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Given a set of measurements, a model can be calibrated to data by minimising a cost func-
tion that captures the model-data difference. The standard cost function for deterministic
models is the residual sum of squares between the model output and the reference data.
Sequential data assimilation methods can be used for stochastic models whenever it is
possible to estimate the next state of the system from the current values. Chaotic dynam-
ical systems are a specific type of models for which the classic approaches are often not
available. Especially so, if the time gap between consecutive observations is higher than
the predictable time interval. There is, therefore, a need for new methods for such prob-
lems, defined even as insolvable in the literature. In recent years, Haario et al. presented a
solution to estimate the model parameters of chaotic systems by the so-called Correlation
integral likelihood (CIL). The idea behind it is to use a generalisation of the correlation
integral sum as a feature vector and build a Gaussian likelihood by estimating the vari-
ability from the repetitions of the experiment. In this work, we will further develop those
ideas. We will first see how to generalise the CIL approach to use statistics that best fit
the specific problem studied. Furthermore, we will see how it is possible to create differ-
ent feature vectors from one or several data sets concerning the same phenomenon and
combine them in a single likelihood to improve the estimation of the parameters. It will
be shown how by using this method it is possible to estimate the parameters of chaotic
systems when only the state vector is observed, or only a part of it, and when the measure-
ments are arbitrarily sparse and scattered. We emphasise that the original distance-based
CIL is by no means the only way to construct provably Gaussian feature vectors. Indeed,
the selection of features to produce normally distributed empirical cumulative distribution
function (eCDF) vectors should be carefully done case by case. Moreover, we will present
tools to diagnose goodness-of-fit or a possible lack of fit after the posterior distribution
has been obtained. To make our approach available also for cases with expensive forward
models, we studied the combination with the Local Approximation MCMC (LA-MCMC)
algorithms. The idea behind these types of sampling methods is to construct local polyno-
mial approximations of the likelihood by regression over a set of neighbouring evaluations
of the expensive likelihood, and make it more and more precise as the sampling proceeds.
By this method, the number of expensive likelihood evaluations could be reduced by or-
ders of magnitude without significantly impacting the precision of the resulting posterior
distribution.

Keywords: Chaotic dynamical systems, Bayesian inference, Gaussian likelihood, feature
vectors, LA-MCMC
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Nomenclature

Abbreviations

2D Two dimensional
3D Three dimensional
ABC Approximative Bayesian Computation
AM Adaptive Metropolis
BSL Bayesian Synthetic Likelihood
CIL Correlation Integral Likelihood
CLT Central limit theorem
CPU Central processing unit
DE Differential Evolution
DRAM Delayed Rejection Adaptive Metropolis
DR Delayed Rejection
eCDF Empirical cumulative distribution function
ECMWF European Centre for Medium-Range Weather Forecasts
GLIF Gaussian likelihood by informative feature vectors
IFS Integrated Forecast System
KS Kuramoto-Shivashinsky
LA-MCMC Local approximation Markov chain Monte Carlo
MAP Maximum a posteriori
MCMC Markov chain Monte Carlo
MH Metropolis Hasting
NLL Negative log likelihood
ODE Ordinary differential equation
PDE Partial differential equation
QG Quasi-geostrophic
RSS Residual sum of squares
SDE Stochastic differential equation
UQ Uncertainty quantification
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1 Introduction

There has always been the need to understand, study and predict the behaviour of the phe-
nomena that surround us. Over the years, this has led to increasingly precise techniques
for measuring and modelling events. Despite this, two fundamental problems remain: an
error component is always introduced during the measurement collection process and the
finite number of data collected always represent only one part of the phenomena studied.
It follows that there is no single solution to the problem of estimating the parameters of
a model. There is, therefore, a need to obtain the distribution of the possible models that
characterise that specific set of measurements.
Given a set of measurements, the parameters of the reference model are typically, inferred
by minimising a cost function that captures the model-data difference. The most classic of
the cost functions is the residual sum of squares (RSS) between the model output and the
reference data. In the Bayesian approach, a likelihood can be formulated by combining
the cost function with the available prior knowledge to obtain the posterior distribution
of the model parameters. In numerical practice, this is typically implemented through the
use of Markov chain Monte Carlo (MCMC) methods, see Robert and Casella (2004). The
posterior distribution provides a solution to the problem in a complete probabilistic sense.
However, this approach is not always directly applicable.
Stochastic differential equations (SDE) are a particular type of equations whose dynamics
can generally be divided into two components: drift or deterministic part and diffusion or
stochastic part. Their general formula is given by

dx = f(x; t; θ)dt+ Lw(t), (1.1)

where x ∈ Rn, w(t) is a zero mean n-dimensional Gaussian process, θ denotes the param-
eters of interest and L is the diffusion term which can be constant or depend on x, t or θ.
For basic settings - with a linear drift and constant diffusion - the standard RSS-based
likelihood formulation can replaced by the so-called filter likelihood that is based on
stepwise predictive integrations followed by a correction by data Särkkä (2013). For
non-linear drifts, or cases where the diffusion term depends on the states of the system,
several approaches of sequential data assimilation methods have been developed. They
are available whenever it is possible to estimate the next state of the system from the cur-
rent values. Typically this requires that measurements are available sufficiently dense in
time. Examples of these methods are the Kalman filter, extended Kalman filter, ensemble
Kalman filter and non-linear Gaussian filtering, see Särkkä (2013). All these methods are
based on the idea of constraining the problem to short time intervals, so as to avoid any
divergences from the data due to the stochastic nature of the system considered. However,
the filtering algorithms introduce their own ’tuning’ parameters that may have to be esti-
mated together with the model parameters, such as the length of the assimilation window,
the model error covariance matrix, covariance inflation, etc. This might have the impact
of biasing the model parameter estimation, see Hakkarainen et al. (2013).

Chaotic phenomena provide a different class of models for which the standard methods
may not be suitable. The reason again is that, even if deterministic, for long enough time
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intervals, the system becomes unpredictable.
There are several specific situations where the parameters of a chaotic dynamical system
can be estimated in more or less traditional ways, however. The estimation task triv-
ially reduces to the classical deterministic setting, if enough data is given on a short time
interval, where the system remains predictable. Another situation that enables a straight-
forward estimation is given by systems that can be written in the form ṡ = G(s)θ, i.e.
where the right-hand side depends on unknown parameters θ in a linear way. The classi-
cal 3D Lorenz system, for instance, is of this form. If all the components of the state s and
the time derivatives ṡ are known at enough measurement points, the system boils down
to a matrix equation that can be solved for θ by linear regression. Moreover, classical
statistical regression methods are available to determine the structure of G(s) in case it
is polynomial, see Brunton et al. (2016). However, the approach breaks down if only s
without ṡ, or a subset of the components of s, ṡ are observed.
The filtering methods developed for stochastic systems can also be applied to chaotic sys-
tems. In Hakkarainen et al. (2012), the parameters of a chaotic model were estimated
using the filter likelihood provided by an extended Kalman filter. Even if the stochastic
diffusion part of Eq. (1.1) is now missing, the filtering formalism is kept as such, inter-
preting the model error as the prediction error, or model bias. The tuning issues naturally
appear again, as discussed in Hakkarainen et al. (2013). Conditional Gaussian statistics
have been studied in Chen and Majda (2016) as a way of filtering nonlinear turbulent dy-
namical systems. In case the drift function has a suitable structure, it can be used together
with filtering methods to the estimate model parameters of systems of the form of Eq.
(1.1) even for chaotic drifts.
Operational ensemble prediction systems may be reformulated to include parameter vari-
ations and be employed for parameter estimation, even if no ensemble filtering is per-
formed. See Jarvinen et al. (2011); Laine et al. (2011); Shemyakin and Haario (2018),
where such approaches were developed and applied to the Integrated Forecast System
(IFS) at the European Centre for Medium-Range Weather Forecasts (ECMWF). These
methods, however, are heuristic and require short predictable time intervals again.
The above methods cease to be usable if only sparse data is available, in particular when
the time between two consecutive measurements exceeds the predictable time interval.
There is, therefore, a need for methods for parameter estimation in situations where the
classical formulations cannot be employed.
An alternative approach was suggested by Wood (2010). The key idea was to use syn-
thetic likelihoods: in order to test the compatibility of data against model simulations
for a given model parameter value, a likelihood based on some summary statistics is re-
created by repeated ’synthetic’ model simulations. In a Gaussian case, this would amount
to estimating the mean and covariance of a summary statistics of the simulations, and
then testing whether the given data fits this likelihood. Summary statistics such as mean,
autocorrelation or regression coefficients were used by Wood (2010). The approach has
since been further studied and extended, see Price et al. (2018) and the references therein
for discussions on Bayesian Synthetic Likelihood (BSL) as well as comparisons to the
widely used Approximative Bayesian Computation (ABC) approach.
A related but ’opposite’ approach was presented by Haario et al. (2015) to study chaotic
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models. The difference is that, for Haario et al. (2015), a large set of data, or repetitions
of a given experimental setting, it is assumed to be available. From the observations,
it is then possible to estimate a likelihood for a summary statistics for a subset of the
data. This is done offline, before starting the parameter estimation. When using the
likelihood for inference, simulations are only needed for the respective subset amount
of data. This can lead to substantial savings of computing time. Another key point of
Haario et al. (2015) was the selection of the summary statistics. A variant of the concept
of Correlation Dimension, a fractal dimension definition, e.g. Grassberger and Procaccia
(1983b,a)), was developed. Rather than characterising an intrinsic dimension of a trajec-
tory, the Correlation Integral Likelihood (CIL) , gives a statistical distance concept for
two different trajectories. A remarkable property of the selected summary statistics is
that it actually is the empirical cumulative distribution function, eCDF, of the distances
of trajectory vectors. The theorems in the so-called U-statistics literature of Borovkova
et al. (2001); Neumeyer (2004), are generalizations of classical versions of Central Limit
Theorem, CLT, and guarantee that eCDF as summary statistics – or feature vector, FV, as
it will be called – is theoretically Gaussian. In numerical calculations, the construction
of the empirical likelihood thus reduces to estimating the mean and covariance of such
feature vectors. The Gaussianity can be verified using standard normality tests.
The main advantage of both approaches is that by employing informative summary statis-
tics of the data inference it can be performed even for complex data and models and in
situations where standard likelihood constructions are not available. An advantage of
BSL is that it works with a limited amount of data.The downside is that the procedure is
computationally intensive, as for every new parameter candidate, the model needs to be
integrated several times in order to compute the summary statistics. Naturally, this can be
alleviated by parallelising the integration, if possible. On the other hand, the downside of
the CIL approach is the requirement for a larger amount of data, while the (CPU) times
are typically much smaller. As will be shown here, parallel calculations can be effectively
used with the CIL approach as well.
In this work, we will further develop the ideas presented in Haario et al. (2015). We
will first see how to generalise the CIL approach in order to use statistics that best fit the
specific problem studied. Furthermore, we will see how it is possible to create different
feature vectors from one or several data sets concerning the same phenomenon and com-
bine them in a single likelihood to improve the estimation of the parameters. By using
this method, it will be shown how it is possible to estimate the parameters of chaotic
systems when only the state vector is observed, or only a part of it, and when the mea-
surements are arbitrarily sparse and scattered. The dynamics of the system is identified
if time-derivative information is available. Both low-dimensional and high-dimensional
cases will be analysed to see the robustness of the approach, as the dimension of the state
increases. We emphasise that the original distance-based CIL is by no means the only
way to construct provably Gaussian feature vectors, indeed the selection of features to
produce the normally distributed eCDF vectors should be carefully done case by case.
Moreover, we will present tools to diagnostic goodness-of-fit or a possible lack of fit after
the posterior distribution has been obtained.
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A concrete problem regarding standard MCMC methods is that each likelihood evalu-
ation needs a new model evaluation. Several thousand evaluations are often needed to
have a reliable approximation of the posterior distribution. This makes these approaches
impractical for models with a very high computational cost. To speed up the parameter
estimation, we show how to combine the likelihoods studied here with the Local approx-
imation MCMC (LA-MCMC) approach, see Conrad et al. (2016); Davis (2018); Davis
et al. (2020). This algorithm is based on the idea of creating local polynomial approxi-
mations of the likelihood values at given points of the posterior. Regression surfaces are
fitted to these expensively calculated’full’ likelihood values, but the sampled chain values
are obtained by the response surface values only, practically for free. The approximations
are created using specific criteria to ensure that, at each step of the algorithm, the error
introduced by the polynomial approximation is insignificant.
It will be shown how, by way of a couple hundred full likelihood evaluations, it is possible
to obtain chains with two orders of magnitude more samples. This enables the MCMC
sampling of parameters even for models with an excessively high computational cost for
standard sampling methods.
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2 Bayesian inference

