≤ 2f2dH(π, π′).

Proof. By the definition of expected value,

∣∣∣Eπ[f ]− Eπ′
[f ]
∣∣∣ =

∣∣∣∣∣∣
∫
Rd

f(u)π(u)− f(u)π′(u)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫
Rd

f(u)(π(u)− π′(u))

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫
Rd

f(u)
(√

π(u)−
√
π′(u)

)(√
π(u) +

√
π′(u)

)
du

∣∣∣∣∣∣
≤
(

1

2

∫ ∣∣∣√π(u)−
√
π′(u)

∣∣∣2 du) 1
2
(

2

∫
|f(u)|2

∣∣∣√π(u) +
√
π′(u)

∣∣∣ du) 1
2

.

From definition 2.9,

≤ dH(π, π′)

(
4

∫
|f(u)|2(π(u) + π′(u))du

) 1
2

= 2f2dH(π, π′),

completing the proof.

Now we are ready to present the well-posedness theorem for Bayesian inverse problems.

Definition 2.10. Define g(u) and gδ(u) as the likelihood and approximate likelihood as-
sociated with G(u) and Gδ(u), respectively

g(u) = ρ(y − G(u))

gδ(u) = ρ(y − Gδ(u))

such that
π(u) =

1

Z
g(u)ρ(u)

πδ(u) =
1

Zδ
gδ(u)ρ(u)

where
Z =

∫
g(u)ρ(u)du > 0
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Zδ =

∫
gδ(u)ρ(u)du > 0

are the respective normalization constants.

Theorem 4 (Well-posedness of Bayesian posterior). Assume that there exists δ+ > 0 and

K1, K2 <∞ such that for all δ ∈ (0, δ+),

1.
∣∣∣√g(u)−

√
gδ(u)

∣∣∣ ≤ φ(u)δ, for some φ(u) such that Eρ0 [φ2(u)] ≤ K1

2. supu∈Rd
(∣∣∣√g(u)−

√
gδ(u)

∣∣∣) ≤ K2.

Then

dH(π, πδ) ≤ cδ, δ ∈ (0, δ̃)+,

for some δ̃+ and some c ∈ (0,∞) ⊥ δ.

The proof of theorem 4 is presented after this helpful lemma.

Lemma 2.3. Under theorem 4’s assumptions, there exists δ̃+ and c1, c2 ∈ (0,∞) such

that, for δ ∈ (0, δ̃+),

|Z − Zδ| ≤ c1δ.

Proof. From definition 2.10 we have, for δ ∈ (0, δ+),

|Z − Zδ| =
∫

(g(u)− gδ(u)) ρ(u)du

≤
(∫ ∣∣∣√g(u)−

√
gδ(u)

∣∣∣2 ρ(u)du

) 1
2
(∫ ∣∣∣√g(u) +

√
gδ(u)

∣∣∣2 ρ(u)du

) 1
2

≤
(
δ2φ(u)2du

) 1
2

(∫
K2

2φ(u)du

) 1
2

≤
√
K1K2δ.

When δ ≤ δ̃+ := min
(

Z
2
√
K1K2

, 2
)

,

Zδ ≥ Z − |Z − Zδ| ≥
Z

2
.

We finish the proof by choosing c1 =
√
K1K2 and c2 = Z

2
.
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Proof of Theorem 4. We have

dH(π, πδ) =
1√
2

∥∥√π −√πδ∥∥L2

=
1

2

∥∥∥∥√gρ

Z
−
√
gρ

Zδ
+

√
gρ

Zδ
−
√
gδρ

Zδ

∥∥∥∥
L2

≤ 1√
2

∥∥∥∥√gρ

Z
−
√
gρ

Zδ

∥∥∥∥
L2

+
1√
2

∥∥∥∥√gρ

Zδ
−
√
gδρ

Zδ

∥∥∥∥
L2

,

breaking up the distance between pdf’s into two L2 error terms. The first is from the
discrepancy between Z and Zδ, and the second from the difference between g and gδ.
From Lemma 2.3, for δ ∈ (0, δ̃+), we can rewrite these error terms as

∥∥∥∥√gρ

Z
−
√
gρ

Zδ

∥∥∥∥
L2

=

∣∣∣∣ 1

Z
− 1

Zδ

∣∣∣∣ (∫ g(u)ρ(u)du

) 1
2

=
|Z − Zδ|

(
√
Z −
√
Zδ)
√
Zδ

≤ c1

2c2

δ,

and ∥∥∥∥√gρ

Zδ
−
√
gδρ

Zδ

∥∥∥∥
L2

=
1√
Zδ

(∫ ∣∣∣√g(u)−
√
gδ(u)

∣∣∣2 ρ(u)du

) 1
2

≤
√
K1

c2

δ.