2.1 Markov chain Monte Carlo
Let us denote by

du

dt
= f(u, θ), u(t = 0) = u0, (2.1)

a dynamical system with state u(t) ∈ Rn, initial state u0 ∈ Rn, and parameters θ ∈ Rd.
The time-discretised system, with time steps ti ∈ {t1, . . . , tτ} giving the observation
points, can be written as

ui = F (ti;u0, θ) + εi. (2.2)

The model–observation mismatch at a collection of times ti, can be written as

εi = ui − F (ti;u0, θ). (2.3)

Given the uncertainty in the measurement error, a point estimate of determining θ by u
cannot be considered as a full answer to this problem.
In the Bayesian parameter estimation approach, θ is interpreted as a random variable and
the goal is to find the posterior distribution π(θ|u) of the parameters which gives the
probability density for values of θ, given measurements u. Using the Bayes’ formula, the
posterior density is

π(θ|u) =
l(u|θ)p(θ)∫
l(u|θ)p(θ)dθ

,

where l(u|θ) is the likelihood and p(θ) is the prior distribution.
The likelihood gives the probability density of observing u given the parameter value θ,
the prior contains all the experts information about the parameters while the integral in
the denominator is the normalisation constant. In this work, we will consider uniform
priors, p(θ) ∝ 1 within the case specific bound constraints.
The MCMC methods aim at generating a sequence of random samples (θ1, θ2, ..., θN),
whose distribution asymptotically approaches the posterior distribution as N increases.
The samples form a Markov Chain as every new point θi+1 depends only on the previ-
ous point θi. The averages computed from the MCMC samples converge to the correct
expected value as the number of samples increases. Let π be the target density. An
MCMC algorithm is said to be ergodic if, for a function satisfying sufficient conditions
f : Rd → R and initial parameter value θ0, it holds that

lim
n→∞

1

n+ 1
(f(θ0) + f(θ1) + . . .+ f(θn)) =

∫
Rd

f(θ)π(θ)dθ,

where (θ0, ..., θn) are the samples produced by the MCMC algorithm. See Brooks et al.
(2011) for further details.
The Metropolis algorithm with a Gaussian proposal, with covariance matrix C and initial
point θold = θ0, can be written as follows:

1. Generate a candidate value θnew ∼ N(θold,C) and compute the residual sum of
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squares SS(θnew).

2. Accept the candidate if u < min
(

1, π(θ̂new)
π(θold)

)
where u ∼ U(0, 1).

(a) If accepted, add θnew to the chain and set θold := θnew and π(θold) := π(θnew).

(b) If rejected, repeat θold in the chain.

3. Go to step 1 until a desired chain length is achieved.

Note that the normalisation constant
∫
l(u|θ)p(θ)dθ is not needed, which drastically re-

duces the complexity of the problem as the number of model parameter increases. Let us
consider the model for the mismatch Eq. (2.3) with ε ∼ N(0, σ2I), the likelihood can be
written as:

l(u|θ) ∝
n∏
i=1

l(ui|θ) ∝ exp

(
− 1

2σ2

n∑
i=1

[ui − F (ti;u0, θ)]
2

)
.

where SS(θ) =
∑n

i=1[ui−F (ti;u0, θ)]
2 is the sum of squares, and the measurement error

variance σ2 can be estimated using repeated measurements.
The posterior density can be written as

π(θ|u) ∝ l(u|θ)p(θ) ∝ exp

(
− 1

2σ2
SS(θ)

)
.

and, therefore, the acceptance ratio reduces to

min

(
1,
π(θnew)

π(θold)

)
= min

(
1, exp

(
− 1

2σ2
(SS(θnew)− SS(θold))

))
.

Adaptive metropolis One of the challenges of the MCMC approach is to find a proper
proposal distribution for the given target posterior. The Adaptive metropolis (AM) algo-
rithm aims at adapting the proposal as the chain proceeds to better fit the target density.
In this algorithm, the empirical covariance matrix is used after an initial burn in period
n0 > 0 in which the covariance is fixed as in the basic version of the MCMC:

Cn =

{
C0, n ≤ n0

sdCov(θ0, . . . , θn−1) + sdξId, n > n0.

The intuitive idea behind the adaptation is that as the accepted chain values sample the un-
derlying unknown posterior distribution, the covariance of the chain should increasingly
well approximate the size and shape of the posterior during the run, and thus provide a
proposal with improving mixing. The longer the chain gets, the less the new members of
it impact the covariance. Thus, the adaptation diminishes during the run, and asymptoti-
cally the AM sampling boils down to usual (MH) sampling. See Haario et al. (2001) for
a proof of the ergodicity of the AM algorithm.
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Naturally, one should use a good initial parameter value to start the chain as well as a good
proposal distribution, if available. The standard way to achieve this is to first perform an
optimisation to find a maximum a posteriori (MAP) or maximum likelihood point for the
parameter vector, and use it as the starting point. The Jacobian matrix, a derivative-based
linearisation of the negative log likelihood function, provides an approximation of the
Hessian matrix and yields the usual choice for an initial proposal. The likelihoods dis-
cussed in this work turn out to be stochastic, so the standard way is not directly applicable.
However, the same overall idea can be implemented using population-based optimisation
algorithms, that are able to give both good initial chain values and proposal distributions.

Delayed Rejection Adaptive Metropolis In cases where the target distribution is strongly
correlated, a wide initial proposal distribution might lead to a slow adaptation before
reaching an optimal mixing of the chain. As a consequence, a long chain is needed to ob-
tain a good estimate of the posterior distribution. A better choice usually is to start from a
relatively narrow proposal distribution and let the adaptation find a well-mixing proposal.
However, for posteriors with strongly nonlinear correlations, the adaptation may even de-
crease the acceptance rate: while the overall size of the posterior is correctly found, a
single Gaussian covariance is again too wide, resulting in frequent proposals outside the
’thin’ posterior. In Haario et al. (2006), the Delayed Rejection Adaptive Metropolis (AM)
algorithm is introduced as a solution to this situation, based on the use of several proposal
distributions. This algorithm is a combination of the Delayed Rejection (DR) algorithm
proposed by Mira (2001) and Adaptive Metropolis. In the delayed rejection, the algorithm
is divided into stages. For every chain value, a new candidate is proposed from a proposal
distribution. If the candidate is accepted, the chain continues, while if the candidate is
rejected, a new candidate is proposed from a different proposal distribution that is usually
a scaled version of the previous one. The proposal depends on the rejected candidate, so
the acceptance rate has to be rewritten accordingly. If this second candidate is accepted,
it is added to the chain and the algorithm continues by proposing a new candidate from
the first stage; otherwise, if it is again rejected, this is repeated for a prescribed number of
stages, see Haario et al. (2006) for further details.
The proposal distribution at the first stage of the DRAM algorithm is adapted as in AM,
the covariance matrix C1

n at the sampling step n for the proposal distribution is updated
by the sampled chain, no matter from which stage the chain members has been accepted.
We only use two proposals, the covariance of the second stage is given by C2

n = C1
n/γ,

with fixed scaling factor γ > 1. The default value used is γ = 10.

2.2 Local Approximation MCMC
Despite the precautions introduced with AM and DRAM, in addition to the many other
variants present in the literature, the biggest problem for many MCMC methods is that
a large number of samples is necessary in order to obtain a good approximation of the
posterior distribution.
This fact makes their use complicated or even impractical in cases where the computa-
tional cost of a single likelihood is very large. To cope with this situation, we employ
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a surrogate model method which replaces many of the likelihood evaluations with less
expensive approximations without affecting the quality of the approximation of the pos-
terior distribution. This method, first introduced by Conrad et al. (2016), is called Local
approximation MCMC (LA-MCMC).
The method consists of building local surrogate models of likelihood or negative log like-
lihood (NLL) during the creation of the chain. These models become more and more
precise as sampling continues, especially in areas where the posterior probability has
higher values. To make this approach efficient, the main characteristics that these surro-
gate models must have are that they are computationally much cheaper than the model
that they approximate and that they maintain at least locally a behaviour similar to that of
the latter (in our specific case the NLL). Given these assumptions, a natural choice is to
consider an approximation given by local polynomials (in our case quadratic) calculated
by regression starting from a set of full NLL evaluations present in a neighbourhood of
the value of interest.
It was shown in the works of Davis (2018); Davis et al. (2020) that it is possible to obtain
a linear decay of the error with respect to the length of the chain by carefully choosing
the points where to calculate the full NLL. As the sampling proceeds, more and more
precise approximations are obtained, converging asymptotically to the target distribution,
at a decidedly more advantageous cost than the classic MCMC methods.
On a practical level, a reduction of the number of evaluations of the full NLL could
be found, quantifiable in different orders of magnitude, see Conrad et al. (2016); Davis
(2018); Davis et al. (2020). This will also be confirmed in this work where, although the
NLL target is not deterministic, a few hundred points were sufficient to obtain chains of
two orders of magnitude longer. Below is a brief summary of the LA-MCMC algorithm,
leaving Davis et al. (2020) as a reference in case the reader is interested in further details.
For each element of the chain:

1. Sample a new candidate using the previous parameter of the chain and the proposal
distribution;

2. Calculate the local regression. If the reliability of the regression model is insuffi-
cient, re-evaluate the expensive NLL in the neighbourhood of the new candidate to
reduce the regression error;

3. Calculate the acceptance probability using the approximation of the NLL obtained
from the local polynomial regression of the current candidate and the previous one
in the chain;

4. Accept or reject the candidate.

We remind the reader that all the evaluations of the expensive NLL are saved as they are
calculated in the so-called support set {(θi, NLL(θi))}Nsupp

i=1 where θi are the parameters
for which the NLL was calculated. This set is separate from the sampled chain, only the
parameters sampled from the surrogate surface are included in the chain. At each step of
the algorithm, the parameters of the new candidate’s neighbourhood will be selected from
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those present within this set. An optimal refinement strategy is essential to find the right
balance between the error in the acceptance probability of the point 3) and the number of
expensive NLL evaluations saved in the support set during the point 2). In other words,
the strategy must ensure that, at each step of the algorithm, the bias introduced by the
surrogate model is not the dominant source of error. The strategy consists of various
refinement criteria that are triggered in the presence of an insufficient surrogate model
with respect to the thresholds given by indicators that become more and more severe as
the sampling proceeds. See Conrad et al. (2016); Davis (2018); Davis et al. (2020) for
further details on the specific criteria used.
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3 Bayesian inference by informative Gaussian features of
the data

As already discussed in Sections 1 and 2, the classical approach to parameter estimation
is based on minimising, as θ varies, the sum of square difference between the integrated
model realisations and the data in possession at all times ti.
However, there are scenarios in which this approach is not valid. As an example, let us
consider the case of an oscillator formed by two coupled chaotic systems with a specific
coupling strength which lead to the intermittent bursts, for more details see Eq. (3.4). In
such scenario, the residual signal between the two oscillators may have a low magnitude
for most of the time and then has sudden peaks, unpredictable given the chaotic nature
of the system. It can be noted that, in this case, the sum of the residuals is not very
informative: the same RSS can be obtained with quite different residuals.

Figure 3.1: Difference between two coupled oscillators. The signal is having low magni-
tude most of the time with sudden outbursts.

Nevertheless, the residuals still maintain a certain coherence in the distribution of the
peaks, as can be found by integrating this model multiple times with fixed parameters and
varying the initial state. It, therefore, becomes attractive to consider the distribution of
the residues to characterise the variability of the model. It will be shown in this work
how the parameters of chaotic systems can be correctly estimated by using the empirical
cumulative distribution function (eCDF) of the residuals or other scalar valued functions
of data, supposing that the eCDF can be empirically estimated from the data. This is the
intuition behind the Bayesian inference based on the informative statistics of data.

3.1 Gaussian likelihoods by informative feature vectors
In the emerging era of big data, measurements may be so abundant that subsampling of
data is needed before (UQ) analysis is possible, due to memory issues. Another mo-
tive for creating likelihoods for subsamples of data only stems from excessive computing
times: numerically heavy models may be simulated so that the predictions cover subsets
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of the collected data, while covering all the samples of data would be exhaustively expen-
sive. We discuss now a general approach on how likelihoods may be constructed by data
subsampling.
Let us suppose that a data set U = (u1, ..., uτ ) of vectors u is available. We want to
construct a summary statistics for subsets of size N < τ . For this purpose, the set U
is divided in nepo subsets each of size N , that is U = {uk} where uk denotes the sets
uk = (uk1, ..., u

k
N), k = 1, ..., nepo. The division into the subsets can be, in principle,

arbitrary. However, our examples deal with dynamical models where the subsets consist
of time-wise consequtive measurements on time intervals called epochs, and nepo denotes
the number of them.
Next, suppose we have a scalar-valued mapping y : U → R1. The mapping may be com-
puted in various ways; some examples will be presented in the following sections. It can
be computed by single vectors of each epoch that providesN scalar values for each epoch,
or by pairs of vectors between two different epochs, that yields N2 scalar values. The sta-
tistical distribution of these scalars will be used to construct the likelihoods throughout
this work. The distribution is expressed as the cumulative distribution function (eCDF) of
the scalars given by y.

The distribution of the eCDF vector is estimated by repeating the calculations by y over
all the epochs used. The number of available repetitions depends on the mapping y. For
example, a construction based on single epochs would produce nepo samples of eCDF
feature vectors, while a construction based on pairs of different epochs gives

(
nepo

2

)
vector

samples. It turns out that the distribution of the eCDF vector is in fact asymptotically
Gaussian in all the examples we deal with. This is a consequence of generalisations of the
central limit theorem (CLT). Thus, the estimation of the distribution of the eCDF vector
amounts to calculating the mean and covariance (µ,Σ) of the sample vectors created.
More details are given in the following sections.
Opposite to the BSL approach, here the likelihood is constructed offline only once, as a
summary statistics of the available data. For the purposes of high-CPU inference, this
approach has obvious advantages. When simulating the model for new model parameter
values, the computational cost is limited to that needed for integration over one time epoch
only. Moreover, we will later show how a surrogate posterior approximation method can
be used to drastically reduce the CPU times. However, such an approximation requires a
fixed likelihood construction, while in the BSL approach, the likelihood is recreated for
each new parameter evaluation.
Another benefit comes from the way how the likelihood is constructed by eCDF vectors.
The normality is guaranteed theoretically, and it can – and should – always be numerically
verified by normality tests before using the likelihood for parameter estimation.
The approach naturally has limitations as well. It is intended for cases where the data set
is large enough to allow the subsampling to be done in a reliable manner. The data should
be representative, that is, cover the possible rare events well enough. Later on, we will
discuss ways to diagnose the possible pitfalls, whether they are due to insufficient data
or a lack-of-fit between the model and data. However, we note that for limited data (and
CPU times allowing) you can also resort to the BSL construction, using the feature vectors



3.2 Correlation integral likelihood 25

suggested here. Using the above notations, we would then have data over one epoch only.
To test a new model parameter value youwould simulate nepo times the model over the
time interval of data, create the likelihood as discussed here and then accept or reject the
parameter value depending on how well the data agrees with the likelihood. While the
approach takes nepo times more computing time, it allows inference by limited data sets
as well.
Obviously, the central limit theorem directly provides Gaussianity (supposing bounded
data), if instead of a scalar mapping y we use a component-wise mean as a summary
statistics. However, it turns out that, in many cases, such a ’naive’ summary will average
out too much information. The challenge then is to find mappings that provide a transfor-
mation from the – often statistically intractable – original data to feature vectors that at the
same time preserve the information of the original data, and give Gaussian distributions.
We will thus call, in general, the approach by the acronym (GLIF), Gaussian likelihood
by informative feature vectors. In the next section, a first version of such a likelihood, the
Correlation integral likelihood Haario et al. (2015); Springer et al. (2019); Maraia et al.
(2020); Kazarnikov and Haario (2020), will be discussed.

3.2 Correlation integral likelihood

Estimating the parameters of chaotic dynamical systems has been a challenging task since
their introduction to numerical simulations by Lorenz (1963). Most of the approaches
presented in the literature are based on having enough dense measurements within a pre-
dictable time interval, or are applicable only in limited special situations, see the discus-
sion in the Introduction. The Correlation integral likelihood (CIL) Haario et al. (2015);
Springer et al. (2019); Maraia et al. (2020) is a GLIF type approach that is free of such lim-
itations. It is based on a generalisation of the correlation integral, introduced in the math-
ematical physics literature to characterise the fractal dimension of an attractor. However,
rather than estimating the intrinsic dimension of trajectories, we are interested in charac-
terising the similarities or distances between different trajectories. The scalar mapping y
is provided by the Euclidean distance between vectors of trajectories. So, constructing
the CIL likelihood requires three steps: (i) computing the distances between observation
vectors from pairs of different trajectories in the training data; (ii) evaluating the empir-
ical cumulative distribution function (eCDF) in the log-scale of these distances and (iii)
estimating the mean and covariance of the ensuing log-eCDF vectors by repeating steps
(i) and (ii) over all different data epochs pairs.
Suppose S is a data set comprising observations of the dynamical system of interest in
a time interval [0, τ ]. As above, S is split into nepo different epochs. The epochs can,
in principle, be any subsets from the reference data set S. We restrict the epochs to be
time-consecutive intervals of N evenly spaced observations. Denote sk = {ski }Ni=1 and
sl = {slj}Nj=1, with 1 ≤ k, l ≤ nepo and k 6= l, be two such disjoint epochs. The individual
observable vectors ski ∈ Rd and slj ∈ Rd comprising each epoch come from the time inter-
vals [tkN+1, t(k+1)N ] and [tlN+1, t(l+1)N ], respectively. In other words, superscripts refer to
different epochs and subscripts refer to the time points within those epochs. Haario et al.
(2015) define the modified correlation integral sum C(R,N, sk, sl) by counting all pairs
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of observations that are less than a distance R > 0 from each other:

C(R,N, sk, sl) =
1

N2

∑
i,j≤N

1[0,R]

(∥∥ski − slj
∥∥) , (3.1)

where 1 denotes the indicator function and ‖·‖ is the Euclidean norm on Rd. In the physics
literature, evaluating Eq. (3.1) in the limit R → 0, with k = l and i 6= j, numerically
approximates the fractal dimension of the attractor that produced sk = sl (Grassberger
and Procaccia, 1983b,a). Here, we instead use Eq. (3.1) to characterise the distribution of
distances between sk and sl at all the relevant scales. We assume that the state space is
bounded; therefore, a radius R0 covering all pairwise distances in Eq. (3.1) exists.
Note that for a prescribed set of radii R = Rm = R0b

−m, with b > 1 and m = 0, . . . ,M ,
Eq. (3.1) defines indeed a discretisation of the empirical CDF of the distances ‖ski − slj‖,
with histogram bins given by the numbersRm. So Eq. (3.1) gives an example of the GLIF
approach, with the scalar mapping y given by the distances.
Now we define yk,lm = C(Rm, N, s

k, sl) as components of a statistic T , which for any
sk, sl is given by T (sk, sl) = yk,l := (yk,l0 , . . . , yk,lM ). This statistic is the feature vector
used for the CIL approach. It turns out that, under mild conditions on the independence of
the samples, the feature vector is in fact Gaussian (see the discussion in the next section).
We characterise this normal distribution by subsampling the data set S. Specifically, we
approximate the mean µ and covariance Σ of T
by the sample mean and sample covariance of the set {yk,l : 1 ≤ k, l ≤ nepo, k 6= l},
evaluated for all

(
nepo

2

)
pairs of epochs (sk, sl) using fixed values of R0, b, M , and N .

The Gaussian distribution of T effectively characterises the geometry of the attractor rep-
resented in the data set S. Now, we wish to use this distribution to infer the parameters
θ. Given a parameter value θ̃, we use the model to generate states s∗(θ̃) = {s∗i(θ̃)}Ni=1 for
the length of a single epoch. We then evaluate the statistics yk,∗m = C(Rm, N, s

k, s∗(θ̃))
as in Eq. (3.1), by computing the distances between elements of s∗(θ̃) and the states of
an epoch sk selected from the data S. Combining these statistics into a feature vector
yk,∗(θ̃) = (yk,∗m )Mm=0, we can write a noisy estimate of the log-likelihood function:

log p(θ̃|sk) = −1

2

(
yk,∗(θ̃)− µ

)>
Σ−1

(
yk,∗(θ̃)− µ

)
(3.2)

The expression is noisy for two reasons: for a fixed model parameters, we randomise
the initial values (and numerical solver options, possibly) and thus obtain different real-
isations for each model simulation. Moreover, the selection of K introduces additional
randomness. Therefore, the feature vectors yk,∗ are random for any finite N . A partial re-
duction of the randomness can be obtained by having more data, i.e. having more epochs
in the data set with larger N . This, however, comes with increasing computational cost.
Other options to reduce the noise of the likelihood evaluations are discussed in the next
section.
The CIL approach interprets the time series of observations vectors of chaotic trajectories
as samples from a distribution in the state space, i.e. from the underlying attractor. A nat-
ural requirement is that the attractor is assumed to be fixed. In addition, the observations
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should give a representative sample from the attractor. In Section 3.5, we discuss cases
where this is not satisfied. We note that, since only the state vector values are used, no
information of the time instants of observations is needed, and the observations may be
arbitrarily far away from each other. On the other hand, the information of the transient
behaviour is also lost. In Section 4.1, we discuss ways to get the dynamical information
back in the estimation.