Therefore we have

dH(π, πδ) ≤
1√
2

c1

2c2

δ +
1√
2

√
K1

c2

δ = cδ

where c = 1√
2
c1
2c2

+ 1√
2

√
K1

c2
⊥ δ.
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3 Ensemble Kalman Sampler

The Ensemble Kalman Sampler (EKS) is a data assimilation algorithm closely related to
Ensemble Kalman Inversion (EKI), as introduced by Iglesias et al. in [11]. Both attempt
to solve the inverse problem (equation 5) through ensemble Kalman methods. EKI takes
an optimization approach, arriving at a single "best" estimate for parameters u. EKS, on
the other hand, generates samples from the posterior distribution π(u), from which we
may analyze the statistical properties of u.

The ensemble members U = {u(j)}Jj=0 interact according to overdamped Langevin dy-
namics, which is introduced in section 3.2. Section 3.1 introduces data assimilation and
its links to inverse problems along with the EKI algorithm. Finally, section 3.3 introduces
the EKS algorithm.

3.1 Data Assimilation and Ensemble Kalman Inversion

The primary references for this section are [9, 11].

Data Assimilation seeks to assimilate sequential data into a theoretical model in order
to obtain more realistic estimates, and is key to many fields including weather forecast-
ing. Data assimilation techniques have long been co-opted by the Bayesian inference
community, an early example being the Kalman Filter [12], which works in a two step
prediction-analysis process. In the prediction stage, the current estimated state uj and the
current observed data yj are used to generate the next state estimate uj+1. In the analysis
stage, we utilize the new observation yj+1 to see how good our estimate is, and to correct
it.

Assuming linear Gaussian pdfs, the Kalman Filter produces exact results. It does this by
maintaining the full covariance matrix at each step, which quickly becomes unfeasible
as the dimension of the parameter space increases. The Ensemble Kalman Filter (EnKF)
solves this problem by instead representing the state of the system as an ensemble of
particles randomly sampled from said system. The covariance matrix is then replaced
with the empirical covariance estimated from the ensemble. [13]

Ensemble Kalman Inversion seeks to apply the Ensemble Kalman Filter [12] to the prob-
lem of estimating parameters u from equation 5. To this end, we must reformulate the
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inverse problem by introducing an artificial time dynamic and simulated data Yj . The
artificial time is given by

uj+1 = uj,

yj+1 = G(uj+1) + ηj+1.

EnKF functions on the assumption of a linear Gaussian model G. Because linearity is not
generally the case, we introduce variable wj and rewrite the dynamics as

uj+1 = uj,

wj+1 = G(uj+1),

yj+1 = wj+1 + ηj+1.

If we define the space Z = X × Y, where z = (u,w)T ; the mapping Ξ : Z → Z, where
Ξ(z) = (u,G(u))T ; and linear operators H = [0, I], H⊥ = [I, 0], the dynamic system
becomes

zj+1 = Ξ(zj)

yj+1 = Hzj+1 + ηj+1

As mentioned previously, inverse problems tend to be ill-posed and require regularization.
In the case of EKI, this is done by restricting the domain where we search for a solution
to the compact set A ⊂ Rd that spans the initial ensemble U0, which is sampled from the
prior density ρ0(u). Iglesias et.al [11] shows that, at each iteration, the ensemble U stays
in the set A, and thus the posterior distribution is also in A. This makes the definition of
U0, and thus A, a crucial design parameter.

Once we have the initial ensemble U0 = {u(j)}Jj=1, define z(j)
0 =

(
u(j),G

(
u(j)
))T . Now

we can present the EKI algorithm, which is presented by Iglesias et al. in [11] and re-
peated below.