3.3 Gaussianity of the feature vectors, one and two sample U-statistics

Here, we discuss in more detail the theoretical background of Gaussianity of the summary
statistics used, in the specific non-i.i.d situation in question. Basic results in U -statistics
(see e.g. Borovkova et al. (2001); Neumeyer (2004) and references therein) yield Gaus-
sianity of the quantity

√
N
( 2

N(N − 1)

∑
1≤i<j≤N

f(Xi, Xj)− A
)

in the limit N → ∞ (assuming non-degeneracy). Here, X1, . . . , XN are i.i.d. or i.d.
weakly dependent random variables (or vectors) and f , say, a bounded function, and
A := E f(X1, X2). These results generalise the classical result of Donsker (1951), which
applies to i.i.d. samples from a scalar-valued distribution. Note that the expression only
has N independent samples, so the convergence rate N−1/2 is as expected.
This result transfers in a standard way to the Gaussian statistics of the cumulative dis-
tribution function. Another variant of this is where you considers instead two-sample
U-statistics, with a similar statement for

√
N
( 1

N2

∑
1≤i,j≤N

f(Xi, Yj)− A
)

where X1, . . . , XN is an i.i.d set of variables, and Y1, . . . , YN is another i.i..d set of vari-
ables, possibly with different distribution and independent from the Xj’s, see Neumeyer
(2004). In Borovkova et al. (2001), the results for one-sample U-statistics were proved
assuming only asymptotic independence for the variables Xk. Similar results may natu-
rally be proved for two-sample U-statistics.
Our situation corresponds to the case of two-sample U-statistics. In our case, Xi =
ski , Yj = slj for any fixed k 6= l, with 1 ≤ k, l ≤ nepo. The function f is vector val-
ued, with components

f(X, Y,m) = 1[0,Rm](‖X − Y ‖2), m = 0, ...,M.

Recall that the mean µ and the covariance Σ of f are calculated by the
(
nepo

2

)
vectors of

the set
{
Yk,l

}
1≤k 6=l≤nepo

. Again, the convergence is covered by U-statistics, yielding the

convergence rate of order n−1/2
epo .

Given a fixed data set of nepo epochs, various options are available based on selecting more
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than two epochs for the creation of the feature vectors. Even if the theoretical convergence
rate is limited by available epochs, using several of them can be beneficial, as a larger
subset of epochs used to create the feature vectors decreases the numerical variability
in the likelihood. Instead of pairs, we can consider the distances between one epoch and
several other epochs. Maximally, we can use (nepo−2) others while creating the summary
statistic. Leaving one epoch out is necessary to have enough ,

(
nepo

nepo−2

)
=
(
nepo

2

)
possible

combinations from which to obtain a good estimate of the feature vector variability. This
’one to many’ modification of correlation integral sum can be written as

C(R,N, sk, S \ {sq}) =
1

(nepo − 2)N2

∑
l≤N,l 6=k,q

∑
i,j≤N

1[0,R]

(∥∥ski − slj
∥∥) , (3.3)

The increase in the computational cost due to distance computations is negligible in cases
where the model integration dominates the time needed in the likelihood evaluation. In the
sampling phase, each new trajectory integrated using a candidate parameter is compared
now to random nepo−2 epochs from the training set to obtain the summary statistics as in
Eq. (3.3). Note that while the noise is reduced by taking the average over several epochs
of the training set, the gain is limited: the noise due to the evaluation of the new sample
(corresponding to sk in Eq. (3.3)) remains. Naturally, this source of noise can be limited
by creating nepo independent simulation samples for each proposed new parameter value
by, e.g. parallel calculations. Anyway, this option would increase the computational cost,
and is not considered in this work.

3.4 Selection of informative features for specific tasks

Now that the Correlation integral likelihood has been extensively discussed, let us return
to other possibilities of using the GLIF approach. The distance-based CIL is by no means
the only alternative to employ the key underlying idea, the normality of the eCDF vectors.
Indeed, you have to carefully select the feature – the mapping y – that best fits to the
specific problem. In addition to various options for the feature vector, we discuss ways to
combine different statistics into a Gaussian likelihood. Ways to avoid introducing bias in
the likelihood creation are discussed in the next section, together with ways to diagnose
the possible pitfalls.
Selecting an appropriate statistic that is informative with respect to the data and model
is critical to make this approach work best. It is, therefore, important to have a good
level of prior knowledge of the system being treated, as by selecting a certain statistic
a strong assumption is made that will affect the final result. We use here several exam-
ples to demonstrate this argument, but leave the more detailed numerical examples to be
presented in section 4.
Time dependent information The system (4.3) in Section 4 gives an example where the
basic form of the CIL partially fails. Here, the classical Lorenz 3D system is equipped
with an additional parameter K that scales the right-hand side of the equation. While the
standard parameters σ, ρ, β determine the shape of the chaotic attractor, the portion of the
state space occupied by the computed trajectories, the fourth parameter only affects the
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average speed with which the system evolves. If we produce the posterior distribution
of all four parameters (for the details see section 4), what happens is that the first three
parameters are correctly identified, while the fourth remains unidentified. What is the rea-
son for this partial defeat? The answer can be found by analysing the steps by which the
CIL statistic is created. As previously described, the procedure involves the calculation
of the distances between two data epochs, and the subsequent mapping of these distances
in a log-eCDF. During this last step, the temporal information of the measurements is
completely ignored, resulting in the loss of information regarding the speed of evolution
of the system. While the remaining information is enough in many situations, and even
beneficial in cases where the measurement time instants are poorly known, it here leads
to the failure to identify the parameter K. A remedy is to extend the state s by the deriva-
tive of it, ds/dt, and to create a feature vector for it by (3.1), with ds/dt instead of s.
To do this by measured data, we have to assume that the measurements contain pairs of
measurements, where the temporal difference is small to allow an approximation of the
derivative values. Otherwise, the time lag separating such pairs can again be arbitrarily
high. This second feature vector, however, does not contain sufficient information on the
geometry of the chaotic attractor, resulting in a lack of identification of the first three pa-
rameters of the model. The solution is to consider both features together, in a way that
will be discussed below.
Back to basics: feature vectors based on residuals, means and standard deviations
Computing the distances between observations at different time points is not always
needed. Obviously, no mapping y is needed in cases where the system already is scalar-
valued. The classical Ornstein-Uhlenbeck system provides an example of this, same as
any one-dimensional stochastic differential equation SDE systems. For such systems, we
can directly form the eCDF vectors of the state values by data, as well as the stochastic
derivative values, in case pairwise measurements close enough in time are available. The
GLIF lilkelihood can then be estimated by repeated evaluations of the eCDF vectors, and
numerically verified to be Gaussian by the χ2 test again.
An example where the calculation of distances would be downright counterproductive
is given by swarming. The Kuramoto equation, Kuramoto and Araki (1975); Kuramoto
(1984) describes a well-known system of oscillators rotating on the unit circle, each with
its own frequency. With increasing the value of a coupling constant, however, the rotation
speeds converge to a common value, and the oscillators pack together in a close swarm.
The right features that characterises the closeness of the swarm are then simply the mean
and std, the standard deviation, of the x, y coordinates of the swarm members (the related
concepts of order and potential are used in the Kuramoto literature). Again, we can form
eCDF vectors of both the mean and std values, and arrive at a Gaussian likelihood. Ob-
viously, calculating distances between the swarm members at different time instants does
not produce any meaningful information on the relative closeness of the members of the
pack.
Synchronisation of two chaotic systems provides another example where the distances
between the systems at the same time instants, i.e. the usual residual norms, characterise
the degree of synchronizations in a natural way. However, in cases of weak or emerging
synchronization the geometry of the joint attractor changes with the coupling strength,
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so the CIL likelihood can be expected to improve the estimation accuracy. Again, the
combination of two feature vectors should be employed.

How to combine different feature vectors As indicated by the above examples, se-
lecting a single feature vector for a particular data set may be too limiting, and may lead
to only partial and incomplete results. Using more than one statistics often leads to more
precise results. If the selected statistics are independent, you can compute two or more
likelihoods separately and multiply them to create the joint likelihood. Given that different
feature vectors most often are not independent, we propose the following. Concatenate
the samples of two or more feature vectors calculated for the same epochs, and verify
numerically that the combined feature vector sample is Gaussian.
The concatenated statistics may consist of different types of measurements of the system
under consideration. The important thing is to always analyse the problem studied and
the data available to select informative summary statistics. In the section for numerical
experiments, we will present several scenarios in order to demonstrate how to use this
method in the best possible way.

3.5 Diagnostics: the likelihood and goodness of fit
As discussed in Section 3.1, the construction of the eCDF feature vector likelihood is
based on nepo data sets, each consisting of N vectors. Two numerical approximations
are performed based on these numbers, the computation of individual eCDF vectors that
depends on N , and estimation µ and Σ, the mean and covariance, by repetitions of the
eCDF vectors, that depends on nepo. Obviously, both approximations need large enough
sample sizes to be numerically stable. If the feature vector mapping y is computed from
combinations of k epochs, we get

(
nepo

k

)
different vectors for the estimation of µ and

Σ (even if they mey not be independent, see Sec. 3.3 ). In the case of CIL, we take
either k = 2 or k = nepo − 2 which gives N2 or (nepo − 2)N2 scalar values for the
single eCDF vector estimations. Typically, selections of the order nepo = 40, ..., 70 and
N = 1000, ..., 2000 lead to stable results. In this section, we demonstrate well-working
cases as well as the pitfalls that appear if either of the numbers is too small. Moreover,
we show how the χ2 test can be used to reveal a lack-of-fit between the training data and
model simulations.
As the demonstration example, we use the Lorenz system, but extended to represent two
identical chaotic oscillators unidirectionally coupled. The equations governing the tem-
poral evolution of this system are given as

ẋ1 = σ(y1 − x1);
ẏ1 = ρx1 − y1 − x1z1;
ż1 = x1y1 − βz1;

ẋ2 = σ(y2 − x2) +Kc(x1 − x2);
ẏ2 = ρx2 − y2 − x2z2;
ż2 = x2y2 − βz2.