1. Impose artificial dynamics on the ensemble ẑn+1 = Ξ(zn) and calculate the sample
mean z̄n+1 and covariance Cn+1.

2. Update each ensemble member

z
(j)
n+1 = Iẑ

(j)
n+1 +Kn+1

(
y

(j)
n+1 −Hẑ

(j)
n+1

)
= (I −Kn+1H) ẑ

(j)
n+1 +Kn+1y

(j)
n+1

where Kn = CnH
⊥(HCnH

⊥ + Γ)−1 is the Kalman gain.
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3.2 Langevin Dynamics

The foundation for EKS is the evolution of an interacting set of particles U = {u(j)}Jj=1

according to overdamped (without inertia) Langevin dynamics:

u̇ = −∇ΦR(u) +
√

2Ẇ (15)

where W is a standard Brownian motion in Rd. −∇ΦR(u) is the gradient of the regu-
larized loss function, and it will be estimated by differences. This is what makes EKS
a derivative-free algorithm. The Langevin equation is a reversible diffusion process that
is invariant to the posterior π(u) [14]. This means that under conditions on ΦR(u) that
ensure ergodicity, this system transforms an arbitrary initial distribution into the desired
posterior distribution over an infinite time horizon. [3].

Introducing a symmetric matrix C ∈ Rd×d into the gradient descent scheme is a common
approach to improve convergence time

u̇ = −C∇Φr(u) +
√

2CẆ . (16)

In this case, C is chosen to be the empirical covariance between particles:

C(U) =
1

J

J∑
k=1

(
u(k) − ū

)⊗(
u(k) − ū

)
∈ Rd×d, (17)

where ū =
∑J

j=1 u
(j) is the sample mean. Thus U is evolved according to the system of

stochastic differential equations (SDE):

u̇(j) = −C(U)∇Φr

(
u(j)
)

+
√

2C(U)Ẇ (j) (18)

where {W (j)} is a collection of i.i.d Brownian motions in Rd. This system can be rewrit-
ten as:

u̇(j) = − 1

J

J∑
k=1

〈DG
(
u(j)
) (
u(k) − ū

)
,G
(
u(j)
)
− y〉Γ − C(U)Γ−1

0 u(j) +
√

2C(U)Ẇ (j)

(19)
where 〈A,B〉Γ = 〈A,Γ−1B〉 = 〈Γ− 1

2A,Γ−
1
2B〉 is the Γ-weighted inner product.

We now relate EKI and Langevin dynamics by presenting an alternative formulation of
the former. Schillings and Stuart [15] define a continuous time version of EKI in a form
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similar to equation 19 as the following system of SDEs:

u̇(j) = − 1

J

J∑
k=1

〈G
(
u(k)
)
− Ḡ,G

(
u(j)
)
− y〉Γu(k) + Cup(U)Γ−1

√
ΣẆ (j). (20)

When Σ = 0, thus eliminating the noise term, the algorithm works as a sequential opti-
mizer to minimize ΦR(u). For linear problems, when Σ = Γ, the ensemble U = {u(j)}Jj=1

is transformed from the prior to the posterior in one time unit.

Cup(U) is defined as the empirical cross covariance of U :

Cup(U) :=
1

J

J∑
k=1

(
u(k) − ū

)⊗(
G(u(k))− Ḡ

)
∈ Rd×k (21)

Ḡ :=
1

J

J∑
k=1

G(u(j))

The long time dynamics has the undesirable property of ensemble collapse, meaning that
all ensemble members will converge to the single point that minimizes Φ(u) [16]. EKI is
a good optimization algorithm, but it is unsuitable for posterior sampling.

3.3 Ensemble Kalman Sampler

The starting point for EKS is the Langevin Dynamics system of equations 19, and in the
linear case they coincide exactly. Garbuno-Inigo et al. [3] postulate that this relation-
ship approximately holds in the nonlinear case as well, justifying the proposal of EKS
as a derivative-free algorithm for sampling from the posterior distribution π(u). If we
approximate the derivative DG(u(j))(u(k) − ū) with differences

DG(u(j))
(
u(k) − ū

)
≈
(
G(u(k))− Ḡ

)
, (22)

then the Ensemble Kalman Sampler algorithm is defined by the system of SDEs

u̇(j) = − 1

J

J∑
k=1

〈G
(
u(k)
)
− Ḡ,G

(
u(j)
)
− y〉Γ − C(U)Γ−1

0 u(j) +
√

2C(U)Ẇ (j). (23)

Conceptually EKS and EKI are very similar, except for two key differences:
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1. The noisy EKI introduces additional noise by generating noisy perturbations yj of
the data y, while EKS introduces this noise directly to the particles u(j).