(3.4)
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The reference parameters are the standard ones, (σ = 10, ρ = 28, β = 8/3). A large
enough coupling parameter, roughly Kc > 8, leads to complete synchronisation, i.e.
starting from different initial values the two subsystems coincide after a long enough time
interval. But for a somewhat weaker coupling parameter Kc = 7.5 synchronisation re-
mains incomplete, the trajectories of the 3D subsystems mostly stay close, but experience
intermittent outbursts at irregular times. Figure 3.1 shows examples of norms of the resid-
uals between the two subsystems. Indeed, as the feature of interest here is how close the
two 3D trajectories are at given time points, a natural feature mapping y in this case is the
internal distance between the subsystems given by (3.4), rather than distances between
different 6D trajectories of (3.4) as used in the CIL case. But this means that k = 1 in the
subsampling of the

(
nepo

k

)
epochs, so that only nepo repetitions of the eCDF vectors are

available, each giving N values to calculate each eCDF.
First, we present an ideal case, with sufficiently high values for N and nepo and no bias
between the data and model. We set nepo = 400 and N = 2000. It is important that the
measurements within an epoch are temporally consecutive points, not randomly selected
from a larger set of measurements as the risk of having epochs without the irregular spikes
would then increase. In this example, we take the time points as ti+1 − ti = 1 for all i.
By carrying out steps by the guidelines given in Sec. 3.1, a set of 400 eCDF vectors is
obtained, each computed by 2000 distance values between the 3D subsystems. The mean
µ and the covariance Σ of the eCDFs’ are substituted in the formula Eq. (3.2) so as to
obtain the cost function. The normality of the obtained feature vectors is tested numer-
ically, and the results are given in Fig. 3.2a. The picture presents the histogram of the
values obtained by data, and the χ2 whose degrees of freedom is given by the dimension
(number of bins) of the eCDF vectors. We see that the test values perfectly follow the the-
oretical χ2 density function. For simplicity, we only sample here the coupling parameter
Kc keeping the rest of the model parameters fixed in their reference values. The posterior
distribution estimate of Kc shown in Fig.3.2c has a peak around the reference parameter
value 7.5 with relative error of approximately 10%.

Goodness of fit As a way to verify the goodness of fit, i.e. how well the variability
of the data set is represented by the model variability with the estimated parameter, it
is advisable to conduct the following study. Given µ and Σ from the training set and
the parameter posterior distribution, we evaluate the cost function Eq. 3.2 for feature
vectors obtained by integrating the model with the MAP of the distribution a couple of
thousand times, and compare its distribution with that of the data – or the reference χ2

density function , as the latter two should be known to agree. Here, the NLL has been
re-evaluated 2000 times using the MAP as a reference value. The NLL values obtained
form a distribution which practically matches the reference χ2 distribution, as can be seen
in Fig. 3.2b. This indicates, first of all, that the number of epochs as well as the number of
measurements per epoch present in the training set cover the variability of the model well,
and that this latter is the correct model to be considered for the dynamics that created the
data (because we simulate a situation in which data is given to us and it is up to us to
find the best model that represents it). Note that the MAP of the parameter distribution in
this case practically coincides with the parameter Kc = 7.5 with which the synthetic data
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were created, so the result is as expected. We also point out that simulating the model
with Kc values at the tails or outside of the distribution yields cost function values at the
tails or outside of the χ2 distribution, respectively.

0 5 10 15 20 25 30 35 40 45

NLL

0

0.02

0.04

0.06

0.08

0.1

0.12

P
D

F

The chi2 test for the Correlation Integral likelihood Matrix

(a)

0 5 10 15 20 25 30 35 40 45 50

NLL

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

P
D

F

(b) (c)

Figure 3.2: (a) Comparison between the NLL of the feature vectors obtained from the
training set and the respective χ2 distribution. (b) Comparison between the NLL of the
feature vectors obtained by reintegrating the system using the MAP as reference parame-
ter and the respective χ2 distribution. (c) Posterior distribution.

Next, let us discuss the impacts of having either N or nepo too small as well as how the
above goodness-of-fit test can reveal different discrepancies between the data and model
simulations.

Insufficient number of epochs We repeat a situation similar to the previous ideal case,
with the difference that we only create nepo = 20 epochs of N = 2000 measurements
each. The likelihood can be constructed as such. However, the normality test of the
feature vectors obtained from the training set does not produce a proper result due to the
limited number of repetitions, as reported in Fig. 3.3a. However, we can test how the
MCMC sampling performs. The posterior distribution is shown in Fig. 3.3c. Somewhat
surprisingly, the reference parameter is again around the MAP of the posterior distribution
and the relative error is approximately 10%. The main difference with respect to the ideal
case is a drop in the acceptance ratio in sampling the parameter chain, from 26% to around
5%. This may be attributed to the crude estimate of the mean µ and covariance Σ of the
feature vectors. Intuitively, the training set does not contain a representative sample of
the dynamics, so even parameters close to the correct value may produce trajectories
missing in the training set, thereby leading to rejection. This can be numerically verified
by using the goodness-of-fit test again, by creating new trajectories at the MAP value,
whose feature vectors are inserted in the cost function to obtain the variability of the
NLL. Figure 3.3b shows the discrepancy between the variability of the thus resulting
histogram and the ideal one given by the χ2 distribution. In particular, the distribution
of histogram is shifted towards and outside the tail of the χ2 distribution, while some
values are found within the variability of the data. To summarise, the model dynamics
contains more variability than that present in the data. In particular, it may happen that
new integrated trajectories have more or less outbursts of different magnitude than those
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few epochs in the training set. In this case the goodness-of-fit test actually shows a lack
of data, rather than any bias between data and model.
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Figure 3.3: (a) Comparison between the NLL of the feature vectors obtained from the
training set and the respective χ2 distribution. (b) Comparison between the NLL of the
feature vectors obtained by reintegrating the system using the MAP as reference parame-
ter and the respective χ2 distribution. (c) Posterior distribution.

Next, we will analyse situations with different types of bias between the model and data,
and how they can be diagnosed.

Complex data, simple model, case 1 We first discuss the situation where data contains
more rich dynamics than the model is able to produce. Consider a setup otherwise the
same as in the ideal one, but with the difference that the training data consists of epochs
created with varying ’hyperparameter’ coupling values, Kc ∼ N(7.5, 0.1). However, the
data is sampled with a model containing a single Kc. Figure 3.4a shows again how the
feature vectors obtained from the training set follow a Gaussian distribution. The posterior
distribution is given in Fig. 3.4c, with MAP close to the reference parameter and relative
error of 13%. A slight increase in the relative error is expected given the higher variability
in the training set.
The goodness of fit test, the distribution of the NLL associated to feature vectors obtained
from trajectories integrated using the MAP as a reference parameter is shown in 3.4b. As
we can see, the values are shifted to the left side of the χ2 distribution. This indicates
a higher variability in the training set feature vectors than what could be produced by
reintegrating the model repeatedly with a fixed parameter Kc. This could be even seen by
plotting the feature vectors of the training data against those obtained with the model: the
first one contains more variability than the one obtained for the verification, with all the
trajectories coming with a fixed model parameter.

Complex data, simple model, case 2 We create a biased situation by using different
values for the coupling constant to create the training data, and to fit a model to it. Here,
the training data is obtained with Kc = 7.5, so it consists of coupled 3D trajectories that
are close to synchronised most of the time, but ’escape’ from each other for short periods
at irregularly distributed time points. But we model the data with a model that is incapable
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Figure 3.4: (a) Comparison between the NLL of the feature vectors obtained from the
training set and the respective χ2 distribution. (b) Comparison between the NLL of the
feature vectors obtained by reintegrating the system using the MAP as reference parame-
ter and the respective χ2 distribution. (c) Posterior distribution. Red stars give the correct
parameter values

of producing such intermittent outburst, using the value Kc = 9. Now, we try to estimate
the parameters (β, σ, ρ) as the Kc parameter is kept fixed. As the likelihood, we now
use the CIL construction discussed in Section 3.2. Indeed, while Kc directly impacts the
residuals between the 3D subsystems, the parameters (σ, ρ, β) impact the geometry of the
underlying attractor, and the CIL option gives much smaller parameter posteriors.
The results are given in the figures 3.5. While the χ2 test for data is perfect and the
parameter posterior distributions seem fine, we can see that the true parameter values
lie outside (or at the extreme tail) of the posterior distribution. The goodness-of-fit test
clearly verifies the situation. It would reveal the bias, even if the true parameter value
would not be known.

Simple data, complex model For completeness, we also report the posterior that is
obtained in the opposite situation.
The data here consists of a 6-dimensional trajectory and the study has been conducted
using the CIL cost function. In the training set, we keep the Kc parameter fixed to 9. In
this settings, no ’rare events’ are created. In the sampling phase, we use Kc = 7.5, so
the model creates more complex dynamics, including those intermittent outbursts. As can
be seen in Fig. 3.6, the model parameters get wrongly identified, and the true reference
parameter lies clearly outside the sampled posterior distribution. However the χ2 test for
data and the parameter posterior distributions seem fine again. Based on them alone, you
could easily assume that the correct posterior has been obtained. The goodness-of-fit test
reveals the discrepancy, however. The distributions based on data (or the overlapping
χ2 distribution) and simulations intersect only at their tails. Furthemore, in this type of
scenarios, the acceptance rate of the MCMC sampling gets very low.
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Figure 3.5: (a) Comparison between the NLL of the feature vectors obtained from the
training set and the respective χ2 distribution. (b) Comparison between the NLL of the
feature vectors obtained by reintegrating the system using the MAP as reference parame-
ter and the respective χ2 distribution. (c) Posterior distribution. Red stars give the correct
parameter values
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Figure 3.6: (a) Comparison between the NLL of the feature vectors obtained from the
training set and the respective χ2 distribution. (b) Comparison between the NLL of the
feature vectors obtained by reintegrating the system using the MAP as reference parame-
ter and the respective χ2 distribution. (c) Posterior distribution.
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4 Experimental studies

Parameter estimation So far, we have discussed the properties of several GLIF type
likelihood constructions assuming that the ’right’ parameter value is already known. Nat-
urally this is not the situation in most modelling tasks. Rather, the model parameters have
to be estimated by data, starting from some initial guess that might be far away from the
final estimate. The usual procedure with deterministic models with known measurement
noise statistics is to find the maximum likelihood estimate by standard optimisers. A
linearisation–based approximation of the parameter covariance matrix can then be used
get an initial proposal distribution to start the MCMC sampling in order to get the whole
parameter posterior distribution determined. In our situation the same approach can be
used, but using optimisers that fit the special type of stochastic likelihoods at hand. The
method used in this work is the Differential Evolution (DE). It constructs a population of
parameter vectors, evaluates the cost function at each of them, and then created the next
generation parameter population by a ’survival of fittest’ heuristics. For more details, see
the version introduced in Shemyakin and Haario (2018), that especially takes into account
the stochasticity of the cost function. A special characteristics in our situation is that the
cost function is normalised to be the χ2 distribution with a given degree of freedom: the
stopping criteria for the DE-optimiser can be set to be the step when all the members
of the population have cost function values roughly inside the numerical range of the χ2

distribution. An important side product of using th DE optimiser is that the parameter
samples of the last few population generations are close to the final estimates and thus
can be used calculate an excellent initial proposal covariance for the ensuing MCMC run.
See Figure 4.3b for an example of this issue.

Construction of the eCDF vectors The GLIF approach is based on calculating re-
peated examples of the eCDF vectors of the scalar values provided by a mapping y. Even
if the construction of empirical CDF curves by given scalar data is a most basic task in
statistics, a few remarks of good practices should be kept in mind. Most of the examples
of this section use the CIL approach, so we focus the discussion on it. Similar comments
are valid for other GLIF versions, however.
We suppose that the considered trajectories remain bounded, so all the distances between
the vectors are inside a ball of finite radius. The range of values of the bins Rm, m =
0, . . . ,M is selected by the distances of the training set, keeping in mind that a positive
variance is needed for every bin to avoid a singular covariance matrix. Therefore, the
largest radius R0 can be obtained by

R0 = min
k 6=l

{
max
i,j

∥∥ski − slj∥∥} (4.1)

over the disjoint subsets of the samples sk and sl of lengthN , k, l = 1, ..., nepo. As always
with histograms, the number of bins M has to be selected first. A too small value gives
a crude histogram, but a too large M a ’peaky’ one. In our case, too large M increases
the stochasticity of the likelihood resulting in MCMC sampling with poor acceptance.
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Therefore, some hand-tuning might be required for M , while the selection of the other
parameters then follow in a rather straightforward way. A typical choice of M in our
examples has been in the range from 10 to 30. The smallest radius is selected by requiring
that for all the possible pairs (sk, sl), it holds that BRM

(ski ) ∩ sl 6= ∅, where BRM
(ski ) is

the ball of radius RM centred at ski . That is,

RM = max
k 6=l

{
min
i,j

∥∥ski − slj∥∥} (4.2)

For the log–log feature vectors, the base value b is finally obtained by RM = R0b
−M

and via that all the other radii Rm ar determined as well. Here, we assume that the
measurements are representative, that is each epoch should cover all the corners of the
chaotic attractor. See the discussion in section 3.5 for possible pitfalls and for diagnostics
in this respect.
As discussed earlier, a precaution to take into account in computing the distances is the
order of magnitude of the different components of the state. In case they are considerably
different, we suggest scaling the states before computing the distances. Otherwise, there
is a risk of losing valuable information regarding the variability of the components with
lower magnitude. Recall also that the measurements of the dynamic system must be
semi-independent, i.e. the autocorrelation between consecutive measurements must drop
quickly enough. Failing this condition leads to the loss of the Gaussianity of the feature
vectors, which can be verified by the χ2 test of the training set again, before on embarking
further calculations.

4.1 Low dimensional chaotic dynamical systems
In this section, dedicated entirely to numerical experiments, we will analyse different
scenarios that will help to explore the potential of this approach.

Lorenz 63 The most classic of the example of a chaotic system is certainly the one intro-
duced by the E.Lorenz in the early 1960s as an extreme simplification of a meteorological
model. The system of equations governing its time evolution is given by

Ẋ = K(β · (Y −X))

Ẏ = K(X · (γ − Z)− Y )

Ż = K(X · Y − α · Z).

(4.3)

Its most standard version is the one with the parameters (α = 8/3, β = 10, γ = 28) which
form the famous chaotic attractor in the shape of a ’butterfly’.
As seen in the Figure 4.1, the trajectories of the same model integrated by arbitrarily close
initial states separate after a predictable time interval. This effect is commonly described
as the ’butterfly effect’. However, in the state space, the thus obtained trajectories remain
within the region defining the chaotic attractor of the system.
For demonstration purposes, we have modified the system by multiplying each time
derivative in (4.3) by a positive factor K. This simply scales the time variable, so it
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changes the speed by which the trajectory evolves along the attractor, but not the attrac-
tor itself. In the following examples, we will consider the standard parameters together
K = 1 and K = 10.
Let us suppose a set of measurements of the system at time pointst0, t1, ..., tτ , sufficient to
obtain a training set formed by nepo = 64 epochs of N = 2000 measurements each. For
demonstration purposes we will consider that the difference between observation points
is greater than the predictable time interval of the system, remembering, however, that
this condition is not necessary for the method to work. We estimate the parameters of the
model in different cases using the CIL method.
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Figure 4.1: Example of the possible measurements of the states (X, Y ) done beyond the
deterministic intervals for the Lorenz 63 chaotic attractor for 64 simulations with slightly
randomised initial conditions.

Construction of the likelihood Once the number of radii M = 10 has been fixed, the
other constants of the method can be obtained as described above, giving R0 = 2.51,
RM = 0.002 and b = 2.04. The set of feature vectors

{
yk,l|k, l ≤ nepo

}
is shown in

Figure 4.2a, while in Figure 4.2b we find the verification that the assumption of normality
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of feature vectors is valid. Given the chaotic nature of the system, a different value follows
each new likelihood evaluation.

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1

log
b
(R

k
/R

0
)

-14

-12

-10

-8

-6

-4

-2

lo
g

b
(C

or
re

l.s
um

s)

The log/log curve of the distances

(a)

0 5 10 15 20 25 30
0

0.02

0.04

0.06

0.08

0.1

0.12
The chi2 test:distaneces

(b)

Figure 4.2: Lorenz 63: (a) Feature vectors in log-log scale of the measurements. (b)
χ2-test of the log eCDFs for the vectors shown in Figure 4.2a.
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Figure 4.3: Lorenz 63: (a) DE population convergence from a poor initial guess to a
narrow region around the right parameter values. (b) Marginal posterior distributions and
their respective DE proposals.

Parameter estimation,K = 1, one feature vector We demonstrate here the estimation
of the model parameters, using the constructed negative likelihood function Eq. (3.2) as
the cost function, and starting with initial guesses far away from the true parameter values.
Since the cost function is stochastic, it is necessary to use a derivative free optimiser,
such as the slightly modified DE algorithm. Figure 4.3a shows the convergence of the
algorithm, with the y-axis giving the population of values of each parameter together
with the means, and the x-axis the steps of the algorithm, the consequtive ’generations’.
The initial parameter values are randomly generated between the given lower and upper
bounds, so that the true values are outside those intervals. The size of populations is 45
members. As can be seen, the populations converge close to the true values but then keep
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varying in a stationary manner. This is due to the stochastic character of the cost function,
and the modification, a recalculation step, introduced in Shemyakin and Haario (2018).
The outcome of the optimisation is next used to initialise the MCMC posterior sampling.
The mean of the last - or a few last - generations can be used to start the sampling, and the
Gaussian initial proposal distribution is given by the mean and the covariance matrix of a
few last generation values. The posterior distribution is obtained using the AM algorithm.
The two dimensional (2D) marginals are shown in Figure 4.3b. In addition, the Figure
shows the parameter values generated by the DE optimiser for the initial covariance. In
this case, those values indeed provide a remarkably good approximation for the final
posterior distribution.

Two feature vectors, K = 10 While the standard three parameters are well identified
by the likelihood presented, it is clear that the parameter K would remain undetermined,
as the information regarding the time instants of the measurements is not used at all.
In order to also correctly identify this parameter, it is necessary to introduce a different
feature vector.
Suppose that, in addition to the measurements described above, we add measurements
instantly after them, i.e. take double measurements t0, t0 + δt, t1, t1 + δt, ..., tτ , tτ+δt

with δt << 1. Given an appropriate choice of δt that takes into account the possible
measurement error, the new data enables you to approximate the derivative values at the
points ti. Therefore, the dynamics of the system can also be estimated. For each pair
of epochs, the CIL feature vectors are computed separately for the states and for the
approximations of the derivatives. Once obtained, these two statistics are concatenated to
obtain the final feature vector.
As in the first example, the DE-algorithm is used to obtain the MAP and a good approxi-
mation of the initial proposal distribution. From the posterior distribution obtained by the
AM algorithm, it is clear that all four parameters are correctly identified by the method,
see Fig. 4.4a. Again, the last generations of the DE samples already give a good approxi-
mation of the final posterior. A comparison of the posteriors in Figures 4.3 and 4.4 shows
that the estimation accuracy of the standard three parameters is also improved by consid-
ering two feature vectors, although the gain is rather moderate. This is case-dependent,
however. In other examples, the improvement is quite dramatic.

Sampling with the LA-MCMC method A known difficulty of using MCMC meth-
ods to provide parameters posteriors of a model is that the model must be integrated for
each likelihood evaluation, and that chains of several thousand elements are needed to ob-
tain a good estimate of the posterior distribution. For models whose computational cost is
very, high this becomes an almost insurmountable problem. The LA-MCMC methods de-
scribed in Sec. 2 can give a decisive drop of the CPU demand. Let us repeat the parameter
estimate in the case of Lorenz using the LA-MCMC method, considering only the first
three parameters and a single feature vector. To get an idea of the computational savings
achieved with LA-MCMC, several MCMC chains of length 100000 were generated. The
cumulative number of forward model evaluations required by the two algorithms is shown
in Fig. 4.5. For the selected chain length of 100000, the total number of full likelihood
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Figure 4.4: Lorenz 63: (a) In blue the 2D marginals of the chain obtained by both feature
vectors. In red, the last 25 generations of the parameter population are coming from the
DE-optimiser. (b) The 2D marginal of the posterior distributions of the Lorenz 63 model
obtained with AM (ewd) and LA-MCMC (blue).
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evaluation for the LA-MCMC method were between 955 and 1016. A drop of two orders
of magnitude has been achieved with no significant difference between sampled posterior
distributions, see the 2D marginals obtained by AM and those obtained with LA-MCMC
in Figure 4.4.
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Figure 4.5: Comparison of the cumulative number of full likelihood evaluations while
using AM (black line) and LA-MCMC (coloured lines). Every coloured line corresponds
to a different chain obtained with LA-MCMC by using the same likelihood.

Before considering cases with much higher dimensional states, we considered it appro-
priate to verify the robustness of the method on different three-dimensional chaotic at-
tractors. It has emerged that in all the cases considered (that have a stable attractor, see
the ’pathological’ example of Bouali below), the method has been able to correctly iden-
tify the parameters of the model. In addition, the use of the second feature vector for
the derivative always decreased the uncertainty of the parameters of the models. The
amount of improvement depends on to what extent some parameters affect the speed with
which the trajectory travels through the underlying attractor. Here, we report two exam-
ples that we considered particularly interesting, namely the attractor introduced in Wang
et al. (2009) and the Chua7 attractor, see Zhong et al. (2002). For many more examples,
see Springer et al. (2019).
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Wang The equations governing the evolution over time of Wang’s system are given by
Ẋ = α ·X + γ · Y · Z
Ẏ = β ·X + δ · Y −X · Z
Ż = ε · Z + ζ ·X · Y,

(4.4)

with reference parameters (α, β, γ, δ, ε, ζ) = (0.2,−0.01, 1,−0.4,−1,−1). The system
creates a double butterfly-shaped attractor. Suppose that there are again a sufficient num-
ber of measurements so that we can obtain nepo = 64 epochs of N = 8000 data each. In
this case, more measurements were required given the more complex nature of the chaotic
attractor. Using fewer measurements is possible, but the risk of not covering all the parts
of the chaotic attractor with each trajectory increases. An example is shown in Figure
4.6a. Once the number of radii M = 10 is fixed both for the statistic concerning the states
and the one concerning their derivatives, it is possible to again obtain the constants of the
method, respectively (R0 = 2.17, b = 2.16) and (R0 = 1.23, b = 2.61).