2. Noisy EKI initializes the ensemble U at the prior distribution, while EKS explicitly
accounts for the prior on the right hand side of the SDE.

The first point explains why EKS does not experience the same ensemble collapse as
EKI. The second point allows the ensemble to be initialized arbitrarily, however it forces
a dynamic that transforms the arbitrary initial distribution into samples of the posterior
over an infinite time horizon.
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4 Numerical Results

In this section we test the hypothesis that the Ensemble Kalman Sampler approximately
samples from the posterior distribution π(u). First, we replicate the numerical experiment
conducted by Garbuno-Inigo et al. [3]: solve the 1D elliptic boundary value problem
and compare the results to Random Walk Metropolis Hastings. We also solve the 1D
deconvolution problem with EKS and compare it to the results generated by solving the
Normal equation. This problem allows us to gauge the performance of EKS in higher
(d=64) dimension.

4.1 Elliptic Boundary Value Problem

The elliptic boundary value problem is widely used [3,16,17] to test algorithms for solving
inverse problems. For x ∈ [0, 1], consider the elliptic boundary value problem defined by
the differential equation

− d

dx

(
exp(u1)

d

dx
p(x)

)
= 1, (24)

with boundary conditions p(0) = 0 and p(1) = u2. It is popular because it has an explicit
solution expressed by

p(x) = u2x+ exp(−u1)

(
−x

2

2
+
x

2

)
. (25)

We are interested in estimating U = (u1, u2), given noisy observations y = (27.5, 79.7)

at x =
(

1
4
, 3

4

)
. The observational noise η ∼ N(0,Γ) is assumed Gaussian, where Γ =

0.01(I2) and I2 is the 2 × 2 identity matrix. The prior distribution is Gaussian N(0,Γ0),
where Γ0 = 100(I2). If we write G(u) = (p(x1), p(x2)), then we have an inverse problem
in the form of equation 5. Though EKS works with an arbitrary initial ensemble, we
sample U0 ∼ N(0, 1)

⊗
U(90, 110) from the prior distribution used by Ernst et al. [16].

This means u1 ∼ N(0, 1), and u2 ∼ U(90, 110).
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4.1.1 Markov Chain Monte Carlo Methods

The main references for this section are [18–21].

For simplicity (and because all computer simulations are discrete), we only present finite
Markov chains here. All of the results hold similarly for the continuous case.

A Markov chain is a discrete stochastic process {Xn}Nn=0 that follows the rule

P
(
xi+1|{xn}in=0

)
= P (xi+1|Xi) .

This means that the new state xi+1 depends only on the current state xi; the chain effec-
tively forgets where it has been in the past. This Markovian property allows for the initial
state x0 to be picked arbitrarily. A Markov chain is defined by its initial state x0; a state
space S = {0, 1, 2, ...} of all possible states the chain can visit; and a transition kernel
P (i, j) := P{xn+1 = j|xn = i} that describes, for each pair of states (i, j), the probabil-
ity of jumping from state i to state j. Because of the Markovian property, P remains the
same at each iteration. If S has r elements, then P can be represented by an r × r matrix
and the transition operation can be written as xn+1 = xnP . Also, xn = x0P

n.

For simple problems, we can graphically represent the transition kernel P by a state tran-
sition diagram. For example, the transition kernel

P =


0 1 0 0 0
1
2

0 0 0 1
2

0 0 0 1 0

0 0 1 0 0

0 0 1
2

0 1
2


is equivalent to the transition diagram pictured in figure 1 below.

If there exists a valid path from state i to state j (if there exists a nonnegative integer n
such that P n(i, j) > 0), then we say j is reachable from i, or i → j. Here, 4 is reach-
able from 1, but 5 is not reachable from 3. If two states are reachable from each other,
such as 1 and 2, then we say they communicate, or i ↔ j. Because communication is
an equivalence relation [20], we can partition a state transition diagram into communicat-

ing classes, where all elements communicate with each other within their own class. In
our example, there are three communicating classes: {1, 2}, {3, 4}, and {5}. Note that
because state 5 communicates with no other states, {5} would be a valid communicating



30

Figure 1. State transition diagram of kernel P introduced above. Edge weights represent transition
probabilities.

class even without the self-loop. A Markov chain with only one communicating class is
called irreducible.