The posterior distribution was computed three times. The first using only the information
concerning the states, the second also using the information concerning the approxima-
tions of the derivatives from noisy data, and the last using the noise-free derivatives ob-
tained directly from the equations of the system instead of the approximations assuming
zero error in the measurements. The marginal 2D of the posterior distribution presented
in Figure 4.6 show how using two statistics in the creation of the feature vector greatly
reduces the uncertainty in the posterior distribution. Noise-free derivative values further
increase the accuracy, but not as dramatically for most parameters.

Chua7 The equations governing the evolution over time of the Chua7 system are given
by



Ẋ = α · (Y − h);

Ẏ = X − Y + Z;

Ż = −β · Y ;
h = m7 ·X + 0.5
× ((m0 −m1) · (|X + c1| − |X − c1|)
+ (m1 −m2) · (|X + c2| − |X − c2|)
+ (m2 −m3) · (|X + c3| − |X − c3|)
+ (m3 −m4) · (|X + c4| − |X − c4|)
+ (m4 −m5) · (|X + c5| − |X − c5|)
+ (m5 −m6) · (|X + c6| − |X − c6|)
+ (m6 −m7) · (|X + c7| − |X − c7|)) .

(4.5)

The system generates seven distinct ’zones’ in the three dimensional (3D) state space.
There are 17 parameters of interest that we are going to estimate, with the reference
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Figure 4.6: Wang: (a) Wang model attractor with magnitudes of the state vector deriva-
tives indicated by colours. (b) Comparison between the posteriors obtained from noisy
data with a (5%) noise level. The posterior in blue is produced by measured state values
only. The posterior in red is produced by using state and derivative values. For compari-
son, the posterior in yellow is given by noiseless state and derivative values.
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values

(α, β,m0,m1,m2,m3,m4,m5,m6,m7, c1, c2, c3, c4, c5, c6, c7) =

(14, 20, 0.9/7,−3/7, 0.5,−0.3429, 0.36,−0.24, 0.36,−0.24).

Suppose again a sufficient number of measurements available, so that we can obtain
nepo = 64 epochs of N = 4000 measurements each. In this case both the states and
their derivatives are also used in the parametric inference. Two studies were conducted in
this case. In the first case, it was assumed that the measurement error was absent, while in
the second case, we added a Gaussian relative error of 1%. As shown in Figure 4.7 in both
cases all 17 parameters of the model have been identified correctly. The main difference
is that in the case without error the posterior ones have a maximum of 2% of relative er-
ror, while in the case in which the error has been added this relative error in the posterior
increases to become at most 6%. The accuracy of the result is somewhat surprising. We
believe this is due to the fact that the model is very sensitive to parametric variations. In
particular, it is enough to slightly vary the parameters outside the posterior distributions
sampled, with the impact that the number of ’zones’ that determine the attractor goes from
seven to five or three.

A pathological case Finally, we discuss an example where efforts to identify the model
by state space information fail. The CIL approach is based on the idea that time series data
is interpreted as samples from an underlying attractor. While the dynamics of the system
is unpredictable in time, the attractor in the state space is assumed to be fixed. Moreover, a
successful parameter estimation requires that the geometry of the attractor depends on the
model parameters in a continuous way. In the present ’pathological’ example introduced
in Bouali (2014), this is not true. The system is given by the equations

Ẋ = aX · (1− Y )− bZ;

Ẏ = −cY · (1−X2);

Ż = dX.

(4.6)

We use the reference parameters values used in Bouali (2014), (a = 3, b = 2.2, c =
2, d = 0.001). Integrating the model with a fixed parameter but slightly different initial
values naturally leads to diverging trajectories. However, unlike for all the other chaotic
systems described in this work or in Springer et al. (2019), now the attractor itself radi-
cally changes as well. Figure 4.8 shows three examples obtained in this way. Even if the
integration time interval is chosen to be as long as practically possible, the system seems
to be converging to various different stable regions, depending on small changes in the
initial conditions. This might naturally happen if the initial values happen to be just on
the boundary of domains of attraction. However, the same behaviour can be verified with
quite different initial state values. On the other hand, quite different parameter values
a, b, c, d may lead to similarly behaving trajectories.
In this situation the creation of the CIL likelihood fails. Already the first step, the verifi-
cation that the feature vectors of the training set would follow the χ2 test, demonstrate the
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Figure 4.7: Chua 7: (a) an example of the states of the system. (b) 2D posterior marginal
distributions.
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opposite, the empirical distribution of data has a longer tail than the respective χ2 density.
We note that, here, the same as in several other 3D test cases employed in this work,
equation (4.6) can be written in the linear form Ṡ = A(S)θ, where S = (X, Y, Z),
θ = (a, b, c, d) and A(S) is the respective matrix depending on S. As discussed in the
introduction of the present paper, in the special case that all the components of S and
the time derivatives Ṡ are known at sufficiently many time instants, the values of θ can
be solved trivially by a linear regression. However, indeed, the solution is limited to this
special case, while the CIL approach enables the parameter estimation with partial obser-
vations and without the derivative information, provided the system has a stable attractor.

(a) (b)

(c) (d)

Figure 4.8: The trajectories were obtained with fixed model parameter (a = 3, b =
2.2, c = 2, d = 0.001) and by randomising the initial condition (1;1;-0.02) with 1%
relative Gaussian multiplicative noise
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4.2 High dimensional chaotic dynamical systems

The Kuramoto-Shivashinsky model In the following paragraph, we will analyse the
multidimensional chaotic system introduced in (Kuramoto and Yamada, 1976; Kuramoto,
1978; Sivashinsky, 1977) as a model for phase turbulence in reaction-diffusion systems
and instabilities of laminar flames. The equation governing the temporal evolution of this
chaotic PDE, denoted by (KS) in what follows, is given by

st = −ssx −
1

η
sxx − γsxxxx, (4.7)

where s = s(x, t), x ∈ R and t ∈ R+. It is also assumed that s(x + L, t) = s(x, t), i.e.,
that the solution s is spatially periodic with period L.
In our experiments, we use the parameterisation introduced in (Yiorgos Smyrlis, 1996)
that maps the spatial domain [−L

2
, L

2
] into [−π, π] by the change of variable x̃ = 2π

L
x

and t̃ =
(

2π
L

)2
t. Fixed L = 100, reference parameters γ = (π/50)2 and η = 1

2
are

obtained. Furthermore, let us assume that the solution of this problem can be represented
by truncating the Fourier series

s(x, t) =
∞∑
j=0

[
Aj(t) sin

(
2π

L
jx

)
+Bj(t) cos

(
2π

L
jx

)]
. (4.8)

It follows that the initial problem boils down to solving the system of ODEs

Ȧj(t) = α1j
2Aj(t) + α2j

4Aj(t) + F1(A(t)) (4.9)

Ḃj(t) = β1j
2Bj(t) + β2j

4Bj(t) + F2(B(t)), (4.10)

where F1(·) and F2(·) are polynomials of the vectors A and B, whose coefficients Aj(t)
and Bj(t), are unknown. For further details, see (Huttunen et al., 2018). An immediate
advantage of writing the problem in this form is that it is possible to calculate the solu-
tion in parallel efficiently using graphics cards currently available. In our case, using an
Nvidia GTX 1070 graphical card, it is possible to simulate several thousand simulations in
parallel when the x-dimension discretization contains about 500 points. In what follows,
we will use a 256 dimensional discretisation.
Our experiment begins by creating the reference sample which consists of 64 epochs of
the 256-dimensional system of KS of 1024 time points each. For each of the epochs,
the system is integrated for the time interval [0, 150000]. After discarding a predictable
part [0 500], 1024 equidistant values are selected as the observation instants, i.e. such
that ∆t ≈ 146 is the interval between the observations. The CIL approach is used, with
one feature vector that consists of distances between all or different subsets of the 256
components of the system. After scaling, the states of the system in the multidimensional
cube [−1, 1]256 we get the constants to construct the eCDF vectors with R0 = 1801.7,
M = 32, and b = 1.025. Unlike the cases discussed so far, where integrating the model
once took a fraction of a second, for the KS model it takes 103 seconds for obtaining a
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solution for the time interval [0, 150000]. It follows that, to obtain a chain of 105 model
parameter values, it would take about 4 months of calculation, provided that the laptop
does not give up first.
A partial solution could be to use several parallel chain, but this option will not be elab-
orated in this work. A valid alternative is to break the integration of the system into
subintervals. This is possible as the GLIF methods simply require that the samples used
to calculate the feature vectors are a good representatives of the underlying attractor. In
particular, we will divide the time integration into 128 parts that are computed in parallel
using randomised initial values. This amounts to integrating over time intervals [0, 4500].
From each of these, we remove the predictable time frame [0, 500] and take 8 equidistant
measurements that yields a total of 1024 points to use to create the feature vectors. In
this case, we can afford to take a step ∆t = 500 between measurements, i.e. to have
more independent state samples than in the original setting. In this way, the time required
to obtain a feature vector drops from 103 seconds to 2.5 seconds, reducing the cost of
obtaining the chain of 105 elements to about 20 hours. This allows us to compute the
parameter posterior in a standard way using the AM algorithm for sampling.

0.45 0.46 0.47 0.48 0.49 0.5 0.51 0.52
3.5

4

4.5

5

5.5

6
10-3

Posterior with AM
Posterior with LA-MCMC
1: True parameters
2: Inside parameters
3: First outside
4: Second outside

Figure 4.9: Posterior distribution of the parameters of the KS system. The parameter
values are shown in Table 4.1, while examples of the respective integrated trajectories are
given in Fig. 4.10.

Despite this important reduction, 20 hours is still high. Therefore, we further reduce the
time necessary to obtain the posterior distribution using the LA-MCMC method. The
experiment was repeated several times to see the robustness of the solution. In all the
simulated cases, there was no significant difference with respect to the posterior distribu-
tion obtained by AM. However, there was a drastic reduction in the number of likelihood



4.2 High dimensional chaotic dynamical systems 51

Table 4.1: Parameter values of the four parameter vectors used in the forward KS model
simulation examples in Fig. 4.10. The parameter vector in the first column labelled 1
are the true parameters, and the second one resides inside the posterior. The last two are
outside the posterior, Fig. 4.9.

Case 1 Case 2 Case 3 Case 4
η 0.5 0.4782 0.495 0.52
γ 0.00395 0.00467 0.0035 0.005

evaluations necessary to obtain the a posterior distribution. The same as in the 3D Lorenz
case, the reduction was about two decades, more specifically, the full likelihood evalua-
tions varied between 1131 and 1221 in the experiments conducted.
By combining LA-MCMC and the reduction obtained by integrating the solution in par-
allel sub-intervals, it was possible to reduce the time required to obtain a chain of 105

elements from 4 months to about 45 minutes. Figure 4.9 shows the posterior distribution
obtained by the two methods, standard AM and adaptive LA-MCMC.