There are two types of states, recurrent and transient ones. A state is recurrent if, upon
leaving the state, we will eventually return to it with probability 1. All other states are
transient. In our example, states 3 and 4 are recurrent. All states in the same class are of
the same type, so we can define each of our communicating classes as either transient or
recurrent.

Notice in our example that once we reach state 3 (or 4), that we will certainly return to it
every two iterations. These states then have a period of two. The periodicity of a state i
is defined as di = gcd{n : P n(i, i) > 0}. A state i is aperiodic if di = 1. If two states i, j
are in the same communicating class, then di = dj .

For some Markov chains, there exists a stationary distribution π∗, where π∗P = π∗.
That is to say that once the chain arrives at π∗, it will never leave. That Markov chain
has become stationary. This parallels the recurrent class introduced above. In the simple
example, {3, 4} is the stationary distribution. It is clear that as n→∞, the probability that
the chain settles in {3, 4} approaches 1. We formalize this notion in the coming theorem,
which states that under certain conditions, a Markov chain is guaranteed to converge to
π∗ (assuming it exists).

Theorem 5 (Basic Limit Theorem). Let X be an aperiodic, irreducible Markov chain,

that is arbitrarily initiated at x0 ∼ π0 and has a stationary distribution π∗. Then

lim
n→∞

πn(i) = π∗(i)
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for all states i ∈ S.

A time reversible Markov chain is one that satisfies the local balance equations

π(i)P (i, j) = π(j)P (j, i),

which basically tell us that the probability of moving from state i to j is the same as
moving from j to i. A time reversible Markov chain is stationary [22].

The central idea behind Random Walk Metropolis Hastings (RWMH) is that we want
to create a Markov chain that has the posterior distribution of the inverse problem as its
stationary distribution π∗. If that chain is time reversible, then we can be certain that
it will converge as we desire. Consider a proposal distribution q(i, j) that generates a
proposed new state j given that the current state is i. If π(i)q(i, j) = π(j)q(j, i) for all
i, j ∈ S, then the transition kernel P (i, j) = q(i, j) is time reversible. However, this is
not generally the case.

Suppose there exists some i, j ∈ S such that π(i)q(i, j) > π(j)q(j, i). Then the move
i → j is likely to happen more often than the reverse move. We can balance this by
adding an acceptance probability term P (i, j) = q(i, j)α(i, j). We accept new moves
with probability α(i, j), else we stay at the current state. We do not want to restrict the
less frequent direction, so set α(j, i) = 1. The local balance equations are then

π(i)q(i, j)α(i, j) = π(j)q(j, i)

which implies that

α(i, j) =
π(j)q(j, i)

π(i)q(i, j)
.

Because α is a probability,

α(i, j) = min{π(j)q(j, i)

π(i)q(i, j)
, 1}

The RWMH algorithm is a "random walk" because it uses a Gaussian proposal density q.
That is, xn+1 = xn + ε, where ε ∼ N(0, C). Tuning the covariance C is an effective way
to tune the chain’s convergence rate. Because the proposal density is symmetric, we can
simplify α to

α(i, j) = min{π(j)

π(i)
, 1}.
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Then the RWMH transition kernel can be represented as the three step algorithm

1. Propose a new candidate xn+1 = xn + ε

2. Calculate acceptance probability α(xn, xn+1) = min{π(xn+1)
π(xn)

, 1}

3. Let u ∼ U(0, 1). If u ≤ α(xn, xn+1) then accept the move. Else set xn+1 = xn.

Roberts et al. [23] has shown that an optimal convergence rate can be found when the ac-
ceptance rate of proposed moves is 0.234. We used a constant covariance C = 0.211(I2),
which gave an acceptance rate of 0.237 .

4.1.2 Results

For the primary results, we run EKS with J = 104 particles and ? iterations. With
RWMH, we use N = 105 iterations and only using the last 104 samples for analysis, at
which point the influences from the arbitrary initial state is negligible.

In figure 3 we see the results for RWMH on top and EKS on the bottom. The mean
value of EKS samples is (−2.72, 104.31), whereas the mean value of RWMH samples
is (−2.67, 104.44) and are marked by a red ×. Also drawn are the 1, 2, and 3 standard
deviation ellipses (that is, 60, 95, and 99.7% confidence intervals). This shows us that the
EKS samples have a slightly larger covariance. This discrepancy is not huge however;
this can be seen in figure 2 where both ensembles are plotted together. EKS samples are
plotted in red, with a green × marking the mean value. RWMH samples are plotted in
black, with a white × marking the mean value.

We also used this problem to test performance of EKS with varying ensemble size J ∈
[10, 104] and number of iterations N ∈ [10, 103], compared to the RWMH results. We
found that convergence was much more dependent on having sufficiently large N than for
J . As long as N ≥ 160, all values of J resulted in convergence to the RWMH solution.
Empirical covariances were largely consistent among all experiments where N ≥ 160.

Though the size of N is more influential to convergence, it is not to runtime. Through
graphical analysis we see a linear relationship between N and runtime (see figure 4) and
a roughly parabolic relationship between J and runtime (see figure 5).
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Figure 2. A scatter plot of samples generated by RWMH (black) and EKS (red) plotted together.
Mean values are marked in green and white, respectively.

Figure 3. A scatter plot of samples generated by RWMH (top) and EKS (bottom) with confidence
intervals (red). The x-axis is variable u1 and the y-axis is u2.
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Figure 4. For several ensemble sizes J , the number of iterations N (x-axis) plotted vs the runtime
in seconds (y-axis).

Figure 5. For several iteration counts N , the ensemble size J (x-axis) plotted vs the runtime in
seconds (y-axis).
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4.2 One Dimensional Deconvolution

The 1D deconvolution problem is similar to the backwards heat equation presented in the
introduction. It is the inverse of 1D convolution, a function on two vectors – the signal

f ∈ Rd and the convolution kernel g ∈ Rk – with output h ∈ Rd defined via

h(i) = (f ∗ g)(i) =
k∑
j=1

g(j) · f
(
i− j +

m

2

)
,

where ∗ is the convolution operator. The intuition behind convolution is to think of the
kernel g as a filter sliding over the signal f . h(i) is then found by centering g at f(i) and
take the dot product of all overlapping terms. For example, take f = [1, 2, 3, 4, 5, 6] and
g = [10, 20, 30]. Then

h(1) = 1 ∗ 20 + 2 ∗ 30 = 80

h(2) = 1 ∗ 10 + 2 ∗ 20 + 3 ∗ 30 = 140

h(3) = 2 ∗ 10 + 3 ∗ 20 + 4 ∗ 30 = 200

h(4) = 3 ∗ 10 + 4 ∗ 20 + 5 ∗ 30 = 260

h(5) = 4 ∗ 10 + 5 ∗ 20 + 6 ∗ 30 = 320

h(6) = 5 ∗ 10 + 6 ∗ 20 = 170

and thus h = [80, 140, 200, 260, 320, 170]. The kernel g = [10, 20, 30] does not have
any particular mathematical meaning, but this operation can have many interpretations
depending on the definition of g. For example g =

[
1
3
, 1

3
, 1

3

]
produces a windowed average

of f , effectively blurring it. The identity kernel is g = [0, 1, 0] and results in h = f .
The kernel g = [0, 0, 1] will shift f to the left by 1. With the above example, h =

[2, 3, 4, 5, 6, 0].

The task of deconvolution is to approximate the original signal f , given a noisy obser-
vation of the output h and the known convolution kernel g. In other words, recover f
from

h = f ∗ g + η.

Now we outline the specific deconvolution problem we will solve. Figure 6 shows the
true signal f in blue, and the noisy observation h in red.
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Figure 6. The true signal f (blue) and the noisy observation h (red). The x-axis is position and
the y-axis is signal intensity.

The convolution kernel g is defined by

g(x) :=

(x+ a)2(x− a)2 ifx ∈ [−a, a]

0 elsewhere,
(26)

where a is a constant. If we define the matrix A ∈ Rd×d such that the ith row of A
corresponds to the ith application of the convolution kernel on f . For our simple example
above, where g = [10, 20, 30],

A =



20 30 0 0 0 0

10 20 30 0 0 0

0 10 20 30 0 0

0 0 10 20 30 0

0 0 0 10 20 30

0 0 0 0 10 20


.