1: True parameters, [0.5,3.95e-3]

t

x

2: Inside parameters, [0.4782,4.67e-3]

t

x

4: Second outside, [0.52,5.0e-3]

t

x

3: First outside, [0.495,3.5e-3]

t

x

Figure 4.10: Example model trajectories from the KS system. Figure 1) shows simulation
using the true parameters, the parameters used for Figure 4) are inside the posterior dis-
tribution, and Figures 2) and 3) are generated from simulations with parameters outside
the posterior distribution, shown in Fig. 4.9. The values of the parameter vectors 1, 2, 3
and 4 are given in Table 4.1. The y-axis shows the 256-dimensional state vector, and the
x-axis the time evolution of the system.

To study possible visual differences between the trajectories, three parameter cases were
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Figure 4.11: Comparison between the KS system’s posterior distribution in case that all
or one part of the states are observed

selected on basis of the sampled posterior, in addition to the reference one. Table 4.1
gives the values, which are also plotted in Figure 4.9.
In two cases, the parameters lie within the 99% confidence region while the other two
lie outside it. From a visual analysis, it can be said that only the fourth case, most far
away from the posterior, has visibly different trajectory characteristics as compared to the
others. This indicates that likelihood is able to distinguish differences that are difficult to
perceive with the naked eye.
A second set of experiments was conducted to see the stability of the solution when the
amount of observed states of the system decreases. By keeping the rest of the experiment
the same as in the first case, the observed states were reduced from 256 to 128,64 and
32. The results shown in Figure 4.11 show how the posterior increases with decreasing
observed states.
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Figure 4.12: An example of the layer structure of the two-layer quasi-geostrophic model.
The terms U1 and U2 denote mean zonal flows respectively in the top and the bottom layer.

Quasi-geostrophic model The second multidimensional example studied is the quasi-
geostrophic (QG) model by Fandry and Leslie (1984); Pedlosky (1987). The quasi-
geostrophic two-layer model simulates the behaviour of the wind on a cylindrical surface
divided into two layers, where the underlying layer is influenced by a tomography, chosen
by the user to simulate the surface landscape. In addition, the model parameters include
the thickness of the two layers of the atmosphere, denoted by H1 and H2. The Coriolis
forces acting on the system are denoted by f0. In Figure 4.13, we can see an example of
a snapshot of the QG system, while in Figure 4.12 an example of the two-layer geometry
is given.
In a non-dimensional form the QG system can be written as

q1 = ∆ψ1 − F1(ψ1 − ψ2) + βy, (4.11)
q2 = ∆ψ2 − F2(ψ2 − ψ1) + βy +Rs, (4.12)

where qi are the potential vorticities, and ψi the stream functions with indexes i = 1, 2
for the upper and the lower layers, respectively. Both the qi and ψi are functions of time t
and spatial coordinates x, and y. The coefficients Fi =

f20L
2

ǵHi
control how much the model

layers interact, β is the northward gradient of the Coriolis force that gives rise to faster
cyclonic flows closer to the poles, L is a length scale constant and ǵ is a gravity constant.
Finally, Rs(x, y) = S(x,y)

ηH2
defines the topography for the lower layer where η = U

f0L
is

the Rossby number of the system with L and U designating the length and speed scales,
respectively. For further details, see (Fandry and Leslie, 1984) and (Pedlosky, 1987).
It is assumed that the motion determined by the model is geostrophic, essentially meaning
that potential vorticity of the flow is preserved in both layers:

∂qi
∂t

+ ui
∂qi
∂x

+ vi
∂qi
∂y

= 0. (4.13)

Here, ui and vi are velocity fields, which are functions of both space and time. They are
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Figure 4.13: An example of the 6050-dimensional state of the quasi-geostrophic model.
Note the cylindrical boundary conditions.

obtained from the stream functions ψi via

ui = −∂ψi
∂y

, vi =
∂ψi
∂x

. (4.14)

Equations (4.11)–(4.14) define the spatio-temporal evolution of the quantities qi, ψi, i =
1, 2.
The numerical integration of this system is carried out using a Semi-Lagrangian scheme,
where the potential vorticities qi are computed according to Eq. (4.13) for given velocities
ui and vi. With these qi the stream functions can then be obtained from Eq. (4.11) and
(4.12) with a two-stage finite difference scheme. Finally, the velocity field is updated by
Eq. (4.14) for the next iteration round. For more details, see (Fandry and Leslie, 1984).
To obtain more detailed and consistent chaotic fields the spatial discretisation of the grid
has been increased from the often used 20 × 40 to a more dense 55 × 55. In Figure 4.13
a snapshot of the 6050-dimensional trajectory thus obtained is shown.
The training data was generated by integrating the system 64 times on the time interval
[0, 8192], and extracting 1000 equidistant observations by skipping the initial predictable
interval [0, 192]. For this model, ∆t = 1 corresponds to 6h of ’real’ time, which means
that the time interval [192, 8192] amounts to a long-range integration of roughly 5-6 years
of a climate model. For this setting, the integration time of a trajectory is about 10 min-
utes, thus making about two years of calculation time to obtain a chain of 105 elements.
The only way to obtain the posterior distribution in a reasonable time is, therefore, to use
the methods of LA-MCMC shown in the previous examples. The model states observed
for both layers consists of two distinct fields that depend on each other, namely the vor-
ticity and stream function. We will create one feature vector for the potential vorticity on
both layers and the other for the stream function by following the suggestions discussed
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in (Haario et al., 2015), where it revealed to be useful to construct separate feature vectors
to characterise two different parts of the Lorenz95 system. Our feature vector will be
again the correlation integral. The CIL type of likelihood is obtained by stacking these
two feature vectors one after another. The Gaussianity of the thus obtained 2(M + 1)
dimensional FV is again verified numerically. The number of bins selected was M = 32
leading to the constants R0 = 55 and b = 1, 075 for potential vorticity, and R0 = 31, and
b = 1.046 for the stream function. Compared to the other cases studied so far, there is
a higher variability in the FV attributable due to the higher dimensionality of the model,
and a more complex dynamics of the underlying system.
In our experiments, the parameters of interest were the layer heights, with the reference
values used to construct the training data H1 = 5500 and H2 = 4500. Using the LA-
MCMC algorithm, we generated a few chains of 105 elements each. The number of
full likelihood evaluations varied between 682 and 762, which would translate to around
five days of computing time on the laptops used. As with Kuramoto-Sivashinsky, the
forward model integration can be split to segments computed in parallel, which reduces
the required time for computing the likelihood to around 20 seconds, corresponding to 4 h
for generating the MCMC chain. The time required to compute the pairwise distances for
generating the feature vectors was negligible if compared to the model integration time.
In Figure 4.14 we present the posterior distribution thus obtained.
To summarise, a calculation time of roughly 2 years by brute force can be reduced to 4
h by the LA-MCMC method combined with parallel integrations. We note that a further
reduction is possible by running parallel MCMC chains. That option was, however, not
used in this work.
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Figure 4.14: The posterior distribution of the H1 and H2-parameters of the quasi-
geostrophic system shows how these parameters slightly anticorrelate with each other.
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5 Summary and future work

The verification of scientific models against real-world observations is a central part of
science. However, as only a finite number of measurements are available, which are
always more or less noisy and often biased, it is impossible to identify model parameters
uniquely. In the standard deterministic setting, where the measurement error is assumed
to be known and Gaussian, an informative cost function that captures the model-data
difference can be written using the residual sum of squares (RSS). This approach is not
directly applicable for chaotic or stochastic systems. In case of stochastic differential
equations (SDE), an approach that became standard is to infer model parameters using
one of the sequential data assimilation approaches widely presented in the literature, the
Kalman filter as the basic example. For chaotic systems, the sequential data assimilation
approach is applicable, too. This is well documented by everyday weather forecasts:
a forecast is created by current knowledge, the prediction is corrected when new data
becomes available, and the corrected state is again the starting point for a next forecast.
However, such a process is possible only if measurements of the system are available
at a frequency dense enough, so that meaningful predictions can be made. For long-
time predictions, such as is needed for climate modelling, for example, this is not the
case. There is, therefore, a need for new methodologies that enable parameter estimation
also for situations in which it is not possible to predict the dynamics for a time range
of interest by the initial values currently known. Chaotic systems with time-wise sparse
measurements provide a generic example of such situations.
A set of time series measurements can also be considered as a set of samples from an un-
derlying distribution (e.g., the underlying chaotic attractor). One possibility is, therefore,
to characterise the difference in distribution between two set of measurements in state
space instead of doing it point by point in time. We propose here an approach to infer
model parameters based on such features of the data.
Different features extracted from the data can be designed so as to capture specific char-
acteristics of the underlying system studied. We have shown how to combine different
feature vectors into one single likelihood so as to increase the accuracy of the posterior
distribution. The theorems in the U-statistics literature state that, under general assump-
tions, the studied feature vectors are asymptotically Gaussian. It is, therefore, possible
to construct a likelihood by estimating the mean and covariance of the feature vectors
created by data, and use it to sample the posterior distribution of model parameters. In
this way problems previously declared as unsolvable in the literature find a solution. To
test the robustness of our approach, it has been tested on a set of different problems both
in low and high dimensional. In particular, we performed parameter identification for
chaotic (ODE) and chaotic (PDE) systems. In cases where the forward model is expen-
sive, the MCMC approach become often computationally infeasible. To overcome these
difficulties, we combined our type of likelihoods with the Local Approximation MCMC.
The intuition behind this recently introduced type of MCMC algorithm is to substitute
many of the expensive likelihood evaluations with inexpensive local polynomial approx-
imations of a target likelihood based on few neighbouring evaluations of this last. By
using the LA-MCMC approach, the computational cost revealed to be reduced by orders
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of magnitude. Given that the likelihood is implicit, based on features of data rather than
a direct comparison to model simulations, a lack-of-fit might remain unnoticed in cases
where the estimation ’technically’ seems fine. To detect the discrepancy between data or
model simulations in such situations, a diagnostic test for goodness-of-fit fit is proposed
and demonstrated.
There are many potential directions for extension of this work. A different type of prob-
lems might require a different type of data reduction to feature vectors to be informative
with respect to model parameters. A further improvement could be obtained by having
algorithms that extract the most informative feature vectors from the data so as to im-
prove the precision of the posterior distribution. Moreover, other approaches based on
feature vectors, such as Bayesian Synthetic Likelihood (BSL), could potentially benefit
from having a more rich list of possible type of feature vectors to be used for parameter
estimation. Our approach requires a certain number of repeated experiments to be im-
plementable while the BSL approach could be often used even with less data at a higher
computational cost. Further resources might be allocated in inspecting the limits within
which it is better to use one or the other of the approaches. In addition to the examples
presented in this work, our approach has been shown to be useful in quite different appli-
cations, such as in identifying model parameters of reaction-diffusion systems by using
the steady-state solutions of the Turing patterns only, see Kazarnikov and Haario (2020)
as well as for chaotic SDE systems, see Maraia et al. (2020). Examples of further possible
types of problems include financial time series, image classification, synchronization or
climate models. Although answering these questions requires further work, the research
presented in this thesis provides a promising step towards quantifying uncertainties for
problems that, until now, had no solution.
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