Then the convolution can be written as a linear system h = Af . We factor in the obser-
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vation noise η ∼ Γ

h = Af + η,

and obtain a linear inverse problem. This can be solved via the Normal equation

f̂Normal =
(
ATΓ−1A+ Γ−1

0

)−1 (
ATΓ−1y

)
,

where Γ and Γ0 are the covariance of the Gaussian observation noise and of the Gaussian
prior, respectively. This result will be used as a baseline to gauge the effectiveness of our
Ensemble Kalman Sampler to solve inverse problems.

4.2.1 Ensemble Kalman Sampler for 1D Deconvolution

Here we show how to solve inverse problems with EKS . Garbuno-Inigo et al. [3] describe
a linearly implicit split-step discretization scheme to approximate equation 23 by

u
(∗,j)
n+1 = u(j)

n −∆tn
1

J

J∑
k=1

〈G
(
u(k)
n

)
− Ḡ,G

(
u(j)
n

)
− y〉Γu(k)

n −∆tnC(Un)Γ−1
0 u

(∗,j)
n+1

u
(j)
n+1 = u

(∗,j)
n+1 +

√
2∆tnC(Un)ξ(j)

n

(27)

where ξ(j)
n ∼ N(0, I). We use the same adaptive time-step ∆tn as Kovachki and Stu-

art [24].

In implementation it is helpful to rearrange the first step as

u
(∗,j)
n+1 =

(
I + ∆tnC(Un)Γ−1

0

)−1

(
u(j)
n −∆tn

1

J

J∑
k=1

〈G
(
u(k)
n

)
− Ḡ,G

(
u(j)
n

)
− y〉Γu(k)

n

)
.

4.2.2 Results

After running the algorithm, calculate the empirical conditional mean estimator (defini-
tion 2.7) of the final ensemble as

UCM =
1

J

J∑
j=1

u(j)
n .

The conditional mean estimate of the EKS result is written as f̂EKS . Plotted with confi-
dence intervals (CI) the results are shown in Figure 8 (red CI). This can be compared to
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the result f̂Normal obtained by the Normal equation, as shown in Figure 9 (blue CI).

We can see that both approaches do a good job at recreating the source signal f . EKS
successfully found the double peaks in the beginning (these were lost in the observation
h), and does good job at tracking the final two peaks. We can look at the convergence
of the conditional mean estimate as a function of time in figure 7, where we see that the
EKS error ‖f̂EKS − f‖2 approaches the error of the Normal solution ‖f̂Normal − f‖2 as
the number of iterations N grows large. More formally,

lim
n→∞

‖f̂EKS − f‖2 u ‖f̂Normal − f‖2.

From this we conclude that f̂EKS approximately converges to f̂Normal, and that EKS
approximately solves the 1D deconvolution problem.

Figure 7. The evolution of the EKS error ‖f̂EKS − f‖2 (blue) compared to the Normal solution
error ‖f̂Normal − f‖2 (dotted), with respect to number of iterations complete.
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Figure 8. The Conditional Mean estimate f̂EKS (black) of the EKS results with confidence inter-
vals (red highlight) compared to the truth (red).

Figure 9. True Conditional Mean estimate f̂Normal (black) from the Normal equation with confi-
dence intervals (blue highlight) compared to the truth (red).
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5 Conclusion

The main goal of this paper was to introduce the Ensemble Kalman Sampler, originally
proposed by Garbuno-Inigo et al [3] as a derivative free algorithm for sampling from the
posterior distribution π(u) (equation 7) and thus solving Bayesian inverse problems. EKS
is built upon the Langevin equation (19) and is a variant of Ensemble Kalman Inversion
(equation 20) where noise is added directly to the particles.

We evaluate the performance of EKS against the 1D elliptic boundary value problem
and the 1D deconvolution problem. For the former, we compare its sampling properties
against RWMH and find that they have comparable performance. We also analyze the
runtime and see that runtime scales linearly with number of iterationsN and quadratically
with ensemble size J . For the latter, we analyze the conditional mean estimate of EKS
and see that it performs just as well as the Normal equation solution.
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